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Abstract

Keywords: Distribution Shift, Label Shift, Class Imbalance Problem, EM algorithm

The real world deployment of machine learning models usually faces problems of
distribution shift. Label shift is a common type of distribution shift that happens in
classification tasks, where the source domain (train set) and target domain (test set)
have different label distributions p () but identical distributions of image given label
p(x|y). Under label shift, the classifier trained on the source domain may not perform
as well in target domain.

Three problems arise under label shift: 1) detection: detect if label shift occurs, 2)
estimation: estimate the target label distribution when no target domain labels are
available and 3) correction: adapt a source domain classifier to the target domain
under label shift. In practical problems, a label shift estimation model is first deployed
to obtain an estimate of the target domain label distribution. A label shift correction
model is then used to obtain the desired target domain classifier based on the estimate
of the target label distribution.

This thesis investigates the label shift problems in the closed set classification, open
set classification and zero-shot classification tasks.

In the closed set classification setting, a novel classifier based label shift estimation
model and a more general feature based label shift estimation model are proposed.
Based on reasonable assumptions, the two proposed models estimate label shift
through EM algorithms, which are proved to converge to a Maximum Likelihood
Estimate or Maximum a Posteriori estimate of the target label distribution. The
estimation results are then used in a label shift correction model to obtain a target
domain classifier without retraining or fine-tuning the original source domain classifier.

In the open set classification setting, a novel classifier based label shift estimation
and correction model is proposed. With the help of a reference out-of-distribution
dataset at test time, the proposed model estimates the target domain label distribution
for both in-distribution classes that appear in the source domain as well as the extra
out-of-distribution class. Under reasonable assumptions, the proposed model is proved
to converge to a Maximum Likelihood Estimate of the target domain label distribution.
The estimation result is then used in a label shift correction model to obtain a target
domain classifier based on a pre-trained source domain in-distribution class classifier
and a out-of-distribution binary classifier without re-training or fine-tuning.

In the zero-shot learning setting, a label shift correction model is proposed. A novel
class-balanced triplet loss is proposed to help cluster features of each class equally
when the source domain has an imbalanced label distribution. A Gaussian Process
Regression model is then proposed to predict feature prototypes of unseen classes
based on feature prototypes of seen classes. The final zero-shot learning classifier is
then constructed, which is robust to source domain label shift.
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Chapter 1

Introduction

In recent years, research in image classification tasks has significantly advanced
with the help of the Neural Network (NN) models. Deep Neural Network (DNN)
models, which learn from labeled images, can exhibit human-like performance in
image classification tasks when the test data is within the training categories.

Despite the outstanding performance of the Neural Network models on the image
datasets, real world application of these models can sometimes yield unsatisfactory
performance due to the difference between the training data distribution and the test
data distribution. Thus, adapting a machine learning model under distribution shift
has become an active research area.

This thesis focuses on a particular type of distribution shift — label shift. The problem
of label shift attracts research interest due to its potential usage in classification tasks
like Face Recognition (Huang, Li, Loy et al., 2019a), Medical Diagnosis (Suresh et al.,
2023) as well as classification tasks in Satellite Imagery (KoBmann et al., 2021) and
Genomic Applications (Yoon and Kwek, 2005), etc.

1.1 Label Shift Problem

The label shift problem can be illustrated with a simple example. Suppose we are
training an image classifier to recognize animals commonly found in a group of
nearby cities (e.g., City A, City B, etc.) within the same region. Since these cities are
geographically close, the types of animals seen are the same across them (e.g., dogs,
cats, and birds), and their appearances are also similar. For instance, an image of a
dog captured in City A is just as likely to resemble a dog from City B.

During training, to reduce the effort of gathering and labeling images from all cities,
we only use labeled images from City A, where dog images are more frequent than
those of cats or birds. Due to this imbalance in the label distribution, the classifier
trained on City A’s dataset is biased towards the "dog" category (Buda et al., 2018a).

At test time, the classifier is deployed across all the cities. Take City B as an example
— here, in contrast to City A, birds are more commonly seen than dogs or cats.
Consequently, the classifier from City A that favors the dog category will perform
sub-optimally in City B, even though the appearances of the animals are similar in
both cities. The discrepancy between the label distributions in City A and City B
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( Train (City A) \ ( Test (City B) \

E

Optimal Classifier Optimal Classifier

. _J & J

Figure 1.1: Example of the label shift problem. When the source domain (train set)
and the target domain (test set) have different label distributions ps(y) # p¢(y). Even
if we assume the two domains have identical conditional distribution of image given
labels ps(x|y) = pt(x|y), the optimal classifier f on the source domain may no longer
be optimal on the target domain.

means that a classifier optimized for City A may not generalize well to City B, and
vice versa (Lipton et al., 2018).

Such a problem is referred to as the Label Shift Problem. To address this issue, we
should adjust the classifier when deploying it in other cities. Specifically, we want to
adapt the classifier trained on the dataset collected from the data distribution in City
A to the data distribution of City B, given that we have labeled images from City A
but only unlabeled images from City B. Achieving this involves tackling three key
sub-problems:

1. Detection: Verify that City B has a different label distribution compared with
City A. If the label distributions between the two cities are the same, deploying
the classifier in City B requires no further adjustment.

2. Estimation: If the label distributions differ between City A and City B, estimate
the label distribution in City B using the labeled dataset from City A, the
unlabeled dataset from City B, and the trained classifier.

3. Correction: Based on the estimate of the label distribution in City B and data
from City A and City B, adjust the classifier trained on City A to suit City B.

These three tasks are thus referred to as the label shift detection, estimation and
correction problems in the label shift literature (Alexandari et al., 2020; Lipton et al.,
2018). Such problems are referred as the Closed Set Label Shift (CSLS) problem in
this thesis, as the source and target domain has identical set of classes. The detailed
mathematical definition of these problems will be discussed in the next chapter
(Section 2.1). In practical problems, a label shift estimation model is first deployed
to obtain an estimate of the target domain label distribution. A label shift correction
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model is then used to get the desired target domain classifier based on the estimate of
the target label distribution.

When City B has an extra unique class (e.g.zebra in the zoo) compared with City A,
the label shift problem becomes the Open Set Label Shift (OSLS) problem (Garg,
Balakrishnan et al., 2022). In the OSLS problem, the detection, estimation and
correction problems can also be defined (Section 2.1) if we train an extra classifier to
distinguish between the unseen class (zebra) and the seen classes (dog, cat, bird).

Relation with Class Imbalance Problem: It is worth noting that some special cases
of the label shift problem also attract research attention. When all the categories
in the test dataset from City B are evenly distributed, or are assumed to be evenly
distributed, the Closed Set Label Shift problem degenerates to the Class Imbalance
problem (Buda et al., 2018b; Lu et al., 2019; Wang, Liu et al., 2016). The objective of
the Class Imbalance problem is to adjust the classifier trained on a class-imbalanced
dataset to suit a class-uniform test dataset.

Relation with Long-Tailed Recognition: When the train set from City A has a highly
imbalanced label distribution or even a Long-Tailed label distribution with some of
the classes having only a few samples available, the Closed Set Label Shift problem
becomes the Long-Tailed Recognition problem (Li, Cheung et al., 2022; Liu, Miao,
Zhan, Wang, Gong and Yu, 2019). In the Long-Tailed Recognition task, the classifier
is trained on a Long-Tailed dataset and tested on a class-uniform test set.

Relation with (Open) Domain Adaptation: The Closed Set Label Shift problem
can be treated as a special case of the Single Domain Generalization problem in the
domain adaptation task (Fan et al., 2021; Huang, Wang, Xing et al., 2020; Qiao et al.,
2020; Wang, Luo et al., 2021). In the Single Domain Generalization problem, both
the label frequency and the appearance of the animals are different between City A
and City B. The Single-Source Open-Domain Generalization problem has a slightly
different problem setup compared with the Open Set Label Shift problem, where
City B is assumed to contain multiple extra OOD classes instead of a single OOD
class (Bele et al., 2024).

1.2 A Brief History

Adjusting a machine learning model under distribution shift can be seen as an unsu-
pervised domain adaptation task (Garg, Wu, Balakrishnan et al., 2020). Moreover,
the domain adaptation setting can be further categorized as a transfer learning setting
called transductive transfer learning (Pan and Yang, 2009).

Transfer learning or domain adaptation began receiving attention in the late 1990s
with different names like “learning to learn" and “knowledge transfer" (Thrun and
Pratt, 1998). The research field of domain adaptation aims to adapt a model trained
on one domain (source) to perform well on another domain (target) where the data
distributions are different. Early works primarily focused on situations where the
entire distribution (both labels and features) shifts (Caruana, 1996).

In the 2000s, researchers started identifying specific forms of distribution shift, includ-
ing covariate shift (where the distribution of data changes) (Shimodaira, 2000) and
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Shift Name Label Shift Covariate Shift Domain Shift
Shifted Distribution |p(y) (label) p(x) (data) p(x,y) (joint)
Invariant Distribution| p(x|y) p(y|x) -

Table 1.1: Different types of distribution shift.

label shift (where the distribution of labels changes) (Saerens et al., 2002; Storkey,
2009; Vucetic and Obradovic, 2001).

By the early 2010s, label shift was formally recognized as a distinct type of distribution
shift, which was referred to as the "Prior Probability Shift" (Chan and Ng, 2005;
Storkey, 2009). During this time, several approaches are proposed for the label shift
problem — the EM algorithm based approach (Saerens et al., 2002), the confusion
matrix based approach (Vucetic and Obradovic, 2001) and the kernel mean matching
approach (Zhang, Scholkopf et al., 2013).

The late 2010s saw further development of methods to address the label shift problem,
with a focus on the more specific label shift detection, estimation, and correction
problems (Lipton et al., 2018). Utilizing Deep Neural Networks as classifiers, re-
searchers proposed various techniques to estimate and correct label shift in high
dimensional datasets like CIFAR10/100. For instance, methods that leverage con-
fusion matrices (Lipton et al., 2018) or classifier outputs (Alexandari et al., 2020)
became popular.

In recent years, the label shift problem has been analyzed in broader and more realistic
problem setups. For example, Wu, Guo, Su et al. (2021) analyze the label shift
problem in an online learning setting, where the target label distribution can evolve
with time; Garg, Balakrishnan et al. (2022) investigate the label shift problem in the
open set classification setting, where the target domain has an extra out-of-distribution
class. Details of the recent label shift literature will be reviewed in Chapter 2.

1.3 Terminology

This section briefly introduces the commonly used terminology in this thesis, which is
related to the label shift problem and the three image classification tasks we consider.

Source/Target Domain: These terms are commonly used in the context of the label
shift problem, or more broadly, the distribution shift problems. The source domain
refers to the domain where the training data samples are collected, which are assumed
to be drawn i.i.d. (independently and identically distributed) from the source data
distribution. Similarly, the target domain refers to the domain where the test samples
are collected, which are expected to be drawn i.i.d. from the target data distribution.

Closed Set Classification: A closed set classification task is a classification task where
every sample in the test dataset has a corresponding ground truth label belonging to a
class in the training dataset. In other words, the label set of the test data is either a
subset of, or identical to, the label set of the training data.

Class Imbalance Problem: The class imbalance problem is commonly addressed in
the closed set classification task context. When the training dataset from the source
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domain has an imbalanced label distribution, the classifier tends to overfit the majority
classes, which appear more frequently, while underfitting the minority classes, which
are less represented (Buda et al., 2018b). The class imbalance problem can be
viewed as a special case of the label shift problem, where the source domain has an
imbalanced label distribution and the target domain has a uniform label distribution.

Long-Tailed Recognition: The Long-Tailed recognition task focuses on the closed
set classification task, where the source domain training dataset has a Long-Tailed
label distribution. In a Long-Tailed dataset, the majority (head) classes typically
have thousands of samples, while the minority (tail) classes are represented by very
few (Liu, Miao, Zhan, Wang, Gong and Yu, 2019). The Long-Tailed recognition
problem can be viewed as an extreme case of the class imbalance problem and is
frequently encountered in real-world applications (Xu et al., 2021).

Open Set Classification: The open set classification task extends the closed set
classification task by introducing an extra out-of-distribution (OOD) class in the test
data distribution (Chen, Peng et al., 2021). Consequently, the label set of the test data
is the union of the label set of the training data (or a subset of it) and a label set with a
single element representing the OOD class.

(Generalized) Zero-Shot Learning: In a zero-shot classification task, the challenge
is to classify images where the labels in the test dataset belong to either "seen classes",
which are present in the training dataset, or "unseen classes", which appear only in
the test dataset (Elyor et al., 2017). This problem is typically tackled using semantic
information that links the seen and unseen classes. Since the visual information for
the unseen classes is unavailable during training, this type of image classification
is referred to as Zero-Shot Learning. A generalized zero-shot learning (GZSL) task
extends the traditional zero-shot learning (ZSL) task. The critical difference is that, in
GZSL, the test set includes images from both seen and unseen classes (Xian, Lampert
et al., 2019).

1.4 Objective and Approach

1.4.1 Objective

This thesis aims to develop label shift estimation and correction models under different
classification settings. Considering existing works on the label shift problems, this
thesis heads towards this objective via four steps:

1. Develop a robust label shift estimation model for label shift problems in the
closed set classification tasks.

2. Improve the closed set label shift estimation model by relaxing the requirement
of the model on the image classifier.

3. Analyze the label shift problem in the more realistic open set classification task
and develop feasible models.

4. Explore the label shift problems in the more challenging Zero-Shot classification
tasks.
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Such an objective is beneficial because this series of investigations in increasingly
more challenging or realistic settings can help the application of the label shift models
to real world problems.

1.4.2 Scope

The scope of this thesis is restricted in several aspects. Firstly, we investigate ex-
clusively the problem of label shift. Other types of distribution shift like covariate
shift (Sugiyama et al., 2007), sub-population shift (Santurkar et al., 2020) or concept
shift (Kull and Flach, 2014) are not considered or jointly considered with label shift
in this thesis.

Moreover, the classification tasks we consider are limited to the single-label classific-
ation tasks, which require each data sample to be associated with one ground truth
label that can be represented with a scalar. Other cases like multi-label classification
tasks with multi-labels associated with one image (Tsoumakas and Katakis, 2008)
and dense classification tasks like the semantic segmentation (Kirillov et al., 2023)
and saliency detection (Zhang, Fan et al., 2021) task are not considered in this thesis.

Finally, the label shift problems we consider usually expect a pre-trained NN classifier
or NN feature extractor to be available. Therefore, this thesis does not focus on
developing methodology for NN training and optimization. The proposed models are
compatible with pre-trained NN classifiers with different architectures.

1.4.3 Approach

The approach taken in this thesis is to first improve the robustness of the Closed
Set Label Shift estimation model under highly imbalanced source and target label
distributions by utilizing the Bayesian Inference methods (Chapter 3). A more general
feature based Closed Set Label Shift estimation model is then developed by utilizing
the Latent Variable Model (Chapter 4). The label shift problem in the open set
classification task is explored through re-parameterizating the problem as a well-
studied Closed Set Label Shift problem (Chapter 5). Finally, the label shift problem
in the Zero-Shot Learning setting is tackled with a Neural Network trained with
class-rebalancing loss and a Gaussian Process Regression model (Chapter 6).

1.5 Contribution Summary

The main contributions of this thesis are outlined below:

* A novel Closed Set Label Shift estimation model that is robust under a highly
imbalanced source or target domain label distribution. The model consists of
1) an EM algorithm that obtains the Maximum a Posteriori (MAP) estimate
of the target label distribution and 2) an Adaptive Prior Learning model that
determines the parameter of the Bayesian prior used to obtain the MAP estimate.

¢ A novel, robust Closed Set Label Shift estimation model that is flexible with
different choices of classifiers. The model consists of 1) an algorithm that
obtains the MLE of the parameters of the class conditional feature distribution
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and 2) two EM algorithms that obtain an MLE/MAP estimate of the target label
distribution.

* A novel Open Set Label Shift estimation model that estimates the target la-
bel distribution with a pre-trained ID-class classifier and a pre-trained binary
ID/OOD classifier without retraining or fine-tuning. The model consists of 1)
an algorithm that obtains the estimate of the source domain ID data ratio, 2) an
EM algorithm that obtains the MLE of target label distribution for ID classes
and the OOD class and 3) an algorithm that obtains an estimate of the target ID
data ratio with a relaxed assumption.

* A novel Zero-Shot learning model that is robust under source domain label shift
for seen classes, which consists of 1) a feature re-balancing model trained with
a novel class-balanced triplet loss and 2) a Gaussian Process Regression model
that predicts unseen class feature prototypes based on the seen class features
and the semantic information available.

1.6 Thesis Outline

This thesis comprises seven chapters, with Chapters 3 - 6 each including one of the
four works (two published and two submitted) on the label shift problems for different
image classification setups.

In Chapter 2, the formal definitions of the label shift problem in the closed set/open
set classification tasks are introduced. Then, the methods used to tackle the label shift
problems in this thesis — the Neural Networks models, Bayesian Inference method,
EM algorithm, Gaussian Processes models and Latent Variable models, are briefly
discussed. Finally, the literature on the label shift problem and related areas, including
the Class Imbalance problem, Long-Tailed Recognition task, Out-of-distribution
detection task and Zero-Shot learning task, are reviewed.

In Chapter 3, we investigate the label shift problem in the closed set classification task.
A label shift estimation model named Maximum a Posteriori Label Shift (MAPLS) is
proposed, which is robust when the source or target domain has a highly imbalanced
label distribution. In the proposed model, an EM algorithm is derived and is proven to
converge to the unique MAP estimate of the target label distribution under reasonable
assumptions. An Adaptive Prior Learning (APL) model is proposed to determine the
parameter of the Bayesian prior based on available data.

Chapter 4 also considers the Closed Set Label Shift estimation problem. A General-
ized Label Shift Estimation (GLSE) framework is proposed to estimate the target label
distribution based on a feature based classifier. In the proposed framework, four label
shift estimation models are proposed based on the different types of image features
being used. Two EM algorithms are derived and proved to converge to a MLE of the
target label distribution and the unique MAP estimate of the target label distribution,
which can be used in each of the four proposed models.

In Chapter 5, the Open Set Label Shift estimation problem is considered. An Open
Set Label Shift for Maximum Likelihood Estimate (OSLS-MLE) model is proposed to
estimate target label distribution for both the ID classes and the extra OOD class. The
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proposed model includes 1) an estimate of the source label distribution of the OOD
class, 2) an EM algorithm for Maximum Likelihood estimates (MLE) of the target
label distribution, and 3) an estimate of the target label distribution of the OOD class
under relaxed assumptions on the OOD classifier. The sampling errors of estimates in
1) and 3) are quantified with a concentration inequality.

In Chapter 6, the label shift problem in the Zero-Shot learning task is considered.
A novel Zero-Shot Learning model is proposed, which is robust to label shift for
the source domain seen classes. The proposed model consists of 1) a linear Neural
Network that is trained with a label shift corrected loss that re-balances image features
when the source domain has an imbalanced label distribution and 2) a Gaussian
Process Regression model that predicts the image prototypes of the unseen classes
based on the seen class image prototypes and the semantic vectors for the seen and
unseen classes.

Finally, Chapter 7 summarizes the main contributions of the thesis and discusses
ongoing and future work stemming from this research.

1.7 Publications

This section provides the publications associated with my PhD research. Publications
where 1 did not serve as the first author are not discussed in this thesis.

Published Works

* Ye, Changkun, Nick Barnes, Lars Petersson, and Russell Tsuchida. "Efficient
Gaussian process model on class-imbalanced datasets for generalized zero-shot
learning." In 2022 26th International Conference on Pattern Recognition (ICPR),
pp- 2078-2085. IEEE, 2022.

* Ye, Changkun, Russell Tsuchida, Lars Petersson, and Nick Barnes. "Label shift
estimation for class-imbalance problem: A bayesian approach." In Proceedings
of the IEEE/CVF Winter Conference on Applications of Computer Vision
(WACV), pp. 1073-1082. 2024.

* Ye, Changkun, Russell Tsuchida, Lars Petersson, and Nick Barnes. "Open Set
Label Shift with Test Time Out-of-Distribution Reference." In Proceedings of
the Computer Vision and Pattern Recognition Conference (CVPR), 2025, pp.
30619-30629.

Under Review Papers

* Ye, Changkun, Russell Tsuchida, Lars Petersson, and Nick Barnes. "Label
Shift for Class Imbalance Problem — A General Two Stage Framework." sub-
mitted to TPAMI.

Non-lead Author Publications

* Liu, Jiawei, Changkun Ye, Ruikai Cui, and Nick Barnes. "Self-Calibrating
Vicinal Risk Minimisation for Model Calibration." In Proceedings of the
IEEE/CVF Conference on Computer Vision and Pattern Recognition (CVPR),
pp. 3335-3345. 2024.
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* Han, Pengxiao, Changkun Ye, Jieming Zhou, Jing Zhang, Jie Hong, and
Xuesong Li. "Latent-based Diffusion Model for Long-tailed Recognition." In
Proceedings of the IEEE/CVF Conference on Computer Vision and Pattern
Recognition, pp. 2639-2648. 2024.

* Liu, Jiawei, Changkun Ye, Shan Wang, Ruikai Cui, Jing Zhang, Kaihao Zhang,
and Nick Barnes. "Model calibration in dense classification with adaptive label
perturbation.” In Proceedings of the IEEE/CVF International Conference on
Computer Vision (ICCV), pp. 1173-1184. 2023.
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Chapter 2

Background and Literature Review

This chapter introduces the formal definition of the label shift problem, reviews the
background material to clarify key terminology, and outlines the related research
literature. Formal definitions of the label shift problems in the closed set and the open
set classification tasks are first provided in Section 2.1, as they are the main problems
investigated in this thesis.

The background section (Section 2.2) introduces the Deep Learning and Machine
Learning methods used in this thesis. These methods include 1) the Neural Network
models that are used as image classifiers or image feature extractors, 2) the Bayesian
inference methods, the EM algorithm and the Latent Variable Model (LVM) used in
the closed set and Open Set Label Shift estimation models proposed in Chapter 3,4,5
and 3) the Gaussian Process models that are used in the label shift correction problem
in the ZSL task (Chapter 6).

The literature review section (Section 2.3) briefly summarises recent literature on 1)
the label shift problem in different classification tasks, 2) the class imbalance problem
and the Long-Tailed recognition problem, which can be seen as a special case of the
label shift problem, 3) the OOD detection task, where the OOD models proposed in
these works are used in our Open Set Label Shift models (Chapter 5) and 4) the ZSL
task that could also suffer from the problem of label shift (Chapter 6).

2.1 Problem Definitions

This section provides the formal definitions of the closed set and the open set label shift
problems. The Closed Set Label Shift detection, estimation and correction problem
are defined following the definition in Lipton et al. (2018). The Open Set Label Shift
problem is defined by extending the closed set classification setting to the open set
classification setting. The Closed Set Label Shift estimation and correction problem
are analyzed in Chapter 3,4. The Open Set Label Shift estimation and correction
problem are investigated in Chapter 5.

2.1.1 Closed Set Label Shift Problem

The Closed Set Label Shift (CSLS) problem considers the closed set classification
task where the source (train) and target (test) domain have different label distributions
ps(y) # pt(y). The objective of the CSLS problem is to detect if label shift happens
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between the source and target domain, estimate target label distribution and correct a
source domain classifier to the target domain under label shift.

Assumption: To analyze the CSLS problem, it is usually assumed the conditional
distribution of data given label p(x|y) is invariant between the source and target
domain (Alexandari et al., 2020; Garg, Wu, Balakrishnan et al., 2020; Lipton et al.,
2018), which can be formally stated as

Assumption 1. (Closed Set Label Shift Assumption)

ps(x|ly =i) = pi(x|ly = i) forall ie ). 2.1)

Datasets: In the CSLS problem, we have two observed datasets: a labeled source
domain (train) dataset D° and an unlabeled target domain (test) dataset Df. The two
datasets can be formally defined as:

{ps:{xls,yf};\fl where  (x5,95) ~iia ps(x,y)

2.2)
Ds = {x}N] where  (xf,+) ~iia pe(x,y).

Model: As a classification problem, the CSLS problem usually assumes a source
domain classifier or feature extractor f is available.

Problem Setup: Under Assumption 1, given source labeled dataset D°, target
unlabeled dataset D! and classifier f, the CSLS problem focus mainly on three
sub-problems, named label shift detection, estimation and correction — 1) detec-
tion: verify if the label distributions in the source and target domain are identical,
ie. ps(y) = pt(y), 2) estimation: estimate the target label distribution p;(y = -) and
3) correction: adapt a source domain classifier f to the target domain. The formal
definition of the CSLS problem is as follows:

Definition 1. (Closed Set Label Shift Problem)
Under Assumption 1, given:

« Source domain labeled data D° = {(x%,y5)}V, (K classes);

« Target domain unlabeled data D' = {x! f\ﬁ | (K classes);
* Source domain classifier f.
the CSLS problem is to solve
e Detection: Verify ps(y = -) = pi(y = -);
* Estimation: Estimate p;(y = -);
* Correction: Model p;(y = -|x) based on f.

Assumption | and Definition 1 will be referred to in the later chapters when the Closed
Set Label Shift problem is under consideration.
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Figure 2.1: Available information in the Closed Set Label Shift problems, which
includes: 1) assumption: conditional distribution of image given label is the same
between the source and target domain (Assumption 1), 2) datasets: a source domain
labeled dataset and a target domain unlabeled dataset and 3) model: a source domain
classifier f. This information is used for closed label shift detection, estimation and
correction problems.

2.1.2 Open Set Label Shift Problem

The Open Set Label Shift (OSLS) problem has only been studied recently (Garg,
Balakrishnan et al., 2022). The OSLS problem extends the closed set setting, where
the target domain has an extra out-of-distribution (OOD) class. In the OSLS problem,
we have the data space X C R? and label space Y U {K + 1} that includes in-
distribution (ID) class labels ) = {1,2,.., K} and the OOD class label K + 1.

Assumption: Similar to the Closed Set Label Shift assumption (Assumption 1), the
Open Set Label Shift assumption can be formally stated as

Assumption 2. (Open Set Label Shift Assumption)

ps(xly =1i) = pr(xly = i) forall i€ YU{K+1}, (2.3)

where the OOD data in the source domain should also look the same as the OOD data
in the target domain, even when no source domain OOD samples are available in the
OSLS problem setup.

Data: Similar to the CSLS problem, the OSLS problem also has two observed datasets:
a source domain dataset D° and a target domain dataset D*. The only difference is
that the target domain dataset D! will contain samples that belong to K ID classes and
1 OOD class. The two datasets can be formally defined as:

{DS =G where (YD)~ psey)

t
D' = {xj}iL where  (x},-) ~iia pr(x,y),
where p;(x, ) is supported on X' x J U {K + 1} with the extra OOD class.

Model: the OSLS problem assumes the availability of a source domain ID classifier
f: X — AK~1 and an OOD/ID classifier h : X — [0,1].
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Problem Setup The OSLS problem can also be divided into detection, estimation
and correction problems — 1) detection: verify if the source domain label distribution
is identical to the target domain label distribution for ID classes, i.e. ps(y = ) =
pe(y = -ly € V), 2) estimation: estimate the target label distribution p;(y = -) for
K + 1 classes and 3) correction: construct a model for the target domain p;(y|x)
based on the source domain ID classifier f and the source domain ID/OOD classifier
h. The formal definition of the OSLS problem can be stated as follows:

Definition 2. (Open Set Label Shift Problem)
Under Assumption 2, given:

« Source domain ID labeled data D° = {(x¢, %)}, (K ID classes);

» Target domain unlabeled data D! = {xf f\ﬁ 1 (KD classes + 1 OOD class);
* Source domain ID classifier f;
» Source domain ID/OOD classifier h,
the Open Set Label Shift problem is to solve
e Detection: Verify ps(y) = pt(yly € V);
* Estimation: Estimate p;(y = -);
* Correction: Model p;(y = -|x) based on f and h.

Assumption 2 and Definition 2 will be referred to in the later chapters when the Open
Set Label Shift problem is under consideration.

Source Domain \ ( Target Domain \
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Figure 2.2: Available information in the Open Set Label Shift problems, which
includes: 1) assumption: conditional distribution of image given label is the same
between the source and target domain (Assumption 2), 2) datasets: a source domain
labeled dataset and a target domain unlabeled dataset (that includes an extra OOD class)
and 3) models: a source domain classifier f for ID classes and a source domain ID/OOD
binary classifier /1. This information is used for Open Set Label Shift detection, estimation
and correction problems.
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2.2 Background Materials

This section outlines the literature and techniques that are used in our work for the
label shift problem. The Neural Network models are used as image classifiers or
feature extractors. Several Statistical Inference methods, Bayesian Inference methods,
EM algorithm and Latent Variable Models are used in the closed set and Open Set
Label Shift estimation and correction models in Chapter 3,4,5. The Gaussian Process
model is used in the Zero-Shot Learning task under label shift, which is discussed in
Chapter 6.

Method Used in Functionalities
Neural Networks Chapter 3,4,5,6 image classifier/feature extractor
Statistical Inference Chapter 3,4,5 parameter estimation
Bayesian Inference Chapter 3,4,5,6 parameter estimation
Latent Variable Model Chapter 4 formulating the problem
EM algorithm Chapter 3,4,5 optimizing the (non) Bayesian objective
Gaussian Process (Regression)|  Chapter 6 predict class prototypes

Table 2.1: Summary of the Machine/Deep Learning methods used in this thesis.

2.2.1 Neural Network Models

This section briefly introduces the Neural Network (NN) models, which are used
as image classifiers or feature extractors in the label shift models proposed in the
following chapters (Chapter 3, 4, 5). Please refer to Goodfellow (2016) for a more
detailed discussion about the NN models and deep learning methods.

Neural Network (NN) models have performed excellently in many machine learning
problems in recent years (He, Zhang et al., 2016; Russakovsky et al., 2015a; Simonyan
and Zisserman, 2015). In a multi-layer feedforward neural network, the input data will
pass through a series of blocks, each consisting of a linear transformation function
and a non-linear activation function. For example, a L-layer fully-connected neural
network model f(x) can be defined as:

(1) f1=1) b)), 1€{2,3,..,L}
_ (L) )y — JOWOIFED () +b1), 1€{2,3,..,L},
flx) = f7 (), where f(x) = {a(w(1>x+ b)), 1=1,
(2.5)
with W, b() as the weight matrix and bias vector in the I*" layer of the network and

o (-) as the non-linear activation function.

The NN models are usually trained on a dataset D = {x;, ]/i}il\i 1 drawn i.i.d. from
some data distribution p(x, y) with a loss function £(-, -). The objective is to minimize
the expected risk R(f) w.r.t. model f defined in Eq. (2.5), which is approximated by
the empirical risk (Vapnik, 1991; Zhang, Cisse et al., 2018):

R(F) = [ ploy) - L (), p)dudy = ze AR
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The optimization of the empirical risk is achieved via the stochastic gradient descent
(SGD) method, where in each iteration, the NN model f is updated by backpropagating
the gradient of the loss function £(-, -) on a random subset of D over model parameters
{W(l ), b1 } lel. With SGD, the NN model f can converge to local optima, which, in
many cases, can be sufficient for the problem.

Three types of NN models are mainly considered in this work are listed below:

SoftMax Classifier f : X — AKX~ that usually takes the form:

of D ()

f(x)i:m forall i€ {1,2,..,K}. 2.7)

Discrete Classifier f : X' — {1,2, ..., K} that usually takes the form:

f(L)(x)i
f(x) = argmax ‘

£ (2.8)
el K} i e D (x),

Feature Extractor f : X — Z C R’ that usually takes the form:

flx) = fE (), 2.9)

where f (L-1) (x) is the penultimate layer output of a NN classifier.

2.2.2 Statistical Inference

Statistical inference usually aims to infer the properties of an underlying probability
distribution given observed data from that distribution (Upton and Cook, 2014). This
section provides a brief introduction about a specific statistical inference method — the
Maximum Likelihood Estimation method, as this method will be used in the label
shift estimation models in Chapter 4, 5. A short introduction about the concentration
inequalities is also provided, which are used to quantify the probabilistic error bound
of the statistical estimators in Chapter 5. Please see .ehmann and Casella (2006) for
a more detailed discussion of the statistical inference methods.

Maximum Likelihood Estimation: Maximum Likelihood estimation is a method
used to estimate the parameters of an assumed probability distribution based on the
observed data. Given the observed dataset D = {xi}fi 1> if we assume the data
samples in D are drawn i.i.d. from some probability distribution p(x) that falls within
a parametric family Q = {f(+;0)|0 € O}, i.e. p(x) € Q, the likelihood function of
the parameter 6 given the observed data D can be written as:

N

L(6;D) = [ f(xi;0). (2.10)

i=1
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The Maximum Likelihood estimate (MLE) of 6 given the observed data D can be
obtained by maximizing the likelihood w.r.t. 8 € ®, or equivalently, minimizing the
negative log likelihood w.r.t. 0 € ©:

N
oM = argmin —log L(6; D) = argmin — Y_ log f(x;; 6). (2.11)
0co 0cO i=1

The objective in Eq. (2.11) is a constraint optimization problem and thus can be solved
with related optimization methods. For example, when f is differentiable and the
constraint € © can be rewritten as an equality constraint, a local optimal of the
objective can be obtained with the Lagrange multiplier method.

One nice property of the Maximum Likelihood Estimation method is that, MLE is
invariant under reparameterization (Murphy, 2012). Or more specifically, if L(6; D)
is our likelihood function of the parameter 6 and L(7; D) is the reparametrization of
L(6; D) with parameter 7 = g(8), then the MLE of # can be obtained with the MLE
of 6 under reparameterization:

Concentration Inequalities: The concentration inequalities provide upper or lower
bounds on the probability of a random variable deviating from a certain value. This
thesis uses a common concentration inequality — Hoeffding’s inequality. For a series
of independent random variables X7, X, ..., X;; that satisfy 1) a; < X; < b; and 2)
b; —a; < Cforalli =1,2,...,n, Hoeffding’s inequality says that for a small ¢ > 0,
with high probability of at least 1 — 2 exp (—n - t*/C?) we have:

Sy Xi— YE[X)| <t 2.13)

Hoeffding’s inequality says that for the samples drawn i.i.d. from a distribution
supported on a bounded interval, there is a large probability that the sample mean
deviates from the true mean by a small amount, where such deviation decreases
exponentially in the sample number 7 and the probability increases in n.

The concentration inequality can be used to quantify the error bound of a statistical
estimator, e.g. Maximum Likelihood Estimator.

2.2.3 Bayesian Inference

This section provides a brief introduction about the Bayesian inference methods used
in this thesis, including the Maximum a Posteriori (MAP) Estimator and the Markov
Chain Monte Carlo method. Other methods like conjugate priors and variational
inference are also introduced for completeness. A more detailed discussion about the
Bayesian inference methods can be found in Box and Tiao (2011).
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Bayesian Inference is a well-known statistical inference method that provides a
theoretical framework to combine prior information with observed data (Bishop and
Nasrabadi, 2006; Box and Tiao, 2011). We consider the probability distribution of a
parameter § € @ conditioned on observed data D, given 1) prior information about 0
before any data is observed and 2) the so-called likelihood function of the observed
data given 0, according to the Bayes’ Theorem:

p(0]D) = —p(i‘g))")’w), (2.14)

where:

* p(0) is the prior probability distribution of the parameter over the parameter
space 6 € ©. p(0) encodes information that we know about 6 before any data
is observed.

 p(D|0) is the probability distribution of observing data D conditioned on the
parameter 6. For a fixed 0, p(D|0) is a function of the observed data D.

* p(D), usually referred as “evidence", is the probability that the observed data
D is drawn i.i.d. from the marginal distribution of data. Although p(D) can be
computed via the integral

p(D) = [ p(Dle)p(6)de, @.15)

this integral is usually computationally expensive or even intractable in practice.

* p(0|D) is what we want — the posterior distribution of the parameter given
observed data.

In some simple cases (e.g. conjugate prior), the analytical expression of the posterior
p(6]|D) can be computed easily. However, this is not the case for most practical prob-
lems because the integral Eq. (2.15) in the evidence term is usually computationally
expensive or even intractable. This work outlines several methods commonly used in
Bayesian Inference:

* Conjugate Priors: for certain types of likelihood function, the posterior distri-
bution p(6|D) is in the same family of the prior distribution p(6) and thus can
be obtained with a closed form solution;

* Point Estimators: the Bayesian point estimators computes the point estimates
of 6 instead of obtaining the original posteriors. The point estimates can be
obtained without knowing p(D);

* Markov Chain Monte Carlo (MCMC): MCMC methods can be used in
Bayesian Inference to draw i.i.d. samples from the posterior without knowing
the evidence;

We outline the technical details of the above methods in the following few pages.

Conjugate Priors:
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Given a likelihood p(D | 6) and a prior p(6) belonging to some class I, the class
IT is said to be conjugate for the likelihood if p(6 | D) also belongs to I1. In many
cases, the parameters of the posteriors can be updated in order to update the posterior.
The problem of Bayesian Inference is then finding the parameter of the posterior
distribution in the conjugate class. We summarize several commonly used Conjugate
Prior classes below:

Likelihood p(D|6) Prior p(6) Posterior p(6|D)
Categorical Cat(K, 7r) Dirichlet Dir(K, «) |Dirichlet Dir(K, &)
Gaussian N (1, X1) Gaussian N (112, Xp) |Gaussian N (¢, X')

Table 2.2: Conjugate Prior examples that are commonly used.

For a complete summary of the Conjugate Priors, please refer to the literature in
Bayesian Statistics (Box and Tiao, 2011; Murphy, 2012).

Point Estimators:

In Bayesian Inference, given the posterior distribution p(0|D), several point estimat-
ors are available:

* Posterior mean is the point estimate that minimizes an expected mean square
loss over the posterior distribution, the optimization objective can be written as:

6 = argmin/ p(60|D) - 160 — 0] 260 (2.16)
0cO 0pc®

* Posterior median is the point estimate that minimizes an expected L1 loss over
the posterior distribution, the optimization objective can be written as:

6 = argmin/ p(60|D) - 100 — 0]|1d6o. 2.17)
0cO 0pc®

* Maximum a Posteriori (MAP) estimate simply finds a 8* that maximizes the
posterior:
6* € argmaxp(6|D). (2.18)
0c®
Under mild conditions, the Bernstein - von Mises theorem ensures that the
MAP estimate converges asymptotically in the number of data samples to the
MLE (2.11);

MCMC:

Markov Chain Monte Carlo (MCMC) method is a class of algorithms that draw
samples from a probability distribution (Brooks, 1998; Geyer, 1992). Given an
analytical probability distribution, MCMC constructs a Markov chain such that the
equilibrium distribution of the chain equals the objective distribution. When sufficient
samples are obtained from the Markov chain, the samples at the end of the chain can
be seen as i.1.d. samples drawn from the objective distribution.
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In Bayesian Inference, MCMC is usually used when the posterior is complicated
or has a high dimensional parameter space ®. In these cases, the moments of the
posterior might provide sufficient information that researchers are interested in, and
MCMC can help collect i.i.d. samples from the posterior.

Early models of MCMC include naive Metropolis—Hastings and Gibbs sampling.
More advanced MCMC algorithms have been proposed recently, including the
Metropolis-adjusted Langevin algorithm (Dwivedi et al., 2018), Hamiltonian Monte-
Carlo (Betancourt, 2017; Neal, 2011) and Non-U-Turn Sampler (Hoffman, Gelman
et al., 2014), which claims better sampling efficiency or easier to use setup.

Method Output Pros Cons
Conjugate Prior exact posterior exact restrictions on likelihood and prior
Point Estimate point fast discard most posterior information
MCMC posterior i.i.d. samples asymptotically exact less efficient (memory, computation)

Table 2.3: Summary of the outputs, pros and cons of the Bayesian Inference Methods
used in this thesis.

2.2.4 Latent Variable Model

Latent Variable Models (LVMs) are proposed to model complicated relations of
observed variables with simple relations between this variable and some unobserved
variables. Depending on whether the variables are discrete (also known as categorical)
or continuous (also known as metrical), the LVMs are usually divided into four
categories, as shown in Tab. 2.4.

Observed i .
metrical categorical
Latent
metrical Factor analysis Latent trait analysis
categorical Latent profile analysis Latent class analysis

Table 2.4: Summary of different types of Latent Variable Models.

In the LVMs, the observed variables X1, X3, ..., X}, are assumed to be independently
conditioned on the unobserved variable Y7, Y», ..., Y,;, where g < p to ensure the
model is valid. Please refer to https://www.stats.ox.ac.uk/~ste
ffen/teaching/fsmHT07/fsm607c.pdf for detailed discussion. This
thesis mainly utilizes the Latent Profile Analysis (LPA) model, where the observed
variables X1, X, ..., X)) are supported on a continuous space X" and the latent variables
Y1, Y2, ..., Yy are supported on a discrete space ).

Mixture Model and EM algorithm: When the unobserved latent variable is cat-
egorical (e.g. Y ~ Cat(K, rr)), and the conditional variable X|Y = i for each
category i belongs to the same distribution family (e.g. X|Y =i ~ N (u, X) for all
i €{1,2,...,K}), then the Latent Profile Analysis model degenerates to the Mixture


https://www.stats.ox.ac.uk/~steffen/teaching/fsmHT07/fsm607c.pdf
https://www.stats.ox.ac.uk/~steffen/teaching/fsmHT07/fsm607c.pdf
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Model. In Mixture Models, EM algorithm is a famous method to estimate the para-
meter of the mixture weight, i.e. parameter of the marginal distribution of the latent
variable p(y = -) = 7t. A more detailed discussion about a particular case of the
Mixture Model — the Gaussian Mixture Model, can be found in Chapter 9 in Bishop
and Nasrabadi (2006) .

2.2.5 EM Algorithm

EM algorithm is a method widely used in the Latent Variable Models. This section
introduces the EM algorithm and discusses its advantages. In the following chapters
(Chapter 3, 4, 5), different EM algorithms are derived in the proposed label shift
estimation models.

The Expectation—-Maximization (EM) algorithm is an iterative method to find MLE,
or MAP estimates 0* of parameters 8 (Moon, 1996). That is

0" = arg max L(6; X),

where L(0; X) is a log posterior of 0 given X or a log-likelihood of X given 6. The
algorithm works when the statistical model has unobserved latent variables Y.

An EM algorithm consists of two steps in every iteration, namely the Expectation-
Step and Maximization-Step, which are usually referred to as the E-Step and M-Step,
respectively. To derive an EM algorithm that maximises L(6; X), we first write the
analytical expression of the log posterior or log likelihood of parameter 6 given
observed variable X and unobserved latent variable Z as L(6; X, Y).

In the E-Step, the model constructs a Q(6|6(*)) as the expectation of L(6; X,Y)
w.r.t. latent variable Y given observed variable X and current (1)

Q(616W) = E [L(6;X,Y)]. (2.19)
Y|X,6()

In the M-Step, the model finds the optimal 0(t+1) with:

01+ = argmaxQ(6|6™M)). (2.20)
Y

By repeating the two steps until convergence, under mild conditions, the algorithm is
guaranteed to converge to a stationary point of L(6; X) under mild conditions. We
recommend the following lecture note: http://www.columbia.edu/~mh2
078/MachineLearningORFE/EM_Algorithm.pdf for more detailed proof
and discussion.

Some advantages of the EM algorithm are:

* The latent variable may be difficult to integrate out. The EM algorithm allows
one to manipulate conditional distributions by marginalising out a certain log
likelihood to the probability measure of a latent variable conditioned on data and
parameters, which is often easier than integrating the latent variable directly.


http://www.columbia.edu/~mh2078/MachineLearningORFE/EM_Algorithm.pdf
http://www.columbia.edu/~mh2078/MachineLearningORFE/EM_Algorithm.pdf
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* The M-Step often admits a closed form solution.

« It is guaranteed that L(6; X) — L(6(); X) > Q(0|6)) — Q(6()|0()), which
means improvement in L(6; X) will not be less than improvement in Q(6[6(*)
by solve for best ('*1) in the " M-Step.

2.2.6 Gaussian Process

Gaussian Process (GP) is a statistical process in which any finite collection of random
variables follows a multi-variate Gaussian distribution (Williams and Rasmussen,
2006), which can be seen as a distribution of functions over a continuous space. GP
models have been used for both regression and classification problems (e.g. Hensman
et al. (2015); Urtasun and Darrell (2007)), even on the large scale datasets (Lawrence,
2004). This dissertation uses the GP regression model in the Open Set Label Shift
problem.

Formally speaking, a Gaussian process can be defined by a mean function and a
covariance function, which we denote as:

m(x) = B[f(x)]

K(x,x') = E[(f(x) — m(x)) (F(x') — m(x))], *2D
and then the GP can be written as:
f(x) = GP(u(x), k(x,x")), (2.22)

where m(-) is a mean function and k(-, -) is a kernel function.

Given a training dataset D = {(x;,1;)}Y ,, the GP regression model defined in

Eq. (2.22) says that the ground truth output data y = [y1, 2, ..., yN]T in D follows a
multi-variate Gaussian distribution

y ~ N (m(x),k(x,x|8) + o*1) (2.23)

where x = [x1, X2, ..., xy]T denotes the ground truth input data in D.

