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Abstract

We propose a dual-factor model for high-dimensional functional time series (HDFTS) that considers multiple
populations. The HDFTS is first decomposed into a collection of functional time series (FTS) in a lower
dimension and a group of population-specific basis functions. The system of basis functions describes
cross-sectional heterogeneity, while the reduced-dimension FTS retains most of the information common
to multiple populations. The low-dimensional FTS is further decomposed into a product of common
functional loadings and a matrix-valued time series that contains the most temporal dynamics embedded in
the original HDFTS. The proposed general-form dual-factor structure is connected to several commonly
used functional factor models. WWe demonstrate the finite-sample performances of the proposed method in
recovering cross-sectional basis functions and extracting common features using simulated HDFTS. An
empirical study shows that the proposed model produces more accurate point and interval forecasts for
subnational age-specific mortality rates in Japan. The financial benefits associated with the improved
mortality forecasts are translated into a life annuity pricing scheme.

Keywords: age-specific mortality forecasting, factor models, functional panel data, functional principal component
analysis, multilevel functional data

1 Introduction

The increase in human life expectancy poses risks to governments, healthcare systems, and the life
insurance industry. Government stakeholders and industry professionals require accurate and eas-
ily understandable mortality forecasting methods to assess the risks associated with extended lon-
gevity. Modelling and forecasting age-specific mortality rates have become an ongoing research
endeavour, particularly noting the seminal work of (Lee & Carter, 1992), which advances the field
of research. However, the Lee-Carter model and many of its extensions and modifications (see, e.g.
Li et al., 2013; Renshaw & Haberman, 2003; Wisniowski et al., 2015) consider only a single
population. A common disadvantage of such univariate mortality modelling methods is that
they tend to produce divergent forecasts for a group of related populations over relatively long
forecast horizons. As a remedy, coherent mortality forecasting methods (see, e.g. Li, 2013; Li &
Lee, 2005 ; Pampel, 2005 ) that simultaneously consider multiple populations have gained popu-
larity in recent years. This is because jointly modelling multiple closely related mortality series

T RingGold ID: 2219

Received: May 20, 2024. Revised: September 4, 2025. Accepted: September 5, 2025

© The Royal Statistical Society 2025.

This is an Open Access article distributed under the terms of the Creative Commons Attribution License (https://
creativecommons.org/licenses/by/4.0/), which permits unrestricted reuse, distribution, and reproduction in any medium,
provided the original work is properly cited.

GZ0Z J8qWIBAON €] U0 Jasn (FAILOVNI) Arelqr Ausiaaiun jeuonen uelensny Aq 6989728/ Lieub/esssilica0 L 0L /10p/ao1le-aoueApe/esssiljwoo dno-oiwapese//:sdiy woll papeojumod


https://orcid.org/0000-0002-0948-6073
https://orcid.org/0000-0003-1769-6430
https://orcid.org/0000-0002-3629-5803
https://orcid.org/0000-0002-8323-1490
mailto:chen.tang@anu.edu.au
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1093/jrsssa/qnaf144

2 Tang et al.

facilitates the pooling of common information from the considered populations, resulting in im-
proved forecasts (see, e.g. Jiménez-Varén et al., 2024, 2025; Shang, 2016).

However, the aforementioned multivariate mortality modelling methods cannot handle high-
dimensional multi-population mortality data. When working with mortality data in which the
number of populations (cross-sectional units) is comparable to, or even more significant than,
the observation years (sample size of FTS), many conventional statistical tools tend to fail, and
high-dimensional data analysis techniques are needed (see, e.g. Bithlmann & van de Geer,
2011; Cai & Chen, 2010). In addition, various populations (e.g. different countries) may report
mortality rates over different time intervals. Limiting mortality observations to the same time is
often necessary before applying conventional matrix-based multivariate mortality models (e.g.
the extended Lee-Carter model of Li et al., 2013).

To address these issues, we propose modelling multi-population mortality time series within a
functional data analysis framework, utilizing high-dimensional data analysis techniques. In this
context of functional data analysis, age-specific mortality rates in any given year can be considered
a curve. Hence, the curves relate to any particular population and are recorded sequentially ac-
cording to time form FTS (see, e.g. Hormann & Kokoszka, 2010; Ramsay & Silverman, 2006).
In the analysis of FTS, dimension-reduction techniques, such as functional principal component
analysis (FPCA), are necessary to collapse the infinite-dimensional curves into a series of orthonor-
mal basis functions and their corresponding matrix-valued coefficients. To handle the high dimen-
sionality of data related to a large number of populations, factor analysis is often used to reduce
the variation contained in multi-population data to a smaller number of uncorrelated factors (see,
e.g. Bai & Ng, 2008). When applying our proposed method to multi-population mortality data,
we employ both dimension-reduction techniques to solve the two-fold ‘curse of dimensionality’
(Bellman, 1966).

Early attempts at jointly modelling multivariate FTS in the literature include, for example, the
work of Di et al. (2009), which introduced the multilevel FPCA that performs the conventional
FPCA on intra- and inter-subject geometric components of multilevel functional data. Shang
(2016) applied multilevel FPCA to model the mortality rates of multiple populations. To consider
functional data that exhibit significant heterogeneity, Tang et al. (2022) proposed a clustering meth-
od capable of grouping multiple FTS into homogeneous sets before jointly modelling the curves in
each set. Gao et al. (2019) introduced a two-step approach to reduce HDFTS to a small number of
latent factors with corresponding factor loadings and basis functions. To obtain a global FPCA pro-
jection for multi-population FTS, Hallin et al. (2023) and Tavakoli et al. (2023) arranged HDFTS
into a panel structure and performed an eigendecomposition of the stacked FTS. Zhou and Dette
(2023) derived Gaussian and multiplier bootstrap approximations for sums of HDFTS.

Parallel to the functional framework, Wang et al. (2019) proposed a factor model for matrix-
valued high-dimensional time series, which is also capable of modelling multi-population mortal-
ity data. After arranging the considered ages and labels of the specific populations as row variables
and column variables, respectively, the matrix input across columns and rows reveals information
on the dependence from two distinct perspectives. The correlation of mortality rates in the age dir-
ection and among the cross-sectional units can then be summarized via factor analysis into low-
dimensional front-loading and back-loading matrices. All temporal information from the original
data is retained in a low-dimensional matrix-valued time series in the middle of the two loading
matrices. This method, developed by Wang et al. (2019), is conceptually similar to our dual-factor
structure for HDFTS, but considers conventional discrete-valued time series data.

In this work, we propose a dual-factor structure for modelling and forecasting HDFTS, which
allows us to effectively decompose HDFTS into the product of a vector of common loading (front
loading) functions, a low-dimensional matrix-valued time series, and a finite collection of factor
loading (backloading) functions. By doing this, the common age characteristics within the high-
dimensional mortality data are preserved in the front-loadings, and the region-specific features
over age are reflected in the back-factor loadings. In addition, the temporal dynamics of the ori-
ginal HDFTS are captured by the low-dimensional matrix-valued time series that facilitates fore-
casting. The proposed dual factor structure in general form covers several commonly used
functional factor models as special cases. By selecting the appropriate front and back-loading func-
tions, the proposed general dual-factor model structure can be extended to several existing models
in the literature.
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Our proposed model has several advantages over existing methods.

