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FOREWORD

The Monograph Series of the Department of
Philosophy, Research School of Social Sciences, of
which this is the first, exists in order to
facilitate the more rapid publication of work which
falls in length between article and book, or which
is particularly suited to publication in a relatively
simplé,and relatively cheap format. Mr. Rennie's
monograph is a contribution to logic, and logical
essays particularly lend themselves to publication
in such a series. The series as a whole, however,
will not necessarily be restricted to purely logical
themes. |

February 1974,

John Passmore,

Head of Department of

- Philosophy, R.S.S.S.,
Australian National University.
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"At its very origins, formal logic was used by
Aris*otle and the Stoics to appraise ordinary arguments;
it has been used whenever it has flourished; it still
i5 so used by distinguiéhed modern logicians like Prior
and Quine.

The 'ordinary language' philosophers, who want
to keep the estate they claim strictly preserved against
the poaching of formal logicians, are, I think, people
with a vested interest in confusion."

P.T. Geach [23] p.x.

"It has for fifteen years been possible for at
least one philosopher (myself) to maintain that
pnilosophy, at this stage in history, has as its proper
theoretical framework set theory with individuals and
the possible addition of empirical predicates."

R.M. Montague [47] p.185.

"I am aware of being even more casual than usual
with that fetish of second-~rate logicians, quotes and
use and mention. My appeal here is to the principle that
one is to be considered innocent until one has been
found guilty of an actual confusion caused by a failure
to tell use from mention."
K.J.J. Hintikka [31] p.vii.



ABSTRACT

In this monograph, Church's formulation of
the simple theory of types is applied to two areas of
current concern in'logic, namely the theory of predicate
modifiers and the logic of intensional discourse. In
such a formulation, the theory of predicate modifiers
" becomes both more general and more ramified than in
previbus'formulafiohs,‘and the notation and theory
provided for intensional logics has considerable
generality and utility in philosophical applications.
A number of problems are posed throughout the monograph:
in these cases the system used allows formal presentation

of philosophical problems and should aid in their solution. -
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0. INTRODUCTION

In this monograph we apply the theory of types.
to two broad areas of current concern in the logical
analysis of discourse, namely to the theory of predicate
modifiers and to intensional logics including in
particular quantified modal logics. We use Church's
formulation [8] of the 81mple theory of types, together
with the set-theoretic semantics of Henkin [27]: Church's
formulation makes use of his notion of functional
abefaction, and this has advantages for our purposes over
the kind of restricted set abstraction used in systems
such as that of Leblanc and Meyer [41]. Although we
‘presuppose some familiarity with the basics of [8] and
[27] (leaving aside the development of number theory in’
the former and the classic completeness proof, using
~general models, in the latter), we will give an informal
outline of our syntax and semantics in this introduction.
This will allow us to introduce a few quite inessential
abbreviétions of our own, and will slightly increase the
monograph's self-containment coefficient.

There are two basic type symbols, o and ¢

truth-values have type © 'and individuals have type L
Type symbols in general are defined recur51vely as

follows:

1. 0 and ¢ are type symbols
2. If « and 2 are type symbols, so is @ﬁﬁ)

Functions from (entities of) type B to (entities of)
type o¢ have type (¢B) : thus e.g. (o¢) is the type
of functions from individuals to truth-values, that is of
predicates of individuals. Type symbols appear always
as subscripts to variables and constants in wffs: for
any type symbol « we have the following denumerably many

varlables

¢} a

ﬁ’jﬂ) o ) > dlx ;‘/«,ju,jé )\9“)‘.. J
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we have the two constants

%0) s g/fao)o)_

of fixed type, and for any type symbol o we have the

constants -

z

o)) ’ ¢

(X (Oe)) *

Our stock’of primitives is completed by the improper
symbols A, ( and ).
'Every wff has an associated type: wffs and their

types are defined by the following recursive definition
1. Any variable vy is a wff, and has type o

2. Any constant is a wff, and has the type of
its subscript.

(Thus for example éﬂmoyw is a wff of type ((o(00))o)

and "Tpeaen) is a wEf of type (ololcc))).)

3. 1If A&ﬁ)is a wif of type («g) and 5 is
a wif of type @ , then (ﬁk%,zgs) is a wff
of type « .

4. If A, is a wff of type « and 1 is a
variable of type B3 , then 0\1{6 A.) is

a wif of type &%ﬁ)

As an example of the way +.in which these rules
work, consider just the propositional calculus, where
only o is the basic type symbol, where the only
variables are of type o , and where the only‘conStants
are N, and Aypojoy - We write D, = {7Af for the
domain of truth values: every variable ¢, (and in
fact every wif of type o ) takes a value from this
domain. By formation rule 1, every variable v, is a wff,
and this matches the usual clause that a propositional
variable standing alone is a wff. The constant Nigo)
denotes a function from D, to 2, , viz. the

negation function whose value is F for argument 7 and




T for argument F. By formation rule 2, /M%m,is a wff,

and this has no counterpart in ordlnary propositional

calculus, since ~ standing alone is not a wff: more

‘81gn1flcantly, by rule 3, Cﬂéw)x‘) is a wff of type

0, and in general ﬂ¢%o)/9 ) is a wff of type 0if A,

1s such a wff. Thls matches the ordlnary rule that 1f

« is a wff then so is ~wx, and for readablllty and

famlllarlty we introduce the abbrev1atlon .

("'ﬁo) fOf /A/foo)’go)
. In order to explain the constant /%%ﬁﬂo) .
temporarily,letxjg;) be the function‘from 1%‘toAZ%
whose value is always T;, and 1et,jgg,‘bejthe functionv

from 2, toZ), whose value is the same as_ its argument.

Then /9(/00')0) is the function from Z) to Doy (where D(oo)

is the set of all functions fromZ), to Z), ) whose value
is 7700) for argument T and /ooy for argument F.
It can be seen then that the value Of((nwaRT%}Q)lS the

ordlnary 1nclu31ve dlSjunctlon of the values of~x and

3@ , and’ thus we may use the abbrev1atlon
: (go v Bo ) - for - //’%(oo)oij ):70)'

The "trick" whereby disjunction, a dyadic function, is

‘defined solely in terms of monadic functions, is used

throughout Church's.formulation of,typevtheory:A it
depends in effect upon the setetheoretic equivalence,

between ;
B3 x C) S8 )C
/?( 8 and - 69‘/)

allow1ng Carte81an products to be replaced by equlvalent
(but not 1dentlcal) constructlons in terms of insertion

sets.




As well as the abbrev1atlons ///?) and (79 Vi9)
we will use (5’25’) (/733) and (/7 =4,) in the

expected way. With all such abbreviations a certain loss
in explicitness is sustained, since the appropriafe type
symbols are absent from<~,V,&,..., and the way in which
formation rule 3 gives wffs whose interpretation involves
functional application (of the denotatum of ﬁh@,to that

of é%) is obscured by writing these propositional operators
in infix position.
Turning to first-order qﬁaﬁtification theory, we

now allow variables of type ¢ , as individual variables
taking their values from a (non-empty) domaind, . We also

have variables of types (dJ , (0d¢) , (((od)e)c) -
these serve as variables for l-adic, 2-adic, 3-adic,...

relations, given the "trick" used for #.,,,,, », extended

so that ((©¢)¢) can be the type of a dyadic relation
between individuals, etc. The constant TZ%QMU is now

admitted, and serves as a universal quantifier: formally
7Ttotocs) denotes the function from 23, to D, whose value

is T iff its argument is the function fromiQ‘toZ%vﬂm$e

value is T for all arguments. In order to introduce

a quantification that looks like ordinary universal

quantification, With a bound variable etc., we have to

explain the improper symbol A and the semantics
corresponding to formation rule 4.

| Informally, A is an operator of functlonal

abstraction, and Chﬁ/Z) denotes the functional

relationship between Y3 and Ay . For example, if both
Z% and D), were the set of all natural numbers, and if

something 1like X*2x were well-formed, then A (> 2x)
would denote the functional relationship between x and

x*+2x , that is the function of squaring and then adding
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itself twice. A clear account of the use of the

~operator in this kind of case is given in Suppests [67]

§11.3. Returning to our formalism, consider
Ao U 2 ) & (o %))

by rule 4, this has type (o¢) , and thus is an

expression for a mbnadic predicate, vThiS’predibate,

is the functional‘relatiohship between.x‘and
ﬂzﬁéixb)&(ybuaq)J' : this "functional relationship"

is the function whose value, for a given value of the

variable x, in 0, , is T iff both (f,.,x,)  and (g,,x.)

have value T.. In short, Ax, ( frors ) & (G, . )

~denotes the intersection of the two subsets of [, denoted

by Jfwo, and 9., : in this case the A operator is very

like the operator ~ of Principia Mathematica.

- We are now in a position to explain the
abbreviation vv '_ | | ' |
()R, for (T, (A% A, )
We see that (dx, /A, ) has type th) , and thence
wm)w(iz;ﬁi)» “has typevo : it has value T iff
(Ax,A,) has value T for all arguments from 2, , that;is,
roughly, iff /), is true for all values of x, . Given

the abbfeviation(i})ﬁ@ , we can obviously also use
(Fx,)A,  for (~(x)(~A,))

The type of the’quantifier [Tiot0c)) makes it>élear

that quantifiers are EQE functions'from truth-values
to truth-values, despite the superficial impression
one might gain from the formation rules of ordinary
quantification theoby. Réther, a quantifier is a
property of (or: a subset of) subsets of individuals:

in particular, the universal quantifier is that property

~of subsets which holds when and only when the subset

is the whole domain of inaividuals'(and the existential




quantifier is. the property of being»non—null).
_ It remains to give some explanation of the
constants (@“@d” 5 in particular of [/ubu) N In any

model (a(o“, denotes a functlon whose value for a-

';glven subset on) as. argument :1s a member of that‘
subset unless the subset. 1s null when the value is an

'arbltrary member on? . If the subset happens to be a

unit set,_then la,m” acts as a deflnlte descrlptlon

"Toperator': however, we. w1ll qulte often trade on 1ts

“ch01ce operator propertles as well - To galn a. varlable—

o blndlng operator, we proceed in a 81mllar fashion to the

deflnltlon of (x,) from fZ;kuy$ and use the abbrev1atlon,

‘(7x()ﬁo - "‘for R (00 (A, A, )

It is clear that quantification (and the choice-

operator) is available for any type, and'nOt just ¢ as it
Aappears in the last two paragraphs. If we have higher-
" order quantlflcatlon we can expect to define 1dent1ty

t(for any type) and this is done by the two abbrev1atlonst

) Q((édu) ‘fép ' (/\'xo( ('\_ycc (Jﬁ;oo")((f;?«)x; )J (1504)7&.)'}))
~and S _ ,

(A, =8,) f_or  Quonss B )

As is shown bvaenkin [28]1 and Andrewsf[lj, a more
economical basis for the theory can be had by taking

CQ&NJ&) as primitive : however the definitions of the

other constants are then slightly difficult to grasp,
and we have preferred the more intuitive but less
economical basis that we have set out informally.

We now set out a‘number of conventions and
abbreviations designedrto reduce the number of

parentheses in wiffs, and to reduce the length of wEfs

i
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in general. Firstly, within type symbols and within
wffs, parentheses will be omitted according to a

convention of association to the left. Thus Qowa

‘abbreviates Q((o«,,,,‘ , but 77;(0,, (and not 77;0")

abbrevia't'es 77;,(0‘,, . And ﬁ,“.x(y‘ abbreviates ((ﬁ“'xcjy‘} ,
and & 53, abbreviates ((x,%%,)>3,) . Especially

where wffs of type 0 are involved, we maybuse‘Church's
single-dot abbreviation as in [11] p.75, so that |

2,90, 3,2 Y, O, jo 2x,  abbreviates
((x, & ,) (13,57, ) 33,2 x,))) (which itself abbreviates

some lengthy wff using a;,jg;ja,/%$,5%00’ and

bparentheses only).

In contrast to the general convention of
association to the left, we use AJQXBQ/% as an
abbreviation for (/\xd(/\‘%(,%,)) . Thence ‘(Axd’\b’o(%)v”‘x”d
is an abbreviation for (7741;((A3Q/%)]"Q)7g)5 which is
a wff of type 4 . Some authors further abbreviate
AXQky&/%;to Az;y;/%, but we:do not follow this practice,
if only because Al;y;by itself is well-formed of type

«xX . and so A“;yaé%looks to be ill-formed.

We will often need to refer to the type o(...c ,
with y iotas, of a y-adic predicate of individuals, and
in general to the type o, .. , with 7'alphas, of a
j-adic predicate of entities of type o . To facilitate
such reference, we define
‘1

e ¢ '4

dnf‘l _ dnd
deliberately omitting parentheses. Then the type
symbol o is ot...t , i.e. (..((oc)c)... after

parentheses have been inserted according to association




to the left. We then define the type symbol 77; by

T =g »(oz’)

so that 7; is the type of a j-adic predicate of

individuals.

g
WEfs like fo o

B can then be

expected to occur frequently, and we will further
. (9 ‘
abbreviate these to J&yg; , where
LW
(3 - x(.

(n+ 1) n) (2+1)
= X

¢ ¢ JCL )

again with deliberate omission of parentheses. From

this point, we can expect wffs like
@) G (42 o ]'}}
(va{/-'(q /Cﬁ;q; DJ%?x; ) )
and to abbreviate the quantifier prefix we will write
cyn 7 jn
) f 2D 9, 27"

Similarly multiple abstraction like

1) @) (4)
/\x4 }‘xt. o /\xL /70

will occur, and will be abbreviated as

(),

/\:cfj }/470 )
The abbreviations of the last two paragraphs

must be treated with caution, since non-type symbols and
non-wffs are being abbreviated; and since their functioning
correctly depends upon other abbreviations and conventions,
particularly concerning restoration of parentheses by
association to the left. However without these abbreviations
we would find ourselves writing very long wffs, with many
occurrences of ..., and the practical utility of the

abbreviations compensates for their somewhat non-standard

nature.




1. PREDICATE MODIFIERS AND TYPE THEORY

Paftly as a reaction to Davidson's analysis
in [19] of action sentences in terms of events and
their predicates, and partly as a natural part of a
program 1o generalize and enrich existing systems of
logic, there have recently appeared a number of papers
concerned with the theory of predicate modifiers. Some
such papers are those of Parsons [52], Clark [12],
Montague [48] and [49], Lewis [44], Malinas and Rennie
[45] and Rennie [57]. Parsons's paper criticizes earlier
proposals of Reichenbach for dealing with pfedicate
modifiers by way of second-order predicate caiculus,
and, without filling in many details, sketches a notation
that takes predicate modifiers seriously as functions
from predicates to predicates; the latter portion of
Clark's paper gives an analysis of some of the different
kinds of properties predicate modifiers might have, in
terms of the various relations that may obtain between
the predicate (before modification) and the modified
predicate; the treatment of modifiers in Montague's
papers is part of a more general approach to syntax
and semantics - in both papers an explicit intensionalized
semantics is given for many different syntactical
parts of English including predicate modifiers, and in
[48] some attention is also given to some properties of
predicate modifiers in terms of the semantical system
in which they are set; Lewis relates the syntax of
modifiers to categorial grammars in the style of Ajdukiewicz
and, again as part of a more general semantical system,
gives explicit semantics (of the possible-worlds type)
for modifiers along with many other categories of
expression; Malinas and Rennie generalize modifiers so
that prepositions can be treated as separate elements of
prepositional phrases used as modifiers - and (independently
of Clark or Montague) discuss different kinds of properties

of modifiers; Rennie provides a completeness proof for a
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, simple theory of modlflers based on ordinary first- order
1'quant1flcat10n theory, and discusses (largely from the

- point of v1ew of a set-theoretic semantics)'some-more
"compllcated types of modifiers added to a first order'
exten81onal basis.

_ We should notathat at least one author, viz.
;Lew1s, is able to dlstingulsh between adjectives and
adverbs since he is able to dlstlngulsh (albeit on
vlnadequate grounds, as we shall argue 1n §2 5) between
pdlfferent kinds: of predlcative expre881ons, -we also
note that most authors argue that the theory of predlcate
' modlflers should be geared to an intensional logic rather
than an extensiondl one, Since it appears that an
linadequate theory Wlll result if modlfiers are treated
semantlcally, 81mply as . functlons on the extenSions of '
predlcates., ’ o

To balance the weight of papers in favour tha
setting up a formal loglc of predicate mddifiers, there
‘are at least the papers of Lakoff [38] and Harman [251],
each of Wthh propose arguments against treating predicate
‘modifiers as functiqns from_predlcates to predicates.

We do notJenter into a detailedvrefutatien of these
- arguments here: Lakoff's ' argument depends on the
example "Sam sliced all the bagels carefully" the
ambiguity of which is clalmed‘by Lakoff not to be
‘expressible_in4predi6ate modifierpnotation.; However
Lakoff's own‘linguistic analysis of the ambiguity '

'seems to confuse CAREFUL IN w1th CAREFUL TO, and in
any event the two different senses of the example

l can be expressed “in our predlcate modifler notation, by

(x)lbager, >, D caveg ( 54y, san) z,)

(eaCh'bagel was Carefully sliced,bvaam) and

care ()xy‘(x)(bagel x, J Sf LCyLI )}sam
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(Sam has the property of carefully slicing all the bagels).
Harman's whole paper is based on some canons about logical
theory: most of these, e.g. "rules of logical implication
correspond to axiom schemata with an infinite number of
instances", "The list of axioms must be finite", "rules
of logical implication should be kept as close as possible
to the rules of ordinary (first order) quantificational
logic", are either false (the first two quoted) or
question begging (the third quoted), and so any arguments
of detail in Harman are largely rendered ineffective by
his dependence on these canons.

Thus we find no serious bar, in the arguments
presented by Lakoff or Harman, to proceeding with our
investigation of the logic of predicate modifiers. Nor
need we be prevented, by the various other caveats
mentioned, from investigating the structure of predicate
modification as an extension of ordinary extensional
quantification theory with no distinction between kinds
of prédicativevexpressions. Many of the notions and
problems that arise in a theory with a more discriminatory
basis arise already in the theory about to be presented,
and most of the material to be presented can be readily
taken over in an intensionalized system. We will find
that we need no further mechanism than that presented
in the Introduction in order to'givé a more detailed and
comprehensive analysis of predicate modification other
than has hitherto been available: in itself this fact
provides sufficient justification for not complicating
ow logical basis at this stage of development.

1.1. Types of modifiers

We begin by assigning types to the various
(syntactical) kinds of modifiers introduced in [45]
and [57]. With the type-theoretical basis, any wff
of the appropriate type can be treated as a modifier, not
just variables of that type or variables introduced
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1specifically for modifiers. (Note the extended sense
of "wff" in type theory : wffs may be of any type, . not
just ©.) g

lhe 81mplest kind of modifier is a modlfler

o 1nvolV1ng no individuals and modifying a monadlc predicate

to yleld a monadic predicate. The "red" in "is a red rose"
and the "briskly" in "walks brlskly" could be treated as
modifiers of this kind.. Formally, 1t is clear that their

7

type is w3 - then the sentence "Jack walks brlskly” would
‘be symbollzed as ‘ . A |
/n-* ey, fL

(when symbolizing from English we will use any letters,
often those with some mnemonic value, and not just the
variables listed in our»formal‘Syntax);- In this symbol-
ization, 42%‘?%ﬁ is~avwff of type m o, say Mé;; correspond—'
‘ing to the compound pfedicate "walks briskly". Then

M/_ﬁ is a wff of type o,'correspondlng to the sentence

‘under analysis.

Next we may have modlflers llke those of type
7z except that they modlfy %- adic predleates rather

than just monadlc predlcates,, The adverbs "ea81lyﬁ and
"strictly" in "St. George easily beat Cantefbury"'andv
"6 is'Strictly between 5 and 7" could be treated as such
modifiers for dyadic and triadic'predicatee respectively.

The general type of such'modifiers ls faz, and the two
exampleeheould be.symboliZedbas | . |

e,rzz. /Z’G J‘,_ c,
and -
Sl bely. 6, 5,7,
: respectlvely vAs with’ out flrst example, the conventlon

of a38001at10n to the left ensures that firstly a relation
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of the appropriate type ( ve,,‘,_z‘g,,-z of type 7, Sl‘ﬁjz/el‘,,_;

of type ﬁg) is formed and then applied to its arguments.
When a number 7y of individuals are involved in

the modification, we say that the modifier is y-ary

(reserving the affix "~adic" for the adicity of the

predicate being modified). In general, we may have a

J ~ary modifier modifying £-adic predicates : the

type of such modifiers is ﬂqﬁf. For example, the "in"

in "Marlon Brando blanked Maria Schneider in The Last
Tango in Paris" can be treated as a f-ary modifier

modifying a dyadic relation, and, assuming films
as well as people to have type ¢, the sentence may be
symbolized as

i”'zl‘l-'fl j/”:' j‘)"‘ J'CA‘

in which iq?‘A6 is a wff of type 7? , formed from

the modifier 7,:, (for "in") and the individual 4{
(for Last Tango...). Then ‘l'”i:‘/‘ modifies ,ﬁ/”;’ as
before, to give a wff of type 72, and this is then

applied to the arguments &~ and sc4, .

Each of the modifiers to date has modified a
single predicate : more generally we may consider
r-place modifiers, which take r predicates and form a
single predicate from them. 8Such modifiers go under

the generic name "polyadic" : we may have j-ary
r=-place polyadic modifiers modifying k-adic predicates,
and the type of these is ﬂﬁr"t’) . A simple example

of a 0-ary 2~-place modifier modifying dyadic relations
is the "and" in "John caught and kissed Mary" : so
construed, the sentence may be symbolized as

andﬂ?’qn£ﬁaji’"c

in which and,.,.ag e, is a wff of type m}, and



and QHQ?Cikﬁ is a-wff of type 7 .

Even more generally, we may assign a type to
heteradic modifiers, where the adicity of the result of
modification may be different from that of the predicates
modified. Using the terminology of [57], we assign the
type (@Lan,¢ﬂ7npu’l,éf}_ . to f-ary u-resultant
T-place heteradic modifiers. A simple example'of such
a modifier is implicit in English when a transitive ,
verb is gonverted into an intransitive verb,.eésentially
by existential.quantification of the object to the verb.
Thus the transitive "hunts" in "Hémingway hunts hyenas"
‘may be converted to the intransitive "hunts" in
"Hemingway hunts" by such a modifier. This modifier is
a O-ary predecessor-resultant 7-place heteradic modifier,

and if we symbolize it by conv, ., then "Hemingway hunts"

might be symbolized by
convy, ™ /lunf#z hem,

where hunt_ is the formal version of the transitive
. A

verb.

