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Abstract

This thesis translates some A-geometric results from number fields, [I] and [2] in
particular, to function fields. There are two major results in this thesis.

For each set P of almost all primes of [ [t|, we use Rp to denote the ring
corresponding to an affine open subset of ]P’}Fq, i.e., the closed points of Spec(Rp)
are the elements in P. Let @) be another set of almost all primes of [ [t]. We
give an equivalent condition for a finite étale A-scheme S over Spec(F,(t)) to
have a Q-A(P)-model, by which we mean a finite flat and reduced scheme over
Spec(Rg) together with a family of commuting Frobenius lifts for each place in
P. We show that such an S has a Q-A(P)-model if and only if the action of @, N
on the absolute Galois group of F,(t) on Hom(Spec(F,(t)), S) factors through the
monoid NF\@ x (HverQ O; % [gpng Oy ¥ Z)/]F;

Secondly, we show that given a global function field K, the maximal abelian
extension of K is A-geometric. In other words, we present a scheme X of finite
type over a Dedekind domain A, with K being the fraction field of A, such that
the maximal abelian extension of K is contained in the f-periodic locus of X as

f runs over all ideals of A.
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Chapter 0O
Introduction

This thesis consists of two parts.

The motivation of the first part comes from generalizing the results on A-
integral models of finite étale algebras over Q in [I] to results on A-models of
finite étale algebras over F,(¢). Let E be an algebra, we say E admits a A-
structure if £ admits of a family of commuting Frobenius lifts. In other words,
there exist ring endomorphisms of E, denoted as v, : £ — E, one for each

rational prime number p such that the following properties are satisfied:

1. Y,(z) — 2P € pE;

2. Yp(Yq(x)) = g(¥p(z)) for all p, q.

From now on, assume FE is a Q-algebra. Note that condition 1 is trivial in
this case. We say E has an integral A-model A of E if there is a finite flat
algebra over 7Z such that A ®z Q = F and A admits of a family of commuting
Frobenius lifts. In [I], Borger and de Smit showed a necessary and sufficient
condition for E to have an integral A-model. We may view FE as a finite discrete
set S = Hom(E,Q) with a continuous action of the absolute Galois group Gg.
Let N’ be the commutative monoid {1, 2, ...} under multiplication equipped with
the discrete topology. Since every element in N’ can be written uniquely as a
product of rational primes, a finite étale algebra with a family of commuting
Frobenius lifts can be viewed as a finite set with a continuous action of Gg x N'.

In other words, we have the following continuous map
Gg x N' — Map(S, S)

There is a natural map Gg x N’ — ZO, where Z° denotes the profinite integers
viewed as a multiplicative monoid, defined to be given by the cyclotomic character

G — Z* C 7Z° on the first factor and the natural inclusion on the second factor.

1



2 CHAPTER 0. INTRODUCTION

Theorem 0.0.1. ([1], Theorem 0.1) E has an integral A-model if and only if the
action of Gg x N’ on S factors (necessarily uniquely) through Ze (by the natural
map defined above); in more precise terms, if and only if there is a continuous

monoid map 7° — Map(S, S) so that the following diagram commutes:

~

Zo

G@XN/

N

Map(S, S)

0.0.2. We wish to obtain a similar result for F (¢). More precisely, we say an
F,(t)-algebra is a (F,[t]-)A-ring if it has a commuting family of Frobenius ring
endomorphism ., one for each monic irreducible polynomial = € F,[t]. Let E be
a finite étale algebra over F,(f). We say E has an integral (F,[t]-)A-model A if A
is finite flat and reduced over F,[t] and A has a commuting family of Frobenius
lifts with A® F,(t) = E.

We seek a necessary and sufficient condition for an integral A-model to ex-
ist. By a similar argument for QQ, since every monic polynomial over [F, factors
uniquely as product of irreducible monic polynomails, it is clear that we can view
a finite étale algebra E over FF,(¢) with a commuting Frobenius family of ring

endomorphsim as the following continuous map

G, 1) % 1d(Fy[t]) — Map(S, S)

where G, ) is the Galois group of F,(t) with respect to an algebraic closure IF,(t)
and Id(FF,[t]) denotes the monoid of non-zero ideals of F[t] under multiplication
equipped with the discrete topology, which is the same as the monoid of monic

polynomials over FF,.

If we follow the framework of Q and try to apply it to Fy(¢), we would seek
a monoid M such that E has an integral model if and only if the action above
factors through the action of M. The main result of the first chapter is to show
that M = IFqA[t]O X Z x (1+ F,[[1]])- In other words, we have

Theorem 0.0.3. A finite étale algebra E over F,(t) has an integral F,[t]-A-

model if and only if the action of Gy ) x 1d(F4[t]) on S = Hom(E,Fy(t)) factors
(necessarily unique) through IFqA[t]O x Zox (1+ 2F[[3]]) (by the map defined below



m W), in more precise terms, if and only if there is a continuous monoid map
Fq[t]o x 7 x (1+ 2F,[[3]]) = Map(S, S) so that the following diagram commutes:

[d(F[t]) x G,

\

0.0.4. The map from Id(F,[t]) x Gg,«) to IFQA[t]O x 7 x (1+ tF,[[3]]) is defined
as the following: On the first factor, take an element in Id(F,[¢]), it is gener-

Map(S,5)

ated by a unique monic polynomial g(¢) € F,[t]. Then the map sends g(t) to
(g(t),deg(g(t)), (1/t)%e@g(t)) canonically. On the second factor, we first send
G, 1) to its abelianization G]‘Ff (+y» Which is isomorphic to F, [t]* X Zx (1+ IF[[3])

(see [1.1.7]), we then send it to IFqA[t]O x 7 x (1+ F,[[+]]) as a natural inclusion.

The first chapter consists of a proof of theorem [0.0.3] We first give a brief
summary of abelian extensions over F,[t], using the theory of Carlitz modules.
We then show the condition in theorem is both sufficient (section 1.2) and
necessary (section 1.3).

In the final section, we replace the ring F,[t] with other rings R and define a
generalized version of theorem[0.0.3] More precisely, let P, @ be sets containing all
but finitely many primes of F,(¢). We define a ring Rg such that Spec(Rg) = @
and we say a finite étale algebra E over K has an Rg-A(P)-model Ag if Ag is a
finite flat Rg-algebra and it has a commuting family of Frobenius lifts for each
prime in P. We find a different monoid for each P, (), such that a finite étale
algebra E has an Rg-A(P)-model if and only if the action of the Galois group

and the ideals factor through such a monoid.

The motivation of the second part of this thesis comes from explicit class field
theory, more precisely, from Borger and de Smit’s paper (|2]) and their work on
explicit class field theory using A-geometry. In [2], they let ' be a number field
and B be a Dedekind domain with finite residue fields. Let P be a set of maximal
ideals of B and let Idp denote all the ideals generated by maximal ideals of P.
Furthermore, assume X is a separated flat B-scheme and let Endp(X) denote

the monoid of B-scheme endomorphisms of X.
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Definition 0.0.5. A Ap p-scheme is a scheme X together with a family of maps
¥, € End(X), one for each p € P, such that the induced endomorphism on the
fibre X Xgpee(p) Spec(B/p) is the Frobenius endomorphism, i.e., the homomor-
phism induced by z — z!/B/?l mod p. Furthermore, for all p,q € P, we require

wpowq I%O%-
We will often drop the subscript of B or P or both when there is no ambiguity.

For now, let us assume P consists of all non-zero prime ideals of B.

Definition 0.0.6. Let f be a cycle of F' (recall this means a formal product of
places of F'), then the cycles a, b are f-equivalent, denoted as a ~j b, if

1. a and b have the same greatest common divisor d (a cycle of F') with f ;

2. The Artin symbols ad~' and bd~! are the same on the ray class field of
conductor fo .

It is clear that ~js is an equivalence relation on Idp and we define the quotient
Idp/ ~j the ray class monoid of conductor f (one checks the quotient inherits a

unique monoid structure from Idp) and denote it by Clp(f).

Definition 0.0.7. Let § be a cycle of F. The f-periodic locus of X, denoted as
X(f), is defined as
X() = () X(tha = )
ar~vsb

where a,b are cycles of K supported at P, a ~; b denotes the equivalence in
the ray class monoid in definition and the scheme X (1), = 1) denotes the
equalizer of the maps ¢, ¥ : X — X. In other words, for R an B-algebra, the
R points of X (f) is defined as

X(f(R) = {z € X(R) | a(z) = ty(x) for all a ~; b}

For x € X(R), if there exists f such that x € X (f), we say x is in the f-periodic
locus of X(R).

Since X is separated, X(f) is defined by equalizers so X (f) is a closed sub-
scheme of X. The relationship between the f-periodic loci and explicit class field

theory can be summarized in the following theorem.

Theorem 0.0.8. ([2/, Theorem 8.4) Let X be a flat and separated Ag p-scheme
as before. Further assume X s of finite type over B and P contains all but finitely
many primes in B, and let X (f)p denote the mazimal B-flat subscheme of X (¥).
Then X (f)p = Spec(C) where C is a finitely generated B-algebra, and F ®@p C' is

a finite product of abelian extensions of F' of conductor dividing f.



We say an abelian extension L/F is A-geometric if there exists a A-scheme
X such that L is generated by adjoining the f-periodic locus for some f, i.e.,
L C F(X(§)(F)). Given the theorem above, it is natural to ask if the maximal
abelian extension of a given a number field F' is A-geometric. In other words, is
it possible to find an X such that the periodic loci over all cycles generates the

maximal abelian extension F?Pof K? Le., does there exist X such that

F* = JF(X()(F))
j

where F is an algebraic closure of F'?

Such a A-scheme were constructed for the case where F' = QQ or an imaginary
quadratic field and the maximal abelian extension over these fields are all shown
to be A-geometric, see [2] and [I0]. These cases were all done by translating
existing theory including the Kronecker-Weber theorem and the theory of CM
elliptic curves into this A-geometry framework.

The purpose of this chapter is to give an analogue and solve this in a function
field setting. In other words, we replace the number field F' by the function field
K, the Dedekind domain B by A (see the definition of K and A in the beginning of
chapter 2) and the class groups of number fields by the class groups we introduce
in definition 2.3.1] 2.3.2] and 2.3.5] With these adjustments, we want to answer

the following question:

Given a function field K, is the maximal abelian extension of K A-geometric?

We will show the answer to the question above is yes and we will show this
by constructing such a A-scheme by translating the existing theory of Drinfeld
modules into our A-geometric framework.

In chapter 2, we first fix notation in section 2.1. We then give some useful
results from class field theory and define what we mean by ray class fields over
a function field K in sections 2.2 and 2.3. We finish chapter 2 by giving the
definitions of various terminologies from algebraic geometry, such as sheaves with
respect to a Grothendieck topology and fibered categories.

In chapter 3, we give a summary of the theory of Drinfeld modules. The main
result from this section is to show the moduli space of rank 1 Drinfeld modules
with level-I structures is representable by the ring Ag,[/~!], using the notation
in chapter 2.

Finaly, in chapter 4, we show how one naturally constructs a A-scheme using

the theory of Drinfeld modules. This is done by constructing the space of universal
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rank 1 Drinfeld modules and we show this is isomorphic to Spec(Ag|x]). We then
show that the periodic loci of this A-scheme generates ray class fields of K totally
split at oo.



Chapter 1

Algebras over [F,(t) with A model

We prove theorem in this chapter. In the next section, we first give a brief
overview on the abelian extensions over F,(¢) and define the following map on
the second factor in theorem [0.0.3]

A0 A 1 1
Gayy = Fylt] x Zx (1+F, [

We then follow the structure of [I] and we show the sufficiency and necessity of

the theorem in the following sections.

1.1 Abelian Extensions over F(?)

Firstly, let us follow the notation introduced by Carlitz in [3] and include some
relevant results of Carlitz polynomials over F,[¢] in [I12]. We define wy(z) := =,
wi(x) = 2P + tx and define inductively wn(x) = wi(wm-1(x)). We can extend
this definition linearly to define the Carlitz polynomial for all ¢(¢) € F,[¢], i.e. for
g(t) = apt™ + ap_1t" ' 4+ ...+ art + ag, a; € F,, we have

Wo) (2) 1= anwin (T) + an_1wpm-1(x) + ... + arw(x) + o

It is clear that these polynomials are additive, meaning wyu(x +y) = wye (x) +
wy(r(y) for all g(t) € F,[t]. This follows from the fact that p-power map is

additive in a ring of characteristic p.

1.1.1. Let K, denote the splitting field of wy)(z). Theorem 2.3 of [12] shows
that we have an isomorphism Gal(K,/F,(t)) = (F,[t]/g(t))* and the isomorphism
is given by the following. Let f(¢) be another polynomial over F,, one checks that

wy(t) (Wre) (%)) = Wape) (@) = W) (wyee (7)) (1.1.2)

7
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In particular, let o be a root of wy(x), we have

wy) Wy (@) = wr (o) (@) = wry (0) = 0

Let €, denote the set of roots of w,(x). It is clear that if a, 5 € €, then
wy(av + B) = 0. Moreover, it is clear that if fi(t) = fa(t) + h(t) x g(t) for some
h(t) € Fy[t] then wy, (o) = wy, () for all @ € Q,. Thus, we can define a map
F,[t]/g(t) x Q, = Qg by (f,«) — ws(a). Therefore, we can view 2, as an
(F,[t]/g(t))-module.

In fact, from theorem 1.6 of [12], 2, is an (F,[t]/g(t))-torsor. In particular,
there exists a generator in €, as a (F,[t]/g(t))-module. We call this generator a
primitive root of wy) (x) and we denote it as ay.

Furthermore, the map f(t) : oy — wy@)(ay) defines an automorphism of K
for all f(¢) coprime with g(¢). This gives a group homomorphism (F,[t]/g(t))* —
Gal(K,/F,(t)) and theorem 2.3 of [I2] shows this is an isomorphism.

Lemma 1.1.3. Let g(t), h(t) € F,[t] be two coprime polynomials. Let o, oy, be a
primitive root of wyw)(x) and wpyey(z) as above. Then the field Kg, = Fy(t, og, o).

Proof. 1t is clear that both K, and K} are contained in K, since by equation
(L.1.2), both K, and K, divides K, so Ky, 2 Fy(t, ag, ap).

To show equality, we show that we have an isomorphism of (F,[t]/gh(t))-
modules Qg = Qg @ (2, where the isomorphism from the right hand side to the
left hand side is given by addition, i.e., (8, Br) € Q4 ® Q) is mapped to B, + S.
Note that here €, is viewed as a (F,[t]/gh(t))-modules through the natural map
(F,[t]/gh(t)) — (F4[t]/g(t)) and similarly for €,. We show the isomorphism by
showing that for some polynomial i(t), j(t) € Fg[t], wiw)(ag) + wje(on) = agn.
If this is true, then by writing each 5 € Qg as wy(ay,) (this is always possible

because agy, is a generator), we have

B = wi(agn) = Wi (Wi () + wiey (an) = Wrie () + Wiy (ag)

and hence Qg, C Q, @ ). Since they both have the same size, they must be
equal.

It remains to show there exist i(t), j(t) € IF4[t] such that w;q)(ag)+wjw (an) =
agn. Since g(t) and h(t) are coprime, there exists fi(t), f2(t) such that fi(¢)g(t)+
fa(t)h(t) = 1 and hence wy, (wgy) (agn)) +wy, (Whe) (agn) = agr. One observes that

We(t)(agn) € Q, since wi ) (W) (agn)) = Wigw (agn) = 0, so there exists f] € Fy[t]
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such that wyq)(agn) = wpr(wp). Similarly, there exists f; € F,[t] such that

Wity (gn) = Wy (wg). Therefore,

agn = wr, (Wo)(agn)) + wp (Wai (agn) = wr (Wi (wn) + wr (Wryo (W)
One sees that we let i(t) = fof5(t) and j(t) = f1f](t) and we are done. O
Recall the definition of an F,[t]-A-ring and an F,[¢]-A-model in [0.0.2]

Lemma 1.1.4. (Properties of Fyt, z|/wyw (x))
The set S = Hom(Fy[t, z] /wew (x), Fy(t)) is isomorphic to (Fy[t]/g(t)) as a mul-
tiplicative monoid, which we denote as (F,[t]/g(t))°.

Furthermore, Fy[t, x]/wye) (x) is a Fylt]-A-model of Fy(t, o).

Proof. A map from F,[t, 2] /wy) () to Fy(t) is map = to a root of wy (x), which
are all of the form [f(¢)](ay), f(t) € (F,[t]/g(t))°. This shows the first statement.

Let R = TF,[t, x]/wy) (x). It is clear that Fy(t) ® R = Fy(t, ay), so it is enough
to show that R has a Frobenius lift for all primes 7 (¢) € F,[t]. But corollary 2.5
of [12] showed that wy(z) = p?™ mod (), hence the Frobenius lift condition

is also satisfied. O

There are other abelian extensions over F,(¢), for example, one can simply
take Fyn(t) over Fy(t). It is clear that the extension Fyn(t) over F, () is un-
ramified at every prime, including the prime at infinity, by which we mean the
valuation corresponding to the degree over ¢ for each polynomial f(t) € F,[t],
which we denote as co. In addition to that, Theorem 3.2 of [12] shows that for
any irreducible monic polynomial 7 (t) € F,[t] and n € N, let g(t) = n(¢)". The
infinite prime has ramification index p—1 in the extension K,/F,(¢). This means

we have not yet constructed extensions that are wildly ramified at oco.

1.1.5. We follow definition 5.1 of [12] to construct extensions wildly ramified
at co. Firstly, denote u = 1/t and define Carlitz polynomials over F,[u], i.e.,
[u](z) = 2P 4+ uz and extend by composition and linearity just as what we did
before. Let K,,41, m > 1, denote the splitting field of [u™™]|(z) over F =
F,(t) = Fy(u). By repeating a almost identical argument given in one
shows Gal(Ky,41/F) = (Fg[u] /u™*')*. Let Ly, denote the fixed field of ;.

Proposition 1.1.6. (Properties of L,,)

1. (Galois group) Gal(Ly, [Fy(t)) = (1+ 1F,[[3]])/ ()
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2. (Ramification) The prime oo is totally ramified and all finite primes are

unramified in L, .

3. (Artin symbol) Let w(t) = t" + an,_1t" ' + ... 4+ a1t +ag be a prime in F[t],
then the Artin symbol (L, /Fy(t), m) = (1/t)"n(t) mod 1/t™ € Gal(L.,/F,(t)).

Proof. 1. is clear since the Galois group Gal(K,,/F,(t)) = (F,[u]/u™)*, which
can be shown by a similar argument given in|1.1.1 L, is the fixed field of F; and
clearly, for each positive integer m, (Fq[u]/u™)* = Fi x (14 1F,[[7]])/ (7).

Let w = 1/t, then the ramification of co in L,, over F,(¢) is the same as the

ramification of u in L,, over F,(u). By [12] proposition 2.2, the only primes
ramified in K11 over Fylu] is v and 1/u (i.e. t). Furthermore, u is totally
ramified in K1, hence also totally ramified in L,,. For the ramification of ¢,
we use [12, theorem 3.2] to show that in K, 1 over [ [u], there are p™ primes
above t, each has ramification index p — 1. By comparing these numbers with the
degrees of the extensions, we conclude that ¢ splits completely in L,, and each
prime above ¢ is totally ramified in K,,,1/Ly,. This shows 2.

Moving on to 3., for 7(t) # ¢, the assertion is true since if 7’(u) = (1/t)"7(¢),
then both 7(t), 7' (u) generates the same ideal in F [t*!] and the Artin symbol of
7' (u) in Kpqq is [an’(u)] as before, where a € F; such that 7'(u) is monic. Hence
the Artin symbol of 7(t) in L, is the restriction of [an’(u)] in L,, if we view L,
as a subfield of K,,;1. But L, is the fixed field of F; and 7'(u) has constant
coefficient 1 since m(t) is monic, so the Artin symbol of 7 (¢) in L, is [7'(u)].
Finally, we have established ¢ splits completely in L,,, so the Artin symbol must
be 1. ]

Finally, we conclude this section by stating the main theorem in [12], which

classifies all abelian extensions of Fy(t).

Theorem 1.1.7. (Carlitz-Hayes Theorem)
Let K, and L, be the field extensions over F,(t) defined in |1.1.1 and |1.1.5

Then the extensions Fpn(t), K, and L,, over F,(t) have pairwise trivial inter-

section (i.e. the intersection of any two of them is Fy(t)), so the Galois group
Gal( K Fpn (t) L /F (1)) is naturally isomorphic to the direct product (F,[t]/g(t))* x
G x (14 3B, [[3])/(4).

Furthermore, any abelian extension F/F,(t) is contained in K Fyn(t)Ly,, for
some ¢(t) € F,[t], n,m € N. Therefore,

A 1.1
Gily 2 F,J % 2% (14 SF[[7])
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where G%(;(t) denotes the absolute abelian Galois group of Fy(t), E;[t]* denotes the
inverse limit lglg(t)ejqum)(Fq[t]/g(t)) , Z denotes the profinite integers, as the
inverse limit of cyclic groups and (1+ 1F,[[1]]) denotes the power series over T,

in 1/t with constant coefficient 1.

A proof of the theorem above can be found by combining proposition 5.2 and
theorem 7.1 in [12].

Remark 1.1.8. Lemma[l.1.4]states that the multiplicative monoid (F,[t]/g(t))°
naturally associates with the A-ring IF,[t, z]/wyu (x). For all g(t) € F,[t], n,m €

N, we extend this association to monoid of the form

1

(R 11/9(6))" x Co x (1 D/ )

We associate it with the following A-ring
Fylt, x]/wo () @, (e) Fgn (8) Lon.-

We note that the ring above is a A-ring. Indeed, the tensor product of a A-ring
is naturally a A-ring, so it is enough to show that F,[t, z]/wyw)(z), Fgn and Ly,

are all A-rings. But this is clear from lemma |1.1.4] and [1.1.6] and Fy () is an

everywhere unramified extension of F(¢).

Remark 1.1.9. Let F/F,(t) be an abelian extension and by the theorem above
there exist ¢(t) € F,[t], n,m € Z such that ' C K ,Fyn(t)L,,. Suppose 7 (t) is
finite prime that is ramified in F/F,(¢). Then 7(¢) | g(¢) since the only way to
obtain ramification at 7 in the absolute abelian Galois group is to have K ., for
some a € N.

Conversely, suppose F' is contained in K F . (t) L, for some g € F,[t]. Let 7’ ()
be a prime dividing g but unramified in F. Let ¢/(¢) be the polynomial obtained
by dividing g(¢) by as many powers of 7'(t) as ¢(t) contains, i.e., g(t) = ¢'(t)7'(t)°
for some ¢ € N and ¢'(t) and 7'(t) are coprime. We write K, = F (¢, oy, apre),
where o, aye are the generators for Ky and K. as in and we can write
them as generators of the field due to lemma |1.1.3]

Now we observe that for all b € N, the field F'N K, is a subfield of K » that
is unramified at all finite primes of F,[t], so it must be Fym(¢) for some m | n.
Therefore, ' C KyFyn(t)L,,.

In conclusion, for £ C K F,n(t)L,,, we can always choose ¢(t) such that g(¢)
is only divisible by the ramified primes in F.
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1.2 Sufficient Condition

In this section, we show the condition given in theorem [0.0.3|is a sufficient con-
dition for the existence of a F,[t]-A-integral model in corollary below.

1.2.1. Let Id(F,[t]) denote the monoid of non-zero ideals in F,[t]. There is a
one-to-one correspondence between monic polynomials ¢(¢) € F,[t] and non-zero
ideals I, := (g(t)) € Id(F,[t]). For the rest of this chapter, we slightly abuse
notation and say ¢(t) € Id(F,[t]) to mean the corresponding ideal I, € Id(FF,[t]).

Recall the definition of an FF[t]-A-ring and an F[t]-A-model in [0.0.2]

Proposition 1.2.2. Let g(t) € Id(F,[t]), n,m € N and let K be the corresponding
finite étale Fo(t)-A-ring of the monoid (Fy[t]/g(t)Fy[t])° x Cn x (14 1F4[[1]])/(7=)
(see for the explicit form of K). Then K has a F[t]-A-model.

Proof. 1t is clear that the tensor product of two torsion free A-rings is naturally
a A-ring, so it is enough to show that the corresponding finite étale F (t)-A-ring
of each term in the direct product above, i.e., the F,(t)-A-ring corresponding to
(B [t]/9(DF,[£])°, Co and (1+ LF,[[4]))/(), has a F,ff)-A-model.

Let K denote the finite étale F (¢)A-ring corresponding to (F,[t]/g(¢t)F,[t])°.
From we see that K = Fy(t)[z]/(wge (x)) and it has a Fy[t]-A-model, namely
F,[t, 2]/ (o) (), with ¢, (x) = wo ().

Similarly, let Ky and K3 be the finite étale F,(¢)A-ring corresponding to C,,
and (1 + $F,[[1])/(;) respectively. These field extensions are unramified at
the all the finite primes. Hence we can take the integral closure over F,[t] (i.e.
the ring of integers in the function field setting) as the F,[t]-A-models, with
defined to be the Artin symbol of w. This concludes the proof. m

Corollary 1.2.3. Let g(t),n,m as above, let S be a finite (F,[t]/g(t)F,[t])° x
Cpn x (1 + 1F,[[5]])/(5=)-set, K the corresponding finite étale Fy(t)A-ring. Then
K has a F,[t]-A-model.

