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Abstract

We use Morse structures, which are parametrised Morse
functions on the pages of an open book decomposition of a
3-manifold, to study contact topology. Morse structures provide
combinatorial diagrams, called Morse diagrams, with which we
can study contact manifolds. Morse structures also provide
front projections of Legendrian knots that can be defined in
any contact 3-manifold. In the first half of this thesis, we firstly
show how to take a Murasugi sum of open book decomposi-
tions with Morse structures, and how to find the corresponding
Morse diagrams. Next we introduce a criterion for detecting
the overtwistedness of a contact structure from its Morse dia-
gram. Lastly, for open book decompositions with punctured
torus pages, we show how to relate Morse diagrams to standard
presentations of the monodromy of the open book. In the second
half of this thesis, we introduce a notion of Lagrangian diagram
for open book decompositions with once-punctured torus pages,
and using this, we introduce a differential graded algebra that
is a Legendrian knot invariant for Legendrian knots in contact
3-manifolds whose compatible open book decompositions have
once-punctured torus pages.
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Introduction

In this thesis, we use Morse structures to study contact 3-manifolds, and Legendrian
knots embedded within. In particular, we focus on contact 3-manifolds whose compatible
open book decompositions have punctured torus pages.

In [Gir02], Giroux showed that, loosely speaking, there is a one-to-one correspondence
between contact structures on a 3-manifold and open book decompositions of that 3-manifold.
Following this correspondence, many questions that can be asked about contact structures
can be translated into questions about open book decompositions, thus tying the study
of contact geometry to, for example, algebraic techniques used in studying mapping class
groups of surfaces, and geometric techniques used in Kirby calculus.

More recently, Morse structures on an open book decomposition were introduced by Gay
and Licata [GL18] and are a powerful tool for studying open book decompositions and their
corresponding contact 3-manifolds. Firstly, from a Morse structure we can construct a Morse
diagram that encodes the contact manifold, thus providing a diagrammatic category with
which to study contact 3-manifolds. Moreover, we can study Legendrian knots via a front
projection onto these diagrams. Amongst other things, Morse structures have been used to
compute the homology, Thurston-Bennequin number, and rotation number of Legendrian
knots, and can be used to combinatorially compute the homology of the underlying 3-manifold,
and the Euler class of the contact structure of the contact manifold.

We continue to extract information from Morse structures. Given two 3-manifolds M1 and
M2 with open book decompositions, we can find an open book decomposition for the connect
sum M1#M2 in such a way that glues together the pages of the respective open books of
M1 and M2, via an operation called the Murasugi sum. In the first part of this thesis, we
show how to extend this operation to open books with Morse structures defined on them,
and show how to construct their corresponding Morse diagrams. Using this construction, we
are able to construct new examples of Morse diagrams defined on contact 3-manifolds.

Next, we show how a Morse diagram can be used to give a criterion for overtwistedness of a
contact 3-manifold. Using open book decompositions, Goodman [Goo03], and Honda, Kazez,
and Matić [HKM07], have developed criteria for overtwistedness by using the monodromy of
the open book decomposition. Our criterion offers a new perspective for studying whether
a contact structure is overtwisted or not. One of the advantages of this new criterion over
those of Goodman and Honda, Kazez, and Matić, is that, using the Morse diagram we can
explicitly find the overtwisted disk inside the contact 3-manifold and explicitly draw a front
projection of the Legendrian knot that is its boundary.

In the following section, in the case of open books with punctured torus pages, we study
factorisations of the monodromy of the open book, and the corresponding Morse diagrams.
The monodromy of an open book is an element of the mapping class group of a surface, and,
as such, the monodromy is typically studied via a presentation of the mapping class group
generated by Dehn twists about nonseparating curves. On the other hand, Morse structures
and their corresponding Morse diagrams use a different presentation of the mapping class
group generated by handleslides. We relate the standard factorisations of the monodromy
using Dehn twists about certain simple closed curves to factorisations using handleslides.
Using this correspondence, we are able to construct many new Morse diagrams for well-known
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open book decompositions by comparing Morse diagrams to standard factorisations of the
monodromy.

In the second part of this thesis, we study projections of Legendrian knots. In R3 with
the standard contact structure, Legendrian knots are studied by means of either a front
projection or a Lagrangian projection. However, in other contact 3-manifolds, we don’t
necessarily have an analogous front or Lagrangian projection defined. As already mentioned,
Gay and Licata [GL18] show that a front projection can be defined on any contact 3-manifold
equipped with a Morse structure. In the case of an open book with punctured torus pages,
we construct two notions of a Lagrangian projection of a Legendrian knot, called a coloured
Lagrangian projection, and an uncoloured Lagrangian projection. The coloured Lagrangian
projection is a more complicated diagram, but can easily be translated from a front projection
of the knot. An uncoloured Lagrangian projection is simpler, but requires us to manipulate
our Legendrian knot so that it is in a nice position with respect to a page of the open book.

This development of Lagrangian diagrams is motivated by the final part of this thesis,
where we use these diagrams to define a Legendrian knot invariant (a differential graded
algebra) motivated by symplectic field theory. These types of Legendrian knot invariants
are sometimes called Chekanov-Eliashberg DGAs or relative Legendrian contact homologies.
These types of invariants are interesting, important, but difficult to compute and distinguish.
Moreover, they have only been rigorously defined for a handful of contact 3-manifolds. At
the time of writing, such invariants have only been defined, sometimes only combinatorially,
for Legendrian knots in a handful of strict contact 3-manifolds such as

• (Σ× R, α), where Σ is an exact symplectic manifold, and the Reeb orbits are the R
fibers [EES07],

• in [Bjö16], it is shown how to combinatorially compute the DGAs in [EES07] in the
case where Σ× R is the product of a punctured Riemann surface and the real line,

• circle bundles over closed surfaces, where the Reeb orbits agree with the S1 fibers
[Sab03],

• lens spaces and Seifert fibered spaces, where the Reeb orbits agree with the S1 action
[Lic11], [LS13],

• the 1-jet space over the circle J1(S1) (for Legendrian links) [NT04],

• the boundaries of subcritical Weinstein 4-manifolds [EN15].

The definition of such a DGA relies heavily on the understanding of the Reeb dynamics
of the contact manifold, which are notoriously difficult to understand. For example, it
was not known for a long time whether every closed contact manifold has a closed Reeb
orbit (the Weinstein conjecture), and the proof in dimension 3 by Taubes is long and deep
[Tau07]. What’s more, small perturbations of the contact form may wildly change the Reeb
dynamics. However, by equipping a contact 3-manifold with a Morse structure, we can define
a contactomorphism from ‘most’ of the contact manifold to a contact manifold with simpler
Reeb dynamics, and thus, in some sense, we replace the choice of contact form with a choice
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of Morse structure. For contact 3-manifolds with compatible open book with punctured
torus pages, we combinatorially define a DGA that uses this contactomorphism.

This invariant has a multiple benefits. Firstly, it is applicable to a wide class of Legendrian
knots, including knots that are not nullhomologous, and secondly it is applicable in a wide
class of contact 3-manifolds. We provide examples of computing this invariant in S3, but not
with the standard tight contact structure, and in contact 3-manifolds that are not Seifert
fibered.

Besides the new results described above, an ongoing goal throughout this thesis is to
provide many examples of Morse diagrams, front projections and Lagrangian projections,
and to tie these to more familiar perspectives used to study Legendrian knots and contact
3-manifolds, such as Kirby diagrams, and the monodromies of open books.
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Part 1. Morse Structures and Morse diagrams

1. Background material

In this section, we outline the theory of Morse structures developed in [GL18], and present
proofs when useful for later. The ingredients for a Morse structure are a contact manifold
(M, ξ), a compatible open book decomposition (B, π) and an efficient Morse-Smale homotopy
(F, V ) satisfying appropriate compatibility conditions. Thus we firstly introduce open book
decompositions and contact structures before introducing Morse structures. We will then
show how Morse structures provide a way to encode an open book decomposition into a
diagram, and this diagram is called a Morse diagram. Moreover, we can study Legendrian
knots via their projection onto a Morse diagram, and this projection behaves like the usual
front projection in R3.

1.1. Open book decompositions. According to a theorem of Alexander (see Theorem
1.13), every closed, connected, orientable 3-manifold admits an open book decomposition. In
the context of contact geometry, open books are very closely related to contact structures,
thus tying the contact structure to algebraic techniques such as mapping class groups of
surfaces. Moreover, open books lend themselves to study via Kirby calculus (as the boundary
of Lefschetz fibrations), giving us another very concrete method for studying them. As
we will show, Morse structures offer yet another concrete way to study open books (and
the Legendrian knots embedded within). We will hope to draw comparisons between these
perspectives.

There are two closely related definitions of open book decompositions. In one case, we
start with a closed 3-manifold M and find a way to decompose M into an open book. That
is, we find a way to decompose M into its pages and binding. In the other case, we build a
closed 3-manifold by starting with a page of the open book and by building a mapping torus,
and then by gluing in the binding.

Definition 1.1. An open book decomposition for a closed, connected, oriented 3-manifold M
is a pair (B, π) such that B is an oriented link in M (called the binding) and π :M \B → S1

is a fibration with the property that the closure of π−1(t) = Σt is a Seifert surface for B in
M (called the page of the open book). Sometimes this is called an embedded or concrete
open book.

Example 1.2. Let S3 be the unit sphere in R4 with coordinates (r1, θ1, r2, θ2), and let
π : R4 → R2 be the projection π(r1, θ1, r2, θ2) = (r1, θ1). Then U = π−1(0, 0)|S3 =

{(0, 0, 1, θ2), θ2 ∈ [0, 2π)} is an unknot, and there is a fibration πU : S3 \ U → S1,
(r1, θ1, r2, θ2) 7→ θ1. For a point t ∈ S1, the page π−1(t) = {(r1, t,

√
1− r21, θ2) | 0 ≤

r1 ≤ 1, θ2 ∈ [0, 2π)} is a disk. To picture this open book decomposition of S3, see Figure 1.1.

Definition 1.3. Let Diff+(Σ, ∂Σ) be the set of orientation preserving diffeomorphisms that
are equal to the identity near ∂Σ.

Definition 1.4. An abstract open book is a pair (Σ, ϕ), where Σ is an orientable surface
with boundary, and ϕ ∈ Diff+(Σ, ∂Σ). We call ϕ the monodromy.
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Figure 1.1. An open book decomposition of S3. Rotate about the {r1 = 1}
axis in red. The two thickened points are points of {r2 = 1} which is the
binding of (U, πU ) under this rotation. Each black arc is a page that becomes
a disk under the rotation.

From an abstract open book (Σ, ϕ) we can construct a closed oriented 3-manifold M(Σ,ϕ)

as follows. From Σ and ϕ we construct the mapping torus

Σϕ =
Σ× [0, 1]

(x, 1) ∼ (ϕ(x), 0)
.

Warning: Some people define the mapping torus by the relation (x, 0) ∼ (ϕ(x), 1). We
do not.

For each boundary component Bi of Σ, the mapping torus Σϕ will have a torus boundary
component Ti = S1 × S1 = Bi × R/Z which we give coordinates (b, t). We glue in a solid
torus S1 ×D2 to each of these boundary tori via the diffeomorphism f : S1 × ∂D2 → Ti
sending (x, y) 7→ (b, t). The result is a closed oriented 3-manifold M(Σ,ϕ).

There is an alternative way to define an abstract open book. Cap off each boundary
component Bi of Σ with a disk Di to obtain the closed surface Σ̂. Extend ϕ by the identity
over each of the Di to obtain the diffeomorphism ϕ̂ : Σ̂ → Σ̂, and let M̂ = (Σ̂× [0, 1])/(x, 1) ∼
(ϕ̂(x), 0). Let xi be the centre of the the disk Di. The fiber {xi} × S1 has a framing given
by choosing a vector vi ∈ TxiΣ̂ and lifting vi by the monodromy. Then M(Σ,ϕ) is the result
of performing 0-surgery on {xi} × S1 for each i.

Definition 1.5. Given a surface Σ with boundary, the mapping class group Mod(Σ) is the
group of isotopy classes of orientation preserving diffeomorphisms of Σ that restrict to the
identity on ∂Σ:

Mod(Σ) = Diff+(Σ, ∂Σ)/Diff0(Σ, ∂Σ).

Here Diff0(Σ, ∂Σ) is the subgroup of Diff+(Σ, ∂Σ) consisting of elements that are isotopic to
the identity.

Definition 1.6. Two abstract open books (Σ1, ϕ1) and (Σ2, ϕ2) are equivalent if Σ1 = Σ2

and there is an h ∈ Diff+(Σ, ∂Σ) such that [ϕ1] = [h ◦ ϕ2 ◦ h−1] ∈Mod(Σ).

Lemma 1.7. Equivalent abstract open books define diffeomorphic 3-manifolds.
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We note that the converse is not necessarily true: if M1 is diffeomorphic to M2, then
their open book decompositions may not be equivalent. However, in the case of integral
homology spheres, they are equivalent after a sequence of operations called positive and
negative stabilisations/destabilisations [GG06].

The correspondence between concrete open books (B, π) and abstract open books (Σ, ϕ)

goes as follows. Firstly, here, and throughout, we will make use of solid torus coordinates.
Let D2 × S1 be a solid torus. We give the D2 factor the polar coordinates (ρ, µ), where
ρ ∈ [0, 1] and µ ∈ [0, 2π). We given the S1 factor the coordinate λ ∈ [0, 2π). The
greek letters indicate the radius, meridian and longitude. On ∂(D2 × S1), a meridian
{(1, µ, c)|µ ∈ [0, 2π), c a constant} bounds a disk inD2×S1, whereas a longitude {(1, c, λ)|λ ∈
[0, 2π), c a constant} does not bound a disk in D2 × S1. We will write the basis vectors for
the tangent space Tx(D2 × S1) at a point x ∈ D2 × S1 at (∂ρ, ∂µ, ∂λ). A vector field X on
M \B is a monodromy vector field if dπ(X) = 1 and if, for each component of B, there are
solid torus coordinates (ρ, µ, λ) ∈ D2 × S1 with respect to which π = µ and X = ∂µ. Note
that monodromy vector fields exist (use partitions of unity), and that a monodromy vector
field allows one to read off the monodromy ϕ of a concrete open book as the return map on
a page, and thus to identify (M,B, π) with the abstract open book M(Σ,ϕ) = Σ× [0, 1]/ ∼
where (x, 1) ∼ (ϕ(x), 0) for all x ∈ Σ and (x, s) ∼ (x, t) for all x ∈ ∂Σ and for all s, t ∈ [0, 1].
In particular, this also allows us to identify every page Σt with a fixed model page Σ = Σ0.
Furthermore, different monodromy vector fields produce isotopic return maps, so that the
monodromy is well-defined as an element of the mapping class group Mod(Σ).

One important difference between embedded and abstract open books is that we talk
about concrete open book decompositions up to isotopy and abstract open books up to
diffeomorphism.

Example 1.8. The open book decomposition (U, πU ) in Example 1.2 has a monodromy
vector field ∂θ1 since dπU (∂θ1) = dθ1(∂θ1) = 1. The return map of this vector field is the
identity, and, identifying a page of the open book with the disk D, the abstract open book is
given by (D, Id). By the construction of a 3-manifold from an abstract open book, it is not
hard to see M(D,Id) is S3 by performing a 0-surgery on an S1 fiber of S2 ×S1. Alternatively,
we can explicitly find the two solid tori that give the standard Heegaard splitting for S3.
Using notation from Example 1.2, the solid tori are

T1 = {π−1(θ1) | θ1 ∈ [0, 2π), r1 ≤ 1√
2
},

T2 = {π−1(θ1) | θ1 ∈ [0, 2π), r1 ≥ 1√
2
}.

A meridional disk for T1 is given by a fixed θ1 = θ̃1, and a meridional disk for T2 is given by
a fixed θ2 = θ̃2. These two disks intersect exactly once at the point ( 1√

2
, θ̃1,

1√
2
, θ̃2).

We have already seen the open book decomposition (U, πU ) and abstract open book
(D, Id) of S3. There are two other important open book of S3 that are key players in contact
geometry.
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Example 1.9. Let S3 ⊂ C2 be the unit sphere in C2 and let f+ : C2 → C be the map
(z1, z2) → z1z2. Then f−1

+ (0)|S3 is the positive Hopf link H+, and

π+ : S3 \H+ → S1

(z1, z2) 7→
z1z2
|z1z2|

defines an open book decomposition for S3. Similarly, let f− : C2 → C be the map
(z1, z2) 7→ z1z2. Then f−1

− (0)|S3 is the negative Hopf link H−, and

π− : S3 \H− → S1

(z1, z2) 7→
z1z2
|z1z2|

also defines an open book for S3.
Writing (z1, z2) in polar coordinates (r1, θ1, r2, θ2), a page of (H+, π+) is

π−1
+ (θ̃) =

{
(r1, θ1, r2, θ2) | r21 + r22 = 1, θ1 + θ2 = θ̃, θ1 ∈ [0, 2π), r1 ∈ [0, 1]

}
=

{
(r1, θ1,

√
1− r21, θ̃ − θ1) | θ1 ∈ [0, 2π), r1 ∈ [0, 1]

}
which is an annulus.

The negative Hopf link differs to the positive Hopf link by changing the orientations of
one of the components of the links. The reason H+ is the ‘positive’ Hopf link, is that if
you take one component of the link, it bounds a disk in S3 and has an orientation as the
boundary of that disk. The other component of H+, with its orientation coming from the
page of the open book, intersects this disk positively (using the orientation on M). Similarly
for H−, if you take one component of H−, it bounds a disk in S3 and has an orientation as
the boundary of that disk. The other component of H− intersects this disk negatively (using
the orientation of M).

Another way to see this, in the above coordinates, is the following. Consider a page of
S3 \H+ and a page of S3 \H−. For simplicity we will choose the 0 pages:

π−1
+ (0) =

{
(r1, θ1,

√
1− r21,−θ1) | θ1 ∈ [0, 2π), r1 ∈ [0, 1]

}
,

π−1
− (0) =

{
(r1, θ1,

√
1− r21, θ1) | θ1 ∈ [0, 2π), r1 ∈ [0, 1]

}
.

We parametrise an annulus by A = {(r, θ) | r ∈ [0, 1], θ ∈ [0, 2π)}, and let the orientation of
∂A be given the orientation of the boundary (outward normal first) so A|r=1 is oriented by
∂θ and A|r=0 is oriented by −∂θ.

There is an embedding A ↪→ π−1
+ (0) ⊂ S3, (r, θ) 7→ (r1, θ1) and another embedding

A ↪→ π−1
− (0) ⊂ S3, (r, θ) 7→ (r1, θ1). We have

∂(π−1
± (0)) = π−1

± (0)
∣∣
r1∈{0,1}
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and the components of ∂(π−1
± (0)) are H± ⊂ S3. In particular,

π−1
− (0)

∣∣
r1=0

= {(0, θ, 1, θ) | θ ∈ [0, 2π)}

π−1
− (0)

∣∣
r1=1

= {(1, θ, 0, θ) | θ ∈ [0, 2π)}

π−1
+ (0)

∣∣
r1=0

= {(0, θ, 1,−θ) | θ ∈ [0, 2π)}

π−1
+ (0)

∣∣
r1=1

= {(1, θ, 0,−θ) | θ ∈ [0, 2π)}.

Thus π−1
+ (0)

∣∣
r1=1

and π−1
− (0)

∣∣
r1=1

are directed by the pushforward of ∂θ which is equal
to ∂θ1, and π−1

+ (0)
∣∣
r1=0

is directed by ∂θ2 (the pushforward of −∂θ) and π−1
− (0)

∣∣
r1=0

is
directed by −∂θ2 (the pushforward of −∂θ). So the orientations of H+ and H− agree on the
r1 = 1 components, but disagree on the r1 = 0 components.

Lemma 1.10. A monodromy vector field for (H+, π+) is X = r22∂θ1 + r21∂θ2. The first
return map of this vector field defines a positive Dehn twist on the annulus page. Thus
(A, τ), where A is an annulus, and τ is a positive Dehn twist about the core of A, is the
corresponding abstract open book.

Proof. We define the map π+ in polar coordinates (r1, θ1, r2, θ2) 7→ θ1 + θ2. It is clear
that dπ+(X) = 1, and that X is meridional near the binding components. To see that the
first return map of the monodromy vector field on a page is a right-handed Dehn twist,
consider the tori {r21 + r22 = 1} for different values of 0 < r1 < 1 foliating the complement
of the binding. The coordinates on each torus are (θ1, θ2). It is clear that X is tangent to
these tori since d(r21 + r22)(X) = 0. The pages of the open book intersect these tori in lines
of slope −1, since θ1 = −θ2 + θ̃ on a page π−1

+ (θ̃). Different values of θ̃ then foliate these
tori by lines of slope −1. Fix θ̃ = 0 and we look at the return map of X on this page, which
we parametrise by (r1, θ1). That is, there is a map from an annulus onto this page

A0 : (r1, θ1) ↪→ (r1, θ1,
√

1− r21,−θ1) ⊂ S3.

See Figure 1.2. At {r1 = 0}, X = ∂θ1 is horizontal, and the return map on a page is the
identity. Similarly at {r1 = 1}, X = ∂θ2 is vertical, and the return map is the identity. For
the other values of 0 < r1 < 1, the integral curves of the monodromy vector field on the
torus are given by lines of slope

dθ2
dθ1

=
r21
r22
.

If a line of slope r21/r22 goes through the point (θ′,−θ′), it hits the page again at (θ′′,−θ′′),
where

θ′′ = θ′ + 2πr22 = θ′ − 2πr21 mod 2π.

See Figure 1.3. Thus the monodromy vector field X defines a map ϕX : A0 → A0 defined
by

(r1, θ1) 7→
(
r1, θ1 − 2πr21

)
,
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Figure 1.2. The top row shows the page of the open book and the red
line is the intersection with a torus in the complement of the binding. The
bottom row shows the torus, parametrised by (θ1, θ2), and the intersection
of the page of the open book with the torus in red. The monodromy vector
field is in blue.

Figure 1.3. The flow of the monodromy vector field (blue) that intersects
the page π−1

+ (0) at (θ′,−θ′) intersects the page again at (θ′′,−θ′′).

and this map is a right-handed Dehn twist. Note that the orientation on a page is given by
(∂r1, ∂θ1), so ∂θ1 is ‘to the left’ of ∂r1 and hence −∂θ1 is ‘to the right’ of ∂r1, so the negative
sign in the above expression makes the monodromy to appear to be right-handed. □
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Figure 1.4. Picturing pages of an open book in a surgery diagram.

In showing how to construct a 3-manifold from an abstract open book, we hinted at using
surgery techniques. For the following lemma, let Mp/q(K) denote the 3-manifold obtained
by doing p/q-surgery on the framed knot K ⊂M .

Lemma 1.11. Suppose Σ is a surface with boundary, K is an embedded closed curve
in Σ, and ϕ ∈ Mod(Σ). Let δ±K denote a positive/negative Dehn twist about K. Then
M(Σ,ϕ◦δ−n

K ) =M1/n(K).

Sketch of proof. For statement of the lemma to make sense, we need to specify a framing
on K. Since K is embedded in a page Σ of the open book, this is naturally given by the
‘page slope’: for a small neighbourhood N(K) of K, the page slope is ∂N(K) ∩ Σ.

Cut open the mapping torus Σϕ at the page Σ0 with K embedded in it, and reglue by
δ−n
K . Parametrise a neighbourhood N(K) of K by S1 × I × I, I = [−ε, ε], with S1 × I ×{0}

corresponding to Σ0. Then we pull the arc {pt} × I × {−ε} through to S1 × I × {ε}, where
it has changed by −n Dehn twists. The union of these arcs on ∂N(K) is a 1/n curve, which
must bound a disk in M(Σ,ϕ◦δ−n

K ).

Example 1.12. Figure 1.4 (a) shows the result of performing 0-surgery on an unknot U in
S3. That is, let N(U) ∼= S1 ×D2 be a closed tubular neighbourhood of U . Remove intN(U)

from S3 and glue in a solid torus S = S1×D2 by a diffeomorphism ϕ : ∂S → ∂(S3 \ intN(U))

that sends {pt} × ∂D2 7→ S1 × {pt} ⊂ ∂N(U) and S1 × {pt} ⊂ ∂S 7→ {pt} × ∂D2 ⊂ ∂N(U).
This is a surgery diagram for S1×S2. To picture the S1×S2 product structure, consider

a spanning disk D+ for the circle in the diagram. There is an S1 family of these disks, just
like the open book decomposition (D2, Id) for S3 (see Example 1.2). Each of these disks
intersects ∂N(U) in a longitude, which bounds a disk D− inside the surgery torus. There is
an S1 family of D−’s in the surgery torus, and the boundary of each glues to the boundary
of a D+ in S3 \ intN(U). The result is an S1 family of disjoint D+ ∪D− = S2.

Now consider the knot L1 = S1 × {pt} ⊂ S1 × S2 shown in Figure 1.4 (b). L1 intersects
each S2 fiber over S1 exactly once: it intersects each D+ exactly once, where we view the D+

as spanning disks for U like the open book decomposition (D2, Id) for S3. We now perform
0-surgery on L1 exactly as we did for U by gluing in the boundary of a solid torus S1 onto
∂((S1 × S2) \N(L1)). The resulting 3-manifold 0-surgery on both components of a Hopf
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Figure 1.5. Left: The Dehn twists about curves on a page that are parallel
to the binding components (in red) correspond to surgery on those curves
with surgery coefficients shown. Right: the resulting surgery diagram after
slam dunk moves.

link in S3, so it is again an S3, but now we can view the open book decomposition (D2, Id)

of S3 in a slightly different way. Each meridian {pt} × ∂D2 ⊂ ∂N(L1) bounds a disk in
(S1 × S2) \ intN(L1): each D+ \ intN(L1) is an annulus, and one component bounds a disk
D− in the surgery torus for U . Inside S1, the other boundary component of the annulus
extends to the core of S1.

Now we repeat. Let L2 be a knot that intersects each page of the open book decomposition
for S3 presented above. Perform 0−surgery on L2, and call the solid torus that we glue in S2.
The resulting 3-manifold is again S1×S2, and we can picture an open book decomposition for
S1 × S2 that has an annulus for a page and trivial monodromy. The boundary components
of each page are the cores of S1 and S2, and each page of the open book intersects ∂L1 and
∂L2 at {pt} × ∂D2. See Figure 1.4 (c).

We do this one more time on a knot L3, where L3 is an unknot intersecting each
page exactly once (parallel to the L1 or L2). Perform 0-surgery on L3, resulting in the
3-manifold (S1 × S2)#(S1 × S2), and has an open book decomposition (P, Id) where
P = S2 \ (D1 ∪D2 ∪D3), for Di a disk {pt} ×D2 ⊂ N(Li). Call the boundary components
of ∂P A,B, and C.

Consider the abstract open book (P, tkAt
m
B t

n
C), where tA, tB , and tC are right-handed

Dehn twists about curves parallel A,B, and C respectively, and k,m, n ∈ Z. By Lemma
1.11, a Dehn twist about a curve K on a page of the open book changes the 3-manifold by
surgery on K. See Figure 1.5. After three slam dunk moves on the surgery diagram, we
obtain a surgery diagram that shows a copy of S1 × S2 with k,m, and n surgery performed
on three different S1 fibers. This is a surgery diagram for a Seifert fibered space (with no
exceptional fibers).

Theorem 1.13. (Alexander [Ale20]) Every closed, connected, oriented 3-manifold has an
open book decomposition.
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Sketch of proof. It is well-known (originally Lickorish [Lic62] and Wallace [Wal60]) that
every closed, connected, oriented 3-manifold M can be obtained by (±1)−surgery on a link
LM of unknots. Moreover, there is an unknot U that links each component of LM exactly
once.

Consider the open book decomposition of S3 with binding U , whose pages are spanning
disks of U , and has trivial monodromy. The unknots of LM puncture each page of this open
book exactly once. By performing 0−surgery on each of the components of LM , we obtain
an open book decomposition for the 3-manifold given by 0-surgery on the components of the
link LM in S3. Moreover, the pages of this open book are planar, and the monodromy is
trivial. When we change the monodromy of this open book by a positive/negative boundary
parallel Dehn twist, this corresponds to performing (∓1)-surgery around a meridonal curve
of the component of LM (which has surgery coefficent 0). After a Rolfsen twist (slam-dunk
move), this corresponds to performing (±1)−surgery on the component of LM . Thus, for any
3-manifold M given by ±1−surgery on components of a link LM , we can find a corresponding
open book. Moreover, the pages of this open book are planar and the monodromy is a
composition of (single) boundary parallel Dehn twists. □

1.2. Murasugi sum. Let Σ1 and Σ2 be two surfaces with boundary. In this section, we
define the Murasugi sum Σ1 ∗Σ2 that glues these surfaces together in a particular way. This
operation is particularly useful for studying open book decompositions, as it can be extended
in a natural way to all pages of an open book, allowing us to glue together two open book
decompositions.

Let Σ be a closed oriented surface with boundary. Let D be a 2n-gon embedded in Σ

with the 2n edges of ∂D labelled cyclically as a1, b1, . . . , an, bn such that

• ai ⊂ ∂Σ for i = 1, . . . , n,

• int(bi) ⊂ intΣ for i = 1, . . . , n.

Choose a 2n-gon Di satisfying the above properties in Σi for i = 1, 2, and label the edges of
∂Di cyclically by ai1, bi1, . . . , ain, bin. The 2n-Murasugi sum Σ1 ∗ Σ2 of two surfaces Σ1 and
Σ2 is the union Σ1 ∪D1=D2

Σ2 with D1 identified with D2 so that a1i = b2i and b1i = a2i+1 for
i = 1, . . . , n (with b1n = a21). Note that this identification results in an honest surface, whereas
the identification by a1i = a2i , b

1
i = b2i would result in a branched surface. The resulting

surface of the 2n-Murasugi sum Σ1 ∗Σ2 depends on the choice of Di in each surface, and on
the labelling of the edges of ∂Di.

This operation can be extended to open book decompositions. Let (Σi, ϕi), i = 1, 2,
be open books. The 2n-Murasugi sum of the (Σi, ϕi) along the Di is the open book
(Σ1, ϕ1) ∗ (Σ2, ϕ2) = (Σ1 ∗ Σ2, ϕ1 ◦ ϕ2), where each ϕi is understood to extend to Σ1 ∗ Σ2 by
the identity on (Σ1 ∗Σ2) \Σi. This construction starts by gluing the two mapping tori (Σi)ϕi

together in a particular way to get the mapping torus (Σ1 ∗Σ2)ϕ1◦ϕ2
. Let (Σ1)ϕ1

be described
as Σ1 × [0, 1] with Σ1 ×{1} glued to Σ1 ×{0} by the identity map, and the resulting Σ1 ×S1

cut open at Σ1 × {1/4} and reglued by ϕ1. Let B1 be the ball D1 × [1/2, 1]. Similarly, let
(Σ2)ϕ2

be described as Σ2 × [0, 1] with Σ2 × {1} glued to Σ2 × {0} by the identity and the
resulting Σ2 × S1 cut open at Σ2 × {3/4} and reglued by ϕ2. Let B2 = D2 × [0, 1/2].

Now we glue (Σ1)ϕ1
\B1 to (Σ2)ϕ2

\B2, so that:
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• Σ1 × {t} is glued to Σ2 × {t} \ (D2 × {t}) for t ∈ [0, 1/2] so that each surface is
Σ1 ∗ Σ2. The monodromy at t = 1/4 is ϕ1 on the Σ1 part of Σ1 ∗ Σ2 and extended
by the identity over Σ2,

• Σ1 × {t} \ (D1 × {t}) is glued to Σ2 × {t} for t ∈ [1/2, 1] so that each surface is
Σ1 ∗ Σ2. The monodromy at t = 3/4 is ϕ2 on the Σ2 part of Σ1 ∗ Σ2 and extended
by the identity over Σ1.

Gluing in the binding, we get the closed 3-manifold (Σ1 ∗ Σ2, ϕ1 ◦ ϕ2).
The next theorem shows that, although the Murasugi sum depends on the choice of

2n-gon Di in the surfaces Σi, and depends on the choice of labelling of the edges of ∂Di,
resulting in non-equivalent open book decompositions, we nevertheless obtain the same
3-manifold.

Theorem 1.14. (Gabai [Gab83]) The manifold M(Σ1,ϕ1)∗(Σ2,ϕ2) is diffeomorphic to the
connect sum M(Σ1,ϕ1)#M(Σ2,ϕ2).

Thus, if σ is a cyclic permutation of 1, . . . , n, we can identify D1 with D2 by identifying
a1i with b2σ(i−1) and b1i with a2σ(i), on each page of the open book and this will also define an
open book for M1#M2 (but usually a non-equivalent open book).

A 4-Murasugi sum is often called a plumbing. Plumbing an open book with the open
book (A, τ±) is called a positive/negative stabilization, or a Hopf plumbing. In particular,
since (A, τ±) are open books for S3, we can Hopf plumb an open book (Σ, ϕ), changing the
open book to (Σ, ϕ) ∗ (A, τ±), but this does not change the underlying 3-manifold since

M(Σ,ϕ)∗(A,τ±)
∼=M(Σ,ϕ)#M(A,τ±)

∼=M(Σ,ϕ)#S
3 ∼=M(Σ,ϕ).

1.3. Contact manifolds.

Definition 1.15. Let M be a manifold of odd dimension 2n+ 1. A contact structure ξ on
M is smooth sub-bundle of TM of codimension 1 that is maximally non-integrable.

Throughout this thesis, we consider cooriented contact structures. That is, the quotient
bundle TM/ξ is trivial. As a result, we can define ξ as the kernel of a smooth 1-form α. If
ξ = kerα, then by the Frobenius integrability condition, the condition that ξ is nowhere
integrable is equivalent to the condition

α ∧ (dα)n ̸= 0.

Example 1.16. Let M = R3 with coordinates (x, y, z), and let ξ1 = kerα1, where α1 =

dz+xdy. The contact 3-manifold (R3, ξ1) is called the standard contact R3. It is not hard to
check that α1 ∧ dα1 = dx ∧ dy ∧ dz > 0, so ξ1 is nowhere integrable, so (R3, ξ1) is a contact
3-manifold.

Example 1.17. Let M = R3 with cylindrical coordinates (r, θ, z), and let ξ2 = ker(dz+r2dθ).
Then (R3, ξ2) is a contact 3-manifold.

Example 1.18. Let M = R3 with cylindrical coordinates (r, θ, z). Let ξOT = ker(cos rdz +

r sin rdθ). Then (R3, ξOT ) is a contact 3-manifold.
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We emphasise that a contact manifold is the pair (M, ξ). If, instead we consider the
contact form α for which ξ = kerα, the pair (M,α) is called a strict contact manifold. The
reason for this is that for a contact structure ξ, there is a choice of contact form α since
kerα = ker fα for any f : M → R \ {0}. Hence, the contact form contains strictly more
geometric information than just the contact structure. In particular, given a contact form α,
there is a unique Reeb vector field Rα defined by α(Rα) ≡ 1 and ιRα

dα ≡ 0, where ι is the
interior product. Two contact forms α and fα where f :M → R>0 could have very different
Reeb dynamics, despite defining the same contact structure, as Example 1.19 shows.

Two contact manifolds (M1, ξ1) and (M2, ξ2) are contactomorphic if there is a diffeo-
morphism f : M1 → M2 with f∗(ξ1) = ξ2. It can be shown that (R3, ξ1) and (R3, ξ2) in
Examples 1.16 and 1.17 are contactomorphic via the contactomorphism

f(x, y, z) =

(
x+ y

2
,
y − x

2
, z +

xy

2

)
,

whereas (R3, ξOT ) in Example 1.18 is not contactomorphic. Similarly, strict contact manifolds
are strictly contactomorphic if the diffeomorphism f satisfies f∗α2 = α1 where αi is a contact
form for ξi, i = 1, 2.

Example 1.19. Let (M, ξ = kerα) be a contact 3-manifold. Let Rα be the Reeb vector field
for α and Rfα be the Reeb vector field for fα. Since ξ is cooriented, decompose the tangent
space for M as TM = Rα⊕ξ, and thus decompose Rfα = gRα+V for some g :M → R\{0}
and V ∈ ξ. Then fα(Rfα) ≡ 1 implies g = 1/f . Moreover, ιRfα

d(fα) ≡ 0 gives

df − df(Rα)α = f (df(V )α+ fιV dα) .

Inserting Rα gives df(V ) = 0. Thus

Rfα =
1

f
Rα + V, for some V ∈ kerα ∩ ker df.

The Reeb vector field is a special case of a contact vector field. A contact vector field is a
vector field X whose flow preserves the contact structure: if ξ = kerα, then LXα = fα for
some f ∈ C∞(M), where L is the Lie derivative. Using the Cartan formula LX = ιXd+ dιX ,
we see that the Reeb vector field satisfies LRα

α = 0.
Reeb vector fields are important for defining symplectic field theory, and contact homology

(amongst other things) [EGH00]. In Part 3, we will use Reeb vector fields to study certain
submanifolds of a contact 3-manifold.

Closely related to contact manifolds are symplectic manifolds.

Definition 1.20. A symplectic structure on a manifold W is a nondegenerate closed 2-form
ω ∈ Ω2(M). The manifold is necessarily of even dimension 2n, and the nondegeneracy of ω
is equivalent to ωn > 0 being a volume form on Y , so Y is oriented.

Example 1.21. Let Y = R4 with coordinates (x1, y1, x2, y2). Then ω = dx1∧dy1+dx2∧dy2
is a symplectic structure on Y .
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Example 1.22. The symplectisation of the contact manifold (M, ξ) with contact form α is
the symplectic manifold (M × R, d(etα)), where t is the coordinate for R.

Conversely, given a symplectic manifold, we can find contact manifolds.

Example 1.23. Let R4 have coordinates (x1, y1, x2, y2), and S3 = {x21 + y21 + x22 + y22 =

1} ⊂ R4 be the unit sphere. Let ω be the symplectic form dx1 ∧ dy1 + dx2 ∧ dy2, and
Y = x1∂x1 + y1∂y1 + x2∂x2 + y2∂y2 be the radial vector field (transverse to S3). Then α =

ιY ω = x1dy1−y1dx1+x2y2−y2dx2 defines a contact form on S3. We call the resulting contact
manifold (S3, ξst). The flow of the Reeb vector field Rα = x1∂y1 − y1∂x1 + x2∂y2 − y2∂x2
defines the fibers of the Hopf fibration

C2 ⊃ S3 → S2 = CP 1

(z1, z2) 7→ [z1 : z2].

The above example is an example of the following.

Definition 1.24. A Liouville vector field Y on a symplectic manifold (W,ω) is a vector
field satisfying LY ω = ω. The 1-form α = ιY ω is a contact form on any hypersurface M
transverse to Y .

Next, we look at submanifolds of contact 3-manifolds. Given an embedding of a knot in
a contact 3-manifold, its tangent vectors may or may not be tangent to the contact planes.
We usually study the cases where the knot is always tangent to the contact planes or never
tangent to the contact planes.