1. Our dual-factor model for HDFTS considers mortality observations as finite realizations of
an underlying continuous process with age as a continuum. In this functional framework,
we can better capture mortality dependence between various ages for a particular population
than can the matrix-valued time series factor model of Wang et al. (2019).

2. Compared to existing models for HDFTS, our proposed two-fold dimension reduction algo-
rithm can effectively isolate homogeneous features for all data and specific heterogeneous ba-
sis functions for each population, with most of the temporal dependence of the original
HDFTS retained in a series of low-dimensional factor matrices. The separation of homogen-
eity and heterogeneity in HDFTS vyields accurate forecasts for multi-population mortality
data. On the one hand, the heterogeneous basis functions accommodate the unique character-
istics of each population, reducing information loss in dimensionality reduction. On the other
hand, the extracted homogenous features contribute to nondivergent forecasts for closely re-
lated populations.

3. We employ FPCA based on long-term covariance (Rice & Shang, 2017; Shang, 2020) for di-
mensionality reduction to adequately capture the temporal dependence of HDFTS. To our
knowledge, this is the preferred FTS feature extraction method for forecast purposes (Gao
et al., 2019; Yang et al., 2022). The long-run covariance-based FPCA method considered
in this paper is analogous to dynamic FPCA (see, e.g. Hormann et al., 2015; Panaretos &
Tavakoli, 2013a), which employs functional spectral analysis, but offers a more straightfor-
ward implementation.

4. Our proposed model is highly flexible and can be compared with several existing models in
the literature. Selecting appropriate front- and backloading matrices enables our proposed
model to offer performances comparable to those of popular multi-population FTS models.
The structural flexibility of our proposed model is illustrated in Section 2.2.3.

Chang et al. (2024) recently proposed a two-step procedure for modelling high-dimensional
HDFTS (TSHDFTS) that initially performs independent component analysis of functional obser-
vations to achieve segmentations. Any two curves after transformation are uncorrelated, both
cross-sectionally and temporally. The second step involves a latent decomposition to identify a
finite-dimensional dynamic representation for each transformed curve. This modelling framework
of Chang et al. (2024) can be viewed as a reduced form of (2.4) where the front-loading function is
simplified to a constant matrix. Information loss is inevitable in this step of reducing functions to
scalars. In contrast, our proposed dual-factor model can better capture the age-varying features of
mortality rates via the front-loading functional factor. The empirical results in Section 6 verify that
our proposed method produces more accurate point and interval forecasts than the TSHDFTS
model.

Jiménez-Varon et al. (2024) considered a two-way functional ANOVA model for HDFTS that
decomposes observations into a deterministic component capturing differences of the functional
means and a time-varying residual component gauging the dynamic structure of the curves.
Compared to the two-way functional ANOVA method, our proposed dual-factor model has a
more flexible form, imposing fewer constraints on the functional means. Moreover, our dual-
factor model facilitates a decomposition of time-varying functional observations into common
factors and their associated back-loading functions. The back-loading functions improve the inter-
pretability of our results, while the common factors summarize time trends in human mortality
functions.

The remainder of the paper is organized as follows. Section 2 details our factor model and draws
connections with several existing models. Section 3 outlines our estimation procedures. Section 4
describes our forecasting method based on the factor model for HDFTS. Section 5 presents Monte
Carlo simulation studies to show the finite sample performance of the proposed method to recover
the homogeneous and heterogeneous features of HDFTS. Section 6 presents an empirical analysis
of the Japanese subnational age-specific mortality data. Section 7 concludes the paper, highlight-
ing how the methodology can be extended.
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2 Factor model for HDFTS

We propose a new dual-factor model for HDFTS, which separates homogeneity and heterogeneity
within HDFTS. The homogeneity represents the similarity that is shared among all cross sections,
while the heterogeneity represents the dissimilarity. In doing so, we reduce the dimensions of the
HDFTS, including summarizing the temporal information of the original data into a low-
dimensional matrix-valued time series. Doing so addresses the curse of dimensionality and makes
forecasting feasible.

2.1 Functional panel data structure

Let {X;(u),1 <t < T, u € [a, b]} be an N-dimensional FTS, where N is the number of FTS proc-
esses, and T is the sample size, i.e. the number of functions within each set of FTS. The high-
dimensional functional time series (HDFTS) can be organized into a single matrix format such that

X)) XN (u)
X)) AP () N (u
X(u) = : ,
X0 () XF (w) XN ()
X)) X (u)

where X(u) is a T X N matrix, each entry in the matrix, Xf) for ie {1, ..., N}, is defined in
H := L£*(T), a Hilbert space of square-integrable functions on a real interval Z € [a, b], with the
inner product (f, g) = /,f(#)g(#)du and the norm || - || = (, ).

Denote Y (u) = X1 (1) — 1) (u) as the centered FTS, where 1 (u) is the mean function of 7

FTS, denoted by {X gi)(u), X ({;)(u)}. Let us consider the following factor model for the centered
HDFTS

Vi) = [g(u0)]TFid ) + ' (), (2.1)

where ¢(u) is a column vector of length 7, with each entry being function-valued, that is, the fea-
tures common to all sets of FTS. To maintain consistency, all vectors in this paper are defined as
column vectors unless explicitly stated otherwise. The F, in (2.1) is a matrix of 7 X k. The A% (u) is a
vector of length k, with each i € {1, 2, ..., N} entry being function-valued, that is, reflecting the
specific characteristic (heterogeneity) of each FTS. Finally, e!” () is the error component with tem-
poral dependence along the time ¢ and cross-sectional dependence across the section i. We refer to
#(u) as front loading and 2”) (u) as back loading, respectively (see also Wang et al., 2019). Note that
the factor loadings in the literature mentioned above are scalars. In contrast, the factor loadings in
our proposed model are function-valued, which is generalized to accommodate complex data.

In our setting, the i column of X(u), X (u) = [X(li)(u), A X(Ti) )], represents an FT'S consist-
ing of serial dependence. The ™ row of X(u), X,(u) = [X" (u), ..., XN (u)]", consists of functions
of all cross sections N at a specific time #. It is noteworthy that these are correlated. Let us consider
the age-specific mortality rate as an example. Each entry in X(u) represents the age-specific mor-
tality rate curve' of a specific region at a specific time. The i column of X(x) represents the mor-
tality rate curves of the region i throughout the sample period, and the #" row of X(x) represents
the mortality rate curves of all countries at time ¢.

2.2 Model interpretation

The proposed model can be interpreted in the following ways. We use the back-loadings to char-
acterize the heterogeneity of the cross sections. Separation of heterogeneity reduces the original

Under the functional data framework, it can be assumed that there is an underlying continuous and smooth func-
tion. For the mortality data, we smoothed the mortality rates using weighted penalized regression splines proposed by
Hyndman and Ullah (2007).
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data into a multivariate FTS of smaller dimensions. These common multivariate FTS characterize
the homogeneity of the original data. After reducing the dimensions of these common multivariate
FTS, the temporal information is captured by low-dimensional matrix-valued time series, which
facilitates forecasting.