In the test time, given the test sample x*, the GP regression model says the posterior
of the output y* = f(x*) given the input x* and training dataset D also follows a
multi-variate Gaussian distribution f(x)|x*, D ~ N (u*,0*), with:

wt=k(x*,x)T [k(x, x) + crzl] o y
3 (2.24)
o =k(x*,x)T [k(x, x) + (721] k(x,x*),
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where x = [x1, X2, ...,XN]T,]/ = [y1,¥2, ...,yN]T, I is the N-dimensional identity
matrix and

k(x*,x) = [k(x*, x1), k(x*, x2), .., k(x*, x5)]7,
k(x, x*) = [k(xq, x%), k(x2, x*), ..., k(xn, )],

k(x1,x1) k(x1,x2) ... k(x1,xN) (2.25)
Kxx) = k(x2., x1) k(xz', X7) k(x2f xN)

k(xn,x1) k(xn,x2) ... k(xn,xN)

In practice, the mean function m(-) is usually set as m(-) = 0, and different positive
semi-definite kernel functions k(-,-) are used. When kernel function k(-, -|0) has
hyper-parameter 6 € ©, 6 can be trained by maximizing the log marginal likelihood
of the data x, y in D, which satisfies y ~ N (m(x), k(x, x|8) + c>1):

-1
6 = arg max (—lyT [k(x,x\@) + (721] y— 110gdet(k(x,x\9))> , (2.26)
) 2 2

where x, y contains all data points in D and det(-) returns the determinant of a matrix.

The GP regression model (Eq. (2.24)) is a linear model, and the predicted p* is
given by a linear combination of y in the dataset D. GP works well for small-scale
datasets (N not large) and can provide prediction with uncertainty. However, for
large-scale datasets, GP can suffer from high computational cost due to the N x N
matrix inversion in Eq. (2.24).
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2.3 Literature Review

This section briefly introduces existing works in the label shift problem and several
related classification problems. The literature review on the label shift problem
mainly consists of publications on the label shift detection, estimation and correction
problems in the closed set classification tasks (Section 2.3.1). Recent works on the
other more challenging label shift settings, like active learning under label shift,
are also summarized. The literature on the class imbalance problem and the Long-
Tailed Recognition problem are reviewed in Section 2.3.2,2.3.3 respectively, as these
problems can be seen as a special or an extreme case of the label shift problem. Finally,
the literature on the open world classification tasks like Out-of-Distribution detection
(Section 2.3.4) and Zero-Shot Classification (Section 2.3.5) are introduced because
this thesis will also consider the label shift problem in the open world classification
settings. The chapters that are related to the literature of each problem are summarized
in Tab. 2.5.

Method Related to Usage
Label Shift Problem Chapter 3,4,5,6 Baselines
Class Imbalance Problem |Chapter 3,4,5,6 Experimental Setup

Long-Tailed Recognition | Chapter 3,4,5 Experimental Setup
Out-of-Distribution Detection| Chapter 5  Backbone Classifier
Zero-Shot Classification Chapter 6 Problem Setup

Table 2.5: Summary of the related literature in this thesis.

2.3.1 Label Shift Problem

We provide a brief introduction of the recent literature on the Closed Set Label Shift
detection, estimation and correction problem and some more challenging label shift
settings (e.g. open set). A summary of the these works and the methods proposed in
this thesis are provided in Tab 2.6.

2.3.1.1 Closed Set Label Shift Detection

Few works have focused on the CSLS detection task. The most recent one is BBSD
proposed by Lipton et al. (2018). The general idea of the model is — when no label
shift happens; the classifier should behave similarly over the source and target domain
datasets under the label shift assumption (Assumption 1).

2.3.1.2 Closed Set Label Shift Estimation

BBSE: Lipton et al. (2018) proposed the BBSE model for CSLS estimation with a
discrete classifier f : X — Y = {1,2,...,K}. The general idea of the model is to
utilize the CSLS Assumption | to construct a series of linear equations with target
label distribution as the only unknown parameter:

K
pf(x) =i) =) ps(f(x) =iy =])-ply=7)/ psly=j) - @27

Estimated with D! J Estimated with D* Objective Estimated with D¢
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Based on Eq. (2.27), BBSE obtains an estimate of the target label distribution p;(y =
-) = 7T by solving the linear system of K equations:

b=Cw, (2.28)

where 1) b is an estimate of the parameter of the target domain marginal distribution
pi(f(x) = -) = b based on the target unlabeled dataset D*, 2) C is an estimate of
the parameter of the source domain joint distribution ps(f(x) = i,y = j) = Cj;
given the source labeled dataset D° (e.g. source domain confusion matrix) and 3)
w = pi(y = -)/ps(y = -) is the target over source label distribution ratio.

RLLS: Azizzadenesheli et al. (2018) proposed the Regularized Learning under Label
Shift (RLLS) model based on BBSE. With the reparameterization of the parameter
w := 1+ A0, the RLLS model optimizes the BBSE objective over # € RX with an
extra regularization term ¢ - ||0||2:

6 = argmin||C(A8 +1) — b|[+ 5 - ||0]2, (2.29)
0

where || - ||2 denotes the L2-norm — the square root of the sum of the squared elements
of the given vector, 1 = [1, 1,..., 1]T € RK is the K-dimensional vector with 1 in all
dimensions.

IWDAN: Tachet des Combes et al. (2020) added non-negative constraints to the op-
timisation objective of BBSE to stabilize the computation. The optimisation objective
of the IWDAN model can be written as:

{min”éw — b,
w

. (2.30)
s.t: w € IRI;) and 17Cw = 1.

MLLS: Saerens et al. (2002) proposed the MLLS model by analyse the label shift
estimation problem in a simple probabilistic perspective. Under the assumption
that the classifier f reflects the true conditional probability f(x); = ps(y = j|x),
MLLS obtains a Maximum Likelihood estimate (MLE) of the target label distribution
pt(y = -) = 7t through maximising the log likelihood:

Nt
= arg max logH pi(xl; ) = argmaxlog <H Z > + Const.
reAK-1 i=1 mreAk-1 i=1j=1 C]
(2.31)

The optimisation objective can be obtained via an EM algorithm, which is carried out
by iterating over two steps — an E-step followed by an M-step:

Zf (x})j no1
E-step: gl(] m) = m and M-step: 7'(](er )= = gg”), (2.32)
1=1 ! i=1

where c; denotes the source domain label distribution ps(y = j) = c;.

The MLLS method enjoys several theoretical and empirical advantages:
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1. The EM algorithm 2.32 converges to a MLE of the target label distribution (Al-
exandari et al., 2020);

2. MLLS is consistent under the same consistency condition of BBSE when f is
canonically calibrated on the source domain data distribution ps(x,y) (Garg,
Wau, Balakrishnan et al., 2020).

3. When the NN classifier f is adjusted with a NN calibration method like Tem-
perature Scaling or Vector Scaling (Guo, Pleiss et al., 2017), MLLS usually
achieves SOTA performance (Alexandari et al., 2020);

LTF: Guo, Gong et al. (2020) leverages the flexibility of the Neural Network models
to tackle the Closed Set Label Shift estimation task. In their proposed model, two
conditional generative adversarial network (cGAN) (Goodfellow, Pouget-Abadie
et al., 2014) are trained.

The first cGAN model is trained with the source domain labelled dataset, where the
generator learns to model the source domain conditional distribution ps(x|y) and
the discriminator distinguishes the source domain ground truth data-label pairs and
generated pairs.

The second cGAM model is trained with the target domain unlabeled dataset, and the
network that predicts the target label distribution is trained in the generator obtained
from the first cGAN model (Assumption 1:ps(x|y) = pt(x|y)), and the discriminator
distinguish the target domain unlabeled data from the generated unlabeled data.

ELSA: Tian, Zhang et al. (2023) utilizes the semi-parametric theory in the label
shift estimation problem, where the authors construct "the perpendicular space that
corresponds to the influence functions for estimating the parameter w", i.e. the target
over source label distribution ratio. A moment matching approach is then proposed
based on the equality under the label shift assumption (Assumption 1):

lEXs [wi . f(Xs)z] = ]EXt [f(Xt)z] forall ie€ {1, 2,...,K— 1}, (2.33)

where f : X — RX~! outputs a K — 1 dimensional real vector rather than a discrete
value required in the BBSE/RLLS/IWDAN model or a probability simplex used in
the MLLS model.

2.3.1.3 Closed Set Label Shift Correction

Offline Methods: Few offline label shift correction methods have been proposed. The
most popular approach (Saerens et al., 2002) constructs the target domain classifier
g : X — AX"! based on the source domain classifier f : X — AK~1 and the source
and target domain label distributions ps(y = i) = ¢; and p¢(y = i) = 7;:

Z_jjf(x)j

=" - (2.34)
Y f_,lfo(x)l

g(x);

We denote this approach as LSC. LSC has several excellent properties: 1) if arg max f
is a source domain Bayes optimal classifier implies, then arg max g is a target domain
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Problem Setup ‘ Existing/Our Works Approach
Closed Set Label Shift
Detection BBSD (Lipton et al., 2018) Hypothesis test
BBSE (Lipton et al., 2018) linear system solving
RLLS (Azizzadenesheli et al., 2018) linear system solving
L IWDAN (Tachet des Combes et al., 2020) |linear system solving
Estimation
LTF (Guo, Gong et al., 2020) NN model (GANs)
MLLS (Saerens et al., 2002) EM algorithm
MAPLS (Chapter 3), GLSE (Chapter 4) EM algorithm
ELSA (Tian, Zhang et al., 2023) fix-point iteration
. LSC (Saerens et al., 2002) prediction adjustment
Correction o ] . o
Re-weighting, Re-sampling (Section 2.3.2)|loss/sampler/logit adjustment
Open Set Label Shift
. PULSE (Garg, Balakrishnan et al., 2022) |re-training + PU learning
Estimation
OSLS-MLE/MAP (Chapter 5) EM algorithm
Other More Advanced/Challenging Settings
closed set: Wu, Guo, Su et al. (2021) loss + gradient adjustment
Online LS closed set: Baby et al. (2024) re-sampling + online regression
open set: HANOL (Qian et al., 2023) ensemble
Active Learning |MALLS (Zhao et al., 2021) loss + sampler adjustment
Adversarial LS |Zhang, Menon et al. (2021) loss + gradient adjustment
Supervised LS |Maity et al. (2022) error analysis (theoretical)
Relaxed LS RLSbench (Garg, Erickson et al., 2023) online&offline correction
Zero-Shot Learning | Lg1 + GP (Chapter 6) loss + Gaussian Process

Table 2.6: Summary of recent works on the Label Shift problems, including label
shift detection, estimation, correction in the closed set classification task and other more
challenging settings.

Bayes optimal classifier (Tian, Liu et al., 2020) and 2) if f is canonically calibrated
on the source domain ps(x, y), then g is canonically calibrated on the target domain
pt(x,y) (Podkopaev and Ramdas, 2021).

Online Methods: The online label shift correction methods are usually simple
extensions of the techniques used in the class-imbalance problem. The main difference
is that works in the class imbalance problem typically assume that the target domain
has uniform label distribution. In contrast, existing label shift correction methods use
the estimated target label distribution obtained from a label shift estimation model.

Given the target label distribution estimated with the label shift estimation model,
either the loss or the data sampler is adjusted during the training phase to ensure the
adjusted empirical risk (expected loss) on the source domain distribution is close to
the naive empirical risk on the target domain distribution (Garg, Balakrishnan et al.,
2022). These methods include: 1) Re-weighting: Adjust the loss of each sample
that corresponds to class j with w;, 2) Re-sampling: Adjust the data sampler so that
sample frequencies for each class match the target label distribution p;(y = -) = 7t
and 2) Hybrid methods: A mixture of the re-weighting, re-sampling and offline
methods. Details of these methods and related literature are provided in Section 2.3.2.
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2.3.1.4 Other Challenging Label Shift Problem Settings

Open Set Label Shift Problems: Under the unsupervised domain adaptation setting,
Garg, Balakrishnan et al. (2022) explore the label shift problems in the open set
classification task. In the proposed PULSE model, the Positive-Unlabeled (PU)
learning method (Yao et al., 2020) is combined with the label shift estimation methods
to estimate and correct Open Set Label Shifts.

Online Label Shift (closed set): Wu, Guo, Su et al. (2021) extend BBSE to an online
learning setting with a target label distribution evolving with time. The proposed
model transforms the online label shift problem into an online learning problem. The
online learning problem is then tackled with two online learning methods, namely
Online Gradient Descent (OGD) and Follow The History (FTH). Baby et al. (2024)
also transfers the online label shift problem into an online regression problem. The
proposed model utilizes the existing label shift estimation method BBSE, online
regression methods and re-sampling methods (see Section 2.3.2) to obtain a better
classifier.

Online Label Shift (open set): Qian et al. (2023) investigate the online label shift set-
ting under an open set classification task, where samples from a novel class appear in
the target domain. The proposed model utilizes the Closed Set Label Shift estimation
model BBSE and the mixture proportion estimation method BBE (Garg, Wu, Smola
et al., 2021) to estimate ID class label distribution and OOD data ratio, respectively.
The deep ensemble method is further employed to stabilize the estimation result.

Active Learning Under Label Shift (closed set): Zhao et al. (2021) analyse the
active learning problem under label shift, where the label distributions are different
between the warm-up dataset, the unlabeled train dataset and the test dataset. To
tackle this problem, the authors introduce a novel model combining the re-weighting
and the re-sampling (see Section 2.3.2) approach.

Adversarial Label Shift (closed set) Zhang, Menon et al. (2021) tackles the Closed
Set Label Shift problem where even the target unlabeled dataset D! is not available in
the problem setup (Definition 1). Based on the distributionally robust optimisation
(DRO) method (Shapiro et al., 2021), a training scheme is proposed to minimise the
loss over a family of possible target label distributions and convergence conditions of
the method are then discussed.

Supervised/Unsupervised Label Shift (closed set) Maity et al. (2022) analyse the
label shift problem in a more theoretical perspective, where the standard Closed Set
Label Shift problem setup (Definition 1), and the relaxed case where an additional
target labeled dataset is available are discussed. The error bounds of a label shift
model for both problem setups are provided, given the model space and the learning
algorithm.

Relaxed Label Shift (closed set): Garg, Erickson et al. (2023) considers the label shift
problem under the setting that the label shift assumption (Assumption 1) does not hold
perfectly. The authors raise several new benchmark datasets with relaxed label shifts
and observe that existing domain adaptation methods usually exhibit unsatisfactory
performance on these datasets. Under the unsupervised domain adaptation setup, they
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propose a hybrid model that combines label shift estimation and online and offline
label shift correction methods.

2.3.1.5 Comparison among existing Closed/Open Set Label Shift methods

As discussed in the previous sub-sections, the closed set label shift models BBSE (Lipton
et al., 2018) and MLLS (Saerens et al., 2002) usually serve as the basis of other ex-
isting label shift models. The closed set label shift model RLLS (Azizzadenesheli
et al., 2018) and IWGAN (Tachet des Combes et al., 2020) introduce regularization in
the BBSE method to improve robustness. Open set label shift model PULSE (Garg,
Balakrishnan et al., 2022) and online label shift model Baby et al. (2024) are also
built over the BBSE model.

On the other hand, the label shift models proposed in this thesis are mainly inspired
by the MLLS model. Compared with the BBSE model, the MLLS model relies on
an extra assumption on the source domain classifier (Assumption 3) and expect the
source domain classifier to output a probability simplex. Garg, Wu, Balakrishnan et al.
(2020) argues that Assumption 3 could be satisfied if the source domain classifier is
well calibrated.

Apart from models following BBSE and MLLS, LTF (Guo, Gong et al., 2020) utilize
neural network models for Closed Set Label Shift estimation task and thus lacks
consistency guarantees compared with BBSE and MLLS (Garg, Wu, Balakrishnan
et al., 2020). ELSA (Tian, Zhang et al., 2023) demonstrates superior performance
over BBSE/MLLS on CIFAR10/100 datasets. However, since they have no official
implementations publicly available, the advantages and limitations of this model
require further analysis.

In practice, the MLLS model is preferred when model calibration methods like temper-
ature scaling or MixUp (Zhang, Cisse et al., 2018) are used when training the source
domain classifier (Alexandari et al., 2020). Otherwise, the BBSE/RLLS/IWGAN
model is preferred. A comparison of the existing Closed/Open Set Label Shift models
are provided in Tab. 2.7. A comparison of existing closed/open set label shift models,
our proposed Closed Set Label Shift model MAPLS (Chapter 3), GLSE (Chapter 4)
and our proposed Open Set Label Shift model OSLS-MLE/MAP (Chapter 5) are
provided in Tab 7.1, Chapter 7 of this thesis.

Model MLLS BBSE RLLS IWGAN PULSE
Requires Assumption 3| v X X X X
Close Set Estimation v v v v v
Open Set Estimation X X X X v
NO (re)training v v v v X
With Regularization X X v v X

Table 2.7: Difference between previous Closed/Open Set Label Shift estimation
and correction models. BBSE/RLLS/IWGAN and PULSE are effective without extra
assumptions on the classifier required under their corresponding label shift problem setup.
However, if the classifier is further trained with calibration methods like temperature
scaling, Assumption 3 may be satisfied and the MLLS model could be more effective
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2.3.2 C(Class Imbalance Problem

We provide a brief literature review on the class imbalance problem as this task can
be considered as a special case of the label shift problem (Ye et al., 2024). A more
comprehensive review of the class imbalance problem can be found in Buda et al.
(2018a); Ghosh et al. (2024); Johnson and Khoshgoftaar (2019); Rezvani and Wang
(2023).

In classification tasks, the class imbalance problem refers to the problem that the
classifier trained on a dataset with an imbalanced distribution among classes tends
to predict test images in favour of the major classes (Ali et al., 2013; Barandela
et al., 2003; Buda et al., 2018a; Japkowicz and Stephen, 2002). Class imbalance
problems can lead to a decrease in classification performance if the source domain
has an imbalanced label distribution (Buda et al., 2018b; Wang, Ramanan et al.,
2017). Existing models for class imbalance problems can be categorised into roughly
four groups: 1) re-sampling methods adjust the data sampler during training; 2) re-
weighting methods adjust the loss during training; 3) post-processing methods adjust
the prediction in test time; 4) mixture methods that combine the three methods.

Re-Sampling Methods: The re-sampling methods aim at training the classifier with
class-balanced data. Early methods proposed to up-sample tail classes (Buda et al.,
2018b; Byrd and Lipton, 2019) or down-sampling head classes (Buda et al., 2018b;
He and Garcia, 2009).

Re-Weighting Methods: Earlier works (He and Garcia, 2009; He and Ma, 2013;
Huang, Li, Loy et al., 2016) re-weight the training loss so that the empirical risk
is over a class-balanced distribution. The re-weighting approach is similar to the
importance-weighted ERM proposed by BBSE (Lipton et al., 2018). These methods
have been shown to overfit rare classes (Chawla et al., 2002) on highly imbalanced
train sets.

Mixture Methods: Cao et al. (2019) proposes a re-weighting loss named the LDAM
loss. The LDAM loss is designed to minimize the generalization error bound for a clas-
sifier on a uniform test set. The combination of the LDAM loss and the re-weighting
approach demonstrates significant improvement in classification performance.

2.3.3 Long-Tailed Recognition

We provide a brief literature review on the Long-Tailed recognition problem as this
task is considered an extreme case of the label shift problem (Xu et al., 2021). A more
comprehensive review of the Long-Tailed recognition problem can be found in Yang,
Jiang et al. (2022); Zhang, Kang et al. (2023).

Long-Tailed Recognition task considers a more realistic case of the class-imbalance
problem, where the source domain (train set) has highly imbalanced or even Long-
Tailed label distribution (Liu, Miao, Zhan, Wang, Gong and Yu, 2019; Wu, Guo, Luo
et al., 2024). In this case, the training dataset may contain thousands of samples for
each major class but only a handful of samples for each rare class. The classifier
trained on the Long-Tailed train dataset faces the problem of highly imbalanced label
distribution and few-shot learning in tail classes (Liu, Miao, Zhan, Wang, Gong
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and Stella, 2022). Based on the high-level idea, existing works on the Long-Tailed
problem can be roughly separated into the following categories: 1) decision boundary
balancing, 2) fine-tuning, 3) knowledge transfer, 4) data augmentation and 5) ensemble
methods.

Decision Boundary Balancing: Shifting the decision boundary between head and
tail classes can also bring benefits to Long-Tailed classification. Cao et al. (2019)
proposed an LDAM loss to learn a better decision boundary between imbalanced
classes. OT (Peng, Sun et al., 2022) introduces a novel optimal transport algorithm
to optimise a classifier for a uniform test set. The proposed model adjusts the output
of a classifier for optimal decision boundary. Menon et al. (2020) demonstrate that
adjusting the logits of the NN model instead of the final prediction can also improve
the Long-Tailed classification performance.

Two-Stage Model (Fine-Tuning): Kang et al. (2020) proposed several two-stage
training models. Models are trained normally in the first stage and fine-tuned in the
second stage to adjust the decision margin in favour of tail classes. These models
include classifier retraining (cRT), T-normalization and learnable weight scaling
(LWS). MiSLAS (Zhong et al., 2021) proposed a model that combined cRT and
LWS and achieved better performance. Dong et al. (2022) utilizes the prompt tuning
techniques to fine-tune the classifier.

Knowledge Transfer: Transferring knowledge from the head and medium classes to
the tail classes may also help improve classification performance. m2m (Kim et al.,
2020) synthesized tail class images with knowledge learned from head class images.
Similar to prototypical methods (Boney and Ilin, 2017; Gao et al., 2019), OLTR (Liu,
Miao, Zhan, Wang, Gong and Yu, 2019) and Zhu and Yang (2020) proposed to learn
prototypes of each class and construct classifiers based on the prototypes. Du et al.
(2023) construct the classifier by analyzing the relations between the ground truth
classes and their corresponding super-classes. Han, Ye et al. (2024) leverages the
diffusion model (Ho et al., 2020; Song et al., 2020) to transfer knowledge of head
class to tail classes by generating tail class image features.

Data Augmentation: Data augmentation is a well-known strategy to improve clas-
sification performance (Han, Liang et al., 2022; Miiller et al., 2019; Zhang, Cisse
et al., 2018). In the Long-Tailed problem, MetaSAug (Li, Gong et al., 2021) adopts
the ISA (Wang, Pan et al., 2019) method to generate new samples for tail classes.
Remix (Chou, Chang et al., 2020) aims to modify labels of augmented samples to
emphasize tail classes. UniMix (Xu et al., 2021) proposed to augment class-balanced
samples during training. Yue, Mou et al. (2024) propose to combine a class-balanced
loss with a data augmentation method to train the classifier.

Ensemble Methods: Deep Ensemble approaches have been shown to effectively
improve the performance of Neural Network models Durasov et al. (2021); Wen,
Tran et al. (2019). Ensemble models are proposed in many recent papers to improve
long-tailed classification performance, with different ensemble members referred to
as “experts”. BBN (Zhou, Cui et al., 2020), LFME (Xiang et al., 2020) and ACE (Cai
et al., 2021) train experts with different sub-datasets that emphasize head, medium or
tail classes. RIDE (Wang, Lian et al., 2020) trains each expert with the entire dataset
with a routing mechanism that improves model efficiency.
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2.3.4 Out-of-Distribution Detection

We provide a brief literature review on the OOD detection models used in the Open
Set Label Shift model proposed in this thesis (Chapter 5). A more comprehensive
review of this problem can be found in Salehi et al. (2021); Yang, Zhou et al. (2024).

OOD detection has been widely studied in the Deep Learning regime. Existing
approaches can be categorized into post-hoc inference methods and training methods
with or without OOD data.

Post-hoc Inference: Most OOD methods are post-hoc inference methods, where
the OOD classifier is constructed based on a pre-trained classifier over ID classes.
OpenMax (Bendale and Boult, 2016) proposed to construct the OOD classifier by
modelling per-class features with a Weibull distribution. MSP (Hendrycks and Gimpel,
2022) utilize the maximal SoftMax score of the ID classifier prediction. ODIN (Liang
et al., 2017) observed that NN models respond to ID and OOD data differently under
adversarial attacks (Goodfellow, Shlens et al., 2014). MDS (Lee et al., 2018a) also
adopts the adversarial attack approach but detects OOD data with a Mahalanobis
distance-based score. OpenGAN (Kong and Ramanan, 2021) trains an extra dis-
criminator network to distinguish ID and OOD features. EBO (Liu, Wang et al.,
2020) proposed an Energy-based score to detect OOD samples. GRAM (Sastry and
Oore, 2020) establish their model with Gram matrices. ReAct (Sun, Guo et al., 2021)
demonstrates that rectifying the penultimate layer features of the pre-trained classifier
can help post-hoc OOD detection methods. MLS (Hendrycks, Basart et al., 2019a)
argues that the maximal logit score is a better OOD indicator. VIM (Wang, Li et al.,
2022a) propose a three-stage pipeline to compute the OOD score by adjusting the
features, logits and SoftMax probability of the ID classifier. Hong, Fang et al. (2023);
Hong, Li et al. (2023) utilize spherical geometry and hyperbolic geometry constraints
to compute the OOD score. Sun, Ming et al. (2022) introduces a k-Nearest Neighbor
(KNN) based OOD classifier. Ash (Djurisic et al., 2022) shows that pruning image
features in the intermediate layers can help OOD detection.

Online Methods: Hendrycks, Mazeika et al. (2019) argues that training the classifier
with an auxiliary self-supervised rotation loss is beneficial to OOD detection models.
GODIN (Hsu et al., 2020) extends the ODIN model by introducing an extra linear layer
that models the probability of the data being not OOD given the image. CSI (Tack
et al., 2020) enhance a baseline OOD detector by training the classifier with a loss
that contrasts ground truth samples with distribution-shifted samples. APRL (Chen,
Peng et al., 2021) encourages ID samples to move far away from a bounded space left
for OOD data.

Theoretical Analysis: In the machine learning community, Miller et al. (2021); Vaze
et al. (2021) argues that a good ID classifier implies a good OOD classifier. Hein
et al. (2019) shows that for the OOD sample, a ReLLU network can predict its label
as an ID class with arbitrary high confidence. Meinke and Hein (2019) propose
a GMM-based classifier approach to prevent the model from assigning OOD data
with high confidence. Fang et al. (2022) analyses the conditions under which OOD
detection is learnable.
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2.3.5 Zero-Shot Classification

We provide a brief literature review on the Zero-Shot classification problem as it
is analyzed under the label shift problem setup in this thesis (Chapter 6). A more
comprehensive review of this problem can be found in Pourpanah et al. (2022); Wang,
Zheng et al. (2019); Xian, Lampert et al. (2019).

Traditional and Generalized Zero-Shot Learning (ZSL): Early ZSL research adopts
a so-called Traditional ZSL setting (Akata et al., 2015; Norouzi et al., 2013). The
Traditional ZSL requires the model to train on images of seen classes and semantic
vectors of seen and unseen classes. Test images are restricted to the unseen classes.
However, in practice, test images may also come from the seen classes (Xian, Lampert
et al., 2019). The Generalized ZSL setting was proposed to address the problem of
including both seen and unseen images in the test set. According to Xian, Lampert
et al. (2019), models that perform well in the Traditional ZSL setting may not work
well in the Generalized ZSL setting.

In recent years, ZSL has been explored with the help of the large language models
or large vision models (Kojima et al., 2022; Tornberg, 2023). These works usually
have different problem setups compare with the Zero-Shot classification problem
considered in this thesis.

Prototypical Methods. In the prototypical methods (Boney and Ilin, 2017; Gao
et al., 2019; Snell et al., 2017b), a prototype is learned for each class to help with
classification. For example, Snell et al. (2017b) propose a neural network to learn a
projection from semantic vectors to feature prototypes of each class. Test samples are
classified via Nearest Neighbor among prototypes. While the classification process
of our model is similar to prototypical methods, our model uses a Gaussian Process
Regression instead of Neural Networks to predict prototypes of unseen classes.

Inductive and Transductive ZSL: Inductive ZSL requires that no feature information
of unseen classes is present during the training phase (Xian, Lampert et al., 2019).
Models that introduce unlabeled unseen images during the training phase are called
transductive ZSL models (Chapelle et al., 2009). Ensuring a fair comparison, results
from such models are usually compared separately to inductive models since additional
information is introduced (Li, Min et al., 2019; Meng and Guo, 2017; Verma and Rai,
2017).

Other Zero-Shot Learning Problems: In recent years, the Zero-Shot learning task
has been explored in the more challenging problem settings like ZSL in the real
world large-scaled datasets (Radford et al., 2021), using audio information instead of
semantic information in the ZSL task (Hong, Hayder et al., 2023; Zheng et al., 2023)
or Zero-Shot domain adaptation tasks (Kutbi et al., 2021; Peng, Wu et al., 2018).

2.4 Summary

In this chapter, we provide the formal definitions of the label shift problems that
we consider, briefly introduce the background methods that will be used in the later
chapters to solve the label shift problems and review the literature in the related
research fields. In the following chapters, we will discuss the label shift problem in
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closed set, open set and zero-shot classification setups, with the help of the Machine
Learning/Deep Learning methods provided in the background section.
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Chapter 3

Classifier Based Closed Set Label Shift

3.1 Introduction

This chapter focuses on the Closed Set Label Shift (CSLS) estimation and correction
problem. We aim to develop a label shift estimation model that is robust for real world
datasets, which usually have 1) a large number of classes and 2) a highly imbalanced
or even Long-Tailed label distribution on the source domain train set (Liu, Miao, Zhan,
Wang, Gong and Yu, 2019).

Refresher on the CSLS problem In Closed Set Label Shift problems, we are given
a source domain labeled dataset, a target domain unlabeled dataset and a source
domain classifier. The objectives include 1) detection: verify if the label distributions
between the source and target domain are identical, 2) estimation: estimate the target
label distribution and 3) correction: construct an appropriate target domain classifier.
The mathematical definition is given in the next section (duplicating the original given
in Chapter 2).

Motivations Two observations motivate us to investigate the CSLS problem in this
chapter. Firstly, real world classification problems usually have large-scale datasets
with large numbers of classes or highly imbalanced label distributions. Hence, the
robustness of the label shift models on these datasets should be taken into account.
Secondly, existing Closed Set Label Shift estimation models are usually examined
on small-scale datasets like MNIST/CIFAR10. The performance of these models on
large-scale datasets is rarely discussed.

Contributions In this chapter, we propose a novel CSLS estimation model under
a Bayesian framework. We construct the Bayesian posterior of the target label
distribution parameters given data and a prior. We derive a novel EM algorithm
to obtain an MAP estimate of the target label distribution. We further propose 1)
a novel Adaptive Prior Learning (APL) model that adaptively chooses the prior
parameters given data, and 2) and a posterior sampling model that uses MCMC to
draw i.i.d. samples from the posterior. To the best of our knowledge, Bayesian analysis
has never been used in previous label shift estimation works.

Extensive experiments are conducted with different types of Closed Set Label Shifts.
In contrast to previous methods that mainly focus on MNIST and CIFAR10, the
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proposed model is evaluated on the CIFAR100, ImageNet, Places datasets and Long-
Tailed versions of each dataset. For target label distributions, as well as evaluating
under previous label shift estimation settings (Lipton et al., 2018) with Dirichlet
shift, we also introduce Long-Tailed benchmark test set shifts proposed in Long-
Tailed classification (Hong, Han et al., 2021). Experimental results show that our
model consistently outperforms existing state-of-the-art (SOTA) models, particularly
obtaining better accuracy when the train set is highly imbalanced. These results
demonstrate the applicability of our model to real world label shift tasks.

The contributions of this chapter are as follows:

1. A novel classifier-based label shift model is proposed under a Bayesian frame-
work. The proposed model estimates and corrects label shift without retraining
the classifier. The posterior of the target label distribution given data and a prior
is constructed.

2. A novel EM algorithm that computes the maxima of the posterior (MAP estim-
ate) is derived, which minimizes a strictly convex objective. A novel Adaptive
Prior Learning (APL) model is proposed to determine the parameters of the
prior adaptively given data.

3. A novel posterior sampling model is proposed to estimate and correct label shift
based on i.i.d. samples drawn from the posterior via MCMC.

4. Experiments show that the proposed model consistently outperforms previous
label shift estimation models in various label shift settings on CIFAR100,
ImageNet, Places and the Long-Tailed version of each dataset.

Background and Related Works Background about the Bayesian Inference meth-
ods (including MAP estimate and MCMC methods) can be found in Chapter 2,
Section 2.2.3. Background of the EM algorithms can be found in Chapter 2, Sec-
tion 2.2.5. The related literature on the CSLS problem, the Class Imbalance Problem
and the Long-Tailed Recognition problem are discussed in Chapter 2, Section 2.3.1,
Section 2.3.2 and Section 2.3.3, respectively.

3.2 Problem Setup and Analysis

3.2.1 Definition and Assumptions

In the Closed Set Label Shift (CSLS) problem, recall that in Chapter 2, Assumption 1,
we have the Closed Set Label Shift assumption available:

Assumption 1. (Closed Set Label Shift Assumption)

ps(xly =1i) = pe(xly = i) forall ie Y. (2.1)

Under Assumption 1, we are given a labeled source domain dataset D°, an unlabeled
target domain dataset D! and a source domain classifier f. The detection, estimation
and correction problems are then defined as:
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Figure 3.1: Closed Set Label Shift problem setup, where we are given: 1) assumption:
the Closed Set Label Shift assumption (Assumption 1), 2) datasets: a source domain
labeled dataset and a target domain unlabeled dataset and 3) model: a source domain
classifier or feature extractor f. This information is used for closed label shift detection,
estimation and correction problems.

Definition 1. (Closed Set Label Shift Problem)
Under Assumption 1, given:

» Source domain labeled data D* = {(x%,5)} I, (K classes);

e Target domain unlabeled data D = {xf f\it 1 (K classes);
* Source domain classifier f.
the CSLS problem is to solve
* Detection: Verify ps(y =) = pe(y = -);
* Estimation: Estimate p;(y = -);
* Correction: Model p;(y = -|x) based on f.

A graphical model depiction of the feature based CSLS estimation problem is given
in Figure 3.2. This chapter focuses on the CSLS estimation and correction problems,
where our objective is to 1) estimate the target ID label distribution 7t and 2) use these
estimates to build a better target domain classifier.

In Definition 1, the feature extractor f can be obtained by training a NN model on the
source domain dataset via supervised learning. This chapter considers the classifier
that outputs SoftMax probabilities (probability simplex), where we assume that the
classifier f models the conditional distribution ps(y = -|y):

Assumption 3. (CSLS Classifier Based Approach Assumption)

ps(y =ilx) = f(x); forall i€ Y. (3.1)

We superimpose our assumptions onto the graphical model in Figure 3.2.

Validity of the Assumption: Assumption 3 is a common assumption used in the
Deep Learning literature, including label shift estimation problem (Ye et al., 2024),
model calibration (Liang et al., 2017) and Long-Tailed Recognition (Xu et al., 2021).
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According to Garg, Wu, Balakrishnan et al. (2020), if Assumption 3 is satisfied, classi-
fier f is a perfectly calibrated classifier on the source domain. In practice, Alexandari
et al. (2020) observed that if calibration methods like temperature scaling are used,
the MLLS model could outperform other previous models. This observation implies
that calibration performance metrics like Expected Calibration Error (ECE) (Guo,
Pleiss et al., 2017; Liu, Ye, Cui et al., 2024; Liu, Ye, Wang et al., 2023) can be used to
judge if Assumption 3 is satisfied. Therefore when ECE of the classifier is low on the
source domain dataset, the MLLS model could be more effective.

3.2.2 Graphical Model Setup

Observing that RVs of the source and target domain label Y, Y; are supported on
a finite and discrete set ) = {1,2,...,K} with each element i € ) represents
an independent class, thus Y, Y; follow categorical distributions Cat(K, -) over K
classes. Here we denote Y; ~ Cat(K,c) and Y; ~ Cat(K, 7t). The parameters
¢, 7t of categorical distributions are K dimensional probability simplexes that satisfy
ps(y = i) = ¢; and p;(y = i) = 7; foralli € ). Thus we have ¢, T € AK~! where
AK=T denotes the space of a K dimensional probability simplex. Estimating the target
label distribution p; (1) is equivalent to estimating parameters 7t in Cat(K, 7t).

The graphical model setup along with our assumptions is illustrated in Fig. 3.2. We
employ a prior (with parameter «) over the parameter 7t of the target label distribution
pt(y = -) = 7, which is further discussed in subsequent sections. We treat the
parameter c of the source label distribution ps(y = -) = ¢ as deterministic parameters,
which is directly estimated with the source domain labeled dataset D°.

Assumption 1
c— > <
Assumption 3 J ps(xly) = pr(xly) ?
ps(y =-Ix) = f(x) | i @
NS Nt

Figure 3.2: Graphical model of the classifier based Closed Set Label Shift setting
and our assumptions. X;, X; are data for the source and target domain, Y;, Y; are
the corresponding categorical-valued labels. ¢, 7t are source and target domain label
distribution class probabilities. Source domain data X; is observed with ground truth
ID data in D°. p(x|y) are invariant under the label shift assumption. We estimate 7t by
assuming the classifier f reflects the posterior ps(y|x) (Assumption 3).

3.3 Proposed Method

3.3.1 Model Overview

This section introduces a classifier based model for the Closed Set Label Shift estima-
tion problem (estimating the target label distribution p;(y = -) = 7).



3.3. Proposed Method 39

Method Summary: The main idea of the model proposed in this chapter is to
introduce a regularization mechanism in the CSLS estimation model to improve the
robustness of the model under large label shift between the source and the target
domain.

This objective is achieved by utilizing the Bayesian approach, where the regularization
term is introduced through employing a prior distribution over the estimation objective.
Specifically, by employing a prior distribution over the parameter of the target label
distribution p;(y = -) = 7, we can construct the posterior of 7z. The MAP estimate
of 7t can then be obtained by deriving an EM algorithm (background Section 2.2.5)
to find the maximal point of the posterior, which can serve as an estimate of the target
label distribution. The i.i.d. samples of the posterior can also be obtained through an
MCMC sampling method, which further provide the uncertainty information of the
estimation.

Content Outline:

1. (Section 3.3.2) Construct the posterior of the parameter 7t of the target label
distribution p(y = -) = 7.

2. (Section 3.3.3) Obtain the MAP estimate of 7t by maximizing the posterior with
an EM algorithm.

3. (Section 3.3.4) Determine prior parameter & that is required in the posterior.

4. (Section 3.3.5) Obtain i.i.d. samples from the posterior via MCMC if uncertainty
is of interest.

5. (Section 3.3.6) Discuss the choices to estimate source domain label distribution
required in the posterior.

6. (Section 3.3.7) Summarizes the overall classifier based label shift estimation
and correction model.

All the theoretical proofs in our model are available in Appendix A.1.

3.3.2 Negative Log Posterior

We propose a novel Bayesian approach for the label shift estimation problem. By
employing a prior distribution over target label distribution p;(y = -) = 7r, we obtain
the posterior of 7t given available data D*. Based on the posterior, we derive an EM
algorithm to obtain the Maximum A Posteriori (MAP) estimate of 7r. To utilize the
information of the entire posterior, we also propose to use Hamiltonian Monte-Carlo
(HMC) method to obtain i.i.d. samples from the posterior.

The categorical distribution Y; ~ Cat(K, 7t) requires that the prior distribution over 7t
is supported on AX—1. K dimensional Dirichlet distributions satisfy this constraint, and
are often used as a prior over parameters of categorical distributions (Joo et al., 2020;
Tu, 2014). Therefore, we employ a Dirichlet prior over the parameters 7t ~ Dir(K, a)
of the target label distribution Cat(K, 7r), where & € RX; = {x € RK|x > 1}. With
the Dirichlet prior as p(7r|a) and unlabeled target domain samples D?, we can write
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Datasets (Given) Our Model:
Source Dataset D’ MLE over Dirichlet
D3 Ground Truth Prior
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W = |k .
2 FE L] A “a
C 1
Dt
Posterior
Target Dataset D! 7 p(n|Dt, @) ] APL Model

MLE bf 7

- .
MCMC MAPLS
Classifier (Given) Sampling Algorithm

Source Classifier samples MAP estimate
Estimate of
Pk ply=-)=nx

Figure 3.3: Structure of our proposed Closed Set Label Shift estimation model.
We construct the analytical Bayesian posterior of the target label distribution given the
target domain dataset and a Dirichlet prior. Then, based on our proposed APL model that
adaptively learns prior parameters & given data, we derive a MAPLS algorithm to obtain
a MAP estimate of 7t and propose a posterior sampling model that uses MCMC to obtain
samples from the posterior.

the posterior of 7t given D! and « as:

Nt

1
p(m|D'a) = Zp(rla) [ [ pi(xil7), (32)

i=1
where Z = [ p(D!|7')p(7c'|a))drt’ is a constant w.r.t. 7T.

The marginal distribution p¢(x|7r) can be rewritten as a combination of known
expressions. Given the source domain labeled data, we can estimate the source domain
label distribution ps(y = j) = c] inYs ~ Cat(K c), which is also a categorical
distribution. ps(y = j|x!) = f(x}); for all data x} € D' under Assumption 3, and
the target label distribution is pt(y =j) =7 Formally we are given:

ps(y=j)=¢j>0,  ps(y=jlxj) =f(x}); and pi(y=j)=mj, (3.3)

where ¢; > 0,71 = 1,2...K because each class has non-zero sample frequency on the
source domain.

With Eq. (3.3) available, utilizing Bayes rule, we can rewrite the posterior in Eq. (3.2)
as:

Nt K 7T
p(nﬂ?t,a)— p(r|a) 112 ]f ;. (3.4)

Note that p;(x!) and Z are constants w.r.t. 7r and p(7r|a) is the Dirichlet prior.
Therefore the analytical expression for the un-normalized posterior p(7t|D!, &) can
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be obtained from Eq. (3.4).

3.3.3 Maximum a Posteriori estimate

We first derive an EM algorithm to obtain MAP estimate of 7r. By definition, any
MAP estimate 7t* minimizes the negative log posterior:

" € argmin — log p(n'IDt,w) (3.5)

eAk-1

We prove that the optimization problem defined in Eq. (3.5) is strictly convex in 7t
and propose a novel EM algorithm to find 7t*. We name our proposed algorithm:
Maximum a Posteriori Label Shift (MAPLS).

Proposition 1. Under Assumption 1 and Assumption 3. Let 7t ~ Dir(K, &) with
S ]Rlél. Then in Eq. (3.5), the objective is strictly convex in 7T, 7T* is unique and
EM Algorithm I converges to 7T*.

Algorithm 1 MAPLS

Input:
e Target domain unlabeled data D! = {xt} 1
» Parameter of source domain label distribution: ps(y = j) = Cj
* Source domain classifier f(x);
» Dirichlet prior p(7t|a) with & € RK,.

Initialize: (%) ¢ Alial.

fort = 0to M do

E-step Evaluate gf;n)

gm— 9T (3.6)

M-step Obtain 7r(" 1) with:

7'((m+1) Zl 1g1] —|—1X]'—1
J N+ Y (= 1)

(3.7)

end for
Output: p;(y =-) = 7"+l

The detailed proof can be found in Appendix A.1.1, A.1.2.

Algorithm 1 can seen as a generalization of MLLS. In the M-Step, we can rewrite
Eq. (3.7) as:

Nt (m
(my1) _ , Li=18ij aj —
T —A /=2 4 (1-A) L (3.8)
/ N! Zlel(“l —1)
—— —_———

Data contribution Prior contribution
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where A € (0,1) has the form:

Nt
A= e .
Nt Y (e — 1)

(3.9)

As A — 17, the algorithm degenerates to MLLS. As A — 0%, the MAP estimate
will converge to the Dirichlet prior Dir(K, a). In this manner, A can be seen as our
confidence in our label distribution estimation.

The choice of a and corresponding A affect the MAP estimate 7t*. In practice, it is
important to determine an appropriate & and A to give a good MAP estimate 7t* for
the target label distribution p;(vy).

After obtaining 7t*, we can use Eq. (2.34) to correct the source domain classifier f to
the target domain under label shift.

Symmetric Dirichlet Prior: The Dirichlet prior possesses K parameters in & =
laq, ..., ak] € IRI;. When no information about the target domain label distribution
is available, we may set &; = . This has the advantage of reducing the number of
parameters to be chosen, at the cost of limiting expressivity.

o The Dirichlet prior satisfies 7t ~ Dir(K, agl).

Then the M-Step of the MAPLS algorithm in the form of Eq. (3.8) can be further
simplified as:
Nt (m)

Yiz18ij
n](”ﬁ'l) - A 1157 -+ (1- )\)% (3.10)

where A = N/(N* + K(ap — 1)) also has a simpler form.

The MAPLS algorithm with A — 0" will converge to a uniform categorical distribu-
tion with t = 1/K in Y; ~ Cat(K, 7r). Note that now & = w1 is fully determined
by A, and we can determine parameter «g in the prior by selecting a value for A.
In this case, 1 — A represents the strength of regularization in the MAP estimation
procedure.

3.3.4 Adaptive Prior Learning Model

In our MAPLS algorithm 1, the prior parameter « should be determined before the
estimation of 7r. In this Chapter, based on the analysis of the possible estimation
error, we propose a novel Adaptive Prior Learning (APL) model to adaptively learn «
given available data. Our model is inspired by the empirical Bayesian (Casella, 1992;
Robbins, 1992) approach.