Definition 1.25. A knot K : S1 → (M, ξ) is Legendrian if, for all t ∈ S1, K ′(t) ∈ ξK(t).
That is, the knot K(t) is tangent to the contact planes. A knot K : S1 → (M, ξ) is transverse
if, for all t ∈ S1, K ′(t) /∈ ξK(t). If we write ξ = kerα, K(t) is a positively transverse knot
if, for all t ∈ S1, α(K ′(t)) > 0. Similarly, K(t) is negatively transverse if, for t ∈ S1,
α(K ′(t)) < 0.

Definition 1.26. A Legendrian isotopy is a smooth 1-parameter family of Legendrian knots.
That is, there is a map K : [0, 1] × S1 → (M, ξ), such that for all s ∈ [0, 1], the image
K(s, S1) is a Legendrian knot.

There are two ‘classical’ invariants of Legendrian knots. that can be used to distinguish
Legendrian isotopy classes of Legendrian knots: the Thurston-Bennequin number and the
rotation number.

Definition 1.27. Let K be a nullhomologous Legendrian knot in (M, ξ), bounding the
surface F . The Thurston-Bennequin number tb(K) is the twisting of ξ along K measured
with respect to the Seifert framing given by F , with right-handed twists counted positively.
Equivalently, if we choose a nonvanishing vector field transverse to ξ and push K in that
direction to obtain K ′, then tb(K) = lk(K,K ′) (the linking number of K with K ′). Note
that the Thurston-Bennequin number is preserved by contactomorphisms. We call such a
vector field the contact framing.
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Definition 1.28. Let K be a nullhomologous Legendrian knot in (M, ξ), bounding the
surface F . The rotation number rot(K) is the following: take a trivialisation of ξ|F . Then
rot(K) is the winding number of K ′(t) with respect to this trivialisation.

Definition 1.29. If (M, ξ) contains a Legendrian unknot U with tb(U) = 0, then (M, ξ) is
called an overtwisted contact manifold. The disk that U bounds is called an overtwisted disk.
If (M, ξ) contains no such disks, then it is called tight.

Example 1.30. The contact manifold (R3, ξOT ) from Example 1.18 is overtwisted: any
choice of embedding S1 ↪→ (M, ξ) where t 7→ (nπ, t, z0) for n ∈ Z and any constant z0, is a
Legendrian unknot with Thurston-Bennequin number equal to zero.

The following two theorems show that the classication of overtwisted contact structures
is equivalent to the classification of homotopy classes of 2-plane fields. The tight contact
structures remain, in general, much more difficult to classify.

Theorem 1.31. ([Lut71],[Mar71]) Every homotopy class of 2-plane fields contains an
overtwisted contact structure.

Theorem 1.32. ([Eli89]) Two overtwisted contact structures are isotopic if and only if they
are homotopic as 2-plane fields.

Two contact structures are isotopic if they are homotopic (as 2-plane fields) through a
path of contact structures. It is well-known that there is a unique tight contact structure on
S3, and that the homotopy classes of 2-plane fields on S3 is a Z-torsor, classified by the Hopf
invariant (or d3 invariant) [Gom98]. To define the Hopf invariant for S3, firstly choose a
metric on TS3, and fix a trivialisation τ of TS3. In the case of S3, TS3 has a natural choice
of trivialisation given by the Hopf fibration, which, by Example 1.23, can be defined using
ξst ⊕Rα, and by decomposing ξst ⊕Rα further into line bundles.. We will continue to call
the trivialisation τ , and for our examples, we perturb our metric so that Rα is orthogonal
to ξst. Let η be a cooriented 2-plane on S3. Using the metric, for all x ∈ S3 we can find a
vector vx/∥vx∥ in TxS3 orthogonal to ηx. The trivialisation τ then allows us to define a map
S3 → S2 by x 7→ vx/∥vx∥. The Hopf invariant hτ (η) is defined to be the linking number of
properly oriented preimages of two regular points in S2.

Example 1.33. Notice that hτ (ξst) is the map S3 7→ (0, 0, 1) ∈ S2 because the Reeb vector
field is orthogonal to ξst. Any other point in S2 is vacuously a regular value with empty
pre-image, and the linking number of the preimages of two regular points is zero. Thus
hτ (ξst) = 0.

We will give a nontrivial example once we have shown the relationship between open book
decompositions and contact structures. Another fact that we will need in future sections is
that it can be shown that the Hopf invariant is additive under connect sums: for (S3, ξ1)

and (S3, ξ2), hτ (ξ1#ξ2) = hτ (ξ1) + hτ (ξ2).
One way of extending surgery techniques to contact manifolds is to use a contact cut,

which will be of use in Part 3, see Remark 9.1. Let M be a 3-manifold with torus boundary T .
Suppose that there is a free proper S1-action on T . Let M ′ be the quotient space obtained
by identifying points of T in the same orbit, and let K ′ ⊂ M ′ be the set of points in M ′



18

with more than one preimage under the quotient map from M to M ′. It is shown in [Ler01]
that M ′ has a natural smooth structure.

Note that the orbits of the S1-action on T describe smooth curves of some slope r (after
we have chosen a longitude). In this case, M ′ is homeomorphic to a Dehn filling of M with
slope r.

We can extend this to the setting of contact geometry (also due to [Ler01]). Firstly,
if Σ is an embedded surface in (M, ξ), the set of integral curves for TΣ ∩ ξ is a singular
1-dimensional foliation called the characteristic foliation. Suppose ξ is a contact structure
on M , defined near T as kerα. Moreover, assume the leaves of the characteristic foliation
are a disjoint union of circles. These leaves are the orbits of an S1 action that preserves the
contact structure. After a cut, we have a contact form α′ on M ′. The contact structure
ξ′ = kerα′ agrees with ξ on M ′ \K ′ ∼=M \ T , and K ′ is a transverse knot in (M ′, ξ′). The
contact manifold (M ′, ξ′) is said to be the result of a contact cut of (M, ξ) along T .

1.4. Open book decompositions and contact structures. Here, we discuss the aforemen-
tioned close correspondence between contact 3-manifolds and their open book decompositions.

Definition 1.34. A contact form α on M is compatible with the open book decomposition
(B, π) of M if

• for all t, dα|Σt
is a symplectic form; and

• α|B > 0, where B is oriented as the boundary of any Σt, and Σt is oriented by dα.

We say that a contact structure ξ on M is supported by the open book decomposition
(B, π) if, after a possible isotopy of ξ through contact structures, there is a contact form α

for ξ that is compatible with (B, π).
Some useful characterisations of open books and their supported contact structures is

given by the following lemma.

Lemma 1.35. ([Etn06], Lemma 3.2) Let ξ be a contact structure on M and (B, π) be an
open book decomposition of M . The following are equivalent:

• ξ is supported by (B, π),

• there is an isotopy of ξ through contact planes so that ξ can be made arbitrarily close
to the tangents of the pages of (B, π) on compact subsets, and is transverse to the
binding B and transverse to the pages in a neighbourhood of B,

• the Reeb vector field Rα for α is positively tangent to the binding and is positively
transverse to the pages of (B, π).

Example 1.36. Switching to polar coordinates from Example 1.23, the Reeb vector field
for S3 with standard tight contact structure ξst is given by Rα = r1∂θ1 + r2∂θ2. It is not
hard to check that Rα is transverse to the pages of (U, πU ) and (H+, π+) (from Examples
1.2 and 1.9):

dπU (Rα) = dθ1(r1∂θ1 + r2∂θ2) = r1 > 0
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dπ+(Rα) = (dθ1 + dθ2)(r1∂θ1 + r2∂θ2) = r1 + r2 > 0,

and Rα is tangent to their bindings: TU = ∂θ2 = Rα|r2=1, and TH+|r1=1 = ∂θ1 = Rα|r1=1

and TH+|r2=1 = ∂θ2 = Rα|r2=1.
So ξst is supported by both of these open books. Note that ξst is not supported by

(H−, π−)! The Reeb vector field is negatively tangent to one of the components of H− since
TH−|r1=1 = ∂θ1 = TH+|r1=1, but TH−|r2=1 = −∂θ2 = −TH+|r2=1.

Theorem 1.37. (Thurston-Winkelnkemper, [TW75]) Every open book decomposition sup-
ports a contact structure.

Moreover, each open book supports a unique isotopy class of contact structures. The
correspondence between contact structures and open book decompositions is given as follows:

Theorem 1.38. (Giroux, [Gir02]). Let M be a closed oriented 3-manifold. Then there is a
one-to-one correspondence between

{oriented contact structures on M up to isotopy}

and
{open book decompositions of M up to positive stabilization}

Given two contact manifolds (Mi, ξi), i = 1, 2, we can form their contact connect sum
(M1#M2, ξ1#ξ2) as follows: take two balls Bi ⊂ Mi sufficiently small so that they are
contained in a Darboux chart, and so that the characteristic foliation on ∂B1 is isotopic
to the characteristic foliation on ∂B2. Then after an isotopy of (M2, ξ2) that makes the
characteristic foliations agree, we can find an orientation reversing diffeomorphism f :

∂(M1 \B1) → ∂(M2 \B2) such that M1#M2 is formed by gluing M1 \B1 and M2 \B2

together via f and ξ1|M1\B1
∪ ξ2|M2\B2

extends to a well-defined contact structure on
M1#M2.

Theorem 1.39. ([Tor00]) The contact structure ξ(B1,π1)∗(B2,π2) compatible with the 4-
Murasugi sum (B1, π1) ∗ (B2, π2) is isotopic to the contact connect sum ξ(B1,π1)#ξ(B2,π2).

Example 1.40. Let ξ− be the contact structure on S3 supported by the open book (A, τ−1).
To compute hτ (ξ−), recall the open book decompositions (H+, π+) and (H−, π−) of S3 in
Example 1.9. By Lemma 1.35, the Reeb vector field is tangent to the binding. By the
definition of the Hopf invariant, a regular value of hτ (ξ−) is (0, 0, 1) with preimage one
component of H−, and another regular value of hτ (ξ−) is (0, 0,−1), with preimage the other
component of H−. The two components of H− have linking number −1, so the Hopf invariant
for ξ− is −1.

1.5. Morse Structures. As usual, we morally should study manifolds using Morse theory.
We can initially dive into the definition of a Morse structure without regard for the

contact structure. A Morse structure is a structure that can be defined on an open book, and
may be used to study the compatible contact structure via its corresponding Morse diagram.

Later, we will define a Morse structure that is compatible with the supported contact
structure. This stronger compatibility allows us to define a contactomorphism from ‘most’
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Figure 1.6. A local picture of a handleslide. At t = T , a descending
manifold from one index 1 critical point coincides with an ascending manifold
of another index 1 critical point.

of a contact manifold (M, ξ) to a much simpler contact manifold, allowing us to study
Legendrian knots.

Definition 1.41. An efficient Morse-Smale pair on a surface Σ is a pair (f, V ) satisfying:

• (efficiency) f is a Morse function with exactly one index 0 critical point, finitely
many index 1 critical points, and no index 2 critical points;

• (‘Morse-Smale’-ness) V is gradient-like for f , such that ascending and descending
manifolds intersect transversely in level sets.

Definition 1.42. An efficient Morse-Smale homotopy is a 1-parameter family (ft, Vt) such
that ft is Morse for all t, Vt is gradient-like for ft for all t, and (ft, Vt) is an efficient
Morse-Smale pair for all but finitely many values of t, when handleslides occur.

In other words, for a sufficiently small 1-parameter family (ft, Vt) of efficient Morse-Smale
pairs, there could be an isolated t-value T for which the ascending and descending manifolds
of (fT , VT ) do not intersect transversely in a level set, called a handleslide t-value. See Figure
1.6.

Note that for an efficient Morse-Smale pair, Σ cannot be a closed surface, and descending
manifolds for index 1 critical points all flow to the index 0 critical point. Furthermore, in an
efficient Morse-Smale homotopy, there are no births or deaths of cancelling pairs of critical
points.

Definition 1.43. Let M be a closed, connected, oriented 3-manifold with an open book
(B, π). A Morse structure on (M,B, π) is a pair (F, V ), where F :M → (−∞, 0] is a smooth
function and V is a smooth vector field on M satisfying:

• F−1(0) = B;

• There is a solid torus neighbourhood of each component of B with coordinates
(ρ, µ, λ) on which B = {ρ = 0}, π = µ, F = −ρ2 and V = −(ρ/2)∂ρ;

• On the interior of each page Σt \B, the function ft = F |Σt\B is Morse;

• V is tangent to each page Σt and Vt := V |Σt
is gradient-like for ft;
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• Using a monodromy vector field X to identify each page Σt with a fixed page Σ, the
family (ft, Vt) on Σ \ ∂Σ is an efficient Morse-Smale homotopy.

A Morse open book is a quintuple (M,B, π, F, V ) such that (F, V ) is a Morse structure
on (M,B, π).

Proposition 1.44. [GL18] Every open book decomposition has a Morse structure.

Proof. Consider the mapping torus Σϕ = Σ × [0, 1]/(x, 1) ∼ (ϕ(x), 0), where ϕ is a
representative of the mapping class group element Φ defining the open book. Denote
Σt = Σ × {t} ⊂ Σϕ. Let f : Σ0 → (−∞, 0] be a Morse function with f−1(−1) = ∂Σ0.
We want to find an efficient Morse-Smale homotopy (ft, Vt) from (f0, V0) = (f, V ) to
(f1, V1) = ϕ∗(f, V ). We emphasise that

(f1, V1) = ϕ∗(f, V ) = (ϕ∗f, ϕ∗V ) = (ϕ∗f, ϕ−1
∗ V ),

so V1 is the gradient-like vector field for the inverse of ϕ applied to V0, so that when we
apply ϕ to (f1, V1) to get the mapping torus, we get back to (f0, V0) and everything glues
up nicely.

Firstly, we can find a generic path of Morse functions from f0 to f1 such that ft(∂Σ0) = −1

for all t. In [GK15] it is shown how find a homotopy of this homotopy so that it is efficient
(i.e., get rid of index 2 critical points and excess index 0 critical points). For this ft, note
that the number of index 1 critical points on each page remains constant (although their
relative ordering may change), and there is exactly one index 0 critical point on each page.
It is then standard Cerf theory that we can find Vt interpolating between V0 and V1, where
handleslides of the index 1 critical points may occur at isolated t-values. Identifying the
homotopy parameter with the page parameter, we obtain a Morse structure restricted to
the mapping torus. It remains to glue in the solid torus neighbourhood of the binding
and extend F−1(−1) = ∂(Σϕ) to F−1(0) = B. Thus the initial Σ of the mapping torus is
the complement of a collar neighbourhood of the boundary of a page of the resulting open
book. □

One thing we have observed is that every page of an open book that supports a contact
structure ξ = kerα is a symplectic manifold, with symplectic form dα. To make this
compatible with the Morse structure leads us to naturally consider Weinstein domains and
Weinstein homotopies. We set up some of the standard definitions here that can be found
(alongside more details) in [CE12].

Definition 1.45. A Liouville domain (X,ω, V ) is a compact symplectic manifold (X,ω)

with boundary along with a Liouville vector field V for ω that is directed (transversely)
outwards along the boundary.

The transversality condition along the boundary implies that the manifold has contact
boundary with contact form ιV ω|∂W .

Definition 1.46. A Weinstein domain (W,ω, V, f) is a Liouville domain, with Morse function
f : W → R, such that f is constant on ∂W , and such that V is gradient-like for f , i.e.,
V = 0 if and only if df = 0, and V (f) ≥ 0.
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Definition 1.47. Suppose (F, V ) is a Morse structure on (M,B, π) and that ξ is a contact
structure on M supported by (B, π). We say that (F, V ) is compatible with ξ if there is a
contact form α for ξ on M \B satisfying the following:

• On the interior of each page Σt \B, ωt := dα|Σt\B is symplectic, and Vt is Liouville
for ωt;

• there is a monodromy vector field X such that α(X) = 1;

• In the given local solid torus coordinates (ρ, µ, λ) in a neighbourhood of each binding
component B, α = (1/ρ2)dλ+ dµ.

We will call a 3-manifold M with contact structure ξ supported by an open book
decomposition (B, π) that is compatible with a Morse structure (F, V ) a contact Morse open
book (M, ξ,B, π, F, V ).

Proposition 1.48. [GL18] Given any contact 3-manifold (M, ξ) with supporting open book
(B, π), there is a Morse structure on (M,B, π) compatible with a contact structure ξ′ which
is isotopic to ξ through contact structures supported by (B, π).

The sketch of the proof goes as follows: start with a contact open book (M,B, π, ξ). Find
a corresponding abstract open book (Σ, ϕ) for (B, π). We construct an explicit abstract
open book (Σ, ϕ′) that is equivalent to (Σ, ϕ) but with a compatible contact form α′ and a
compatible Morse structure (F ′, V ′). This is achieved by building a page of the open book
that is a Weinstein domain, and then finding a Weinstein homotopy to make the Morse
structure. Pulling back α′ and (F ′, V ′) to (Σ, ϕ) we obtain a contact Morse open book
(M,B, π, ξ′, F, V ) where ξ′ is isotopic to ξ through contact structures supported by (B, π).

The existence for such a (F ′, V ′) is proven by finding a Morse structure compatible with
a monodromy that is a single Dehn twist about a nonseparating or boundary parallel curve
(in fact, an explicit curve is used, not just any curve in the isotopy class). Then since an
arbitrary monodromy can written as a composition of such Dehn twists, we can construct a
Morse structure for any monodromy. This proves the existence of Morse structures, however,
we note that there is a choice of factorisation of monodromy into Dehn twists to describe
the open book decomposition. We address this ambiguity in the case of open books with
torus pages in Section 5.

In the case that (F, V ) is compatible with an open book with contact structure, a useful
property of V is that it is both gradient-like and Liouville on pages of the open book. Another
property of V that is given by its construction in Proposition 4.3 in [GL18], is the following.
Let Σ be a surface in a contact 3-manifold (M, ξ). Then the collection of integral curves of
TΣ ∩ ξ is a singular foliation of Σ called the characteristic foliation. Then it can be shown
that V directs the characteristic foliation on the pages of the open book.

One of the most useful features of a Morse structure is that it allows us to construct a
contactomorphism from ‘most of (M, ξ)’ to another contact manifold that is relatively much
easier to understand. In the context of [GL18], this contactomorphism allows us to find a
front diagram for Legendrian knots in (M, ξ).

Definition 1.49. Given a Morse open book (B, π, F, V ), there are two natural subcomplexes
in M :
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• the skeleton Skel, which is the union over all pages of the descending manifolds of
the index 1 critical points of (ft, Vt), together with the index 0 critical point;

• the coskeleton Coskel, which is the union over all pages of the ascending manifolds
of the index 1 critical points.

Let (W, ξW ) be the contact 3-manifold with W = (0,∞)× S1 × S1, where S1 = R/2πZ,
with coordinates (x, y, z) ∈ W and with contact structure ξW = ker(dz + xdy). Let
(M, ξ,B, π, F, V ) be a contact Morse open book.

Theorem 1.50. [GL18] There is a 2-complex Skel ⊂M such that, after modifying ξ by an
isotopy through contact structures supported by (B, π), the complement (M \ (Skel ∪B), ξ) is
contactomorphic to a disjoint union of n = |B| copies of (W, ξW ).

Proof. Using Proposition 1.48, we can isotope ξ to find a Morse structure (F, V ) on
(M,B, π) compatible with ξ. This then gives Skel(F, V ). To define a contactomorphism

Φ : (M \ (Skel(F, V ) ∪B), ξ) →
∐
|B|

(W, ξW )

we start in a neighbourhood U of a binding component. The neighbourhood has coordinates
(ρ, µ, λ) with contact form (1/ρ2)dλ + dµ. Define Φ|U (ρ, µ, λ) =

(
(1/ρ2), λ, µ

)
. Then

(Φ−1|U )∗
(
(1/ρ2)dλ+ dµ

)
= dz + xdy. Moreover, (Φ|U )∗ V = (Φ|U )∗ (ρ/2)∂ρ = x∂x.

Extend Φ|U to all of M \ (Skel ∪B) by the flow of V . That is, if ϕs is the flow of V and
ψs is the corresponding flow of x∂x, then Φ = ψ−1

s ◦ Φ|U ◦ ϕs. This is a contactomorphism
on all of (M \ (Skel ∪B), ξ) since the flow of Liouville vector fields are contactomorphisms.

We now check that
(
Φ−1

)∗
α = dz + xdy. Write

(
Φ−1

)∗
α = adx + bdy + cdz, and we

will solve for the functions a, b, and c. Since V is tangent to the pages, and x∂x is tangent
to constant z slices, we have Φ∗z = π everywhere. Take the monodromy vector field X for π.
By compatibility of (F, V ) with (M, ξ,B, π), we have α(X) = 1. Then

α(X) = 1 = dπ(X) = d(Φ∗z)(X) = dz(Φ∗(X)),

which implies c = 1. Next,
(
Φ−1

)∗
α(V ) = (adx + bdy)(V ), so 0 = α(V ) = ax, which

implies a = 0. Lastly, since Φ∗(V ) = x∂x is Liouville for dx ∧ dy and Φ∗(V ) is Liouville for(
Φ−1

)∗
dα, we have db ∧ dy = dx ∧ dy everywhere and thus b = x. □

Lemma 1.51. The contact manifold (W, ξW ) is (weakly) symplectically fillable and therefore
tight.

Proof. Let X = (0,∞)×S1 ×D2 be the corresponding disk bundle over A = (0,∞)×S1.
There are two projection maps πA : X → A and πD : X → D. Let ωD be an area form for
D2 and ωA be a symplectic form for A. Then Ω = π∗

A(ωA) + π∗
D(ωD) defines a symplectic

form on X. Then Ω|ξ = π∗
A(ωA)|ξ > 0 because ξ is transversal to the z fibers. □

2. Morse diagrams

Let (B, π, F, V ) be a Morse open book on M and fix coordinates (ρ, µ, λ) on a solid
torus neighbourhood of each component of B. Let n = |B|, and embed

∐n
S1 × S1 in M as
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Figure 2.1. An example Morse diagram. We will show that this is a Morse
diagram for (S3, ξ−), where ξ− is the overtwisted contact structure on S3

with Hopf invariant 1.

{ρ2 = ε} for suitable small ε, mapping coordinates (s, t) on S1 × S1 to (λ, µ) on {ρ2 = ε}.
Denote these tori by

∐n
i=1 Ti. Note that given the above convention, we are viewing a Morse

diagram from ‘the viewpoint of the binding’. In other words the binding is always oriented in
the direction of increasing s (and the binding is always oriented as the boundary of a page).

Definition 2.1. The embedded Morse diagram associated to (B, π, F, V ) is the collection of
decorated tori

(
∐

Ti,Coskel ∩
∐

Ti),

together with a pairing of the curves on the tori corresponding to the same index 1 critical
points. We call the decorations on the tori ‘trace curves’.

Example 2.2. We provide some examples of Morse diagrams to indicate the flavour of these
diagrams. We claim that these are Morse diagrams for S3 and the Poincaré homology sphere
with reverse orientation, but this is not obvious at all.

Figure 2.1 shows a Morse diagram for S3 that has an open book decomposition with
binding the negative Hopf link and has annulus pages. For each panel, the top and bottom
edges, and two side edges are respectively identified, so that each panel in the Morse diagram
represents a torus corresponding to each of the binding components. The s coordinate
corresponds to the horizontal coordinate, and the t coordinate corresponds to the vertical
coordinate in this diagram, and in all the diagrams in this thesis. The coskeleton Coskel

intersects each of the tori as the trace curves, which are coloured blue to indicate the pairing
since they correspond to the same index 1 critical point.

Figure 2.2 shows a Morse diagram for the Poincaré homology sphere with reversed
orientation that has an open book decomposition with binding the right-handed trefoil
and has punctured torus pages. Again, the top and bottom edges, and the side edges are
identified. Since this open book decomposition only has one binding component, there is
only one panel. The punctured torus has two index 1 critical points, hence there are two
pairs of trace curves coloured red and blue to indicate the pairing.

More generally, we characterise Morse diagrams by the following definition of an abstract
Morse diagram.
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Figure 2.2. An example Morse diagram. We will show that this is a Morse
diagram for a contact Poincaré homology sphere with reversed orientation.

Definition 2.3. An abstract Morse diagram is a collection of tori
∐n

S1 × S1 with an
embedded finite trivalent graph Γ with labelled edges such that:

• the edges of Γ are monotonic with respect to the projection to the second S1 factor;

• each curve is labelled, and this labelling is constant away from vertices (trivalent
points);

• for each fixed value c of the second factor, there is a pairing on curves intersecting∐n
S1 × c, and the pairing is constant away from vertices;

• surgery on
∐n

S1 × c with attaching spheres given by paired points on the curves
yeilds a single S1, where the surgery framing is the unique framing that results in
preserving orientations;

• trivalent points occur in pairs on the same slice
∐n

S1 × c. As t → c−, a curve
labelled x approaches a curve labelled y from the left (respectively, right), while as
t→ c+, a curve labelled x approaches the other curve paired with the curve labelled
y from the right (left). In such a situation, we say that a trace curve ‘teleports’.

In practice, we do not usually label the trivalent graph, but this labelling ensures that,
after possibly teleporting, a curve eventually connects back to itself. The fourth dot point
ensures that if we were to construct an open book decomposition from the Morse diagram (a
procedure on how to do this is provided below), then the page of the open book is connected,
which is required for an open book decomposition.

An isotopy of Morse diagrams is a smooth 1-parameter family of such graphs with
pairings.

Proposition 2.4. [GL18] Every abstract Morse diagram is an embedded Morse diagram
for some open book equipped with a Morse structure. If two Morse open books have isotopic
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Figure 2.3. A Morse diagram for a Seifert fibered space.

Morse diagrams, then the 3-manifolds are diffeomorphic via a diffeomorphism respecting the
open books.

Thus a Morse diagram determines an open book, and an open book determines a unique
isotopy class of contact structures, so a Morse diagram determines a contact 3-manifold.

In practice, it is usually easier to recognise an abstract Morse diagram as a diagram
for an open book. For example, (and this uses the proof of Proposition 3.7 in [GL18]), we
consider the simple Morse diagram in Figure 2.3.

Following the construction in the proof of Proposition 3.7 in [GL18], we construct a
model surface Σ so that the natural handle decomposition of this surface Σ induces the same
pairing of marked points on the boundary. There are three torus components of the Morse
diagram, hence three binding components for the model page, and there are two pairs of
trace curves, hence the model page has two 1-handles attached to a disk. See Figure 2.4.
The coskeleton corresponding to the same colour in the Morse diagram is decorated on the
page. We let si be the coordinate for the binding component Bi.

Remove an open neighbourhood of the center of the original disk and denote the result
by Σ̃. The union of cores and cocores of Σ form a collection H of properly embedded arcs in
Σ̃. Now consider the product Σ̃× [0, 1] and let H0 = H× {0} on Σ̃× {0}. By construction,
H0∩∂Σ̃×{0} agrees with the decoration on the Morse diagram at t = 0. In general, we next
perform the necessary isotopies and handleslides on the cocores so that for each t, Ht comes
from a handle structure on Σ̃× {t} with the property that the order of the marked points
on ∂Σ̃× {t} agrees with the order of the marked points on the corresponding t-slice of the
Morse diagram. In Figure 2.3, the coskeleton, from bottom to top, is moving in the binding
direction, which is oriented as the boundary of the page. Thus H1 = τ−1

a τ−1
b τ−2

c (H0), where
τγ is a right-handed Dehn twist about the curve γ. To form a mapping torus from Σ̃× [0, 1]

which identifies H0 and H1, we require a diffeomorphism ϕ of Σ̃ with the property that
ϕ(H1) is isotopic to H0. It is clear that a representative of τaτbτ2c ∈Mod(Σ̃) will work, and
thus this the monodromy of the open book. Hence this is Morse diagram for the Seifert
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Figure 2.4. A model page Σ with cocores that induce the same pairing of
trace curves on the Morse diagram. The curves parallel to the boundary
components B1, B2 and B3 are labelled a, b and c respectively.

fibered space (see Example 1.12) with a tight contact structure supported by an open book
with planar pages. It is not hard, by increasing binding components and adding more Dehn
twists, to extend this example to a large family of examples of contact Seifert fibered spaces.

Note this is a particularly simple example: handleslides are in general trickier to relate
to Dehn twists of a surface. A single handleslide cannot necessarily be realised by a single
Dehn twist, and vice versa. In general, we will refer to the union of cores and cocores H of
an efficient Morse-Smale pair on a surface with boundary as a handle structure. A handle
structure determines a handle decomposition of the surface.

Example 2.5. Let Σ be a torus with one boundary component, and let (f, V ) be an
efficient Morse-Smale pair on Σ. Since Σ is a torus with one boundary component, there
is exactly one index 0 critical point and exactly two index 1 critical points, and no index
2 critical points. For each index 1 critical point c1 of (f, V ), the union of the flowlines
from c1 to the index 0 critical point is a closed loop in Σ. Denote these loops by A and
B. Similarly, the union of the flowlines from c1 to ∂Σ is a properly embedded arc in Σ.
Label the arc that intersects A by A∗ and label the arc that intersects B by B∗. The pair
(f, V ) determines a handle decomposition of Σ. A handle decomposition of Σ can be given
by one 0-handle h0 = D2, and two 1-handles h11 = D1 × D1 and h21 = D1 × D1, where
D1 = [−1, 1]. In a 1-handle we call D1 × {0} the core, {0} ×D1 the cocore, ∂D1 × {0} the
attaching sphere, and {0} × ∂D1 the belt sphere. Each 1-handle is attached to ∂h0 by a
map σ : (∂D1) ×D1 → ∂h0 which is determined by the image of the attaching sphere in
∂h0. We attach the 1-handles to the 0-handle so that the cores of the 1-handles h11 and h21
agree with A and B of (f, V ) respectively, and the cocores of h11 and h21 agree with A∗ and
B∗ respectively. Denote the handle structure given by the union of the cores and cocores
A,B,A∗, B∗ as H = {A,A∗, B,B∗}. A handleslide of h11 over h21 is given by the following
procedure. Isotope the attaching sphere of h11 in ∂(h0 ∪ h21), pushing it through the belt
sphere of h21, and then return the attaching sphere to its original position. At an intermediate
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Figure 2.5. A local picture of the result of a handleslide in the Morse
diagram.

stage, the spheres will intersect in one point. After a handleslide, the resulting surface is
diffeomorphic to the original but has a different handle structure H1 = {A1, A

∗
1, B1, B

∗
1}.

We define [α] ∈Mod(Σ) such that α(H) = H1 is a handleslide. Now suppose we have the
open book (Σ, ϕ), where ϕ is a single handleslide. We need to find Ht such that H0 = H and
H1 = ϕ−1(H). Let A correspond to the core of h11, and B correspond to the core of h21. In
Figure 2.5 we show a movie for Ht that realises a handleslide of h21 over h11. This appears as
the core of h21 (the curve B coloured blue) sliding over the core of h11 (the curve A coloured
red), and where there is an intermediate point where B intersects nontransversely the cocore
A∗. However, the Morse diagram only observes the sliding of the cocores, where insetead the
cocore A∗ approaches the cocore B∗, and then after the intermediate stage where B and A∗

intersect non-transversely, the cocore A∗ appears at the other side of B∗. The embedded
Morse diagram then shows the trace curve for A∗ teleporting across the trace curve for B∗.

2.1. Front Projections of Legendrian knots in Morse open books. Now suppose we
have a contact Morse open book. This extra compatibility requirement tying the contact
structure to the Morse structure gives us a lot of control over the projections of the Legendrian
knots.

Definition 2.6. If Λi is a Legendrian curve in the complement of the binding and Skel, the
front projection of F(Λi) is the result of flowing Λi by ±V to the Morse diagram of the open
book. The front projection of a Legendrian knot Λ ⊂M \B is the front projection of the
curves Λ \ (Λ ∩ Skel).

Characterising front projections on a Morse diagram:

Proposition 2.7. The front projection F(Λ) (after possibly perturbing Λ by an arbitrarily
small Legendrian isotopy) is a collection of smooth curves F(Λi) away from finitely many
semicubical cusps. Endpoints of F(Λ) occur in pairs with the same t-coordinate on opposite
sides of paired trace curves. The tangent at each endpoint has slope 0 and away from such



29

endpoints, the slope of the tangent to F(Λ) lies in (−∞, 0). The Legendrian knot may be
recovered from F(Λ).

These properties of the front projection follow from the analogous statement for front
projections in (R3, dz + xdy), which generalises to (W,dz + xdy).

By the definition of the contactomorphism Φ, Legendrian curves close to the binding will
have large negative slope, while points close to Skel will have small negative slope. Since it
is not always possible to Legendrian isotope a Legendrian knot to be disjoint from Skel, the
front projection has teleporting points across trace curves, which, in the limit, have slope 0.

Using a front projection, the Thurston-Bennequin number and rotation number can be
found.

As shown in [GL20], there are a set of Legendrian Reidemeister moves for the front
projection.

Theorem 2.8. [GL20] Two Legendrian knots are Legendrian isotopic if and only if their
front projections on a Morse diagram are related by the Legendrian isotopy moves, which are
the usual Legendrian Reidemeister moves for the front projection in R3, plus an additional
set of moves, called Legendrian isotopy moves, shown in Figure 2.6.

3. Murasugi sums of Morse diagrams

In this section we show how to take the 2n-Murasugi sum of two Morse open books and
show how to find the corresponding Morse diagram. These ideas were developed jointly with
Joan Licata and David Gay.

Let (Σ, f, V ) be a surface with boundary Σ equipped with an efficient Morse-Smale pair
(f, V ). Let H ⊂ Σ be the union of cores and cocores of (f, V ). Since Σ \ H is a collection of
disks, H determines the isotopy class of the flowlines of (f, V ) in its complement. Moreover,
if H′ is another union of cores and cocores of (Σ, f ′, V ′), and H is isotopic to H′ by keeping
its endpoints on ∂Σ, then the flowlines of (f ′, V ′) are isotopic to the flowlines of (f, V ). Thus,
instead of considering the smooth structure of (f, V ), it often suffices to consider the more
combinatorial data of the union of cores and cocores H. Note that, although H determines
the flowlines of an efficient Morse-Smale pair, it does not determine the efficient Morse-Smale
pair (f, V ). This involves further choices, for which we do not claim any uniqueness. However,
for the sake of defining a Murasugi sum of Morse diagrams, the flowlines of an efficient
Morse-Smale pair are all we need.

Definition 3.1. Choose k points {p1, . . . , pk} on ∂Σ that are disjoint from H. Let c0 ∈ Σ

be the index 0 critical point of f . For each point pi ∈ {p1, . . . , pk}, there is a flowline
Li of V connecting c0 to pi. Let N(2k) ⊂ R2 be a 2k-gon with edges labelled cyclically
a1, b1, . . . , ak, bk. We call the embedding P : N(2k) → (Σ, f, V ) nice (with respect to V ) if

• P (ai) ⊂ ∂Σ, and P (ai) does not intersect H for i = 1, . . . , k,

• P (int(bi)) ⊂ int(Σ) for i = 1, . . . , k,

• P is a small neighbourhood of ∪k
i=1Li in Σ,

• ∂P is transverse to the flowlines of V .
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H2

K1

S1 S2

H1

H3

B1

K2 K3

S3

R1 R2 R3

Figure 2.6. Legendrian isotopy moves in the front projection. The green
curves are front projections of Legendrian arcs, the other colours are trace
curves, where paired trace curves have the same colour. Dotted lines indicate
that these moves are local in the Morse diagram, whereas the solid black
lines indicate where a Legendrian isotopy move involves the boundary of
the planar depiction of the Morse diagram. In particular, a Legendrian arc
before a K2 move can be contained in a small s-interval, but then after the
K2 move the new Legendrian arc will teleport across trace curves until it
connects with its other half, possibly going over the side edges of the Morse
diagram. Similarly, the B1 move starts with a Legendrian arc contained in
a small t-interval, but then splits, going over the top and bottom edges of
the Morse diagram.
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Figure 3.1. A nice Murasugi embedding. The image of G3 only intersects
H at the index 0 critical point.

The first two dot points are the usual criteria for an embedding of a 2k-gon used to define
a Murasugi sum. See Subsection 1.2. To distinguish the two definitions, we will call such an
embedding satisfying the first two dot points a Murasugi embedding, and we will call the
embedding defined in Definition 3.1 a nice Murasugi embedding (with respect to V ).

Equivalently, a nice Murasugi embedding is the following. Let Gk be the star-shaped
graph in N(2k) with one vertex v0 in the interior of N(2k), a vertex vi in the interior of each
of the edges ai of ∂N(2k), and an edge from vi to v0 for i = 1, . . . , k. If H is the union of cores
and cocores of (f, V ), P is nice if P (v0) = c0, P (vi) = pi, i = 1, . . . , k, P (Gk)∩ (H \ c0) = ∅,
and P (Gk) is contained in a small neighbourhood of the flowlines Li of V connecting c0 to
pi. See Figure 3.1.

Proposition 3.2. Let P be a nice Murasugi embedding into (Σ1, f1, V1), and let Q be a (not
necessarily nice) Murasugi embedding into (Σ2, f2, V2). Let Σ1 ∗ Σ2 be the Murasugi sum
by identifying P and Q. Then there exists an efficient Morse-Smale pair (f̃ , Ṽ ) on Σ1 ∗ Σ2

whose flowlines restricts to the flowlines of (f1, V1) on (Σ1 ∗ Σ2) \ Σ2 and restrict to the
flowlines of (f2, V2) on Σ2 ⊂ Σ1 ∗ Σ2.

Proof. Let H1 and H2 be the union of the cores and cocores of (f1, V1) and (f2, V2)

respectively. Let P : N(2k) → (Σ1, f1, V1), vi 7→ pi be a nice Murasugi embedding, and let
Q : N(2k) → (Σ2, f2, V2), vi 7→ qi be a Murasugi embedding into (Σ2, f2, V2). Note that Q
does not have to be nice. Let Σ1 ∗Σ2 be the Murasugi sum of Σ1 and Σ2 by identifying P and
Q. Specifically, let Pi be the component of P ∩∂Σ1 containing the marked point pi. Similarly,
let Qi be the component of Q∩∂Σ2 containing qi. Orient Pi and Qi so that their orientation
agrees with the orientation of the binding. Let P ′

i be the side of the 2k-gon P after Pi (using
the orientation of Pi), and let Q′

i be the side of Q after Qi. Then P is identified with Q

by identifying Pi with Q′
σ(i−1), and P ′

i with Qσ(i) for some cyclic permutation σ of 1, . . . , k
(with all indices taken mod k).

Note that, in general, different choices of σ, and different choices of the points {p1, . . . , pk}
and {q1, . . . , qk} may change the diffeomorphism type of Σ1 ∗ Σ2, but small perturbations of
these points along ∂Σ1 and ∂Σ2 will not change the diffeomorphism type.
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Figure 3.2. Extend H1 into Σ2 by a flowline of V2, and extend H2 into
Σ1 by a flowline of V1.

