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Abstract In this paper, a practical controller de-
sign method is presented to control six degrees
of freedom multirotor aircrafts—quadrotors. The
quadrotor system is divided into four subsystems;
that is, the longitudinal, lateral, yaw, and height
subsystems. Then, a linear and decoupled nominal
model is obtained for each subsystem, whereas
coupling and nonlinear dynamics, parametric per-
turbations, and external disturbances are con-
sidered as uncertainties. For each subsystem, a
decoupled robust controller is then proposed. Al-
though there exist coupling between each channel,
the output tracking errors of the four subsys-
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tems are proven to ultimately converge into
a-priori set neighborhood of the origin. Finally,
real-time implementation results of the decoupled
controller are given to demonstrate its viability
and applicability.
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1 Introduction

In the last decade, there has been an increasing in-
terest in autonomous helicopters for various appli-
cations such as surveillance, mapping, exploration,
and research [1-4]. The helicopters have several
advantages over the fixed wing aircrafts, because
of their unique capabilities of hovering, taking-off
and landing vertically [5].

Compared to conventional helicopters, multi-
rotor aircrafts are more maneuverable and have
more simple mechanism, thus attracting more in-
terests. The quadrotor, which possesses four ro-
tors and is shown in Fig. 1, is regarded as one
kind of typical multirotor aircrafts and extensive
studies have been made to achieve their auto-
matic flight. The quadrotor is a nonlinear dynamic
system with six degrees of freedom (6 DOF).
Full dynamic system incorporating 6 DOF was
considered in [6], and a Lyapunov-based control
algorithm was derived based on the backstepping
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Fig. 1 The quadrotor in
hover

techniques for a small model autonomous heli-
copter to stabilize over a marked landing pad.
In [7], a dynamic model of the quadrotor was
obtained by applying the Lagrange modeling
method, and a nested saturation control was used
for the quadrotor to perform autonomous mis-
sions of taking-off and landing vertically. A two-
camera method was introduced to estimate the
pose information in [8], and a controller us-
ing the feedback linearization and backstepping-
based approach was proposed for the quadrotor.
In [9] and [10], the classic proportional-integral-
derivative (PID) controller was investigated to
control a quadrotor robot. A partial state feed-
back control law was designed via the singular
perturbation theory for a miniature quadrotor
UAYV as shown in [11]. However, generally, the
quadrotor system is subject to various uncertain-
ties such as parameter perturbations, unmodeled
uncertainties, and external disturbances. There-
fore, recently, robust control of quadrotors has
been focused extensively (see, e.g. [12-15]). How-
ever, many of these researches have addressed
uncertainties involved in the rotational dynamics
of the quadrotors, whereas designing robust con-
trollers against the uncertainties in the full 6-DOF
dynamics of these vehicles is still a challenging
problem.

In the current paper, the robust position con-
trol problem of the quadrotor is investigated. The
influence of uncertainties existing in the 6-DOF
motion of the vehicle is required to be restrained.
Instead of directly dealing with the full nonlin-
earity, a robust and quite practical decoupled
approach is proposed as follows. The quadrotor
system is firstly divided into four subsystems, that
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is, the height subsystem, the longitudinal subsys-
tem, the lateral subsystem, and the yaw subsystem.
A linear and decoupled nominal model is then
obtained through a system identification for each
subsystem, and all uncertainties are included as
the equivalent disturbances. Finally, a linear time-
invariant and robust controller is proposed for
each subsystem.

Compared with the existing works on auto-
matic quadrotor control, the main contributions of
the current article are threefold. First, the uncer-
tainties involved in the 6-DOF dynamics can be
restrained. For each subsystem, the designed con-
troller consists of a nominal controller to achieve
the desired tracking of the nominal model and a
robust compensator to restrain the effects of the
equivalent disturbances. Second, although three
exists coupling between each subsystem, a decou-
pled control is achieved for the uncertain aerial
vehicle. The tracking error of each subsystem is
guaranteed to converge into the given neighbor-
hood of the origin ultimately. Lastly, the resulted
controller has a form of linear time-invariant and
decoupled structure, which is easy to implement
and be tuned in practical applications.