Finally, we might consider modifier modifiers.
If « is the type of any of the modifiers given (including,
indeed, those about to be defined!) then a j-ary modifier
modifier of modifiers of type @ will have type (a*¢’)
For instance, the "very" in 'Godel's is a very long proof'
can be treated as a modifier modifier, modifying modifiers

of type 77,°, and the sentence can be symbolized as

iyt Lya P, 9
in which, as usual, association to fhe left is assumed,
and thus  Yu::-4,» has type 7° |, 14¢ylalpw has
type 77, , and the whole wff has type o . Modifier modifiers




may also be polyadic or heteradic : e.g, a reasonable.
construal of "Boxing Day is a warm to hot day" would
treat "to" as a 2-place polyadic modifier modifier, and
the sentence would be symbolized as

to ()3 Warm ... hot 2 dayn34%

In summary, the modifiers considered and their
types are given in the table:

Modifier Type

0-ary modifier modifying monadic TCZ
predicates '

0-ary modifier modifying 4-adic ’@Z
predicates ‘

s-ary modifier modifying k-adic (ﬂaz({}
predicates : _

. . . . r+1 7

7-ary r-place polyadic modifiers (52 4 )
modifying k-adic predicates ‘

7-ary «-resultant 7-place heteradic (é;cﬁpwé;)nzu.mazj)
modifier. ‘ '
y-ary modifier modifier (a*c?)

modifying modifiers of type «

The basic result of our use of the type-
theoretic notation so far is that once a type is
assigned to a modifier, its syntax and set-theoretic
semantics is thereby determined. Moreover, although
our abbreviations may tend to obscure the‘fact, |
such a syntax and semantics has been available at least
since Henkin's [27], and some later papers could well

have availed themselves of this syntax and semantics.

1.2 Some constant modifiers

Within the theory of types, we have seen that we
have adequate resources for expressing modifiers of

various kinds : we also have adequate resources for the
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‘definition of various constant modifiers, using just the
(logical) constants introduced into the theory so far.
For instance we cah define a constant modifier for

negatlon by:

72 q?cﬁ;bkénjéﬁmyga*fyﬂﬂuw (_5% M%U

This definition can be shortened somewhat if we

observe that

Moo = A9, Ay

(k) | Jl}

{;:%234

2

whereby the latter equality could be used as the
defining formula. This formula makes it clear that we

are defining predicate negation ('A4? ) directly in

terms of sentence negation (“’) : a different logical
basis, e.g. a many-valued logic, would allow different
kinds of predicate negation to be defined.

The possibility of the second form of definition

of Aﬂaz,depends upon the fact that in the first form
(aﬁQZ) is acting as a'definite description operator

the modifier j%? is fully determined by the wff in the

scope of 60@3) . This situation can be contrasted with

the case of the constant modifier for contrariety, whose
definition does not have a shortened form and in which
we trade on the fact that 7 can function as a choice-

operator:

Cﬂ;(; =f (7][#2){7ﬂ~ }@‘((A)})(]{T f],;— ((uz-_) ("’jﬂ; y{«uv} )

We have already mentioned that "and" can act as
a polyadic predicate modifier, of type 77’ : a suitable
definition 1is

) (
e , :({f /{9#/\/2 /\y‘((H/[ ,ry‘«u 9 Aﬂ;%(”} ]

7y

Predlcate modlflers for dlSjunctlon, etc , couldvbe

deflned 31m11arly



For existential quantification in the w~th
place, a generalization of the heteradic modifier

convg s, introduced by way of example in §1.1, we

have the definition

S;:- . df /\j,-,— /\ym ‘(u-t)/\y(un) (ke 1) (Ey(m) (? . (1,4,7»

for 7<Zl<é*ﬁ with trivial variants for the cases
15.-u u=k+7.

»

We might also mention the identity modifier :
[ﬂzz Saf Afﬁ'a J[ffk :
Especially when /%5 is considered, it is clear that some

of these constant modifiers could be described by, or
related to, various combinators in combinatory logic.
For example the deferment combinator/3(see e.g. Curry
[181) could be used to descrlbe the definition of A/

in terms of /Voo .

Since we do not propose to set up any calculus
of modifiers per se, nor to eliminate variables from
our formulae, we do not investigate in detail the
relations between modifiers and combinatory logic.

1.3. Quine's constant modifiers

In the system adumbrated in [55], Quine has six
constant predicate modifiers : he outlines a proof to the
effect that with these modifiers and the identity predicate
all closed wffs of first-order quantification theory can
be expressed. In type-theoretical terms each of Quine's
operators is actually infinitely many operators, since
each can modify predicates of any adicity : for example

his first operator, complementation, is simply our /V%z

and the adicity & is free in /Mi" His other operators

are:



intersection

\ A.ﬂé Aj,,; Ajt((ma.xCA,fJJ) (9 k))g A ((.()) )

Miax Ck, L) Tk Ty -_df

-of which our 14;3 is a special case;

major permutation

(fé’) u) ((k I3/

k

' minor'permutation

Pl

1) (32 - “’)/

Pre A AL (90 303,

padding
((k+1))
‘,ﬁvvnunﬂ. ™ --‘.9(‘ /\jﬂ. /\ (.9

ktq

@) (kw1

¢ " _Je ) ’
and

croppin

M(Q ” “df S’T T,

ket

(Quine actually uses the Hebrew letter nun for cropping,
and an upside-down nun for padding, hence our names here).
In order to sketch the way in which closed

wffs of first-order quantification theory are expressed
in Quine's "predlcate-functor logic", we have to suppose
that the free variables & and £ in these definitions can
take the valué’é’, and that 7 =0. That is, some of the
predicate-functors, such as complementation and
intersection,:will becomev"sentence—functors" such as Aé,
and f;aiﬁ this case. We also have to suppose that |

the identity predicate (), is available as a primitive
predicate constant. Now let us take the wff

@)y Fryy D (F3)Frys)

and convert it firstly into type-~theoretic notation

(x)f/z)nyy D(.?jL xj,j) )

as a preliminary to converting it into our version of

Quine's notation.




Our first task is to achieve the effect of

identifying the variables ¥ in /. x ¢ 3 and 3, in

A%a;jhh . Concentrating on the former, we have
5”;3_[4%% =. /Dﬂ'_:,‘é;,%xc:%

=, E%z(f@z/;})jQy;xc
Then by an extension of the principle fxx E(;%)@sj/gﬁ%y]
we have, let‘ti‘n.g }?’3‘ (P”J_, EG ) = Z;r3 )

Loy 2 = Moy (/)ﬂsﬂ;ﬂ; @, oy ) 3%

N oz W

similarly

(‘73¢ )Z'G 3.3.% = A/“”fr,rrz //V“”'rzﬂs /nrrgvrarrz @ Lo x

t

Then the final D and () are translated, and we end up

with | /\éz (/quo”; //)”’_3 (/\{,’_2 //V“"’rr,';rz (/V""z‘ (/\/“”rrﬂ_:, (0,73”:?

2 7,
O (Boa Gy 1 WD) (N Wt (Mt (D @ B
(prs 5 0000)

‘which is not quite so transparently valid as the wif
we started with.

' We have four main criticisms of Quine's
system as a system of "predicate~functors"., Firstly,

as we have already noted, each of Quine's constants
requires indexing when represented explicitly in tYpe
theory: to this extent the elegance and economy of
Quine's system is somewhat superficial. In the presence

of E%z and  prz which in combination can effect any

permutation of subject letters, Quine needs only the

ability to quantify in some fixed position; thus his




B . u
operator lqénﬂ,&“ is a special case of our J;EW’1 ,

and he avoids the necessity for the index w . But all
the other indices cannot be dispensed with in this way,
and would re-appear elther axplicitly or implicitly in

a precise statement of the semantics for Quine's system.

Secondly, various westrictions that appear to

-needed to preveni nonsignificance are not stated by Quine.

For example the poasibility that some operators should
apply to O -adic predicates is zdmitted, indeed required,
by Quine: yet it seems to be nonsignificant to apply
either kind of permutation to a 0-adic predicate, and
the definition of cropping does not work for a O-adic
predicate (even though in ordinary terms (Ix)A is
significant.) This kind of defect is not an especially
major one, but explanation of the cases in question is
required.

Thirdly, Curry in [18] remarks (of an earlier
version of Quine's system, but still applicable to the
present system) that there are other regular combinators
besides those definable in Quine's system. In particular

an elementary cancellator Chncﬂ with the property

ﬂ‘;‘*q
(9,7;)( Canc”iiﬁu ([nlff/’(!ﬂ”;"”;‘ yﬂ;} :-9”1- )

is not definable. (A formal proof of this fact could be

had by using the result that any two translations, into

be

quantifier theory, of a wff of Quine's system are logically

equivalent, wher=as this no longef holds if Cbnqnm*, is

admitted into the system). This means that in some

sense (a rather technical one) Quine's system is incomplete,

even though it does what it was designed to do, namely to

provide an exactly adequate means for the representation of

(the closed wffs of ) first-order quantification theory.
- Fourthly, as one would expect from its

correspondence with first-order quantification theory,

there is no actual logic of "predicate-functors" in Quine'

"predicate-functor logic". There is no provision for

S
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variable "predlcatenfunctors“, and functors on predicatee«
functors,'l e. modifier modlflers, are explicitly
eschewed as belonging to dizzy realms, There is also

no provision for y-ary modifiers where 7”0, and such
modifiers have a definite role in the symbolization of
prepositional phrases in English. Hence Quine's system
cannot even begin to deal with the basic concerns of the

logic of predicate modifiers.,

1.4 Kinds of inclusiveness of modifiers

One of the main difficulties of the theory of
predicate modifiers is to account properly for the
difference between

(A) Jones killed Smith with a knife
‘. Jones killed Smith

and

(B) " Jones killed Smith in a dream

.". Jones killed Smith .

In [48] Montague says that because of (B), where the
conclusion may be false even though the premise is
true, (A) is not a logically valid argument. That is,
Montague afgues that because the schema

() | St X G Yo 3
.9'72 y&jt

does not always yield valid arguments, and because (A)

is an instance of (S), then (A) is not a logically valid

argument.
Let us compare this situation with
(c) Jones is taller than Smith
Smith is not taller than Jones
and
(D) Jones is liked by Smith

.". Smith is not 1liked by Jones
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Argument (D) shows that the schema

(T) : ) 9”_ 3/(3( )
T ~5'73 Je }/c

does not always yield valid arguments: but does it
follow from this that (C) is not a logically valid
argument? If we define

| /gfjmo”i :,61‘ )‘]L:G /}2 )6()(/%%31 3(~ﬁ;. j‘ y‘ )}

then the schema

(T") j"’i Y, 3¢
lg\fymo”i ,?”l

~Jm 3 Fe
is valid, and since the relation of being taller than
is asymmetrical we are justified in adding this fact as
an extra premise to (C), and thus validating it according
to (T'). Now, regardless of whether this extra
premise is counted as an empirical premise or as a meaning
postulate in the Carnapian sense or as having some other
status again, there is a good sense in which (C) is a
valid argument since it becomes an instance of the valid
schema (T') once this extra premise is added.

This leads us to look for properties of
modifiers analogous to the familiar and useful properties
of dyadic relations, in order that arguments like (A)
can be made valid by the addition of extra premises using
these properties of modifiers. To this end, we begin

by making the (temporary) definitions

ey o g 55 504
Oirn/oo :a(f (‘%(M”) /m/oo
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sy Wy m”)

and [”7/% Saf (/ 27 X, \775 Y 2 9”1 Y.
Qi = 4 (%w)»fmﬁf | '

and then using these we define a property of modifiers
corresponding to inclusiveness, of [45] and [57], or
the "subproperty" property of [48]:

/ZCZZM%74¥ %£;Z<9h<)cp&ﬁpa

for O-ary modifiers and

] oz o
/;C/o(”;z‘j) "df’ Af”;zl-j (\I; ){?,72 ) Q/ﬂ'}/?o
for j-ary quifiers,j’37. Then the schema

(8"

1
S X G Kb
-‘/,'.,C 0(7712‘) ,722‘

I H e

is obvioﬁsly'valid, and we might hope to use it to
‘validate (A), after the addition of a suitable extra
premise. However, the extra premise would require us

to assert that "with x" 13 an inclusive modlfler, for

any individual term x, and thls is made dubious by examples
like

(E) I accepted his account with reservations

I accepted his account

and »
(E") The theorem that the continuum has no we11~
: ordering was proved with the Axiom of
‘Determlnateness

The theorem that the continuum has no well-
ordering was proved .

Thus we are led to define the followingb

weaker notion of inclusiveness for 7-ary modifiers:
y



‘/r-7c'/o(rrz f)t d’f Ar(n)/lf”‘zl/ "'((fhm} (’””j [x 0))(7’7 )Q/m/oo ’

where7<n€] Thls property says, roughly, that the
J—ary modlfler‘fgzvr is 1nclu51ve at the nth place

n
for thevlnd1v1dual»~x " . Then the schema
Sty T
Y(SZ). ﬁz‘x ‘7’7:.%.5‘.
LCZ (77‘ c)er/'rr t

e 7_5@ y;j‘
is valid, and the addltlonal premlse now requlred
in argument (A) is that "with a knlfe" is 1nclu51ve;
and this is weaker than our previous premlse that -
"with x" is inclusive for any x. |

In each of (S) (S') and (S‘) we have assumed
that "a knife" is an ‘individual, approprlately symbollzed
by x, . More generally, and probably more correctly,

we should symbolize the premise of argument (A) by
(gir‘ )/‘A,,;‘xé & ‘][7;21‘ X Gn Y Fe ) ,
where Am symbolizes the predicate of being a knife.

We can now define a notion of ihclusiveness fcr‘j-ary
modifiers approprlate to this case, and of which our two-

previous notions are spec1al cases;

/r')cb/o(”_z J)”. —-d/' /\A f%-z s [x”j”)/j;, )/ .I D Q”"’/’O / o

This property appears in the schema
(s") : ; 9 7 |
3 - _(Eac)(ﬁ,, xtgf,,;z‘x;y,,iytj“ )
/%CJZ(vZ )7, A Jr
e jﬂ' }/(jz : . ’

and the added premlse required to valldate (A) is now
the premise that "w1th‘x" is 1nclus1ve for any knife x.
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Our last notion of inclusiveness is more general

than the previous two notions, since we have

[70«/0/”;1(;') = /77c/ (,,z Hm A% (x x, )

(for any =,7€nsk), and

[HC/O(ﬂ“ m’; = /\:r: [‘/';7“/ ocmrd)m '\5/ /‘7 X, ))
(for any #n,7sn<k),

To gain yet another notion of inclusiveness,
we may argue that "with a knife" is not inclusive for all
predicates, but only for things appropriately done with a
knife, such as killing, injuring, chopping, sllclng and
frightening, and that the examples .

(F) The captor helped the prlsoner along with a
knife

The captor helped the prisoner along

(with the'premiSe'taken in the ironic context of the

prisoner having the knife at his back),
(r" Jack failed to open to door with a knife
Jack failed to open the door .

(due to N. Grlffln) and

(F") Sam Orr ate his peas fastldlously w1th a knlfe
Sam Orr ate his peas fastidiously

provide cases-of>predieates'for'which "with a knife"

is not inclusive. To follow out this line of ergument'

we can define

[(4(72 7)m o) d)[" ’Vl Aﬁf" «]” )(nrrg,,.J A x 3 szpo} :

in which A”%W abstracts with respect to properties of
&

k -adic predicates. Our new argument schema is

) (T )k, & e 90 903,
o ]
“7_”0'& 9,7‘1 9( [”C"ﬂo(rrzzz)n; (o) ”70:7 A 2,

I Y e
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and the added premise required to validate (A) is that
"with a knife" is inclusive for a certain kind of predicate,
and that "killing" is a predicate of this kind.

- It may well be, as suggested by C.L. Hamblln,,
that "w1th" is 81mply amblguous in Engllsh just as much
as."bank" or "fire" is amblguous. If so then it would
be p01ntless to expect to be able to symbollze 1t with

the same mOdlfleP~ﬁ;¢ in all cases' however, even if
it is that dlfferent senses’ of "w1th" just have the dlfferent

kinds of propertles that have arlsen in our dlscu881on,
"thls is sufficient to show that we need to be able to_
.deflne and codlfy various dlfferent propertles of modifiers,
of w1der or narrower appllcablllty , ,

» Flnally we: deflne the most narrow notlon of
1nclu51veness of all:

. R TR LAY ';- : jf
/;76‘/(”.1‘,“7”_(,6 --as/ /\ /{9”’: /\I‘ /\]{7’-_‘:"; [”/90

A schema u81ng.thls notion is

_;(S;i | -va,_ _jf ., X, 5%_323‘ | |
» j"'/(rlturr & Yo e 97731_}[:7"11.
v:... ‘9-’,”2?‘3‘

and it 1s ‘no surprise that this sohemais‘valid since
by und01ng the various abbreviations in the second premlse,
and applying Henkin's rules of inference IT and III, we '

find that the second premlse and
frem I A3 O Tn K

are interderivable (ahd,'glven Henkin's axiom 10, they
 are hencevidehfical). Sous¢hema (S;) validates argument
(A) with the extra premise; that Jones killed Smith
with a knife. materially implies that Jones killed Smith.
‘ThlS premlse is indeed a property of the modifier "w1th"
but it is scarcely a property of the general .
cla581f1catory, xind that we set out to find. The point




is that we have no purely formal syntactical criteria
to delimit the kind of modifier propérties that we are
looking for, and that it remains for us to gain '
experience in the classification and use of modifiers
before we can judge which definitions of modifier
properties are to be retained and_generaliy applied.

1.5 Survey of inclusiveness properties

We now seek to survey all the ways of defining
a modifier property that could reasonably be called an
inclusiveness property for a modifier of type nﬁt?.

(An attenuated version of the survey will apply to
modifiers of type °: we do not carry this as a separate
case). Our}surveyAgeneraliZes on the various definitions
that we made, partly from philosophico-genetic
considerations and partly from formal considerations, in
the preceding section.

Firstly we describe the construction of Lattice

. . 7‘1-£+,1 . / )
One. This lattice has 2  elements, with /nc ocmic?)
as its greatest element and ﬁwéimnjhj@lk as its least

element. (Actually the lattice has the structure of the
finite Boolean algebra with y+é+7 atoms, but there is no
clear intuitive construal for the complementation
operator in the algebra, so we refer to it just as a
lattice and not as a Boolean algebra.) The immediate
predecessors of /%cli(mgﬂj (i.e. the properties
covered by /halganﬁ,) ) are the following j+k+7
properties: .
”n

(1) the j properties /;Cézﬂﬂﬁajt for 1<ng<y ;
(ii) the property [nc Oinﬂjﬁﬁ ‘defined by

Jnc o’:”;zly')”k- = A9, Mmrcs (x9") Qimpy

(iii) the & properties ﬁvc.eg'(':‘rz“'u for 7 smsk,

defined by



&C"éi;;: 7y Tof ’\% o ’lJ/;t,; 2,7 I‘((j”} @”‘; )(%((m ) ”’) (Jf( e ”) |

L J
. » (.VLJ["/DO
In short, e&éh,prededeSSor property is gained by
deleting one of the universal quantifications from the

definition of /hcli(ﬂfcf) , replacing it by an

abstraction operator at the front of the definiens,
adding an appropriate type symbol to the type symbol

of /el , and adding an appropriate index to /acl. Ve use
the index P if we are forming a property of 9m > and

we order the indices 7f“hj,F2J%7,”.,]#é :  the index

P is unnecessary for properties in Lattice One, since
the situation is sufficiently indicated by the occurr-
ence of I in the type symbol, but it will be needed for

properties in Lattice Three and we introduce it now for
uniformity. We find predecessors as we‘proceed down
Lattice One by the same general procedure of removing
universal quantifications, and adding abstraction
operators, type symbols and indices: for example

the index ,3,PR5 , for a property of a modifier of

type 7;2¢® , shows that /\yf“’)/\g,,z Ax” Ax®

appears in the definiens, and the corresponding type
symbol is o (mrtc*) ¢

We illustrate by setting out all of Lattice

One for a modifier of type 7t
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2
AC/D(??EzlL)L
7,2 7,3 P,z\ r3 2,3
/;w!i:(rrzuu'r lﬁc'érrﬂnu -/'."c'/o(r’;,zt)_u ‘[7‘-!;(’7;:)'7‘1 /7([;(,7‘?() e /C'é(/rl.:)u

LB3 1,2,3

P23
: /7-20/ /—C‘,;/r‘ Jece? [’C/

(TR o(rke) ey (72 )2

Inc

0(7}"2()471' %

(We drop the indices from the least element, since they
are no longer necessary: we could write the index 7,7RZ2,3
if we wished). From the simple kind of considerations
of the previous section, the propertles within the dotted
line are those most likely to be used from Lattice One.

Our next lattice, Lattice Two, houses
properties like those introduced in (S;) and (S;) in §1.4.
It has the same number of elements and the same greatest
element as Lattice One, but its least element is
[l defined by

(”4,7)n1/0r)n*
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*n Gy, k) ]
' ﬁ?”ﬂo(ﬂ;%’)rr,"(oﬂ;)m* of /\nw /\mm’; ’\A'r, ’V"Tk‘c’ @ )(7’?}

ainy w W Lk k)
&) (n, 5 0.y YD Ty G D
j 3 ¢Z) 7 ]l
A x5 kT o Lep, )

m, 3 ”, (4
In general each definition of a property in Two can be
~gained from the definition of a corresponding property
in One: in the definiendum each separate type symbol

after ocm2c?) is prefaced by 0, i.e.a is changed to ox

while the indexing system remains the same; in the

definiens each AL&, other thanflkﬁiqj » is changed

to Au@ for some distinct w,, in each case, and the

o 2

quantification fd;) and the hypothesis %/, % are inserted

in appropriate places (effectively restricting the
quantification () to u) .

' When schemata are formed using modifier
properties from Lattice Two, either the additional
properties w, appear in the premises (as Am does in

(S;)), or they are introduced together with the modifier °

property (as 77z,, is in (Sl)).

} From each entry in Two we can define the
corresponding property in One by;generalizing on the

~ildentity S
/nc/" = Ax‘ ( Loc o,‘;,az‘j)m ’\%/%=x¢ ))

ocmed)

that we noticed in the previous section. And within Two
we can proceed from any property to any property that
covers it by using tautological properties like

/\/”'2//(”134,,’//\4,’2/&,,’ )) or ’\?L(DQ=X<)- Thus from the
least element /5clzﬁaﬁy)ﬂgko@)ﬂf' of Two we can

generate all the properties in One and Two: the sheer
syntactical length of the definiens of this property
helps to make this assertion plausible.




Lattice Three is something else. We now

31,

generalize on the kind of definitions used to define the

properties in Two by admitting relations (of any adicity

up to~/*é+7 ), as well as properties, to hold for the

X, %, 3 % and 97 - A typical example is the property
P <1,25 (1) (Y] a (v ’
/;70/0(75?:)(0:74}(”;) .—.‘{,( /M'I; /\mové (x‘ /(ﬁrz )@ //A,,} x, v, . o, 9rrz J./m/ao)

where some dyadic relation IQQ is required to hold

I /] . .
between 1;’ and 34' . In the indexing system a

finite tuple of our previous indices shows that a
relation is required to hold of the individﬁals, or
the property, in the places named by these indices.
To illustrate Lattice Three we set out firstly its
upper portion then its lower portion for modifiers of

type 77;°¢ (we give just the index and the portion of the

type symbol after ©(7°¢) for each.ﬁﬁé7pr0perty in the
lattice):
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29> el Kz e <dty ‘e Keg> 2 ey e <ad’ Dz ol EZD o ey (2o CE2> Am:lv; (Z'd)"L
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It can be seen that Lattice Three will in general
contain Lattice Two as a proper sublattice. Three is not
a Boolean algebra in general, since e.g. the lattice given

for properties of modifiers of type>TT2t has 52 elements,

and 52 is not of the form'2n In. fact, Three is in general

"not distributive:  the lattlce glven contains

I,P, R

17, (o7, ) 77,

| P, <1,2> - 2.<1,P>

(om, ), |, (o)

(f,P,Z)l
(ocmye)
as a sublattice, and hence fails Dedekind's test for
distributivity of a lattice. _

The lattices serve the usual taxonomic
properties of lattices: "if an inclusiveness property
of modifiers is required to validate an inference,
and if a particular inclusiveness pfoperty will do
'so, we can investigate pfoperties above it, in the
appropriate lattice, in order to see if some more general
inclusiveness property can be asserted of the modifier
in question. Conversely if a given'property is too'strong
we can investigate properties below it in a lattice, in

order to find a weaker property which can be asserted with




more justification and which will still validate the
inference in question. The lattices also show which
inclusiveness properties are independent of each other,
and of two independent properties it may be necessary
to use both when dealing with a number of different
1nferences using a particular modifier.