Estimation Error Analysis: Intuitively, two factors can induce estimation error
in our posterior. Firstly, we use a classifier f(x) to model ground truth ps(y|x) in
Assumption 1, when the classifier fails to represent the ground truth, the model is
subject to misspecification error. Secondly, even if Assumption 1 is satisfied, our
MAPLS model will have an associated sampling error due to using a finite number of
samples, like other models (Garg, Wu, Balakrishnan et al., 2020).
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Figure 3.4: Label shift estimation error analysis. The Mean Square Error (MSE, see
Section 3.4.1) increases when: (1) the model is misspecificed, i.e. ps(y) = f(x) is not
satisfied (left); (2) the sampling error gets magnified when source and target domains
have large label shift (right). Our MAPLS with fixed prior (A = 0.9 in Eq. (3.10)) can
reduce both errors compared with MLLS. Our MAPLS-APL model with prior parameters
learned given data can further reduce MSE and outperform BBSE under large label shift
(right).
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Adaptive Prior Learning: In our APL model, we propose to use a heuristic to loosely
evaluate the magnitude of model misspecification error. The sampling error of the
label shift estimation model can be magnified with large label shift between the target
and source domains (e.g. Fig. 3.4). Therefore, our APL model also includes a heuristic
to mitigate sampling error.

Practically, we first run MAPLS with A = 1 to obtain an initial MLE of the target
label distribution wLE. Then our APL model quantifies the two estimation errors
based on the three KL-divergences below:

dsu = DKL(CHI/K)
dTU = DKL(TL’MLEnl/K) (3.11)

dTS = DKL(TL'MLE”C),

where 1) 1/K is the parameter of a uniform categorical distribution Cat(K, 1/ K) for
K classes, 2) c is the parameter of the source label distribution, 3) S, T, U represents
source, target and uniform label distribution respectively and 4) Dkp («||8) denotes
the KL-divergence of two categorical distributions Cat(K, «) and Cat(K, B), which is
evaluated by:

K .
Dki(a||B) := ) _ajlog %. (3.12)
i=1 i

Adapt to model misspecification: A Neural Network classifier f trained on the
source domain usually has poor performance when the source domain has a highly
imbalanced label distribution (dg; > 0) (Cao et al., 2019). In this case, the classifier
is more likely to be subject to model misspecification error when estimating label
shift. Hence we increase prior contribution in Eq. (3.10) with higher dgy;.

Adapt to sampling error: We propose two approaches to mitigate the problem
that sampling error tends to increase given large label shift. Firstly, we use drg to
approximate the amount of shift between target and source label distribution. A higher
drs implies larger label shift, which will lead to more severe sampling error. Thus
our APL model should increase the contribution of prior in Eq. (3.10) with higher
drs. Secondly, when tMLE s close to a uniform label distribution 1/K, we also
propose to increase the prior contribution so that Eq. (3.10) can push the estimate
more towards 1/K.

Adaptive Prior Learning Model

Sampling Error 1 ) ;
Prior
! Contribution 1 /:
Model Misspecification 1

Figure 3.5: Structure of our Adaptive Prior Learning model. The parameter in
the prior is adaptively determined by the available data with a heuristic based on
dTU/ de, dsu defined in Eq. (3.1 1).
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Overall APL model: By defining a normalization function F(x) = x/(1 + x), our
APL model determines A via:

A=a-F(y-dru)+ (1 —a) - (1—F(y-drs)), (3.13)

where v = 1 — F(b - dgyy) takes into account the model misspecification error and
dry, drs evaluates the sampling error. Here a € [0,1] represents the trade-off
between the two approaches to reduce sampling error and b € [0, 1] represents the
strength of misspecification error. More discussion of our APL model can be found in
Section 3.4.3.

3.3.5 Sampling from the Bayesian posterior

Apart from the point estimate 7t*, we also use Bayesian analysis to utilize the entire
posterior p(7t| D!, &) as our estimated target label distribution. In this Chapter, we pro-
pose to use the Markov Chain Monte Carlo (MCMC) method to obtain i.i.d. samples
of the posterior. The samples can then be used for downstream label shift correction
tasks.

Based on Eq. (3.4), we can rewrite p(7t|D!, &) as:

1 b K 7T
p(m|D' ) = —p(rla) J[TY. (D)), (3.14)
i=1j=1 "]

where Z contains [ p(D!|7t")p(7’'|a))d7st’ and p(X; = x!), which are constant
w.r.t. 7t and are usually intractable.

To avoid evaluation of Z, we adopt the MCMC method to obtain samples of the
posterior. Because the Hamiltonian Monte-Carlo (HMC) sampler can be more efficient
than other MCMC methods in high dimensional space (Betancourt, 2017; Neal, 2011),
we adopt the HMC to obtain 1.i.d. samples of the posterior:

I1 = {7} |, where T' ~;; 4 p(7|D!,u), (3.15)

where « is determined by our APL model.

After collecting IT, each 7t' is used as a point estimate of 7t for the downstream tasks.
For example, for the label shift correction problem, we use every 7t’ € IT to correct
the source domain classifier f(x) to the target domain g;(x) under label shift based
on Eq. (2.34). The target domain average SoftMax classifier can then be constructed
as:

Ly Df);
g(x); = Z% E—ZKJ ﬁf(x) . (3.16)
= =1 I )

With samples of the posterior, the uncertainty of our estimated 7t given data can also
be analyzed. Comparing with Algorithm 1, this approach utilizes the entire posterior
at the cost of computation resources.
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Remark: MCMC can be computationally expensive in high dimensional space,
because sufficient warm up steps are required if the Markov chain is initialized
randomly in value space (Mangoubi and Smith, 2017). Fortunately, since the posterior
in our model is strictly log concave (Proposition 1) with known maximal point 7t*
obtained by MAPLS, we can initialize the Markov chain at 7t* and the HMC sampler
can then collect i.i.d. samples more efficiently without warm up steps.

3.3.6 Estimation of Source Label Distribution

Given source domain data {x?, yf}l]\j ; and blackbox classifier f, there are two known
methods to estimate the source domain label distribution ps(y = -) = ¢. MLE is the
standard method to estimate ¢ with source domain ground truth labels . On the other
hand, when classifier f is calibrated on the source domain, Alexandari et al. (2020)
also proposed to estimate ¢ with source domain images in {x?, ZNZS 1 and classifier f

with
1 N

= s ;f(xf)j. (3.17)

In this Chapter, we adopt both approaches to estimate c. We name the MLE approach
as the “hard" method and Eq. (3.17) as the “soft" method.

3.3.7 Overall Framework

We propose to estimate and correct label shift as follows:

Algorithm 2 Overall Method

Input: Source domain data {x?,yls. ZNS, classifier f : X — AK=1 and target
domain data D' = {x!|(x!,-) ~ ps(x,y),i =1,2,..N'}.
Parameter Determination:
* ¢: Use MLE or Eq. (3.17) to estimate P(Y; = ) = c.
o wMLE; Use MAPLS 1 to obtain wMLE (g = 1).
e no: Determine A with APL model.
With ag and Eq. (3.10), use MAPLS 1 to obtain 7T*.
if Point Estimate then
Correct Label Shift: Obtain ¢ with Eq. (2.34).
else if Posterior Sampling then
Use HMC (initialized with 7t*) to obtain II in Eq. (3.15).
Correct Label Shift: Obtain ¢ with Eq. (3.16).
end if
Output: Target domain classifier g.

We name the model that uses the MAP estimate MAPLS-APL and the model that
uses posterior sampling PSLS-APL, where the “APL" indicates that parameter « in
the prior distribution is learned with our APL model.
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3.4 Experiments

3.4.1 Experimental Setup

Datasets We evaluate our model on the CIFAR100 (Krizhevsky, Hinton et al., 2009),
ImageNet 2012 (Russakovsky et al., 2015b) and Places2 (Zhou, Lapedriza et al., 2017)
datasets. Following common use in Long-Tailed research (Cao et al., 2019; Wang,
Lian et al., 2020; Zhong et al., 2021), we also use Long-Tail versions of ImageNet,
Places (Liu, Miao, Zhan, Wang, Gong and Yu, 2019) and CIFAR100.

We test the models on test sets with Dirichlet shift proposed by previous label shift
estimation models (Alexandari et al., 2020; Lipton et al., 2018). Dirichlet Shift gener-
ates a random test set label distribution from a K dimensional Dirichlet distribution.
We also adopt the ordered Long-Tailed shifted test set used in LADE (Hong, Han
et al., 2021), which has the same or inverse order of the L.ong-Tailed distributed train
set. We further extend this setting to a shuffled Long-Tailed test set, where the test set
still has a Long-Tailed label distribution but with random class order.

Dataset Setup
Original,
Train Set| CIFAR100 (Krizhevsky, Hinton et al., 2009) Long-Tailed with
R =1{2,5,10,20,50,100,200}
ImageNet (Russakovsky et al., 2015b) Original, Long-Tailed
Places (Zhou, Lapedriza et al., 2017) Original, Long-Tailed
Test Shift Type Params
Original None
Dirichlet (Lipton et al., 2018) a=1.0,10
Test Set | () dered Long-Tail (Hong, Han et al., 2021) R =1{2,5,10,50}
Order = “Forward", “Backward"
Shuffled Long-Tail R =1{2,5,10,50}

Table 3.1: Closed SEt Label shift experiment settings. R is referred to as the imbalance
ratio — the ratio of maximum and minimum sample number per class respectively in test
set. « is the parameter of the Dirichlet distribution.

Model Setup Both our MAPLS/MAPLS-APL algorithm and previous MLLS al-
gorithm are initialized with 7 = ¢ and run for 100 epochs to ensure conver-
gence. Because 7t* is unique as proved in Proposition 1, our MAPLS is guaran-
teed to converge to a single MAP estimate. In our APL model, we empirically set
a =0.9,b = 0.5in Eq. (3.13) for all the label shift settings in all datasets. For our
PSLS model, use a HMC sampler called No-U-Turn Sampler (Hoffman, Gelman
et al., 2014) provided by Pyro (Bingham et al., 2018) to collect 5000 samples from
the posterior.

We implement the Neural Network classifiers using PyTorch (Paszke et al., 2017).
We use the ResNet32 (Idelbayev, n.d.) classifier for CIFAR100 and every CIFAR100-
LT dataset. We use pre-trained ResNet50 (He, Zhang et al., 2016) and pre-trained
Resnet152 for ImageNet and Places datasets respectively. We train a ResNet50 and
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ResNet152 for ImageNet-LT and Places-LT datasets, respectively. More details of
classifier implementations can be found in Appendix A.2.1.

_ TestSet | ordered LT Shuffled LT Dirichlet
Train Set
CIFAR100/CIFAR100-LT 55% 50% 52%
ImageNet/ImageNet-LT 82% 90% 75%
Places/Places-LT 68% 90% 92%

Table 3.2: SOTA comparison summary of estimation error. For all the label shift
settings in Tab. 3.1, the percentage of settings that our MAPLS-APL model outperforms
SOTA models (MLLS, BBSE, RLLS) in terms of (w — ©)?/K.

. TestSet | ordered LT Shuffled LT Dirichlet
Train Set
CIFAR100/CIFAR100-LT 56% 58% 58%
ImageNet/ImageNet-LT 59% 80% 58%
Places/Places-LT 59% 80% 75%

Table 3.3: SOTA comparison summary of Topl Accuracy. For all the label shift
settings in Tab. 3.1, the percentage of settings that our MAPLS-APL model outperforms
SOTA models and the baseline classifier in terms of accuracy.

Evaluation Metrics We follow previous methods (Alexandari et al., 2020; Lipton
et al., 2018) to evaluate label shift estimation performance with (w — @)? /K, where
w; = pe(y = 1)/ ps(y = i),i = 1,2...K is the target over the source label distribution
ratio. w is the ground truth ratio estimated by the source and target labels. @ is the
predicted ratio with p;(y) estimated by each model.

We also provide Topl accuracy for different label shift estimation models with LSC
(Eq. (2.34)) on all datasets. The result summary is available in Tab. 3.3.

3.4.2 State-of-the-art Comparison

We compare the performance of our method with several state-of-the-art (SOTA)
label shift estimation methods, including MLLS (Alexandari et al., 2020; Saerens
et al., 2002), BBSE (Lipton et al., 2018) and RLLS (Azizzadenesheli et al., 2018).
BBSE and RLLS also have “soft" and “hard" versions of each model. We evaluate
the performance of these models with previously available implementation (details in
Appendix A.2.2).

In large-scale datasets, methods that require retraining the classifier on the source
domain will suffer from high computational costs. Therefore, we have not reproduced
and reported Tachet des Combes et al. (2020) in our results.

We provide the SOTA comparison of our MAPLS-APL model in terms of (w —
zi))z /K in Tab. 3.2 and Top1l Accuracy in Tab. 3.3. Note that unlike SOTA models that
obtain a point estimate of 7r, our PSLS-APL model obtains samples of 7t from the
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Dataset ImageNet
Shift Type Shuffled LT Dirichlet
Params 50 25 10 5 2 a =10.0 a=10

Test sample No.

fixed fixed fixed fixed fixed

12500 25000

12500 25000

MLLS-hard 0.1210 0.1102 0.1001 0.0868 0.0766|0.1111 0.0848|0.1299 0.1113
MLLS-soft 0.1121 0.0972 0.0868 0.0721 0.0637|0.0981 0.0721|0.1154 0.0977
BBSE-hard 0.1285 0.1020 0.0871 0.0699 0.0581|0.0869 0.0661|0.1285 0.1173
BBSE-soft 0.1305 0.1086 0.0969 0.0790 0.0671{0.1052 0.07690.1366 0.1177
RLLS-hard 1.1450 0.7160 0.4436 0.2244 0.0473]0.1159 0.1122]1.1020 1.0607
RLLS-soft 1.1450 0.7160 0.4436 0.2244 0.0473]0.1159 0.1122|1.1020 1.0607

MAPLS-APL-hard (Ours)
MAPLS-APL-soft (Ours)

0.1236
0.1144

0.1006 0.0816
0.0904 0.0710

0.0633
0.0521

0.0482
0.0370

0.0736 0.0570
0.0628 0.0465

0.1283 0.1142
0.1160 0.1025

Table 3.4: Performance of (w — @)?/K (]) on the ImageNet dataset, with shuffled
Long-Tailed test set that have an imbalance ratio {50, 10, 5,2} and Dirichlet test set that
have « = {1,10} and total test sample number {12500,25000} in each setting. The best
performances are in boldface, and the second best are in blue. Our PSLS-APL model is
only suitable for Topl Accuracy comparison.

Dataset ImageNet-LT
Shift Type Shuffled LT Dirichlet
Params 50 25 10 5 2 o =10.0 a=1.0
Test sample No. fixed fixed fixed fixed fixed |12500 25000 |12500 25000
MLLS-hard 36.09 34.49 30.57 26.90 24.42|28.44 26.03 |38.21 36.18
MLLS-soft 80.66 82.10 84.92 81.54 76.59|91.28 83.62 | 82.62 84.23
BBSE-hard 3.2¢% 1.8¢® 1.4e5 2.0¢7 4.8¢° | 4.8¢° 1.0¢7 | 1.7¢5 1.2¢1°
BBSE-soft 28.00 25.48 18.04 15.86 12.07| 13.84 12.89|28.30 27.75
RLLS-hard 45.00 38.77 29.99 24.18 19.96|21.98 21.05|46.05 45.75
RLLS-soft 45.00 38.77 29.98 24.18 19.96| 21.98 21.05 | 46.05 45.75
MAPLS-APL-hard (Ours)||20.25 16.62 10.26 6.18 2.62 | 472 3.86 |21.16 20.68
MAPLS-APL-soft (Ours) [[19.48 16.39 11.23 7.58 443 | 6.62 5.66 |18.94 18.75

Table 3.5: Performance of (w — )2 /K (|) on the ImageNet-LT dataset, with shuffled
Long-Tailed test set that have an imbalance ratio {50, 10, 5,2} and Dirichlet test set that
have « = {1,10} and total test sample number {12500,25000} in each setting. The best
performances are in boldface, and the second best are in blue. Our PSLS-APL model is
only suitable for Topl Accuracy comparison.

posterior instead. Thus only Top1 Accuracy is compared for our PSLS-APL model
(Tab. 3.6) instead of both metrics.

As shown in Tab. 3.2, our MAPLS-APL model outperforms SOTA models in at least
50% of the label shift and dataset settings. As an example on ImageNet in Tab. 3.4,
our model outperforms other models by a large margin for the highly imbalanced train
set ImageNet-LT.

As shown in Tab. 3.3, in terms of Top1 Accuracy, our MAPLS-APL model outperforms
SOTA models and baseline in at least 50% of the settings. As an example in Tab. 3.6,
our MAPLS-APL and PSLS-APL model have similar performance and outperform
SOTA models in most settings.

By analyzing the performance in Tab. 3.4, 3.5, 3.6, 3.7, one obvious advantage of our
model is its robustness to the source label distribution. When the source domain has
a highly imbalanced label distribution (e.g. ImageNet-LT, Places-LT), the label shift
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Dataset ImageNet-LT
Order Forward Uniform Backward
Imbalance Ratio 25 10 5 2 1 2 5 10 25

Baseline 62.55 58.48 54.97 49.59| 45.31 |40.94 3522 31.31 26.56
MLLS-hard 59.10 55.42 52.70 48.93| 46.47 |44.04 41.27 39.82 38.30
MLLS-soft 58.45 54.70 52.13 48.56| 46.34 |44.11 41.66 40.41 39.30
BBSE-hard 33.20 25.93 24.53 19.03| 26.15 [23.99 16.85 28.03 15.67
BBSE-soft 60.95 57.47 54.86 51.03| 48.23 |45.67 42.47 40.42 37.94
RLLS-hard 62.55 58.48 54.97 49.59| 45.31 |40.94 35.22 31.31 26.56
RLLS-soft 62.55 58.48 54.97 49.59| 45.31 |40.94 3522 31.31 26.56
MAPLS-APL-hard (ours) ||60.67 57.72 55.56 52.51| 50.31 [48.05 45.09 43.33 41.31
MAPLS-APL-soft (ours) ||60.34 57.58 55.44 52.50| 50.32 |48.33 45.69 44.21 42.50
PSLS-APL-hard (ours) ||60.80 58.00 55.49 52.65| 50.34 [47.88 45.07 43.27 41.33
PSLS-APL-soft (ours) ||60.61 57.95 55.46 52.76| 50.45 |48.00 45.47 43.86 42.22

Table 3.6: Performance of Topl Accuracy (1) on ImageNet-LT dataset, with Ordered
Long-Tailed test set that have imbalance ratio R = {25,10,5,2}. The best performances
are in boldface, and the second best are in blue.

Dataset Places-LT
Order Forward Uniform Backward
Imbalance Ratio 25 10 5 2 1 2 5 10 25

Baseline 41.25 38.04 35.11 31.06| 27.92 |24.76 20.89 18.26 15.49
MLLS-hard 40.46 37.78 35.67 32.95| 31.08 |29.22 26.85 25.30 23.70
MLLS-soft 39.90 37.20 35.06 32.43| 30.53 |28.72 26.58 25.50 24.11
BBSE-hard 28.65 28.39 27.83 26.37| 26.79 [24.51 23.09 16.69 17.60
BBSE-soft 41.12 38.32 36.18 33.16| 30.94 |28.75 26.16 24.34 22.31
RLLS-hard 41.25 38.04 35.11 31.06| 27.92 |24.76 20.89 18.26 15.72
RLLS-soft 41.25 38.04 35.11 31.06| 27.92 |24.76 20.89 18.26 15.49
MAPLS-APL-hard (ours) ||41.34 39.55 38.01 36.04| 34.48 [32.80 30.49 28.68 26.63
MAPLS-APL-soft (ours) |[41.15 39.32 37.78 36.04| 34.58 |32.97 30.87 29.35 27.41
PSLS-APL-hard (ours) [[41.61 39.19 38.14 36.01| 34.49 |32.99 30.44 28.64 26.74
PSLS-APL-soft (ours) ||41.44 39.11 38.11 36.01| 34.52 |32.97 30.51 28.89 27.17

Table 3.7: Performance of Topl Accuracy (1) on Place-LT dataset, with Ordered
Long-Tailed test set that have imbalance ratio R = {25,10,5,2}. The best performances
are in boldface, and the second best are in blue.
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estimation performance of our model stays relatively stable while previous models
degrade significantly.

3.4.3 Ablation Study

Posterior Sampling Results: We provide the density histogram of 5000 posterior
samples II collected by our PSLS-APL model in Fig. 3.6, with single value of 7t
estimated by other models as well. The posterior p(7t|X, a) fits well with the ground
truth and is able to provide a sense of uncertainty of our estimation.

—— MLLS-soft
BBSE-soft
| —— MAPLS-APL-soft (ours)
== Ground Truth
0.031 PSLS-APL-soft (ours)

Label Frequency

Class Index

Figure 3.6: Illustration of the label shift estimation result (7z). On the Long-Tailed
CIFAR100 dataset with the Ordered Long-Tailed test set, our PSLS-APL model uses
HMC to obtain 5000 i.i.d. samples of the posterior p(7t|a, X) (posterior sample density
histogram plot as blue bar heatmap), which fit nicely with the ground truth.

Estimation Error During Classifier Training: We also analyze the estimation
stability of our model during the training of classifier f on the source domain. Spe-
cifically, we monitor the performance of each label shift estimation model during
the training of a Neural Network classifier on the Long-Tailed CIFAR100 dataset.
The test sets have Ordered Long-Tailed label distribution. As shown in Fig. 3.7, the
performance of BBSE, MLLS and our model improves during the training of the
classifier. This observation suggests that the label shift estimation performance of
these models could be further enhanced with a better classifier. Our MAPLS (A = 0.9)
and MAPLS-APL model performs better and stable in the last 50 epochs.

Empirical Justification of APL model: With empirical evidence, we show that
the best choice of the parameter for the Dirichlet prior & or parameter A = N /(N +
K(xg — 1)) in our MAPLS model is different with different source and target label
distribution settings. Further, our proposed Adaptive Prior Learning model can give a
good choice of A.

We compared the performance of the MAPLS-APL model with MAPLS models
that have fixed A. The experiment is carried out on the ImageNet-LT dataset with a
uniform test set. As shown in Eq. (3.8), our MAPLS model degenerates to MLLS in
the A = 1 setting. As seen from Tab. 3.8, the best choice of A varies with different
target label distributions. MLLS generally performs worse than every MAPLS model.
Our heuristic can give the A that is close to the best choice.
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CIFAR100, Imbalance ratio: 100

109
—— MLLS —— MAPLS (A = 0.9) (ours)
10° 4 BBSE ~ —— MAPLS-APL (ours)
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- 104
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1024
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Figure 3.7: Ablation study on stability of the MAPLS-APL model. On the Long-
Tailed CIFAR100 dataset with Ordered LT test set, our model is stable during the training
of the classifier and performs better than SOTA methods.

Order Forward Uniform Backward
Imbalance Ratio 50 25 10 5 2 1 2 5 10 25 50
MLLS-soft 48.66 42.51 40.37 58.19 73.82| 83.77 |86.10 161.63 163.43 252.68 291.19

MAPLS-soft (A = 0.9) ||12.92 12.30 13.23 15.09 14.66| 18.66 |20.29 45.51 52.17 98.66 133.56
MAPLS-soft (A = 0.7) |[15.88 14.62 12.7211 10.34 6.19 | 4.68 |4.41 1241 2251 51.81 82.34
MAPLS-soft (A = 0.5) ((20.83 18.76 1527 11.36 5.52| 248 | 1.78 889 21.69 5275 86.87
MAPLS-soft (A = 0.3) [[24.94 2220 17.55 1262 563 | 190 | 1.17 9.19 2433 59.67 9837
MAPLS-soft (A = 0.1) |[28.15 2490 19.40 1374 590 | 176 |1.10 1021 27.28 66.61 109.39
MAPLS-APL-soft (ours) [ 13.82 13.38 12.55 10.39 5.80 | 3.59 |3.67 13.48 2440 57.78 90.37

Table 3.8: Performance of (w — @)?/K on ImageNet-LT dataset, with Ordered Long-
Tailed test sets that have imbalance ratio R = {50, 10,5, 2} and forward and backward
order. Best among fixed A models are in boldface. Each reported value is the average of
10 in different shuffled and random sampled test sets.

EM algorithm convergence analysis: For MLLS and our proposed model, we
follow MLLS (Alexandari et al., 2020) to initialize target label distribution the same
as source domain label distribution 7t(?) = ¢. Each EM have T = 100 iteration to get
the final estimation. As shown in Fig. 3.8, MLLS and our MAPLS-APL algorithm
have converged after 100 iteration.

Robustness Study We also study the robustness of our MAPLS model when As-
sumption 3 is not satisfied. As discussed by previous works (Garg, Wu, Balakrishnan
et al., 2020), when Assumption 3 holds, it implies that classifier f is perfectly cal-
ibrated on the source domain. Since the calibration performance of the classifier
is usually evaluated through Expected Calibration Error (ECE) (Guo, Pleiss et al.,
2017) we plot the estimation error and ECE correlation of our model in Fig. 3.9 and
estimation error and Top1 Accuracy correlation of our model in Fig. 3.10. The data
points in these two figures are collected during the training phase of a ResNet32
classifier on the CIFAR100 dataset, with the model tested on an Ordered Long-Tailed
test set ("Forward" LT100).

As shown in the figures, the estimation error (w — @)?/K of both our model and the
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Figure 3.8: EM algorithm convergence analysis. Performance of EM algorithm MLLS-
soft and our MAPLS-APL-soft with different number of EM iterations, on ImageNet-LT
dataset with uniform test set. Each algorithm have converged after 100 iteration.

MLLS model are not sensitive to the calibration performance ECE of the classifier.
On the other hand, it seems the estimation performance increases when the classifier
exhibits higher accuracy. Both of these observations imply that, our model is robust
to both the calibration error ECE and accuracy of an image classifier.
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Figure 3.9: Estimation error and classifier calibration performance (ECE) correlation of
our MAPLS model and previous MLLS model. The samples are collected when training
a classifier on the CIFAR100 dataset. The estimation error (w — @)?/K of our model

and the MLLS model are not sensitive, i.e.robust, w.r.t. the calibration performance ECE
of the classifier.
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Figure 3.10: Estimation error and Topl Accuracy correlation of our MAPLS model and
previous MLLS model. The samples are collected when training a classifier on CIFAR100
dataset. The estimation error (w — @)?/K of our model and the MLLS model are not
sensitive, i.e.robust, to the classification Topl Accuracy of the classifier.

3.5 Conclusion

In this chapter, we developed label shift estimation methods MAPLS-APL and PSLS-
APL under a Bayesian framework that are applicable to large-scale datasets and robust
to highly imbalanced source label distributions. In our MAPLS model, we derived an
EM algorithm to obtain the MAP estimate of the target label distribution and proposed
a novel Adaptive Prior Learning model to adaptively adjust the prior parameter. In
our PSLS model, we used HMC to sample from the strictly log-concave posterior

pt(ﬂ|Dt, lX).

Unlike previous benchmark evaluations, our experimental settings additionally covers
a variety of large-scale datasets (ImageNet, Places) with highly imbalanced label dis-
tributions, which provide a more realistic evaluation of SOTA methods. Experiments
on these datasets have demonstrated the effectiveness of our model and its potential to
be applied in real world label shift problems.
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Chapter 4

Feature Based Closed Set Label Shift

4.1 Introduction

Similar to Chapter 3, this chapter also focuses on the Closed Set Label Shift estimation
problem. We aim to develop a CSLS estimation model that is feasible for a classifier
that outputs image features instead of probability simplexes discussed in Chapter 3.
The model proposed in this chapter can be seen as an extension of the model proposed
in Chapter 3.

Refresher on the CSLS problem In the Closed Set Label Shift (OSLS) problems,
we are given a source domain labeled dataset, a target domain unlabeled dataset
and a source domain classifier. The objectives include 1) detection: detect if the
label distributions between the source and target domain are identical, 2) estimation:
estimate the target label distribution and 3) correction: construct an appropriate target
domain classifier. The mathematical definition is given in the next section (duplicating
the original definition in Chapter 2).

Objectives We have two objectives for our proposed model. Firstly, we aim at
developing a general label shift estimation model for different types of Neural Network
(NN) classifiers, including SoftMax classifiers or prototype classifiers (Bezdek and
Kuncheva, 2001; Snell et al., 2017a). Such a model could extend the application
regime of existing works, which are usually designed for some specific types of
classifiers. For example, BBSE (Lipton et al., 2018), RLLS (Azizzadenesheli et
al., 2018) are based on discrete label classifiers, while MLLS (Alexandari et al.,
2020) requires a calibrated classifier (Garg, Wu, Balakrishnan et al., 2020). 2)
Similar to Chapter 3, we also want to ensure that the new model performs robustly in
highly class-imbalanced large-scale datasets, which are commonly seen in real-world
problems (Liu, Miao, Zhan, Wang, Gong and Yu, 2019).

Contributions In this chapter, we propose a Generalized Label Shift Estimation
(GLSE) model to achieve the two objectives. Our GLSE model provides a general
framework for constructing practical label shift estimation algorithms using different
types of classifiers. The framework has two stages: a Class Conditional Model
(CCM) and a Latent Variable Model (LVM). Under the GLSE framework, we derive
EM algorithms to obtain Maximum Likelihood estimates (MLE) and Maximum a
Posteriori (MAP) estimates of target label distributions. We also use Markov Chain
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Monte Carlo to sample the target label distribution from the Bayesian posterior.
We further propose a novel Adaptive Prior Learning (APL) model to determine the
parameter in the Bayesian prior with data.

We conduct extensive experiments on large-scale datasets with different label distribu-
tions. We test our model on CIFAR100, ImageNet, Places and Long-Tailed versions
of each dataset. Experimental results show that our model consistently outperforms
existing state-of-the-art (SOTA) models, particularly, obtaining better performance
when the source or target label distribution is highly imbalanced. These results demon-
strate the robustness of our model to different types of label shift and its applicability
to real world classification problems.

We summarise the contributions of this Chapter:

1. We propose a Generalized Label Shift Estimation (GLSE) model. Our model
provides a framework that enables the generation of different practical label

shift estimation algorithms with different choices of model setup, including
SOTA model MLLS.

2. In our GLSE framework, we construct the MLE and MAP objectives of the
target label distribution given data, prove the convexity of the objectives and
derive EM algorithms that converge to the MLE/MAP estimate of the target
label distribution.

3. We adopt the MCMC method to obtain i.i.d. samples from the posterior of the
target label distribution. We propose an Adaptive Prior Learning (APL) model
to determine the parameters of the Bayesian prior given data.

4. Experiments show that the models constructed from our GLSE framework
outperform previous SOTA models on various label shift settings on CIFAR100,
ImageNet, Places and Long-Tailed version of each dataset.

Background and Related Works The background about the Latent Variable Model
(LVM) and EM algorithm used in this chapter can be found in Chapter 2, Section 2.2.4
and 2.2.5, respectively. The related literature on the CSLS problem can be found in
Chapter 2, Section 2.3.1.

4.2 Problem Setup and Analysis

We focus on the label shift problem in the closed set image classification tasks, where
we denote the image space as X' C R? and the label spaceas Y = {1,2,..,K}. 2
denotes the feature space and f : X — Z denotes the corresponding feature extractor.
Let X, Y, Z be the random variables (RVs) of image, label and feature respectively.

4.2.1 Definition and Assumptions

In the label shift problem, we have a labeled source domain dataset DS and an
unlabeled target domain dataset D' available, where D = {(x5,y3)}| contains
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image and label jointly drawn i.i.d. from p,(x,y) and D' = {x! Zlit | contains images
drawn i.i.d. from the marginal p;(x).

In the closed set label shift (CSLS) problem, recall that we have the closed set label
shift assumption available in Chapter 2, Assumption 1:

Assumption 1. (Closed Set Label Shift Assumption)

ps(xly =1i) = pr(xjly =1i) forall ie ). 2.1

Under Assumption 1, we are given with a labeled source domain dataset D°, an
unlabeled target domain data D! and a source domain classifier f. The detection,
estimation and correction problems are then defined as:

Definition 1. (Closed Set Label Shift Problem)
Under Assumption 1, given:

» Source domain labeled data D° = {(x%,5)} I} (K classes);

* Target domain unlabeled data D' = {x/}N' (K classes);
* Source domain classifier f.
the CSLS problem is to solve
* Detection: Verify ps(y =) = pr(y = -);
* Estimation: Estimate p;(y = -);

* Correction: Model p;(y = -|x) based on f.

( Source Domain \ f Target Domain \

& |, — cat | =H &1y
P (y ¢ t) Ir]:vzri;)nt
5
Dog Cat Bird
f —
N\ J

Figure 4.1: Closed Set Label Shift problem setup, where we are given: 1) assumption:
the closed set label shift assumption (Assumption 1), 2) datasets: a source domain labeled
dataset and a target domain unlabeled dataset and 3) model: a source domain classifier
or feature extractor f. This information is used for the closed label shift detection,
estimation and correction problems.

In this Chapter, we adopt a relaxed condition that a feature extractor f : X — Z is
available. Different to Chapter 3 or previous works (Garg, Wu, Balakrishnan et al.,
2020) that assume the availability of a SoftMax classifier or a blackbox classifier
(Lipton et al., 2018), this setting allows Z to be the same as the hard label space
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), soft label space (probability simplex space) AK~1 or feature space of a prototype
classifier, thereby generalising previous settings. The final classifier fo : X — ) can
be constructed based on the feature extractor f.

In Definition 1, the feature extractor f can be obtained by training a NN model on the
source domain dataset D° via supervised learning. Our main assumption is that for a
certain choice of feature extractor f, the conditional distribution of feature z given
label y belongs to some distribution family:

Assumption 4. (CSLS Feature Based Approach Assumption)

The conditional distribution of the features given the label belongs to a known family
Q:
ps(zly) € @ = {4(-[-,0)|6 € O}. 4.D)

Here Q is a space of probability density/mass functions that are supported on feature
space Z for all labels in ). © is the corresponding parameter space. q(zo|i, 6) denotes
the evaluation of the function at zy € Z given label i € )/ and parameter 6 € ©.
The distribution family O can be constructed based on f and corresponding Z space,
which is further discussed in Section 4.3.3.

We superimpose our assumptions onto the graphical model in Figure 4.2.

4.2.2 Graphical Model Setup

Observing that RVs of the source and target domain label Y, Y; are supported on
finite and discrete set ) = {1, 2, ..., K}, Y5, Y} can be seen as following categorical
distributions Cat(K, ) over K classes.

Here we denote Y; ~ Cat(K,c) and Y; ~ Cat(K, 7t). The parameters c, 7t of
the categorical distributions are K dimensional probability simplexes that satisfy
ps(y = i) = ¢; and p;(y = i) = 7; foralli € ). Thus we have ¢, T € AK~! where
AK=1 denotes the space of K dimensional probability simplex. Estimating the target
label distribution p;(y) is equivalent to estimating parameters 7t in Cat(K, 7).

The graphical model setup along with our assumptions are illustrated in Fig. 4.2.
We optionally place priors over the parameter 7t of the target label distribution
pt(y = -) = 7, which is further discussed in subsequent sections. We treat the
parameter ¢ of the source label distribution ps(y = -) = c as deterministic parameters,
which can be directly estimated with the source domain labeled dataset D°.
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On
Assumption 4 | Assumption 1
ps(zly) € Q @ ps(xly) = p(x[y) @
o &

Figure 4.2: Graphical model of the feature based Closed Set Label Shift setting
and our assumptions. X, X; are data for the source and target domain, Y;, Y; are the
corresponding categorical-valued labels and Zg, Z; are corresponding image features.
¢, 7t are parameters of the source and target domain label distributions respectively. The
source domain random variable of image X, and label Y; are observed with i.i.d. samples
available in D°. The target domain random variable of image X; is observed with
i.i.d. samples available in D!. With the closed set label shift assumption (Assumption 1),
we estimate 7t by further assuming p;(z|y = -) belongs to some distribution family Q
(Assumption 4).

4.3 Proposed Method

4.3.1 Model Overview

This section proposes a General Label Shift Estimation (GLSE) model for the Closed
Set Label Shift (CSLS) estimation and correction tasks.

Method Summary: Our objective is to design a CSLS estimation model that is
feasible when the image classifier outputs different forms of predictions, which
include discrete labels, SoftMax probabilities and image features for a prototype-
based classifier.

Roughly speaking, this objective is achieved by viewing the CSLS estimation problem
as estimating the mixture weight of a distribution mixture (e.g. Gaussian Mixture),
where each mixture component is the per-class distribution of the image features
output from a classifier (e.g. Gaussian).

Formally speaking, we reformulate the CSLS estimation problem in the form of a
Latent Variable Model, with the target label as the unobserved latent variable. In the
LVM, the distribution family of ps(f(x)|y) is specified in Stage 1 (Section 4.3.3) for
different choice of classifier. The estimate of the target label distribution is obtained
in Stage 2 (Section 4.3.4) through deriving EM algorithms to estimate the parameter
of the distribution of the latent variable — the target label in the LVM. A visualization
of the model structure is provided in Fig. 4.3.

Content Outline:

1. (Section 4.3.2) The general idea of the proposed model is elaborated.
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2. (Section 4.3.3) In Stage 1, the Class Conditional Model is proposed to determine
distribution family Q and estimate the corresponding parameter 6.

3. (Section 4.3.4) In Stage 2, the Latent Variable Model is proposed to obtain a
MLE or the MAP estimate of p;(y = -) = 7.

4. (Section 4.3.5) A practical example of our GLSE model is provided.

The overall feature based CSLS estimation and correction model is summarized in
Section 4.3.6. All the theoretical proofs in our model are available in Appendix B.1.

4.3.2 The Two Stage Approach

Our GLSE model analyzes label shift in the feature space Z. With feature ex-
tractor f, we pre-process the datasets D°, D! to obtain the labeled source domain
features D5 = {(z5,3)|z] = f(x3), (x{,y5) € D} and unlabeled target domain fea-
tures DL = {z|zl = f(x}),x! € D'}.

In feature space Z, we also have:

Lemma 2. (Lipton et al., 2018)

Under Assumption 1, if f : X — Z is deterministic, then for z = f(x) we have:

ps(zly =1) = pi(zly =1i) forall i€ ). (4.2)

Based on the Closed Set Label Shift assumption (Assumption 1) and Lemma 2, the
marginal distribution of the target domain feature Z; ~ p¢(z) can be decomposed
w.r.t. the target domain label Y; as:

K
pr(z) =), psly=i) pily=i).
= R “3)
Zy observed ps(z|y)€ Q(Assumption 4) Y} latent
samples in D, samples in DS (Objective)

Eq. (4.3) can be seen as a Latent Variable Model (LVM) discussed in the previous
Chapter 2.2.4, where the target domain label Y; is the unobserved latent variable and
the target domain feature Z; is the observed variable with available i.i.d. samples
given in target unlabeled dataset D.. The conditional distribution ps(z|y = i) that
connects the observed and latent variable has its distribution family specified based on
Assumption 4. Moreover, i.i.d. samples of ps(z|y) are available in the source domain
dataset Ds.

Based on the above observation, a two stage label shift estimation model can be
constructed. In Stage 1, we can specify the distribution family of Q that ps(z|y)
belongs (e.g. Gaussian family of distributions). And the parameter 6 of the ps(z|y) €
Q is estimated based on the features in the source domain dataset D for each
corresponding label i € )/. In Stage 2, the estimate the target domain label distribution
pt(y = -) = 7t is estimated in the LVM (Eq. (4.3)), where 7t is the parameter of the
distribution of the latent variable Y;.
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More specifically, with Assumption 1 and Assumption 4, we estimate target label
distribution p;(y = -) = 7t via:

* Stage 1: Construct distribution family Q in Assumption 4 based on the choice
of f. Obtain point estimate 6* for parameter 6 in ps(z|y) = q(+|-,6) with the
source domain dataset D5.

e Stage 2: Construct a LVM by viewing Y; as the latent variable in Eq. (4.3).
Estimate target label distribution p;(y = -) = 7t with the target domain dataset
D! and ¢(+|-,0*) obtained in Stage 1.

We name Stage 1 as the Class Conditional Model. The details are discussed in Section
4.3.3, where several examples of f, Q are given and their relationship with previous
works are discussed. We discuss details of the LVM model in Stage 2 in Section 4.3.4,
where we derive EM algorithms that obtain an MLE/MAP estimate of the target label
distribution p(y = -) = 7.

Remark: Note that in Stage 1, both DS, D! can be used to obtain a point estimate of
6’ under label shift. We provide more discussion about this setting in Section B.1.6.

4.3.3 Stage 1: Class Conditional Model

The distribution family @ = {g(-|;,0)|0 € O} can be constructed based on the
choice of f. In this section, we provide examples of f and corresponding O and
means to obtain a point estimate of 6 that satisfies ps(z|y = i) = g(+|-,0) given the
source domain labeled features in D;.

Choices of Distribution Family O:

Discrete Z Space: When the feature space is finite and discrete: Z = {1,2, ..., M},
the conditional distribution ps(z|y = j) for class j € ) is categorical, thus we can
define the g(+|,0) and parameter space @ in Q as:

q(z]j,0) = 0

0= { [91,92,...,9K} 4

o' ¢ AMfl}.

Here O contains the parameters of K independent M dimensional categorical distribu-
tions. We use GLSE, to denote the GLSE model with Q defined in Eq. (4.4).

Such a Q space can be seen as a space of M X K stochastic matrices, which generalizes
the setting of BBSE (Lipton et al., 2018), where BBSE requires M = K, i.e., feature
space has the same dimension as the number of classes K in the dataset.

SoftMax Z Space (Case 1): When the feature space Z = AM~1, f can be seen as a
SoftMax classifier for M classes. In this case, ps(z|y = j) is supported on AM~1, for
which every distribution may be represented as a Dirichlet distribution. Therefore we
can assume ps(z|y = j) belongs to the Dirichlet family of distributions. The g(-|, 6)
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ELSE Label Shift Estimation Model 17
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Figure 4.3: The structure of our GLSE label shift estimation model. In Stage 1,
we assume ps(z|y) € Q and obtain MLE/MAP estimate 6 for ps(z|ly) = q(-|-,0)
with the source domain dataset D;. In Stage 2, we estimate target label distribution
pt(y = ) = 7 with a Latent Variable Model (LVM) given the target domain data D?..
The estimation result can then be used for downstream tasks like label shift correction.
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and ® can then be defined as:
1 M
(z|],0) ~ B I—{

= {[91,92,...9K}

4.5)

o' EIRQ/IO},

where B/ is the normalization constant of the Dirichlet distribution for class j. @ is
the space of parameters of K independent Dirichlet distributions. We use GLSEp;; to
denote the GLSE model with Q defined in Eq. (4.5).

SoftMax Z Space (Case 2): For Z = AX~1 the SoftMax space has exactly the
same dimension as the number of classes K in label space ). In this special case, we
can model the distribution of ps(y|z) instead of ps(z|y):

ps(y =jlz) = zi. (4.6)

f: X — AK=1is said to be canonically calibrated on the source domain if the above
equation is satisfied (Garg, Wu, Balakrishnan et al., 2020). MLLS (Saerens et al.,
2002) adopts this model in their approach, as shown in Tabl. 4.1.

In this case, via Bayes rule, we can define the q(-|j, 6) and parameter space © in Q

as:
q(z],0) = z/6; - ps(z), .
= {olo e a1}, &7

where 0 := ps(y) = ¢ € AKX~ is the parameter of the source label distribution
Ys ~ Cat(K, c) and ps(z) is the marginal distribution of feature Z in the source
domain.

The parameter ¢ can be estimated given the source domain label in DZ. The marginal
distribution p; (z), however, can be intractable. Fortunately, in Stage 2 of our model,
we propose an algorithm that can estimate label shift without knowing ps(z). We use
GLSE,. to denote the GLSE model with Q defined in Eq. (4.5).

Neural Network Feature Z Space: A prototype NN classifier f usually uses the
last convolutional layer output of a NN model to generate prototypes (Snell et al.,
2017a). In this case, the features from each class can be modelled with a multivariate
Gaussian distribution with a diagonal covariance matrix (Lee et al., 2018b; Morteza
and Li, 2022). The g(z|y, ) and © in Q can then be defined as:

. _1@( ()
q(z|j,0) P( ]g 2007)? ) ws)

0 = {(ul,vl),---, (VK/UK))Vi eRY, o' € ]R%}’

where B/ is the normalization constant and Wi, o/ are mean and variances of the j"
Gaussian.
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Here O is the parameter space for K Gaussian distributions where the j" Gaussian has
amean 1/ and covariance matrix ¢’/. g(z|i, 9) is the evaluation of probability density
of the i™ Gaussian at z. We use GLSE A to denote the GLSE model with Q defined
in Eq. (4.8).

Parameter Estimate: With the distribution family Q specified, we can use the source
domain labeled dataset DS to obtain a point estimate of 6 for ps(z|y) = g(-|-,0). A
straightforward choice is MLE. If a prior distribution over 6 is introduced, we can
also obtain a MAP estimate of §’. Whether to use the MLE or MAP estimate can be
determined based on practical situations.