Proof. We denote the monoid (F,[t]/g(¢)F,[t])° x C,, x (1 4+ 1F,[[}]])/ () by
M(g(t),n,m). Let Y be a finite set such that [[,, M(g(t),n,m) — S is a surjec-
tive map of M (g(t),n, m)-sets. Such a set Y exists as one can simply take Y = S.
Let L be the corresponding finite étale F,(¢)A-ring of M(g(t),n,m). Then K is
a sub-A-ring of LY, which has a F,[t]-A-model RY by . Therefore, K has a
F,[t]-A-model, namely K N RY". O
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1.3 Necessary Condition

In this section, we show the condition given in theorem |0.0.3|is a necessary con-
dition for the existence of a F,[t]-A-integral model.

Following the same notation as the proof of corollary [1.2.3] we denote the
monoid (B, [f]/g(1)E,[)° x Cu x (1 + M, [[1)/(%) by M(g(t).n.m). We are
also going to write M*(g(t),n,m) for the group (F,[t]/g(t)F,[t])* x C, x (1 +
TFllF1)/ (7).

Recall the definition of an Fy[t]-A-ring and an F,[¢]-A-model in[0.0.2]

Proposition 1.3.1. Let K be a finite étale F,(t)A-ring with a F,[t]-A-model
A. There ezists g(t) € F,[t], n,m € Z, where g(t) is divisible only by primes
that ramify in A, such that the action of G,y on a finite set S factors through
Gr,) — M*(g(t),n,m). If a prime n(t) in F,[t] is unramified in A, then the
prime ideals w(t) € Id(F,[t]) and

(m(t) mod g(t),r mod n, tirﬁ(t) mod tim) € M*(g(t),n,m)

where r = deg(m(t)), act the same way on S.

Proof. Define N to be the fixed field of the kernel of G, ) — Map(S,S). N is
Galois over F,(t) and denote G’ to be the Galois group Gal(N/F,(t)). Let Oy
denote the ring of integers of V.

From the Tchebotarev density theorem [I9] theorem 9.13], for any g € G,
there exists infinitely many irreducible polynomials 7 (t) € F,[t] and primes ‘B
of N above 7(t) such that g(z) = 21 mod P for all x € Op. Since there
are only finitely many primes ramified in A and infinitely many ‘3 satisfying the
equivalence, we may take an unramified ().

Now observe that for any s € S = Hom(A, Oy), the maps so ¢, and go s
from A to Oy are equal. To see this, note that for 7 unramified in A, there is an
injection from Hom(A, Oy) to Hom(A, Oy /B). Hence, to show the equality of
the two maps s o1, and g o s, it is enough to show their composition with the
natural quotient map Oy — On /P are equal. But this is immediate from the
choice of ®f and the image of all a € A under each map is s(a)?™ mod 3.

Therefore, the image of G, is contained in the image of Id(F,[t] and it
follows that the G’ is abelian. By theorem (Carlitz-Hayes theorem), there
exists ¢(t) € Fy[t], n,m € Z such that N is contained is contained in the fixed
field of (F,[t]/g(t)F,[t])* x Cp x (14 1F,[[1])/(3)™, where we can choose g(t)

t
to be divisible only by the finite primes ramify in N by remark [1.1.9, Hence we
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can choose ¢(t) such that g(t) is only divisible by the finite primes ramify in A
since N is the common Galois closure of all the components in AQF,(¢). Finally,
the last statement follows from the fact that a prime m(t) 1 ¢(¢) is unramified
and the Artin symbol of such prime is (7(t) mod g(t),r mod n, £7(t) mod ),

where r = deg(). O

Proposition 1.3.2. LetY be a finite discrete set such that there exist a continu-
ous action of Id(F,[t]) x ]Fq[t]* x Zox (1+ 2F,[[3]]) on Y. Then the action factors
through a continuous action of ]Fq[t]o x 7 x (1 + tF[[3]]) if the action has the

following two properties:

1. all but finitely many irreducible polynomials w(t) act as automorphisms on

Y.

2. for all f(t) € Id(F,[t]), there exists g(t) € Id(F,[t]), ms,ny € N such
that the action of IFqA[t]* on f(t)Y factors through M*(gs(t),n,m), and for
each o(t) € 1d(F,[t]), r = deg(o) with o(t)f(t)Y = f(t)Y, we have o(t) is
relatively prime to g¢(t) and the actions of

1 1
(o(t) mod g¢(t),r mod ny, t—ra(t) mod t_m) € M*(gs(t),n,m)
f

and o(t) € Id(F[t]) on f(t)Y are the same

Proof. Suppose 1. and 2. holds. For each n[t] € F,[t] irreducible polynomial,
let a, be the smallest integer a > 0 such that 7(¢)*Y = 7™'Y. Since almost all
and possibly except finitely many 7’s act as automorphisms, po(t) = [[, 7" is a
finitely product and a polynomial. Note that for any p € F,[t], pY = ged(p, po)Y .

Let p(t) be any polynomial divisible by fgs(t), n divisible by all n; and
m > my for all f | po(t). Let us show that the action of Id(F,[t]) x FqA[t]* X
Z x (1+ 2F,[[1]]) on Y, a finite discrete set, factors through (Fq[t]/p(t)F,[t])° x
Ch % (14 1F,4[[7]])/(7=)- To do this, we will show directly that any two elements
(f1(), 71(), r1, wi(1/2)), (fa(t), Ta(t), 72, wa(1/1)) € TA(Fy[t]) x (Fy[t]/ g ()4 [1])" %
Cpn x (1 + 1F,[[1]])/ (5 ), satisfying the following relations, act the same way on

Y. "
fit)m(t) = fo(t)m2(t) mod p(t) (1.3.3)
deg(f1) + r1 = deg(f2) + ro mod n (1.3.4)

(1/8)%9UD £, () (1/t) = (1/£)%9U2 £, (H)wa(1/t) mod tim (1.3.5)
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As po(t) | p(t), equivalence (|1.3.3]) shows that f; and f; has the same divisor
f with pg, so f1Y = f = foY. Let f; = f/f for each i = 1,2, so we have
fi(fY) = fY. Using the second property in the proposition, we must have f;

and gy are coprime, hence f! € (F,[t]/g;(t)F,[t])* and the action of f/ on fY is
1 1
(fi(t) mod g¢(t), deg(f;) mod N fi(t) mod 7

Since fgy | p and equation (L shows that
SiO) f(O)7(t) = fo(t) f()72(t) mod fgy(t),

hence fi(t)71(t) = f5(t)m2(t) mod g¢(¢). Similarly, since ny | n, equation (|1.3.4))
shows that deg(f)+deg(f])+r1 = deg(f)+deg(f5)+rs mod ny, so deg(f])+r =
deg(f3) + r2 mod ny. Finally, since m > my, from equation (1.3.5), we have

(0 F )G 0w (3) = (110G e 3) mod o
so (1/t)4e9UD f1(1/t)w; (1/t) = (1/t)%9U2) f3(1/t)w,(1/t) mod 1/t
Therefore, (f](t), 71(t),r1,w1(1/t)) and (fi(t), 7a(t), r2, wo(1/t)) act the same way
on fY. Finally, composing with (f(¢),0,1,1) shows that the two elements

(fl(t)7Tl(t)vrhwl(l/t))’(fQ(t>77_2(t)7T2’w2<1/t))
act the same way on Y. O]

Given the proposition above, to prove the necessity in theorem [0.0.3] it is
therefore enough to show the two conditions are satisfied for Y = S. Firstly, there
are only finitely many ramified primes in a given F,[t]-A-ring A, so condition 1 is
met.

Secondly, given f(t) € F,[t], consider the sub-F[t]-A-ring 1;(A) correspond—
ing to the Id(IF,[t]) x G, @)-set f(t)S of S. Applying proposition [1.3.1] to 1);(A)
gives g¢(t),ng, my such that the action of the Galois group factors through the
group M*(gs(t),ng,mys). By, [1, 2.1], ¢, is an automorphism if and only if 7 is
unramified in A. Therefore, if h(t) € Id(F,[t] such that h(t)f(t)S = f(¢)S, then
h(t) is a product of primes unramified in 1;(A). Using proposition m gives us
condition 2.

1.4 More general A-models

In this section, we generalize the result we found in the previous section. More

precisely, we prove theorem [1.4.6]
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1.4.1. We fix the following notation.

K :=TF,t),

K := A fixed algebraic closure of K,
Gk = The absolute Galois group of K relative to K,
IP’]%Q := The projective line over Fy,

oo := The closed point in IP’]qu \ Spec(FF,[t]),

IT := {places of K}, finite or infinite,

Divt(K) := @ N, where p runs over elements of I (the effective divisors of K),
P

P,Q,U,V,W : denotes subsets of II excluding at most finitely many places,
Xp := The subscheme of IP’]qu such that the closed points are P,

Divh(K) := @ N, where p runs over elements of P,
P

O, := The completion of F,[¢] with respect to a valuation v,
O, := The group of invertible elements in O,,
O, := The set O, viewed as a multiplicative monoid,

P C II, Rp := A ring over F, such that Spec(Rp) = Xp

Definition 1.4.2. Let P, C II and S be a finite étale scheme over Spec(K).
Recall the definition of a Ap p-scheme in[0.0.5] If @ # II, we say S has a Q-A(P)-
model, or a Ag—model, if there exists a finite flat and reduced Ag, p-scheme FE,
such that the pullback E Xp1 Spec(K) = S.

If @ = II, we say S has a Ag—model if there exists an open affine cover
{U; — IP’%Fq}, where the closed points of U; are @;, such that S Xpy, U; has a
Agi-model.

Definition 1.4.3. For any P, C II,
My=Nx| ] o;x [ 0;xz /IFZ
P\Q veEPNQ Vg PNQ

where v is a finite or infinite prime of F,(¢) and F; is embedded diagonally into
each O} and O;.

Definition 1.4.4. Let P, C II be sets of almost all places (i.e., they can at

most exclude finitely many primes). We define a map

Div5(K) x Gg — Mg
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for all sets P, (). By passing the image to the quotient of Iy, it is enough to define

the following maps

a:Divh(K) - E@PNx [[ osx ] o5 xz

P\Q vEPNQ v PNQ
and
b:Gx = EPNx [] 0:x [[ 0;xz
P\Q vePNQ v PNQ

We first define the map a. Let p € P, fix the following notation.

Divi(K) 2 1, :=(0,---,0,1,0,---),
where 1 appears in the p-th position;
p € V C P, e, := the p-th standard basis vector of @, N
the unique monic generator of the prime
() == ideal in F,[t] corresponding to p, if p #£ 00
1, otherwise

T’p =

the degree of m,(t) as a polynomial in F,[t], if p # oo
-1, otherwise

UEH,fM::{ t7my(t) if v =00 and p # 0o, or v =0 and p = oo,

Ty (1) otherwise

We remark that in particular, fo o0 = fo..0c = 1. We define the map a as follows.

a:Div;(K)%@Nx H 02 x H O x 7

P\Q vEPNQ vEPNQ

Ly = | ey, H Jows H o Il

vEPNQ v¢PNQ

We remark 7,(¢) is invertible in O, for all v ¢ P because p € P so m,(t) must
be invertible in those complete rings.

For the map b, we send G to its abelianization and write G2 explicitly using
theorem [1.1.7] By viewing m,(t) € F,[t] and ¢! as a uniformizer of each O,, we
can identify [],., Oy as FqA[t]* and 1+ t7'F,[[t7']] as a subgroup of O . Thus,
we can define b as the following composition of maps.

o 1 1 > * 7y o * 7
Gr — Fyt] ><(1+qu[[¥]])quHovxz%@Nx [T o:x [[ o;xz

vell P\Q vEPNQ v PNQ
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Remark 1.4.5. The map above is dependent on the choice of a uniformizer m,

for each prime p € II, but we are not going to investigate this dependence further.
The main result in this section is the following theorem.

Theorem 1.4.6. Let K, II, P and Q be defined in|1.4.1. Let MY be the monoid
defined in . A A-scheme S over Spec(K) has a Ag—model if and only if there
exist a continuous monoid map M& — Map(S,S), where S = S(K), such that

the following diagram commutes.

DZU;(K) X GK

T

Map(S, S)

Mg

where the map Divy(K) x G — M} is defined in m
We give the proof of the theorem above in [1.4.20

1.4.7. For example, for P = () = II\ 0o, our previous section shows the theorem
holds. Indeed. we can identify an isomorphism O, = F} x (1 +t~'Fy[[t~']] by
viewing t~! as a uniformizer. Furthermore, we see the map we defined in m
agrees with the map defined in [0.0.4]

We give a few more specific examples.

Proposition 1.4.8. Let P’ be a subset of I1 \ {oo} (containing all but finitely
many primes). Theorem holds for P = @Q = P'. In other words, a A-

scheme S has a Ag—model if and only if there exist a continuous monoid map
ME — Map(S, S), where S = S(K), such that the following diagram commutes.

T

Map(S, S)

/
ME,

where the map Divf, (K) x Gg ) — MYp is described in m
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Proof. For sufficiency, we follow the notation in [1.2.1} and follow a similar proof
shown in [1.2.2] and [1.2.3, We take a finite quotient of the monoid M%, that has

the following form

1 1 1

(B, [0/ 9(1))° % (By[1/£(8)" x Cu x (1+ TR [[51)/()

where f(t) is not divisible by any primes in P’ and ¢(¢) is only divisible by the
primes in P’. It is enough to show the K-algebra corresponding to each term in
the product has a P’-A(P’)-model.

By [1.2.2] we see that the algebra corresponds to the first, third and last term
has a IT\ {oo}-A(IT \ {oo})-model, so it must also have a IT'\ {oco}-A(P’)-model
(by forgetting the A-structure corresponding to the primes not in P’) and hence
a P'-A(P’)-model by shown below.

Moreover, since the primes in P’ are not ramified in the K-algebra corre-
sponding to the second term by [12, proposition 2.2], the ring of Rp-integral
elements inside the K-algebra together with the ring map ¢,(z) = w,(x) defines
a P'-A(P’)-model, where w, is the Carlitz polynomial defined in the beginning
of section 1.1. Finally, we can give a similar corollary as to conclude the
sufficiency.

For necessity, we view Div}, (K) X G as a submonoid of Div;[r\ (oo} (I ) X Gk.

We see that, since P’ contains all but finitely many primes, [1.3.1] and [1.3.2| applies
to the action of Div5, (K) x Gk on S, so the action of Div}, (K ) X G on S must
factor through the image of Divy, (K) x Gk under the map Divjy (. (K) x Gk —
Mg\\{{zf described in [1.4.7]

Therefore, we proceed by looking at the image under the map above. We see

that, since the copy of N in the p-th position is missing for each p € 11\ P’, the
image in the O, component must be invertible, i.e., must be contained in 0.
Furthermore, the image of G in the O, component is the whole Oy. Thus, we

conclude that the action of Div, (K) x G on S must factor through the monoid

(Hogx Ho;xz>/F;
veP! vg P!
This is the monoid given in with P = (Q = P’ and we are done. O]

Proposition 1.4.9. Let 0 denote the prime correspond to the prime ideal (t) C
F,[t] and let P' =11\ {0}. Theorem[1.4.6 holds for P = Q = P'. In other words,

a A-scheme S has a Ag:-model if and only if there exist a continuous monoid map
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ME — Map(S, S), where S = S(K), such that the following diagram commutes.

T

Map(S, S)

!
ME,

where the map Div}, (K) x Gr,) — Mp, is described in m

Proof. By reversing the roles of the primes 0 and oo and looking at the ring
F,[t7!] instead of F,[t], we repeat everything we have done in section 1.1 to 1.3
and similarly define a map Div},(K) x G — M} that is induced by a map
that sends Gk to its abelianization, which is isomorphic to the following group
by and by reversing the roles of ¢t and ¢~1.

Gr S F [t x Z x (1+ tF,[[t]))

On the second factor, the reversed by which we mean the same definition
but with the roles of 0 and oo reversed, tells us to send Divp: to M}, by the map

induced by the following.

N, = Oy x [[05 x Z
p#0
p—= ﬂ_(t)a (W,(t_1)7 W/(t_l)a 7T/(t_l)7 o aﬂ—/(t_l))v deg(ﬂ_l(t_l))

where p € P’ (i.e., p # 0), 7(t) is once again the unique monic generator of the
prime ideal of F,[¢] corresponding to p, and «'(¢~!) is the unique monic generator
of the prime ideal of F [t!] corresponding to p. One sees that, by homogenizing
7(t) to a function on Py then dehomogenizing it to an element in F,[t™'], we
see that m(t) and 7'(t) are related by 7'(t™') = A"t "7 (t), where X € F} is the
constant coefficient of 7(t) and r = deg(m) = deg(n’). Section 1.1 to 1.3 tells us
that S has a P’-A(P’)-model if and only if the map Div}, (K) x G — Map(S, S)
factors through the map Div}, (K) x Gx — ML described above.

It remains to show that the map S has a P’-A(P’)-model if and only if the map
Div}, (K) x Gg — Map(S, S) factors through the map a : Divh (K) x G — ML
described in m However, by the above, we described a map b : Div}), (K) x
Gxg — ML/, which the map Div}, (K) x Gx — Map(S, S) factors through it

if and only if S has a P'-A(P’)-model, so it is enough to give an isomorphism
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M}E — MZE such that the following diagram commutes.

a

Div} (K) x Gk Mp

el

!
MF,

We note that|1.3.1]tells us the image of G is contained in the image of Div}, (K),
so it is enough to give a map that between the monoids such that the image
of Div},(K) commutes in the diagram above. However, this is clear since the
image of N, agrees on both maps, and since for all p # 0,00, we see the O
and Oy components agree. Furthermore, for the O, components, v # 0, oo, the
corresponding generator of prime ideals in the two rings are related by 7/(t71) =
A1t w(t). Tt is clear that, since t € OF, the map O, — O, defined by x
A~1t7"x for each v # 0,00 induces an isomorphism MPE — M}, such that the

diagram above commutes. O

Corollary 1.4.10. Let P’ be a subset of I1\ {0} (containing all but finitely many
primes). Theorem holds for P =Q = P'.

Proof. One repeats the same proof but with the roles of 0 and oo reversed
as we have shown in [[.4.9] ]

1.4.11. (Base changing A-models) Let W C U C V C II (recall U, V, W contains
almost all primes as we defined in [1.4.1)). We show how to construct a U-A(W)-
model of a A-scheme S if S has a V-A(W)-model, and vice versa.

The case where U = V is obvious, so let us assume U C V. Let E be a
finite étale IF,(¢)-scheme with a V-A(W)-model, i.e. there is a finite flat reduced
scheme Sy over Spec(Ry ) such that Spec(IFy(t)) X,y Sv = E. Since we assumed
U C V C1I, there exists a ring Ry such that Spec(Ry)=U. Moreover, the fiber
Su = Spec(Ry) Xg,g Sv is represented by a finite flat and reduced algebra over
Ry and F,(t) ® Ay = E. Furthermore, both Sy and Spec(Ry) have a A(W)-
structure, the former by assumption and the latter by the fact that W C U. Since
the tensor product of A-rings is naturally a A-ring, Sy is a U-A(W)-model of E.

On the other hand, now suppose we have a finite étale IF,(¢) scheme L with
a U-A(W)-model, represented by the ring By. Let V/ C V such that Xy is an
open affine subset of Xy and let L' = L X Spec(F,[t]) Xv’ be an open affine subset
of L. Let Op g, denote the set of elements in the algebra representing L' that
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are integral Ry,. One sees that By: = By N Op/ g, is a finite flat and reduced
algebra over Ry . Furthermore, we see that By has a A(W NV’)-structure, since
both By and Ry has one. This works for all affine subsets of L containing U
and this construction gives us a V-A(WW)-model of L.

Corollary 1.4.12. Let W C U CV CII. Theorem holds for P =W, (Q) =
U if and only if the theorem holds for P=W and Q =V.

Proof. Suppose the theorem holds for P = W, Q) = U. Let S be a A-scheme with a
U-A(W)-model and let S = S(K). This is equivalent to the existence of a unique
map M}/ — Map(S, S) such that the map Divy},(K) x Gx — Map(S, S) factors
through it by assumption. By the is equivalent to having a V-A(W)-
model. We note that since W C U C V C II, M}Y = M}¥ by definition ,
so we have shown that the map Divyj,(K) x Gx — Map(S, S) factors through
MY = MY — Map(S,S) if and only if it has a V-A(W)-model, so the theorem
holds for P=W,Q =U.

The converse also holds by a similar argument. O]

Proposition 1.4.13. Let U CV CII and W C II such that (V \U)NW = 0.
Theorem[1.4.0 holds for P =U and @ = W if and only if the theorem also holds
for P=V and QQ =W.

Proof. Suppose the theorem holds for P = U and @ = W. Let S be a finite
étale F,(t) scheme with a W-A(V)-model X and let S = S(K). It is clear that
X is also a W-A(U)-model, since one may simply forget the Frobenius lift for all
p € V\U. This forgets the action of @V\U N on S, so we conclude that if S has a
W-A(V)-model then the action of Divy;(K) x G factors through M, x Dy N
Since U CV and (V\U)NW =0, V\W =V \UUU\ W where LI denotes a
disjoint union, My, x @y N = My

Conversely, suppose the action of Div{;(K) x G factors through M}, =
M, x @V\U N. This is equivalent to, by assumption, S having a W-A(U)-model
Y together with an action of @V\U N on it. We claim this is enough to show that
Y is a W-A(V)-model of S. Indeed, the case U = V is trivial. Otherwise, an
action of @V\U N on S induces an action on Y, which gives a family of commuting
maps, one for each p € V'\ U. We note that p corresponds to a unit ideal for any
p € V\ U in any affine open subset of Y, say Spec(A). Thus, any map A — A
is a Frobenius lift of p and the maps defined using that action of @V\U NonY
together with the A(U)-structure on Y gives Y a A(V)-structure.
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Now suppose the theorem holds for P = V and Q = W. Let S’ be a finite
étale FF,(t) scheme with a W-A(U)-model X’ and let S’ = S'(K). By a similar
argument as the paragraph above, X’ together with an action of @V\U N on X'
shows X’ is a W-A(V)-model of S, so the action of Divy(K) x Gk factors through
My,. Forgetting the action of @D\ N again shows if S" has a W-A(U)-model
then the action of Div);(K) x Gy factors through M.

Conversely, suppose the action of Div{;(K)x G on Map(S’, S’) factors through
M. This implies the action of @, N x Divy;(K) x G on Map(S', §') factors
through M, x @D, N, so 5" has a W-A(V)-model by assumption. Forgetting
the Frobenius lifts for each prime in V' \ U gives us a W-A(U)-model. O

1.4.14. Let U CV C W C II. There exists a map
MY — My
as follows. We have a map

PNxJ[ox[[o;xz— P Nx[[o;x[][0; xz

WA\U vel v¢U WA\V veV vV

induced by the identity map O, — O, for all O} and O; components by matching
labels (which induces an inclusion map O — OF on some components), the
identity map N — N in the p-th position for all p € W\ V, and the map

Ny = 05

n— "

where N, denotes a copy of N in the g-position in the product, 7 is the unique
monic generator of the ideal in F,[t] corresponding to q if q # co and 7 = ¢! if
q=oo, forallqe V\U.

The map above induces a map MY — MY by passing to the quotient of 7.

Lemma 1.4.15. Let Uy C U, CUs CW CI1I. Let f;j : M,EV — M(V]‘J/ be the map
defined in|1.4.14| for each 1 <1i < j <3. Then fi3= fazo fi2.

Proof. We follow and pick representative before taking the quotient of [Fy.
We go through each p € II and look at each component labelled by each p.

We first note that all f’s map the O} and O; components to O, under the
identity map, so the claim is clear on these components. It remains to show the

claim of each copy of N in the @W\Ui N part of the monoid.
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Let id : N = N be the identity map on N and let » : N — O; be the map
defined in the end of [[.4.14] We consider the following three cases of v.

Case 1: If v € W\ Us, then each f;; sends elements in N in the v component
to itself under the identity. Clearly, id = id o id.

Case 2: If v € U3\ Uy, then fy 3 and f) 3 send elements in N in the v component
to O, via the map r, but f; 2 is the map id. Clearly, » = r oid.

Case 3: If v € Uy\Uy, then f1 5 and f; 3 sends elements in N in the v component
to O, via the map r, but there are no N components labelled with v in Mg’,‘g SO fa3

is on the v components is the identity map on id, : O, — O,. Clearly, r = id,or.
]

Lemma 1.4.16. Let P,Q C II. The following diagram is a pushout diagram,

PUQ PUQ
Mpnag Mp

L

PUQ PUQ
M Q - M PUQ

where the maps are defined in[1.4.14.

Proof. Recall each monoid above is a quotient of a product of monoids, we first
show this is a pushout diagram before passing to the quotient of F;. We show
this by checking the universal property of pushout for each component.

For each O or O term, the diagram above is just a square induced by the
identity map O, — O, (which induces a map O; < Op on some components),
so it is enough to show that, for p € P\ @, the following diagram

N N

o O

where the top and bottom maps are the identity map, and the vertical maps are
the map shown in the second part of [1.4.14, However, it is clear that the square

above is a pushout diagram. O

1.4.17. Let U C V C W C II. Suppose theorem holds for U-A(W)-
models and for V-A(W)-models, so there exists maps M} — Map(S,S) and
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MY — Map(S,S) such that the map Div{i,(K) x Gx — Map(S,S) factors
through such maps.