"Wlthln" the interstices between the vertices
of the reticulations and decussations of the networks
forming lattices One, Two and Three, there are further

lattices (actually they are atomless Boolean algebras

this time). For example consider the interstice
[qc'/o(ﬂ‘zz )
/”C'/o(rr 2eym,
in Lattice Two for m* . For any given wff B, ,

[n%@;”fc,m.ﬁk' .is a wff of type o0@7*c), and hence
is a property of modifiers of type 7*¢ . If fﬁ; is
equivalent to Ax, (x = 37) then /Znc o(ﬂ.‘)”-5% is

the property /r7c ocm?c) » already in Two, but
otherwise we gain a new property of modifiers when we

fix a place in [ncl

ocmzoym, o @ particular wff

B% . If.ZL}is equivalent to A&;(*(l;zX;U , we have

the least element of this interstitial lattice - "least"

because it is least difficult for a modifier j;;t to

have this property, since all such modifiers have it.
There are no atoms in the interstitial algebra, for
much the same reason that the Lindenbaum algebra of

propositional calculus is atomless: for any proposed

?
atom fnc/o(,f;z,,,rl /?,,, ,» Where 4,,, is not equivalent to

Ax}(»(r‘:za)) , there is a lesser element
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1 .
[BC[&HGQ)”;(X;alék‘U% ) » where 7, is a variable not
in A,

1.6 Kinds of commutativity of modifiers

By comparing
(G) Jones killed Smith with a knife in the park
.. Jones killed Smith in the park with a knife

with (example due to P. 0'Carroll)
(H) - The monkey stood on the blue box on the red box
The monkey stood on the red box on the blue box,

we see that in some cases the order of modification of two
modifiers is irrelevant, in which case we will say in
general that the modifiers are commutative (with each
other), but that in other cases the order of modification
is relevant, and arguments like (H) are invalid. In
argument (G) the inference works in either direction,
i.e. the premise and conclusion are equivalent, but we

can have cases where modifiers commute in one direction
only. As a simple artificial example, let us define the

verum modifier by

&) w m
(A%Z =#' {f% AJ& (xl = X )
then the argument schema

e (Vi fo ) 5"
. V”'.kz (/\/,,;zf,\,; )%((k))

is (trivially) valid, while

\/’7;2 (/\/”;‘z][ﬂ;: }\7‘((&))
L Woe (Voo fr ) 5

is (equally trivially) invalid.
These considerations lead us to lay down

the temporary definitions
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CCony g Yt G 4 152 Gt G 15"
' i v ey P

CCon‘z,: | o /J{fk‘cmx: l/j’rk‘éﬂk )% # gy”’;z é{ﬁ‘zc“l} 114“”; )%/rw/
CCom " 7 o %zl’" l{(m(%;ﬁ ; jfﬁ%»; ) y:w}:) 9@:](:]” % - x:(»‘u/z,”; )%w; )

and similar definitions for £Com,, £Com," , ECom””

’

in which the main operator O is replaced by = .
Then various strong forms of commutativity for modifiers

can be defined, along the lines of

ECOmmo (e ied) /\\,%7,}(1' /\]5’722(”‘ {j:ﬁ))//q::‘m»z}‘/y‘t(oy/é@)[[am:n, 5

These strong forms can then be weakened by analogy

with the way in which the strong forms of inclusiveness
were weakened in §1.4% and $§1.5. Similar, but more
ramified, lattices will result, and the interstitial
algebras will be like the direct product of two of
our previous interstitial algebras. No special problems
are known concerning the details of these structures,
and we omit any further discussion of them.

We will say that a modifier is universally
commutative if it commutes (in some sense) with all
modifiers: three strong kinds of universal

commutativity for 0-ary modifiers are

Univ L. CCD’""’O%Q £/ A/ﬂ;’ @wf J Clommgmeye I S
Uﬂ"V/?CCOmmo(”Ll) :‘{/[ Ay”;z (jg‘rkz ) CCOmmo(”;(z)z ‘yﬂ-]-‘zf”;z

and

Univ ECommocay =t Mz G ) ECommocmay: G e

The falsum modifier /. (= My (N (Vs £ 1))

is universally left C Commutative, the verum modifier
is universally right C Commutative, and the identity

modifier is universally E Commutative.




1.7 Predicates associated with modifiers

Let us begin another Montague-style argument

by comparing

(1) This is a grey mouse
.. This is grey and this is a mouse

with

(J) This is a big mouse
.". This is big and this is a mouse

we see that (I) is not logically valid, since it has
the same logical form as (J), and (J) is not valid.
So, as with arguments (A) and (C), we need to find a
property of the modifier "grey" that is not enjoyed
by the modifier "big", even though both are inclusive
modifiers (at least when applied to the predicate
"mouse") .

In [45], we called the property in question
detachability, while Montague calls it the intersection-
property. Here we begin witha property weaker than
these: we firstly write

,5;}:0 > %29”; :%((u)__). I yC(«// 5 A’a 3/‘(«41}

Qsep, =y (4" Sep,
(ky gy /

J ¥ 73] 77
Se,oo 4 /f,',;l”-x‘ I ¥ 2 I &Aﬂ;eij( X,
) . ) .
Ofepo] :‘5[ (\%«H}Sepoj
as temporary (and formally evil) definitions, and

then get down to business with

Separale, , =y Mo (_?A,G )4, ) Qsepy
and

Se/oarafeo(,az‘,-} =‘§( ,\][77,3‘;' (jéﬂi'*j )/x‘”fllj(y'rk}(pé—e/oof
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as definitions of separability for O<ary andijéary

modifiers. As with inclusiveness and commutativity,
thése'strong'prbperties of modifiers may well be too
stfong when we wish to assert them of particular
modifiers. For instance, "grey" is not separable (at
least not intuitively so) in the usage "the existing
legislation leaves a grey area here'", and grey hair

and grey horses are not always grey. Most colour words
seem to have such extended or idiomatic uses in which
they are not separable - we have blue movies and blue

laws, purple patches, red herrings and red hot mommas,

- white papers, black bans, green soldiers, pink politicians,

the yellow press, and SO On.
Thus we are led to weaker separability properties

such as

Se/oa"afeo(n,;z)m; =a§( )‘977; A_][ﬂ,j [:74”; )Q&epo
and

Se/:varalzeo(ﬂ;z)(o”“ =af /\7720,,; AJ[,;I}E (JA"Z ]{9,,; ){moﬂkgvz 2 depo} .
The forma]l pattern of the definitions of these separability
properties follows that for the inclusiveness properties:
we will get three similar lattices for separability of
j—ary modifiers, cut-down versions of these for 0-ary
modifiers, and "interstitial" atomless Boolean algebras,
At each corresponding point in the respective lattices,
the separability property is strictly stronger than the

inclusiveness property (except at the least elements of the

interstitial algebras, where the two properties are trivially

equivalent).
Each_modifier has a separator, as per the

definitions
Se/oara/or%(nz) =~ Aﬁ@‘ /7/z,,£ Nﬁ’ﬁ ) Qsep,
Separalor, ) ~4f Moes /7A,,2*j (=" (4, )O:e,ooj
Separa oty iroxons) “of A7rom Vi 0 )G ) o 91 > Qsepo )
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and so on. If a modifier is not separable, then {in any
model) its separator is an arbitrary (but fixed) predicate
of the appropriate type: 1if a modifier is separable then
its separator is any Aﬁ or’Am”f satisfying the existential
quantification in the definition of separability. (In
:general there will be a family of such properties, closed

under the formation of supersets.) Formulae such as
£

.Séoaraféoazzj%z &_5215%136
Separatory s fors 7 & G 9"
are valid, and provide weak type-theoretic versions of
the "only if" half of the Quinean "reduction"
(FG)x =. F< & Gx . (Of course Quine's formula is ill-
formed by our criteria, since the first/# and the second F£
should be different.)
Now to distinguish between our sample
arguments (I) and (J), each of which are instances of

the schema
f’;‘ffc X,
k:zﬁx;‘g Am:xL

we see that (I) can be validated by the schema

JQZjG;&Q
7?20”1 9”, & Se/oarafeo(,,’z)(am) moﬂ;/;,’z

vl \977;11 8( Separa‘zorfﬁ(fﬁz)(om)morr, frr,z X, >

where the additional premise requires us to assert

that "grey" is separable for a (large) class of predicates
which includes "mouse" (but excludes "hair" and "horse")
and where the "grey" in the conclusion of (I) is taken

as any appropriate separator for the modifier '"grey".

The argument (J) cannot be validated by the same schema,
since the extra premise would require us to assert that

"big" is separable for the same class of predicates for
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which "grey! is separable, and this is false. However,

we can validate (J) by the schema

St G,
Selpar-al‘eo(”,z)”’ 9,,' ﬁ;z
f'r, X, & Se/uaraléar”’(”ﬁ)m G, ][7772 x,

where now the "big" in the conclusion is any separator
for the modifier "big" and the predicate'"méuse": in
English, such a separator is the predicate "big for a
mouse" or "big as mice go".

Depending on one's attitude to the mess that
is the English language, one will react with pleasure
or horror to the following fact, made fairly explicit
in the preceding paragraph: so far as the type-theoretic
formalism is concerned, nothing can be both a modifier
and a predicate. The words "grey" in (I) and "big"
in (J) require different symbols in the respective
premises and conclusion: in the general schema for the
two arguments they are symbolized by_ﬁ%z in the premise
and A, in the conclusion . In the conclusion of the

schema that validates (I), 4, becomes
Separaérz(a’,”(oﬂ;)mom ﬁ,?z , and this 1is stlll

different from f;z even though it bears a certain
relation to it. And when we say that (J) can be
validated, we trade on the fact that since the two "big'"'s
are in any event required to be different, we can take

the second "big" as an appropriate separator, such as

"big for a mouse", whence the argument becomes

intuitively valid.

1.8 Modifiers associated with predicates

As a kind of converse to separable modifiers,
we have affixable predicates. To illustrate, consider

the arguments



(X) This 1s red and this is a ball
.. This is a red ball

and

(L) This is big and this is an elephant
.". This is a big elephant

Initially at least, (L) would not be counted as valid,
and so the general schema common to (K) and (L) is not
valid. But we do want to count (K) as valid, and so

we want to find an additional premise whereby it can be

validated. We define temporarily

Cono v=4 /f”; :%(w)& Arr,,' :%l«» 5 J%z A,,; y‘(w/'}
and |

Qcon, =y (1,*") Con, ,
and then define affixabilify by

’@[/;'xon,; =y A9m, (e o) Qcony

or

’%f,-xo@(mrk) =y /\mo,,; Ayﬂ; /_7]%1 )//1,4 )/ma,rk A’& D Qeon, )
and so on. Corresponding to separators we have affixers,

of which some sample -definitions are

/%’[;.xer,az% :09( /\\9”’; /?f”;; )/A”/; )Ocorzo

and : : :
W 7% s oy 4 Vg N9 () Chg NG oy 5 Qcon, )

Again the choice-function aspect of 7 in type theory is
being exploited: 1like separators, affixers are not in
general unique, even for affixable predicates, We do

not need ‘to consider“j—ary modifiers as possible affixers:

if, say C%Q)(i%in}éa  holds, then so does (E%%,/ﬁé
since we can put f,rkz = (Z/{,/;z‘ )(_706‘ )4, Oxc)gf,,l;a‘)ﬁo
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Using the notions of affixability and affixers,
the following schemata are valid:

Ay/f "XOH; 9r/;‘

F ’qﬁ[’xe”’a‘m G P, %W
and '
9”; y‘«w & /L'rk y‘«”
Pom A & gff;xon,; (o) 7orn, G

«&y

t "Qfﬁx”’/;‘m(om)mowe G o, Y ’

and the argument (K) can be validated by the first of

these if we can assert that "red" is affixable tout court,

and by the second schema if we can assert that "red" is
affixable to each predicate in some class of which "ball"
is a member. ;

In many cases, very weak affixability properties

will have to be used. 1In the arguments

D Gunsynd was a champion and a miler

Gunsynd was a champion miler

and

(N) Gunsynd was a champion and a stallion

.'. Gunsynd was a champion stallion

we have to know specific facts about the horse

Gunsynd, not just about champions, milers and stallions,
in order to know that the conclusion of (M) is true
while that of (N) is false (simply because Gunsynd has
not yet (1973) had racing progeny). Thus we can use an

effixability property like
il oo g 0 A A (T VO )T
(]L(»ur))m @‘(t)) COnO




and a corresponding affixer operator in the schema

gnx. & Az

1
7770”' /l”; 8( %rom(om)cx; Mom 9,
S Affexer, A
¢t ’7,'177‘ (o )¢ x; man; \?ﬂ, 7, x(,

k4 7

to validate (M), where the extra premise requires

L.

the affixability of "champlon" for Gunsynd and a smallish

-class of predlcates ({mller racehorse, grey horse, midd
distance horse,...}) to which "miler" belongs, but "stal

le

lion"

does not. This extra premise uses an affixability property

well down the lattice of such properties for type m ,
but no substantially stronger premise seems warranted

in this case.

1.9 Separability and affixability combined

As well as being intuitively valid themselves,

arguments (I) and (K) also have valid converses: the fact

that the converses of (J) and (L) are also valid shows
that there is no entailment between the validity of (I)
and (XK) and the validity of theif converses. Thus we
can investigate, as a separate question, the conditions

for validity of the whole schema

1774

C£)) (774
/ 9’”’ and ..qffk Y. & A’G A
. Wy g - S 7Y . (3]
- G Y. U»;y. S I Y
and it.genéraliZation to 7j-ary modifiers. As temporary
definit;fons, Eéuo, Qeyuo, £ou!  and Qe?uo] are the same as
qu,...,qugf except that the main operator of the

definiens is in each case = rather than 2. Then we

define detachability properties such as



Z)(’[(aféo(n;z) :';{f' /\ﬁ’}f /EA”L }(‘?ﬂ;‘ ) Qegao
Defac/zo'(ﬂé,_[,) “af /\f;iz(j (gﬁ,,hj )/:rjj”}@,,’.‘ )Qegu;

Zjefacéo(m”nzag %?m &ﬁf.éiéq.)ngua

and

Detachyimerion, " Aon Mg (Th5 )90 ) (g, 9 2 Qe ),

and it is obvious that each of these isstrictly stronger
than the corresponding separability property. We gain
definitions of various kinds of detachers by replacing
(3%4/ (or /;%%q) ) by (74;) (or (”%nq} ) in the

definitions of the detachability properties: for non-
detachable modifiers, the detachers are arbitrary predicates
as for non-separable modifiers, but for detachable modifiers
the » now functions as a definite description operator,
" since a detachable modifier has a unigue detacher. The
detacher of a detachable modifier is the smallest predicate
among its separators. .

In the other direction, we define attachability

of predicates by definitions 1like
/Q{Z‘acéoﬂ; '-‘4/ AA,& /3_;{,?){9,,5)@'3?“0

and

/g{facﬁoﬂ;(oﬁz) =ar7[ /‘mon;( A’éﬂk /Jj[;;z )(?ﬂ'k)/mo”k 9”;( 3 Oeyuo)
and so on. The question arises as to whether every

predicate AW is attachable (and hence also affixable)

since it appears that for any Aﬁ.we can always find a

suitable\fhz simply by defining

f;z _ )\yfi A%((k,v /_9”‘; z/((’é)) & A”k %((H))

The answer to this question depends upon the model
theory of our t&pe theory: 1f we are considering only
the intended models, then indeed all predicates are

attachable for the reasons given; but if we are
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considering also general models (in Henkin's terminology)
then it is possible that the function corresponding to
/%2 , as defined, does not belong to the domain 2D,. .

Hence 0§Z}Kﬁéz)éﬁ;)6ky%, is valid in the standard

sense but may not be valid in the general sense (we have
not actually produced a general countermodel to it). We
want to leave open the question of whether it is
appropriate to include general models in the semantics
of modifier theory: we would not do so merely to achieve
axiomatizability,»but»sad'facts like the denumerability
of the set of English expressions might provide pressure
to do so. We continue, therefore, to treat attachability
and'affixability'as‘genuihe properties of modifiers.

We define attachers in the familiar way:

Attacher,. =g Mg (fp)Gr ) Qegu,

,ﬁ_(‘facéermlm(am 4 Amo,a /\/z,rk (%z )@,,7‘ }(mo,,k G D Pegu, )

et cetera. For attachable predicates, the attacher is
a unique modifier, given in effect by the definition

of j%g in the preceding paragraph. Attachers and

detachers are related simply by the following valid

formulae:

ﬁ/facﬁor& ?”,.: D _Defacéer,{mz) //?z‘facAe%;Z”;{ 9”&) :9ﬂ£

(and hence

Rttach,, g 3 Delachyy, (Fttacherss . 9, ) )

&
and

ﬁe/acéo(”;;)j%z D /Qfl‘ac/erﬂ.zm [DefacAer,a (7;(2)}(;;;2 ) = ][’;;:Z

3

(and hence

ﬂefacﬁo(,ql)ﬁaz D /‘gf['aé/zo”; /Oefac‘éerrrk(m;’)][’&z) ).




The following schemata are valid;

/ (7

ﬁ‘j%;jﬂ
-Del‘a‘:éo(ﬂingr,j

N 9,.,’( ‘%«U & DefQCAe’n; (ﬁ‘)’fn‘i

(27}

and

RIS AR A
Rtta CAon,( /z,,*
Rtbacher,ay b 9y 70

e T T J¢ ’

and hence by previous identities so are

«k)
gf/QCAer‘”;gﬂ. /é”/; Lo :y‘

&

»

Létach A»;

[«

N

. ‘9”‘, %/féll & A”k %(&” k

and

@) w4
9 Vo B Detackery ot e

Of KQC'AO(;{?][”;Z

N . (74
- J[”;z I Fe :

Hence the schema with which we began the section can be
validated entirely in terms of detachability and
detachers if it can be expressed in the form

73]
S G ¥
. “y 172
o . ‘9”‘:‘% & Defdcée’}‘(”kz}ﬂ—rgz‘%

where Zm”aCAanrahﬁiz , and in terms wholly of attach-

and { conversely

ability and attachers if it can be expressed in the form



\_

~and conversely

\9’7 ‘%(((// g A”A_’ ‘%Vl)/

/q/facﬁer”;zﬂ_ké 2, y”}/

e T Je

where Bt ack

o Fm -

1.10 Relations between modifiers and individuals

We begin by considering three arguments:

(0) This is a Shakespeare play

This was written by>Shakespeare and is a play

(P) This is a Robert Carrier recipe
This was written by Robert Carrier and is a
recipe

(Q This is a Molotov cocktail

.. This is named after Molotov and is a cocktail

Here (Q) shows that when individuals are used in
"modification" position they do not always operate as
inclusive modifiers, since Molotov cocktails although
related to Molotov in some way, are not cocktails.

A similar example is yielded by the pedestrian crossing
arrangement called a "Barnes dance". The arguments (0)
and (P) show that even when we have an inclusive kind of
modification;'thé relation involved is not always the
same: Robert Carrier recipes are collected, tested and
published, but not necessarily written, by Robert Carrier;
Diesel engines were invented by R. Diesel; Melba toast

is named after Melba (because of her predilection for it);
Menzies governments were led by Menzies; Herbrand-
Godel-Kleene recursive functions were first defined,

less or more precisely, by Herbrand, Godel and Kleene,

and so on. And of coufse we do not always have the

same relation connected with the same individual:
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Menzies wit is not led, but rather produced, by

Menzies; and the Menzies era was not exactly led,

but rather dominated politically, by Menzies. Again,

if more than one individual is involved then different

relations may be connected with each of them: a

Gilbert and Sullivan opera is one whose words were

written by Gilbert and whose music was composed by ,

Sullivan; and the L&wenheim-Skolem theorem is the result

of a proof by Ldwenheim significantly extended by Skolem.
Our various examples lead us to the following

~general schema:

o2 @y
\/jf;;‘z’ X, jvr Y.

(3

. ) ) D e 7 ) | @y
A 9 X Y ‘g"'g(/"a,,mgmx &

X
Teos I e T e Je 7 e '

. . G) '
In this schema the individuals aqm,.u,a:j are those

‘
appearing in "modifier" position: when 7 such individuals
appear there is an implicit y-ary modifier operating, and
this is made explicit in the type-theoretic notation of
the schema by the modifier,fhyj . In the conclusioh the
relation A;znn , for 1€n¢j, is the relation connected

with predicate G and individual ;QMJ . For instance if
k

. . o .. 2y
9, is the predicate "opera'", X, is Gilbert and X,
1

) (’) . . -
is Sullivan, then #4,,4, is the relation of writing the

( . .
words of , and /Lzﬂ;gh is the relation of composing the

music of.
A more general situation would be to have a

single relation 4
g 7, T

sl ¥
]Z;?;':f X, y”; %

) k) 77

R B A I Y.

appearing in the schema
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@)

Ourlj'different relations A4 could be extraéted from

TTevr T

by the definitions

Tkey Tk
o ) &) Cr-12) {rr+y) 7/ Gy . L)
A”;m”‘_ ~y ,\\9% A‘x‘ Aﬁ /]x‘ }/:72:4 /GxL )A'Efj”k 9 X .

if there were one separate and identifiable relation
connected with each individual. The case where there are
'~ 7 separate relétions is probably more common in English,
but we will consider the more general case, where there

is a single relation A_.

, in what follows.
k+y "k )

To express the relation léq_im as a function

n ) .
of x, ,---, X and ¢, , we want firstly to express

the f27 as such a function. This is done by introducing

a primitive, undefined, function
Modzn [ﬂ;lt")tjﬂi,

which associates a j-ary modifier with 7 individuals

and a #-adic predicate: we then define

L «sn
- . - /‘ .
/QSJQC/Q /or(r,z‘j”;)c,”; o /\‘9,,2 /\x‘ &parazéo 7key AR,
e . (2
[Moa/’”‘./(ﬂ;ﬁfjﬂn; G X J
We may also define ZWQﬂWC/afZQ”AjW)(ﬁn , with

Detacher in place of Separator in the definiens, if we
are considering as well the converses of our schemata
involving individuals in modifier position.

| Given the definition of the Associator,

the following is a valid schema:
Moo, am 097 "
Omna/(ﬂ;‘%’./t?.ﬁz j”; X, I; y”@ y’-
, oL
Sepa/‘ﬂ(z?o(,az‘j)W(?C{(ncl?,azly')(y'”; gﬂ; _)_’L )

&s 7y k) ,,Z )

Hssocia /or'(”;*j,,;)‘/,a I X D X Nz e Je

In this schema the primitive function Mod na expresses

the modifier,JC#(j as a function of the individuals
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a:m o ;xﬁvv and the predicate G, then we add the

¢ b >

premise that this modifier is separable, and then by
the defined function Associator we express the relation
G

7% [

oy

and G '
Conversely, we might suppose that the Associator

. . . ’ (&) -
. in the conclusion as a function of x,....,x
k .

relation is primitive and undefined. This is more 1like
what happens in practice, where we have the (empirical)
data that the relation "... writes..." is associated with
Shakespeare and plays, "... invents..." with Diesel and
engines, etc. In this case the #oa’»d modifier may be
defined as the Affixer, or the Attacher, of the Associator
of the individuals and predicate: we omit the details of

this construction.

