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Abstract

This thesis translates some Λ-geometric results from number fields, [1] and [2] in

particular, to function fields. There are two major results in this thesis.

For each set P of almost all primes of Fq[t], we use RP to denote the ring

corresponding to an affine open subset of P1
Fq
, i.e., the closed points of Spec(RP )

are the elements in P . Let Q be another set of almost all primes of Fq[t]. We

give an equivalent condition for a finite étale Λ-scheme S over Spec(Fq(t)) to

have a Q-Λ(P )-model, by which we mean a finite flat and reduced scheme over

Spec(RQ) together with a family of commuting Frobenius lifts for each place in

P . We show that such an S has a Q-Λ(P )-model if and only if the action of
⊕

P N
on the absolute Galois group of Fq(t) on Hom(Spec(Fq(t)), S) factors through the

monoid NP\Q ×
(∏

v∈P∩QO◦
v ×

∏
v/∈P∩QO∗

v × Ẑ
)/

F∗
q.

Secondly, we show that given a global function field K, the maximal abelian

extension of K is Λ-geometric. In other words, we present a scheme X of finite

type over a Dedekind domain A, with K being the fraction field of A, such that

the maximal abelian extension of K is contained in the f-periodic locus of X as

f runs over all ideals of A.
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Chapter 0

Introduction

This thesis consists of two parts.

The motivation of the first part comes from generalizing the results on Λ-

integral models of finite étale algebras over Q in [1] to results on Λ-models of

finite étale algebras over Fq(t). Let E be an algebra, we say E admits a Λ-

structure if E admits of a family of commuting Frobenius lifts. In other words,

there exist ring endomorphisms of E, denoted as ψp : E → E, one for each

rational prime number p such that the following properties are satisfied:

1. ψp(x)− xp ∈ pE;

2. ψp(ψq(x)) = ψq(ψp(x)) for all p, q.

From now on, assume E is a Q-algebra. Note that condition 1 is trivial in

this case. We say E has an integral Λ-model A of E if there is a finite flat

algebra over Z such that A ⊗Z Q = E and A admits of a family of commuting

Frobenius lifts. In [1], Borger and de Smit showed a necessary and sufficient

condition for E to have an integral Λ-model. We may view E as a finite discrete

set S = Hom(E, Q̄) with a continuous action of the absolute Galois group GQ.

Let N ′ be the commutative monoid {1, 2, . . . } under multiplication equipped with

the discrete topology. Since every element in N ′ can be written uniquely as a

product of rational primes, a finite étale algebra with a family of commuting

Frobenius lifts can be viewed as a finite set with a continuous action of GQ×N ′.

In other words, we have the following continuous map

GQ ×N ′ −→ Map(S, S)

There is a natural map GQ × N ′ → Ẑ◦, where Ẑ◦ denotes the profinite integers

viewed as a multiplicative monoid, defined to be given by the cyclotomic character

GQ → Ẑ∗ ⊂ Ẑ◦ on the first factor and the natural inclusion on the second factor.

1



2 CHAPTER 0. INTRODUCTION

Theorem 0.0.1. ([1], Theorem 0.1) E has an integral Λ-model if and only if the

action of GQ ×N ′ on S factors (necessarily uniquely) through Ẑ◦ (by the natural

map defined above); in more precise terms, if and only if there is a continuous

monoid map Ẑ◦ → Map(S, S) so that the following diagram commutes:

GQ ×N ′ Ẑ◦

Map(S, S)

0.0.2. We wish to obtain a similar result for Fq(t). More precisely, we say an

Fq(t)-algebra is a (Fq[t]-)Λ-ring if it has a commuting family of Frobenius ring

endomorphism ψπ, one for each monic irreducible polynomial π ∈ Fq[t]. Let E be

a finite étale algebra over Fq(t). We say E has an integral (Fq[t]-)Λ-model A if A

is finite flat and reduced over Fq[t] and A has a commuting family of Frobenius

lifts with A⊗ Fq(t) = E.

We seek a necessary and sufficient condition for an integral Λ-model to ex-

ist. By a similar argument for Q, since every monic polynomial over Fq factors

uniquely as product of irreducible monic polynomails, it is clear that we can view

a finite étale algebra E over Fq(t) with a commuting Frobenius family of ring

endomorphsim as the following continuous map

GFq(t) × Id(Fq[t]) −→ Map(S, S)

where GFq(t) is the Galois group of Fq(t) with respect to an algebraic closure Fq(t)
and Id(Fq[t]) denotes the monoid of non-zero ideals of Fq[t] under multiplication

equipped with the discrete topology, which is the same as the monoid of monic

polynomials over Fq.

If we follow the framework of Q and try to apply it to Fq(t), we would seek

a monoid M such that E has an integral model if and only if the action above

factors through the action of M . The main result of the first chapter is to show

that M = ˆFq[t]
◦
× Ẑ× (1 + 1

t
Fq[[1t ]]). In other words, we have

Theorem 0.0.3. A finite étale algebra E over Fq(t) has an integral Fq[t]-Λ-
model if and only if the action of GFq(t)× Id(Fq[t]) on S = Hom(E,Fq(t)) factors
(necessarily unique) through ˆFq[t]

o
× Ẑ× (1 + 1

t
Fq[[1t ]]) (by the map defined below
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in 0.0.4); in more precise terms, if and only if there is a continuous monoid map
ˆFq[t]

o
× Ẑ× (1 + 1

t
Fq[[1t ]])→ Map(S, S) so that the following diagram commutes:

Id(Fq[t])×GFq(t)
ˆFq[t]

o
× Ẑ× (1 + 1

t
Fq[[1t ]])

Map(S, S)

0.0.4. The map from Id(Fq[t]) × GFq(t) to
ˆFq[t]

o
× Ẑ × (1 + 1

t
Fq[[1t ]]) is defined

as the following: On the first factor, take an element in Id(Fq[t]), it is gener-

ated by a unique monic polynomial g(t) ∈ Fq[t]. Then the map sends g(t) to

(g(t), deg(g(t)), (1/t)deg(g)g(t)) canonically. On the second factor, we first send

GFq(t) to its abelianization Gab
Fq(t)

, which is isomorphic to ˆFq[t]
∗
× Ẑ×(1+ 1

t
Fq[[1t ]])

(see 1.1.7), we then send it to ˆFq[t]
o
× Ẑ× (1 + 1

t
Fq[[1t ]]) as a natural inclusion.

The first chapter consists of a proof of theorem 0.0.3. We first give a brief

summary of abelian extensions over Fq[t], using the theory of Carlitz modules.

We then show the condition in theorem 0.0.3 is both sufficient (section 1.2) and

necessary (section 1.3).

In the final section, we replace the ring Fq[t] with other rings R and define a

generalized version of theorem 0.0.3. More precisely, let P,Q be sets containing all

but finitely many primes of Fq(t). We define a ring RQ such that Spec(RQ) = Q

and we say a finite étale algebra E over K has an RQ-Λ(P )-model AQ if AQ is a

finite flat RQ-algebra and it has a commuting family of Frobenius lifts for each

prime in P . We find a different monoid for each P,Q, such that a finite étale

algebra E has an RQ-Λ(P )-model if and only if the action of the Galois group

and the ideals factor through such a monoid.

The motivation of the second part of this thesis comes from explicit class field

theory, more precisely, from Borger and de Smit’s paper ([2]) and their work on

explicit class field theory using Λ-geometry. In [2], they let F be a number field

and B be a Dedekind domain with finite residue fields. Let P be a set of maximal

ideals of B and let IdP denote all the ideals generated by maximal ideals of P .

Furthermore, assume X is a separated flat B-scheme and let EndB(X) denote

the monoid of B-scheme endomorphisms of X.
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Definition 0.0.5. A ΛB,P -scheme is a scheme X together with a family of maps

ψp ∈ End(X), one for each p ∈ P , such that the induced endomorphism on the

fibre X ×Spec(B) Spec(B/p) is the Frobenius endomorphism, i.e., the homomor-

phism induced by x 7→ x|B/p| mod p. Furthermore, for all p, q ∈ P , we require

ψp ◦ ψq = ψp ◦ ψq.

We will often drop the subscript of B or P or both when there is no ambiguity.

For now, let us assume P consists of all non-zero prime ideals of B.

Definition 0.0.6. Let f be a cycle of F (recall this means a formal product of

places of F ), then the cycles a, b are f-equivalent, denoted as a ∼f b, if

1. a and b have the same greatest common divisor d (a cycle of F ) with f ;

2. The Artin symbols ad−1 and bd−1 are the same on the ray class field of

conductor fd−1.

It is clear that ∼f is an equivalence relation on IdP and we define the quotient

IdP/ ∼f the ray class monoid of conductor f (one checks the quotient inherits a

unique monoid structure from IdP ) and denote it by ClP (f).

Definition 0.0.7. Let f be a cycle of F . The f-periodic locus of X, denoted as

X(f), is defined as

X(f) =
⋂
a∼fb

X(ψa = ψb)

where a, b are cycles of K supported at P , a ∼f b denotes the equivalence in

the ray class monoid in definition 0.0.6 and the scheme X(ψa = ψb) denotes the

equalizer of the maps ψa, ψb : X → X. In other words, for R an B-algebra, the

R points of X(f) is defined as

X(f)(R) = {x ∈ X(R) | ψa(x) = ψb(x) for all a ∼f b}

For x ∈ X(R), if there exists f such that x ∈ X(f), we say x is in the f-periodic

locus of X(R).

Since X is separated, X(f) is defined by equalizers so X(f) is a closed sub-

scheme of X. The relationship between the f-periodic loci and explicit class field

theory can be summarized in the following theorem.

Theorem 0.0.8. ([2], Theorem 8.4) Let X be a flat and separated ΛB,P -scheme

as before. Further assume X is of finite type over B and P contains all but finitely

many primes in B, and let X(f)fl denote the maximal B-flat subscheme of X(f).

Then X(f)fl = Spec(C) where C is a finitely generated B-algebra, and F ⊗B C is

a finite product of abelian extensions of F of conductor dividing f.
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We say an abelian extension L/F is Λ-geometric if there exists a Λ-scheme

X such that L is generated by adjoining the f-periodic locus for some f, i.e.,

L ⊆ F (X(f)(F )). Given the theorem above, it is natural to ask if the maximal

abelian extension of a given a number field F is Λ-geometric. In other words, is

it possible to find an X such that the periodic loci over all cycles generates the

maximal abelian extension F abof K? I.e., does there exist X such that

F ab =
⋃
f

F (X(f)(F ))

where F is an algebraic closure of F?

Such a Λ-scheme were constructed for the case where F = Q or an imaginary

quadratic field and the maximal abelian extension over these fields are all shown

to be Λ-geometric, see [2] and [10]. These cases were all done by translating

existing theory including the Kronecker-Weber theorem and the theory of CM

elliptic curves into this Λ-geometry framework.

The purpose of this chapter is to give an analogue and solve this in a function

field setting. In other words, we replace the number field F by the function field

K, the Dedekind domain B by A (see the definition ofK and A in the beginning of

chapter 2) and the class groups of number fields by the class groups we introduce

in definition 2.3.1, 2.3.2 and 2.3.5. With these adjustments, we want to answer

the following question:

Given a function field K, is the maximal abelian extension of K Λ-geometric?

We will show the answer to the question above is yes and we will show this

by constructing such a Λ-scheme by translating the existing theory of Drinfeld

modules into our Λ-geometric framework.

In chapter 2, we first fix notation in section 2.1. We then give some useful

results from class field theory and define what we mean by ray class fields over

a function field K in sections 2.2 and 2.3. We finish chapter 2 by giving the

definitions of various terminologies from algebraic geometry, such as sheaves with

respect to a Grothendieck topology and fibered categories.

In chapter 3, we give a summary of the theory of Drinfeld modules. The main

result from this section is to show the moduli space of rank 1 Drinfeld modules

with level-I structures is representable by the ring AKI
[I−1], using the notation

in chapter 2.

Finaly, in chapter 4, we show how one naturally constructs a Λ-scheme using

the theory of Drinfeld modules. This is done by constructing the space of universal
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rank 1 Drinfeld modules and we show this is isomorphic to Spec(AH [x]). We then

show that the periodic loci of this Λ-scheme generates ray class fields of K totally

split at ∞.



Chapter 1

Algebras over Fq(t) with Λ model

We prove theorem 0.0.3 in this chapter. In the next section, we first give a brief

overview on the abelian extensions over Fq(t) and define the following map on

the second factor in theorem 0.0.3

GFq(t) → ˆFq[t]
o
× Ẑ× (1 +

1

t
Fq[[

1

t
]])

We then follow the structure of [1] and we show the sufficiency and necessity of

the theorem 0.0.3 in the following sections.

1.1 Abelian Extensions over Fq(t)

Firstly, let us follow the notation introduced by Carlitz in [3] and include some

relevant results of Carlitz polynomials over Fq[t] in [12]. We define ω1(x) := x,

ωt(x) := xp + tx and define inductively ωtn(x) = ωt(ωtn−1(x)). We can extend

this definition linearly to define the Carlitz polynomial for all g(t) ∈ Fq[t], i.e. for
g(t) = ant

n + an−1t
n−1 + . . .+ a1t+ a0, ai ∈ Fq, we have

ωg(t)(x) := anωtn(x) + an−1ωtn−1(x) + . . .+ a1ωt(x) + a0x

It is clear that these polynomials are additive, meaning ωg(t)(x+ y) = ωg(t)(x) +

ωg(t)(y) for all g(t) ∈ Fq[t]. This follows from the fact that pth-power map is

additive in a ring of characteristic p.

1.1.1. Let Kg denote the splitting field of ωg(t)(x). Theorem 2.3 of [12] shows

that we have an isomorphism Gal(Kg/Fq(t)) ∼= (Fq[t]/g(t))∗ and the isomorphism

is given by the following. Let f(t) be another polynomial over Fq, one checks that

ωg(t)(ωf(t)(x)) = ωgf(t)(x) = ωf(t)(ωg(t)(x)) (1.1.2)

7
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In particular, let α be a root of ωg(t)(x), we have

ωg(t)(ωf(t)(α)) = ωf(t)(ωg(t)(α)) = ωf(t)(0) = 0

Let Ωg denote the set of roots of ωg(x). It is clear that if α, β ∈ Ωg then

ωg(α + β) = 0. Moreover, it is clear that if f1(t) = f2(t) + h(t) × g(t) for some

h(t) ∈ Fq[t] then ωf1(α) = ωf2(α) for all α ∈ Ωg. Thus, we can define a map

Fq[t]/g(t) × Ωg → Ωg by (f, α) 7→ ωf (α). Therefore, we can view Ωg as an

(Fq[t]/g(t))-module.

In fact, from theorem 1.6 of [12], Ωg is an (Fq[t]/g(t))-torsor. In particular,

there exists a generator in Ωg as a (Fq[t]/g(t))-module. We call this generator a

primitive root of ωg(t)(x) and we denote it as αg.

Furthermore, the map f(t) : αg 7→ ωf(t)(αg) defines an automorphism of Kg

for all f(t) coprime with g(t). This gives a group homomorphism (Fq[t]/g(t))∗ →
Gal(Kg/Fq(t)) and theorem 2.3 of [12] shows this is an isomorphism.

Lemma 1.1.3. Let g(t), h(t) ∈ Fq[t] be two coprime polynomials. Let αg, αh be a

primitive root of ωg(t)(x) and ωh(t)(x) as above. Then the field Kgh = Fq(t, αg, αh).

Proof. It is clear that both Kg and Kh are contained in Kgh since by equation

(1.1.2), both Kg and Kh divides Kgh, so Kgh ⊇ Fq(t, αg, αh).
To show equality, we show that we have an isomorphism of (Fq[t]/gh(t))-

modules Ωgh
∼= Ωg ⊕ Ωh, where the isomorphism from the right hand side to the

left hand side is given by addition, i.e., (βg, βh) ∈ Ωg ⊕Ωh is mapped to βg + βh.

Note that here Ωg is viewed as a (Fq[t]/gh(t))-modules through the natural map

(Fq[t]/gh(t)) → (Fq[t]/g(t)) and similarly for Ωh. We show the isomorphism by

showing that for some polynomial i(t), j(t) ∈ Fq[t], ωi(t)(αg) + ωj(t)(αh) = αgh.

If this is true, then by writing each β ∈ Ωgh as ωk(αgh) (this is always possible

because αgh is a generator), we have

β = ωk(αgh) = ωk(t)(ωi(t)(αg) + ωj(t)(αh) = ωki(t)(αg) + ωkj(t)(αg)

and hence Ωgh ⊆ Ωg ⊕ Ωh. Since they both have the same size, they must be

equal.

It remains to show there exist i(t), j(t) ∈ Fq[t] such that ωi(t)(αg)+ωj(t)(αh) =

αgh. Since g(t) and h(t) are coprime, there exists f1(t), f2(t) such that f1(t)g(t)+

f2(t)h(t) = 1 and hence ωf1(ωg(t)(αgh))+ωf2(ωh(t)(αgh) = αgh. One observes that

ωg(t)(αgh) ∈ Ωh, since ωh(t)(ωg(t)(αgh)) = ωhg(t)(αgh) = 0, so there exists f ′
1 ∈ Fq[t]
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such that ωg(t)(αgh) = ωf ′1(t)(ωh). Similarly, there exists f ′
2 ∈ Fq[t] such that

ωh(t)(αgh) = ωf ′2(t)(ωg). Therefore,

αgh = ωf1(ωg(t)(αgh)) + ωf2(ωh(t)(αgh) = ωf1(ωf ′1(t)(ωh)) + ωf2(ωf ′2(t)(ωg))

One sees that we let i(t) = f2f
′
2(t) and j(t) = f1f

′
1(t) and we are done.

Recall the definition of an Fq[t]-Λ-ring and an Fq[t]-Λ-model in 0.0.2.

Lemma 1.1.4. (Properties of Fq[t, x]/ωg(t)(x))
The set S = Hom(Fq[t, x]/ωg(t)(x),Fq(t)) is isomorphic to (Fq[t]/g(t)) as a mul-

tiplicative monoid, which we denote as (Fq[t]/g(t))◦.
Furthermore, Fq[t, x]/ωg(t)(x) is a Fq[t]-Λ-model of Fq(t, αg).

Proof. A map from Fq[t, x]/ωg(t)(x) to Fq(t) is map x to a root of ωg(t)(x), which

are all of the form [f(t)](αg), f(t) ∈ (Fq[t]/g(t))◦. This shows the first statement.

Let R = Fq[t, x]/ωg(t)(x). It is clear that Fq(t)⊗R = Fq(t, αg), so it is enough

to show that R has a Frobenius lift for all primes π(t) ∈ Fq[t]. But corollary 2.5

of [12] showed that ωπ(t)(x) ≡ pdeg(π) mod π(t), hence the Frobenius lift condition

is also satisfied.

There are other abelian extensions over Fq(t), for example, one can simply

take Fqn(t) over Fq(t). It is clear that the extension Fqn(t) over Fq(t) is un-

ramified at every prime, including the prime at infinity, by which we mean the

valuation corresponding to the degree over t for each polynomial f(t) ∈ Fq[t],
which we denote as ∞. In addition to that, Theorem 3.2 of [12] shows that for

any irreducible monic polynomial π(t) ∈ Fq[t] and n ∈ N, let g(t) = π(t)n. The

infinite prime has ramification index p−1 in the extension Kg/Fq(t). This means

we have not yet constructed extensions that are wildly ramified at ∞.

1.1.5. We follow definition 5.1 of [12] to construct extensions wildly ramified

at ∞. Firstly, denote u = 1/t and define Carlitz polynomials over Fq[u], i.e.,
[u](x) = xp + ux and extend by composition and linearity just as what we did

before. Let Km+1, m ≥ 1, denote the splitting field of [um+1](x) over F =

Fq(t) = Fq(u). By repeating a almost identical argument given in 1.1.1, one

shows Gal(Km+1/F ) ∼= (Fq[u]/um+1)∗. Let Lm denote the fixed field of F∗
q.

Proposition 1.1.6. (Properties of Lm)

1. (Galois group) Gal(Lm/Fq(t)) ∼= (1 + 1
t
Fq[[1t ]])/(

1
tm+1 )
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2. (Ramification) The prime ∞ is totally ramified and all finite primes are

unramified in Lm.

3. (Artin symbol) Let π(t) = tr + an−1t
n−1 + . . .+ a1t+ a0 be a prime in Fq[t],

then the Artin symbol (Lm/Fq(t), π) = (1/t)rπ(t) mod 1/tm ∈ Gal(Lm/Fq(t)).

Proof. 1. is clear since the Galois group Gal(Km/Fq(t)) ∼= (Fq[u]/um+1)∗, which

can be shown by a similar argument given in 1.1.1. Lm is the fixed field of F∗
q and

clearly, for each positive integer m, (Fq[u]/um+1)∗ ∼= F∗
q × (1 + 1

t
Fq[[1t ]])/(

1
tm+1 ).

Let u = 1/t, then the ramification of ∞ in Lm over Fq(t) is the same as the

ramification of u in Lm over Fq(u). By [12, proposition 2.2], the only primes

ramified in Km+1 over Fq[u] is u and 1/u (i.e. t). Furthermore, u is totally

ramified in Km+1, hence also totally ramified in Lm. For the ramification of t,

we use [12, theorem 3.2] to show that in Km+1 over Fq[u], there are pm primes

above t, each has ramification index p−1. By comparing these numbers with the

degrees of the extensions, we conclude that t splits completely in Lm and each

prime above t is totally ramified in Km+1/Lm. This shows 2.

Moving on to 3., for π(t) ̸= t, the assertion is true since if π′(u) = (1/t)rπ(t),

then both π(t), π′(u) generates the same ideal in Fq[t±1] and the Artin symbol of

π′(u) in Km+1 is [aπ
′(u)] as before, where a ∈ F∗

q such that π′(u) is monic. Hence

the Artin symbol of π(t) in Lm is the restriction of [aπ′(u)] in Lm if we view Lm

as a subfield of Km+1. But Lm is the fixed field of F∗
q and π′(u) has constant

coefficient 1 since π(t) is monic, so the Artin symbol of π(t) in Lm is [π′(u)].

Finally, we have established t splits completely in Lm, so the Artin symbol must

be 1.

Finally, we conclude this section by stating the main theorem in [12], which

classifies all abelian extensions of Fq(t).

Theorem 1.1.7. (Carlitz-Hayes Theorem)

Let Kg and Lm be the field extensions over Fq(t) defined in 1.1.1 and 1.1.5.

Then the extensions Fpn(t), Kg and Lm over Fq(t) have pairwise trivial inter-

section (i.e. the intersection of any two of them is Fq(t)), so the Galois group

Gal(KgFpn(t)Lm/Fq(t)) is naturally isomorphic to the direct product (Fq[t]/g(t))∗×
Cn × (1 + 1

t
Fq[[1t ]])/(

1
tm+1 ).

Furthermore, any abelian extension F/Fq(t) is contained in KgFpn(t)Lm, for
some g(t) ∈ Fq[t], n,m ∈ N. Therefore,

Gab
Fq(t)
∼= ˆFq[t]

∗
× Ẑ× (1 +

1

t
Fq[[

1

t
]])
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where Gab
Fq(t)

denotes the absolute abelian Galois group of Fq(t), ˆFq[t]
∗
denotes the

inverse limit lim←−g(t)∈Id(Fq [t])
(Fq[t]/g(t))∗, Ẑ denotes the profinite integers, as the

inverse limit of cyclic groups and (1 + 1
t
Fq[[1t ]]) denotes the power series over Fq

in 1/t with constant coefficient 1.

A proof of the theorem above can be found by combining proposition 5.2 and

theorem 7.1 in [12].

Remark 1.1.8. Lemma 1.1.4 states that the multiplicative monoid (Fq[t]/g(t))◦

naturally associates with the Λ-ring Fq[t, x]/ωg(t)(x). For all g(t) ∈ Fq[t], n,m ∈
N, we extend this association to monoid of the form

(Fq[t]/g(t))∗ × Cn × (1 +
1

t
Fq[[

1

t
]])/(

1

tm+1
).

We associate it with the following Λ-ring

Fq[t, x]/ωg(t)(x)⊗Fq(t) Fqn(t)Lm.

We note that the ring above is a Λ-ring. Indeed, the tensor product of a Λ-ring

is naturally a Λ-ring, so it is enough to show that Fq[t, x]/ωg(t)(x), Fqn and Lm

are all Λ-rings. But this is clear from lemma 1.1.4 and 1.1.6, and Fqn(t) is an

everywhere unramified extension of Fq(t).

Remark 1.1.9. Let F/Fq(t) be an abelian extension and by the theorem above

there exist g(t) ∈ Fq[t], n,m ∈ Z such that F ⊆ KgFpn(t)Lm. Suppose π(t) is

finite prime that is ramified in F/Fq(t). Then π(t) | g(t) since the only way to

obtain ramification at π in the absolute abelian Galois group is to have Kπa , for

some a ∈ N.
Conversely, suppose F is contained inKgFpn(t)Lm for some g ∈ Fq[t]. Let π′(t)

be a prime dividing g but unramified in F . Let g′(t) be the polynomial obtained

by dividing g(t) by as many powers of π′(t) as g(t) contains, i.e., g(t) = g′(t)π′(t)c

for some c ∈ N and g′(t) and π′(t) are coprime. We write Kg = Fq(t, αg′ , απ′c),

where αg′ , απ′c are the generators for Kg′ and Kπ′c as in 1.1.1 and we can write

them as generators of the field due to lemma 1.1.3.

Now we observe that for all b ∈ N, the field F ∩Kπ′b is a subfield of Kπ′b that

is unramified at all finite primes of Fq[t], so it must be Fpm(t) for some m | n.
Therefore, F ⊆ Kg′Fpn(t)Lm.

In conclusion, for F ⊆ KgFpn(t)Lm, we can always choose g(t) such that g(t)

is only divisible by the ramified primes in F .
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1.2 Sufficient Condition

In this section, we show the condition given in theorem 0.0.3 is a sufficient con-

dition for the existence of a Fq[t]-Λ-integral model in corollary 1.2.3 below.

1.2.1. Let Id(Fq[t]) denote the monoid of non-zero ideals in Fq[t]. There is a

one-to-one correspondence between monic polynomials g(t) ∈ Fq[t] and non-zero

ideals Ig := (g(t)) ∈ Id(Fq[t]). For the rest of this chapter, we slightly abuse

notation and say g(t) ∈ Id(Fq[t]) to mean the corresponding ideal Ig ∈ Id(Fq[t]).

Recall the definition of an Fq[t]-Λ-ring and an Fq[t]-Λ-model in 0.0.2.

Proposition 1.2.2. Let g(t) ∈ Id(Fq[t]), n,m ∈ N and let K be the corresponding

finite étale Fq(t)-Λ-ring of the monoid (Fq[t]/g(t)Fq[t])◦×Cn× (1+ 1
t
Fq[[1t ]])/(

1
tm
)

(see 1.1.8 for the explicit form of K). Then K has a Fq[t]-Λ-model.

Proof. It is clear that the tensor product of two torsion free Λ-rings is naturally

a Λ-ring, so it is enough to show that the corresponding finite étale Fq(t)-Λ-ring
of each term in the direct product above, i.e., the Fq(t)-Λ-ring corresponding to

(Fq[t]/g(t)Fq[t])◦, Cn and (1 + 1
t
Fq[[1t ]])/(

1
tm
), has a Fq[t]-Λ-model.

Let K1 denote the finite étale Fq(t)Λ-ring corresponding to (Fq[t]/g(t)Fq[t])◦.
From 1.1.4 we see thatK1 = Fq(t)[x]/(ωg(t)(x)) and it has a Fq[t]-Λ-model, namely

Fq[t, x]/(ωg(t)(x)), with ψπ(x) = ωπ(x).

Similarly, let K2 and K3 be the finite étale Fq(t)Λ-ring corresponding to Cn

and (1 + 1
t
Fq[[1t ]])/(

1
tm
) respectively. These field extensions are unramified at

the all the finite primes. Hence we can take the integral closure over Fq[t] (i.e.
the ring of integers in the function field setting) as the Fq[t]-Λ-models, with ψπ

defined to be the Artin symbol of π. This concludes the proof.

Corollary 1.2.3. Let g(t), n,m as above, let S be a finite (Fq[t]/g(t)Fq[t])◦ ×
Cn × (1 + 1

t
Fq[[1t ]])/(

1
tm
)-set, K the corresponding finite étale Fq(t)Λ-ring. Then

K has a Fq[t]-Λ-model.

Proof. We denote the monoid (Fq[t]/g(t)Fq[t])◦ × Cn × (1 + 1
t
Fq[[1t ]])/(

1
tm
) by

M(g(t), n,m). Let Y be a finite set such that
∐

Y M(g(t), n,m)→ S is a surjec-

tive map ofM(g(t), n,m)-sets. Such a set Y exists as one can simply take Y = S.

Let L be the corresponding finite étale Fq(t)Λ-ring of M(g(t), n,m). Then K is

a sub-Λ-ring of LY , which has a Fq[t]-Λ-model RY by 1.2.2. Therefore, K has a

Fq[t]-Λ-model, namely K ∩RY .
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1.3 Necessary Condition

In this section, we show the condition given in theorem 0.0.3 is a necessary con-

dition for the existence of a Fq[t]-Λ-integral model.