Let S be a finite étale scheme over K with a U-A(W)-model, hence also a
V-A(W)-model by [1.4.12] we have the following diagram.

DiVW X GK

Mapgg

where the maps a, b are defined in [1.4.4] the map c is defined in and the
rest of the maps are the same maps as in theorem [1.4.6,

Proposition 1.4.18. The above diagram in commutes

Proof. We see that the bottom left triangle and the big, outer triangle commutes
since we assumed theorem to hold for our subsets of II. Thus, it is enough
to show the commutativity of the top triangle involving the maps a, b, c.

Once again, we do this by picking a representative of elements in M}}" and
MY before taking the quotient of [y Since for all p € U, the map c is induced
by the identity map O, — O,. For p = oo, the map c is induced by the identity
maps O — O and N — N.

Finally, for the components in the 0-position, the maps a and b are both
sending G'i to its abelianization via the isomorphism given in(1.1.7 Furthermore,
the N component in the 0-th position in Div}, and in M{} are both sent to ¢t € O
in M{}. Therefore, by passing to the quotient of [y, we have shown that the top

triangle commutes, hence the whole diagram commutes. O]

Proposition 1.4.19. Let U,V be subsets of W C 11 such that UUV =W (and
U,V contains all but finitely many primes). Suppose theorem holds for the
cases where P =Q =U and P =Q =V and P = Q = (UNYV), then theorem

[1.4.6] holds for P=Q =W.

Proof. Suppose X is a W-A(W)-model of S. This is equivalent to saying that
Xu = X Xgpee(r, 1)) SPec(Ry) is a U-A(W)-model and Xy, similarly defined, is a
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V-A(W)-model, and their pullbacks to Spec(Ryny) agrees as a (V N U)-A(W)-
model of S.

However, by assumption, the existence of a V-A(V)-model is equivalent to
the existence of a map MY, — Map(S, S) such that the map Div"(K) x G —
Map(S, S) factors through it. Furthermore, applying shows the existence
of a V-A(W)-model is equivalent to the existence of a map MY — Map(S,S)
such that the map Div(K) x G — Map(S, S) factors through it.

Similarly, the existence of a U-A(U)-model and U N V-A(U N V)-model is
equivalent to the existence of a map MY — Map(S,S) and a map MJY —
Map(S, S) such that the map Div'(K) x Gx — Map(S, S) factors through them.
Applying again gives the equivalence of a existence of a U-A(WV)-model,
respectively a U N V-A(W)-model, to a map M}} — Map(S, S), respectively a
map M., — Map(S, S), such that the map Divt (K)x Gx — Map(S, S) factors
through it.

To summarize, S has a W-A(W)-model if and only if there exists maps from

the monoids to Map(S, S) in the following diagram, where the other maps are

defined in [1.4.4] and [1.4.14l

D1V+(K) X GK

o

My My
MY Map(S, S)

But |1.4.16| shows the bottom right square of the diagram is equivalent to a
map MY — Map(S,S). Furthermore, this diagram commutes by [1.4.18] so the
diagram gives a map Div'(K) x Gx — MY by following either paths of the

following diagram.

Divt(K) x G MY, ——— MY

]

MY My
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Finally, we check this map Div" (K) x Gx — M} agrees with the map we defined
in|1.4.4] It is enough to check if the following diagram commutes,

Divt(K) x Gk MY,

S

My

where the maps going away from Div'(K) x Gk are the maps defined in and
the vertical map is defined as the composition of maps M}, — MY/ — M} (or
MY, — MY — M) defined in [1.4.14] which by is also the map defined
in [1.4.14) However, the diagram above is exactly the triangle with maps labelled
a,b,c in [1.4.18] which commutes for all subsets of II satisfying the containment
condition in and we have (UNV) CW CW. O

1.4.20. Proof of theorem|1.4.6. We claim it is enough to consider the case P =
Q. Indeed, for any set VU, V =V \ QU V N Q, where LU denotes the disjoint
union, we see that the theorem holds for P = V and Q = U if and only if the
theorem holds for P =V NU and Q = U by [1.4.13] Furthermore, by [1.4.12] the
theorem holds for P = V N U and () = U if and only if the theorem holds for
P=Q=VnU.

We now show the theorem holds for P = Q = W for all W C II. We use[1.4.19)
to show this. In other words, for each W, it is enough to give two sets U,V C W
with U UV = W such that the theorem holds for P=Q =U, P =@ =V and
P=Q=VNU. Let V:= W\ {oo} and U := W\ {0}, it is clear that U,V C W
and UUV =W. Since (VNU) CV CII\ {oo}, we see that the theorem holds
for P=Q =V and P=Q =VNU by[1.4.8 Similarly, U C II\ {0}, the theorem

holds for P = @ = U by [1.4.10] O



Chapter 2

Background

2.1 Definition and Notation

We follow most of the set up and definitions in [13]. Let K be a global function
field of over a field of constants IF,,, with the largest finite field contained in K
being F, = F,m. We use the symbol oo to denote a place of K which is fixed
throughout this chapter.

We use the word “prime” and “place” interchangeably, and for any field ex-
tension L/K, we use phrases such as “p is a finite prime of L” to mean p { oo.
We reserve the letter p or m to denote a place of K, which usually excludes oco.
We define K, to be the field K completed with respect to the topology defined
at p, i.e., by picking a uniformizer ¢, K, = F na,((t)) and we refer F m4, as the
residue field of p and d, the residue degree. We have a function v, : K* — Z
known as the valuation and we almost always assume such a map is normalized,
i.e., the map v, is surjective and hence v,(t) = 1. We often drop the subscript
and just refer to the valuation as v if there is no ambiguity of which place p we
are working with.

There is a notion of absolute value for a fixed valuation. We define
[ o Ky = Q

to be a function such that 0|, = 0 and |z|, = ¢~%*®@ for all  # 0. We define
the ring O, C K, as the set of elements O, = {z € K, | |z|, < 1} and the units
O, ={r € K, | ||, = 1}. We often denote the absolute value | - |, as |- |,.

We use C to denote the completion of the algebraic closure of K,. The letter
C is chosen since C is both algebraically closed and complete so one can think of

C as the function field version of the complex numbers.

28
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2.1.1. We define a function deg : K — Z such that deg(z) = —dwvoo(x). We
also define A = A, C K to be the ring of elements that have no poles away from
00, so every element a € A has deg(a) € Z>o and deg(a) = dimg,(A/(a)). For a
field L/ K, we define Ay, to be the ring of integral elements in L over A. Since an
extension L/K throughout this chapter is almost always an algebraic extension
of K, we identify L as a subfield of C so A C Ay C Ae.

2.2 Containment of Abelian Extensions

We give a sufficient condition for an abelian extension to contain another. We
follow Chapter VII, section 13 of [I7] very closely, with some minor adaptation
and changes from number fields to function fields, we include the results here for

the convenience of the reader.

Definition 2.2.1. Let S,T be two sets of places of K. We say S <X T if s €
S = s € T except for finitely many s € S. We say S contains almost all primes
if S < {All places of K}.

Definition 2.2.2. Let L/K be a finite abelian extension of K. We denote
P(L/K) to be the set of totally splitting primes of K in L. We denote P,k (o),
o € Gal(L/K), to be the set of unramified primes p of K such that o is the

Frobenius element of p.

Lemma 2.2.3. Let K C L C N be a tower of fields such that L/K and N/K
are finite abelian extensions. Let G = Gal(N/K) and H = Gal(N/L), then

P(L/K) = | J Pyx(o) (2.2.4)

Proof. Let p be a prime in K. Let p be unramified in the extension L/K and
let UPL/K € Gal(L/K) denote the Artin symbol of p in L/K. Following the proof
in Chapter VII, lemma 13.5 of [I7], the result is clear since in this finite abelian

setting, since
p € P(L/K) < p splits completely in L/K
oo/ =1eGal(L/K)=G/H
& UéV/K eH

= pc U PN/K(O>

oceH
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Proposition 2.2.5. Let L/K, F/K be finite abelian extensions of K. Then
P(F/K)= P(L/K)& FCL (2.2.6)
where P(F/K) = P(L/K) is defined in definition [2.2.1

Proof. The <« direction is clear, so let us follow Chapter VII, Proposition 13.9

of [I7] to prove the = implication in (2.2.6). Let N/K be an abelian extension

over K containing both F' and L, Let G = Gal(N/K), H = Gal(N/F) and
= Gal(NN/L). Using equation ([2.2.4), we have

P(L/K) = ) Pvk(0) = P(F/K) = | ] Pyn/x(0)
oceH'’ occH
Let o' € H" and let p € Pn/k(0’). Such a prime always exists since the Tcheb-
otarev Density Theorem for function fields (see Theorem 9.13 of [19]) indicated
that there are infinitely many primes of K in Py,x(0’), so there are still infinitely
many choices even if we excluded finitely many. By the containment above, there
exists some o € H such that p € Py/x(0). However, since N/K is an abelian
extension, ¢’ must equal to o as they are both Frobenius elements of p and Frobe-
nius elements are unique. Therefore, 0/ € H for all 0/ € H' and hence H' C H
and L D I as required. O

Corollary 2.2.7. Let L/K, F/K be finite abelian extensions of K. For any
7w a place of K, let af/K and af/K denote the Frobenius element at w in the
extensions L/K and F/K. Then F is a subfield of L if and only if there exists a
group homomorphism

0: Gd(L/K) — Gal(F/K)
such that 0(o L/K) oLK for all but finitely many places ™ of K.

Proof. Suppose F' is a subfield of L, then it is easy to see that the restriction
of the Frobenius element in L is the Frobenius element in any of its subfields,
including F'. This result can be found in many class field theory textbooks, such
as proposition 1.6 in [5]. This shows the forward implication.

For the converse, we have a group homomorphism 6 : Gal(L/K) — Gal(F/K)
with Frobenius elements agreeing in both Galois groups for almost all places.

Therefore, for almost all primes p, we have:
p in K splits completely in L < apL/K =1¢€ Gal(L/K)
= 0(or") =1 € Gal(F/K)
& p in K splits completely in F
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Hence, we see that P(F/K) = P(L/K) and by proposition we must have
FCL. [

2.3 Ray Class Fields

We give three definitions of the ray class group for function fields and we show that
each definition is canonically isomorphic to the other definitions. We use these

definition interchangeably in the upcoming sections without further elaboration.

We say f is a cycle on K if f is a (finite) formal product of primes of K and
we almost always assume that it is supported away from oo, i.e. § = Hp 2o P
ny > 0 for all p. We will write the index n, as ord,(f). Since any ideal 0 # I C A
can be written as a unique product of prime ideals of A, we can view any non-zero
ideal I as a cycle by viewing [ as a product of prime ideals. Similarly, we can

view any cycle supported away from oo as a non-zero ideal of A.

For an element z € K*, we slightly abuse notation and also denote its p-adic
order (vy(z) in the previous section) as ordy(x), i.e., if we pick a uniformizer ¢,
of K, and view x as an element of K, we can write x as a power series over the
residue field of p in ¢, ie., x = Zigordp(@ ait, With aora,@) # 0. Note that if
x € A so that ord,(z) > 0 for all p # oo, then the two definitions agree if we
view x as a finite product of primes.

Everything we show here is based on James Borger’s unpublished notes on ray

class groups, with changes and adaption from number fields to function fields.

Definition 2.3.1. Let f be a cycle on K supported away from our chosen place

00, p a place of K. We fix the following notation:

T; = {the group of fractional ideals of A coprime to f, oo}
K(f) = {z € K* | ordy(x — 1) > ord,(f) for all p dividing f}
P; = {the image of the map K(f) — Z;}

The ray class group of conductor f totally splitting at oo, denoted as Cly(f), is
defined to be the quotient Z;/P;.

Definition 2.3.2. Let f be a cycle on K supported away from our chosen place
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00, p a place of K. Fix the following notation:

A’ = the idele grouleKg ={r=(-,zp, )}
p
where z, € K, and for all but finitely many p, z, € O,
U,(K,) ={z € O | ordy(z — 1) > n} where n > 0 and p # oo
Un(Ks) = K;Vn >0
Ui ={z € Ak | 7y € Upq,(5)(K,) for all p (including p = oo)}
The ray class group of conductor f totally splitting at oo, denoted as Cly(f),

is defined to be the cokernel of map K* — A% /U; induced by the diagonal
embedding K* — K for all p.

Proposition 2.3.3. Definitions [2.5.1 and |2.5.2 agree. More precisely, let v, :

Ky — Z be a surjective valuation for each prime p (including p = o), then the

following map
A% — {ideals of A}
(- 7$P7"') — Hpvp(xp)
p

induces an isomorphism Cl(f) — CL(f) for all cycles § on K supported away

from oc.

Proof. We first make the following definition;
Uf' ={r € Ak | xp € Usa,(5)(Ky) for all p | §}

We have the following diagram:

F, K(f) P;
diag diag
Us Ul ! T
0
Ui/ (A" N K () Afe/K" - Cl(f)

The map 6 is the cokernel map K* — AJ /U; induced by the diagonal embedding
K* — K for all p introduced in definition m The map -y is the map defined
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in the proposition, i.e., it is defined by sending an element x € Uf’ to the ideal
prfoo pvr (@) where vy K — 7 is a surjective valuation. Note that the product
above is finite, since there are all but finitely many z, € O;.

We first show the middle column is fully exact and we start by constructing
a surjective map 6. We then show the top and middle rows are fully exact and
conclude that there is an isomorphism between Cl (f) and Cly(¥).

The map 6 is surjective: We start by taking any y € A} and we show that
there exists k € K* such that y — k € Uf’ . In other words, we will find some

k € K* such that for all p | f, ordy(y, — k — 1) > ordy(f), or equivalently,

—ord
‘yp ok 1|p < q, p(H)

this is true by the following result.

, where g, is the size of the residue field of K,. However,

Theorem 2.3.4. Let vy be a fixed valuation of the global field K. Suppose we are

given the following:
1. a finite set S of valuations v # vy;
2. elements o, € K, for allv € S;
3. €>0.

Then, there exists f € K such that | — |y, < € for allv € S and |B], < 1 for
allv ¢ S, v #wvy.

The proof of the statement above can be found in the proof of the strong
approximation theorem in the beginning of section 15 of [4]. If we let vy = o0,

= {primes dividing f}, o, = vy, and € = miny(g, 4 (M) " then the theorem
ensures the existence of k € K such that |y, — k — 1|, < ¢, rde® for all p # oo
and hence the map 6 is surjective.

The kernel of 6 is K(f): y € Ker(#) if and only if there exists k € K* such that
diag(k) = y and y, € Usa, () (k) for all p | §, which is equivalent to k € K(f).

Since the middle column and the right column are both exact, the exists a

unique map ¢ such that the bottom right hand square of the diagram commutes.

Top row is exact: The map K(f) — Pj is surjective by definition. Further-

more, k sends to 1 € Pj if and only if k& has zeroes and poles only at places
dividing foo. However, for all p | f we have ord,(k — 1) > ord,(f), so k£ has no

zeroes or poles at p | f either. Therefore, kK must be a global unit and hence in F;

Middle row is exact: The map Uj — Z; is clearly surjective, for all I € Z; one
takes H, Uordp(l)(K;) to be its pre-image. Let z be in the kernel, then for all
p
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p 1§, ¥, € O, which is equivalent to x, € Upaq, () (/) since ordy(f) = 1. Hence
x € Uj.

Since the middle column, the right column, the top row and the middle row
are all fully exact, the bottom row must be fully exact by the snake lemma.

Hence, we have the isomorphism

~

Cly(f) = A% /UiK* = CLy(f)
Il

Definition 2.3.5. Let f be a cycle on K supported away from co. For any

A-module M, an f-trivialization of M is defined to be an isomorphism
L Aff®a M %A/f

Trivialized invertible A-modules form a category. A morphism from (M, ;) to
(M3, 19) is defined to be an A-module homomorphism 6 : My — M such that the
endomorphism of A/f induced by the trivialization is the identity. We make the

following notation:

PLC;(A) = the category of f-trivialized invertible A-modules
Pic;(A) = the set of isomorphism classes of objects of PZC;

The ray class group of conductor f totally splitting at oo, denoted as Cls(f), is
defined to be Pic;(A).

Proposition 2.3.6. Definitions [2.53.1] and |2.53.5 agree. More precisely, the map

B+ Iy = Pic;(A), defined in the first paragraph of the proof, induces an isomor-
phism ClL(f) — Cl(f) for all cycles §f on K supported away from oo.

Proof. We define a homomorphism 8 : Z; — Picj(A) as the following. Take a
fractional ideal J € Z;, since it is supported away from f, its image in K, for
all p | f is contained in O,. Therefore, there is a canonical f-trivialization whose
p-part is given by

J — O, = 0, /pd®

Note that since we can always find j € J such that j = 1 mod p°*%»® the map
Oy /f®aJ — AJ/f induced by the map above is an isomorphism. We show that J
is surjective and the kernel is P;.

Surjectivity: Let M be an f-trivialized invertible A-module. Since M is an

invertible A-module, K ® 4 M = K, so we have an isomorphism between M and
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some fractional ideal J. Let m € M be an element mapping to (1,---,1) under

the trivialization

M — A/f =5 T A/per®®
p

Let x € J be the element corresponding to m via the isomorphism between M
and J. We claim that the canonical trivialization of x71.J is isomorphic to M.

Indeed, we have the following diagram:

Alf®@a M

A/

Aff@aa™l] Aff

The horizontal maps are all isomorphisms and the left map is also an isomorphism
induced by the isomorphism between M and z~!J, so the right map has to be an
isomorphism. Hence, to show if it is the identity map, we just need to check if it

sends 1 to 1 and by chasing the maps in the diagram above, we get

Alf — Aff @A M — AJff@sx™ T — AJf

1 — m 1t 1

Kernel: Suppose J € Z; has canonical trivialization isomorphic to the identity.
Then, we must have an isomorphism of A-modules J = A and let € J be the
pre-image of 1 and it is clear that J = (x). Since z is the pre-image of 1,
the induced map A/f ®4 () — A/f sends = (or 1 ® x to be more precise) to 1.
Therefore, the map sends z—1 (or I®x—1®1) to 0 and hence ord,(z—1) > ord,(f)
for all p and so = € K(f). O

Since the definitions we gave are all canonically isomorphic, via the isomor-
phisms shown in [2.3.3 and [2.3.6 we often drop the subscript numbering and just
denote the ray class group as CI(¥).

Proposition 2.3.7. Let | be a cycle on K supported away from oo. The group
CI(f) is finite and there exists a canonical field L with Galois group Gal(L/K) =
CIU(f). Furthermore, a prime p is ramified in the extension L/K if and only if
p | f. Moreover, oo splits completely in L/K.
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Proof. Using the second definition of the ray class group Cly(f), we first show the
existence of the field using part (D) in the main theorems of abelian extensions
stated in section 5 of [23], which states that every open subgroup of finite index N
in A% /K* corresponds to a unique abelian extension L/K such that Gal(L/K) =
(A% /K*)/N. Therefore, to show the first part of the proposition, we just need

to show Uj is open and is of finite index.

We follow the construction in section 16 of [4] for the topology of A% /K*.
The topology of A% /K* is induced by the restricted product topology of the K,
with respect to the units Op. In other words, a set S" C A% /K* is open if a
pre-image S in Aj has p-th component equals to an open subgroup of K for
all p and for all but finitely p the p-th component equals Oy. However, recalling
that Uy = {x € A% | 2, € Uoa,() (k) for all p}. Therefore, for all p { foo, the
p-th component of U; equals to O; and hence Uj is an open subgroup of Aj K.

We now show the index of Uy is finite. A proof of the fact that Cly(1) is finite
can be found in the last theorem in section 17 of [4]. The proof involves the
topology of the ideles and the fact that a compact discrete group is finite, which

we are not going to get into detail here.

For a general f, we first compute the kernel of the map A} /U; — A% /U;
induced by the inclusion map 1+ t;rd“(f) O, — O;. One of the group isomorphism
theorems says if one has a chain of groups N; C Ny C G such that Ny, Ny are
normal subgroups of G, then there exists an isomorphism (G/Ny)/(Na/Ni) =
G/N,. Therefore, the kernel of A} /U; — Aj/U; is isomorphic to U;/U; =
[1,; © 0:/(1+ 75 00,)

We continue by working at each p separately. One observes the cosets of the
quotient Oy / (1 +t;0y) for all n can be represented by an element of the form
ap + arty + -+ 175”_1 where each a; is an element of the residue field, with
ag # 0. Hence, there is an isomorphism between Oy /(1 + t7O,) and (O, /p")*.
Furthermore, the natural inclusion A — O, induces an isomorphism A/p" =
O,/p". Therefore, the kernel of the map A% /Ui — Aj/U; is isomorphic to

mw/uHM(oznﬁmw%r:mm.
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We have the following commutative diagram:

F: div(K*) div(K*)
(Aff)" Afe/Uj Ay /Uy
(A/f) /T, Cly(7) Cly(1)

We have already established that the middle row is exact. For the top row, we
used div(K*) to denote the image of K* in A, i.e., div(k) =[], %™ for all
k € K*. The kernel of div(K*) — div(K™) must be the elements in K* that have
no zeroes (or poles) anywhere, hence the kernel must be contained in F;. Tt is
clear that, by definition, the middle and the right columns are exact, hence the
bottom row must also be exact. Therefore, CI(f) is an extension of a finite group
by another finite group, hence finite.

For the second part of the proposition, note that for all p prime in K, we have

the following commutative diagram:

K; Gal(K2>/K,)
A% K Gal(K*"/K)
As KU Gal(L/K)

where the top map K — Gal(K?"/K,) which we denote as 6, which is the same
map 6 introduced in section 2.2 in [20] known as the reciprocity map. The middle
map A% /K* — Gal(K?"/K) is the global Artin map. The definition of the global
Artin map, and the fact that the top square commute is a consequence of global
class field theory and the map Aj, — G (where G is a complete commutative
topological group) is unique if the map satisfies some properties. For more detail,
see the section titled “Relation Between Global and Local Artin Maps” in section

6 of [23]. Finally, the bottom map is an isomorphism by the definition of L.
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Let I denote the inertia subgroup of Gal(K32"/K,). By theorem 3a in section
2 of [20], the map 6 gives an isomorphism between O; and Iy, hence a prime p
is unramified if and only if the image of O, on the left column is trivial. But this
happens if and only if U contains Oy, which happens if and only if p { f.

Finally, for the place oo, note that every element in K; maps to the trivial
element in Gal(L/K). Therefore, the Frobenius element at oo is trivial and hence

oo splits completely in L/K. ]

Definition 2.3.8. We define the ray class field of conductor § totally splitting at oo

to be the field corresponding to the ray class group of conductor f and we denote
such a field by K;. We almost always assume our fields to be totally splitting at
00, so we often drop the “totally splitting at co” at the end of our description

and call Kj the ray class field of conductor f.

In the case where § = 1, we usually refer to Ky as H or H,, and we call this
the Hilbert class field totally splits at oo or just the Hilbert class field.

Corollary 2.3.9. Gal(K;/H) = (A/f)"/F;

Proof. By Galois theory, Gal(Kj/H) is the kernel of the map Gal(K;/K) —
Gal(H/K), but this is clear in the first diagram of the proof of proposition [2.3.7]
[

Proposition 2.3.10. The Frobenius lift of a prime ideal co-prime to § in Gal(K;/K)

is the image in Ch(f) under the canonical map
{Ideals of A prime to §} — CL(f) = Gal(K;/K)

Proof. Let L denote the field Kj, p be a prime ideal co-prime to § and let L,
be the local field containing L obtained by localizing at some prime above p. In
order to show that ¢ € Gal(L/K) is the Frobenius element at the prime p, we

start with the following commutative diagram:

/ i el
{Ideals prime to f} Gal(L/K) Az,

/

Hp Gal(Ly/Ky)



2.4. GROTHENDIECK TOPOLOGIES AND SHEAVES 39

where the maps involving Cl;(f) and Cly(f) are defined in their definitions [2.3.1]
and 2.3.2] The map A} — Gal(L/K) is the global reciprocity map shown in the
main theorems of abelian extensions stated in section 5 of [23]. The map A} —
[1, Gal(Ly/K,) is the map induced by K — Gal(L,/K,) which was denoted as ¢
and it is map introduced in section 2.2 in [20] known as the reciprocity map. The
map [, Gal(L,/K,) — Gal(L/K) is defined by taking the product of the image
of Gal(L,/K,) — Gal(L/K) for each p. Note that this is a finite product because
almost all entries are in O; and by theorem 3a in section 2 of [20], any p prime
to f must send Oy to 1. The fact that bottom triangle of the diagram commute
is once again a consequence of global class field theory and the uniqueness of the
map Aj — G (where G is a complete commutative topological group) if some
conditions are satisfied. We once again reference “Relation Between Global and
Local Artin Maps” in section 6 of [23].

Let [p] denote the image of p in Cly(f), we pick a lift of [p] in AJ, for example
the element (---,1,1,¢,1,1,---) where the only non-1 entry is at the p-th position
and ¢ is a uniformizer of K. The map Cly(f) — CLi(§) is induced by Uj — Z; by
the diagram in the proof of [2.3.3 so the image of (---,1,1,¢,1,1,---) in CL(f)
is [p]. Furthermore, the image of (---,1,1,¢,1,1,---) under the projection map
onto K, is clearly just ¢.

To identify the image of ¢ in Gal(L,/K,), we use the following result, which

is listed as proposition 2 of section 2.5 in [20].