1.11 Function modifiers

Again we begin with some sample arguments:

(A) Tom is Joe's natural father

. Tom is‘Joe's father

and

(B,) Tom is Joe's step-father

.+ Tom is Joe's father

Here we are supposing that "father" is being used as
a function (from individuals to individuals) and that
"natural™ and "step-" are being used as function
modifiers. Thus formally the schema common to (A,)

and (Bl) is:
X, = J[G‘)z 92 Y
xX,= 9(‘ y‘

where @g,is a function and Ju»+ is a function modifier.

(It is amusing to note that the "lowest" type of numbers

in Church's [8] are of type ¢’, which is ((*)* in our
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notation: thus the "81mplest“ of Church's numbers are
functlon modifiers!)

We can define properties of function modifiers
quite analogous to some of those for predicate modifiers -
as argument (B,) shows, there is some point in doing so,
at least for inclusiveness, since not all functlon modifiers
are inclusive. Thus we may deflne

ﬁ"‘"[o(n*)z) =4 Aj[(uﬂ (?c‘)/yc )(]r(c')‘ 9:‘% =-“7¢2 % )

[nC/ oltet)?)(0ler)) " A770(«1) AJ‘ZUI /fc' )(% ) (7, a*)fc* >, az:xﬁz:;/:, ﬁ‘%J

and so on. The analogue to detachability is gained by
replacing intersection of properties by composition of
functions, and we call such function modifiers composable.

A sample definition is

C\Om/oO.feo((‘z)t) :"f‘( /\}[(“z): (J'{(z )(2; )(/{Lz)zytz% : Atz @2\7‘ ) )

The analogy between composable function modifiers and
detachable predicate modifiers is not very‘strong, since
e.g. not all composable function modifiers are inclusive.

In the well-known way, we can translate functions
into their associated relations, using the function

defined in

Relf ing o 0 Nl )5 5 b5y, 2. 90 = 4.

and its generalization to #-adic functions ( (4+7)-adic

relations).
‘ (ks 1) ey @) Gen)
'?e’_/][“n &rr) =a¢ Aﬁkﬂ /7&,7’;*')/\1" /}/A,,;"Cf Zk\ux = X, ) -

To translate function modifiers into predicate modifiers

the natural question to ask is whether the diagram

’rkfl ((




£ /?e{/t’zn,,;(‘”

'
~

J{["a’z

& /?e/ffun,,;(‘”

&N
ISR
~

Je -

f

is uniquely solvable (for g, ). (More precisely, we
are asking this question of the semantical interpretation

of the diagram, with sets szand-l% rather than type

symbols ¢* and m, , and functions lé, e ) etc.) 1In
“general the diagram will not be uniquely solvable, since
the func:'t:ion.~\9”‘_:z has to be defined on all of the domain
of type m , but the range of Redfun, .y 1is in general
a proper subset of this domain (i.e.R&fun is not a
surjection), Hence the values of Gmr 2D be arbitrary
for arguments not in the range of Redfun, .., > Vyet

the diagram will still commute. However g, is uniquely

determined "wherever it matters", and we can use
/Q'ea/m_/(:cnm(”;ar(‘k)z} :4 A;/("&)z /7 ”.kl)(é‘k )(%‘, //Péj_ﬁzn”&(“_} A‘k)
= ,Pe{éfanﬂ;a,‘} Gguﬂ A, e ))
as the definition of a function associating a predicate
modifier with a function modifier. The next natural

question to ask is whether inclusiveness of

F%a%mfﬁnnbyﬂn*ﬂ)/%k)z transfers to inclusiveness of

]24ﬂ , that is, whether the following wff is valid:
ﬁ-;c,é(”,kl)@ea{m/unm(,a;,((,;)z) ]c(t)z )3 jlc‘/o//(t}a/j[(‘*)z

(clearly the converse implication fails, for the arbitrary

values of }%ed%/annaa”fa‘p)j€M>1 at least). Indeed

this wff is valid, and in consequence in some cases we
can deal with function modifiers and their inclusiveness
properties via their associated predicate modifiers and

their inclusiveness properties.
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In the case of inclusiveness, we'have'giveﬁ the
same general label to properties of both predicate modifiers
“and function modifiers: we did this because of the fairly
clear analogy between the properfies, the analogy which was
put into formal shape in the preceding paragraph. A more
general question concerns the corresponding properties
(1f any) of function modifiers for properties like
commutativity, separability and detachability of predicate
modifiers, and conversely the corresponding property
(if any) of predicate modifiers for composability of function
modifiers. We do not investigate this general queStioh;
which we suspect may best be phrased and dealt with in

combinatory logic.

1.12 Iterated modifiers and nonsignificance

If we compare

c ) I will do it now now

.. I will do it now

with

(D ) I will do it in a day’s time in a day's time
' .. I will do it in a day's time

and

(E) Jones killed Smith with a knife with a knife

1
.. Jones killed Smith with a knife

we see that some modifiers, like "now" in (C,), are
collapsible, in the sense that further modification

past the first is redundant; some, as in (D,), are not
collapsible since further modifications make a definite
difference to what is said; and that in cases like the
premise of (E1) it appears that repeated modification

has led to nonsignificance. In [12] Clark proposes,

in effect, that all modifiers (or at least all O0-ary
modifiers) should be treated as collapsible: temporal
modifiers as in (D;) provide immediate refutations of this

proposal, as do examples like
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(F ) The monkey stood on a box on a box
! to get his bananas,

for which the monkey evokes a different conditioned
response from an observer than if he had merely stood

on a box, and
(Gx) Jones killed Smith in a dream in a dream,

in which the deed is another level of reality removed

from his merely killing him in a dream. In fact it seems
that rather few modifiers are collapsible: apart from
those like '"now", the identity, verum and falsum modifiers,
and some constructed from closure operators in mathematics,
we are hard put to it to find examples. There are
rhetorical flights, such as

(H1) Greg Chappell drove wonderfully, wonderfully
or
(I1) Nureyev danced beautifully, béautifully

where we may as well treat the modifier as collapsible,
but otherwise there is a decided shortage of naturally-
occurring collapsible modifiers.

| As formal definitions, we define the iteration

operator on O0-ary modifiers by
wen ay
fferafe(”;,)z =y Af,,? ,Vz,n /\_’1/‘ (J[,.Qz %z Aﬂ; )3@ Y, ,

thence a modifier is collapsible if it is identical to

its first iteration, as per
Co//ap:eo(ﬂz} =,5( /\f”;(z //fera/é’m;zﬂj%z =/;7-kz ) .

We could of course separate the identity in the definiens
into two separate implications, and gain two notions each
weaker than full-scale collapsibility:; examples from
classical tense logics can be used to show that this may
sometimes be a fruitful procedure. Taking our cue from

the notion of a multi-stage topology (see e.g. Nobeling
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[511), or for that matter from the modal systems S4"
(with semantics as in [56]), we can also define
weaker collapsibility properties by defining a generalized

iteration operator with the recursion

[/eralle(n;z)z = /‘ﬁ;‘zjgkg
ﬁf'j{erafe(ﬂ;l)z = A/’QZAA% Aﬁflﬂ%L /ﬂjferalle(,,k,)l]%, )A”Z ycm/)

and thence the definition

, 7Co//ap:eom” =of Mo /n"[z(era/e@;)gf,,:: "/tera e fryr Frt )

Such a property might arise in the analysis of a modifier
such as "intentionally", which even though not collapsible
tout court, may be argued to be k
smallish &«>1

For modifiers other than O-ary, we have strong

collapsible for some

collapsibility properties as defined by

. . 1)
Ajgllz‘j /x" fy/f/eraé@z)z ,/]5;:(,'3("{7!/) =‘]C;21‘jbx 7 ) .

4

ngybﬁfﬂm%qi;%y
and weaker properties where collapsibility is not
asserted for all individuals in the modifier but only
for a particular individual or for individuals with a
particular property. The pattern of all this is familiar
from our treatment of the various lattices of properties
already considered.

The fact that, as in (El), iterated modification
can lead to nonsignificance is just a particular case of
the fact that modification in general can lead to non-

significance. Simple- examples such as

(Jl) Jack slept quickly
or
(Kl) . Mary sat on a prime number

(with "on" treated as a 71-ary modifier) are sufficient

to establish this point. Indeed this point was one of
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Ryle's main philosophical concerns; in [74] p.1l5 Ryle

remarks on the question “Why cannot a traveller reach

Londonrgraduaily?“ and on its answer-sketch that

"gradually" won't "go with" verbs like "reach". Naturally

Goddard and Routley in [24] have not failed to notice this

point, even though they do not give it detailed treatment.
The converse point, namely that modification

may prevent nonsignificance, does not seem to have had

as much currency. An example to illustrate this point

is that

(L1) The forecast is for weather

seems to be nonsignificant, whereas

M) The forecast is for fine weather

is certainly significant, the difference being the
presence of the modifier "fine'.

In order to deal properly with these points
we need to combine modifier theory with significance
theory. The method proposed by Lewis with a certain
amount of distaste in [44], whereby nonsignificant results
of modification are supposed to have a "null intension'",
is not adequate since it appears that it would make all
furious sleeps into fat numbers, and also because it appears
that it could not handle the "converse" point of our last
paragraph. We need to take nonsignificance seriously as
a propositional value, in the spirit of Goddard and
Routley, and the basic syntactical mechanism of Church's
formulation of type theory is not inconsistent with our
doing so, since the syntax nowhere requires that the type

0 shall have a domain Z), consisting of just the two

classical truth-values. Thus our type-theoretic
framework, with semantics other than those given by
Henkin, will not necessarily be too limited for a
project of combining modifier theory with significance
theory, but the project is beyond the scope of this
monograph.




1.13 Modifiers and propositional operators

Traditional grammar, apparently, proposed
that what we would call non-inclusive modifiers should

be treated as propositional operators, along the lines of
(Nl) He is a possible saint

which is to be treatéd as

(01) It is possible that he is a saint,

~according to the theory. Prima facie, examples like

(P1) He ié nearly finished,

which cannot be treated as

(Ql) It is nearly the case that he is finished,

show that the theory in question is far too narrow and does
not give a viable account of modifiers in general or non-
inclusive modifiers in particular. But the basic lesson
of our attempts to formalize English wifhin type theory
is that we must use different symbols whenever a word
has a different syntactical role, and so there is no
reason why the '"nearly" in (P1) should be retained when we
form a propositional operator, and there is no reason why
the nonsensical (Q1) should result: it may well be that
some other propositional operator could be used to match
the modifier "nearly" as it appears in (P1)'

Following the pattern of many of our earlier
definitions, let us try out the definition

IDrO/:’moa/( = /\f,Tkz ééoo )@"Z )/jwy%: 9”2 :%(«u»_:_ Aoa /\%; :%{(u))} ‘

co)(mr) ¥

If this definition worked, then JQ?SG;3/“»

and
ra .

7 .
7-30/;.”704?00)(”;2) 2 ./?'a 3/‘( ?) would be logically

equivalent, and so every predicate modifier could in
effect be put into propositional operator position,
provided the right Aogpmoa were chosen in each case.

However the subjunctive mood in the last sentence is chosen

~
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deliberately: the situation is counterfactual and the
definition does not work as intended since the condition

on A, will in most cases not be satisfied.
For example, if D, = {a,b6/= %o 9., and %,,J{r]z maps

la,bf to {af, then the condition is not satisfied
since, in this model, 4,,is required both to map 7T to 7
and to map 7 to £ as the quantifier (34”9 ranges over
{a,6f. This problem will not be fixed merely by '
intensionalizing the whole set-up (in the way to be suggested
in‘§2, or any other way that I know of), since it will then
just arise again in a slightly more complicated form; nor
will it be fixed by restricting our attention to non-
inclusive modifiers, since we can easily give an example
of the problem using such a modifier.

The problem can be fixed, in a rather trivial

fashion, by laying down

_ vey / k) _ e i
Propmop oy oo " Ve A Mg 0o ) Fra G 5. = foo G 9.
Now the propositional operator #4,,, formed by the fzqomoa’
function, is a function not only of the modifier_j%: but

of the predicate I and the individuals 34”:...,yfw
as well. (It can be shown that the same problem will
arise if either the predicate or the individuals are not
included as the function's arguments.) This fix is
so trivial that it can hardly be used to support the
theory that we began with.

The argument against the ’D’O/’”"’a/(oo;m;z/

function is a cardinality argument: indeed, the
cardinality aspects of the situation are just the opposite
to the theory in question. We can decently define a '
function which matches a predicate modifier with every
propositional operator, by inverting the definition of

/DrO/:moa/( thus:

o) (%)

Moa;«;ro/o%z{oa) = ,\Aéo ‘/‘7/;7,;‘)9@ )‘34“)7//{;257@ %(a//:__ Aaa /ﬁ; %((&I))j )
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and, for dyadic propositional operators,

/{/O‘{/Q" 0/9,,12.7(000) 4 /\Am(y,{;, )(711; ) (777,,‘2 )&“‘y%x I e %{(M—E Ao” (7% %((M)/ T y‘(dy} .

There is nothing much new in this, since e.g. if 4,
is A, then /%a’,wop,nzmp,éao =N, 3 and if 4,,, is
conjuhction then /%a’/wo/vpg(ooo) fooo 18 (7@3

Thus we find no way in which the theory of

- predicate modifiers can be "reduced" to a theory of
~_propositional operators, and we‘suggeSt'that the converse
."reduction", while not of any special interest, is
possible (in fact e.g. Quine's predicate—fuhctor logic

contains this converse reduction as a proper part).

1.1y Prepositions and relations

A point that arises often in symbolizing
English is that a preposition, symbolized as a 7-ary
modifier, turns a monadic predicate into a dyadic relation:
the dyadic relation may otherwise have been symbolized
directly with a variable of type 77,. Tor example

(Az) Mr. Whitlam walks to The Lodge

may be symbolized either by

G X Y.
or
JgfzyﬁﬂﬁJQ v
with‘ﬁ%n for the preposition "to"., Obviously we can

define a function forming a dyadic relation from a
preposition and a monadic predicate:

Dm/orep,rz,,;(,,:z‘) /4 /‘f,;;z‘ /\y,,' Ax, /\y‘ (f;,;z‘%_y,r, x‘) ,
and this can bevgeneraiized to

«eyy 0 G k)
Dm/)re,o”_ (ﬂ;zcj) :‘9( A-]%,'f(i Affl‘: /“% /’I‘ %z‘j X, y”; yc ) .

k+ g e
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Construed differently, for any preposition
symbolized as a f~ary modifier there is a heteradic
modifier: for /%:L there is the heteradic modifier
Zngrngmﬁnq)j%zc of type mm . 1In general a
“y-ary modifier'J%?‘y yields a heteradic modifier

.Dm/orepﬂi'j

heteradic modifiers raise the adicity of the predicate

(n;zu')j[r@z(/ of type ”k,fﬂ; . These

they modify: the only other modifier that we have

encountered with this property is Quine's /;“”“”m“nn )
the padding modifier.

) It is worth notlclng that sometimes in English
the same word can be used as a monadic predicate and
a dyadlc relation (grammatically speaking, the same verb
may be both intransitive and transitive), but that the
dyadic relation differs from any Dmprep of the monadic
predicate. For example, "walks" can be both monadic and
dyadic (in American at least), but its dyadic usage is.
quite different from the Omprep "walks to". Similarly the
dyadic "fights" is different from the Jmprep "fights for",
although it is not much different, if at all, from the
[Lvap "fights with". Moreover in some of these cases
the monadic predicate is more aptly retrieved from the
Dmprep than from the dyadic relation: for instance if

A

2

is the dyadic "walks", AZ is the monadic "walks" and

‘JQ;; is "to", then we certainly do not have
dATe i

b = SE

since one can walk without walking something (a dog, etc.)
but apart from cases of completely random walks we do have

A ' '5:7‘)7' /Dm/?rep,;,q(n;z‘)jé;;z‘ ,{’77 )

that is, x walks iff x walks to somewhere (roughly speaking).

It has often been remarked, e.g. by McCulloch -
[461 p.396, that logic has not yet supplied a decent
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classification and calculus of triadic relations. A fertile
way of classifying such relations may well be to consider
them as being formed by two applications of a Dmprep operatar
from two prepositions, and then to use properties of the
prepositions qua 7-ary modifiers to yield properties of the
triadic relation. For instance the triadic relation

x @Aﬂ/@#%)yAMJ
may be analyzed as
Dmpre,o@”z. (e Ih’Tzzl (Dﬂ‘lpré’p”i,r,(ﬂ;z‘)”’/’%”;z‘ J(/\'yél{f,r’ )x‘ Y, 3,

whereupon e.g. its 2—3"symmetry”can be treated in terms

of the commutativity, in an extended sense, of /~,., and

with,.:, , and so on.
7

1.15 The Fundamental Problem of modifier theory.

In the absence of a Fundamental Theorem, we have
a Fundamental Problem in the theory of predicate modifiers.
This problem, to which I gave a suggestion of the partial
solution on p.641 of [57], does not seem to have been
treated by other authors; in particular Montague in [48]
nowhere adverts to the problem, even though it arises
within the fragment of English that he treats.

In its simplest terms, the Problem is this:
in EngliSh, the same modifier can modify predicates of
different adicity, and the problem is to find what connections
there are between a modifier's operations in the different

cases. For example, consider

(Bz)’ John strikes rapidly
and
(Cz) John strikes Harry rapidly ;

"~ in (Bz) a monadic predicate is modified, and in (Cz)

a dyadic relation is modified by the same modifier

"rapidly". In type theory, (Bz) and (Cz) are symbolized
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\/,;”’2 917; X,

and

/a?S%sxlyé »
respectively: it is clear that there is no logical relation
(save that of indifference) between the two, since both |
"strikes" and "rapidly" are symbolized by dlfferentk
variables in the two formulae. If we form the monadic
"strikes" from the dYadic "strikes" of (Cz) by existential

quantification, thus gaining

\j{;,—z (5,:,,; 9”2 )x‘

as our symbolization of (Bé)’ we still have "rapidly"
symbolized by different variables in each case, and
there is still no logical relation as matters sténd.

In order to state a relation between modifiers
acting on predicates of different adicities, we introduce

the following functions:

Lu( /\J{rz[]é )(?rr )( c«))}{S (j,[rzy,,- ?())J
,4,,. e )yf‘” /

M’:;(”Z:y) ;—:‘4 /\/’7&31 /7][7rk'~ )(yﬁ_k«‘ﬂ )/\%((Uy/'][;ﬁz (5’7' ' vt 9”?::” }y(f’*”

and » S.”;"ka'v f;;r}1 N A ):Vc

LM l( g”} —#A]%-tjy {7f )(f L 1[”;:”)](#”

‘/' (’7;\'+y)-}€rkf7 ) ,

(7)) )

together with

g Mo i) (e < s,
./[ LM" (ﬂ'k”)f”-krv)

LA¢

ele.
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These functions can be visualized by means of the diagram

f”-Z
77;4-7 kay - 77,", 'kaq
ST S y
7k vy i Mev mECmS, )
¥ « 1 ]
X"z‘(ﬂzi, ) J[ﬂki,
7% —> 1T, T2

If X is L, the result of passing through the top right

of the square materially implies (or, set-theoretically ,
is a subset of ) the result of passing through the bottom
left of the square. If X is M, the converse implication
holds; if X is (M then both implications hold, and then
the diagram (or rather its set-theoretic interpretation)
commutes in more-or-less the usual algebraic sense.

We can ask whether all the diagrams, for 7<w < k«7,

are uniquely simultaneously solvable for X; or, what is
the same question, whether the 7 operator in the definition

1,2, ..., k+ . . . ..
of Z~A7éiwg,)1 is a definite description rather than

a choice operator. And prior to this question, we can ask
whether any pair of diagrams are always simultaneously

solvable, that is whether the condition on f,. in the
definition of ZJW;;;aﬁ) is always satisfiable. - To

answer the latter question in the negative, consider
a model where D,={a,b{ , V,g, = {(a,a)} (in effect:

strictly speaking,L?gq=f?f(ta2(€b)]gz>,({(Ea>,<€b>},6>} )
and léj%zisbthe function which maps (<a,a>! to (<a,b}}
and everything else inAQEto {}. There is now no function
V;(};;ﬁg)jﬁ? ) for which the diagrams for both u«=7

and w=2 commute: ifwu=7the commuting diagram requires that




qun-hf )/{a]) {a} and'ifu=2it requires that

L/ /\/1

rr‘{#*) 3

,)/[aj) £61 .

[ 33

124
In summary: in the definitions of L'T(”ﬂ)
and M,

L7
operator; in the definition of LM :(p: , the 7is a

mim?,) the 7 operator is acting as a choice

definite deSCﬂiption operator since the commutation of
the diagram uniquely determines the /M function; and in

the definition of Lﬂ/vlnrz) the 7 chooses an

arbitrary element of 22? since in general the condition

following it is not satisfied.
The question also arises as to whether we should

consider a diagram

l’" {”-t ) ‘f"rz
k+1 k+1 k+1

K
where # is some heteradic modifier which raises the adicity
of the predicate it modifies, and where Y is some funection

from modifiers of type 72 to modifiers of type 72, .
I can find no natural choice of H, , except for

more-or-less trivial dualizations of our previous
diagram, for which we should consider solving the
diagram for the function Y. In particular, neither
Qﬁihe's padding modifier nor any of the modifiers

.Zkynp Y oy of §1.14 seem to give rise

to examples paralleling the relationship between (B )
2

and (Cz). However this does not rule out further

consideration of the "dual" diagram as part of the

colution to our Problem,
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Returning to our eXamplesr(Bz) and (Cz), and
using some of the functions between modifiers of different
types, we have the valid schemata

St G %, Yo
) R L;*(W;) S (5'712@ G, )=,
and theﬁce' : .
¢A§‘5%3“53ﬂ
_____ 2

S LMy for (Simgn V.

Thus the logical relation (of implication) between (Cz)'
and (Bz) can be captured if we form the monadic predicate
"strikes" and the modifier "rapidly" in (B,) from the
dyadic ﬁstrikes" and the modifier "rapidly" in (cz)

. . . 2 2
via the functions $;, and L, ... Cor LM . ., )

respeétively.

This facile "solution" to our example of the

~ general Problem raisesmore questions than it answers.

Firstly there is the general question of knowing when and
how to use. the functions/,# or Min translating from
English to type theory: this question is similar to those
that have already arisen concerning the use of functions
such as Jefacher , Hitackher and Dmprep , and it is a fact

of life (albeit a sad fact) about English that we have

no hard and fast rules for translation into something

more precise (on which see my The Myth of Canonical

Notation: an exercise in exorcise (not forthcoming)).