2.2.1 Dimension reduction along cross sections
We consider a functional factor representation given by

F{(u) = p(u)F,, (2.2)

where the common functional loading ¢(u) and the functional factor F; have the same dimensions
as in (2.1). The matrix-valued time series {F,} captures all the temporal dynamics of FTS {F,(u)}
according to this representation.

The model in (2.1) can then be expressed as

V) = 20 w)] F o) + € (), (2.3)
where A% (u) is a k-dimensional functional factor loading vector, A" (x) = [A(li)(u), o ﬂg)(u)]T,
with each entry being a function, defined previously, and F,(u) is a k X 1 vector of functional fac-
tors at time 7. €’ (x) is the error component with temporal dependence along the time ¢ and cross-
sectional dependence across the section i. This model differs from those of Hallin et al. (2023) and
Tavakoli et al. (2023), where the factor loading is function-valued, and the factors are scalar.
Front loading 21" (1) depends on 7, which represents the heterogeneity of each FTS, while the func-
tional factor F,(#) is common to all 7, which represents the common features of HDFTS. Then
Fu)=[Fi(u), ..., Fr(u)] isa kX T (k < N) matrix of FTS objects. In doing this, we separate
the common features of HDFTS, denoted by F(u), from heterogeneity, denoted by 2”(x), and re-
duce HDFTS to FTS with fewer dimensions.

Bai (2009) proposed a panel data model with interactive fixed effects, where the multiplication
of the r-dimensional factor back-loading 4; and common factors F; can be viewed as the interaction
of these two terms. The interactive effects model is more general than the additive effects model. It
allows the individual effect of i and the time effect of ¢ to be involved in the model interactively
rather than additively, giving more flexibility. Freyberger (2018) argued that the interactive fixed
effects model could handle cases where heterogeneity is not time homogeneous. Tang et al. (2022)
proposed a functional panel data model with additive fixed effects. To handle time-varying hetero-
geneity, they further proposed a clustering algorithm to search for homogeneous subgroups before
jointly modelling the FTS. Our model can be viewed as a functional extension of the interactive
fixed-effects model, as stated in (2.3), where both factor loading A*)(#) and common factors
Fi(u) are function-valued, and A% () captures the specific effects of different cross sections and
F(u) denotes common features with multiplication of 2” (x) and F,(u) allowing for time-varying
heterogeneity.

2.2.2 Dimension reduction on infinite-dimensional functions

Combining (2.2) and (2.3), we can express the HDFTS Yy(u) = [V} (u), ..., yi\l(u)]T in a matrix
format as

V! () = p(u)FeA(u) + ¢ (u), (2.4)

where the systems of back-loadings A(u) = [A"M(u), ..., AN (u)] are an k x N (k < N) matrix,
with the i row being 27 (x). The ¢(u) is the loading function common to all cross sections, the
A(u) consists of the system loading curves specific to different cross sections, and ¢€,(«) is a
N-dimensional vector of the white noise processes. To better illustrate this model, we express
the ¢(u)F;A(#) component of (2.4) using matrices as
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Fran Fooooo Frg /1(1])(14) /1(12>(u) e A‘lN)(u)
Fip1 Fioo ... Fz,zk 1(21)(14) /1(22)(,4) . A(ZN)(M)

P(u)F ) = [p1(u1) ¢y(u) ... ¢,(u)]

Fin Foo oo Fpe 100 w) 22w) .0 2 (w)

By reducing the dimensions of both functional continuum and cross sections, we can extract the
important information of the HDFTS into an r x k X T factor array F.

2.2.3 Model structural flexibility

The proposed model has a flexible structure that connects the HDFTS to many popular models in

the literature. We illustrate this desired property through several special cases of Equation (2.5).
Case 1: Constant back-loading matrix

When all elements in the back- loadmg matrix are equal to the same constant c, that is, /1 Nu)=c
Vgel{l,2,...,k},ie{l,2, ..., N}, Equation (2.5) can be reduced to

k r k r k
$(u)F,A(u [ Zqﬁp )Y Fipg € )Y Fipg ... cY_ ¢plu)> Ft,pq}.
g=1 p=1 gq=1 p=1 q=1
Letf,,=c Zszl Fy 4, then our proposed model can be expressed as
X (u )+ Zﬁtm +¢, (u),

where 4 (1) = E[X\(11)] is the mean function of " FTS {X"(x)}. This format is identical to the
vanilla FPCA-based time series model (see, e.g. Ramsay & Silverman, 2006).

‘We may also each entry in the back-loading matrix as constants depending on i, i.e.
iﬁ;)(u) =¢, Vqe({l,2, ..., k}. Equation (2.5) can then be reduced to

r k r k r k
¢<u>FIA<u>=[“ZW)Z&M ) By ) Fupg - CNZ%(“)ZE’”}’
g=1 p=1 g=1 p=1 q=1

p=1

Denoting ﬂg}, =¢ Z§=1 F; pq leads to the model given by
X9 (u ) + Z B, (1) + €' (

This can be viewed as a special case of Gao and Shang (2017), which employs the same set of basis
functions for all populations.

Case 2: Back-loading matrix with population-specific functions

If each element of the back-loading matrix is a function specific to i, that is,
ig)(u) =yu),¥ g€ (1,2, ..., k}, Equation (2.5) can be written as

k r k r k
$(u)F A (u [ Zqﬁp )Y Fipg 72)Y 4,0)Y Fipg ... y<N>(u)Z¢p(u)ZFt,pq}.
gq=1 p=1 g=1 gq=1

p=1
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Let f,, = Y% Fypq and ¢ () =y (1)g,(11). We then have

0 (00) = 1 a1) + iﬁt’pqﬁg’(u) +e (u),
p=1

which is a reduced version of the multivariate FPCA considered in Chiou and Miiller (2014).
Case 3: Discretized back-loading matrix
The back-loading matrix in our proposed model can also take discretized values. Consider a fi-
nite collection of grid points {1, ..., u,} over the entire functional support Z. For any specific #,
with £=1, ..., m, the entries in the back-loading matrix become scalar realizations, that is,
/12) () = ¢igm- Hence, the proposed model turns out to be equivalent to the factor model for high-
dimensional matrix-valued time series studied by Wang et al. (2019).

3 Parameter estimation

We present an estimation procedure for the parameters 4% (1), ¢(u), A'(u)F, in (2.1). In general, the
idea of the estimation procedure is to estimate the systems of back-loading first so that the HDFTS
is reduced to the FTS of lower dimensions. We then proceed to estimate the common front-loading
time series and the matrix-valued time series {F;}.