Proposition 2.3.11. Let L,/K, be an unramified extension (of local fields) of
degree n and let oy, € Gal(Ly/Ky) be the Frobenius element. Let o € K and let

v(a) be its normalized valuation (i.e., v : K* — Z is a surjective homomorphism,).
Then 6(a) = o3

Since t is a uniformizer, it is clear that v(t) = 1 so 8(t) = o0,. Finally, we
remark that any two choices of lift of [p] in Aj differ by an element in K*Uj,
which maps to 1 € Gal(L/K) by definition of L. Therefore, the image of [p] in
Gal(L/K) equals the Frobenius element at p. O

2.4 Grothendieck Topologies and Sheaves

We follow the notation of sheaves and schemes in section 1.4 of [I8] and the
notation of Grothendieck topologies in section 2.3 of [24]. Let D be a category
and we denote an object D in D as D € obj(D), or sometimes slightly abusively,
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D € D. We consider functors F of the form
F : D°® — (Sets)

where (Sets) denotes the category of sets. We call this type of functor a presheaf,
or more precisely, we say F is a presheaf on D if F is a functor from D°? — (Sets).
A morphism of between presheaves is a morphism of functors, also known as
natural transformation.

For every D € obj(D), we can define a presheaf on D via the Yoneda imbed-

ding. More precisely, for every D, we have

hp : D°® — (Sets)
C' +— Homp(C, D)

Conversely, a functor F is called representable or represented by D if there
exists some object D € obj(D) such that F(C) = Homp(C, D). We sometimes
abuse notation and call a representable functor by the object it is represented by.

In other words, we say D € obj(D) is a presheaf on D to mean the presheaf hp.

2.4.1. Let F be a presheaf and hp be a representable presheaf on D. The Yoneda
lemma ([22], tag 001P) states that there is a natural bijection between morphisms
hp — F and F (D). This natural isomorphism is induced by sending d : hp — F
to dp(idp) € F(D), where dx represents the morphism dy : hp(X) — F(X) for
each X € D and idp denotes the identity map idp : D — D. In particular, to
specify a morphism between the representable functors hp — h¢, it is enough to

specify an element in he(D) = Homp (D, C).

From now on, we always assume that fiber products exist in our category. Let

C, D1, Dy € 0bj(D), we denote the two project maps as pri and prj. Le., we have
pf{ : D1 Xc D2 — D1
and similarly for pr3.

Definition 2.4.2. ([24], 2.24) Let D be a category. A Grothendieck topology
on D is, for each object D € obj(D), a collection of sets of arrows {D; — D},
where ¢ ranges over some indexing set. Such a set is called a covering of D. The

collection of coverings satisfies the following properties.

1. Let C'— D is an isomorphism, then {C — D} is a covering of D.
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2. If {D; — D} is a covering and C' — D is an arrow in D. Then {C' xp D; —
C'} is a covering of C.

3. If {D; — D} is a covering of D and {D;; — D} is a covering of D;.
Then {D;; — D}, where the morphisms are defined by the composition
{D;; = D; — D;}, is a covering of D.

A category with a Grothendieck topology is called a site, in other words, we

say D is a site to mean D is a category with some Grothendieck topology on it.

Definition 2.4.3. ([I§], 2.2.2) Let D be a site and let F : D — (Sets) be a
presheaf on D.

1. We say F is separated if for all D € D and all covering {D; — D}, the map
F(D) = [ F (D))
is injective.

2. We say F is a sheaf if for all D € D and all covering {D; — D}, the

sequence

i i
is exact, where the two maps on the right are induced by the two projections
pry D,L XD D] — Dz and pry Dz XD Dj — D]

Proposition 2.4.4. ([1§], theorem 2.2.4) Let D be a site. The inclusion
(sheaves on D) — (presheaves on D)

has a left adjoint F — F°.

Proof. We give the construction of the left adjoint and we omit some of the
justification. For a complete proof, one can follow the proof given by Olsson in
the source cited above.

We show both of the inclusions
(separated presheaves on D) < (presheaves on D) (2.4.5)

(sheaves on D) — (separated presheaves on D) (2.4.6)

have left adjoint, then the composition of them gives what we want.



42 CHAPTER 2. BACKGROUND

We first construct the left adjoint in (2.4.5). Let F be a presheaf on D. For
D € D, we define an equivalence relation on F(D) where a ~ b, a,b € F(D), if
there exists a cover {D; — D} such that the images of a and b agree under the
map F — [[, F(D;). Let F* be defined with D-points F*(D) = F(D)/ ~. One
checks that F* is a presheaf on D and that if G is a separated presheaf on D,
any map F — G factors (necessarily uniquely) through F*. Thus F* is the left
adjoint of the map in ([2.4.5)).

Now we construct the left adjoint in . Let F be a separated presheaf
on D and let U € D, we first define a functor F’ which associates U to the set of
pairs

({Ui = U}iez, {a:})

where {U; — U}, i ranges through an indexing set Z, is a covering of U in the

site D and an element
{a.;} e B[ [F W) = [] FWi xv U)))
i€ ijeT
where Eq(—) denotes the equalizer of the maps. We define an equivalence relation

on F'(U) by defining two pairs

({Ui = Utiez, {ai}) ~ ({V; = U}jes,{b;})

are equivalent if for alli € Z, j € J, a; and b; have the same image in F'(U; X/ V).

The U-point of the functor F* is the equivalence classes of F’, i.e.,
FHU) = F(U)/ ~

One checks F* is a sheaf on D and any map F — G, where G is a sheaf factors
(necessarily uniquely) through the map F — F° defined by a — ({id : U —
U}, {a}). Hence F* is the left adjoint of ([2.4.6]). O

We further define what we mean by a scheme in this functorial approach.
Almost all of the definitions related to schemes for the rest of this section can be

found in section 1.4 of [1§], unless stated otherwise.

Definition 2.4.7. Let f : F — G be a morphism of presheaves on D. We say
that f is relatively representable if for every D € D and every g : hp — G, the
presheaf hp xg F is representable.

We remark that the presheaf hp xg F is defined by C +— hp(C) xg(cy F(C)
where the fiber product is taken in (Sets).
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From now on, D° will be the category of algebras over a ring R, which
we denote as (Algg). An affine schemes S is a representable functor, so it is
represented by some R-algebra, say 7', and the affine scheme S = hr is denoted
as Spec(T).

Definition 2.4.8. A morphism of functors f : F — G is an affine open (or
closed) imbedding if

1. f is relatively representable, in the sense of definition [2.4.

2. For all X € D and g : hp — G, the presheaf hp xg F — hp is an open (or
closed) imbedding.

As aremark, the first condition says that the presheaf hp x gF is representable,
so the second condition hp xg F — hp is morphism of affine schemes, which is
equivalent to a morphism of rings by[2.4.1] so it makes sense to say if the morphism
is an open (or closed) imbedding.

We say that a presheaf F over D is a big Zariski sheaf if F is a sheaf (see
in the global Zariski topology. In other words, a covering {U; — U} in D is
a collection of open affine subschemes U; < U that covers the whole topological

space U.

Definition 2.4.9. A morphism sheaves g : F — G over D is called surjective if
for any U € D and u € G(U) there exists a Zariski covering {U; — U} such that
u; € G(U;) is in the image of F(U;) for every 1.

Definition 2.4.10. A functor F : (Algp) — (Sets) is called a separated R-
scheme (also called a separated S-scheme if we let S = Spec(R)) if the following
holds

1. F is a big Zariski sheaf;

2. The diagonal morphism A : F — F x F is an affine closed imbedding, in
the sense of 2.4.8];

3. There exists a X; € (Algy)° and morphisms v; : hx, — F such that each v;
is an affine open imbedding and the map of big Zariski sheaves [ [, hx, = F
is surjective, in the sense of [2.4.9]

Remark 2.4.11. An R-scheme (or S-scheme if S = Spec(R)) can be defined
similarly if we replace condition 2 in definition [2.4.10| with the following:

Let F2 = F x F, then A : F — F? has the following property: for any
U € (Algg)° and hy — F2, the fiber product F X z2 hy is a separated U-scheme.
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Remark 2.4.12. In proposition 1.4.11 in [I§], Olsson proves that there is an
equivalence of categories between separated R-schemes, defined using the tradi-

tional point-set topology method (such as the method shown in chapter 2, section

4 of [11]), and functors that satisfy criteria 1-3 in definition [2.4.10

Definition 2.4.13. ([24], section 1.2) Let D be a category and let X € D. We
define the comma category of D over X, denoted as (D/X), to be the category
defined as the following. An object in D/X is of the form (U,u) where U € D
and u : U — X is a morphism in D. A morphism (U,u) — (U',v') in D/X is a
morphism f : U — U’ in D such that u = v/ o f. In other words, a morphism in

D/X is a morphism f such that the following diagram commutes.

U U’
uN,
X

Schemes form a category, denoted as (Sch) (where morphisms are morphisms
of functors). The category of schemes over a base scheme S, or just S-schemes in
short, denoted as (Sch/g) or (S-Sch), is the comma category over (Sch) defined
above. We also sometimes denote the category of S-schemes as (Sch,z) or (R-Sch)

if the base scheme S = Spec(R) is an affine scheme.

Definition 2.4.14. ([24], definition 2.57) A site or a topology T on a category D
is called subcanonical if every representable functor F : D°? — (Sets) is a sheaf

with respect to 7.

Example 2.4.15. We give some examples of a Grothendieck topology on (Sch/g),
without justification. Firstly, the Zariski topology on (Sch,g) is an example,
where coverings are jointly surjective (recall the definition of surjectivity in
open subsets of a given scheme. Another example of Grothendieck topology over
(Schyg) are the fppf topology, where coverings are jointly surjective flat morphisms
locally of finite presentation.

A morphism of schemes S’ — S is étale if it is formally smooth, formally
unramified and locally of finite presentation. Another example of a Grothendieck
topology is the finite étale toplogy on (Sch,s), where covering are finite, étale and

jointly surjective morphisms.

Remark 2.4.16. Each of the topology on (Sch/g) shown in [2.4.15 are usually
defined as the big or global sites. The big topology refers to the site such that
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objects are any scheme U over S, without requiring any properties on the map
U—S.

On the other hand, we can define the small topology, which is the subcategory
of (Sch/g) such that objects are S-schemes V' such that the map V' — S has the
property defined in the topology, e.g., we require V' — S to be finite étale (not
necessarily surjective) in the small finite étale site.

We always talk about the big sites in the following chapters, unless stated

otherwise.

We end the section by stating that all the sites we mentioned in i.e., the
fppf, étale and Zariski topology on (Algg)° are all subcanonical sites. In other
words, all affine schemes are Zariski sheaves, fppf-sheaves and étale-sheaves. A
proof of this can be found in theorem 2.55 in [24], which is done by refining all the
topologies mentioned above to the fpqc topology, then proving directly that the
fpqc topology is subcanonical. Since sheaves are defined using local conditions,

this fact is equivalent to all schemes are sheaves with respect to these topologies.

2.5 Fibered Category and Stack

We follow chapter 3 of [24] and give a brief summary on fibered categories and
stacks. We start by defining a pseudo-functor on a category D and a fibered
category over D. We define of the category of objects with descent data over D
and finally we define a stack to be a pseudo functor with an equivalence of category
with the category of objects with descent data. Almost all the definitions we

exhibit in this section can be found in section 3.1 of [24], unless stated otherwise.

Definition 2.5.1. A (contravariant) pseudo-functor, or a (contravariant) lax 2-

functor ® on a category D is a following data:
1. A category ®U for each object U € obj(D);

2. A functor f*: ®V — ®U for each arrow U ER V, U,V € obj(D);

3. A natural isomorphism
€y - ld*U ;> idq;U
between the two functors ®U — ®U for each object U € obj(D);

4. A natural isomorphism

g [FgF = (gf)" : OW — ®U
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for each pair of morphisms U Lv S win D,
such that the following conditions are satisfied:

(a) For all, U ER V', n € obj(®V'), we have the following equality of morphisms

Qidy,f(n) = eu (f™n) vidy f™n — fn
afia, (n) = frev(n) : fridyn — fn

(b) For all triple of morphisms U Lveswh T, 0 € obj(®T), we have the

following commutative diagram

* ok Tk af’g(h*e) * Ik
frg*h*o (gf) h*0
f*ag,h(g) Agf.h (9)
af hg(6)
f*(hg)*o (hgf)*0

A pseudo functor is closely related to a fibered category. A category over
a category D is a pair (F, Pr) where F is a category together with a functor
Pr: F — D. A fibered category F over D is a category over D such that we can
pull-back objects in F along any morphisms in D. More precisely, we have the

following definitions.

Definition 2.5.2. A morphism Fy = F, in F is Cartesian if for any F| N I
and any morphsim PzrF] LN PrF, with Pro/ = Pra o b, there exists a unique
morphism F] LN Iy such that P8 = b and aff = /.

For clarity, we express this in diagrams. The morphism F; & F, in F is

Cartesian if given morphsims o’ and b such that the following diagram commutes,

PrFy

PrF,
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then there exists a unique F] LAY 1, making the whole diagram below commute

, K
. PrR|
PPy PrFy

Definition 2.5.3. A category F over D is called a fibered category over D if
any arrow D 4, Dy in D and an object Fy RN D, then there is a Cartesian
morphism F ER F5 such that Prf = d.

Once again, we express the definition above in commutative diagrams for

clarity. Given the following diagram,
Fy

Pr

D,

D,

there exists F; € obj(F) together with maps such that the following diagram

commutes
f
F F
Pr Pr
d
D, D,

We introduce the definition of a cleavage to explain the relationship between a

pseudo-functor and fibered category.

Definition 2.5.4. A cleavage K of a fibered category Pr : F — D is a collection
of arrows in F such that for each morphism D; N D5 in D and F» P—f> Dy, there
exists a unique arrow f € K sending Fy to F, and Prf = d.

In other words, a cleavage is a choice of pull-backs along any arrow in D.

Assuming the axiom of choice, every fibered category admits a cleavage.

Theorem 2.5.5. Let D be a category. A pseudo-functor on D is equivalent to a

fibered category over D with a choice of cleavage.
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2.5.6. The proof of the theorem above can be found in proposition 3.11 and
in section 3.1.3 in [24]. The proof of the theorem above says the following: let
Pr : F — D be a map of fibered category over D, then the map

(D) = {F € obj(F) | Px(F) = D}

defines a pseudo-functor on D, where the morphisms of (D) are morphisms in
f € F such that Prf = idp. The proof of the theorem says that this is an

equivalence. In particular, given a pseudo-functor ® on D, the following category
F={(D.ép | D € obj(D),¢ép € ©(D)}

together with the forgetful map Pr : F — D sending (D, ®(D)) — D defines
a fibered category over D with a choice of cleavage. Moreover, note that since
Cartesian arrows are unique up to unique isomorphism, a choice of cleavage is
also unique up to unique isomorphism. This means a fibered category defines a

unique pseudo-functor up to unique isomorphism.

We proceed by defining objects with descent data for a given pseudo-functor.
Technically, objects with descent data are defined over fibered categories and not
over pseudo functors, but by the remark in [2.5.6] above, they define each other
uniquely up to unique isomorphism. We remain somewhat loose about this and
often use both terms interchangeably, i.e., when we say “F is fibered catergoy”,
we imply that there is pseudo functor, usually denoted as ®, associated with F
and vice versa. All definitions shown below can be found in section 4.1.2 and
4.1.3 in [24].

2.5.7. Fix a site D and ¢ a pseudo functor on D. Let U = {U; — U} be a
cover of U in D. We define the map pr; between covers to be the canonical map

induced by the projection to the first factor, for example
prq : Uz XU Uj — Uz

and likewise the map pr; , would be the projection from a triple fiber product to
the first and second factor, and so on. Since ® is contravariant, this induces a
map

pri : ®(U;) = ©(U; xy Uj)
We use multiple numbers in the subscript when we have a fiber product of more
than two objects in D and we project onto more than one factors. For example,

pri 3 would be the map corresponding to the map
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Definition 2.5.8. An object with descent data is a collection data ({&}, {¢i;})
where & € obj(®(U;)) and ¢;; are isomorphisms in the category ®(U; x¢ Uj)

Gij : Pra; — prié;
such that the following condition is satisfied:

P} 3Pik = DI} 9®ij © Pra 3Pk © Pr3e — Pri&;

Using the same notation as above, we say two objects x; € obj(®(U;)) and
x; € obj(P(U;)) are locally isomorphic if there is a common cover of V' over U; and
U, such that x; and x; are isomorphic as objects in ®(V'). The last condition in the
definition above says the following: if we have a local isomorphism between any
two of the three objects & € obj(®(U;)), & € obj(®(U;)) and & € obj(®(Uy)),
then upon passing to a finer cover, all the isomorphisms commute with each other.
In other words, the isomorphism between &, to &; is given by the map from &, to
&;, then from &; to &;.

Definition 2.5.9. An arrow between objects with descent data

{ai} : ({6} {9is)) — (it {is})

is a collection of arrows, one from each ®(U;)

;2§ —

such that the a’s interact with all the pr’s, ¢’s and v’s as expected. More precisely,
for all 7 and j, we have the following commutative diagram,

prio;
* *
pry§; —————— pran;

l bij ‘ Vi
prio;

pri&y —————— prin;

2.5.10. Using the two definitions above, we have defined the category of objects
with descent data. We denote this as ®({U; — U}) or as ®(U) for a covering i =
{U; — U}. There is a functor ®(U) — ®({U; — U}) induced by o; : U; — U, so
a morphism between two objects ¢ < 7 in ®(U) induces a morphism ¢;¢ 2> orn
and one checks that each of these o)a’s satisfies the properties of a morphism

between objects with descent data.
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We give the definition of a stack.
Definition 2.5.11. Fix a site D and ¢ a pseudo functor on D.

1. @ is a prestack over D if the functor ®(U) — ®({U; — U}) is fully faithful
for all covering {U; — U}.

2. @ is a stack over D if the functor ®(U) — ®({U; — U}) is an equivalence
of categories for all covering {U; — U}.

Since pseudo functors are close related to fibered categories , we also
call a fibered category JF over D a prestack or a stack if the associated pseudo
functor is a prestack or a stack.

Recall that a category is called a groupoid if every morphism in such category
is an isomorphism. We say a fibered category Pr : F — D is a fibered category
in groupoids if for all D € D, the category ®(D) = {F € obj(F) | Pr(F) = D}
defined in is a groupoid. We exhibit an alternative definition of a stack if
Pr : F — D is a fibered category in groupoids, shown in definition 4.1 in [6]. We

show the version found in definition 4.6.1 in [I§].

Definition 2.5.12. ([18], 3.4.7) Let Pr : F — D be a fibered category and let ®
be a corresponding pseudo functor (which is unique up to unique isomorphism).
Let X € D and let z,2’ € ®(X), and we recall the definition of the comma
category D/X in definition [2.4.13]

Let u: U — X be an object in D/X. Since F is a fibered category over D,
there exist an object f, € ®(U) and a morphism «, : f, — U (the object and the
morphism are both unique up to unique isomorphism) such that the following

diagram is Cartesian.

Similarly, we define o, : fr — U for 2’ € ®(X). We define the following presheaf

Isom(z,z') : (D/X)°P — Set
U Isomcb(U)(fx: fx’)

By the source cited in the definition above, this is a preasheaf on D/X.
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Definition 2.5.13. ([18], definition 4.6.1) Let Pz : F — D be a fibered category
and let ® be a corresponding pseudo functor. F is a stack if and only if the

following holds.

1. For all X € D and for all z, 2" € (X)), the presheaf Isom(z, z') in definition
2.5.12|is a sheaf;

2. The functor ®(U) — ®({U; — U}) is essentailly surjective.

We skip of the proof of the fact that the definition given in [2.5.11] agrees
with the one given in [2.5.13| above. The idea is that the condition 1 in [2.5.13
is equivalent to condition 1 in [2.5.11]in the case of groupoids. Moreover, a fully
faithful essentially surjective map between two categories is an equivalence of

categories, which shows the two definitions agree with each other.

Example 2.5.14. We give a basic example of a stack. Fix a base affine scheme
T = Spec(R) and for each affine scheme S over T, the collection of all affine
schemes over S form a category. Let ®(S) be the groupoid of affine schemes over
S (recall the groupoid of a category is the subcategory with all morphisms are
isomorphisms). We show this is a stack with respect to any subcanonical site
on T-schemes such that the coverings maps are faithfully flat, such as fpqc, fppf,
étale etc.

We first show @ is a pseudo-functor on the category of T-schemes. By [2.5.6]
this is equivalent to show that for all S € T-Sch, a relatively affine scheme X
over S and a cover {S; — S}, there exists a unique relatively affine scheme X;

over S; for each i such that the following diagram is Cartesian.

(5, X) (5i, Xi)

|

Se——5;
where the vertical maps are the projection maps and the top map is given by maps
of schemes X; — X and S; — S. Since all affine schemes are quasi-compact, we
may assume the cover {S;} is a finite family and by forming the disjoint union,
we may assume the cover contains only one affine scheme. It is clear that there
exists an X; because we can take X; = X xg .5;.

We show this fibered category is a stack by checking the conditions in defi-

nition [2.5.13] Condition 1 is clear since an isomorphism between affine schemes
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in given by an invertible element in the corresponding ring, so the subcanonical
condition implies the isomorphism presheaf is a sheaf.

Moving on to condition 2, since we assumed our maps are faithfully flat, the
essentially surjectivity follows from faithfully flat descent, see theorem 4.2.1 in
[24] for more detail.



Chapter 3

Drinfeld Modules

In this chapter, we follow our previous notation (most notably, the definition of
the ring A in and give a brief review of the theory of Drinfeld modules.
In the first section, we give the definition of Drinfeld modules. We then focus
on rank 1 Drinfeld modules and show the category of rank 1 Drinfeld modules
forms a stack over Spec(A). Secondly, we define level structures on rank 1 Drinfeld
modules. In the third section, we define the action of ideals on the category of
rank 1 Drinfeld modules over fields, with or without level structure. Finally, on
the last section, we show the functor that inputs A-schemes and outputs rank
1 Drinfeld modules over S with a level-I structure is representable by the ring
Ag,[I7Y], the A-integral elements in the field K (recall from this is the
ray class field of conductor I totally splitting at co) with elements in the ideal I

inverted.

3.1 Definition

We follow the definitions in the first two chapters of [14] to define a rank d Drinfeld
A-module over a scheme S.

Let R be a ring of characteristic p. The endomorphism ring of G, r =
Spec(R][t]), denoted as End(G, ) can be identified with the following noncom-

mutative ring.

Definition 3.1.1. Let R be a ring of characteristic p. The left twisted polynomial
ring R[7] is the non-commutative ring defined as the following. An element
f(7) € R[] is of the form f(7) = }",.ya7", a; € R and a; = 0 for all # > n for
some n € N. Let g(7) = 3,y b;7/ be another element in R[7]. The polynomial

53
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f(7) + g(7) is given by the usual addition of polynomials
F(r) +g(r) =) (ai+b)7’
ieN
The multiplication is given by 7 -u = «” - 7 for all u € R, so the product of
monomials ur’, s77 € R[7] is

ur' - st =ur" N1 s) ! =ur (P = = us? it

and we extend this multiplication linearly for elements in R[r|. In other words,
the polynomial f(7) - g(7) is given by
F@ g =>" Y ar ) =) > ath
keN i+j=k keN i+j=k

An element in R[7] is called an additive polynomial over R.

We always mean the non-commutative ring above when we use the symbol 7
in R[], even though the notation is very similar to the commutative polynomial
ring R[t].

Remark 3.1.2. We say a polynomial f(t) € R[t] is additive if f(¢) is in the image
of the map that sends 7 — . i.e., f(t) is additive if and only if all non-zero coef-
ficient of ¢ appear in powers divisible by p. Note that for a left twisted polynomial
f(1) = ,cn fi', the associated (regular) polynomial is f(t) = Y,y fit?', ie.,
it is not obtained by formally substituting 7 with ¢. One sees that checking f(t)
is additive is equivalent to checking f(z +y) = f(z) + f(y) for all z,y € R.

For an additive polynomial f, we use the variable t to view f as a regular
polynomial with regular polynomial multiplication, and we use the variable 7
to view f as a left twisted polynomial with the unusual multiplication defined
in [3.1.1 We use both variables for f interchangeably, through the association
described above, without further explanation.

We say an additive polynomial g(7) € R[] has a certain property, e.g., monic,
separable etc, if and only if the corresponding polynomial g(x) has that same
property.

Note that a map between additive group schemes Spec(R[t]) — Spec(R][s])
is given by a map s — f(t) for some additive polynomial f(7) € R|T], so we
are slightly abusing notation by denoting both the additive polynomial and an
element in End(G, ) by f(7). If f € End(G, r), we use f* or f*(7) to denote
a map between rings when we need to be completely clear. Similarly, for g(7) :
R[s] — RJ[t], we use Spec(g) to denote the corresponding map of schemes Spec(g) :
Spec(R[t]) — Spec(R][s]).
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Remark 3.1.3. Let p(7) = Y_ri7" € R[7], we view R as an R[r]-module by
defining an action p(a) = Y. for all @ € R. Then p(a) = 0 if and only if
o is a root of the polynomial 3 72?" € R[z]. Therefore, the roots of a twisted
polynomial in R[7] coincide with the roots of the polynomial in R[z], with the

identification 7 — P.