Secondly there are questions arising from the formal_fact
that the functions LMY

2 2
7L, )

are not always well-defined

in the usual sense. Consider

(Dz) Harry is struck rapidly
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taking our cue from (Bz) we could expect to symbolize

this as

Lf”f”’z‘»’ -]l;’i‘ (S'”t”'z Gr, )f/t

(or with ZJV%V%U in place of L;fﬁnw ), whence

- the inference from (Cz) to (Dz) is indeed validated.
However it may well be that, say, LA4%”wf)f%z differs

from LM°*

macmay S » and hence that the modifier

"rapidly" in (D,) is different, not only from that in
(Cz) as it must be on syntactic grounds, but also from
the modifier "rapidly" in (B,) even though both are
modifying monadic predicates. For example if

.“/?9”25-'- [(0.06)‘,(6,62>] and if %Jéff/%yﬂ;): [(alé>]
then 4{,, /LM,T:,{,,:,jj;.)/[a,éf) = f6f  but

7 /z_M,j’z(ﬂ:),{,z, )({a, 61) = {a] . Whether this is

simply another fact about the mess of English, or
whether it indicates a defect in our treatment of the
Problem, is an open question.

A third question arises from the fact that even
where we naturally have modifiers operating on predicates
of different adicities, our functions L, M and LMdo not
~give the sort of results that may have been expected. For
example we have the constant modifiers ﬂgf for any

k>71: we can show, say, that LA%;Hw?)Aéz does not

equal AQ:, in general, by considering a model where
D, - {a 6] and \{Pg,,z = {<¢a 6> <b,a>} . Then
Vp Mya (Y 9, ) = (€@,a>,<6,6> 1 and I (L0700, M2 ) (D) = D,

whereas %}/%%ZKZL) = {7 . As a consequence we have
difficulties in treating the relation between, say
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(Ez) - John did not strike Harry
ahd : -
(F ) John did not strike

If we symbolize the "not" in (F ) by’hgz then the argument

from (E ) to (F ) is not valld, as we would expect. But
if we symbollze that "not" in (P ) by ZJWQVFI N2 ,
follow1ng the pattern of (B ), then the argument from

(E ) to (F») becomes valid: this is possible since
Lﬁf

me, in effect, to reject the use of the functions L and
LMin [57], and to consider only the function # as expressing

a relation between modifiers acting on predicates of different

. A/ is not N,. . It was this fact that led
mi(m?) , m ‘

adicities. I now propose that the question should be resolved

by finding general conditions for the correct application.

of the functions Z,# and LM(or others like them, gained from

the dual diagram or anywhere else), and that particular

examples such as that given should not count as ruling

out the use of Lor/Min all cases. (A first guess, to the

effect that WMshould only be used with detachable modifiers,

is shown not to work by the example of the previous paragraph.)
Thus the Fundamental Problem is still with us,

even for the simple case of the example given by (B,) and

(C,). Further aspects of the Problem concern modifiers

like "alone": in considering
(G,) John drives alone

and

(H,) John drives Mary alone

we see that in (Gz) "alone" means approximately "by

himself", while in (Hz) "alone" is ambiguous between
"only" and "by themselves". Taking just the latter
case, which is closest to its meaning in (G ), it
would still be 1nappropr1ate to form the "alone" in
(Gz) from that in (Hz) by means of an L ,Mor LM
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function since (Hz) does not imply (G ). However, there
2

is still some rélatioh between theftwb uses of "alone",

and a further part of the‘generéi Problem is to explain

the relation in cases like this. ’
Another aspect of the Problem is raised by

Montague's remark in [48] thaf "and cohversely" may

be an example ofa modifier that modifies dyadic but not

monadic predicates. We might question whether

(I) John strikes, and conversely
2 ,

means that John strikes and is struck, or whether it is
nonsignificant. Another example is "in any order", which

seems to modify any predicates except monadic ones:
(J) John, Joe and Jill are cousins, in any order
seems significant,

(K,) Lasker, Capablanca and Alekhine were successive
‘ chess champions, in any order

is significant but false, while
(L,) Lasker was a chess champion, in any order

seems nonsignificant. It is another aspect of the
Fundamental Problem to given an explanation of the
properties of the modifiers concerned that lead to
examples of this kind.

A more complicated aspect of the Problem»is

illustrated by the operation of "from... to" in the
examples

(M,) The train went from Sydney to Melbourne
and |

(N,) The seas went from moderate to rough.

In each case "from...to" is a 2 -ary modifier, and
indicates a transition over some range, but in (M,)
this range is a range of points specified by the
individual points Sydney and Melbourne (and the fact
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that trains run.on railway tracks), while in (N,) the range

is a range of properties specified by the properties
"moderate" and "rough" (and the fact that it is seas, not

sandpaper-or vin ordinaire, that we are talking about).

The problem here is simply whether it is possible to make

the last sentence more precise in terms of modifier theory,

in particular whether we can find some functional relationship
between the different cases of "from...to", or whether we

are forced to treat the two cases of "from...to" as quite

distinct logically. =

1.16 An application
In this last section of §1 we discuss some of

the basic terminology of the theory of recursive functions
in terms of the logic of predicate modifiers. In all cases
we try to use the terminology of Rogers [59], and we assume
that "sét", "function" etc.;'refer to the natural numbers
only.

Firstly we will suppose that "recursive" is
predicated only of functions, and not of sets, real numbers,
functionals, ordinals etc. (sée index of [59]). Now consider
the various ways,in‘which "recursive" méy‘be modified,
beginning with the modifier "primitive". Since the primitive
recursive functions are a (proper) subset of the recursive
functions, it follows that "primitive" is an inclusive

modifier when modifying "recursive" (but perhaps not in

~general, since primitive art may not be art, ete.) If

the type ¢ is the type of the natural numbers (i.e. D :w),

then we can use

1" 3 "
Tocet) for "recursive
and

) " . 3 . "
P(o([zv))z . for Prlmltlve .
Then, with a slight and obvious. extension of our

previous definitions (put «®)for ¢ throughout), we have

o
/;'C/ T0[¢l) F(o(,_z))z

O ((o(cz))2) (olct))
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which is our formal way of saying that p,,¢.): is an
inclusive modifier when applied to 7,,., .

Given that "primitive" is inclusive we can go
on to ask whether it is separable, and if so, what is its
separator. Clearly when applied to 7,

(4

., 1t 1s separable,
since the primitive recursive functions are a fixed
subset of the recursive functions (supposing that only
monadic functions are considered): the question then is
"what is the separator of P ,..): ?", or metaphorically

"what is a solution (or a least solution) for X in

f‘is primitive recursive

.". fis X and f is recursive "
The least solution for X will be the detacher of Procn?

as well as a separator, and the solution is simply
"primitive recursive". When the primitive recursive
functions are defined as the closure under certain
operations of a certain basic set of functions, the
words "primitive" and "recursive" nowhere appear
separately i.e. the primitive recursive functions are
not defined as some particular kind of recursive
functions. So "primitive recursive" is here not precisely
the result of modifying "recursive" with "primitive",
but rather a property with a specific definition of its
own.

The modifier "general" is one which falls into
Clark's Case 1B., [12] p.329, at least when it modifies
"recursive". That is, it is simply an identity modifier
for this predicate (but not, of course, generally, since
not all elections are general elections and not all models
are general models). Clark, incidentally, does not have
sufficient expressive power in his notation to formalize
our rider "for this predicate'": his example "extended"
is indeed an identity modifier for "surface'", but not for
all predicates, since not all holidays are extended holidays

and not all extended consistent systems are consistent systems.
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Next we consider the (apparent) modifier "partial",

as in

(0,) f is a partial function

and

(P,) /-is a partial recursive function

In (0,), "partial" modifies "function", and in (P,) it appears
to modify either "recursive function" or "recursive" (in

the latter case it would be a modifier modifier). But
(despite the partial explanation in [59] p.65) (P,) is
actually something of a solecism: if_f’is a partial

recursive function then f is a partial function

(which may or may not be total) and f is recursive as such

functions go, i.e. we may have to widen our original

notion of recursiveness (depending on how we characterized
it) so that non-total functions as well as total functions
can be recursive. The type-theoretic notation as it
stands is not well adapted for the discussion of partial
functions, since a type ¢¢ represents a function defined

on all of D, , and there is no immediate way to form a
type « where 7, is meant to be a subset of O, (e.g. the type

t(o¢) does not do the required job). Also, we cannot assume
all partial functions to be arbitrarily completed to total
functions, since it is impossible to complete some partial
functions (this is the real point of introducing them in
the first place). To deal effectively with partial functions
we need to build Kleene's 3-valued logic into the bottom
of our system, and this would take us beyond our present
concerns. The upshot of all this is that insofar as
"partial" is a modifier, it does not modify "recursive"
but "function", and partial functions cannot be adequately
dealt with in our present notation.

We turn now to the 7-ary modifier "in" (or
perhaps more accurately "relatively ... in", although
the "relatively" is usually left tacit) as it appears
in the theory of relative recursiveness. For a start,

this is not in general an inclusive modifier, since
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(QZ) F is recursive in g

does not entail

(R ) Ff is recursive .
-2

(In (Qz) we write ¢ for a (characteristic) function rather

than a set, just to avoid having to predicate recursive-
ness of a set in what follows.) If, however, ¢ is

recursive then (Qé) implies (Rz), so if we write

l'n(o(L;))z(,_z) for "in"

then we have the following inclusiveness property
from Lattice Two slightly extended:

7
[ 7 04 (Co(ct))*(c2)) (ot Icoloce)) o (o)) Troce sy (™ (o¢e2 )2 (¢ ) 3

where 7,.,¢.:)) 1is simply 3770((:) /7?0((:) = Yol )

De-mystifying this string of symbols results in the
proposition that "in" is an inclusive modifier when
applied to "recursive" provided that the individual
(function) involved in the modification is itself
recursive. If we had predicates, say Torr) > Tores) etc.
for other degrees of unsolvability, then we could lay
down similar inclusiveness properties for "in" at each
degree. And we could also consider "in" as a s-ary
modifier for s>7, since a function can be recursive in
more than one function (we can‘plug any number of oracles
into a Turing machine). Finally, we could express the
fact that every function is recursive in itself by

saying that the relation

'Dm/ore/oro(:U*)(o(tt))((o(zv)?fzvj Drogern)icey Tote)

is reflexive.

These examples suffice to show some of the uées
and limitations of type-theoretic modifier theory in
explaining and classifying pieces of a technical language.
It would be possible to incorporate some such modifier

theory in an axiomatic account of recursive function theory.







There are at least two ways in which our
type~theoretical basis could be intensionalized.
According to the first way, which we do not favour, the
syntax is kept intact and the semantics is intensionalized.
Thus the domain 2, , instead of being simply {7 F/ would
now be {7;F}K where K is some set, of possible worlds
or whatever; and the remainder of the semantics would
be intensionalized in a similar fashion. In the light
of the development to be presented, the main trouble
with this "first way" is that it buries the possible
worlds in the semantics, and the only reference to them

is covert reference via modal operators like [, _ ,

which could be added to the syntax and evaluated
semantically in the familiar way. ‘According to the second
way, which (as it goes without saying) we favour, the
possible worlds appear explicitly in the syntax by way

of a further type symbol. Thus we introduce a new

basic type symbol « , and the revised formation rules

~ for type symbols are simply

1. o, ¢ and « are type symbols

’

2% If « and B are type symbols, so is ﬁqe).

The formation rules for wffs are precisely as before:
since ¥ is a type symbol the stock of variables is
automatically extended, so that in particular there are

extra variables Jé,ﬁ%,léx,"k,rk,'-- . No new logical

constants are introduced (save of course that there are

constants like 77 involving the new type symbol K ),

(o))
but to match things like accessibility relations or
neighbourhoods for possible worlds we will countenance
the introduction of extralogical constants governed
by extralogical postulates.

The resulting set-up can be looked at in at
least two different ways, viz. as a theory or metatheory
of the formal semantics of modal logics, or more directly
as an object language (with its own extensional semantics)
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in which substantial portions of intensional language can
be formalized. The semantics éppropriate'for our extended
syntax is certainly extensional, since the only further
semantical prescription required is that 4, shall be

a non-empty set: some may object that it is impossible
for a syntax in which intensional language can be
symbolized to have an extensional semantics, but we will
let the development that follows provide its own answer

to such an objection. Some also may object, perhaps with
Benacerraf [3] in mind, that no particular set~theoretic
explications of such peculiarly philosophical entities as -
propositions and properties and individual concepts can

be correct, since there are several different explications
provided by different systems of intensional logic. Our
answer to this objection would run thus: Jjust as it

was a discevery, by Zermelo in the first instance, that
formal surrogates for the natural numbers and operations
on them are available within general set theory, so it

has been a discovery, by the pioneers in the semantics

of modal logic, that formal surrogates for propositions
and so on are also available within general set theory
(or, in particular, within our version of type theory).
And, while we do not have such clear-cut adequacy conditions
as those provided by the Dedekind-Peano axioms, we can
test these formal surrogates against the usual kinds of
jobs for which the philosophical entities are required,
and we find that they come oux of this test rather well.
Finally some may also object that if intensional logic

is actually so (superficially) complicated and ramified

as we make it out to be, then it must be either wrong

or useless. We leave such objectors to their own

inadequate devices.
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2.1 Propositions and propositignal operators

The domain D, is to be construed as a set of

possible worlds: 1in certain cases we may be inclined

to take possible worlds as time«slots or as indices or
reference points in the sense of Scott [64] or Montague
[50], and in an enriched system we would be able to
distinguish among different aspects or different notions
of possible worlds. Given, anyway, that O, is our

set of possible worlds, then Z%KIC=Z%Z%) is the set

of subsets of worlds, or equivalently, of sequences
of truthevalues indexed by worlds. The elements of O,

thus amount to the by~now-usual representation of

- propositions: we have already anticipated, and indicated

our answer to, objections about this kind of a reconstruction

of a philosophical notion. It follows that variables

Xy, Yop s APE propositional variables, and in general

that wffs A,, of type 0k denote propositions: the
system still has variables of type o , but these are
just truth-value variables, and we need no longer suspend
belief and assume that truth-values are propositions.
Notice that we do not call the elements of [,
"propositional concepts", as Scott [64] p.l54 proposes:
despite Scott's reference to Carnap, the latter explicitly
eschews the term "propositional concepts" in [7] p.21,
and our terminology is in consonance with Church [10] p.11,
whereby propositions are concepts of truth-values.

The constants Aéoand A%oo are still with us, but

as their type shows they are operators solely on truth-
values, and all propositional operators have to be defined
(or perhaps introduced as primitive). We can define

propositional negation and inclusive disjunction thus

N,

(ox)?

:4 /\xox wa_(%a /xo,( wx)/

/Q(OL’)" =‘§[ /\xox ’\‘%x /\1(/;, /ﬁooo /IOK wk )(yox wx ))
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in general, we will call”a»propositional operator, that
is defined worldebyeworld in terms of a corresponding

truth~value operator, a conventiohal propositional

operator. ‘So as well as the conventional negation and -
inclusive disjuriction just defined, we will have -
convéntional conjunction, material implication and so on,
with definiticnS*follOWing the same5pattern;H We may write

o)
/DC‘OL, 14 ya,c) -~ for '(/9{0()3 ro( yox)

i(~<£béJ°' - for (N,

‘ox)t

etc., allowing the ordinary operators to be used in a
(systematically) ambiguous fashion. This is a concession
to readability, not a chink in our self« (and notationally-)
timposed determination to be completely explic1t about our:
'typal 1ndices. - B ‘
”: As well as conventionalpropos1tionaloperators,
we can define other prop031tional operators with the
resources’ presently available. Most notably the
availability ‘of variables for, and ‘quantification over,.
possibleAWOrl&s’alIOWS‘us‘to'define necessity of the
$5 type (the universal nece331ty, of {641 p.157) by

df Aa:m, z\w /v }/;co,(v )

.a,

oK' )2 .
In this definltion the vacuity of the abstraction Aw;

‘corresponds to known properties of 55 nece381ty The

| definition typifies one aspect of our approach to
intenSional logic w1th1n type theory":what would

normally be a part of the recursive semantical
stipulations 'in the metatheory is written directly into .
;a”forﬁula:of’ouritypeétheoretic;symbolism.L;But,‘recalling
our introductory remarks on :the topic, in our view this .
does not prevent the type~theoretic symbolism from being
used directly as an object language. Perhaps surprisingly,

m“,of no special utility: in

we will find the operator C]




most cases it will be easier simply to universally

quantify over /) than to organize an expression into
shape suitable for application of Lyorra

Other styles of necessitation operators can
be deflned by introducing various constants governed,
perhaps, by extralogical postulates. We permanently

~appropriate the variable

Ge

as a constant for the real world (in a tense-logical

context we will use n, for the present world), and using

this we can define §0.5 necessity & la Cresswell [15] by
Fe
[‘7(0102 = (ﬁok)z }/xox )/]50102 Lok Fue = (Z’Q )/xoz( Ve ) )

In this definition we trade on the choice~operator
aspect of 7 to gain the same effect as Cresswell's
requirement that VO« ,w)shall be an arbitrary truth-
value where w is not the real world.

. The constant‘g,is not governed by postulates,
but as might be expected it does figure in the following

definition of truth for propositions:
W‘uo(o‘(} :66[ /\xOK /IOK yK ) ] 2

i.e. a proposition is true iff it is true at the real
world. (We use '7/« rather than 7rve to avoid any
suggestion that we are giving a truth-definition for
the whole type~theoretical languagei the latter is
embodied in Andrews's [7ruwel, in [1] p.83, with the

definition and the transfinite type 2 trivally extended
to take type « into account.) This definition raises

a philosophical objection to the effect that propositions
are paradigmatically "truth-bearers'", and should not have
truth or falsity derivative upon such things as truth-

values and the real world. Our answers to this objection
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are (a) that truth-values and the real world,'rather than
propositions per se, appear in the semantics of intensional
éystems, so why not make them appear explicitly in the
language? and (b) our (or rather, the current and
usual) analysis simply refutes the philosophical doctrine
that propositions are the "bearers of truth"; they are
no more (and no less) so than the function Weight from
objects to numbers is a "bearer of numbers'.

For further kinds of neceSSitation; other than
S5 and S0.5, we introducé constants corresponding to
the items in the model theory nofmally uéed to evaluate

these operators. If we introduce a constant

[{7]

‘5 ox?
then

5 w
[ =y ,\x“/\wx(v,,)/Srzw D x, v )

‘ox)?

defines K-ish necessity & la Kripke, and added postulates
for such a constant will yield operators within the ambit
of the semi-normal systems. For instance for S4 necessity,

with a constant S'rz, we would lay down the postulates

0] ur, ) (S w, 2, )

@

ST2) I ) (Sprry & Sttty D Sane i i, )

for reflexivity and transitivity respectively. A constant
1]
Qox
(actually a proposition asserting that things are queer)
may be used in definitions such as
S"’Q’” (1) (2)
£7(01()2 Faf Axor Az ["'Q w; & (U)[Srrzw Ve D X, Ue )) ,

and if the postulate

) [¢)]
O (1) ~ QOK‘?/( Sr;)dq) )
is added, then [, is necessity of the S$3 type.

"Operational" semantics (or at least one form

of such semantics) will be represented by introducing
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constants like

o

O,s

figuring in the definition
'[7°m'

(ox)2

Again, postulates on Cﬁ;“ , €.g, the existence of

1)

“of Axor wa (14)(06“ (O,(sw,;‘l@ ))

inverses of the operation, will yield various kinds
of necessitation for the propositional operator defined
in terms of it.
More generally, we can consider the “neighbourhoodV

semantics of Scott, Montague and Howard. (Warning: in

~general there is no condition that the neighbourhoods shall

be open sets, and so further topological terms will not
be apposite since the neighbourhoods to be discussed are
not genuine neighbourhoods. E.g. there are no '
accumulation points in our topology, Horatio.) For the
neighbourhood semantics we need operators associating
a set of neighbourhoods with each world: formally we
need constants like Nbe” |
olo(oxlr

which appear in definitions like

Ogere = Woa Vot (VB 0 %o )
This definition looks even more trivial, from one point
of view, in our notation than in ordinary semantic
metatheory (as e.g. Scott [64], p.160, Montague [50]
Def. III (6)): to say that the set of all worlds where
a proposition is true is one of the neighbourhoods of
a particular world is merely to say that the world and
the proposition (which in our notation is indistinguishable
from the set of worlds where it is true) are related by
the neighbourhood relation (which itself is no different
from a neighbourhood operator, in our notation). The
ultimate step in triviality, from this point of view,
comes when we consider the " "f" ~version" of the
Scott-Montague semantics, as set out in Hansson and

Girdenfors [26] pp.7-8. Their operator f maps subsets of
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o'y

worlds to subsets of worlds (i.e. f € AKk) ), and
thus we introduce constants like
1
Fokscons

which figure in definitions like

F P

oxt ’\rox Au/;c (’C(—ox)(om_') Xon Wi ) -

. Fe ' .
It is apparent that 0O, = szmu , and so in our

notation we gain nothing at all from the “fW«version of

the neighbourhood semantics: it does not even ''somehow

~ read differently in terms of sets" in our notation.

For each of our different kinds of necessitation
operators, the definiens in their definition has the
form Ax, Aw; A4, . For a more general notation we could

use A, to distinguish the operator, i.e. we could write

Ao

[_7 ="f AXOKAWK 'qo

(oK)

Although obviously this could become rather unwieldy,
some such notation would be needed where more than one
operator depends on the same constant or constants:
for example in the notation used to date we could not

o
distinguish between [jé;F and

(O]
A, A g )(Speevow D xpp v ),

since both depend only on .Sﬁz .

2.2 Dyadic propositional operators, entailment

As examples of dyadic propositional operators,
other than the conventional disjunction, conjunction etc.
and those like strict implication that are definable via
these and monadic necessitation operators, we consider
dyadic deontic operators as treated in von Wright [71]

Ch. 1 §§7-12 and entailment as treated by Routley and
Meyer [60] etc.

If I have read von Wright's terminology correctly,
the following provide translations for his six different
dyadic obligation operators (O, through O :




D_(::)J “df )\xox A3’1:);( Au/fc(u})(-%x% D [Z,{K)(.Syo{f:g?/;(&(“ D Xow U ))

fz2)

D(bk)’ :ogf A"‘rmc '\%r "Z‘Q G?’; )@oz (7" g( (u/c )(5:5;/2 Y Y D X, U, ))

A3 Q@

D/o/()l :a{f /\'xox "\yalc /\‘LU,:, (Z(K)/V/I;,K u‘)D(]‘t{;)("'(S.o(zygux )X%KZ/A: }}

/3

Oroeys =5 A%, /\‘%K)\w,t (G, M~y 1, ) &4 ) oy D ~ (S v

okt K

Dj:-i,)_; A “of /\:Cor /\yax /\%(74 )(%,(74 Dgux)(~(5::z%ux)&~[xak U )))
Ol =y A%l AYor MG (39 ) e G, N~ v, )8 ~ (g 0 ))) .

/i) )
In each case, [ 2 Xox You is meant to correspond

with von Wright's O, (p /g) ,» with x,, for p and %. for ¢
Although we have given type (ox)? to the operators, this

has been achieved by use of a "vacuous" )%, in. each
definition: von Wright's operators, as he defines them,

are not iterable and are in effect of type oc«J)®> rather
than (oc)?. Each of the operators depends upon a dyadic
relation for which we have used éﬁzzi von Wright discusses

' . o @ .
a range of possible conditions on Socz » ranging from

the very weak

(Fop ) (Fu, ) éizzéa%

through stronger conditions like

3)

@ )(Fu, ) Sper v e
to the anarchistic .
e )t ) Spes U Ui
(which, given the construal of .Sfiz , says that every
world is permitted in every world). He does not discuss
conditions such as transitivity, since these are basically

concerned with iterations of the modal operators and von

Wright's original operators are not iterable.