Now we define the flowlines of an efficient Morse-Smale pair (f̃ , Ṽ ) on Σ1 ∗Σ2 by defining
a union of cores and cocores H̃ on Σ1 ∗ Σ2. Define H̃′ to be equal to H2 on (Σ1 ∗ Σ2)|Σ2 ,
and equal to H1 on (Σ1 ∗ Σ2) \ Σ2. The union of curves H1 intersect ∂P ⊂ Σ1 ∗ Σ2 at a set
of points {h1}. By the identification of P and Q, these correspond to points in ∂Q ⊂ ∂Σ2.
After a small perturbation of H1,

(∗) we may assume H1 does not intersect H2 in ∂P = ∂Q.

Because of this, there is a flowline of V2 connecting each point in {h1} to the index 0 critical
point of (f2, V2). Similarly, H2 may intersect ∂Q ⊂ ∂Σ2 at a set of points {h2}. By the
identification of P and Q, these correspond to points in ∂P . Since P is nice, there is a
flowline of V1 in Σ1 \ P that connects each point in {h2} to a point on ∂Σ1. Then we define
H̃ to be the union of H̃′ and these flowlines. See Figure 3.2.

By construction, H̃ cuts Σ1 ∗ Σ2 into a collection of disks, and the cores and cocores
of H̃ satisfy the appropriate intersection numbers, so H̃ is a handle structure for Σ1 ∗ Σ2.
Indeed, H̃ only has one index 0 critical point and no index 2 critical points, so it determines
an efficient Morse-Smale pair. Moreover, H̃ agrees with H1 on (Σ1 ∗ Σ2) \ Σ2, and agrees
with H2 on Σ2 ⊂ Σ1 ∗ Σ2. Thus H̃ determines the flowlines of an efficient Morse-Smale pair
(f̃ , Ṽ ) on Σ1 ∗ Σ2 that behaves as advertised in the statement of the proposition. □

We now extend this construction to Morse structures on open books. That is, given two
Morse open books (M1,Σ1, ϕ1, F, V ) and (M2,Σ2, ϕ2, G,W ), we show how to construct a
Morse structure (F̃ , Ṽ ) on M1#M2 = (Σ1 ∗ Σ2, ϕ1 ◦ ϕ2), where (F̃ , Ṽ ) restricts to (F, V ) on
(Σ1, ϕ1) and (G,W ) on (Σ2, ϕ2) in some sense. After we have shown this, we show how to
construct a Morse diagram for (M1#M2,Σ1 ∗ Σ2, ϕ1 ◦ ϕ2, F̃ , Ṽ ) from the Morse diagrams
of (M1,Σ1, ϕ1, F, V ) and (M2,Σ2, ϕ2, G,W ) by following the construction of (F̃ , Ṽ ) from
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(F, V ) and (G,W ). The following proof of Proposition 3.3 is probably more enlightening
than the statement. We will write the Morse-Smale homotopy (F, V ) as (ft, Vt) for t ∈ [0, 1]

and we will write the Morse-Smale homotopy (G,W ) as (gt,Wt) for t ∈ [0, 1].

Proposition 3.3. Let (M1,Σ1, ϕ1, F, V ) and (M2,Σ2, ϕ2, G,W ) be Morse open books. Let
P and Q be Murasugi embeddings into Σ1 and Σ2, respectively. Assume that for some
page ((Σ1)t, ft, Vt) there exists a diffeomorphism h1 such that P is nice, and for some page
((Σ2)t, gt,Wt) there exists a diffeomorphism h2 such that Q is nice. Then there exists a
Morse structure (F ′, V ′) on (M1,Σ1, ϕ1), and a Morse structure (G′,W ′) on (M2,Σ2, ϕ2),
and a Morse structure (F̃ , Ṽ ) on (M1#M2,Σ1 ∗Σ2, ϕ1 ◦ ϕ2) such that the flowlines of (F̃ , Ṽ )

restricts to the flowlines of (F ′, V ′) on (M1,Σ1, ϕ1) and restricts to the flowlines of (G′,W ′)

on (M2,Σ2, ϕ2).

Proof. We will write a page Σt of an open book with its efficient Morse-Smale pair (ft, Vt)
as (Σ, f, V )t. Let P be a Murasugi embedding into Σ1, and let (Σ1, f, V )t1 , be a page of
(M1,Σ1, ϕ1, F, V ) where there exists a diffeomorphism h1 of Σ1 such that P is nice with
respect to (h1)∗(Vt1). After a possible reparametrisation of t, assume t1 = 1/2. There exists
an efficient Morse-Smale homotopy (jt, Ut), t ∈ [0, 1], from (Σ1, f, V )1/2 to (h1)∗(Σ1, f, V )1/2.
We will explain the following Morse-Smale homotopies after we define them. Define

(F ′, V ′) = (f ′t , V
′
t ) =


(f2t−1, V2t−1) 3/4 ≤ t ≤ 1

(j−4t+3, U−4t+3) 1/2 ≤ t ≤ 3/4

(j4t−1, U4t−1) 1/4 ≤ t ≤ 1/2

(f2t, V2t) 0 ≤ t ≤ 1/4

Then define

(F ′′, V ′′) = (f ′′t , V
′′
t ) =


(j4t−3, U4t−3) 3/4 ≤ t ≤ 1

(f2t−1, V2t−1) 1/2 ≤ t ≤ 3/4

(f2t, V2t) 1/4 ≤ t ≤ 1/2

(j−4t+1, U−4t+1) 0 ≤ t ≤ 1/4

Lastly, define

(F ′′′, V ′′′) = (f ′′′t , V
′′′
t ) =

{
(f ′′2t−1, V

′′
2t−1) 1/2 ≤ t ≤ 1

(f ′′0 , V
′′
0 ) 0 ≤ t ≤ 1/2

See Figure 3.3 while reading this paragraph for a cartoon of what is going on. We
have changed the monodromy around the page Σ1 by h−1

1 ◦ h1 (h−1
1 before the page Σ1, h1

after the page Σ1), so that P is nice at t = 1/2, and we have changed the Morse-Smale
homotopy around this page to match the change in monodromy. The resulting Morse-Smale
homotopy is (F ′, V ′). This does not change the equivalence class of the open book, and
this new efficient Morse-Smale homotopy still determines a Morse structure on (Σ1, ϕ1).
Then we reparametrise the Morse-Smale homotopy so that the page where P is nice is at
t = 0. This Morse-Smale homotopy is (F ′′, V ′′). Lastly, we then reparametrise again so
that P is nice for t ∈ [0, 1/2] and the Morse-Smale homotopy is trivial for this time. We
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Figure 3.3. In the open book decomposition for (Σ1, ϕ1), we change the
monodromy about the page t = 1/2 by h1 before the page, and h−1

1 after
the page. We construct a new Morse-Smale homotopy (F ′, V ′) that shows
this change in monodromy. We then reparametrise (F ′, V ′) so that the value
t = 1/2 becomes t = 0. This is the Morse-Smale homotopy (F ′′, V ′′). Lastly,
we change the homotopy so that it is the identity for t ∈ [0, 1/2], and we
have the Morse-Smale homotopy (F ′′, V ′′) occurring for t ∈ [1/2, 1] at twice
the speed. The result is is the Morse-Smale homotopy (F ′′′, V ′′′). We do
a similar procedure for the Morse-Smale homotopy (G,W ), but the final
result (G′′′,W ′′′) is the identity for t ∈ [1/2, 1].

call the resulting Morse-Smale homotopy (F ′′′, V ′′′). Abusing notation, we will rewrite the
Morse-Smale homotopy (F ′′′, V ′′′) as (F ′, V ′).

Similarly, let Q be a Murasugi embedding into Σ2, and let (Σ2, g,W )t2 , be a page of
(M2,Σ2, ϕ2, G,W ) where there exists a diffeomorphism h2 of Σ2 such that Q is nice with
respect to (h2)∗(Wt2). After a possible reparametrisation of t, assume t2 = 1/2. There exists
an efficient Morse-Smale homotopy (kt, Yt), t ∈ [0, 1], from (Σ2, g,W )1/2 to (h2)∗(Σ2, g,W )1/2.
Define

(G′,W ′) = (g′t,W
′
t ) =


(g2t−1,W2t−1) 3/4 ≤ t ≤ 1

(k−4t+3, Y−4t+3) 1/2 ≤ t ≤ 3/4

(k4t−1, Y4t−1) 1/4 ≤ t ≤ 1/2

(g2t,W2t) 0 ≤ t ≤ 1/4

Then define

(G′′,W ′′) = (g′′t ,W
′′
t ) =


(k4t−3, Y4t−3) 3/4 ≤ t ≤ 1

(g2t−1,W2t−1) 1/2 ≤ t ≤ 3/4

(g2t,W2t) 1/4 ≤ t ≤ 1/2

(k−4t+1, Y−4t+1) 0 ≤ t ≤ 1/4

Lastly, define

(G′′′,W ′′′) = (g′′′t ,W
′′′
t ) =

{
(g′′0 ,W

′′
0 ) 1/2 ≤ t ≤ 1

(g′′2t,W
′′
2t) 0 ≤ t ≤ 1/2

See Figure 3.3. This time, we have reparametrised so that Q is nice for t ∈ [1/2, 1]

and the Morse-Smale homotopy is trivial for this time. Abusing notation, we will rewrite
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Figure 3.4. At a time t′, (H1)t′ and (H2)t′ may intersect at a point in
∂P = ∂Q.

the resulting Morse-Smale homotopy (G′′′,W ′′′) as (G′,W ′). For each page (Σ1, f
′, V ′)t of

(Σ1, ϕ1, F
′, V ′), let (H′

1)t be the union of the cores and cocores. In the same way, let (H′
2)t

be the union of the cores and cocores of (Σ2, g
′,W ′)t in (Σ2, ϕ2, G

′,W ′).
Let (Σ1 ∗ Σ2, ϕ1 ◦ ϕ2) be the open book obtained by identifying P on each page of

(Σ1, ϕ1) with Q on each page of (Σ2, ϕ2). Note that for t ∈ [0, 1/2], P is nice in (F ′, V ′).
The Murasugi embedding Q may not be nice in (G′,W ′). For each t ∈ [0, 1/2] we define
(f̃ , Ṽ )t to be an efficient Morse-Smale pair whose flowlines restrict to the flowlines of (f ′, V ′)t
on (Σ1 ∗ Σ2)t \ (Σ2)t and restricts to the flowlines of (g′,W ′)t on (Σ2)t ⊂ (Σ1 ∗ Σ2)t as
constructed in Proposition 3.2. Recall the assumption (∗) in the proof of Proposition 3.2.
Now, a 1-parameter family of cores and corcores (H′

1)t and (H′
2)t may intersect at points in

∂P = ∂Q. Moreover, by construction, (H′
1)t = (H′

1)0 for t ∈ [0, 1/2] (in other words, the
homotopy is trivial), so for t ∈ [0, 1/2], the cocores of (H′

2)t may appear as handleslides over
the cocores of (H′

1)t. See Figure 3.4.
We do the same thing for t ∈ [1/2, 1], but this time the roles of P and Q have switched.

For t ∈ [1/2, 1], Q is nice in (G′,W ′), and P may not be nice in (F ′, V ′). For each t ∈ [1/2, 1]

we define (f̃ , Ṽ )t to be an efficient Morse-Smale pair whose flowlines restrict to the flowlines
of (g′,W ′)t on (Σ1 ∗Σ2)t \ (Σ1)t and restrict to the flowlines of (f ′, V ′)t on (Σ1)t ⊂ (Σ1 ∗Σ2)t
as constructed in Proposition 3.2. Again, a 1-parameter family of cores and corcores (H′

1)t
and (H′

2)t may intersect at points in ∂P = ∂Q. Moreover, by construction, (H′
2)t = (H′

2)1/2
for t ∈ [1/2, 1], so for t ∈ [1/2, 1], the cocores of (H′

1)t may appear as handleslides over the
cocores of (H′

2)t. Lastly, we extend the Morse-Smale homotopy (f̃ , Ṽ )t over the binding in
the usual way to obtain a Morse structure (F̃ , Ṽ ). □

If P is the Murasugi embedding defining the open book for M1#M2, one of the conditions
for Proposition 3.3, is that we can find a page of the open book for which we can find a
diffeomorphism that makes P nice. In contact geometry, we are usually only interested in
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positive or negative stabilisations. In particular, a stabilisation is defined by plumbing pages
of the open books together. Recall that a plumbing Σ1 ∗ Σ2 is a 4-Murasugi sum of Σ1 and
Σ2. In other words, we identify Σ1 and Σ2 along P and Q where P and Q are rectangles.

Proposition 3.4. Let P : N(4) → (Σ, f, V ) be a Murasugi embedding of a rectangle into
(Σ, f, V ). Then there always exists a diffeomorphism h such that P is nice with respect to
h∗(V ).

Proof. Recall that N(4) is a rectangle (a 4-gon) with edges labelled cyclically a1, b1, a2, b2.
Let vi be a point in ai for i = 1, 2 and let v0 be a point in the interior of N(4). Let G2 be
the properly embedded graph with vertices v0, v1, v2 and an edge connecting v0 to v1 and an
edge connecting v0 to v2. Let H be the union of cores and cocores of (f, V ), and let c0 be
the index 0 critical point. As usual, we will call a handle structure efficient if it does not
have any index 2 critical points, and has only one index 0 critical point, and finitely many
index 1 critical points.

Then we want to find a diffeomorphism h such that h(c0) = P (v0) and (P (G2) \P (v0))∩
h(H \ c0) = ∅. Equivalently, we need to find an efficient handle structure H′ for Σ, where c′0
is the index 0 critical point of H′, such that P (v0) = c′0 and (P (G2) \ P (v0)) ∩ (H′ \ c′0) = ∅.
Since H and H′ are two handle structures for the same (diffeomorphic) surface, there is
a diffeomorphism taking H to H′. In fact, as shown in [GK15], there is a sequence of
handleslides taking H to H′.

We construct H′ in the following way. Let Σc be the result of cutting Σ along P (G2).
There are two cases: either Σc is connected, or it is disconnected with two components.
Suppose Σc is disconnected with components Σ1

c and Σ2
c . On each of these components,

there is a handle structure H1
c and H2

c respectively. After cutting along P (G2), there is a
point vi0 on ∂Σi

c that corresponds to P (v0) for i = 1, 2. Let ci0 be the index 0 critical point of
Hi

c, i = 1, 2. Since each Σi
c is connected, and the complement of Hi

c is a collection of disks,
there is an arc disjoint from Hi

c from ci0 to vi0. Use this path to guide an isotopy of Hi
c so

that its index 0 critical point is at vi0 in ∂Σc. Glue the Σi
c back together along P (G2). The

image of the Hi
c in Σ defines a collection of properly embedded curves H′ of Σ such that

P (v0) = c′0 and H′ ∩ P (G2) = ∅. By construction, H′ is efficient since it has the appropriate
number of index 0 and index 2 critical points, and it is a handle structure since the collection
of curves satisfy the appropriate intersection numbers, and Σ \ H′ is a collection of disks.

Now suppose Σc is connected. After cutting along P (G2), there are two arcs G1 and
G2 on ∂Σc that glue to be P (G2) in Σ. Also, there are two points v10 and v20 in G1 and
G2 respectively on ∂Σc that correspond to P (v0). Near G1, let G′ be a properly embedded
arc parallel to G1, and let c′ be a point in the interior of G′. Now, after cutting along
P (G2), Σc has a handle structure H ′ with index 0 critical point c′0. Assume that H ′ does
not intersect G1 or G2 by sliding its endpoints on ∂Σc. The complement of H ′ is a collection
of disks, so there is an arc a(c′0, v20) connecting c′0 to v20 , and an arc a(c′0, c′) connecting c′0
to c′. Moreover, the region cobounded by G′ and G1 is a disk, so there is an arc a(c′, v10)
connecting c′ to v10 . See Figure 3.5. Now, use the arc a(c′0, v20) to guide an isotopy so that
H ′ now has its index 0 critical point on ∂Σc. Let H ′′ be the union of: H ′ after this isotopy,
a(c′0, c

′), a(c′, v10) and G′. Let H′ be the resulting of H ′′ after gluing ∂Σc back together along
G1 and G2. By construction, H′ is efficient since it has the appropriate number of index 0
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Figure 3.5. A diagram showing some of the notation used in the proof of
Proposition 3.4.

and index 2 critical points, and it is a handle structure since the collection of curves satisfy
the appropriate intersection numbers, and Σ \ H′ is a collection of disks.

In both of these cases, H′ ⊂ Σ satisfies P (v0) = c′0 and (P (G2) \ P (v0)) ∩ (H′ \ c′0) = ∅,
as desired. □

Now, we show how to construct a Morse diagram for (M1#M2,Σ1 ∗ Σ2, ϕ1 ◦ ϕ2, F̃ , Ṽ )

using the Morse diagrams for (M1,Σ1, ϕ1, F, V ) and (M2,Σ2, ϕ2, G,W ). Let

Dj =

(∐
l

T l
j ,Coskelj ∩

∐
l

T l
j

)
,

where j = 1, 2 together with a pairing on the trace curves, be the Morse diagram for
(M1, B1, π1, F, V ), and (M2, B2, π2, G,W ), respectively. Let (t, slj) be the coordinates for
each T l

j (with slj the binding coordinate).
To find the Morse diagram D∗ for (M1#M2,Σ1 ∗ Σ2, ϕ1 ◦ ϕ2, F̃ , Ṽ ), we ignore the trace

curves for a moment, and understand the collection of tori
∐

T∗. Each of these tori is
parametrised by (t, s) coordinates, where t ∈ [0, 1] is identified with the homotopy parameter
of (F̃ , Ṽ ), and the s coordinates are parametrised by components of ∂(Σ1 ∗ Σ2). We will use
the notation for Murasugi embeddings defined in the proof of Proposition 3.2. Recall that
Pi is the component of P ∩ Σ1 containing the marked point pi, and Qi is the component of
Q∩ ∂Σ2 containing q2. Using the orientation of ∂Σ1, let P+

i be the segment in ∂Σ1 \P after
Pi and P−

i be the segment in ∂Σ1 \ P before Pi. Similarly, let Q+
i be the segment after Qi

in ∂Σ2 \Q, and let Q−
i be the segment of ∂Σ2 \Q before Qi. On a page, after a Murasugi

sum of Σ1 and Σ2, P ∩ ∂Σ1 and Q ∩ ∂Σ2 are in the interior of Σ1 ∗ Σ2. Moreover, the end
of P−

i connects to the beginning of Q+
i−1 and the end of Q−

i connects to the beginning of
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Figure 3.6. Top: the Murasugi embeddings P and Q in Σ1 and Σ2 respec-
tively. Bottom: an identification of P with Q in Σ1 ∗ Σ2.

P+
i (indices considered mod k). See Figure 3.6. Thus, the arcs P+

i , P
−
i , Q

+
i and Q−

i give a
parametrisation of ∂(Σ1 ∗ Σ2).

In the Morse diagrams Dj , the slj coordinates parametrise ∂Σj . Thus, to construct the
tori

∐
T∗ for the Morse diagram D∗, delete the cylinders S1 × Pi from

∐
T l
1 , and delete

S1 ×Qi from
∐

T l
2 , and glue the end of S1 × P−

i to the beginning of S1 ×Q+
i−1, and glue

the end of S1 ×Q−
i to the beginning of S1 × P+

i , where the S1 factors correspond to the
t-coordinate.

Example 3.5. Disregarding trace curves, let D1 = T 1
1 ⊔ T 2

1 have two components, with p1
and p2 two marked points on one boundary component of Σ1, and p3 a marked point on the
other component of ∂Σ1. Let D2 = T2 have a single component with three marked points
q1, q2, q3 ∈ ∂Σ2. See Figure 3.7. Here, we have

P+
1 = P−

2 , P
+
2 = P−

1 , P
+
3 = P−

3

and
Q+

1 = Q−
2 , Q

+
2 = Q−

3 , Q
+
3 = Q−

1 .

The resulting Morse diagram D∗ for M1#M2 has two torus components T 1
∗ and T 2

∗ given by
the following procedure. Firstly, delete the cylinders S1 × Pi, i = 1, 2, 3 from T 1

1 ⊔ T 2
1 , and
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Figure 3.7. The Morse diagram D1 has two components T 1
1 and T 2

1 . The
Morse diagram D2 has one component T2. Remember that a Morse diagram
is a planar depiction of tori, and the edges of each panel in the Morse
diagram are identified to obtain tori. For a marked point pi on the boundary
of a page there is the vertical curve {pi} × t, t ∈ [0, 1] in the Morse diagram
D1. Similarly, for a marked point qi on the boundary of a page, there is a
vertical curve {qi} × t, t ∈ [0, 1] in the Morse diagram D2. To find a Morse
diagram for the Murasugi sum, we cut the tori of the Morse diagrams D1

and D2 along these curves and reglue by a complicated identification to
obtain the tori T 1

∗ and T 2
∗ for a Morse diagram of the of Murasugi sum.

delete the cylinders S1 ×Qi, i = 1, 2, 3 from T2. Then glue the ends of S1 × P+
2 , S1 × P+

1 ,
S1 × P+

3 , S1 ×Q+
3 , S1 ×Q+

1 , S1 ×Q+
2 to the beginnings of S1 ×Q+

3 , S1 ×Q+
1 , S1 ×Q+

2 ,
S1 × P+

1 , S1 × P+
2 , S1 × P+

3 , respectively.

What happens to the trace curves? Let H̃t be the union of cores and cocores of (F̃ , Ṽ )

over all pages of (Σ1 ∗ Σ2, ϕ1 ◦ ϕ2). Thus, the trace curves are the intersection of H̃t with∐
T∗. Thus, the construction of the trace curves follows from the construction of (F̃ , Ṽ ) in

the proof of Proposition 3.3.
To ease notation, assume the Morse diagram has only one component. The construction

for multiple components is exactly the same. Moreover, we use notation from the proof of
Proposition 3.3. Refer to Figure 3.8 while reading this paragraph for a cartoon of what’s
going on. Consider the Morse diagram D1 = (T1, (H1)t ∩ T1) for (Σ1, ϕ1, F, V ). We firstly
change the Morse structure from (F, V ) to (F ′, V ′). In the Morse diagram, the Morse-Smale
homotopy (jt, Ut) appears as a sequence of handleslides and isotopies that realise h1, followed
by the inverses of those handleslides and isotopies. In practice, it is not necessarily easy to
find this sequence. By the construction of (F ′, V ′), the trace curves are vertical for t ∈ [0, 1/2].
Similarly, let D2 = (T2, (H2)t ∩ T2) be the Morse diagram for (Σ2, ϕ2, G,W ). We change the
Morse structure from (G,W ) to (G′,W ′). In the Morse diagram, the Morse-Smale homotopy
(kt, Yt) appears as a sequence of handleslides and isotopies that realise h2, followed by the
inverses of those handleslides and isotopies. The trace curves are vertical for t ∈ [1/2, 1].
Now we cut and glue the decorated tori (T1, (H1)t ∩ T1) and (T2, (H2)t ∩ T2) according to
the procedure in the text above Example 3.5 to obtain the tori T∗ of the diagram for the
Murasugi sum (assume T∗ is connected). Let T∗ have the trace curves corresponding to the
trace curves from its components T1 and T2. During this cutting and gluing procedure, we
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Figure 3.8. The effect of changing (F, V ) and (G,W ) to (F ′, V ′) and
(G′,W ′) on the Morse diagrams. These diagrams correspond to those in
Figure 3.3.

may cut the trace curves in the original Ti, i = 1, 2. In T∗, extend these trace curves imported
from the Ti over the rest of T∗ by maximally teleporting until they connect. See Figure 3.9.
This corresponds to t-values where (H′

1)t and (H′
2)t intersect at points in ∂P = ∂Q. See

Figure 3.4. The result is a Morse diagram for (M1#M2,Σ1 ∗ Σ2, ϕ1 ◦ ϕ2, F̃ , Ṽ ).

Example 3.6. It is widely known, and used in for example [OS04], that we can plumb right-
handed trefoils to get open book decompositions of (S3, ξst). These open book decompositions
have a (2, q) torus knot binding for q odd, and have a genus 1

2 (q−1) surface with one boundary
component for a page. The monodromy is a product of q − 1 right-handed Dehn twists
along nonseparating curves. Let Σ be a torus with one boundary component, equipped
with an efficient Morse-Smale pair (f, V ). Let H be the collection of cores and cocores of
(f, V ). See 3.10. In Figure 3.10 there are two right-handed trefoils bounding a torus with
boundary. This can be viewed as two disks (top and bottom) with three bands, each with a
with half-twist, connecting them. The index zero critical point of (f, V ) is on the middle
band, where the nonseparating curves intersect once at a point. The monodromy is given by
a right-handed Dehn twist about each of the core curves of H. In Section 5, we will show
that this open book has a Morse structure with a Morse diagram as shown in Figure 3.10.
Figure 3.10 shows the attaching arcs used for the Murasugi sum on a page. The attaching
arc intersects a core curve of H at a point. Using this core as a guide, we can isotope the
attaching arc to be nice. Thus, we do not need to perturb the Morse structure before gluing
the two Morse structures together. The attaching arcs intersect the boundary at the points
p1 and p2 on the pages of the first open book, and intersect boundary at the points q1 and
q2 on the pages of the other open book. These correspond to s-values in the Morse diagram
shown in Figure 3.10. After cutting and gluing the Morse diagrams, and extending trace
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Figure 3.9. A Morse diagram for M1#M2. In Figure 3.8, it is shown
how that Morse diagrams D1 and D2 change when the Morse structure is
changed from (F, V ) to (F ′, V ′), and from (G,W ) to (G′,W ′), respectively.
Call the new diagrams D′

1 and D′
2. A Morse diagram for the Murasugi sum

can be found by making vertical cuts to the diagrams D′
i, i = 1, 2, and then

by gluing the cut pieces together according to a complicated identification
depending on the Murasugi embeddings. When we cut D′

i we may cut a
trace curve (red). By following the procedure in the proof of Proposition 3.3,
the red trace curve extends over the rest of the Morse diagram by teleporting
across vertical trace curves until it connects again.

curves, Figure 3.11 shows a Morse diagram for (S3, ξst) with a compatible open book that
has a (2, 5) torus knot binding.

Perhaps even more usefully, where we do not have an obvious choice of front projection,
we can build Morse diagrams for (S3, ξn), n ≤ −1 (where ξn is the overtwisted contact
structure for S3 with Hopf invariant n) by plumbing negative Hopf bands (and combinations
of negative and positive Hopf bands). See Example 4.5.

4. Overtwisted disks in Morse Open Books

We give a criterion for finding overtwisted disks in Morse open books.

Definition 4.1. Suppose one of the trace curve pairs in a Morse diagram satisfies the
following:

• one of the pair is vertical,

• the other of the pair is monotonically nonincreasing (allowing teleportation) with
respect to the s coordinates.

Then we say the Morse diagram has a left-veering handle. See Figure 4.1.
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Figure 3.10. Top: two right-handed trefoils marked with their cores and
cocores, and marked attaching arcs for the Murasugi sum. Bottom: Morse
diagrams for (S3, ξst). The s-values for the endpoints of the respective
attaching arcs are marked.

Figure 3.11. A Morse diagram for (S3, ξst) with compatible open book
that has a (2, 5) torus knot binding. We firstly reparametrise the Morse
diagrams, then cut and glue according to the discussion below Proposition
3.4.

Theorem 4.2. A contact manifold (M, ξ) is overtwisted if and only if it admits a Morse
diagram with a left-veering handle.

The above criterion is orthogonal to Goodman’s sobering arc criterion [Goo03]. The
technique of using sobering arcs to find overtwisted disks relies on constructing a surface
S with Legendrian boundary ∂S on (or near) a page of the open book that violates the
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Figure 4.1. One of the trace curves for a left-veering handle is in red.
The trace curve for a left-veering handle may teleport across other trace
curves. The other trace curve of the pair would be a vertical red trace curve
appearing somewhere else in the Morse diagram.

Figure 4.2. The front projection F(Λ) is in red, and the T1 and T2 curves
are in blue. The other trace curves are in black. Isotoping the Legendrian
curve onto Coskel appears as sliding the front projection onto the trace curve
T1. The third panel shows a knot isotopic to Λ that bounds a disk, but it is
not a front projection.

Thurston-Bennequin inequality. It is required that ∂S is near a page of the open book so
that you can compute its Thurston-Bennequin number. Front diagrams coming from a
Morse structure give us a very explicit way to compute the Thurston-Bennequin number
of Legendrian knots that do not require the Legendrian knot to be contained in a small
neighbourhood of a page [GL18].

Additionally, Definition 4.1 and Theorem 4.2 should be compared with [HKM07], where
Honda, Kazez and Matić prove the following theorem:

Theorem 4.3. [HKM07] A contact manifold (M, ξ) is tight if and only if all of its compatible
open book decompsitions have right-veering monodromy.

By the construction of Morse structures on an open book, we should expect the trace
curves to be ‘left-veering’ in some sense.

Proof of 4.2. (⇐=) Suppose a Morse diagram for (M, ξ) has a left-veering handle. Let
T1 and T2 be the pair of trace curves in the diagram for the left-veering handle, with T1
the trace curve with nonpositive slope and T2 the vertical trace curve. Let L be a vertical
push-off of T1. Since L has nonpositive slope, it lifts to a Legendrian knot Λ such that
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F(Λ) = L. We claim that Λ is a Legendrian unknot with Thurston-Bennequin number equal
to zero, and therefore (M, ξ) is overtwisted.

Firstly, we show that Λ bounds a disk. The planar isotopy of F(Λ) onto T1 in the
Morse diagram lifts to a Legendrian isotopy in (M, ξ,B, π, F, V ). See the top two panels of
Figure 4.2. At this stage, Λ lies on a fixed component of Coskel and intersects each page
in a single point. Recall that a neighbourhood of the binding has solid torus coordinates
(ρ, µ, λ), where the binding is {ρ = 0} and µ = π, and that an embedded Morse diagram is
an embedding

∐
|B| S

1 × S1 ↪→ M sending a component of
∐

|B| S
1 × S1 to {ρ2 = ϵ} and

(s, t) 7→ (λ, µ). Thus if T2 is vertical, T2 = {s = constant} 7→ {λ = constant} in {ρ2 = ϵ} in
a neighbourhood of the binding. Thus T2 bounds a disk in M . Now, Λ intersects each page
of the open book at a point in Coskel, and on each page there is an arc in Coskel connecting
the point of Λ to the point of T2. Thus in the open book, Λ and T2 cobound an annulus A
in M . Since T2 bounds a disk, after gluing the boundary of this disk to the component of
∂A corresponding to T2, we see that Λ bounds a disk.

Next we show that tb(Λ) = 0. As usual, the Thurston-Bennequin number of Λ can be
computed by by comparing the contact framing and Seifert framing for Λ. Firstly, Legendrian
isotope Λ so that it lies in Coskel. This does not change the Thurston-Bennequin number
because it is a Legendrian isotopy invariant. The proof that Λ bounds a disk shows that
a nonvanishing section V ∈ TΛ(Coskel) defines a Seifert framing for Λ. A contact framing
is given by Z = ∂z because (dz + xdy)(∂z) = 1, so Z is transverse to the contact planes
everywhere. Let Λ′ be the push-off of Λ in the Z direction, and let D be the disk Λ bounds.
Since V is tangent to the contact planes and Z is transverse to the contact planes at all
points along Λ, the intersection number of Λ′ and D is zero, so tb(Λ) = 0.

(=⇒) This proof adapts the argument used for this direction in [HKM07]. Recall from
Theorem 1.32, that Eliashberg classified overtwisted contact structures by their homotopy
types. Let (M, ξ) be overtwisted. There is a unique overtwisted contact structure ξOT on S3

that is homotopic to the standard tight contact structure ξst. Since for all connect sums,
(M, ξ)#(S3, ξst) is contactomorphic to (M, ξ), this implies that if ξ is overtwisted, then
(M, ξ)#(S3, ξOT ) and (M, ξ) are homotopic, hence isotopic by Eliashberg’s classification
of contact structures. Let (S3, ξ−) be the overtwisted contact manifold supported by
the open book with annulus pages and monodromy a negative Dehn twist about the
core of the annulus (A, τ−1). Then we can find a third contact structure ξ′ such that
(S3, ξOT ) and (S3, ξ′)#(S3, ξ−) are contactomorphic. Thus (M, ξ) is contactomorphic to
(M, ξ)#(S3, ξ′)#(S3, ξ−).

Let (Σ1, ϕ1) and (Σ2, ϕ2) be open book decompositions that are compatible with (M, ξ)

and (S3, ξ′) respectively. By Theorem 1.39, the open book decomposition given by the
4-Murasugi sum of (Σ1, ϕ1) and (Σ2, ϕ2), followed by the 4-Murasugi sum with (A, τ−1)

is compatible with (M, ξ)#(S3, ξ′)#(S3, ξ−). There a many ways that we can take these
4-Murasugi sums, depending on the choice of rectangles used to define the sum. Nevertheless,
the supported contact structures are contactomorphic.

If D1, D2 and D− are Morse diagrams for (Σ1, ϕ1), (Σ2, ϕ2), and (A, τ−1) respectively,
then Section 3 shows how to find a Morse diagram, which we will call D1 ∗D2 ∗D−, for
(M, ξ)#(S3, ξ′)#(S3, ξ−). Note that there is a Morse diagram D− for (S3, ξ−) as shown
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Figure 4.3. A Morse diagram for (S3, ξ−)

in Figure 4.3, and that D− has a left-veering handle. For the Murasugi sum of D− with
D1 ∗D2, we choose a rectangle on A that is nice on a page without having to change the
Morse structure. After splicing the diagrams for D1 ∗D2 and D− and gluing them together
following the procedure in Section 3, we then extend the trace curves by teleporting until
they connect. Let T1 and T2 be the two trace curves on D−, where T1 is the monotonically
nonincreasing trace curve and T2 is the vertical trace curve. By extending the trace curve
T1, teleporting until it connects, it remains to be nonincreasing. We do not need to extend
the T2 curve, but other trace curves of D1 ∗D2 may teleport across it during the Murasugi
sum procedure. Thus the trace curves for D− remain to be trace curve for a left-veering
handle. □

Although the following proposition is well-known, it is a nice corollary using solely our
techniques involving Morse diagrams.

Corollary 4.4. The negative stabilisation of (M, ξ) is overtwisted. □

Next, as the following example shows, the techniques deveoped in the previous sections
allow us to tackle a variety of problems involving overtwisted disks by providing very concrete
diagrams of those overtwisted disks.

Example 4.5. A Legendrian knot in an overtwisted contact 3-manifold is called loose if its
complement is overtwisted. Otherwise, if its complement is tight, then it is called exceptional.
In [EF09], it is shown that (S3, ξh) admits an exceptional unknot if and only if h = −1, where
h is the Hopf invariant. If h < −1, we can find a Morse open book for (S3, ξh) by negative
stabilisations of the form of that in Figure 4.4. From this diagram, there are h obvious
disjoint overtwisted disks, each bounded by a Legendrian unknot whose front projection is
parallel to a nonincreasing trace curve in a component of the Morse diagram. Thus, each of
these Legendrian knots are loose. On the other hand, in the case of h = −1, the Legendrian
knot whose front projection is parallel to the nonincreasing trace curve in a component of
the Morse diagram cannot be shown to be loose via this perspective (although we know
already that it must be exceptional).

This perspective of finding overtwisted disks in Morse diagrams, possibly combined with
the Legendrian knot invariant in Part 3, may help find a counterexample to a conjecture of
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Figure 4.4. A Morse diagram for (S3, ξh) for h ≤ 1. There are h + 1
components of the Morse diagram, h of them with a single nonincreasing
curve, and 1 of them with h vertical curves each paired with one of the
nonincreasing curves.

Dymara [Dym01]: are there non-isotopic overtwisted disks in S3? For such a counterexample,
the overtwisted disks must not be disjoint.

5. Morse structures and the mapping class group

Proposition 1.44 establishes that every open book decomposition has a Morse structure,
and that a Morse structure determines a Morse diagram. Conversely, as in Proposition 2.4,
a Morse diagram determines an open book decomposition and isotopic Morse diagrams are
Morse diagrams for equivalent open books. Thus, a natural question to ask is, if two open
books are equivalent, how are their Morse diagrams related? This section provides an answer
to this question in the case of open book decompositions with punctured torus pages.

In this section, we restrict to the case of open book decompositions with punctured
torus pages, unless otherwise stated. We show how to relate a Morse diagram for an open
book with punctured torus pages to different factorisations of the monodromy of that open
book. Furthermore, we define a set of moves, called Morse diagram moves, that change the
Morse diagram, but preserve the equivalence class of such open books. See Figure 5.1. A
Morse-Smale pair on a once-puncture torus has precisely two index 1 critical points, there
are always precisely two pairs of trace curves in a Morse diagram.

All of the Morse diagram moves are local in the t-direction: you can change the Morse
diagram by one of these moves between certain t-values of the Morse diagram. The M1

move is a move that may be performed on any Morse diagram (not just Morse diagram for
open books with punctured torus pages). The main theorem of this section is the following:

Theorem 5.1. Two open books with punctured torus pages are equivalent if and only if their
corresponding Morse diagrams can be related by a sequence of Morse moves and isotopy.

We start this section by setting up notation carefully, and proving some preparatory
lemmata, before finally proving Theorem 5.1.

Recall, two open books (Σ1, ϕ1) and (Σ2, ϕ2) are equivalent if Σ1 = Σ2 and there is a
diffeomorphism h such that h ◦ ϕ1 ◦ h−1 is isotopic to ϕ2.

We firstly understand the equivalence class of open books in terms of the typical presen-
tation of the mapping class group of a page of the open book. Let Σ be a torus with one
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Figure 5.1. The Morse diagram moves. Between certain t-values of the
Morse diagram, you may change the trace curves in one of the above ways.
The dotted lines indicate that the moves can occur in a smaller portion
of the Morse diagram. The solid black lines indicate the ‘edge’ of the
Morse diagram. Since each panel in a Morse diagram represents a torus
component, the black edges are identified. The M2 move is a collection of
moves that all achieve the same thing: you can change the Morse diagram by
moving a handleslide to occur between different s-values without changing
the direction the handleslide is turning.

boundary component. Let A and B be two oriented nonseparating closed curves in Σ with
algebraic intersection i(A,B) = +1, and let C be a boundary parallel closed curve, with an
orientation that agrees with the boundary of Σ. Let tA, tB, and tC be right-handed Dehn
twists about the curves A, B, and C, respectively, and let τA, τB, and τC be the mapping
class group elements represented by tA, tB, and tC . The mapping class group Mod(Σ) is
generated by τA and τB , and has the following relations:

• τAτBτA = τBτAτB ,

• (τAτB)
6 = τC .

The element τC is central in Mod(Σ). If ϕ ∈Mod(Σ) has the factorisation ϕ = ϕ1ϕ2, then
we say ϕ2ϕ1 is a switching of the factors of ϕ.

Lemma 5.2. Let (Σ, ϕ) be an open book, and factor [ϕ] as a composition of τA, τB, and
τC . Then changing the factorisation for [ϕ] by relations in the mapping class group, and
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switching the factors, preserves the equivalence class of the open book. Conversely, if (Σ, ϕ1)
and (Σ, ϕ2) are equivalent, then a factorisation of [ϕ1] and [ϕ2] can be related by a sequence
of relations in the mapping class group, and by switching factors.