Following the same notation as the proof of corollary 1.2.3, we denote the

monoid (Fq[t]/g(t)Fq[t])◦ × Cn × (1 + 1
t
Fq[[1t ]])/(

1
tm
) by M(g(t), n,m). We are

also going to write M∗(g(t), n,m) for the group (Fq[t]/g(t)Fq[t])∗ × Cn × (1 +
1
t
Fq[[1t ]])/(

1
tm
).

Recall the definition of an Fq[t]-Λ-ring and an Fq[t]-Λ-model in 0.0.2.

Proposition 1.3.1. Let K be a finite étale Fq(t)Λ-ring with a Fq[t]-Λ-model

A. There exists g(t) ∈ Fq[t], n,m ∈ Z, where g(t) is divisible only by primes

that ramify in A, such that the action of GFq(t) on a finite set S factors through

GFq(t) → M∗(g(t), n,m). If a prime π(t) in Fq[t] is unramified in A, then the

prime ideals π(t) ∈ Id(Fq[t]) and

(π(t) mod g(t), r mod n,
1

tr
π(t) mod

1

tm
) ∈M∗(g(t), n,m)

where r = deg(π(t)), act the same way on S.

Proof. Define N to be the fixed field of the kernel of GFq(t) → Map(S, S). N is

Galois over Fq(t) and denote G′ to be the Galois group Gal(N/Fq(t)). Let ON
denote the ring of integers of N .

From the Tchebotarev density theorem [19, theorem 9.13], for any g ∈ G′,

there exists infinitely many irreducible polynomials π(t) ∈ Fq[t] and primes P

of N above π(t) such that g(x) ≡ xq
deg(π)

mod P for all x ∈ ON . Since there

are only finitely many primes ramified in A and infinitely many P satisfying the

equivalence, we may take an unramified π(t).

Now observe that for any s ∈ S = Hom(A,ON), the maps s ◦ ψπ and g ◦ s
from A to ON are equal. To see this, note that for π unramified in A, there is an

injection from Hom(A,ON) to Hom(A,ON/P). Hence, to show the equality of

the two maps s ◦ ψπ and g ◦ s, it is enough to show their composition with the

natural quotient map ON → ON/P are equal. But this is immediate from the

choice of P and the image of all a ∈ A under each map is s(a)deg(π) mod P.

Therefore, the image of GFq(t) is contained in the image of Id(Fq[t] and it

follows that the G′ is abelian. By theorem 1.1.7 (Carlitz-Hayes theorem), there

exists g(t) ∈ Fq[t], n,m ∈ Z such that N is contained is contained in the fixed

field of (Fq[t]/g(t)Fq[t])∗ × Cn × (1 + 1
t
Fq[[1t ]])/(

1
t
)m, where we can choose g(t)

to be divisible only by the finite primes ramify in N by remark 1.1.9. Hence we
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can choose g(t) such that g(t) is only divisible by the finite primes ramify in A

since N is the common Galois closure of all the components in A⊗Fq(t). Finally,
the last statement follows from the fact that a prime π(t) ∤ g(t) is unramified

and the Artin symbol of such prime is (π(t) mod g(t), r mod n, 1
tr
π(t) mod 1

tm
),

where r = deg(π).

Proposition 1.3.2. Let Y be a finite discrete set such that there exist a continu-

ous action of Id(Fq[t])× ˆFq[t]
∗
× Ẑ× (1+ 1

t
Fq[[1t ]]) on Y . Then the action factors

through a continuous action of ˆFq[t]
◦
× Ẑ × (1 + 1

t
Fq[[1t ]]) if the action has the

following two properties:

1. all but finitely many irreducible polynomials π(t) act as automorphisms on

Y .

2. for all f(t) ∈ Id(Fq[t]), there exists gf (t) ∈ Id(Fq[t]), mf , nf ∈ N such

that the action of ˆFq[t]
∗
on f(t)Y factors through M∗(gf (t), n,m), and for

each σ(t) ∈ Id(Fq[t]), r = deg(σ) with σ(t)f(t)Y = f(t)Y , we have σ(t) is

relatively prime to gf (t) and the actions of

(σ(t) mod gf (t), r mod nf ,
1

tr
σ(t) mod

1

tmf
) ∈M∗(gf (t), n,m)

and σ(t) ∈ Id(F[t]) on f(t)Y are the same

Proof. Suppose 1. and 2. holds. For each π[t] ∈ Fp[t] irreducible polynomial,

let aπ be the smallest integer a ≥ 0 such that π(t)aY = πa+1Y . Since almost all

and possibly except finitely many π’s act as automorphisms, ρ0(t) =
∏

π π
aπ is a

finitely product and a polynomial. Note that for any µ ∈ Fp[t], µY = gcd(µ, ρ0)Y .

Let ρ(t) be any polynomial divisible by fgf (t), n divisible by all nf and

m ≥ mf for all f | ρ0(t). Let us show that the action of Id(Fq[t]) × ˆFq[t]
∗
×

Ẑ× (1 + 1
t
Fq[[1t ]]) on Y, a finite discrete set, factors through (Fq[t]/ρ(t)Fq[t])◦ ×

Cn× (1+ 1
t
Fq[[1t ]])/(

1
tm
). To do this, we will show directly that any two elements

(f1(t), τ1(t), r1, w1(1/t)), (f2(t), τ2(t), r2, w2(1/t)) ∈ Id(Fq[t])×(Fq[t]/gf (t)Fq[t])∗×
Cn × (1 + 1

t
Fq[[1t ]])/(

1
tm
), satisfying the following relations, act the same way on

Y.

f1(t)τ1(t) ≡ f2(t)τ2(t) mod ρ(t) (1.3.3)

deg(f1) + r1 ≡ deg(f2) + r2 mod n (1.3.4)

(1/t)deg(f1)f1(t)w1(1/t) ≡ (1/t)deg(f2)f2(t)w2(1/t) mod
1

tm
(1.3.5)
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As ρ0(t) | ρ(t), equivalence (1.3.3) shows that f1 and f2 has the same divisor

f with ρ0, so f1Y = f = f2Y . Let fi = f ′
if for each i = 1, 2, so we have

f ′
i(fY ) = fY . Using the second property in the proposition, we must have f ′

i

and gf are coprime, hence f ′
i ∈ (Fq[t]/gf (t)Fq[t])∗ and the action of f ′

i on fY is

(f ′
i(t) mod gf (t), deg(f

′
i) mod nf ,

1

ts
f ′
i(t) mod

1

tmf
)

Since fgf | ρ and equation (1.3.3) shows that

f ′
1(t)f(t)τ1(t) ≡ f ′

2(t)f(t)τ2(t) mod fgf (t),

hence f ′
1(t)τ1(t) ≡ f ′

2(t)τ2(t) mod gf (t). Similarly, since nf | n, equation (1.3.4)

shows that deg(f)+deg(f ′
1)+r1 ≡ deg(f)+deg(f ′

2)+r2 mod nf , so deg(f
′
1)+r1 ≡

deg(f ′
2) + r2 mod nf . Finally, since m ≥ mf , from equation (1.3.5), we have

(
1

t
)deg(f)f(t)(

1

t
)deg(f

′
1)f ′

1(t)w1(
1

t
) ≡ (

1

t
)deg(f)f(t)(

1

t
)deg(f

′
2)f ′

2(t)w2(
1

t
) mod

1

tmf
,

so (1/t)deg(f
′
1)f ′

1(1/t)w1(1/t) ≡ (1/t)deg(f
′
2)f ′

2(1/t)w2(1/t) mod 1/tmf .

Therefore, (f ′
1(t), τ1(t), r1, w1(1/t)) and (f ′

2(t), τ2(t), r2, w2(1/t)) act the same way

on fY . Finally, composing with (f(t), 0, 1, 1) shows that the two elements

(f1(t), τ1(t), r1, w1(1/t)), (f2(t), τ2(t), r2, w2(1/t))

act the same way on Y .

Given the proposition above, to prove the necessity in theorem 0.0.3, it is

therefore enough to show the two conditions are satisfied for Y = S. Firstly, there

are only finitely many ramified primes in a given Fp[t]-Λ-ring A, so condition 1 is

met.

Secondly, given f(t) ∈ Fp[t], consider the sub-Fq[t]-Λ-ring ψf (A) correspond-
ing to the Id(Fq[t])×GFq(t)-set f(t)S of S. Applying proposition 1.3.1 to ψf (A)

gives gf (t), nf ,mf such that the action of the Galois group factors through the

group M∗(gf (t), nf ,mf ). By, [1, 2.1], ψπ is an automorphism if and only if π is

unramified in A. Therefore, if h(t) ∈ Id(Fq[t] such that h(t)f(t)S = f(t)S, then

h(t) is a product of primes unramified in ψf (A). Using proposition 1.3.1 gives us

condition 2.

1.4 More general Λ-models

In this section, we generalize the result we found in the previous section. More

precisely, we prove theorem 1.4.6.
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1.4.1. We fix the following notation.

K := Fq(t),

K̄ := A fixed algebraic closure of K,

GK := The absolute Galois group of K relative to K̄,

P1
Fq

:= The projective line over Fq,

∞ := The closed point in P1
Fq
\ Spec(Fq[t]),

Π := {places of K}, finite or infinite,

Div+(K) :=
⊕
p

N, where p runs over elements of Π (the effective divisors of K),

P,Q, U, V,W : denotes subsets of Π excluding at most finitely many places,

XP := The subscheme of P1
Fq

such that the closed points are P,

Div+P (K) :=
⊕
p

N, where p runs over elements of P,

Ov := The completion of Fq[t] with respect to a valuation v,

O∗
v := The group of invertible elements in Ov,
O◦
v := The set Ov viewed as a multiplicative monoid,

P ⊊ Π, RP := A ring over Fq such that Spec(RP ) = XP

Definition 1.4.2. Let P,Q ⊆ Π and S be a finite étale scheme over Spec(K).

Recall the definition of a ΛB,P -scheme in 0.0.5. If Q ̸= Π, we say S has a Q-Λ(P )-

model, or a ΛPQ-model, if there exists a finite flat and reduced ΛRQ,P -scheme E,

such that the pullback E ×P1
Fq
Spec(K) ∼= S.

If Q = Π, we say S has a ΛPQ-model if there exists an open affine cover

{Ui → P1
Fq
}, where the closed points of Ui are Qi, such that S ×P1

Fq
Ui has a

ΛPQi
-model.

Definition 1.4.3. For any P,Q ⊆ Π,

MP
Q :=

⊕
P\Q

N×

 ∏
v∈P∩Q

O◦
v ×

∏
v/∈P∩Q

O∗
v × Ẑ

/F∗
q

where v is a finite or infinite prime of Fq(t) and F∗
q is embedded diagonally into

each O∗
v and O◦

v.

Definition 1.4.4. Let P,Q ⊆ Π be sets of almost all places (i.e., they can at

most exclude finitely many primes). We define a map

Div+P (K)×GK →MP
Q
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for all sets P,Q. By passing the image to the quotient of F∗
q, it is enough to define

the following maps

a : Div+P (K)→
⊕
P\Q

N×
∏

v∈P∩Q

O◦
v ×

∏
v/∈P∩Q

O∗
v × Ẑ

and

b : GK →
⊕
P\Q

N×
∏

v∈P∩Q

O◦
v ×

∏
v/∈P∩Q

O∗
v × Ẑ

We first define the map a. Let p ∈ P , fix the following notation.

Div+P (K) ∋ 1p := (0, · · · , 0, 1, 0, · · · ),
where 1 appears in the p-th position;

p ∈ V ⊆ P, ep := the p-th standard basis vector of
⊕

V N

πp(t) :=


the unique monic generator of the prime

ideal in Fq[t] corresponding to p, if p ̸=∞
t−1, otherwise

rp :=

{
the degree of πp(t) as a polynomial in Fq[t], if p ̸=∞

−1, otherwise

v ∈ Π, fp,v :=

{
t−rpπp(t) if v =∞ and p ̸=∞, or v = 0 and p =∞,

πp(t) otherwise

We remark that in particular, f∞,0 = f0,∞ = 1. We define the map a as follows.

a : Div+P (K)→
⊕
P\Q

N×
∏

v∈P∩Q

O◦
v ×

∏
v/∈P∩Q

O∗
v × Ẑ

1p 7→

ep, ∏
v∈P∩Q

fp,v,
∏

v/∈P∩Q

fp,v, |rp|



We remark πp(t) is invertible in Ov for all v /∈ P because p ∈ P so πp(t) must

be invertible in those complete rings.

For the map b, we send GK to its abelianization and write Gab
K explicitly using

theorem 1.1.7. By viewing πp(t) ∈ Fq[t] and t−1 as a uniformizer of each Op, we

can identify
∏

v ̸=∞O∗
v as ˆFq[t]

∗
and 1 + t−1Fq[[t−1]] as a subgroup of O∗

∞. Thus,

we can define b as the following composition of maps.

GK → ˆFq[t]
∗
×(1+1

t
Fq[[

1

t
]])×Ẑ ↪→

∏
v∈Π

O∗
v×Ẑ ↪→

⊕
P\Q

N×
∏

v∈P∩Q

O◦
v×

∏
v/∈P∩Q

O∗
v×Ẑ



18 CHAPTER 1. ALGEBRAS OVER FQ(T ) WITH Λ MODEL

Remark 1.4.5. The map above is dependent on the choice of a uniformizer πp

for each prime p ∈ Π, but we are not going to investigate this dependence further.

The main result in this section is the following theorem.

Theorem 1.4.6. Let K, Π, P and Q be defined in 1.4.1. Let MP
Q be the monoid

defined in 1.4.3. A Λ-scheme S over Spec(K) has a ΛPQ-model if and only if there

exist a continuous monoid map MP
Q → Map(S̄, S̄), where S̄ = S(K̄), such that

the following diagram commutes.

Div+P (K)×GK MP
Q

Map(S̄, S̄)

where the map Div+P (K)×GK →MP
Q is defined in 1.4.4.

We give the proof of the theorem above in 1.4.20.

1.4.7. For example, for P = Q = Π \∞, our previous section shows the theorem

holds. Indeed. we can identify an isomorphism O∗
∞
∼= F∗

q × (1 + t−1Fq[[t−1]] by

viewing t−1 as a uniformizer. Furthermore, we see the map we defined in 1.4.4

agrees with the map defined in 0.0.4.

We give a few more specific examples.

Proposition 1.4.8. Let P ′ be a subset of Π \ {∞} (containing all but finitely

many primes). Theorem 1.4.6 holds for P = Q = P ′. In other words, a Λ-

scheme S has a ΛP
′

P ′-model if and only if there exist a continuous monoid map

MP ′

P ′ → Map(S̄, S̄), where S̄ = S(K̄), such that the following diagram commutes.

Div+P ′(K)×GK MP ′

P ′

Map(S̄, S̄)

where the map Div+P ′(K)×GFq(t) →MP ′

P ′ is described in 1.4.4.
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Proof. For sufficiency, we follow the notation in 1.2.1 and follow a similar proof

shown in 1.2.2 and 1.2.3. We take a finite quotient of the monoid MP ′

P ′ that has

the following form

(Fq[t]/g(t))◦ × (Fq[t]/f(t))∗ × Cn × (1 +
1

t
Fq[[

1

t
]])/(

1

tm
)

where f(t) is not divisible by any primes in P ′ and g(t) is only divisible by the

primes in P ′. It is enough to show the K-algebra corresponding to each term in

the product has a P ′-Λ(P ′)-model.

By 1.2.2, we see that the algebra corresponds to the first, third and last term

has a Π \ {∞}-Λ(Π \ {∞})-model, so it must also have a Π \ {∞}-Λ(P ′)-model

(by forgetting the Λ-structure corresponding to the primes not in P ′) and hence

a P ′–Λ(P ′)-model by 1.4.12 shown below.

Moreover, since the primes in P ′ are not ramified in the K-algebra corre-

sponding to the second term by [12, proposition 2.2], the ring of RP ′-integral

elements inside the K-algebra together with the ring map ψp(x) = ωπ(x) defines

a P ′-Λ(P ′)-model, where ωπ is the Carlitz polynomial defined in the beginning

of section 1.1. Finally, we can give a similar corollary as 1.2.3 to conclude the

sufficiency.

For necessity, we view Div+P ′(K)×GK as a submonoid of Div+Π\{∞}(K)×GK .

We see that, since P ′ contains all but finitely many primes, 1.3.1 and 1.3.2 applies

to the action of Div+P ′(K)×GK on S, so the action of Div+P ′(K)×GK on S must

factor through the image of Div+P ′(K)×GK under the map Div+Π\{∞}(K)×GK →
M

Π\{∞}
Π\{∞} described in 1.4.7.

Therefore, we proceed by looking at the image under the map above. We see

that, since the copy of N in the p-th position is missing for each p ∈ Π \ P ′, the

image in the Op component must be invertible, i.e., must be contained in O∗
p .

Furthermore, the image of GK in the Op component is the whole O∗
p . Thus, we

conclude that the action of Div+P ′(K)×GK on S must factor through the monoid(∏
v∈P ′

O◦
v ×

∏
v/∈P ′

O∗
v × Ẑ

)/
F∗
q

This is the monoid given in 1.4.3 with P = Q = P ′ and we are done.

Proposition 1.4.9. Let 0 denote the prime correspond to the prime ideal (t) ⊆
Fq[t] and let P ′ = Π \ {0}. Theorem 1.4.6 holds for P = Q = P ′. In other words,

a Λ-scheme S has a ΛP
′

P ′-model if and only if there exist a continuous monoid map
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MP ′

P ′ → Map(S̄, S̄), where S̄ = S(K̄), such that the following diagram commutes.

Div+P ′(K)×GK MP ′

P ′

Map(S̄, S̄)

where the map Div+P ′(K)×GFq(t) →MP ′

P ′ is described in 1.4.4.

Proof. By reversing the roles of the primes 0 and ∞ and looking at the ring

Fq[t−1] instead of Fq[t], we repeat everything we have done in section 1.1 to 1.3

and similarly define a map Div+P ′(K) × GK → MP ′

P ′ that is induced by a map

that sends GK to its abelianization, which is isomorphic to the following group

by 1.1.7 and by reversing the roles of t and t−1.

GK
∼−→ ˆFq[t−1]

∗
× Ẑ× (1 + tFq[[t]])

On the second factor, the reversed 0.0.4, by which we mean the same definition

but with the roles of 0 and∞ reversed, tells us to send DivP ′ to MP ′

P ′ by the map

induced by the following.

Np → O◦
0 ×

∏
p̸=0

O◦
p × Ẑ

p 7→ π(t), (π′(t−1), π′(t−1), π′(t−1), · · · , π′(t−1)), deg(π′(t−1))

where p ∈ P ′ (i.e., p ̸= 0), π(t) is once again the unique monic generator of the

prime ideal of Fq[t] corresponding to p, and π′(t−1) is the unique monic generator

of the prime ideal of Fq[t−1] corresponding to p. One sees that, by homogenizing

π(t) to a function on P1
Fq

then dehomogenizing it to an element in Fq[t−1], we

see that π(t) and π′(t) are related by π′(t−1) = λ−1t−rπ(t), where λ ∈ F∗
q is the

constant coefficient of π(t) and r = deg(π) = deg(π′). Section 1.1 to 1.3 tells us

that S has a P ′-Λ(P ′)-model if and only if the map Div+P ′(K)×GK → Map(S, S)

factors through the map Div+P ′(K)×GK →MP ′

P ′ described above.

It remains to show that the map S has a P ′-Λ(P ′)-model if and only if the map

Div+P ′(K)×GK → Map(S, S) factors through the map a : Div+P ′(K)×GK →MP ′

P ′

described in 1.4.4. However, by the above, we described a map b : Div+P ′(K) ×
GK → MP ′

P ′ , which the map Div+P ′(K) × GK → Map(S̄, S̄) factors through it

if and only if S has a P ′-Λ(P ′)-model, so it is enough to give an isomorphism
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MP ′

P ′ →MP ′

P ′ such that the following diagram commutes.

Div+P ′(K)×GK MP ′

P ′

MP ′

P ′

a

b
∼

We note that 1.3.1 tells us the image of GK is contained in the image of Div+P ′(K),

so it is enough to give a map that between the monoids such that the image

of Div+P ′(K) commutes in the diagram above. However, this is clear since the

image of N∞ agrees on both maps, and since for all p ̸= 0,∞, we see the O∞

and O0 components agree. Furthermore, for the Ov components, v ̸= 0,∞, the

corresponding generator of prime ideals in the two rings are related by π′(t−1) =

λ−1t−rπ(t). It is clear that, since t ∈ O∗
v, the map Ov → Ov defined by x 7→

λ−1t−rx for each v ̸= 0,∞ induces an isomorphism MP ′

P ′ → MP ′

P ′ such that the

diagram above commutes.

Corollary 1.4.10. Let P ′ be a subset of Π\{0} (containing all but finitely many

primes). Theorem 1.4.6 holds for P = Q = P ′.

Proof. One repeats the same proof 1.4.8 but with the roles of 0 and ∞ reversed

as we have shown in 1.4.9

1.4.11. (Base changing Λ-models) Let W ⊆ U ⊆ V ⊆ Π (recall U, V,W contains

almost all primes as we defined in 1.4.1). We show how to construct a U -Λ(W )-

model of a Λ-scheme S if S has a V -Λ(W )-model, and vice versa.

The case where U = V is obvious, so let us assume U ⊊ V . Let E be a

finite étale Fq(t)-scheme with a V -Λ(W )-model, i.e. there is a finite flat reduced

scheme SV over Spec(RV ) such that Spec(Fq(t))×Fq [t]SV
∼= E. Since we assumed

U ⊊ V ⊆ Π, there exists a ring RU such that Spec(RU)=U. Moreover, the fiber

SU = Spec(RU)×Fq [t] SV is represented by a finite flat and reduced algebra over

RU and Fq(t) ⊗ AU ∼= E. Furthermore, both SV and Spec(RU) have a Λ(W )-

structure, the former by assumption and the latter by the fact thatW ⊆ U . Since

the tensor product of Λ-rings is naturally a Λ-ring, SU is a U -Λ(W )-model of E.

On the other hand, now suppose we have a finite étale Fq(t) scheme L with

a U -Λ(W )-model, represented by the ring BU . Let V ′ ⊆ V such that XV ′ is an

open affine subset of XV and let L′ = L ×Spec(Fq [t]) XV ′ be an open affine subset

of L. Let OL′,RV ′ denote the set of elements in the algebra representing L′ that
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are integral RV ′ . One sees that BV ′ = BU ∩ OL′,RV ′ is a finite flat and reduced

algebra over RV ′ . Furthermore, we see that BV ′ has a Λ(W ∩V ′)-structure, since

both BV ′ and RV ′ has one. This works for all affine subsets of L containing U

and this construction gives us a V -Λ(W )-model of L.

Corollary 1.4.12. Let W ⊆ U ⊆ V ⊆ Π. Theorem 1.4.6 holds for P = W,Q =

U if and only if the theorem holds for P = W and Q = V .

Proof. Suppose the theorem holds for P = W,Q = U . Let S be a Λ-scheme with a

U -Λ(W )-model and let S̄ = S(K̄). This is equivalent to the existence of a unique

map MW
U → Map(S̄, S̄) such that the map Div+W (K)×GK → Map(S̄, S̄) factors

through it by assumption. By 1.4.11, the is equivalent to having a V -Λ(W )-

model. We note that since W ⊆ U ⊆ V ⊆ Π, MW
U = MW

V by definition 1.4.3,

so we have shown that the map Div+W (K) × GK → Map(S̄, S̄) factors through

MW
U = MW

V → Map(S̄, S̄) if and only if it has a V -Λ(W )-model, so the theorem

holds for P = W,Q = U .

The converse also holds by a similar argument.

Proposition 1.4.13. Let U ⊆ V ⊆ Π and W ⊆ Π such that (V \ U) ∩W = ∅.
Theorem 1.4.6 holds for P = U and Q = W if and only if the theorem also holds

for P = V and Q = W .

Proof. Suppose the theorem holds for P = U and Q = W . Let S be a finite

étale Fq(t) scheme with a W -Λ(V )-model X and let S̄ = S(K̄). It is clear that

X is also a W -Λ(U)-model, since one may simply forget the Frobenius lift for all

p ∈ V \U . This forgets the action of
⊕

V \U N on S̄, so we conclude that if S has a

W -Λ(V )-model then the action of Div+V (K)×GK factors throughMU
W ×

⊕
V \U N.

Since U ⊆ V and (V \ U) ∩W = ∅, V \W = V \ U ⊔ U \W where ⊔ denotes a

disjoint union, MU
W ×

⊕
V \U N =MV

W .

Conversely, suppose the action of Div+V (K) × GK factors through MV
W =

MU
W ×

⊕
V \U N. This is equivalent to, by assumption, S having a W -Λ(U)-model

Y together with an action of
⊕

V \U N on it. We claim this is enough to show that

Y is a W -Λ(V )-model of S. Indeed, the case U = V is trivial. Otherwise, an

action of
⊕

V \U N on S̄ induces an action on Y , which gives a family of commuting

maps, one for each p ∈ V \U . We note that p corresponds to a unit ideal for any

p ∈ V \ U in any affine open subset of Y , say Spec(A). Thus, any map A → A

is a Frobenius lift of p and the maps defined using that action of
⊕

V \U N on Y

together with the Λ(U)-structure on Y gives Y a Λ(V )-structure.
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Now suppose the theorem holds for P = V and Q = W . Let S ′ be a finite

étale Fq(t) scheme with a W -Λ(U)-model X ′ and let S̄ ′ = S ′(K̄). By a similar

argument as the paragraph above, X ′ together with an action of
⊕

V \U N on X ′

shows X ′ is aW -Λ(V )-model of S, so the action of Div+V (K)×GK factors through

MV
W . Forgetting the action of

⊕
V \U N again shows if S ′ has a W -Λ(U)-model

then the action of Div+U(K)×GK factors through MU
W .

Conversely, suppose the action of Div+U(K)×GK on Map(S̄ ′, S̄ ′) factors through

MU
W . This implies the action of

⊕
v\U N×Div+U(K)×GK on Map(S̄ ′, S̄ ′) factors

through MU
W ×

⊕
v\U N, so S ′ has a W -Λ(V )-model by assumption. Forgetting

the Frobenius lifts for each prime in V \ U gives us a W -Λ(U)-model.

1.4.14. Let U ⊆ V ⊆ W ⊆ Π. There exists a map

MW
U →MW

V

as follows. We have a map⊕
W\U

N×
∏
v∈U

O◦
v ×

∏
v/∈U

O∗
v × Ẑ→

⊕
W\V

N×
∏
v∈V

O◦
v ×

∏
v/∈V

O∗
v × Ẑ

induced by the identity map Ov → Ov for all O∗
v and O◦

v components by matching

labels (which induces an inclusion map O∗
v ↪→ O◦

v on some components), the

identity map N→ N in the p-th position for all p ∈ W \ V , and the map

Nq → O◦
q

n 7→ πn

where Nq denotes a copy of N in the q-position in the product, π is the unique

monic generator of the ideal in Fq[t] corresponding to q if q ̸= ∞ and π = t−1 if

q =∞, for all q ∈ V \ U .
The map above induces a map MW

U →MW
V by passing to the quotient of F∗

q.

Lemma 1.4.15. Let U1 ⊆ U2 ⊆ U3 ⊆ W ⊆ Π. Let fi,j :M
W
Ui
→MW

Uj
be the map

defined in 1.4.14 for each 1 ≤ i < j ≤ 3. Then f1,3 = f2,3 ◦ f1,2.

Proof. We follow 1.4.14 and pick representative before taking the quotient of F∗
q.

We go through each p ∈ Π and look at each component labelled by each p.

We first note that all f ’s map the O∗
v and O◦

v components to Ov under the

identity map, so the claim is clear on these components. It remains to show the

claim of each copy of N in the
⊕

W\Ui
N part of the monoid.
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Let id : N → N be the identity map on N and let r : N → O◦
v be the map

defined in the end of 1.4.14. We consider the following three cases of v.

Case 1: If v ∈ W \U3, then each fi,j sends elements in N in the v component

to itself under the identity. Clearly, id = id ◦ id.
Case 2: If v ∈ U3\U2, then f2,3 and f1,3 send elements in N in the v component

to Ov via the map r, but f1,2 is the map id. Clearly, r = r ◦ id.
Case 3: If v ∈ U2\U1, then f1,2 and f1,3 sends elements in N in the v component

to Ov via the map r, but there are no N components labelled with v inMW
U2

so f2,3

is on the v components is the identity map on idv : Ov → Ov. Clearly, r = idv ◦r.

Lemma 1.4.16. Let P,Q ⊆ Π. The following diagram is a pushout diagram,

MP∪Q
P∩Q MP∪Q

P

MP∪Q
Q MP∪Q

P∪Q

where the maps are defined in 1.4.14.

Proof. Recall each monoid above is a quotient of a product of monoids, we first

show this is a pushout diagram before passing to the quotient of F∗
q. We show

this by checking the universal property of pushout for each component.