Suppose that we have T curves in each cross section, the estimation of ) (x) is as follows:

Then, yﬁ"’(u) is expressed as

3.1 Estimation of functional loadings A(u)
The cross-sectional specific functional back-loadings A% (u) represent the heterogeneity of each
FTS. To accommodate the serial dependence in each cross section, 2” (u) is estimated by the eigen-
decomposition of the long-run covariance operator corresponding to the i cross section.
Traditional FPCA is known to fall short in capturing the crucial information embedded in the
serial dependence structure of functional time series. Horvath et al. (2013) and Panaretos and
Tavakoli (2013b) defined smoothed periodogram-type estimates of the long-run covariance and
spectral density operators for FTS. Hormann et al. (2015) used the spectral density operator to
create functional filters to construct mutually uncorrelated dynamic FPCs so that dynamic FPC
scores can be analyzed component-wise. Rice and Shang (2017) proposed a bandwidth selection
method for estimates of the long-run covariance function based on finite-order weight functions
that aim to minimize the estimator’s asymptotic mean-squared normed error. Following their
work, the long-run covariance function for the i’ cross section ¢ (x, v) can be estimated by

)= 30 W) w0,

§=—00

where
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W(-) is the kernel function that assigns different weights to the auto-covariance functions of dif-
ferent lags, and b is the bandwidth. Despite many different types of kernel functions (see
Andrews, 1991; Gallant, 2009; Hansen, 1982; Newey & West, 1987; White, 1984, for types of
kernel functions), it is common to assign more weight to the auto-covariance functions of small
lags and less weight to the auto-covariance functions of large lags. Here, we use flat-top kernel
functions as they give a reduced bias and faster rates of convergence (Politis & Romano, 1996,
1999). The choice of bandwidth in the auto-covariance estimation can greatly affect our method’s
finite-sample performance. Therefore, we apply the adaptive bandwidth selection procedure of
Rice and Shang (2017) to gain a better estimate of the long-run covariance functions.

Remark 3.1  In the early literature of Lam et al. (2011) and Lam and Yao (2012), they es-
timate factor models based on the eigen-decomposition of autocovariances,
by assuming the error components in factor models to be white noise.
Recently, Zhang et al. (2024) extended the idiosyncratic components of
white noise to a weak temporal dependence (see Assumption 4 in Zhang
et al., 2024). Essentially, the auto-covariance eigen-analysis method is also
feasible when temporal dependence is allowed in the error component. The
intuition behind this feasibility is that, if the autocovariance of the factor
model part is still the leading term in the autocovariance of the original
data, factor estimation based on autocovariance can attain asymptotic con-
sistency, although it is not efficient compared with the white noise case.
Similarly, this estimation approach is also applicable when the idiosyncratic
components have cross-sectional dependence to some extent. Overall, we can
impose some restrictions on the cross-sectional and temporal dependence in
the idiosyncratic components, to make the factor model part play the leading
term in the eigen-decomposition of the covariance and autocovariance of the
original data. In this way, the factor model can be identified asymptotically.

The long-run covariance operator can be estimated by

CO = Y W(;) T ),

§=—00

where C(y)(u) = I’c\g")(u, v)y(v)dv, is the sample covariance operator in lag s. With the estimated
long-run covariance, we apply a principal component decomposition to extract the functional
principal components and their associated scores. By Mercer’s lemma, the estimator of the long-
run covariance function can be expressed as

where /9\(1") >§g) > ...> 0 are the estimated eigenvalues of a(i)(u, v), and [I(li)(u),l“\(zi)(u), ...] arethe

associated eigenfunctions. . _ '

The estimates of 2% (), denoted by 20 (y) = [//f(l’)(u), ...,//I(ls?(u)], are the eigenfunctions corre-
sponding to the first k; largest eigenvalues of /(f(i)(y)(u). Since we allow 2?(u) to vary according
to i, it represents the heterogeneity of each population.

To maintain the matrix format of the loadings of each population, k& is selected to be

k=max{k;:1 <i< N},

where k; is the number of components retained for the i population.

The selection of the optimal number of functional principal components has been widely studied
in the literature (for example, Chiou, 2012; Hall & Vial, 2006; Hormann & Kidzinski, 2015; Rice
& Silverman, 1991; Yao et al., 2005). In this paper, we follow Ahn and Horenstein (2013), Liet al.
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(2020) and Martinez-Hernandez et al. (2022) and determine k; as the integer that minimizes the
ratio of two adjacent empirical eigenvalues given by

w, (3 %

— : m m m

k= argmin F x 1 = >0)+1 =i <o)y, (3.1)
m 1 1

1<m<kl)

max

where k") is a pre-specified positive integer, J is a pre-specified small positive number, and 1(-) is

the indicator function. We choose k). = #{m |§m > Z,Tn=1 gm/T, m > 1} and set the threshold

o~

constant § = 1/In (max {6y, T}).

3.2 Estimation of F(u)

In order to estimate ¢(#) and F;, we need to estimate F,(u) in (2.3). To extract the common fea-
tures of the HDFTS, first rewrite (2.3) in matrix format given by

Vi(u) = AT(u) Fi(u) + e(u).

The it entry of Y,(u) can be expressed as follows:

k
V)= " A u) Fog () + € ().

q=1

This is essentially the functional concurrent regression model in Ramsay et al. (2009), but without
the intercept function, where /lg)(u) is a k-dimensional functional observation and F;4(u) is the

functional regression coefficient.
Let the N-dimensional residual function vector be

ri(u) = Vi(u) — AT(“)ft(u)~

Then, F,(u) can be estimated by minimizing the penalized sum of squares,” this is done through
fRegress function of the fda package in R. R
Concurrent functional regression is performed for each #=1,2, ..., T, such that F(u)=

[F1(u), Fa(u), ..., Fr(u)] is a k x T matrix of function-valued objects. Hence, we have a panel
of dimension-reduced FTS, which represents the common features.

3.3 Estimation of the front-loading function ¢(u) and factor matrix F;

Once F(u) is obtained, we can estimate ¢(u) and F, based on (2.2). Since F(u) is a dimension-
reduced panel of FTS, where each column may be correlated, the key is to calculate the
auto-cross-covariance of F(u). Wang et al. (2019) used the auto-cross-covariance to capture the
co-movement observations from different cross sections of different lags. We extend it to the func-

tional setting. Let Cy, j;(u, v) be the auto-cross-covariance function of the I and /™ column of F(u),
forlandj=1, ..., k, such that

Ch (1, v) = Cov[F (), Frypjlua)].

Since the operator using Cj, j;(u, v) as a kernel is not non-negative, we define a non-negative oper-
ator (using a similar idea as Bathia et al., 2010),

My, ji(u, v) = [ Cpi(u, 2)Cp (v, 2)dz.

2 See Chapter 10.2 of Ramsay et al. (2009) for details.
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For a pre-determined integer by, the operator

ho

kL k
DY My, v), (3.2)

h=1 I=1 j=1
is also nonnegative. The auto-cross-covariance function can be estimated by

_b
Ch,lj(”a v)= T4 }—t,l(l”)}—wh,/‘(v)-

t=1

—_
~

Hence, the operator M(u, v) can be estimated by

ho

ko k
sz Chl/ u, 2 Chl;(V z)dz.

h=1 I=1 j=1

Estimates of ¢(u [¢1 cets a,(u)], are the eigenfunctions corresponding to the first 7 lar-

gest eigenvalues of the elgen-decomposition on M(u, v). The optimal 7 can be selected using the
same approach as in (3.1).