4.3.4 Stage 2: Latent Variable Model

In this section, given Q and a point estimate of 6’ obtained from stage 1, we derive
EM algorithms for the LVM in Eq. (4.3) to obtain MLE and MAP estimates of the
target label distribution p;(y = -) = 7r. We also adopt the Bayesian approach to
obtain samples of posterior of 7t vian MCMC.

Maximum Likelihood Estimate If p;(z|y) = g(-|-,0), based on Eq. (4.3), we can
write down the negative log likelihood of 7t given the target domain dataset D! as:

—log L(r; DY) = —logHZq (zH7,0) 4.9)
i=1j=1
Any MLE of 7t satisfies:
aME ¢ argmin — log L(7r; DY) (4.10)
renk-1 '

We prove that the MLE objective in Eq. (4.10) is convex and derive an EM algorithm
to obtain 7rMLE in the LVM (detailed proof available in Appendix B.1.1).

Proposition 3. (MLE) Under Assumption 1, 4, if ps(zly =1i) = q(-|i,0), then
Eq. (4.9) is convex on 1 and EM algorithm 3 converges to a mM'E defined in
Eq. (4.10).

The notation 7t(0) € Alial denotes (0 € AK-1and 71; > O foralli € {1,2,...,K}.
Maximum a Posteriori estimate By introducing a prior 7t ~ p(7t|a) over para-

meter 7t, similar to MLE, we can write the negative log posterior of 7t given the target
domain feature D! and prior parameter « as:

Nt K
—log p(rt|DL, &) = —log p(rle) [T, q(=tj,0)7, (4.13)
i=1j=1

where C is the normalization constant.
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Algorithm 3 GLSE-MLE
t
Input: D! = {z{}}¥ ,q(:|,0) € Q.
Initialize: 770 ¢ Ali_ol.
for t =0to M do
E-step: Evaluate

oy _ 7 aE0)

8ij = . (4.11)
Y ”l(m)Q(ZHZIQ)
M-step: Evaluate
Nt
(m+1) _ 1 (m)
TT; = ;gij : (4.12)
end for

Output: p;(y =-) = 7("+h),

Any MAP estimate of 7t satisfies:
7TMAP Eargmin—logp(n’|D§,u) (414)

eAk-1

In Proposition 3 we have shown that the negative log likelihood (Eq. (4.9)) is convex
on 7t. If the prior p(7t|&) is log strictly concave, the negative log posterior (Eq. (4.13))
will be strictly convex on 7t and 7MAP will be unique.

Lemma 4. [fthe p(7t|a) in Eq. (4.13) is log strictly concave, then objective Eq. (4.13)
is strictly convex on Tt.

Detailed proof is available in Appendix B.1.2.

Parameter 7t € AK~1 is a probability simplex, requiring the prior p(7r|a) to be
supported on AK~1. We propose to employ a Dirichlet prior over 7t, as Dirichlet dis-
tributions over K dimensions satisfies this constraint and are log strictly concave (Joo
et al., 2020; Tu, 2014). We derive an EM algorithm to obtain the unique MAP estimate
MAP (detailed proof is available in Appendix B.1.3).

Proposition 5. (MAP estimate) Under Assumption 1, 4 with ps(z|ly = i) = q(-|i,0).
If parameter 7t ~ Dir(K, ) with a € IRI;, then EM algorithm 4 converges to the
AP defined in Eq. (4.14).

In the GLSE-MAP algorithm, the M-Step can be rewritten as the following form:

N gl o —
n](erl) Y i= tz] +(1 . A) - ] , 4.17)
N Y (ar—1)
—— —_————
Data contribution Prior contribution

where A = N/ (N! + 2{21(“1 —1)).
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Algorithm 4 GLSE-MAP

Input: D! = {z!}¥ 1,q(~|-,9) € Q,a € RK,
Initialize: (¥ € Alio
fort =0to M do

E-step: Evaluate

oy _ (o)

g = — . (4.15)
bek Mgt e)

M-step: Evaluate

Al = L 1g’] vk (4.16)

end for
Output: p;(y =-) = 7"+,

As A — 17, the algorithm degenerates to GLSE-MLE. As A — 0T, the MAP
estimate will converge to the Dirichlet prior Dir(K, &). In this manner, A can be seen
as our confidence in our label distribution estimation.

Symmetric Dirichlet Prior: The hyperparameter « in Dirichlet prior containing K
elements to be determined in practice. To simplify the problem, we can let a; = g
when no information about 7t is available a priori. This approach sacrifices the
flexibility of the Dirichlet prior to reduce complexity of the model. In this case, the
Dirichlet prior satisfies 7t ~ Dir(K, ag1).

Then the M-Step of the GLSE-MAP algorithm 4 can be rewritten as:

s gy
Lmt1) o Zi=18G)

Y = AT (4.18)

1

where A = N'/(N* + K(ag — 1)).

The GLSE-MAP algorithm with A — 0" will converge to a uniform categorical
distribution with 7t = 1/K. Note that now & = w1 is fully determined by A, we can
determine parameter « in the prior by selecting a value for A. In this case, 1 — A
represents the strength of regularization in the MAP estimation procedure.

Alternative Condition for LVM As shown in Eq. (4.7), we provide an example of
Q that is constructed based on ps(y = i|z) = z; instead of p;(z|y = i) directly. In
this section, we prove that Q can be constructed as long as ps(y = i|z) is given.

We prove that if ps(y = i|z) and the source domain label distribution p;(y) = ¢
are given, our EM algorithms 3 and 4 are still able to converge to 7rME and 7MAP
respectively.
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Proposition 6. Under Assumption | and Assumption 4, let ps(y = i|z) = h(i;-) and
Y; ~ Cat(K, c), if we define:

q(zoli,0) = h(i;z0)/0; (4.19)

with 0 := ¢ € A1 then GLSE-MLE 3 converges to a m"F and GLSE-MAP 4
converges to the unique AP

Detailed proof can be found in Appendix B.1.4.

With Proposition 6, if we can obtain ps(y = i|z) in Stage 1, in stage 2 we are still
able to obtain a point estimate of target label distribution 7t with EM algorithms.
Similarly, we can still use MCMC to obtain samples from the posterior P(7t|D!, a)
based on Eq. (4.19).

Proposition 6 also implies that the previous classifier based label shift estimation
model MLLS (Saerens et al., 2002) and MAPLS proposed in Chapter 3 can both be
seen as a special case of the GLSE model that obtains MLE and MAP estimate of
target label distribution respectively with Eq. (4.19) satisfied.

Relation with Previous Models: As shown in Tab. 4.1, the proposed GLSE model in
this chapter can be seen as a generalization of the MLLS model (Saerens et al., 2002)
and the MAPLS model proposed in Chapter 3. Moreover, other previous model like
BBSE and RLLS can be seen as having the same Stage 1 estimation but different
Stage 2 estimation compare with our model. This similarity has been discussed from
the perspective of BBSE by Garg, Wu, Balakrishnan et al. (2020).

Note that as a generalization of the MAPLS (Chapter 3) model, in GLSE model
we can also use the previously proposed prior parameter learning (Adaptive Prior
Learning) model that determines the parameter in the Dirichlet prior and the posterior
sampling method that obtains i.i.d. samples from the posterior.

Models Feature Extractor — Stz?gel — - Stage 2 —
Distribution Family Q |6 Estimation Algorlthml 7t Estimation
BBSE f:X = {1,2.K}|q(zl]j,6) = 6. MLE solve linear system
RLLS f:X = {1,2..K}|q(z]j,0) = ol MLE solve constrained linear system
MLLS f:X — A q(zlj,0) = z/¢ MLE EM MLE
GLSEy (ours) | f : X — AK-1 q(zj,0) = z/¢ MLE/MAP | EM  |MLE/MAP/Posterior
GLSEp;; (ours) | f : X — AM=1  |4(2|j,6) = Dir(L,6/) | MLEMMAP | EM  |MLE/MAP/Posterior
GLSEy (ours) | f : X — RE q9(z|j,0) = N'(#/,0/) | MLEIMAP | EM  |MLE/MAP/Posterior
GLSEcy (ours) | f: X — {1,2..L} q(z|j,0) = 6! MLEMAP | EM  |MLE/MAP/Posterior

Table 4.1: Structure comparison of different label shift estimation models. With
different choices of feature extractor f, distribution family ps(z|y) € Q in Stage 1 and
different estimation methods in Stage 2, a variety of label shift estimation models can be
create under our GLSE framework. MLLS can be seen as a special case of our GLSE,,.
model.

4.3.5 Practical Example of GLSE model

We provide a simple example of a practical label shift estimation model GSLE -
MAP that is created under our GLSE framework. The model adopts the following
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settings:
e Feature extractor f : X — {1,2,..., M}.
» Stage 1: Define Q with Eq. (4.4), obtain MLE of 6 in ps(z|y = i) = q(-|i,0).
« Stage 2: Use algorithm GLSE-MAP 4 to obtain 7tMAP,

In this case, our two-stage GLSE framework is written as:

Example 7. For f : X — {1,2,...,L}, under Assumption 1, Assumption 4 with Q
defined in Eq. (4.4), Alg. 5 converges to the AP,

Algorithm 5 GLSE,-MAP
Stage 1:
Input: DS = {z¢,yi} Y.
Define O with Eq. (4.4). ,
Obtain MLE of 6 for ps(z = ily = j) = 0!:

(GMLE / ZH Zl

Stage 2:
Input: D! = {2/} N, 0ME and & € RK,
Initialize: () ¢ Aligl.
fort =0to Mdo

L b, (§MLE) ) 1
m+1 Z ( ) j 4 (1 B A) KOC] ,
MG o (2 = 1)

where b; = %21:1 I;(z}) and A = N/(Nt + 1 (a — 1)).

end for
Output: v = (" +1),

I[(-) is the indicator function and detailed derivation is available in Appendix B.1.5.

4.3.6 Overall Framework

In the GLSE framework, we first obtain the estimated ps(z|y = i) with the source
domain dataset in Stage 1. Then the target label distribution p;(y = -) = 7 is
estimated with the target domain dataset in Stage 2. Finally, we correct label shift
of a source domain classifier fy with Eq. (2.34). The whole model is summarized in
Algorithm 6.

Remark about the source label distribution ps(y = -): MLE is the standard
method to estimate the source domain label distribution ps(y = -) = ¢ with ground
truth labels y; € Di. When classifier f is canonically calibrated on the source
domain, Alexandari et al. (2020) shows that it is also valid to estimate ¢ with cj =
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Algorithm 6 GLSE Framework

Input: Target domain D!, Source domain D° and feature extractor f, classifier f
based on f.
Assumptions: Assumption | and Assumption 4
Stage 1: On source domain
Input: D5 = {(5,%)|z5 = £(x3), (x5, 1) € DY,
1. Define g(z|y,6) and © in Q based on f,
2. Obtain OMLE or OMAP for p,(z]y) € Q.
Stage 2: On target domain
Input: D! = {z!|z} = f(x!),x! € D'}
1. Construct LVM in Eq. (4.3).
2. Learn & with APL model in Chapter 3.3.4 if 7t ~ Dir(K, ).
3. Obtain 77* = 7MLE or 7MAP with Alg. 3, 4 or samples drawn from
p(7| D!, &) with HMC.
Label Shift Correction: Correct classifier f for label shift with 7% and ps(y) = ¢
based on Eq. (2.34).
Output: Label Shift Corrected Classifier go(x)

% Zzstl f(x3) j- We use “-s" to denote the model that uses the averaging approach
and “-h" to denote the method that uses the MLE approach to estimate c.

4.4 Experiments

4.4.1 Experimental Setup

Datasets: We evaluate our model on the CIFAR100 (Krizhevsky, Hinton et al., 2009),
ImageNet 2012 (Russakovsky et al., 2015b) and Places2 (Zhou, Lapedriza et al.,
2017) datasets. Following common use in Long-Tailed research (Cao et al., 2019;
Wang, Lian et al., 2020; Zhong et al., 2021), we also use Long-Tailed versions of
each dataset. We test the models on test sets with Dirichlet shift proposed by previous
label shift estimation models (Alexandari et al., 2020; Lipton et al., 2018). Dirichlet
Shift generates a random test set label distribution from a K dimensional Dirichlet
distribution. We also adopt the ordered Long-Tailed shifted test set used in LADE
(Hong, Han et al., 2021), which has the same or inverse order of the Long-Tailed
distributed train set. We further extend this setting to a shuffled Long-Tailed test set,
where the test set still has a Long-Tailed label distribution but with random order
compared with the train set.

Remark: The label shift problem setup (Definition 1) requires the source and target
data samples to be drawn i.i.d. from the data distributions of the corresponding
domains. Therefore the rotation/translation invariance is naturally expected when
these datasets contain real world data samples. As a result, common data augmentation
techniques like random translation, flipping or color jittering can be used to preprocess
the image samples before applying label shift models. No image feature selection
technique is needed.

Model Setup: For all GLSE models, we initialized the EM algorithms with 70 =¢
and ran for 100 epochs to ensure convergence. We follow the APL model setup in



70 Chapter 4. Feature Based Closed Set Label Shift

Chapter 3 to determine the prior parameter. For our posterior sampling model, use a
HMC sampler called No-U-Turn Sampler (Hoffman, Gelman et al., 2014) provided
by Pyro (Bingham et al., 2018) to collect 5000 samples from the posterior. We
implement the Neural Network classifiers using PyTorch (Paszke et al., 2017). We
use the ResNet32 (Idelbayev, n.d.) classifier for the CIFAR100 and every CIFAR100-
LT dataset. We use pre-trained ResNet50 (He, Zhang et al., 2016) and pre-trained
Resnet152 for the ImageNet and Places datasets respectively. We train a ResNet50
and ResNet152 for the ImageNet-LT and Places-LT datasets respectively. Detailed
implementations are available in Appendix B.2.1.

Dataset Setup
_ CIFAR100 (Krizhevsky, Hinton et al., 2009)  Original,
Train Set Long-Tailed with R = {10,100}
ImageNet (Russakovsky et al., 2015b) Original, Long-Tailed
Places (Zhou, Lapedriza et al., 2017) Original, Long-Tailed
Test Shift Type Params
Original None
Dirichlet (Lipton et al., 2018) a=1.0,10

Test Set
R ={2,5,10,25,50}

Order = “forward", “backward"
Shuffled Long-Tailed R ={2,5,10,25,50}

Ordered Long-Tailed(Hong, Han et al., 2021)

Table 4.2: Closed SEt Label Shift experiment setups. R is referred to as the imbalance
ratio — the ratio of maximum and minimum sample number per class respectively in the
test set. & is the parameter of the Dirichlet distribution.

Evaluation Metrics: We follow previous methods (Alexandari et al., 2020; Lipton
et al., 2018) to evaluate the performance of label shift estimation models with (w —
zi))z /K, where w; = 71;/c; is the target over the source label distribution ratio, with
w as the ground truth and @ as the prediction. We also provide Top1 accuracy of
different label shift estimation models with offline LSC on all datasets.

Remark: In the Figs in this section, the “Amount of label shift" is measured by
the KL divergence between the ground truth target and source label distribution
Dku(7e||c), which is normalized in range [0, 1] by the maximal possible value of the
label shift settings under consideration in Tab. 4.2.

4.4.2 State-of-the-art Comparison

We compare the performance of our method with several state-of-the-art (SOTA)
label shift estimation methods, including MLLS (Alexandari et al., 2020; Saerens
et al., 2002), BBSE (Lipton et al., 2018) and RLLS (Azizzadenesheli et al., 2018).
BBSE and RLLS also have “soft" and “hard" versions of each model. We evaluate the
performance of these models with previously available implementations; details are
given in Appendix B.2.2. In large-scale datasets, methods that require retraining the
classifier on the source domain will suffer from high computational costs. Therefore,
we have not reproduced and reported Tachet des Combes et al. (2020) in our results.
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, TestSet | rdered LT Shuffled LT Dirichlet
Train Set
CIFAR100/CIFAR100-LT 52% 43% 60%
Places/Places-LT 68% 80% 75%
ImageNet/ImageNet-LT 7% 90% 75%

Table 4.3: SOTA comparison summary of estimation error. For all the label shift set-
tings in Tab. 4.2, the percentage of settings that our GLSE,;./GLSEc, model outperforms
SOTA models in terms of (w — @)?/K.

, TestSet | o dered LT Shuffied LT Dirichlet
Train Set
CIFAR100/CIFAR100-LT 66% 83% 63%
Places/Places-LT 73% 90% 92%
ImageNet/ImageNet-LT 82% 100% 75%

Table 4.4: SOTA comparison summary of Topl Accuracy. For all the label shift set-
tings in Tab. 4.2, the percentage of settings that our GLSE,,./GLSEc, model outperforms
SOTA models in terms of Top 1 accuracy.

We compare the performance of our GLSE,. and GLSE, model with SOTA models,
as GLSE,. and MLLS have almost identical Q setup and GLSEc, and BBSE/RLLS
have almost identical Q setup. The results summary is provided in Tab. 4.3 and
Tab. 4.4. We also provide some detailed results in Tab. 4.5, Tab. 4.6 and Fig. 4.4.
In Fig. 4.4, we report the label shift estimation error (w — zb)z/ K for all datasets
under Ordered-LT setting. The horizontal axis “Amount of label shift" is measured
by the KL divergence between the ground truth target and source label distribution
Dky.(7||c), which is normalized in range [0, 1] by the maximal possible value in the
Ordered-LT test set settings given in Tab. 4.2.

As shown in Fig. 4.4, all the tested models exhibit higher estimation errors under
larger label shift. Compared with other models, the performance of our GLSE models
with MAP estimate (e.g.“GLSEc,-MAP-APL") exhibit a “U" curve. This is because
these models introduce a Dirichlet prior that helps regularize the estimation, which
can improve performance under large label shift settings at the cost of performance
loss in the small label shift settings.

As seen from Tab. 4.5,4.6, 4.7, 4.8 and Fig. 4.4, one obvious advantage of our model
is its robustness to the highly imbalanced label distribution. Our model outperforms
previous models in most settings when the source domains have a highly imbalanced
label distributions (e.g. CIFAR100-100-LT, ImageNet-LT, Places-LT) or the amount
of label shift between source and target domain is larges.

4.4.3 GLSE model selection

We proposed four practical GLSE models for different feature extractors f, and each
model admits both MLE and MAP estimates of target label distribution (Tab. 4.1).
This section provides experiments to compare the performance of the different GLSE
models on the CIFAR100, CIFAR100-10-LT and CIFAR100-100-LT datasets.
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Dataset ImageNet
Order Forward Uniform Backward
Imbalance Ratio 25 10 5 2 1 2 5 10 25

Baseline 78.05 77.73 77.35 76.73| 76.13 |75.48 74.60 73.89 73.05
MLLS-h 77.95 77.09 76.38 75.54| 75.03 |74.40 73.97 73.83 73.79
MLLS-s 78.11 77.31 76.59 75.79| 75.27 |74.67 74.34 74.20 74.19
BBSE-h 78.01 77.29 76.59 75.86| 75.33 |74.70 74.26 74.09 73.98
BBSE-s 77.86 77.16 76.52 75.74| 75.21 |74.60 74.22 74.03 73.89
RLLS-h 78.05 77.73 77.35 76.73| 76.13 |75.48 74.60 73.89 73.05
RLLS-s 78.05 77.73 77.35 76.73| 76.13 |75.48 74.60 73.89 73.05

GLSE, /.-MAP-s (ours) 78.36 77.59 76.87 76.06| 75.50 |74.93 74.56 74.42 74.37
GLSE, /.-MAP-APL-s (ours) || 78.36 77.59 76.88 76.10| 75.57 |74.97 74.57 74.42 74.37
GLSE,/.-PS-APL-s 78.08 77.31 76.68 76.09| 75.52 |74.89 74.62 74.17 74.25
GLSEcy-MLE-s (ours) 77.47 76.86 76.35 75.64| 75.14 |74.50 74.02 73.73 73.31
GLSEc,-MAP-s (ours) 78.68 77.90 77.23 76.35| 75.76 |75.17 74.74 74.53 74.52
GLSEcy-MAP-APL-s (ours) || 78.67 77.97 77.40 76.71| 76.15 |75.51 74.89 74.59 74.51

Table 4.5: Top1 Acc on ImageNet dataset (20 run average), with Ordered Long-Tailed
test set that have imbalance ratio R = {25,10,5,2}. Our GLSEc, model outperforms
other models on the ImageNet dataset.

Which GLSE model As shown in Fig. 4.5, our GLSE,,. model performs better than
other GLSE models in most of the tested settings. Therefore, we recommend that the
user to choose the GLSE,,. model if applicable.

MLE vs MAP vs MAP-APL As shown in Fig. 4.5, MAP-APL models perform better
under large label shift settings, while MLE models perform better under small label
shift settings. Generally, when the GLSE model is fixed, MAP-APL outperforms
MLE/MAP in most settings.

“hard" vs “soft'" As shown in Fig. 4.6, the soft version of GLSE models tend to
perform better under large label shift settings, while hard versions of GLSE models
tend to perform better under small label shift settings.

Based on the experimental results, we recommend the user to select GLSE models
with the following rules: (1) Use GLSE,,. model if applicable. (2) Use GLSE-MAP-
APL-s model in the large label shift settings and GLSE-MLE-h in the small label
shift settings. (3) Use the GLSE-PS model when the uncertainty of the estimation is
essential.

4.4.4 Model Calibration Performance

A calibrated classifier can provide accurate prediction and the confidence of the
prediction (Guo, Pleiss et al., 2017). In the label shift problem, we also hope the label
shift corrected classifier created based on the label shift estimation models are well
calibrated. This chapter analyzes the calibration performance of the classifiers based
on our model and previous models with Expected Calibration Error (ECE) (Podkopaev
and Ramdas, 2021). As shown in Fig. 4.7, our GLSE,,.-MAP-APL model outperform
previous models and other GLSE models in most of the settings on Places/Places-LT
datasets. Our GLSE models generally perform better on the Places-LT dataset.
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Dataset ImageNet-LT
Order Forward Uniform Backward
Imbalance Ratio 25 10 5 2 1 2 5 10 25

Baseline 62.52 58.50 54.96 49.65| 45.31 |41.02 35.23 31.28 26.70
MLLS-h 59.22 55.53 52.67 48.98| 46.47 [44.10 41.28 39.70 38.38
MLLS-s 58.42 54.81 52.18 48.52| 46.14 [44.24 41.58 40.34 39.46
BBSE-h 26.62 32.17 29.18 27.73| 15.11 [26.36 11.65 27.01 21.85
BBSE-s 61.11 57.52 54.82 51.11| 4829 [45.63 42.35 40.21 37.62
RLLS-h 62.52 58.50 54.96 49.65| 4531 [41.02 35.23 31.28 26.70
RLLS-s 62.52 58.50 54.96 49.65| 4531 [41.02 35.23 31.28 26.70

GLSE, /.-MAP-s (ours) 60.11 56.90 54.39 50.99| 48.56 [46.65 44.24 43.02 41.78
GLSE; /.-MAP-APL-s (ours) || 60.42 57.63 55.44 52.55| 50.35 |48.26 45.63 44.05 42.51
GLSE,.-PS-APL-s 60.61 57.96 55.45 52.77| 50.45 |48.00 45.46 43.92 42.21
GLSEc,-MLE-s (ours) 60.17 56.36 53.13 48.70| 4530 [41.88 37.17 34.24 30.45
GLSEc,-MAP-s (ours) 61.60 58.25 55.53 51.81| 4891 [45.92 41.93 39.28 35.98
GLSEcy-MAP-APL-s (ours) ||61.56 58.38 55.90 52.49| 49.88 |47.23 43.43 40.80 37.47

Table 4.6: Top1l Acc on ImageNet-LT dataset (20 run average), with Ordered Long-
Tailed test set that have imbalance ratio R = {25,10,5,2}. Our GLSE,;. model outper-
form other models in the “backward" settings on the ImageNet-LT dataset.

Order Forward Uniform Backward
Imbalance Ratio 50 25 10 5 2 1 2 5 10 25 50
Baseline 55.37 55.66 56.08 56.21 56.59| 56.77 |56.91 56.88 56.96 56.97 56.85
MLLS-h 60.67 59.16 57.49 56.31 55.52| 55.53 |55.94 57.05 58.41 60.51 61.88
MLLS-s 60.65 59.16 57.65 56.48 55.69| 55.59 [55.98 57.07 58.45 60.59 62.05
BBSE-h 55.54 54.34 52.80 51.55 50.78| 50.77 |51.40 52.59 54.21 56.16 57.79
BBSE-s 60.05 58.62 57.12 55.93 55.19| 55.06 |55.33 56.37 57.87 60.07 61.55
RLLS-h 55.37 55.66 56.08 56.21 56.59| 56.77 |56.91 56.88 56.96 56.97 56.85
RLLS-s 55.37 55.66 56.08 56.21 56.59| 56.77 |56.91 56.88 56.96 56.97 56.85
GLSE; /.-MAP (ours) 60.29 59.05 57.83 56.82 56.17| 56.18 |56.57 57.46 58.74 60.57 61.83
GLSE; ,.-MAP-APL (ours) ||60.29 59.05 57.83 56.81 56.20| 56.23 |56.61 57.48 58.74 60.55 61.82
GLSEc,-MLE (ours) 58.48 57.19 55.90 54.99 54.48| 54.56 |54.63 55.42 56.61 58.37 59.68
GLSEc,-MAP (ours) 59.50 58.60 57.66 56.83 56.43| 56.38 |56.83 57.66 58.78 60.23 61.17
GLSEc,-MAP-APL (ours) ||59.16 58.26 57.44 56.79 56.66| 56.73 |57.01 57.63 58.55 60.00 60.87

Table 4.7: Topl Accuracy on the Places dataset (20 run average), with Ordered
Long-Tailed test sets that have imbalance ratio R = {50, 10,5,2}. Each reported value
averages over 20 different shuffled and random sampled test sets.

4.4.5 Empirical Analysis on Computational Complexity

We analyze the computational complexity of our model through monitoring the
training time of our model on dataset with different number of classes. The average
training time of each label shift estimation models are provided in Tab. 4.9.

As shown in Tab. 4.9, the training time of our algorithm and other label shift estimation
models is within the scale of seconds and increase linearly w.r.t. the number of classes
in the dataset. Since the training time of our GLSE,;./GLSEc,; model on the ImageNet
dataset with 1000 classes is less than 1 minute, and the average training time of a
ResNet50 NN classifier on the entire ImageNet dataset with the same hardware setup
can last for more than 24 hours, we believe such model can be applied to large scale
dataset with negligible computational overhead.
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Order Forward Uniform Backward
Imbalance Ratio 50 25 10 5 2 1 2 5 10 25 50

Baseline 43.47 41.34 37.84 35.09 31.04| 27.92 |24.85 20.88 18.28 15.33 13.47
MLLS-h 42.33 40.45 37.63 35.61 33.00| 31.08 |29.29 26.79 25.29 23.62 22.59
MLLS-s 41.84 39.98 37.12 35.04 32.41| 30.65 |28.90 26.60 25.16 23.66 22.70
BBSE-h 31.41 28.92 28.79 24.09 19.68| 24.31 |17.94 22.84 22.48 18.72 20.13

BBSE-s 42.93 41.16 38.21 36.10 33.09| 30.90 |28.92 25.95 24.09 21.93 20.66

RLLS-h 43.47 41.34 37.84 35.09 31.04| 27.92 |24.86 20.88 18.28 15.33 13.47

RLLS-s 43.47 41.34 37.84 35.09 31.04| 27.92 |24.85 20.88 18.28 15.33 13.47

GLSE; ;.-MAP (ours) 42.42 40.74 38.27 36.47 34.07| 32.36 |30.76 28.48 27.00 25.34 24.32
GLSE, /.-MAP-APL (ours)||42.52 41.16 39.13 37.82 36.00| 34.56 |33.14 30.81 29.16 27.10 25.79
GLSEc,-MLE (ours) 42.57 40.28 37.00 34.63 31.19| 28.57 |26.17 22.84 20.67 18.30 16.55
GLSE(,-MAP (ours) 43.39 41.66 39.01 37.18 34.32| 32.27 |30.28 27.42 25.40 22.94 21.48
GLSEc,-MAP-APL (ours) |[43.26 41.63 39.21 37.55 35.00| 33.07 |31.26 28.54 26.50 23.91 22.46

Table 4.8: Topl Accuracy on the Places-LT dataset (20 run average), with Ordered
Long-Tailed test sets that have imbalance ratio R = {50, 10,5,2}. Each reported value
averages over 20 different shuffled and random sampled test sets.

Model CIFAR100 ImageNet Places

MLLS <1 ~20 ~10
BBSE <1 ~ 10 ~2
RLLS <1 ~200 ~20
GLSE,/. (ours) <1 ~50 ~15
GLSE(, (ours) <1 ~9 ~7

GLSEp;; (ours) ~ 40 - -
GLSE s (ours) <1 - -

Table 4.9: Average training time comparison (seconds). Training time is compared on
a NVIDIA RTX 2080Ti GPU. Our GLSE_,./GLSEc,; model have comparable training
time with SOTA models

4.5 Conclusion

In this chapter, 1) we propose a novel two-stage GLSE label shift estimation model
for large-scale datasets and highly imbalanced source label distributions; 2) we
construct four practical label shift estimation algorithms GLSE,;., GLSEc,, GLSEp;;,
GLSE s under GLSE framework (Tab. 4.1); 3) we derive two EM algorithms to
obtain a MLE/MAP estimate of the target label distribution (Alg. 3, 4) and discuss the
convexity of MLE/MAP objectives; 4) we show that MLLS (Saerens et al., 2002) can
be seen as a special case of our GLSE model (Tab. 4.1).

Experiments on CIFAR100, ImageNet, Places and Long-Tailed versions of each
dataset show that our model consistently outperforms existing label shift estimation
models, especially when the source or target domain have highly imbalanced label
distributions. We analyze different GLSE models and provide model selection re-
commendations based on the experiments. Our model is robust to highly imbalanced
source label distributions and has the potential to be applied in real world label shift
problems.
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Figure 4.4: Estimation error of our GLSE models (solid lines) and previous models
(dashed lines). Our models are robust under (a) large label shift and (b) highly
class-imbalanced source domain datasets. The horizontal axis “Amount of label shift"
is measured by the KL divergence between the ground truth target over source label
distribution, i.e. Dxr(p:(y = -)||ps(y = -)), normalized to [0,1] by the maximal
possible value in the Ordered-LT test set settings given in Tab. 4.2. The label shift
estimation error (w — @)?/K of existing models tends to increase as the amount of
label shift increases or the source domain train set becomes highly class-imbalanced.
Our GLSE,. and GLSE, model outperform existing models in most of the reported
Long-Tailed settings. The solid/dashed lines represent average performance, and shaded
regions cover the minimal to maximal performance in 20 independent runs.
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Figure 4.5: Estimation error of GLSE models with MLE (dotted lines), MAP with
fixed A = 0.9 (dashed lines) and MAP-APL model (solid lines). In general, our
GLSE-MAP-APL models perform better than GLSE-MAP (fixed A) models or GLSE-
MLE models under large label shift. Our GLSE,, model (blue) performs better than

GLSEca/GLSEp;/GLSE \r models.
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Figure 4.6: Estimation error of GLSE model with hard (‘*-h'') and soft (“-s')
versions. The soft version of the GLSE model performs better under large label shift
settings, while the hard version performs better under small label shift settings.



4.5. Conclusion 77

Places Places-LT

0.1

00 02 04 06 08 1.0 0.2 0.4 0.6 0.8 1.0
Amount of label shift Amount of label shift
---- MLLS-h  ---- RLLS=s
---= MLLS-s GLSE,;-MAP-s (ours)
-=== BBSE-h  —— GLSE, -MAP-APL-s (ours)
---- BBSEs GLSEcu-MAP-s (ours)
T RELSh O (G1SE e -MAP-APL-s (ours)

Figure 4.7: Calibration performance (ECE) comparison. Our GLSE models (solid
lines) outperform previous models (dashed lines) on Place-LT datasets. Our GLSE,.-
MAP-APL model outperforms other models in most settings.
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Chapter 5

Classifier Based Open Set Label Shift

5.1 Introduction

Moving further from the Closed Set Label Shift problem discussed in Chapter 3 and
Chapter 4, this chapter investigates the more challenging Open Set Label Shift (OSLS)
problem. The OSLS problem extends the Closed Set Label Shift (CSLS) problem
by introducing an extra out-of-distribution (OOD) class in the target domain. Since
the source domain only has available samples from the in-distribution (ID) classes,
the OSLS models must tackle the OOD samples without labeled OOD data in both
the source and target domain. This chapter focuses mainly on the OSLS estimation
problem.

Refresher on the OSLS problem In the Open Set Label Shift (OSLS) problem,
we are given a source domain labeled dataset, a target domain unlabeled dataset,
a source domain ID classifier and a source domain ID/OOD binary classifier. The
objectives include 1) detection: verify the label distributions among the ID classes are
identical between the source and target domain, 2) estimation: estimate the target label
distribution for both ID classes and the extra OOD class and 3) correction: construct
an appropriate target domain classifier. The formal definition of the OSLS problem is
restated in the next section (Section 5.2.1), which is originally given in Section 2.1.

Motivations Our research on the OSLS problem is motivated by the following ob-
servations: 1) the OSLS problem is a common problem in the real world classification
tasks, yet few models have been proposed and 2) the OSLS problem extends the Closed
Set Label Shift (CSLS) problem to the open set setting. Therefore we can leverage
the advances in the CSLS literature and the open set classification/out-of-distribution
detection literature to tackle the problem.

Contributions This Chapter proposes a novel method for the OSLS estimation
and correction problem. It uses an ID classifier and an ID/OOD classifier without
retraining or fine-tuning. The ID/OOD classifier can be imported from the vast suite
of methods available in the OOD detection/Open-Set Recognition literature. We
derive EM algorithms for the Maximum Likelihood Estimate (MLE) or Maximum a
Posteriori (MAP) estimate of the target label distribution and target ID data ratio with
the OOD reference dataset. We also propose models to estimate the source ID data
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ratio and target ID data ratio. We test the model on several datasets and show superior
performance over state-of-the-art (SOTA) models.

Our main contributions are as follows:

* Based on a test time OOD dataset as a reference, we propose a novel OSLS
model that estimates and corrects Open Set Label Shift without retraining the
ID classifier and ID/OOD classifier. Our method can utilize existing OOD

detection works without re-training or fine-tuning.

* We derive an EM algorithm to obtain the MLE/MAP estimate of the target ID
label distribution and target ID data ratio (Theorem 10).

* We propose estimators for the source ID data ratio (which our EM algorithm
requires) and the target ID data ratio for an imperfect OOD classifier. Upper
bounds of the sampling error for the two estimators are also provided (The-
orem 8 and 11).

* Experimental results demonstrate the superior performance of our method on
both label shift estimation error in ID classes and label shift correction accuracy
over baselines on CIFAR10/100 and ImageNet-200 datasets with various OOD
datasets (Section 5.4).

Background and Related Works The background information about the EM
algorithms can be found in Chapter 2, Section 2.2.5. The related works on the OSLS
problem and OOD detection are given in Chapter 2, Section 2.3.1 and Section 2.3.4.

5.2 Problem Setup and Analysis

This section introduces the notations used in this Chapter, provides a refresher on the
Open Set Label Shift problem we consider, and introduces the assumptions used to
construct our model.

Let X C R be the data space, ) = {1,2, ..., K} be the label space and Y U {K + 1}
be the open label space with K + 1 as the class assigned to OOD data. We use
ps(x,y = -) and p;(x,y = -) respectively to denote the source and target domain
joint data and label distributions, and AX~1 to denote the K-dimensional probability
simplex. To model ID versus OOD data, we introduce binary random variables (RVs)
Bs, B; in the source and target domains, respectively. B, By = 1 and Bg, By = 0 mean
ID and OOD, respectively.

5.2.1 Definition and Assumptions

Similar to the Closed Set Label Shift problem (Definition 1), we study the Open
Set Label Shift problem based on the assumption that source and target domain
have identical conditional distributions of data x given label y (originally defined in
Chapter 2, Assumption 2):
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Figure 5.1: Open Set Label Shift problem setup, which includes: 1) assumption:
Open Set Label Shift assumption (Assumption 2), 2) datasets: a source domain labeled
dataset and a target domain unlabeled dataset (that includes an extra OOD class) and 3)
models: a source domain classifier f for ID classes and a source domain ID/OOD binary
classifier h. This information is used for the Open Set Label Shift defection, estimation
and correction problems.

Assumption 2. (Open Set Label Shift Assumption)

ps(xly =1i) = pe(xly =i) forall i€ YU{K+1}, (2.3)

where K + 1 refers to the extra out-of-distribution class.

Recall that in the Open Set Label Shift problem, we can also define the detection,
estimation and correction task:

Definition 2. (Open Set Label Shift Problem)
Under Assumption 2, given:

* Source domain ID labeled data D* = {(x%,y3)} ', (K ID classes);

e Target domain unlabeled data D' = {xf}f\]:t 1 (K'ID classes + 1 OOD class);
* Source domain ID classifier f;
¢ Source domain ID/OOD classifier £,
the Open Set Label Shift problem is to solve
e Detection: Verify ps(y) = pe(yly € V);
* Estimation: Estimate p;(y = -);
* Correction: Model p;(y = -|x) based on f and h.

A graphical model depiction of the OSLS estimation problem is given in Figure 5.2.
We focus on the estimation and correction problems. Our overarching goal is to first
estimate the target ID label distribution 7t and target ID data ratio p;, then use these
estimates to build a better classifier and OOD detector.

In Definition 2, the ID classifier f can be obtained by training a NN model on the
source domain data via supervised learning. Any models proposed in the OOD
detection literature can be used for the OOD classifier 1. Due to the absence of
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the OOD training data, & is usually established on intuitive principles (Hsu et al.,
2020) and hence their test performance lacks theoretical guarantees. Our primary
assumption is that regardless of their origins, both f and / can be understood as
posterior predictive models, which respectively describe the probability of the ID
label y given the input data x for ID data b = 1, and the probability that the data is in
distribution given the input data x.

Assumption 5. For all (x,y) € X x (YU{K+1}):

Assumption 5A p;s(y|x,b=1) = f(x), and
Assumption 5B p;(b = 1|x) = h(x).

We superimpose our assumptions onto the graphical model in Figure 5.2. The validity
of Assumption 5A for practical classifiers is justified empirically in the experiments
(§5.4.3) and the case when Assumption 5B is not satisfied is discussed in §5.3.4.

Practical Classifier Choices: In practice, an ID classifier that satisfies the OSLS
problem setup (Definition 2) can be obtained by training a Neural Network classifier
on the source domain dataset D° through supervised learning. On the other hand,
according to the OOD detection literature, the OOD classifier can be obtained based
on the Neural Network ID classifier without ground truth OOD samples (Hsu et al.,
2020; Liang et al., 2017). For example, OpenMax (Bendale and Boult, 2016) fit image
features from each ID class with a Weibull distribution. The ID/OOD samples are
distinguished based on the likelihood of the test samples for each ID class distribution.
In this way, the ID/OOD classifier can be obtained with D* given in Definition 2. All
the ID/OOD classifiers we considered in the experiment satisfy this requirement.

5.2.2 Graphical model setup

Without loss of generality, we parameterize the source label distribution Y;|Bs = 1 ~
Cat(K, ¢) and target label distribution Y;|B; = 1 ~ Cat(K, 7t) both as categorical
distributions. Let the ID indicator B, B; follow Bernoulli distributions Bs ~ Bern(ps)
and By ~ Bern(p;), with ps(b = 1) = ps and p;(b = 1) = p; as the probability of
the data being ID on source and target domain respectively. Formally, we are given:

Cj, iszl,yey
ps(ylb;e) =41, ifb=0,y=K+1,

0, otherwise
5.1
yss itb=1ye)
pi(ylb;m) =<1, ifb=0y=K+1.

0, otherwise

The graphical model setup along with our assumptions are illustrated in Fig. 5.2.
We optionally place priors over the target label ID/OOD ratio p; and the target ID
probabilities 7r, which are further discussed in subsequent sections. We treat the
source label ID/OOD ratio ps and the source ID probabilities ¢ as deterministic
parameters.
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Figure 5.2: Graphical model of the Open Set Label Shift setting and our assumptions.
Xs, X} are data for the source and target domain, Y;, Y; are the corresponding categorical-
valued labels and Bg, B; are binary values representing ID/OOD data. ¢, 7t are source and
target domain label distribution class probabilities. The source domain random variable of
the ID image X;|Bs = 1 and label Y;|B; = 1 are observed with i.i.d. samples in D and
the random variable of the OOD image X|Bs = 0 is observed with i.i.d. samples in the
reference dataset in D°. The target domain random variable of the image X; is observed
with i.i.d. samples in D!. Under the Open Set Label Shift assumption (Assumption 2)
and with the help of a reference OOD dataset D° at test time, we first estimate ps, ¢ and
then p;, 7t without retraining. Optional prior distributions are employed on p, 7t.

5.3 Proposed Method

5.3.1 Model Overview

Our proposed method solves the OSLS estimation and correction problem.

Method Summary: The idea of our approach is reformulating the OSLS estimation
problem as a Closed Set Label Shift (CSLS) estimation problem and utilizing the
Closed Set Label Shift methods to tackle the OSLS problem. The main challenge lies
in both problem transformation and algorithm derivation.

Specifically, in the OSLS estimation problem, we reparameterize the likelihood of
the target label distribution in the OSLS setting in a mathematical form similar to the
likelihood in the CSLS setting in Section 5.3.3. This is achieved with the help of the
estimate obtained in Section 5.3.2 with an OOD reference dataset. Then following
the idea in the CSLS method (Chapter 3), an EM algorithm is then derived to obtain
a MLE of the target label distribution for ID and OOD classes. Finally, a correction
model is provided in Section 5.3.4 when some assumptions of the reparameterization
are not satisfied. With the help of the proposed reparameterization, the label shift
correction methods in the closed set setting can be directly used in the OSLS setting.
A visualization of the model structure is provided in Fig. 5.3.

Remark on OOD Dataset D°: Although our OSLS estimation model is derived by
assuming D° contains ground truth OOD samples, this requirement can be relaxed
(Section 5.3.5) so that pseudo OOD samples can be used instead and the OSLS
problem setup (Definition 2) is satisfied. This use of pseudo OOD samples leads
to our algorithms with demonstrated empirical performance benefits over existing
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models, using the same form of input training data, as shown in the experiment
section.

Model Outline: The estimation model includes:
1. (Section 5.3.2) The source ID data ratio ps retrieval model to estimate p;.

2. (Section 5.3.3) The EM algorithm based target label distribution estimation
model to estimate 7z, p;.

3. (Section 5.3.4) The target ID ratio p; correction model to correct p;.

4. (Section 5.3.5) Discussion on the choice of reference OOD dataset D° used in
previous models.

An OSLS correction model is introduced in Section 5.3.6. Finally, the overall method
is summarized in Section 5.3.7. All proofs can be found in Appendix. C.1.

5.3.2 Source ID/OOD Data Ratio retrieval

Several parameters have to be estimated before transforming the OSLS estimation
problem into a CSLS estimation problem. We use the standard maximum likelihood es-
timator to estimate the source domain ID label distribution parameters ¢ = ps(y = -),
which amounts to computing the relative empirical frequencies of ID/OOD data on the
source domain. However, estimating the probability of ID ps(b = 1) = ps requires
more careful attention.

This section aims to estimate the source domain label distribution ps(b = 1) = ps
(Fig. 5.2) under the OSLS problem setup, where only the source domain ID dataset D?
and an OOD classifier 11(x) is available. In this chapter, we treat 71(x) as a classifier
pre-trained on some unknown source domain dataset with both ID and OOD data, and
estimate ps for that dataset with /1, D° and the reference OOD dataset D°.

We consider the following estimate of ps:

O0s = ———), 5.2
Os 1 ~ i+ fio (5.2)
where 1 1
fo:= == Y, h(x) and fiy:=— Y h(x). (5.3)
|D | xeDo ’D | xeDs

Utilizing concentration inequalities (Vershynin, 2018) (Section 2.2.2), the error of the
estimate may be quantified.

Theorem 8. (Source ID/OOD ratio estimator) Under Assumption 5B, given source
ID dataset D° and source OOD dataset D°, then for all 6 > 0, with probability of at
least 1 — 20,

1 log1/é
e | 5.4
los = sl 1—V1+Mo\/2mm(|2?”|f|Ds|) o

Ho ‘= ]EXS\BS:O[h(x)] and U1 = IEX5|35:1[h(x)]' (55)

where
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Figure 5.3: Structure of our proposed Open Set Label Shift estimation and correction
method. The target ID label distribution probabilities p;(y = -) = 7t and ID data ratio
pt(b = 1) = p; are estimated through three steps: 1) retrieve source ID data ratio ps
(Section 5.3.2), 2) estimate target ID data ratio p; and target ID label distribution 7t via an
EM algorithm under Assumption 1,5 (Section 5.3.3) and 3) correct the target ID data ratio
estimator o when OOD classifier 11(x) does not satisfy Assumption 5B (Section 5.3.4).
Our correction model constructs a new classifier to classify target domain images based
on the estimation result.