In other words, the equivalence class of the open book is determined up to the conjugacy
class of the monodromy in the mapping class group.

Proof. Let [ϕ1] and [ϕ2] be two elements of Mod(Σ), each with a factored as a composition
of τA, τB , and τC ’s. If [ϕ2] is obtained from [ϕ1] by using the relations in the mapping class
group, then ϕ1 is isotopic to ϕ2, and therefore (Σ, ϕ1) is equivalent to (Σ, ϕ2). If [ϕ1] has
the factorisation σ1σ2 and [ϕ2] has the factorisation σ2σ1, then [ϕ1] = σ1[ϕ2]σ

−1
1 , so ϕ1 is

isotopic to s ◦ ϕ2 ◦ s−1 for some representative s of σ1, and thus (Σ, ϕ1) is equivalent to
(Σ, ϕ2).

Now suppose (Σ, ϕ1) and (Σ, ϕ2) are equivalent, so ϕ1 is isotopic to h ◦ ϕ2 ◦ h−1 for some
diffeomorphism h of Σ. By switching factors of [h][ϕ2][h]−1, this implies that ϕ1 is isotopic
to ϕ2, and hence [ϕ1] = [ϕ2] ∈ Mod(Σ). Thus, after factorising [ϕ1] and [ϕ2] in terms of
generators τA and τB , [ϕ1] and [ϕ2] can be related by a sequence of relations in the mapping
class group. □

Now we consider the action of a mapping class group element on a torus with one
boundary component, equipped with an efficient Morse-Smale pair (Σ, f, V ). For each of
the index 1 critical points of (f, V ), the union of the descending manifolds forms a closed
loop in Σ. Call the two closed loops A and B. After orienting A and B, (A,B) forms a
basis for H1(Σ). We choose the orientations so that the algebraic intersection number is
i(A,B) = +1. For each index 1 critical point (f, V ), the union of the ascending manifolds
forms a properly embedded curve in Σ. Call the two properly embedded curves A∗ and
B∗ so that i(A∗, A) = +1 and i(B∗, B) = +1. Note that these curves are used to form
Coskel. The collection of curves H = {A,A∗, B,B∗} cut Σ into a collection of disks, and
they are pairwise non-isotopic, intersect minimally, and have the property that for any three
of A,A∗, B,B∗, at least one of the pairwise intersections is empty. According to Proposition
2.8 in [FM12], the mapping class group of Σ acts faithfully on the embedded graph formed
by any set of curves satisfying these properties. Moreover, H determines the flowlines of
(f, V ) up to isotopy on Σ. Recall that, although H determines the flowlines of (f, V ), it does
not determine (f, V ) itself.

Now, let (B, π, F, V ) be a Morse open book with punctured torus pages, and let Σ be
a page. Assume Σ has a small neighbourhood Σ × I, I = (t∗ − δ, t∗ + δ) for some t-value
t∗, and (ft, Vt) is t-invariant on this interval. Recall that an embedded Morse diagram is
given by embedding an S1 × S1 into a neighbourhood of the binding as {ρ2 = ε} for small ε,
sending the coordinates (s, t) on S1 × S1 to (λ, µ) on {ρ2 = ε}. Thus we have chosen the
s coordinate to agree with the binding orientation (which is oriented as the boundary of
Σ), and the t coordinate agrees with the time direction in the mapping torus. This torus
intersects Σ × I in a cylinder S, and Coskel intersects S in four vertical arcs. We colour
these arcs the same colour if they are connected to the same index 1 critical point on a page.
Secondly, we orient these arcs according to the following convention: each oriented cocore
has an end going into S (i.e., i(A∗, S ∩ Σ) = +1) and an end going out of S. On the Morse
diagram, orient the trace curve corresponding to incoming end upwards and the trace curve
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Figure 5.2. A portion of a Morse diagram for a small t interval, and its
corresponding page with the ascending and descending manifolds of the
index 1 critical points of the efficient Morse-Smale pair.

Figure 5.3. With respect to the homology classes represented by H =
{A,A∗, B,B∗} of H1(Σ, ∂Σ) shown in the leftmost picture, the homol-
ogy classes of h(As, B

∗
e )(H) is represented by the union of curves {A +

B,A∗, B,B∗ −B}

corresponding to the outgoing end downwards. For a sufficiently small t-neighbourhood of Σ,
the corresponding Morse diagram is shown in Figure 5.2. We include a basepoint on the
binding because we find it helpful.

During an efficient Morse-Smale homotopy, a handleslide could occur, and the collection
of curves H before the handleslide will change to a new collection of curves H1 after the
handleslide. We firstly understand the possible collection of curves H1 we could obtain from
H by a handleslide.

We distinguish eight diffeomorphisms of the surface in the following way by their action
on H = {A,A∗, B,B∗}. The A and B curves are oriented, and intersect at the index zero
critical point of (f, V ). Let As and Ae be the start and end points of A attached to the
index zero critical point. Similarly for Bs and Be. Because of the orientations, the arcs A∗

and B∗ also have start and end points A∗
s, A

∗
e, B

∗
s , B

∗
e . Now, take the start point of A, drag

it around B by following the orientation of B, then there is a handleslide for which As = B∗
e

and then continue dragging As over B following the orientation of B until As has returned
to where it started. Now we have a new handle structure H1 = {A1, A

∗
1, B1, B

∗
1}. We define

h(As, B
∗
e ) to be the diffeomorphism taking H to H1, and we will call this diffeomorphism a

handleslide. The inverse of h(As, B
∗
e ) is defined the same way but by dragging by following

the opposite orientation of B. See Figure 5.3.
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Figure 5.4

The eight handleslides are then given by the following list, and their inverses:

• h(As, B
∗
e ): follow the orientation of B, and there is a point where As = B∗

e ;

• h(Ae, B
∗
s ): follow the orientation of B, and there is a point where Ae = B∗

s ;

• h(Bs, A
∗
s): follow the orientation of A, and there is a point where Bs = A∗

s;

• h(Be, A
∗
e): follow the orientation of A, and there is a point where Be = A∗

e.

By identifying the mapping torus parameter with the homotopy parameter of the Morse-
Smale pair taking H to h(−,−)(H), the corresponding portions of Morse diagrams are shown
in Figure 5.4, where D(h(−,−)) is the Morse diagram for the handleslide h(−,−). The trace
curves at the bottom edge of the portion of the Morse diagram come from H, and the trace
curves at the top edge of the portion of the Morse diagram come from h(−,−)(H). Thus, we
emphasise, if we were to glue the top edge to the bottom edge of the portion D(h(−,−)), we
would obtain a Morse diagram for the open book (Σ, h(−,−)−1) (see the proof of Proposition
1.44). It is useful to record the homology classes of the new set of curves with respect to the
basis (A,B) and label the trace curves of the Morse diagram accordingly.

We proceed in three steps. Firstly, we show that each of the above handleslides is isotopic
to exactly one other handleslide. Next we show that there is a Dehn twist in each of these
isotopy classes, and lastly, we show how to find a Morse diagram for an open book with
monodromy given by a single Dehn twist. After these lemmata, we will show how to extend
these techniques to find Morse diagrams for an open book with monodromy given by a
composition of Dehn twists.

Lemma 5.3. The following diffeomorphisms are isotopic rel boundary:

• h(As, B
∗
e ) and h(Ae, B

∗
s )

−1,

• h(Ae, B
∗
s ) and h(As, B

∗
e )

−1,
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• h(Bs, A
∗
s) and h(Be, A

∗
e)

−1,

• h(Be, A
∗
e) and h(Bs, A

∗
s)

−1.

Moreover, let D1 and D2 be Morse diagrams for (Σ, ϕ1) and (Σ, ϕ2), where D1 and D2 are
isotopic to one of the following pairs:

• D(h(As, B
∗
e )) and D(h(Ae, B

∗
s )

−1) respectively,

• D(h(Ae, B
∗
s )) and D(h(As, B

∗
e )

−1) respectively,

• D(h(Bs, A
∗
s)) and D(h(Be, A

∗
e)

−1) respectively,

• D(h(Be, A
∗
e)) and D(h(Bs, A

∗
s)

−1) respectively.

Then [ϕ1] = [ϕ2] ∈Mod(Σ).

Proof. We prove the first bullet points of the statements. The others points are proved in
exactly the same way. Define the set of curves H = {A,A∗, B,B∗} of (Σ, f, V ) as above. The
mapping class group Mod(Σ) acts faithfully on H, so it suffices to show that h(As, B

∗
e )(H)

is isotopic to h(Ae, B
∗
s )

−1(H) in Σ. To this end, we show that (h(Ae, B
∗
s ) ◦ h(As, B

∗
e ))(H)

is isotopic to H. See Figure 5.5. Use the curve B with opposite orientation to guide the
isotopy from (h(Ae, B

∗
s ) ◦ h(As, B

∗
e ))(H) to H. In other words, we ‘point push’: B is a loop

in Σ based at the index 0 critical point x. We can think of B with its opposite orientation
as an isotopy of points from x to itself, and this isotopy can be extended to an isotopy of
the whole surface. Informally, we place our finger on x and push x along B, following the
opposite orientation of B, dragging the rest of the surface as we go.

For the other half of the statement, let D1 and D2 be isotopic to D(h(As, B
∗
e )) and

D(h(Ae, B
∗
s )

−1) respectively. By Proposition 2.4 we find a 1-parameter family Hi
t =

{At, A
∗
t , Bt, B

∗
t }, t ∈ [0, 1], i = 1, 2, such that Hi

0 agrees with {A,A∗, B,B∗}, and Hi
t ∩ ∂Σ

agrees with the decorations on the Morse diagram of Di at time t by performing handleslides
on the cocores. The cores are then uniquely defined up to isotopy on Σ by the requirements
that i(A∗

t , At) = +1, i(B∗
t , Bt) = +1, and i(At, Bt) = +1. By the first half of this proof, H1

1

is isotopic to H2
1 in Σ rel boundary, so [ϕ1] = [ϕ2]. □

Lemma 5.4. Let tA be right-handed Dehn twist about a curve isotopic to A and let tB be a
right-handed Dehn twist about a curve isotopic to B. Then the following diffeomorphisms
are isotopic rel boundary:

• [h(As, B
∗
e )] and tB,

• [h(Ae, B
∗
s )] and t−1

B ,

• [h(Bs, A
∗
s)] and t−1

A ,

• [h(Be, A
∗
e)] and tA.

Proof. Again, we prove the first bullet point. Let H = {A,A∗, B,B∗}. We will show that
h(As, B

∗
e )(H) is isotopic to tB(H), by showing that (t−1

B ◦ h(As, B
∗
e ))(H) is isotopic to H.

Let tB be a right-handed Dehn twist about a curve β that is isotopic to B shown in Figure
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Figure 5.5. Top: the 1-handle corresponding to B, and a portion of the
curves of H. Bottom: the image of (h(Ae, B

∗
s ) ◦ h(As, B

∗
e ))(H). After point

pushing the index zero critical point along B with opposite orientation, we
obtain a collection of curves isotopic to the original H.

5.6. Use the curve B with opposite orientation to guide the isotopy from (t−1
B ◦h(As, B

∗
e ))(H)

to H. □
Lemma 5.5, justifies the following notation. Let D±

A , D±
B , and D±

C be the cylinders
decorated with trivalent graphs (which you should think of as portions of a Morse diagram)
pictured in Figure 5.7.

Lemma 5.5. Let (Σ, ϕ) be an open book where ϕ = τ±A , τ
±
B or τ±C . Then (Σ, ϕ) has a Morse

diagram given by of D±
A , D

±
B , or D±

C , respectively. Conversely, if D±
A , D±

B or D±
C is a Morse

diagram for (Σ, ϕ), then [ϕ] = τ±A , τ
±
B or τ±C in Mod(Σ), respectively.
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Figure 5.6. Top: h(As, B
∗
e ) has been applied to H, and the β curve is

marked in green. Bottom: a negative Dehn twist about the curve β has
been applied to h(As, B

∗
e )(H). After point pushing the index zero critical

point along B with opposite orientation, we obtain a collection of curves
isotopic to the original H.

Proof. Recall that in the construction of a Morse structure for (Σ, ϕ), we find an efficient
Morse-Smale homotopy (ft, Vt) such that (f1, V1) = ϕ∗(f0, V0). To do this, we find Ht such
that H0 is the union of cores and cocores of (f0, V0) and H1 = ϕ−1(H0).

Let (Σ, ϕ) be an open book where ϕ = τA. Then we find a Morse structure such that
the flowlines of (f0, V0) are determined by H, and the flowlines of (f1, V1) are determined
by τ−1

A (H). By Lemma 5.4, the flowlines of (f1, V1) are determined by [h(Bs, A
∗
s)](H),

which by Lemma 5.3 has a Morse diagram given by D(h(Bs, A
∗
s)) or D(h(Be, A

∗
e)

−1). But
D(h(Be, A

∗
e)

−1) is the diagram D+
A . Conversely, if D+

A is a Morse diagram for ϕ, then D+
A
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Figure 5.7

must be a diagram for a Morse structure where the flowlines of (f0, V0) are determined by
H and the flowlines of (f1, V1) are determined by [h(Be, A

∗
e)

−1)](H). But [h(Be, A
∗
e)

−1] =

[h(Bs, A
∗
s)] = τ−1

A , so D+
A is a diagram for (Σ, τA). This argument is the same for ϕ = τ−1

A , τB ,
and τ−1

B .
Now suppose ϕ = τC . We find Ht such that H1 = τ−1

C (H0) by taking the endpoints
of H and by dragging them around ∂Σ, by following the orientation of ∂Σ. Since the
orientation of ∂Σ agrees with the orientation of the s coordinate, the Morse diagram is
given by D+

C . Conversely, D+
C is a Morse diagram for τC , by constructing an isotopy of

the cocores A∗
t , B

∗
t that agrees with the trace curves, and the cores are determined by

i(A∗
t , At) = i(B∗

t , Bt) = i(At, Bt) = +1. Then H1 = τ−1
C (H0) by the faithfulness of the

mapping class action. Similarly for ϕ = τ−1
C and its diagram D−

C . □
If we have a factorisation of the monodromy of an open book as a composition of

handleslides, then we can find a Morse diagram for the open book. Conversely, if we have a
Morse diagram, we can find a sequence of handleslides whose composition is the monodromy
for the open book. The problem is, the mapping class group of a surface is typically studied
via a presentation generated by Dehn twists about a particular set of closed curves on the
surface. In the case of a punctured torus, these curves are A,B, and C. It is unclear how a
composition of handleslides factors as a composition of Dehn twists about these curves.

For example, suppose we perform a handleslide h1 on H where H is the union of the
cores and cocores {A,A∗, B,B∗}. By Lemma 5.5, this handleslide can be realised by a Dehn
twist about a curve isotopic to A or B. In other words, h1(H) can be obtained from H
by a Dehn twist about a curve A or B. Now, write h1(H) as a union of cores and cocores
{A1, A

∗
1, B1, B

∗
1}. Now suppose we perform another handleslide h2 on h1(H). Then h2h1(H)

can be obtained from h1(H) by a Dehn twist about a curve isotopic to A1 or B1, but A1 or
B1 may not be isotopic to the original A or B, respectively. Thus, if we have a factorisation
of a mapping class group element ϕ into handleslides, we can find a factorisation of ϕ
into a composition of Dehn twists, but the curves that we do the Dehn twists about are
not necessarily the standard A or B curves. Theorem 5.6 provides a way of converting a
factorisation of ϕ as a composition of handleslides into a factorisation of ϕ as a composition
of Dehn twists about the standard A and B curves.
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Theorem 5.6. Let (Σ, ϕ) be an open book where the monodromy has been factored as
ϕ = τk1

A τk2

B τk3

C · · · τkn−2

A τ
kn−1

B τkn

C , where some of the ki, i = 1, . . . , n can be zero. Then (Σ, ϕ)

has a Morse diagram given by stacking, from bottom to top, |kn| copies of D±
C if ±kn > 0,

then |kn−1| copies of D±
B if ±kn−1 > 0, and so on until |k1| copies of D±

A if ±k1 > 0.
Conversely, a Morse diagram given by stacking in the above way is a Morse diagram for
(Σ, ϕ).

Proof. For the moment, assume the factorisation of ϕ does not contain any τC ’s.
Let ϕ ∈ Mod(Σ), expressed as a word w in generators τA and τB, and this word has

length l(w). Then we can find a sequence of l(w) handleslides that realises ϕ.
Let τK be a Dehn twist about the closed curve K in Σ. We want to find a sequence of

pairs of simple closed curves (A1, B1), . . . , (An, Bn), with n = l(w), such that

• (A1, B1) = (A,B),

• (Ai+1, Bi+1) = (τ±KAi, τ
±
KBi), where K = Ai or Bi, and

• (An, Bn) = (ϕ(A), ϕ(B)).

By Lemma 5.4, the second condition above is equivalent to Ai+1 can be obtained from Ai

by a single handleslide of Ai over Bi or −Bi, or Bi+1 can be obtained from Bi by a single
handleslide of Bi over Ai or −Ai.

If ϕ = τk1τk2 · · · τkn where τkj ∈ {τ±A , τ
±
B }, then set Ai+1 = τk1 · · · τkiA1 and Bi+1 =

τk1
· · · τki

B1. Then, for τji+1
∈ {τ±Ai+1

, τ±Bi+1
},

τji+1
Ai+1 = τji+1

τk1
· · · τki

A1.

Using Fact 3.7 in [FM12], we can write τji+1 = λτki+1λ
−1 where

τki+1 = τ±1
A ⇐⇒ τji+1 = τ±1

Ai+1
,

τki+1
= τ±1

B ⇐⇒ τji+1
= τ±1

Bi+1
,

and λ ∈Mod(Σ) has a representative sending

A 7→ Ai+1

B 7→ Bi+1.

Choose λ = τk1 . . . τki . Then

τji+1
Ai+1 = τji+1

τk1
· · · τki

A1

= (τk1 . . . τki)τki+1(τk1 . . . τki)
−1(τk1 . . . τki)A1

= τk1
. . . τki+1

A1

= Ai+2.
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Thus, (Ai, Bi) = τk1 . . . τki(A1, B1) is the desired sequence, and we can factor ϕ as a product
of handleslide realisable generators τji ∈ {τ±Ai

, τ±Bi
} with

ϕ = τjnτjn−1
· · · τj1 = τk1

τk2
· · · τkn

,

where

τki = τ±1
A ⇐⇒ τji = τ±1

Ai
,

τki
= τ±1

B ⇐⇒ τji = τ±1
Bi

Thus, if ϕ has been factored as ϕ = τk1

A τk2

B · · · τkn−1

A τkn

B , then to find a Morse diagram
with the property H1 = ϕ−1(H0) we want to find a factorisation of

ϕ−1 = τ−kn

B τ
−kn−1

A · · · τ−k2

B τ−k1

A

into handleslides. By the first part of this proof, this factorisation is given by

ϕ−1 = τ−k1

An
τ−k2

Bn−1
· · · τ−kn−1

A2
τ−kn

B1
.

By the proof of Lemma 5.5, τ±Ai
corresponds to the diagram D∓

A and τ±Bi
corresponds to the

diagram D∓
B .

Now suppose we have a factorisation of ϕ into τA’s, τB’s and τC ’s and their inverses.
Since C is disjoint from A and B, and any of the Ai’s and Bi’s i = 1, . . . , n, τC commutes
with τA and τB and any of the handleslide generators. Thus for a factorisation of ϕ into a
word of τA’s, τB ’s and τC ’s and their inverses, and another factorisation of ϕ into a word of
handleslide generators and τC ’s and their inverses, we can arrange to have the τ±C ’s in the
same position in each word. By Lemma 5.5, if ϕ contains a τ±C in its factorisation, then its
corresponding Morse diagram is a D±

C , and conversely, if the Morse diagram has a portion
with D±

C , then this is a diagram for a τ±C component of the factorisation. □

Example 5.7. Let (Σ, ϕ) be an abstract open book where Σ is a torus with one boundary
component, and ϕ = τ−1

B τAτBτ
−1
A . To find a Morse diagram for (Σ, ϕ), we want to find a

sequence of handleslides realising ϕ−1 = τAτ
−1
B τ−1

A τB . By the proof of Theorem 5.6, we can
rewrite ϕ−1 as a composition of Dehn twists about curves that are not necessarily A or B,
ϕ−1 = τB4τ

−1
A3
τ−1
B2
τA1 , where

• τA1 is a positive Dehn twist about the curve A1 = A, and is isotopic to a handleslide
of B over A, and the action of this handleslide on the chosen generators A and B of
H1(Σ) is

(A,B) 7→ (A,B +A)

• τ−1
B2

is a Dehn twist about the curve B2 = B +A, and is isotopic to a handleslide of
τA1

(A) = A over τA1
(B) = B +A,

(A,B +A) 7→ (2A+B,A+B)
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Figure 5.8. A Morse diagram for the open book (Σ, τ−1
B τAτBτ

−1
A ).

• τ−1
A3

is a negative Dehn twist about the curve A3 = 2A + B, and is isotopic is a
handleslide of τ−1

B2
τA1(B) = A+B over −τ−1

B2
τA1(A) = −2A−B,

(2A+B,A+B) 7→ (2A+B,−A)

• τB4
is a positive Dehn twist about the curve B4 = −A, and is isotopic to a handleslide

of τ−1
A3
τ−1
B2
τA1(A) = 2A+B over −τ−1

A3
τ−1
B2
τA1

(B) = A,

(2A+B,−A) 7→ (3A+B,−A).

See Figure 5.8.

Proof of Theorem 5.1. Suppose (Σ, ϕ1) and (Σ, ϕ2) are equivalent, and let D1 and D2

be their Morse diagrams. Firstly, we can use M2 moves to ensure that D1 and D2 are
isotopic to diagrams given by stacking D±

A ’s, D±
B ’s and D±

C ’s. Then use Theorem 5.6 to
find factorisations of [ϕ1] and [ϕ2] in Mod(Σ) as a composition of τA, τB and τC ’s. Let
h : Σ → Σ be the diffeomorphism such that [ϕ1] = [h ◦ ϕ2 ◦ h−1], making the open books
equivalent. Factor [h] as τA, τB , and τC ’s, and use the M1 move and isotopies to change D2

to a Morse diagram for (Σ, h−1 ◦ h ◦ ϕ2) and further isotopies to change D2 into a Morse
diagram for (Σ, h ◦ϕ2 ◦h−1). Since [ϕ1] = [h ◦ϕ2 ◦h−1], there is a sequence of mapping class
group relations taking a factorisation of [ϕ1] to [h ◦ ϕ2 ◦ h−1], and these relations descend to
Morse moves between D1 and D2 by Theorem 5.6. In particular, the M1 move follows from
ϕϕ−1 = 1 ∈ Mod(Σ) for ϕ ∈ {τ±A , τ

±
B }, the M3 move follows from τAτBτA = τBτAτB, and

the M4 move follows from (τAτB)
6 = τC .



58

Figure 5.9. The Poincaré homology sphere with reversed orientation.

Conversely, suppose D1 and D2 are Morse diagrams for (Σ, ϕ1) and (Σ, ϕ2) that are
related by a Morse diagram move. By Theorem 5.6, D1 and D2 are Morse diagrams for open
books with monodromies that have factorisations that differ by a relation in the mapping
class group. Therefore, [ϕ1] = [ϕ2], and the open books are equivalent. □

Example 5.8. This correspondence allows us to construct examples of Morse diagrams for
well-known closed 3-manifolds. For example, the Poincaré homology sphere with reversed
orientation PHS3 arises as +1 surgery on the right-handed trefoil T+, so it has an open
book coming from the fibered T+ in S3 and by adding a negative boundary parallel Dehn
twist to the monodromy. The monodromy of T+ to get S3 is τAτB, where A and B are
generators of homology for a page (a punctured torus) of the open book S3 \ T+ → S1. So
an abstract open book for PHS3 in (Σ, τAτBτC), where Σ is a torus with one boundary
component.

Thus, using Theorem 5.6, Figure 5.9 is a Morse diagram for PHS3. It is well-known that
the contact structure compatible with this open book decomposition is overtwisted. Explicit
overtwisted disks can be found in the Morse diagram by firstly applying a Morse diagram
move M4 to get rid of boundary parallel Dehn twists, using the M1 move twice, and then
applying Theorem 4.2.
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Part 2. Lagrangian diagrams

6. Preliminaries

In the previous section, we worked with Morse diagrams, and occasionally front projections
onto them. In this section we define a Lagrangian diagram for a Legendrian knot in an open
book with a Morse structure, where the open book has punctured torus pages. These were
introduced more generally for all open books in [DKL21], and were used to compute the
classical invariants of a Legendrian knot. In the case of an open book with punctured torus
pages, we extend this notion of a Lagrangian diagram by dropping the requirement that Λ

is disjoint from a distinguished page, and we define a set of Reidemeister-type moves for
these diagrams. We call these moves (and their inverses and rotations) Lagrangian isotopy
moves (shown in Figure 7.1), and we will describe and justify these moves in the following
sections, and in the proof of Theorem 7.11. For reasons that will become clear, we will call
the S, S1, S0, SCa, SCb,R2, R3a, and R3b moves uncoloured Lagrangian isotopy moves. The
uncoloured Lagrangian isotopy moves, together with the B,H1, H2, H3, and Z moves will
be called coloured Lagrangian isotopy moves.

These moves show the projection of a knot Λ just before and just after Λ fails to be
generic in (M, ξ,B, π, F, V ) and before and after the projection of Λ fails to be generic in its
codomain. The depiction of these moves is merely a cartoon: not any immersed curve in the
codomain of the projection lifts to a Legendrian knot. In particular, the areas of the regions
in the complement of the knot projection must satisfy certain area conditions controlled by
the lengths of the Reeb chords of the knot (see Subsection 8.2).

We firstly outline some of the difficulties of defining a Lagrangian projection (onto a
page) of a Legendrian knot in contact manifold with supporting open book decomposition.
Let Λ be a Legendrian knot in (M, ξ,B, π). Unless Λ is supported in a small neighbourhood
of a page of the open book, it is difficult to study a projection of Λ onto a page. The two
primary candidates for a projection would use the Reeb or monodromy vector fields. Apart
from simple cases, a projection of Λ via these vector fields would be unwieldly, especially if
we allow Λ to be perturbed by Legendrian isotopy.

But suppose we equip (M, ξ,B, π) with a compatible Morse structure (F, V ). By Theorem
1.50, this allows us to define a contactomorphism

Φ : (M \ (B ∪ Skel), ξ) →
∐
|B|

(W, ξW ).

The image of Λ under Φ now has a simpler projection onto the image of a page of the open
book {z = constant} by projecting via the Reeb vector field in (W, ξW ) which is simply
∂z. However, studying such a projection is still not straightforward. Forgetting the contact
structure for the moment, consider a knot K in W , where W = (0,∞) × S1 × S1 with
coordinates (x, y, z). Define the projection

P : (0,∞)× S1 × S1 → (0,∞)× S1

(x, y, z) 7→ (x, y).
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Figure 6.1. The curves α and α′ have the same projection but are not
isotopic.

Then from P (K), we cannot reconstruct K from P (K). For example, let K ′ be the knot in
W obtained from K by replacing a small segment α on K by the arc α′ in P (α)× S1 shown
in Figure 6.1.

The homology classes of K and K ′ in H1(W ;Z) differ, and therefore K and K ′ are not
isotopic. On the other hand, P (K) = P (K ′) in (0,∞)× S1. In Section 7, we remedy this
ambiguity by labelling regions in

(
(0,∞)× S1

)
\ P (K) with integers.

The second difficulty of a Lagrangian projection is the following. Let (M, ξ,B, π, F, V )

be a contact 3-manifold with compatible open book and compatible Morse structure. Let
t∗ be a t-value for (ft, Vt) where a handleslide occurs. Figure 6.2 shows a local picture
of (ft, Vt) at t = t∗ − ϵ, and t = t∗ + ϵ near the handleslide. Let L be a Legendrian arc
supported in [t∗ − ϵ− δ, t∗ − ϵ+ δ] for 0 < δ < ϵ shown in the left panel of Figure 6.2 in red.
Before the handleslide, the arc L does not intersect Skel. However, there is a Legendrian
isotopy of L, through the handleslide, so that L is now contained in [t∗ + ϵ− δ, t∗ + ϵ+ δ]

shown in right panel of Figure 6.2. Now the arc L does intersect Skel. Thus, under the
contactomorphism Φ : (M \ (B ∪ Skel), ξ) →

∐
|B|(W, ξW ), a small Legendrian isotopy may

affect (at the very least), the connectedness of a projection collapsing the z-coordinate of
Φ(Λ) in W . Moreover, information about where the Legendrian knot is embedded with
respect to handleslide t-values is lost in the projection. Thus, we record this information by
colouring the strands of the projection of the knot to indicate between which handleslide
t-values the Legendrian arcs belong.

6.1. Outline for constructing Lagrangian projections. The construction of coloured
and uncoloured Lagrangian projections, defined in this part of the thesis, involves a number
of steps. We provide an outline of the constructions here to help provide the reader with a
sense of what the point of each of the steps in the construction are. The remainder of this
part of the thesis will be providing the details to this outline.
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Figure 6.2. Left: a local picture of some ascending a descending manifolds
of a Morse-Smale pair on a page are in blue, and a projection of a Legendrian
arc L supported in a small neighbourhood of a page in red. Right: a local
picture of some ascending a descending manifolds of a Morse-Smale pair on
a page after a handleslide are in blue. The arc L in red has been translated
through the handleslide t-value and projected onto the page with a different
Morse-Smale pair. Before the translation the projection of L does not
intersect the ascending or descending manifolds of the Morse-Smale pair,
but after the translation the projection of L does.

Let Λ be a Legendrian knot in (M, ξ,B, π, F, V ), where the open book (B, π) has
punctured torus pages.

• Firstly, we change the contact Morse open book (M, ξ,B, π, F, V ) to (M, ξ,B, π, F ′, V ′)

where the Morse diagram for (M, ξ,B, π, F ′, V ′) has no D±
C portions (using notation

from Section 5, Figure 5.7). Take note of the handleslide t-values 0 < t1 < · · · <
tn < 1 for the Morse structure (F ′, V ′).

• Perturb Λ so that it is generic in some sense with respect to the Morse open book,
and also so that its projection will be generic.

• Using Theorem 1.50, there is a contactomorphism

Φ : (M \ Skel(F ′, V ′) ∪B, ξ) → (W, ξW ).

We compactify W = (0,∞)× S1 × S1 to be W̃ = [0,∞]× S1 × S1, and extend the
contact structure ξW to ξ

W̃
on W̃ . Consider the image Φ(Λ) of Λ in (W, ξW ) and

we consider the closure Φ̃(Λ) of Φ(Λ) in (W̃ , ξ
W̃
).

• Project Φ̃(Λ) to Ã = [0,∞]× S1 × {0}.

• For a handleslide t-value ti, let zi = Φ(ti). Colour arcs of the projection of Φ̃(Λ)
with the colour ci if Φ̃(Λ) ∈ [zi, zi+1).
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• We decorate the projection of Φ̃(Λ) in Ã with + signs, and integers in each region of
Ã \ Φ̃(Λ) called defects. These decorations allow us to recover the Legendrian knot
from its projection.

• The result after all of these steps is a coloured Lagrangian diagram.

• To obtain an uncoloured Lagrangian diagram, we define a Legendrian isotopy f :

S1 × [0, 1] → (M, ξ,B, π, F ′, V ′) where f(S1, 0) = Λ and f(S1, 1) = Λ′ where Λ′ is
supported between handleslide t-values (and so the coloured Lagrangian projection of
Φ̃(Λ′) is the one colour ci). If f is chosen so that Λ′ is of colour ci, we call Λ′ = fi(Λ).

• We define an uncoloured diagram to be a diagram ˜Φ(fi(Λ)) ⊂ Ã for some i.

The remainder of this part of the thesis is to show:

• If Λ1 is Legendrian isotopic to Λ2, then the coloured Lagrangian diagrams differ by
a sequence of coloured Lagrangian isotopy moves (Theorem 7.11).

• If Λ1 is Legendrian isotopic to Λ2, then fi(Λ1) is Legendrian isotopic to fi(Λ2),
and that the uncoloured Lagrangian diagrams of Λ1 and Λ2 differ by a sequence of
uncoloured Lagrangian isotopy moves (Theorem 8.9).

7. Coloured Lagrangian diagrams

We start with coloured Lagrangian diagrams. These are complicated, but the lift of a
knot’s diagram has minimal ambiguity, and besides the genericity assumptions, we do not
need to deform the knot to find a projection. Nevertheless, the coloured Lagrangian isotopy
moves do depend on the Morse structure – but the handleslides are lost in the projection. To
remedy this, we could decorate our diagram further (making it even more complicated), or
we can manipulate our Legendrian knot so that it does not interact with the Morse structure
that is lost in the projection. This leads to uncoloured Lagrangian projections, which are
the content of the following section.

Let Λ be a Legendrian knot in the Morse open book (M, ξ,B, π, F, V ) with punctured
torus pages. Let (Σ, φ) be a corresponding abstract open book. The monodromy φ can
be factored into Dehn twists about nonseparating curves, and by Theorem 5.6, we can go
directly from the description of φ in terms of standard Dehn twist generators to a Morse
diagram. We can then eliminate boundary parallel Dehn twists appearing in the Morse
diagram using the M4 move using Theorem 5.1. Thus we assume that the Morse structure
(M, ξ,B, π, F, V ) induces a Morse diagram containing only handleslides and no boundary
parallel Dehn twists.

In Theorem 1.50, we defined a contactomorphism

Φ : (M \ (Skel ∪B), ξ) → (W, ker(dz + xdy)).

Since the pages are now assumed to be punctured tori, the codomain is connected. In this
section, we extend W = (0,∞)× S1 × S1 to W̃ = [0,∞]× S1 × S1 and extend the contact
structure ξW on W to ξ

W̃
on W̃ by setting ξ

W̃
|{x=0} = ker dz and ξ

W̃
|{x=∞} = ker dy.
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Figure 7.1. The Lagrangian isotopy moves. For the S and S1 moves,
the thickened point indicates the image of the index 1 critical point. In
the B, H1, H2, and H3 moves the thickened dot indicates the point where
the strand changes colour. The S, S1, S0, SCa, SCb,R2, R3a,R3b moves
are called uncoloured Lagrangian isotopy moves because the colours of the
strands do not change for these moves. The 0’s −1’s and n1, n2, n3, n4 are
defects.
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Topologically, there is a surjective map Ψ : W̃ → M given by an obvious equivalence
relation on {x = ∞} and a subtle equivalence relation on {x = 0}. The map W̃ →M factors
through a map W̃ → M̃ where M̃ is a solid torus given by the identification of {x = ∞}. The
manifold with boundary M̃ is a compactification ofM\Skel. If we defineW ′ = (0,∞]×S1×S1

and extend the contact structure ξW on W to ξW ′ on W ′ by setting ξ
W̃
|{x=∞} = ker dy,

we note that we can extend the contactomorphism Φ : (M \ (Skel ∪B), ξ) → (W, ξW ) to a
contactomorphism Φ′ : (M \ Skel, ξ) → (W ′′, ξW ′′) where (W ′′, ξW ′′) is the contact manifold
obtained by performing a contact cut of (W ′, ξW ′) along {x = ∞}.

To define a Lagrangian projection, consider Φ(Λ) in (W, ξW ) and its inclusion into
(W̃ , ξ

W̃
), and let Φ̃(Λ) be the closure of Φ(Λ) in (W̃ , ξ

W̃
). Now we parametrise {x =

∞} ⊂ W̃ as ∂([0, 1]× [0, 1]) away from handleslides such that under the map Γ, the points
(0, 0), (1, 0), (0, 1), (1, 1) are mapped to the index 0 critical points of V . Moreover, Φ̃(Λ)
has two points p and q in {0} × S1 × S1 with coordinates (0, (0, t′), z′)) and (0, (1, t′), z′),
or (0, (t′, 0), z′) and (0, (t′, 1), z′) respectively for some t′ ∈ (0, 1) and z′ ∈ S1 if and only
if Ψ(p) = Ψ(q) in M . In other words, if Λ intersects Skel and is ‘cut’ under the map
Φ : (M \ (Skel∪B, ξ) → (W, ξW ), then the two endpoints of the cut appear at opposite sides
of ∂([0, 1]× [0, 1]). It is not possible to extend this parametrisation over handleslides, but we
will assume that Λ intersects Skel away from handleslides, and at handleslide t-values, Φ̃(Λ)
is defined as Φ(Λ) on the interior of W̃ .

Define Ã = [0,∞] × S1 × {0} ⊂ W̃ and let Π : W̃ → Ã, (x, y, z) 7→ (x, y). We consider
the image Π(Φ̃(Λ)) in Ã. A coloured Lagrangian diagram for Λ will be the projection
Π(Φ̃(Λ)) ⊂ Ã with three additional pieces of data that we will now define: colourings of
strands, plus and minus signs near double points of the projection and near certain arcs on
{x = 0} ⊂ Ã, and integers in regions of Ã in the complement of Π(Φ̃(Λ)).

Firstly, let 0 = t0 < t1 < · · · < tk < 2π be the handleslide t-values for the Morse structure,
together with t = 0. We colour arcs γi in Π(Φ̃(Λ)) with the colour ci if γi is the projection
of a Legendrian arc contained in the interval [ti, ti+1) (indices mod k + 1).

Example 7.1. Before fully defining a coloured Lagrangian projection we provide an example
of what we have so far. Figure 7.2 shows a Morse diagram and a front projection of a
Legendrian knot. In the Morse diagram, we can see that there are three handleslide t-values
0 < t0 < t1 < t2 < 2π, and three Legendrian arcs Λi = Λ|[ti,ti+1), i = 0, 1, 2 in W . Figure 7.3
shows the projections Π(Λ̃i) ⊂ Ã, i = 0, 1, 2, and each Π(Λ̃i) is coloured by ci.

As is the case with the standard contact structure on R3, we can go between front and
Lagrangian projections. In this case the front projection onto the Morse diagram shows the
y and z coordinates of the Legendrian knot, and the x coordinate of the Legendrian knot can
be recovered from the front projection of the knot at the point (y0, z0) by the slope of the
projection at the point (y0, z0). More precisely, since W has the contact structure given by
ker(dz+xdy), if Λ = (x(t), y(t), z(t)) is Legendrian, then it must satisfy z′(t)+x(t)y′(t) = 0,
or x = − dz

dy . The front projection of a Legendrian knot will always have negative slope, and
thus the x coordinate of the Legendrian knot will have a value in (0,∞). The closer the
Legendrian knot is to Skel, the smaller the slope and x-value, and the closer the Legendrian
knot is to the binding B, the greater the slope and x-value. Thus, just before the front
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Figure 7.2. A front diagram for the Legendrian knot Λ, and its Legendrian
sub-arcs Λi = Λ|(ti,ti+1) (indices mod 3).

Figure 7.3. A coloured Lagrangian projection of Λ.

projection of a knot teleports (i.e. crossing Skel) it must have slope tending towards 0. In
exactly the same way as Ng’s resolution procedure [Ng03] in R3, we can transition from a
front to a Lagrangian diagram.