Once ¢(u) is obtained, the estimated 7 X k matrix F, can be obtained through

= [, " () F] (u)du.

Therefore, all temporal information is extracted into the T sheets of r X k matrices.

We note a caveat that the front- and back-loadings of Equation (2.4) are not uniquely identifi-
able unless additional constraints are imposed. The lack of identifiability is not a major concern for
forecasting, since point forecasts depend on the combined effect of the functional factors and their
corresponding loadings. The reader is referred to (see Hormann & Jammoul, 2022, Remark 3) for
more discussions on the impacts of model identifiability on forecasting.

4 Forecasting

Based on the proposed model in (2.1), the functional panel data are extracted from T sheets of fixed-
dimensional factor matrices, F,. Forecasting HDFTS is equivalent to forecasting the estimated factor

matrices, F,. Following the standard matrix-valued time series forecasting method (see, e.g. Tsay,
2024, for more details), we initially vectorize the matrices {ﬁh ﬁz, el ﬁx} before applying vector
autoregressive (VAR) models to produce h-step-ahead in-sample forecast ﬁ,&hw, where k < T is
the training data sample size. In selecting the order of the VAR model, we follow the method of
Tsay (2013), where an information criterion is used, such as the Akaike information criterion.

For a given sample size x, the h-step-ahead in-sample forecast of the i cross section in the
HDFTS can be calculated as

X0 ) =0 ) + P(10)F iy, A (1),

To capture the uncertainties associated with the point forecasts, point-wise prediction intervals
could also be constructed. We apply the nonparametric bootstrap approach of Shang (2018) to
construct point-wise prediction intervals.

For a grid point #; on the curve, the h-step-ahead bootstrapped forecasts of the i cross section,

x0b <), can be obtained by adding a bootstrapped residual A(+h\x(“/) to the point forecast,

Xicl+h\x(ui)' The Efcll:hw(”/) is generated using sampling with replacement from the

in-sample-forecast errors,
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Algorithm 1: HDFTS forecasting

1 Input: HDFTS {X, (1) = [X™, X, ..., &M] t=1,...,x}.
2 Estimation Step:
2.1 Fori€e{l1,2,..., N}, compute the sample mean 7@ =13 XP(u) and the demeaned function
V=) ) - %
2.2Forie{l1,2,...,N}, apply the FPCA based on long-run covariance function to Y = [373"), ?;’), R W]T
and obtain the eigenfunctionsx(i) (u) = [’}71")(14), .. ,;1\2)(14)] corresponding to the first k; largest eigenvalues of
the long-run covariance operator of jiff), where k; is selected based on (3.1);

2.3 Choose k = max{k; : 1 <i < N}, such that the loadings of each cross section are of the same dimension such
that Au) = V@), AP w), ..., AN )]s

2.4Forte(1,...,«}, perform the concurrent functional regression with {5]5”, i=1,..., N}as the response and
{/):(i)(u), i=1,..., N} as covariates and obtain the coefficient functions f-‘t(u) = [f-',,l(u), A f-‘,yk(u)] and

Fy=F1@)", Fo@), ..., Fran'Ts

2.5Fori,je{l,...,k}, compute Eh,,,(u, v) = ﬁz{j ./7-\}_1(1/1)./7-\'”;,_,(1/);

2.6 For a predetermined g, compute ]\7[(14, v)= i"zl Zf;l Z’;:l fzah.lf(”, z)/C\h_lf(v, 2)dz;

2.7 Conduct eigendecomposition on M(x, v) and get ¢(u) = [¢, (#0), . . ., §,(1)], the eigenfunctions corresponding
to the first 7 largest eigenvalues of M(u, v), where 7 is selected based on similar idea as in (3.1);

2.8 Fort€{1,2,...,x}, compute F = fzg(u)T.%t(u)Tdu.

3. Forecasting Step:
3.1 Obtain the h-step-ahead forecast of {E, t=1,...,x}, ’f,ﬁ_h‘,c;
3.2 Recover the h-step-ahead forecast of the i™ cross section of the HDFTS,

2?;’15 (1) =70 (0) + §)F 2O (1),
Result: Xf:ikw(”)’ the h-step-ahead forecast of the i™ cross section of the HDFTS.

e ) = X0 ) = X, ), 9=2, .., T—h.

For a given significance level a, the h-step-ahead bootstrapped point-wise prediction interval for

(i)lb (i)ub
Kk+h | k(u/)’ XK+/’1 3

and 100 x (1 — a/2)™ percentile of the bootstrapped forecasts at each grid point, respectively.
The estimation procedure and the forecasting method are summarized in Algorithm 1.

the i cross section, [X' (1;)], can be calculated point-wise as the 100 x (a)2)"

5 Monte-Carlo simulation studies

We consider a series of Monte-Carlo simulations to evaluate the finite-sample performance of
the proposed method. The data generating process (DGP) is designed to show the proposed
method’s ability to accurately recover the front factor loading ¢(u) and the back factor loading

29 (u) of FTS.

1. The simulated {)' ()} functions are highly positively correlated, corresponding to the strong
temporal correlation. This is achieved by adopting VAR models with positive-diagonal coef-
ficient matrices.

2. The elements of the back factor loading 2”(u) are designed to slightly vary according to
i=1,2,...,N.

3. The elements of the front factor loading ¢(u) are selected to be independent of the individual
index 7. This setting is consistent with the practice that one set of homogeneous basis functions
is used in modelling highly correlated data.
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In total, we generate N sets of correlated FTS according to (2.1). In particular, the #* curve of i
FTS is generated from the following model contaminated with measurement error € ()

V() = @) F 2 () + € (),

where F; is a 2 X 2 matrix with each row generated using a VAR model of order 1. Specifically, the
first and second rows are generated using the VAR(1) model with coefficient matrices

0.5 02 04 -0.25
02 05) -2 03 )

The covariance matrix of the innovations for both VAR(1) models is ( 105

05 1
front-loading curves are ¢,(u)=+/2%sin(mu) and ¢,(u) =~/2% cos (xu), respectively, with

) . The two

{u=755:m=0,1, ...,100}. The two back-loading curves for each i are /1(2’) =sin (2zu + in/2)
and /1(1’) = cos (2zu + ir/2), respectively. The measurement error eM(w) is generated from a white
noise process with sigma = 0.5.

The above DGP involves different combinations of N and T. We select T = 10, 20, 30, 40 and
N =20, 30, 40. The pre-determined integer hg in (3.2) is taken to be one as the VAR(1) model is
considered.