Definition 3.1.4. ([I4], 1.2.1) Let S be an A-scheme, a Drinfeld A-module of
rank d over S is a pair (E, ¢), where E is a commutative group scheme over S
and ¢ is a ring homomorphism ¢ : A — End(F) such that

1. E is locally (with respect to the Zariski topology on S) isomorphic to G, g,

the additive group scheme over S.

2. For all affine Zariski open subset of U = Spec(R) of S, isomorphism 9 :
Ey = G, u, where Eyy denotes the fiber product E x5 U, and for all a € A,

Yogla)oyp™t = Z a,(a)T" € R[T]

such that the g.dega)(a) € R* and ay(a) is nilpotent in R for all n >
d - deg(a). (Recall the definition of deg in [2.1.1])

Definition 3.1.5. Let E be a Drinfeld module over S, then by definition |3.1.4
there exists open affine Zariski open subsets U of S such that Ey = Gou. We
call such open subsets “a set of local coordinates” or just “coordinates” on E.
Let £’ be another Drinfeld modules over S. An isogeny from (F, ¢) to (E’, ¢)
is locally a non-zero homomorphism of A-module schemes. In other words, there
exists the same set of coordinates on £ and E’ such that if we choose some v, v’
and fix coordinates (F, ¢, ) and (E',¢',1) over U = Spec(R), i.e., ¢,¢ : A —
R|7], there exists an isogeny from (E, ¢, 1) to (E', ¢',1’) if there exists a non-zero
left twisted polynomial u(7) € R[7] such that, for all a € A, uo ¢(a) = ¢'(a) o u.

Remark 3.1.6. A Drinfeld A-module is called standard if we replace the last part
of condition 2 in the above by “ay,(a) = 0 for all n > d-deg(a)”. By remark 1.2.2

in [I4], every Drinfeld A-module is isomorphic, in the sense of isogeny defined in
3.1.5, to a standard Drinfeld A-module of the same rank.

Let (E,¢) be a Drinfeld module over S. We call ¢ an “A-module structure
on E”. We often drop the A-module structure on E and just say“FE is a Drinfeld
module” to implicitly mean that (E, ¢) is a Drinfeld module for some A-module

structure ¢ on E.
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Definition 3.1.7. ([I4], 1.2.3) Let R be an A-algebra, we have a map Dpg :
R[T] = R defined as

Dr()_ an(a)™) = ap(a) (3.1.8)
Let (E, ¢) be a Drinfeld module over S. We have a map
D : End(E) — H(S,Os)

such that, for every affine open subset U = Spec(R) of S over which there exists
a coordinate ¢ : Eyy = G, the map D is given by the map Dpg in |) The
characteristic of a Drinfeld module is the map Do ¢ : A — H°(S,0g). We will
often view the characteristic as a map of schemes, so we say “the characteristic
0 : S — Spec(A)” to mean the corresponding map of rings induced by 6 is the

map D o ¢ as above.

3.1.9. Note that this map 6 above is independent of the choice of coordinates on
E, since two different choices of coordinates induces different maps ¢, s : A —
R[7], which for all a € R are related by r¢;(a)r~! = ¢a(a) for some r € R|[7]*.
One sees that if we let ¢1(a) =) o, 7" and ¢o(a) =), B, 7",

Bo = Dr(¢s) = Dr(réir™") = ragr™" = ag

so # is independent of the choice of coordinates. Furthermore, it is conventional
to assume that 6 : A — R agrees with the A-algebra structure of R, otherwise we
will be looking at a different orbit of Drinfeld modules under isogeny (i.e., two
Drinfeld modules are in the same orbit if there exists an isogeny taking one to
the other).

3.1.10. We will mostly be working with the case where S is an affine scheme, so
for S = Spec(R), the characteristic is the same as an algebra map 6 : A — R. If
the kernel of 6 is the zero ideal, for example when R = K or R = C, we say such

Drinfeld module has generic characteristic.

3.1.11. Let (E,¢) be a Drinfeld module over S. We say “we fix coordinates
on (E,¢)” or “(E,¢,v) is a coordinatized Drinfeld module over S” to mean we
choose an isomorphism ¢ : Ey — G, for some affine open subset U of S. We
will also slightly abuse notation and often refer to the map 1) o ¢ o 9)~! as just ¢
after choosing a coordinate. We will also often just say ¢ : A — R|[7] to imply

that we pick some coordinates on E in some affine open subset U = Spec(R).
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3.1.12. Note that the definition above is independent of the choice of coordi-
nate, i.e., if there exists an isogeny in one choice of coordinates, then there exist
isogenies for all other choices of coordinates. Indeed, let (F,¢) be a Drinfeld
module over an A-algebra R and let E — Spec(R[z]) and E — Spec(R[y]) be
two coordinates on F, then there exist » € R[7]* such that the map R[z] — R][y]
defined  — 7~y coincides with the coordinate maps. So u € R[r] = End(R]z])
becomes rur~! € R[r] = End(R[y]) for all elements u € R[r]. So if there exist
u € R[7] such that u o ¢(a) = ¢/(a) o u then one sees that (rur)(r¢(a)r=!) =
(r¢'(a)r=") (rur™").

The Drinfeld modules of a fixed rank forms a category, where the morphisms
are isogenies. It is clear if there is an isogeny between ¢ and ¢, the two Drinfeld
modules must have the same rank by a simple degree argument.

From now on, we will only be working with rank 1 Drinfeld modules, so for

the rest of our discussion, we say (F, ¢) is a Drinfeld module to mean it is a rank
1 Drinfeld A-module.

Definition 3.1.13. For an A-scheme S, we a define a category
MY (S) = {The groupoid of rank 1 Drinfeld A-modules (E, ¢) over S}

Recall the groupoid of a category D is a subcategory of D with the same

objects but we forget all the non-isomorphisms.

3.1.14. (Base change) Let S” — S be a morphism of A-schemes, we see that if
E is a Drinfeld module over S, the £/ = E xg S’ is a Drinfeld module over S’.
Indeed, let {U; — S} be a coordinate on E, one sees that {U; xgS" — 5’} is a

coordinate on FE'.

Proposition 3.1.15. The map

MY 1 (Affine A-Schemes)® — (Groupoids)
S+ (rank 1 Drinfeld modules over S)

is a pseudo functor on the category of affine A-schemes.

Proof. There are two ways to prove this. Firstly, we can following definition

and give the four pieces of data, then show the commutative conditions in detail.
The second approach uses the remark in 2.5.600 Let F be the category of

triples (S, E, ¢) where S is an affine A-scheme and (FE,¢) is a rank 1 Drinfeld
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module over S, and morphisms (S, E', ¢') — (S, E, ¢) are defined by a morphism
of affine A-schemes S’ — S and (F',¢') — (E,¢) is a morphism of Drinfeld
modules induced by the morphism of schemes as in [3.1.14 Let Pr : F —
(Affine A-Schemes) be the forgetful map that sends (S, E,¢) — S. Then by
2.5.6} it is enough to show (F, Px) is a fibered category, with a choice of cleavage,
over (Affine A-Schemes). We now verify the Cartesian diagram in definition[2.5.3)
which follows immediately from the fact that the fiber product of schemes on each

coordinate on F is Cartesian, and we are done. O

Proposition 3.1.16. The pseudo functor MY is a stack, with respect to any sub-
canonical site such that the coverings maps are faithfully flat (see for some
examples), over the category of affine A-schemes (see|2.5.11| for the definition of
a stack).

Proof. Fix S an affine A-scheme. We have already shown MY, is pseudo functor.
Since M(S) is a groupoid by definition, we use the two criteria in to
check if MY is a stack.

Firstly, let E, E' be two Drinfeld modules over S where S is an affine A-scheme
and let Y be an affine scheme over S. By [2.4.3), We need to show the isomorphism
presheaf, Isom(E, E’) is a sheaf, i.e., we need to show for all covering {Z — Y}
(since Y is affine, it is quasi-compact so we may assume any covering is finite,
and by taking the disjoint union if necessary we may assume the cover consists

of one member), the following sequence is exact
Isom(E, E")(Y) — Isom(E, E’)(Z) = Isom(E, E')(Z xy Z)

The Y-points of isomorphism presheaf Isom(E, E’)(Y) by definition is the set of
isomorphism between the Drinfeld modules Fy = E xXgY and £}, = E' Xg Y.
There exists a Zariski open covering of Ey and FEi such that there exists a
coordinate on them. By refinement if necessary, we may assume these open
coverings are the same, and an isomorphism Ey — E} is a collection of invertible
elements on the corresponding ring, one for each member of the common affine
covering. Since we are working over a subcanonical site, it is clear that on an
affine covering of Ey and FEY, Spec(R), and a covering {Spec(R') — Spec(R)},

the following sequence is exact.
Gm(Spec(R)) = G,(Spec(R')) = G, (Spec(R' ®@r R'))

So the isomorphism presheaf is a sheaf. Thus, criterion 1 holds.
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For the second criterion, we need to show for any covering {S; — S}, the map
between MY (S) — ML ({S; — S}) is essentially surjective. Once again, by the
quasi-compactness of S, we may assume the cover has a single member S’

In [2.5.14, we showed that there is an equivalence of categories between affine
schemes over S (denoted as Affg) and affine schemes over S’ with descent data
for all covering {S” — S} (denoted as Afffg_,5y). Therefore, there must be an
equivalence of categories between the group objects of the two categories above.

We claim that we can likewise define (left) A-module objects in these cate-
gories. Indeed, we can define an A-module object to be a group object M together
with a map -p; : A X M — M such that the map -5; obeys all the usual A-module
axioms in the form of a series of commutative diagrams in this categorical set-
ting. This is similar to the definition of a (left) group object action on an object
in diagram (1) of chapter V, section 6 of [I5]. For example, the property that
(a +b)m = am + bm for all a,b € A and m in the module can be expressed by
requiring the following diagram commutes, where A;, Ay are two different copies
of A, +4 is the addition in the ring A and puy, is the group operation of the group
object M.

(AlxM)x(AgxM)(M)MxM o

Since the categories Affg and Affrs_, sy are equivalent, there is an equivalence
of categories between the A-module objects of the two categories.

Fix an object E’ in MY ({S; — S}), this object is an affine S’-scheme with an
A-module structure with descent data, together with a local isomorphism with
G, such that the A-mod structure acts by condition 2 in definition [3.1.4 By
the equivalence of A-module categories above, there must be an affine S-scheme
E with an A-module structure mapping to E’. Moreover, the local isomorphism
between E’ and G, also gives a local isomorphism from E to G,. Therefore, the
map MY (S) — ML ({S; — S}) is essentially surjective and we are done. O

Remark 3.1.17. Proposition |3.1.16{ above also shows M, extends uniquely up
to unique isomorphism to a pseudo-functor over all A-schemes, not only affine

A-schemes.



60 CHAPTER 3. DRINFELD MODULES

Definition 3.1.18. For an A-scheme S, we a define a presheaf

MY (Affine A-Schemes)® — (Sets)
S+ (rank 1 standard coordinatized
Drinfeld A-modules over S)

where the meaning of “standard” is defined in [3.1.6]
Proposition 3.1.19. The presheaf M defined in is representable.

Proof. Let A = Fy[xy,---x,]/I for some ideal I of the polynomial ring. Recall
the definition of deg in Let

A= A[a('i):tlaa;i) | L= 1a 7naj = ]-7 7deg(l‘l) - 1]

Let
deg(x;)

oY (z;) == Z agi)xpj + x; (3.1.20)
j=1
Let I be an ideal of A generated by I and ¢ (x;), more precisely, a polynomial
flxy, - zn) €1 = f(0W(z1), -, 0W(z,)) € I. Let R := A/I, we see that
M is represented by R.
Indeed, let Spec(R) — Spec(R) be a morphism. Let r](-i) € R be the image of
ag»i) for all 4, j. Then the following additive polynomials

deg(:)
P (@)= > 0+ (3.1.21)
j=1
defines a standard A-module structure on Spec(R[z]). Conversely, it is clear
that every standard Drinfeld A-module of the form (Spec(R[z]), ¢)) is defined
by specifying the coefficients of the additive polynomials ¢ (z;) for each z;.
Therefore, every standard coordinatized Drinfeld A-module defines a morphism
Spec(R) — Spec(R) by ag.i) — rj(.i). O

Definition 3.1.22. We denote the A-algebra representing the functor MY by
R. We always view Spec(R) as a functor that parameterizes rank 1 standard
coordinatized Drinfeld A-module, i.e., there is always an implicit isomorphism
between Spec(R) and M.

We call the scheme Spec(R][z]) the universal rank 1 standard coordinatized

Drinfeld A-module, denoted as £°¢. We give Spec(R[z]) this name since every




3.2. DIVISION POINTS 61

rank 1 standard coordinatized Drinfeld A-module over a ring R is a pull-back
of Spec(R[z]) along the map Spec(R) — Spec(R). lLe., given E a rank 1 stan-

dard coordinatized Drinfeld A-module over a ring R, the following diagram is

Cartesian.
E Spec(R[x])
R Spec(R)

(3.1.23)

3.2 Division Points

Let I be a non-zero proper ideal of A. We follow Laumon’s definition of /-division
points of a Drinfeld module in the first chapter in [14] and we exhibit some relevant
properties and consequences. The main result of this section is that, there exists
local coordinates such that the ideal defining the I-division points is generated
by a single polynomial. We pick a generator of the /-division points in [3.3.8 and
call such generator ¢(z). We later show ¢}(z) is an additive polynomial, so we
sometimes denote it as ¢j(7) or just ¢; by following the notation in [3.1.2]

Definition 3.2.1. (Division points) Let I be an ideal of A. The scheme of I-

division points for (E, ¢) is the subscheme

Remark 3.2.2. If [ is a principal ideal generated by o € I. It is clear that

$EE]

sre(Ke(E 2 E)
ael

S SRS ﬂKer(EM )

beA

sz e Ker(E 2 )

& ¢(a)(z) =0

Lemma 3.2.3. Let I,J be non-zero proper ideals of A and let Ey and E; be the
I and J-division points defined in[3.2.1]
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1. If JC I, then E; C E,.

2. If I is generated by ay,az,---a, € A. Then Ef = Eq,) N Egy)y NN Eg,),
where Eq, is the (a;)-division points for the principal ideals generated by

a; for each 1.

3. For two coprime elements a,b € A, By = Eu) ® Ey), where we view the

division points as A-modules.

Proof. Statement 1 is obvious because J C I means Fy is the intersection of fewer

elements, so it contains E;.
For statement 2, (a;) C I for each i, thus E; C E(4,) N Egy) N -+ N Eg,) by
statement 1. On the other hand,

T € By NN Eg,) = ¢lar)(r) = ¢laz)(z) = - - = ¢(ay)(z) =
= ¢(lhay)(x) = = P(lha,)(x) =0, VI, € A

= ¢<§nj Lia)(z) = 0, VI € A
=1

= ¢(c)(x) =0,Veel
=ux € by

Hence, E1 C Eq)) N E(ay) N -+ N E(q,) € Er. This shows statement 2.

Finally, for statement 3, it is clear that E(,), Epy C E) by statement 1.
We show E,) N Ep) = 0, but this is clear from statement 2 because a,b are
coprime is equivalent to saying (a,b) = 1 and Ej is clearly just {0}. Therefore,
E) @ Eg) € Eup). Compare the degrees of the polynomial on both sides shows
that they must equal. O

Proposition 3.2.4. Let S be an A-scheme and let (E, ¢) be a Drinfeld A-module

over S. The scheme of I-division points Ey is a finite flat scheme over S.

Proof. Let us assume S is affine and S = Spec(R). The claim is clear if [ is a
principal ideal, since E; is a free module by [3.2.2] For a general ideal I, suppose
I is generated by two elements I = (a1, az). We choose another ideal J = (b, b)

such that I.J is principal and each b; is coprime with each a;.
We claim that Er; = E; @ E; as A-modules. By the second part of [3.2.3]
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Er = E(al) N E(a2) and F; = E(bl) N E(b2). Therefore,

Er® E; = (E) N E(ay)) ® (Epy) N Ep,))

= () B ®Ew
{i,5}={1,2}

= m Ea;)
{i,j}:{LQ}

=FEr;

Thus, as S-schemes, E;; = Er x Ej. Let Ry, R; and Ry; be the R-algebras
representing the corresponding division points. Now, one see that the projection
E; x E; — E; admits a zero section E; — FE; x E; sending e +— (e,0), thus
Rr;y = Ry ®r M for some R-module M. R;; is clearly finite flat over R since I.J

is principal, so R; must also be finite flat over R and we are done. O]

Proposition 3.2.5. Let E be a rank 1 Drinfeld A-module over an affine A-
scheme S and let E; be the close subscheme defined in|53.2.1. The exists a Zariski
covering {Spec(T;) — S} such that E has a coordinate and the ideal defining Er

in each coordinate is a principal ideal in each T;[z].

Proof. We choose a coordinate on E so we may assume E = Spec(R[z]). Since
E; — F is a close embedding, the corresponding map of rings is of the form
R[z] — R[z]/I = B for some ideal I C R|x].

Let z € B be the image of x under the close embedding shown above. We
claim that the ideal I is generated by the characteristic polynomial of uz, the
linear map defined by the multiplication by z. If the claim holds, then T is
generated by a single polynomial with coefficient in R and we are done.

By proposition |3.2.4] E; — S is finite flat. Furthermore, £ is locally isomor-
phic to G, s and E; is a close subscheme of £, so By — S is locally of finite
presentation. Thus, by [22] tag 02K9], E; — S is finite, flat, and locally of finite
presentation if and only if it is locally free. In other words, there exists a cover
{R — R;} such that B; = B ®g R; = R;[z]/] is a free module over R; and
the characteristic polynomial of the multiplication of the image of z ®r 1 € B;
generates I.

Since [ is generated by the characteristic polynomial of the image of p; over

a cover {R — R;}, I is generated by the characteristic polynomial of yiz. O

Since Ej is locally generated by a single polynomial, we denote a generator
of E; by ¢j(x). Note that for now this is only well defined up to a unit of the
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base ring for now, we give a precise definition of ¢j(z) without this ambiguity in
definition below. Following to notation in the map of schemes induced by
¢5(x) as denoted as ¢y : E — E.

Lemma 3.2.6. Locally on E such that ¢3(x) is defined, let ¢; denote the corre-

sponding map of schemes. Then
E; = Ker(E 25 E).

Proof. Suppose R is the ring which ¢j(z) is defined over. Directly from the
definition, R[x]/(¢}(z)) is the ring representing the close subscheme E; and it is

clear that this ring is the cokernel of the map R|[z] i, R|x]. O

Proposition 3.2.7. Suppose E, E' are two coordinatized Drinfeld modules over
an A-scheme S.

Let Spec(R) be an affine open subset of S on which both E and E' have coor-
dinates and both ¢(x), ¢} (x) € R[z] are defined. Let f* € R[r] such that

f: E xg Spec(R) — E' x5 Spec(R)

induces a map between two coordinatized Drinfeld modules over Spec(R). Then

for a fized ¢} (x), there exists a unique ¢ (x) such that ¢5(z) o f* = f* o ¢} (z).

Proof. Fix ¢}"(z) and choose any ¢5(x). Since f induces a map of Drinfeld A-
modules, we must have gb’ (a)o f = fo¢(a) for all a € A.
We express Ker(F Loo1, gy ) in another way. Note that
Ker(E 2% F') = Ker(E % E L F)
= N Ker(B ™% E L B

acl
_ m Ker f0¢ EAAONY 50
acl
= ﬂ Ker(E Pla)e], E)
acl
— NKer(E L £ 29 p)
ac€l
—Ke(EL B2 B

drof

= Ker(F — F)
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Therefore, the corresponding polynomial ¢5(z) o f* and f* o ¢}"(x) generates
the same ideal in R[x], so there exists a unique u € R* such that u¢j(x) o f* =
f*od"(x). We replace the choice of ¢%(x) in the beginning by u¢%(x) if necessary

and we are done. O

3.3 Level Structure

We once again follow Laumon’s approach in the first chapter in [14], which is sum-
marized in the previous section, to define level-I structures for Drinfeld modules

for each non-zero ideal I C A.

3.3.1. Let V(I) denote the set of prime ideals containing I. We only consider
level-I structures of Drinfeld modules over S such that the image of the char-
acteristic 6 : S — Spec(A) does not intersect with V(I). In other words, we
only consider level-I structure for Drinfeld modules over A[/~!]-schemes and the
characteristic is the map 6 : S — Spec(A[I™']).

Definition 3.3.2. If the image of the characteristic 6 does not intersect with
V(I), so 0 : S — Spec(A[I7Y]), then a level-I structure is an isomorphism
v (ITH/A)Y = Ep, where (I7!1/A)% denotes the constant A-module scheme
[1(7-1/4ya S over S.

We say (E, ¢,¢) is a Drinfeld module with level-I structure if the pair (E, ¢)

is a Drinfeld module and ¢ is a level-I structure as above. We often leave the

A-module structure on F implicit and just say (F,¢) is a Drinfeld module with
level-I structure. Similarly, we say (E, ¢,,t) is a coordinatized Drinfeld module
if in addition, ¢ is a map ¢ : E — G, g.

We state the following result without proof.

Proposition 3.3.3. ([14)], proposition 1.3.2) Let (E,¢) be a Drinfeld module
over an A-scheme S. Let V (I) denote the prime ideals of A dividing I. Then the
restriction of (E,¢) to S\ 0~ (V(I)) admits level-I structure locally for the étale
topology on S\ =1 (V(I)).

We remark that proposition says we can always put a level-I structure
on a Drinfeld module over some scheme S' if we invert the primes dividing I and

base change to some étale cover of S.
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3.3.4. If U = Spec(R) is an affine scheme over Spec(A[I~!]), then ¢3(z) € R[x]

can be chosen to be

gite)= [  (x—ua) € Rla]

ac(I=1/A)y (U")

where U’ is an étale cover of U such that there exists an isomorphism
v (I A (U = E(U)

Such an isomorphism exists by|3.3.3l We remark that ¢j(x) indeed has coefficients
in the A[I~!]-algebra R by proposition [3.2.5]

3.3.5. (7" (x) € R[z]) Recall the definition the universal rank 1 standard coordi-
natized Drinfeld A-module £°¢ = Spec(R[z]) and the ring R in We define
a generator of £§¢, which we denote as ¢7°"(x) € R[z], without the ambiguity of
a choice of a unit in R.

We first define ¢;*(z) € (R[I71])[z] to be the polynomial defined in[3.3.4 We
observe that R — R[I[7'] := R ®4 A[["'] is an injection, so there is a unique
polynomial in R[z] such that the image equals to ¢;"(z) € (R[I7'])[z]. We fix

sc*

this unique polynomial as our definition of ¢5°*(z) over £%.

3.3.6. Let E be a coordinatized Drinfeld module over S. By[3.1.6] there exists an
isomorphism f : E — E’ where E’ is a standard coordinatized Drinfeld module
over S. Thus, there exists a unique map f' : E' — £% Xgpee(a) S. By 3.2.7]
locally for some coordinate on E, there is a unique polynomial ¢5(x) generating
E; defined by the image of ¢5¢*(x) under the fiber product and the map f’ o f.

Lemma 3.3.7. The unique polynomial ¢3(x) defined above is independent of the
choice of the map f and the standard coordinatized Drinfeld module E'.

Proof. Let f: E — E'  and g : E — E” be two maps from F to two standard
coordinatized Drinfeld modules E’, E”. Let f’, ¢’ be the uniquely determined
maps from E’ and E” to £%. We need to show that a polynomial ¢}(x) satisfy
Gi()o f*o " = f" o f*o ¢ if and only if ¢j(x) 0 g" 0 g = g 0 g* 0 3. We
note that there exists an isomorphism h : E' — E” such that the following is a

commutative diagram of coordinatized Drinfeld modules.
f B i
x %

E SSC

El/
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sc*

Therefore, ¢3(x) 0 g* o g = ¢ 0 g* 0 ¢5¢* if and only if ¢j(x) o f* o h* o g™ =
g oh*o frogse*, if and only if ¢%(z)o ffoh*oh o f" = f"oh Y oh*o f*opic*,
if and only if ¢%(x) o f*o f* = f" o f* o $3°". O

Definition 3.3.8. Let F be a rank 1 Drinfeld A-module over S and let I be a
non-zero proper ideal of A. Let Spec(R) be an affine open subset of S such that
E; xgSpec(R) is a principal ideal. We define ¢}(x) to be the polynomial defined

in 3.3.6] (which is unique by lemma [3.3.7)).

Lemma 3.3.9. Let g : E — E’ be a map between coordinatized Drinfeld modules
and let ¢5(x) and ¢} () be the polynomial (locally) defined in[3.5.6. Then ¢j(z)o
g =g o¢ ().
Proof. There exist maps f: F — £°¢ and f': E' — £% such that they commute
with g, i.e., f = f'og. Let ¢}*(z) be the polynomial (locally) defined in[3.3.6] by
there exists a unique polynomial A*(z) defining F; such that h*(x) o g* =
g*o @ (x). This implies g* o ¢ (x) o f'* = h*(x)og* o f'* = h*(x) o f*. Moreover,
by the definition of ¢}*, g* o ¢;"(x) o f'* = g* o f'" 0 ¢5*(x) = f* 0 5" ().
Therefore, h*(z) o f* = f* o ¢5°"(x). Since there is a unique generator of F;

satisfying this equation, we conclude that h*(z) = ¢3(z). O
Lemma 3.3.10. Using the notation in[3.3.8, the polynomial ¢}(x) is an additive

polynomial.