In the case of Figure 7.3, to help see the relationship between the two diagrams, we colour
points in {x = 0} in the following way. Points in {x = 0} correspond to points in Skel on a
page of the open book in (M, ξ,B, π, F, V ). The closed curves of Skel are dual to the curves
of Coskel, and each component of Coskel defines a pairing on the trace curves in the Morse
diagram. Thus we colour points in {x = 0} if their image in M is on the closed curve dual
to the curve in Coskel defining that colour of the trace curves in the Morse diagram.

Next, given a projection Π(Φ̃(Λ)), we address the ambiguity of over and under strands
in a circle bundle. Between handeslide t-values, we can define an over or under crossing of
strands in the Lagrangian projection: if two strands λ1 and λ2 whose projection has a double
point having the same colour, then λ1 is above λ2 if you can reach λ1 from λ2 by flowing
in the ∂t direction, the integral curve of which has the same colour as the two strands. To
extend this to a global convention for over/under crossings, pick the image of the page Σ0,
{z = 0} ⊂ W̃ and let C0 = {x = 0, z = 0} ⊂ W̃ . The projection of the curve C0 in Ã will
have colour c0.
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Figure 7.4. Incoming and outgoing strands for quadrants Qi adjacent to
the double point p.

Definition 7.2. Let (M,α) be a strict contact 3-manifold with Reeb vector field Rα. If
Λ ⊂ (M,α) is a Legendrian knot, then a Reeb chord is an integral curve of Rα whose start
and end points lie on Λ.

In (W̃ , ξ
W̃

= ker(dz + xdy)), the Reeb vector field is ∂z which is tangent to the S1 fibers
in the z direction. Moreover, the projection Π : W̃ → Ã collapses the z-coordinate. Thus
over each double point of Π(Φ̃(Λ)) there are countably many Reeb chords that start and
end on strands of Φ̃(Λ). If we parametrize the z coordinate so that the S1 fibers in the z
direction have length 2π, then over each double point p of Π(Φ̃(Λ)), there are two short Reeb
chords ap and bp such that

0 <

∫
ap

dz < 2π, and 0 <

∫
bp

dz < 2π.

Assume, after possibly perturbing Φ̃(Λ), that bp is the only short Reeb chord that
intersects {z = 0}. We will call the other Reeb chord, ap, the preferred Reeb chord over the
double point p.

Definition 7.3. Let p be a double point of Π(Φ̃(Λ)) ⊂ intÃ, and p1, p2 ∈ Φ̃(Λ) be two
points such that Π(p1) = Π(p2) = p. The preferred Reeb chord ap is the short Reeb chord
connecting p1 to p2 that does not intersect {z = 0}.

The orientation αW ∧dαW on W induces an orientation on Ã. This induces an orientation
on each region R ⊂ Ã \Π(Φ̃(Λ)). In a neighbourhood of a double point p, the adjacent
regions (with their orientations) allow us to define an incoming strand and outgoing strand.
See Figure 7.4.
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Figure 7.5. Assume that the bottom edge of a Morse diagram corresponds
to t = 0, and hence z = 0. By comparing to the front projection, we decorate
the diagram with + and − signs in the interior of Ã, and we decorate two
of the arcs in C0.

If we travel anticlockwise along the projection of a knot around the boundary of a region,
and travel from an incoming strand to an outgoing strand along Φ̃(Λ) by following the Reeb
direction and by passing through the preferred Reeb chord ap, we label that quadrant near
p with a + sign. Otherwise, we leave the quadrant blank, or label it with a − sign. In
other words, a + (resp. −) means that to go ‘upwards’ (resp. ’downwards’), in the sense of
increasing (resp. decreasing) t values between 0 and 2π, from one strand of a crossing to the
next. Thus, for the preferred Reeb chords, this is in agreement with the original Chekanov
definition [Che02].

At this point, we have decorated double points of Π(Φ̃(Λ)) in the interior of Ã. Addition-
ally, points in Φ̃(Λ) may intersect {x = 0} ⊂ W̃ , and consequently, a strand of Π(Φ̃(Λ)) may
also intersect C0 which we have defined as {x = 0, z = 0} ⊂ W̃ . Similarly to double points
of a projection, we will also record the relative heights of points in Π(Φ̃(Λ)) ∩ C0. Suppose
Φ̃(Λ) intersects {x = 0} ⊂ W̃ at the points p and q, and thus Π(Φ̃(Λ)) intersects C0 at the
points Π(p) and Π(q). Let Cpq be the arc in C0 with endpoints Π(p) and Π(q), oriented by
the orientation of C0, which is oriented as the boundary of Ã. We label the arc Cpq with
a + sign if 0 < z(p) < z(q) < 2π, with a − sign if 0 < z(q) < z(p) < 2π, and with no sign
if 0 < z(p) = z(q) < 2π. For example, if p and q are at opposite sides of C0, then Cpq will
have no sign. (See Remark 9.1 for a bit of intuition behind this).

Example 7.4. See Figure 7.5. We decorate the coloured Lagrangian diagram from Example
7.1 with some + signs. There are a few arcs on C0. Going clockwise, let γpq be the arc of
C0 joining the points p and q. From the Morse diagram, we can see that the z-coordinate
of a and a′ are the same, b and b′ are the same, and the z-coordinates of a is greater than
b. Thus, there should be − signs over γab and γab′ , + signs over γba′ and γba, and no sign
between γaa′ , γa′a, γbb′ , and γb′b.

7.1. Defects. When dealing with projections of knots in circle bundles, a natural question
is to ask how much twisting does the knot do in the fiber direction that gets lost in the
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projection? To address this, we can decorate the regions of our diagram further with integers.
Turaev calls these ‘gleams’ [Tur92], and Sabloff ‘defects’ [Sab03]. We provide Sabloff’s
definition of a defect and show that these are determined by the colourings of the strands.
For the definition of a defect, we firstly define a notion of ‘height’.

Definition 7.5. Let xj be a double point of Π(Φ̃(Λ)), and let axj
be the preferred Reeb

chord for xj . Then the height H(xj) is

H(xj) =

∫
axj

dz.

Similarly, suppose Φ̃(Λ) intersects {x = 0} ⊂ W̃ at the points p and q. Let Cpq be the
oriented arc in C0 with starting at Π(p) and ending at Π(q). Then the height H(Cpq) is

H(Cpq) = |z(p)− z(q)|.

Definition 7.6. The defect is an integer that we assign to each region in Ã \Π(Φ̃(Λ)) in the
following way. Let F be an oriented surface with boundary and {z1, . . . , zk} be punctures
on ∂F . Let f : (F, ∂F ) → (Ã, ∂Ã ∪Π(Φ̃(Λ)) be an orientation preserving immersion on the
interior of F that extends smoothly to ∂F away from the marked points such that:

• f maps each marked point on ∂F to a corner of Π(Φ̃(Λ)) in the interior of Ã, or an
arc between points Π(Φ̃(Λ)) ∩ C0 ⊂ C0, and

• the image of f near a marked point covers exactly one quadrant near the corner
of Π(Φ̃(Λ)) ⊂ intÃ, and if f maps a puncture to an arc Cpq ⊂ C0 then int(Cpq) ∩
Π(Φ̃(Λ)) = ∅ .

If the image of the punctures of f(F ) are at the corners {x1, . . . , xl} and arcs {C1, . . . , Cm},
then the defect of f is defined to be

n(f) =
1

2π

(
−
∫
F

f∗(dx ∧ dy) +
∑

εiH(xi) +
∑

εjH(Cj)

)
,

where εj = +1 if the quadrant near xj , or an arc Cj has a + sign, and εj = −1 otherwise.

We call a component of Ã \Π(Φ̃(Λ)) a region. If the image of f is the region R ∈
Ã \Π(Φ̃(Λ)), then we define the defect of the region n(R) to be n(f).

Another definition of the defect is the following. Suppose the projection has k colours
c0, . . . , ck−1. Start at some point on ∂(f(F )) and set defect_counter(f) = 0. Tra-
verse ∂(f(F )) in counterclockwise direction. If the colour changes from ci to ci±1, set
defect_counter(f) = defect_counter(f) ± 1. At a corner, or the endpoints of an
arc in C0, suppose the strands change colour from ci to cm. Let l = m − i. and set
defect_counter(f) = defect_counter(f)+ l. The number defect_counter(f) obtained
upon returning to the starting point of ∂(f(F )) a multiple nk for some n ∈ Z, which will be
justified in Lemma 7.7. The integer n is the defect.
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Lemma 7.7. These two definitions of defect agree.

Proof. Let Γ be the lift of ∂(f(F )) ⊂ Ã which consists of Legendrian lifts of ∂(f(F ))
alternating with preferred Reeb chords (going in the Reeb direction if there is a + sign over
that quadrant, going in the negative Reeb direction otherwise). If a portion of ∂(f(F )))
is Cpq ⊂ C0 take the lift (Cpq, 0) ⊂ W̃ , and connect (Cpq, 0) to other points in Γ by Reeb
chords, oriented by the Reeb vector field, starting on Cpq and ending on Γ.

Then the defect defined via defect_counter is the winding number of Γ with respect to
the z-coordinate. That is, it is equal to

1

2π

∫
Γ

dz.

Then, ∫
Γ

dz =

∫
Γ

α− xdy =

∫
Γ

α−
∫
Γ

xdy =
∑

εiH(xi) +
∑

εjH(Cj)−
∫
Γ

xdy.

Perturb Γ near the Reeb chords to be Γ′ so that it is a section of a smooth (arbitrarily close)
approximation of ∂(f(F )), i.e., Γ′ = s(∂(f(F ))) for some section s : Ã→ W̃ . Then∫

Γ

xdy =

∫
Γ′
xdy =

∫
s(∂(f(F )))

xdy =

∫
F

f∗(dx ∧ dy). □

7.2. Genericity conditions. Within (M, ξ,B, π, F, V ) we have already noted the 2-complexes
Skel and Coskel. A 1-skeleton of these 2-complexes contains:

• the union over all pages of the index zero critical points, L0,

• the union over all pages of the index one critical points, L1, and

• trajectories between hyperbolic points at handleslide t-values.

(As a technical aside, the entire 1-skeleton of Skel and Coskel may need more 1-cells to become
a 1-complex, so we could choose some trajectories between critical points and trajectories
from critical points to the binding to complete the 1-skeleton.)

For dimension reasons, we may assume that after a small Legendrian isotopy (that can
be performed in a Darboux chart around a point of intersection) that a Legendrian knot Λ

is disjoint from the binding and from critical points of the Morse structure on each page
and that Λ intersects the interiors of the 2-cells of Skel and Coskel transversely away from
handleslide t-values. We will also assume Λ intersects the page π−1(0) transversely (since we
are using this page as a ‘basepoint’ page to define preferred Reeb chords, and consequently
the ±-signs and defects). We call a Legendrian knot Λ satisfying these conditions generic
with respect to the Morse structure. Secondly, as usual for defining generic knot projections,
in addition to requiring the knot to be generic in the domain we require the knot to be generic
in the codomain. To this end, we assume that arcs in the projection Π(Φ̃(Λ)) intersect only
at double points, and do so orthogonally. We will say a Legendrian knot Λ whose projection
Π(Φ̃(Λ)) satisfies these conditions has a generic projection.
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Definition 7.8. A Legendrian knot Λ is generic if it is generic with respect to the Morse
structure and has a generic projection.

Finally we are in a position to define a coloured Lagrangian diagram.

Definition 7.9. Let Λ be a generic knot in (M, ξ,B, π, F, V ). A coloured Lagrangian
projection is the projection Π(Φ̃(Λ)) ⊂ Ã, together with

• a colouring {ci} of the strands;

• decorations of ±-signs near double points and near arcs on C0; and

• decorations of defects in regions of Ã \Π(Φ̃(Λ)),

where each of these additional data are defined as above in this section.

The next proposition characterises these diagrams.

Proposition 7.10. The coloured Lagrangian projection of Λ is a collection of immersed
coloured curves {γk}. Endpoints of {γk} occur in pairs in two cases:

• the endpoints have the same (x, y) coordinates in the interior of Ã but change from
colour ci to ci+1 (or ci to ci−1), or

• the endpoints lie in ∂Ã having the same colour with coordinates {x} × {0} and
{x} × {1}, or {1} × {x} and {0} × {x} for some x ∈ (0, 1).

Proof. The fact that the projection is an immersion follows from the analogous statement
for Lagrangian projections in R3. If Λ intersects a page where a handleslide occurs, then
the endpoints will satisfy the first bullet point. If Λ intersects Skel then the endpoints will
satisfy the second bullet point: the point at which they intersect Skel must be away from a
handleslide t-value, and hence, for a small enough neighbourhood of the endpoints, Λ must
have the same colour. □

Theorem 7.11. Let (M, ξ,B, π, F, V ) be a Morse open book with punctured torus pages.
If two Legendrian knots in (M, ξ,B, π, F, V ) are Legendrian isotopic, then their coloured
Lagrangian diagrams are related by a finite sequence of Lagrangian isotopy moves as shown
in Figure 7.1.

We postpone the proof to Appendix 4.

8. Uncoloured Lagrangian diagrams

For the purpose of defining a Legendrian knot invariant in Part 3, as in [DKL21], we choose
a particular representative of the Legendrian isotopy class of Λ that lies in a neighbourhood
of a page of the open book. Given a Lagrangian projection (or even a front projection), it
should be possible to write an algorithm that would give us the sequence of moves in the
projection that shows that we can push Λ into a neighbourhood of a page. Instead, we work
with contact vector fields that allow us to define such a Legendrian isotopy. Thus, one of the
main theorems of this section will be the following:
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Theorem 8.1. There exists a Legendrian isotopy of Λ such that Π(Φ̃(Λ)) has only one
colour. In particular, there exists a Legendrian isotopy fi of Λ such that (fi)0(Λ) = Λ and
(fi)1(Λ) = Λ′ where Π(Φ̃(Λ′)) has only the colour ci.

Assuming Theorem 8.1, we make the following definition.

Definition 8.2. Let fi be a Legendrian isotopy of Λ such that (fi)0(Λ) = Λ and (fi)1(Λ) = Λ′

where Π(Φ̃(Λ′)) has only the colour ci. Then an uncoloured Lagrangian diagram is a projection
Π(Φ̃(Λ′)) ⊂ Ã together with decorations of ±-signs near double points and near arcs on C0.

Since there is only one colour involved in the projection, if it is clear which fi is being
used, there is no need to decorate the diagram with colours, hence the namesake uncoloured
Lagrangian diagram. We will show that all regions in an uncoloured diagram have defect
equal to zero (Proposition 8.10), so an uncoloured Lagrangian diagram does not have integers
decorating its regions.

8.1. Legendrian Isotopies of Legendrian Knots. Firstly, we recount some standard
theory of vector fields and isotopies in differential topology. In the setting of contact geometry,
this correspondence is between contact vector fields and Legendrian isotopies. Let M be a
closed 3-manifold and X a vector field on M . Then X determines an isotopy ϕt :M →M by
its flow: since M is compact, the integral curves of X exist for all time. If Xp ∈ TpM , there
is a unique curve γ passing through p such that γ′(t) = Xp when γ(t) = p. The integral
curves of X determine isotopies ϕs :M →M by p = γ(t) 7→ γ(t+ s). On the other hand, an
isotopy ϕt :M →M determines a unique time-dependent vector field Xt satisfying

d

dt
ϕt = Xt ◦ ϕt.

Note that if Xt = X is time independent, then the isotopy is given by the flow of X. A
Legendrian isotopy of a Legendrian knot is a smooth path of Legendrian embeddings. That is,
Λt : S

1 →M such that α|TΛt = 0 for all t. Recall from Subsection 1.3, a contact vector field
Y is a vector field on M satisfying LY α = fα for some f ∈ C∞(M), where LY α is the Lie
derivative of α with respect to Y . Equivalently, if ϕt is the flow of Y , then the pushforward
satisfies (ϕt)∗(ξ) = ξ. The image of a Legendrian knot Λ remains Legendrian under the
flow ϕt of the contact vector field Y since (ϕt)∗ξ = ξ. More generally, for a time-dependent
contact vector field Xt, the globally defined flow ϕt of Xt is a contact isotopy of (M, ξ).

Let Λ be a Legendrian knot in (M, ξ,B, π, F, V ). We will use contact vector fields
to find a Legendrian isotopy that pushes Λ off a page. Note that a contactomorphism
Ψ : (M1, ξ1) → (M2, ξ2) sends contact vector fields to contact vector fields. That is, if
X ⊂ TM1 is a contact vector field, then Ψ∗(X) ⊂ TM2 is a contact vector field.1

Although a contactomorphism sends contact vector fields to contact vector fields, a
contactomorphism may not preserve Reeb vector fields, unless the contactomorphism is strict
(i.e., Ψ∗α2 = α1).

1Let ϕt be the flow if X. Then ϕt is a contactomorphism for all t: (ϕt)∗(ξ1)p = (ξ1)ϕt(p). Let ϕ̃t be
the flow of Ψ∗(X). Then (ϕ̃t)∗(ξ2)q = Ψ∗ ◦ (ϕt)∗ ◦ Ψ−1

∗ (ξ2)q = (ξ2)Ψ◦ϕt◦Ψ−1(q) since Ψ and ϕt are
contactomorphisms. But then (ξ2)Ψ◦ϕt◦Ψ−1(q) = (ξ2)ϕ̃t(q)

by the naturality of flows.



73

Thus to define contact vector fields in (M, ξ), it suffices to define the contact vector fields
on contactomorphic submanifolds where we will use standard neighbourhood theorems. For
example, in a neighbourhood of the binding, we can define a contact vector field in a standard
neighbourhood of a transverse knot and pull it back to (M, ξ). Similarly, if Y is a component
of M \ (Skel ∪B) we will consider the contactomorphism Φ|Y : (Y, ξ|Y ) → (W, ξW ) defined
in Theorem 1.50.

Additionally, instead of working with the contact vector fields directly, we will often work
with their corresponding ‘Hamiltonian’ (defined in Proposition 8.3). This to ensure that a
contact vector field, multiplied by a smooth cut-off function, remains a contact vector field.
See Example 8.4.

Proposition 8.3. (Theorem 2.3.1 [Gei08]) Let (M, ξ) be a contact manifold and let ξ = kerα.
Then there exists a bijection

{Contact vector fields on M} ↔ C∞(M).

The correspondence is given by

X 7→ HX = α(X),

H 7→ XH ,

where XH is the vector field is defined by the equations

α(XH) = H

ιXH
dα = dH(Rα)α− dH.

The function HX associated to the contact vector field X is called the ‘Hamiltonion’ for
X. It is not hard to see that XH is a contact vector field and that X = XHX

and H = HXH
.

Example 8.4. Let (M, ξ) be a closed contact 3-manifold with ξ = kerα. Let Z be a contact
vector field for the contact form α such that the Lie derivative satisfies LZα = 0. Let the
Hamiltonian of Z be H. Let us try to scale this vector field by a smooth cut-off function
µ where µ ≡ 1 on an open set U ⊂ M and µ ≡ 0 outside an ε-neighbourhood Uε of U
in M . Then LµZα = fα for some f ∈ C∞(M) if and only if (ιZα)dµ = fα. So f ≡ 0

on M \ (Uε \ U). If f > 0 on Uε \ U (similarly for f < 0), then α = (1/f)α(Z)dµ and
dα = d((1/f)α(Z)) ∧ dµ, and

0 < fα ∧ dα = α(Z)dµ ∧ d((1/f)α(Z)) ∧ dµ = 0.

Because f > 0, and α ∧ dα is a volume form on M , this gives a contradiction, so f ≡ 0

everywhere. Thus, if α(Z) ̸= 0 (for example Z is a Reeb vector field) on Uε \ U , then µZ

cannot be a contact vector field.
So instead we will consider the contact vector field Zµ corresponding to the Hamiltonian

µH. Then the contact vector field Zµ corresponding to µH is defined by the equations

α(Zµ) = µH,
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iZµdα = µ(iZdα) +H(dµ(Rα))α−Hdµ.

From these equations we can see

LZµ
α = d(µH)(Rα)α,

so Zµ is a contact vector field.

The binding B of a contact open book (M, ξ,B, π) is a transverse knot. Thus B has a
standard neighbourhood contactomorphic to (N, ξB) = (S1×R2, ker(dz−(y/2)dx+(x/2)dy))

with the coordinates (z, x, y) ∈ S1 ×R2. Under this contactomorphism, B 7→ S1 = {(x, y) =
(0, 0)}, and a page of the open book is Σθ consists of all points where (x, y) is a positive
multiple of (cos θ, sin θ).

In the following, we will use the following contact vector fields:

X1 = ∂x−
(y
2

)
∂z, X2 = ∂y +

(x
2

)
∂z, X3 = x∂x+ z∂z, X4 = ∂z,

where the first two are defined in coordinates of the binding with contact form αB , and the
third and fourth in coordinates in W with contact form αW . Note that because of this, the
x, y, z in X1 and X2 are different to to the x, y, z in X3 and X4. It is not hard to check that
these vector fields are contact:

LX1
αB = LX2

αB = 0,

and
LX3

αW = αW , LX4
αW = 0.

Proposition 8.5. There exists an Legendrian isotopy making a Legendrian knot Λ disjoint
from a page in an open book decomposition.

Proof. We will show this in three steps. Choose a page Σ of the open book.

(1) Isotope Λ to be disjoint to Σ ∩ Skel.

(2) Use coordinates in W to find a contact vector field to Legendrian isotope Λ so that
it intersects Σ only in a neighbourhood of the binding.

(3) Use coordinates of the binding to find contact vector fields to Legendrian isotope Λ

completely off Σ.

1. Generically Λ intersects Skel transversely at discrete points. Thus, if Λ intersects Skel

at the chosen page Σ, then we could choose a different page, or push it off the point of
intersection in a Darboux chart around the point of intersection.

2. In W , let ν be a smooth cut-off function over a neighbourhood of the image of the page
Σ. That is, ν ≡ 1 on Σ and ν ≡ 0 away from Σ. Let H3 be the Hamiltonian corresponding
to X3, and Xν,3 be the contact vector field corresponding to νH3. Then we use the pullback
of Xν,3 in M (and in particular, its ∂x component) to push Λ into a neighbourhood of the
binding.
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3. Using the notation as above, in the neighbourhood of a binding component, let Σ be
the (closure of a) page of the open book corresponding to the coordinates (a1, a2) ∈ R2. For
the contact vector fields X1 and X2, the corresponding Hamiltonian functions are H1 = −y
and H2 = x. Then X ′ = −(a1X1 + a2X2) is also a contact vector field with Hamiltonian
function H ′ = a1y − a2x. Let µ be a cut-off function with µ ≡ 1 on Σ and µ ≡ 0 outside a
small neighbourhood of Σ. Then we define X ′

µ to be the contact vector field that corresponds
to the Hamiltonian µH ′. Using X ′

µ, we can Legendrian isotope Λ to a new Legendrian knot
Λ′ that is disjoint from Σ. □

Remark 8.6. In the front projection, this isotopy can be achieved by iteratively using the
B1 move.

Lemma 8.7. Let Λ be disjoint from a page in (M, ξ,B, π, F, V ). Then there exists a
Legendrian isotopy in M \B that makes Λ disjoint from the pages Σti where ti are handleslide
t-values of (F, V ).

Proof. We perform this Legendrian isotopy in (W, ξW ) via Φ. We can then pull this
back to (M, ξ). After a reparametrisation of z, assume Φ(Λ) is disjoint from the page
corresponding to {z = 0}. Moreover, assume we have parametrised z so that it takes values
in [0, 2π]. In (W, ξW ) the Reeb vector field is ∂z. The corresponding Hamiltonian is H ≡ 1.
We define the following standard smooth bump function which is equal to 1 for z ≥ 1, and
equal to 0 for z ≤ 0:

µ(z) =
ν(z)

ν(z) + ν(1− z)

where

ν(z) =

{
e−1/z for z > 0,

0 for z ≤ 0.

Let zi and zi+1 be the z coordinates corresponding to the ti and ti+1 values. Pick δ > 0

small enough so that Λ ∈ (δ, 2π − δ), and pick M large enough so that µ(Mz) = 1 for z ≥ δ

and µ(Mz) = 0 for z ≤ 0. Then we define the smooth function

κ(z) =



µ(Mz) for z ∈ [0, zi − δ]

µ(−M(z − (zi + δ))) for z ∈ [zi − δ, zi + δ]

0 for z ∈ [zi + δ, zi+1 − δ]

−µ(M(z − (zi+1 − δ))) for z ∈ [zi+1 − δ, zi+1 + δ]

−µ(−M(z − 2π)) for z ∈ [zi+1 + δ, 2π]

This is a smooth function equal to 0 at z ∈ {0, 2π}, 1 for z ∈ [δ, zi], 0 for [zi + δ, zi+1 − δ],
and −1 for z ∈ [zi+1, 2π − δ]. Thus, scaling H by κ(z) results in the corresponding contact
vector field Xκ = xdκ

dz ∂x+ κ∂z whose flow can be used to Legendrian isotope Φ(Λ) so that
it is between zi and zi+1. In words, the flow of Xκ pushes everything above zi+1 down and
pushes everything below zi up. □

This proves Theorem 8.1. Using Proposition 8.5, there exists a Legendrian isotopy that
pushes a Legendrian knot off a page, and having performed that Legendrian isotopy, there
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exists another Legendrian isotopy that pushes the Legendrian knot between certain z-values.
Thus, if we compose these Legendrian isotopies, we can find a Legendrian isotopy fi of a
Legendrian knot Λ such that (fi)0(Λ) = Λ and (fi)1(Λ) = Λ′ is contained between t values
[ti, ti+1]. Thus the projection Π(Φ̃(Λ′)) has only the one colour ci. □

To simplify notation, let fi be a Legendrian isotopy such that (fi)0(Λ) = Λ and (fi)1(Λ) =

Λ′ ⊂ (B, π)|[ti,ti+1] as defined via Proposition 8.5 and Lemma 8.7. Then we denote Πi(Λ) :=

Π(Φ̃(Λ′)). Note that Πi depends on fi, and that Πi(Λ) has only the colour ci in Ã. Thus,
with ±-sign decorations, Πi(Λ) ⊂ Ã is an uncoloured Lagrangian diagram for Λ.

Lemma 8.8. Let Λ1 be a Legendrian knot in (M, ξ,B, π, F, V ) and let Λ2 be Legendrian
isotopic to Λ1. Let fi be a Legendrian isotopy such that (fi)0(Λ1) = Λ1 and (fi)1(Λ1) ⊂
(B, π)|[ti,ti+1] as defined via Proposition 8.5 and Lemma 8.7. Then (fi)1(Λ1) and (fi)1(Λ2)

are Legendrian isotopic in (B, π)|[ti,ti+1].

Proof. Let ϕ : S1 × [0, 1] → M be the Legendrian isotopy with ϕ(S1, 0) = Λ1 and
ϕ(S1, 1) = Λ2. The image K = ϕ(S1 × [0, 1]) is an immersed annulus tracing out the
Legendrian isotopy from Λ0 and Λ1. We proceed in a similar fashion to Proposition 8.5 and
Lemma 8.7.

Let Σ′ be a page of the open book that we want to make K disjoint from. Firstly,
we make K disjoint from Skel ∩ Σ′. Generically, K ∩ (Skel ∩ Σ′) is a collection of points.
Around each of those points, push K off the point of intersection with Skel ∩ Σ′. This can
be done in the following way: the Legendrian isotopy ϕ can be realised by the flow of a
time-dependent contact vector field Xt. This corresponds to a family of compactly supported
contact Hamiltonians Ht :M → R. Now, consider K = ϕ(S1 × [0, 1]). Generically, suppose
Λ1 is disjoint from Skel. Let T ∈ (0, 1] be the value such that ϕ(S1 × [0, T )) ∩ Skel ∩ Σ′ = ∅
and ϕ(S1 × {T}) ̸= ∅. Let N be a small neighbourhood of ϕ(S1 × [T, 1])∩Σ′, and let µN be
a bump function on N (i.e., µN ≡ 1 on N and µN ≡ 0 outside a small neighbourhood of
N). Define H ′

t := µNHt(T−1)+1. This new family of contact Hamiltonians can be used to
define a Legendrian isotopy to be disjoint from Skel ∩ Σ′. See Figure 8.1. Heuristically, we
are undoing the Legendrian isotopy that goes over Skel.

After we have made this isotopy, K intersects Σ′ \ Skel generically in a collection of arcs.
Again, we use the −X3 vector field in W to push these arcs into a neighbourhood of the
binding, at which point we use the X1 and X2 vector fields to push K completely off a page.
Lastly, we use Xκ to push K between z values zi and zi+1.

Let fi : [0, 1] ×M → M be the Legendrian isotopy described in Proposition 8.5 and
Lemma 8.7 used to push a Legendrian knot off a page Σ′ and between z-values zi and
zi+1, and consider the map fi(1, ϕ(·, ·)) : S1 × [0, 1] → M . For each t ∈ [0, 1], the image
fi(1, ϕ(S

1, t)) is a Legendrian knot, since for each t ∈ [0, 1], ϕ(S1, t) is a Legendrian knot,
and the definition of fi via contact vector fields ensures fi(s, ϕ(S1, t)) remains Legendrian
for all s ∈ [0, 1]. Thus fi(1, ϕ(·, ·)) : S1 × [0, 1] → M defines a Legendrian isotopy from
fi(1, ϕ(S

1, 0)) = (fi)1(Λ1) to fi(1, ϕ(S1, 1)) = (fi)1(Λ2) in (B, π)|ti,ti+1
. □

Theorem 8.9. If Λ1 is Legendrian isotopic to Λ2 in (M, ξ,B, π, F, V ), then Πi(Λ1) and
Πi(Λ2) are related by a sequence of uncoloured Lagrangian isotopy moves.
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Proof. If Λ1 is Legendrian isotopic to Λ2, then (fi)1(Λ1) is Legendrian isotopic to (fi)1(Λ2)

in (B, π)|ti,ti+1] by Lemma 8.8. By Theorem 7.11, the projections Πi(Λ1) and Πi(Λ2) are
related by a finite sequence of Lagrangian isotopy moves. However, since the Legendrian
isotopy between (fi)1(Λ1) and (fi)1(Λ2) is contained in (B, π)|[ti,ti+1], then their projections
Πi(Λ1) and Πi(Λ2) do not change colour and so the B,H1, H2, and H3 moves do not
occur in this sequence of Lagrangian isotopy moves. Moreover, by adding t = 0 to the list
t0, t1, . . . , tk (where handleslides occur), in necessary, we may assume (fk)1(Λ) ⊂ (B, π)|[0,t0]
or (fk)1(Λ) ⊂ (B, π)|[tk,0]. In such cases the Z move will not occur. □

Henceforth, we will treat t = 0 as a handleslide t-value. We lastly characterise uncoloured
Lagrangian diagrams.

Proposition 8.10. All regions in an uncoloured Lagrangian diagram Πi(Λ) for a Legendrian
knot Λ have defect equal to zero.

Proof. Recall that the definitions of the defect of a region in Definition 7.6. Let Γ be the
lift of ∂(f(F )) ⊂ Ã which consists of Legendrian lifts of ∂(f(F )) alternating with preferred
Reeb chords (going in the Reeb direction if there is a + sign over that quadrant, going in
the negative Reeb direction otherwise). If a portion of ∂(f(F ))) is Cpq ⊂ C0 take the lift
(Cpq, 0) ⊂ W̃ , and connect (Cpq, 0) to other points in Γ by Reeb chords, oriented by the Reeb
vector field, starting on Cpq and ending on Γ. Then the defect defined via defect_counter
is the winding number of Γ with respect to the z-coordinate. That is, it is equal to

1

2π

∫
Γ

dz.

Since Λ has been isotoped so that it does not intersect {z = 0}, the lifts Γ are all disjoint
from {z = 0}. Secondly, all of the preferred Reeb chords are disjoint from {z = 0}. Lastly,
we can isotope Γ near (Cpq, 0) so that Γ is disjoint from {z = 0}. So, with respect to the S1

fibers, the winding number of Γ must be zero. This agrees with the ‘colour definition’ of the
defect, since the projection of the Legendrian knot never changes colour. □

8.2. Area conditions. The contact form α = dz + xdy, and in particular, the action
functional

γ 7→
∫
γ

α

places constraints on the the areas of the regions cut out by the projection of the Legendrian
curve. Let Λ be a collection of Legendrian arcs in W̃ where z(Λ) ⊂ [zi, zi+1] for some i.
Let R be a contractible region in Ã \Π(Λ). Let dx ∧ dy be the area form for Ã. We have
Π∗(dx ∧ dy) = dα. Let D be a disk in W̃ where ∂D is constructed in the same way as Γ

used in the definition of the defect of a region (Definition 7.6). So Π(D) = R. Then

0 <

∫
R

dx ∧ dy =

∫
D

Π∗(dx ∧ dy) =
∫
D

dα =

∫
∂D

α =
∑

εiH(xi) +
∑

εjH(Cj).

Thus the area of a region in the projection is controlled by the length of the Reeb chords
and relative heights of points Λ ∩ {x = 0} ⊂ W̃ . We will use this condition frequently when
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Figure 8.1. Using the contact vector field corresponding to the Hamiltonian
H ′

t to isotope K to be disjoint from Skel on the page Σ′.

considering diagrams. For example, the forbidden lobe in Figure 12.9 (ii) cannot be in a
Lagrangian diagram for a Legendrian knot.
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Part 3. Legendrian Contact Homology

In the mid-1990’s Chekanov [Che02] developed a method for associating a differential
graded algebra (DGA) to the projection of a Legendrian knot in (R3, ξst) to the xy-plane,
where ξst is the standard contact structure on R3. The definition of this DGA is combinatorial:
generators of the DGA are crossings, the differentials are defined by counting certain polygons
in the diagram, and the grading is defined by computing the winding number of certain arcs
in the diagram. Chekanov proved, combinatorially, that the ‘stable tame isomorphism’ class
of the DGA is invariant under Legendrian isotopies of the the Legendrian knot.

At roughly the same time, Eliashberg, Givental and Hofer [EGH00], adapted ideas of
Floer homology to the contact setting, developing a ‘contact homology theory’. A sketch of
the definition of the associated DGA is as follows: let (M,α) be a strict contact manifold and
Λ an embedded Legendrian knot. The generators of the DGA are Reeb chords, i.e., integral
curves of the Reeb vector field with endpoints on the Legendrian knot. The differential is
defined by counting J-holomorphic disks in the symplectisation (M × R, d(etα)) where t is
the coordinate for R, and J is a t-invariant complex structure compatible with d(etα). The
grading is defined by something similar to the Maslov index.

Etnyre, Ng, and Sabloff, translate these two theories [ENS02] and show that Chekanov’s
DGA is a combinatorial rendition of a relative version of the contact homology theory of
Eliashberg, Givental and Hofer. Whereas computations in the relative contact homology
are typically difficult, the combinatorial computations are often much more straightforward.
However, the geometric definitions of contact homology motivate the corresponding combina-
torial definitions. Thus, morally, we expect to be able to combinatorially define a differential
graded algebra for a Legendrian knot in strict contact manifolds where the Reeb dynamics
are well-understood, and where we have a Lagrangian projection of the knot.

Since the initial developments in (R3, ξst = kerαst), DGAs have been defined in only a
handful of other strict contact 3-manifolds, such as

• (Σ× R, α), where Σ is an exact symplectic manifold, and the Reeb orbits are the R
fibers [EES07],

• in [Bjö16], it is shown how to combinatorially compute the DGAs in [EES07] in the
case where Σ× R is the product of a punctured Riemann surface and the real line,

• circle bundles over closed surfaces, where the Reeb orbits agree with the S1 fibers
[Sab03],

• lens spaces and Seifert fibered spaces, where the Reeb orbits agree with the S1 action
[Lic11], [LS13],

• the 1-jet space over the circle J1(S1) (for Legendrian links) [NT04],

• the boundaries of subcritical Weinstein 4-manifolds [EN15].

Key to the definition of a DGA is the Reeb vector field, but Reeb dynamics in contact
manifolds are notoriously difficult to understand. Knowledge of a compatible open book
decomposition does little to help. However, with a Morse structure we can define a contacto-
morphism from most of the contact manifold to a contact manifold with well-understood
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Reeb dynamics. Thus we use the choice of Morse structure to replace the choice of contact
form/Reeb field. In this new manifold, a question to ask is, with these controlled Reeb
dynamics, can we assign a well-defined DGA to a Legendrian knot (or tangle)? This part
offers an answer to this question in the case of open books with punctured torus pages.

The main tools used are the definition of a DGA in circle bundles due to Sabloff [Sab03],
and bordered DGAs in R3 due to Sivek [Siv11]. We combine and extend these tools. In
particular, we extend the DGA defined by Sabloff to a manifold with boundary, and we
extend the bordered DGA of Sivek to circle bundles. Also, where Sivek’s bordered DGA is
defined using the front projection, we define it using the Lagrangian projection. Moreover,
Sivek considers only ‘vertical cuts’ when gluing together two Legendrian knots, whereas we
glue together our knots using a more complicated identification.

The result is a DGA that can be well-defined for Legendrian knots in contact 3-manifolds
with compatible open book decompositions that have punctured torus pages. Thus, we can
extend the list of contact 3-manifolds where a DGA is defined. For example, we can define a
DGA on 3-manifolds in the above list but with different contact forms such as (S3, ξ) where
ξ is not the kernel of the standard contact form on S3, and on 3-manifolds that are not
Seifert fibered.

9. The DGA C(Λ)

Let Λ be a Legendrian knot in (M, ξ,B, π, F, V ) where (B, π) is an open book with
punctured torus pages. We will construct a differential graded algebra D(Λ) for Λ from
one of its uncoloured Lagrangian diagrams. As in Section 8, we will write Πi(Λ) for an
uncoloured projection and let Γ be its image in Ã. We say that we will construct a DGA
D(Λ) from one of the uncoloured Lagrangian diagrams Πi(Λ) ⊂ Ã. Of course, there are
different uncoloured diagrams for Λ for different i in Πi(Λ), so it would be more appropriate
to to indicate this dependence on i by Di(Λ). Throughout this section, we will fix i, and
simply drop the i subscript to simplify the notation somewhat. Towards the end of this
section, we will show that for i ̸= j, the two DGAs Di(Λ) and Dj(Λ) will be equivalent,
justifying the dropping of the subscripts.

In this section, let C be the curve {x = 0} × S1 in Ã (dropping the subscript in C0 from
the previous section). After a possible reparametrisation of W̃ , assume Ã = {z = 0} ⊂ W̃ .

To define D(Λ), we will firstly define a differential graded algebra C(Λ), and a certain
sub-DGA S(Λ) of C(Λ). The DGA D(Λ) will be a quotient of C(Λ) by S(Λ), and D(Λ) will be
a Legendrian knot invariant for Λ. In particular, we show that the stable tame isomorphism
type of D(Λ) is invariant under the uncoloured Lagrangian isotopy moves.

Remark 9.1. The definition of the DGA C(Λ) relies heavily on the diagram, especially on

• the choice of compactifying W to W̃ , and

• the parametrisation of {0} × S1 × S1 as {0} × ∂([0, 1]× [0, 1])× S1.