For each O∗
p or O◦

p term, the diagram above is just a square induced by the

identity map Op → Op (which induces a map O∗
p ↪→ O◦

p on some components),

so it is enough to show that, for p ∈ P \Q, the following diagram

N N

O◦
p O◦

p

where the top and bottom maps are the identity map, and the vertical maps are

the map shown in the second part of 1.4.14. However, it is clear that the square

above is a pushout diagram.

1.4.17. Let U ⊆ V ⊆ W ⊆ Π. Suppose theorem 1.4.6 holds for U -Λ(W )-

models and for V -Λ(W )-models, so there exists maps MW
U → Map(S̄, S̄) and
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MW
V → Map(S̄, S̄) such that the map Div+W (K) × GK → Map(S̄, S̄) factors

through such maps.

Let S be a finite étale scheme over K with a U -Λ(W )-model, hence also a

V -Λ(W )-model by 1.4.12, we have the following diagram.

Div+W (K)×GK MW
U

MW
V

Map(S̄, S̄)

a

b c

where the maps a, b are defined in 1.4.4, the map c is defined in 1.4.14, and the

rest of the maps are the same maps as in theorem 1.4.6.

Proposition 1.4.18. The above diagram in 1.4.17 commutes

Proof. We see that the bottom left triangle and the big, outer triangle commutes

since we assumed theorem 1.4.6 to hold for our subsets of Π. Thus, it is enough

to show the commutativity of the top triangle involving the maps a, b, c.

Once again, we do this by picking a representative of elements in MW
U and

MW
V before taking the quotient of F∗

q. Since for all p ∈ U , the map c is induced

by the identity map O◦
p → O◦

p . For p =∞, the map c is induced by the identity

maps O∗
∞ → O∗

∞ and N→ N.
Finally, for the components in the 0-position, the maps a and b are both

sending GK to its abelianization via the isomorphism given in 1.1.7. Furthermore,

the N component in the 0-th position in Div+K and in MΠ
U are both sent to t ∈ O◦

0

in MΠ
V . Therefore, by passing to the quotient of F∗

q, we have shown that the top

triangle commutes, hence the whole diagram commutes.

Proposition 1.4.19. Let U, V be subsets of W ⊆ Π such that U ∪ V = W (and

U, V contains all but finitely many primes). Suppose theorem 1.4.6 holds for the

cases where P = Q = U and P = Q = V and P = Q = (U ∩ V ), then theorem

1.4.6 holds for P = Q = W .

Proof. Suppose X is a W -Λ(W )-model of S. This is equivalent to saying that

XU = X ×Spec(Fq [t]) Spec(RU) is a U -Λ(W )-model and XV , similarly defined, is a
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V -Λ(W )-model, and their pullbacks to Spec(RU∩V ) agrees as a (V ∩ U)-Λ(W )-

model of S.

However, by assumption, the existence of a V -Λ(V )-model is equivalent to

the existence of a map MV
V → Map(S̄, S̄) such that the map Div+(K) × GK →

Map(S̄, S̄) factors through it. Furthermore, applying 1.4.13 shows the existence

of a V -Λ(W )-model is equivalent to the existence of a map MW
V → Map(S̄, S̄)

such that the map Div+(K)×GK → Map(S̄, S̄) factors through it.

Similarly, the existence of a U -Λ(U)-model and U ∩ V -Λ(U ∩ V )-model is

equivalent to the existence of a map MU
U → Map(S̄, S̄) and a map MU∩V

U∩V →
Map(S̄, S̄) such that the map Div+(K)×GK → Map(S̄, S̄) factors through them.

Applying 1.4.13 again gives the equivalence of a existence of a U -Λ(W )-model,

respectively a U ∩ V -Λ(W )-model, to a map MW
U → Map(S̄, S̄), respectively a

mapMW
U∩V → Map(S̄, S̄), such that the map Div+(K)×GK → Map(S̄, S̄) factors

through it.

To summarize, S has a W -Λ(W )-model if and only if there exists maps from

the monoids to Map(S̄, S̄) in the following diagram, where the other maps are

defined in 1.4.4 and 1.4.14.

Div+(K)×GK

MW
U∩V MW

V

MW
U Map(S, S)

But 1.4.16 shows the bottom right square of the diagram is equivalent to a

map MW
W → Map(S̄, S̄). Furthermore, this diagram commutes by 1.4.18, so the

diagram gives a map Div+(K) × GK → MW
W by following either paths of the

following diagram.

Div+(K)×GK MW
U∩V MW

V

MW
U MW

W
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Finally, we check this map Div+(K)×GK →MW
W agrees with the map we defined

in 1.4.4. It is enough to check if the following diagram commutes,

Div+(K)×GK MW
U∩V

MW
W

where the maps going away from Div+(K)×GK are the maps defined in 1.4.4 and

the vertical map is defined as the composition of maps MW
U∩V →MW

V →MW
W (or

MW
U∩V →MW

U →MW
W ) defined in 1.4.14, which by 1.4.15 is also the map defined

in 1.4.14. However, the diagram above is exactly the triangle with maps labelled

a, b, c in 1.4.18, which commutes for all subsets of Π satisfying the containment

condition in 1.4.18 and we have (U ∩ V ) ⊆ W ⊆ W .

1.4.20. Proof of theorem 1.4.6. We claim it is enough to consider the case P =

Q. Indeed, for any set V, U , V = V \ Q ⊔ V ∩ Q, where ⊔ denotes the disjoint

union, we see that the theorem holds for P = V and Q = U if and only if the

theorem holds for P = V ∩ U and Q = U by 1.4.13. Furthermore, by 1.4.12, the

theorem holds for P = V ∩ U and Q = U if and only if the theorem holds for

P = Q = V ∩ U .
We now show the theorem holds for P = Q = W for allW ⊆ Π. We use 1.4.19

to show this. In other words, for each W , it is enough to give two sets U, V ⊆ W

with U ∪ V = W such that the theorem holds for P = Q = U , P = Q = V and

P = Q = V ∩U . Let V := W \ {∞} and U := W \ {0}, it is clear that U, V ⊆ W

and U ∪ V = W . Since (V ∩ U) ⊆ V ⊆ Π \ {∞}, we see that the theorem holds

for P = Q = V and P = Q = V ∩U by 1.4.8. Similarly, U ⊆ Π\{0}, the theorem
holds for P = Q = U by 1.4.10.



Chapter 2

Background

2.1 Definition and Notation

We follow most of the set up and definitions in [13]. Let K be a global function

field of over a field of constants Fp, with the largest finite field contained in K

being Fq ∼= Fpm . We use the symbol ∞ to denote a place of K which is fixed

throughout this chapter.

We use the word “prime” and “place” interchangeably, and for any field ex-

tension L/K, we use phrases such as “p is a finite prime of L” to mean p ∤ ∞.

We reserve the letter p or π to denote a place of K, which usually excludes ∞.

We define Kp to be the field K completed with respect to the topology defined

at p, i.e., by picking a uniformizer t, Kp
∼= Fpmdp ((t)) and we refer Fpmdp as the

residue field of p and dp the residue degree. We have a function vp : K∗ → Z
known as the valuation and we almost always assume such a map is normalized,

i.e., the map vp is surjective and hence vp(t) = 1. We often drop the subscript

and just refer to the valuation as v if there is no ambiguity of which place p we

are working with.

There is a notion of absolute value for a fixed valuation. We define

| · |v : Kp → Q

to be a function such that |0|v = 0 and |x|v = q−dpv(x) for all x ̸= 0. We define

the ring Op ⊆ Kp as the set of elements Op = {x ∈ Kp | |x|v ≤ 1} and the units

O∗
p = {x ∈ Kp | |x|v = 1}. We often denote the absolute value | · |vp as | · |p.
We use C to denote the completion of the algebraic closure of K∞. The letter

C is chosen since C is both algebraically closed and complete so one can think of

C as the function field version of the complex numbers.

28
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2.1.1. We define a function deg : K → Z such that deg(x) = −d∞v∞(x). We

also define A = A∞ ⊂ K to be the ring of elements that have no poles away from

∞, so every element a ∈ A has deg(a) ∈ Z≥0 and deg(a) = dimFq(A/(a)). For a

field L/K, we define AL to be the ring of integral elements in L over A. Since an

extension L/K throughout this chapter is almost always an algebraic extension

of K, we identify L as a subfield of C so A ⊆ AL ⊆ AC.

2.2 Containment of Abelian Extensions

We give a sufficient condition for an abelian extension to contain another. We

follow Chapter VII, section 13 of [17] very closely, with some minor adaptation

and changes from number fields to function fields, we include the results here for

the convenience of the reader.

Definition 2.2.1. Let S, T be two sets of places of K. We say S ⪯ T if s ∈
S ⇒ s ∈ T except for finitely many s ∈ S. We say S contains almost all primes

if S ⪯ {All places of K}.

Definition 2.2.2. Let L/K be a finite abelian extension of K. We denote

P (L/K) to be the set of totally splitting primes of K in L. We denote PL/K(σ),

σ ∈ Gal(L/K), to be the set of unramified primes p of K such that σ is the

Frobenius element of p.

Lemma 2.2.3. Let K ⊆ L ⊆ N be a tower of fields such that L/K and N/K

are finite abelian extensions. Let G = Gal(N/K) and H = Gal(N/L), then

P (L/K) =
⋃
σ∈H

PN/K(σ) (2.2.4)

Proof. Let p be a prime in K. Let p be unramified in the extension L/K and

let σ
L/K
p ∈ Gal(L/K) denote the Artin symbol of p in L/K. Following the proof

in Chapter VII, lemma 13.5 of [17], the result is clear since in this finite abelian

setting, since

p ∈ P (L/K)⇔ p splits completely in L/K

⇔ σ
L/K
p = 1 ∈ Gal(L/K) = G/H

⇔ σ
N/K
p ∈ H

⇔ p ∈
⋃
σ∈H

PN/K(σ)
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Proposition 2.2.5. Let L/K, F/K be finite abelian extensions of K. Then

P (F/K) ⪰ P (L/K)⇔ F ⊆ L (2.2.6)

where P (F/K) ⪰ P (L/K) is defined in definition 2.2.1.

Proof. The ⇐ direction is clear, so let us follow Chapter VII, Proposition 13.9

of [17] to prove the ⇒ implication in (2.2.6). Let N/K be an abelian extension

over K containing both F and L, Let G = Gal(N/K), H = Gal(N/F ) and

H ′ = Gal(N/L). Using equation (2.2.4), we have

P (L/K) =
⋃
σ∈H′

PN/K(σ) ⪯ P (F/K) =
⋃
σ∈H

PN/K(σ)

Let σ′ ∈ H ′ and let p ∈ PN/K(σ′). Such a prime always exists since the Tcheb-

otarev Density Theorem for function fields (see Theorem 9.13 of [19]) indicated

that there are infinitely many primes of K in PN/K(σ
′), so there are still infinitely

many choices even if we excluded finitely many. By the containment above, there

exists some σ ∈ H such that p ∈ PN/K(σ). However, since N/K is an abelian

extension, σ′ must equal to σ as they are both Frobenius elements of p and Frobe-

nius elements are unique. Therefore, σ′ ∈ H for all σ′ ∈ H ′ and hence H ′ ⊆ H

and L ⊇ F as required.

Corollary 2.2.7. Let L/K, F/K be finite abelian extensions of K. For any

π a place of K, let σ
L/K
π and σ

F/K
π denote the Frobenius element at π in the

extensions L/K and F/K. Then F is a subfield of L if and only if there exists a

group homomorphism

θ : Gal(L/K)→ Gal(F/K)

such that θ(σ
L/K
π ) = σ

F/K
π for all but finitely many places π of K.

Proof. Suppose F is a subfield of L, then it is easy to see that the restriction

of the Frobenius element in L is the Frobenius element in any of its subfields,

including F . This result can be found in many class field theory textbooks, such

as proposition 1.6 in [5]. This shows the forward implication.

For the converse, we have a group homomorphism θ : Gal(L/K)→ Gal(F/K)

with Frobenius elements agreeing in both Galois groups for almost all places.

Therefore, for almost all primes p, we have:

p in K splits completely in L⇔ σ
L/K
p = 1 ∈ Gal(L/K)

⇒ θ(σ
L/K
p ) = 1 ∈ Gal(F/K)

⇔ p in K splits completely in F
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Hence, we see that P (F/K) ⪰ P (L/K) and by proposition 2.2.5 we must have

F ⊆ L.

2.3 Ray Class Fields

We give three definitions of the ray class group for function fields and we show that

each definition is canonically isomorphic to the other definitions. We use these

definition interchangeably in the upcoming sections without further elaboration.

We say f is a cycle on K if f is a (finite) formal product of primes of K and

we almost always assume that it is supported away from ∞, i.e. f =
∏

p̸=∞ pnp ,

np ≥ 0 for all p. We will write the index np as ordp(f). Since any ideal 0 ̸= I ⊆ A

can be written as a unique product of prime ideals of A, we can view any non-zero

ideal I as a cycle by viewing I as a product of prime ideals. Similarly, we can

view any cycle supported away from ∞ as a non-zero ideal of A.

For an element x ∈ K∗, we slightly abuse notation and also denote its p-adic

order (vp(x) in the previous section) as ordp(x), i.e., if we pick a uniformizer tp

of Kp and view x as an element of Kp, we can write x as a power series over the

residue field of p in tp, i.e., x =
∑

i≤ordp(x)
ait

i
p with aordp(x) ̸= 0. Note that if

x ∈ A so that ordp(x) ≥ 0 for all p ̸= ∞, then the two definitions agree if we

view x as a finite product of primes.

Everything we show here is based on James Borger’s unpublished notes on ray

class groups, with changes and adaption from number fields to function fields.

Definition 2.3.1. Let f be a cycle on K supported away from our chosen place

∞, p a place of K. We fix the following notation:

If = {the group of fractional ideals of A coprime to f,∞}
K(f) = {x ∈ K∗ | ordp(x− 1) ≥ ordp(f) for all p dividing f}
Pf = {the image of the map K(f)→ If}

The ray class group of conductor f totally splitting at ∞, denoted as Cl1(f), is

defined to be the quotient If/Pf.

Definition 2.3.2. Let f be a cycle on K supported away from our chosen place
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∞, p a place of K. Fix the following notation:

A∗
K = the idele group

∏′

p

K∗
p = {x = (· · · , xp, · · · )}

where xp ∈ K∗
p and for all but finitely many p, xp ∈ O∗

p

Un(Kp) = {x ∈ O∗
K | ordp(x− 1) ≥ n} where n ≥ 0 and p ̸=∞

Un(K∞) = K∗
∞ ∀n ≥ 0

Uf = {x ∈ A∗
K | xp ∈ Uordp(f)(Kp) for all p (including p =∞)}

The ray class group of conductor f totally splitting at ∞, denoted as Cl2(f),

is defined to be the cokernel of map K∗ → A∗
K/Uf induced by the diagonal

embedding K∗ → K∗
p for all p.

Proposition 2.3.3. Definitions 2.3.1 and 2.3.2 agree. More precisely, let vp :

K∗
p → Z be a surjective valuation for each prime p (including p = ∞), then the

following map

A∗
K → {ideals of A}

(· · · , xp, · · · ) 7→
∏
p

pvp(xp)

induces an isomorphism Cl2(f) → Cl1(f) for all cycles f on K supported away

from ∞.

Proof. We first make the following definition;

U ′
f = {x ∈ A∗

K | xp ∈ Uordp(f)(Kp) for all p | f}

We have the following diagram:

F∗
q K(f) Pf

Uf U ′
f If

Uf/(A
∗ ∩K(f)) A∗

K/K
∗ Cl1(f)

diag diag

γ

θ

ϕ

The map θ is the cokernel map K∗ → A∗
K/Uf induced by the diagonal embedding

K∗ → K∗
p for all p introduced in definition 2.3.2. The map γ is the map defined
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in the proposition, i.e., it is defined by sending an element x ∈ U ′
f to the ideal∏

p∤f∞ pvp(xp) where vp : K
∗
p → Z is a surjective valuation. Note that the product

above is finite, since there are all but finitely many xp ∈ O∗
p .

We first show the middle column is fully exact and we start by constructing

a surjective map θ. We then show the top and middle rows are fully exact and

conclude that there is an isomorphism between Cl1(f) and Cl2(f).

The map θ is surjective: We start by taking any y ∈ A∗
K and we show that

there exists k ∈ K∗ such that y − k ∈ U ′
f . In other words, we will find some

k ∈ K∗ such that for all p | f, ordp(yp − k − 1) ≥ ordp(f), or equivalently,

|yp − k − 1|p ≤ q
−ordp(f)
p , where qp is the size of the residue field of Kp. However,

this is true by the following result.

Theorem 2.3.4. Let v0 be a fixed valuation of the global field K. Suppose we are

given the following:

1. a finite set S of valuations v ̸= v0;

2. elements αv ∈ Kv for all v ∈ S;

3. ϵ > 0.

Then, there exists β ∈ K such that |β − αv|v < ϵ for all v ∈ S and |β|v ≤ 1 for

all v /∈ S, v ̸= v0.

The proof of the statement above can be found in the proof of the strong

approximation theorem in the beginning of section 15 of [4]. If we let v0 = ∞,

S = {primes dividing f}, αv = yp and ϵ = minp|f(q
−ordp(f)
p ), then the theorem

ensures the existence of k ∈ K such that |yp − k − 1|p ≤ q
−ordp(f)
p for all p ̸= ∞

and hence the map θ is surjective.

The kernel of θ is K(f): y ∈ Ker(θ) if and only if there exists k ∈ K∗ such that

diag(k) = y and yp ∈ Uordp(f)(Kp) for all p | f, which is equivalent to k ∈ K(f).

Since the middle column and the right column are both exact, the exists a

unique map ϕ such that the bottom right hand square of the diagram commutes.

Top row is exact: The map K(f) → Pf is surjective by definition. Further-

more, k sends to 1 ∈ Pf if and only if k has zeroes and poles only at places

dividing f∞. However, for all p | f we have ordp(k − 1) ≥ ordp(f), so k has no

zeroes or poles at p | f either. Therefore, k must be a global unit and hence in F∗
q

Middle row is exact: The map U ′
f → If is clearly surjective, for all I ∈ If one

takes
∏′

p
Uordp(I)(K

∗
p ) to be its pre-image. Let x be in the kernel, then for all
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p ∤ f, xp ∈ O∗
p , which is equivalent to xp ∈ Uordp(f)(Kp) since ordp(f) = 1. Hence

x ∈ Uf.

Since the middle column, the right column, the top row and the middle row

are all fully exact, the bottom row must be fully exact by the snake lemma.

Hence, we have the isomorphism

Cl2(f) ∼= A∗
K/UfK

∗ ∼−→ Cl1(f)

Definition 2.3.5. Let f be a cycle on K supported away from ∞. For any

A-module M , an f-trivialization of M is defined to be an isomorphism

ι : A/f⊗AM
∼−−−−→ A/f

Trivialized invertible A-modules form a category. A morphism from (M1, ι1) to

(M2, ι2) is defined to be an A-module homomorphism θ :M1 →M2 such that the

endomorphism of A/f induced by the trivialization is the identity. We make the

following notation:

PICf(A) = the category of f-trivialized invertible A-modules

Picf(A) = the set of isomorphism classes of objects of PICf

The ray class group of conductor f totally splitting at ∞, denoted as Cl3(f), is

defined to be Picf(A).

Proposition 2.3.6. Definitions 2.3.1 and 2.3.5 agree. More precisely, the map

β : If → Picf(A), defined in the first paragraph of the proof, induces an isomor-

phism Cl1(f)→ Cl3(f) for all cycles f on K supported away from ∞.

Proof. We define a homomorphism β : If → Picf(A) as the following. Take a

fractional ideal J ∈ If, since it is supported away from f, its image in Kp for

all p | f is contained in Op. Therefore, there is a canonical f-trivialization whose

p-part is given by

J → Op → Op/p
ordp(f)

Note that since we can always find j ∈ J such that j ≡ 1 mod pordp(f), the map

Op/f⊗A J → A/f induced by the map above is an isomorphism. We show that β

is surjective and the kernel is Pf.

Surjectivity: Let M be an f-trivialized invertible A-module. Since M is an

invertible A-module, K ⊗AM ∼= K, so we have an isomorphism between M and
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some fractional ideal J . Let m ∈ M be an element mapping to (1, · · · , 1) under
the trivialization

M −→ A/f
∼−−→
∏
p

A/pordp(f)

Let x ∈ J be the element corresponding to m via the isomorphism between M

and J . We claim that the canonical trivialization of x−1J is isomorphic to M .

Indeed, we have the following diagram:

A/f⊗AM A/f

A/f⊗A x−1J A/f

The horizontal maps are all isomorphisms and the left map is also an isomorphism

induced by the isomorphism between M and x−1J , so the right map has to be an

isomorphism. Hence, to show if it is the identity map, we just need to check if it

sends 1 to 1 and by chasing the maps in the diagram above, we get

A/f A/f⊗AM A/f⊗A x−1J A/f

1 m 1 1

Kernel: Suppose J ∈ If has canonical trivialization isomorphic to the identity.

Then, we must have an isomorphism of A-modules J
∼−→ A and let x ∈ J be the

pre-image of 1 and it is clear that J = (x). Since x is the pre-image of 1,

the induced map A/f ⊗A (x) → A/f sends x (or 1 ⊗ x to be more precise) to 1.

Therefore, the map sends x−1 (or 1⊗x−1⊗1) to 0 and hence ordp(x−1) ≥ ordp(f)

for all p and so x ∈ K(f).

Since the definitions we gave are all canonically isomorphic, via the isomor-

phisms shown in 2.3.3 and 2.3.6, we often drop the subscript numbering and just

denote the ray class group as Cl(f).

Proposition 2.3.7. Let f be a cycle on K supported away from ∞. The group

Cl(f) is finite and there exists a canonical field L with Galois group Gal(L/K) ∼=
Cl(f). Furthermore, a prime p is ramified in the extension L/K if and only if

p | f. Moreover, ∞ splits completely in L/K.
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Proof. Using the second definition of the ray class group Cl2(f), we first show the

existence of the field using part (D) in the main theorems of abelian extensions

stated in section 5 of [23], which states that every open subgroup of finite index N

in A∗
K/K

∗ corresponds to a unique abelian extension L/K such that Gal(L/K) ∼=
(A∗

K/K
∗)/N . Therefore, to show the first part of the proposition, we just need

to show Uf is open and is of finite index.

We follow the construction in section 16 of [4] for the topology of A∗
K/K

∗.

The topology of A∗
K/K

∗ is induced by the restricted product topology of the K∗
p

with respect to the units O∗
p . In other words, a set S ′ ⊆ A∗

K/K
∗ is open if a

pre-image S in A∗
K has p-th component equals to an open subgroup of K∗

p for

all p and for all but finitely p the p-th component equals O∗
p . However, recalling

that Uf = {x ∈ A∗
K | xp ∈ Uordp(f)(Kp) for all p}. Therefore, for all p ∤ f∞, the

p-th component of Uf equals to O∗
p and hence Uf is an open subgroup of A∗

K/K
∗.

We now show the index of Uf is finite. A proof of the fact that Cl2(1) is finite

can be found in the last theorem in section 17 of [4]. The proof involves the

topology of the ideles and the fact that a compact discrete group is finite, which

we are not going to get into detail here.

For a general f, we first compute the kernel of the map A∗
K/Uf → A∗

K/U1

induced by the inclusion map 1+ t
ordp(f)
p Op → O∗

p . One of the group isomorphism

theorems says if one has a chain of groups N1 ⊆ N2 ⊆ G such that N1, N2 are

normal subgroups of G, then there exists an isomorphism (G/N1)/(N2/N1) ∼=
G/N2. Therefore, the kernel of A∗

K/Uf → A∗
K/U1 is isomorphic to Uf/U1

∼=∏
p|fO∗

p/(1 + t
ordp(f)
p Op).

We continue by working at each p separately. One observes the cosets of the

quotient O∗
p/(1 + tnpOp) for all n can be represented by an element of the form

a0 + a1tp + · · · + an−1t
n−1
p where each ai is an element of the residue field, with

a0 ̸= 0. Hence, there is an isomorphism between O∗
p/(1 + tnpOp) and (Op/p

n)∗.

Furthermore, the natural inclusion A ↪→ Op induces an isomorphism A/pn ∼=
Op/p

n. Therefore, the kernel of the map A∗
K/Uf → A∗

K/U1 is isomorphic to∏
p|fO∗

p/(1 + t
ordp(f)
p Op) ∼=

∏
p|f(A/p

ordp(f))∗ ∼= (A/f)∗.
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We have the following commutative diagram:

F∗
q div(K∗) div(K∗)

(A/f)∗ A∗
K/Uf A∗

K/U1

(A/f)∗/F∗
q Cl2(f) Cl2(1)

We have already established that the middle row is exact. For the top row, we

used div(K∗) to denote the image of K∗ in A∗
K , i.e., div(k) =

∏
p t

ordp(k)
p for all

k ∈ K∗. The kernel of div(K∗)→ div(K∗) must be the elements in K∗ that have

no zeroes (or poles) anywhere, hence the kernel must be contained in F∗
q. It is

clear that, by definition, the middle and the right columns are exact, hence the

bottom row must also be exact. Therefore, Cl(f) is an extension of a finite group

by another finite group, hence finite.

For the second part of the proposition, note that for all p prime in K, we have

the following commutative diagram:

K∗
p Gal(Kab

p /Kp)

A∗
K/K

∗ Gal(Kab/K)

A∗
K/K

∗Uf Gal(L/K)

where the top map K∗
p → Gal(Kab

p /Kp) which we denote as θ, which is the same

map θ introduced in section 2.2 in [20] known as the reciprocity map. The middle

mapA∗
K/K

∗ → Gal(Kab/K) is the global Artin map. The definition of the global

Artin map, and the fact that the top square commute is a consequence of global

class field theory and the map A∗
K → G (where G is a complete commutative

topological group) is unique if the map satisfies some properties. For more detail,

see the section titled “Relation Between Global and Local Artin Maps” in section

6 of [23]. Finally, the bottom map is an isomorphism by the definition of L.
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Let IK denote the inertia subgroup of Gal(Kab
p /Kp). By theorem 3a in section

2 of [20], the map θ gives an isomorphism between O∗
p and IK , hence a prime p

is unramified if and only if the image of O∗
p on the left column is trivial. But this

happens if and only if Uf contains O∗
p , which happens if and only if p ∤ f.

Finally, for the place ∞, note that every element in K∗
p maps to the trivial

element in Gal(L/K). Therefore, the Frobenius element at∞ is trivial and hence

∞ splits completely in L/K.

Definition 2.3.8. We define the ray class field of conductor f totally splitting at ∞
to be the field corresponding to the ray class group of conductor f and we denote

such a field by Kf. We almost always assume our fields to be totally splitting at

∞, so we often drop the “totally splitting at ∞” at the end of our description

and call Kf the ray class field of conductor f.

In the case where f = 1, we usually refer to K1 as H or H∞ and we call this

the Hilbert class field totally splits at ∞ or just the Hilbert class field.

Corollary 2.3.9. Gal(Kf/H) ∼= (A/f)∗/F∗
q

Proof. By Galois theory, Gal(Kf/H) is the kernel of the map Gal(Kf/K) →
Gal(H/K), but this is clear in the first diagram of the proof of proposition 2.3.7.

Proposition 2.3.10. The Frobenius lift of a prime ideal co-prime to f in Gal(Kf/K)

is the image in Cl1(f) under the canonical map

{Ideals of A prime to f} −→ Cl1(f) ∼= Gal(Kf/K)

Proof. Let L denote the field Kf, p be a prime ideal co-prime to f and let Lp

be the local field containing L obtained by localizing at some prime above p. In

order to show that σ ∈ Gal(L/K) is the Frobenius element at the prime p, we

start with the following commutative diagram:

Cl1(f) Cl2(f)

{Ideals prime to f} Gal(L/K) A∗
K

∏
p Gal(Lp/Kp)
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where the maps involving Cl1(f) and Cl2(f) are defined in their definitions 2.3.1

and 2.3.2. The map A∗
K → Gal(L/K) is the global reciprocity map shown in the

main theorems of abelian extensions stated in section 5 of [23]. The map A∗
K →∏

pGal(Lp/Kp) is the map induced by K∗
p → Gal(Lp/Kp) which was denoted as θ

and it is map introduced in section 2.2 in [20] known as the reciprocity map. The

map
∏

p Gal(Lp/Kp)→ Gal(L/K) is defined by taking the product of the image

of Gal(Lp/Kp)→ Gal(L/K) for each p. Note that this is a finite product because

almost all entries are in O∗
p and by theorem 3a in section 2 of [20], any p prime

to f must send O∗
p to 1. The fact that bottom triangle of the diagram commute

is once again a consequence of global class field theory and the uniqueness of the

map A∗
K → G (where G is a complete commutative topological group) if some

conditions are satisfied. We once again reference “Relation Between Global and

Local Artin Maps” in section 6 of [23].