The rest of this paper is organized as follows.
In Section 2, the four subsystems of the quadrotor
is introduced and the linear model of each sub-
system is briefly illustrated. The decoupled and
robust controller is proposed for each subsystem
in Section 3. In Section 4, robustness properties
of the whole closed-loop control system are an-
alyzed. Real-time implementation results of the
designed controller are given in Section 5. Finally,
Section 6 concludes the work with future research
directions.
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2 Model Description

In this section, the inertial frame and the body
fixed frame are introduced. Let E = {E,, E,, E.}
denote the inertial frame, which is considered
fixed to the earth. As depicted in Fig. 2, let E, =
{Ebx. Epy. Ep.} be the body fixed frame linked to
the quadrotor, which is considered as a rigid body.
The origin of the body fixed frame is the mass
center of the vehicle. Denote & = [ & &, &; ]T the
position of the vehicle expressed in the frame E
and n=[¢ 6 w]T the three Euler angles, which
determine the quadrotor orientation from E to
E;, [15]. ¢ is the roll angle, 6 the pitch angle,
and i the yaw angle as shown in Fig. 2. The
quadrotor has four rotors: the front rotor, the back
rotor, the left rotor, and the right rotor. By chang-
ing the lift forces produced by the four rotors,
the quadrotor can achieve various maneuvers. If
the rotational speed of the front rotor increases
while that of the back rotor decreases, then the
vehicle will pitch and thus move longitudinally.
The rolling and lateral motions can be achieved
similarly by changing the rotational velocities of
the left and right rotors. The difference of the
counter-torque produced between the front and
back rotors and the left and right rotors results
in the yawing motion. Finally, the vertical mo-
tion can be achieved by changing the total thrust
generated by the four rotors. The quadrotor has
four control inputs u;(i = 1, 2, 3, 4) to change the
external torques around the axes Ej,, Ej,, and

Fig. 2 Schematic of quadrotor

E}, and the total lift force produced by the four
rotors respectively.

The quadrotor system thus consists of four sub-
systems: the longitudinal subsystem, the lateral
subsystem, the yaw subsystem, and the height
(vertical) subsystem. Corresponding inputs and
outputs for the four subsystems are u; and &, u,
and &, u3 and v, and uy and &, respectively. The
nominal model for each subsystem is considered
as linear time-invariant (LTI) and its parame-
ters are determined from the system identification
process. The dynamics of the longitudinal and
lateral subsystems are modeled as the following
systems:

";'_x = anéx + alxéx +b 1x0,

é = a)tb + Cl3xé + blet],

é':y = apy&y + alyéy + b1y¢7

¢ = a2y¢ + a3y¢; + b2yu2a (1)

and the yaw and height subsystems as

U = aoy ¥ + ary ¥ + b yus,
gz = ap&; + alzéz + b uy, (2)

where a; and b; are nominal parameters deter-
mined from the system identification. From Egs. 1
and 2, one can see that for each subsystem, only
a linear time-invariant and single-input single-
output (SISO) model is required, which can be
obtained comparatively easily.

Let r;(i = x, y, ¥, z) be the desired references
for &, &,, ¥, and &, respectively. Then the mod-
els can be rewritten in terms of error variables

which are defined as e, = [e.j], . ey = [ey.)],,. >

ey = [ey.j], .-ande; = [e. ], . Wwheree;; = & —
Fi=x,9,2), ep1 =V —ry, ex3 =0+ (anrr+
15Ty — }:x)/bx, €y3 = o+ (aOyry +alyi’y - ;;y)/by’
€ j= é,'_]'_l(i =X,); ]= 2, 4), and €k2 = ékyl(k =
¥, z). Let

01 00 0
| aiaiby 0 L
Al_ 0 0 0 1 7Bl_ 0 ,l—X,y,
00 ap; az; bZi
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and

0 1 07 .
A= [QOfalf]’Bi_ [bf]’]_w’z'

Then, the error dynamic model for a single
subsystem becomes

e = Ajei+ Bi(ui+ A),i=x,y,¥, z, (3)

where A;(i =0, ¢, ¥, z) are the named equivalent
disturbances which involve uncertainties such as
coupling and nonlinear dynamics, parametric per-
turbations, and external disturbances.

By combining all subsystems, one can see that
the whole quadrotor error system in a matrix-
vector form can be described as

é= Ae+ B(u+ A), @)

T ,7,7,717 T
where e=[el el ej el |, u={u,uyuyu.],
A=[A, A, Ay A]" and

A =diag(Ay, Ay, Ay, A;), B

= diag(B,, B,, By, B>).

Assumption 1 For the equivalent disturbances
Aii=1,2,3,4), there exist positive constants
Sei» 0i < 1, and ¢ such that [|All < ceillell +
dillttill oo + G-

This is a reasonable assumption in many practi-
cal systems.

3 Decoupled Controller Design

In this paper, the goal of the designed controller
is to achieve the desired tracking properties of
the closed-loop control system: for a-priori set
constants ¢ and a given bounded initial state e(0),
there exists a positive constant 7', such that the
state of the whole quadrotor system is bounded
and satisfies that |e(r)| < e, Vet > T.