This parametrisation makes W̃ into a manifold with corners! However, this diagram serves
as a combinatorial/algebraic tool with respect to which we can compute Legendrian knot
invariants.
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To stay in the category of smooth manifolds, again, compactify W to W̃ = [0,∞]×S1×S1

(and extend Λ to Λ̃), and now we perform a contact cut on (W̃ , ξ
W̃
) along {0} × S1 × S1.

At x = 0, the contact form is given by dz, so the characteristic foliation is given by circles
at constant z values, and the contact cut collapses each such circle to a point. Then, the
resulting contact manifold, call it (W̃ ′, ξ′

W̃
), is contactomorphic to (D2 × S1, ker(dz + r2dθ))

with r ∈ [0,∞). After a possible perturbation of Λ̃ so that non-opposite points in {x = 0}
have different z values, the image Λ̃′ of Λ̃ under the map W̃ to W̃ ′ is again a Legendrian
knot (that bears no resemblance to the original Λ).

Note that a projection of Λ̃′ by a map collapsing the S1 fiber is very much not generic
over the point 0 ∈ D2, and by perturbing the projection of Λ̃′ in different ways would lift to
very non-isotopic knots in M . Additionally, constructing a Legendrian knot invariant for Λ

from the projection of Λ̃′, would involve a lot of subtle moves all happening at the point
0 ∈ D2.

We choose instead to deform our diagram to make these moves more palatable and
amenable to algebra. For example, the corners of ∂([0, 1]× [0, 1]) clearly correspond to the
index 0 critical point of V on a page, and the sides of ∂([0, 1] × [0, 1]) correspond to the
cores. Nevertheless, this diagram coming from (W̃ ′, ξ′

W̃
) motivates the definitions and proofs

involving the differentials and gradings. Moreover, a lot of the constants involved in those
definitions are merely recording the difference between these two diagrams.

When referring to these projections, we will keep the notation Ã for the codomain that
is the projection of W̃ , and we will denote D× to be the projection coming from W̃ ′ (i.e., a
disk with a special point at the centre), and Γ× the projection of Λ̃′. If a segment of C has
a + sign in the diagram for Ã, decorate the corresponding sector in D× with a + sign.

9.1. The sub-DGA (S(Λ), ∂). We define the DGA (C(Λ), ∂) by firstly defining a sub-DGA
(S(Λ), ∂).

We label each of the points Γ∩C in the following way. Recall that we have parametrised
C as ∂([0, 1]× [0, 1]) which we think of as four arcs between four corners. The four corners
correspond to the index 0 critical points of V . Going clockwise around C along one of the
arcs, label the m points of intersection between Γ ∩ C by a1, . . . , am. Along the next arc
label the points b1, . . . , bn. Then label the corresponding opposite points by a′1, . . . , a′m and
b′1, . . . , b

′
n. That is, ai and a′i correspond in Γ ∩ C if their preimages of the map Π in Λ̃ are

identified under the map Ψ : W̃ →M . See Figure 9.1.

Suppose there are 2m+ 2n points

P = {a1, . . . , am, b1, . . . , bn, a′m, . . . , a′1, b′n, . . . , b′1}

in Γ ∩ C. Each point x ∈ P has a ‘height’ rx associated to it. This is the z-coordinate
of its lift in Λ̃ ⊂ W̃ . Since Ψ sends {z = constant} ⊂ W̃ to a page of the open book in
(M,B, π), and Ψ(ai, rai

) = Ψ(a′i, ra′
i
), this implies rai

= ra′
i
. Similarly, rbi = rb′i . Since all

points are disjoint from {z = 0}, we can define an ordering on these heights. Moreover, we
can generically assume that if x ̸= y ∈ P and y ̸= x′, then rx ̸= ry.



83

Figure 9.1. Labelling of points Γ ∩ C.

Let Cxy be an arc in C oriented clockwise joining x to y for x, y ∈ P with length strictly
less than 4 (using the coordinates [0, 1] on the sides of C, the circumference of the square
is 4). Equivalently, this determines a sector between two strands that approach the point
0 ∈ D×. These two strands intersect the S1-fiber O over 0 ∈ D× at heights rx and ry. These
two heights divide O into two arcs with length stictly less than 2π (‘short’ Reeb chords)
which we denote by (xy) and (xy), where (xy) contains the point 0 ∈ D×. In this way, we
think of (xy) as the preferred Reeb chord. To see these Reeb chords in a diagram, if the arc
Cxy ∈ C or the corresponding sector near 0 ∈ D× has a + sign (i.e., rx < ry)), then we label
the arc with (xy)+ and (xy)−. This indicates that if we are travelling along Λ̃, approaching
the point rx, then we can get to the point ry by travelling along (xy) by following the Reeb
direction, or by travelling along (xy) going against the Reeb direction. Similarly, if the arc
Cxy ∈ C or the corresponding sector near 0 ∈ D× does not have a +, then we label the arc
with (xy)− and (xy)+. See Figure 9.2.

More generally, there is an infinite family of Reeb chords connecting rx to ry given by
concatenating copies of O. Let (xy)k = (xy) ∪ kO, and similarly (xy)k = (xy) ∪ kO, where
(xy) ∪ kO means the Reeb chord (xy) concatenated with k copies of O.

Definition 9.2. Let (S, ∂) be the unital, associative algebra over Z2 freely generated by
two elements for each clockwise oriented arc in C with length strictly less than 4 starting
and ending at points in P . For the arc Cxy we denote these two generators by (xy) and (xy).
Firstly, if the arc Cxy traverses two or more corners of C, then we define ∂(xy) = ∂(xy) = 0.
Otherwise, suppose x > w > y denotes w ∈ P ∩ Cxy. Then the differential of a Reeb chord
is the sum of the ways it can be decomposed into smaller concatenated Reeb chords:

∂(xy) =
∑

x>w>y
rx>rw>ry

(xw)(wy)

∂(xy) =
∑

x>w>y
rw>ry>rx

(xw)(wy) +
∑

x>w>y
ry>rx>rw

(xw)(wy).
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Figure 9.2. Two short Reeb chords (xy) and (xy) over the point 0 ∈ D×.
Depending on the relative heights of rx and ry, we label the sector near 0

with (xy)+ and (xy)−, or (xy)− and (xy)+.

If rx < ry then ∂(xy) = 0, and if rx > ry then ∂(xy). Extend the differential ∂ to all of S
by the Leibniz rule.

Remark 9.3. This DGA is similar to the circle algebra found in [Mis03]. Also, the above
definition only makes use of short Reeb chords, which is what we need for our purposes.
However, it is not hard to extend this definition to longer Reeb chords. For example, suppose
rx > ry > rw and x > w > y. Then, recalling the notation (xy)k = (xy) ∪ kO,

∂(xy)0 = 0

∂(xy)1 = (xw)(wy)

∂(xy)2 = (xw)(wy)1 + (xw)1(wy),

and so on.

Lemma 9.4. The differential satisfies ∂2 = 0.
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Proof. Suppose rx > ry (the ry > rx case follows the same procedure). Denote x > w > y

to mean w is clockwise from x before y. Then

∂2(xy) = ∂

 ∑
rx>rw>ry
x>w>y

(xw)(wy)


=

∑
rx>rw>ry
x>w>y

∂(xw)(wy) + (xw)∂(wy)

=
∑

rx>rp>rw>ry
x>p>w>y

(xp)(pw)(wy) +
∑

rx>rw>rp>ry
x>w>p>y

(xw)(wp)(py) = 0.

Next, suppose ry > rx. Then

∂2(xy) =
∑

rw>ry>rx
x>w>y

∂(xw)(wy) + (xw)∂(wy) +
∑

ry>rx>rw
x>w>y

∂(xw)(wy) + (xw)∂(wy).

Call the four terms in the above expression S1 + S2 + S3 + S4. Then,

S1 =
∑

rp>rw>ry>rx
x>p>w>y

(xp)(pw)(wy) +
∑

rw>ry>rx>rp
x>p>w>y

(xp)(pw)(wy),

S2 =
∑

rw>rp>ry>rx
x>w>p>y

(xw)(wp)(py)

S3 =
∑

ry>rx>rp>rw
x>p>w>y

(xp)(pw)(wy)

S4 =
∑

rp>ry>rx>rw
x>w>p>y

(xw)(wp)(py) +
∑

ry>rx>rw>rp
x>w>p>y

(xw)(wp)(py).

Denote the two summations in S1 by S1
1 + S2

1 , and denote the two summations in S4

by S1
4 + S2

4 . After relabelling the p’s and w’s as w’s and p’s in S2, we see that S1
1 = S2.

Similarly, by relabelling the p’s and w’s as w’s and p’s in S2
1 and S3, we see that S2

1 = S1
4

and S3 = S2
4 . Thus,

∂2(xy) = S1
1 + S2

1 + S2 + S3 + S1
4 + S2

4

= 2S2 + 2S3 + 2S2
1

= 0 mod 2

□
We postpone defining the grading of S to 9.3. Now we turn our attention to the full

DGA C(Λ).
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Figure 9.3. The labelling of the generators of C(Γ) near a vertex of Γ ⊂ Ã.

9.2. Generators of C(Λ). As an algebra, C(Λ) is the semi-free, unital, associative algebra
over Z2 generated by generators of S(Λ) and also generated by two elements for each double
point p of Γ. We call these two generators ap and bp. Geometrically, these generators
correspond to the two short Reeb chords over each double point, where ap is the preferred
Reeb chord. To see these in the diagram, we label the quadrant near the double point with
a + sign with ap+ and bp− and the quadrant without the + sign with ap− and bp+. So if
you travel from an incoming strand to an outgoing strand adjacent to a quadrant with a +

sign, you can either travel between the strands by the ap Reeb chord by following the Reeb
direction (denoted by ap+), or by the bp Reeb chord by going opposite to the Reeb direction
(denoted by bp−). Similarly for quadrants without + signs. See Figure 9.3.

We distinguish three types of generators:

• generators corresponding to double points of Γ,

• generators (xy) ∈ S corresponding to arc Cxy in C that do not pass through the
image of an index 0 critical point,

• generators (xy) ∈ S corresponding to arc Cxy in C that do pass through the image
of an index 0 critical point. We will call these corner terms.

9.3. The grading. To diagrammatically define the grading we introduce four auxiliary
curves properly embedded into the diagram Ã. See Figure 9.4. We call the union of these
curves β. Each curve has one endpoint on a corner of ∂([0, 1]× [0, 1]), and under the map
Ψ : W̃ → M , each curve maps to a flowline of V with one of its endpoints at the index 0
critical point. Suppose the curves β have orientation induced by V .

Assume that double points of Γ intersect orthogonally and Γ intersects C orthogonally.
We firstly define the grading for an element x ∈ C(Λ), where x is a double point of Γ. To do
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Figure 9.4. The β curves, with their orientation, are shown in red.

so, we need to define a capping path γx for x. Recall that an element x ∈ C(Λ) associated to
a double point of Γ corresponds to a Reeb chord Rx. This Reeb chord is oriented by the flow
of the Reeb vector field, and so has a start point Rs

x and an end point Re
x in Λ̃. Starting at

Re
x, follow Λ̃, teleporting through ∂W̃ when necessary, until you arrive at Rs

x. The union of
these Legendrian arcs is a capping path γx for x. Of course, there is a choice of two capping
paths for each element x ∈ C(Λ). Let Γx = Π(γx) be the projection of the capping path in
Ã. We choose a trivialisation τ of TÃ that is given by the diagram. That is, by rectilinear
coordinates on the page on which it is drawn. This trivialisation allows us to define a map
Γx(t) → S1 by Γx(t) 7→ θ(t) = Γ′

x(t)/∥Γ′
x(t)∥. Then

wτ (γx) =
1

2π

∫ 2π

0

θ′(t)dt.

Thus, for x corresponding to a double point of Γ, wτ (γx) is a (fractional) winding number.
Let i(β, γx) be the algebraic (signed) intersection number of any of the auxiliary curves

β with Γx. Then,

|x| = 2wτ (γx)− i(β, γx)−
1

2
.

Similarly, to define a grading for (ab) ∈ S, there are two cases: ra > rb and rb > ra. For
ra > rb, take a capping path γab that starts at ra and ends at rb. For rb > ra, take a path
γab that starts at rb and ends at ra. Conversely, a capping path for (ab) is given by rb to ra
if rb < ra and ra to rb if ra < rb. See Figure 9.5. Thus, γab = γab, where γ is γ but with
reversed orientation. Then if the arc Cab goes over K corners of ∂([0, 1]× [0, 1]), we define
the grading to be

|(ab)| = 2wτ (γab)− i(β, γab)−
K

2
− 1.
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Figure 9.5. The leftmost and middle panels show a cartoon of the capping
path γxy (red) for (xy), and the capping path γxy (blue) for (xy). In the
rightmost panel shows that, for rw > ry > rx, γxy = γxw ∗ γwy.

Lemma 9.5. Let ap be a generator (i.e., a Reeb chord) for the double point p ∈ Γ, and let
bp be its complementary Reeb chord. Similarly, let (xy) be a generator of S, and (xy) its
complementary Reeb chord. Then

|bp| = −|ap| − 1

|(xy)| = −|(xy)| −K − 2 if Cxy goes over K corners.

Proof. Note that a capping path γap
for ap can be used for bp but with opposite orientation.

That is, γb = γa where γa is the arc γa with opposite orientation. Thus,

|b| = 2wτ (γb)− i(β, γb)−
1

2
= −2wτ (γa) + i(β, γa)−

1

2
= −|a| − 1.

Similarly, for a generator of S, a capping path for (xy) with opposite orientation can be used
to compute the grading for (xy). □

Definition 9.6. After picking an orientation for Λ, we define the total rotation number r(Λ̃)
of Λ̃ to be

r(Λ̃) = 2wτ (Λ̃)− i(β, Λ̃).

Recall that for a Reeb chord x, there are two possible choices of capping paths. Call
them γ1x and γ2x. Then Λ̃ = γ1x ∗ γ2x, and thus

wτ (Λ̃) = w(γ1x)− w(γ2x),

i(β, Λ̃) = i(β, γ1x)− i(β, γ2x).

If |x|i is the grading of x defined using the capping path γix, then |x|1 − |x|2 = r(Λ̃), so the
grading is a well-defined element of Z/r(Λ̃)Z.

Proposition 9.7. Let x be a double point or an arc of C corresponding to a generator of
C(Λ). Suppose there is a Legendrian isotopy of Λ to be Λ′ such that the diagram near x
does not change. In particular, after the Legendrian isotopy, the same double point or arc x
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Figure 9.6

corresponds to a generator of C(Λ′). If |x| is the grading of x in C(Λ) and |x|′ is the grading
of x in C(Λ′), then |x| = |x|′.

Proof. Firstly, we note that wτ (·) and i(β, ·) are invariant under Legendrian isotopies
that induce planar isotopies of Γ, so it suffices to check that the grading is invariant under
the uncoloured Lagrangian isotopy moves.

Let γ be the capping path used to compute the grading of an element in C(Λ). Suppose
that after a Legendrian isotopy of Λ, γ changes to γ′ whose Lagrangian projection differs by
an uncoloured Lagrangian isotopy move. It is clear that the grading doesn’t change except
maybe in the case of an S0 move, which we now check. Let |x| be the grading of x computed
using γ and let |x|′ be the grading of x computed using γ′. Then

|x| − |x|′ = 2 (wτ (γ)− wτ (γ
′))− i(β, γ) + i(β, γ′).

Now, assume γ and γ′ agree outside a small neighbourhood N where the S0 move occurs, and
inside this neighbourhood γ is a small arc with wτ (γ ∩N) = 1/4. See Figure 9.6. Just before
the S0 move, this arc must have i(β, γ) = −1. Now, after the S0 move, wτ (γ

′ ∩N) = 3(3/4)

and i(β, γ′) = 3. Thus, the above expression becomes

|x| − |x|′ = 2

(
1

4
− 3

(
3

4

))
+ 4 = 0.

For the other choice of orientation for γ,

|x| − |x|′ = 2

(
−1

4
+ 3

(
3

4

))
− 4 = 0. □

Remark 9.8. In fact we can do a little better (although it is strictly not necessary in this
context), and by altering the definition of gradings to account for defects, we can show that
the grading is invariant under the B move! The idea is the following. Abusing notation, let
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γx be the projection of a capping path for x. Using the Seifert circle algorithm we can find a
collection Ri of regions whose boundary is the capping path γx. Let n(γx) =

∑
µin(Ri) be

the sum of the defects of those regions counted with multiplicity. Then we define

|x| = 2wτ (γx)− i(β, γ) + 2n(γx) +K,

where K is a constant that depends on what type of Reeb chord x is. Let γ̃x be a capping
path for x after a B move, and let |x|′ be the grading of x computed with respect to γ̃x.
Then

|x| − |x|′ = 2wτ (γx)− 2wτ (γ̃x)− i(β, γx) + i(β, γ̃x) +K −K + 2n(γx)− 2n(γ̃x)

= −2(−1)− 2(1) = 0,

since after the B move γ̃x does an extra (negative) loop of winding, and also picks up an
extra region of defect −1 with multiplicity −1.

9.4. Geometric motivation for the grading. As indicated earlier, the grading of a
generator of C is defined geometrically using the Conley-Zehnder and Maslov indices. More
specifically, the Maslov index is a function that assigns an integer to a closed loop of
Lagrangian subspaces in a symplectic vector space. The Conley-Zehnder index is defined on
paths of Lagrangian subspaces that may not be a closed loop: it is the Maslov index of such
a path that has been closed up in a certain way. For full generality and accuracy of these
statements, see [RS93]. We define these indices for the very simple case that we are using
them.

Consider the symplectic vector space (R2, ω), and fix a linear (Lagrangian) subspace L′.
The Grassmanian manifold of Lagrangian subspaces of (R2, ω) is simply Gr(1,R2) ∼= RP 1.
Let L : S1 → Gr(1,R2) be a loop, and we count the intersection number of L(t) and L′ in the
following way. Let t′ ∈ S1 be a point such that L(t′) = L′. Fix a Lagrangian complement W
of L′. Then for each v ∈ L(t′) ∩ L′, there is a vector w(t) ∈W such that v + w(t) ∈ L(t) for
t near t′. Define the quadratic form Q(v) = d

dt |t=t′ω(v, w(t)) on L(t′)∩L′. The contribution
of the intersection point to the Maslov index µ(L) is 1

2 sign(Q(v)) where sign(Q(v)) is the
sum of the positive eigenvalues minus the negative eigenvalues.

For example, let w(0) = v = (v1, v2), and w(t) = R(t)v for t ∈ [−ϵ, ϵ], where

R(t) =

(
cos t − sin t

sin t cos t

)
.

So w(t) is a small rotation anticlockwise through v. For ω = dx ∧ dy,

d

dt

∣∣∣
t=0

ω(v, w(t)) = v21 + v22 ,

so an anticlockwise rotation through L′ contributes +1 to the Maslov index. In the same
way, it can be shown that a clockwise rotation through L′ contributes −1.

Now if Σ is a surface with a trivialisation of TΣ, we may view an immersed curve
L : S1 → Σ as a loop of Lagrangian subspaces, and can compute its Maslov index. In the
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Figure 9.7

case of a nullhomologous Legendrian knot Λ in a contact 3-manifold with Seifert surface F , if
there is a trivialisation of ξ|F , we may view Λ as a path of Lagrangian subspaces in (ξ, dα)|Λ.
The Maslov index of Λ is µ(Λ) = 2rot(Λ), where rot(Λ) is the rotation number of Λ.

To define a grading, we need to pick a trivialisation. In the case of a Lagrangian diagram,
there is an obvious choice of trivialisation which comes from the page on which the diagram is
drawn. However, at the end of the day, we want the grading to be invariant under uncoloured
Lagrangian isotopy moves. This would mean that it would be better to use a trivialisation
coming from a page of the open book. The pushforward of such a trivialisation differs from
the trivialisation in a diagram, so we define the grading to record those differences.

Let D be a nullhomotopic disk in a page Σ of the open book. Pick a trivialisation σ

that extends over D, and compute the winding number of ∂D with respect to σ, and call
it wσ(∂D). Let D̃ be the image of D in Ã (D̃ may no longer be connected). Let τ be the
trivialisation of TÃ as defined in 9.3. Then

wτ (∂D̃)− wσ(∂D) =
i(β, ∂D̃)

2
.

Similarly, for Maslov indices:

µτ (∂D̃)− µσ(∂D) = i(β, ∂D̃).

Let γx be a capping path for the generator x ∈ C, and Γx its projection onto Ã. To make
Γx a closed loop in Ã we do the following. If x is a double point of Γ ⊂ intÃ, we smooth
the corner near the endpoints of Γx to obtain the loop Γ̃x, and assume Γx and Γ̃x agree
away from this smoothing. See Figure 9.7. In the case that x = (ab) is a generator of S,
concatenate Γx with Cab and smooth the corners. Also see Figure 9.7.

We define the Conley-Zehnder index CZ(γx) to be µσ(Γ̃x). Now, according to symplectic
field theory, the grading of a generator x of C should be

|x| = CZ(γx)− 1.

Unpacking the above definitions,

CZ(γx) = µσ(Γ̃x)
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= µτ (Γ̃x)− i(β, Γ̃x)

= 2wτ (Γ̃x)− i(β, Γ̃x)

= 2wτ (Γx)− i(β,Γx) + 2wτ (Γ̃x \ Γx)− i(β, Γ̃x \ Γx)

2wτ (Γ̃x \ Γx) =


1/2 for x a double point in intÃ,

0 for x ∈ S not a corner term,

K/2 x ∈ S a corner term going over K corners.

i(β, Γ̃x \ Γx) =


0 for x a double point in intÃ,

0 for x ∈ S not a corner term,

−K for x ∈ S a corner term going over K corners.

Thus the grading is

|x| = CZ(γx)− 1 = 2wτ (γx)− i(β, γx) +

{
−1/2 if x a double point in intÃ,

−K/2− 1 for x ∈ S going over K corners.

9.5. Admissible disks and the differential of C(Λ). Let Dn+1 be the closed unit disk in
C punctured at n+ 1 points z0, z1, . . . , zn on its boundary listed in counter-clockwise order.
Let x, y1, . . . , yn be double points or 0 ∈ D×.

Definition 9.9. An admissible disk is a map u : (Dn+1, ∂Dn+1) → (D×,Γ) that is an
orientation preserving immersion on the interior of u such that

• u extends smoothly to ∂Dn+1 away from the punctures along its boundary,

• u maps each puncture of ∂Dn+1 to a double point of Γ or the point 0 ∈ D×, sending
z0 to x and zi to yi for i = 1, . . . , n,

• near the point z0 of ∂Dn+1, the image of u covers only one quadrant near a double
point of Γ labelled with an a+ or a b+, or a sector near 0 ∈ D× labelled with a
(xy)+ or a (xy)+, and

• the images of neighbourhoods of zi cover quadrants labelled with an a− or b−, or a
sector near 0 ∈ D× labelled with a (xy)− or a (xy)−.

Let m be the number of x, y1, . . . , yn that are generators of S. Suppose yi is the generator
(ab) ∈ S, which has the corresponding arc Cab in C. An admissible disk can equivalently
be defined as a map u : (Dn+m+1, ∂Dn+m+1) → (Ã,Γ ∪ C), where u maps two consecutive
punctures, and the arc between them, to the two corners of Γ ∪ C abutting Cab and the arc
Cab respectively.

We only are interested in the images of admissible disks: two admissible maps u and
v are equivalent if there is an orientation-preserving diffeomorphism ϕ : (Dn+1, ∂Dn+1) →
(Dn+1, ∂Dn+1) fixing the marked points on the boundary such that u ◦ ϕ = v. Thus, by the
Riemann Mapping Theorem, the equivalence class of an admissible map is determined by
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where the punctures zi are mapped to by u. We denote ∆(x; y1, . . . , yn) to be the set of all
equivalence classes of admissible disks u whose image has corners x, y1, . . . , yn.

Definition 9.10. The defect n(u) of an admissible disk u is defined in the same way as a
defect of a region in a diagram (see Definition 7.6): it is the winding number in the z fiber
of W̃ of a closed loop Γ that projects to ∂u(D) ⊂ Ã that alternates with Legendrian arcs of
Λ̃ ⊂ W̃ and the Reeb chords x+, y1−, . . . , yk−.

Given an admissible disk u, we can compute its defect n(u) from a diagram as follows:

• If the + sign of the diagram is not in the same quadrant as x+, then add 1 to the
defect,

• If the + sign is in the same quadrant as the y−, then subtract 1 from the defect.

Lemma 9.11. The image of a defect zero admissible disk has exactly one plus sign in one
of its corners or arc on C in a diagram.

It is useful to note the following lemma, which is a consequence of the discussion in 8.2.
Let H(x) be the height of a Reeb chord x. That is,

H(x) =

∫
x

α.

Lemma 9.12. For a defect zero admissible disk u ∈ ∆(x, y1, . . . , yk), H(x) >
∑k

i=1H(yk).

Proof. Since u has defect equal to zero, there exists a disk D′ such that Π(D′) = u(D).
Let Γ be the boundary of D′ that alternates between Legendrian segments and Reeb chords.
Then,

0 <

∫
D

u∗(dx∧dy) =
∫
u(D)

dx∧dy =

∫
Π(D′)

dx∧dy =

∫
D′
dα =

∫
Γ

α = H(x)−
∑

H(yk). □

Definition 9.13. If x ∈ int(Ã) is a double point of Γ, the differential is given by

∂(x) =
∑

y1,...,yn

∑
u∈∆(x;y1,...,yn)

n(u)=0

y1 . . . yn.

The differential for elements (xy) ∈ S is defined as in 9.1. Extend the differential to all
elements in C by the Leibniz rule.

Proposition 9.14. The differential of C is well-defined.

Proof. We want to show that the summation

∂(x) =
∑

y1,...,yn

∑
u∈∆(x;y1,...,yn)

n(u)=0

y1 . . . yn.
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is finite. Let u ∈ ∆(x; y1, . . . , yn). Then,

∫
D

u∗(dx ∧ dy) =
k∑

l=1

ml(u)Al,

where Al is the area of the lth component, say Ul, of Ã \ Γ and ml(u) is a non-negative
integer equal to the cardinality of u−1(z) where z ∈ Ul. Now, from Lemma 9.12,

0 <

∫
D

u∗(dx ∧ dy) = H(x)−
n∑

i=1

H(yi),

so
∫
D
u∗(dx ∧ dy) is bounded above by H(x). Hence the coefficients ml(u) can be chosen

in finitely many ways. On the other hand, given a sequence m1, . . . ,mk, there are finitely
many admissible immersions u such that ml(u) = ml for each l ∈ {1, . . . , k}. Therefore the
number of admissible immersions is finite. □

If the image of u has any boundary on C, we will call u a half-disk. In the examples
below, let ax, bx and ay, by be the Reeb chords over x and y, respectively, with the a chords
being the preferred chords. There are Reeb chords between C and Λ̃ over the points 1, 2
and 3, which are double points of C and Γ. Denote the z-coordinate of Λ over 1, 2, and 3

by r1, r2, and r3 respectively. In the examples below, we hint at proving that ∂ is in fact a
differential (i.e., ∂2 = 0).

Example 9.15. See Figure 9.8. Assume there is an admissible disk whose image covers R,
so we are assuming the region R has defect zero. Thus, there is a disk D in W̃ such that
Π(D) = R, and whose boundary alternates between Legendrian arcs and Reeb chords that
project to ∂R. Let A be the area of R. Then,

0 < R =

∫
A

dx∧dy =

∫
Π(D)

dx∧dy =

∫
D

Π∗(dx∧dy) =
∫
D

dα =

∫
∂D

α = −H(ay)+r3−r2.

Since H(ay) > 0, we have r3 > r2. Thus, for this to be a diagram for a Legendrian
knot, there must be a + sign over the arc C23. A priori, we do not have any conditions
for the relative height of r1. Suppose r1 > r3, and we decorate C12 and C13 with a − sign
each. Recall the useful Lemma 9.11 to help us find defect zero admissible disks. We can see
from this portion of the diagram that ∂(ax) contains the term (13) as a summand and ∂(by)
contains the term (23).

Example 9.16. See Figure 9.9, and assume that r1 > r2 > r3. In which case, we decorate
C12, C13, and C23 with − signs. In this portion of the diagram, we can see ∂(ax) contains the
terms (13) and (12)ay, and ∂(ay) contains the term (23). These terms cancel in ∂2(ax). This
is because ∂2(ax) contains the terms ∂(13) = (12)(23) and ∂((12)ay) = (12)∂(ay) = (12)(23).
On the leftmost picture there is also the admissible half-disk giving ∂(by) = bx(12).
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Figure 9.8. Left: the image of an admissible half-disk cobounded by the
arcs joining x to 1 and 3 and the arc joining 1 to 3. Right: the image of an
admissible half-disk cobounded by the arcs joining y to 2 and 3, and the
arc joining 2 to 3.

Figure 9.9

Figure 9.10

Example 9.17. See Figure 9.10. We must have r3 > r2 by 8.2. Assume r1 > r3. Then
∂(ax) contains (13), and ∂(az) contains 1 as summands. The shaded region has exactly
one + sign at its corners, so there are admissible disks here: ∂(by) contains a2z(23) and
∂(bz) contains (23)ayaz + az(23)ay. The second derivative ∂2(by) = ∂((23)ayaz + az(23)ay)

contains cancelling pairs.

Theorem 9.18. The differential has degree −1.
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Proof. Firstly we check |∂(xy)| = |(xy)|−1, where (xy) is a generator of S. Let (xw)(wy)
be a summand of ∂(xy) where we must have rx > rw > ry. Let Cxy, Cxw and Cwy be the
arcs on C that correspond to the generators (xy), (xw) and (wy). Let γxy be a capping path
for (xy) whose projection to Ã goes through the point w. This capping path can be given by
the concatenation of capping paths γxw and γwy for (xw) and (wy), respectively. Thus,

wτ (γxy) = wτ (γxw ∗ γwy) = wτ (γxw) + wτ (γwy)

i(β, γxy) = i(β, γxw ∗ γwy) = i(β, γxw) + i(β, γwy).

Similarly, let Kxy,Kxw, and Kwy be the number of corners of ∂([0, 1]× [0, 1]) that the arcs
Cxy, Cxw and Cwy contain. So we also have

Kxy = Kxw +Kwy.

Then, it is easy to check that

|(xy)| − |(xw)(wy)| = 2wτ (γxy)− i(β, γxy)−
Kxy

2
− 1

−
(
2wτ (γxw)− i(β, γxw)−

Kxw

2
− 1

)
−
(
2wτ (γwy)− i(β, γwy)−

Kwy

2
− 1

)
= 1

Now, let (xw)(wy) be a summand of ∂(xy) in the case that rw > ry > rx. Then, we have
γxy = γxw ∗ γwy (see Figure 9.5) from which we get |(xy)| = |(xw)(wy)| + 1 by using the
above argument. The same holds for summands of ∂(xy) with ry > rx > rw.

Now, let x be a double point of Γ. Define the map R : Λ̃ × Λ̃ → R/rZ, where r =

r(Λ̃) = 2wτ (Λ̃)− i(β, Λ̃) is the total rotation number, in the following way. Recall that Ψ

is the map Ψ : (W̃ , ξ
W̃
) → (M, ξ) defined in Section 7. For two points p and q on Λ̃, let

γ′(p, q) be a union of paths in Λ̃ such that Ψ(γ′(p, q)) connects Ψ(p) to Ψ(q) in Ψ(Λ̃). Let
γ(p, q) = Π(γ′(p, q)), where Π is the projection onto Ã, and assume that generically γ(p, q)
does not have endpoints on β. Then R(p, q) = 2wτ (γ(p, q)) − i(β, γ(p, q)). In particular,
we have antisymmetry: R(p, q) = −R(q, p), and transitivity: R(p, q) + R(q, r) = R(p, r).
Abusing notation, let x be a Reeb chord over x, and x+ its end, and x− its beginning. We
also have that

R(x+, x−) = 2wτ (γx)− i(β, γx)

where γx is a capping path for x, so

R(x+, x−) = 2wτ (γ(x
+, x−))− i(β, γ(x+, x−))

= |x|+

{
1/2 if x is a double point of Γ

K/2 + 1 if x is a generator of S going over K corners.
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Suppose y1y2 . . . yn is a summand of ∂x. Then we want to show that

|x| = 1 + |y1y2 . . . yn| = 1 +

n∑
j=1

|yj |.

Define

R1 = R(x+, y+1 ) +R(y−1 , y
+
2 ) + · · ·+R(y−n−1, y

+
n ) +R(y−n , x

−),

R2 = R(y+1 , y
−
1 ) +R(y+2 , y

−
2 ) + · · ·+R(y+n , y

−
n ) +R(x−, x+).

By the transitivity of R, we have

R1 +R2 = R(x+, y+1 ) +R(y+1 , y
−
1 ) +R(y−1 , y

+
2 ) + · · ·+R(y+n , y

−
n ) +R(y−n , x

−) +R(x−, x+)

= R(x+, x+) = 0 mod r.

We also have

R2 =

 n∑
j=1

2wτ (γyj
)− i(β, γyj

)

− (2wτ (γx)− i(β, γx)).

So,

R1 = −R2 = 2wτ (γx)− i(β, γx)−
n∑

j=1

2wτ (γyj
)− i(β, γyj

)

= |x|+ 1

2
−

 n∑
j=1

|yj |

− d

2
− c0 −

(
3

2

)
c1 − 2c2 −

(
5

2

)
c3 − 3c4,(9.19)

where d is the number of yj ’s in y1 · · · yn that are double points of Γ, and cK is the number of
yj ’s in y1 · · · yn that are generators of S and whose arc in C covers K corners of ∂([0, 1]×[0, 1]).
The coefficients in front of the cK come from the definition of the grading, see 9.3.

On the other hand, we have

(9.20) R1 = 2

(
1− d+ 1

4
− c0

2
− c1

4
+
c3
4

+
c4
2

)
− c1 − 2c2 − 3c3 − 4c4.

To see this, let

Υ = γ(x+, y+1 ) ∪ γ(y
−
1 , y

+
2 ) ∪ · · · ∪ γ(y−n−1, y

+
n ) ∪ γ(y−n , x−)

be the union of the paths defining R1, so

R1 = 2wτ (Υ)− i(β,Υ).
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Figure 9.11. Local pictures of Υ near double points and near C, and the
boundary of the immersed disk D slightly in the interior. Orientations of
these arcs are also marked.

Note that the region bounded by Υ has an immersed disk D just slightly in its interior.
This is because the paths defining R1 are the boundary of the image of the immersed disk
u ∈ ∆(x; y1, . . . , yn) used to compute this summand of the differential. We have wτ (∂D) = 1,
and i(β, ∂D) = 0 because D is an immersed disk. To compute 2wτ (Υ) in R1, we firstly show
that

wτ (Υ)− wτ (∂D) = −d+ 1

4
− c0

2
− c1

4
+
c3
4

+
c4
2
.

See Figure 9.11.

• There are d + 1 corners of Υ at double points of Γ: d of them are at corners
corresponding to yj ’s and x is also a double point. Let ∂D′ be an arc of ∂D near
one of the double points, and Υ′ the two arcs of Υ that meet at the double point.
See 9.11 (a). Then,

wτ (Υ
′)− wτ (∂D

′) = −1

4

near each of these corners.
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• There are c0 of the yj ’s in y1 · · · yn that are generators of S, and their corresponding
arcs in C go over no corners. Let Cyj

be the arc in C corresponding to yj . Let ∂D′

be an arc of ∂D near Cyj
and let Υ′ be the arcs of Υ that meet Cyj

. See Figure 9.11
(b). Then,

wτ (Υ
′)− wτ (∂D

′) = −1

2

near each of these terms.

• Continuing in the same way, for K = 1, 2, 3, 4, there are cK of the yj ’s in y1 · · · yn
that are generators of S, and their corresponding arcs in C go over K corners. Let
CK

yj
be the arc in C corresponding to yj that goes over K corners. Let ∂D′

K be the
arc of ∂D near CK

yj
and let Υ′

K be the arcs of Υ that meet CK
yj

. Figures (c), (d), (e),
and (f) in Figure 9.11 show the cases for K = 1, 2, 3, and 4 respectively. Then

wτ (Υ
′
K)− wτ (∂D

′
K) =


−1/4 for K = 1

0 for K = 2

1/4 for K = 3

1/2 for K = 4

near each of these terms.

Now we show that

(9.21) i(β,Υ)− i(β, ∂D) = −c1 − 2c2 − 3c3 − 4c4.

Using the same arcs above, an arc D′
K intersects a β curve K times negatively, so i(β,D′

K) =

−K. Since there are cK arcs of the form D′
K , we get equation 9.21.

Solving the two expressions 9.19 and 9.20 for R1, we get

|x| −
n∑

j=1

|yj | = 1. □

Theorem 9.22. The differential satisfies ∂2 = 0.

Proof: The fact ∂2 = 0 for elements in S is the result of Lemma 9.4. Hence, we assume x
is a Reeb chord over a vertex of Γ, and show ∂2(x) = 0 for all such x.

The proof is a standard combinatorial rendition of gluing/compactness arguments. We
introduce the notion of a broken and glued disk. Recall that if u is an admissible disk
u ∈ ∆(x; y1, . . . , yn), where m of the yi’s are generators of S, and (Dn+m+1, ∂Dn+m+1) is
the unit disk in C punctured at n+m+ 1 points z0, z1, . . . , zn+m on its boundary, then u
sends z0 to x, zi to yi if yi is a double point of Γ, and sends the arc joining zj and zj+1 to
Cyi if yi is a generator of S for appropriate i and j. There are two types of broken disks.

• Suppose yi is not a generator of S, and v ∈ ∆(yi;w1, . . . , wl). Then the pair (u, v)

is a broken disk.
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Figure 9.12. An admissible disk u : (D3, ∂D3) → (Ã,Γ∪C), and a broken
disk (u, k) : (D4, ∂D4) → (Ã,Γ ∪ C). The maps u and (u, k) have the same
image in their interiors, but (u, k) sends its extra puncture z′ between z1
and z2 to a point of Γ ∩ C between u(z1) and u(z2)

• Suppose yi is a generator (ab) of S (resp. (ab) of S), and u sends the arc between zj
and zj+1 to Cyi for some j. Let (Dn+m+2, ∂Dn+m+2) be the disk with punctures on
its boundary (Dn+m+1, ∂Dn+m+1) as above, but with an extra puncture between
zj and zj+1. If (ak)(kb) is a summand of ∂(ab) (resp. (ak)(kb) or (ak)(kb) is a
summand of ∂(ab)), then the broken disk (u, k) is the admissible map

(u, k) : (Dn+m+2, ∂Dn+m+2) → (Ã,Γ ∪ C)

such that the image of the interior of u and (u, k) agree, and (u, k) sends punctures
corresponding to punctures in u to the same corners, but sends the extra puncture
of ∂Dn+m+2 to the point k. See Figure 9.12.

A glued disk u : (D, ∂D) → (Ã,Γ ∪ C) is a disk that almost satisfies all the requirements
to be an admissible disk in ∆(x, y1, . . . , yn) but that exactly one of the following cases holds:

• at one corner, the image of a small neighbourhood zi in D can possibly cover three
quadrants near a double point in Γ in the interior of Ã. If the image of z0 covers
three quadrants, then we require that two of the three quadrants have + signs, and
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Figure 9.13. A glued disk with a double sector point.