Another treatment of dyadic deontic operators
is given in Rescher [58] Ch. XVI, However, Rescher's
prescriptions depend upon the use of an entailment operator,
and thus are not adequate in the absence of any form of
semantics for the latter. This is one among many
reasons for setting out semantics for entailment in
our notation, and we do this by éopying with translation
from Routley and Meyer,

The conventional conjunction and disjunction
operators for propositions are used by Routley and Meyer,
but in systems containing negation this operator is not
conventional. It depends upon an operator % , for which
we will introduce the constant

Star,,

and is defined by

* .
Nopere =y Ax,, Aw, ~ (x,, (Star, 2 ))
We might notice that an incidental feature of our type~
theoretical treatment is that all propositional
operators have to be defined, and hence we can cater
easily for non-conventional operators such as A@;ﬂ
as well as the conventional A,,. . We might also

notice the sense in which the Routley-Meyer semantics
admits or requires the use of "impossible worlds":
the impossibility is relative to A@:ﬁ , in the sense that

for some world wj, both o, w, and /V(oi,z.q,‘, W, may
hold for some proposition X, . The impossibility does
not hold for A, , since we still cannot have both

X, w, and /V,

focr2 Lox W  for any w,and x,.: thus the
semantics for entailment does not require the kind of
deracination of our ideas that might be suggested by
heuristic remarks to the effect that it uses impossible

worlds as well as possible worlds,




The entailment operator, which we write as
R™ . Cas . )
£ey: , depends upon a triadic relation K

ox?
according to the definitien
P .
Erys =t Ao Yox A o e OR300 020, & Xt D Forns )
We may write
2(1)

(xmc e yox ) for (E(om-’f Low yoa( }

’

provided we remember not only that -~ has lost any
a)
typal indices, but that the dependence on R, is not

shown in such shorthand notation.
. . 7}
The operator SZ/ar,.. and the relation Roes

have to satisfy conditions appropriate for the strength
of the entailment required. For example for the basic
system B we can copy the following definitions and
postulates from [63]: there is a one#place predicate

O,, > thedefinitions are
dr. Or =uf (1w, ) (O, wy, )

( o, plays much the same role as g, in modal systems)
and

) 1)
dz. Sopz Y Aze Ave [‘yxx){ooxxx % R;W X, Wy Yy ) .
and the postulates are '

/I),. (\rk)(so,tz xxxx)
P2 (x, ) ) () O ) (S ppa X & ’?;:3% wp Y :)f?;':,,.x;,w;,u,;)
p3. (J.’K)( Star,, (Star,. x,. )= x, )

and
P4 . (xk)(yx)( Sorzxk‘% 3 \<OK2 (S{Qfxz‘%)(yézrkz IK }j

As well as these postulates, there is a modelling
condition , which we may write as

Cc1. (xOK )(?»U; )('U;(}(Soxzufkl/; & Loy Wi 2 xoxv«‘)
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. . . ¢/
The various conditions on AR,z and Sfar., appear

in a different form in our presentation than they do in
[63], where they are stated in the semantical metalanguage
rather than in the same language as the propositional
connectives under analysis. Aithdugh'we*have not

done so (nor do we have any general theorem that .

proves that it can be done), we should be able to show
that these conditions have the same effect as they do
in a more orthodox presentation: viz, that desirable
basic principles of entailment such as/p*p,»~~f3?>P

and p~>9 >.~9->~p result from the definitions and
conditions as laid down.

‘ - This provides a sample of the way in which a
~genuine entailment between propositions can be introduced
into our system, and, incidentally, helps us to sustain

a defence of type ox as appropriate for propositions.
Obviously enough, our notation could encompass various
kinds of generalizations of the relational semantics

for entailment. For example we could introduce

neighbourhood functions like

(¢4

Néa/o(ox)(on &

and define

Néa ™

£

so far as the shape of the definition is concerned

Sof Axor A}/OK Au’x (A/ éa/o({”ox)/ox)x Wie Xox Yox j

x)3

this has an equal generality, and an equal triviality
coefficient to that of the neighbourhood semantics

for one-place operators. However, the triviality does
not extend to the formulation of postulates for
A@agzmxmdx to match desirable principles of entailment,

and we have in no way obviated the need for the kind of
detailed work involved in completeness proofs. '

The purpose of $§§2.1 and 2.2 has been to specify
the kind of entity that we take propositions to be, and
to give examples of the way in which our extended type-
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theoretic system can be used to define various kinds

of propositional operators; obviously we have not attempted
to survey all the operators that have, for good reasons

or ill, been defined in the literature on intensional
logics, In §2.3 we sketch means whereby propositional
operators defined by algebraic methods can also be
incorporated into our notation.

2.3 Algebraic semantics

In the usual passage from a set algebra

(e.g. a field of sets) to an abstract algebra (e.g.

“a Boolean algebra) we "lose" our original elements

since the operators in the set algebra take subsets of
these original elements as their arguments, and it is

the subsets of the original elements that are represented
as individuals in the abstract algebra. This "loss" 1is
precisely contrary to the spirit of our extended type-
theoretic language, since in it our intention is to refer
“explicitly to worlds whenever such reference is needed,
and the worlds are lost in the passage to algebraic
semantics for intensional logics. Nevertheless we now
show how we can deal with algebraic semantics, even if the
result is somewhat inelegant.

Firstly, since the nature of the individuals in

an abstract algebra is irrelevant, we choose some subset

(1)
of our existing individuals, by means of a constant 5,

to serve as the carrier of the algebra in question. We

define the restricted quantifier
()

T2 =g Mo (x ) (B2 2 forx )

olo¢)
with abbreviations (5x,)A, for TTatew (Ax,A,) and

(F°x )R for ~(°x)(~A,) , to range over the carrier.

For non-degeneracy, we add a postulate

(o NPy ) (e 3)
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but otherwise B“ is an arbitrary subset of individuals,

bNext'we allocate constants

(v
v )
JL.? ) ZZ.Z,LJ 2 §¢z .

to serve as the join, meet and complementation operators
in the algebra. Although we do not, strictly speaking,
have type-theoretic notation for it, we will letdB=

o, . . . v
(8", 7".m",c”> be an algebra; then we require

sufficient postulates in order for A to be an algebra
of the appropriate kind, e,g; a Boolean algebra or
something weaker, TFor example, a (type-theoretic
translation of a) set of postulates characterizing V23

as a Boolean algebra is
P, )Py ) 7z gy = 7y x, )
(P2, ) Py (" x, 5, = =y, )
(:c)(‘gt)(s‘)/]f”x (o 3.)= 75 ,,xy‘)jl)
(%)ﬁ%)ﬁ )l x (mlsy,3.)= m)s (w24, )3, )
P, )Py )75 (nfs %y )y, =y, )
P, )Py ) (ml (5 =y, )y = y)
(Bxc)/”sa)“‘”_j, x (0 y 30) = mly (78 %y )% 3.))
(%, )(® U (rnyx, (€ix))y, =y, )
(axL)(Ey‘)/zz'j’g (e, (eax Ny = vy )

Then & will be extended, toté’es_ay-v, by the addition of
one or more further constants like yﬁ to match the
intensional operators under consideration. Postulates like

[31")/777(“ {7? x, )x - Z_Z(Zix‘_ )
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(which in ordinary notation says that Qﬁrsxb will then

be added to make #° into a dual extension algebra, a

closure algebra or whatever is reqﬁired. This finishes

the sketch of the definition of the algebra per se.

The next step is to set up a homomorphism info.the

: algebra, and the question is: where is the homomorphism
In the usual case, the homomorphism is from a

formula algebra: so, in keeping with our attitude

that the type-theoretic language may be used as an object
language, we take the homomorphism from the formula

algebra on wffs of type o«. Such a homomorphism will
be formalized by a function £ ,,, with postulates

: (IOK) (‘B:}( (f(a/(; oK )j
(‘f )/yoz ){f(m(} Lox ¥ \%K) = Jc-’ (J[(oxj Yok )[,/[(o:)YOr )}

etc., and, supposing there is just one necessitation

X . - .
operator [, under consideration,

X (1)
(xox)(/{(ow /D(oml Lok = 42 (f(ow Lok )

By conjoining all the various postulates for
an algebra and a homomorphism, we will be able to define
a wff -

£/

(1 (2 (u (11 B
¢3 o¢

[¢/] ‘
/_/omoo[oz)(zi)lcl')((‘)(N—)(L ok )) ]{(0/{) 72‘2 < ¢? e ¢3

to say that jcang is a homomorphism from the formula
algebra on wffs of type oxto an algebra (B’]@’ m®” ¢® 2>

= .

of the appropriate kind, Thence we will be able to

define a wff
a0 ) G w EW

’97’:“0(0‘)(.«.!)(:3)(0 )(t')(c(ox))(ox;xw(f(om € Z—”;-?]u
to say that the proposition «,, is true in the algebra

o¢

under the homomorphism, For example if the algebra
is a Boolean algebra then the vital conjunct in the
definiens.of' ATru” will be

(Ex)/fm”xa,(~7 x(Cmr)) ;
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. 17! . ) .
or else a filter [;‘ in the algebra will be characterized
by the requirements

(x)(F"x D B, x. )
(xL)(%)(Foh:@Q & Fy 3 Fotlmix vy, )

2

G ) (P ) (5%, 5 £ (5% %, 4, 1)

. . . . a
and then the vital conjunct will be just ‘/;:(beam)lkx)-
w
Finally we will have a wff /706/%{0mijbg

~gained by universally quantifying A7ru” over
homomorphisms and algebras, to say that the x, is

valid in the algebraic semantical system. We keep an
index “ on the wffs #7-« and AVal/d since we may well
want to use different definitions of truth and

validity, and tc compare the results thereof, within the
one piece of algebraic semantics: for instance we might
- want to discuss the intersection of the wffs valid in two
different kinds of algebras.

It will be seen that this account of algebraic
semantics does not depend in any way on the type o«
assigned to the propositions that are being assessed
‘as true or valid, and no account is taken of the fact
that a proposition can be true in quite a different

sense, viz. according to 7ru of $2.1. The first

Olok )

of these points has the consequence that the account can
be generalized by replacing ok by any type o« for which
there is a formula algebra. This type & could be, say,

77, whence the formula algebra would be constructed with

predicate modifier constants A,. etc.; or it could be
some primitive type, say ¢, introduced as the type of
purely syntactical entities, The second of the points
made above is a partial consequence of the loss of

worlds in algebraic semantics,




The sketch presented in this part follows a
well-trodden path, and we have done no hard work
towards its establishment. We have simply indicated
- the way in which algebras and homomorphisms can be
defined, and how our propositions (or anything else)
- can be hooked up with the algebras and thence

characterized as true or valid,

2.4 Individuals and individual concepts

The domain J, of our semantics is a domain of

individuals, with no variation from world to world,

Each &, , or A, in general, denotes a member of this

domain, and quantifications (x,) (or more precisely the
operator 7lpp, ) quantify Yover" this domain. These
individuals, we take it, are much the same as R. Thomason's
substances, for which see Thomason and Stalnaker [68]

and Thomason [69] and [70]. By analogy with the passage
from truth-values to propositions, we might expect ZZK

to form a domain of intensional individuals, or

individual concepts. That is, an individual concept is

an indexed sequence of individuals in the same way
that a proposition is an indexed sequence of truth-
values: this usage of the term is very similar to that
of Carnap [7] p.181, save that as usual one has to say
"but Carnap's notion is relative to a language".

We now spell out a number of (what we take to be)
'good things that follow from our construal of D, as a

domain housing individuals and of 7, as a domain housing
individual concepts, entities that until the 1960's
and despite [7] would have been regarded as somewhat

shadowy Doppelgldnger of genuine individuals. The first

of these good things is that we have variables over both
individuals and individual concepts, just because we
have variables of type ¢ and variables of type (K. (Thus

in a sense we have proper names for individual concepts,
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and some philosophers may Qhject to this result), Having
. variablés of the two diffefent types is an advance over
most systems of quantified intensional logic; such systems
are usually tied to a one-sorted first<order quantificational
basis, and divided into "necessary identity" systems with
the individual variables in effect having type ¢ , and
"contingent identity" systems with the individual variables
having type ¢« . This bifurcation appears, for example,
in the presentation in Hughes and Cresswell [35] Ch, 11.

The second good thing is that no individual

concept can be identical to an individual, since X, =%,
is ill~formed, What is well«formed is X, w, =7%,, that

is, roughly speaking, individual concepts take on

substances as their values in each world. This simple

syntactiéal fact has a number of philosophical consequences:

for instance it obviates the necessity to make the kind

of restrictions found in the last paragraph on p.362

of [68], and there is no question of an individual

constant's being "more like 'Socrates! or 'Miss America'.!
The third good thing is that we have perfectly |

~good identity conditions for individual concepts viz.

good o0ld set-theoretic identity of functions. We can of

course define contingent identity of individual concepts, by

COI'ﬂCf'O(c,()Z =y ’\:Cuv( /\y“ /:r‘,(\% = Y Gu )

(where (Co/ncr stands for YCoincidence at the real world" -
later we will define a more general relation of coincidence).
Obviously this contingent identity of individual concepts
does not imply the full-scale identity of individual concepts

that is already present in the system as Q%(””z

The fourth'good thing is that we can define quite
nicely Kripke's notions of "rigid designator" and
"strongly rigid designator", as in [37] esp. pp.269
ff. We have firstly |

Rigiddles wp AT (33/‘ oo, ), wr = vy, )

olck)
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that is, a rigid designator is a designator (our type ¢« )
that takes on the same’substance in each world. To

define "strongly rigid designator" we need a constant .

,DOmo

such that for each_world‘u;,lbmmkua_gives the substances

K
existing in 2, Thence we have

Sléoé?rf"g/ ddes

oler)

6{'\36‘?@%)/% MW Domy, . = ey, & X, 2w =y, ),
from which it follows that |

&

(21429} ch

Séonyrijlddes = ?y/a/d'e (/lw /.DOmau( u, xwufk)})ﬁ{ ,

o) T (oK)2

that is, as Kripke says, a rigid de51gnator which
denotes a necessary ex1stent is a strongly rigid de81gnator.

Krlpke says, on [37] P.270, "Those who have argued
that to make sense of the notion of rigid designator,'we
must antecedently make sense of 'criteria of transworld
identity'! have precisely reversed the cart and the horse;
it is because we can refer rigidly to leon,.and stipulate
that we are speaking of what might have happened to Eigy
(under certain circumstances), that 'transworld
identifications' arebunproblematic inksuCh'cases." From
the p01nt of view of our definition of /?jc%%e

occ x)

the only identity that appears in the definiens is Q. ,

that is identity which in no way depends on the .
intensionalizing apparatus introduced with the type « .
Thus this identity, whether or not it is called a
'transworld identity' (we take Kripke's quote marks to
be those of dlsassoc1atlon) is indeed unproblematlc.
It may seem that there is some problem for ué in
ac¢ommodating names (or at least some of them) as figid
designétdrss since we might expect to symbolize a name

like 'Nixon' as 72, if we were proposing to use it as a
‘rigid designator, and yet Rgiddes, ., has type olix)

and so cannot be predicated of =, , of type ¢ . The
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solution to this problem is simply to symbolize a name
like 'Nixon' as_)uerlzl this has type ik , is always

a rigid designator, but can be compared to other wffs

of type (k which are not rigid designators.

2.5 Properties and descriptions

Despite our roster of good things about individual
concepts in §2.4, thé question still arises as to how
adequately our individual concepts match the intuitive
sense(s) of the notion: this question arises because
individual concepts usually result from descriptive
phrases, and we have not yet analyzed descriptive phrases

(other than the particular case A, 7, ) that gave rise
to wffs of type (kK . For this analysis we need to consider
how (intensional) properties are to be symbolized, since
properties can be expected to appear in individual concept-
forming descriptions.
| Scott's advice in [6u4] p.156 is (in effect)
to take all non-logical dyadic relations as>having type
lok)(tk)* , and so we could expect that in general he
would advise taking an 7t~adic relation (-in-intension)
as having type (ox)(cx)™ . Our advice is more ramified,
but we hope‘the explicit typal indices will reduce its
tortu(r)ous character: there are several different
notions of properties, all can be fairly clearly
exemplified, none is logically or philosophically
primitive,'and English grammar (e.g. the difference
between verbs and predicative phraseS‘fdrmed from
common nouns) gives us no guide as to the semantical kind
of property involved. We advise that the appropriate
notion be used in the appropriate place, and hope to give
some guide to what we regard as "appropriate" in what
follows,

For a start, let us take extensional properties

of individuals, of type 77, , and relativize to worlds
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to get type 77« i.e.o¢ck ., We suggest that a property
like "... is a Prime Minister of Australia (at world so-
and-so)" is appropriately symbolized by a variable
(temporarily a constant) such aSj%K . For each world

there is a subset of individuals who are Prime Ministers
of Australia -« given a world; it is then true or false
of each individual whether he or she is a Prime Minister
of Australia, and this latter truth or falsity does not
vary (further) from world to world, From fﬁx we can
form the individual concept “the Prime Minister of

Australia" by the definition

/D(.K :'df /\wk [736:)(%7;(7’02‘):1 )
we take it that the form of this definition, in which

the definiens does not begin with (7x , provides

l/()
an illustration of how individual concepts may arise
without starting out with proper names or variables
for them.

Now let us suppose that Mr. Whitlam is an
individual, and denote him by %, . We cannot say
"The Prime Minister of Australia is Mr. Whitlam% in the
form p,=w, , but instead have to take account of the
unhappy fact of politics that the "is" has some kind
of temporal element (at least: it also has an
actualizing element, pinning the statement down to the
real world and not, say, the fanciful world of the Leader
of the Opposition). Most crudely, we can use n,for the
present world, whence

/Du(nx = W,

is both well~formed and true. By A-conversion, this is
equivalent to 5x;iﬁkk7y(xcz 2, , and then from this and
the uniqueness of Prime Ministers of Australia, it
follows that f .72, holds. Slightly less crudely,

we can abstract from the temporal (etc.) element of the

"ig", and form the proposition
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A‘rK (/ou(xx = u/‘)

as our symbolization of "The Prime Minister of Australia
is Mr. Whitlam". |
On the other hand, and partly cdntrary to Kripke's

notion of names as rigid designators, we might suppose
that "Mr, Whitlam" denotes an individual concept, since,
say, in the political world of Canberra in 1930 the name
would have denoted Mr. H.F,E. Whitlam and not Mr. E.G.
Whitlam. If we use wj, for this individual concept, and

t, for the world of 1930, then we can (try to) say

"The Prime Minister of Auétralia is Mr. Whitlam" in the form

/our: Wene 4
but this is false since if functions are equal they
have equal values for all arguments, and even though

/Duc Tl = W, T2,
is true,

Pex be = W U

is false since Mr. H.F.E. Whitlam was not Prime Minister
in 1930.

So far, it seems that our example has shown that
we can fruitfully and naturally use wffs of type 77K
for properties. But there are also several other possibilities:
for instance we might consider the type (0«x/)¢ , mapping
individuals to propositions rather than truth-values as

does 77, . Since set-theoretically we have

_BxcC
(%)~ (7€)% (as well as (#%)° ~ A )
there is no set-theoretical difference between the type
o(x and the type o«¢ : but in certain cases the latter
type will arise quite naturally and may be used when it

does so. In particular it arises in quantificational




contexts, as we will see in §2.7.

- The next type we might consider is odtx), or
O(ck)™ in general. For a start, this type certainly arises
formally, since Z?y/dbkk and Strongrigiddes,,,,,

olix)

both have type o0(t«) . Also identity of individual

concepts has this type (as isvshown, e.g. if we unabbreviate
(o, :yw) one stage to ( @,y %, vy, ) ) , and so

does contingent identity of individual concepts'ashgiven
by CO/”CFbaK)z of §2.4. LeSS'formally, we might argue
that the property of being head of the Australian Government
is a property of the Prime Minister of Australia qua
individual concept, so that
o ‘ h@(c«)
would be an appropriate symbol for this property, and
Aotecs Pes .
would be true. It is no argument against the use of
type olc«k) that in some cases (not all cases, by simple
cardinality considerations) a property of type cx?c)may

be defined in terms of one of type 7,k . For example,
if 4, were used instead of Aqeee, > for the property

of being head of the Australian Govérnment, by parity
with our previous use of_ﬁﬁK for the property of being a

Prime Minister of Australia, then we could define 4,

by
,/LO[LK)‘ :cq A"rt.K (ch‘: ’\w;( (736‘ )Aﬂ;( W x, )

Then A follows from (w, )(x )(fy % 34, X, ),

OCcic) Pclc
which would, I think, have been our original grounds for
taking the property of being head to be a property of the
individual congept’of Prime Minister rather than of .
individuals. But all of this is just to track down

a relationship between different possible formalizations,
and is not to show that one is superior or logically prior
to the other,



Scott's recommended type (o«)««)” also occurs

formally. Coincidence of individual concepts, defined
by '

CO/'HC(OK)(tk)Z :df /\Xik /\‘%K /\w;( (xu( Wi : yLK Z(/;( )

has such a type. TIrom this general form of coincidence

we can derive Co/ncr,, . ,2 , contingent identity of :
individual concepts, by the equality

C‘O’.”C"ba()z = /‘I“, A%K{Calhc(on(ck)z ?CLK Yew Ju /

(The distinction between Comcrg e,z and Coinc,y. i)z
(or identity Qopw,2 ) does not quite match Scott's

distinction, [64] p.157, between = and = since for
Scott both = and = have'type’bxh%x)’.) We can also
find informal contexts where type (0x)(t«) might occur;
for instance when we argued that the property of being
head of the Australian Government was a property of the
individual concept of Prime Minister of Australia, we
did not take into account possible worlds where the
individual concept of being Prime Minister still exists,
defined say as head of Cabinet, but where some other
official is head of the Government. If we admit such
a possibility, then the property of being head of the
Government would have type ©«J(¢&) .

According to the semantics of Lewis [4ul],
common nouns in effect take on properties of type mxwhile
verb phrases take on properties of type ©«)(t«) . As
our discussion has indicated, we find no special reason
for this particular distinction: the different ways in
which types of properties can arise seems not to be
dependent upon accidents of English syntax. For instance
we see no reason why the same considerations as apply to
assignihg type 7« to "is a Prime Minister of Australia"
should not apply equally to "is red" or "is a pig'" or
"grunts" (here we have been a bit cavalier about the role

of "is" and "a" in Lewis's semantics). It is for this
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reason that we advised that English grammar gives no
guide as to the (semantical) kind of property that
should be chosen in a given context. '
Finally, in this section we remark on the
possibility of "mixed" properties for relations
of adicity of two or more. Thus types like o¢lx)e
and (ox)lcx)c? are possible in our formalism but not
in a more restricted formalism geared to an ordinary
first-order basis. Such properties may well be used
in practice: e.g. in "Mr. Whitlam rebuked the least
popular member of his Cabinet", the type assigned to the
relation could be oc¢l«) , since, given the ingenuity |
and perseverance applied to achieving unpopularity,
there would be dangers in assuming that the rebuke was
directed to any'particular individual.