Proof. By the construction of ¢} shown in [3.3.6] it is enough to check if ¢}(z) €
R[I7'][x] is additive. Let f : ¢%(x). We use the form given if and check if
flx+y) = f(x)+ f(y) for all z,y € R[I"']. We observe that, since G := E;(U’)
is an additive group, for all ¢ € G, f(x + g) = f(x). In other words, the y-
polynomial f(x +y) — f(x) has roots containing G. Therefore,

fle+y) = flz) = fy)i(z,y)

for some polynomial ¢(z,y) € R[["!][z,y]. we see that the left hand side of
the equation above has y-degree equals n = |G|, which is the degree of f(y), so
t(x,y) = t(x) € R[['][z] is a polynomial in .

Now let ax? be the highest degree term in t(z), so there must be an ay"z?
term on the left hand side, but the highest y-degree term is y". Therefore, we

conclude that ¢ =1 and d = 0 and we are done. O

Remark 3.3.11. From now on, we start to follow [3.1.2] again and sometimes
denote both the map between schemes and the map between algebras as just ¢;.

We continue to use the notation ¢} and Spec(¢;) when we need to be clear.
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Definition 3.3.12. (Isogeny between Drinfeld modules with level structures)
Let (Ey,¢1,t1) and (Es, ¢o,t2) be two Drinfeld modules over S. An isogeny u
from (E1, ¢1,t1) to (Es, ¢o,t2) is an isogeny from (FE1, ¢1) to (Es, ¢o) as Drinfeld
modules (see which is also consistent with the level structure, i.e., we have

Lo = UO L.

Therefore, the Drinfeld modules with level structure form a category where

morphisms are isogenies and we can make the following definition similar to

definition B.1.131

Definition 3.3.13. For an A[l~!]-algebra R, we define a pseudo functor M} on
A[I']-algebras. The R-points are defined as

M3 (R) = {The groupoid of rank 1 Drinfeld A-modules
with level I structure (E, ¢,t) over R}

Definition 3.3.14. Let (F, ¢,1) be a coordinatized rank 1 Drinfeld A-module
over a field L. Let ¢;(z) be the polynomial defined in[3.3.8] (note: we are following
remark[3.3.11 here). We remark that /~!/A is a free A/I-module of rank 1, hence
the roots of ¢;(z) can be viewed as an A/I-torsor. A root of ¢;(x) is primitive if

it is a generator of all roots as an A/I-module.

In other words, given a coordinate on F, specifying a level-I structure of ¢ in
a given coordinate is the same as specifying a primitive root of ¢;(x).

We state the following results.

Proposition 3.3.15. ([1]), theorem 1.4.1 and 1.5.1) Let I # A be a non-zero
ideal. Then M is representable by an affine scheme of finite type of over F,. Fur-
thermore, the map of affine schemes M} — Spec(A[I7']) is a smooth morphism

of relative dimension 0.

Proposition 3.3.16. ([7/, proposition 7.1) Let p be a prime ideal of A and (E, ¢)
be a rank 1 Drinfeld A-module over a local field K,. There exists an extension
of local fields Ly /K,, where B is a prime above p, and Ly O Oy = {x € Ly |
|z|p < 1}, such that by base changing (E, ¢) as a rank 1 Drinfeld A-module over
Les, it is isomorphic (over Ly) to a rank 1 Drinfeld A-module over Og.

The result above is also known as “every rank 1 Drinfeld A-module over K has
potentially good reduction”. This is very similar to elliptic curves with complex

multiplication. The result that every elliptic curve with complex multiplication
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has potentially good reduction can be deduced from the result that shows that
the j-invariant is an algebraic integer, which is proven in chapter 2, theorem 6.1
in [21].

We also remark that, following the notation in proposition |3.3.16| given a
level- structure on a Drinfeld module (Ey, ¢1,) over Ly, the isomorphism with a
Drinfeld module (Eo,,, ¢o,) over Oy, given by a change of coordinates given in
proposition , gives a level-I structure on such a Drinfeld module over Ogy.

Proposition 3.3.17. The map of affine schemes M} — Spec(A[I7Y]) is a finite

morphism.

Proof. A morphism is finite if and only if it is quasi-finite and proper. The quasi-
finiteness is clear and by proposition |3.3.15| it is enough to use the valuative
criterion to show the morphism M7} — Spec(A[I7!]) is proper. In other words,
let p # oo, p { I be a finite prime of K not dividing I and let K, and O, be
the local field and the discrete valuation ring defined by the valuation associated
with p (see the beginning of chapter 2 for more detail). We show that for every p
and a commutative diagram of solid arrows as below, there exists a unique map,

indicated by the dotted arrow, making the diagram commute.

Spec(K,)

M

>

Spec(Oy) Spec(A[I71])

Since M} — Spec(A[I7!]) is a map of affine schemes by proposition [3.3.15, such
a map is unique if it exists, so it is enough to show the existence of such a map.

By viewing a Drinfeld module over a ring R as a morphism Spec(R) — M},
given the diagram of solid arrows above, proposition [3.3.16| with its following
remark shows there exists an extension of local fields Ly /K, where B is a prime
above p, and Ly O Ogp = {z € Ly | |z|p < 1}, such that the following diagram
commutes.

Spec(Ly) M;j

Spec(K;)

Spec(Oxy) Spec(Oy) Spec(A[IY)

(3.3.18)
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We show we can find a map from Spec(O,) — Spec(A[I~!]) given the diagram

above, but this is clear from the following result.

Lemma 3.3.19. ([22], Tag 0ARH) Let S be a scheme. Let f : X — Y be a
separated morphism of algebraic spaces over S. Let B is a discrete valuation ring
with field of fractions F, F' O F is an arbitrary field extension of F' and B’ is a

valuation ring dominating B. Suppose given a diagram of solid arrows

Spec(F")

Spec(F)

Spec(B')

).<

Spec(B)

(3.3.20)

then the map indicated by the dotted arrow Spec(B) — X ewists.

We apply the lemma above by matching the objects in diagram (3.3.18]) with
the objects in the same position in diagram ([3.3.20). Note that we can apply
this lemma by substituting X = M since proposition tells us Mj is an
affine scheme. By the lemma above, there is a map Spec(O,) — Mj and we are
done. O

3.4 Action of Ideals on Drinfeld Modules

Instead of starting with two Drinfeld modules and asking if there is an isogeny
between them, one may start with a Drinfeld module F and an element u € F[7]
in each coordinate and wish to define a new Drinfeld module (E’, ¢') such that
on each coordinate and for all a € A, uo ¢(a) = ¢'(a) o u. We construct such
a Drinfeld module (E', ¢') for each u = ¢;(7) € F|[r] define in We denote
this Drinfeld module as (I x E, I * ¢).

We construct this new Drinfeld module by first picking a system of coordinates
on F. Since the A-module structure on E is given locally, we may assume this
system of coordinates consists of only one element. We follow the notation in
and denote our coordinatized Drinfeld module as (E, ¢,1), where 9 is an
isomorphism of schemes ¢ : E = G, 5. We construct the coordinatized Drinfeld
module (I % E, I x ¢, ') with respect to this choice of coordinates. We then show
that this construction does not depend on the choice of the coordinates v in the

sense that two choice of coordinates on (F,¢) gives a canonical way to identify
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the different coordinates in (I E, I *¢). We then extend this to Drinfeld modules
with level structure.

Recall the definition of ¢7(x) in definition |3.3.8]

Definition 3.4.1. Let F' be an A-algebra, S := Spec(R[z]), id : S — S be the
identity map on S and let ¢ : A — F|[r] such that (S, ¢,id) is a coordinatized
Drinfeld module. Then the /-isogenized Drinfeld module of (S, ¢,id) or the I-
isogeny of (5, ¢,id) is a coordinatized Drinfeld module (S, I * ¢,id) and the A-

module structure [ % ¢ is given by the relation

oro(a) = (I x ¢)(a)pr

for all a € A. We show this indeed defines a coordinatized Drinfeld A-module in
below. We have a canonical map of Drinfeld modules (S, ¢,id) — (S, I*¢,id)
induced by the map of schemes ¢; : S — S given by = — ¢j(x).

Proposition 3.4.2. With the same notation as in definition |3.4.1| as above, the
triple (S, 1 % ¢, id) defines a coordinatized Drinfeld module. Furthermore, the
coordinatized Drinfeld module (S, I * ¢, id) has the same rank as (S, ¢, id).

Proof. For clarity, let us change notation and use the variable y in the image.
More precisely, ¢; is the map ¢y : S — §’, where S’ := Spec(R][y|), given by
y— ().

We first see that the map (I % ¢), := (I * ¢)(a) for all A satisfying

¢1d(a) = (I * ¢)abr

preserves the additive group structure on S, i.e., (I %), (y1 +y2) = (I *0)a(y1)+
(I % ¢)a(y2) for all y1,y2 € Fly] . The claim is clear since we can write y1, Yo
as polynomials in ¢5(x) and we can deduce this using the additivity of ¢; (by
and ¢(a) for all a € A.

Therefore, for all a € A, (I*¢), defines an element in End(G, ). Finally, one
checks condition 2 in definition by comparing the terms of the same degree
in 7 on both sides. Therefore, I * ¢ defines a Drinfeld A-module structure on S’
Comparing the degrees on both sides also show that the Drinfeld modules (S, ¢)
and (5, I % ¢) have the same rank.

O

Proposition 3.4.3. Let f : E" — E’ be an isogeny of coordinatized Drinfeld
A-modules. Let I x E" and I x E' be the I-isogenized Drinfeld modules of E” and
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E' defined by following the construction given in|3.4.1. Then the map f defines
an isogeny f : I * E" — I % E' such that the following diagram is a commutative

diagram of Drinfeld modules.

7
1

E" [+ E"
f ‘ f
%
E [+E

(3.4.4)

Proof. Tt is enough to show that the Drinfeld A-module structure on [ * £ agrees
by following the two paths from E” — [ % E’ in the diagram. However, this is
clear since w shows ¢} o f = fo¢/;. O

3.4.5. Let (E,¢) be a (not coordinatized) rank 1 Drinfeld A-module over an
A-algebra F. Let S = Spec(Flz]) and ¢ : E — S be an isomorphism. Let
¢'(a) = v ¢(a)y for all @ € A so that (S,¢,id) is a coordinatized Drinfeld
module isomorphic to (E, ¢, ).

By definition we have a coordinatized Drinfeld module (5,1 * ¢',id).
The isomorphism ¢! together with (S, I ¢',id) defines a coordinatized Drinfeld
module, which we denote as (I x E, I * ¢,1). We define (I x E, I * ¢) to be the

Drinfeld module which we forget the coordinate .

In other words, given (FE, ¢), we define (I * E, I x ¢) by choosing a coordi-
nate on it and reducing it to our previous definition given in [3.4.1 We show
in the proposition below that, given two choices of coordinates, there exists a
canonical way to identify the Drinfeld modules constructed with these choices of

coordinates.

Proposition 3.4.6. Using the same notation as let Yy, : E — S be
two coordinates on E. Fori = 1,2, let ¢; denote the I-isogeny ¢; : (E, p,1;) —
(I % E,I % ¢,%;). Then the map s 0o ;' + S — S induces an isomorphism

(Ix B, 1x¢,9) — (I*%E,1xd,15) such that 1y 0p7 0 ¢y = ¢gothg0thy .

Proof. Let E" = (I % E, 1% ¢,4), E' = (I x E, I % ¢,1)5) and let f = 15 097"
Apply and we are done. O

Definition 3.4.7. (Isogeny of Drinfeld modules) Let (E, ¢) be a rank 1 Drinfeld
A-module over an A-algebra F. We define the I-isogenized Drinfeld module of
(E, ¢), which we denote as (I x E, [ % ¢), or just I * F, to be the Drinfeld module
we constructed in [3.4.5
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Remark 3.4.8. Following the notation in |3.4.5 we have a map between Drinfeld

modules

V¢ E—I+E

which we show is canonically unique up to the choice of coordinate 1 in proposi-

tion [3.4.6| Hence, we will from now on, slightly abuse notation and just refer to
the map ¢} as just ¢;.

Lemma 3.4.9. Let E be a Drinfeld module over Spec(R) and let I = (w) be
a non-zero principal ideal of A. If we fix coordinates on E, then there exists
a unit u € R* such that the induced map on E satisfies ¢; = Spec(u) o ¢p(w).
Furthermore, Ix¢, the A-module structure on I E with respect to the coordinates

we fized, is given by
(I * ¢)(a) = Spec(u) o ¢(a) o Spec(u™)
for alla € A.

Proof. By and the definition of ¢; in it is clear that there exists a
unit © € R* such that ¢} = u o ¢*(w). Furthermore, by once again, there

exists an equality of subschemes
Ker(E 24 E) = Ker(E 2% E) =: B,
Therefore, we have the following left exact diagram of A-module schemes

o

(3.4.10)

Therefore, v must induce an isomorphism of A-module schemes, thus for all

a € A, Spec(u) o ¢p(a) = ¢(a) o Spec(u). In particular, taking a = w, ¢; =
o(w) o Spec(u) = Spec(u) o p(w) and thus giving our first statement.

The second statement follows from the first statement. Write ¢, and (I * @),

for ¢(a) and (I * ¢)(a). Then for all a € A, (I % ¢), is defined as the unique

polynomial satisfying

¢I¢a = (I * ¢)a¢]
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But by the first statement,

Qb[(ba = Spec(u)¢w¢a

= Spec(u) Pua
= Spec(u)¢a¢w
= Spec(u)p.Spec(u)Spec(u)d,
= Spec(u)gaSpec(u")¢;

Therefore, (I * ¢), = Spec(u)d,Spec(u~') by uniqueness. O

Lemma 3.4.11. ([9], lemma 4.9.2) Let (E,¢) be a Drinfeld module over an
A-scheme S and let I, J be ideals of A. Then

1. (Ix)joor= o1y,
2 [Txd=1I%(J*)

Proof. Locally on S, ¢y is given by a polynomial defined in[3.3.8, Recall from the
same definition that the polynomial corresponding to the map ¢; is defined by the
polynomial in the ring representing the universal rank 1 standard coordinatized
Drinfeld A-module. Therefore, it is enough to show this for the case where
E = &*.

Moreover, as explained in [3.3.5] R the ring representing £ is L-torsion free
for all ideal L of A4, i.e., R = R[L™'] :== R ®4 A[L™'] is an injection. Therefore,
we can replace £ by £%¢ Xgpec(a) SpecA[L™!] for some ideal L of A.

Fix ideals I, J given in the lemma, let L = (I N J). We observe that for all
schemese S over A[L™!] and e € E(9),

(I*¢)spr(e) =0 Vje J (I*p)pr(e) =0
e Vje J grpile) =0
SVyedie I,Qﬁ,ﬂﬁj = ¢ij(€> =0
= d)]J(e) =0
Since S is a scheme over Spec(A[(IN.J)™!]), the roots of all the polynomials above

are distinct by [3.3.3] Furthermore, the polynomials inducing (I % ¢);¢; and ¢r;
are both monic by [3.3.4] so they must equal.
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For 2, we have the following diagram.

]
E d J+E
o1y (J*d)r
IJ+E Ix(JxFE)

If we pick coordinates on E, then by 1, the bottom map must be an equality of

coordinatized Drinfeld modules and we are done. O

3.4.12. We extend the action of ideals on Drinfeld modules with level structure.
Let I be an ideal of A prime to the characteristic of an A-algebra F and let (F, ¢, ¢)
be a Drinfeld module over F' with level-1I structure. We define the Drinfeld module
with level-I structure (J x E,J % ¢, J * 1) where J x E and J % ¢ are as above.
For the level structure, the map of schemes ¢; : E — J % E defined in remark
induces an isomorphism ¢; : E; — (J % E);, where E; and (J % E); are
the I-division points of £ and J * E as in definition [3.2.1] Hence it is natural to
define the level structure (J * 1) = ¢ o ¢.

Remark 3.4.13. Given (E, ¢, ) a Drinfeld module over a field F' with level-1
structure and an ideal J coprime with I, we can give a more concrete way to
describe (J % E, J *x ¢, J * 1) by picking a coordinate on E and ¢ becomes a map
¢ : A — F[7] under this choice of coordinate.

By and identifying the roots of ¢; as a A/I, a Drinfeld module with a
level-1 structure is equivalent to a triple (F, ¢, A) where X is a primitive root of
¢r. Let J be an ideal of A prime to the characteristic of F' and V' (I), the map of
schemes ¢; : E — JxE defined in remark 3.4.8)sends z +— ¢;(z). Therefore, given
a coordinate, the J*— action is given by sending (E, ¢, \) — (J* E, Jx o, p;(N)).

Definition 3.4.14. Let (E, ¢) be a rank d Drinfeld A-module over F'. We define
End(FE, ¢) to be the subring of End(£) which consists of elements that commute
with ¢(a) for all a € A.

In other words, a non-zero element in End(E, ¢) is an isogeny from (E, ¢) to
itself as an A-module scheme. It is clear that End(E, ¢) is an A-module via ¢.

We state the following result without proof.

Proposition 3.4.15. ([T}, 2.1.4) Let (E, ¢) be a rank d Drinfeld A-module over
a field L. Then End(E,¢) is a projective A-module of rank < d>.
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Corollary 3.4.16. Let (E, ¢) be a rank 1 Drinfeld A-module over a field L. Then
End(E,¢) = A and Aut(E,¢) = A* =F;.

Proposition 3.4.17. Let (E, ¢) be a rank 1 Drinfeld A-module over an A-scheme
S. Then End(E,¢) = A and Aut(E, ¢) = A* = ;.

Proof. We note that for Drinfeld module E over Spec(R) and for all ring homo-

morphism R — R’, we have a map
End(E, ¢) = End(E Xspeo(r) Spec(R'), ¢ Xspec(r) SPec(R'))

defined by the pull-back.

We first show this for the case where S is the spectrum of a local ring R.
Let m be the unique maximal ideal of R, k := R/m and let (Ey, ¢y) denote the
Drinfeld module obtained by taking the fiber Ey := E Xgpec(r) Spec(k). We have

the following commutative diagram.
A bo

¢ End(Ejy, ¢o)

/

End(F, ¢) (3.4.18)
By , ¢o induces an isomorphism A — End(Fjy, ¢p), so it is enough to show
the map End(FE, ¢) — End(Ey, ¢), which is induced by reduction, is an injection.
Suppose 0 # f € End(FE,¢) C End(FE) = R|[r] is sent to 0 by the reduction
(quotient) map. Using proposition 5.1 of [7], which we state in proposition
below, since f # 0, we must be in the case where the leading coefficient of
f(7) is a unit in R. However, this contradicts the fact that f(7) reduces to 0
under the reduction map. Therefore, the unique pre-image of 0 under the map
End(E, ¢) — End(Ey, ¢p) is 0, showing this map is injective and we are done for
the case where R is a local ring.

For the general case, we use one of the results proven in [22, Tag 00EN]. Let
R be a ring and M be an R-module. Let M, denote the localization of M by a

prime ideal p of R. For an element x € M, the following are equivalent:
1. x=0;
2. o maps to 0 under all localization maps M — M, for all prime ideal p of R;

3. x maps to 0 under all localization maps M — M, for all maximal ideal m

of R.
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Now we show the unlabelled map in is an isomorphism for all £ over
any base A-scheme S by again, showing it is an injection. By considering an
affine cover of S it is enough to show this for the case where S = Spec(R) where
R is an A algebra and not necessarily local.

Suppose f € End(F, ¢) maps to 0 under the unlabelled map and we wish to
show f = 0. But by the result above and by letting M = End(F, ¢), it is enough
to show f maps to 0 under all localization maps. Therefore, we reduce to the

previous case where R is a local ring and we are done. ]
We state the following result from Drinfeld to complete the proof above.

Proposition 3.4.19. ([7/, 5.1) Let B be a ring of characteristic p with Spec(B)
connected. Let f1, fo € Bl7|, f; = Zdj

ilo @i dy >0, aq, ; invertible for j = 1,2.
Let h € B[t] and hf, = fah.

1. If dy # ds, then h = 0;

2. If dy = dy and h # 0, the h has the form Z?io hiT" where hg, is invertible.

3.5 Drinfeld Modules over C

In this section, we first briefly explain how one may use analytic methods to
obtain results relating to Drinfeld modules, then we show the functor M} is
represented by Ag,[I7!] (recall the definition in the beginning of chapter 2). In
the first part, We mostly follow Hayes’ summary in [13] to give an overview on
finding the C points of M} and we will state most results without proof. For a
more detail explanation, one can consult chapters 2 to 4 in [9)].

We put coordinates on all our Drinfeld modules in this section, so throughout
this section, (E,,1) is a coordinatized Drinfeld module over C and from this
point of view to construct a Drinfeld module, it is enough to construct a map
¢ : A — C[7] with the desired properties in definition [3.1.4] so we slightly abuse
notation and just say “¢ is a Drinfeld module”.

Definition 3.5.1. A lattice is a discrete A-submodule I such that K ®4 I' has

finite K-dimension, which we call the rank of I' and denote it as rr.

Remark 3.5.2. Since C is an infinite dimensional K -vector space, there is a
lattice of every positive rank.
We will focus on the case where the rank is 1. We remark that a rank 1 lattice

is isomorphic to a fractional ideal of A.
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Definition 3.5.3. The exponential function associated to a lattice I', ep(z) :
C — C, is defined by the infinite product

Note that the infinite sum ), el % converges absolutely in the topology in
C so the infinite product also converges for all z € C.

Theorem 3.5.4. ([13], theorem 8.5) The function er(z) is an entire function on

C with the following properties:
1. er(z) is a surjective F-linear endomorphism of C;
2. er(z) is periodic with T as a group of periods.
Definition 3.5.5. Let IV D IT" be two lattices with finite index, we define

P/ =t ] <1—§)

0#ocer(IV)
Note that P(I'/T';t) is a F-linear polynomial of degree |I'/T'|.

Proposition 3.5.6. ([13], chapter 8) Let T be a lattice, x € A. Let ¢L(t) :=
xP(x7'T'/T;t), then:

1. Every lattice defines a Drinfeld module over C, via the map ¢* : x — ¢L,
with the identification tP — T.

2. The rank of the Drinfeld module ¢' is the same as the rank of the lattice

rr.

3. Every coordinatized Drinfeld module ¢ over C has a uniquely determined
lattice T such that ¢' = ¢.

We label this uniquely defined lattice attached to ¢ as I';. We once again
emphasise the uniqueness in part 3 in the proposition above only holds for co-

ordinatized Drinfeld module and hence ¢ is viewed as map between algebras
¢:A—Clr].

Theorem 3.5.7. ([13], theorem 8.14) Let I be a non-zero ideal of A and I" a
lattice. Let ¢/ = I % @' (recall the x notation in definition , then

Ly =D(¢})-I7'T

where D is the map D(}, an(a)T™) = ag as in equation (3.1.§).
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Proof. A proof can be found in [9], corollary 4.9.5. O

Corollary 3.5.8. The action of non-zero fractional ideals of A on the isomor-
phism classes of rank 1 Drinfeld modules over C (through x) factors through
ClL (1) (see definition [2.3.1]). This action makes the set of isomorphism classes
of rank 1 Drinfeld modules over C a Cli(1)-torsor.

Proof. We follow the steps in chapter 9, [13]. We denote the set of rank 1 lattice
in C as Lat;(C) and define the an equivalence relation on Lat;(C) by I' ~ I'" if
I = ¢TI for some ¢ € C*. Let £, be the quotient of Lat,(C)/ ~.

The action of non-zero fractional ideals of A on Lat;(C) defined by I : I" —
I7'T gives a well defined, transitive and faithful action of Cl;(1) on £;. Finally,
one checks ¢ € C is an isomorphism from ¢' to ¢' if and only if IV = ¢I" (see
section 4.9 in [9]), hence theoremm gives us a bijection between £, and the set
of isomorphism classes of rank 1 Drinfeld modules over C and the group action
of Cl;(1) agrees on both sets. O

Definition 3.5.9. We say L C C is a field of definition of ¢ a Drinfeld module
over C or ¢ is defined over L if there exists an isomorphism in C from ¢ to ¢’ such
that ¢ € L[r].

3.5.10. Proposition 10.2 in [I3] shows K, is a field of definition for every rank 1
Drinfeld module over C. Theorem 10.3 in the same article also shows there exists
a finite extension of K such that it is a field of definition of every rank 1 Drinfeld
module over C, which is also contained in every field of definition. We call this
the smallest field of definition.

Theorem 3.5.11. Let I C A be a non-zero ideal, the functor M} X spec(a) Spec(K)
15 represented by the Ki, the ray class field over K of conductor I, totally splitting

at oo.

Proof. Following , we have an action of ideals prime to I acting on M}(C).
By the identification between lattices and Drinfeld modules in corollary [3.5.6]
we view the action of ideals of A on Drinfeld module as a transitive action of
fractional ideals on lattices. The stabilizer of this action on fractional ideals is
clearly contained in {Principal Fractional Ideals of A}, since each principal frac-
tional ideal defines an isomorphism by corollary

Furthermore, following remark , let (E,$,\) be a rank 1 Drinfeld A-

module over C with level-I structure and A is a primitive root of ¢;.
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A principal ideal (a) C A fixes the level structure if and only if ¢(q)(A) = uA
for some u € F; by . We pick another generator of a’ of (a) such that
Pa) = UPa, hence ¢g(X) — uX = u(dar(N) — A) = u(pa—1(A)) = 0, so we must
have @’ = 1 mod I since A is a primitive root. Therefore, there is a one to one

correspondence between M}(C) and the following group
{Fraction ideals}/{Principal Fractional Ideals (a) | a = 1 mod I}

The group above can clearly be identified as Cl(I). Hence, M1}(C) is a Cly(I)-
torsor. In fact, in stead of C, one can work with any field L such that L is a
finite extension of K containing all the roots of ¢; and is a field of definition
(see of ¢. Since each equivalence class in M?}(C) can be represented by
a Drinfeld module over L, so M}(C) = M}(L). This holds for any field F' such
that L C F C C. Therefore, for some finite Galois extension L/K, the functor
(M] Xspec(a) Spec(K)) Xspec(x) Spec(L) is isomorpic to HCll(I) Spec(L) and hence
the functor M} Xgpec(a) Spec(K) is, in the fppf topology, locally isomorphic to
HCll(I) Spec(K).