Figure 9.14. Some broken disks (u, v), possibly with boundary on C.

if the image of zi, i > 0 covers three quadrants, then we require that two of those
three quadrants have − signs. We call the point in ∂D whose image covers three
quadrants in the interior an obtuse point ; or

• u ∈ ∆(x; y1, . . . , yn) with yi a generator of S and where the arc Cab between a and b
on C has a point k ∈ Γ∩C in its interior, and Cak and Ckb are both decorated with
− signs. Equivalently, if we think of u as a map (D, ∂D) → (D×,Γ×), then u covers
two sectors near 0 ∈ D×. We call such a point a double sector point. See Figure 9.13.

See Figure 9.14 for a cartoon of broken disks. By erasing the bisecting line, or the k in
(u, k), we obtain glued disks.

Theorem 9.22 follows from the following two lemmata:

Lemma 9.23. Every broken disk can be uniquely glued to be a glued disk.

Lemma 9.24. Every glued disk can be split into exactly two broken disks.

Proof of Lemma 9.23. Firstly we consider the case where (u, v) is a broken disk with
u : (Du, ∂Du) → (Ã,Γ ∪ C), and v : (Dv, ∂Dv) → (Ã,Γ ∪ C). That is, we consider the case
where v ∈ ∆(yi;w1, . . . , wl) where yi is not a generator of S.

Since the images of u and v cover adjacent quadrants at the corner yi, u and v share an
edge of Γ. There exist immersed paths cu : [0, 1] → ∂Du and cv : [0, 1] → ∂Dv such that
u(cu(t)) = v(cv(t)), u(cu(0)) = yi = v(cv(0)), and these paths are maximal along Γ: we
extend these paths as far as possible in Du and Dv so that they still satisfy those conditions.
Glue Du and Dv along the images of cu and cv, removing the marked points cu(0) and cv(0).
Define Dw to be the resulting disk after smoothing the point cu(0) = cv(0) on its boundary,
and let w : (Dw, ∂Dw) → (Ã,Γ ∪ C) be the immersion whose image is equal to the union of
u and v.

We need to show that w is a glued disk. Firstly we check that the defect of w is n(w) = 0.
Since u and v are admissible disks from a differential, n(u) = n(v) = 0. Since the image of
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w is the union of the image of u and v, and u and v overlap only along u(cu(t)), the defect
of w is the sum of the defects of u and v, but we no longer count the yi Reeb chords of u
and v respectively. Since yi is a negative corner of u and yi is a positive corner of v, we get

n(w) = (n(u) +H(yi)) + (n(v)−H(yi)) = 0.

Consider the point u(cu(0)) = v(cv(0)) in w. There w does not have a corner, as the
associated marked points have been removed from the domain of w. Thus, we need to only
show that cu(1) is a marked point Dw with the property that either:

(a) w(Dw) covers three quadrants near w(cu(1)) /∈ C; or

(b) w(Dw) covers two sectors near w(cu(1)) = 0 ∈ D×.

We check the cases according to whether cu(1) and cv(1) are marked points or not in
∂Du and ∂Dv, respectively.

(1) Both cu(1) ∈ ∂Du and cv(1) ∈ ∂Dv are not marked points: this cannot be the case
or else the paths would not be suitably maximal;

(2) Both cu(1) ∈ ∂Du and cv(1) ∈ ∂Dv are marked points, and u(cu(1)) = v(cv(1)) is in
the interior of Ã.

Note that v(cv(1)) has to be a negative marked point. If u(cu(1)) were a positive
marked point in u, then we would get a contradiction, since this would imply the
existence of a map w′ : (D, ∂D) → (Ã,Γ∪C) whose image only has negative corners,
which contradicts area conditions (given by the proof of Lemma 9.12). See Figure
9.15 (a).

If u(cu(1)) were a negative marked point, then u(cu(1)) and v(cv(1)) would be
two negative marked points in adjacent quadrants, these must have labels for
complementary Reeb chords ai and bi. Since ai and bi are complementary Reeb
chords, H(ai)+H(bi) = 2π. See Figure 9.15 (b). This again gives us a contradiction:

n(w) = n(u) + n(v)

=
1

2π

∫
Du

u∗(dx ∧ dy) +
∑
j ̸=i

ϵjH(yj)−H(ai)


+

1

2π

∫
Dv

v∗(dx ∧ dy) +
∑
k ̸=i

ϵkH(wk)−H(bi)


= n(w)− 1

2π
(H(ai) +H(bi))

= n(w)− 1,

where H(yj) are heights of Reeb chords around u and H(wk) are heights of Reeb
chords around v.



103

Figure 9.15. Impossible configurations of glued disks coming from broken
disks.

(3) Both cu(1) and cv(1) are marked points, and w(cu(1)) = 0 ∈ D×. This corresponds
to a glued disk with a double sector point, so satisfies property (b).

(4) Exactly one of cu(1) or cv(1) is a marked point, and this corresponds to an obtuse
point, and so satisfies property (a).

Lastly, we consider the case of a broken disk (u, k). Suppose u ∈ ∆(x; y1, . . . , (ab), . . . , yn),
for some generator (ab) ∈ S, and u sends a puncture to the point k on Cab. Then (u, k) glues
be the the admissible disk w ∈ ∆(x; y1, . . . , (ak), (kb), . . . , yn) with a double sector point.
The case of a generator in S of the form (ab) is the same. □

Proof of Lemma 9.24. Firstly, let w be a glued disk with the obtuse corner at the image
of zi. That is, w(D) covers three quadrants over the image of a small neighbourhood of zi.
In the interior of w(D), there are two arcs of Γ touching w(zi). For each arc, construct an
arc c : [0, 1] → D that begins at zi, whose image under w follows Γ, and that ends the first
time one of the following occurs:

• the arc intersects ∂D at an unmarked point,

• the arc intersects itself,

• the arc intersects ∂D at zi.

The image of c divides D into two marked subdisks D1 and D2, and w(c(1)) must lie
at a double point of Γ. Place additional marked points in ∂Di, i = 1, 2, so that c(1) is
marked in both discs. Let vi = w|Di

for i = 1, 2. The marked points in the domain of vi
inherit labels from w, except at the new marked points. It remains to show that the pair
(v1, v2) is a broken disk. As all of the admissibility conditions are local, it is obvious from
the construction above that both v1 and v2 are admissible disks and that the positive corner
of v2 lies adjacent to a negative corner of v1.

Now suppose w is a glued disk with with a double sector point in w(D). Suppose the
double sector point is at a point k in C. At the double sector point k, construct exactly one
arc c : [0, 1] → D that begins at zi, whose image under w follows Γ, and that ends the first
time one of the following occurs:
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Figure 9.16. A broken disk (u, v), and its glued disk w which has a double
sector point. The glued disk splits as two broken disks (u, v) and (w, b).

• the arc intersects ∂D at an unmarked point,

• the arc intersects itself.

Generically, the arc cannot intersect ∂D at zi. The result is one of the broken disks
constructed from the glued disk. The other broken disk is (u, k). □

Now, every element of ∂2(x) corresponds to a broken disk, which by Lemma 9.23 glues
uniquely to be a glued disk. This glued disk can then be decomposed into broken disks in
exactly distinct two ways: one of which is the original broken disk, and the other broken
disk corresponds to another term in ∂2(x) by its construction in Lemma 9.14. Each of the
terms in ∂2(x) corresponding to these broken disk are the same, so we conclude that each
term in ∂2 occurs twice, and ∂2 = 0 (mod 2). □

Example 9.25. We provide a toy example to illustrate Theorem 9.22 where the glued disk
is a double sector point. See Figure 9.16. A broken disk (u, v) is shown in Figure 9.16 (a),
and this glues to be the glued disk w in Figure 9.16 (b). The glued disk w splits as the
broken disks (u, v) and (w, b), where b is a point on C. Note that

∂(x) = (ab)y + (ac)z + . . .

∂2(x) = (ab)∂(y) + ∂(ac)z + . . .

= (ab)(bc)z + (ab)(bc)z + . . .

so the two terms corresponding to the broken disks which are both split from the same glued
disk cancel in ∂2(x).

10. The auxiliary homomorphism g

In this section, we define an algebra homomorphism g : S → C. This homomorphism will
then be used in Section 11 to define a new DGA D(Λ) which we will show is a Legendrian
isotopy invariant of Λ in (M, ξ,B, π, F, V ).

For Definition 10.1, we use our previously defined notation for points in P. See Figure
9.1. In particular, the points ai and aj , bi and bj , a′i and a′j , and b′i and b′j are ‘on the same
edges of C’, respectively. If a′i is the opposite corresponding point of ai, then we define
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(a′i)
′ = ai. Definition 10.1, will be immediately followed by a remark, some pictures, and an

example to help provide intuition.

Definition 10.1. Let g be the algebra homomorphism S → C defined on generators in
the following way. Suppose pi, pj ∈ P such that (pipj) traverses 0 corners, i.e., (pipj) ∈
{(aiaj), (bibj), (a′ia′j), (b′ib′j)}, then

g(pipj) =
∑

(y1,...,yn)

∑
u∈∆((p′

ip
′
j);y1,...,yn)

n(u)=0

y1 . . . yn.

For pj , qk ∈ P such that (pjqk) traverses exactly one corner, i.e., (pjqk) ∈ {(ajbk), (bja′k), (a′jb′k), (b′jak)},
then

g(pjqk) =
∑

1≤i≤m
i ̸=j

∑
1≤l≤n
l ̸=k

∑
y⃗1,y⃗2,y⃗3

∑
u1∈∆((p′

jql);y⃗1), n(u1)=0

u2∈∆((q′lp
′
i),y⃗2), n(u2)=0

u3∈∆((piq
′
k),y⃗3), n(u3)=0

y⃗1y⃗2y⃗3.

where y⃗i is a list (y1i , . . . , y
ni
i ). Similarly for the non-preferred generators:

g(pipj) =
∑

(y1,...,yn)

∑
u∈∆((p′

ip
′
j);y1,...,yn)

n(u)=0

y1 . . . yn,

g(pjqk) =
∑

1≤i≤m
i ̸=j

∑
1≤l≤n
l ̸=k

∑
y⃗1,y⃗2,y⃗3

∑
u1∈∆((p′

jql);y⃗1), n(u1)=0

u2∈∆((q′lp
′
i),y⃗2), n(u2)=0

u3∈∆((piq′k),y⃗3), n(u3)=0

y⃗1y⃗2y⃗3.

If (pjqk) traverses more than one corner, for example (aja
′
k) or (ajb

′
k), then g(piqj) = 0.

Remark 10.2. It may be helpful to think of g as a map that factors through S in the following
way: define the algebra homomorphism ϕ : S → S on generators in the following way. Suppose
pi, pj ∈ P such that (pipj) traverses 0 corners, i.e., (pipj) ∈ {(aiaj), (bibj), (a′ia′j), (b′ib′j)},
then

ϕ(pipj) = (p′jp
′
i).

For pj , qk ∈ P such that (pjqk) traverses exactly one corner, i.e., (pjqk) ∈ {(ajbk), (bja′k), (a′jb′k), (b′jak)},
then

ϕ(pjqk) =
∑

1≤i≤m
i ̸=j

∑
1≤l≤n
l ̸=k

(qlp
′
j)(p

′
iq

′
l)(q

′
kpi).

Given a boundary parallel arc in Ã joining the marked points x to y on C, this map
identifies the other boundary parallel arc in Ã such that under the map Ψ : Ã→ Σ, where Σ

is a page of the open book, these two arcs bound an embedded disk in Σ. In other words,
the map ϕ accounts for S, S0 and S1 moves in a diagram. See Figure 10.1. The purpose
of the summation for the corner terms is that there are many possible disks, depending on
where Γ intersects the C away from the pj and qk points. Then we define the map g : S → C
that finds admissible disks in ∆(ϕ(s), y⃗) for a generator s ∈ S.
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Thus we write g : S → C (only marginally) more slickly as

g(pipj) =
∑

u∈∆(ϕ(pipj),y⃗)
n(u)=0

y⃗,

g(pjqk) =
∑

w1,w2,w3

w1w2w3∈ϕ(pjqk)

∑
ui∈∆(wi,y⃗i)

n(ui)=0
i=1,2,3

y⃗1y⃗2y⃗3,

where by w1w2w3 ∈ ϕ(pjqk) we mean w1w2w3 is a summand of ϕ(pjqk).

Example 10.3. Figure 10.2 (a) shows a local picture of a Lagrangian diagram near C. For
this to be a Lagrangian diagram for a Legendrian knot, a necessary condition is the partial
order on heights shown in Figure 10.2 (c), where there is a directed edge from rx to ry if
and only if rx > ry (also, recall rx = rx′). We decorate the diagram with the appropriate ±
signs in 10.2 (b). In this local picture, we have

g(a′1b
′
2) = axay(a2a3)az

g(a2a3) = av.

Proposition 10.4. The algebra homomorphism g : S → C is a chain map.

Proof. To show g is a chain map, we prove ∂g + g∂ = 0. For a generator (ab) ∈ S
(this includes generators of the form (ab) ∈ S), each term of ∂(g(ab)) and each term of
g(∂(ab)) is a broken disk. That is, for each term in ∂(g(ab)) there is a pair (u, v) with
u ∈ ∆(ϕ(ab); y1, . . . , yn) and v ∈ ∆(yi;w1, . . . , wk) for some 1 ≤ i ≤ n. Similarly, for a
term (ac)(cb) of ∂(ab), there is a broken disk (u′, v′) with u′ ∈ ∆(ϕ(ac); y′1, . . . , y

′
n′) and

v′ ∈ ∆(ϕ(cb);w′
1, . . . , w

′
k′) for each term in g(∂(ab)). As before, we glue together the broken

disks into glued disks, and then split them in exactly two ways. Some of these split disks are
in g(∂(ab)) and some in ∂(g(ab)), but they can all be paired up. Here are the details.

Firstly we consider the terms of g(∂(ab)). For the moment, we will assume (ab) traverses
no corners. Suppose (ac)(cb) is a term of ∂(ab), and g(ac)g(cb) is a term of g(∂(ab)). The term
g(ac) corresponds to an admissible disk u′ ∈ ∆((c′a′); y⃗u), and the term g(cb) corresponds
to an admissible disk v′ ∈ ∆((b′c′); y⃗v). Let w′ be the glued disk that is obtained by gluing
the broken disk (u′, v′).

Since u′ and v′ are admissible disks used in g, n(u′) = n(v′) = 0. We firstly show that
w′ has defect equal to zero, and thus is a glued disk, if and only if w′ has an obtuse corner.
Suppose w′ has its corners at the double points xi, i = 1, . . . , n, and has an obtuse corner
at the double point xk. Let Dw′ , Du′ and Dv′ be the domains of w′, u′ and v′ respectively.
Then

n(w′) =
1

2π

(∫
Dw′

w′∗(dx ∧ dy) +H(b′a′)−
n∑

i=1

H(xi)

)
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Figure 10.1. Complementary boundary parallel arcs for ϕ. In the top
panel, we would have ϕ(aiaj) = (a′ja

′
i) and in the lower panel, for example,

ϕ(ajbk) = (bna
′
j)(a

′
ib

′
n)(b

′
kai). This figure motivates the ordering of the

factors of ϕ(ajbk): give the boundary of the disk in Σ an orientation as the
boundary. Considering the preimage of that disk in Ã, if we start at bk
using this orientation, then we go from bk to aj , teleport to a′j and travel
to bn, teleport to b′n and travel to a′i, teleport to ai and travel to b′k and
finally teleport back to bk. The factors of ϕ(ajbk) appear in the order that
we traverse them.

=
1

2π

(∫
Du′

u′∗(dx ∧ dy) +
∫
Dv′

v′∗(dx ∧ dy) +H(b′c′) +H(c′a′)−
k∑

i=1

H(xi)−
n∑

i=k+1

H(xi)

)
= n(u′) + n(v′)

= 0

Now suppose w′ does not have an obtuse corner, and u′ and v′ both share a corner at the
double point xk. See Figure 10.3 (0w′). Let ak and bk be the complementary Reeb chords
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Figure 10.2

Figure 10.3. Possible broken disks split from obtuse disks.

over the point xk. Then, arguing as in Lemma 9.23 case (2),

0 = n(u′) + n(v′) = n(w′)− 1

2π
(H(ak) +H(bk)) = n(w′)− 1,

So w cannot be a glued disk for a term in g(∂(ab)) without an obtuse point.
At the obtuse point of w′, we split w′ as in the proof of Lemma 9.24. At the obtuse

corner, there are two arcs of Γ in the interior of the image of w′. One of these arcs is the
image of the arc that we glued u′ and v′ along. For the other of these arcs, construct an
arc c′ : [0, 1] → Dw′ that begins at zi (where zi is the image of the obtuse point under w′),
whose image under w′ follows Γ, and ends when either:

(2w′) the arc intersects ∂Dw′ at an unmarked point, and w′(c′(1)) ∈ Γ;

(3w′) the arc intersects ∂Dw′ at an unmarked point, and w′(c′(1)) ∈ C;

(4w′) the arc intersects itself.

See Figure 4.2. The image of w′ ◦ c′ is coloured red.
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Now we look at the terms of ∂(g(ab)). Let (u, v) be a broken disk coming from a summand
in ∂(g(ab)). That is, u ∈ ∆((b′a′); y⃗u) and v ∈ ∆(yiu; w⃗v) for some yiu in the list y⃗u. Glue
(u, v) to obtain the glued disk w.

There are two cases: either w has a double sector point or an obtuse point. Suppose w has
a double sector point, then this double sector point contains (b′a′) (Figure 10.3 (0w)) or it
doesn’t (Figure 10.3 (1w)). We claim that (0w) is impossible. Note that H(b′a′) >

∑
H(yiu)

and H(yiu) >
∑
H(wk

v) +H(a′c′), so ra′ − rb′ > ra′ − rc′ and rb′ < rc′ . This implies each
corner of w has a minus sign which contradicts area conditions for an admissible disk. Thus,
the double sector point is not adjacent to (b′a′). Near the double sector point of w, there is
an arc γ of Γ in the interior of the image of w. This is the image of the arc we used to glue
u and v along.

(1w) γ intersects C at a point k.

If w has an obtuse point, then this is the same for an obtuse point of a glued disk for
g(∂(ab)). At the obtuse corner, there are two arcs of Γ in the interior of the image of w. One
of these arcs is the image of the arc that we glued u and v along. For the other of these arcs,
construct an arc c : [0, 1] → Dw that begins at zi (where zi is the image of the obtuse point
under w), whose image under w follows Γ, and ends when either:

(2w) the arc intersects ∂Dw at an unmarked point, and w(c(1)) ∈ C;

(3w) the arc intersects ∂Dw at an unmarked point, and w(c(1)) ∈ Γ.

(4w) the arc intersects itself.

Now we show that we can pair up all the broken disks of ∂(g(ab)) and g(∂(ab)) and hence
∂(g(ab)) + g(∂(ab)) = 0.

In cases (3w′) and (4w′), one of the broken disks is a broken disk corresponding to a
term of g(∂(ab)) by construction (the black line in Figure 10.3), and the other broken disk is
again a broken disk corresponding to a term of g(∂(ab)) (the red line in Figure 10.3).

Similarly, in cases (3w) and (4w), one of the broken disks is a broken disk corresponding
to a term of ∂(g(ab)) by construction (the black line in Figure 10.3), and the other broken
disk is again a broken disk corresponding to a term of ∂(g(ab)) (the red line in Figure 10.3).

In case (2w′), one of the broken disks is a broken disk corresponding to a term of g(∂(ab))
by construction, and the other broken disk corresponds to a term of ∂(g(ab)). Similarly, in
case (2w), one of the broken disks is a broken disk corresponding to a term of ∂(g(ab)) by
construction, and the other broken disk corresponds to a term of g(∂(ab)).

Lastly, in case (1w), both of the broken disks are broken disks corresponding to terms of
∂(g(ab)): one of the broken disks is a broken disk corresponding to a term of ∂(g(ab)) by
construction, the other is the broken disk (w, k) corresponding to a term of ∂(g(ab)).

Throughout this proof, we assumed that (ab) traversed no corners. Now suppose (ab)

traverses exactly one corner. Then g(ab) corresponds to three admissible disks, and ∂(g(ab))
corresponds to two admissible disks and one broken disk. On the other hand, let (ac)(cb) be
a term of ∂(ab). Since (ab) traverses exactly one corner, one of (ac) and (cb) must traverse
no corners, and the other must traverse exactly one corner. Then g(∂(ab)) = g(ac)g(cb)
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corresponds to four admissible disks, two of which can be glued to be a broken disk.
Thus ∂(g(ab)) and g(∂(ab)) both correspond to two admissible disks and one broken disk,
respectively. By checking the cases for the broken disks as above, it can be shown that
∂(g(ab)) + g(∂(ab)) = 0 for the case that (ab) traverses one corner, too.

Lastly, suppose we have a generator (ab) of S which proceeds around two or more corners.
Then, by definition, g(ab) = 0, and so ∂(g(ab)) = 0. Similarly, for such generators of S,
∂(ab) = 0, so g(∂(ab)) = 0. □

Proposition 10.5. The algebra homomorphism g : S → C preserves gradings.

Proof. To show that g preserves gradings, we consider the two cases where (ab) ∈ S is a
corner term or it is not. We argue exactly as in Theorem 9.18. We start with the case that
(ab) is not a corner term, and we show that |g(ab)| = |(ab)|. Assume y1 · · · yn is a summand
of g(ab), where d is the number of the yj ’s in y1 · · · yn that are double points of Γ, and ci
is the number of the yj ’s in y1 · · · yn that are generators of S and whose arc in C covers i
corners of ∂([0, 1] × [0, 1]). We follow the procedure in Theorem 9.18, and we define the
function R : Λ̃ × Λ̃ → R/rZ such that R(p, q) = 2wτ (γ(p, q)) − i(β, γ(p, q)) for a union of
arcs γ(p, q) connecting the projection of p to the projection of q possibly by teleporting
across C. Throughout this proof, assume that the endpoints of γ(p, q) do not lie on the β
curves. For the generator (ab) ∈ S, suppose rb > ra, where rb and ra are the z-coordinates
of b and a respectively. The proof for the case ra > rb is analogous. As before, let y−i and
y+i be start and end points of the Reeb chord yi. Define

R1 = R(rb, y
+
1 ) +R(y−1 , y

+
2 ) + · · ·+R(y−n−1, y

+
n ) +R(y−n , ra)

R2 = R(y+1 , y
−
1 ) +R(y+2 , y

−
2 ) + · · ·+R(y+n , y

−
n ) +R(ra, rb).

Using transitivity, R1 +R2 = R(rb, rb) = 0 mod r. For each term of R2,

R(y+i , y
−
i ) = 2wτ (γ(y

+
i , y

−
i ))− i(β, γ(y+i , y

−
i ))

= |yi|+

{
1/2 if yi is a double point of Γ

K/2 + 1 if yi is a generator of S going over K corners,

because γ(y+i , y
−
i ) is a capping path for yi. Thus R1 +R2 = 0 implies

(10.6) R1 = −R2 = |(ab)|+ 1−

 n∑
j=1

|yj |

− d

2
− c0 −

(
3

2

)
c1 − 2c2 −

(
5

2

)
c3 − 3c4.

On the other hand, by looking at an immersed disk just in the interior of the paths of R1,
we have

(10.7) R1 = 2

(
1− d

4
− c0 + 1

2
− c1

4
+
c3
4

+
c4
2

)
− c1 − 2c2 − 3c3 − 4c4.
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The difference between 10.7 and 9.20 is that the immersed disk used in 9.20 has d + 1

corners at double points of Γ and c0 corners at generators of S that go over no corners of
∂([0, 1]× [0, 1]). But the immersed disk used in 10.7 has d corners at double points of Γ and
c0 + 1 corners at generators of S that go over no corners, because (ab) itself is a generator of
S of this form.

Combining equations 10.6 and 10.7, we have

|(ab)| −
n∑

j=1

|yj | = 0.

Let (ab) be a corner term, where the corresponding arc Cab in C goes over one corner.
If Cab goes over K > 1 corners, then g(ab) = 0, and there is nothing to show. Let y⃗1y⃗2y⃗3
be a term of g(ab) corresponding to ϕ(ab) = (ca′)(c′d′)(b′d), where y⃗m = ym1 · · · ymnm

for
m = 1, 2, 3. Thus, there are three admissible disks

u1 ∈ ∆((ca′); y⃗1),

u2 ∈ ∆((c′d′); y⃗2),

u3 ∈ ∆((b′d); y⃗3),

used in defining the term y⃗1y⃗2y⃗3 of g(ab). For m = 1, 2, 3, ∂um is smooth away from its
corners, and we set Ri

1 = 2wτ (∂ui)− i(β, ∂ui), to be the sum of 2wτ (·)− i(β, ·) restricted to
the smooth components of ∂ui. Then we define R1 = R1

1 +R2
1 +R3

1, which can be written
explicitly as

R1 = R(ra′ , (y11)
+) +R((y11)

−, (y12)
+) + · · ·+R((y1n1−1)

−, (y1n1
)+) +R((y1n1

)−, rc)

+R(rc′ , (y
2
1)

+) +R((y21)
−, (y22)

+) + · · ·+R((y2n2−1)
−, (y2n2

)+) +R((y2n2
)−, rd′)

+R(rd, (y
3
1)

+) +R((y31)
−, (y32)

+) + · · ·+R((y3n3−1)
−, (y3n3

)+) +R((y3n3
)−, rb′).

Again, we set R2 to be the sum of 2wτ (·)− i(β, ·) restricted to the capping paths in the
following way:

R2 = R((y11)
+, (y11)

−) + · · ·+R(rc, rc′) +R((y21)
+, (y21)

−) + · · ·+R(rd′ , rd)

+R((y31)
+, (y31)

−) + · · ·+R(rb′ , ra′).

Using transitivity of R(·, ·), R1 +R2 = R(ra′ , ra′) = 0 mod r.
For m = 1, 2, 3, let dm be the number of the ymj ’s of ym1 · · · ymnm

that are double points of
Γ, and cmi is the number of the ymj ’s in ym1 · · · ymnm

that are generators of S and whose arc in
C covers i corners of ∂([0, 1]× [0, 1]).

As before, R2 differs from the gradings by some constants:

R2 =

3∑
m=1

nm∑
j=1

|yjm|+ dm

2
+ cm0 +

(
3

2

)
cm1 + 2cm2 +

(
5

2

)
cm3 + 3cm4

− |(ab)| − 3

2
,
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and because R1 +R2 = 0 mod r,

R1 = |(ab)|+ 3

2
−

3∑
m=1

nm∑
j=1

|yjm|

+
dm

2
+ cm0 +

(
3

2

)
cm1 + 2cm2 +

(
5

2

)
cm3 + 3cm4

= |(ab)| − |y⃗1y⃗2y⃗3|+
3

2
−

3∑
m=1

dm

2
+ cm0 +

(
3

2

)
cm1 + 2cm2 +

(
5

2

)
cm3 + 3cm4 .

On the other hand, by looking at the difference between 2wτ (·) − i(β, ·) restricted to the
paths Υ defined in R1 and the boundary of three immersed disks D1, D2, D3 just in the
interior of those paths, we have

R1 = 2

(
3∑

m=1

(
1− dm

4
− cm0

2
− cm1 + 1

4
+
cm3
4

+
cm4
2

))
−

(
3∑

m=1

(cm1 + 1) + 2cm2 + 3cm3 + 4cm4

)

=

3∑
m=1

1

2
− dm

2
− cm0 −

(
3

2

)
cm1 − 2cm2 −

(
5

2

)
cm3 − 3cm4 .

This time we have cm1 + 1 terms (rather than the d + 1 terms in 9.20 and the c0 + 1

terms in 10.7) because each ∂Dm has cm1 +1 corners at generators of S that are mixed terms.
Moreover, ∂Dm intersects β curves cm1 + 1 times. Combining the two expressions for R1, we
get

|(ab)| − |y⃗1y⃗2y⃗3| = −3

2
+

3∑
m=1

1

2
= 0.

Lastly, recall from Lemma 9.5, that |(xy)| = −|(xy)| −K − 2 if Cxy goes over K corners.
Thus, using the above procedures we have that g preserves gradings of generators of the
form (ab), and

|g((ab))| = −|g(ab)| −K − 2 = −|(ab)| −K − 2 = |(ab)|. □

11. The DGA D(Λ)

Definition 11.1. Let i : S → C be the inclusion map, and recall the chain map g : S → C
introduced in Definition 10.1. Then we define D to be the coequalizer in the category of
DGAs in the following diagram:

S C D
i

g

q

Equivalently, let I be the two-sided ideal generated by the image of i− g, which we write as
I(im(i− g)). Then D is the quotient DGA C/I.

Let Λ be a Legendrian knot in (M, ξ,B, π, F, V ). In Sections 7 and 8, we defined
an uncoloured Lagrangian diagram for Λ. Moreover, we showed that if Λ1 and Λ2 are
two Legendrian isotopic Legendrian knots, then their uncoloured Lagrangian diagrams
can be related by a sequence of uncoloured Lagrangian diagram moves: that is, the
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S, S1, S0, SCa, SCb,R2, R3a, and R3b moves. Thus, to define a Legendrian knot invariant
from an uncoloured Lagrangian diagram, we need to show that it is invariant under these
moves. In Section 9, we defined a DGA C(Λ) using the uncoloured diagram for Λ, but the
DGA C(Λ) may change for Legendrian isotopies of Λ. The goal of this section is to show
that the isomorphism type of D(Λ) is a Legendrian knot invariant for a Legendrian knot Λ

in (M, ξ,B, π, F, V ).
By the ‘isomorphism type’ of D(Λ), we mean the stable tame isomorphism type. See,

originally, [Che02], and [Sab03] for the circle bundle version, for these definitions but we will
not explicitly use them here.

We start with a useful proposition characterising D(Λ).

Proposition 11.2. As an algebra, D(Λ) is generated by the crossings of Γ ⊂ int(Ã).

Proof. Write the generators of S as {sj}kj=1, so as an algebra S = Z2⟨s1, . . . , sk⟩. Since
S is a sub-DGA of C, we write the generators of C as {sj}kj=1 ∪ {cj}lj=1 and so as an algebra
C = Z2⟨s1, . . . , sk, c1, . . . , cl⟩.

Extend the chain maps i, g : S → C in Definition 11.1 to chain maps ĩ, g̃ : C → C defined
on generators by ĩ(sj) = i(sj), ĩ(cj) = cj , g̃(sj) = g(sj) and g̃(cj) = cj .

Lemma 11.3. There exists some n <∞ such that g̃n(si) ∈ Z2⟨c1, . . . , ck⟩.

Assuming Lemma 11.3, to show that D is generated by {cj}lj=1, we show that

sj − g̃n(sj) ∈ I(im(i− g)).

This allows us to conclude that in D, sj is equivalent to a word in {cj}lj=1, as desired. Note
that ĩ− g̃ = i− g on S and ĩ− g̃ = 0 on Z2⟨c1, . . . , cl⟩. So I(im(i− g)) = I(im(̃i− g̃)) in C.
We will show g̃n(sj)− sj ∈ I(im(̃i− g̃)).

For m = 1, . . . , n,

g̃m(sj)− g̃m−1(sj) = (g̃ − ĩ)(g̃m−1(sj)) ∈ I(im(̃i− g̃)).

Thus,

g̃n(sj)− sj =

n∑
k=1

g̃k(sj)− g̃k−1(sj) ∈ I(im(̃i− g̃)). □

Proof of Lemma 11.3. Recall g̃(sj) = g(sj) and g̃(cj) = cj for all j. Let a summand of
g̃(sj) be the word w1

1w
1
2 . . . w

1
p1

. We want to show that by iteratively applying g̃ to sj , that
we can change all of the letters w1

i to words in {cj}. Now,

g̃2(sj) = g̃(w1
1w

1
2 . . . w

1
p1
) = g̃(w1

1)g̃(w
1
2) . . . g̃(w

1
p1
).

If w1
i ∈ {cj}, then g̃m(w1

i ) = w1
i for all m, so we are done showing that g̃m(w1

i ) ∈
Z2⟨c1, . . . , cl⟩ for this letter. If w1

i ∈ {sj}, then for each i ∈ {1, . . . , p1} such that g(w1
i ) /∈

Z2⟨s1, . . . , sk, c1, . . . , cl⟩, g(w1
i ) = w2

i,1w
2
i,2 . . . w

2
i,p2

is a new word in Z2⟨s1, . . . , sk, c1, . . . , cl⟩.
The word for g̃3(sj) will then contain the word

g̃(w2
i,1w

2
i,2 . . . w

2
i,p2

) = g̃(w2
i,1)g̃(w

2
i,2) . . . g̃(w

2
i,p2

).
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If w2
i,1 ∈ {cj}, then we are done, otherwise g̃(w2

i,h) is a new word in Z2⟨s1, . . . , sk, c1, . . . , cl⟩.
We caim that this process terminates in finitely many steps. To see this, let u1 ∈
∆(sj ;w

1
1, . . . , w

1
p1
) be the admissible disk for the term w1

1w
1 . . . w1

p1
in g(sj). Let A(u1)

be the area of the image of u1 in Ã. By Lemma 9.12,

A(u1) = H(sj)−
p1∑
i=1

H(w1
i ) > 0.

Similarly, let u2 ∈ ∆(w1
i ;w

2
i,1, . . . , w

2
i,p2

) be the admissible disk used for the term w2
i,1w

2
i,2 . . . w

2
i,p2

in g(w1
i ). Then,

A(u2) = H(w1
i )−

p2∑
h=1

H(w2
i,h) > 0.

For a word w1 . . . wp ∈ Z2⟨s1, . . . , skc1, . . . , cl⟩, define the mapH ′ : C → R byH ′(w1 . . . wp) =

H(w1) + · · · + H(wp). Then it is clear that if g̃m(sj) is a summand of g̃m−1(sj), then
H ′(g̃m−1(sj)) ≥ H ′(g̃m(sj)) with equality if and only if g̃m(sj) ∈ Z2⟨c1, . . . , cl⟩, and that if
H ′(g̃m−1(sj)) = H ′(g̃m(sj)), then H ′(g̃m−1(sj)) = H ′(g̃M (sj)) for all M ≥ m. Secondly, if
there is a strict inequality H ′(g̃m−1(sj)) > H ′(g̃m(sj)), then H ′(g̃m−1(sj))−H ′(g̃m(sj)) =∑

lA(ul) for a finite number of admissible disks ul used in computing g̃m(sj) from g̃m−1(sj).
If AR is the area of a region R in Ã \ (Γ∪C), then

∑
lA(ul) =

∑
m(ul)AR where m(ul) is a

non-negative integer equal to the cardinality of u−1
l (z) where z ∈ R. In particular, if A′ is the

area of the smallest region in Ã \ (Γ ∪ C), H ′(g̃m−1(sj))−H ′(g̃m(sj)) > A′ for all m. Thus
(H ′(g̃m(sj)))m is a monotonically nonincreasing sequence bounded above by H(sj), and
bounded below by 0, and at each step decreases by values greater than A′, so (H ′(g̃m(sj)))m
converges at a time N , and g̃n(sj) = g̃N (sj) ∈ Z2⟨c1 . . . , cl⟩ for all n > N . □

We now turn our attention to the proof that D(Λ) is a Legendrian isotopy invariant for Λ

in (M, ξ,B, π, F, V ). Let Γt−ε be the projection of Λ̃ before one of the uncoloured Lagrangian
isotopy moves, and Γt+ε after one of these moves. We can assume that the diagrams coincide
outside of a small neighbourhood of these moves. Let D(Γt−ε) and D(Γt+ε) be the DGAs
corresponding to the respective diagrams. Thus we want to show that D(Γt−ε) and D(Γt+ε)

are stable tame isomorphic. We break the proof into two parts. We firstly show that if
Γt−ε and Γt+ε differ by an S, S1, S0, SCa or SCb move then D(Γt−ε) is isomorphic (as a
DGA to D(Γt+ε). Secondly we will show that if Γt−ε and Γt+ε differ by an R2, R3a, or R3b
move then D(Γt−ε) is stable tame isomorphic to D(Γt+ε). Because the R2, R3a, and R3b

moves occur in the interior of Ã, which is a trivial circle bundle, invariance of the stable
tame isomorphism class of D(Λ) under these moves follows from [Sab03], but we check that
this extends to a proof including admissible disks with boundary containing arcs of C.

Theorem 11.4. Suppose Γt−ε and Γt+ε differ by an S, S1, S0, SCa or SCb move. Then
D(Γt−ε) ∼= D(Γt+ε).

Theorem 11.5. Suppose Γt−ε and Γt+ε differ by an R2, R3a, or R3b move. Then D(Γt−ε) ∼=
D(Γt+ε).

Proof of Theorem 11.4. To simplify notation slightly, let D± := D(Γt±ε), and let ∂D± be
the differentials of D±. By Proposition 11.2, D+ and D− are generated by the crossings of
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Γt+ε and −t−ε, respectively. Moreover, Γt−ε and Γt+ε have the same number of crossings.
Let x− be one of the Reeb chords for a crossing of Γt−ε and x+ be its corresponding Reeb
chord in Γt+ε. Let f be the isomorphism of algebras f : D− → D+ that sends x− to x+ for
each generator of D−. To show that f extends to an isomorphism of DGAs, we will show
that f is a chain map,

f ◦ ∂D−(x−) = ∂D+ ◦ f(x−) = ∂D+(x+).

The fact that f preserves gradings follows from Proposition 9.7.
Let C± = C(Γt±ε) be the DGAs that project to D± via the maps q±. Abusing notation,

if x is a generator of C that is not a generator of S, then we will write q(x) = x. In the
category of algebras, define h : C− → C+ to be the map sending a generator x− to the
corresponding x+ and sends generators of S(Γt−ε) to corresponding generators of S(Γt+ε).
Then the following diagram commutes:

(11.6)
C(Γt−ε) C(Γt+ε)

D(Γt−ε) D(Γt+ε)

h

q− q+

f

Let g± : S± → C± be the map introduced in Definition 10.1, and, as before, let g̃± be
the extension g̃± : C± → C± defined by g̃±(sj) = g±(sj) for sj ∈ S± and g̃±(cj) = cj for
generators of C± that are not generators of S±.

To summarise, we have the following maps:

C− C+

C− C+

h

g̃− g̃+

h

and the differentials ∂− : C− → C− and ∂+ : C+ → C+.

Lemma 11.7. There exists an N ∈ N such that for all n > N ,

g̃n+1
+ ◦ ∂C+ ◦ h(x−) = h ◦ g̃n− ◦ ∂C−(x−).

Firstly, since h(x−) = x+, Lemma 11.7 implies

g̃n+1
+ ◦ ∂C+(x+) = h ◦ g̃n− ◦ ∂C−(x−).

Applying q+ to both sides of the equation yields

q+ ◦ g̃n+1
+ ◦ ∂C+(x+) = q+ ◦ h ◦ g̃n− ◦ ∂C−(x−).