If the uncertainties A is ignored, the error
model (4) is the nominal model. The control in-
puts u;(i = x,y, ¥, z) consists of two parts: the
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Fig. 3 The schematic diagram of the closed-loop robust
control system. It consists of four subsystems: the longitu-
dinal subsystem (i = x), the lateral subsystem (i = y), the
yaw subsystem (i = ), and the height subsystem (i = z)

nominal part uM(i=x,y, ¥, z) and the robust
compensating part uR(i = x, y, ¥, z) as

uizuiN+ulR,i=x,y,w,z. 5)

The nominal inputs are designed for each
nominal system to achieve the desired tracking,
whereas the robust compensating inputs are intro-
duced to restrain the effects of the uncertainties A.

The nominal feedback control laws for the four
subsystems are designed based on the static feed-
back control approach as follows

ud = —Kiej,i=x,y,v,2. (6)
Denote A;z = A; — B;K;(i =x, y, ¥, z), where
the parameters of the matrix K; is selected such

that A;m is Hurwitz. Then the closed-loop system
dynamics becomes

é; = A;ye; + B; (uf—l—Ai),i:x, v, ¥, Z. (7)

Table 1 Helicopter parameters

Parameter Value Parameter Value Parameter Value

aox 0 aix 0 bix 9.81
ary 0 azy 0 by 9.7
a()y 0 aly 0 b ly 9.81
azy 0 a3y 0 b 2y 9.2
aoy, 0 ayy 0 bw 9.81
apz 0 aiz 0 bz 9.81
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The robust compensating inputs uX(i = x, y, ¥, z)
are to be designed to restrain the effects of
the equivalent disturbances A;, such that the
closed-loop control system could respond as the
nominal system ¢é; = A;ge;. However, A;(i=
X,y,V¥,z) cannot be measured directly, and
therefore robust filters are introduced (see also
in [16]). The robust filters have the following
forms

Fi(p) = f!/(fi+ pti=xy,

Fip) = f}/(fi+pj=1v.z. (8)

where p is the Laplace operator and f;(i = x, y,
V¥, z) are positive constants. If fi(i =x, y, ¥, 2)
are sufficiently large, one can expect that these
robust filters have sufficiently wide frequency
bandwidths and thereby the gains of the filters
would approximate to 1. The compensator control

Fig. 4 Responses of the

outputs are chosen as the lowpass-filtered distur-
bances as

ul(p) = —F(p)Ai(p),i=x,y, ¥, 2. 9)

From Egs. 3 and 9, one can obtain the following
state-space realization of the robust compensating
input in the yaw subsystem

2yt = — fyzyr — (fy +ary fy—aoy) ey1 + byuy,
Zyo = —fyzya + Qfy —ary)ey + zy1,

Ixtg f]/%(zllfz —eip’])/bl//. (10)

From the above equations, one can see that the
robust compensating input uf; does not depend on
the uncertainties Ay. The realization of the robust
compensating inputs in other subsystems can be
achieved in similar ways. The whole schematic
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diagram of the robust and decoupled control sys-
tem is depicted in Fig. 3.

From Egs. 6 and 10, one can see that, actually, a
decoupled control is achieved for the four subsys-
tems. For each subsystem, the nominal controller
and robust compensator only depend on the own
state feedback of the subsystem. Furthermore,
the resulted controller is a linear time-invariant
one, which is easily implementable in practical
applications.

4 Robustness Property Analysis

In this section, the robust tracking properties of
the whole closed-loop control system are ana-
lyzed. It will be shown that although a decoupled

of the whole closed-loop system can still be
guaranteed.

Theorem 1 [f the assumption presented in the sec-
ond section can be met, then, for a-priori set con-
stant ¢ > 0 and bounded initial state, there ex-
ist a constant T > 0 and parameters f; > 0(i =
X, ¥, ¥, z) with sufficiently large values, such that
eis bounded and |le(t)| < e, Vt > T.

Proof From Egs. 5, 6, and 9, one can obtain that
ltilloo < IKill1lleilloe + 1 Ailloos i = X, y, ¥, 2. (11)

Then, if Assumption 1 holds, it follows that

controller is designed, the tracking performance [Alle < nacllellos + Nacs (12)
Fig. 5 Responses of the 6 ‘
three Euler angles in S Pitch angle
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where

. _maxs‘ei+5i||Ki||1 Nae = max —C
Ae i 1—g & i1 =8;

Moreover, from Eqs. 7 and 9, one can have that
é:AH€+ B(I4X4—F)A, (13)
where Ay =diag(Axy, Ay, Ay, Azn), F=

diag(Fy, Fy, Fy, ), and I, is an n x n unit ma-
trix. It follows that

lelloe =< Meo) + ¥ 1Al (14)

where 1.0y = maxsup,. [c] e?#'e(0)|, ¢ is a 12 x
1 vector with a one on the kth row and zeros
elsewhere, and

y = ||shaxiz = Ap) "' Blsxs — F)| ;.