The in-sample model fitting can be evaluated using root mean squared error (RMSE)

N T ) i 2
RMSE(h) = mzzzpﬁ”(um) —yi)(um)] :

where j/it) (u,,,) represents the estimated function value at the grid points #,, € [0, 1]. For each com-
bination of N and T, we simulate 100 replications with pseudo-random seeds and compute the
mean of the RMSE values.

Figure 1 displays the model fitting performance. For a given N(T), as T(N) increases, the estima-
tion error decreases. Moreover, the decrease in RMSE is larger when increaseing T for a given N
than the decrease in RMSE when increasing N for a given T. The decreasing RMSE when N in-
creases indicates that our model can handle high-dimensional cases when N > T.

6 Empirical studies

We apply the proposed method to forecast sub-national mortality rates in Japan (Japanese
Mortality Database, 20235). In particular, we consider the age-specific mortality rates of 47 prefec-
tures of Japan from 1975 to 2021. We pick this time interval to ensure that the number of obser-
vation years is less than the number of prefectures, ensuring the ‘curse of dimensionality’
challenges are preserved in the empirical data.

We evaluated and compared the prediction accuracy of the proposed method with several com-
peting methods. In addition, we estimate life annuity pricing to demonstrate the impact of the fore-
cast improvement from the proposed method.

6.1 Japanese subnational age-specific mortality

In the mortality data applications, the weighted penalized regression splines method is applied to
convert the observed data into continuous functions. Due to the sparsity of data for the very high
age group, we have aggregated both female and male mortality for ages over 100. Hence, the num-
ber of grid points on the mortality curves is 101.

Figure 2 shows the rainbow plots of the logarithm of the smoothed female mortality rates for
four prefectures of Japan, namely, Tokyo, Nagano, Kyoto, and Osaka, from 1975 to 2022. The
rainbow plots of Hyndman and Shang (2010) can visualize the time order of functions. The color
order of the rainbow reflects the time ordering of the functional observations. Functions from the
distant past are depicted in red, whereas more recent functions are shown in purple.
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RMSE value for different combinations of Nand T

0.125
0.100
N

LLl
2] @ 20
E @ 30

0.075 @ 40

0.050

0.025

10 20 30 40
T

Figure 1. Fitting RMSE for different combinations of N and T.

Although the general shapes of mortality rates for these four prefectures are similar, we may ob-
serve significant differences in the troughs and peaks and the overlaps of the curves. This indicates
that the mortality rates of different prefectures contain heterogeneity. To achieve improved fore-
casts of subnational mortality rates, we need to extract the common features and use these com-
mon features to produce forecasts. This could be achieved by separating the homogeneity and
heterogeneity of mortality rates in all prefectures. From (2.4), the heterogeneity of mortality rates
in each prefecture is reflected in the functional factor loading matrix A(u), as each prefecture has a
different set of functional factor loadings. The term ¢(u)F; represents homogeneity, which is com-
mon to all FTS.

Figure 3 shows the first four functional factor loadings (the ) (u) term) of mortality rates of four
chosen prefectures. All these four-factor loadings are different for these four prefectures. This rep-
resents the heterogeneity in subnational mortality rates with different troughs, peaks, and overlaps
of mortality rate curves.

After separating the heterogeneity, we extract the common characteristics, F;(u), in Figure 4,
which are common to all the mortality rate curves. This reflects the general common shapes
and color ordering of the mortality rates of all prefectures in Japan. By extracting common char-
acteristics, we have reduced the dimension of the FTS of 47 prefectures of Japan into smaller sets of
FTS. The temporal information within the original HDFTS is preserved in the fixed-dimensional
FTS.

In addition, the first four common functional factor loadings, ¢(u), of both genders are depicted
in Figure 5. Although the general shape is similar for men and women, the common functional
loadings for males contain more troughs and peaks, indicating that male mortality rates are
more volatile than those of females.

Table 1 presents the first six eigenvalues for the auto-cross-covariance function of the common
FTS and the long-run-covariance function of the FTS of four selected prefectures for both genders.
The eigenvalues are normalized so that the sum of all eigenvalues adds up to one to reflect the per-
centage of total variation explained. We observe that the first few factors would explain most of
the variations in the data.
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Figure 2. Functional time series displays for smoothed age-specific mortality rates of selected prefectures in Japan.
(a) Female smoothed mortality rates in Tokyo. (b) Female smoothed mortality rates in Nagano. (c) Female smoothed
mortality rates in Kyoto. (d) Female smoothed mortality rates in Osaka.

The number of factors that we select for common and specific FTS are four and six, respectively,
for females, and seven and eight, respectively, for males. With these selections of the number of
factors, we ensure that the factors explain 99% of the variation in the data. In addition, the per-
centages of total variation explained by the first factor for males are smaller than those for females,
and this also explains that the data for males are more volatile.

6.2 Forecast evaluation

We consider the Japanese sub-national mortality data between 1975-2022 in the empirical study.
To assess the stabilities of the model and the parameters over time, we adopt an expanding win-
dow analysis (see Zivot & Wang, 2006, Chapter 9 for details) and produce forecasts in iterations.
Specifically, we initiate the process by fitting the proposed method to the first 38 years of observa-
tions between 1975-2012 and generating one- to 10-step-ahead point forecasts. Through an ex-
panding window approach, we re-estimate the parameters of the considered model using the first
39 mortality curves from 1975 to 2013 and make one- to nine-step-ahead forecasts. The process is
iterated with the sample size increased by one year until the end of the observation period. This
process produces ten one-step-ahead forecasts, nine two-step-ahead forecasts, and so on, up to
one 10-step-ahead forecast.
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Figure 3. The first four functional factor loadings (the A7 (u) terms) for four selected prefectures of Japan, namely
Tokyo, Nagano, Kyoto and Osaka.(a) First functional factor loading. (b) Second functional factor loading. (c) Third
functional factor loading. (d) Fourth functional factor loading.

We compare the proposed method with the HDFTS method studied in Gao et al. (2019), the
high-dimensional functional factor model (HDFFM) (Hallin et al., 2023; Tavakoli et al., 2023),
the two-step high-dimensional functional time series model (TSHDFTS) (Chang et al., 2024),
the factor models for matrix-valued high-dimensional time series (MFM) (Wang et al., 2019),
and the tensor decomposition forecast methods (Canonical Polyadic Decomposition (CPD) and
Tucker of Dong et al. (2020)).