2.6 Some philosophical applications

In this part we apply our formalized distinctions,
between individuals and individual concepts and between
their respective properties, to some specific philosophical
problems. The first of these problems derives from a thesis
of Geach's, as in [23] $§ 91, 109, that sentences of the
form " x is the same F as y" are not to be analyzed as
'"There is a 3 such that 3 isF and bothxand y are
identical to 3': wusing terminology of N. Griffin's
(and, later, borrowing examples from him) we say that the
analysandum contains an assertion of relative identity,
while the analysans contains assertions of absolute
identity. Geach's thesis, or at least part of it, is that
relative‘identities cannot be analyzed out so that only
absolute identities remain. A further part of Geach's
thesis is that relative identity is genuinely relative;
i.e. that it is possible that for some x,vy ,F and G, xX1is
the same F as vy but x is not the same G as y.

In support of the latter claim we might encounter

examples such as
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1) The Chancellor of the ANU is the same man as

: the Chairman of the Council for the Arts,

but - ' | ;
(2) The Chancellor of the ANU is not the same official

as the Chairman of the Council for the Arts,

wherein "man" and "official%" seem to pfovide'a,sgitable

F and G in the schematic form of Geachfs.theSis. However,
if we introduce the following dictionary, we can sustain
the rejected analysis of belative'identities in terms of
absolute identities in this case:

Cocx the property of being a Chancellor of
the ANU '

Qéuf the property of being a Chairman of
the Council for the Arts

Moy i the property of being a man

J%ax)x the property, of individual concepts,

of being an official.

Then (1) can be symbolized as

(3) (_:Yac‘)/momyxcc‘£(7‘)/c‘,w9x\z/,)=x‘ & Oy )la, g y)==),

a slightly complicated form of the rejected analysans,
while (2) may be symbolized as

(8) Focewre e (A (09 (o Y, ))& Foiere G (A (73, N ap o 2 4, 0) &

N(M%(@U(%wuﬁ%):’“Qﬁﬁ)é%m“Q%))
No dreadful consequences ensue from (3) and (4),contrary
to what would happen if we used the simple (-minded)

first-order dictionary

Cax ¢ is a Chancellor of the ANU

Px x is a Chairman of the Council for the Arts
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Mx xis a man

Fx x is an official

and symbolizations

(5) (_?x)[Mac 8(7y)fy=x 8((7y}/9y:x)
>(G)ﬁ‘[by)cy & F&ybqy & Oy)Cy'#[%y)éy

outright contradiction ensues from (5) and (6).
The basic point of our symbolization of (1)
and (2) as (3) and (4), and of the dictionary involved,

is that being an official, #,,, » is not a property

of individuals but rather a property of individual
concepts. .We then took (1), in effect, to be saying that
the individual concepts of The Chancellor and The Chairman
coincide at the real world, and that their common value
is a man. By contrast we took (2) as saying that both
individual concepts are not identical; from this it does
not follow that they may not be "contingently identical"
i.e..coincide at the real wofld. As an objection to this
analysis, itfmay be‘argued that it is incorrect to allocate
different types to‘“man" and “official", since propositions
like. '

(7 The man in fancy dress is an official
and | - | ‘
(8) Not all officials are men

seem to be significant and to require that "man" and

"official" have the same type. However, adding

Dy, v o the property of being in fancy dress
to... our dictionary, we can symbolize (7) and (8) as

(9) (e oere 9 e & S = (59700 900, & 9, ))

and
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(10)  ~(y ) ) (i Yo D oo (Fiwi) )

‘Thus (7) and (8) do not réquire that we have an additional

property of type otk , for being an official, in addition

tO0 foceye ¢ Our analysis of (7) and (8) is somewhat

more complex than a first«opder-quantificational analysis,

but this is to be expected, ' . ’
We turn now to GeaChTs.eXample'ih'I233 $91;

Geach argues that

(11)  Heraclitus bathed in some river_yestérday, and
bathed in the same river today

and

(12) Heraclitus bathed in some water yesterday, and

bathed in the same water today

cannot be given the rejected analysis, since the additional

premise

(13) Whatever is a river is water

would then validate the argument from (11) to (12),

and this argument is not valid. Our analysis of these
propositions is motivated by the awkwardness of (13);:

it is not implausible that "river" and "water" should be.
of different types, since (13) does not readily paraphrase
as "All rivers are water'". If we take some (reasonably
small) lumps of water as individuals - not too gross a
move if one considers the meteorologists' treatment of
(smallish) bubbles of air as individuals ~ then certain
subsets of lumps of water, and perhaps other things e.g.
rocks and sand, will be rivepé, at any given time. Also,-
we need to treat "bathing in a river" as an ellipsis for
"bathing in some water of a river", again not too gross
a move if we consider the differences between bathing

in some water and bathing in some river. So we can set

up our dictionary
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h, ’ Heraclitus
“York the property of being water
Tocoir s the property, of time~dependent

(or world~dependent) subsets of individuals,

of being a river

Yo ' (the world of) yesterday
te (the world of) today
s o the relation (in intension) of bathing in

and them symbolize (11), (12) and (13) as

(1)  (Hv, ) r

Otk ootk )X yl( Vocw ‘9 ro(ozk)( fK Vocx &
(T2 ) (Vg e %, & e 35 %, & boeer i 5% ) &
(Fx )y, t. x & w, ¢ x &5 Ehx ) ),

Otk K 3 oL K
(15) (‘;IL )/%Lk'yk‘r(. gb@i‘&‘%écxz g z(/ztx fA’ x‘ g 60((&’ é’ é& \1’:‘ )

and

(18) (%, )30 ) (Toporirie e Yo 26D (Ui 36 X D Wik Jue %, ) )
respectively. Even though the rejected analysis is used
in (14%) and (15), it is clear that (14) and (16) do not
entail (15), and that only a fallacious move of the form
(T e & Fx)Gx oo (Fx)(Fc& 6x) would allow a derivation
of (15) from (14) and (16). A set~theoretic model

with just two individual lumps of water, as well as
Heraclitus, can easily be constructed to show formally
that (14) and (16) do not entail (15). Moreover, there
is still no entailment if a simpler analysis is used in

which w,, and 7 are repiaced by

o0 )N and Tocock ) )

[4

on the assumption that waterhood and riverhood are time-

- (or world<) invariant properties, .
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Finally, in our response to the notion of relative
~identity, we deal with Griffin“s example in which Cleopatra's
 Needle wears out and is replaced by another block of stone.
Then we have .
(17 The new block of stone is not the same block of

stone as the old block of stone
but nevertheless
(18) The new block of stone is the same landmark

(viz, Cleopatra's Needle) as the old block of stone. .

Our analysis of this situation uses the dictionary

a, ' the old block

4, the new block

Soce the property of being a block of stone

Corn the property of being a block of stone,
of a certain shape etc., in the place of
‘Cleopatra's Needle

4iaxu— the property, of individual concepts, of
being a landmark

t. then (wheﬁ the o0ld block was there)

n, now

and the symbolizations, again with the analysis rejected

by Geach,

(19) Soex e, 8 Speme b, & a, %6,

(20) (gﬁx)//o(m)xn!‘\%x & Y le =2, & %K”f =6 &

Yo = A (%, ) Cp et x, )

in which in (20) the last conjunct in the scope of /Fyzx)

ia added to capture the parenthetical portion of (18).
In these various examples we do not claim to have exhibited
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a<genéral method for dealing with all cases of "relative
identity“, but we do claim to have shown that a formal
distinction‘between individuals and individual concepts,
and properties thereof, can be used to deal adequately
with a typical range of cases.

The formal distinction can also be used to resolve
such puzzles as the following argument, the invalidity
of which seems to provide a éountefeXample to the
indiscernibility of identicals: |
(21) The President of the U.S.A. is elected every

four years

(22) ‘R.M. Nixon is the President of the U.S.A.

(23) R.M. Nixon is elected every four years

The appropriate symbols are

Pocx the property of being President of the
| U.S.A. | |

ta, R.M. Nixon

T2, now

Focerrn the property, of individual concepts,

of being elected every four years

whence the premises of the argument become
(24) Soterre e (Ao O ) oy o2 )
(25) . fa/L = (71" )/OOIK 72, X,

and the conclusion is not even well<formed. Of course
we could make it well<formed by using the rigid designator

Aw, td , and writing

(26) Foceere n (A0 £e, )
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But even so, there is no valid inference from (24)
~and (25) to (26); there is a valid inference from (25)
and (26) to ' ' '

(27) jg(,,,,( 72, ( Aey, O1x, )Pocx 72 X, )

or from (25) and (27) to (26), but clearly (24) and (27)
make quite different assertions. ’

In order to argue for this particular analysis
of the problem, we have to give reasons for saying that
the property of being elected every four years, as it
occurs in (21), is a property of individual coﬁcepts
rather than individuals. Such reasons are not difficult
to find: although (21) might depend upon the American
Constitution, it does not depend upon empirical facts
to the extent that (22) doesy and (21) does not permit

addition of a relative clause to yield

(28) The President of the U.S.A., whoever he may be
from time to time, is elected every four years,

whereas something like
(29) The President of the U.S.A. is the most powerful
man on earth, and will continue to be so for

the next 20 years

does permit such a relative clause, and does more clearly
predicate something of (a number of different) individuals
rather than individual concepts. At least we can say that
the difference between (21) and (29) shows that some
constructions in English are ambiguous as to whether they
assign properties to individuals or individual concepts,
and if there is such an ambiguity we are entitled to
resolve it in the way we chose in formulae (2u4) - (27).
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2.7 Quantifiers and existence

The quantifiers //,,, and 77;m&xu , Mover"
individuals and individual concepts respectively, are
already part of the type«thédretical basis of our
system and require no further explanation beyond their
standard semantics. We have used them freely up to date,
and have found no need to'dse'any different kinds of
quantification for individuals and individual concepts.
Howevér it is clear that other kinds of quantifiers have
been used in quantified intensional systems; indeed the
difference between systems often amounts precisely to
different rules for evaluating quantified formula. 1In
particular we need to find propoéitionvvaluéd quantifiers
in order for typthhéoretic versions of wffs like [J&)Fzx
to be well-~formed, and for us to be able to deal with some
of the classical problems of quantified modal logic such
as the validity or otherwise of the Barcan formulae.

In most treatments of quantified modai'logic,
the domain of existing individuals varies from world to
world: the”constant ZDonbm.infroduced in $§2.4 matches
this feature, and in effect provides a property of
existence. This constant figures in our first definition
of a proposifion—forming quantifier thus: |

A

oK )(oc)

g Axo Aot () Domyevry, O Xoiy, )

The “abbreviation

(/\ xz. )HQ fOP A(ox)(o«:) /'\:Cc /90 )

'gives us a normal<looking variable<binding quantification

(Ax;), and : '
(Ve ), for (~(x )(~A,))
~gives us a corresponding existential quantification.

The quantifier ’/menbu is something of a hybrid
insofar as it forms propositions from (extensional)
subsets of individuals, of type 0/3; as such, it would

not. be found in any guise in an ordinary quantified modal
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logic. Two quantifiers that are not hybrid in this way
are '

| A(o.«){oc.ve)‘ :d/ /\,/;ur wa /3/4 J /‘\ADO‘Y’",A,‘K‘Z}U‘; % D,}gu\r W Y, )

and

‘ A/ox)(ozu “&f A]gkl Au’; /.%)(‘Z)O”"au:"/% Y O fore Y wx )
Using the latter, we have the abbreviation
(A Pil )’qox for A(O,{)(o,u (A%, Ao ) v
with V" the usual dual of A?. Insofar as we used
N foesoni rather than Ao s we are gaining
some benefit from our policy of not being dogmatic about
- what we count as properties: in quantificational contexts
we do tend to think firstly of the individual then of a
proposition formed from the individual, and this is
reflected formally in the type symbol ox¢ as compared to
OLK
Our quantifierlﬂpis somewhat akin to Scott's WV ,
but we take over neither the infelicitous notation nor -
the suggestion that the quantifier itself incorporates
"an indefinite index" ([64] p.149), The various quantifiers

/\, depend upon the function Dom,,, , but, just because

they are proposition-forming, they do not depend upon
worlds w,: there is not a separate quantifier for each
world, as the remarks in [64] might suggest.

The simple syntactical fact that ﬂﬂgg)llmv,Cﬁ;,x‘)
is well-formed shows that, contrary to a number of
‘philosophical assertions, there is no reason to suppose
that quantification into intensional contexts requires
quantification over individual concepts: the quantification

P e . . - e aes
(A x;) is proposition-forming, but x, is not an individual
concept. The Barcan formula may be written as

///lpx‘ )H(ax)z /ﬁ?n x, ) 2 /5 (NFx, )/ng x, )

(with D as a propositional operator, so that the formula

has type ox), or we can tack g, on the end to make it have
type © . -Similarly for the converse of the Barcan formula.
The following is a picture of our version of the well<known
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Kripke countermodel to the Barcan formula:

¢ [

Dom

oK

jfwc

and similarly the following is a countermodel to the

converse: -

o

(wherein #,., is in effect the property of existence).
Just as much as quantification into intensional
contexts does not necessitate quantification over
individual concepts, so quantification over individual
concepts need not be proposition~forming: we have
already noted that the system contains fCMoaru , a

quantifier over individual concepts which is not proposition-

forming. But we can also definevquantifierssuch as
Efom(ox(zx}) 74 ’\J[owm A, /%x )(ﬁx(u’) Yer Wi )

and the "artificial"
z(ou(o(cxu =< /\f;(cx) A (%k )/Jg(zw;'_%x)

which are proposition«forming. We have the attendant

abbreviations

| (Axm )/?o .7(0’ Erox)(a(m;) /"‘xtk /qo)

(A P’rm }/Qox )[0" E(ox)(ox(m)/ (’{ Xix ’qox ) ’
and £ and £° for the duals of A and A"

and
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Because the definition of =, ceccnr has an
unrestricted quantification (%;) » Over all individual
,COnCépts, it foiloWs'thaf.thE‘Barcan-formula formed with
A", viz. -

((A%%, ) Doy (foccorr o ) D Dopye (A% ) fonveern V) 90,

and its converse, are both valid. This provides a

formal reason for considering a constant 190n7oﬂk)x

to pick out a domain Domyg,, =, of individual concepts
for each world w;. In §2;8kwe‘Will find that some of
Hintikka's ideas provide philosophical motivation for
introducing such a constant: we can also provide some
examples of a»moré homely'nature; Consider, for éxample,
the individual concept of the Dictator of Australia:
despite some quondam Hawke~inspired fears, no such
individﬁél exists, even though the individual concept
does, in the present world. But in a world where
Australia did not exist, or a world with radically different
political organization making it impossible even to
conceive of dictators, it may well be argued that the
individual concept does not exist. Thus we have motivation

for introducing the quantifieré

’I:ax)(ok(“l) :4 /\JQK(O\’J AW( /\%KJ [DomO(‘K)Ku& yLK 2 oK lcnl %K w-;’ )

and

T(ox)(o(zx)) :a{/’ /\fOﬂA’) /\'“JK (%K ) /Domo(“)xufk \%K Dﬁ(uu E/m } 2

and thence the abbreviations

(A Lex }/9" }or y?or)(o(tw /" Xy ﬁo )
. //‘ Px(x )gox J[or Y}OK}(DK(LKU (’{xck /qox }

All of our various quantifiers have dyadic,

and

and more generally polyadic, generalizations. Some of
these generalizations may be defined in terms of the
existing quantifiers, but some may not. For example

the extensional dyadic quantifier A%wb(ﬂbu » Where
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o

A/,ou(oqjg“9m is construed as saying that most of the
x,’s suchvthatQﬂ,x‘ are‘alSO‘suchfthat'jkgx;_, cannot

be defined in terms of existing quantifiers but must be
introduced as a primitive‘constant‘with a special evaluation
rule in the semantics. | o | }

Several of our quantifiers may themselves reason-
ably be intensionalized. Por example corresponding to

N

oxitoney ~We might have the intensionalized quantifier

A

In this quantifier, the individuals counted as existing

(ox)(okilk ~df Axx‘ /\,]l;au A%(%)(Doma«x«% = Oxzy;.w/e ) C e

for the purposes of quantification are those that exist
in a world that may be different from the world where the
propdsition is being evaluated. A proposition in which
such a quantifier could be used is "Blll remembers everyone

of 1930%, for which a symbolization is

A

(oK )oK K ZLI( //\:t‘ /\u/x /Pemo¢¢k 2 6: X )) ,

assuming D, to house only people and using an obvious
dictionary. Such an intensiohalized quantifier does

1ndeed "1ncorporate an 1ndef1n1te index", and an abbrev1at10n
such as

(A . X )'gox ][or A(ox}(oxuxyufx (Axc’go;l’)
would be appropriate, if messy.

Given this plethora of different quantifiers,
what is our advice cdncerning their use? As Scott notes,
[Sulip.lSl, there are good philosophical reasons for
treating many modal operators in the one system: for
specific eXamples seev"applications" in [56], and Lakoff
(381 §§VII, VIII. Analogously, I suggest that there are

~good reasons for treating systems with many different
quantifiers, ranging over individuals or individual
concepts, forming truthvvalues or prop051tlons, possibly
dependlng.on a property.of existence, possibly having

more than one argument, and possibly being themselves
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intensionalized. We have shown that such quantifiers are
(mostly but not always) definable, and have philosophical .
motivation: it remains to work out the details of

their properties and interconnections. In particular

it will then be seen that there is often no precise

basis for philosophical speculations about quantifying
"into",'"over“, "thbough“,"acroés“ (or some other
miSleading—préposition«wiSé) intensional contexts.
Throughout the rest of our work we will of course
assiduously ignore the advice just ladled out; odd

forms of quahtification‘will be treated as charitably as
a leprous gorilla at a wake, and nice easy things like

IMotor, @na 77,006 will invariably be used.

2.8 Hintikka on individuating functions

In a series of papers, e.g. [301, [311, [331, and
[34], Hintikka has expounded a type of semantics for
quantified modal logic different from any so far formulated
in our notation. Motivated specifically by Quine's
objections to quantified modal logic, in some ways it
is a cross between necessary identity and contingent
identity systems. The exposition and formulation (and
criticism) that follows is in some ways tentative, sihce
unfortunately Hintikka does not formulate his semantics
in a set-theoretically precise manner and so some of his
prescriptions are open to misunderstanding (cf. e.g.
Kaplan [36] fn. 27 p.137).

Hintikka begins by assuming, contrary say to
Kripke, that there is a problem about "cross-world
identification of individuals": he says'that merely
to assume that the same individuals can crop up in different
worlds is just to wish the problem away, not to solve it.
His solution to the problem is to postulate the existence
of what we might call a canonical set of individual concepts,
relative to each world; this may be symbolized by a constant
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ﬁva’z'uoa‘,m

where for each w;, the set /ndivy,,,, w:. is the set

of individuating functions; in Hintikka's terminology,

for w,. Since /div,,,,., has the same type as Dom

Toteejx >

the question immediately arises as to the differences,
if any, between these two constants.

There are two differences between /ndiv,,, .
and Domiy,e,e 5 one fairly small formal difference and

one major difference in‘the'way they are used in
evaluating identity of individuals and quantified
formulae. On the formal dlfference, Hintikka says "...

we must often require that, given f£,£ e F, if flul=fqu)

then f(A)=/(A) for all alternatives A to x« . In
other words, an individual cannot 'split' when we move
from a world to its alternatives." ([3l]>p{100). This
requirement is given in a context where basically only one
modal operator ("a believes that...") is being considered,
but in general it seems that "all alternatives" means
"all worlds accessible by any chain of alternetiveness
relations (not necessarily all the same relation)." Thus
to formalize Hihtikka's requirement of non-splitting
we need to formalize the generalized ancestral relation
involved in our construal of "all alternatives" -~ it is
‘not enough simply to form the relative products of the
ordinary ancestrals of all the relations involved. |

To do this we firstly define the relative

product, among alternativeness relations,,by
S/I‘Oée(ol(z)g :‘{J(‘ /\f;‘,z Afokz /‘ZU,}A'U,(; (]uk)(/a‘kz Z‘/A‘ax & \90;:2. uK VK ) 5 -

and we assume that a class g%%’a/omxv

of alternativeness relations is given (usually by

enumeration , e.g.
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(z) @
/q/f’e‘/aroxz) = /\A)‘x' (/{rz = Qo fol = Pok2 VJ[A'* = Yok

['¢] 2)
puts S )_ , S(‘ and S in Alrfrel), Then we close
Rllref under Stroke , i.e. we fqrm ClosAltred by the
definitions |

Sup losAbleLypoons ) =4y A/zm,, (o )Rl sy foes D Arpocsy foer ) &
%x‘ ﬁxt )/Ao(oxu Ok 2 g Ao(ot')_?axz 3 0(0xk2) /SfrOé rox“)-‘,](o‘gi 9;!.(2 }/}

and

C/os/]/fre/

Olokz)
(S”/O [‘/‘”’4&‘”@ L (otoxa) Z2otont) 3 Foser }/mo[okz)_%a-xz Totoxt) f‘,,‘, ).

Hintikka's condltlon may now be written
(w/OfK}@K)(/I-vall aﬂx)xwflt g /C{"Ub(“,),‘u,/; 9& j‘ fxw :,?utu//.c D

—4 (77720( ‘z})(Sa/of/o:ﬂ/fre Ololoxz)) o(ox') ‘g /no(zm%))

(7/ ) a.«l }/&osﬂjfreﬂo@‘;) Aogz & one W Ve D .;c‘:: Y = G Ve ))
wherein, roughly, /»avq,,. is Hintikka's . f
is f' G 1s j' w ispe, v 1is A and the quan%ification

(h,ee) , restricted to (ClsAltrel,,.., , formalizes

his "all alternatives."
So much for the formal difference between /rad v,

and an arbitrary Dom,,.,« . Now, for the way in which

[ndivi., 1S used, we may set down the following

‘definition of cross-world identity:
.4,lw:lxh/ /\y‘/‘u G ) na ocer e %k wi foo & St % & S =y, )

This says that, from world z; , 1nd1v1dual«n "in"

C“\/[C{en/

OKLK LK

v, is cross-world identical to individual 3 "in" wu, iff

there is an individuating function in the set of such
functions for u; , such that x, is the value of the function

at v, and 7 is the value of the function at <z, . We see

that, in our terms, it would be misleading to treat
CWlden? as identity between x, and 7, , since these

already have a perfectly good identity of their own ~ viz.
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that expressed by\~x¢:34 » and this identity is in no
way a function of worlds =;, * and .. But Hintikka

(mostly in approximation-quotes, but see [31] p.136

2L.6) treats the values of individuating functions as
"manifestations" or "roles" of things as they appear in
each world, and requires that these "manifestations" or
"roles" be linked by an individuating function before they

can be said to be of the same individual.