86 Chapter 5. Classifier Based Open Set Label Shiftt

Here |D| returns the cardinality of the set D. Detailed proof can be found in Ap-
pendix C.1.1.

Theorem 8 states that when the prerequisites are satisfied, the proposed estimator
ps is highly likely to be close to the ground truth p; when the dataset D° and D°
have sufficient number of samples. Or more specifically, if Assumption 5B holds and
the OOD dataset D° contains ground truth OOD samples, then for a small chosen
6 > 0, there is a large probability 1 — 20 that the proposed estimator g deviates from
the ground ps by small amount (right hand side of Eq. (5.4)), where such deviation
decreases when more samples are given in the source ID dataset D° and source OOD
dataset D°.

A variant of Theorem 8 can be shown and applied to the closed-set label shift, multi-
class case (see Appendix C.1.2), which enables retrieval of the source label distribution
¢ under the absence of the source domain dataset D°. We leave empirical investigation
of the extended result for future work, as our work focuses on the OSLS problem.

5.3.3 EM algorithm for OSLS estimation

With the estimate of ps, ¢ obtained in the previous section, this section reformulates
the OSLS estimation objective similar to a CSLS estimation objective and presents
the EM algorithms to estimate the target label distribution p;(y = -) = 7t and target
ID data ratio p;(b = 1) = py.

Negative log likelihood Based on Assumptions A. | and A. 5, we can construct the
negative log likelihood (NLL) of the target label distribution p;(y = -) = 7t and ID
data ratio p;(b = 1) = p; given target unlabeled data D".

Lemma 9. Under Assumption 1 and Assumption 5, given D, the negative log likeli-
hood of parameter 1t and p; can be written as:

Nt K41 7.
~logL(m,pD') = - Y log (Z CT]f(xl)]> +C, (5.6)
i=1 j=1

where C does not depend on either 7T or p; and

2oy Jh(x) - f(x)i, i€
foi= {1—h(x), i=K+1, ©.7

7t == [pg - 01, ey pt - ik, 1 — pr]

(5.8)
€:=[psC1, s Cx, 1 — pS]T.

The NLL in Eq. (5.6) is mathematically similar to the NLL analyzed in the MLLS
model (Saerens et al., 2002), which is proposed for the CSLS estimation problem
(Section 2.3.1). The detailed derivation can be found in Appendix. C.1.3.

Maximum Likelihood Estimate That the negative log likelihood in Eq. (5.6) has
the same form of the NLL of a Closed Set Label Shift estimation problem with K + 1
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classes (see MLLS model in Chapter 2, Section 2.3.1 or Alexandari et al. (~2020)).
Observing this similarity, we can minimize the NLL in Eq. (5.6) by viewing f as the
closed set K 4 1 class classifier and ¢, 7T as parameters of the closed set source and

target label distribution. The MLE of target label distribution parameters 7rMLE, pltwLE
can be obtained via:
aMLE pItVILE € argmin — log L(7T, pt; ’Dt). (5.9)

enk

Although the MLE objective in Eq. (5.9) is not convex in (7, p¢), it is convex in
7t — a reparameterization of the parameter 7t and p;. Therefore we may still derive
an EM-algorithm that converges to the global minimum. Inspired by Saerens et al.
(2002), we compute a reparameterized MLE of 77 in Eq. (5.8). As MLE is invariant
under reparameterization (Murphy, 2012) (Chapter 2, Section 2.2.2), the MLE of 7T
can be mapped back to the MLE of 7t and p;. Details are described in Theorem 10
with proof available in Appendix C.1.4.

Theorem 10. (MLE) Under Assumption | and Assumption 5, the the NLL (5.6) is
convex in 7t (and convex in pt), and the EM algorithm MLE-OLS (Alg. 7) converges
to MLE pMLE (5 9),

Maximum a Posteriori estimate We may also attempt to compute MAP estimates
eMAP oMAP “when prior information about the two parameters are available. However
the MAP is not invariant under reparameterisations, and the posterior probability
density is nonconvex in (7t, p;). This makes it challenging to compute MAP estimates,
and in this sense, the MLE is favourable. We detail the use of a Dirichlet prior over

7t ~ Dir(K, «'") and a Beta prior over p; ~ Beta(a", a3"t) in Appendix C.1.5.

Alg. 7 summarises the EM algorithm for MLE and MAP estimation (lRlé1 ={x €
REx; > 1,i =1,...,K}).

5.3.4 Target ID/OOD Data Ratio Correction

In Assumption 5, we describe the conditional distribution p(b = 1|x) with an OOD
classifier 1(x). In practice, however, the OOD classifiers can yield unsatisfactory
performance due to the challenging OOD detection problem setup (Zhang, Yang
et al., 2023). Deploying such a classifier in the OSLS algorithms can result in high
estimation error.

This section provides a correction model to mitigate the possible estimation error on
pt. We find that p¢ can still be estimated with a practical OOD classifier i’ that does
not satisfy Assumption 5B, if &' (x) has different expected responses to ID and OOD
samples but identical response to samples in different ID classes:

IEXS\Ys:i[h/(x)] # ]EX5|YS:K+1[h/(X)] and

, , Ny (5.12)
IEXS‘YSZi[h (.x)] = ]EXS‘YS:j[h (.X')] for all 1] < y
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Algorithm 7 MLE/MAP-OLS

Input Dt = {x i—= 1/C Ps/h( )If(x)’
« MLE-OLS: ai" =1, a‘{“‘, =1

« MAP-OLS: &'" € RX,, ag“t, a9t € Roq.

Initialize: 7.(~(0) € A%, Lo ¢ (0,1).

Construct: f,¢ based on Eq. (5.7), Eq. (5.8).

for m = 0to M do
Construct: 7" based on n(m),pgm) and Eq. (5.8).
E-step: For j € Y U {K + 1}, evaluate

m ﬁ“’”/@- Fat);

gij N Zz 1 7'(1 /Cl f( ) 10
M-step: For j € ), evaluate
B
) - 181K+1+21 (e = 1) (5.11)
p§m+1) _ 21 1 811<+1 +att -1
\ Nt Y )

end for
Output: p;(y=-) = 7M1, py(b=1) = PEMH)-

Theorem 11. (Target ID/OOD ratio correction) Under Assumption | and Assump-
tion 5A (without 5B), for a classifier i’ : X — [0,1] that satisfies Eq. (5.12), given
source ID dataset D°, OOD dataset D°, target dataset D!, then for & > 0, with
probability of at least 1 — 26 we have:

1 2log1/é
— 051 < . , (5.13)
o= Pl < —u'o|\/ min(|D*], [D°], [
where
Ak pA/_ﬁE) d Al Z h/ (514)
= — ~, an = T (xi) :
ST = o S
with 1
THEES H(x), TARES W (x (5.15)
Ho |D0| erDo ( ) M1 |DS| xezps
and
Hh = Ex p_oll ()], ph = Ex p[H(x)). (5.16)

Detailed proof can be found in Appendix C.1.6.

Theorem 11 states that when the prerequisites are satisfied, the proposed estimator p;
is highly likely to be close to the ground truth p; when the dataset D%, D° and D! have
sufficient number of samples. Or more specifically, under the required conditions, for
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a small chosen & > 0, there is a large probability 1 — 24 that the proposed estimator
p; deviates from the ground p; by a small amount (right hand side of Eq. (5.13)),
where such deviation decreases when more samples are given in the source ID dataset
D, the source OOD dataset D° and the target unlabeled dataset Dt.

The condition Eq. (5.12) in Theorem 11 is a reasonable assumption because the
first equation holds when /' can roughly separate ID/OOD samples in the output
space [0, 1]. The second equation holds when /' is trained/constructed based on a
class-uniform ID dataset.

Based on Eq. (5.14) in Theorem 11, we propose a correction model for the pltv[LE and

oMAP obtained in Alg. 7 via:
MLE _ 5 MAP _ 5
plt\/[LE* — ptA AAMO and plt\/[AP* — ptA A]“lo' (517)
H1— Ho H1— Ho

Further discussion about Eq. (5.17) are provided in Appendix C.1.7 and empirical
analysis in Fig. 5.4.

5.3.5 Choice of OOD Reference Dataset

In our OSLS estimation model, only /Iy in our OSLS model directly depends on the
OOD reference dataset D° (Eq. (5.3) and Eq. (5.17)). Thus as long as the expectation
of i(x) on the distribution that generates D° equals to the expectation of &(x) on the
ground truth OOD distribution, our model can yield desired estimates. In this Chapter,
we generate the OOD reference dataset by a linear combination of Gaussian noise and
the source domain ID samples in D°. With v € (0,1) we have:

DS ={(1—7) xi+v-¢€lx; € D%,e ~N(0,1)}, (5.18)

We choose  to be close to 0 so that samples of DPr will be close to the ground truth
ID samples in D°. In this case, the flo the computed by DY could be higher than that
obtained with actual OOD samples, therefore we introduce another re-weight factor T

so that:
1

ﬁ6=—|DO|T Y. h(x;), (5.19)
Y

x,-eD?Y

which is then used as flp in Eq. (5.3) and Eq. (5.17) in our model.

5.3.6 OSLS correction method

The OSLS correction model can be implemented based on the Closed Set Label
Shift correction model of K + 1 classes (Ye et al., 2024). With estimates of the
parameters ¢, ps of the source label distribution and parameters 7T, o; of the target
label distribution, we can construct the source and target label distribution of all
classes with ¢, 7t based on Eq. (5.8) and the source domain classifier f in Eq. (5.7) for
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K + 1 classes. The target domain classifier can be constructed via:

7':"_'4 ~
7 /(%)

L 2 ()

g(x)
5.3.7 Overall Framework

Our practical OSLS-EM model estimate and correction Open Set Label Shift follows
the procedure in Alg. 8.

Algorithm 8 OSLS-MLE/MAP Framework

Input: D!, D%, h(x), f(x), hyper-params 7, T.

Optional: (MAP prior) o™ € RX,, o, a9 € R.;.

OOD Dataset: Generate OOD dataset D° with Eq. (5.18).

Estimate ¢ with ground truth labels in D°.

OSLS estimation:
1. Source ps; Retrieval: Obtain p; in Eq. (5.2) with fig in Eq. (5.3), fij in

Eq. (5.19).

2. EM algorithm Estimation: Obtain g, 7t in terms of MLE/MAP with Alg. 7.
3. Target p; Correction: Obtain corresponding g; via Eq. (5.14).

OSLS correction: Obtain g(x) with Eq. (5.20) based on the estimates p;, 7.

5.4 Experiments

5.4.1 Experimental Setup

Datasets: Following the experimental setup in the OOD detection literature (Zhang,
Yang et al., 2023), we evaluate our model with CIFAR10, CIFAR100 (Krizhevsky,
Hinton et al., 2009) and ImageNet (Russakovsky et al., 2015a) dataset as ID data-
sets and with SVHN (Netzer et al., 2011), Places (Zhou, Lapedriza et al., 2017),
Openlmage-O (Wang, Li et al., 2022b), NINCO (Bitterwolf et al., 2023), a subset of
TinyImageNet (Krizhevsky, Sutskever et al., 2012), a subset of iNaturalist (Huang
and Li, 2021), a subset of Species (SSB) (Hendrycks, Basart et al., 2019b) datasets as
OOD datasets. The OOD datasets are split into near OOD and far OOD groups de-
pending on their similarity to the ID dataset. Details of the dataset setup are provided
in Tab. 5.1, and further details are available in Appendix. C.2.

Our model is tested with different types of label shift, including the Dirichlet shift
and the Ordered Long-Tailed (LT) shift commonly used in Closed Set Label Shift
literature (Alexandari et al., 2020; Lipton et al., 2018). The Dirichlet shift adjusts
ground truth 7t by sampling from a Dirichlet distribution with parameter a# and
the Ordered LT shift adjusts 7t based on a Long-Tailed distribution with different
imbalance factor and “Forward" or “Backward" order (Ye et al., 2024). Under the
open set setting, we also sub-sample the OOD datasets so that the test datasets have
different OOD over ID ratios (r = (1 — p¢)/ps). Details can be found in Tab. 5.2.
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ID dataset OQOD dataset

Near CIFAR100, TinyImageNet

Far | MNIST, SVHN, Texture, Places,
Near CIFARI10, TinyImageNet,

Far MNIST, SVHN, Texture, Places
Near SSB, NINCO,

Far |iNaturalist, Texture, Openlmage-O

CIFAR10

CIFAR100

ImageNet-200

Table 5.1: Dataset setup in our Open Set Label Shift experiment. For each ID dataset,
different OOD datasets are tested to justify the performance of our OSLS estimation and
correction model.

Label Shift| Shift Parameters OOD/ID data ratio r
Dirichlet « =1.0,10.0 r=1,05,0.1,0.01
100, 50,20,10,5

Ordered LT r=1,0.5,0.1,0.01
“Forward/Backward"

Table 5.2: Types of label shift in our experiment, including Dirichlet shift with different
shift parameter « and Ordered Long-Tailed (LT) shift with different imbalance factors
under forward and backward order.

Model Setup: The Neural Network ID classifiers are implemented using PyT-
orch (Paszke et al., 2017). Following the convention in the OOD literature (Zhang,
Yang et al., 2023), we train a ResNet18 (He, Zhang et al., 2016) on CIFAR10/100 and
ImageNet-200 datasets as multi-class ID classifiers. We test our model with different
OOD classifiers, including OpenMax (Bendale and Boult, 2016), Ash (Djurisic et al.,
2022), MLS (Hendrycks, Basart et al., 2019a), ReAct (Sun, Guo et al., 2021) and
KNN (Sun, Ming et al., 2022), with the implementations provided by the OpenOOD
project (Zhang, Yang et al., 2023). The outputs of these classifiers are re-scaled to
[0, 1] range to satisfy the requirement of our model i : X — [0, 1].

In the estimation model, we follow the MAPLS (Ye et al., 2024) setup (soft mode) to
initialize the EM algorithms MLE/MAP-OLS with 7t = ¢ and ps; = p; and run for
100 iterations to ensure convergence. More details are given in Appendix. C.2.

Evaluation Metrics: We evaluate our model mainly on the label shift estimation error
(w — @)% /K (Lipton et al., 2018) over ID classes and the Top1 accuracy over all ID
and OOD classes. The label shift estimation error is the MSE between the ground
truth target over source ID label distribution ratio w = 7t /¢ and @ is the one that was
obtained with the estimator of 7r. The comparison of ground truth ID data ratio p;
and estimate p; are also compared.

5.4.2 Results Comparison

We report the performance of our OSLS-MAP model. As the Open Set Label Shift
problem has been studied only recently, we mainly compare the performance of
our model with state-of-the-art (SOTA) Closed Set Label Shift estimation models
MLLS (Saerens et al., 2002), BBSE (Lipton et al., 2018), RLLS (Azizzadenesheli
et al., 2018), MAPLS (Ye et al., 2024), and a baseline model that directly assumes
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the target domain has uniform ID label distribution 7t = 1/K and same amount of
ID/OOD data (r = 1). The baseline model considers the situation when no OSLS
estimation model is available. In this case, it is natural to assume the target domain
has an uniform ID label distribution 7t = 1/K (used in the Closed Set Label Shift
model (Ye et al., 2024)) and same amount of ID/OOD data » = 1 (used in the OOD
detection model (Meinke, Bitterwolf et al., 2022)).

For accuracy metric, OpenMax also proposed the ID + OOD classifier, which is repor-
ted as the “Original" model in Tab. 5.3. The model proposed by (Garg, Balakrishnan
et al., 2022) is not compared because they adopt a domain adaptation approach and
require retraining the OOD and ID classifier for each experiment setup, which is
time-consuming, especially in large-scale datasets like ImageNet-200. Further, they
have not reported their performance on the estimation error (w — @)? /K.

Topl Accuracy: As shown in Tab. 5.3, our model consistently outperforms baselines
on most settings based on different OOD classifiers. Among the OOD classifiers
that we tested, OpenMax exhibits better overall accuracy. This is probably because
the OpenMax OOD classifier is designed to output [0, 1] confidence and may better
satisfy Assumption 5B for our model. Other OOD models usually output real number
(e.g. max logit) that requires re-scaling, where the re-scale process can introduce extra
estimation error.

Estimation Error: As seen in Tab. 5.4, 5.5 and 5.6, our estimation model effectively
estimates ID label shift in the open set settings on CIFAR10/100 and ImageNet-200
datasets and outperforms the open set baseline in most settings. Moreover, although
the performance of the closed set models increases when the target domain has fewer
OOD samples (small 7), our model takes OOD data into account and still outperforms
all existing SOTA closed set models in the reported Open set settings. Similar to the
Topl Accuracy result, in terms of the estimation error, OpenMax fits better with our
Assumption 5B and thus also performs the best among the OOD classifiers in most of
the OSLS settings in the table.

pt Correction Results: Fig. 5.4 justifies our p; correction model (Section 5.3.4) with
results on CIFAR10/100 dataset under Dirichlet ID shift. As seen in the figure, most
estimates 0; of our model match better with the ground truth p; than p; obtained
without our p; correction model. Such a result implies that the tested OOD classifiers
roughly satisfy the requirement of Theorem 11 in Eq. (5.12). This is probably because
these OOD classifiers are usually designed based on the maximal output of the ID
classifier (e.g. max logit), and such output tends to be identical among ID classes
when the source domain ID dataset that the ID classifier trained on is class-uniform.

Estimation Error on Imbalanced Train set: Similar to the closed set label shift
models, we also study the robustness of the open set label shift model under im-
balanced source label distributions. We report the estimation error performance of
our OSLS-MAP model on the Long-Tailed CIFAR10 dataset in Tab. 5.7, 5.8 and on
the Long-Tailed CIFAR100 dataset in Tab. 5.9, 5.10. As shown in the tables, our
model exhibit decent performance in most the "Forward" cases, where the target label
distribution is closed to the Long-Tailed source label distribution. When the source
and target domain have very different label distributions in the "Backward" cases,
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our model is still outperform the closed set label shift models in most of the settings,
especially in the extreme LTS50/LT100 case.

Dataset CIFAR10 CIFAR100
ID label Shift param LT10 [ LT50 [ LT100 LT10 LT50 LT100
OOD label shift paramr [ 1.0 01 10 01 10 01 |10 01 10 01 10 01
Original ||74.65 86.80 74.34 87.65 74.75 87.16|63.54 65.20 63.70 65.12 63.42 64.86
Near | Baseline || 75.33 86.58 75.06 87.34 75.30 86.93|62.71 64.92 62.95 64.72 62.67 64.61
ours |/75.33 86.58 75.06 87.39 75.30 86.98|62.95 65.25 63.43 65.78 63.23 66.03
Original |[76.56 87.11 76.55 87.94 76.73 87.53|66.77 65.93 67.11 65.95 66.76 65.32
Far |Baseline||77.39 86.91 77.40 87.70 77.57 87.33|66.58 65.73 66.99 65.69 66.58 65.19
ours ||77.39 86.91 77.41 87.75 77.61 87.41|66.78 66.03 67.37 66.73 67.24 66.67
Baseline ||80.92 79.44 80.47 80.35 80.90 79.85|71.22 57.55 70.92 56.74 70.56 57.12
ours |/80.92 79.44 80.47 80.36 80.90 79.90|71.25 57.70 71.09 57.15 70.81 57.56
Baseline || 83.90 80.04 83.58 80.81 84.02 80.26|70.77 57.49 70.34 56.66 70.11 56.93
ours |/83.90 80.04 83.59 80.82 84.04 80.31|70.81 57.63 70.54 57.06 70.40 57.38
Baseline ||80.12 78.45 79.33 77.72 79.17 77.04|70.78 57.31 70.83 56.46 70.64 57.22
ours |/80.12 78.46 79.32 77.72 79.17 77.04|70.81 57.52 70.99 56.87 70.88 57.65
Baseline ||82.62 79.04 82.12 78.02 81.57 77.61|71.15 57.17 71.11 56.70 70.77 57.29
ours |/82.62 79.05 82.12 78.02 81.57 77.61|71.16 57.41 71.32 57.09 71.07 57.73
Baseline ||80.76 84.74 80.97 84.64 81.12 85.03|71.11 59.24 70.50 59.41 70.72 59.07
ours |/80.76 84.74 80.97 84.67 81.12 85.10|71.17 59.42 70.72 59.86 70.92 59.63
Baseline || 84.03 85.23 84.16 85.46 84.46 85.65(72.22 59.47 71.82 59.89 71.76 59.11
ours |/84.03 85.23 84.18 85.49 84.49 85.74|72.28 59.64 72.04 60.34 71.97 59.69
Baseline || 68.48 68.57 68.19 68.65 67.95 68.77|68.32 57.00 67.77 56.04 67.89 56.30
ours |/68.49 68.58 68.21 68.66 67.96 68.84|68.37 57.09 67.95 56.40 68.11 56.84
Baseline ||70.90 68.98 70.77 69.10 70.33 69.41|70.01 57.24 69.92 56.53 69.77 56.67
ours /7091 69.00 70.78 69.11 70.36 69.50|70.05 57.31 70.10 56.93 70.05 57.21

OpenMax

Near
MLS

Far

Near
ReAct

Far

KNN

Ash
Far

Table 5.3: Topl Accuracy (ID + OOD) of our model on CIFAR10 and CIFAR100
dataset with OOD datasets (Near & Far) comparison under different ID and OOD
label shift. Outperforming results are colored in gray. Our model outperforms
baselines and other models under most label shift settings. Each metric is averaged among
the corresponding OOD test set (Tab. 5.1) and over three independent ID classifiers.
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Dataset CIFAR10
ID label Shift param LT10 Forward LT50 Forward LT100 Forward
OOD label shift paramr|| 1.0 0.1 0.01| 1.0 0.1 0.01| 1.0 0.1 0.01

Closed Set Label Shift estimation models

BBSE Near [{0.172 0.005 0.003(0.341 0.008 0.007|0.418 0.011 0.010
Far |/0.400 0.014 0.004|0.547 0.016 0.008|0.629 0.018 0.010
MLLS Near |{0.168 0.005 0.002(0.318 0.007 0.002|0.388 0.010 0.002
Far {|0.458 0.012 0.002|0.587 0.013 0.002|0.662 0.015 0.002
RLLS Near |/0.486 0.486 0.486|1.199 1.198 1.198|1.538 1.537 1.536
Far ||0.486 0.486 0.486|1.199 1.198 1.198|1.538 1.537 1.536
MAPLS Near [{0.177 0.015 0.007 {0.369 0.034 0.014|0.458 0.043 0.017
Far |/0.396 0.019 0.007|0.565 0.036 0.014|0.659 0.045 0.017

Open Set Label Shift estimation models

Baseline 0.487 0.487 0.487|1.200 1.200 1.200|1.540 1.540 1.540
Near |/0.068 0.002 0.002(0.131 0.003 0.002|0.165 0.003 0.002
Far {/0.186 0.003 0.002|0.244 0.005 0.002|0.264 0.004 0.002
Near []0.026 0.007 0.007|0.056 0.007 0.010|0.067 0.009 0.008
Far |/0.042 0.007 0.007|0.057 0.008 0.010|0.061 0.009 0.008
Near |/0.060 0.017 0.017|0.098 0.026 0.023|0.114 0.029 0.028
Far |/0.084 0.017 0.017|0.110 0.026 0.023|0.119 0.029 0.028
Near [{0.035 0.006 0.006(0.071 0.005 0.008|0.090 0.006 0.005
Far |/0.075 0.006 0.006|0.090 0.006 0.008|0.104 0.006 0.005
Near |/0.280 0.221 0.211/0.412 0.319 0.3320.452 0.359 0.366
Far |/0.393 0.225 0.211|0.521 0.322 0.333|0.568 0.364 0.367

OpenMax

MLS

ours| ReAct

KNN

Ash

Table 5.4: Estimation Error (w — @)?/K(]) of our OSLS estimation model on
CIFAR10 dataset with Near OOD datasets and Far OOD datasets comparison
under Ordered-LT (Forward) ID and OOD label shift. Settings in which our model
outperforms baselines are colored in gray. Our model outperforms baselines under
most label shift settings. Each metric is averaged among corresponding OOD test set
(Tab. 5.1) and over three independent ID classifiers.
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Dataset CIFAR100
ID label Shift param LT10 Forward LT50 Forward LT100 Forward
OOD label shift paramr|| 1.0 0.1 0.01| 1.0 01 001| 1.0 0.1 0.01
Closed Set Label Shift estimation models

BBSE Near |/0.529 0.131 0.097|0.750 0.173 0.176|0.850 0.173 0.167
Far ||4.118 0.250 0.099|4.362 0.290 0.176|4.489 0.294 0.168
MLLS Near |/0.870 0.116 0.080|1.005 0.142 0.116{1.100 0.132 0.113
Far {|9.656 0.328 0.083|9.804 0.364 0.119]9.862 0.353 0.117
RLLS Near ||0.426 0.425 0.425|1.100 1.099 1.099|1.404 1.402 1.402
Far ||0.426 0.425 0.425|1.100 1.099 1.099|1.404 1.403 1.402
MAPLS Near |/0.672 0.116 0.085|0.860 0.161 0.129{0.965 0.164 0.134
Far ||7.481 0.275 0.087|7.667 0.330 0.131|7.763 0.336 0.137

Open Set Label Shift estimation models
Baseline 0.426 0.426 0.426|1.101 1.101 1.101|1.405 1.405 1.405
OpenMax Near |/0.387 0.043 0.046|0.450 0.071 0.071|0.511 0.081 0.077
Far ||2.223 0.087 0.046|2.353 0.111 0.073|2.341 0.118 0.078
MLS Near ||0.323 0.078 0.078|0.371 0.120 0.121|0.415 0.126 0.120
Far ||1.289 0.099 0.079|1.324 0.138 0.123|1.366 0.150 0.120
ours| ReAct Near |/0.331 0.076 0.075|0.362 0.114 0.116|0.396 0.110 0.124
Far ||1.138 0.096 0.075|1.199 0.131 0.117|1.202 0.127 0.124
KNN Near |/0.736 0.141 0.139|0.805 0.206 0.205|0.817 0.235 0.228
Far ||1.188 0.152 0.140|1.281 0.216 0.207|1.287 0.246 0.229
Ash Near ||0.358 0.111 0.101|0.514 0.194 0.176|0.541 0.217 0.198
Far ||1.015 0.119 0.101|1.169 0.206 0.175|1.183 0.229 0.198

Table 5.5: Estimation Error (w — @)2/K(|) of our OSLS estimation model on
CIFAR100 dataset with Near OOD datasets and Far OOD datasets comparison
under Ordered-LT (Forward) ID and OOD label shift. Settings in which our model
outperforms baselines are colored in gray. Our model outperforms baselines under
most label shift settings. Each metric is averaged among corresponding OOD test set

(Tab. 5.1) and over three independent ID classifiers.
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Dataset ImageNet-200
ID label Shift param LT10 Forward LT50 Forward LT100 Forward
OOD label shift paramr|| 1.0 0.1 0.01| 1.0 0.1 0.01| 1.0 0.1 0.01

Closed Set Label Shift estimation models

BBSE Near [{0.564 0.119 0.107|0.664 0.128 0.115|0.735 0.132 0.112
Far ||1.148 0.134 0.108|1.301 0.141 0.115|1.389 0.146 0.112
MLLS Near |[1.152 0.131 0.099(1.233 0.143 0.111|1.272 0.146 0.116
Far ||4.095 0.167 0.101|4.270 0.182 0.112|4.436 0.189 0.117
RLLS Near |0.432 0.432 0.432|1.083 1.082 1.082|1.397 1.396 1.396
Far |0.433 0.432 0.432|1.083 1.082 1.082|1.397 1.396 1.396
MAPLS Near [{0.877 0.114 0.085(0.986 0.128 0.093|1.046 0.134 0.095
Far ||3.004 0.139 0.086|3.177 0.156 0.094|3.328 0.164 0.097

Open Set Label Shift estimation models

Baseline 0.436 0.436 0.436|1.090 1.090 1.090|1.405 1.405 1.405
Near [{0.699 0.035 0.022(0.769 0.035 0.020|0.820 0.035 0.019
Far ||2.500 0.048 0.022|2.652 0.054 0.020|2.739 0.047 0.019
Near |/0.194 0.069 0.0690.209 0.078 0.076|0.217 0.079 0.081
Far {/0.118 0.069 0.069|0.128 0.078 0.076|0.126 0.081 0.082
Near |0.251 0.092 0.094|0.253 0.102 0.097{0.279 0.110 0.111
Far {/0.103 0.092 0.094|0.116 0.104 0.098|0.128 0.113 0.112
Near [{0.309 0.116 0.115(0.319 0.125 0.1180.325 0.133 0.127
Far |/0.158 0.115 0.115|0.161 0.125 0.119|0.167 0.132 0.127
Near |/0.262 0.110 0.108|0.287 0.121 0.1220.299 0.132 0.135
Far |/0.110 0.110 0.108|0.131 0.121 0.122|0.140 0.133 0.136

OpenMax

MLS

ours| ReAct

KNN

Ash

Table 5.6: Estimation Error (w — ©)?/K({) of our OSLS-MAP estimation model on
ImageNet-200 dataset with Near OOD datasets and Far OOD datasets comparison
under Ordered-LT (Forward) ID and OOD label shift. Settings in which our model
outperforms baselines are colored in gray. Our model outperforms baselines under
most label shift settings. Each metric is averaged among corresponding OOD test set
(Tab. 5.1) and over three independent ID classifiers.



5.4. Experiments 97

Setting CIFAR10-LT10 Train, Long-Tailed Shifted Test, MAP
ID label Shift param LT10 Forward LT50 Forward LT100 Forward
OOD label shift paramr|| 1.0 01 001| 1.0 01 001| 1.0 0.1 0.01
Closed Set Label Shift estimation models

BBSE Near |/0.087 0.020 0.013|0.287 0.248 0.252|0.419 0.358 0.450
Far {/0.371 0.030 0.013|0.633 0.260 0.252|0.742 0.370 0.453
MLLS Near [{0.135 0.021 0.013|0.268 0.015 0.006|0.341 0.013 0.004
Far {10.628 0.033 0.013|0.807 0.023 0.006|0.795 0.018 0.003
RLLS Near [{0.000 0.000 0.000|0.207 0.206 0.206|0.328 0.327 0.327
Far |/0.000 0.000 0.000{0.206 0.206 0.206|0.328 0.327 0.327
MAPLS Near |/0.354 0.111 0.059|0.561 0.142 0.106|0.668 0.142 0.102
Far [10.553 0.108 0.058|0.836 0.139 0.105|0.888 0.133 0.099

Open Set Label Shift estimation models

Baseline 1.806 1.806 1.806|3.116 3.116 3.116|3.477 3.477 3.477
Near [{0.094 0.067 0.058|0.285 0.167 0.156|0.347 0.183 0.172
Far |/0.167 0.065 0.058|0.326 0.162 0.154|0.382 0.180 0.172
Near [/0.091 0.074 0.068|0.238 0.148 0.148|0.265 0.181 0.172
Far {/0.104 0.073 0.068|0.228 0.144 0.148|0.250 0.176 0.173
Near |/0.037 0.027 0.037{0.153 0.127 0.121{0.191 0.162 0.156
Far |/0.051 0.027 0.037|0.148 0.125 0.120|0.184 0.159 0.156
Near [{0.152 0.091 0.095|0.307 0.170 0.163|0.356 0.202 0.198
Far [/0.178 0.089 0.094|0.310 0.166 0.162|0.356 0.199 0.197
Near |{0.044 0.027 0.026|0.176 0.129 0.121|0.225 0.173 0.152
Far |/0.084 0.027 0.026|0.203 0.129 0.121{0.250 0.168 0.152

Table 5.7: Estimation Error (w — @)?/K(]) of our OSLS-MAP estimation model on
the Long-Tailed CIFAR10 dataset with Near OOD datasets and Far OOD datasets
comparison under different ID and OOD label shift. Outperforming results are in
bold face and settings that outperform the baseline are colored in gray. Our model
outperforms baseline under most label shift settings. Each metric is averaged among
corresponding OOD test set (Tab. 5.1) and over three independent ID classifiers.

OpenMax

MLS

ours| ReAct

KNN

Ash
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Setting CIFAR10-LT10 Train, Long-Tailed Shifted Test, MAP
ID label Shift param LT10 Backward LT50 Backward LT100 Backward
OOD label shift param || 1.0 0.1 0.01 1.0 0.1 0.01 1.0 0.1 0.01
Closed Set Label Shift estimation models
BBSE Near ||11.416 10.884 10.371(21.239 18.996 18.659(25.916 22.358 23.182
Far ||11.606 10.843 10.374|21.299 18.977 18.659|25.983 22.375 23.170
MLLS Near || 2.494 0.375 0.569 | 5374 0.893 0.779 | 6.029 1.477 0.841
Far || 3.663 0.421 0.575|6.633 0974 0.787 | 7.523 1.558 0.851
RLLS Near ||11.638 11.614 11.615(23.617 23.568 23.565(29.429 29.383 29.351
Far || 11.639 11.614 11.615|23.620 23.569 23.566(29.432 29.383 29.351
MAPLS Near || 3.574 1.340 1.465 | 8.065 2.403 1.999 | 9.387 3.242 1.428
Far || 3.839 1373 1472|8167 2489 2012 |9.570 3.307 1.433
Open Set Label Shift estimation models
Baseline 4522 4522 4.522 |13.156 13.156 13.156|17.770 17.770 17.770
OpenMax Near || 2.651 0.875 0.676 | 5.855 1984 1550 | 7.314 2.349 1.865
Far || 2.823 0.880 0.673 | 5.925 1987 1548 | 7.502 2412 1.863
MLS Near || 1.156 0.489 0.416 | 2.575 1.087 1.037 | 3.538 1.617 1.376
Far 1.001 0469 0415|2259 1.059 1.042 | 3.025 1.566 1.376
ours| ReAct Near || 4.070 3.317 3.281 | 8.738 7.485 7.300 [11.338 9.603 9.291
Far || 3.990 3.314 3.281 | 8.478 7.436 7.290 |10.998 9.586 9.279
KNN Near || 1.243 0.432 0350 | 2.967 1.088 0911 | 4.016 1.370 1.283
Far || 1.057 0.417 0.344 | 2.547 1.026 0.906 | 3.312 1.330 1.272
Ash Near || 6.301 5.001 4.862 [12.779 10.446 10.248|15.997 13.032 12.664
Far || 6.196 4.983 4.862 |12.429 10.400 10.255|15.463 12.977 12.654

Table 5.8: Estimation Error (w — @)?/K(].) of our OSLS-MAP estimation model on
the Long-Tailed CIFAR10 dataset with Near OOD datasets and Far OOD datasets
comparison under different ID and OOD label shift. Outperforming results are in
bold face and settings that outperform the baseline are colored in gray. Our model
outperforms baseline under most label shift settings. Each metric is averaged among
corresponding OOD test set (Tab. 5.1) and over three independent ID classifiers.
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Setting CIFAR100-LT10 Train, Long-Tailed Shifted Test, MAP
ID label Shift param LT10 Forward LT50 Forward LT100 Forward
OOD label shift param r 1.0 0.1 0.01 1.0 0.1 0.01 1.0 0.1 0.01
Closed Set Label Shift estimation models
BBSE Near 1.184 0996 1.109 | 1.926 1.409 1.615| 1.693 1.974 2.646
Far 4498 1230 1.081 | 4306 1931 1.531| 3.861 2.117 2.518
MLLS Near ||143.984 24.795 36.063|207.347 29.882 14.939|203.636 18.749 6.636
Far |[|367.633 42.241 37.423|225.657 45.362 14.434|700.636 23.536 6.809
RLLS Near 0.001 0.001 0.001 | 0.209 0.206 0.205| 0.316 0.313 0.313
Far 0.002 0.001 0.001 | 0.212 0.207 0.206 | 0.323 0.313 0.313
MAPLS Near || 50.587 11.288 15.579| 86.141 14.844 10.252| 76.854 9.392 5.319
Far [/193.608 16.395 15.934|121.326 20.920 10.035[419.148 11.608 5.350
Open Set Label Shift estimation models

Baseline 1317 1317 1317 | 2445 2445 2445 | 2.739 2.739 2.739
OpenMax Near 0.223 0.049 0.046 | 0.234 0.069 0.063 | 0.254 0.082 0.083
Far 0.474 0.055 0.047 | 0490 0.073 0.063 | 0.475 0.085 0.083
MLS Near 0.360 0.098 0.094 | 0.337 0.127 0.113 | 0.408 0.127 0.114
Far 1.385 0.115 0.095 | 1.028 0.146 0.114 | 1.219 0.144 0.115
ours| ReAct Near 0.337 0.080 0.080 | 0.372 0.103 0.087 | 0.374 0.106 0.091
Far 1132 0.093 0.080 | 1.045 0.111 0.087 | 0.943 0.110 0.092
KNN Near 0.630 0.139 0.137 | 0.622 0.137 0.123 | 0.560 0.137 0.124
Far 0.659 0.150 0.137 | 0.665 0.141 0.122 | 0.641 0.143 0.124
Ash Near 0.380 0.081 0.086 | 0.423 0.103 0.096 | 0.414 0.108 0.100
Far 1.197 0.095 0.086 | 1.109 0.115 0.096 | 1.099 0.116 0.100

Table 5.9: Estimation Error (w — @)?/K(]) of our OSLS-MAP estimation model on
the Long-Tailed CIFAR100 dataset with Near OOD datasets and Far OOD datasets
comparison under different ID and OOD label shift. Outperforming results are in
bold face and settings that outperform the baseline are colored in gray. Our model
outperforms baseline under most label shift settings. Each metric is averaged among

corresponding OOD test set (Tab. 5.1) and over three independent ID classifiers.
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Setting CIFAR100-LT10 Train, Long-Tailed Shifted Test, MAP
ID label Shift param LT10 Backward LT50 Backward LT100 Backward
OOD label shift param r 1.0 0.1 0.01 1.0 0.1 0.01 1.0 0.1 0.01
Closed Set Label Shift estimation models

BBSE Near 9.860 9.465 9.747 | 18.756 18.156 18.321| 22.142 21.652 22.186
Far 12.680 9.544 9.744 | 21.578 18.121 18.336| 23.909 21.613 22.183
MLLS Near || 222.536 88.341 60.125|218.213 152.682 96.968 |466.629 104.969 171.657
Far ||1229.442 97.308 59.798|496.811 154.811 97.943|950.108 99.563 176.237
RLLS Near 8.091 8.058 8.025 | 16.896 16.883 16.755| 21.007 20.940 20.831
Far 8.087 8.063 8.025 | 16.891 16.878 16.754| 20.951 20.946 20.830
MAPLS Near || 87.014 32.047 23.384|100.514 67.379 47.580|229.440 48.819 82.531
Far || 740.536 36.744 23.326|297.858 71.695 48.028|564.773 47.701 84.695

Open Set Label Shift estimation models

Baseline 3.090 3.090 3.090 | 9.471 9471 9471 (12774 12.774 12.774
Near 5285 3.895 3.738 | 10.646 7.620 7.362 | 12.826 9.585 8.734
Far 5429 3.837 3.729 | 10.144 7.474 7.352 | 12148 9335 8711
Near 4166 3.296 3.180 | 8431 6.692 6.642 | 10.218 7.896 8.325
Far 5397 3.337 3.182| 9560 6.704 6.634 | 11.348 7.936 8.335
Near 5.050 3.865 3.781 | 9.637 7.875 7.747 | 12.020 9.642 9.581
Far 6.012 3.883 3.777 | 10.705 7.915 7.749 | 12.763 9.617 9.578
Near 6.005 4948 5.101 | 11.816 10.814 10.702| 14.690 12.925 13.255
Far 6.175 4968 5.106 | 11.987 10.867 10.711| 14.784 12.989 13.268
Near 4775 3.548 3408 | 9493 7.084 6.825|11.573 8.735 8.344
Far 5906 3.527 3.409 | 10.197 6.999 6.819 | 12.438 8.681 8.326

Table 5.10: Estimation Error (w — @)?/K(]) of our OSLS-MAP estimation model
on the Long-Tailed CIFAR100 dataset with Near OOD datasets and Far OOD
datasets comparison under different ID and OOD label shift. Qutperforming results
are in bold face and settings that outperform the baseline are colored in gray. Our
model outperforms baseline under most label shift settings. Each metric is averaged
among corresponding OOD test set (Tab. 5.1) and over three independent ID classifiers.

OpenMax

MLS

ours| ReAct

KNN

Ash

5.4.3 Ablation Study

Assumption Analysis: Assumption 5A used in the model is a common assumption
for Neural Network classifiers, which has been used in previous label shift estimation
problem (Ye et al., 2024) and other classification tasks like calibration (Liang et al.,
2017) and Long-Tailed Recognition (Xu et al., 2021). We justify Assumption 5A with
empirical evidence from the practical classifiers used in our experiments.

As discussed in the previous works (Garg, Wu, Balakrishnan et al., 2020), if Assump-
tion 5A is satisfied, classifier f is a perfectly calibrated classifier on the source domain.
The calibration performance of the classifier is commonly evaluated via the Expected
Calibration Error (ECE) (Guo, Pleiss et al., 2017; Liu, Ye, Cui et al., 2024; Liu, Ye,
Wang et al., 2023), where a well-calibrated classifier will have ECE close to 0. In this
work, we provide the calibration performance of the practical classifiers f used in our
model.

As shown in Tab. 5.11, the classifiers that we used in our model have good calibration
performance. Hence Assumption 5A is likely to be satisfied, which justifies the
practical applicability of our model in the real world problems.

Performance Impact Factors: Our proposed model depends on several assumptions
(Assumption 1, Assumption 5) and the availability of the source and target domain
datasets D°, D!. In practice, even if these assumptions are satisfied, several other
factors could influence the performance of our OSLS-MLE/MAP model.
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Dataset Classifier 1 Classifier 2 Classifier 3
CIFARI10 0.0277 0.0281 0.0242
CIFAR100 0.0628 0.0600 0.0621
ImageNet-200| 0.0163 0.0133 0.0131

Table 5.11: Calibration Performance in terms of ECE () of the ID classifiers (3 for
each dataset) used in our model on the source domain validation set. The classifiers has
good calibration performance and therefore Assumption 5 is likely to be satisfied in our
practical model.

Theoretically speaking, our model requires i.i.d. samples in the datasets D%, D!, D°
and thus violation of this requirement will introduce extra estimation error. Secondly,
the noise in the ground truth labels of the source domain train dataset could affect
the estimate of the source label distribution, and thus introduce extra estimation error.
On the other hand, it is also worth noting that, using data augmentation techniques
(e.g. mixup, noise label) when training the ID classifier f does not influence the
validity of the proposed model.

Empirically speaking, we observe that several other factors could impact the per-
formance of the proposed OSLS-MLE/MAP model and other Closed Set Label Shift
models:

 Amount of label shift: As shown in Tab. 5.10, the estimation error of the label
shift models (including ours) can degrade significantly when the source and
target domain have highly imbalanced label distribution.

e ID/OOD ratio: As shown in Tab. 5.5, the estimation error of our model also
decreases when more OOD data presents in the test set.

* OOD classifier: As shown in Tab. 5.3, the Topl Accuracy of our model with
different OOD classifier could vary significantly.

Pseudo OOD data Generation: We also provide the sensitivity analysis of the
hyperparameter 7y in Eq. (5.18) using in our OSLS-MLE model when generating
pseudo OOD samples with Gaussian noise:

Dy ={(1—7)-xi+7-€lx; € D°,e ~ N(0,1)}. (5.21)

As shown in Tab. 5.12, 5.13, our model exhibits stable performance when <y varies.