Using the commutative diagram 11.6, q+ ◦ h = f ◦ q−, so

(11.8) q+ ◦ g̃n+1
+ ◦ ∂C+(x+) = f ◦ q− ◦ g̃n− ◦ ∂C−(x−).



116

Dropping ± subscripts for a moment, note that

• q is a chain map, so ∂D ◦ q(x) = q ◦ ∂C(x),

• g̃ is a chain map C → C,

• for n sufficiently large, ĩ− g̃n ∈ I(im(i− g)), so q ◦ g̃n(x) = q ◦ ĩ(x), and

• ĩ(x) = x for generators of C that are not generators of S.

Thus,
q ◦ g̃n ◦ ∂C(x) = q ◦ ∂C ◦ g̃n(x) = ∂D ◦ q ◦ g̃n(x) = ∂D(x).

So, for sufficiently large n, equation 11.8 becomes

∂D+(x+) = f ◦ ∂D−(x−). □

Proof of Lemma 11.7. Consider how we construct a summand δk of g̃k ◦ ∂C(x). Let
δ0 = y

(0)
1 . . . y

(0)
j0

be a summand of ∂C(x). The summand δ0 corresponds to an admissible
disk u0 ∈ ∆(x; y

(0)
1 , . . . , y

(0)
j0

). Then, any summand δk+1 of g̃k+1 ◦ ∂C(x) is obtained from
some summand δk of g̃k ◦ ∂C(x) for k = 0, 1, 2, . . . in the following way. Let the generator
(ab) of S be a letter in the word δk. If (ab) is not a corner term, then we replace (ab) with a
word coming from an admissible disk uk+1 ∈ ∆(ϕ(ab); y⃗(k+1)), where ϕ is the map defined
in Remark 10.2. If (ab) is a corner term with ϕ(ab) = w1w2w3, then we replace (ab) with a
three words each coming from an admissible disk uik+1 ∈ ∆(wi; y⃗

(k+1)
i ), i = 1, 2, 3. Thus, to

obtain the word δk+1 from the word δk, we use a finite set of admissible maps, one for each
non corner term of S and three for each corner term of S in δk. We write this set as

Uk+1 = {u1k+1, u
2
k+1, . . . , u

nk+1

k+1 }.

By Lemma 11.3, this process terminates for some n when the word δn contains no
generators of S. Thus, for each summand δn, there is a list of sets of admissible maps

(U0, U1, . . . , Un)

that define the word δn. Now for each of these admissible maps uik : (Dn+m+1, ∂Dn+m+1) →
(Ã,Γ ∪ C), we build a decorated polygon P (uik) that is the domain of each of these maps,
instead of the disk with punctured boundary (Dn+m+1, ∂Dn+m+1) ⊂ C, thus defining uik as
a map uik : P (uik) → (Ã,Γ ∪ C).

Suppose uik ∈ ∆(y
(k−1)
i ; y

(k)
1 , . . . , y

(k)
jk

) is an admissible map in Uk. Then P (uik) is a
polygon that is built in the following way. To start, there are three cases depending on
whether y(k−1)

i is a double point of Γ, a non-corner generator of S, or a corner term of S.
See Figure 11.1.

• If y(k−1)
i is a double point of Γ, construct a vertex labelled y

(k−1)
i , and two black

edges emanating from the vertex: one oriented towards the vertex, the other oriented
away from the vertex. See Figure 11.1 (a).
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Figure 11.1. Starting to build P (uik) from the point y(k−1)
i .

• If y(k−1)
i is a non-corner generator of S, construct an oriented red edge labelled

y
(k−1)
i , and two oriented black edges, each meeting the red edge at a point at an

angle of π/2, and each oriented so that union of the three edges has a coherent
orientation. See Figure 11.1 (b).

• If y(k−1)
i is a corner term of y(k−1)

i , construct an oriented blue edge labelled y(k−1)
i ,

and two oriented black edges, each meeting the blue edge at a point at an angle π/4,
and each oriented so that union of the three edges has a coherent orientation. See
Figure 11.1 (c).

Next, from the black edge oriented away from y
(k−1)
i , there are three cases:

• if y(k)1 is a double point of Γ, then construct an oriented black edge from y
(k−1)
i

to another vertex labelled labelled y(k)1 , and then an oriented black edge from y
(k)
1

pointing away from y
(k)
1 , see Figure 11.2 (a);

• if y(k)1 is an element of S that is not a corner term then construct an oriented black
edge from y

(k−1)
i to an oriented red edge labelled y(k)1 (meeting the red edge at an

angle of π/2), and then an oriented black edge directed away from the red edge
(exiting the red edge at an angle of π/2). See Figure 11.2 (b);

• if y(k)1 is an element of S that is a corner term then construct an oriented black edge
from y

(k−1)
i to an oriented blue edge (meeting the blue edge at an angle of π/4),

and then a black edge from the blue edge (exiting the blue edge at an angle of π/4).
Then construct a blue square with oriented edges (oriented clockwise) that has the
blue edge as one of its sides. Label each side of the square by y(k)1 . See Figure 11.2
(c).

We do the exact same process as we did for y(k−1)
i to y(k)1 for the construction from y

(k)
l

to y(k)l+1. From y
(k)
jk

, we identify the oriented black edge away from y
(k)
jk

with the oriented
black edge pointing towards y(k−1)

i . The result is a decorated polygon P (uik) with edges that
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Figure 11.2. Continuing to construct the polygon P (uik) from y
(k−1)
i to

y
(k)
1 , and similarly for constructing P (uik) from y

(k)
l to y(k)l+1

are black, red, and blue, and some internal blue edges. We remember the ‘defect’ of this
polygon by decorating the polygon with its defect n(uik), and this must be 0.

Now we construct one of these polygons for each admissible map in Uk for k = 0, . . . , n,
and glue them together in the following way. Start with U0 = {u0}. Construct the polygon
P (u0). Define w(∂P (u0)) to be the word obtained by starting at a point just after x on
∂P (u0), following the orientation of ∂P (u0), and finishing at a point just before x, and by
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reading off the labels of the vertices and edges. If we go over three blue edges for a corner
term, then just count one of the labels. Then, w(∂P (u0)) = δ0.

Now consider U1 = {u11, . . . , u
n1
1 }. Construct each of the polygons {P (u11), . . . , P (u

n1
1 )}

and glue each of them to P (u0) by identifying edges with the same labels in such a way
that w(∂(P (u0) ∪

⋃n1

l=1 P (u
l
1))) = δ1. We call the resulting polygon P (U0, U1). Now, we

construct P (U0, . . . , Uk, Uk+1) from P (U0, . . . , Uk) in the same way. This process terminates
at P (U0, . . . , Un) when ∂P (U0, . . . , Un) only has black edges, and we decorate P (U0, . . . , Un)

with its defect that is the sum of all of the defects of the polygons used in its construction,
which is 0. We say that two decorated polygons with oriented black boundary are equivalent
if they are decorated with the same defect, have the same number of edges, and, by following
the orientation of the boundary, their vertices have the same labels.

We have w(∂P (U0, . . . , Un)) is a summand of g̃n ◦ ∂C(x), and we write

g̃n ◦ ∂C(x) =
∑

w(∂P (U0, . . . , Un)).

Each summand does not depend on the representative of the equivalence class of the
P (U0, . . . , Un).

Now recall that we want to show

g̃n+1
+ ◦ ∂C+ ◦ h(x−) = h ◦ g̃n− ◦ ∂C−(x−).

Let

g̃n− ◦ ∂C−(x−) =
∑

w(∂P−(U0, . . . , Un)),

g̃n+1
+ ◦ ∂C+(x+) =

∑
w(∂P+(U0, . . . , Un, Un+1)).

The map h : C− → C+, h(x−) = x+, defines a map hv that changes the label on each vertex
of ∂P−(U0, . . . , Un) from an x− to an x+. Let w(∂P (U0, . . . , Un)) ∈ g̃n ◦ ∂C(x) denote that
w(∂P (U0, . . . , Un)) is a summand of g̃n ◦ ∂C(x). We claim that hv defines a bijection

{P−(U0, . . . , Un) | w(∂P−(U0, . . . , Un)) ∈ g̃n− ◦ ∂C−(x−)}

{P+(U0, . . . , Un, Un+1) | w(∂P+(U0, . . . , Un+1)) ∈ g̃n+1
+ ◦ ∂C+(x+)}

hv

Assuming this bijection,

h ◦ g̃n− ◦ ∂C−(x−) =
∑

w(hv(∂P−(U0, . . . , Un)))

=
∑

w(∂P+(U0, . . . , Un+1))

= g̃n+1
+ ◦ ∂C+(x+)

= g̃n+1
+ ◦ ∂C+ ◦ h(x−),

as desired.
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Figure 11.3. The image of the S and S1 moves in the polygons. The S0
move is similar.

To prove the bijection, let P−(U0, . . . , Un) be a polygon before an S, S1, or S0 move, and
let σ be the union of arcs in ∂P−(U0, . . . , Un) whose image in Ã is the arc before the S, S1,
or S0 move. After one of these moves in Ã, the construction of P+(U0, . . . , Un+1) yields a
decorated polygon that has the same boundary as P−(U0, . . . , Un) but the decorations in
the interior have changed near each of the components of σ in one of two ways. See Figure
11.3. Notice that the construction of P+(U0, . . . , Un+1) uses another set of admissible disks
after it crosses C an extra time. Thus P+(U0, . . . , Un+1) is a polygon with the same number
of sides and the same defect, but the labels have changed from x− to x+. So hv(P−) is
equivalent to P+, and hv is clearly onto and one-to-one.

The arguments for the SC moves are the same. The SC could change the polygons by
one of the cases in Figure 11.4 depending on the image of the admissible disks making up
the polygon in (Ã,Γ ∪ C). In the interior of the polygon, a red line in the interior could
appear or disappear, could slide across a vertex, or could slide across an edge. In each case
the equivalence class of the polygon has not changed. □

Proof of Theorem 11.5: We continue with the notation from the proof of Theorem 11.4.
As before, let Ψ : Ã → Σ be the map that glues Ã along C to obtain a torus with one
boundary component Σ. Let ΓΣ = Ψ(Γ) be the immersed curve in Σ that is Γ with its
points on C having been identified. Suppose ΓΣ is decorated in the same way as Γ away
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Figure 11.4. On the left are polygons constructed before and after an SC
move, and the images of the polygon’s admissible disks in (Ã,Γ ∪C) on the
right. Although the decorations of the polygons change, the equivalence
class of the polygons remain unchanged.

from C. Since all of the regions in Ã \ (Γ ∪ C) have defect zero, we decorate all the regions
in Σ \ ΓΣ with zeros. For this immersed curve ΓΣ in Σ, we can combinatorially define a
DGA (D′, ∂′) in the same way as in [Sab03]. We claim that Ψ induces an isomorphism of
DGAs ψ : (D(Γ), ∂D) → (D′, ∂′).

Assuming this isomorphism, we prove Theorem 11.5 in the following way. Since an
R2, R3a or an R3b move occurs in intÃ, these correspond to the combinatorial moves in Σ

defined in [Sab03], Section 6.2. Moreover, Sabloff shows that the stable tame isomorphism
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type of (D′, ∂′) is invariant under these moves ([Sab03], Theorem 3.15). Pulling back by the
isomorphism between (D(Γ), ∂D) and (D′, ∂′), we conclude that the stable tame isomorphism
type of (D(Γ), ∂D) is invariant under the R2, R3a or R3b moves.

Now we show that (D(Γ), ∂D) and (D′, ∂′) are isomorphic as DGAs. By Proposition 11.2,
we know that D(Γ) is generated by the double points of Γ. Similarly, D′ is generated by
double points of ΓΣ, and Ψ sends double points of Γ to corresponding double points of ΓΣ.
We define ψ to be the bijection between generators of D(Γ) and generators of D′ . It remains
to show that ψ is a chain map.

Recall that ∂D(x) is defined as g̃n ◦ ∂C(x) for sufficiently large n, and a summand
of g̃n ◦ ∂C(x) can be defined as w(∂P (U0, . . . , Un)) for a collection of admissible maps
U0, . . . , Un where Ui = {u1i , . . . , u

ni
i }. Moreover, we can define each uji as the admissible

map uji : P (u
j
i ) → (Ã,Γ ∪ C). Now, define

u′ : P (U0, . . . , Un) → (Σ,ΓΣ),

where
u′|P (uj

i )
= Ψ(uji ).

We claim that u′ is an admissible disk and that ψ ◦ ∂D(x) = ∂′(ψ(x)).
Firstly, to see that u′ is an admissible disk, we need to check that the image of u′, as we

have defined it, is contractible. Since uji is contractible for all i and j, Ψ(uji ) is contractible.
Moreover, by the definition of g in Definition 10.1, and in particular, the definition of ϕ
in Remark 10.2, ϕ is the map that identifies disks D1, D2 in Ã that intersect C, such that
D1 ∪D2 is a disk in Σ. Thus

⋃
i,j Ψ(uji ) is contractible in Σ. Now, since ψ(x) is a positive

corner, and ψ(w(∂P (U0, . . . , Un))) are defined from negative corners, and since the defect
of u′ is zero because its image only covers defect zero regions, u′ is an admissible disk in
(Σ,ΓΣ).

On the other hand, if u′ is an admissible disk u′ : (P, ∂P ) → (Σ,ΓΣ), then Ψ−1(u′)

defines a collection of admissible disks in (Ã,Γ ∪ C), and by the procedure in the proof of
Theorem 11.4, this uniquely defines a summand of ∂D(x). Thus, ψ defines a bijection from
the summands of ∂D(x) to the summands of ∂′(ψ(x)), and thus ∂D(x) = ∂′(ψ(x)). □

See Figure 11.5 for a cartoon of gluing and splitting admissible disks. In essence, this
idea is what motivates all of the constructions in Part 3!

Remark 11.9. Recall that an uncoloured Lagrangian diagram is a projection of a Legendrian
knot that is between handleslide t-values, say, ti and ti+1. Now suppose we choose the
Legendrian knot to be between handleslide t-values ti−1 and ti. By Proposition 5.1, (Σt∗i

, Vt∗i )

and (Σt∗i−1
, Vt∗i−1

) differ by a Dehn twist τ about one of the pairs of descending flowlines
from an index 1 critical point of Vt∗i . Under the contactomorphism Φ, the identification of
Ãt∗i

with Ãt∗i−1
is by τ−1. Thus the uncoloured Lagrnagian projections will differ by a Dehn

twist. The next Proposition shows that D(Λ) does not actually depend on the choice of
handleslide t-values that we have chosen the Legendrian knot Λ to be supported in, and thus
D(Λ) is well-defined.
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Figure 11.5. On the left are three admissible disks in (Ã,Γ∪C) that glue
together to be an admissible disk in (Σ,ΓΣ) on the right. Conversely, the
admissible disk in (Σ,ΓΣ) splits into three admissible disks in (Ã,Γ ∪ C).

Figure 11.6. Left: a portion of a capping path, and right: the portion
after a negative Dehn twist. Suppose the portion of γx is oriented upwards.
Then wτ (γ

−
x ) = wτ (γx) + 1, and i(β, γ−x ) = i(β, γx) + 2.

Proposition 11.10. Let Dk(Λ) be the DGA of Λ, where the DGA has been computed from
an uncoloured Lagrangian diagram with Λ ⊂ Σ

∣∣
(tk,tk+1)

for some k. Then, for all 1 ≤ i, j < n,
Di(Λ) ∼= Dj(Λ).

Proof. We show Dj(Λ) ∼= Dj+1(Λ) for j mod k. Suppose Λj is between handleslide
t-values tj and tj+1. The uncoloured Lagrangian projection of Λ̃j differs from the uncoloured
Lagrangian projection of Λ̃j+1 by a Dehn twist about the image of a generator of H1(Σ) in Ã,
where Σ is the torus with one boundary component. Since a Dehn twist is a homeomorphism
of the surface, double points and immersed disks in Σ are preserved. These immersed disks
correspond exactly to the polygons constructed in Lemma 11.7. So Dj(Λ) is isomorphic to
Dj+1(Λ) as differential algebras.

It remains to be checked that the gradings are preserved. Suppose a Dehn twist occurs
about the curve c. Let γx be a capping path that intersects c at a point, and let γ±x be the
result of applying a positive or negative Dehn twist to γx about c. See Figure 11.6. Then,

|γ±x | − |γx| = 2(wτ (γ
±
x )− wτ (γx))− (i(β, γ±x )− i(β, γx)) = 2(∓1)− (∓2) = 0. □
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Theorem 11.11. Let (M, ξ,B, π, F, V ) be a Morse open book with puncture torus pages.
The stable tame isomorphism type of the DGA D(Λ) is a Legendrian isotopy invariant of
Legendrian knots.

Proof. In Theorem 8.9, it is shown that if two Legendrian knots Λ1 and Λ2 are Legendrian
isotopic, then their uncoloured Lagrangian diagrams are related by a sequence of uncoloured
Lagrangian isotopy moves. If D(Λ1) is the DGA computed from an uncoloured Lagrangian
diagram of Λ1 and D(Λ2) is the DGA computed from an uncoloured Lagrangian diagram
of Λ2, then Theorem 11.4 and Theorem 11.5 show that D(Λ1) and D(Λ2) are stable tame
isomorphic. Moreover, this does not depend on the choice of uncoloured Lagrangian diagram
by Proposition 11.10. □

12. Examples

12.1. Example 1. See Figure 12.1. Firstly, the Morse diagram is for the contact 3-manifold
(S3, ξ−1), where ξ−1 is the contact structure on S3 with Hopf invariant −1. To see this,
we note that this is a Morse diagram for an open book that has been obtained by taking
the Murasugi sum of open books (A, τ) and (A, τ−1), where A is an annulus, and τ is a
right-handed Dehn twist about the core of A. Since the Murasugi sum of two open books of
3-manifolds M1 and M2 is diffeomorphic to the connect sum M1#M2, and (A, τ) and (A, τ−1)

are book open books for S3, the Morse diagram is for the 3-manifold S3. By Examples 1.33
and 1.40 the Hopf invariant is H((A, τ)#(A, τ−1)) = H(A, τ) +H(A, τ−1) = 0 − 1. The
resulting abstract open book has pages Σ that are tori with one boundary component, and by
Section 5, the monodromy is τAτ−1

B , where A and B are the core curves of Σ. Equivalently, a
page of the open is obtained by Hopf plumbing a positive and a negative Hopf band together,
so this is an embedded open book with the figure eight knot as the binding, and punctured
torus pages. This Morse diagram has a left-veering handle, so by Theorem 4.2, this contact
manifold is overtwisted. Let Λ be the boundary of the overtwisted disk. Figure 12.1 shows
the front projection of Λ, and its corresponding coloured Lagrangian projection. Figure 12.1
shows the Legendrian isotopy moves, and the coloured Lagrangian isotopy moves so that Λ

is a Legendrian knot between handleslide t-values. We are now in a position to compute the
DGA for Λ.

Let x be the double point of the uncoloured Lagrangian diagram. As an algebra over
Z/2Z, D(Λ) is generated by ax and bx. The gradings are |ax| = 1 and |bx| = 0. The
differentials are ∂(ax) = 1, and ∂(bx) = 0.

12.2. Example 2. Let (Σ, Id) be an abstract open book, where Σ is a torus with one
boundary component, and Id is the trivial monodromy. Recall the construction of a 3-
manifold from an abstract open book, where we cap off the boundary of Σ by a disk D to
obtain the torus Σ̂, and extend the monodromy over D by the identity. Then M(Σ,Id) is
obtained from M̂ = Σ̂×S1 by performing 0-surgery on {x}×S1 where x is the center of the
disk D. Let τC be a right-handed Dehn twist about a boundary parallel curve C on a page
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Figure 12.1. The right topmost panel shows a coloured Lagrangian dia-
gram of the Legendrian knot Λ that bounds an overtwisted disk in (S3, ξ−1).
Let the handlelside t values be t1 (the teleporting blue curve in the Morse
diagram) and t2 (the teleporting red curve in the Morse diagram). The
strands of Λ contained in (t1, t2) have colour c1 and the strands in (t2, t1)
have colour c2. We apply the B, Z, and H1 Lagrangian isotopy moves, in
that order (and the H1 move a couple of times), to obtain an uncoloured
Lagrangian diagram at the bottom of the figure.
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Figure 12.2. A Legendrian unknot in a circle bundle over a torus with a
tight contact structure.

of the open book. By Lemma 1.11, this corresponds to −1-surgery on C in M(Σ,Id). After a
Rolfsen twist, it can be seen that the resulting manifold is Σ̂×S1 with +1-surgery performed
on an S1 fiber. This is an S1 bundle over a torus with Euler number −1, and Figure 12.2
shows a Morse diagram for this manifold, and an embedded Legendrian knot Λ. Since
(Σ, τC) has right-veering monodromy, then by Theorem 4.3, its compatible contact structure
ξ is tight, and and, by Theorem 1.4 in [DKL21], it can be shown that ξ has Euler class
e(ξ) = 0 from the Morse diagram. Figure 12.3 shows an uncoloured Lagrangian projection
of Legendrian knot Λ. It can be shown that Λ is contractible, and by using Proposition 1.6
in [DKL21], tb(Λ) = −1.

See Figure 12.3 for notation. Recall the useful Lemma 9.11, that the image of a defect
zero admissible disk must have exactly one plus sign. Thus we only expect to see the image
of admissible disks covering the darker shaded region, and covering both the lighter and
darker shaded regions.

The DGA C(Λ) is generated by crossings of Γ: ax, bx, ay, by, az, bz and elements of S:
(a1a2), (a1a

′
2), (a1a

′
1), (a2a

′
2), (a2a

′
1), . . . , (a

′
1a

′
2). The only nonzero differentials are

∂(bx) = (a1a2)

∂(by) = az(a1a2)

∂(bz) = (a1a2)ay,
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Figure 12.3. An uncoloured Lagrangian projection of a Legendrian unknot
in a circle bundle over a torus with a tight contact contact structure. The
shaded regions indicate the images of admissible disks.

and the only nonzero value of g is

g(a′2a
′
1) = ax + ayaz.

Thus all differentials vanish in D(Λ). For the gradings, 2wτ (Γ)− i(β,Γ) = 0, so the gradings
are Z-valued. The gradings of the generators of D(Λ) are

|ax| = −2 |ay| = −1 |az| = −1

|bx| = 1 |by| = 0 |bz| = 0.

12.3. Example 3. Let Σ be a genus one surface with one boundary component. Let τA
and τB be elements of Mod(Σ) representing right-handed Dehn twists about the cores of
the 1-handles A and B, and let τC represent a right-handed Dehn twist about a boundary
parallel curve C. Let ϕn,m ∈Mod(Σ) be factorised as

ϕn,m = τmC τAτ
−n1

B . . . τAτ
−nk

B

where n = (n1, . . . , nk) is a tuple of nonnegative integers where ni ̸= 0 for some i. It is
well-known that ϕn,0 is pseudo-Anosov and therefore the binding of the open book (Σ, ϕn,0) is
a hyperbolic knot. For example, as seen in Section 12.1, ϕ(1),0 is the monodromy of the figure
eight knot in S3. In particular, (Σ, ϕn,0) is not Seifert fibered. Using the correspondence
between the factorisations of the monodromy of an open book and Morse structures in
Section 5, Figure 12.5 shows a Morse diagram for M = (Σ, ϕ(2),0). Standard computations
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Figure 12.4. An uncoloured Lagrangian diagram of an overtwisted disk in
a contact hyperbolic 3-manifold.

show H1(M) ∼= Z/2Z (so M is not an S3, at the very least), and the Morse diagram has a
left-veering handle (in red), so the contact structure supported by (Σ, ϕ(2),0) is overtwisted
by Theorem 4.2. Let Λ be the boundary of the overtwisted disk. We use the B, Z, and H1

coloured Lagrangian isotopy moves to find an uncoloured Lagrangian diagram for Λ. See
Figure 12.5.

See Figure 12.4 to see the labelling of the vertices. Let’s start with C(Λ). We label
the two double points of Γ by x and y. The algebra C(Λ) is generated by ax, bx, ay, by and
(a1a2), (a1a

′
2), (a1a

′
1), (a2a

′
2), (a2a

′
1), . . . , (a

′
1a

′
2). The differential of each of the generators of

S(Λ) is zero, and

∂(ax) = ay(a
′
2a

′
1) + (a2a

′
1) + 1

∂(bx) = 0

∂(ay) = 0

∂(by) = (a1a2) + (a′2a
′
1)bx

We also have

g(a1a2) = ay

g(a1a2) = 0

g(a′2a
′
1) = 0

g(a′2a
′
1) = bxay

Thus, in D(Λ), we have

∂(ax) = 1, ∂(bx) = ∂(ay) = ∂(by) = 0
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Finally, for the gradings, we have 2wτ (Γ) − i(β,Γ) = −2, so the gradings are elements of
Z/2Z. We have |ax| = |ay| = 1 and |bx| = |by| = 0.

Figure 12.5. The coloured Lagrangian diagram for a Legendrian knot that
bounds an overtwisted disk and its uncoloured Lagrangian diagram after
performing Lagrangian isotopy moves.
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Part 4. Appendix

Theorem 12.1. Let (M, ξ,B, π, F, V ) be a Morse open book with punctured torus pages. If
two Legendrian knots in (M, ξ,B, π, F, V ) are Legendrian isotopic, then their Lagrangian
projections are related by a finite sequence of Lagrangian isotopy moves.

Proof. This proof follows the analogous proof for front projections provided in [GL18].
Let Λ : I×S1 → (M, ξ,B, π, F, V ) be a 1-parameter family of Legendrian embeddings, where
I = [0, 1]. We will write Λs for the image Λ(s, S1) for s ∈ I. We assume Λ0 and Λ1 are
generic. For a 1-parameter family Λs, these genericity conditions may be broken. We claim
that we may perturb Λs, through Legendrian embeddings, keeping Λ0 and Λ1 fixed, so that
after the perturbation, Λs breaks exactly one of the genericity conditions at isolated s values.
More precisely, for any open cover {Uj} of M , there exists an open cover {Vk} of I and an
open cover {Wl} of S1 such that for a certain value s∗ ∈ I, there exists at most one V ′

k ×W ′
l

with s∗ ∈ V ′
k where Λ(V ′

k,W
′
l ) is not independent of s, and Λ(V ′

k,W
′
l ) is contained inside one

of the Uj . The reason we can do this in the contact setting is because, with a little care, we
can compose Legendrian isotopies with bump functions; see Section 8.1.

Using standard neighbourhood theorems from contact topology and the Morse structure,
we observe how the Lagrangian projection changes when one of these genericity conditions is
broken.

Throughout this proof, we will write

Σ[t1,t2] :=
⋃

t∈[t1,t2]

Σt,

and we will write Ãt to be the image of Σt in W̃ under the contactmorphism Φ.
Moreover, throughout this proof, recall how the contactomorphism Φ : (M\(Skel∪B), ξ) →

(W, ξW ) is defined in Theorem 1.50: heuristically, on a page of the open book, it is given
by ‘straightening out’ the flowlines of V . That is, a flowline of V on a page is sent to
{y = constant, z = constant}.

Also throughout this proof, when considering defects of a region, it is sometimes convenient
to assume that the defect of a region may be concentrated in certain parts of the region.

Crossing index 1 critical points. The union of index 1 critical points over all pages
is a transverse link L1 in (M, ξ). As such, there is a neighbourhood of each component
of L1 in (M, ξ) and a contactomorphism from that neighbourhood to a neighbourhood of
{(0, 0) ∈ R2} in (S1 ×R2, ker(dz+xdy− ydx)) sending L1 to {(0, 0) ∈ R2}. In this standard
neighbourhood, we can find a contact vector field implying the existence of an isotopy across
the transverse knot; for example, by using the contact vector field ∂x + ∂y + (x− y)∂z.

Suppose the Legendrian isotopy crosses L1 at the page Σt∗ . Since we assume that the
genericity conditions are broken at isolated s values of the isotopy, we can assume that the
Legendrian isotopy crosses the index 1 critical point at a page away from a handleslide
t-value. Moreover, this implies a neighbourhood of Σt∗ where the Morse structure is invariant
in the ∂t direction. Thus, we simply observe the before and after of a Legendrian isotopy
across L1 in this neighbourhood with respect to the characteristic foliation on a page (which,
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Figure 12.6. The regions involved before and after an S1 move. The
thickened dots on C represent the image of the index 1 critical point.

in this case, is the collection of the integral curves of V on a page), and record the change in
Ã via the contactomorphism Φ. This is the S1 move in the isotopy moves.

We now check the defects: see Figure 12.6 for notation. The region R0 has area
0 < A(R0) = rb′ − ra′ , so rb′ > ra′ , and thus there is a + sign over the arc (a′b′). Moreover,
when the Legendrian arc has just crossed L1, rb′ − ra′ is small, and the preferred Reeb chord
over (a′b′) and ∂R0 have the same colour, so n(R0) = 0. Next, let f1(F1) be the immersion
whose image is R1, and f ′1(F ′

1) the immersion whose image is R′
1. Then, using the definition

of the defect of a region,

n(R1)− n(R′
1) = n(f1)− n(f ′1)

=
1

2π

(
−
∫
F1

f∗1 (dx ∧ dy) +
∫
F ′

1

(f ′1)
∗(dx ∧ dy) + (rb − ra)

)

=
1

2π
(−(rb − ra) + rb − ra) = 0.

Now suppose ∂R2 has endpoints d and c on {x = 0}. This argument still works if ∂R2 has
no endpoints on {x = 0}. Then,

n(R2)−(n(R′
2)+n(R

′′
2 )) =

1

2π

(
−
∫
R2

dx ∧ dy +
∫
R′

2∪R′′
2

dx ∧ dy + ϵjH(dc)− ϵkH(db)− ϵlH(ac)

)

where ϵj , ϵk and ϵl are given by the signs over the arcs (dc), (db), and (ac) respectively. But

−
∫
R2\(R′

2∪R′′
2 )

dx ∧ dy = −(ra − rb),

and
ϵjH(dc) = ϵkH(db) + ϵlH(ac) + ϵmH(ba).



133

Figure 12.7. A Legendrian arc before and after crossing L0 in a neigh-
bourhood of a page, and the corresponding S0 move in Ã. Some of the
characteristic foliation near the index 0 critical point on a page is shown.

We have ϵm = −1 because there is no + sign over the arc (ba), since there is a + sign over
the arc (a′b′). So

ϵjH(dc)− ϵkH(db)− ϵlH(ac) = −H(ba) = −(rb − ra),

and thus n(R2) − (n(R′
2) + n(R′′

2 )) = 0. A similar, but simpler argument shows that
n(R′

3) = n(R3).
Crossing index 0 critical points. This follows the same procedure as crossing index 1

critical points above, although now we cross the union of index 0 critical points L0. In this
case, the characteristic foliation about an index 0 critical point is an elliptic singularity,
rather than a hyperbolic singularity, and the descending manifolds of the index 1 critical
point meet a neighbourhood in a page of the index 0 critical point at four points. This is the
S0 move. See Figure 12.7. As in the case of the S1 move, after the S0 move, the defects of
each of the regions of Ã \ (Γ ∪ C) cobounded by an arc and a corner have defect zero.
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Crossing interior of a 2-cell Skel. The effect of pushing Λ through Skel can be studied
via the characteristic foliation again. Follow the procedure as in the S1 move.

Crossing interior of a 2-cell of Coskel. Using coordinates in W̃ , there exists a Legendrian
isotopy given by translation in the ∂y direction because ∂y is a contact vector field. During a
Legendrian isotopy in this direction a Legendrian curve may intersect Coskel. By inspecting
the characteristic foliation on a page, it is clear that the Lagrangian projection does not
change in an interesting way.

Crossing the binding. Since the binding of an open book is also a transverse knot, this
implies the existence of a Legendrian isotopy across the binding. In this case, we use the
B1 move in the front projection as a guide for the corresponding move in the Lagrangian
projection. See Figure 12.8. In Figure 12.8 (i), assume the front projection of the Legendrian
arc before crossing the binding has constant slope s1. In the Lagrangian projection, this
corresponds to an arc in {x = s1} with a single colour ci. Figure 12.8 (ii) shows the
front projection of the arc after a B1 move. In this case we assume that, away from the
cusps, there are three arcs ai with constant slope si, i = 2, 3, 4, with s4 << s1 < s2 < s3
(s4 << s1 < s3 < s2 is similar). In the Lagrangian projection, these all correspond to arcs in
Ã with the same y values as the ai but with x values corresponding to the slope of their
corresponding arc the front diagram. For the cusps in the front projection, we interpolate
between the arcs of constant x-value in the Lagrangian projection. The colourings of the
strands follows from comparing with the front diagram and we can compute the defects from
the colourings. This is the B move.

Remark 12.2. Note that, because of the −1 defect, this move is (thankfully) not a
stabilisation (Figure 12.9 (i)), which would change the Legendrian isotopy class of the
Legendrian knot in (M \B, ξ), nor a ‘forbidden’ move (forbidden because of area conditions).
See Figure 12.9 (ii).

Crossing a handleslide. When a Legendrian knot passes through a handleslide t-value, a
couple of things could occur in the Lagrangian projection. Let t∗ ∈ [0, 1] be a t-value where
a handleslide occurs. Translation in the ∂t direction is a Legendrian isotopy. For small δ
and δ′ satisfying 0 < δ′ < δ, let γ be a Legendrian arc in Σ[t∗−δ−δ′,t∗−δ+δ′] with colouring
ci, and let γ′ be the result of isotoping γ by ∂t so that γ is supported in Σ[t∗+δ−δ′,t∗+δ+δ′].
Thus the colouring of γ′ must be ci+1.

Recall that under the contactomorphism Φ, the image of a flowline of V is {y = constant}.
Near Σt∗−δ and Σt∗+δ, the coordinates of γ and γ′ are the same on Σt∗−δ and Σt∗+δ, but
the flowlines of Vt∗−δ and Vt∗+δ have changed by a handleslide. Thus the images of γ and γ′

in Ã[t∗+δ−δ′,t∗+δ+δ′] and Ã[t∗−δ−δ′,t∗−δ+δ′] could change.
Figure 12.10 shows the cores and cocores of (ft∗−δ, Vt∗−δ) and (ft∗+δ, Vt∗+δ), which

determine the flowlines of the efficient Morse-Smale pair up to isotopy. It then shows arcs
that intersect the cores and cocores involved in the handleslide projected onto (Σ, f, V )t∗−δ

and (Σ, f, V )t∗+δ, respectively. Each of these moves also correspond to the three handleslide
moves in the front projection.

• H1: on a strand where one point separates arcs coloured ci and ci+1, the point may
slide along the arc. This corresponds to the arcs 4 and 5 in Figure 12.10. The arcs do
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Figure 12.8. The B move. For the front projection, we have labelled
some handleslide t-values on the right edge. In the interior of the Morse
diagram, the strand between the ti and ti+1 values is ‘coloured’ with ci. In
the Lagrangian projection, we have labelled the x-values corresponding the
arcs of constant slope in the front projection on the right. We have given the
arcs orientations, and the orientation of the binding in the Morse diagram
appears to be going right on this physical page, whereas the orientation of
the binding (as a boundary component of Ã) appears to be going left on this
page. Lastly, we have decorated the Lagrangian projection with appropriate
+ signs and defects in the interiors of regions.

not intersect Skel, so its projection in Ã is connected. As the arc is pushed through
the handleslide t-value, points on the arc will change colour.

• H2: on a strand where one point separated arcs coloured ci and ci+1, the point may
slide along the arc, through {x = 0}. This corresponds to arc 3 in Figure 12.10. This
time, the arc does intersect Skel, so their projection in Ã is disconnected. As the arc
is pushed through the handleslide t-value, points on the arc will change colour.
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Figure 12.9. From left to right: stabilisation and the forbidden move.

Figure 12.10. Arcs intersecting the cores and cocores of the efficient Morse-
Smale pair before and after a handleslide.

• H3: on a strand where one point separated arcs coloured ci and ci+1, the point
may slide along the arc, through {x = 0}, and a Dehn twist is introduced. This
corresponds to the arcs 1 and 2 in Figure 12.10. From Section 5 (and in particular,
Lemma 5.4), this handleslide can be realised by a Dehn twist, and thus the image of
the Legendrian knot under Φ, which is given by straightening out the flowlines of V ,
is changed by the inverse of this Dehn twist.

Crossing t = 0. Again, translation in the ∂t-direction is a Legendrian isotopy. As
was the case for the handleslide moves, we analyse the Legendrian arc with respect to the
characteristic foliation on pages. This time, when we push the Legendrian arc through Σ0,
both the Legendrian arc and the characteristic foliation change by the monodromy ϕ, but in
the same way. Thus the Lagrangian projection does not change. However, by our conventions
with the + signs for Reeb chords that do not intersect {z = 0}, and our measuring of the
defect, the + signs and the defects will change in the Lagrangian diagram. This is the Z
move.
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Figure 12.11. The Z move. Let n1, n2, n3, n4 be the defects around a
double point. Since the two strands of the Legendrian knot are supported
near Σ0, they both must have colouring ck. The preferred Reeb chord, which
changes, is coloured in red. The z = 0 coordinate is coloured in black.

Genericity of the projections. One of the genericity conditions is that we require Πi(Λ)∪C
to have only transverse double points (by a double point in Πi(Λ) ∩ C we mean that Πi(Λ)

intersects C transversely). Since Φ̃(Λs) is a Legendrian isotopy, and the contact structure is
transverse to the fibers, the isotopy projects to a homotopy of immersed curves which may
be assumed to be generic away from the R2, R3a, R3b and SCa and SCb moves pictured in
Figure 7.1.

We firstly consider the R2 move. To justify the signs, note that the strands of Φ̃(Λ)
are disjoint from one another through the isotopy. For the R2 move, find a ball D2 × I in
W̃ \ {z = 0}, where {pt} × I is tangent to the fibers of W̃ containing Λ0 and Λ1. Inside
this ball there is a projection onto D2 × {0} keeping track of the over and undercrossings.
From this projection it is clear that we get alternating signs for the Lagrangian projection,
depending on which strands are over or under in D2 × I. We can find the signs for the R3a
and R3b moves in the same way.

For the SC moves, we have a double point p near {x = 0}. There are two cases depending
on the + signs near p. Note that before and after the SC moves, the + signs around the
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Figure 12.12

double point p must stay the same. Let ap be the preferred Reeb chord over p, and H(ap)

its height. Moreover, in the region cobounded by {x = 0} and the curves crossing at p, label
the double points of Γ∩C by a and b going clockwise, and let ra and rb be the z-coordinates
of the points in Λ̃ that get projected to a and b. See Figure 12.12. If there is no plus sign in
the cobounded region near p, the area of the region is

0 < A = −H(ap) + rb − ra.

See Subsection 8.2 for more details on area conditions of regions in a diagram. Therefore in
this case rb > ra and there is a + on the arc of C. If there is a plus sign in the region near p,
then A < H(ap) at some time as p approaches C during the Legendrian isotopy of Λ. Thus,
when A < H(ap), rb < ra and there is no + sign over the arc of C. After an SC move, the
cobounded region between the double point on the other side of the square depicting {x = 0}
and {x = 0} will satisfy the same area conditions and have the corresponding + signs. □
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