Fig. 6 Step responses for

If the robust compensator parameters f;(i =
x,y, v, z) are sufficiently large, the gains of the
robust filters F; would approximate to 1. In this
case, F would approximate to I4yx4 and thereby
y can be made as small as desired. Therefore,
combining Eqgs. 12 and 14, one has that

lelloo < (Me) + ¥Nac)/ (1 — ¥Nae)s

Ao < (aeNe© + Nac)/(1 — Y Nae)- (15)

If fi(i =x,y, ¥, z) are sufficiently large and thus
y is made as small as desired, one can see that e is
bounded (see, [16] and [17] to mention a few).

Now, from Eqgs. 13 and 15, one can obtain that
+ X
max |ex (1)| < max |c{e?e(0)| + y Jaclle® T Nac
¢ , 1= ynae

Therefore, from the above expression, one can
see that for a-priori set constant ¢ > 0 and the

N
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bounded initial state, there exist a constant 7" >
0 and sufficiently large parameters f; > 0@ =
X, y, ¥, z), such that |e(t)] < e, Ve > T. |

5 Real-time Implementation of Decoupled
Controller

Using the quadrotor systems as shown in Fig. 1,
which is based on X-aircraft X650, real-time posi-
tion control is experimented. An onboard avionic
electronic system is added to obtain the attitude
and position information and implement the pro-
posed control algorithm. It includes three gyro-
scopes, a digital accelerometer, and a compass
for the data fusion, and a TMS320 DSP for the
automatic control. The nominal values of the
helicopter parameters are shown as in Table 1.
Moreover, the nominal controller parameters are

Fig. 7 Step responses for

chosenas: K, =[1362],K,=[1362], K, =
[53], and K, =[2.545] by trial and error. The
robust compensator parameters for each subsys-
tem are selected as: f, =1, f, =1, f, =1, and
fz = 1 by tuning on-line.

5.1 Casel: Hovering Tests

The designed closed-loop control system is firstly
tested for a hovering mission, where the reference
values for the three positions and the yaw angle
are {Om, Om, 0.6m, Odeg} respectively. Real-time
experimental results of the three positions and
three Euler angles are depicted in Figs. 4 and 5,
respectively. From these figures, it can be seen
that steady-state errors for the longitudinal, lat-
eral, yaw, and height subsystems are maintained
less than 0.15 m, 0.1 m, 2 deg, and 0.05 m respec-
tively. The vehicle achieved promising hovering
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performance considering the low-cost sensors and
decoupled LTI models used.

5.2 Case 2: Step Responses

Then, the proposed closed-loop system is evalu-
ated step responses. The longitudinal position is
firstly needed to follow a step signal with the am-
plitude of 2 m, whereas the lateral and height po-
sitions are required to be stabilized at 0 m and 0.5
m respectively. Then, the lateral position is also
required to track this signal and longitudinal and
height positions are required to be stabilized at 0
m and 0.5 m respectively. Responses are shown
in Figs. 6 and 7, respectively. From the figures,
it can observed that desired step responses were
tracked robustly and consistently by the proposed
decoupled control method.

Fig. 8 Responses of the

5.3 Case 3: Trajectory Tracking

In this case, the quadrotor is required to follow
a horizontal circle with a radius of 1 m. The ref-
erences of the height position and the yaw angle
are set to be 1 m and 0 deg, respectively. Corre-
sponding position responses and attitude angle re-
sponses are presented in Figs. 8 and 9 respectively.
Good automatic flight results have been achieved.

6 Conclusions

A robust and decoupled controller was proposed
for a six degrees of freedom quadrotor to achieve
the automatic hovering and trajectory following.
The quadrotor system was divided into four sub-
systems and a robust controller including a nom-
inal controller and a robust compensator was
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Fig. 9 Responses of the
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designed for each subsystem. Theoretical analysis
was provided showing the convergence property
of the closed-loop system and real-time experi-
mental results demonstrate the viability and ap-
plicability of the proposed decoupled controller.
Currently this method is being applied to more
general multicopter models and tested under out-
door environments where wind disturbances are
more severe.
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