Training Time analysis: The training time of our OSLS estimation model with
a NVIDIA RTX 2080Ti GPU on CIFAR10/100 dataset is less than 1 second, on
ImageNet-200 dataset is less than 5 seconds and on ImageNet 1k is about 20 seconds.
Since EM algorithm is scalable to large scale datasets Ye et al. (2024), our model can
be easily applied to real world problems with affordable computational overhead.
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Dataset CIFAR100
ID label Shift param LT10 Forward LT50 Forward LT100 Forward
OOD label shift param » 1.0 0.1 0.01 1.0 0.1 0.01 1.0 0.1 0.01

Closed Set Label Shift estimation models
Near ||0.560. 005 0.121,00;; 0.107 0006 [ 0.758 005 0.171 000 0.136. 005 [0.841 0055 0.188 015 0.151 05

BBSE R[] 4.128.000 025300 010900 [4370.00 0291000 0139, | 443110 03060, 01531
MLLS Near 0.906.006 0.114.0056 0.088.0025 | 1.029.066 0.155,00 0.105.00 | 1.072.0057 0.150.005 0.113.0654
Far 9.633,,4, 0.348. 457 0.092 025 [9.910.155 0.380.50u 0.108.005|9.896.1 55 0.373.0065 0.115.0035

RLLS Near 04260000 04250000 04250000 |1.100.0000 1.099.0000 1.0990000 | 1.404 0000 1.402.0000 14020000
Far 0.426.0000 0.425.0000 0.425. 5000 | 1.100.0000 1.099.000 1.099 0000 | 1.404 0000 1.403.0000 1.402. 0000

MAPLS Near 0.7004003 0.114.0055 0.09110019 [ 0.878.007 0.164.005 0.120.0015 | 0.946. 005 0.175.00 0.135.0006

Far 746911 122 0‘290t0040 0'09410,ﬂ18 775811.1% 0-34010029 O~12310020 7779:1 171 0‘35010046 0'13810.026
Open Set Label Shift estimation models
Baseline 0.426-5000 04260000 0.426-0000 | 1.101 5000 110155000 1.101 10000 | 1.405. 0000 1.405. 5000 1.405.000

'Y — 0.1 Near 0'396i0015 0‘043t0.004 0‘046i0.009 0‘470:H1.027 0'068i00]3 0~073t0013 0~50810005 0.085:&0»0]7 0'078:t0.015

Far 2152;03% 0.082.455 0~047mv009 2~224mv323 0~104m.010 007410013 2'426L032‘4 0~118mv012 0.079.00:5

,-)/ — 0.2 Ne&l‘ 0‘473:0.008 0'039i0005 0‘03210.001 0'573iD.DB 0'062i0.002 0'051i0004 0'589:0013 0'063:0.008 0‘057i0.005

Far  ||3.100.0,5 0.094.5,; 0.034.,0, |3.077 .00 011150, 0.053. 00, |3.144.0,, 0.118. 50, 0.058. 005

ours|y = 0.3 Near ||0.480,001 0.034100 0.034.000(0.543. 000 0.062.0005 0.055.005 | 0.601.505 0.057.0005 0.056.001,
Far  |[3.069.00 0.089.50 0.036.y0; |3.268.02 0.116,000 0.057400 |3.236.010, 0.114.50 0.057.,,:,

v =04 Near ||0.482. 505 0.035.000, 0.032.00s |0.571. 0, 0.067.041, 0.056.0 [0.609.00; 0.062.0 0.053. 0

Far 3'093:0.068 0'100i0007 0‘03410004 3‘27210117 0'123i0.010 0'057i0010 3'3l4i0076 0'123:0.002 0‘054i0.002

Y= 0.5 Near 0486005 0.041 005 0.032.4, | 0.578.5; 0.063.55 0.055.5|0.598.0005 0.060.00; 0.055.0

Far 3'135L0155 0'102L0.UU7 0.033.005 3~209mv135 0~131m.010 0.057 .00 3335;0123 O~115;0v008 0.056.,005

Table 5.12: Ablation study of hyperparameter v when generating pseudo OOD
samples. Estimation Error (w — @)% /K(].) of our OSLS estimation model (OpenMax
OOD detector) on CIFAR100 dataset with Near OOD datasets and Far OOD datasets
comparison under Ordered-LT (Forward) ID and OOD label shift.

Dataset CIFAR100
ID label Shift param LT10 Backward LT50 Backward LT100 Backward
OOD label shift param r 1.0 0.1 0.01 1.0 0.1 0.01 1.0 0.1 0.01

Closed Set Label Shift estimation models
Near 0-54070 029 0-152+0 008 0-159+o 025 0-732+0 050 0-252+o 027 0-264+0 035 0-778+0 026 0-28170 050 0-339+0 073

BBSE R (] 4.042,00 027600, 0161010 [4.075 000 0381000 0262017 | 4.080.01 0387 0, 033900
MLLS NCaI 0'91240.083 0'131i0 013 0'119l0,009 1'107LU,085 O'ZOSiU.UlZ 0'173:(} 017 1'152:0 061 0'21810,017 0'203L0.U22
Far 9.500,, 55 0.332.005 0.118 0005 |9.583. 555 0.404. 055 0.167 001, [9.494 ., 4o 0.381 005 0.201 500

RLLS Near 0.426.0000 0.425.5000 0.425 5000 [ 1.100.0000 1.099.000 1.099.0000 | 1.403 0000 1.402. 0000 1.402. 0000
Far 0.426. 000 0.425, 0000 0.425 4000 | 1.100. 0000 1.099.0000 1.099 5000 | 1.403 0000 1.402. 0000 1.402. 000

MAPLS Near 0.710.005 0.119,40; 0.106. 005 |0.941 s 0.196, 0005 0.159 5006 | 1.007 00 0.218,001, 0.188 015

Far 7'36O:H.ZG€ 0'268i0 025 0'106i() 002 7‘47611 220 0‘345i0.039 0'155i0 009 7'439:1 153 0'339:0.023 0'186i0.012
Open Set Label Shift estimation models
Baseline 0'426:0.000 0'426i0 000 0'426i() 000 1'101i() 000 1-10110.000 1'101i0 000 1'405i0 000 1'405:0.000 1‘405i0.[Y(Y()

,)/ :O.l Ne&l‘ 0'428i0.ﬂ4h 0'041i0002 0‘03410,004 0'565i0,ﬂ76 0'058i0.001 0'056i0006 0'565i0028 0'063i0,001 0‘052i0.003

Far  |[2.105,0. 0.080.50; 0.035.5; |2.244 .05, 0.093,0, 0.058.00(2.192,05 0.100.005 0.054.,,,

,Y = 0.2 Nea‘r 0'49740.025 0'034i00[\4 0'02810001 0'62810017 0'059L0.UUS 0'049LUUU5 0'664L0025 0'058;01107 0'046L0.UUS

Far 2'879i017ﬁ 0‘093i0.007 0‘02910,061 2‘85510,]92 0'115i0.019 O‘OSOtQQM 2‘879:0215 0‘115iﬂ,010 0‘047i0.005

ours| 7 — 03| Near [[0539.00 003400 0.029.0.662.00, 006000 00481001 0.688 015, 006600 0.053.001
Far 3'000i0.185 0'092t0015 0'030i0006 2‘98710171 0'113i0.006 0'050i0003 3'025i0235 0'114:0.022 0‘055i0.003

=04 Near [[0534.00 008700 0027, 0669, 0059000 004900 |0.696.0ms 006300 0046001

Far 3'001L0144 0'101L0.UU9 0'0281&003 3'1171&085 0'113LU.014 0'05010001 3‘023;0134 0'131L0v016 0'048L0.003

o — 05| Near [[0526.0, 003500 0030, 064700 0052100 0054005 0.693.007 006000 0.044.00,

Far  |[3.078,015 0.092,50; 0.032.05 |3.046,0,5 0.122,05 005640006 | 3.021.0,0 011850 0.046.,5

Table 5.13: Ablation study of hyperparameter v when generating pseudo OOD
samples. Estimation Error (w — @)?/K(]) of our OSLS estimation model (OpenMax
OOD detector) on the CIFAR100 dataset with Near OOD datasets and Far OOD datasets
comparison under Ordered-LT (Backward) ID and OOD label shift.
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5.5 Conclusion

In this chapter, we analyze the problem of Open Set Label Shift and propose a model
to estimate the target label distribution of ID and OOD class. Then, we adapt a source
domain ID/OOD classifier to the target domain with our retraining. With reasonable
assumptions and an OOD reference dataset, our estimate of target label distribution is
built on three estimates: 1) an estimate of the source label distribution of the ID/OOD
class, 2) an estimate of the target label distribution of the ID/OOD class and 3) an
estimate of the target label distribution of the OOD class when some assumptions on
the OOD classifier are not satisfied. Based on the estimation results, the source domain
ID/OOD classifier is then adapted to the target domain. Experiments on benchmark
image classification datasets CIFAR10/100 and ImageNet-200 with different OOD
datasets and label shift settings demonstrate the effectiveness of our model.
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Figure 5.4: Estimation result comparison of §; by our model (Solid lines), ¢; by our
model but without p; correction (Section 5.3.4) (Dashed lines) based on different OOD
classifiers and the Ground truth p; (Black, Solid line), on CIFAR10/100 dataset with
Dirichlet shift and Near OOD dataset (Tab. 5.1). The estimation result exhibits a linear
correlation with the ground truth, which is explained by our analysis in Theorem 11
Moreover, our p; correction model is able to adjust the predicted p; to p; that is closer to
the ground truth. Shaded areas are + one standard deviation over three independent ID

classifiers.
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Figure 5.5: Estimation result comparison of p; by our model (Solid lines), g; by
our model but without p; correction (Section 5.3.4) (Dashed lines) based on different
OOD classifiers and the Ground truth p; (Black, Solid line), on ImageNet-200 dataset
with LT10/LT100 shift and Near + Far OOD dataset (Tab. 5.1). Shaded areas are =+ one
standard deviation over corresponding OOD datasets and three independent ID classifiers.
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Chapter 6

Label Shift Correction for Zero-Shot
Learning

6.1 Introduction

This chapter considers the label shift problem in the Zero-Shot Learning (ZSL) task,
which is more challenging compared with the Open Set Label Shift problem discussed
in Chapter 5. Due to the challenging setting of Zero-Shot classification, we relax the
label shift correction problem in the ZSL setting by assuming the target domain has
uniform label distribution over both seen and unseen classes.

Refresher on the ZSL problem Zero-Shot Learning requires a model to be trained
on images that show examples from one set of classes, referred to as seen classes,
while being tested on images that show examples from another set of classes, referred
to as unseen classes. During training, semantic information for both seen and unseen
classes is provided to help infer the appearance of unseen classes.

ZSL literature in brief In the Zero-Shot Learning literature, many previous works,
such as Changpinyo et al. (2016); Huang, Wang, Yu et al. (2019); Norouzi et al.
(2013); Verma and Rai (2017); Xian, Lorenz et al. (2018), focus on learning a
mapping between image features depicting certain classes and their corresponding
semantic vectors. GFZSL (Verma and Rai, 2017) proposed a model similar to Kernel
Ridge Regression to predict image features of unseen classes. GDAN (Huang, Wang,
Yu et al., 2019) and f-CLSWGAN (Xian, Lorenz et al., 2018) utilize generative
models like GAN (Goodfellow, Pouget-Abadie et al., 2014) and VAE (Kingma and
Welling, 2013) to achieve the same objective. Based on these approaches, recent
papers further learn a Neural Network (NN) projection from image feature space to
a latent embedding space, where inter-class features can be better separated within
each ZSL dataset (Chen, Wang et al., 2021; Han, Fu, Chen et al., 2021; Han, Fu and
Yang, 2020; Le Cacheux et al., 2019b; Min et al., 2020). For example, in Han, Fu
and Yang (2020), image features are projected to a latent space to “remove redundant
information". FREE (Chen, Wang et al., 2021) adopts the same structure for “feature
refinement" purposes. CE-GZSL (Han, Fu, Chen et al., 2021) also proposes a similar
approach to generate a “contrastive embedding" of image features.
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Figure 6.1: Overview our Class-Balanced Zero-Shot Learning model. We first train a
latent embedding model for image features. The model is trained with Class-Balanced
Triplet loss to separate inter-class features, which is robust to class-imbalanced datasets.
Then, a Gaussian Process Regression model is proposed to predict unseen class prototypes
based on seen class prototypes and semantic correlations between classes. Finally, our
ZSL classifier is constructed based on the prototypes.

Motivations Firstly, the label shift problem or the class imbalance problem is rarely
studied in the Zero-Shot Learning literature, even when the existing ZSL datasets have
highly imbalanced source label distribution. For instance, the APY (Farhadi et al.,
2009) training dataset has nearly 1/3 of samples from the same class. AWA2 (Xian,
Lampert et al., 2019) has 1645 samples in one class and only 100 samples in another in
the training set. The label shift problem is not negligible when training a classification
model on these datasets. Moreover, real world visual datasets usually exhibit a highly
imbalanced or Long-Tailed label distribution (Liu, Miao, Zhan, Wang, Gong and Yu,
2019), which can have a significant impact on the performance of the classification
models trained on these datasets (Buda et al., 2018a; Cui et al., 2019). Therefore, it
is important to ensure that the ZSL models can handle the label shift problem when
deploying these models to real world problems.

Contributions In this chapter, we propose a ZSL model that corrects label shift by
assuming the target domain has a uniform label distribution over both seen and unseen
classes. We propose a class-balanced triplet loss that separates image features in a
latent embedding space for a class-imbalanced dataset. We also propose a Gaussian
Process (GP) model to learn a mapping between the feature and semantic space.
When used in the regression setting, the classical Gaussian Process (GP) is robust
to overfitting (Rasmussen et al., 2006). If training and testing data come from the
same distribution, a PAC-Bayesian Bound (Suzuki, 2012) guarantees that the training
error will be close to the testing error. Our experiments demonstrate that our model,
though employing a simple design, can achieve state-of-the-art (SOTA) performance
on the class-imbalanced ZSL datasets AWA1, AWA2, and APY in the Generalized
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ZSL setting.
The main contributions of our work are:

1. We propose a novel, simple framework ZSL, where image features from a
deep Neural Network are mapped into a latent embedding space to generate
latent prototypes for each seen class by a novel triplet training model. Then, a
Gaussian Process (GP) regression model is trained by maximizing the marginal
likelihood and used to predict latent prototypes of unseen classes.

2. The mapping from image features to a latent space is performed by our proposed
triplet training model for ZSL learning, using a novel triplet loss that is robust
on ZSL training datasets with highly imbalanced label distribution.

3. Experiment results demonstrate the superior performance of our model on
benchmark ZSL datasets like AWA1, AWA?2 and APY, as these datasets have
imbalanced label distribution on the source domain (training set). Our model
has an average training time of 5 minutes on all ZSL datasets, faster than many
SOTA models.

Background and Related Works The background about the Gaussian Process and
Neural Network models used in this chapter can be found in Chapter 2, Section 2.2.6
and Section 2.2.1 respectively. The related literature on the ZSL problem and Class
Imbalance problem are provided in Chapter 2, Section 2.3.5 and Section 2.3.2.

6.2 Proposed Method

6.2.1 Model Overview

In this chapter, we propose a novel method to tackle the label shift correction problem
in the ZSL task. Due to the challenging problem setup, we simplify the label shift
correction problem to the class imbalance problem in the ZSL task by assuming the
target domain has a uniform label distribution over both seen and unseen classes.

Method Summary: We propose a hybrid model for the class imbalance problem in
the ZSL task: 1) a Latent Feature Embedding (LFE) model to separate inter-class
features that are robust to class-imbalanced datasets, 2) a GP Regression model to
predict prototypes of unseen classes based on seen classes and semantic information
and 3) a calibrated (bias compensation) classifier to balance the trade-off between
seen and unseen class accuracy. A visualization of the model structure is provided in
Fig. 5.3.

6.2.2 Latent Feature Embedding Model

Model Structure We propose to learn a linear NN mapping from image features to
latent embeddings. We argue that a linear projection with limited flexibility for the
ZSL task can help prevent the model from overfitting on seen class training samples.
Following others (Dolma and Namboodiri, 2017; Verma and Rai, 2017), we model
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Figure 6.2: Illustration of the proposed ZSL model. Our proposed Latent Feature
Embedding (LFE) model helps separate image features in the latent space in a way that is
robust to the class-imbalanced training set (source domain) label distribution. Then, we
use a Gaussian Process Regression (GPR) model to predict feature prototypes of unseen
classes based on feature prototypes of seen classes and semantic correlations between
seen and unseen classes. Finally, we use the predicted prototypes the unseen classes and
the prototypes of the seen classes to construct a Zero-Shot Learning classifier.

feature vectors from each class using the multivariate Gaussian distribution. We
exploit the fact that Gaussian random vectors are closed under linear transformations.

For each feature vector z € R/ eature ' the latent embedding x € RNiatent can be written
as:
x=Az+b. (6.1)

Here A € RMatentNfearure jg o weight parameter matrix and b € RNutent is a bias
parameter vector.

Triplet Loss Revisited Triplet loss is often used to separate samples from different
training classes in the dataset (Huang, Li, Loy et al., 2019b). The standard triplet
loss aims to decrease distances between intra-class samples and increase distances
between inter-class samples. The triplet loss for a given triplet is defined as

L1 =max(0,8 + (x; — x)* — (31 — x,)?), (6.2)

where x;, x;,;, are image samples from the same class, and x,, is the image sample from
a different class. The hyperparameter 6 € R™ is a positive threshold that balances
the inter-class and intra-class distances (Le Cacheux et al., 2019b; Sohn, 2016). In
practice, a mini-batch of N triplets are sampled uniformly from the dataset, and the
model is then trained.

As seen in Eq. (6.2), the class imbalance problem is not considered in the original
triplet loss. Moreover, models trained with a triplet loss usually require many iterations
until convergence, expensive memory requirements and a high variance (Sohn, 2016).
We thus propose a new Class-Balanced Triplet loss to mitigate these problems.

Class-Balanced Triplet Loss When training a model with a triplet loss, a straight-
forward approach to tackle the class imbalance problem is to sample class-balanced
mini-batch data. If the model is trained using class-balanced data, the class imbalance
problem will not affect the performance of the model.
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In every iteration, unlike for the traditional triplet loss, we generate a class-balanced
mini-batch by sampling n € Z™ data points from each one of K training classes in
the training set as {x§])|j € ),i=1,2,..,n}. Thebatchsizeis N =n x K. Ina
supervised classification setting, similar approaches have shown to be effective (Buda
et al., 2018a). We then propose a modified triplet loss Lyt to train the model on the
mini-batch. For every mini-batch, the loss has the form:

n . - ] _
Lor =Y Y max(0,8+ (v —x0)? = min () —x0)),  63)
ij 1=1 me{1,2,..,n}

where x(1) ;= 1 =Y e xm denotes the average of samples from class i in the mini-
batch and 21/] 1s the sum over all the different class pairs i,j € ).

In Eq. (6.3), replacing the term xg,i) with x() in the original triplet loss Eq. (6.2)
can help reduce the variance in the loss during training, which is similar to “center
loss" (Wen, Zhang et al., 2016). However, unlike their method, we are not adding
extra trainable parameters into the model. The min(-) operation is performed over all
samples x,(%) in class ¢; in the mini-batch, which can efficiently reduce computational
COsts.

With the help of the proposed triplet loss Lp1, our model can efficiently learn a
latent embedding that separates samples from different classes and performs well on
imbalanced datasets.

6.2.3 Gaussian Process Regression Model

We propose a GP Regression model to predict prototypes of unseen classes, leveraging
the generalization ability of GP models. Like Mukherjee and Hospedales (2016), we
obtain the average of all latent features in each class y Z x() as a prototype
for the corresponding class.

We also denote the semantic vector of each class s(!) € RNsemantic_ Given the semantic
vectors s = [s(1), .., s(K))T and feature prototypes #° = [V, ..., u®T for seen
classi € Y5 = [1,2, ..., K], along with semantic vectors st = [sK*1, _sK+K'|T for
unseen classes i € YUY = [K+1,K +2,...,K 4+ K'], we can use the GPR model to
regress prototypes yu = [],tKH, ...yKJrK/]T for unseen classes i € YY:

= fop(sY]9) +e. (6.4)

Here fcp(s|0) is the regression function, € ~ N'(0,0?) denotes the Gaussian random
noise and 6 is the hyperparameter in the model. 6 is trained given seen class semantic
vectors s° and corresponding prototypes ys.

Directly training a GPR model that learns a projection from s to u requires accounting
for every dimension in u € RNiatent | which is computationally expensive because the
model needs to estimate correlations between different dimensions. We propose to
avoid this issue by assuming dimensions in y(i) are independent over each other so
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Figure 6.3: Structure of our proposed ZSL model. Feature vectors f are projected to a
latent embedding space x, which is trained using proposed Class-Balanced Triplet Loss.
A GP model is proposed to predict latent prototypes of unseen classes #!, based on latent

prototypes of seen class ys and semantic vectors from seen and unseen class s°, sY.
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that the GPR model can be applied to u;:
' = fer(sU16:) + e (6.5)

Then we have hyperparameter 6; and noise €; for it" dimension in .

A Gaussian Process is defined by a mean function m(s) and a covariance function
k(s,s’|0) that depends on hyperparameter 6. For fsp(s|6;), a GP can be written as:

fop(s|6;) ~ GP(m(s),k(s,s'16;)). (6.6)

Here, we will take m = 0. The joint prior distribution of seen class prototypes ;41-5 and
regression function fgp(s|6;) can be written as:
) , (6.7)

[fcp] N (0 [ Kssle)  k(s,s°16y)

I "k(s%,s16;) k(s®,s°|6;) + Io?

where I denotes the identity matrix. fgp = fgp(s|6;) can be obtained via condition-
ing the joint prior distribution on ;415 to obtain the posterior predictive distribution,
which is also a Gaussian distribution fcp(s|0;)|u?,s° ~ N (m;, X). We use the
mean m; of the predictive posterior distribution to form our prediction of fsp(s|6;)
evaluated at the unseen classes s = st, which gives:

fon(sl6) = mi(s) = k(s,s%16) [K(s®, %10 +102]  pf. 68

Any positive semi-definite kernel function may be used as a covariance function
k(s,s'|6;), with 60; as a hyperparameter in the kernel. We propose to search for
optimal hyperparameters 6; for each feature dimension i by maximizing the log
marginal likelihoods:

1 -1 1
b; = argmax < - E(ﬂf)T [k(SS,SS|9i) + I‘ﬂ w— 5 logk(ss,ss\ei))
(6.9)
With 6; given, unseen class prototypes can be evaluate by u! = fgp(s|6;). Like
other prototypical methods, the classifier can be constructed using a nearest-neighbour
approach based on a distance metric. We use the Euclidean distance in our model:

predict(x) = arg min||x — u 2. (6.10)
ieysuyd

6.2.4 Calibration (Bias Compensation) Model

It is well known that ZSL. models trained on seen classes are biased towards classi-
fying unseen images into seen classes (Le Cacheux et al., 2019a; Skorokhodov and
Elhoseiny, 2021). Therefore, it is necessary to add a penalty term v € IR™ when
computing classification metrics over seen classes i € J°. We adopt the calibration
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approach proposed by Le Cacheux et al. (2019a)'. The calibrated nearest neighbor
classifier is then written as:

predict(x) = arg max|—||x — uV||2 — Yeys (7)]. (6.11)
ieySuyu

where I, ys is the indicator function, which equals 1 when class 7 is from a seen class
VS and 0 otherwise.

In our model, we first use the GPR model to predict the validation class based on
the training class; then, we train <y as a calibration penalty to maximize the harmonic
mean. After training, the test class is predicted and conditioned on training classes and
validation classes together, and y is used for calibration evaluation of the performance
on the test set.

6.3 Experiments

6.3.1 Experimental Setup

Datasets: We test the performance of our model on five benchmark datasets, namely:
Animals with Attributes 1 (AWA1) (Xian, Lampert et al., 2019), Animals with Attrib-
utes 2 (AWA?2) (Xian, Lampert et al., 2019), A Pascal and A Yahoo (APY) (Farhadi
et al., 2009), Caltech UCSD Birds 200-2011 (CUB) (Wah et al., 2011) and SUN
Attribute (SUN) (Patterson and Hays, 2012). Detailed information on the datasets
used is provided in Table 6.1 below.

We also provide the total, average, maximum and minimum sample number per class
in Tab. 6.1. We can see that CUB and SUN are relatively class-balanced datasets
because of a low variance in the number of samples per class. While AWA2, AWA1
and APY are class-imbalanced datasets. In particular, for APY, one class contains
1/3 of the total number of samples in the dataset.

Dataset CUB | SUN [AWA2|AWAL1 | APY
Class seen 150 | 645 40 40 20
unseen 50 72 10 10 12
Feature Dim 2048 | 2048 | 2048 | 2048 | 2048
Attribute Dim 312 | 102 | 85 85 64
Total sample No. 11788|14340|37322| 30475 | 15339
Average Sample No. per-class| 58 20 | 746 | 609 | 479
Max Sample No. per-class 60 20 | 1645 | 1168 | 5071
Min Sample No. per-class 41 20 100 92 51

Table 6.1: Zero-Shot Learning Datasets Information. AWA1, AWA2 and APY are class-
imbalanced datasets.

INote that the term "calibration” here in the ZSL setting is different to that used in the uncertainty
quantification literature (Guo, Pleiss et al., 2017)
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“Proposed Split V2.0"': In the ZSL setting, datasets are usually divided into sets of
seen classes and sets of unseen classes. Most recent models adopt “Proposed Split"
proposed by Xian, Lampert et al. (2019) to test the performance of their model. In
September 2020, Xian, Lampert et al. (2019) updated their paper with “Proposed Split
V2.0" to fix the problem that the old “Proposed Split" has testing seen class samples
included in the training samples. Such issues may have a significant impact on the
performance current SOTA models. In this chapter, we report the performance of
previous models reproduced on “Proposed Split V2.0" by other papers and our own to
ensure a fair comparison.

Implementation Detail: Our model is implemented using PyTorch (Paszke et al.,
2017) and GPytorch (Gardner et al., 2018) and trained on an NVIDIA RTX 2080Ti
GPU machine. We use feature vectors extracted by a pre-trained ResNet101 network,
proposed by Xian, Lampert et al. (2019). As argued by Le Cacheux et al. (2019b),
the feature vector space is unbounded, and a few feature vectors with high values
may hinder the network learning from the triplet loss. In this chapter, we preprocess
the feature vectors by clipping the features by 7 and scaling to range [0,1]. The
neural network model is trained with the Adam (Kingma and Ba, 2015) optimizer
with a learning rate 0.002 and weight decay 0.1 for 500 episodes on each ZSL dataset.
We set the threshold 6 = 4 in our triplet loss. The GPR model is also trained with
the Adam (Kingma and Ba, 2015) optimizer with a learning rate of 0.01 for 1000
epochs for each ZSL dataset. Details of the hyperparameter search can be found in
the Ablation Study section.

6.3.2 State-of-the-art Comparison

We compare the performance of our model with several state-of-the-art (SOTA) ZSL
models in Tab. 6.3. At refers to Traditional ZSL per-class Top-1 Accuracy. Ay, As
refers to Generalized ZSL unseen and seen class Top-1 per-class Accuracy respectively.
Harmonic mean H = 2(Ay; * As)/(Ay + Ag) measures the trade-off between seen
and unseen class accuracy.

The reported performance of SYNC (Changpinyo et al., 2016), ALE (Akata et al.,
2015), DEVISE (Frome et al., 2013), GFZSL (Verma and Rai, 2017) are updated
by Xian, Lampert et al. (2019). GDAN (Huang, Wang, Yu et al., 2019), CADA-
VAE (Schonfeld et al., 2019), TE-VAEGAN (Narayan et al., 2020), LisGAN (Li, Jing
et al., 2019), GCM-CF (Yue, Wang et al., 2021) were updated by GCM-CF (Yue,
Wang et al., 2021). FREE (Chen, Wang et al., 2021) and CNZSL (Skorokhodov and
Elhoseiny, 2021) adopt “Proposed Split V2.0" already in their paper. Performance
of E-PGN (Yu et al., 2020), Li, Min et al. (2019) and DVBE (Min et al., 2020) on
“Proposed Split V2.0" are fintuned and updated by the author using the published
official code of each paper.

Following Yue, Wang et al. (2021), we have not listed models that only report per-
formance on incorrect “Proposed Split", including f~-VAEGAN-D2 (Xian, Sharma
et al., 2019), RELATION NET (Sung et al., 2018), DAZLE (Huynh and Elhamifar,
2020), OCD (Keshari et al., 2020), IZF (Shen et al., 2020), AGZSL (Chou, Lin et al.,
2020), IPN (Liu, Zhou et al., 2020) and CE-GZSL (Han, Fu, Chen et al., 2021).
SOTA models that only report ImageNet performance like DGP (Kampffmeyer et al.,
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AWA2 AWA1 APY
Methods Provided by || ZSL GZSL ZSL GZSL ZSL GZSL
Ar |Ay As H At |Ay As H Ar |Ay As H
Class-Imbalanced Datasets
SYNC Xian et al. ||49.3| 9.7 89.7 17.5(|51.8]/ 9.0 88.9 16.3||23.9| 74 66.3 13.3
ALE Xian etal. |[62.5|14.0 81.8 23.9(/59.9|16.8 76.1 27.5||39.7| 4.6 73.7 8.7
DEVISE Xianetal. ||59.7|17.1 74.7 27.8||54.2|13.4 68.7 22.4||37.0| 3.5 784 6.7
GFZSL Xianetal. ||63.8] 2.5 80.1 4.8 |[68.2| 1.8 80.3 3.5(/38.4| 0.0 83.3 0.0

GDAN CFZSL - 126.0 785 39.1|| - - - - - 129.0 63.7 39.9
CADA-VAE CFZSL - 554 76.1 64.0|| - - - - - |34.0 54.2 41.7
TF-VAEGAN CFZSL - 525 824 64.1|| - - - - - |31.7 61.5 41.8

LisGAN CFZSL - [53.1 68.8 60.0|| - - - - - 133.2 569 419

Li et al. author - - - - []69.4]59.2 784 67.5|| -

E-PGN author 67.4|32.1 66.6 43.3(/71.1(56.8 81.2 66.9|| - - - -

DVBE author - (454 769 57.1|| - - - - - 329 47.6 389

GCM-CF CFZSL - 1604 75.1 67.0|| - - - - - |37.1 56.8 44.9

CNZSL CFZSL - 1602 77.1 67.6|| - |63.1 73.4 67.8|| -

FREE FREE - 1604 754 67.1|| - |62.9 69.4 66.0(| -

Lpr + GP(ours)| author 68.6|62.2 76.7 68.7|/70.1|64.5 73.3 68.6|/47.142.8 64.3 51.4

Table 6.2: Performance of Zero-Shot Learning Models comparison on Class-Imbalanced
datasets (label shift). ZSL Top-1 per-class Accuracy on “Proposed Split V2.0", Traditional
ZSL as AT, Generalized unseen, seen and harmonic mean as Ayj, Ag, H respectively.
Our model outperforms previous models on class-imbalanced datasets AWA2, AWA1 and
APY.

2019) and HVE (Liu, Chen et al., 2020), or only report transductive ZSL results like
SDGN (Wu, Zhang et al., 2020) are also not listed. A detailed discussion can be found
in the supplementary material.

As seen from Tab. 6.3,6.2, our model has reached SOTA performance on the AWA?2,
AWA1 and APY datasets. Our model outperforms SOTA results by a large margin,
especially on the APY dataset, where the dataset has a significant class-imbalance
data distribution. Our model has a somewhat lower performance on the CUB and
SUN datasets. This may be because CUB and SUN are fine-grained datasets, and
our latent embedding network cannot efficiently capture minor differences between
classes in these datasets.

6.3.3 Training Speed Comparison

The average training times of SOTA models on each dataset are reported in Tab. 6.4.
With the help of our adjusted triplet loss, our model can be trained within as little
as a few minutes on all ZSL datasets. The only model that trains faster than ours is
CNZSL (Skorokhodov and Elhoseiny, 2021). However, our model performs better
than theirs on all ZSL datasets except SUN. GDAN, E-PGN, and CADA-VAE have
training times similar to our model but with lower performance on the GZSL task.

6.3.4 Area Under Seen and Unseen Curve (AUSUC)

For the GZSL problem, models usually have to balance the trade-off between seen
and unseen class accuracies, which is measured by the Harmonic mean H. Similar
to our model, many SOTA models like (Skorokhodov and Elhoseiny, 2021; Yue,
Wang et al., 2021) introduced a calibration parameter -y to account for the trade-off.
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CUB SUN
Methods Provided by || ZSL GZSL ZSL GZSL
At |Ay As H ||Ar |Ay As H
Class-Balanced Datasets
SYNC Xianetal. [[56.0|11.5 709 19.8([56.2| 7.9 43.3 13.4
ALE Xian et al. |[54.9|23.7 62.8 34.4|/58.1|21.8 33.1 26.3
DEVISE Xian et al. |[52.0(23.8 53.0 32.8([56.5|16.9 27.4 20.9
GFZSL Xianetal. ([49.3|0.0 457 0.0 ||60.8| 0.0 39.6 0.0

GDAN CFZSL - [35.0 28.7 31.6|| - |38.2 19.8 26.1
CADA-VAE CFZSL - 150.3 56.1 53.0|| - |43.6 36.4 39.7
TF-VAEGAN CFZSL - 150.7 62.5 56.0|| - |41.0 39.1 41.0

LisGAN CFZSL - 1449 593 51.1|| - |41.9 37.8 39.8

E-PGN author 69.1|50.1 60.0 54.6| - - - -

DVBE author - |46.7 51.4 489|| - |34.7 32.3 334

GCM-CF CFZSL - 161.0 59.7 60.3|| - |47.9 37.8 42.2

CNZSL CFZSL - 499 50.7 50.3|| - |44.7 41.6 43.1

FREE FREE - |55.7 599 57.7|| - |47.4 37.2 41.7

Lpr + GP(ours)| author 59.9150.1 56.3 53.1||63.2|50.4 34.8 41.2

Table 6.3: ZSL Top-1 per-class Accuracy on “Proposed Split V2.0", Traditional ZSL as
Ar, Generalized unseen, seen and harmonic mean as Ayj, Ag, H respectively. Our model
is comparable with SOTA models on the Class-Balanced datasets

Dataset CUB | SUN | AWA2 | AWA1| APY
GDAN (Huang, Wang, Yu et al., 2019) 8min | 18min | 14min - 7min
CADA-VAE (Schonfeld et al., 2019) 3min | Smin | 6min | 6min -
E-PGN (Yu et al., 2020) Smin - 9min | 8min -
DVBE (Min et al., 2020) 180min - 540min - 210min
CNZSL (Skorokhodov and Elhoseiny, 2021) || 0.5min {0.5min | 0.5min |0.5min -
LT + GP(ours) Smin | 8min | 3min | 3min | 2min

Table 6.4: Average Training Time (minutes) for different models with an NVIDIA RTX
2080 Ti GPU card on each ZSL dataset. The training time of our model is competitive
with other models

CUB SUN AWA2 AWAL APY
Datasets ZSL GZSL ZSL GZSL ZSL GZSL ZSL GZSL ZSL GZSL
Ar |Ay As H ||Ar| Ay As H ||Ar|Au As H || Ar |Au As H ||Ar |Ay As H

KRR 20.8|14.6 24.1 18.8({40.0({29.8 19.3 23.4|/43.9(28.9 61.2 39.3||43.3|28.6 62.8 39.3(/34.7(26.4 70.1 38.4
Lpr +KRR [{22.1/16.4 25.5 20.0{{40.1|28.5 23.0 25.5||44.2|32.9 54.4 41.0||43.7|34.8 55.6 42.8||35.3|31.3 63.9 42.0
GP 53.3|42.4 46.3 44.2(|61.9|51.7 32.9 40.2|/69.2|54.7 78.0 64.3]|169.7|57.6 73.9 64.7|38.3(31.5 72.6 44.0

L1+ GP 57.0(48.1 51.3 49.7||57.4|48.3 25.7 33.5|/64.5|56.7 75.8 64.9||166.6|59.7 73.3 65.8(/40.5(34.1 75.2 47.0
Lpr + GP(ours) |[59.9(50.1 56.3 53.1(/63.2|50.4 34.8 41.2(/68.6|62.2 76.7 68.7|/70.1|64.5 73.3 68.6|/47.1|42.8 64.3 51.4

Table 6.5: Ablation Study on different model structures. Our proposed LT + GP model
performs consistently better than Kernel Ridge Regression (KRR) models, the Gaussian
Process (GP) model and the GP model with the original triplet loss L1 + GP.

Recently, Yue, Wang et al. (2021) proposed to utilize -y and plot the Area Under the
Seen and Unseen Curve (AUSUC). Such a Fig. can provide a more detailed measure
of the seen and unseen class trade-off. We compare the AUSUC curve of our model
with CADA-VAE (Schonfeld et al., 2019) and CNZSL (Skorokhodov and Elhoseiny,
2021), which have official codes available.

From Fig. 6.4, we can see that our model performs consistently better than CNZSL
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Figure 6.4: Comparison of Area Under Seen and Unseen Curve (AUSUC) for each
dataset with CNZSL (Skorokhodov and Elhoseiny, 2021) and CADA-VAE (Schonfeld
et al., 2019). Our model is performing consistently better than CNZSL and CADA-VAE
on class-imbalanced datasets AWA2, AWA1 and APY.
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class cow horse motorbike person pottedplant sheep train tvmonitor donkey goat jetski statue
Sample Frequency |2.48% 3.81% 3.75% 63.99% 550% 2.95% 2.22% 3.77% 1.75% 2.06% 5.04% 2.61%
L1 +GP 7.1 369 75.7 74 314 179  80.1 75.9 122 632 514 13.0
Lpr + GP(ours) | 15.7 359 75.8 12.3 33.9 19.2 84.6 82.3 36.7 485 406 285

Table 6.6: Ablation Study of per-class accuracy for unseen classes on class-imbalanced
dataset APY. Our proposed L7 + GP model performs better than the GP model with the
original triplet loss L1 + GP consistently on most of the classes.

and CADA-VAE on class-imbalanced datasets AWA?2 and APY and is competitive
with CNZSL on the AWA1 dataset.

6.3.5 Ablation Study

Model Structure Ablation: We compare the performance of our model with sev-
eral similar models that have different model structures in Tab. 6.5. We report the
performance of the Kernel Ridge Regression (KRR) model on feature space (as a
baseline for GPR), KRR on latent space which is trained with our proposed Lg7 loss,
the Gaussian Process (GP) model on feature space and the GP model on latent space
trained with the original triplet loss £7. Our model performs consistently better than
all the other baseline approaches on each ZSL dataset.

Hyperparameter Ablation: We analyze the influence of two main hyperparameters
on the performance of our model. These hyperparameters are the clip value used for
preprocessing feature vectors and the threshold ¢ used in triplet loss. As seen from
Fig. 6.5, our model is not sensitive to the clip number used in data preprocessing when
the clip number is in the range [4,9]. As long as § > 3, the performance of our model
on each dataset is relatively stable.

Per-Class Accuracy Ablation: In Tab. 6.6, we also provide per-class accuracy of our
model Lg7 + GP and traditional triplet loss L1 + GP, on unseen classes on the APY
dataset. As can be seen from the table, the APY dataset has a highly class-imbalanced
unseen class distribution, where 64% of the unseen test samples come from the class
“person". Our model performs consistently better than traditional triplet loss models
in most classes.

Comparison with Recent Models: A variety of models have been proposed in recent
years for more advanced ZSL tasks (Hong, Hayder et al., 2023; Zheng et al., 2023).
Compared with these models, our propose model only inference image prototypes
of unseen classes based on semantic embeddings, while recent models are usually
empowered by foundation models like CLIP (Radford et al., 2021) or utilize more
advanced NN training paradigm like federate learning (Asif et al., 2024).



120 Chapter 6. Label Shift Correction for Zero-Shot Learning

80
—— AWA1
[ = Sr—— AWA2
jan —_——
= 60 CcuB
g —— SUN
— —— .
< 501 —t——— — APY
40—
3
301
20 : . . .
2.5 5.0 75 100 125 150
Clip Value
80
—— AWAI
e ——— AWA2
& / —— CUB
= 601/
g —— SUN
= 501 ——t — APY
5 I
§ 401/
2
301
20 . | | . —
0.0 2.5 5.0 75 100 125

Triplet loss Delta value

Figure 6.5: Harmonic mean H for each dataset influenced by the hyperparameter Clip
value in preprocessing (left) and & in triplet loss (right). Our model is stable w.r.t. these
hyperparameters

6.4 Conclusion

In this chapter, we propose a novel model that combines a Neural Network and Gaus-
sian Process regression to tackle the label shift problem in the ZSL and Generalized
ZSL task. We propose an NN model that projects feature vectors into a latent em-
bedding space and generates latent prototypes of seen classes. A GP model is then
trained to predict prototypes of unseen classes. Finally, a ZSL classifier is constructed
using the prototypes.

We trained our NN model with a Class-Balanced Triplet loss that mitigates the problem
of class imbalance in ZSL datasets. Experiments demonstrate that our model, though
employing a simple design, can reach SOTA performance on the class-imbalanced
ZSL datasets AWA1, AWA2 and APY in the Generalized ZSL setting.
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Chapter 7

Conclusions

This thesis mainly addresses the problem of label shift in the closed set classification,
open set classification and Zero-Shot classification tasks. The objectives of the thesis

are:

Chapter 3: Design a classifier-based closed set label shift model that is robust
under large label shift.

Chapter 4: Design a feature-based closed set label shift model that is feasible
for different types of classifiers.

Chapter 5: Design a open set label shift model that could utilize existing OOD
detection models without re-training or finetuning.

Chapter 6: Design zero-shot learning model that is robust under imbalanced
source label distribution.

7.1 Summary

The main contributions of this thesis are:

1. A novel classifier based label shift estimation model for the closed set image

classification task (Chapter 3). The model includes 1) an EM algorithm that is
guaranteed to converge to the unique MAP estimate of the target label distribu-
tion when the prior distribution is a Dirichlet distribution and 2) an Adaptive
Prior Learning model that determines the prior parameter given available data.
The i.i.d. samples from the Bayesian posterior of the target label distribution
can be sampled with an MCMC algorithm when the uncertainty of the estima-
tion is important. Experimental results demonstrate that the proposed label shift
estimation model is robust even when the source or target domain has a highly
imbalanced label distribution.

2. A novel feature based label shift estimation framework — GLSE framework, for

the closed set image classification task (Chapter 4). The framework includes
1) a statistical inference model that estimates the parameters of the conditional
distribution of feature given label for different feature extractors and 2) a
latent variable model with two EM algorithms, which converge to an MLE
and the unique MAP estimate of the target label distribution respectively. Four
label shift estimation models are proposed under the framework for different
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types of NN classifiers. Moreover, the MLLS model proposed by previous
work (Saerens et al., 2002) is shown to be a special case of the proposed
framework. Experimental results justify the robustness and effectiveness of the
proposed models.

3. A novel classifier based label shift estimation model for the open set image
classification task (Chapter 5). With a reference OOD dataset at the test time,
the model is constructed with 1) a statistical inference model that estimates the
source ID/OOD data ratio, 2) an EM algorithm that is guaranteed to converge
to a MLE of the target label distribution for ID classes and the OOD class
and 3) a statistical inference model that estimate target ID/OOD ratio when
assumption on ID/OOD classifier in 1) and 2) is not satisfied. The sampling
errors of estimates in 1) and 3) are quantified with a concentration inequality.
Experimental results justify the effectiveness of the model with a pre-trained ID
classifier and different OOD classifiers proposed in previous OOD detection
literature.

4. A novel Zero-Shot Learning model that is robust when the source domain (train)
dataset has a highly imbalanced label distribution (Chapter 6). The model
consists of 1) a Neural Network feature extractor trained with a novel Class-
Balanced Triplet loss to equally cluster image samples for each seen class in
the feature space, 2) a Gaussian Process Regression model that predicts the
prototypes of the unseen classes and 3) a prototype classifier constructed based
on prototypes of seen and unseen classes.

To facilitate practical applications, this thesis provides a comparison between existing
popular closed set and open set label shift models and our models in Tab. 7.1. As
shown in the table, the proposed model requires no retraining/finetuning of the
classifier, at the cost of some extra assumptions on the source domain classifier.
The validity of these extra assumptions are discussed in the respective chapters —
Assumption 3 for MAPLS model in Chapter 3, Assumption 4 for GLSE models in
Chapter 4 and Assumption 5 for OSLS-MLE/MAP model in Chapter 5.

Model MLLS MAPLS (ours) BBSE/RLLS/IWGAN  GLSE (ours) PULSE OSLS (ours)
Extra Assumption v v X v (X for GLSEcy) X v
Close Set Estimation v v v v v v
Open Set Estimation X X X X v v
NO (re)training v v v v X v
Allow Prior Information| X v X v X v

Table 7.1: Difference between our model and other Closed/Open Set Label Shift
estimation and correction models. BBSE/RLLS/IWGAN and PULSE are effective
without extra assumptions on the classifier required under their corresponding label shift
problem setup. However, if the corresponding assumptions are roughly satisfied, MLLS
and our MAPLS/GLSE/OSLS-MAP/MLE models could be more effective, especially
when prior information is available or re-training/finetuning is expensive.

In practice, BBSE/RLLS/IWGAN and PULSE models are effective without any
extra assumptions on the classifier. However, these models could suffer from high
estimation error under large label shift or with limited samples (e.g. Tab. 3.5). On the
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other hand, if the corresponding assumptions are roughly satisfied — which can be
justified through calibration performance metrics like ECE (Alexandari et al., 2020),
MLLS and our MAPLS/GLSE/OSLS-MAP/MLE models could be more effective.
A collection of the implementations of MLLS, BBSE, RLLS, MAPLS methods can
be found in our official code of the MAPLS model at https://github.com/C
hangkunYe/MAPLS. Our OSLS model implementation is publicly available at
https://github.com/ChangkunYe/OpenSetLabelShift.

7.2 Limitations

The proposed models have several limitations that restrict their applicability, where
the most significant limitations include the following:

1. Assumptions on Classifier: The proposed closed set and Open Set Label Shift
estimation model are established based on the assumptions of the classifiers or
feature extractors. For example, the label shift estimation model proposed in
Chapter 3 assumes the classifier f models the conditional probability ps(y|x)
(Assumption 3). Although our experiments show that the proposed models are
empirically effective, whether these assumptions can be relaxed can be further
discussed in future works.

2. Convergence Rate: Generally, EM algorithms can suffer from the problem
of slow convergence near the optimal point (Varadhan and Roland, 2008).
Therefore, the EM algorithm derived in the proposed label shift estimation
models in Chapter 3, 4, and 5 can also suffer from a slow convergence rate.
Although experiments demonstrate that the proposed MAPLS model (Chapter 3)
for the CSLS problem is able to converge in less than 100 iterations, more
theoretical analysis can be provided to justify these empirical results.