Let [p] denote the image of p in Cl1(f), we pick a lift of [p] in A∗
K , for example

the element (· · · , 1, 1, t, 1, 1, · · · ) where the only non-1 entry is at the p-th position

and t is a uniformizer of Kp. The map Cl2(f)→ Cl1(f) is induced by U ′
f → If by

the diagram in the proof of 2.3.3 so the image of (· · · , 1, 1, t, 1, 1, · · · ) in Cl1(f)

is [p]. Furthermore, the image of (· · · , 1, 1, t, 1, 1, · · · ) under the projection map

onto K∗
p is clearly just t.

To identify the image of t in Gal(Lp/Kp), we use the following result, which

is listed as proposition 2 of section 2.5 in [20].

Proposition 2.3.11. Let Lp/Kp be an unramified extension (of local fields) of

degree n and let σp ∈ Gal(Lp/Kp) be the Frobenius element. Let α ∈ K∗
p and let

v(α) be its normalized valuation (i.e., v : K∗ → Z is a surjective homomorphism).

Then θ(α) = σ
v(α)
p .

Since t is a uniformizer, it is clear that v(t) = 1 so θ(t) = σp. Finally, we

remark that any two choices of lift of [p] in A∗
K differ by an element in K∗Uf,

which maps to 1 ∈ Gal(L/K) by definition of L. Therefore, the image of [p] in

Gal(L/K) equals the Frobenius element at p.

2.4 Grothendieck Topologies and Sheaves

We follow the notation of sheaves and schemes in section 1.4 of [18] and the

notation of Grothendieck topologies in section 2.3 of [24]. Let D be a category

and we denote an object D in D as D ∈ obj(D), or sometimes slightly abusively,



40 CHAPTER 2. BACKGROUND

D ∈ D. We consider functors F of the form

F : Dop → (Sets)

where (Sets) denotes the category of sets. We call this type of functor a presheaf,

or more precisely, we say F is a presheaf on D if F is a functor from Dop → (Sets).

A morphism of between presheaves is a morphism of functors, also known as

natural transformation.

For every D ∈ obj(D), we can define a presheaf on D via the Yoneda imbed-

ding. More precisely, for every D, we have

hD : Dop → (Sets)

C 7→ HomD(C,D)

Conversely, a functor F is called representable or represented by D if there

exists some object D ∈ obj(D) such that F(C) = HomD(C,D). We sometimes

abuse notation and call a representable functor by the object it is represented by.

In other words, we say D ∈ obj(D) is a presheaf on D to mean the presheaf hD.

2.4.1. Let F be a presheaf and hD be a representable presheaf on D. The Yoneda
lemma ([22], tag 001P) states that there is a natural bijection between morphisms

hD → F and F(D). This natural isomorphism is induced by sending d : hD → F
to dD(idD) ∈ F(D), where dX represents the morphism dX : hD(X)→ F(X) for

each X ∈ D and idD denotes the identity map idD : D → D. In particular, to

specify a morphism between the representable functors hD → hC , it is enough to

specify an element in hC(D) = HomD(D,C).

From now on, we always assume that fiber products exist in our category. Let

C,D1, D2 ∈ obj(D), we denote the two project maps as pr∗1 and pr∗2. I.e., we have

pr∗1 : D1 ×C D2 → D1

and similarly for pr∗2.

Definition 2.4.2. ([24], 2.24) Let D be a category. A Grothendieck topology

on D is, for each object D ∈ obj(D), a collection of sets of arrows {Di → D},
where i ranges over some indexing set. Such a set is called a covering of D. The

collection of coverings satisfies the following properties.

1. Let C → D is an isomorphism, then {C → D} is a covering of D.
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2. If {Di → D} is a covering and C → D is an arrow in D. Then {C×DDi →
C} is a covering of C.

3. If {Di → D} is a covering of D and {Di,j → Di} is a covering of Di.

Then {Di,j → D}, where the morphisms are defined by the composition

{Di,j → Di → Di}, is a covering of D.

A category with a Grothendieck topology is called a site, in other words, we

say D is a site to mean D is a category with some Grothendieck topology on it.

Definition 2.4.3. ([18], 2.2.2) Let D be a site and let F : Dop → (Sets) be a

presheaf on D.

1. We say F is separated if for all D ∈ D and all covering {Di → D}, the map

F(D)→
∏
i

F(Di)

is injective.

2. We say F is a sheaf if for all D ∈ D and all covering {Di → D}, the

sequence

F(D)→
∏
i

F(Di) ⇒
∏
i,j

F(Di ×D Dj)

is exact, where the two maps on the right are induced by the two projections

pr1 : Di ×D Dj → Di and pr2 : Di ×D Dj → Dj.

Proposition 2.4.4. ([18], theorem 2.2.4) Let D be a site. The inclusion

(sheaves on D) ↪→ (presheaves on D)

has a left adjoint F 7→ Fa.

Proof. We give the construction of the left adjoint and we omit some of the

justification. For a complete proof, one can follow the proof given by Olsson in

the source cited above.

We show both of the inclusions

(separated presheaves on D) ↪→ (presheaves on D) (2.4.5)

(sheaves on D) ↪→ (separated presheaves on D) (2.4.6)

have left adjoint, then the composition of them gives what we want.
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We first construct the left adjoint in (2.4.5). Let F be a presheaf on D. For

D ∈ D, we define an equivalence relation on F(D) where a ∼ b, a, b ∈ F(D), if

there exists a cover {Di → D} such that the images of a and b agree under the

map F →
∏

iF(Di). Let F s be defined with D-points F s(D) = F(D)/ ∼. One

checks that F s is a presheaf on D and that if G is a separated presheaf on D,
any map F → G factors (necessarily uniquely) through F s. Thus F s is the left

adjoint of the map in (2.4.5).

Now we construct the left adjoint in (2.4.6). Let F be a separated presheaf

on D and let U ∈ D, we first define a functor F ′ which associates U to the set of

pairs

({Ui → U}i∈I , {ai})

where {Ui → U}, i ranges through an indexing set I, is a covering of U in the

site D and an element

{ai} ∈ Eq(
∏
i∈I

F(Ui) ⇒
∏
i,j∈I

F(Ui ×U Uj))

where Eq(−) denotes the equalizer of the maps. We define an equivalence relation

on F ′(U) by defining two pairs

({Ui → U}i∈I , {ai}) ∼ ({Vj → U}j∈J , {bj})

are equivalent if for all i ∈ I, j ∈ J , ai and bj have the same image in F ′(Ui×UVj).
The U -point of the functor Fa is the equivalence classes of F ′, i.e.,

Fa(U) = F ′(U)/ ∼

One checks Fa is a sheaf on D and any map F → G, where G is a sheaf factors

(necessarily uniquely) through the map F → Fa defined by a → ({id : U →
U}, {a}). Hence Fa is the left adjoint of (2.4.6).

We further define what we mean by a scheme in this functorial approach.

Almost all of the definitions related to schemes for the rest of this section can be

found in section 1.4 of [18], unless stated otherwise.

Definition 2.4.7. Let f : F → G be a morphism of presheaves on D. We say

that f is relatively representable if for every D ∈ D and every g : hD → G, the
presheaf hD ×G F is representable.

We remark that the presheaf hD ×G F is defined by C 7→ hD(C)×G(C) F(C)
where the fiber product is taken in (Sets).
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From now on, Dop will be the category of algebras over a ring R, which

we denote as (AlgR). An affine schemes S is a representable functor, so it is

represented by some R-algebra, say T , and the affine scheme S = hT is denoted

as Spec(T ).

Definition 2.4.8. A morphism of functors f : F → G is an affine open (or

closed) imbedding if

1. f is relatively representable, in the sense of definition 2.4.7;

2. For all X ∈ D and g : hD → G, the presheaf hD ×G F → hD is an open (or

closed) imbedding.

As a remark, the first condition says that the presheaf hD×GF is representable,

so the second condition hD ×G F → hD is morphism of affine schemes, which is

equivalent to a morphism of rings by 2.4.1, so it makes sense to say if the morphism

is an open (or closed) imbedding.

We say that a presheaf F over D is a big Zariski sheaf if F is a sheaf (see

2.4.3) in the global Zariski topology. In other words, a covering {Ui → U} in D is

a collection of open affine subschemes Ui ↪→ U that covers the whole topological

space U .

Definition 2.4.9. A morphism sheaves g : F → G over D is called surjective if

for any U ∈ D and u ∈ G(U) there exists a Zariski covering {Ui → U} such that

ui ∈ G(Ui) is in the image of F(Ui) for every i.

Definition 2.4.10. A functor F : (AlgR) → (Sets) is called a separated R-

scheme (also called a separated S-scheme if we let S = Spec(R)) if the following

holds

1. F is a big Zariski sheaf;

2. The diagonal morphism ∆ : F → F × F is an affine closed imbedding, in

the sense of 2.4.8;

3. There exists a Xi ∈ (AlgR)
op and morphisms νi : hXi

→ F such that each νi

is an affine open imbedding and the map of big Zariski sheaves
∐

i hXi
→ F

is surjective, in the sense of 2.4.9.

Remark 2.4.11. An R-scheme (or S-scheme if S = Spec(R)) can be defined

similarly if we replace condition 2 in definition 2.4.10 with the following:

Let F2 = F × F , then ∆ : F → F2 has the following property: for any

U ∈ (AlgR)
op and hU → F2, the fiber product F×F2 hU is a separated U -scheme.
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Remark 2.4.12. In proposition 1.4.11 in [18], Olsson proves that there is an

equivalence of categories between separated R-schemes, defined using the tradi-

tional point-set topology method (such as the method shown in chapter 2, section

4 of [11]), and functors that satisfy criteria 1-3 in definition 2.4.10.

Definition 2.4.13. ([24], section 1.2) Let D be a category and let X ∈ D. We

define the comma category of D over X, denoted as (D/X), to be the category

defined as the following. An object in D/X is of the form (U, u) where U ∈ D
and u : U → X is a morphism in D. A morphism (U, u) → (U ′, u′) in D/X is a

morphism f : U → U ′ in D such that u = u′ ◦ f . In other words, a morphism in

D/X is a morphism f such that the following diagram commutes.

X

U U ′
f

u u′

Schemes form a category, denoted as (Sch) (where morphisms are morphisms

of functors). The category of schemes over a base scheme S, or just S-schemes in

short, denoted as (Sch/S) or (S-Sch), is the comma category over (Sch) defined

above. We also sometimes denote the category of S-schemes as (Sch/R) or (R-Sch)

if the base scheme S = Spec(R) is an affine scheme.

Definition 2.4.14. ([24], definition 2.57) A site or a topology T on a category D
is called subcanonical if every representable functor F : Dop → (Sets) is a sheaf

with respect to T .

Example 2.4.15. We give some examples of a Grothendieck topology on (Sch/S),

without justification. Firstly, the Zariski topology on (Sch/S) is an example,

where coverings are jointly surjective (recall the definition of surjectivity in 2.4.9)

open subsets of a given scheme. Another example of Grothendieck topology over

(Sch/S) are the fppf topology, where coverings are jointly surjective flat morphisms

locally of finite presentation.

A morphism of schemes S ′ → S is étale if it is formally smooth, formally

unramified and locally of finite presentation. Another example of a Grothendieck

topology is the finite étale toplogy on (Sch/S), where covering are finite, étale and

jointly surjective morphisms.

Remark 2.4.16. Each of the topology on (Sch/S) shown in 2.4.15 are usually

defined as the big or global sites. The big topology refers to the site such that
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objects are any scheme U over S, without requiring any properties on the map

U → S.

On the other hand, we can define the small topology, which is the subcategory

of (Sch/S) such that objects are S-schemes V such that the map V → S has the

property defined in the topology, e.g., we require V → S to be finite étale (not

necessarily surjective) in the small finite étale site.

We always talk about the big sites in the following chapters, unless stated

otherwise.

We end the section by stating that all the sites we mentioned in 2.4.15, i.e., the

fppf, étale and Zariski topology on (AlgR)
op are all subcanonical sites. In other

words, all affine schemes are Zariski sheaves, fppf-sheaves and étale-sheaves. A

proof of this can be found in theorem 2.55 in [24], which is done by refining all the

topologies mentioned above to the fpqc topology, then proving directly that the

fpqc topology is subcanonical. Since sheaves are defined using local conditions,

this fact is equivalent to all schemes are sheaves with respect to these topologies.

2.5 Fibered Category and Stack

We follow chapter 3 of [24] and give a brief summary on fibered categories and

stacks. We start by defining a pseudo-functor on a category D and a fibered

category over D. We define of the category of objects with descent data over D
and finally we define a stack to be a pseudo functor with an equivalence of category

with the category of objects with descent data. Almost all the definitions we

exhibit in this section can be found in section 3.1 of [24], unless stated otherwise.

Definition 2.5.1. A (contravariant) pseudo-functor, or a (contravariant) lax 2-

functor Φ on a category D is a following data:

1. A category ΦU for each object U ∈ obj(D);

2. A functor f ∗ : ΦV → ΦU for each arrow U
f−→ V , U, V ∈ obj(D);

3. A natural isomorphism

ϵU : id∗
U

∼−−→ idΦU

between the two functors ΦU → ΦU for each object U ∈ obj(D);

4. A natural isomorphism

αf,g : f
∗g∗

∼−−→ (gf)∗ : ΦW → ΦU
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for each pair of morphisms U
f−→ V

g−→ W in D,

such that the following conditions are satisfied:

(a) For all, U
f−→ V , η ∈ obj(ΦV ), we have the following equality of morphisms

αidU ,f (η) = ϵU(f
∗η) : id∗Uf

∗η → f ∗η

αf,idV (η) = f ∗ϵV (η) : f
∗id∗V η → f ∗η

(b) For all triple of morphisms U
f−→ V

g−→ W
h−→ T , θ ∈ obj(ΦT ), we have the

following commutative diagram

f ∗g∗h∗θ (gf)∗h∗θ

f ∗(hg)∗θ (hgf)∗θ

f∗αg,h(θ)

αf,g(h
∗θ)

αf,hg(θ)

αgf,h(θ)

A pseudo functor is closely related to a fibered category. A category over

a category D is a pair (F , PF) where F is a category together with a functor

PF : F → D. A fibered category F over D is a category over D such that we can

pull-back objects in F along any morphisms in D. More precisely, we have the

following definitions.

Definition 2.5.2. A morphism F1
α−→ F2 in F is Cartesian if for any F ′

1
α′
−→ F2

and any morphsim PFF
′
1

b−→ PFF1 with PFα
′ = PFα ◦ b, there exists a unique

morphism F ′
1

β−→ F1 such that PFβ = b and αβ = α′.

For clarity, we express this in diagrams. The morphism F1
α−→ F2 in F is

Cartesian if given morphsims α′ and b such that the following diagram commutes,

F1

PFF1

F ′
1

PFF
′
1

F2

PFF2

α

α′

b
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then there exists a unique F ′
1

β−→ F1, making the whole diagram below commute

F1

PFF1

F ′
1

PFF
′
1

F2

PFF2

α

α′

β

b

Definition 2.5.3. A category F over D is called a fibered category over D if

any arrow D1
d−→ D2 in D and an object F2

PF−→ D2, then there is a Cartesian

morphism F1
f−→ F2 such that PFf = d.

Once again, we express the definition above in commutative diagrams for

clarity. Given the following diagram,

D1

F2

D2
d

PF

there exists F1 ∈ obj(F) together with maps such that the following diagram

commutes

F1

D1

F2

D2

PF

f

d

PF

We introduce the definition of a cleavage to explain the relationship between a

pseudo-functor and fibered category.

Definition 2.5.4. A cleavage K of a fibered category PF : F → D is a collection

of arrows in F such that for each morphism D1
d−→ D2 in D and F2

PF−→ D2, there

exists a unique arrow f ∈ K sending F1 to F2 and PFf = d.

In other words, a cleavage is a choice of pull-backs along any arrow in D.
Assuming the axiom of choice, every fibered category admits a cleavage.

Theorem 2.5.5. Let D be a category. A pseudo-functor on D is equivalent to a

fibered category over D with a choice of cleavage.
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2.5.6. The proof of the theorem above can be found in proposition 3.11 and

in section 3.1.3 in [24]. The proof of the theorem above says the following: let

PF : F → D be a map of fibered category over D, then the map

Φ(D) = {F ∈ obj(F) | PF(F ) = D}

defines a pseudo-functor on D, where the morphisms of Φ(D) are morphisms in

f ∈ F such that PFf = idD. The proof of the theorem says that this is an

equivalence. In particular, given a pseudo-functor Φ on D, the following category

F = {(D, ξD | D ∈ obj(D), ξD ∈ Φ(D)}

together with the forgetful map PF : F → D sending (D,Φ(D)) 7→ D defines

a fibered category over D with a choice of cleavage. Moreover, note that since

Cartesian arrows are unique up to unique isomorphism, a choice of cleavage is

also unique up to unique isomorphism. This means a fibered category defines a

unique pseudo-functor up to unique isomorphism.

We proceed by defining objects with descent data for a given pseudo-functor.

Technically, objects with descent data are defined over fibered categories and not

over pseudo functors, but by the remark in 2.5.6 above, they define each other

uniquely up to unique isomorphism. We remain somewhat loose about this and

often use both terms interchangeably, i.e., when we say “F is fibered catergoy”,

we imply that there is pseudo functor, usually denoted as Φ, associated with F
and vice versa. All definitions shown below can be found in section 4.1.2 and

4.1.3 in [24].

2.5.7. Fix a site D and Φ a pseudo functor on D. Let U = {Ui → U} be a

cover of U in D. We define the map pr1 between covers to be the canonical map

induced by the projection to the first factor, for example

pr1 : Ui ×U Uj → Ui

and likewise the map pr1,2 would be the projection from a triple fiber product to

the first and second factor, and so on. Since Φ is contravariant, this induces a

map

pr∗1 : Φ(Ui)→ Φ(Ui ×U Uj)

We use multiple numbers in the subscript when we have a fiber product of more

than two objects in D and we project onto more than one factors. For example,

pr∗1,3 would be the map corresponding to the map

pr1,3 : Ui ×U Uj ×U Uk → Ui × Uk
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Definition 2.5.8. An object with descent data is a collection data ({ξi}, {ϕi,j})
where ξi ∈ obj(Φ(Ui)) and ϕi,j are isomorphisms in the category Φ(Ui ×U Uj)

ϕi,j : pr
∗
2ξj

∼−−→ pr∗1ξi

such that the following condition is satisfied:

pr∗1,3ϕi,k = pr∗1,2ϕi,j ◦ pr∗2,3ϕj,k : pr∗3ξk → pr∗1ξi

Using the same notation as above, we say two objects xi ∈ obj(Φ(Ui)) and

xj ∈ obj(Φ(Uj)) are locally isomorphic if there is a common cover of V over Ui and

Uj such that xi and xj are isomorphic as objects in Φ(V ). The last condition in the

definition above says the following: if we have a local isomorphism between any

two of the three objects ξi ∈ obj(Φ(Ui)), ξj ∈ obj(Φ(Uj)) and ξk ∈ obj(Φ(Uk)),

then upon passing to a finer cover, all the isomorphisms commute with each other.

In other words, the isomorphism between ξk to ξi is given by the map from ξk to

ξj, then from ξj to ξi.

Definition 2.5.9. An arrow between objects with descent data

{αi} : ({ξi}, {ϕi,j})→ ({ηi}, {ψi,j})

is a collection of arrows, one from each Φ(Ui)

αi : ξi → ηi

such that the α’s interact with all the pr’s, ϕ’s and ψ’s as expected. More precisely,

for all i and j, we have the following commutative diagram,

pr∗2ξj pr∗2ηj

pr∗1ξ1 pr∗1ηi

ϕi,j

pr∗2αj

pr∗1αi

ψi,j

2.5.10. Using the two definitions above, we have defined the category of objects

with descent data. We denote this as Φ({Ui → U}) or as Φ(U) for a covering U =

{Ui → U}. There is a functor Φ(U)→ Φ({Ui → U}) induced by σi : Ui → U , so

a morphism between two objects ξ
α−→ η in Φ(U) induces a morphism σ∗

i ξ
σ∗
i α−−→ σ∗

i η

and one checks that each of these σ∗
i α’s satisfies the properties of a morphism

between objects with descent data.
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We give the definition of a stack.

Definition 2.5.11. Fix a site D and Φ a pseudo functor on D.

1. Φ is a prestack over D if the functor Φ(U)→ Φ({Ui → U}) is fully faithful

for all covering {Ui → U}.

2. Φ is a stack over D if the functor Φ(U) → Φ({Ui → U}) is an equivalence

of categories for all covering {Ui → U}.

Since pseudo functors are close related to fibered categories (2.5.6), we also

call a fibered category F over D a prestack or a stack if the associated pseudo

functor is a prestack or a stack.

Recall that a category is called a groupoid if every morphism in such category

is an isomorphism. We say a fibered category PF : F → D is a fibered category

in groupoids if for all D ∈ D, the category Φ(D) = {F ∈ obj(F) | PF(F ) = D}
defined in 2.5.6 is a groupoid. We exhibit an alternative definition of a stack if

PF : F → D is a fibered category in groupoids, shown in definition 4.1 in [6]. We

show the version found in definition 4.6.1 in [18].

Definition 2.5.12. ([18], 3.4.7) Let PF : F → D be a fibered category and let Φ

be a corresponding pseudo functor (which is unique up to unique isomorphism).

Let X ∈ D and let x, x′ ∈ Φ(X), and we recall the definition of the comma

category D/X in definition 2.4.13.

Let u : U → X be an object in D/X. Since F is a fibered category over D,
there exist an object fx ∈ Φ(U) and a morphism αx : fx → U (the object and the

morphism are both unique up to unique isomorphism) such that the following

diagram is Cartesian.

fx

U

x

X

PF

αx

u

PF

Similarly, we define αx′ : fx′ → U for x′ ∈ Φ(X). We define the following presheaf

Isom(x, x′) : (D/X)op → Set

U 7→ IsomΦ(U)(fx, fx′)

By the source cited in the definition above, this is a preasheaf on D/X.
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Definition 2.5.13. ([18], definition 4.6.1) Let PF : F → D be a fibered category

and let Φ be a corresponding pseudo functor. F is a stack if and only if the

following holds.

1. For all X ∈ D and for all x, x′ ∈ Φ(X), the presheaf Isom(x, x′) in definition

2.5.12 is a sheaf;

2. The functor Φ(U)→ Φ({Ui → U}) is essentailly surjective.

We skip of the proof of the fact that the definition given in 2.5.11 agrees

with the one given in 2.5.13 above. The idea is that the condition 1 in 2.5.13

is equivalent to condition 1 in 2.5.11 in the case of groupoids. Moreover, a fully

faithful essentially surjective map between two categories is an equivalence of

categories, which shows the two definitions agree with each other.

Example 2.5.14. We give a basic example of a stack. Fix a base affine scheme

T = Spec(R) and for each affine scheme S over T , the collection of all affine

schemes over S form a category. Let Φ(S) be the groupoid of affine schemes over

S (recall the groupoid of a category is the subcategory with all morphisms are

isomorphisms). We show this is a stack with respect to any subcanonical site

on T -schemes such that the coverings maps are faithfully flat, such as fpqc, fppf,

étale etc.

We first show Φ is a pseudo-functor on the category of T -schemes. By 2.5.6,

this is equivalent to show that for all S ∈ T -Sch, a relatively affine scheme X

over S and a cover {Si → S}, there exists a unique relatively affine scheme Xi

over Si for each i such that the following diagram is Cartesian.

(Si, Xi)

Si

(S,X)

S

where the vertical maps are the projection maps and the top map is given by maps

of schemes Xi → X and Si → S. Since all affine schemes are quasi-compact, we

may assume the cover {Si} is a finite family and by forming the disjoint union,

we may assume the cover contains only one affine scheme. It is clear that there

exists an Xi because we can take Xi = X ×S Si.
We show this fibered category is a stack by checking the conditions in defi-

nition 2.5.13. Condition 1 is clear since an isomorphism between affine schemes



52 CHAPTER 2. BACKGROUND

in given by an invertible element in the corresponding ring, so the subcanonical

condition implies the isomorphism presheaf is a sheaf.

Moving on to condition 2, since we assumed our maps are faithfully flat, the

essentially surjectivity follows from faithfully flat descent, see theorem 4.2.1 in

[24] for more detail.



Chapter 3

Drinfeld Modules

In this chapter, we follow our previous notation (most notably, the definition of

the ring A in 2.1.1) and give a brief review of the theory of Drinfeld modules.

In the first section, we give the definition of Drinfeld modules. We then focus

on rank 1 Drinfeld modules and show the category of rank 1 Drinfeld modules

forms a stack over Spec(A). Secondly, we define level structures on rank 1 Drinfeld

modules. In the third section, we define the action of ideals on the category of

rank 1 Drinfeld modules over fields, with or without level structure. Finally, on

the last section, we show the functor that inputs A-schemes and outputs rank

1 Drinfeld modules over S with a level-I structure is representable by the ring

AKI
[I−1], the A-integral elements in the field KI (recall from 2.3.8 this is the

ray class field of conductor I totally splitting at ∞) with elements in the ideal I

inverted.

3.1 Definition

We follow the definitions in the first two chapters of [14] to define a rank d Drinfeld

A-module over a scheme S.

Let R be a ring of characteristic p. The endomorphism ring of Ga,R =

Spec(R[t]), denoted as End(Ga,R) can be identified with the following noncom-

mutative ring.

Definition 3.1.1. Let R be a ring of characteristic p. The left twisted polynomial

ring R[τ ] is the non-commutative ring defined as the following. An element

f(τ) ∈ R[τ ] is of the form f(τ) =
∑

i∈N aiτ
i, ai ∈ R and ai = 0 for all i > n for

some n ∈ N. Let g(τ) =
∑

j∈N bjτ
j be another element in R[τ ]. The polynomial

53
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f(τ) + g(τ) is given by the usual addition of polynomials

f(τ) + g(τ) =
∑
i∈N

(ai + bi)τ
i

The multiplication is given by τ · u = up · τ for all u ∈ R, so the product of

monomials uτ i, sτ j ∈ R[τ ] is

uτ i · sτ j = uτ i−1(τ · s)τ j = uτ i−1(spτ)τ j = · · · = usp
j

τ i+j

and we extend this multiplication linearly for elements in R[τ ]. In other words,

the polynomial f(τ) · g(τ) is given by

f(τ) · g(τ) =
∑
k∈N

∑
i+j=k

aiτ
i(bjτ

j) =
∑
k∈N

∑
i+j=k

aib
pj

j τ
k

An element in R[τ ] is called an additive polynomial over R.

We always mean the non-commutative ring above when we use the symbol τ

in R[τ ], even though the notation is very similar to the commutative polynomial

ring R[t].

Remark 3.1.2. We say a polynomial f(t) ∈ R[t] is additive if f(t) is in the image

of the map that sends τ → tp, i.e., f(t) is additive if and only if all non-zero coef-

ficient of t appear in powers divisible by p. Note that for a left twisted polynomial

f(τ) =
∑

i∈N fiτ
i, the associated (regular) polynomial is f(t) =

∑
i∈N fit

pi , i.e.,

it is not obtained by formally substituting τ with t. One sees that checking f(t)

is additive is equivalent to checking f(x+ y) = f(x) + f(y) for all x, y ∈ R.
For an additive polynomial f , we use the variable t to view f as a regular

polynomial with regular polynomial multiplication, and we use the variable τ

to view f as a left twisted polynomial with the unusual multiplication defined

in 3.1.1. We use both variables for f interchangeably, through the association

described above, without further explanation.

We say an additive polynomial g(τ) ∈ R[τ ] has a certain property, e.g., monic,

separable etc, if and only if the corresponding polynomial g(x) has that same

property.

Note that a map between additive group schemes Spec(R[t]) → Spec(R[s])

is given by a map s 7→ f(t) for some additive polynomial f(τ) ∈ R[τ ], so we

are slightly abusing notation by denoting both the additive polynomial and an

element in End(Ga,R) by f(τ). If f ∈ End(Ga,R), we use f ∗ or f ∗(τ) to denote

a map between rings when we need to be completely clear. Similarly, for g(τ) :

R[s]→ R[t], we use Spec(g) to denote the corresponding map of schemes Spec(g) :

Spec(R[t])→ Spec(R[s]).
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Remark 3.1.3. Let ρ(τ) =
∑
riτ

i ∈ R[τ ], we view R as an R[τ ]-module by

defining an action ρ(α) =
∑
riα

pi for all α ∈ R. Then ρ(α) = 0 if and only if

α is a root of the polynomial
∑
rix

pi ∈ R[x]. Therefore, the roots of a twisted

polynomial in R[τ ] coincide with the roots of the polynomial in R[x], with the

identification τ → xp.

Definition 3.1.4. ([14], 1.2.1) Let S be an A-scheme, a Drinfeld A-module of

rank d over S is a pair (E, ϕ), where E is a commutative group scheme over S

and ϕ is a ring homomorphism ϕ : A→ End(E) such that

1. E is locally (with respect to the Zariski topology on S) isomorphic to Ga,S,

the additive group scheme over S.

2. For all affine Zariski open subset of U = Spec(R) of S, isomorphism ψ :

EU
∼−→ Ga,U , where EU denotes the fiber product E×S U , and for all a ∈ A,

ψ ◦ ϕ(a) ◦ ψ−1 =
∑
n

αn(a)τ
n ∈ R[τ ]

such that the αd·deg(a)(a) ∈ R× and αn(a) is nilpotent in R for all n >

d · deg(a). (Recall the definition of deg in 2.1.1)

Definition 3.1.5. Let E be a Drinfeld module over S, then by definition 3.1.4

there exists open affine Zariski open subsets U of S such that EU
∼−→ Ga,U . We

call such open subsets “a set of local coordinates” or just “coordinates” on E.