6.2.1 Point forecast accuracy

We use the root mean square forecast error (RMSFE) to evaluate the point forecast accuracy. The
RMSFE measures how close the forecast results are to the actual values of the data under forecast.
The RMSFE for the h-step-ahead forecasts of the i prefecture fori € {1, ..., 47} can be written as

_ 1 T-h 101 ) . 2
(i) _ (i) _ pl)
RMSFEY (h) = TX(T—n—h+1) ;:n m§=1[XK+h(um) XH,?‘K(um)] )
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Figure 4. First four sets of common FTS (F(u)) of selected prefectures (Tokyo, Nagano, Kyoto, and Osaka) in Japan.
(a) First set of common FTS. (b) Second set of common FTS. (c) Third set of common FTS. (d) Fourth set of common

FTS.
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Figure 5. The first four common factor loadings (¢(u)) for female and male data. (a) Common factor loadings for
female. (b) Common factor loadings for male.
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Table 1. The first six normalized eigenvalues for the auto-cross-covariance function of the common FTS and the
long-run-covariance function of four selected prefectures for both genders are reported

Female Male
Common Specific Common Specific
Eigenvalue Tokyo Nagano Kyoto Osaka Tokyo Nagano Kyoto Osaka
1 0.901 0.973 0.957 0961 0.971 0.873 0.959 0.933 0.937 0.956
2nd 0.055 0.018 0.026  0.018 0.016 0.048 0.019 0.024  0.029 0.024
3rd 0.023 0.004 0.007  0.010 0.006 0.032 0.012 0.015 0.013  0.008
4th 0.008 0.002 0.004  0.005 0.004 0.021 0.004 0.009  0.008 0.005
St 0.007 0.001  0.002 0.003 0.002 0.009 0.002  0.005 0.005 0.003
6™ 0.003 0.001 0.001 0.002 0.001 0.006 0.001 0.005 0.003 0.002
Sum 0.997 0.999 0.997 0999 1.000 0.989 0.997 0.991 0.995 0.998

Note. The eigenvalues for the auto-cross-covariance function of the common FTS are labelled as ‘Common’, and the
eigenvalues for the long-run-covariance function of the FTS are labelled as ‘Specific’.

where « is the number of observations used in generating the point forecasts, X’ 0 L, (1;) is the actual

value of the (x + h) curve of the i prefecture, X! +h(u,) is the h-step-ahead point forecast based on
the first x observations, and | is the number of grid points on each curve. We use the average
RMSFE for the h-step-ahead forecasts across all prefectures to reflect the accuracy of the
h-step-ahead point forecasts:

N
RMSFE(h Z RMSFEY
i=1

Table 2 tabulates the average RMSFE values across all prefectures for one-step-ahead to
10-step-ahead forecasts of different forecast methods. The bold entries highlight the method
that produces the most accurate point forecast. Forecasts based on the proposed method have
the smallest average RMSFE for both male and female mortality, which indicates that the pro-
posed method outperforms other methods in terms of point forecast. This implies that the pro-
posed model extracts the most information contained in the HDFTS.

6.2.2 Interval forecast accuracy

We use the interval scoring rule of Gneiting and Raftery (2007) and Gneiting and Katzfuss (2014)
to evaluate point-wise interval forecast accuracy. The interval score for the point-wise prediction
interval of the ih prefecture at time point u; is

Sa[ R )y R )3 28,00 = [R50 ) = RSP, (0]
2 .1b (0 (i) “(.Ib
[ m) = 20 o) [ 2 1) < L2, (0
21 i i i
+ 2[00 o) = RO ) [ 20 ) > R ),

where the level of significance a can be chosen conventionally as 0.2. It is not difficult to find that
the smaller the interval score, the more accurate the interval forecast. An optimal (which is also

minimal) interval score value can be achieved if Xx+h( u;) is between X:Jrl,})‘x( i) and XKJ},:‘bK( ).

Then the mean interval score for the h-step-ahead forecasts of the i prefecture can be written as
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Table 2. Average RMSE values (x100) in the holdout sample based on various forecasting methods are presented

Sex h FDFM TSHDFTS HDFTS HDFFM MFM CPD Tucker

Female 1 0.641 0.723 2.165 2.272 1.464 0.755 0.741
2 0.653 0.737 2.225 2.208 1.496 0.745 0.737
3 0.655 0.755 2.268 2.261 1.518 0.730 0.703
4 0.715 0.772 2.319 2.362 1.537 0.761 0.729
N 0.691 0.801 2.360 2.397 1.553 0.770 0.774
6 0.723 0.787 2.420 2.499 1.582 0.739 0.739
7 0.815 0.797 2.470 2.513 1.601 0.741 0.740
8 0.817 0.842 2.516 2.698 1.617 0.810 0.809
9 0.666 0.924 2.413 2.921 1.488 0.840 0.833
10 0.722 1.141 2.199 3.296 1.261 0.839 0.857

Mean 0.710 0.828 2.336 2.543 1.512 0.773 0.776

Male 1 0.998 2.444 2.119 2.627 2.970 2.703 2.730
2 1.004 2.516 2172 2.725 2.866 2.766 2.790
3 1.030 2.536 2.218 2.772 2.836 2.783 2.821
4 1.053 2.642 2.258 2.637 2.911 2.795 2.810
N 1.086 2.850 2.304 2.508 2.794 2.812 2.842
6 1.093 3.006 2.372 2422 2.917 2.841 2.869
7 1.112 3.161 2.432 2.484 3.149 2.865 2.905
8 1.138 2.634 2.473 2.496 2.937 2913 2.954
9 1.290 1.601 2.322 2.358 2.798 2.892 2.952
10 1.578 2.119 2.025 2.052 2.968 2.682 2.756

Mean 1.138 2.551 2.270 2.508 2.915 2.805 2.843

Note. Forecasts based on the proposed method are labelled as ‘FDFM’, forecasts based on high-dimensional functional
time series are labelled as ‘HDFTS’, forecasts based on the two-step high-dimensional functional time series model are
labelled as “TSHDFTS’, forecasts based on high-dimensional functional factor models are labelled as ‘HDFFM’, forecasts
based on matrix factor models are labelled as ‘MFM’, forecasts based on CPD tensor decompositions are labelled as
‘CPD’, and forecasts based on Tucker tensor decompositions are labelled as “Tucker’.

T-h 101
) = : 300 SR (), R0, 4, 1)
o 101X(T_”_h+1),c:nm=1 Kk+h |k K+h |k x+h

We use the average mean interval score for the h-step-ahead forecasts across all prefectures to re-
flect the accuracy of the h-step-ahead point-wise prediction interval:

Figure 6 shows the side-by-side box plots of the average mean interval score values across all pre-
fectures for one-step-ahead to 10-step-ahead forecasts of different forecast methods. From the box
plots, despite HDFTS performing better for female mortality, the proposed method performs rela-
tively the same as HDFTS, which indicates that the proposed method could generate relatively
smaller average mean interval score values for some of the forecast horizons. This demonstrates
that the proposed method is capable of producing more accurate interval forecasts.

After comparing the point and interval forecast results of various methods, we found that our
proposed method outperforms other competitive methods in forecasting HDFTS. This indicates
that the proposed model’s dimension reduction process efficiently captures both serial dependence
and correlation among cross sections in the HDFTS.
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Figure 6. Average interval score values (x100) in the holdout sample of various forecasting methods. (a) Mean
interval scores of various forecasting methods for female mortality. (b) Mean interval scores of various forecasting
methods for male mortality.