Therefore, the functor M} X gpec(4) Spec(K) is representable by a finite étale
algebra over K, i.e., a finite product of finite Galois extension of K. Let us call
this algebra F; and note that F7 is a field since the action of Cl;([) is transitive.

Recall K7 is the ray class field over K of conductor I, totally splitting at co
(we gave many different different definitions of this in chapter 2, but we will be
mostly using the definition in . Let m be a finite place of K not dividing
Ioco and let 0, € Gal(K;/K) be the Frobenius element over m. We show the
fields K7 and F; are equal by using corollary and showing there exists an
isomorphism Gal(K;/K) — Cli(I) such that all but finitely many Frobenius
elements are preserved. We start by identifying Gal(K;/K) with Cl;(I) using
definition then the Frobenius element of 7 is the image of 7 € Cly(I) by
proposition We show in proposition below that the identity map
Cli(I) — Cly(I) defined by 7 +— 7% — is a map that preserves almost all Frobenius
elements, i.e., the map 7 * — is a Frobenius elements on M:}.

Since the identity map preserves all primes not dividing /0o, we conclude the
fields F; and K; must be equal by corollary and we are done. O]

Proposition 3.5.12. Let 7 be a prime ideal not dividing I. The map E— 7 E

defines a Frobenius automorphism on M}

Proof. Pick a rank 1 Drinfeld A-module (E, ¢) over K and fix some coordinate
on it. We know that by fixing coordinates and viewing ¢ as a map ¢ : A — K|[7]
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the action of 7 * — on (E,¢) is induced by the map of rings Spec(Klz]) —
Spec(K|x]) defined by x +— ¢,(x). In this point of view, showing 7 * — acts as
the Frobenius element is the same as showing x +— ¢,(x) satisfy the Frobenius
condition. However, this is true due to the corollary 5.9 of [13] which says the

following:

3.5.13. Let (F,¢) be a rank 1 Drinfeld module over a field with characteristic
m#0. Let b =7n° e > 1. Then ¢, = 27"

In other words, taking e = 1, ¢ acts as the Frobenius modulo 7 on M} and

we are done. N

Corollary 3.5.14. Let I # A be a non-zero ideal of A. The scheme M} is
represented by Ax,[I7'], where Ky is the ray class field over K of conductor I,
totally splitting at co.

Proof. Proposition [3.3.15| shows M} is an affine scheme over A[I~!]. Suppose B
is the A[I']-algebra representing M}, i.e., M} = Spec(B). Proposition [3.3.15

shows that the map of affine schemes
M7 — Spec(A[I7Y)

is a smooth morphism of curves over [, so the ring B must be a regular algebra
over A[I7']. Since the functor M} Xgpec(ap-1]) Spec(K) is represented by K7,
the ring B must equal to A, [I7'][J~!] for some ideal J C Ag,. Furthermore,
proposition shows the morphism M} — Spec(A[I7!]) above is finite and
hence M} = Spec(Ag, [I7']). O

3.5.15. For each ideal J coprime with I, we give another point of view on the
Drinfeld module with level-I structure (J * E, J x ¢, J x 1) € MLY(R) for a given
(E,$,1) € MY(R) for any A-algebra R.

The functor M} Xgpec(ap-1)) Spec(K) = Spec(K) in theorem and in
the proof of this theorem, it is shown that for every prime 7 of A not dividing I,

the automorphism
Tk —: M X $pec(Al-1]) Spec(K) — M; X Spec(a[r-1]) Spec(K)

is induced by o, € Gal(K;/K) the Frobenius element at the prime 7. By corollary
3.5.14) M} = Spec(Ag,[I7']), one see that the any Galois group element o €
Gal(K;/K)isamap o : Ak, [I7] = Ak, [I""] since [ is an ideal in A so o(I) = I.
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We therefore define for every prime m of A not dividing I, the automorphism
7 —: ML — M} to be the map induced by 0.

For a general ideal J coprime with I, we factorise J into product of prime
ideals and form a Galois group element o; by taking the product of all Frobenius
elements in Gal(K;/K) and we define the automorphism J x — : M} — M! to
be the map induced by o; . Note that this multiplicative definition is consistent
with the J % — action on M} Xgpec(ajr-17) Spec(K) by lemma (3.4.11}

Another way to define J % — this is to view a rank 1 Drinfeld module over
an A[I71]-scheme S with level-I structure as a morphism e : S — ML Then
(J* E,Jx¢,J 1) is the defined as the Drinfeld module with level-I structure
corresponding to the composition S = M} 24 M1,

We state the following theorem. Recall the definition of the Hilbert class field
H in[2.3.8 and a field of definition in [3.5.91

Theorem 3.5.16. H is a field of definition.

A proof of this can be found in the first part of theorem 15.6 in [13]. The proof
involves introducing the notion of sign functions and sign normalized Drinfeld
modules. In fact, H is known as the minimal field of definition, meaning every
other field of definition contains H. A proof of this fact can be found is the same

theorem cited above.

Corollary 3.5.17. Let (E,¢,v) be a coordinatized Drinfeld A-modules over C,
so ¢ is viewed as a map ¢ : A — C[1]. Let X\ be a primitive root of ¢; (recall this
means the generator of the roots of ¢r as an A/I-module, see definition ,
then Ky = H(\71).

Proof. Tt is clear that both K; and H(A?™') contain H and are contained in H(\).
The group Gal(H (X\)/H) is isomorphic to (A/I)* and it acts by sending A — ¢, (\)
for all @ € A. One see that, by viewing Spec(K7) as M} Xspec(apr-1]) Spec(K),
both of these fields are the invariant subfields fixed by the field automorphisms
A= pA, e Fy O]

Remark 3.5.18. The statement in corollary is independent on the choice
of coordinatized Drinfeld modules. le., let (E,¢,v), (E',¢',1') be two rank
1 coordinatized Drinfeld A-modules, A\, X" be primitive roots of ¢;,¢;. Then
Kr=H(\Y) = H(\ Y.



Chapter 4

Abelian Extensions over K

We follow the same notation in chapters 2 and 3. Let K be a global function field
and let A be a subring of K as described in the beginning of chapter 2. Let P be
the set of all prime ideals of A. We say (F, ¢) is a Drinfeld module to mean it is
a rank 1 Drinfeld A-module as defined in chapter 3.

This chapter explains how we naturally construct a A4 p-scheme (see defini-
tion , which we refer as just A-scheme throughout this chapter, using the
theory of Drinfeld modules. More precisely, we first show there is a natural map
from the stack MY to Spec(Az), which we call the coarse map. We then construct
the space of the universal rank 1 Drinfeld modules £ and use the coarse map to
define a map from & to an affine scheme £ that is isomorphic to Spec(Ag|x]).
Finally. we show that the periodic loci of £ generates the maximal abelian ex-
tension of K totally split at oo, and hence by considering the constructions for
another choice of a place of K, say oo, the maximal abelian extension of K is

A-geometric.

4.1 Coarse Space of M

The major result in this section is to show the coarse space of the stack MY
is isomorphic to Spec(Ag). This is a known result which can be deduce from
theorem 1 of [7] by Drinfeld, in which he shows the group of finite ideles A%
acts on l&n./\/l} (note that in [7] M} are schemes over Spec(A)) and this action
is consistent with class field theory. From this, using a similar result like lemma
or otherwise, one can determine the coarse space of M. We compute the
coarse space using a similar method, with some change in notation to match our

notation in the previous chapters.

83
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4.1.1. Let I; C I, be two non-zero ideals of A and let S;, be a scheme over
Spec(A[I7']). There is a canonical map oy, 1, : M} (Sr,) — M} (S1,) induced
by the inclusion I; ' < I;7! and this map is just the forgetful map that forgets

the level structure if I, = A.

4.1.2. In theorem [3.5.11] we showed that for all non-zero proper ideals I of A,
there exists an isomorphism between M} and Spec(Agx[/!]). In fact, by the

lemma below, there exists an isomorphism
& @ M} — Spec(Ag[I™1)

such that this is compatible with the inclusion map and all the a’s we defined
above. In other words, we require the following diagram to commute for all

non-zero proper ideals J C I.

My Spec(AnlT1)
Qg Prjr
1 3 -1
M; Spec(Ag[I71])

where pr;; denotes the map induced by the inclusion map Ay[I~'] — Ax[J~].

Lemma 4.1.3. There exists a collection {{1} for each non-zero proper ideal I C A
such that the diagram in[{.1.9 commutes for all J C 1.

Proof. Fix an algebraic closure K /K and let E be a rank 1 Drinfeld A-module
over K. By , we can put a level-I structure on E for all I. Furthermore, we
can require all the level structures we chose are compatible. I.e., for all J C I,
we choose level-I and level-J structure ¢7,¢; on E such that ay : (E, ¢,t5) —
(E, ¢,ir). By the moduli space interpretation, this is equivalent to the following

commutative diagram,

Spec(K) M
\ ‘O&JJ
M;

where ez, e; denotes the Drinfeld modules (E, ¢, 1), (E, ¢,t;) over K.
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Since the ray class fields can be identified as subfields of the algebraic clo-
sure we fixed in the beginning, for all ideals 0 # I # A, there exists a map
inc; : Spec(K) — Spec(Ax,[I7!]) induced by the subring inclusion Ag,[I71] <
K; — K. By M} and Spec(Ag, [I71]) are isomorphic, and since K is
algebraically closed, there exists an isomorphism &7 : M} — Spec(Ag,[I7!]) such

that it commutes with e; and inc;. le., the following diagram is commutative.

Spec(K)
hef incy
1 3 _
Mj Spec(Asq 1)

Now we show the diagram in [4.1.2]is commutative with our choice of &; for all I.
Since any ring homomorphism Ag,[J7!] — K is necessarily a monomorphism,
any map of schemes Spec(K) — Spec(Ag[J71]) must be an epimorphism (in the
category of affine schemes), thus it is enough to show that {ayres = prj€re;s

in the diagram below.

Spec(K)
€J .HCJ
1 &1 -1
M;; Spec(Agx[J 1)
agr Pryr
1 &1 -1
M) Spec(An[I-1))

By construction, we have

pr;&se; = pr; inc; = incy

where the last equality follows from the fact that the composition of two subring
inclusions is again a subring inclusion. On the other hand, {;a;re; = &rer by the
compatibility of level structures. Finally, one sees that £re; = incy by definition

and we are done. O

4.1.4. Recall in [3.5.15 that for all non-zero proper ideals J of A coprime to I,
we have a map J * — : M} — M1} . In the proof of theorem [3.5.11} this action of
ideals coprime with [ factors through its image in the ray class group CI(I). Let
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G denote the Galois group of maximal abelian extension of K totally splitting at

oo over K, i.e., G is the following projective limit of finite Galois groups
g = l&n CI(I)
I

where I runs over all ideals of A and the map CI(J) — CI({) for all ideals [
dividing J is the map of Galois groups Gal(K;/K) — Gal(K;/K). We have an
action of G on M1 through the quotient G — CI([).

4.1.5. In the proof of proposition [2.3.7, we can view (A/I)*/F} as a subgroup of
CI(I). Furthermore, (A/I)*/IF; is the kernel of the following map

CI(I) — CI(1)

Thus, the action of the ray class group CI(I) on M1 by * induces an action of
(A/I)*/F: on M}. Let G be the group

G = (H@(A/p”)*) / F:
p n

where p runs over all prime ideals of A. By viewing (A/p")*/F; as a subgroup of
Cl(p™), we can view G as a subgroup of G and hence by we have an action
of G on Mj.

Intuitively, the action of G' on M} is an action that fixes the Drinfeld module
and gives another level structure to E. This is stated more precisely in the

proposition below.

Proposition 4.1.6. Let G be the group together with the action on M? defined in
[4.1.5 Let S be an A-scheme and let (E,$,1), (E',¢',/') € MX(S). There exists
g € G such that

g:(E,¢,0) = (B ¢.0)

if and only if there exists an isomorphism of Drinfeld modules (E,¢) = (E', ¢').

Proof. Suppose g € G, since the group G acts on M1} through a finite quotient,
it is enough to show the forward direction for all g € (A/I)*/F; C CI(I).

Let E be a Drinfeld module with level structure as stated in the proposition.
Since the group (A/I)*/F; is identified as the kernel of CI(I) — CI(1), the action
of ¢ is given by a principal ideal a = (a) € A.

By [3.4.9] there exists u € R* such that (a * ¢), = Spec(u) o ¢ o Spec(u™?)
for all b € A. Moreover, by the left exact diagram given in [3.4.10, v defines an
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A-module isomorphism on E, so we must have u € F; by . This shows the
forward direction.

We show the converse by a counting argument, more precisely, we count the
number of possible level structure one can put on a Drinfeld module. Since M}
is representable by the ring Ag,[I7!], it is locally a Han Spec(A[I~])-torsor,
and so the action of (A/I)*/F; C CI([) is free. Thus, it is enough to show that
the number of possible level-I structures one can put on E equal the size of the
group (A/I)*/Fy.

Recall that a level structure is an isomorphism ¢ : I71/A = E;, one sees that,
by viewing I ! /A as arank 1 A/I-module, any ¢ € (A/I)* defines a level structure
by pre-composition, i.e., ¢’ = ¢t o § is also a level structure on E. Moreover, it is
clear that for a fixed ¢, we can find such a group element § for any other level-1
structure.

Finally, by once again, an element A* = I} defines an automorphism of
E, so two level structures are considered equal if they differ by an element of A*.
Thus, the possible number of level-I structure we can put on E is [(A/I)*/F;|

and we are done. O

We define quotient of an object X by a group object G as the categorical
quotient of X by G given in definition 0.5 of [I6]. More precisely, we define

G-invariant maps and G-quotients as the following.

4.1.7. Let G be a group object in a category D with fiber products. Let G act
on X for some object in a category X, so there are two maps G x X — X called
the action map (denoted as «) and the projection map (denoted as p). We say
the map between objects f : X — Y is G-invariant if the following maps are

commutative:
Gxx=xLy

i.e., the composition of maps fop = foa. An object () together with a map
X — @Q is called the quotient of X by G if the map is G-invariant and furthermore,
for all Y and G-invariant maps X — Y, there exists a unique morphism ) — Y

such that the following diagram commutes

7N
X

Y

Note that the quotient of X by G is unique up to unique isomorphism if it exists.

We usually denote the object of the quotient by X/G and the quotient map by



88 CHAPTER 4. ABELIAN EXTENSIONS OVER K

quo : X — X/G. We sometimes leave the map “quo” implicit and just say “X/G
is the quotient of X by G” to imply there is a quotient map “quo” associated
with X/G.

Lemma 4.1.8. Fix a base scheme S. Let G be a finite group acting on a ring R
and let R® denote the G-invariant subring of R. Let Gg be the constant group
scheme [, S and let X = Spec(R), Y = Spec(RC) be affine S-schemes with the
map f: X — Y induced by the algebra map f*: R® — R.

Suppose [ is an étale covering. Furthermore, let o and p be the action map
and the projection map Gg x X — X as defined in and suppose the map
(o, p) : Gg x X — X x X induces an isomorphism between Gg x X and X xy X.
Then the étale sheaf theoretic quotient of X by Gg, which means the quotient in
the category of étale sheaves over S, is'Y together with the map f: X — Y.

Proof. By the proof of chapter 1, section 2, theorem 1.1 of [16], f : X — Y is the
quotient in the category of schemes over S. Let X/G denote the quotient of X by
G5 in the category of étale sheaves over S. Since schemes are étale sheaves, there
exists a unique map X/G — Y and we want to show this map is an isomorphism.

We observe that the map X — X/G can be expressed as a coequalizer and
Gs x X = X — X/G. This is because the universal property of coequalizer
is satisfied by definition [£.1.77 On the other hand, since f is an étale covering,
X Xy X = X — Y is also a coequalizer diagram. This follows from the fact
that every epimorphism is effective in the category of étale shaves, see theorem
IV.7.8 in [15]. Therefore, the map X/G — Y is an isomorphism if both X xy X
and Gg x X defines the same equivalence relation on X. The latter condition is
equivalent to saying the image of (a, p) : Gg x X — X x X agrees with the image
of the inclusion map X xy X < X x X, which is true by assumption. Therefore,
the map X/G — Y is an isomorphism. O]

Corollary 4.1.9. Let S = Spec(A[I7Y]), G be the group defined in[4.1.5 and let
Gs =11,S. The étale sheaf theoretic quotient M}/Gsg is Spec(Ag[I~']) together
with the map induced by the inclusion map ff: Ag[I™'] — Ag,[I7].

Proof. Although G is not a finite group, the action of G on M} factors through
U = Gal(K;/H) = (A/I)*/F;, so we can apply the result in lemma with
the finite group U. Following the notation in m, if we take X = M} =
Spec(Ag,[I7']) and Y = Spec(Ay[I71]), then Ag[I~!] is the U-invariant subring
of Ag,[I7']. Moveover, the map f;: X — Y is a finite étale covering.
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Furthermore, we see that (a,p) : Us x X = X xy X. Indeed, the ring
representing the affine scheme Ug x X is the ring ([[;; A[I7']) ®ap-1 Ak, [I7],
which is canonically isomorphic to [],; Ak, [I7']. On the other hand, the ring
representing X Xy X is Ag,[I7'] ®4,u-1 Ak, [I7']. One sees that, since the
fields K;/H is a finite Galois extension and Ag,[I~!] is finite étale, the map of
rings associated with (o, p) sends a @ 1 — [],;9(a), 1 @b — [[ b for all
a,b € Ak, [I"'] and this map is an isomorphism.

Hence, all hypotheses are satisfied in lemma and we are done.

[

Remark 4.1.10. Let G be a finite group. Suppose the category D in has
finite coproducts and a terminal object S (for example, the category of S-sheaves
for some scheme S), then it is natural to identify G with the group object [[, S.
We often abuse notation and just say G' € D rather than [[, S € D in this case.
In particular, we often denote the quotient X/[[, S as X/G.

4.1.11. We fix a quotient map quo : M} — M1/G and an isomorphism d; :
ML/G — Spec(Ag[I71]) for each I such that the following diagram commutes.

quo

M

MG
1 o1

Spec(Ag, [I7Y]) L Spec(Ag[I71)

where &; is defined in and f7 is the inclusion map defined in 4.1.9
4.1.12. We define a presheaf on (A-schemes)

|MY| : (A-schemes)®P — (Sets)
S+ {Isomorphism classes of rank 1

Drinfeld modules over S}

Note that we can make this definition because MY () is a groupoid. We define
the coarse space of M to be M} = | M} |%, the sheafification of M| in the site of
étale sheaves over Spec(A) (see [2.4.4). We define the coarse map m : MY — M}

to be the composition of the map

My = M| = [M]" = M),
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4.1.13. We note 7 * — : MY — MY induces a map M} — M}. Indeed, the map
7 x — extends to a map MY — M} by post-composition. It is clear that 7 * —
factors through the map MY — |[M}| so 7 *x — induces a map |MY| — M},
which induces a map M} — M} by the universal property of sheafification.

4.1.14. Let I be a non-zero proper ideal and let
ML = MY speeiny Spec(ALT ).

We construct a map By : |[MY|[I7!] — Spec(Ag[I~']) using the quotient map
quo : M} — M1 /G and the isomorphism d; : M}/G — Spec(Ay[I7!]) defined
in [4.1.11] We show this map 8y realizes Spec(Ax[I7!]) as the sheafification of
|MY|[I7Y] in proposition below.

Let ML) = M XgpecaySpec(A[I71), it is clear that every map MY [I71] —
F, where F is a sheaf, factors through MY [I71] — |M4][I7!] uniquely, so it is
enough to construct a map S} : MY4[I7'] — Spec(Ax[I7]).

In[4.1.T}, we have a map ay, 4, which is the map that forgets the level structure.
This induces a map M} — MYL[I7!]. We slightly abuse notation and also denote
this map by oy 4 for the rest of this section.

In , we showed that quotient of M} by G, in the category of étale sheaves
over Spec(A[I7Y]), is isomorphic to Spec(Ay[I7!]) together with the map induced
by the G-invariant subring map fr : (Ag,[[71])¢ = Ag[[7'] — Ag,[I7Y], where
the isomorphism is given and denoted as d; in [4.1.11]

We construct 37 by following a similar approach to the proof of . We

have two columns of maps as the following.

Mp Xy My G x M

|

M} — M}
M M}/G

We show in [4.1.16| that, the existence of a map M} X M, 1] Mb — G x Mi,
such that the following diagram commutes, defines a map MLY[I7!] — ML/G,
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which defines a map to Spec(Ax[I~']) through d;.

M X g (1) My —— M} x M}

h (@, p)
G x Mj (4.1.15)

Therefore, to construct a map f; : |[MY|[I71] — Spec(Agx[I71]), it is enough
to construct a map M} X M1 M} — G x M} such that diagram com-
mutes. An element in Mj X yq1 ;;-1] M is a pair of isomorphic Drinfeld modules
(E,9),(E', ¢') with potentially different level-I structures on them. By fixing an
isomorphism between them, the pair can be written as (F, ¢q,t2), where (1, 15 are
two level structures on E. The image of (E, iy, ) in M} x MYis (E, 11, E, 13).

By [.1.6] there exists go1 € G such that go; : (E,t2) — (E, ;). We define
a map M X v 1) M = Gspeeapr-1) X M by (B, u1,12) = (g2,1, B, t2). One
sees that («, p) : (921, E, t2) — (E, 1, E,12), so the map we constructed makes
the diagram in commutative.

By composition with the isomorphism &; : M}/G — Spec(Ag)[I}], we
have constructed a map ) : MY[I7'] — Spec(Ag[I~']) and hence a map
B |IMY[I7Y] — Spec(Ag[I7Y]) as we claimed.

Proposition 4.1.16. A map
M} XM%[I_I] M} — G X M}

induces a map

MY — ME/G

Proof. Fix an A[I ']-scheme S and let £ € M (S). Since both M4[I~!] and
ML/G are stacks in the étale topology, it is enough to work over an étale cover
of S. Let S" be a cover of S such that £/ = F xg S’ admits a level-I structure
(exists by and let (£',¢) be a preimage of £’ along oy 4.

We claim that the map that sends E’ to the image of (E’, 1) in M}/G gives a
well-defined map M4[I7!] — M1 /G. Indeed, it is enough to show that this map
is independent of the choice the level-I structure on E’. Suppose there are two
level-T structure on E’, this gives a point in M} X ML 11 ML Thus, given the
commutative diagram in (4.1.15]), we see that such a point is in the equivalence
relation defined by G x M} so the image of (E’,t) in M}/G is independent of
the choice of ¢. O
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Proposition 4.1.17. The map B; defined in realizes Spec(Ag[I7Y]) as the
sheafification of |MY|[171].

Proof. Let B} : MY[I7'] — Spec(Ag[I~!]) be the map induced by 8; as shown
in . We show the map f; obeys the universal property of sheafification. In
other words, given a sheaf F and a map v; : MY[I71] — F, we need to show
there exists a unique map 7} : Spec(Ag[I~']) — F (indicated by a dotted arrow

below) such that the following diagram commutes.

1771
Mall™] (4.1.18)
Given a map 77 : MY[I71] — F, there exists a map M} — F by precomposition
with aj 4. Furthermore, this composition of maps is G-invariant since the map
ara : Mi; — |[MY|[I7!] is G-invariant by [4.1.6, Therefore, by the universal
property of G-quotient, there exists a unique map 7, such that the square in the

following diagram commutes.

5 uo
M L2 Spec(Ay[IY)
OéLAh / ’y‘/r
My —

Furthermore, the upper left triangle is the diagram above commutes by construc-
tion. Therefore, the lower right triangle must also commute and we are done.
m

Proposition 4.1.19. Let 81 be the map introduced in[{.1.17. The collection of

Br for all non-zero proper ideal I extends to a (necessarily unique) map
B M| — Spec(An)
Proof. Let MY[I7'] = MY Xgpec(a) Spec(A[I71]). Given ;, we have a map
Br: MU[I™'] — Spec(Au[I7))

defined by precomposing with the map ML[I7!] — |MY|[T71] (see 4.1.12)) and
taking the fiber product. Once again, it is clear that a map from M, to a presheaf
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over Spec(A) factors uniquely through the map MY — |[M|, so it is enough to
show that, given a collection of 8, we can define a map ' : MY — Spec(Ap).
Since M, is a stack, for each A-scheme S, we can replace MY (S) with the
category of descend data (recall the definition in with respect to the Zariski
topology, MY ({S[I7!] — S}) where I ranges through all non-zero proper ideals
of A. We repeat the process for Spec(Ag)(S) and we show the collection of /3}
defines a morphism between these two categories of descend data. In other words,
following definition [2.5.9] we need to show that for all ideals J C I, a Drinfeld
module E and its image EY), EY) in MY (S[I7]) M%(S[J7Y]), the following

diagram commutes.