Let E ′ be another Drinfeld modules over S. An isogeny from (E, ϕ) to (E ′, ϕ′)

is locally a non-zero homomorphism of A-module schemes. In other words, there

exists the same set of coordinates on E and E ′ such that if we choose some ψ, ψ′

and fix coordinates (E, ϕ, ψ) and (E ′, ϕ′, ψ′) over U = Spec(R), i.e., ϕ, ϕ′ : A →
R[τ ], there exists an isogeny from (E, ϕ, ψ) to (E ′, ϕ′, ψ′) if there exists a non-zero

left twisted polynomial u(τ) ∈ R[τ ] such that, for all a ∈ A, u ◦ ϕ(a) = ϕ′(a) ◦ u.

Remark 3.1.6. A Drinfeld A-module is called standard if we replace the last part

of condition 2 in the above by “αn(a) = 0 for all n > d ·deg(a)”. By remark 1.2.2

in [14], every Drinfeld A-module is isomorphic, in the sense of isogeny defined in

3.1.5, to a standard Drinfeld A-module of the same rank.

Let (E, ϕ) be a Drinfeld module over S. We call ϕ an “A-module structure

on E”. We often drop the A-module structure on E and just say“E is a Drinfeld

module” to implicitly mean that (E, ϕ) is a Drinfeld module for some A-module

structure ϕ on E.
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Definition 3.1.7. ([14], 1.2.3) Let R be an A-algebra, we have a map DR :

R[τ ]→ R defined as

DR(
∑
n

αn(a)τ
n) = α0(a) (3.1.8)

Let (E, ϕ) be a Drinfeld module over S. We have a map

D : End(E)→ H0(S,OS)

such that, for every affine open subset U = Spec(R) of S over which there exists

a coordinate ψ : EU
∼−→ Ga,U , the map D is given by the map DR in (3.1.8). The

characteristic of a Drinfeld module is the map D ◦ ϕ : A → H0(S,OS). We will

often view the characteristic as a map of schemes, so we say “the characteristic

θ : S → Spec(A)” to mean the corresponding map of rings induced by θ is the

map D ◦ ϕ as above.

3.1.9. Note that this map θ above is independent of the choice of coordinates on

E, since two different choices of coordinates induces different maps ϕ1, ϕ2 : A→
R[τ ], which for all a ∈ R are related by rϕ1(a)r

−1 = ϕ2(a) for some r ∈ R[τ ]∗.
One sees that if we let ϕ1(a) =

∑
n αnτ

n and ϕ2(a) =
∑

n βnτ
n,

β0 = DR(ϕ2) = DR(rϕ1r
−1) = rα0r

−1 = α0

so θ is independent of the choice of coordinates. Furthermore, it is conventional

to assume that θ : A→ R agrees with the A-algebra structure of R, otherwise we

will be looking at a different orbit of Drinfeld modules under isogeny (i.e., two

Drinfeld modules are in the same orbit if there exists an isogeny taking one to

the other).

3.1.10. We will mostly be working with the case where S is an affine scheme, so

for S = Spec(R), the characteristic is the same as an algebra map θ : A→ R. If

the kernel of θ is the zero ideal, for example when R = K or R = C, we say such

Drinfeld module has generic characteristic.

3.1.11. Let (E, ϕ) be a Drinfeld module over S. We say “we fix coordinates

on (E, ϕ)” or “(E, ϕ, ψ) is a coordinatized Drinfeld module over S” to mean we

choose an isomorphism ψ : EU
∼−→ Ga,U for some affine open subset U of S. We

will also slightly abuse notation and often refer to the map ψ ◦ ϕ ◦ ψ−1 as just ϕ

after choosing a coordinate. We will also often just say ϕ : A → R[τ ] to imply

that we pick some coordinates on E in some affine open subset U = Spec(R).
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3.1.12. Note that the definition above is independent of the choice of coordi-

nate, i.e., if there exists an isogeny in one choice of coordinates, then there exist

isogenies for all other choices of coordinates. Indeed, let (E, ϕ) be a Drinfeld

module over an A-algebra R and let E → Spec(R[x]) and E → Spec(R[y]) be

two coordinates on E, then there exist r ∈ R[τ ]∗ such that the map R[x]→ R[y]

defined x→ r−1y coincides with the coordinate maps. So u ∈ R[τ ] = End(R[x])

becomes rur−1 ∈ R[τ ] = End(R[y]) for all elements u ∈ R[τ ]. So if there exist

u ∈ R[τ ] such that u ◦ ϕ(a) = ϕ′(a) ◦ u then one sees that (rur−1)(rϕ(a)r−1) =

(rϕ′(a)r−1)(rur−1).

The Drinfeld modules of a fixed rank forms a category, where the morphisms

are isogenies. It is clear if there is an isogeny between ϕ and ϕ′, the two Drinfeld

modules must have the same rank by a simple degree argument.

From now on, we will only be working with rank 1 Drinfeld modules, so for

the rest of our discussion, we say (E, ϕ) is a Drinfeld module to mean it is a rank

1 Drinfeld A-module.

Definition 3.1.13. For an A-scheme S, we a define a category

M1
A(S) = {The groupoid of rank 1 Drinfeld A-modules (E, ϕ) over S}

Recall the groupoid of a category D is a subcategory of D with the same

objects but we forget all the non-isomorphisms.

3.1.14. (Base change) Let S ′ → S be a morphism of A-schemes, we see that if

E is a Drinfeld module over S, the E ′ = E ×S S ′ is a Drinfeld module over S ′.

Indeed, let {Ui → S} be a coordinate on E, one sees that {Ui ×S S ′ → S ′} is a
coordinate on E ′.

Proposition 3.1.15. The map

M1
A : (Affine A-Schemes)op → (Groupoids)

S 7→ (rank 1 Drinfeld modules over S)

is a pseudo functor (2.5.1) on the category of affine A-schemes.

Proof. There are two ways to prove this. Firstly, we can following definition 2.5.1

and give the four pieces of data, then show the commutative conditions in detail.

The second approach uses the remark in 2.5.6. Let F be the category of

triples (S,E, ϕ) where S is an affine A-scheme and (E, ϕ) is a rank 1 Drinfeld
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module over S, and morphisms (S ′, E ′, ϕ′)→ (S,E, ϕ) are defined by a morphism

of affine A-schemes S ′ → S and (E ′, ϕ′) → (E, ϕ) is a morphism of Drinfeld

modules induced by the morphism of schemes as in 3.1.14. Let PF : F →
(Affine A-Schemes) be the forgetful map that sends (S,E, ϕ) 7→ S. Then by

2.5.6, it is enough to show (F , PF) is a fibered category, with a choice of cleavage,

over (Affine A-Schemes). We now verify the Cartesian diagram in definition 2.5.3,

which follows immediately from the fact that the fiber product of schemes on each

coordinate on E is Cartesian, and we are done.

Proposition 3.1.16. The pseudo functorM1
A is a stack, with respect to any sub-

canonical site such that the coverings maps are faithfully flat (see 2.4.15 for some

examples), over the category of affine A-schemes (see 2.5.11 for the definition of

a stack).

Proof. Fix S an affine A-scheme. We have already shownM1
A is pseudo functor.

Since M1
A(S) is a groupoid by definition, we use the two criteria in 2.5.13 to

check ifM1
A is a stack.

Firstly, let E,E ′ be two Drinfeld modules over S where S is an affine A-scheme

and let Y be an affine scheme over S. By 2.4.3, We need to show the isomorphism

presheaf, Isom(E, E’) is a sheaf, i.e., we need to show for all covering {Z → Y }
(since Y is affine, it is quasi-compact so we may assume any covering is finite,

and by taking the disjoint union if necessary we may assume the cover consists

of one member), the following sequence is exact

Isom(E, E’)(Y )→ Isom(E, E’)(Z) ⇒ Isom(E, E’)(Z ×Y Z)

The Y -points of isomorphism presheaf Isom(E, E’)(Y) by definition is the set of

isomorphism between the Drinfeld modules EY = E ×S Y and E ′
Y = E ′ ×S Y .

There exists a Zariski open covering of EY and E ′
Y such that there exists a

coordinate on them. By refinement if necessary, we may assume these open

coverings are the same, and an isomorphism EY
∼−→ E ′

Y is a collection of invertible

elements on the corresponding ring, one for each member of the common affine

covering. Since we are working over a subcanonical site, it is clear that on an

affine covering of EY and E ′
Y , Spec(R), and a covering {Spec(R′) → Spec(R)},

the following sequence is exact.

Gm(Spec(R))→ Gm(Spec(R
′)) ⇒ Gm(Spec(R

′ ⊗R R′))

So the isomorphism presheaf is a sheaf. Thus, criterion 1 holds.
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For the second criterion, we need to show for any covering {Si → S}, the map

betweenM1
A(S) →M1

A({Si → S}) is essentially surjective. Once again, by the

quasi-compactness of S, we may assume the cover has a single member S ′.

In 2.5.14, we showed that there is an equivalence of categories between affine

schemes over S (denoted as AffS) and affine schemes over S ′ with descent data

for all covering {S ′ → S} (denoted as Aff{S′→S}). Therefore, there must be an

equivalence of categories between the group objects of the two categories above.

We claim that we can likewise define (left) A-module objects in these cate-

gories. Indeed, we can define an A-module object to be a group objectM together

with a map ·M : A×M →M such that the map ·M obeys all the usual A-module

axioms in the form of a series of commutative diagrams in this categorical set-

ting. This is similar to the definition of a (left) group object action on an object

in diagram (1) of chapter V, section 6 of [15]. For example, the property that

(a + b)m = am + bm for all a, b ∈ A and m in the module can be expressed by

requiring the following diagram commutes, where A1, A2 are two different copies

of A, +A is the addition in the ring A and µM is the group operation of the group

object M .

M ×M

A×M

(A1 ×M)× (A2 ×M)

A1 × A2 ×M

M

(·M , ·M)

+A

∼
·M

µM

Since the categories AffS and Aff{S′→S} are equivalent, there is an equivalence

of categories between the A-module objects of the two categories.

Fix an object E ′ inM1
A({Si → S}), this object is an affine S ′-scheme with an

A-module structure with descent data, together with a local isomorphism with

Ga such that the A-mod structure acts by condition 2 in definition 3.1.4. By

the equivalence of A-module categories above, there must be an affine S-scheme

E with an A-module structure mapping to E ′. Moreover, the local isomorphism

between E ′ and Ga also gives a local isomorphism from E to Ga. Therefore, the

mapM1
A(S)→M1

A({Si → S}) is essentially surjective and we are done.

Remark 3.1.17. Proposition 3.1.16 above also showsM1
A extends uniquely up

to unique isomorphism to a pseudo-functor over all A-schemes, not only affine

A-schemes.
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Definition 3.1.18. For an A-scheme S, we a define a presheaf

M1, sc
A : (Affine A-Schemes)op → (Sets)

S 7→ (rank 1 standard coordinatized

Drinfeld A-modules over S)

where the meaning of “standard” is defined in 3.1.6.

Proposition 3.1.19. The presheafM1, sc
A defined in 3.1.18 is representable.

Proof. Let A = Fq[x1, · · ·xn]/I for some ideal I of the polynomial ring. Recall

the definition of deg in 2.1.1. Let

A := A[a
(i)±1
i , a

(i)
j | i = 1, · · · , n, j = 1, · · · , deg(xi)− 1]

Let

ϕ(A)(xi) :=

deg(xi)∑
j=1

a
(i)
j x

pj + xi (3.1.20)

Let I be an ideal of A generated by I and ϕ(A)(xi), more precisely, a polynomial

f(x1, · · · , xn) ∈ I ⇒ f(ϕ(A)(x1), · · · , ϕ(A)(xn)) ∈ I. Let R := A/I, we see that

M1, sc
A is represented by R.
Indeed, let Spec(R)→ Spec(R) be a morphism. Let r

(i)
j ∈ R be the image of

a
(i)
j for all i, j. Then the following additive polynomials

ϕ(R)(xi) =

deg(xi)∑
j=1

r
(i)
j τ

j + xi (3.1.21)

defines a standard A-module structure on Spec(R[x]). Conversely, it is clear

that every standard Drinfeld A-module of the form (Spec(R[x]), ϕ(R)) is defined

by specifying the coefficients of the additive polynomials ϕ(R)(xi) for each xi.

Therefore, every standard coordinatized Drinfeld A-module defines a morphism

Spec(R)→ Spec(R) by a(i)j 7→ r
(i)
j .

Definition 3.1.22. We denote the A-algebra representing the functorM1, sc
A by

R. We always view Spec(R) as a functor that parameterizes rank 1 standard

coordinatized Drinfeld A-module, i.e., there is always an implicit isomorphism

between Spec(R) andM1, sc
A .

We call the scheme Spec(R[x]) the universal rank 1 standard coordinatized

Drinfeld A-module, denoted as Esc. We give Spec(R[x]) this name since every
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rank 1 standard coordinatized Drinfeld A-module over a ring R is a pull-back

of Spec(R[x]) along the map Spec(R) → Spec(R). I.e., given E a rank 1 stan-

dard coordinatized Drinfeld A-module over a ring R, the following diagram is

Cartesian.

E Spec(R[x])

R Spec(R)
(3.1.23)

3.2 Division Points

Let I be a non-zero proper ideal of A. We follow Laumon’s definition of I-division

points of a Drinfeld module in the first chapter in [14] and we exhibit some relevant

properties and consequences. The main result of this section is that, there exists

local coordinates such that the ideal defining the I-division points is generated

by a single polynomial. We pick a generator of the I-division points in 3.3.8 and

call such generator ϕ∗
I(x). We later show ϕ∗

I(x) is an additive polynomial, so we

sometimes denote it as ϕ∗
I(τ) or just ϕI by following the notation in 3.1.2.

Definition 3.2.1. (Division points) Let I be an ideal of A. The scheme of I-

division points for (E, ϕ) is the subscheme

EI =
⋂
a∈I

Ker(E
ϕ(a)−−−→ E) ⊆ E

Remark 3.2.2. If I is a principal ideal generated by α ∈ I. It is clear that

x ∈ EI

⇔x ∈
⋂
a∈I

Ker(E
ϕ(a)−−−→ E)

⇔x ∈
⋂
b∈A

Ker(E
ϕ(b)ϕ(α)−−−−−→ E)

⇔x ∈ Ker(E
ϕ(α)−−−→ E)

⇔ϕ(a)(x) = 0

Lemma 3.2.3. Let I, J be non-zero proper ideals of A and let EI and EJ be the

I and J-division points defined in 3.2.1.
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1. If J ⊆ I, then EI ⊆ EJ .

2. If I is generated by a1, a2, · · · an ∈ A. Then EI = E(a1) ∩E(a2) ∩ · · · ∩E(an),

where E(ai) is the (ai)-division points for the principal ideals generated by

ai for each i.

3. For two coprime elements a, b ∈ A, E(ab) = E(a) ⊕ E(b), where we view the

division points as A-modules.

Proof. Statement 1 is obvious because J ⊆ I means EI is the intersection of fewer

elements, so it contains EJ .

For statement 2, (ai) ⊆ I for each i, thus EI ⊆ E(a1) ∩ E(a2) ∩ · · · ∩ E(an) by

statement 1. On the other hand,

x ∈ E(a1) ∩ · · · ∩ E(an) ⇒ ϕ(a1)(x) = ϕ(a2)(x) = · · · = ϕ(an)(x) = 0

⇒ ϕ(l1a1)(x) = · · · = ϕ(lnan)(x) = 0, ∀li ∈ A

⇒ ϕ(
n∑
i=1

liai)(x) = 0, ∀li ∈ A

⇒ ϕ(c)(x) = 0, ∀c ∈ I
⇒ x ∈ EI

Hence, EI ⊆ E(a1) ∩ E(a2) ∩ · · · ∩ E(an) ⊆ EI . This shows statement 2.

Finally, for statement 3, it is clear that E(a), E(b) ⊆ E(ab) by statement 1.

We show E(a) ∩ E(b) = 0, but this is clear from statement 2 because a, b are

coprime is equivalent to saying (a, b) = 1 and EA is clearly just {0}. Therefore,

E(a) ⊕ E(b) ⊆ E(ab). Compare the degrees of the polynomial on both sides shows

that they must equal.

Proposition 3.2.4. Let S be an A-scheme and let (E, ϕ) be a Drinfeld A-module

over S. The scheme of I-division points EI is a finite flat scheme over S.

Proof. Let us assume S is affine and S = Spec(R). The claim is clear if I is a

principal ideal, since EI is a free module by 3.2.2. For a general ideal I, suppose

I is generated by two elements I = (a1, a2). We choose another ideal J = (b1, b2)

such that IJ is principal and each bj is coprime with each ai.

We claim that EIJ = EI ⊕ EJ as A-modules. By the second part of 3.2.3,
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EI = E(a1) ∩ E(a2) and EJ = E(b1) ∩ E(b2). Therefore,

EI ⊕ EJ = (E(a1) ∩ E(a2))⊕ (E(b1) ∩ E(b2))

=
⋂

{i,j}={1,2}

E(ai) ⊕ E(bj)

=
⋂

{i,j}={1,2}

E(aibj)

= EIJ

Thus, as S-schemes, EIJ = EI × EJ . Let RI , RJ and RIJ be the R-algebras

representing the corresponding division points. Now, one see that the projection

EI × EJ → EI admits a zero section EI → EI × EJ sending e 7→ (e, 0), thus

RIJ = RI ⊕RM for some R-module M . RIJ is clearly finite flat over R since IJ

is principal, so RI must also be finite flat over R and we are done.

Proposition 3.2.5. Let E be a rank 1 Drinfeld A-module over an affine A-

scheme S and let EI be the close subscheme defined in 3.2.1. The exists a Zariski

covering {Spec(Ti)→ S} such that E has a coordinate and the ideal defining EI

in each coordinate is a principal ideal in each Ti[x].

Proof. We choose a coordinate on E so we may assume E = Spec(R[x]). Since

EI → E is a close embedding, the corresponding map of rings is of the form

R[x]→ R[x]/I = B for some ideal I ⊆ R[x].

Let x̄ ∈ B be the image of x under the close embedding shown above. We

claim that the ideal I is generated by the characteristic polynomial of µx̄, the

linear map defined by the multiplication by x̄. If the claim holds, then I is

generated by a single polynomial with coefficient in R and we are done.

By proposition 3.2.4, EI → S is finite flat. Furthermore, E is locally isomor-

phic to Ga,S and EI is a close subscheme of E, so EI → S is locally of finite

presentation. Thus, by [22, tag 02K9], EI → S is finite, flat, and locally of finite

presentation if and only if it is locally free. In other words, there exists a cover

{R → Ri} such that Bi = B ⊗R Ri
∼= Ri[x]/I is a free module over Ri and

the characteristic polynomial of the multiplication of the image of x̄ ⊗R 1 ∈ Bi

generates I.
Since I is generated by the characteristic polynomial of the image of µx̄ over

a cover {R→ Ri}, I is generated by the characteristic polynomial of µx̄.

Since EI is locally generated by a single polynomial, we denote a generator

of EI by ϕ∗
I(x). Note that for now this is only well defined up to a unit of the
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base ring for now, we give a precise definition of ϕ∗
I(x) without this ambiguity in

definition below. Following to notation in 3.1.2, the map of schemes induced by

ϕ∗
I(x) as denoted as ϕI : E → E.

Lemma 3.2.6. Locally on E such that ϕ∗
I(x) is defined, let ϕI denote the corre-

sponding map of schemes. Then

EI = Ker(E
ϕI−−→ E).

Proof. Suppose R is the ring which ϕ∗
I(x) is defined over. Directly from the

definition, R[x]/(ϕ∗
I(x)) is the ring representing the close subscheme EI and it is

clear that this ring is the cokernel of the map R[x]
ϕ∗I−→ R[x].

Proposition 3.2.7. Suppose E,E ′ are two coordinatized Drinfeld modules over

an A-scheme S.

Let Spec(R) be an affine open subset of S on which both E and E ′ have coor-

dinates and both ϕ∗
I(x), ϕ

′
I
∗(x) ∈ R[x] are defined. Let f ∗ ∈ R[τ ] such that

f : E ×S Spec(R)→ E ′ ×S Spec(R)

induces a map between two coordinatized Drinfeld modules over Spec(R). Then

for a fixed ϕ′
I
∗(x), there exists a unique ϕ∗

I(x) such that ϕ∗
I(x) ◦ f ∗ = f ∗ ◦ ϕ′

I
∗(x).

Proof. Fix ϕ′
I
∗(x) and choose any ϕ∗

I(x). Since f induces a map of Drinfeld A-

modules, we must have ϕ′(a) ◦ f = f ◦ ϕ(a) for all a ∈ A.
We express Ker(E

f◦ϕI−−→ E ′) in another way. Note that

Ker(E
f◦ϕI−−→ E ′) = Ker(E

ϕI−→ E
f−→ E ′)

=
⋂
a∈I

Ker(E
ϕ(a)−−→ E

f−→ E ′)

=
⋂
a∈I

Ker(E
f◦ϕ(a)−−−−→ E ′)

=
⋂
a∈I

Ker(E
ϕ′(a)◦f−−−−→ E ′)

=
⋂
a∈I

Ker(E
f−→ E ′ ϕ′(a)−−−→ E ′)

= Ker(E
f−→ E ′ ϕ′I−→ E ′)

= Ker(E
ϕ′I◦f−−→ E ′)
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Therefore, the corresponding polynomial ϕ∗
I(x) ◦ f ∗ and f ∗ ◦ ϕ′

I
∗(x) generates

the same ideal in R[x], so there exists a unique u ∈ R∗ such that uϕ∗
I(x) ◦ f ∗ =

f ∗◦ϕ′
I
∗(x). We replace the choice of ϕ∗

I(x) in the beginning by uϕ∗
I(x) if necessary

and we are done.

3.3 Level Structure

We once again follow Laumon’s approach in the first chapter in [14], which is sum-

marized in the previous section, to define level-I structures for Drinfeld modules

for each non-zero ideal I ⊊ A.

3.3.1. Let V (I) denote the set of prime ideals containing I. We only consider

level-I structures of Drinfeld modules over S such that the image of the char-

acteristic θ : S → Spec(A) does not intersect with V (I). In other words, we

only consider level-I structure for Drinfeld modules over A[I−1]-schemes and the

characteristic is the map θ : S → Spec(A[I−1]).

Definition 3.3.2. If the image of the characteristic θ does not intersect with

V (I), so θ : S → Spec(A[I−1]), then a level-I structure is an isomorphism

ι : (I−1/A)dS
∼−→ EI , where (I−1/A)dS denotes the constant A-module scheme∐

(I−1/A)d S over S.

We say (E, ϕ, ι) is a Drinfeld module with level-I structure if the pair (E, ϕ)

is a Drinfeld module and ι is a level-I structure as above. We often leave the

A-module structure on E implicit and just say (E, ι) is a Drinfeld module with

level-I structure. Similarly, we say (E, ϕ, ψ, ι) is a coordinatized Drinfeld module

if in addition, ψ is a map ψ : E → Ga,S.

We state the following result without proof.

Proposition 3.3.3. ([14], proposition 1.3.2) Let (E, ϕ) be a Drinfeld module

over an A-scheme S. Let V (I) denote the prime ideals of A dividing I. Then the

restriction of (E, ϕ) to S \ θ−1(V (I)) admits level-I structure locally for the étale

topology on S \ θ−1(V (I)).

We remark that proposition 3.3.3 says we can always put a level-I structure

on a Drinfeld module over some scheme S if we invert the primes dividing I and

base change to some étale cover of S.



66 CHAPTER 3. DRINFELD MODULES

3.3.4. If U = Spec(R) is an affine scheme over Spec(A[I−1]), then ϕ∗
I(x) ∈ R[x]

can be chosen to be

ϕ∗
I(x) =

∏
a∈(I−1/A)U (U ′)

(x− ι(a)) ∈ R[x]

where U ′ is an étale cover of U such that there exists an isomorphism

ι : (I−1/A)U(U
′)

∼−→ EI(U
′)

Such an isomorphism exists by 3.3.3. We remark that ϕ∗
I(x) indeed has coefficients

in the A[I−1]-algebra R by proposition 3.2.5.

3.3.5. (ϕscI
∗(x) ∈ R[x]) Recall the definition the universal rank 1 standard coordi-

natized Drinfeld A-module Esc = Spec(R[x]) and the ring R in 3.1.22. We define

a generator of EscI , which we denote as ϕscI
∗(x) ∈ R[x], without the ambiguity of

a choice of a unit in R.
We first define ϕ′

I
∗(x) ∈ (R[I−1])[x] to be the polynomial defined in 3.3.4. We

observe that R → R[I−1] := R ⊗A A[I−1] is an injection, so there is a unique

polynomial in R[x] such that the image equals to ϕ′
I
∗(x) ∈ (R[I−1])[x]. We fix

this unique polynomial as our definition of ϕscI
∗(x) over Esc.

3.3.6. Let E be a coordinatized Drinfeld module over S. By 3.1.6, there exists an

isomorphism f : E → E ′ where E ′ is a standard coordinatized Drinfeld module

over S. Thus, there exists a unique map f ′ : E ′ → Esc ×Spec(A) S. By 3.2.7,

locally for some coordinate on E, there is a unique polynomial ϕ∗
I(x) generating

EI defined by the image of ϕscI
∗(x) under the fiber product and the map f ′ ◦ f .

Lemma 3.3.7. The unique polynomial ϕ∗
I(x) defined above is independent of the

choice of the map f and the standard coordinatized Drinfeld module E ′.

Proof. Let f : E → E ′ and g : E → E ′′ be two maps from E to two standard

coordinatized Drinfeld modules E ′, E ′′. Let f ′, g′ be the uniquely determined

maps from E ′ and E ′′ to Esc. We need to show that a polynomial ϕ∗
I(x) satisfy

ϕ∗
I(x) ◦ f ∗ ◦ f ′∗ = f ′∗ ◦ f ∗ ◦ ϕscI

∗ if and only if ϕ∗
I(x) ◦ g∗ ◦ g′

∗ = g′∗ ◦ g∗ ◦ ϕscI
∗. We

note that there exists an isomorphism h : E ′ → E ′′ such that the following is a

commutative diagram of coordinatized Drinfeld modules.

E

E ′

E ′′

Esc
f

g

h

f ′

g′
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Therefore, ϕ∗
I(x) ◦ g∗ ◦ g′

∗ = g′∗ ◦ g∗ ◦ ϕscI
∗ if and only if ϕ∗

I(x) ◦ f ∗ ◦ h∗ ◦ g′∗ =

g′∗◦h∗◦f ∗◦ϕscI
∗, if and only if ϕ∗

I(x)◦f ∗◦h∗◦h−1∗◦f ′∗ = f ′∗◦h−1∗◦h∗◦f ∗◦ϕscI
∗,

if and only if ϕ∗
I(x) ◦ f ∗ ◦ f ′∗ = f ′∗ ◦ f ∗ ◦ ϕscI

∗.

Definition 3.3.8. Let E be a rank 1 Drinfeld A-module over S and let I be a

non-zero proper ideal of A. Let Spec(R) be an affine open subset of S such that

EI ×S Spec(R) is a principal ideal. We define ϕ∗
I(x) to be the polynomial defined

in 3.3.6 (which is unique by lemma 3.3.7).

Lemma 3.3.9. Let g : E → E ′ be a map between coordinatized Drinfeld modules

and let ϕ∗
I(x) and ϕ

′
I
∗(x) be the polynomial (locally) defined in 3.3.6. Then ϕ∗

I(x)◦
g∗ = g∗ ◦ ϕ′

I
∗(x).

Proof. There exist maps f : E → Esc and f ′ : E ′ → Esc such that they commute

with g, i.e., f = f ′ ◦ g. Let ϕ′
I
∗(x) be the polynomial (locally) defined in 3.3.6, by

3.2.7 there exists a unique polynomial h∗(x) defining EI such that h∗(x) ◦ g∗ =

g∗ ◦ϕ′
I
∗(x). This implies g∗ ◦ϕ′

I
∗(x)◦f ′∗ = h∗(x)◦g∗ ◦f ′∗ = h∗(x)◦f ∗. Moreover,

by the definition of ϕ′
I
∗, g∗ ◦ ϕ′

I
∗(x) ◦ f ′∗ = g∗ ◦ f ′∗ ◦ ϕscI

∗(x) = f ∗ ◦ ϕscI
∗(x).

Therefore, h∗(x) ◦ f ∗ = f ∗ ◦ ϕscI
∗(x). Since there is a unique generator of EI

satisfying this equation, we conclude that h∗(x) = ϕ∗
I(x).

Lemma 3.3.10. Using the notation in 3.3.8, the polynomial ϕ∗
I(x) is an additive

polynomial.