3. Consistency Analysis: This thesis does not discuss the consistency of the
proposed estimation model, i.e. whether the estimator is able to converge to
the ground truth value when sufficient data is available. Although consistency
analysis on the similar approach MLLS (Saerens et al., 2002) yields mild
requirement on the classifier f (Garg, Wu, Balakrishnan et al., 2020), whether
these conditions can be extended to the proposed models requires further study.

4. Model Robustness on Open Set: Whether an Open Set Label Shift estimation
model is robust when the source or target domain has a highly imbalanced
label distribution is rarely studied. The Open Set Label Shift setting is more
realistic but challenging than the Closed Set Label Shift. The proposed Open Set
Label Shift estimation model has special requirements for the OOD detection
classifier, which may not be satisfied when the source domain has a highly
imbalanced label distribution.

7.3 Ongoing Future Works

Several theoretical and practical areas can be further investigated with the help of the
results of this thesis.


https://github.com/ChangkunYe/MAPLS
https://github.com/ChangkunYe/MAPLS
https://github.com/ChangkunYe/OpenSetLabelShift
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. Error Bound: For the label shift estimation models proposed in Chapter 3, 4,

5, it is always good to know the upper bound of the estimation error of the pro-
posed model. The estimation error bound for the MLLS model (Saerens et al.,
2002) was provided by Garg, Wu, Balakrishnan et al. (2020), which could be po-
tentially extended for our MAPLS algorithm (Chapter 3) and GLSE algorithms
(Chapter 4) in future research. The error bound of the OSLS-MLE/MAP al-
gorithm (Chapter 5) for the open set problem needs further investigation due to
the challenging open set problem setup.

. Assumptions Relaxation: The label shift estimation models proposed in

Chapter 3, 4, 5 are usually established on the assumption that the classifier f
reflects the ground truth conditional probability p(y|x). Practical classifiers
may not satisfy this kind of assumption. Therefore, it is worth exploring the
relaxed assumption of the label shift estimation model.

. Model Calibration: As shown by Garg, Wu, Balakrishnan et al. (2020), similar

to MLLS, the assumption ps(y|x) = f(x) in our MAPLS model (Chapter 3)
can be replaced with the canonical calibration condition ps(y|f(x)) = f(x).
This implies that a classifier with better calibration performance will better suit
our proposed label shift estimation model. Therefore, the label shift estimation
model can be potentially used to analyze the calibration performance of a
classifier.

. Label Shift Correction: This thesis mainly focuses on the label shift estimation

problem. The ultimate objective of the label shift problem, however, is to
estimate and correct label shift and provide a target domain classifier. Therefore,
future research could be conducted on label shift correction based on the robust
label shift estimation model proposed in this thesis.

Online Label Shift: Label shift with a target domain data stream is also a
practical problem setup. Existing approaches like Wu, Guo, Su et al. (2021);
Zhao et al. (2021) are based on the previous static label shift estimation models
like BBSE, which may not be robust under significant label shift (Chapter 3).
Therefore, our robust label shift estimation model MAPLS and GLSE can be
used to solve these problems and improve estimation performance.

. Joint Distribution Shift: A practical classification problem can face a mixture

of label shift, covariate shift and other types of distribution shift. It is worth
developing a distribution shift correction model that tackles the most common
types of shift with the help of our proposed label shift estimation model.
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Appendix A

Appendix for Chapter 3

A.1 Mathematical Proofs

A.1.1 Proof of Proposition 1 Convexity (See page 41)

Proof. We assume the parameter 7t of target label distribution pi(y = -) = 7
follows a Dirichlet prior distribution 7t ~ Dir(K, &), where & = [a1, &y, ...ax]” is
the parameter of the prior. For unlabeled sample D! = {xf}f\z 1 drawn i.i.d. from
target distribution p;(x,v), we want to find parameter 7t € AK~! that maximizes the
posterior p(7t| D!, &), or equivalently minimizes the negative log posterior:

% = arg min — log p(7t| D!, )

reAk-1
N (A1)
= argmin — <log1—[pt (xt|7T) + log p(rr|a) + Const)
reAk-1 i=1

where Const includes all terms that can be treated as a constant w.r.t. 7t. p(7t|a) is
the Dirichlet prior, with log p(7t|«) as a concave function of 7t:

K
Hn‘x’_l =Y (a; — 1) log 71; + Const (A.2)
i=1

log p(rr|a) = logB

with B(a) as the normalization constant for a given «. Here we require a; — 1 >
0,i=1,2..K.
Suppose the equality in Eq. (A.3) below holds for the source label distribution ps(y =
j), classifier f and target label distribution p;(y = j|7r):
psty=j)=¢;>0
ps(y = jlx) = f(x); (A3)
pi(y = jlmr) = 7
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Alexandari et al. (2020) has proved that under label shift, if Eq. (A.3) holds for
(x,i) € X x ), then the negative log likelihood defined in Eq. (A.4) is convex.

Nt
—log L(r; D') = —log p(D'| ) = —log [ [ p(x}| ) (A.4)
i=1
Thus the MAP objective in Eq. (A.1) can be rewritten as:

K
T* = argmin — <10g L(m; D) + Z(“i —1)log m; + Const> . (A.S5)

reAk-1 i=1

The objective function in Eq. (A.5) is adding Eq. (A.4) with extra term Zlel (o) —
1) log 717, which is a strictly convex function. Given the constraints 7t € AK-1 C RK
defines a convex set, the above optimization problem is a convex optimization problem
with a unique global minima. [

A.1.2 Proof of Proposition 1 EM algorithm (See page 41)

Proof. We follow the standard EM derivation procedure. We first derive the form
of complete posterior p(7t|D!, Y, a) with unobserved latent variable Y based on
the original posterior p(7t|D!,&). Based on same assumptions made by MLLS
Alexandarl et al. (2020); Saerens et al. (2002), we construct analytlcal expression of

Q(7r|7(™)) function for E-Step in EM. Finally, we optimize Q(7t|7t(™)) w.r.t. 7t to
find the M-Step.

The EM algorithm optimizes the original posterior p(7t|D!, &) with an iterative
procedure. Target labels Y = {y![{y!, x!} ~ pi(x,y)x! € D'} of input image D!
are treated as the unobserved latent variables. The complete posterior p(7t|D!, Y, &)
that includes latent variable Y can be written as:

p(rt|a)p(D', Y|r)
[ p(mla) (Dt,mn)drr
1

= zp(ﬂw)l—[pt(xz*,yﬁm)
=1

(DY, &) =

ZP (rcla) Hpt (xilyi)pe(y = yilm) (A.6)

i=1

p(r|a) HPS (xilyi)pe(y = yil )
pi(y = ]/1|7T) Pt t
p(rr|a s(y = i|xz') S(xi)
E ps(y = yi) Pty = Hi%p

where Z is the integral in the denominator that has integrated out 7t and can be
treated as a constant w.r.t. 7t. Further, p(7t|a) is the Dirichlet prior of 7z that has the
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expression:

1 K -
P(ﬂ\w)zml—[ni’ ! (A7)

i=1
with B(a) as the normalization constant for a given « and; —1 > 0,i = 1,2...K.

In the E-Step, given the parameter 7£(") in the m" iteration, with the complete
posterior p(7t|D!, Y, &) defined in Eq. (A.6), the Q(7r|7r(™)) can be written as:

Q(7r|7'c(m)) = E [logp(n|Dt,Y,a)]

Y|Dt, 7 (m)
pi(y = yilm) TN
= E lo T« LA, Las — ) pe (o
y|pt/n-(m) g( | E ps Y= yz) Ps(]/ yz| 1)p5( 1)
+ Const

NCK
— E Zlognn/ Y

K
+ a; — 1) log 71; + Const
\ymtn(m) Y (a;—1)log

I=1
_ZZ ]E yz)}logﬂj—FZ a; — 1) log 7r; + Const
i=1j= 1Y|Dt —
K Nt
=) ) ply= jlxt, ) log 7j + 2(061 — 1) log 7r; + Const
j=1i=1 I=1

(A.8)
where I; (y ) is the indicator function. In the above derivation, all terms that are
1rrelevant to 7t are moved in the term Const. For example, Ey 7 -(m) sy = yh)]
and log B(w).

Note that in label shift, Saerens et al. (2002) proved that under label shift assumption
(Assumption 1), p¢(y = j|x!, 7r) can be written as:

(=) .
PUEE D) b (y = jli)

) (m)
Ty Py = 1)

pi(y = jlxt, ) = (A9)

We can substitute analytical expression of each probability into the equation with

Eq. (A.3): )
2f(x));
8" = pily = jlxf 2 = — g (A.10)
L T f)

Then the Q(7r|7(™)) can be rewritten as:

K Nt

Q(r ZZ g\ logn]+2 a;—1)logm + Const (A1)
j=1li=1 =1
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In the M-step, we solve the optimization objective with respect to 7t:

1) — arg maxQ (7| (™) (A.12)

eAK-1

P

By substitution, the objective can be rewritten as:

K

mm—ZZgz] log tj — ) _(a; — 1) log 7;
i=1j=1 I=1 (A.13)

s.t: Z mi=1land7m; > 0,i € [1,2,..K]
\ =1

Convexity The objective we want to optimize is just a linear combination of log 7t;,
which is a concave function w.r.t. 7t. Knowing that the constraints define a convex set
on RX, the above optimization problem is also a convex optimization problem and
every local minima is a global minima.

Optimization without inequality constraints With only equality constraints, stand-
ard Lagrangian Multiplier method can be applied. The Lagrangian can be written
as:

N! K
=) Zgl] log 7t; + Z Dlogmj+A(1—=) m) (Al4)
i=1j=1 j=1

The optimal 77 can be found by taking all the partial derivative of £(7t,A) w.r.t. us
and A to 0:

Nt (m)
oL :Zizlgij —I—aj_l—/\:O
87'[]' 7'C]' 7'[]' (AIS)
%—in'—l—o |
9A i=1 Z

The solution to the above equation set can be written as:

Z:Z 1g1] 4_0(]_1
A

=
« (A.16)
A=N+) (a,—-1)

Therefore optimal 7t for Q(7t|7t(™)) without inequality constraints is given by:

S 21 1g1] —|—£K]'—1

(A.17)
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Proof that the solution satisfies inequality constraints In the expression of gf;ﬂ)
defined in Eq. (A.10), the output of the classifier f : X — AX=1 is a probability

simplex and thus is non-negative. Note that we also have ¢; > 0,i = 1,2..K.
Therefore 7(™ > 0 = gfjm)
x; —1 > 0,i = 1,2..K when defining the Dirichlet prior. Therefore we have

() > 0= 7t >0,

> 0 is non-negative. Note that we also require

Because the optimization problem is convex, when 7'[( m) >0,j=1,2,..K, the above

equation gives the global optimal (1),

(A.18)

7t - (arg maxQ (7| ™)

J reAK-1

B EzN:tl gz(]m) + xj— 1
o N+ (1)

Algorithm 9 MAPLS (Formal EM Formulation)
Input: Target domain unlabeled data {x!|i = 1,2,..N,{x},-} ~ pi(x,y)},
source domain label distribution ps(y = j) = c; and blackbox classifier f :
X — AX~1 Dirichlet prior p(7r|a).
Initialize: () € AK-1 with 7'”) > 0,i =1,2..K
fort =0to T do

Estimating latent conditional distribution gi(]m) = pi(y = jlxt, 7).
n_(m)
—f(x)
cj i/]
glf]?”) =—0 (A.19)
Yty I i (xf)i

E-step Construct Q(7r|7(™)) as:

Q(r|x™) = E [log p(7e| D, Y, a)]
Y‘Dt (m)

(A.20)

_ZZ&] 1087TJ+Z a; — 1) log r; + Const
i=1j=1

M-step Maximize Q(7r|7(™) w.rt. r € AK~1:

yN —|— ai—1
ﬂ](tﬂ) = <argmaxQ(7r|7r(m))) = 1&] ! (A.21)
reAk-1 i N+ 21:1(0‘1 -1)

end for

Output: p;(y =-) = 7(T+1)
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A.2 Detailed Experimental Setups

A.2.1 Classifiers Details

We implement the Neural Netwrok classifier models using PyTorch (Paszke et al.,
2017). We train a ResNet32 (Idelbayev, n.d.) classifier for CIFAR100 and every
CIFAR100-LT dataset with weight decay 5¢~* for 200 epochs. The learning rate is
initialized at 0.1 and drops by a factor of 10 at epochs 100 and 150. For ImageNet and
Places, we use the pre-trained ResNet50 and ResNet152 respectively a classifier. For
ImageNet-LT and Places-LT, we train a ResNet50 (He, Zhang et al., 2016) classifier
with weight decay 2e~* for 100 epochs. The learning rate is initialized to 0.1 and
drops by a factor of 10 at epochs 60 and 80.

Dataset Model Setup Ir  weight decay epoch scheduler mixup &
CIFAR100/100-LT | ResNet32 Scratch 0.1 54 200 Irdecay 0.1 at [100,150] 0.2
ImageNet ResNet50 ImageNet Pre-Trained - - - -
ImageNet-LT | ResNet50 Scratch 0.1 2¢4 100 Irdecay 0.1 at [60, 80] 0.2
Places ResNet152  Places Pre-Trained - - - -
Places-LT ResNet152 ImageNet Pre-Trained 0.001 le—* 100 Ir decay 0.1 at [60, 80] 0.1

Table A.1: Neural Network classifier setup used in our model.

For all the models training from scratch, we apply MixUp (Zhang, Cisse et al., 2018)
with the parameter set to 0.2 during training. This is because MixUp is known to
help increase Neural Network classifiers’ calibration performance (Thulasidasan et al.,
2019) and MLLS works better when classifier is calibrated on the source domain
(Alexandari et al., 2020; Garg, Wu, Balakrishnan et al., 2020).
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A.2.2 Label Shift Estimation Models Details

We report the performance of previous methods based on the source code below.
MLLS code is provided by Alexandari et al. (2020) which have included the source
code of RLLS (Azizzadenesheli et al., 2018) and BBSE (Lipton et al., 2018) with
their original github page provided in the Tab. A.2. Only RLLS has hyperparameter
in their model. We follow Alexandari et al. (2020) and RLLS original implementation
to set the hyperparameter to be &« = 0.01.

Model Name H Source Code ‘ Date of Retrieval
MLLS https://github.com/kundajelab/labelshiftexperiments Aug 2022
https://github.com/kundajelab/abstention Aug 2022
BBSE https://github.com/flaviovdf/label-shift Aug 2022
RLLS https://github.com/Angie-Liu/labelshift Aug 2022

Table A.2: Source Code details of reproduced existing label shift estimation models.

Note that confusion matrix based method like BBSE requires a validation set from
source domain P; to construct K X K confusion matrix. However, this is not feasible
for dataset with larget K. For ImageNet, this means estimating 1000 x 1000 = 1¢°
elements in confusion matrix with only 5¢* validation samples. Therefore in our
experiments, we use train set data to estimating the K X K confusion matrix. In
ImageNet case, the 1¢® element in confusion matrix is then estimated with 1.28¢°
samples rather than just 5¢* samples. This approach may introduce extra error, but is
more feasible in practice (Lipton et al., 2018).
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A.2.3 Experiment Setup Details

Label Shift Estimation Error: For label shift estimation error (w — @)?/K, BBSE
and RLLS are able to directly output @ as a prediction to ground truth w = p;(y =
-}/ ps(y = -). Therefore their performance can be computed directly. MLLS and
our MAPLS/MAPLS-APL model predicts ground truth 7t with 7t. Thus we follow
MLLS to compute @ = 7t /c, where c is the source label distribution estimated by
MLE given source domain labeled data.

Top1 Accuracy: The Topl Accuracy of each label shift estimation model is obtained
by first estimating the label shift with corresponding model, then correct label shift
on target domain for classifier f, with offline label shift correction method defined in
Eq. Eq. (2.34). We also report Topl Accuracy on baseline classifier without any label
shift correction.

Train and Test Sets: We test our MAPLS/MAPLS-APL model with as many dif-
ferent label shift settings as we can. Our experiments includes all the train-test set
combinations of a train set in Tab. A.3 and a test set in Tab. A .4.

Dataset Setup Imbalance Ratio Data Size # of Classes Top class sample Tail class sample
Original None 50k 100 500 500
Long-Tailed 2 36.0k 100 500 250
Long-Tailed 5 24.8k 100 500 100
Long-Tailed 10 19.5k 100 500 50
CIFAR100 | Long-Tailed 20 15.9k 100 500 25
Long-Tailed 50 12.6k 100 500 10
Long-Tailed 100 10.8k 100 500 5
Long-Tailed 200 9.5k 100 500 2
Places Original None 1803.4k 365 5000 3068
Long-Tailed 996 62.5k 365 4980 5
Original None 1281.1k 1000 1300 732
ImageNet .
Long-Tailed 256 115.8k 1000 1280 5

Table A.3: Detailed information of the training datasets with different label shift tested
in Chapter 3.

Target Shift Parameters
Original (Uniform) None
Ordered Long-Tail (Hong, Han et al., 2021)|R = {2,5,10,50}, Order = “Forward", “Backward"
Shuffled Long-Tail R ={2,5,10,50}
Dirichlet (Lipton et al., 2018) «=1.0,10

Table A.4: Detailed information of test datasets with different label shift in Chapter 3.
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Appendix for Chapter 4

B.1 Mathematical Proofs

B.1.1 Proof of Proposition 3 (See page 64)

Proposition 3. (MLE) Under Assumption 1, 4, if ps(zly =1i) =q(-]i,0), then
Eq. (4.9) is convex on 1 and EM algorithm 3 converges to a ME defined in
Eq. (4.10).

Algorithm 10 GLSE-MLE
t
Input: D! = {z! fil, q(+]-,0) € Q.
Initialize: (0 ¢ Alial.
fort =0to M do
E-step: Evaluate

I ),

g = . 4.11)
T e e)
M-step: Evaluate
Nt
(m+1) i (m)
T; = Nti_zlgij : (4.12)

end for
Output: p;(y =-) = 7"+,

Proof. Convexity of Negative Log Likelihood in Eq. (4.9)

Recall that under A.1 and A.2, the negative log likelihood defined in Eq. (4.9) can be
written as:

Nt K
—log L(r; DL) = —log [ [ X ps(zily = j)pi(y = ji )
i=1j=1 B.1)

Nt K Nt K
= —log[ [ Y_q(zilj,0)m; = — ) log ) _ q(zilj,0)m;.
i=1j=1 i=1 =1
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For any image x; € D' and class j € )/, the term g(z!|], 0) is constant w.r.t. 7. Thus
the negative log likelihood we consider is a sum of logarithm of linear combination of
7tj. Note that 7t € AKX~ is defined in a convex set, therefore Eq. (4.9) is convex in 7t.

O

Proof. EM algorithm for MLE
We follow the standard EM derivation procedure. The deviation has four steps:

1. Revisit the latent variable model that is considered, where Y; ~ Cat(K, 71') is
the latent variable.

2. Derive the form of complete likelihood L(7t; Df,Y) for EM.
3. Construct Q(7r|7t(™)) function for E-Step in EM.
4. Optimize Q(7t|7w(™)) w.rt. 7t to find the M-Step.

Step 1: Recall that in Eq. (4.3), under label shift we can construct latent variable
model:

K

pe(z) =) pi(aly =ipe(y = i) = }_ ps(zly=)pr(y =i).  (B2)
i=1 i=1

In the above equation Eq. (B.2) we have:

» Zt ~ pi(z) is the observed variable with samples available in the target un-
labeled dataset DL = {f(x;)|(x;,*) ~ pt(x,y),i =1,2,..., N},

* Under label shift, p;(z|y = i) = ps(z|y = i) is the class conditional distribu-
tion with available model g(z|y, 6),

* Y; ~ pi(y) = Cat(K, rr) is the unobserved latent variable.

Step 2: With Y; as latent variable, let Y = {yf}f\z | with yf € ), the complete
likelihood L(7t; DL, Y) can be written as:

N K
L(mm; DLY) =[] [ (2l yt = ji )

i=1j=1
N K ‘

=11 1p:Gilyi = Dpe(yi = j; ) (B.3)
i=1j=1
N K L

BT

~
I
—_
—.
I
[y
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Step 3: With the complete likelihood L(7t; Df,Y), we can construct the Q(7r|7r(™))
in the E-Step as:

| N K £ I;(y!)
= E logHHq(zilJ,O)ﬁ,-

Y |DL, 7 (m) i i=1j=1

[N
= Y|D]Er("’) g Z (y}) log mj + Const] (B.4)

iy pe(yi = jlzt; ﬂ(m)) log 7; + Const

where the likelihood g™ :

)

= pi(y! = j|zt; (™) can be simply obtained via:

(m) q(zﬂj,@)n](m)

gim = —. (B.5)
] 2{(:1 q(zﬂl,@)nl( )

Step 4: In the M-step, we solve the optimization objective with respect to 7t:

m+1)

7 = arg maxQ (7| (™). (B.6)

eAK-1

By substitution, the objective can be rewritten as:

/

mm — 2 Zglj log 7;

=1j=1 (B.7)

s.t: Z mj=1land 71; > 0,i € [1,2,..K].
=1

\

Convexity The objective we want to optimize is just a linear combination of log 7t;,
which is a concave function w.r.t. 7t. Recall that 7t € AX~1 is a convex set on RX,
the above optimization problem is a convex optimization problem and every local
minima is a global minima.

Optimization without inequality constraints With only equality constraints, the
standard Lagrangian Multiplier method can be applied. The Lagrangian can be written
as:

Z Zgl] log 7+ A (1 — Z 71]> (B.8)

i=1j=1
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The optimal 7z can be found by taking all the partial derivatives of L(7r, A) w.r.t. 77;
and A to O:

o Tl
J j (B.9)
oL & B
i=1
The solution to the above equation set can be written as:
Z:1 18 z]
=T (B.10)
A = N.

Therefore optimal 7t for Q(7t|7w(™)) without inequality constraints is given by:

t m
B i 81'(]' !

7, S (B.11)

Proof that the solution satisfies inequality constraints 77; in Eq. (B.11) depends on
gg”) defined in Eq. (B.5), where g(z|j,0) € R>( is the evaluation of a probability
density function. Therefore 77(") > 0 = 7("+1) > (. Because the optimization
problem is convex, if we initialize 7'(( ) € 1R>0, Eq. (B.11) gives the global optimal

£ (m+1) that satisfies:

)
reAK-1

Zz'\itl )
) = (argmaxQ(n|7r(m))> === (B.12)
j

B.1.2 Proof of Lemma 4 (See page 65)

Lemma 4. [fthe p(7t|a) in Eq. (4.13) is log strictly concave, then objective Eq. (4.13)
is strictly convex on Tt.

Proof. Recall that the negative log posterior defined in Eq. (4.13) can be written as:

Nt K
—log p(m| DL, &) = —log p(rr|a) (%], 0
gp gp llj[Eq j B.13)
= —log p(r|a) —log L(r; D%),

where log L(7t; DY) is the log likelihood.
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As proved in Section B.1.1, the negative log likelihood — log L(7t; DY) is convex
on 7t. If p(7r|a) is log strictly concave, then — log p(7|«) is strictly convex. The
overall objective is the sum of the two terms and thus is strictly convex on 7.

O

B.1.3 Proof of Proposition 5 (See page 65)

Proposition 5. (MAP estimate) Under Assumption 1, 4 with ps(z|ly = i) = q(-|i,0).
If parameter 7t ~ Dir(K, &) with & € ]Rlél, then EM algorithm 4 converges to the
AP defined in Eq. (4.14).

Algorithm 11 GLSE-MAP
Input: D! = {z'}¥' 4(-|,0) € Q,a € RK.
Initialize: 770 AI;_Ol.
fort =0to M do
E-step: Evaluate

o _ " aE7,)

g = . (4.15)
! ZIK:I ”z(m)Q(ZHZIO)
M-step: Evaluate
Nt (m) ,
Loty _ L= &G a1 (4.16)
J Nt+ YK (= 1)

end for
Output: p;(y =-) = 7("+h),

Proof. The deviation is similar to EM algorithm for MLE derivation in Appendix
B.1.1 and also has four steps:

1. Revisit the latent variable model that is considered, where Y; ~ p;(y) =
Cat(K, 7r) is the latent variable.

2. Derive the form of complete posterior P(7t; DL, Y, &) for EM.
3. Construct Q(7r|7t(™)) function for E-Step in EM.
4. Optimize Q(7t|7w(™)) w.rt. 7t to find the M-Step.

Step 1: Recall that in Eq. (4.3), under label shift we can construct latent variable
model:

K K

pi(z) = ; pe(zly = i)pe(y = i) = ; ps(zly = i)pe(y = 1) (B.14)

In the above Eq. (B.14) we have:
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« Z; ~ pi(z) is the observed variable with samples available in the target un-
labeled dataset DL = {f(x;)|(xi,*) ~ pi(x,y),i =1,2,..., N},

* Under label shift, p;(z|y = i) = ps(z|y = i) is the class conditional distribu-
tion with available model g(z|y, 6),

* Y; ~ pi(y) = Cat(K, 7r) is the unobserved latent variable.

Step 2: With Y; as latent variable, let Y = {yl}N tl with yl € ), the complete

posterior P(7t|D!,Y, &) give Dirichlet prior 7 ~ Dir(K,a) (¢ € RX,) can be
written as:

1 N
p(7|DL Y, &) = p(r|a) pe(zi,yi = j; 70)
z Const HH !

1 N K . '
- Constp(”|“)nnpt( zt‘|yi = j)pe(yi = j; ) (B.15)

1 K IXI 1 t (yz)
:Constnnl HHq il7:9)

I=1 i=1j=

where p(7t|a) = ﬁ %, 7% is the Dirichlet prior and Const includes all the

i
terms that are constant w.r.t. 7t.
Step 3: Given the complete posterior p(7t|D:, Y, &) defined in Eq. (B.15), we can
construct the Q(7r|7(™)) in the E-Step as:

Q(rr|x™) = E [log P(r| DL, Y, )]
Y| DL, (m)
_ N 0D
= E log P(rt|a , '
viptam | '8 [ 1}}1}1 zlj, 6)
[N K
= E Y Y Li(y) log 7 + Z(le — 1) log r; 4+ Const
YD |33 =1

N K K
=Y Y pi(yi = jlzh w"™) log i+ Y (w — 1) log 7, + Const

i=1j=1 =1
N K
- Z Zgz] IOgTC] + Z a—1) 1087'([ + Const,
i=1j=1
(B.16)
where the likelihood g!") := p(y! = jlzt; 7t(")) can be simply obtained via:

glm _ a(z!j,0)7"
! Ly q(zf|l,0)7rl(m)

(B.17)
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Step 4: With available Q(7r|7z(™)), we solve the optimization objective with respect
to 7t in the M-step, :

m+1)

7l = argmaxQ(n’|7r(m)). (B.18)

reAK-1

By substitution, the objective can be rewritten as:

K

min — Z Zgl] log 7tj — ) _(a; — 1) log 71,
= = (B.19)

s.t: Z mj=1and m; > 0,i € [1,2,..K].
\ j=1

Convexity The objective we want to optimize is just a linear combination of log 7t;,
which is a concave function w.r.t. 7t. Knowing that the constraints define a convex set
on RX, the above optimization problem is also a convex optimization problem and
every local minima is a global minima.

Optimization without inequality constraints With only equality constraints, stand-
ard the Lagrangian Multiplier method can be applied. The Lagrangian can be written
as:

K
ZZgl] logn]JrZ 1)log j + A (1—271]) . (B.20)
=1

i=1j=1

The optimal 7t can be found by taking all the partial derivative of £(7r, A) w.r.t. T
and A to 0:

gﬁ Zz 181] _}_D‘j_‘l_)\:0
T 7t i (B.21)
oL &

— =) m1—1=0.

The solution to the above equation set can be written as:
Zz 1 gl] + Xj— 1
A

K
A=N+) (a—1).
I=1

T =
(B.22)

Therefore optimal 7t for Q(7r|7x(™)) without inequality constraints is given by:

T = Zl 1gl] +1Xj_1
PNt YR (1)

(B.23)
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Proof that the solution satisfies inequality constraints

ggn) defined in Eq. (B.17), where g(z|j,0) € R>( is the evaluation of a probability

density function. Therefore 7 >0 = 7"+ > 0. Because the optimization
problem is convex, if we initialize 7'(( ) € RX

(ML) that satisfies:

>0» Eq. (B.11) gives the global optimal

Zz 1gz] +[X]'_ 1

n](mﬂ) = (argmaxQ(n|7r(m))) (B.24)
j

reAK-1

B.1.4 Proof of Proposition 6 (See page 66)

Proposition 6. Under Assumption | and Assumption 4, let ps(y = i|z) = h(i;-) and
Y; ~ Cat(K, c), if we define:

q(Zo|i,9) = ]’l(i,’ZQ)/Qi (4.19)

with 0 := ¢ € A= then GLSE-MLE 3 converges to a m'E and GLSE-MAP 4
converges to the unique AP,

Proof. For a feature extractor f : X — Z with ps(y|z) = h(y;z) and Y5 ~
Cat(K, ¢), ps(z|y = i) by Bayes rule as:

p(zly = i) = Ps(yp ;yﬂi)f)s(Z) _ h(zi) pi(2), (B.25)

where ps(z) is the marginal distribution of feature z on source domain.

Because ps(z) is constant w.r.t. 77, MLE/MAP estimate of 7z can still be obtained
without knowing ps(z). Specifically, in the E-step of Algorithm 3 and 4 we have:

(m)

m _

8ij =
El:l 771
ﬂ](m)h(f

(B.26)

MLE

The ps(z) cancelled out and we are still able to obtain wMLE, ZMAP by viewing

q(zoli,8) = h(i;z0)/6; with 6; := ;.
]
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B.1.5 Derivation of Example 7 (See page 68)

Example 7. For f : X — {1,2,..., L}, under Assumption 1, Assumption 4 with Q
defined in Eq. (4.4), Alg. 5 converges to the T"AP.

Proof. When Z = {1,2,...,L} is discrete, based on definition of Q in Eq. (4.4) we
have:

q(zlj,0) = 6L. (B.27)
Substituting into GLSE-MLE algorithm 3, the E-Step becomes:

ztj,0) ™ oL ™
o __ 1GEOGT e B28)

8ii ' = o
S L G S

Substituting the result of E-Step into the M-Step we have:

N N 9] n(’”) L pel™
(m+1) _ 1 1 i’
"L 1212 A T H T

where b; = % Z]N:t1 I (f (%))

Similarly, for GLSE-MAP 4 that compute T4 we have the same E-Step as GSLE-
MLE 3. Based on Eq. (4.17), the GLSE-MAP algorithm can be rewritten as:

Nt (m)
](m+1) _ /\Ei:1 i1 Koc]- —1
N il (B.30)
_ Ai b TR M
=PRI Y (g —1)
where A = N*/ (Nt + YK (&) — 1)) and b; = X Zle i(f(x7)).
]

B.1.6 Full Likelihood Estimation of 6

Under our GLSE model, we have the label shift assumption (Assumption 1) and
distribution family assumption (Assumption 4):

Al ps(zly =1i) = pe(zly = i) foralli € Y
A2 ps(zly) € @={q(-]-,0)6 € O}

In the label shift estimation problem setup, we are provided With a feature extractor
f: X — Z,labeled source domain sample D° = {(x¢,y$) }Y 1 and unlabeled target

: t .
domain sample D! = {xi}fi ;- Based on this information, we can obtain:

* Source domain samples of Zs|Ys = iin Dj = {(f(x7),y5)|(x},y5) € D*}.
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e Target domain samples of Z; in D! = {f(x;)|x; € D'}.
e Y ~ Cat(K, 7T)

The latent variable model (LVM) can be constructed by viewing Y; as latent variable
and Z; as observed variable:

K
pi(z) =Y pilzly = D)pi(y = i) = Y ps(zly = D)pe(y = i), (B.31)
=1 1

The likelihood of § and 7t given DS, D! can be written as:

K

Nt
L(6, 7t; D%, Dy) Hq Dlyi, O TTY alf(x)IL6)m. (B.32)

j=11=1

The parameter 7t, 0 can be estimated by maximizing the likelihood L(0, 7t; DS, DY),
Any MLE of 6 satisfies:

oMLE ¢ —argminlog L(6, 7r; D5, DY)
CISC)
NS
= —argrgin Y logq(f(x5)|y;,0) +Zlog2q f(x)|L,0)m
€ i=1

(B.33)
which is different to our GLSE framework, where OMLE is obtained with only source
domain data. In fact, our GLSE model only considers the first term in Eq. (B.33).

And any tMLE satisfies:

aME ¢ —argminlog L(6, rr; DS, DY)
rreAk-1
(B.34)
= —arg min (Zlong f(xj)|,0)m )
reAK-1 —

which is identical to Eq. (4.10) that obtain 7t™LE in our GLSE framework.

gMLE

In our GLSE framework, we propose to obtain with source domain data D°

based on the following reasons:

1. Simplicity: Maximizing the likelihood in Eq. (B.32) w.r.t. 7t and 0 together is
more complicated.

2. Efficiency: Under our GLSE framework, MLF is estimated only once with
source domain D% and then free to use for any target domain dataset D..
Whereas for Eq. (B.33), OMLE have to be re-estimated for every single D..

3. Practical Reason: In practice, it usually happens that N° >> N. In this case,
the first term in Eq. (B.34) dominates and the OMLE gbtained by Eq. (4.10)
approximate the OMLE obtained by Eq. (B.34) well.
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B.2 Detailed Experimental Setups

B.2.1 Classifiers Details

We implement the Neural Network classifier models using PyTorch (Paszke et al.,
2017). We train a ResNet32 (Idelbayev, n.d.) classifier for CIFAR100 and every
CIFAR100-LT dataset with weight decay 5¢~* for 200 epochs. The learning rate is
initialized at 0.1 and drops by a factor of 10 at epochs 100 and 150. For ImageNet and
Places, we use the pre-trained ResNet50 and ResNet152 respectively a classifier. For
ImageNet-LT and Places-LT, we train a ResNet50 (He, Zhang et al., 2016) classifier
with weight decay 2e~# for 100 epochs. The learning rate is initialized to 0.1 and
drops by a factor of 10 at epochs 60 and 80.

Dataset Model Train Setup Ir  weight decay epoch scheduler mixup «
CIFAR10/100-LT | ResNet32 from scratch 0.1 5e 4 200 Ir decay 0.1 at [100,150] 0.2
ImageNet ResNet50 ImageNet pre-trained - - - -
ImageNet-LT | ResNet50 from scratch 0.1 2¢74 100  Ir decay 0.1 at [60, 80] 0.2
Places ResNet152  Places pre-trained - - - -
Places-LT ResNet152 ImageNet pre-trained 0.001 le* 100 Ir decay 0.1 at [60, 80] 0.1

Table B.1: Neural Network classifier setup used in our model.

For all the models training from scratch, we apply MixUp (Zhang, Cisse et al., 2018)
with the parameter set to 0.2 during training. This is because MixUp is known to
help increase Neural Network classifiers’ calibration performance (Thulasidasan et al.,
2019) and MLLS works better when classifier is calibrated on the source domain
(Alexandari et al., 2020; Garg, Wu, Balakrishnan et al., 2020).

B.2.2 Label Shift Estimation Models Details

We report the performance of previous methods based on the source code below.
MLLS code is provided by Alexandari et al. (2020) which includes the source code of
RLLS (Azizzadenesheli et al., 2018) and BBSE (Lipton et al., 2018) with their original
github page provided in the Tab. B.2. Only RLLS has hyperparameters in their model.
We follow Alexandari et al. (2020) and the RLLS original implementation to set the
hyperparameter to be « = 0.01.

Model Name H Source Code ‘ Date of Retrieval
MLLS https://github.com/kundajelab/labelshiftexperiments Aug 2022
https://github.com/kundajelab/abstention Aug 2022
BBSE https://github.com/flaviovdf/label-shift Aug 2022
RLLS https://github.com/Angie-Liu/labelshift Aug 2022

Table B.2: Source Code details of reproduced existing label shift estimation models.

For MLLS and our proposed model, we follow MLLS (Alexandari et al., 2020)
to initialize target label distribution the same as source domain label distribution
(0 = ¢. Each EM has T = 100 iterations to get the final estimation.

Note that confusion matrix based method like BBSE require a validation set from
the source domain ps(x,y) to construct K X K confusion matrix. However, this


https://github.com/kundajelab/labelshiftexperiments
https://github.com/kundajelab/abstention
https://github.com/flaviovdf/label-shift
https://github.com/Angie-Liu/labelshift
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is not feasible for datasets with larget K. For ImageNet, this means estimating
1000 x 1000 = 1e° elements in confusion matrix with only 5¢# validation samples.
Therefore in our experiments, we use train set data to estimate the K X K confusion
matrix. In the ImageNet case, the 1¢® element in confusion matrix is then estimated
with 1.28¢° samples rather than just 5e* samples. This approach may introduce extra
error, but is more feasible in practice (Lipton et al., 2018).

B.2.3 Datasets and Evaluation Metrics Details

Label Shift Estimation Error: For label shift estimation error (w — @)?/K, BBSE
and RLLS are able to directly output @ as a prediction to ground truth w; = p;(y =
i)/ ps(y = i). Therefore their performance can be computed directly. MLLS and
our GLSE,/./GLSE,;.-APL model predict ground truth 7t with 7. Thus we follow
MLLS to compute @ = 7t /c, where c is the source label distribution estimated by
MLE given source domain labeled data.

Top1 Accuracy: The Topl Accuracy of each label shift estimation model is obtained
by first estimating the label shift with corresponding model, then correct label shift
on target domain for classifier f, with offline label shift correction method defined in
Eq. Eq. (2.34). We also report Topl Accuracy on baseline classifier without any label
shift correction.

Train and Test Sets: We test our GLSE,,./GLSE,,.-APL model with as many dif-
ferent label shift settings as we can. Our experiments includes all the train-test set
combinations of a train set in Tab. B.3 and a test set in Tab. B.4.

Dataset Setup  |Imbalance Ratio Data Size # of Classes Top class sample Tail class sample
Original None 50k 100 500 500
CIFAR100 | Long-tailed 10 19.5k 100 500 50
Long-tailed 100 10.8k 100 500 5
Places Original None 1803.4k 365 5000 3068
Long-tailed 996 62.5k 365 4980 5
Original None 1281.1k 1000 1300 732
ImageNet K
Long-tailed 256 115.8k 1000 1280 5

Table B.3: Detailed information of train sets with different label shift in Chapter 4.

Target Shift Parameters
Original (Uniform) None
Ordered Long-Tail (Hong, Han et al., 2021) | R = {2, 5,10, 25,50}, Order = “Forward", “Backward"
Shuffled Long-Tail R ={2,5,10,25,50}
Dirichlet (Lipton et al., 2018) a=1.0,10

Table B.4: Detailed information of test sets with different label shift in Chapter 4.
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Appendix C

Appendix for Chapter 5

C.1 Mathematical Proofs

C.1.1 Proof of Theorem 8 (See page 84)

Theorem 8. (Source ID/OOD ratio estimator) Under Assumption 5B, given source
ID dataset D° and source OOD dataset D°, then for all 6 > 0, with probability of at
least 1 — 20,

1 log1/6
< . 5.4
lps = sl < 1—ﬂ1+ﬂo\/2mm(|9"|f|ps|) oY

Ho ‘= IEXS|BS:O[h(x)] and iy = ]EXS\Bszl[h(x)]' (5.5)

where

Proof. Given the available information, for ps(b = 1) = ps we have:

ps(b =1) = Ex [p(b = 1|x)] = Ex,[h(x)] = Ep,[Ex,p,[I(x)]]
= (1—ps(b=1)) - Ex,p,—olh(x)] + ps(b=1) - Ex p_1[h(x)]

(C.1)
Rearranging the equation and we can get:
oy = Ex, p,—o[(x)]
T 1 — 1EXS\3521[h(x)] ‘f‘]EXS\BS:O[h(x)] (C.2)
1=+ po’

where Ho = ]EXS|BS:0[I’Z(X)] and U1 = ]EX5|35:1[h(x)]'

The expectation terms can be approximated given OOD dataset D° and source ID
dataset D°:

X 0
(C.3)
Ex,p,=1[(x) Z h(x

|DS| xeDs



164 Appendix C. Appendix for Chapter 5

which yields the approximation p:

R flo
SR C4
3 11—+ flo (€4

where fl := u%f,‘ Y xepo h(x) and f1; := ﬁ Yoveps h(x).

Note that since /(x) € [0, 1], the Hoeffding’s inequality (Vershynin, 2018) guarantees
forall e > O: s
p (1o — fro| > €) < 27217l

R ajpele? (C.5)
plu—l =€) <2 :
Therefore with high probability of at least 1 — 2e~2min(|D°,|D*)e? we have:
5 < Ho Ho +€ _ €
10 - p — _ - 1 _ - 1 . 7
#1+ po (1 +€) + (po +€) mtm e
5> Ho Mo — € - —€ '
P=p=1" T (g — o 1- /
p1+ Ho (1 —€) + (4o —€) 1+ o
forall 6 € [0, max((1— puo)/2,(1 — p1)/2)], which is equivalent to:
€
-0 < /. (C.7)
o0 1=+ mo
Letting 6 := e—2min(|D°|,|D*[)e? rearrange the equations and we get the result. [

C.1.2 Extension of Theorem 8 to the Multi-Class setting (See
page 84)

Problem Setup: (General) Given a blackbox model &1 : X — AK~1 that satisfies
h(x) = p(y|x) for distribution p(x,y) and K datasets D!, D?, ..., DK, with DF
containing samples drawn i.i.d. from p(x|y = k), we want to estimate the label
distribution p(y = -) = p € AK~L,

Similar to the binary case, we can write the label distribution as the sum of the
conditional expectation:

0= lEx[P(J/ = jlx)] = Ex[h(x);] = Ey[Ex)y[h(x);]]
(C.8)

where p € R¥*K with i := By [h(x);].

Lemma 12. (Multi-Class) If p(y|x) = h(x), given D', D?,..., DX containing
samples x drawn i.i.d. from p(x|y = 1), p(x|ly = 2), ..., p(x|ly = K) for K classes,
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then for p(y) = p € AX~1 we have:

: ~ 2
argmin| (7~ Dpl3 — p, 9
penk-1 .
where fi € RK*K s a stochastic matrix with Hik = U%_kl Y ek B (x);.

Proof. Given the available information, let p(y = j) = p; forallj € V =
{1,2, ..., K}, then we have:

oj = Ex[p(y = jlx)] = Ex[h(x);] = Ey[Exy[h(x)]]
= 1 ply = KExy{h()] c10)
= (up)j,
where i € R¥*K with pjp := Expy_i [1(x);].

The y can be approximated via:

A 1
ik = Bk = o Y h(x);. (C.11)
xeDk

Hence we can approximate p with g that is defined as:

p := argmin|| (2 — Dp|5.
e (C.12)

C.1.3 Proof of Lemma 9 (See page 86)

Lemma 9. Under Assumption I and Assumption 5, given D, the negative log likeli-
hood of parameter 7t and p; can be written as:

Nt K+1 ﬁ], _
—log L(m, ;D' = — Z:log (Z g—f(xl)]) +C, (5.6)
i=1 =1 €

where C does not depend on either 7t or p; and

S (NS
f(x)z = {1 . h(x)/ i=K+1, 7
i e 1" .

¢:=[ps-c1,.0ps - cx, 1 — ps] T
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Proof. The label shift assumption can be written as:

ps(xly =i) = pi(xly =i) forall i€ YU{K+1} (C.13)

On target domain, if we are given only unlabeled images Df = {x i 1, we can
construct the likelihood:

L(r, p1; D Hptxnpf

Note that ps(b = 1) = ps, pe(b = 1) = p; and in Eq. (5.1) for all (x,j) €
X x (YU{K+1}) we have:

cj, ifb=1Lye)y
ps(ylb;e) =<1, ifb=0,y=K+1

0, otherwise,

usy iftb=1yec)y
ps(ylb;e) =<1, ifb=0,y=K+1

0, otherwise.

(C.15)
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Based on Eq. (C.15) and label shift Assumption I we have:

Nt /2
L(r, 01D IT(ZZH%%W—Jm(Zﬂb=Dm®=D>

i=1

K
II(ZMtMy—ﬁmw jlb=1)pi(b=1)+

j=1

rﬂMy=K+UmW=K+Hb=®mw=00

II(ZMsMy—nmw jlb=1)pi(b=1)+

1

rMﬂW=K+me=K+Hb=mmW=OO

—H(Zps ‘]”‘;) Wy =jlb=1)pi(b = 1)+
1\ j=1

ps(y = K+1]x;)
ps(y = K+1)

pi(y =K+1|b=0)p:(b=0) | - Const,

(C.16)
t
where Const := [N, ps(x;) is irrelevant to 7 or p;.