Table 3. Computational time (in seconds) of the considered high-dimensional mortality forecasting methods

Model Computation Time (seconds)
Our method FDFM 187.12
Gao et al. (2019) HDFTS 68.95
Wang et al. (2019) MFM 95.94
Dong et al. (2020) CPD 0.20
Dong et al. (2020) Tucker 0.39
Hallin et al. (2023) and Tavakoli et al. (2023) HDFFM 108.14

6.2.3 Computation speed

We also compare the computational speed of various high-dimensional mortality forecasting
methods. The methods shown in Table 3 are applied sequentially to the same training data set
to obtain one-step-ahead point forecasts, with their computation time recorded in seconds. It is
worth noting that CPD’s fast computation speed is due to the time efficiency of Tucker’s decom-
position embedded in the algorithm. Our proposed method takes 50% — 90% more time to imple-
ment compared to other functional data analysis approaches shown in the table. However, the
superior forecast accuracy of the proposed FDFM method justifies the additional computation
time. The TSHDFTS method of Chang et al. (2024) selects the parameters by cross-validation,
which requires a significant computation time in implementation. For this reason, we left the meth-
od out of the comparison presented in the table.

6.3 Life annuity pricing

Life annuities are one of the typical longevity insurance products for retirees, helping them finance
their retirements. Rapid improvements in mortality have exposed life insurers to longevity risk
(Ngai & Sherris, 2011). Accurate mortality forecasts could enable life insurers to manage longev-
ity risk effectively without holding excessive levels of capital. To illustrate the impact of these fore-
casting improvements, we use mortality forecasts to price life annuities, that is, the amount of
money an individual pays to a life insurer in return for annual payments after retirement until
death. We compare the present values of the life annuities, that is, the amount of capital that
the life insurer should reserve, based on mortality forecasts from different methods.
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In comparing the value of a life annuity, we calculate the present value (PV) of the life annuity
with $1 annual payments. More specifically, the price of a life annuity for an individual aged x in
year t is the PV of the annual payments of $1 that the individual receives after retirement until
death or a pre-agreed age (whichever occurs first). The retirement age is set to be 65, and the pre-
agreed age at which the annuity terminates is assumed to be 90. Then the price of the annuity can
be calculated as follows:

90—x
an,
vy X6
PVx t = n=1
| S\ ubes 1+(65—x)
Z] W 5 x < 65,

where PV, is the PV of the life annuity for an individual aged x in year ¢, ,px, is the survival prob-
ability of an individual aged x at year ¢ to survive after # years, and i is the interest rate used to
discount. An individual older than 65-year-old receives payment for each year of survival, and
for an individual younger than 65-year-old, the annuity is deferred with the first payment paid
out in the year that they survive their 66™ birthday.

To demonstrate the financial impact of the forecasting improvement in mortality, we compare
annuity prices based on mortality forecasting using different methods. We use the Japanese sub-
national mortality data of 47 prefectures from 1975 to 2012 as the training data set and the
data from years 2013 to 2022 as test data. We forecast the mortality rates for the test data based
on the training data using different methods. Then we calculate the annuity prices, PV, ,, using the
forecasts of mortality rates from different methods, as well as the actual mortality rates.

Table 4 exhibits the average prices of annuities with annual payment 1 and interest rate 2% in
Japan for some selected ages and years. Most forecasting methods tend to underestimate annuity
prices, which is a common phenomenon in actuarial science, corresponding to the underestimated
longevity risk (Ngai & Sherris, 2011). Compared to others, our methods slightly overestimate

Table 4. Average annuity prices with annual payment 1 and interest rate 2% in Japan for selected ages and years

Sex (Year, Age) TRUE FDFM HDFTS HDFFM MFM CPD Tucker
Female (1980, 55) 13.026 13.032 12.964 12.940 12.997 13.040 13.035
(1985, 60) 14.724 14.731 14.654 14.627 14.691 14.740 14.734
(1990, 65) 15.786 15.794 15.707 15.676 15.749 15.805 15.798
(1995, 70) 12.980 12.989 12.888 12.852 12.937 13.001 12.994
(2000, 75) 10.042 10.053 9.933 9.890 9.990 10.067 10.058
(2005, 80) 6.976 6.990 6.840 6.787 6.912 7.007 6.996
(2010, 85) 3.776 3.795 3.590 3.518 3.688 3.819 3.804
Male (1980, 55) 10.081 10.085 10.057 10.057 10.067 10.090 10.090
(1985, 60) 11.698 11.702 11.670 11.670 11.682 11.708 11.708
(1990, 65) 12.863 12.869 12.830 12.830 12.844 12.876 12.875
(1995, 70) 10.411 10.418 10.371 10.370 10.388 10.427 10.426
(2000, 75) 7.981 7.990 7.928 7.928 7.950 8.001 8.001
(2005, 80) 5.571 5.584 5.495 5.495 5.527 5.600 5.599
(2010, 85) 3.161 3.182 3.031 3.029 3.085 3.210 3.209

Note. Annuity prices based on true mortality rates are labelled as “TRUE’, annuity prices based on the proposed method
are labelled as ‘FDFM”, annuity prices based on high-dimensional functional time series are labelled as ‘HDFTS’, annuity
prices based on high-dimensional functional factor models are labelled as ‘HDFFM’, annuity prices based on a matrix
factor model are labelled as ‘MFM’, annuity prices based on CPD tensor decompositions are labelled as ‘CPD’ and
annuity prices based on Tucker tensor decompositions are labelled as “Tucker’.
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annuity prices. Further investigation of the annuity prices reveals that the pricing errors of the pro-
posed method are much lower than those of other methods.

To illustrate the financial impact of the mispricing on life insurers, consider the annuity pricing
for females aged 75 at year 2000. The pricing error for the proposed method is $0.011 per $1 pay-
ment. However, the pricing errors for other competing methods range from $0.016 to $0.152 per
$1 payment. Suppose the annual payment for each individual is $10,000, and 50, 000 people pur-
chased this product, based on the proposed method, the capital that the insurer needs to reserve is
reduced by at least 2.5 million ((0.016 — 0.011) x 10, 000 x 50, 000 = 2.5million), a significant
saving to the life insurer.

7 Conclusion

We propose a factor model for HDFTS. By identifying homogeneity, we can reduce the HDFTS to
an FTS of low dimensions. Then, a common functional front-loading can be determined to extract
the temporal information in HDFTS into a low-dimensional FTS. The proposed model provides
more flexibility, with certain choices of front and back-loadings; our model coincides with
some of the existing factor models for HDFTS.

Via a series of Monte-Carlo simulations, we demonstrate the performance of the proposed
method for in-sample model fitting and out-of-sample forecast accuracy. An empirical study on
age-specific mortality rates in 47 Japanese prefectures demonstrates the superiority of the pro-
posed method over existing models in forecasting. This result shows that the proposed model
can extract temporal information more effectively.

The proposed model can be viewed as a functional panel data model with interactive effects. We
considered the multiplicity of time trend effects and population-specific effects instead of addition
as in additive fixed-effects models.

In the current work, functional concurrent regression is performed for each t € {1, ..., T} to
obtain the FTS of lower dimensions, which omits the temporal dependence of functional observa-
tions. A possible future study could extend our functional concurrent regression to the FTS regres-
sion of Pham and Panaretos (2018). This awaits further investigation.
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