Proof. By the construction of ϕ∗
I shown in 3.3.6, it is enough to check if ϕ∗

I(x) ∈
R[I−1][x] is additive. Let f : ϕ∗

I(x). We use the form given if 3.3.4 and check if

f(x+ y) = f(x) + f(y) for all x, y ∈ R[I−1]. We observe that, since G := EI(U
′)

is an additive group, for all g ∈ G, f(x + g) = f(x). In other words, the y-

polynomial f(x+ y)− f(x) has roots containing G. Therefore,

f(x+ y)− f(x) = f(y)t(x, y)

for some polynomial t(x, y) ∈ R[I−1][x, y]. we see that the left hand side of

the equation above has y-degree equals n = |G|, which is the degree of f(y), so

t(x, y) = t(x) ∈ R[I−1][x] is a polynomial in x.

Now let axd be the highest degree term in t(x), so there must be an aynxd

term on the left hand side, but the highest y-degree term is yn. Therefore, we

conclude that a = 1 and d = 0 and we are done.

Remark 3.3.11. From now on, we start to follow 3.1.2 again and sometimes

denote both the map between schemes and the map between algebras as just ϕI .

We continue to use the notation ϕ∗
I and Spec(ϕI) when we need to be clear.
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Definition 3.3.12. (Isogeny between Drinfeld modules with level structures)

Let (E1, ϕ1, ι1) and (E2, ϕ2, ι2) be two Drinfeld modules over S. An isogeny u

from (E1, ϕ1, ι1) to (E2, ϕ2, ι2) is an isogeny from (E1, ϕ1) to (E2, ϕ2) as Drinfeld

modules (see 3.1.5) which is also consistent with the level structure, i.e., we have

ι2 = u ◦ ι1.

Therefore, the Drinfeld modules with level structure form a category where

morphisms are isogenies and we can make the following definition similar to

definition 3.1.13.

Definition 3.3.13. For an A[I−1]-algebra R, we define a pseudo functorM1
I on

A[I−1]-algebras. The R-points are defined as

M1
I(R) = {The groupoid of rank 1 Drinfeld A-modules

with level I structure (E, ϕ, ι) over R}

Definition 3.3.14. Let (E, ϕ, ψ) be a coordinatized rank 1 Drinfeld A-module

over a field L. Let ϕI(x) be the polynomial defined in 3.3.8 (note: we are following

remark 3.3.11 here). We remark that I−1/A is a free A/I-module of rank 1, hence

the roots of ϕI(x) can be viewed as an A/I-torsor. A root of ϕI(x) is primitive if

it is a generator of all roots as an A/I-module.

In other words, given a coordinate on E, specifying a level-I structure of ϕ in

a given coordinate is the same as specifying a primitive root of ϕI(x).

We state the following results.

Proposition 3.3.15. ([14], theorem 1.4.1 and 1.5.1) Let I ̸= A be a non-zero

ideal. ThenM1
I is representable by an affine scheme of finite type of over Fp. Fur-

thermore, the map of affine schemes M1
I → Spec(A[I−1]) is a smooth morphism

of relative dimension 0.

Proposition 3.3.16. ([7], proposition 7.1) Let p be a prime ideal of A and (E, ϕ)

be a rank 1 Drinfeld A-module over a local field Kp. There exists an extension

of local fields LP/Kp, where P is a prime above p, and LP ⊇ OP = {x ∈ LP |
|x|P ≤ 1}, such that by base changing (E, ϕ) as a rank 1 Drinfeld A-module over

LP, it is isomorphic (over LP) to a rank 1 Drinfeld A-module over OP.

The result above is also known as “every rank 1 Drinfeld A-module overK has

potentially good reduction”. This is very similar to elliptic curves with complex

multiplication. The result that every elliptic curve with complex multiplication
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has potentially good reduction can be deduced from the result that shows that

the j-invariant is an algebraic integer, which is proven in chapter 2, theorem 6.1

in [21].

We also remark that, following the notation in proposition 3.3.16, given a

level-I structure on a Drinfeld module (EL, ϕL) over LP, the isomorphism with a

Drinfeld module (EOP
, ϕOP

) over OP, given by a change of coordinates given in

proposition 3.3.16, gives a level-I structure on such a Drinfeld module over OP.

Proposition 3.3.17. The map of affine schemesM1
I → Spec(A[I−1]) is a finite

morphism.

Proof. A morphism is finite if and only if it is quasi-finite and proper. The quasi-

finiteness is clear and by proposition 3.3.15, it is enough to use the valuative

criterion to show the morphism M1
I → Spec(A[I−1]) is proper. In other words,

let p ̸= ∞, p ∤ I be a finite prime of K not dividing I and let Kp and Op be

the local field and the discrete valuation ring defined by the valuation associated

with p (see the beginning of chapter 2 for more detail). We show that for every p

and a commutative diagram of solid arrows as below, there exists a unique map,

indicated by the dotted arrow, making the diagram commute.

Spec(Kp) M1
I

Spec(Op) Spec(A[I−1])

SinceM1
I → Spec(A[I−1]) is a map of affine schemes by proposition 3.3.15, such

a map is unique if it exists, so it is enough to show the existence of such a map.

By viewing a Drinfeld module over a ring R as a morphism Spec(R)→M1
I ,

given the diagram of solid arrows above, proposition 3.3.16 with its following

remark shows there exists an extension of local fields LP/Kp, where P is a prime

above p, and LP ⊇ OP = {x ∈ LP | |x|P ≤ 1}, such that the following diagram

commutes.

Spec(LP) Spec(Kp) M1
I

Spec(OP) Spec(Op) Spec(A[I−1])
(3.3.18)
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We show we can find a map from Spec(Op)→ Spec(A[I−1]) given the diagram

above, but this is clear from the following result.

Lemma 3.3.19. ([22], Tag 0ARH) Let S be a scheme. Let f : X → Y be a

separated morphism of algebraic spaces over S. Let B is a discrete valuation ring

with field of fractions F , F ′ ⊇ F is an arbitrary field extension of F and B′ is a

valuation ring dominating B. Suppose given a diagram of solid arrows

Spec(F ′) Spec(F ) X

Spec(B′) Spec(B) Y
(3.3.20)

then the map indicated by the dotted arrow Spec(B)→ X exists.

We apply the lemma above by matching the objects in diagram (3.3.18) with

the objects in the same position in diagram (3.3.20). Note that we can apply

this lemma by substituting X =M1
I since proposition 3.3.15 tells us M1

I is an

affine scheme. By the lemma above, there is a map Spec(Op)→M1
I and we are

done.

3.4 Action of Ideals on Drinfeld Modules

Instead of starting with two Drinfeld modules and asking if there is an isogeny

between them, one may start with a Drinfeld module E and an element u ∈ F [τ ]
in each coordinate and wish to define a new Drinfeld module (E ′, ϕ′) such that

on each coordinate and for all a ∈ A, u ◦ ϕ(a) = ϕ′(a) ◦ u. We construct such

a Drinfeld module (E ′, ϕ′) for each u = ϕI(τ) ∈ F [τ ] define in 3.3.8. We denote

this Drinfeld module as (I ∗ E, I ∗ ϕ).
We construct this new Drinfeld module by first picking a system of coordinates

on E. Since the A-module structure on E is given locally, we may assume this

system of coordinates consists of only one element. We follow the notation in

3.1.11 and denote our coordinatized Drinfeld module as (E, ϕ, ψ), where ψ is an

isomorphism of schemes ψ : E
∼−→ Ga,S. We construct the coordinatized Drinfeld

module (I ∗E, I ∗ϕ, ψ′) with respect to this choice of coordinates. We then show

that this construction does not depend on the choice of the coordinates ψ in the

sense that two choice of coordinates on (E, ϕ) gives a canonical way to identify
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the different coordinates in (I ∗E, I ∗ϕ). We then extend this to Drinfeld modules

with level structure.

Recall the definition of ϕ∗
I(x) in definition 3.3.8.

Definition 3.4.1. Let F be an A-algebra, S := Spec(R[x]), id : S → S be the

identity map on S and let ϕ : A → F [τ ] such that (S, ϕ, id) is a coordinatized

Drinfeld module. Then the I-isogenized Drinfeld module of (S, ϕ, id) or the I-

isogeny of (S, ϕ, id) is a coordinatized Drinfeld module (S, I ∗ ϕ, id) and the A-

module structure I ∗ ϕ is given by the relation

ϕIϕ(a) = (I ∗ ϕ)(a)ϕI

for all a ∈ A. We show this indeed defines a coordinatized Drinfeld A-module in

3.4.2 below. We have a canonical map of Drinfeld modules (S, ϕ, id)→ (S, I∗ϕ, id)
induced by the map of schemes ϕI : S → S given by x 7→ ϕ∗

I(x).

Proposition 3.4.2. With the same notation as in definition 3.4.1 as above, the

triple (S, I ∗ ϕ, id) defines a coordinatized Drinfeld module. Furthermore, the

coordinatized Drinfeld module (S, I ∗ ϕ, id) has the same rank as (S, ϕ, id).

Proof. For clarity, let us change notation and use the variable y in the image.

More precisely, ϕI is the map ϕI : S → S ′, where S ′ := Spec(R[y]), given by

y 7→ ϕI(x).

We first see that the map (I ∗ ϕ)a := (I ∗ ϕ)(a) for all A satisfying

ϕIϕ(a) = (I ∗ ϕ)aϕI

preserves the additive group structure on S ′, i.e., (I ∗ϕ)a(y1+y2) = (I ∗ϕ)a(y1)+
(I ∗ ϕ)a(y2) for all y1, y2 ∈ F [y] . The claim is clear since we can write y1, y2

as polynomials in ϕ∗
I(x) and we can deduce this using the additivity of ϕI (by

3.3.10) and ϕ(a) for all a ∈ A.
Therefore, for all a ∈ A, (I ∗ϕ)a defines an element in End(Ga,F ). Finally, one

checks condition 2 in definition 3.1.4 by comparing the terms of the same degree

in τ on both sides. Therefore, I ∗ ϕ defines a Drinfeld A-module structure on S ′.

Comparing the degrees on both sides also show that the Drinfeld modules (S, ϕ)

and (S ′, I ∗ ϕ) have the same rank.

Proposition 3.4.3. Let f : E ′′ → E ′ be an isogeny of coordinatized Drinfeld

A-modules. Let I ∗E ′′ and I ∗E ′ be the I-isogenized Drinfeld modules of E ′′ and
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E ′ defined by following the construction given in 3.4.1. Then the map f defines

an isogeny f : I ∗ E ′′ → I ∗ E ′ such that the following diagram is a commutative

diagram of Drinfeld modules.

E ′′ I ∗ E ′′

E ′ I ∗ E ′

ϕ′′I

f f

ϕ′I

(3.4.4)

Proof. It is enough to show that the Drinfeld A-module structure on I ∗E ′ agrees

by following the two paths from E ′′ → I ∗ E ′ in the diagram. However, this is

clear since 3.3.9 shows ϕ′′
I ◦ f = f ◦ ϕ′

I .

3.4.5. Let (E, ϕ) be a (not coordinatized) rank 1 Drinfeld A-module over an

A-algebra F . Let S = Spec(F [x]) and ψ : E → S be an isomorphism. Let

ϕ′(a) = ψ−1ϕ(a)ψ for all a ∈ A so that (S, ϕ′, id) is a coordinatized Drinfeld

module isomorphic to (E, ϕ, ψ).

By definition 3.4.1, we have a coordinatized Drinfeld module (S, I ∗ ϕ′, id).

The isomorphism ψ−1 together with (S, I ∗ϕ′, id) defines a coordinatized Drinfeld

module, which we denote as (I ∗ E, I ∗ ϕ, ψ). We define (I ∗ E, I ∗ ϕ) to be the

Drinfeld module which we forget the coordinate ψ.

In other words, given (E, ϕ), we define (I ∗ E, I ∗ ϕ) by choosing a coordi-

nate on it and reducing it to our previous definition given in 3.4.1. We show

in the proposition below that, given two choices of coordinates, there exists a

canonical way to identify the Drinfeld modules constructed with these choices of

coordinates.

Proposition 3.4.6. Using the same notation as 3.4.5, let ψ1, ψ2 : E → S be

two coordinates on E. For i = 1, 2, let ϕi denote the I-isogeny ϕi : (E, ϕ, ψi) →
(I ∗ E, I ∗ ϕ, ψi). Then the map ψ2 ◦ ψ−1

1 : S → S induces an isomorphism

(I ∗ E, I ∗ ϕ, ψ1)
∼−→ (I ∗ E, I ∗ ϕ, ψ2) such that ψ2 ◦ ψ−1

1 ◦ ϕ1 = ϕ2 ◦ ψ2 ◦ ψ−1
1 .

Proof. Let E ′′ = (I ∗ E, I ∗ ϕ, ψ1), E
′ = (I ∗ E, I ∗ ϕ, ψ2) and let f = ψ2 ◦ ψ−1

1 .

Apply 3.4.3 and we are done.

Definition 3.4.7. (Isogeny of Drinfeld modules) Let (E, ϕ) be a rank 1 Drinfeld

A-module over an A-algebra F . We define the I-isogenized Drinfeld module of

(E, ϕ), which we denote as (I ∗E, I ∗ϕ), or just I ∗E, to be the Drinfeld module

we constructed in 3.4.5.
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Remark 3.4.8. Following the notation in 3.4.5, we have a map between Drinfeld

modules

ψ−1ϕ′
Iψ : E → I ∗ E

which we show is canonically unique up to the choice of coordinate ψ in proposi-

tion 3.4.6. Hence, we will from now on, slightly abuse notation and just refer to

the map ψ−1ϕ′
Iψ as just ϕI .

Lemma 3.4.9. Let E be a Drinfeld module over Spec(R) and let I = (w) be

a non-zero principal ideal of A. If we fix coordinates on E, then there exists

a unit u ∈ R∗ such that the induced map on E satisfies ϕI = Spec(u) ◦ ϕ(w).
Furthermore, I ∗ϕ, the A-module structure on I ∗E with respect to the coordinates

we fixed, is given by

(I ∗ ϕ)(a) = Spec(u) ◦ ϕ(a) ◦ Spec(u−1)

for all a ∈ A.

Proof. By 3.2.2 and the definition of ϕI in 3.3.8, it is clear that there exists a

unit u ∈ R∗ such that ϕ∗
I = u ◦ ϕ∗(w). Furthermore, by 3.2.2 once again, there

exists an equality of subschemes

Ker(E
ϕI−−→ E) = Ker(E

ϕw−−→ E) =: Ew

Therefore, we have the following left exact diagram of A-module schemes

E

E

E

E

Ew

0 EI

0
ϕ(w)

=

ϕI

Spec(u)=

(3.4.10)

Therefore, u must induce an isomorphism of A-module schemes, thus for all

a ∈ A, Spec(u) ◦ ϕ(a) = ϕ(a) ◦ Spec(u). In particular, taking a = w, ϕI =

ϕ(w) ◦ Spec(u) = Spec(u) ◦ ϕ(w) and thus giving our first statement.

The second statement follows from the first statement. Write ϕa and (I ∗ ϕ)a
for ϕ(a) and (I ∗ ϕ)(a). Then for all a ∈ A, (I ∗ ϕ)a is defined as the unique

polynomial satisfying

ϕIϕa = (I ∗ ϕ)aϕI
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But by the first statement,

ϕIϕa = Spec(u)ϕwϕa

= Spec(u)ϕwa

= Spec(u)ϕaϕw

= Spec(u)ϕaSpec(u
−1)Spec(u)ϕw

= Spec(u)ϕaSpec(u
−1)ϕI

Therefore, (I ∗ ϕ)a = Spec(u)ϕaSpec(u
−1) by uniqueness.

Lemma 3.4.11. ([9], lemma 4.9.2) Let (E, ϕ) be a Drinfeld module over an

A-scheme S and let I, J be ideals of A. Then

1. (I ∗ ϕ)J ◦ ϕI = ϕIJ ,

2. IJ ∗ ϕ = I ∗ (J ∗ ϕ)

Proof. Locally on S, ϕI is given by a polynomial defined in 3.3.8. Recall from the

same definition that the polynomial corresponding to the map ϕI is defined by the

polynomial in the ring representing the universal rank 1 standard coordinatized

Drinfeld A-module. Therefore, it is enough to show this for the case where

E = Esc.
Moreover, as explained in 3.3.5, R the ring representing Esc is L-torsion free

for all ideal L of A, i.e., R → R[L−1] := R⊗A A[L−1] is an injection. Therefore,

we can replace Esc by Esc ×Spec(A) SpecA[L
−1] for some ideal L of A.

Fix ideals I, J given in the lemma, let L = (I ∩ J). We observe that for all

schemese S over A[L−1] and e ∈ E(S),

(I ∗ ϕ)JϕI(e) = 0⇔ ∀j ∈ J, (I ∗ ϕ)jϕI(e) = 0

⇔ ∀j ∈ J, ϕIϕj(e) = 0

⇔ ∀j ∈ J, i ∈ I, ϕiϕj = ϕij(e) = 0

⇔ ϕIJ(e) = 0

Since S is a scheme over Spec(A[(I∩J)−1]), the roots of all the polynomials above

are distinct by 3.3.3. Furthermore, the polynomials inducing (I ∗ ϕ)JϕI and ϕIJ
are both monic by 3.3.4, so they must equal.



3.4. ACTION OF IDEALS ON DRINFELD MODULES 75

For 2, we have the following diagram.

E J ∗ E

IJ ∗ E I ∗ (J ∗ E)

ϕJ

ϕIJ (J ∗ ϕ)I

If we pick coordinates on E, then by 1, the bottom map must be an equality of

coordinatized Drinfeld modules and we are done.

3.4.12. We extend the action of ideals on Drinfeld modules with level structure.

Let I be an ideal ofA prime to the characteristic of anA-algebra F and let (E, ϕ, ι)

be a Drinfeld module over F with level-I structure. We define the Drinfeld module

with level-I structure (J ∗ E, J ∗ ϕ, J ∗ ι) where J ∗ E and J ∗ ϕ are as above.

For the level structure, the map of schemes ϕJ : E → J ∗ E defined in remark

3.4.8 induces an isomorphism ϕJ : EI → (J ∗ E)I , where EI and (J ∗ E)I are

the I-division points of E and J ∗E as in definition 3.2.1. Hence it is natural to

define the level structure (J ∗ ι) = ϕJ ◦ ι.

Remark 3.4.13. Given (E, ϕ, ι) a Drinfeld module over a field F with level-I

structure and an ideal J coprime with I, we can give a more concrete way to

describe (J ∗ E, J ∗ ϕ, J ∗ ι) by picking a coordinate on E and ϕ becomes a map

ϕ : A→ F [τ ] under this choice of coordinate.

By 3.3.14 and identifying the roots of ϕI as a A/I, a Drinfeld module with a

level-I structure is equivalent to a triple (E, ϕ, λ) where λ is a primitive root of

ϕI . Let J be an ideal of A prime to the characteristic of F and V (I), the map of

schemes ϕJ : E → J∗E defined in remark 3.4.8 sends x 7→ ϕI(x). Therefore, given

a coordinate, the J ∗− action is given by sending (E, ϕ, λ) 7→ (J ∗E, J ∗ϕ, ϕJ(λ)).

Definition 3.4.14. Let (E, ϕ) be a rank d Drinfeld A-module over F . We define

End(E, ϕ) to be the subring of End(E) which consists of elements that commute

with ϕ(a) for all a ∈ A.

In other words, a non-zero element in End(E, ϕ) is an isogeny from (E, ϕ) to

itself as an A-module scheme. It is clear that End(E, ϕ) is an A-module via ϕ.

We state the following result without proof.

Proposition 3.4.15. ([14], 2.1.4) Let (E, ϕ) be a rank d Drinfeld A-module over

a field L. Then End(E, ϕ) is a projective A-module of rank ≤ d2.
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Corollary 3.4.16. Let (E, ϕ) be a rank 1 Drinfeld A-module over a field L. Then

End(E, ϕ) = A and Aut(E, ϕ) = A∗ = F∗
q.

Proposition 3.4.17. Let (E, ϕ) be a rank 1 Drinfeld A-module over an A-scheme

S. Then End(E, ϕ) = A and Aut(E, ϕ) = A∗ = F∗
q.

Proof. We note that for Drinfeld module E over Spec(R) and for all ring homo-

morphism R→ R′, we have a map

End(E, ϕ)→ End(E ×Spec(R) Spec(R
′), ϕ×Spec(R) Spec(R

′))

defined by the pull-back.

We first show this for the case where S is the spectrum of a local ring R.

Let m be the unique maximal ideal of R, k := R/m and let (E0, ϕ0) denote the

Drinfeld module obtained by taking the fiber E0 := E ×Spec(R) Spec(k). We have

the following commutative diagram.

End(E, ϕ)

A

End(E0, ϕ0)

ϕ0

ϕ

(3.4.18)

By 3.4.15, ϕ0 induces an isomorphism A→ End(E0, ϕ0), so it is enough to show

the map End(E, ϕ)→ End(E0, ϕ0), which is induced by reduction, is an injection.

Suppose 0 ̸= f ∈ End(E, ϕ) ⊆ End(E) ∼= R[τ ] is sent to 0 by the reduction

(quotient) map. Using proposition 5.1 of [7], which we state in proposition 3.4.19

below, since f ̸= 0, we must be in the case where the leading coefficient of

f(τ) is a unit in R. However, this contradicts the fact that f(τ) reduces to 0

under the reduction map. Therefore, the unique pre-image of 0 under the map

End(E, ϕ)→ End(E0, ϕ0) is 0, showing this map is injective and we are done for

the case where R is a local ring.

For the general case, we use one of the results proven in [22, Tag 00EN]. Let

R be a ring and M be an R-module. Let Mp denote the localization of M by a

prime ideal p of R. For an element x ∈M , the following are equivalent:

1. x = 0;

2. x maps to 0 under all localization maps M →Mp for all prime ideal p of R;

3. x maps to 0 under all localization maps M → Mm for all maximal ideal m

of R.
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Now we show the unlabelled map in (3.4.18) is an isomorphism for all E over

any base A-scheme S by again, showing it is an injection. By considering an

affine cover of S it is enough to show this for the case where S = Spec(R) where

R is an A algebra and not necessarily local.

Suppose f ∈ End(E, ϕ) maps to 0 under the unlabelled map and we wish to

show f = 0. But by the result above and by letting M = End(E, ϕ), it is enough

to show f maps to 0 under all localization maps. Therefore, we reduce to the

previous case where R is a local ring and we are done.

We state the following result from Drinfeld to complete the proof above.

Proposition 3.4.19. ([7], 5.1) Let B be a ring of characteristic p with Spec(B)

connected. Let f1, f2 ∈ B[τ ], fj =
∑dj

i=0 ai,jτ
i, d1 > 0, adj ,j invertible for j = 1, 2.

Let h ∈ B[τ ] and hf1 = f2h.

1. If d1 ̸= d2, then h = 0;

2. If d1 = d2 and h ̸= 0, the h has the form
∑d3

i=0 hiτ
i where hd3 is invertible.

3.5 Drinfeld Modules over C
In this section, we first briefly explain how one may use analytic methods to

obtain results relating to Drinfeld modules, then we show the functor M1
I is

represented by AKI
[I−1] (recall the definition in the beginning of chapter 2). In

the first part, We mostly follow Hayes’ summary in [13] to give an overview on

finding the C points of M1
I and we will state most results without proof. For a

more detail explanation, one can consult chapters 2 to 4 in [9].

We put coordinates on all our Drinfeld modules in this section, so throughout

this section, (E, ϕ, ψ) is a coordinatized Drinfeld module over C and from this

point of view to construct a Drinfeld module, it is enough to construct a map

ϕ : A → C[τ ] with the desired properties in definition 3.1.4, so we slightly abuse

notation and just say “ϕ is a Drinfeld module”.

Definition 3.5.1. A lattice is a discrete A-submodule Γ such that K ⊗A Γ has

finite K-dimension, which we call the rank of Γ and denote it as rΓ.

Remark 3.5.2. Since C is an infinite dimensional K∞-vector space, there is a

lattice of every positive rank.

We will focus on the case where the rank is 1. We remark that a rank 1 lattice

is isomorphic to a fractional ideal of A.
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Definition 3.5.3. The exponential function associated to a lattice Γ, eΓ(z) :

C → C, is defined by the infinite product

eΓ(z) = z
∏

0̸=γ∈Γ

(
1− z

γ

)
Note that the infinite sum

∑
0̸=γ∈Γ

1
γ
converges absolutely in the topology in

C so the infinite product also converges for all z ∈ C.

Theorem 3.5.4. ([13], theorem 8.5) The function eΓ(z) is an entire function on

C with the following properties:

1. eΓ(z) is a surjective Fq-linear endomorphism of C;

2. eΓ(z) is periodic with Γ as a group of periods.

Definition 3.5.5. Let Γ′ ⊇ Γ be two lattices with finite index, we define

P (Γ′/Γ; t) = t
∏

0̸=σ∈eΓ(Γ′)

(
1− t

σ

)
Note that P (Γ′/Γ; t) is a Fq-linear polynomial of degree |Γ′/Γ|.

Proposition 3.5.6. ([13], chapter 8) Let Γ be a lattice, x ∈ A. Let ϕΓ
x(t) :=

xP (x−1Γ/Γ; t), then:

1. Every lattice defines a Drinfeld module over C, via the map ϕΓ : x 7→ ϕΓ
x,

with the identification tp 7→ τ .

2. The rank of the Drinfeld module ϕΓ is the same as the rank of the lattice

rΓ.

3. Every coordinatized Drinfeld module ϕ over C has a uniquely determined

lattice Γ such that ϕΓ = ϕ.

We label this uniquely defined lattice attached to ϕ as Γϕ. We once again

emphasise the uniqueness in part 3 in the proposition above only holds for co-

ordinatized Drinfeld module and hence ϕ is viewed as map between algebras

ϕ : A→ C[τ ].

Theorem 3.5.7. ([13], theorem 8.14) Let I be a non-zero ideal of A and Γ a

lattice. Let ϕ′ = I ∗ ϕΓ (recall the ∗ notation in definition 3.4.7), then

Γϕ′ = D(ϕΓ
I ) · I−1Γ

where D is the map D(
∑

n αn(a)τ
n) = α0 as in equation (3.1.8).
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Proof. A proof can be found in [9], corollary 4.9.5.

Corollary 3.5.8. The action of non-zero fractional ideals of A on the isomor-

phism classes of rank 1 Drinfeld modules over C (through ∗) factors through

Cl1(1)(see definition 2.3.1). This action makes the set of isomorphism classes

of rank 1 Drinfeld modules over C a Cl1(1)-torsor.

Proof. We follow the steps in chapter 9, [13]. We denote the set of rank 1 lattice

in C as Lat1(C) and define the an equivalence relation on Lat1(C) by Γ ∼ Γ′ if

Γ′ = cΓ for some c ∈ C×. Let L1 be the quotient of Lat1(C)/ ∼.
The action of non-zero fractional ideals of A on Lat1(C) defined by I : Γ →

I−1Γ gives a well defined, transitive and faithful action of Cl1(1) on L1. Finally,

one checks c ∈ C is an isomorphism from ϕΓ to ϕΓ′
if and only if Γ′ = cΓ (see

section 4.9 in [9]), hence theorem 3.5.7 gives us a bijection between L1 and the set

of isomorphism classes of rank 1 Drinfeld modules over C and the group action

of Cl1(1) agrees on both sets.

Definition 3.5.9. We say L ⊆ C is a field of definition of ϕ a Drinfeld module

over C or ϕ is defined over L if there exists an isomorphism in C from ϕ to ϕ′ such

that ϕ′ ∈ L[τ ].

3.5.10. Proposition 10.2 in [13] shows K∞ is a field of definition for every rank 1

Drinfeld module over C. Theorem 10.3 in the same article also shows there exists

a finite extension of K such that it is a field of definition of every rank 1 Drinfeld

module over C, which is also contained in every field of definition. We call this

the smallest field of definition.

Theorem 3.5.11. Let I ⊊ A be a non-zero ideal, the functorM1
I×Spec(A)Spec(K)

is represented by the KI , the ray class field over K of conductor I, totally splitting

at ∞.

Proof. Following 3.4.12, we have an action of ideals prime to I acting onM1
I(C).

By the identification between lattices and Drinfeld modules in corollary 3.5.6,

we view the action of ideals of A on Drinfeld module as a transitive action of

fractional ideals on lattices. The stabilizer of this action on fractional ideals is

clearly contained in {Principal Fractional Ideals of A}, since each principal frac-

tional ideal defines an isomorphism by corollary 3.5.8.