Based on Eq. (C.15) and Assumption 5 we have ps(y = ‘|x,b = 1) = f(x) and
ps(b = 1|x) = h(x), therefore:

1—h(x) = ps(b = 0l|x;)
K+1

=), ps(b=0ly =)p(y = ilx;)

i=1
_Kz“ps y=1ilb=0)ps(b=0)

Ps(}/ _ i) p(y = i|xi) (C.17)
1-ps(b=0) K
s +1
Z 1 ps(y = K+Hb—an—np@ )
ps(b = 0)

= PPNty = K+ 1)x) = ps(y = K+ 1]x7),
p(b=0) ps(y |xi) = ps(y |xi)
and for j € {1,2,...,K} we have:

ps(y = jlxi) =ps(y = jlxi, b = 1)ps(b = 1]x;)
+ ps(y = jlxi, b = 0)ps(b = 0[x;) (C.18)
=f(x)j-ps+0-(1—h(x)) =h(x) - f(x;);-
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Marginalize Eq. (C.15) we can also get:

oy JGps, jEKFI o Jmien jEKH
ps(y =) {1_% iK1’ pe(y =) o =K1’

(C.19)
Substituting Eq. (C.15) and Eq. (C.19) into the likelihood Eq. (C.16) we get:

Nt /K x Ay 1-h
L(7, p1; D H(Z i) ”j'Pt+1_—f)x)'1'(1—Pt)> . Const,

Z

K
Pt 7Tj 1-p
— h(x;)- Y —f(x;)j+——-(1—h(x;)) | - Const.
[1 (ps (x7) L ij(x)] = ( (x))) ons
(C.20)

Further substitute Eq. (5.7) and Eq. (5.8) into Eq. (C.20) and then we can get the
result.

]

C.1.4 Proof of Theorem 10 (See page 87)

Theorem 10. (MLE) Under Assumption |1 and Assumption 5, the the NLL (5.6) is
convex in 7t (and convex in p;), and the EM algorithm MLE-OLS (Alg. 7) converges
to eMLE, PMLE (5.9),

Algorithm 12 MLE-OLS

t
Input: D! = {xI}N ¢, ps, h(x), f(x).
Initialize: (0 € AKX ! ,pg ) €(0,1)
for m = 0to M do
Construct: 7" based on n(m),pgm) and Eq. (5.8).
E-step: For j € Y U {K + 1}, evaluate

~<’“>/6~f< )i
g = ; WL (C.21)
Zl 1771 /Cl f( )
M-step: For j € ), evaluate
( Nt (m)
m+1) Zi 181']'
; —
Zz 1 11<+1 (C.22)

(m+1) _ N - 21 18 1K+1
| Pt N
end for
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Proof. Convexity: As shown in Lemma 9 Eq. (C.20), the negative log likelihood of
7T, ot given Assumption 1,5 and unlabeled target domain dataset D can be written as:

N' 01 K
— log L(n’,,Ot;Dt) = — Zlog (p—h(xi) : Z C_]f(xz)j

S ]7 ]

(C.23)
1—
pop (1-— h(xl))> + Const.
1 - ps
As a function of p¢, the NLL can be rewritten as:
Nt
—log L(n’,pf;Df) = — Z log(Apt + B) + Const, (C.24)
i=1
which is a convex function w.r.t. p;.
As a function of 7r, the NLL can be rewritten as:
Nt K .
—log L(7t,p1; D) = Z log Z —] + Const, (C.25)
i=1 19

which is a convex function w.r.t. 7T.

Moreover, same as the close world setting (Alexandari et al., 2020), the NLL is convex
in the reparameterisation of ¢;. []

Proof. EM algorithm: The NLL objective of MLE defined in Lemma 9, Eq. (5.6)
can be rewritten as:

N! K
—log L(7r,p;; D) = — ) _log <Z T_f(xi)]) + Const, (C.26)

which is reparametrised as the objective of the closed set label shift estimation model
MLLS (Saerens et al., 2002) algorithm (Chapter 2, Eq. (2.32)).

As MLE is invariant under reparametrisation (Murphy, 2012), and MLLS have been
proved to converge to a MLE estimate (Alexandari et al., 2020), thus EM algorithm 12

converge to a ZMLE and will also converge to a T™MLE, pltvILE

The MLE can be seen as a special case of MAP estimate with prior distribution being
1. In this case, by setting ™ =1, oc‘l’“t =1, txg“t) = 1. Proof of EM algorithm for
MAP estimate can be found in Proof of Proposition 13. L

C.1.5 MAP estimation of target label distribution parameters

MAP estimate: Moreover, if we employ a prior 7t ~ p(7r|ai") over the target label
distribution 7z, or a prior oy ~ p(p¢|a®") over the target ID data ratio p¢, we can
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Algorithm 13 MAP-OLS

Input: Dt = (XN, ¢, 05, B(x), f(x), a®, aQut, agut,

Require: tx“‘ € RE, a a9 € R.;.
0) ¢

Initialize: 7(0) € AK !, 0" € (0,1).

Construct: f based on Eq. (5.7).

for m = 0to M do
Construct: 7™ based on n(m),pgm) and Eq. (5.8).
E-step: For j € Y U {K + 1}, evaluate

(m) _ ﬁ(m)/fj f(xd);

8ij = (C.29)
Zz 1 7Tl /Cl f( )
M-step: For j € ), evaluate
( .
n_(m—i—l) Zz 1 gzj + “l'n -1
] in
Z 1 g1K+1 + Zl 1(“[ 1) (C.30)
(m+1) _ N — 21 1gzl<+1 + (Xout 1
kIOt Nf+zx“‘—i—0¢°“t 2 :
end for
Output: p;(y=-) = 7M1, p(b=1) = pSMH).
construct the posterior of 7t and p; as:
—log p(7, p+| D', &) = —log L(rt, pr; D) — log p(7r|a™) 2

— log p(pt|a®") + Const.

In this work, inspired by Ye et al. (2024), we show that with a Dirichlet prior over
7t ~ Dir(K, «™) or a Beta prior over p; ~ Beta(a$", a3""), the MAP estimate 7zMAP
can be obtained via another EM algorithm over the objective:

aMAP pItVIAP € argmin — log p(n,ptﬂ?t, ), (C.28)

ek
where the details are also provided in Proposition 13.

Proposition 13. (MAP) Under Assumption 1, 5, if = ~ Dir(K, &™) with &' € ]RI§1
and pt ~ Beta(a™, ag") with o™, a3 € R+, then

» The posterior in Eq. (C.27) is strzctly convex in 7T and strictly convex in py.

« EM algorithm 7 converge to the t¥AF in Eq. (C.28).
Proof. Convexity: As shown in the Proof Proposition 10, the MLE objective given in
Lemma 9 is convex on 7T, p;.

Since Dirichlet prior 7t ~ Dir(K, &™) with i > 1 is strictly convex on 7r. And Beta
prior p ~ Beta(ac‘l’“t, (xg“t) with oc‘l’“t, 0&2‘“ > 1 is strictly convex on py, the overall
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posterior:

—log p(r, p:|D', &) = —log L7z, p; D') — log p(re|a™)

¢ (C.31)
— log p(pt|a®™) 4 Const
s strictly convex on 7t and p;
O
Proof. EM algorithm:
To be concise, we will use the notation:
~ hix)-f(x);, i€l
Fay = {10 i
1—h(x), i=K+1,
(C.32)

7t = [t 71, e 0t - Tk, 1 — 4] T
s -1yt - ck, 1 —ps] T

I
= [

Remark: We proof the case with the model having both prior 7r ~ Dir(K, txi“) and
ot ~ Beta(ad", ad"), where a'® € RX, and 29", 48" € R-4. EM algorithms for

other cases can be derived similarly by setting oc"‘ = 1 or af" =1,a$" = 1 or both.
The proof consists of three stages:

1. Identify the latent variable, derive the complete posterior;

2. Construct the Q(7t, ps| (™), pgm)) and obtain E-Step;

3. Optimize Q(7, pt|7r("’),pgm)) w.r.t. 77, o and obtain M-Step.

Step 1: As discussed in the main paper (Eq. (5.6)), we can construct the latent variable
Ys ~ Cat(K +1,é) and Y; ~ Cat(K + 1, 7t). With Y; as latent variable, let Y =

{71}, with 7t € Y U {K + 1}, the complete posterior p(7r|D!, Y, al®, a9ut, agut)



Appendix C. Appendix for Chapter 5
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can be written as
out  out 1 out out
p(c, o1 D, Y, o, o™, a5%) == p(re|a™) - plor]af )
N K+1
XHHP’—‘( irYi =1 )
i=1 j=1
1 in out  out
:EP(TC|“ ) - p(or|aq™, a3™)
N K+1
pefi =07 o an (C33)
X .= 1|x;
EE Ps(]/l ]) ps(yz ]‘ z)
1 tx‘l’“t out K a}“—l
=Pt (1-p)2 -[Im
I=1
N K41 [ 7\ B0
T (2) e
i=1j=1 \ %
where C includes all the terms that are constant w.r.t. 7T, p¢
Step 2: Given the complete posterior p(7r|D%, Y, al?, ad"t, a3"t), we can construct
the Q(7t, pt|7T ( )) in the E-Step as:
Q(re,pil™,p{™) = E logp(,pil Dl X, &, ag, ag™) |
Y| Dt 7 (m) pt< )
N K+1
(m)[z Z I (7! logn]+z a; — 1) log
i=1 j=1

Y‘Dt ( )Pt
+ o™ - log o + 9™ - log(1 — ps) + C]

N K+1 K

=) Z _]|xzfﬁ'(m))108ﬁj+2(txl—1 log 71

+ag™ -logp: + az“‘ log(1—p1) +C

N K+1 (m)

Z glj log 7tj + ) _(a; — 1) log 7
=1 1

Ut logpt + 0(2‘“ . log(l — Pt)

p( )) can be simply obtained via

I=
(C.34)

\

where the likelihood g;;" := pe(i7t = j|xt; b
(C.35)

#m
Gy f (%),
forall je YU{K+1}
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Step 3: In the M-step, with available Q(7z, p;| (™), pgm) ), we solve the optimization
objective with respect to 7t by fixing p; and vise versa:

(m"_l)/pgm_'—l) = argmax Q(T[/pi’ln'—(m)/ pgm)) (C36)
reAk-10,€[0,1]

By substitution, the objective can be rewritten as:

Nt K41 K
mm — Z Z glj log i — Z(,X;n —1)log m; — a2 - log p;
i=1j= 1=1

— Ollt . —

K
S.t: Z 7T] = ]., T = [pt : 7T1;---/Pt : 7TK,]_ - Pt]T/
=1

| m>0forie[1,2,..K],p: €[0,1].

Convexity Eq. (C.37) is just a linear combination of log 7t;, which is a concave
function w.r.t. 7r. Knowing that the constraints define a convex set on RX, therefore
Eq. (C.37) is convex w.r.t. 7t and every local minima is a global minima. Similarly,
it’s also easy to show that Eq. (C.37) is also convex w.r.t. p; for p; € [0, 1].

Optimization without inequality constraints With only equality constraints, stand-
ard the Lagrangian Multiplier method can be applied. The Lagrangian can be written
as:

L(rt,p1,1) ZZ&] log(pt - 71;) +2g11<+110g(1—pt)
i=1j=1

+Z 1) log 7; + (43" — 1) - log ps (C.38)

+(a3ut_1)-log(1—pt)+/\ (1—%7(]) .

=1
The optimal 7T, p; can be found by taking all the partial derivative of £(7t, 0, A)
w.r.t. 77, ¢ and Ato0:

;

oL ZzNztl gl(]?") “}n -1

n —A=0

o7 7Tj ”j

aﬁ Z 1Z;< 1g1] ( put 1) Zl 1g1K+1 _'_( o 1) =0 (C.39)
dor Pt L—p:

oL &

ﬁ = Z 7-(1 - ]. — O.

\ i=1
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The solution to the above equation set can be written as:

(

EN gl +adr -1
A
2 12] 1g1] )+(X0ut 1
Nt_i_a(l)ut_,r_aout 2

A= Z Zgz Z;([Xln

\ i=1j=1

=

of = (C.40)

Therefore optimal 7z, o for Q(n’,pt|7r(’”),pt(m)) without inequality constraints is
given by:

Ez 1g1] +“i'n_1
N 1Z]Klg1] + 1 (afr — 1)

2 1Z]Klgz])+“out 1
Nt _|_a(1)ut+lxout 2

Ty =

7

(C.41)

Pt =

Proof that the solution satisfies inequality constraints Note that we have:
. gl(jm) in Eq. (C.35) is non-negative
* ¢; > 0,i =1,2..K is non-negative
" —1>0,i=12.Kandaf™ —1>0,a3" -1>0

Therefore we have () > 0 = 7"+t > (0. Because the optimization prob-
lem is convex, when n](t) > 0,7 = 1,2,..K, Eq. (C.41) gives the global optimal

(m+l), pEmH) for the optimization problem in Eq. (C.37):
(
Z ) 4 zx‘“ 1
) = 1811 forall ie€)
N-¥ 1K+1 + X (" — 1) (C.42)
(m+1) _ N — Zz 1 g1K+1 +a"t —1
\ Ot Nt + atl)ut + lxgut 2 4

given the fact thatz 1 Z] 18 1] =N - ZNtl 11721

C.1.6 Proof of Theorem 11 (See page 88)

Theorem 11. (Target ID/OOD ratio correction) Under Assumption | and Assump-
tion 5A (without 5B), for a classifier i’ : X — [0,1] that satisfies Eq. (5.12), given
source ID dataset D°, OOD dataset D°, target dataset D!, then for 5 > 0, with
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probability of at least 1 — 20 we have:

1 2log1/é
ol < _ , (5.13)
o =Pl < \/ min(|D¥, [D°], [D)
where 0
pr=P P a p = Y W (), (5.14)
1 — Ho | 4 x; €Dt
with 1
N / . ’
flo = |Do|x§yh (x),  fy:= |Ds XGZDSh (5.15)
and
Mo = Ex o[l (x)],  u1:=Exp-1[h'(x)]. (5.16)

Proof. For target domain dataset D, if we are given ID/OOD label: D = DU U Do,
for a practical classifier 4’ (x) we can write:
p' = Ex, [l (x)] = Ex,g1[l'(x)] - p+(b = 1) + Ex, p,—o[l'(x)] - p(b = 0)
= pt - Ex, g1 [ (x)] + (1 — pt) - Ex, ,—o [ (x)]
= o+ o (1—p1),

(C.43)
where:
Hi = Exp—1[l'(x)] and pg:=Ex, ol (x)]: (C.44)
Rearranging Eq. (C.43), we have that:
1 Mo
Pt = o — / (C.45)
M He
where the equation holds when pf # pf):
1 = Ex, g1 [l (x)] # Ex, o[l (x)] = pp. (C.46)

Option 1 Eq. (5.12): Under Assumption 1, the condition Eq. (5.12) holds implies:

Ex. v, =il (¥)] = Ex,y,—j[h'(x)] forall i,jec, (C.47)
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then according Eq. (5.1) we have:
ui = By, p,1[h ZIEXt|Yt =ilb=1) K (x)]

— Z]EXt|Yt 7-[1 h/ 27-(1 ]EXt|Yt 1[h( )]
i=1

= ]Extmzl[h/( x)] = 1E)<s|1/s:1[h/(x)]

K K
= L eEx il (9] = Y Exegrsiles - ()

i=1
K
= ;]EXSYS:Z'[PS(V =ilb=1)-h(x)]

= Ex, p,=1[l'(x)] = p3.
(C.48)

Option 2 7t = ¢ Condition Eq. (5.1) can actually be replace with 7t = ¢ with the
results still holds:

uy = By, [l (x)] = ;]Extm:i[Pt(y =ilb=1)-1(x)]
K
= i_leEXth/t:i[ni W (x)] = i_ZIIEXSIYs:i[Ci -1 (x)] (C.49)

K
= ;]EXSYS_i[PS( =ilb=1) 1 (x)]
= IEX,\Btzl[h/(x)] = 1

where ]/lll = IEX5|Bs:1[h/(x)]'

For both options we have:

1o = Ex,p,—oll’ (x)] = Bx,y,—x41[p:(y = K+ 1|b = 0) - I (x)]
=Ex, |y—k+1lps(y = K+1[b=0)-H(x)]  (C.50)
= Ex, p,—oll (x)] = po-

where pg = Ex o[l (x)] are defined in the same way as p, po defined in
Theorem 8 but substitute /1 as 1.

The expectations can be approximated by ﬁ’l, ﬁ’l with source domain ID dataset D°

and OOD dataset D° (Eq. (5.3)). Moreover, Ex, [l(x)] = p can be estimated with p
given target dataset D':

Z h/(xi)l ﬁo = |D0|

x;€Ds

Y K'(x;)andp’ %Zh’xl
(C.51)
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Therefore as long as Eq. (5.12) holds, we can use D° and D° to estimate p; with
Eq. (C.45):
VR )

, (C.52)

Note that since h'(x) € [0, 1], the Hoeffding’s inequality guarantees for some small
€ > 0: ,

1o = fipl > €) < 2e72P7le

I

p(
p (g —pi =€) <272 (C.53)
p (o' —p'| =€) <2771,

Therefore with high probability of at least 1 — 2e~2 min(|D1],|D*[,|D')e? we have:
o 0wl —e—pp—el _ 2e
Pt pt—|/_/| |/+_/_|_|/_/|
H1— Ho PpT€—Hy— € H1— Ko (C.54)
L 0 —ml —l te—pgtel 2
Pt — Pt = Y Y 0,0 _
iy —mol Iy —e—motel I —ml
which is equivalent to:
2e
ot = P < - (C.55)
5 e gl

5 :— e—2min(|D¥[,|D%,|D'|)e

Letting , rearrange the equations and we get the result.

]

C.1.7 Further Discussion on p; correction model

This section further discuss the p; correction model Eq. (5.17) proposed in §5.3.4 in
our main paper. The model adjust pltvILE and pltV[AP obtained in Alg. 7 with Eq. (5.17),
which based on Theorem 11.

We will show that for a special case, the MLE pItVILE defined in MLE objective Eq. (5.9)
will have close form solution, which is simply averaging the response of i(x) on
target dataset D':

Lemma 14. Under Assumption 1,5, if 1 = cand h : X — {0,1}, then the pVLE
defined in Eq. (5.9) can be obtained given target dataset D! via:

1 M
oPEE — NG Y h(xy). (C.56)
i=1

Proof. When Assumption 5B is satisfied, given the information available, substituting:

ps(b=1|x) =h(x) € {0,1} and m=c (C.57)
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into the NLL in Eq. (5.6) and we have:

K . 1—
~log L(ps; D zm%<“ Xygﬂm»+T;§-u—hum>
=1 € s
+ Const
N! _
=—) log (ﬁh(xi) -1+ il (1— h(xl-))> + Const
i— Os 1—- Os

Nt

=—ZL 1%(m>—zu—mwum>

s i=1

xlog( _pt> + Const

— ps
(C.58)
Let the derivative w.r.t. o; equals 0 and we have:
d(~logL(ps D)) _ X ps 1 X
=—) Li(h(x;)) — — — 1 -1 (h(x;
o Y lhx)) = Y0 - (b))
1 - ps _1
1 — Pt 1- Os (C.59)
1 X 1
= — ]Ith' - — 4 1—1[1]’[36' .
g () -+ L= Tahx))
=0
Solve the above equation for p; and we get:
1 Y
ot = %7t . Zh Xi), (C.60)

which is the close form solution to the MLE objective Eq. (5.6) under special setting
of no ID label shift (7t = ¢) and discrete ID/OOD classifier (h : X — {0,1}).
]

As shown in Lemma 14, when 7t = cand h : X — {0, 1}, pME can be obtained by
averaging h(x) = ps(b = 1|x) over the target dataset D! based on Assumption 5B,
i.e. h(x) # ps(b = 1]x) when the assumption is not satisfied, according the proof of
Theorem 11, the condition 7T = ¢ enable us to use:

A lﬁ_ ﬁ(/) A/
0F = — ~, and = — h(x;) (C.61)
7’[/1 o VE) D ezpt Z

to obtain the estimate of ground truth p;.
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Dataset Model Setup optimizer Ir weight decay epoch
CIFAR10 |ResNetl8 Train from Scratch  SGD 0.1 5e~* 100
CIFAR100 |ResNetl8 Train from Scratch SGD 0.1 5e 4 100
ImageNet-200 |[ResNet18 Train from Scratch SGD 0.1 5e—4 90

Table C.1: Soure domain ID classifier f setup used in our model.

C.2 Detailed Experimental Setups

ID Classifier Details : Our code of training ID classifier and constructing OOD
classifier is mainly based on the open source project OpenOOD (Yang, Wang et al.,
2022; Zhang, Yang et al., 2023) on OOD detection. The project is publicly available
in https://github.com/Jingkang50/0penOOD.

We follows the basic setup in OpenOOD to train ID classifier f, where we train a
ResNet18 model for CIFAR10/100 and ImageNet-200 datasets. Each model is trained
3 times with different random seeds.

OOD C(lassifier Details : We use the implementation provided in OpenOOD project
to construct the OOD detection binary classifiers & proposed by OpenMax (Bendale
and Boult, 2016), Ash (Djurisic et al., 2022), MLS (Hendrycks, Basart et al., 2019a),
ReAct (Sun, Guo et al., 2021) and KNN (Sun, Ming et al., 2022). All the OOD
detection models are pos-hoc inference models based on the ID classifier f. The
detailed hyper-parameter setups of each OOD detector are listed in Tab. C.3.

Model Name H Source Code ‘Date of Retrieval
OpenOOD Yang, Wang et al. (2022) https://github.com/Jingkang50/0penO0OD May 2024
OpenMax Bendale and Boult (2016) https://github.com/Jingkang50/0penO0OD May 2024
KNN Sun, Ming et al. (2022) https://github.com/deeplearning-wisc/knn-ood May 2024
MLS Hendrycks, Basart et al. (2019a) https://github.com/Jingkang50/0penO0OD May 2004
Ash Djurisic et al. (2022) https://github.com/andrijazz/ash May 2024
ReAct Sun, Guo et al. (2021) https://github.com/deeplearning-wisc/react May 2024

Table C.2: Source code details of reproduced OOD detection models. The code for
OpenMax, KNN, MLS, Ash and ReAct have been collected in the OpenOOD project and
can be directly tested within the project.

Output Re-scaling: Existing OOD classifiers focus more on ID/OOD separation and
hence usually output a real valued scalar instead of [0, 1] confidence. For example,
MLS (Hendrycks, Basart et al., 2019a) model actually outputs the max logit of the ID
classifier’s prediction. To use these OOD classifiers in our OSLS estimation model,
we need to re-scale the output of these OOD classifier in the binary range [0, 1].

In this work, we re-scale a OOD classifier // : X — R to a binary classifier
h : X — [0,1] with two approaches: logistic regression and thresholding. The
logistic regression model hg : R+ — [0, 1] is trained based on the source domain
ID dataset D° and reference OOD dataset D° (see Fig. 5.3). On the other hand, the
thresholding approach obtain the threshold by computing the median values of the
output of OOD classifier i’ given ID dataset D° and OOD dataset D°. The threshold
is picked as the average of the two median values. Details or the two re-scaling models
are described in Tab. C.4.


https://github.com/Jingkang50/OpenOOD
https://github.com/Jingkang50/OpenOOD
https://github.com/Jingkang50/OpenOOD
https://github.com/deeplearning-wisc/knn-ood
https://github.com/Jingkang50/OpenOOD
https://github.com/andrijazz/ash
https://github.com/deeplearning-wisc/react
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OOD classifier hyper-parameters
OpenMax |Weibull fitting: alpha=3, threshold=0.9, tail=20; coreset_sampling_ratio=0.01;
KNN # of nearest neighbor K = 50
MLS -
Ash parameter search on percentile=[65, 70, 75, 80, 85, 90, 95]
ReAct parameter search on percentile=[85, 90, 95, 99]

Table C.3: Detailed hyper-parameter setups of the OOD detectors used in our work. All
the hyper-parameter setup are following the default setups provided by the OpenOOD
project (Yang, Wang et al., 2022).

Dataset Re-scaling Model Model Setup

epoch 100; optimizer: SGD; batch_size: 512; Ir 0.05;
Ir_scheduler: Cosine; loss: BCE; h(x) =1/(1+ e’“"h’(x)*b)
1, K(x) > (median(h’'(D?)) + median(h’ (D°)))/2
0, Otherwise ’

CIFAR10/100 | Logistic Regression

ImageNet-200|  Thresholding  |h(x) = {

Table C.4: Re-scaling model setup that normalize the output of a OOD classifier into the
continuous range [0, 1].

Although thresholding approach only output {0, 1} instead of a continuous confidence,
it’s suitable for our p; correction model (Sec. 5.3.4) because the linear correction
approach have theoretical guarantees when the ID/OOD classifier /(x) output binary
values (Theorem 11). Moreover, OOD detectors on large-scale datasets are more likely
to violate Assumption 5, thus p; correction model might become more necessary.

OOD reference Dataset details : As discussed in the main paper, the reference
OOD dataset D° is generated by linear combination of Gaussian noise and ground
truth samples in source domain ID dataset D°. The hyper-parameters used <y, T used in
the OOD dataset generation process and flo rescaling are: CIFAR10: v = 0.2, T = 2,
CIFAR100: v = 0.1, T = 2, ImageNet-200: v = 0.2, T = 2.

Datasets Details We use the standard CIFAR10/100 and ImageNet-200 datasets as
ID datasets, with te detailed information provided in Tab. C.5.

We use the OOD datasets setup provided in the OpenOOD project, where validation
sets of CIFAR10 and CIFAR100 are used as OOD datasets, with each contains 9000
samples. For the other OOD datatsets, TinyImageNet has 7793 samples, MNIST has
70000 samples, SVHN has 26032 samples, Texture has 5640 samples, Places has
35195 samples, SSB has 49000 samples, NINCO has 5879 sampels, iNaturalist has
10000 samples, Openlmage-O has 15869 samples. Many of these OOD datasets are
actually subsampled from the original datasets to avoid overlapping in classes.

Closed Set Label Shift Estimation Model details We test the closed set label shift
estimation models MAPLS (Chapter 3), MLLS (Saerens et al., 2002), BBSE (Lipton
et al., 2018) and RLLS (Azizzadenesheli et al., 2018) based on the official implement-
ation of MAPLS provided in https://github.com/ChangkunYe/MAPLS
retrieved at Jun 2024. These models are directed used to test on the open set label
shift dataset without any adjustment on hyper-parameters or other setups.


https://github.com/ChangkunYe/MAPLS
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Dataset Train # samples Val # samples Test # samples # of Classes
CIFAR10 50k 9000 1000 10
CIFAR100 50k 9000 1000 100
ImageNet-200 260k 1000 9000 200

Table C.5: Detailed information of ID datasets.

EM algorithm We use the same EM algorithm running procedure as MAPLS (Ye
et al., 2024) proposed in the closed set label shift problem. Specifically, the procedure
is as follows: 1) Initialize the target label distribution to be the same as source label

distribution, i.e. 77(® = ¢ and p{”’ = ps, 2) Run EM algorithm 7 for 100 epoch to

ensure convergence and 3) Output (101) and 7101,

For MAP estimate, we use the Adaptive Prior Learning (APL) model proposed by
MAPLS (Ye et al., 2024) to determine parameter &' € ]Rli1 in the Dirichlet prior for
ID classes and use no Bernoulli prior (txi’“t, ocg“t =1).

Evaluation Metrics Label Shift Estimation Error: The label shift estimation error
(w — ZTJ)Z /K, is widely used in evaluating the closed set label shift estimation models
(Alexandari et al., 2020; Lipton et al., 2018), where w = 7t/c is the ground truth
target over source label distribution ratio and @ is the corresponding estimator. This
work evaluate the open set label shift estimation model in terms of label shift estima-
tion error on ID classes, where source ID label distribution ps(y = -|b = 1;¢) = ¢
have ground truth i.i.d. samples available in source labeled dataset D°.

Top1 Accuracy: The Topl Accuracy of each label shift estimation model is obtained
by first estimating the label shift with corresponding model, then correct label shift
on target domain for classifier f , with offline label shift correction method defined in
Eq. Eq. (2.34). We also report Topl Accuracy on baseline classifier without any label
shift correction.
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Appendix D

Appendix for Chapter 6

D.1 Detailed Experimental Setups

In Chapter 6, we reproduced the performance of several SOTA models using their
published code on Proposed Split V2.0. They are E-PGN (Yu et al., 2020), Li,
Min et al. (2019) and DVBE (Min et al., 2020). The detailed information for these
published models is available in Table D.1 below.

We reproduce the results by precisely following the instructions provided by the au-
thors of each model, with the exception that we use a different dataset split (Proposed
Splits V2.0: https://drive.google.com/file/d/1p9gtkuHCCCyjk
yezSarCw—-1siCSXUykH/view?usp=sharing), updated by Xian, Lampert
et al. (2019). We fine-tune hyperparameters for "Proposed Split V2.0" by parameter
search around values recommended for "Proposed Split" in each official code. We
note that some models like E-PGN (Yu et al., 2020) are sensitive to random seeds and
difficult to fine-tune. Hence, despite our best efforts, performance may be sub-optimal.

The hyperparameters and corresponding values used to reproduce performance for
each model Li, Min et al. (2019), EPGN (Yu et al., 2020), DVBE (Min et al., 2020)
are listed in Table D.2, D.3 and D.4 respectively.

D.2 More Ablation Study

D.2.1 Ablation Study on model structure

We report the Area Under the Seen and Unseen Curve (AUSUC) of our model, along
with some alternative model structures. These models include the Kernel Ridge
Regression (KRR) model, the KRR model performed on a latent space that was
trained with our proposed Lp7 triplet loss, the Gaussian Process (GP) model and a
GP model performed on a latent space trained using the original triplet loss L.

Model Conference Code Link Time of Retrieval
Li, Min et al. (2019) CVPR 19 |https://github.com/kailigo/cvcZSL Dec 2020
E-PGN (Yu et al., 2020) | CVPR 20 |https://github.com/yunlongyu/EPGN Dec 2020
DVBE (Min et al., 2020) | CVPR20 | https://github.com/mboboGO/DVBE Dec 2020

Table D.1: Official, published, code links and time of code retrieval for each reproduced
SOTA model in Chapter 6.


https://drive.google.com/file/d/1p9gtkuHCCCyjkyezSarCw-1siCSXUykH/view?usp=sharing
https://drive.google.com/file/d/1p9gtkuHCCCyjkyezSarCw-1siCSXUykH/view?usp=sharing
https://github.com/kailigo/cvcZSL
https://github.com/yunlongyu/EPGN
https://github.com/mboboGO/DVBE
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Params | ways shots Ir opt_decay step_size model_file
AWAL | 16 4 le-5 le-4 500  Ir5_opt4_ss500_w16_s4.pt

Table D.2: Hyperparameters used for reproducing Li, Min et al. (2019) on AWA1 dataset
with Proposed Split V2.0. The name of each hyperparameter matches with the published
code.

Params | mid_dim hid_dim Ir epoch episode inner_loop batch_size dropout manualSeed
CUB 1600 1800 Se-5 15 100 10 32 True 4196
AWAL | 1200 1800 Se-5 30 50 100 100 True 4198
AWA2 | 1800 1800 2e-4 30 50 30 64 True 4198

Table D.3: Hyperparameters used for reproducing EPGN (Yu et al., 2020) on CUB,
AWA1 and AWA?2 datasets with Proposed Split V2.0. The name of each hyperparameter
matches with the published code.

As can be seen from Figure D.1, GP-based models consistently perform better than
KRR-based models. Also, our proposed triplet loss Lg7 can generally improve the
performance of the KRR model as well as the GP model. Our proposed model has
improvements in both the seen accuracy and the unseen accuracy compared with other
alternative models.

D.2.2 Normalizing Unbounded Feature Space

In our ZSL model, the feature vector of each image is extracted by a pre-trained
ResNet101 model, proposed by Xian, Lampert et al. (2019). The normalised histogram
of feature values is shown in Figure D.2 and some statistical metrics are given in Table
D.5. As argued by Le Cacheux et al. (2019b), unbounded feature values may prevent
Neural Network models from learning using triplet loss.

One way to sidestep this problem is to simply bound the feature space. As shown in
Table D.5, we found that 99.90% of the feature values are below a threshold of about 7
for each dataset. We thus propose to bound the feature space by preprocessing feature
vectors for each dataset by clipping values above 7 before normalising to the range
[0, 1]. This is a simpler approach compared with the partial normalisation approach
proposed by Le Cacheux et al. (2019b).

D.2.3 Ablation Study on hyperparameters

We report more detailed results for the methods reported in the ablation study section
in the main paper. In Table D.6, we report the performance of our model influenced
by different clipping values used in data preprocessing. As discussed in the previous
section, the objective of clipping is to create a bounded feature space such that our

ParamsHbatchﬁsize Irl Ir2 momentum epochs epoch_decay sigma weight_decay workers seed

CUB 128 0.1 0.001 0.9 90 30 0.5 0.0001 3 5181
AWA2 128 0.1 0.001 0.9 90 30 0.5 0.0001 3 142
APY 128 0.1 0.001 0.9 90 30 0.5 0.0001 3 119

Table D.4: Hyperparameters used for reproducing DVBE (Min et al., 2020) on CUB,
AWA? and APY datasets with Proposed Split V2.0. The name of each hyperparameter
matches with the published code.
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Figure D.1: Area Under Seen and Unseen Curve (AUSUC) for different model structures
in the ablation study section in the main paper. Our model is consistently better than
alternative structures. Moreover, KRR and GP models achieve better performances when
the latent space is trained using our proposed Lpt loss compared with the original feature

space

Dataset CUB SUN AWA?2 AWAL1 APY
Average feature value 0.3293 0.4413 0.4049 0.4244 0.4459
Maximum feature value 32.95 44.83 61.00 47.21 46.55
99.90% feature value lies in range|| [0.00, 6.25]|[0.00,7.81]{[0.00,7.09] | [0.00,7.00] | [0.00, 7.74]

Table D.5: Analysis of feature vector values. Every dataset has maximal values that are
too far away from the average, 99.90% of the values lie approximately in the range [0, 7]
for each dataset. Thus, we preprocess feature vectors for each dataset by clipping by
seven and normalise to the range [0, 1]
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AWA?2 Feature Value Histogram AWAL1 Feature Value Histogram APY Feature Value Histogram
0

20 25 5 10 15 20 10 20 25

15
Feature Values Feature Values

SUN Feature Value Histogram

Feature Values

Figure D.2: Normalized histogram of feature vector values in each ZSL dataset. The
probability density of feature values drops drastically as the feature value increases.
Therefore, bounding the feature space by clipping the tail of the density requires modify-
ing only a small amount of the values of the data.

Neural Network model can efficiently be trained using triplet loss. As shown in the
table, the performance of our model is better when using feature clipping than without
feature clipping.

In Table D.7, we report the performance of our model with different § values in the
triplet loss. In our model, ¢ is determined by an empirical grid search, with a coarse
grid search in range (0, 100], followed by a fine grid search in range (0.25, 10]. The

hyperparameter J serves as a threshold in the triplet loss. A triplet {xﬁ, xé, le} isa
trivial triplet if the inter-class pair distance exceeds the intra-class pair distance by a

given margin J, i.e. (xl1 — x]1)2 — (le — xé)z > 0.

According to the triplet loss equation, trivial triplets will not influence backpropagation
gradients of the Neural Network. Small values for § may result in only a few non-
trivial triplets, thus lowering the performance, while large 6 may add unnecessary
computational costs when training the model.

As shown in Table D.7, our model maintains a good performance with 6 > 3 on all
ZSL datasets. The performance peaks at 6 ~ 4 and decreases slightly for larger ¢
applied in the triplet loss LgT.

D.3 Performance on the Incorrect “Proposed Split"

To ensure a fair comparison, in Table D.8, we also compare our model’s performance
on the original “Proposed Split" with results reported by previous SOTA papers,
including f-VAEGAN-D2 (Xian, Sharma et al., 2019), RELATION NET (Sung et al.,
2018), DAZLE (Huynh and Elhamifar, 2020), Li, Min et al. (2019), E-PGN (Yu
et al., 2020), OCD (Keshari et al., 2020), DVBE (Min et al., 2020), TF-VAEGAN
(Narayan et al., 2020), IZF (Shen et al., 2020), AGZSL (Chou, Lin et al., 2020), IPN
(Liu, Zhou et al., 2020) and CE-GZSL (Han, Fu, Chen et al., 2021). We have not
listed SOTA models that only report ImageNet performance like DGP (Kampffmeyer
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60.0
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60.1
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60.0
60.2
60.0
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49.8
50.3
50.3
48.6
50.7
48.6
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58.3
57.3
56.6
56.0
55.6
57.8
55.7
57.5

52.8
52.8
53.1

54.5
534
529
53.0
53.0

52.7

59.7
59.8
61.4
62.6
63.2
63.1
62.8
62.6
62.0

48.9
48.1
49.3
49.4
50.4
50.0
50.0
51.9
47.1

33.1
33.8
33.6
35.2
34.8
345
345
31.9
343

39.5
39.7
40.0
41.1
41.1
40.8
40.8
39.5
39.7

67.8
67.5
67.8
68.5
68.6
68.3
68.0
68.3
67.0

63.5
62.6
62.1
63.1
62.2
62.2
61.2
60.5
60.1

75.6
76.5
77.2
75.0
76.6
74.8
75.3
76.2
74.4

69.0
68.8
68.8
68.5
68.7
67.9
67.5
67.4
66.5

67.4
69.1
69.7
70.2
70.0
70.0
69.9
70.7
69.5

62.6
65.3
66.0
65.3
64.5
65.1
63.8
63.8
63.0

73.1
71.1
70.6
71.5
73.3
70.5
72.6
73.1
71.5

67.5
68.1
68.2
68.3
68.6
67.7
67.9
68.2
67.0

40.2
44.4
45.5
44.9
47.1
46.9
46.1
47.0
44.8

329
38.1
40.0
38.4
42.8
41.6
42.4
422
41.0

72.7
68.4
67.0
71.5
64.3
68.4
62.3
69.7
65.1

453
48.9
50.1
50.0
51.4
51.7
50.5
52.6
50.3

Table D.6: Ablation Study with Clip number selected during feature preprocessing, with
all other parts of the model fixed. Our model has a better performance with feature clip-
ping than without feature clipping in data preprocessing. The performance of our model
is robust when varying the clipping value around the proposed threshold 7. Moreover,

different clip values have only a slight influence on our model’s performance.

CUB SUN AWA2 AWAI APY
J Value || ZSL GZSL ZSL GZSL ZSL GZSL ZSL GZSL ZSL GZSL

Ar |Ay As H || At |Auy As H || Ar | Ay As H || Ar | Ay As H || Ar | Ay As H

025 |[58.2]57.1 33.2 42.0([60.3[56.2 22.6 32.3][66.2]65.0 48.0 55.2([69.3]68.3 49.5 57.4][40.3[38.5 37.9 382

0.5 |[59.1]52.6 50.7 51.6|[60.5|56.8 21.9 31.6||67.7|64.7 62.6 63.6((69.2|66.7 60.4 63.4|/42.1[39.0 53.8 45.2

1 |[593]53.9 49.9 51.8|/61.3]54.9 28.2 37.3|(67.2|61.2 74.5 67.2||69.2[63.4 71.9 67.4||44.7|40.2 61.3 48.5

2 ||59.8]51.8 53.8 52.8|[62.3]49.9 34.5 40.8|[67.9|62.5 73.6 67.6||70.0|65.4 70.3 67.8||46.6|41.2 66.4 50.8

3 {]59.9]50.7 55.1 52.8|[62.6]50.6 34.6 41.1|[68.5]62.3 75.4 68.2|[70.2|64.7 72.5 68.4|/45.3|40.6 65.8 50.2

4 |[60.1/50.3 56.0 53.0|[63.2]50.4 34.8 41.1|[68.6/62.2 76.6 68.7]/70.0|64.5 73.3 68.6|/47.142.8 64.3 51.4

5 {]59.9]49.6 56.2 52.7||63.2]50.3 35.0 41.3|[68.9]61.9 76.6 68.5|/69.5|64.0 72.6 68.0(/45.9|41.9 62.6 50.2

6 |]59.549.2 56.2 52.5||63.4]51.6 34.0 41.0|[69.2]62.0 76.9 68.6|/69.8|64.8 71.8 68.1|/46.3|40.2 71.4 51.4

7 {|59.5]48.8 56.5 52.4||63.5]51.1 34.5 41.2|[68.7]62.0 76.6 68.5|[70.1|64.8 72.3 68.3||44.5|40.2 66.2 50.0

8 |/59.4|48.5 56.5 52.2||63.2[50.6 34.5 41.1{69.062.0 76.5 68.5[69.9]|64.3 73.0 68.3|/45.1|39.4 70.8 50.6

Table D.7: Ablation Study with a threshold ¢ in the class balanced triplet loss, with all
the other parts of the model fixed. As long as 6 > 3, our model has relatively stable
performance.

etal., 2019) and HVE (Liu, Chen et al., 2020), or only report transductive ZSL results
like SDGN (Wu, Zhang et al., 2020).

As can be seen from Table D.8, on “Proposed Split", our model has reached SOTA
performance on SUN and APY datasets. By comparing the results shown in Table II in
the main paper and Table D.8, it can be seen that all previous reproduced works have a
performance decrease after switching from “Proposed Split" to the correct “Proposed
Split V2.0". On the contrary, although our model also reports a performance decrease
on fine-grained datasets CUB and SUN, it maintains relatively stable performance on
coarse-grained datasets AWA1, AWA2 and APY. This may be because our model has
a simple structure and is less prone to overfitting.



188 Appendix D. Appendix for Chapter 6

CUB SUN AWA2 AWAL1 APY
Methods ZSL GZSL ZSL GZSL ZSL GZSL ZSL GZSL ZSL GZSL
Ar |Ay As H Ar |Ay As H Ar |Ay As H At |Au As H Ar |Ay As H
SYNC 55.6|11.5 70.9 19.8]|56.3| 7.9 43.3 13.4|/46.6|10.0 90.5 18.0(/54.0| 8.9 87.3 16.2||23.9| 7.4 66.3 13.3
GFZSL 49.31 0.0 45.7 0.0 ||60.6| 0.0 39.6 0.0 |{63.8| 2.5 80.1 4.8 ||68.3| 1.8 80.3 3.5 ||38.4]| 0.0 833 0.0
ALE 54.9123.7 62.8 34.4||58.1|21.8 33.1 26.3(/62.5|14.0 81.8 23.9//59.9|16.8 76.1 27.5||39.7| 4.7 73.6 8.7
DEVISE 52.0|23.8 53.0 32.8/|56.5|16.9 27.4 20.9|/59.7|17.1 74.7 27.8||54.2|13.4 68.7 22.4||39.8| 4.9 769 9.2
GDAN - 1393 66.7 49.5(| - |38.1 89.9 53.4|| - |32.1 67.5 43.5|| - - - - - 304 75.0 43.4
CADA-VAE - |51.6 53.5 52.4| - |47.2 357 40.6|| - |55.8 75.0 63.9|| - |[57.3 72.8 64.1|| - - - -
TF-VAEGAN 64.9152.8 64.7 58.1|/66.0|45.6 40.7 43.0(| - - - - 1172.2159.8 75.1 66.6|| - - - -
f-VAEGAN-D2 |{61.0(48.4 60.1 53.6(/65.6(50.1 37.8 43.1|| - - - - ||71.157.6 70.6 63.5|| - - - -
RELATION NET |[(55.6|38.1 61.1 47.0( - - - - ||64.2130.0 93.4 45.3||68.2|31.4 91.3 46.7|| - - - -
DAZLE 59.6 56.7 58.1 24.3 52.3 33.2 60.3 75.7 67.1

Li, Min et al. (2019)||54.4|47.4 47.6 47.5|/60.842.6 36.6 39.4||71.1|56.4 81.4 66.7(/70.9]62.7 77.0 69.1||38.0|26.5 74.0 39.0

E-PGN 724|520 61.1 562|| - | - - - ||73.4]52.6 835 64.6||74.4|62.1 834 T12|| - | - - -
DVBE - [532 602 565|| - [45.0 372 40.7|| - |63.6 708 67.0|| - | - - - || - |32.6 58.3 41.8
oCD - |44.8 59.9 513|| - [44.8 429 438| - |595 734657 - | - - - || - | - - -
IZF-Softmax  ||67.1|52.7 68.0 59.4|68.4|52.7 57.0 54.8||74.5|60.6 77.5 68.0||74.3|61.3 80.5 69.6||44.9]42.3 60.5 49.8
AGZSL 57.2(41.4 49.7 45.2(/63.3|29.9 40.2 34.3|[73.8(65.1 789 71.3|| - | - - - ||41.0(35.1 65.5 45.7
IPN - 602738 663| - | - - - | - |675792 79| - | - - - || - [372 660 476
CE-GZSL - 1639 66.8 65.3|| - [48.8 38.6 43.1|| - |63.1 78.6 70.0|| - |653 734 69.1|| - | - - -
Ours [Je1.0]51.1 71.0 59.4[[64.3[53.6 61.6 57.3[[67.9]61.1 783 68.6][71.2[64.5 76.1 69.8][48.4[42.6 74.5 54.2

Table D.8: Zero-Shot Learning Top-1 per-class Accuracy on incorrect “Proposed Split".
The results of each model are reported by original papers. Although our model is less
prone to overfitting, we still outperform previous papers on SUN and APY datasets. Some
works are not included in Table II due to the unavailable published official code.
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