/

Io0 b1 BLED
prf3’

pr(EY) L pr(8,EWY)

where pr denote the map induced by the A-scheme map pr: S[J~!] — S[I~!] on
each corresponding fibered category. Note that the isomorphism on each column
follows from the definition of descend data and the right column is an equality
since Spec(Ay[J!]) is a sheaf. We observe that the commutativity of the diagram

above is equivalent to the commutativity of the diagram below.

ML [T L Spec(Ag[J7Y)
hpr pr
B

MUI™] —— Spec(Ay[I71])

We show commutativity of the diagram by expanding the diagram on the left
hand side.

pray !
M) M ML — T Spee(Agl )
‘Oéj,l hpr pr
« /
M ) = (g

where pr*a;; denotes the map defined by the pull back of a;; along pr.
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It is immediate from the definition that the left square commutes, meaning
that there is a canonical isomorphism between the two objects obtained by fol-
lowing the different paths. Therefore, it is enough to show the big rectangle
commutes.

Recall the following isomorphisms introduced in for all I:

f] . M} — Spec(AKI [I_l])

67 : M};/G — Spec(Ay[I™1)

such that the diagrams in[4.1.2| and 4.1.11| commute. Under these isomorphisms,

the quotient map quo : M} — ML/G becomes the map
1+ Spec( A, [171]) — Spec( A1),

which is defined by an inclusion of A-algebras f7 : Ag[I~'] — Ag,[I"!]. Similarly,
the map f; is also an inclusion, so the map 3, o pr*a; 4 in the top row of the
diagram is defined by an inclusion. Finally, the vertical maps are defined by
maps of rings Ag[I~'] < Ag[J '] and Ak, [I7'] — Ag,[J7']. Since both maps
mapping Ag[l7!] — Ag,[J7!] are inclusions, it is clear that the big rectangle

commutes and we are done. O

Theorem 4.1.20. The map 8 : |[MY| — Spec(Ay) defined in realizes
Spec(Ap) as the sheafification of |[MY].

Proof. First of all, we keep the all notation introduced in [4.1.17 and [4.1.19]
especially the ones in diagram (4.1.18]). In addition, we define pr; to be a map
induced by S[I7!'] — S on each fibered category.

To show the theorem holds, it is enough to show the following: Given a map
v : MY — F where F is an étale sheaf over Spec(A), for all ideas J C I, the

triangle on the right marked with dotted lines in following diagram commutes.

Qg A By
My ———— M[T ] Spec(Ag[J 1)
agr pr ///I/)/I‘ :
Qar A 6] e’ 3

M5 MYTY] 5 Spec(Ag[T7Y)
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We remark that the whole diagram other than the dotted triangle is com-
mutative, which can either be shown directly from definition or in the proof of
M117 or[A1.19 Indeed, it is clear that the small square on the left commutes.
Furthermore, the top trapezium in the diagram commutes by the proof of
and the bottom trapezium commutes because by definition, v} is the unique map

such that pr; o prjy = 4} o B; (here pr; : F[I7'] — F and pr}y denotes the
pull-back). Similarly, the big square with /3 as its top edge and ~ as its bottom
edge commutes by the definition of the map +/.

Since the map ;0 aja : M5 — Spec(Ay[J7']) is a G-quotient, it is a
coequalizer and thus an epimorphism. So it is enough to show the precomposition
of B o aya with the maps in the dotted line commutes. It remains to show the

commutativity of the dotted arrows by diagram chasing. We have

/
Yy © BJ oA

=y Oopr;oproa (commutativity of the big square)
=y ofroproaya (commutativity of the bottom trapezium)
=7y;oprofByoa;a (commutativity of the top trapezium)

[]

Corollary 4.1.21. Let 7 be a prime and let m : MY — M} denote the coarse
map defined in|f.1.19. The map MY — M} induced by E — 7w x E (exists by
is the unique Frobenius lift at the prime .

Proof. Let I be an ideal of A coprime with 7. We have the forgetful map of level
structure M} — MY and the coarse map MY — M}. These two maps compose
and define a map of affine schemes M} — M}, By and the uniqueness of
sheafification, the coarse map m is given by the map 8 : MY — Spec(Ay), thus
the map of affine schemes can be viewed as an inclusion of A-algebras Ay —
Ag,[I7']. We see in proposition that m % — : M7 — M is the Frobenius
automorphism of M1, so 7 * — also defines a Frobenius automorphism of M} by
viewing Ap as a subring of Ag,[I7!]. From class field theory, the Frobenius lift

of a prime ideal 7 of A in Ay is unique, so 7 * — must be the unique one. [
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4.2 Periodic Loci and Abelian Extensions

The aim is to present a scheme, of finite type, such that the periodic loci generates
ray class fields of K. The case for elliptic curves done in [I0], the idea of such a
scheme is obtained by forming the quotient of the universal elliptic curve over the
moduli stack of CM elliptic curves. We will follow the same idea by first defining

the universal rank 1 Drinfeld modules and construct our scheme from there.

4.2.1. We have a canonical isomorphism of A-algebras

a®ab— ab

So Spec(Ag[z]) = Spec(An) Xspec(a) Spec(A[z]) and the isomorphism is given
by the map above. We always refer to this canonical isomorphism whenever
we say “Spec(Ag|x]) is isomorphic to Spec(An) Xgpec(a) Spec(Afz])”. We often
say (e,y) € Spec(Ag[z]) for some e € Spec(Ay) and y € Spec(A[z]) using this
isomorphism.

We also have the canonical projections
pra, : Spec(Agr]) — Spec(An)
corresponding to the map of rings induced by induced by a — a ®4 1.

4.2.2. Recall the definition of the ring R and the rank 1 universal standard coordi-
natized Drinfeld A-module £*¢ in[3.1.22] There exists a map fgt : Spec(R) — MY
which is defined by forgetting the coordinates.

Following we may write £5¢ = Spec(R) Xgpec(a) Spec(A[z]) and we have
the canonical projection map prg similarly defined.

We define a map ¢ : £°¢ — Spec(Ag|z]) as follows. Let (E,y) € £° using the
fiber product described above by

¢ (E,y) = (B(fgt(E)), y* ")

where (3 is the coarse map defined in 4.1.19, In summary, we have the following

commutative diagram:

Spec(Aglz])

brg k Pray,

Spec(Ap)
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Definition 4.2.3. The universal rank 1 Drinfeld A-module &, is a stack over M
such that the S-points of £ is defined as

E(S) ={(E(S),y) | E € M}y € E(S)}

We have a forgetful map £°¢ — & defined by the pull-back of the forgetful
map fgt : Spec(R) — MY, which we slightly abuse notation and also call fgt.

Lemma 4.2.4. The map ¢ : £ — Spec(Ap|x]) introduced in factors
through the forgetful map fot : £%¢ — &.

Proof. Tt is enough to show that, for a Drinfeld module (E, ¢), the image under
¢ is independent of the choice of standard coordinates we put on (F,¢). Write
an element in £ as a pair (F,y), it is clear that the first component E in the pair
is independent of choices of coordinates by definition. Moreover, by any
two such choices differ by an element in I}, i.e., if the two pre-images of (E,y)
under fgt are (F1,y;) and (FEs,ys), then there exists p € [ such that yo = py;.
It is clear that the (¢ — 1)-power map is fixed under any choice of p. O

4.2.5. We denote the map shown in as ¢, i.e., ¢ = cofgt. Thus, following
same notation in [£.2.2] we have the following commutative diagram:

Spec(Aglz])

Paty {PTAH

MY p Spec(Ap)

4.2.6. By [£.2.4] the maps ¢ and ¢/ defines each other. Therefore, every time we
work with the map ¢, we almost always work with ¢’ instead and assume the
Drinfeld module has a standard coordinate on it without further explanation.
The map z +~ 97! is invariant under replacing = by px for all u € 7.
Informally, one may think of the map ¢ as the coarse map together with the

“quotient by A*” map.

We make the following definition for Drinfeld modules with coordinates and
the universal Drinfeld modules with coordinates.

Let P denote the set of prime ideals of A and let A = Ap = A(P). Let X be
a scheme, we say a family of maps ¢, € End(X), one for each p € P, defines a
A-structure on a scheme X if X together with {t,} is a A4 p-scheme defined in
0.0.0l
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We proceed with the following idea: the action of ideals of A should de-
fine a A-structure on £ and this A-structure should extend to a A-structure on
Spec(Ag[z]). We are not going to explain what a A-structure on a stack is, but

we show that the action of ideals of A defines a A-structure on Spec(Ag[z]).

Lemma 4.2.7. Let Spec(Ag|x]) = Spec(An) X specay Spec(Alx]) be the isomor-
phism defined in|4.2.1 Let (e,y? ') € Spec(An) X spec(ay Spec(Alz]) be a point in
Spec(Ap|x]). Let m be a prime ideal of A, the action

Un((e,y*) = (¢(e), b (y)"")

where the map e — ¢, (e) is the map ¢; : My — M} defined in corollary |4.1.21
and ¢ (y) is the evaluation of the additive polynomial ¢, at y, defines a A-
structure on Spec(Ag[z]). In other words, the map . lifts the Frobenius map

at the prime .

Proof. By identifying Spec(Ag[x]) = Spec(An) Xspec(a) Spec(A[z]), it is enough
to show the map 1, acts as the Frobenius lift on each component. More pre-
cisely, we will show the restriction maps ¢r|spec(ay) : Spec(Ag) — Spec(Ap) and
Or|spec(afz)) : Spec(A[z]) — Spec(A[z]) are both lifts of the Frobenius at the prime
.

The map ¢x|spec(ay) : Spec(An) — Spec(An) given by ¢ (B(E)) = p(m * E)
defines a A-structure on Spec(Ay[z]) by f.1.21] It remains to show that the map
O |spec(az)) : Spec(Alz]) — Spec(A[z]) defined as 297! — ¢ ()7 ! is a Frobenius
lift. Firstly, we note the expression ¢, (x)?"! is indeed a polynomial in 297! since

for some a € A*
¢W<x)q—1 — (CLSB(f]deg(ﬂ)_l N alxq_l + (Io))q_l (428)

and each exponent of x in the bracket on the right hand side is of the form ¢" — 1

for some natural number n and hence the term in the bracket is a polynomial in
it

Furthermore, the congruence condition
_ deg(m) _
(277 = ¢p(2)? mod 7

is clear by |3.5.13] [

We proceed by defining what we meant by a periodic locus in precise terms
by following definitions in chapters 6 to 8 in [2]. Let X be an A-scheme with a

Ap-structure, where P be a set of places of A.
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4.2.9. We define the Frobenius lift at oo of M} = Spec(Ay) to be the identity
map. We make this convention because H is a field that is totally splitting at
oo in the sense of class field theory, so defining 1., = id makes the most sense.
Similarly, we define the Frobenius lift at co of Spec(Ay)[z] to be the identity

map.

We recall the definition of f-equivalence in definition [0.0.6] Two cycles a and
b (recall this means a formal finite product of places of K) are f-equivalent if
they both share the same greatest common divisor with § and the image of them
after dividing the greatest common divisor agrees in Cl(f'), where § is the cycle
obtained by dividing f with the greatest common divisor. Note that the ray class
groups CI(f') are defined to be totally splitting at oo as in definition m

Proposition 4.2.10. Let a,b be cycles of K and assume that oo does not divide
a or b. Then a ~; b if and only if a = xb for some element x € 1+ ot

Proof. Since oo does not divide a or b, so we can view a and b as ideals of A.
Following the proof in proposition 4.3 of [2] and unpacking the definitions and
results in[2.3.1}2.3.10jand [0.0.6} a ~; b if and only if there exists z € K™ satisfying

1. ad~ ! =zbo7 !
2. For each place 7 of K, if 1 < n, := ord,(fo~"), then z = 1 mod #"~.

where 0 = ged(a,f) = ged(b, f) and 7 denotes all non-zero prime ideals of A.
Note that condition 1 is the same as a = zb, so we only need to show that,
under condition 1, condition 2 is the same as z € 1 + fb~'. Let us denote
m, = ord,(fb~') where 7 is a place and we want to show that 2 = 1 mod 7.
For 7 such that ord,(f) > ord,(b), nr = m, so condition 2 holds in this case.

For the remaining case where ord,(f) < ord,(b), we must have n, = 0 so
condition 2 does not apply. Therefore, it suffices to show that x = 1 mod 7™~
Since ged(a, f) = ged(b, §), ord;(f) < ord,(a) and hence

ord,(x — 1) > min(ord,(x),0) = min(ord, (ab™"), 0)
> min(ord, (f6~1),0) = min(m,,0) = m,
[

Recall the definition of the periodic locus in definition [0.0.7] For § a cycle of
K, X a A-scheme,

X(f) = () X (e = o)

Cleb
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4.2.11. Let us from now on refer Spec(Ag[z]) as £, an affine line over Spec(Ag).
We will always view £ through the isomorphism Spec(Ag[z]) = Spec(Ax) Xspec(a)
Spec(A[z]) defined in[4.2.1] so we will always represent an element of £ as (e, y) €
L for some e € Spec(Ay) and y € Spec(A[z]).

4.2.12. Let pry, : £ — Spec(Ay) be the map defined in m We define a

section of pr,, , denoted as xg, by choosing the point x = 0. Le.,

xo : Spec(Ay) — L

e (e,0)

Definition 4.2.13. Let £ be the scheme in as before. We define LIf] to
be the subscheme of £ containing elements in the image of xy defined in [4.2.12
under the map v5. In other words, using the notation in , L[f] consists of
pairs of the form (e, c) where ¢ — 0 under s|spec(aa])-

Remark 4.2.14. It is clear that L[f] is a closed subscheme of £, because it is
the pre-image of {0} x Spec(Ay) under ;.
It is also clear that if ' | §, then L[f'|(R) C LI[f](R) and L(f)(R) C L(f)(R).

Remark 4.2.15. The torsion loci are only defined for cycles supported away
from oco. For a general cycle, we will write f = fg,00™ such that oo 1 g, and

conventionally define L[f] = L[fa,]. We make this convention by following |4.2.9

Proposition 4.2.16. The field over K generated by the torsion loci of L, i.e.,
the field

UE (L)
f
is the mazimal abelian extension of K, totally splitting at oo.

Note that K(L[f](C)) means the smallest subfield F' of C containing K such
that F' contains all the C-points of L[f]. In other words, F' is the smallest field such
that every morphism Spec(C) — L[f] factors through a morphism Spec(F') — LIf]
which commutes with the map Spec(C) — Spec(F).

Proof. Fix a cycle f which we may assume to be coprime with oo by remark
4215 We will show that
K(L[](C)) = Kj

We view £ =2 Spec(A[x]) Xgpec(a) Spec(Ap) as a fiber product and L[f] is the
pre-image of {0} x Spec(Ay) under the map +; : £ — L as shown in remark
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Note that 95 acts on each component of £ so to find the pre-image of
{0} x Spec(Apg), it is enough to find the pre-image of {0} and Spec(Ay) in
each of the component. The restriction ¢ : Spec(Ay) — Spec(Ap) acts as the
Frobenius map by corollary , in particular, the C-points of Spec(Ay) is a
bijection under ;. Therefore,

K(L[(©C)) = K(Au,| o) = H(J o)

where the union runs over all ¢ on all Drinfeld modules (E, ¢) over C such that
P(ct/lae=Dya=1 =,

Let a?~! = ¢ for some « € C. This is equivalent to ¢;(a) = 0 for each ¢ such
that (E, ¢) is a rank 1 Drinfeld A-module.

Fix a Drinfeld modules (£, ¢) and let o be a primitive root of ¢;, then we claim
that the field H(|Jc) is the field H(a?7'). Tt is clear that H(|Jc) 2 H(a?!). For
the reverse inclusion, it is enough to show that every c is contained in H(a471).
For each ¢, there exists an element w € C such that ¢ = w9"! and for some
Drinfeld module (E’, ¢') together with a coordinate so that ¢’ can be viewed as
amap ¢ : A — C[r] and qb%(w)q_l = 0. Let o be a primitive root of ¢{. Then
W' = ¢ (a’) for some a € A and hence w'?™! = ¢/ (a’)?! which we showed in

equation (4.2.8)) is a polynomial in /. Therefore, for all ¢, we have
H(c) = H(w"™") C H(a""™") = H(a"™")

where the last equality comes from remark [3.5.18 Now we are done since propo-
sition [3.5.17| shows H(a?™!) is the ray class field of conductor f. O

4.2.17. Let (E, ¢) be a Drinfeld module over C, and we fix coordinates on F so
let us assume ¢ : A — C[7]. Recall that for each ideal I of A, we have an additive
polynomial ¢; (see[3.3.8)). Since E is a Drinfeld module over C, ¢r(x) splits as a
product as shown in (3.3.4}

Let C[[7]] denote the ring of formal power series in 7 as in section 1 of [§], i.e.,
elements in C[[7]] is of the form )~ a;7" where a; € C. For all non-zero additive
polynomial f(7) € C[r], 1/f exists in C[[7]].

For a non-zero proper ideal I of A, we wish to define ¢;-1 € C[[7]]. It is tempt-
ing to define ¢;1 = ¢; ', but this is not the correct definition as the following
relation, stated in lemma holds for ideals I, .J of A:

or7 = (J x 9)rds (4.2.18)

Therefore, it is more natural to give the following definition of ¢;-1 that follows

the relation above.
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Definition 4.2.19. Let I be an ideal of A and hence 7! is a fractional ideal.
The Drinfeld module 17! % ¢ is defined by J * ¢ where J is an ideal of A such that
J is the inverse of I in the class group Cli(1). Then ¢;-1 € C[[7]] is defined as

g1 = (J* )7

This definition of ¢;-1 is independent of the choice of J, since the * action on

ML (C) makes it a Cl;(1)-torsor by corollary

For a general fractional ideal T of A, we decompose T into prime ideals and
inverses of prime ideals and repetitively apply equation to define ¢p. We
will show in lemma[4.2.21] that ¢7(7) defined this way is independent of the order
in which we apply equation (4.2.18)).

Remark 4.2.20. The definition above is based on the relation

l=¢1=¢1 =T x¢)1¢;

So by replacing ¢ with I~ 'x¢ and noting that for all ideals I, J, we have I'x(Jx¢) =
IJ * ¢ (stated in lemma [3.4.11)), we have our definition of ¢;-1. Alternatively, we
have

1=¢1 = ¢ = 1" %¢) ¢

which also gives our definition in a more direct way.

Lemma 4.2.21. Let T be a fractional ideal of A. Then ¢r(1) € C[[7]] is inde-
pendent of the order in which we apply equation )

In other words, lemma shows that ¢r is well-defined.

Proof. Let (E,¢,v) be a coordinatized Drinfeld module over C and T be a fac-
tional ideal of A. Suppose T'= I"J", for some fractional ideals I, J of A and we
want to compute ¢ using definition On one hand, ¢7 = (J" * @) mdn
and on the other hand, ¢ = (I™ % @) jnpym. Therefore, ¢r is well defined if the

following equation is true.

(J" % @)pmpyn = (I * @) ynpym (4.2.22)

Since definition [4.2.19) defines ¢ through its ideal part and its purely fractional
part (a fractional ideal is purely fractional if it is an inverse of an ideal), it is
enough to consider the special case where I, J are ideals of A and m,n takes

values 1 or —1.
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The case m = n = 1 is the case where both I and J are ideals of A and it is
true due to lemma [3.4.11] Let us show it for the case n # m. By symmetry, we
assume n = —1 and m = 1 so the left hand side of equation (4.2.22)) becomes

(J ' @)rdgr = (S ) (T x9)"

and the right hand side becomes

(1% @)g10r = (I(J ")+ 6); 1

The two expressions above are equal if and only if the following equality holds

(I %) (T % d)r = d1(J " % 0)y

However, the equality is clear since both sides are equal to (J ! * ¢)r;. Similarly,

for the case n = m = —1, one follows the same procedures and see equation
(4.2.22)) holds for this case if and only if the following equation holds,

Sun-r = (L) 0); (T x0); = ((I)) = 0)5 (I *0); !

By taking inverses of both sides, the equation above holds if and only if the
equality

(S @) (L) 5 @) = (S % )1 (1) % 9)
holds, but this is true since both sides are equal to ((IJ)™! * ¢);;. Note that by
taking inverses, we have also shown that ¢(r5-1 = ((IJ)™' % ¢)7;. O

Lemma 4.2.23. Let I, J be fractional ideals of A with J C I, then there exists
an integral ideal Q) such that J = QI.
Furthermore, the additive polynomial (I x$)g = f(7) € C[7] (has finite degree

in T) satisfies

[(T)or = ¢

Proof. The fraction ideals I and J can be decomposed uniquely into primes and
inverses of primes and J C [ if and only if ord,(J) > ord,([) for all primes p.
Let @ = Hp porde(N)=ords (D) “where p runs over all the maximal ideals of A.
Then it is clear that J = QI and every exponent in the product defining @) is
positive with almost all of them equal to 0, so @) is an integral ideal. The rest of
the statement is clear from definition [£.2.19 O

Proposition 4.2.24. For all cycles § of K, we have
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Proof. Since we are working over C, every local ismorphism class of rank 1 Drin-
feld module is an isomorphism class of rank 1 Drinfeld module over C. Hence we
denote points in £(C) as (E,c), where (E, ¢) is a coordinatized Drinfeld module
over C for some ¢ : A — C|[r].

First of all, we have show in that 1, is the identity map on £. We
therefore assume that all ideals and fractional ideals we deal with are supported

away from oo.

Let us first show that £(f)(C) C LIf](C). Let (1 +a) be a principal ideal of A,
then, since 1 ~1 (1 + a), we have | ~; (1 + a)f.

Let (E, ¢ ') € L(C) be in the f-periodic locus of £(C). Since C is algebraically
closed it is harmless to assume our point on the Drinfeld module E(C) is a (¢—1)st

power, so by the above we must have

(F* E(C), ¢5(c)™") = U(E(C), ")
= Ya4a) (B(E(C), )
= (1 +a) *§x E)(C), data)(d5(c))?)

In particular, we have ¢;(c)9™" = Paya)(¢5(c))?7, s0 ¢5(c) = Apata)(d5(c))
for some A € F;. By multiplying 1+ a by A1 if necessary, we may assume \ = 1.
Therefore, we have ¢;(c) = @(144)(¢5(c)) and hence ¢,(p5(c)) = 0. This holds for
all a and if one begins with two principal ideals (1 4+ a) and (1 + @) such that a
and a’ are coprime, it is clear that we must have ¢;(c) = 0 by [3.2.3|

Conversely, let (E, ¢) be in the f-torsion, we want to show that (F,c) € L(f).
Let a,b be two § equivalent cycles. By [0.0.6] this implies a = xb for some
r € K*, satisfying € 14 fb~'. Hence, it is clear that, for a ~; b, we have
m(ax E)(C) = m(b x E)(C) (recall m is the coarse map defined in since
the two cycles differ by some x € K* which implies the image is the same in the

coarse space M;(C) (isomorphic to CI(1)).

Let ¢ be a point on a Drinfeld module (£, ¢) over C such that (E,c) is a §-
torsion point. We now show that it is in the periodic locus. We follow definition
and extend our Drinfeld module ¢ over C to a map from K to the left

twisted power series C|[[7]]. We will, as before, slightly abuse notation and still
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refer the map K — C|[7]] as ¢. We have

(o — d6)(c) = (Pub — P6)(c)
= ((b* @)zgp — ¢)(c)
= ((bx ) — (bx¢)1)(du(c))
= (b ¢)s-1(¢u(c))

—~

where we have repetitively used the fractional ideal version of equation ,
which is well-defined by lemma [£.2.21] f(7) € C[r] is an element satisfying the
equality ¢p—1) = f(7)¢;. Such f(7) exists because x — 1 € fb~", in other words,
(x —1) C fb~' so we can apply lemma . Hence, for c in the torsion locus,

®a(c) = Pu(c), so it is also in the periodic locus and we are done. O

Remark 4.2.25. It is not true that for every A-scheme X, the two subschemes
X|[f] and X (f) agree with each other. In general, it is very hard to describe X (f).

Corollary 4.2.26. The field generated by the periodic loci of L over all cycles,
i.e. the field

UEGHe)
f

where f runs over all cycles of K, is the maximal abelian extension of K, totally

splitting at oco.
Proof. We have shown, in proposition 4.2.24] that the periodic locus L(f)(C) is

the same as the torsion locus L[f](C), so the claim is equivalent to the statement

of torsion locus generating abelian extensions shown in proposition [4.2.16 O]

Our construction of the A-scheme L is based on the choice of oo at the be-
ginning where A = A, and we will denote C and L as C,, and L., to emphasize
this arbitrary choice. One can choose another point oo’ and repeat everything we
have done so far and obtain L. .

Corollary 4.2.27. Let oo # o0’ be two arbitrarily chosen places of K. Let K,
denote the mazimal separable extension of K and let X = Lo I L, then the
field

UK (§)(E))
j

is the mazimal abelian extension of K.
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Proof. Since adjoining f-periodic loci give separable and algebraic extensions over
K, we have K (L4 ()(Cs)) = K (Lo (f)(K,)) by viewing K, as a subfield of Cy,

and similarly for C.s. Then
UKEHE)) = JE (Lo T L) H(KS)) = [ K (Loo()(Coo) I Lo ()(Cor))
f f f

which the last field is the composition of maximal abelian extensions totally

splitting at two different primes, so it must be the maximal abelian extension. [
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