Furthermore, following remark 3.4.13, let (E, ϕ, λ) be a rank 1 Drinfeld A-

module over C with level-I structure and λ is a primitive root of ϕI .
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A principal ideal (a) ⊆ A fixes the level structure if and only if ϕ(a)(λ) = uλ

for some u ∈ F∗
q by 3.4.16. We pick another generator of a′ of (a) such that

ϕ(a) = uϕa′ , hence ϕa(λ) − uλ = u(ϕa′(λ) − λ) = u(ϕa′−1(λ)) = 0, so we must

have a′ ≡ 1 mod I since λ is a primitive root. Therefore, there is a one to one

correspondence betweenM1
I(C) and the following group

{Fraction ideals}/{Principal Fractional Ideals (a) | a ≡ 1 mod I}

The group above can clearly be identified as Cl1(I). Hence, M1
I(C) is a Cl1(I)-

torsor. In fact, in stead of C, one can work with any field L such that L is a

finite extension of K containing all the roots of ϕI and is a field of definition

(see 3.5.10) of ϕ. Since each equivalence class in M1
I(C) can be represented by

a Drinfeld module over L, soM1
I(C) =M1

I(L). This holds for any field F such

that L ⊆ F ⊆ C. Therefore, for some finite Galois extension L/K, the functor

(M1
I×Spec(A)Spec(K))×Spec(K)Spec(L) is isomorpic to

∐
Cl1(I)

Spec(L) and hence

the functor M1
I ×Spec(A) Spec(K) is, in the fppf topology, locally isomorphic to∐

Cl1(I)
Spec(K).

Therefore, the functorM1
I ×Spec(A) Spec(K) is representable by a finite étale

algebra over K, i.e., a finite product of finite Galois extension of K. Let us call

this algebra FI and note that FI is a field since the action of Cl1(I) is transitive.

Recall KI is the ray class field over K of conductor I, totally splitting at ∞
(we gave many different different definitions of this in chapter 2, but we will be

mostly using the definition in 2.3.1). Let π be a finite place of K not dividing

I∞ and let σπ ∈ Gal(KI/K) be the Frobenius element over π. We show the

fields KI and FI are equal by using corollary 2.2.7 and showing there exists an

isomorphism Gal(KI/K) → Cl1(I) such that all but finitely many Frobenius

elements are preserved. We start by identifying Gal(KI/K) with Cl1(I) using

definition 2.3.1, then the Frobenius element of π is the image of π ∈ Cl1(I) by

proposition 2.3.10. We show in proposition 3.5.12 below that the identity map

Cl1(I)→ Cl1(I) defined by π 7→ π∗− is a map that preserves almost all Frobenius

elements, i.e., the map π ∗ − is a Frobenius elements onM1
I .

Since the identity map preserves all primes not dividing I∞, we conclude the

fields FI and KI must be equal by corollary 2.2.7 and we are done.

Proposition 3.5.12. Let π be a prime ideal not dividing I. The map E 7→ π ∗E
defines a Frobenius automorphism onM1

I .

Proof. Pick a rank 1 Drinfeld A-module (E, ϕ) over K and fix some coordinate

on it. We know that by fixing coordinates and viewing ϕ as a map ϕ : A→ K[τ ]
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the action of π ∗ − on (E, ϕ) is induced by the map of rings Spec(K[x]) →
Spec(K[x]) defined by x 7→ ϕπ(x). In this point of view, showing π ∗ − acts as

the Frobenius element is the same as showing x 7→ ϕπ(x) satisfy the Frobenius

condition. However, this is true due to the corollary 5.9 of [13] which says the

following:

3.5.13. Let (E, ϕ) be a rank 1 Drinfeld module over a field with characteristic

π ̸= 0. Let b = πe, e ≥ 1. Then ϕb = xp
deg(b)

.

In other words, taking e = 1, ϕπ acts as the Frobenius modulo π onM1
I and

we are done.

Corollary 3.5.14. Let I ̸= A be a non-zero ideal of A. The scheme M1
I is

represented by AKI
[I−1], where KI is the ray class field over K of conductor I,

totally splitting at ∞.

Proof. Proposition 3.3.15 showsM1
I is an affine scheme over A[I−1]. Suppose B

is the A[I−1]-algebra representing M1
I , i.e., M1

I = Spec(B). Proposition 3.3.15

shows that the map of affine schemes

M1
I → Spec(A[I−1])

is a smooth morphism of curves over Fq, so the ring B must be a regular algebra

over A[I−1]. Since the functor M1
I ×Spec(A[I−1]) Spec(K) is represented by KI ,

the ring B must equal to AKI
[I−1][J−1] for some ideal J ⊆ AKI

. Furthermore,

proposition 3.3.17 shows the morphism M1
I → Spec(A[I−1]) above is finite and

henceM1
I = Spec(AKI

[I−1]).

3.5.15. For each ideal J coprime with I, we give another point of view on the

Drinfeld module with level-I structure (J ∗ E, J ∗ ϕ, J ∗ ι) ∈ M1
I(R) for a given

(E, ϕ, ι) ∈M1
I(R) for any A-algebra R.

The functor M1
I ×Spec(A[I−1]) Spec(K) ∼= Spec(KI) in theorem 3.5.11 and in

the proof of this theorem, it is shown that for every prime π of A not dividing I,

the automorphism

π ∗ − :M1
I ×Spec(A[I−1]) Spec(K)→M1

I ×Spec(A[I−1]) Spec(K)

is induced by σπ ∈ Gal(KI/K) the Frobenius element at the prime π. By corollary

3.5.14, M1
I
∼= Spec(AKI

[I−1]), one see that the any Galois group element σ ∈
Gal(KI/K) is a map σ : AKI

[I−1]→ AKI
[I−1] since I is an ideal in A so σ(I) = I.
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We therefore define for every prime π of A not dividing I, the automorphism

π ∗ − :M1
I →M1

I to be the map induced by σπ.

For a general ideal J coprime with I, we factorise J into product of prime

ideals and form a Galois group element σJ by taking the product of all Frobenius

elements in Gal(KI/K) and we define the automorphism J ∗ − :M1
I →M1

I to

be the map induced by σJ . Note that this multiplicative definition is consistent

with the J ∗ − action onM1
I ×Spec(A[I−1]) Spec(K) by lemma 3.4.11.

Another way to define J ∗ − this is to view a rank 1 Drinfeld module over

an A[I−1]-scheme S with level-I structure as a morphism e : S → M1
I . Then

(J ∗ E, J ∗ ϕ, J ∗ ι) is the defined as the Drinfeld module with level-I structure

corresponding to the composition S
e−→M1

I

σJ−→M1
I .

We state the following theorem. Recall the definition of the Hilbert class field

H in 2.3.8 and a field of definition in 3.5.9.

Theorem 3.5.16. H is a field of definition.

A proof of this can be found in the first part of theorem 15.6 in [13]. The proof

involves introducing the notion of sign functions and sign normalized Drinfeld

modules. In fact, H is known as the minimal field of definition, meaning every

other field of definition contains H. A proof of this fact can be found is the same

theorem cited above.

Corollary 3.5.17. Let (E, ϕ, ψ) be a coordinatized Drinfeld A-modules over C,
so ϕ is viewed as a map ϕ : A→ C[τ ]. Let λ be a primitive root of ϕI (recall this

means the generator of the roots of ϕI as an A/I-module, see definition 3.3.14),

then KI = H(λq−1).

Proof. It is clear that bothKI and H(λq−1) contain H and are contained in H(λ).

The group Gal(H(λ)/H) is isomorphic to (A/I)∗ and it acts by sending λ→ ϕa(λ)

for all a ∈ A. One see that, by viewing Spec(KI) as M1
I ×Spec(A[I−1]) Spec(K),

both of these fields are the invariant subfields fixed by the field automorphisms

λ→ µλ, µ ∈ F∗
q.

Remark 3.5.18. The statement in corollary 3.5.17 is independent on the choice

of coordinatized Drinfeld modules. I.e., let (E, ϕ, ψ), (E ′, ϕ′, ψ′) be two rank

1 coordinatized Drinfeld A-modules, λ, λ′ be primitive roots of ϕI , ϕ
′
I . Then

KI = H(λq−1) = H(λ′q−1).



Chapter 4

Abelian Extensions over K

We follow the same notation in chapters 2 and 3. Let K be a global function field

and let A be a subring of K as described in the beginning of chapter 2. Let P be

the set of all prime ideals of A. We say (E, ϕ) is a Drinfeld module to mean it is

a rank 1 Drinfeld A-module as defined in chapter 3.

This chapter explains how we naturally construct a ΛA,P -scheme (see defini-

tion 0.0.5), which we refer as just Λ-scheme throughout this chapter, using the

theory of Drinfeld modules. More precisely, we first show there is a natural map

from the stackM1
A to Spec(AH), which we call the coarse map. We then construct

the space of the universal rank 1 Drinfeld modules E and use the coarse map to

define a map from E to an affine scheme L that is isomorphic to Spec(AH [x]).

Finally. we show that the periodic loci of L generates the maximal abelian ex-

tension of K totally split at ∞, and hence by considering the constructions for

another choice of a place of K, say ∞′, the maximal abelian extension of K is

Λ-geometric.

4.1 Coarse Space of M1
A

The major result in this section is to show the coarse space of the stack M1
A

is isomorphic to Spec(AH). This is a known result which can be deduce from

theorem 1 of [7] by Drinfeld, in which he shows the group of finite ideles A∗
K

acts on lim←−M
1
I (note that in [7]M1

I are schemes over Spec(A)) and this action

is consistent with class field theory. From this, using a similar result like lemma

4.1.8 or otherwise, one can determine the coarse space ofM1
A. We compute the

coarse space using a similar method, with some change in notation to match our

notation in the previous chapters.

83
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4.1.1. Let I1 ⊆ I2 be two non-zero ideals of A and let SI1 be a scheme over

Spec(A[I−1
1 ]). There is a canonical map αI1,I2 : M1

I1
(SI1) → M1

I2
(SI1) induced

by the inclusion I−1
2 ↪→ I−1

1 and this map is just the forgetful map that forgets

the level structure if I2 = A.

4.1.2. In theorem 3.5.11, we showed that for all non-zero proper ideals I of A,

there exists an isomorphism between M1
I and Spec(AH [I

−1]). In fact, by the

lemma below, there exists an isomorphism

ξI :M1
I → Spec(AH [I

−1])

such that this is compatible with the inclusion map and all the α’s we defined

above. In other words, we require the following diagram to commute for all

non-zero proper ideals J ⊆ I.

Spec(AH [I
−1])

Spec(AH [J
−1])

M1
I

M1
J

ξI

prJ,I

ξJ

αJ,I

where prJ,I denotes the map induced by the inclusion map AH [I
−1] ↪→ AH [J

−1].

Lemma 4.1.3. There exists a collection {ξI} for each non-zero proper ideal I ⊊ A

such that the diagram in 4.1.2 commutes for all J ⊆ I.

Proof. Fix an algebraic closure K̄/K and let E be a rank 1 Drinfeld A-module

over K̄. By 3.3.3, we can put a level-I structure on E for all I. Furthermore, we

can require all the level structures we chose are compatible. I.e., for all J ⊆ I,

we choose level-I and level-J structure ιI , ιJ on E such that αJ,I : (E, ϕ, ιJ) 7→
(E, ϕ, ιI). By the moduli space interpretation, this is equivalent to the following

commutative diagram,

M1
I

M1
JSpec(K̄)

eI αJ,I

eJ

where eI , eJ denotes the Drinfeld modules (E, ϕ, ιI), (E, ϕ, ιJ) over K̄.
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Since the ray class fields can be identified as subfields of the algebraic clo-

sure we fixed in the beginning, for all ideals 0 ̸= I ̸= A, there exists a map

incI : Spec(K̄) → Spec(AKI
[I−1]) induced by the subring inclusion AKI

[I−1] ↪→
KI ↪→ K̄. By 3.5.11, M1

I and Spec(AKI
[I−1]) are isomorphic, and since K̄ is

algebraically closed, there exists an isomorphism ξI :M1
I → Spec(AKI

[I−1]) such

that it commutes with eI and incI . I.e., the following diagram is commutative.

M1
I Spec(AKI

[I−1])

Spec(K̄)

eI

ξI

incI

Now we show the diagram in 4.1.2 is commutative with our choice of ξI for all I.

Since any ring homomorphism AKJ
[J−1] → K̄ is necessarily a monomorphism,

any map of schemes Spec(K̄)→ Spec(AH [J
−1]) must be an epimorphism (in the

category of affine schemes), thus it is enough to show that ξIαJ,IeJ = prJ,IξJeJ

in the diagram below.

Spec(AH [I
−1])

Spec(AH [J
−1])

M1
I

M1
J

Spec(K̄)

ξI

prJ,I

ξJ

αJ,I

eJ incJ

By construction, we have

prJ,IξJeJ = prJ,I incJ = incI

where the last equality follows from the fact that the composition of two subring

inclusions is again a subring inclusion. On the other hand, ξIαJ,IeJ = ξIeI by the

compatibility of level structures. Finally, one sees that ξIeI = incI by definition

and we are done.

4.1.4. Recall in 3.5.15 that for all non-zero proper ideals J of A coprime to I,

we have a map J ∗− :M1
I →M1

I . In the proof of theorem 3.5.11, this action of

ideals coprime with I factors through its image in the ray class group Cl(I). Let
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G denote the Galois group of maximal abelian extension of K totally splitting at

∞ over K, i.e., G is the following projective limit of finite Galois groups

G = lim←−
I

Cl(I)

where I runs over all ideals of A and the map Cl(J) → Cl(I) for all ideals I

dividing J is the map of Galois groups Gal(KJ/K) → Gal(KI/K). We have an

action of G onM1
I through the quotient G → Cl(I).

4.1.5. In the proof of proposition 2.3.7, we can view (A/I)∗/F∗
q as a subgroup of

Cl(I). Furthermore, (A/I)∗/F∗
q is the kernel of the following map

Cl(I)→ Cl(1)

Thus, the action of the ray class group Cl(I) on M1
I by ∗ induces an action of

(A/I)∗/F∗
q onM1

I . Let G be the group

G :=

(∏
p

lim←−
n

(A/pn)∗

)/
F∗
q

where p runs over all prime ideals of A. By viewing (A/pn)∗/F∗
q as a subgroup of

Cl(pn), we can view G as a subgroup of G and hence by 4.1.4 we have an action

of G onM1
I .

Intuitively, the action of G on M1
I is an action that fixes the Drinfeld module

and gives another level structure to E. This is stated more precisely in the

proposition below.

Proposition 4.1.6. Let G be the group together with the action onM1
I defined in

4.1.5. Let S be an A-scheme and let (E, ϕ, ι), (E ′, ϕ′, ι′) ∈ M1
I(S). There exists

g ∈ G such that

g : (E, ϕ, ι) 7→ (E ′, ϕ′, ι′)

if and only if there exists an isomorphism of Drinfeld modules (E, ϕ)
∼−→ (E ′, ϕ′).

Proof. Suppose g ∈ G, since the group G acts onM1
I through a finite quotient,

it is enough to show the forward direction for all g ∈ (A/I)∗/F∗
q ⊆ Cl(I).

Let E be a Drinfeld module with level structure as stated in the proposition.

Since the group (A/I)∗/F∗
q is identified as the kernel of Cl(I)→ Cl(1), the action

of g is given by a principal ideal a = (a) ∈ A.
By 3.4.9, there exists u ∈ R∗ such that (a ∗ ϕ)b = Spec(u) ◦ ϕb ◦ Spec(u−1)

for all b ∈ A. Moreover, by the left exact diagram given in 3.4.10, u defines an
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A-module isomorphism on E, so we must have u ∈ F∗
q by 3.4.17. This shows the

forward direction.

We show the converse by a counting argument, more precisely, we count the

number of possible level structure one can put on a Drinfeld module. SinceM1
I

is representable by the ring AKI
[I−1], it is locally a

∐
Cl(I) Spec(A[I

−1])-torsor,

and so the action of (A/I)∗/F∗
q ⊆ Cl(I) is free. Thus, it is enough to show that

the number of possible level-I structures one can put on E equal the size of the

group (A/I)∗/F∗
q.

Recall that a level structure is an isomorphism ι : I−1/A
∼−→ EI , one sees that,

by viewing I−1/A as a rank 1 A/I-module, any ǵ ∈ (A/I)∗ defines a level structure

by pre-composition, i.e., ι′ = ι ◦ ǵ is also a level structure on E. Moreover, it is

clear that for a fixed ι, we can find such a group element ǵ for any other level-I

structure.

Finally, by 3.4.17 once again, an element A∗ = F∗
q defines an automorphism of

E, so two level structures are considered equal if they differ by an element of A∗.

Thus, the possible number of level-I structure we can put on E is |(A/I)∗/F∗
q|

and we are done.

We define quotient of an object X by a group object G as the categorical

quotient of X by G given in definition 0.5 of [16]. More precisely, we define

G-invariant maps and G-quotients as the following.

4.1.7. Let G be a group object in a category D with fiber products. Let G act

on X for some object in a category X, so there are two maps G×X → X called

the action map (denoted as α) and the projection map (denoted as ρ). We say

the map between objects f : X → Y is G-invariant if the following maps are

commutative:

G×X ⇒ X
f−→ Y

i.e., the composition of maps f ◦ ρ = f ◦ α. An object Q together with a map

X → Q is called the quotient ofX byG if the map isG-invariant and furthermore,

for all Y and G-invariant maps X → Y , there exists a unique morphism Q→ Y

such that the following diagram commutes

Q

X Y

Note that the quotient of X by G is unique up to unique isomorphism if it exists.

We usually denote the object of the quotient by X/G and the quotient map by
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quo : X → X/G. We sometimes leave the map “quo” implicit and just say “X/G

is the quotient of X by G” to imply there is a quotient map “quo” associated

with X/G.

Lemma 4.1.8. Fix a base scheme S. Let G be a finite group acting on a ring R

and let RG denote the G-invariant subring of R. Let GS be the constant group

scheme
∐

G S and let X = Spec(R), Y = Spec(RG) be affine S-schemes with the

map f : X → Y induced by the algebra map f ∗ : RG → R.

Suppose f is an étale covering. Furthermore, let α and ρ be the action map

and the projection map GS × X → X as defined in 4.1.7 and suppose the map

(α, ρ) : GS×X → X×X induces an isomorphism between GS×X and X×Y X.

Then the étale sheaf theoretic quotient of X by GS, which means the quotient in

the category of étale sheaves over S, is Y together with the map f : X → Y .

Proof. By the proof of chapter 1, section 2, theorem 1.1 of [16], f : X → Y is the

quotient in the category of schemes over S. Let X/G denote the quotient of X by

GS in the category of étale sheaves over S. Since schemes are étale sheaves, there

exists a unique map X/G→ Y and we want to show this map is an isomorphism.

We observe that the map X → X/G can be expressed as a coequalizer and

GS × X ⇒ X → X/G. This is because the universal property of coequalizer

is satisfied by definition 4.1.7. On the other hand, since f is an étale covering,

X ×Y X ⇒ X → Y is also a coequalizer diagram. This follows from the fact

that every epimorphism is effective in the category of étale shaves, see theorem

IV.7.8 in [15]. Therefore, the map X/G→ Y is an isomorphism if both X ×Y X
and GS ×X defines the same equivalence relation on X. The latter condition is

equivalent to saying the image of (α, ρ) : GS×X → X×X agrees with the image

of the inclusion map X×Y X ↪→ X×X, which is true by assumption. Therefore,

the map X/G→ Y is an isomorphism.

Corollary 4.1.9. Let S = Spec(A[I−1]), G be the group defined in 4.1.5 and let

GS =
∐

G S. The étale sheaf theoretic quotientM1
I/GS is Spec(AH [I

−1]) together

with the map induced by the inclusion map f ∗
I : AH [I

−1] ↪→ AKI
[I−1].

Proof. Although G is not a finite group, the action of G onM1
I factors through

U = Gal(KI/H) ∼= (A/I)∗/F∗
q, so we can apply the result in lemma 4.1.8 with

the finite group U . Following the notation in 4.1.8, if we take X = M1
I
∼=

Spec(AKI
[I−1]) and Y = Spec(AH [I

−1]), then AH [I
−1] is the U -invariant subring

of AKI
[I−1]. Moveover, the map fI : X → Y is a finite étale covering.



4.1. COARSE SPACE OFM1
A 89

Furthermore, we see that (α, ρ) : US × X
∼−→ X ×Y X. Indeed, the ring

representing the affine scheme US ×X is the ring (
∏

U A[I
−1]) ⊗A[I−1] AKI

[I−1],

which is canonically isomorphic to
∏

U AKI
[I−1]. On the other hand, the ring

representing X ×Y X is AKI
[I−1] ⊗AH [I−1] AKI

[I−1]. One sees that, since the

fields KI/H is a finite Galois extension and AKI
[I−1] is finite étale, the map of

rings associated with (α, ρ) sends a ⊗ 1 7→
∏

g∈U g(a), 1 ⊗ b 7→
∏

g∈U b for all

a, b ∈ AKI
[I−1] and this map is an isomorphism.

Hence, all hypotheses are satisfied in lemma 4.1.8 and we are done.

Remark 4.1.10. Let G be a finite group. Suppose the category D in 4.1.7 has

finite coproducts and a terminal object S (for example, the category of S-sheaves

for some scheme S), then it is natural to identify G with the group object
∐

G S.

We often abuse notation and just say G ∈ D rather than
∐

G S ∈ D in this case.

In particular, we often denote the quotient X/
∐

G S as X/G.

4.1.11. We fix a quotient map quo : M1
I → M1

I/G and an isomorphism δI :

M1
I/G→ Spec(AH [I

−1]) for each I such that the following diagram commutes.

Spec(AH [I
−1])

M1
I/G

Spec(AKI
[I−1])

M1
I

fI

δI

quo

ξI

where ξI is defined in 4.1.2 and f ∗
I is the inclusion map defined in 4.1.9.

4.1.12. We define a presheaf on (A-schemes)

|M1
A| : (A-schemes)op → (Sets)

S 7→ {Isomorphism classes of rank 1

Drinfeld modules over S}

Note that we can make this definition becauseM1
A(S) is a groupoid. We define

the coarse space ofM1
A to beM1

A = |M1
A|a, the sheafification of |M1

A| in the site of

étale sheaves over Spec(A) (see 2.4.4). We define the coarse map m :M1
A →M1

A

to be the composition of the map

M1
A → |M1

A| → |M1
A|a =:M1

A
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4.1.13. We note π ∗− :M1
A →M1

A induces a map M1
A →M1

A. Indeed, the map

π ∗ − extends to a mapM1
A → M1

A by post-composition. It is clear that π ∗ −
factors through the map M1

A → |M1
A|, so π ∗ − induces a map |M1

A| → M1
A,

which induces a map M1
A →M1

A by the universal property of sheafification.

4.1.14. Let I be a non-zero proper ideal and let

|M1
A|[I−1] := |M1

A| ×Spec(A) Spec(A[I
−1]).

We construct a map βI : |M1
A|[I−1] → Spec(AH [I

−1]) using the quotient map

quo :M1
I → M1

I/G and the isomorphism δI :M1
I/G → Spec(AH [I

−1]) defined

in 4.1.11. We show this map βI realizes Spec(AH [I
−1]) as the sheafification of

|M1
A|[I−1] in proposition 4.1.17 below.

LetM1
A[I

−1] =M1
A×Spec(A)Spec(A[I

−1]), it is clear that every mapM1
A[I

−1]→
F , where F is a sheaf, factors through M1

A[I
−1] → |M1

A|[I−1] uniquely, so it is

enough to construct a map β′
I :M1

A[I
−1]→ Spec(AH [I

−1]).

In 4.1.1, we have a map αI,A, which is the map that forgets the level structure.

This induces a mapM1
I →M1

A[I
−1]. We slightly abuse notation and also denote

this map by αI,A for the rest of this section.

In 4.1.9, we showed that quotient ofM1
I by G, in the category of étale sheaves

over Spec(A[I−1]), is isomorphic to Spec(AH [I
−1]) together with the map induced

by the G-invariant subring map fI : (AKI
[I−1])G = AH [I

−1] ↪→ AKI
[I−1], where

the isomorphism is given and denoted as δI in 4.1.11.

We construct β′
I by following a similar approach to the proof of 4.1.8. We

have two columns of maps as the following.

G×M1
I

M1
I

M1
I/G

M1
I ×M1

A[I−1]M1
I

M1
I

M1
A[I

−1]

We show in 4.1.16 that, the existence of a map M1
I ×M1

A[I−1]M1
I → G ×M1

I ,

such that the following diagram commutes, defines a map M1
A[I

−1] → M1
I/G,
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which defines a map to Spec(AH [I
−1]) through δI .

M1
I ×M1

I

G×M1
I

M1
I ×M1

A[I−1]M1
I

(α, ρ)

(4.1.15)

Therefore, to construct a map βI : |M1
A|[I−1] → Spec(AH [I

−1]), it is enough

to construct a mapM1
I ×M1

A[I−1]M1
I → G×M1

I such that diagram 4.1.15 com-

mutes. An element inM1
I ×M1

A[I−1]M1
I is a pair of isomorphic Drinfeld modules

(E, ϕ), (E ′, ϕ′) with potentially different level-I structures on them. By fixing an

isomorphism between them, the pair can be written as (E, ι1, ι2), where ι1, ι2 are

two level structures on E. The image of (E, ι1, ι2) inM1
I ×M1

I is (E, ι1, E, ι2).

By 4.1.6, there exists g2,1 ∈ G such that g2,1 : (E, ι2) 7→ (E, ι1). We define

a mapM1
I ×M1

A[I−1]M1
I → GSpec(A[I−1]) ×M1

I by (E, ι1, ι2) 7→ (g2,1, E, ι2). One

sees that (α, ρ) : (g2,1, E, ι2) 7→ (E, ι1, E, ι2), so the map we constructed makes

the diagram in 4.1.15 commutative.

By composition with the isomorphism δI : M1
I/G → Spec(AH)[I

−1], we

have constructed a map β′
I : M1

A[I
−1] → Spec(AH [I

−1]) and hence a map

βI : |M1
A|[I−1]→ Spec(AH [I

−1]) as we claimed.

Proposition 4.1.16. A map

M1
I ×M1

A[I−1]M1
I → G×M1

I

induces a map

M1
A[I

−1]→M1
I/G

Proof. Fix an A[I−1]-scheme S and let E ∈ M1
A(S). Since both M1

A[I
−1] and

M1
I/G are stacks in the étale topology, it is enough to work over an étale cover

of S. Let S ′ be a cover of S such that E ′ = E ×S S ′ admits a level-I structure

(exists by 3.3.3) and let (E ′, ι) be a preimage of E ′ along αI,A.

We claim that the map that sends E ′ to the image of (E ′, ι) inM1
I/G gives a

well-defined mapM1
A[I

−1]→M1
I/G. Indeed, it is enough to show that this map

is independent of the choice the level-I structure on E ′. Suppose there are two

level-I structure on E ′, this gives a point in M1
I ×M1

A[I−1]M1
I . Thus, given the

commutative diagram in (4.1.15), we see that such a point is in the equivalence

relation defined by G ×M1
I so the image of (E ′, ι) in M1

I/G is independent of

the choice of ι.
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Proposition 4.1.17. The map βI defined in 4.1.14 realizes Spec(AH [I
−1]) as the

sheafification of |M1
A|[I−1].

Proof. Let β′
I :M1

A[I
−1] → Spec(AH [I

−1]) be the map induced by βI as shown

in 4.1.14. We show the map β′
I obeys the universal property of sheafification. In

other words, given a sheaf F and a map γI : M1
A[I

−1] → F , we need to show

there exists a unique map γ′I : Spec(AH [I
−1])→ F (indicated by a dotted arrow

below) such that the following diagram commutes.

F

Spec(AH [I
−1])

M1
A[I

−1]

βI

γI

γ′I

(4.1.18)

Given a map γI :M1
A[I

−1]→ F , there exists a mapM1
I → F by precomposition

with αI,A. Furthermore, this composition of maps is G-invariant since the map

αI,A : M1
I → |M1

A|[I−1] is G-invariant by 4.1.6. Therefore, by the universal

property of G-quotient, there exists a unique map γ′I such that the square in the

following diagram commutes.

F

Spec(AH [I
−1])

|M1
A|[I−1]

M1
I

βI

γI

γ′I

δI ◦ quo

αI,A

Furthermore, the upper left triangle is the diagram above commutes by construc-

tion. Therefore, the lower right triangle must also commute and we are done.

Proposition 4.1.19. Let βI be the map introduced in 4.1.17. The collection of

βI for all non-zero proper ideal I extends to a (necessarily unique) map

β : |M1
A| → Spec(AH)

Proof. LetM1
A[I

−1] =M1
A ×Spec(A) Spec(A[I

−1]). Given βI , we have a map

β′
I :M1

A[I
−1]→ Spec(AH [I

−1])

defined by precomposing with the map M1
A[I

−1] → |M1
A|[I−1] (see 4.1.12) and

taking the fiber product. Once again, it is clear that a map fromM1
A to a presheaf
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over Spec(A) factors uniquely through the mapM1
A → |M1

A|, so it is enough to

show that, given a collection of β′
I , we can define a map β′ :M1

A → Spec(AH).

Since M1
A is a stack, for each A-scheme S, we can replace M1

A(S) with the

category of descend data (recall the definition in 2.5.8) with respect to the Zariski

topology,M1
A({S[I−1]→ S}) where I ranges through all non-zero proper ideals

of A. We repeat the process for Spec(AH)(S) and we show the collection of β′
I

defines a morphism between these two categories of descend data. In other words,

following definition 2.5.9, we need to show that for all ideals J ⊆ I, a Drinfeld

module E and its image E(I), E(J) in M1
A(S[I

−1]) M1
A(S[J

−1]), the following

diagram commutes.

pr(β′
JE

(J))

β′
IE

(I)

pr(E(J))

E(I)

prβ′
J

=

β′
I

∼

where pr denote the map induced by the A-scheme map pr : S[J−1]→ S[I−1] on

each corresponding fibered category. Note that the isomorphism on each column

follows from the definition of descend data and the right column is an equality

since Spec(AH [J
−1]) is a sheaf. We observe that the commutativity of the diagram

above is equivalent to the commutativity of the diagram below.

Spec(AH [I
−1])

Spec(AH [J
−1])

M1
A[I

−1]

M1
A[J

−1]

β′
I

pr

β′
J

pr

We show commutativity of the diagram by expanding the diagram on the left

hand side.

Spec(AH [I
−1])

Spec(AH [J
−1])

M1
A[I

−1]

M1
A[J

−1]

M1
I

M1
J

β′
I

pr

β′
J

pr

αI,A

pr∗αJ,I

αJ,I

where pr∗αJ,I denotes the map defined by the pull back of αJ,I along pr.
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It is immediate from the definition that the left square commutes, meaning

that there is a canonical isomorphism between the two objects obtained by fol-

lowing the different paths. Therefore, it is enough to show the big rectangle

commutes.

Recall the following isomorphisms introduced in 4.1.11 for all I:

ξI :M1
I → Spec(AKI

[I−1])

δI :M1
I/G→ Spec(AH [I

−1])

such that the diagrams in 4.1.2 and 4.1.11 commute. Under these isomorphisms,

the quotient map quo :M1
I →M1

I/G becomes the map

fI : Spec(AKI
[I−1])→ Spec(AH [I

−1]),

which is defined by an inclusion of A-algebras f ∗
I : AH [I

−1]→ AKI
[I−1]. Similarly,

the map f ∗
J is also an inclusion, so the map β′

J ◦ pr∗αI,A in the top row of the

diagram is defined by an inclusion. Finally, the vertical maps are defined by

maps of rings AH [I
−1] ↪→ AH [J

−1] and AKI
[I−1] ↪→ AKI

[J−1]. Since both maps

mapping AH [I
−1] → AKI

[J−1] are inclusions, it is clear that the big rectangle

commutes and we are done.

Theorem 4.1.20. The map β : |M1
A| → Spec(AH) defined in 4.1.19 realizes

Spec(AH) as the sheafification of |M1
A|.

Proof. First of all, we keep the all notation introduced in 4.1.17 and 4.1.19,

especially the ones in diagram (4.1.18). In addition, we define prI to be a map

induced by S[I−1]→ S on each fibered category.

To show the theorem holds, it is enough to show the following: Given a map

γ : M1
A → F where F is an étale sheaf over Spec(A), for all ideas J ⊆ I, the

triangle on the right marked with dotted lines in following diagram commutes.

Spec(AH [I
−1])

Spec(AH [J
−1])

M1
A[I

−1]

M1
A[J

−1]M1
J

M1
I

M1
A F

γ′I

βI

prI

pr

γ′J

βJ

pr

αJ,A

αJ,I

αI,A

γ
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We remark that the whole diagram other than the dotted triangle is com-

mutative, which can either be shown directly from definition or in the proof of

4.1.17 or 4.1.19. Indeed, it is clear that the small square on the left commutes.

Furthermore, the top trapezium in the diagram commutes by the proof of 4.1.19

and the bottom trapezium commutes because by definition, γ′I is the unique map

such that prI ◦ pr∗Iγ = γ′I ◦ βI (here prI : F [I−1] → F and pr∗Iγ denotes the

pull-back). Similarly, the big square with βJ as its top edge and γ as its bottom

edge commutes by the definition of the map γ′J .

Since the map βJ ◦ αJ,A : M1
J → Spec(AH [J

−1]) is a G-quotient, it is a

coequalizer and thus an epimorphism. So it is enough to show the precomposition

of βJ ◦ αJ,A with the maps in the dotted line commutes. It remains to show the

commutativity of the dotted arrows by diagram chasing. We have

γ′J ◦ βJ ◦ αJ,A
=γ ◦ prI ◦ pr ◦ αJ,A (commutativity of the big square)

=γ′I ◦ βI ◦ pr ◦ αJ,A (commutativity of the bottom trapezium)

=γ′I ◦ pr ◦ βJ ◦ αJ,A (commutativity of the top trapezium)

Corollary 4.1.21. Let π be a prime and let m :M1
A → M1

A denote the coarse

map defined in 4.1.12. The map M1
A → M1

A induced by E 7→ π ∗ E (exists by

4.1.13) is the unique Frobenius lift at the prime π.

Proof. Let I be an ideal of A coprime with π. We have the forgetful map of level

structureM1
I →M1

A and the coarse mapM1
A →M1

A. These two maps compose

and define a map of affine schemesM1
I → M1

A. By 4.1.20 and the uniqueness of

sheafification, the coarse map m is given by the map β :M1
A → Spec(AH), thus

the map of affine schemes can be viewed as an inclusion of A-algebras AH →
AKI

[I−1]. We see in proposition 3.5.12 that π ∗ − :M1
I →M1

I is the Frobenius

automorphism ofM1
I , so π ∗ − also defines a Frobenius automorphism of M1

A by

viewing AH as a subring of AKI
[I−1]. From class field theory, the Frobenius lift

of a prime ideal π of A in AH is unique, so π ∗ − must be the unique one.
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4.2 Periodic Loci and Abelian Extensions

The aim is to present a scheme, of finite type, such that the periodic loci generates

ray class fields of K. The case for elliptic curves done in [10], the idea of such a

scheme is obtained by forming the quotient of the universal elliptic curve over the

moduli stack of CM elliptic curves. We will follow the same idea by first defining

the universal rank 1 Drinfeld modules and construct our scheme from there.

4.2.1. We have a canonical isomorphism of A-algebras

AH ⊗A A[x]→ AH [x]

a⊗A b 7→ ab

So Spec(AH [x]) ∼= Spec(AH) ×Spec(A) Spec(A[x]) and the isomorphism is given

by the map above. We always refer to this canonical isomorphism whenever

we say “Spec(AH [x]) is isomorphic to Spec(AH) ×Spec(A) Spec(A[x])”. We often

say (e, y) ∈ Spec(AH [x]) for some e ∈ Spec(AH) and y ∈ Spec(A[x]) using this

isomorphism.

We also have the canonical projections

prAH
: Spec(AH [x])→ Spec(AH)

corresponding to the map of rings induced by induced by a 7→ a⊗A 1.

4.2.2. Recall the definition of the ringR and the rank 1 universal standard coordi-

natized Drinfeld A-module Esc in 3.1.22. There exists a map fgt : Spec(R)→M1
A

which is defined by forgetting the coordinates.

Following 4.2.1, we may write Esc = Spec(R)×Spec(A) Spec(A[x]) and we have

the canonical projection map prR similarly defined.

We define a map c′ : Esc → Spec(AH [x]) as follows. Let (E, y) ∈ Esc using the

fiber product described above by

c′ : (E, y) 7→ (β(fgt(E)), yq−1)

where β is the coarse map defined in 4.1.19. In summary, we have the following

commutative diagram:

Esc Spec(AH [x])

R Spec(AH)

c′

prR prAH

β ◦ fgt
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Definition 4.2.3. The universal rank 1 Drinfeld A-module E , is a stack overM1
A

such that the S-points of E is defined as

E(S) = {(E(S), y) | E ∈M1
A, y ∈ E(S)}

We have a forgetful map Esc → E defined by the pull-back of the forgetful

map fgt : Spec(R)→M1
A, which we slightly abuse notation and also call fgt.

Lemma 4.2.4. The map c′ : Esc → Spec(AH [x]) introduced in 4.2.2 factors

through the forgetful map fgt : Esc → E.

Proof. It is enough to show that, for a Drinfeld module (E, ϕ), the image under

c′ is independent of the choice of standard coordinates we put on (E, ϕ). Write

an element in E as a pair (E, y), it is clear that the first component E in the pair

is independent of choices of coordinates by definition. Moreover, by 3.4.17 any

two such choices differ by an element in F∗
q, i.e., if the two pre-images of (E, y)

under fgt are (E1, y1) and (E2, y2), then there exists µ ∈ F∗
q such that y2 = µy1.

It is clear that the (q − 1)-power map is fixed under any choice of µ.

4.2.5. We denote the map shown in 4.2.4 as c, i.e., c′ = c ◦ fgt. Thus, following

same notation in 4.2.2, we have the following commutative diagram:

E Spec(AH [x])

M1
A Spec(AH)

c

prM1
A

prAH

β

4.2.6. By 4.2.4, the maps c and c′ defines each other. Therefore, every time we

work with the map c, we almost always work with c′ instead and assume the

Drinfeld module has a standard coordinate on it without further explanation.

The map x 7→ xq−1 is invariant under replacing x by µx for all µ ∈ F∗
q.

Informally, one may think of the map c as the coarse map together with the

“quotient by A∗” map.

We make the following definition for Drinfeld modules with coordinates and

the universal Drinfeld modules with coordinates.

Let P denote the set of prime ideals of A and let Λ = ΛP = Λ(P ). Let X be

a scheme, we say a family of maps ψp ∈ End(X), one for each p ∈ P , defines a

Λ-structure on a scheme X if X together with {ψp} is a ΛA,P -scheme defined in

0.0.5.
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We proceed with the following idea: the action of ideals of A should de-

fine a Λ-structure on E and this Λ-structure should extend to a Λ-structure on

Spec(AH [x]). We are not going to explain what a Λ-structure on a stack is, but

we show that the action of ideals of A defines a Λ-structure on Spec(AH [x]).

Lemma 4.2.7. Let Spec(AH [x]) ∼= Spec(AH) ×Spec(A) Spec(A[x]) be the isomor-

phism defined in 4.2.1. Let (e, yq−1) ∈ Spec(AH)×Spec(A) Spec(A[x]) be a point in

Spec(AH [x]). Let π be a prime ideal of A, the action

ψπ((e, y
q−1)) = (ϕπ(e), ϕπ(y)

q−1)

where the map e 7→ ϕπ(e) is the map ϕI : M
1
A → M1

A defined in corollary 4.1.21

and ϕπ(y) is the evaluation of the additive polynomial ϕπ at y, defines a Λ-

structure on Spec(AH [x]). In other words, the map ψπ lifts the Frobenius map

at the prime π.

Proof. By identifying Spec(AH [x]) ∼= Spec(AH) ×Spec(A) Spec(A[x]), it is enough

to show the map ψπ acts as the Frobenius lift on each component. More pre-

cisely, we will show the restriction maps ϕπ|Spec(AH) : Spec(AH)→ Spec(AH) and

ϕπ|Spec(A[x]) : Spec(A[x])→ Spec(A[x]) are both lifts of the Frobenius at the prime

π.

The map ϕπ|Spec(AH) : Spec(AH) → Spec(AH) given by ψπ(β(E)) = β(π ∗ E)
defines a Λ-structure on Spec(AH [x]) by 4.1.21. It remains to show that the map

ϕπ|Spec(A[x]) : Spec(A[x])→ Spec(A[x]) defined as xq−1 → ϕπ(x)
q−1 is a Frobenius

lift. Firstly, we note the expression ϕπ(x)
q−1 is indeed a polynomial in xq−1 since

for some a ∈ A∗

ϕπ(x)
q−1 = (ax(xq

deg(π)−1 + · · ·+ a1x
q−1 + a0))

q−1 (4.2.8)

and each exponent of x in the bracket on the right hand side is of the form qn−1

for some natural number n and hence the term in the bracket is a polynomial in

xq−1.

Furthermore, the congruence condition

(xq−1)q
deg(π) ≡ ϕπ(x)

q−1 mod π

is clear by 3.5.13.

We proceed by defining what we meant by a periodic locus in precise terms

by following definitions in chapters 6 to 8 in [2]. Let X be an A-scheme with a

ΛP -structure, where P be a set of places of A.
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4.2.9. We define the Frobenius lift at ∞ of M1
A
∼= Spec(AH) to be the identity

map. We make this convention because H is a field that is totally splitting at

∞ in the sense of class field theory, so defining ψ∞ = id makes the most sense.

Similarly, we define the Frobenius lift at ∞ of Spec(AH)[x] to be the identity

map.

We recall the definition of f-equivalence in definition 0.0.6. Two cycles a and

b (recall this means a formal finite product of places of K) are f-equivalent if

they both share the same greatest common divisor with f and the image of them

after dividing the greatest common divisor agrees in Cl(f′), where f′ is the cycle

obtained by dividing f with the greatest common divisor. Note that the ray class

groups Cl(f′) are defined to be totally splitting at ∞ as in definition 2.3.8.

Proposition 4.2.10. Let a, b be cycles of K and assume that ∞ does not divide

a or b. Then a ∼f b if and only if a = xb for some element x ∈ 1 + fb−1.

Proof. Since ∞ does not divide a or b, so we can view a and b as ideals of A.

Following the proof in proposition 4.3 of [2] and unpacking the definitions and

results in 2.3.1, 2.3.10 and 0.0.6, a ∼f b if and only if there exists x ∈ K∗ satisfying

1. ad−1 = xbd−1;

2. For each place π of K, if 1 ≤ nπ := ordπ(fd
−1), then x ≡ 1 mod πnπ .

where d = gcd(a, f) = gcd(b, f) and π denotes all non-zero prime ideals of A.

Note that condition 1 is the same as a = xb, so we only need to show that,

under condition 1, condition 2 is the same as x ∈ 1 + fb−1. Let us denote

mπ = ordπ(fb
−1) where π is a place and we want to show that x ≡ 1 mod πmπ .

For π such that ordπ(f) ≥ ordπ(b), nπ = mπ so condition 2 holds in this case.

For the remaining case where ordπ(f) < ordπ(b), we must have nπ = 0 so

condition 2 does not apply. Therefore, it suffices to show that x ≡ 1 mod πmπ .

Since gcd(a, f) = gcd(b, f), ordπ(f) ≤ ordπ(a) and hence

ordπ(x− 1) ≥ min(ordπ(x), 0) = min(ordπ(ab
−1), 0)

≥ min(ordπ(fb
−1), 0) = min(mπ, 0) = mπ

Recall the definition of the periodic locus in definition 0.0.7. For f a cycle of

K, X a Λ-scheme,

X(f) =
⋂
a∼fb

X(ψa = ψb)
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4.2.11. Let us from now on refer Spec(AH [x]) as L, an affine line over Spec(AH).

We will always view L through the isomorphism Spec(AH [x]) ∼= Spec(AH)×Spec(A)

Spec(A[x]) defined in 4.2.1, so we will always represent an element of L as (e, y) ∈
L for some e ∈ Spec(AH) and y ∈ Spec(A[x]).

4.2.12. Let prAH
: L → Spec(AH) be the map defined in 4.2.1. We define a

section of prAH
, denoted as x0, by choosing the point x = 0. I.e.,

x0 : Spec(AH)→ L
e 7→ (e, 0)

Definition 4.2.13. Let L be the scheme in 4.2.11 as before. We define L[f] to
be the subscheme of L containing elements in the image of x0 defined in 4.2.12

under the map ψf. In other words, using the notation in 4.2.1, L[f] consists of

pairs of the form (e, c) where c 7→ 0 under ψf|Spec(A[x]).

Remark 4.2.14. It is clear that L[f] is a closed subscheme of L, because it is

the pre-image of {0} × Spec(AH) under ψf.

It is also clear that if f′ | f, then L[f′](R) ⊆ L[f](R) and L(f′)(R) ⊆ L(f)(R).

Remark 4.2.15. The torsion loci are only defined for cycles supported away

from ∞. For a general cycle, we will write f = ffin∞n such that ∞ ∤ ffin and

conventionally define L[f] = L[ffin]. We make this convention by following 4.2.9.

Proposition 4.2.16. The field over K generated by the torsion loci of L, i.e.,
the field ⋃

f

K(L[f](C))

is the maximal abelian extension of K, totally splitting at ∞.

Note that K(L[f](C)) means the smallest subfield F of C containing K such

that F contains all the C-points of L[f]. In other words, F is the smallest field such

that every morphism Spec(C)→ L[f] factors through a morphism Spec(F )→ L[f]
which commutes with the map Spec(C)→ Spec(F ).

Proof. Fix a cycle f which we may assume to be coprime with ∞ by remark

4.2.15. We will show that

K(L[f](C)) = Kf

We view L ∼= Spec(A[x])×Spec(A) Spec(AH) as a fiber product and L[f] is the
pre-image of {0} × Spec(AH) under the map ψf : L → L as shown in remark
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4.2.14. Note that ψf acts on each component of L so to find the pre-image of

{0} × Spec(AH), it is enough to find the pre-image of {0} and Spec(AH) in

each of the component. The restriction ψf : Spec(AH) → Spec(AH) acts as the

Frobenius map by corollary 4.1.21, in particular, the C-points of Spec(AH) is a

bijection under ψf. Therefore,

K(L[f](C)) = K(AH ,
⋃

c) = H(
⋃

c)

where the union runs over all c on all Drinfeld modules (E, ϕ) over C such that

ϕ(c1/(q−1))q−1 = 0.

Let αq−1 = c for some α ∈ C. This is equivalent to ϕf(α) = 0 for each ϕ such

that (E, ϕ) is a rank 1 Drinfeld A-module.

Fix a Drinfeld modules (E, ϕ) and let α be a primitive root of ϕf, then we claim

that the field H(
⋃
c) is the field H(αq−1). It is clear that H(

⋃
c) ⊇ H(αq−1). For

the reverse inclusion, it is enough to show that every c is contained in H(αq−1).

For each c, there exists an element ω ∈ C such that c = ωq−1 and for some

Drinfeld module (E ′, ϕ′) together with a coordinate so that ϕ′ can be viewed as

a map ϕ′ : A → C[τ ] and ϕ′
f(ω)

q−1 = 0. Let α′ be a primitive root of ϕ′
f. Then

ω′ = ϕ′
a(α

′) for some a ∈ A and hence ω′q−1 = ϕ′
a(α

′)q−1 which we showed in

equation (4.2.8) is a polynomial in α′q−1. Therefore, for all c, we have

H(c) = H(ωq−1) ⊆ H(α′q−1) = H(αq−1)

where the last equality comes from remark 3.5.18. Now we are done since propo-

sition 3.5.17 shows H(αq−1) is the ray class field of conductor f.

4.2.17. Let (E, ϕ) be a Drinfeld module over C, and we fix coordinates on E so

let us assume ϕ : A→ C[τ ]. Recall that for each ideal I of A, we have an additive

polynomial ϕI (see 3.3.8). Since E is a Drinfeld module over C, ϕI(x) splits as a
product as shown in 3.3.4.

Let C[[τ ]] denote the ring of formal power series in τ as in section 1 of [8], i.e.,

elements in C[[τ ]] is of the form
∑

i∈N aiτ
i where ai ∈ C. For all non-zero additive

polynomial f(τ) ∈ C[τ ], 1/f exists in C[[τ ]].
For a non-zero proper ideal I of A, we wish to define ϕI−1 ∈ C[[τ ]]. It is tempt-

ing to define ϕI−1 = ϕ−1
I , but this is not the correct definition as the following

relation, stated in lemma 3.4.11, holds for ideals I, J of A:

ϕIJ = (J ∗ ϕ)IϕJ (4.2.18)

Therefore, it is more natural to give the following definition of ϕI−1 that follows

the relation above.
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Definition 4.2.19. Let I be an ideal of A and hence I−1 is a fractional ideal.

The Drinfeld module I−1 ∗ϕ is defined by J ∗ϕ where J is an ideal of A such that

J is the inverse of I in the class group Cl1(1). Then ϕI−1 ∈ C[[τ ]] is defined as

ϕI−1 := (J ∗ ϕ)−1
I

This definition of ϕI−1 is independent of the choice of J , since the ∗ action on

M1
A(C) makes it a Cl1(1)-torsor by corollary 3.5.8.

For a general fractional ideal T of A, we decompose T into prime ideals and

inverses of prime ideals and repetitively apply equation (4.2.18) to define ϕT . We

will show in lemma 4.2.21 that ϕT (τ) defined this way is independent of the order

in which we apply equation (4.2.18).

Remark 4.2.20. The definition above is based on the relation

1 = ϕ1 = ϕII−1 = (I ∗ ϕ)I−1ϕI

So by replacing ϕ with I−1∗ϕ and noting that for all ideals I, J , we have I∗(J∗ϕ) =
IJ ∗ϕ (stated in lemma 3.4.11), we have our definition of ϕI−1 . Alternatively, we

have

1 = ϕ1 = ϕII−1 = (I−1 ∗ ϕ)IϕI−1

which also gives our definition in a more direct way.

Lemma 4.2.21. Let T be a fractional ideal of A. Then ϕT (τ) ∈ C[[τ ]] is inde-

pendent of the order in which we apply equation (4.2.18).

In other words, lemma 4.2.21 shows that ϕT is well-defined.

Proof. Let (E, ϕ, γ) be a coordinatized Drinfeld module over C and T be a fac-

tional ideal of A. Suppose T = ImJn, for some fractional ideals I, J of A and we

want to compute ϕT using definition 4.2.19. On one hand, ϕT = (Jn ∗ ϕ)ImϕJn

and on the other hand, ϕT = (Im ∗ ϕ)JnϕIm . Therefore, ϕT is well defined if the

following equation is true.

(Jn ∗ ϕ)ImϕJn = (Im ∗ ϕ)JnϕIm (4.2.22)

Since definition 4.2.19 defines ϕT through its ideal part and its purely fractional

part (a fractional ideal is purely fractional if it is an inverse of an ideal), it is

enough to consider the special case where I, J are ideals of A and m,n takes

values 1 or −1.
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The case m = n = 1 is the case where both I and J are ideals of A and it is

true due to lemma 3.4.11. Let us show it for the case n ̸= m. By symmetry, we

assume n = −1 and m = 1 so the left hand side of equation (4.2.22) becomes

(J−1 ∗ ϕ)IϕJ−1 = (J−1 ∗ ϕ)I(J−1 ∗ ϕ)−1
J

and the right hand side becomes

(I ∗ ϕ)J−1ϕI = (I(J−1) ∗ ϕ)−1
J ϕI

The two expressions above are equal if and only if the following equality holds

(I(J−1) ∗ ϕ)J(J−1 ∗ ϕ)I = ϕI(J
−1 ∗ ϕ)J

However, the equality is clear since both sides are equal to (J−1 ∗ϕ)IJ . Similarly,

for the case n = m = −1, one follows the same procedures and see equation

(4.2.22) holds for this case if and only if the following equation holds,

ϕ(IJ)−1 = ((IJ)−1 ∗ ϕ)−1
I (J−1 ∗ ϕ)−1

J = ((IJ)−1 ∗ ϕ)−1
J (I−1 ∗ ϕ)−1

I

By taking inverses of both sides, the equation above holds if and only if the

equality

(J−1 ∗ ϕ)J((IJ)−1 ∗ ϕ)I = (J−1 ∗ ϕ)I((IJ)−1 ∗ ϕ)J

holds, but this is true since both sides are equal to ((IJ)−1 ∗ ϕ)IJ . Note that by

taking inverses, we have also shown that ϕ(IJ)−1 = ((IJ)−1 ∗ ϕ)−1
IJ .

Lemma 4.2.23. Let I, J be fractional ideals of A with J ⊆ I, then there exists

an integral ideal Q such that J = QI.

Furthermore, the additive polynomial (I ∗ϕ)Q = f(τ) ∈ C[τ ] (has finite degree

in τ) satisfies

f(τ)ϕI = ϕJ

Proof. The fraction ideals I and J can be decomposed uniquely into primes and

inverses of primes and J ⊆ I if and only if ordp(J) ≥ ordp(I) for all primes p.

Let Q =
∏

p p
ordp(J)−ordp(I), where p runs over all the maximal ideals of A.

Then it is clear that J = QI and every exponent in the product defining Q is

positive with almost all of them equal to 0, so Q is an integral ideal. The rest of

the statement is clear from definition 4.2.19.

Proposition 4.2.24. For all cycles f of K, we have

L(f)(C) = L[f](C)
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Proof. Since we are working over C, every local ismorphism class of rank 1 Drin-

feld module is an isomorphism class of rank 1 Drinfeld module over C. Hence we
denote points in L(C) as (E, c), where (E, ϕ) is a coordinatized Drinfeld module

over C for some ϕ : A→ C[τ ].

First of all, we have show in 4.2.9 that ψ∞ is the identity map on L. We

therefore assume that all ideals and fractional ideals we deal with are supported

away from ∞.

Let us first show that L(f)(C) ⊆ L[f](C). Let (1+ a) be a principal ideal of A,

then, since 1 ∼1 (1 + a), we have f ∼f (1 + a)f.

Let (E, cq−1) ∈ L(C) be in the f-periodic locus of L(C). Since C is algebraically
closed it is harmless to assume our point on the Drinfeld module E(C) is a (q−1)st
power, so by the above we must have

(f ∗ E(C), ϕf(c)
q−1) = ψf(E(C), cq−1)

= ψ(1+a)(ψf(E(C), cq−1))

= (((1 + a) ∗ f ∗ E)(C), ϕ(1+a)(ϕf(c))
q−1)

In particular, we have ϕf(c)
q−1 = ϕ(1+a)(ϕf(c))

q−1, so ϕf(c) = λϕ(1+a)(ϕf(c))

for some λ ∈ F∗
q. By multiplying 1+a by λ−1 if necessary, we may assume λ = 1.

Therefore, we have ϕf(c) = ϕ(1+a)(ϕf(c)) and hence ϕa(ϕf(c)) = 0. This holds for

all a and if one begins with two principal ideals (1 + a) and (1 + a′) such that a

and a′ are coprime, it is clear that we must have ϕf(c) = 0 by 3.2.3.

Conversely, let (E, c) be in the f-torsion, we want to show that (E, c) ∈ L(f).
Let a, b be two f equivalent cycles. By 0.0.6, this implies a = xb for some

x ∈ K∗, satisfying x ∈ 1 + fb−1. Hence, it is clear that, for a ∼f b, we have

m(a ∗ E)(C) = m(b ∗ E)(C) (recall m is the coarse map defined in 4.1.12) since

the two cycles differ by some x ∈ K∗ which implies the image is the same in the

coarse space M1(C) (isomorphic to Cl(1)).

Let c be a point on a Drinfeld module (E, ϕ) over C such that (E, c) is a f-

torsion point. We now show that it is in the periodic locus. We follow definition

4.2.19 and extend our Drinfeld module ϕ over C to a map from K to the left

twisted power series C[[τ ]]. We will, as before, slightly abuse notation and still
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refer the map K → C[[τ ]] as ϕ. We have

(ϕa − ϕb)(c) = (ϕxb − ϕb)(c)

= ((b ∗ ϕ)xϕb − ϕb)(c)

= ((b ∗ ϕ)x − (b ∗ ϕ)1)(ϕb(c))

= (b ∗ ϕ)x−1(ϕb(c))

= f(τ)(b ∗ ϕ)fb−1(ϕb(c))

= f(τ)ϕf(c)

= 0

where we have repetitively used the fractional ideal version of equation (4.2.18),

which is well-defined by lemma 4.2.21. f(τ) ∈ C[τ ] is an element satisfying the

equality ϕb(x−1) = f(τ)ϕf. Such f(τ) exists because x− 1 ∈ fb−1, in other words,

(x − 1) ⊆ fb−1 so we can apply lemma 4.2.23. Hence, for c in the torsion locus,

ϕa(c) = ϕb(c), so it is also in the periodic locus and we are done.

Remark 4.2.25. It is not true that for every Λ-scheme X, the two subschemes

X[f] and X(f) agree with each other. In general, it is very hard to describe X(f).

Corollary 4.2.26. The field generated by the periodic loci of L over all cycles,

i.e. the field ⋃
f

K(L(f)(C))

where f runs over all cycles of K, is the maximal abelian extension of K, totally

splitting at ∞.

Proof. We have shown, in proposition 4.2.24, that the periodic locus L(f)(C) is

the same as the torsion locus L[f](C), so the claim is equivalent to the statement

of torsion locus generating abelian extensions shown in proposition 4.2.16.

Our construction of the A-scheme L is based on the choice of ∞ at the be-

ginning where A = A∞ and we will denote C and L as C∞ and L∞ to emphasize

this arbitrary choice. One can choose another point∞′ and repeat everything we

have done so far and obtain L∞′ .

Corollary 4.2.27. Let ∞ ̸= ∞′ be two arbitrarily chosen places of K. Let Ks

denote the maximal separable extension of K and let X = L∞ ⨿ L∞′, then the

field ⋃
f

K(X (f)(Ks))

is the maximal abelian extension of K.



106 CHAPTER 4. ABELIAN EXTENSIONS OVER K

Proof. Since adjoining f-periodic loci give separable and algebraic extensions over

K, we have K(L∞(f)(C∞)) = K(L∞(f)(Ks)) by viewing Ks as a subfield of C∞
and similarly for C∞′ . Then⋃
f

K(X (f)(Ks)) =
⋃
f

K((L∞ ⨿L∞′)(f)(Ks)) =
⋃
f

K(L∞(f)(C∞)⨿L∞′(f)(C∞′))

which the last field is the composition of maximal abelian extensions totally

splitting at two different primes, so it must be the maximal abelian extension.
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