It is unclear to me precisely what Hintikka does

semantically with cross-world identity, if anything, If
one could write a formula with, say, "(a" in model set wu
and "b)" in model set A and "=" between the model sets,
then presumably the formula "(a=b)" would be true iff

4 and b were cross-world identical. But this never happens
of course: so far as I can see, and some of Scott's
remarks in [64] e.g. p.166 give support to the view,
Hintikka evaluates singular terms in general as

individual concepts, identity as owr coincidence

C Cointon,ienz ), and his quantifiers are restricted to

[ndiVor e We at each world 2. In one respect this is an
oversimplification, due to the way in which Hintikka's
rules ( C.U;), (C.E, ) and (C.U,), (C.Em), on pp.124
and 127 of [34], are dependent upon syntactical features
(the "modal profile") of the. scope of the quantification.
vaist [75] p.53 remarks pertinently on this aspect of
Hintikka's theory, and says that Hintikka has actually got
infinitely many quantifiers around. In general, it is

not clear to me whether the definition

HTT;OK)(OK(MU “af ’\.{:;K(cr) A, (xm)(/;’d/"%amx%xm 2 or(tmrmwkj

and the abbreviation

(Hux(f( )/é?o}c fOf' Hrzf;xj(ox(cx)} (/‘xu( HOK) ‘,

with "E the dual of "U » captures the semantical content

of Hintikka's rules or not: the conditions built into
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Ladivy,,,,. ~ guarantee the truth of Hintikka'ls. extra

premises in all cases, so far as I can see, and so our

. H .. _ , e
quantifier “T7,,  ccces is in some sense the upper

bound of Hintikka's infinitely many quantifiers.

In [29] and [32] Hintikka has made the point
that in dealing with operators such as "a perceives that...",
there may be two different kinds of individuation (which
he calls physical and perceptual5individuation)s Scott
suggests that there may be any number of different kinds
of individuation. 'Hintikka discusses two pairs of quantifiers
based on the two different methods of individuation, and
~gives intuitive readings for formulae involving the different

quantifiers. In our notation, if we are right about U and

£ , we can express the difference simply by introducing

a further constant Flndv.

ocik Ik (obeying the same kind

of non-splitting condition as /ndiv,,,.,. , with the

appropriate relations put into a new class PHAllrel,,,., )

.. ‘s P
and then defining a quantifier T7 torscontinr based
. H .
on this new constant in the way that . ]homwxau) is

based on /[rdivge..,« .

The philosophical and formal possibility of
different systems of individuation raises anew the spectre
of relative identity & la Geach and Griffin, as dealt
with in §2.6. Certainly we will have two different notions
of cross;world identity, and x;in-q{may be identical to

Y, in u, according to one of these notions and not according
to the other. But, if we are right, cross-world identity
does not figure in Hintikka's evaluation of identity,
and coincidence of individual concepts is not relative

to the set [ndivgy, .. , 8o we will not have a kind of

relative coincidence to yield a relative evaluation of
identity. However, for all this, it is possible that some
of Hintikka's methods might yield semantics for the notion

of relative identity.
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2.9 Stage theory and the analysis of individuals

Scott, in [64] pp. 166 ff., and Hintikka,
as we have already noted in §2.8, both propose to analyze
individuals in terms of their "states" or "stages" or
"manifestations™ or "roles™ or “snapshdts“ in each world.
That is, they take individuals to have type ¢tk , in our
terminology, and Scott goes on to take individual concepts
to have type (4« (whereas for Hintikka individual concepts
have the same type, but are not subject to the same A
constraints, as individuals). They both seem to assume
tacitly that the domains of "states% are disjoint from
world to world, that is that X u;‘and.:%kz4 cannot be

(414

identical unless 2z =12, : 1in one sense this is just as

much a metaphysical assumption as the assumption that

there can be substances of type ¢ whose identity from
world to world is unproblematical. Moreover the analysis
of individuals in terms of stages seems to impose certain
conditions on the set D, of possible worlds; for instance
if we want to deal with some kind of continuing individuals

then D, will have to be continuously ordered in some way,

otherwise our individuals will blink out of existence during

the jumps or gaps in O, . This cannot happen with individuals

of type ¢, but perhaps the objection is only a metaphysical
one. Again, stage theory (as we will henceforth call the
approach in question) does not have a natural limiting case
when there is only one possible world: in ordinary
extensional quantification theory we do not usually suppose
that we have a domain of stages of individuals (although
we can so construe the semantics if we wish).

Apart from such caveats about the ascription of
type ¢ to individuals, we might also urge that, if
individuals are to be assigned any type other than ¢, then

the type (v is not sufficient to provide an informative

analysis of individuals. Along the lines of mereology or
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the calculus of 1nd1v1duals we. might want to analyze
individuals 1nto their parts, perhaps atomic parts but
not necessarily so, and we might want to have a relation-
ship between an individual and some set of its parts.

We might also want to give formal expression to the idea
that an individual has to have a certain structure

among its parts; for example that a human individual
ceases to be an individual if he is, literally,
decomposed, or that a ship ceases to be so if it is
merely a pile of planks and a scattered collection

of fittings. (P. Herbst has remarked in discussion that
this latter idea both has a long philoséphicalvhistory
and is a metaphysical dead-end: we have no special
commitment to the idea, but suggest that hitherto it has
lacked the kind of formal basis that we hope to provide.)
Again, we might want to be in a position to deal with
gquestions concerning Geach's cat Tibbles, and the
individual Tib consisting of Tibbles minus her tail:

S. Voss has asked questions like "When Tibbles meows, how
many individuals meow?", and we would like to see formally
how the straight answer "One", favoured by Voss, could
be justified.

We assume that we have available all the resources

of the calculus of individuals, so that relations <oee

and <., , for part and proper part respectively, the

operator +; for individual sum, and the operator

Fee

woc, for the fusion of a class to an individual, in

particular are available and require no further
explanation. Stagewise extensions of these notions

may be defined thus:

<otwrrt “df Ax, A%xﬁ%}(<m,ﬂnxu@)(%(u¢)),

and similarly for < ..): .

-fZ(K)J

=df )\xl.l( Ayu( Au}; (+¢3 (x"‘u}'; )/y"" “ )

and

Fu A][mx Aw&' (Fuz(ou (ft;ufu/;f "}

c(ocw) Tdf
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I1f we take the members of 7, seriously as stages then a
a further kind of fusion nay bé.defined,.colleCting the
stages together into a single individual. Indeed there
are two separate notions here; according to one we
collect together all stages, and according to the other
only existing stages are collected. These operators
will be called wormifiers, to distinguish them from the
kind cf fusion operators already available, and their

definitions are

Wérmt(u() :"f /l:%&’ //[;‘z(ou ,\xt (3% }(‘rz = %r Wi )}

[Mo’”‘zaz) T '\3/uc (Fticou A%, G{"‘fx)(xc: Yex “’7« & Domy, urx,)) .

(2174

The trouble with such wormifiers is that even though the
entities of type ¢ in the values ©of type (« have to

be thought of as stages (the fusion of {Barton, Deakin,...,
McMahon, Whitlaw} scarcely provides us with an individual
Prime Minister of Australia), the entities in the value

of the wormifiers are still of type ¢ but are certainly

not stages. Precisely how the ontological points involved
here are tc be reflected in the assignment of types 1is

an open problem at this stage.

In order to illustrate the way in which the notion
of structure might be formalized and applied, we consider
the problem of Theseus as propounded by Hobbes and
N. Griffin. According to this problem we have a ship,
call it Theseus I, which is replaced plank-by-plank
(ignore the sails etec.) resulting in a new ship, which
we call Theseus II. Meanwhile the old planks have been
stored away one-by-one, and then resurrected into a
further ship, which we may call Theseus III. The problem
is basically of the "What are we to say?" variety: are we
to say that Theseus I is identical with both Theseus II
and Theseus IiI, even though Theseus II is not identical
with Theseus III, thereby denying that identity has the
Euclidean property? If Theseus I is not identical with
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one of Theseus II or Theseus III, then which one? and

what then is its relationship to the other one? And so on.

To give a description of this situation, we begin
with the following definition of the field of a relation
of type owk .

Fre bt rioicer "o Mocow 1 AG (T ) ooty v fo iy )
We then introduce the relation

Plankarray,,, .
and the property
. /D/an-éom

connected by the fact that every individual in the array
of planks is a plank, i.e.
(x, Ny ) (Field,

(ock oK) /?Zan/carrayo“ku/;‘x‘ D P/dnéa‘,(ufkr‘} .

If 4s, is the world of some time before the start of
the shenanigans, fhen we assume that the array of planks

is such that Theseus I is the fusion of the field of

this relation, i.e.
Th [!, = /'—u(tr)(om} (ﬁe/‘{fawi(aum p/"”éa”ayoux Y bs,.

And if as. is some world after the shenanigans are over,

then Theseus.II is the fusion of the field of ﬁ%bnéarrqy
as well:

77‘174 = /ru(zxj(ozg) /'[’-e[a/(ocm(aux) ’D/a""éa""“joux )QSK

Meanwhile, what has been happening to Plankarray ? At least
F%én/arrg%ﬁlxag‘ is isomorphic to Plankarray,, bs. .

as per the definitions

Fieldsy, oy “af Moc Az Qg W foiz X% v for %)

870(4’)(01)1 :4 A\ffn ’\ym. A/ltz ((I‘)/jg‘ X, 3.906 (As’ I )) & (%) @Ot- yt 2
(T )Gy = o, ))& G ) o, & oy o & A% = Ay O %= %)

]:qoo(c‘){o:z)z =ﬁf/ /\mazz Ano&z A/'t‘ (Bao(cl)(o:)z (Ee/dom’“) MECTE )
: (Field,, 100, Poes )R, & (x, )y, W mpes X, 4, D 72,0 (A2 %, M.y, )))
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[50’770"/)5,‘60(0“)1 =y '\mac?— /\nmz [:74‘,_ ) [-SOO[“)(OZ’J‘ 72,0 Tlocn A‘l .

Moreover, if we have suitable notions of betweenness

and adjacency for the worlds involved, then Aandarray,,, x,
and ﬁ%ﬁnéarrgyb”K3Q are isomorphic for any worlds «
and Y, between és, and as, , and if x, and 3 arev
adjacent worlds then the fields of F%ﬁnéaffaﬁucgik

and /yhnéarrqyb“ka@ are almost equal in the sense

defined by

’g/mo“/:o(oz)l_ o ,/\J[mAgm (_72:‘ )(/‘36 (.7[;( %& Y FX, )= Afﬂ @04 %_&%;é:r‘ )) -
These set-theoretic conditions on Alanfarray,,,, seem
to tie down pretty accurately the relation between Th L,

and 7AII, . The relation between Thl, and 7AIIL, , where
7-’4172& = '[z‘mu{ouo /ﬁej"/{ock}(aum p/a”'é“”f;u« )45« ‘

>

depends on the relation between Alaskarrayye.. and
Plankarresy,, . . This relation is specified by the
facts that for all x, between 645, and as,

Freld (/O/anéarrayo:m x, ) = Folx

oo ) oclocc)

2

(/Q[Qn/éarraya“x 65« )

>

that is that /lanéarrayg,., always holds the planks

that were in Theseus I, no matter whether some are
stacked up somewhere, and

/D/arz,éarrczj/a’ux as, = p/‘g"’éa"rayoux ‘65(

that is at as, the planks are put back into the same

structure they had at 6s¢ . It follows from this that
ThI, = ThI, : but this is a relation solely between

individuals, and if the structure is taken into account

then an individual~withe~structure will have type o¢ (o).
During the changeover the structure Aanéarray,,. was

different, and in the sense of individualewith-structure
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Theseus III did not equal Theseus I during this perlod

For the Geach- Voss problem about Tibbles and Tib,
we need to postulate some canonlcal set LéSSquo@“mvx

of structures, such that at each world #; the domain of

existing individuals may be defined by

Do,nal( :4 Auj’( AC(L {‘%lt( )([/OSS,HQ/ (a¢¢x}g K_][LLK &
x, = ‘/E;'((ou (/.f‘e/d ooy [»/c;ukw J)

Criteria for membership of b@SMna;w“K)Ku, may be
~given in terms of the kind of entities allowed in its
field, and perhaps in terms of some formal relational

properties akin to connectivity etc. In any event, an

existence-quantifier based on Dom,,, as defined will

allow the natural answer "One" to Voss's question, and
we have the beginnings of a formalism which will handle
~general problems of this kind.

This fairly prolix account is an example of what
we mean by the "analysis of individuals", and is perhaps
also an example of what Scott calls the fleshing-out of
the concept of an individual (in stage theory). An
example or two does not provide a whole theory: the latter

awaits - further development.

2.10 Functions, rules and rogators

In mathematics, functions are treated
extensionally, as a class of ordered pairs obeying a
suitable restriction. An apparent exception is category
theory, where we have also to specify the domain and
codomain (or at least the latter) of a function, since
e.g. the identity function /:A—>4#

differs from the insertion function 1#,:A#—=>8 (A EB)

even though they are the same set of ordered pairs.

(They differ, e,g.; in the well-definedness of their
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composition with other functions.) But this exception
is only apparent,‘since”extensionality is restored by
treating a mapping as a triple <(¥,A,B> where F is the
set of ordered pairs and A7 and £ are the domain and
codomain, not necessarily recoverable from £ .
Occasionally the extensional treatment of
functions leads to counterintuitive results: e.g.
in recursive function theory the function f defined,
for all x , by

Slx) =7 if there is a sequence 0/2..9 in

the decimal expansion of 77
=2 otherwise R

is recursive, since it is either the constant 1 or

the constant 2 function. Even though we cannot produgce.
a machine that computes it, there is (non-constructively)
such a machine, and that is all that matters. This is

a clear indication that we are not treating this function
according to any kind of rule given in its definition:
such a treatment would require us actually to search
through the decimal expansion of 7 , and this is not
involved either in computing the constant 1 function

or in computing the constant 2 function. Rogers [59]
§1.3 suggests that algorithms for functions, as distinct
from extensional functions themselves, serve as names

for functions: but later ( $1.8) uses A for a set of
instructions and ¢, for the (partial) functions computed

by these instructions. The fact that a set of instructions

can be treated quite differently from a name shows that
some further analysis of the extensional/intensional
distinction in this area is called for.

On the philosophical side a number of points,
about an extensional/intensional distinction for functions,

are made in Sloman's [65]. Sloman distinguishes between
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functions, as classes or ordered pairs, and rogators,
which. are intensional entities such that extensional
equivalence of rogators does not imply identity of
rogators, He also (in Section B of [65]) makes some
valuable distinctions between his function/rogator
distinction and other distinctions e.g. some made by
Frege, and by Russell involving "refereﬁtially opaque'"
functions like "the number of the day on which George
IV first thought about x", for which a different day will
result for argument x=Scott than for argument x= the
Although in 312 of [65] Sloman argues against
what will be essentially our approach (he reports that it
was suggested to him by Montague and derives from work
by Tarski), we now propose to investigate how well our
notation might handle a distinction between extensional
functions and (some formal surrogate for) intensional
rogators.  If possible, we want such a distinction to apply
both to mathematical entities and to the more philosophical
cases such as Sloman's "the town in which x was born."
Supposing that all our individuals have type ¢
(e.g. that numbers have this type and not, say Church's
(ee )er) ), then a function of one argument will have
type («. We ask, then, whether type ttk might serve
for rogators, by analogy with our intensionalization of
“various other kinds of entity. Entities of type ¢«
are set-theoretically equivalent to entities of type
ekt , i.e. functions from individuals to individual
concepts, but not to entities of type ¢((¢¥) , i.e. functions
from individual concepts to individuals. This distinction
ééemsvto match the difference between an exampie in ’
Sloman's §7 and one in his §13: in the former we consider
the function "the town in which x was born" and analyze
the particular case "the town in which Aristotle's first

pupil was born" with the dictionary
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a, Athens
S Stagyra
Soix the property of being

Aristotle's first pupil

boier the relation of being born in;
(We assume everyone to be born in just one.town;) We
can define the rogator
Z,,., = A Aac/?y‘)(éougu&x‘%) ,
and can then explicate Sloman's points viz. that if
Aristotle's first pupil was actually born in Athens then
the value of the rogator is Athens, but if that individual
had been born elsewhere (say Stagyra) then the value of
the rogator would be different. This is just to say that

fuz?k("'xc)/ﬂukgxrt) = Q.

but that in alternative circumstances w,we have

(7x, ){chz Gi X, ) = (‘):r( )/]gzx U xc) but
Z‘u,x Wy ﬁxz )(fo‘:,( yz X, ) =5 .
0f course, we might not have had (7% ) fore G X, ) =

(12, ) (foree e X, ) , but this does not bear on the

”rogatibnal" character of the example.

o For Sloman's example in §13 we have to analyze
"the day on which our chairman first thought about x ",
explaining the fact that for x= Bertrand Russell the
day may well be different from that for x=the author

of The Principles of Mathematics, even though Bertrand
Russell is the author of The Principles of Mathematics.

This seemssimply to need the function p ., , where

PiccerXTue 1s "the day (of type «¢) on which our chairman

first thought about individual concept x, (of type ¢« )."
Putting '
6, | Bertrand Russell

and
a the property of being an author

0K
- of The Principles of Mathematics,
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we simply have that /ZHKJ/HuQéi} may differ from

Ean(wuzﬁ%k%muéxU even though
conys (N 6, )0hog Gx @y, 2o x, ) holds.
So much for making a formal distinction between

Fo/ncro

functions (type (1), roéators (type ((«) and another kind
of intensional function (type ¢(t«) ). Can we also use
our notation to shed light on the mathemafical distinction
between an extensional function and an algorithm for the
function? In [65] &3 Sloman suggests that a "machine"
for a function might be an explanation of rogafors rather
than functions, so we mighf expect a‘similar kind of
notation to work in both cases.

It is fairly clear that algorithms or machines
per se do not have type «w«: we do not have to feed
a possible world into an algorithm before it starts giving
us a value for each argument. However, if we treat «
not as the type of possible worlds but as the type of
poésible transducing or encoding systems, from numbers
to physical,fepresentations thereof (and back again), and
if we think of a machine merely as operating on physical.
representations of numbers, then the computational
function of a machine can indeed be treated as having
type (LKQ, Fof,'the machine by itself merely does
complicated things with vcltagés or currents or whatever,
and one has to have a transducing system for these before
the machine can be said actually to be doing a computation.
As a trivial example, suppose there are two machines
which respectively calculate the identity and the squaring
function under some standard and intended transducing
system. Now change the transducing system so fhat every
number is represented by whatever normally represents
the number one, as input to each machine, and each machines
output for this input is converted back to the number one.
Then for this mad transducing system, both machines
compute the constant one'funcfion: they coincide at that
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mad system, But they are not -identical machines, since
they compute decent and different functions under the
standard system,

This gives us one kind of mathematical model
for the type ¢tk , but there is at least one other way
of doing so. According to the second way, we construe

D), itself as a class of otherwise unspecified and unanalyzed

algorithms, and we introduce a constant A&yhtK

as an application function, whereby #pp,, ., w,. is the

function that results from the operation of algorithm

w, . In broad terms, the function App,.x explains how
the algorithms in D, work, e.g. it describes the general

operation of a set of instructions making up a Turing
Machine or real computer, or it describes the method of
calculating a function from a set of equations, or it
describes what - and —>° etc. mean in a Markov algorithm.
In a particular case this function may be more exactly
specified, depending on the nature of the entities in D,
(for Turing machines the application function is in a
sense the universal machine). Under this conception

of things, FApp,,, 1is one big rogator, yielding functions
6kp“KuQ for each algorithm in Zk : we may well have
APPii We = Hepee %  without having %=1 , and this is

now our formal statement of the fact that functions may
be the same even though algorithms for them differ
qua algorithms.

Further development of this second conception
of things wculd require us to introduce a (fixed) Godel

numbering Gn,,

so that for each index x, , Gn,, is the algorithm

or set of instructions with index x (Rogers's A ) and
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then 425, {Ga.,x,) is the function with index x,(Rogers's @) .
Development past this peint would require a decent
treatment of partial functions, as in §1.16, and we leave
the matter there,.

S 2.11. Second-~order prdperties and relations

Various useful properties of properties, and
relations between properties, can be defined in our
type-theoretic formalism. For example we may define an

actualizer as an "existence-entailing'property:

Hcl‘ua//je ) df Aﬂ,’x(r‘ e ) fr e X, D .Damowufk:r‘) ,

ro(ﬂ;
or we can put
/?cllua/i erOk’{ﬂ,‘A’) “df /\f,-,;z A‘afr (Q.“)/‘/,,;K w,x, 3 Do:-nowuf, x, )

if we want a proposition-forming property of properties.
In general, a relation might be an actualizer in some
places and not others, e.g. "x believes that y exists"
might be taken to be an actualizer for x but not for ¥

Thus we might define

ﬁcfuajzje =y A.£T,.x (w}t )(x‘“"")//{r,.x 2 xilnﬂj _Domo“,% x:ii )

i
Tocm, k)
for 7§ i<n. Again, some relations may be conditional
actualizers in some places: for example " X is married
toy" is a relation such that if x exists then so does Yy ,
(and conversely), but the relation is not an actualizer
in either place. The most general expression for such a

kind of actualization is embodied in the definition

Lt an) ) (i)

gc/aafﬂiyeg{mk) “f A]{z.z (wf ), )(ﬁ“uf,‘x‘ 2. Domy, wp x, " 2.
(%) )

o 9. Domy, 2 7, 2 Domg e wi X, )

(4 ¢

whereby _ﬁgg is an actualizer in the ;% place conditional
upon the existence of the arguments in the places

S (where 1< j€mn , 1<7<N, 7¢i,sn for 1€SET ).
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We can define a range of properties of pPOpPrthS
along the lines of
Fictionalizer, o, Mre @) (6, ) (fon 2, 2 ~ Domg s ., )
and we can have mixed actualization/fictionalization
whereby existence in some places implies non-existence
in other places, and so on. We can also generalize

on our conditional actualizers thus:

A%fﬁajbe i ﬁ'{yﬁﬂAﬂ;xéV}Arﬁ%)éf %w:L

O(IT' k()T
(i)

¢
9,,,,( u, X, 5. . Dj,,,( x :)Dofnomuf:x’)

and proceed from here to generalized mixed actualizer/
fictionalizers.

Some philosophical motivation for the notion of
actualizers is given in Prior [54] p.1l61: this is
discussed further by Cocchiarella e.g. in [13] and [14],
where he uses the term "e-attributes". These papers yiéld
the suggestion that we could define

.DOrno“, c{f /\W /\I [%.K)//%fuaije (rrx)](l;x (g f u/l‘ /)
if we took Scltualijery.,,., as primitive.

Akin to rigid designators, we have "rigid"
properties, defined by |

/?y<§bm@qwhx).1¥ Aﬁ;x(zézt)ﬁu-)(/’ 5@()
with a range of obv1ous'generallzatlons. I am not sure
whether Kripke in [37] argues that some species names;
e.g. "tiger" denote such rigid properties. (Obviously
any class of entities denoted by rigid designators forms
a rigid property.)

Among relations between properfies, perhaps
the most philosophically interesting are those in the
coincidence cluster. We begin with

Come oeyemers "t Moo A A% (e e = G % )
and its simple generalization

Co'”c(ow(ﬂ )z ~lf Aj{rk’l,?rrx A (J{Tk = Dk We J
at each world, two properties coincide iff their
extensions at that world are identical. Since the

- extensions will in general include non-existent
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individuals at each world, a weaker relation of

- coincidence is defined by

(oK j (1T n)?

ﬂOmCo/nC = )ﬂ;.x A‘?ﬂ;,x Jz{{/ (xfn)’)(ﬂmo"v z(),'(.x“(’J 5. ... 0.

D . (n wnly . anll ) ‘
O Wi X, - Jé‘/(w;’x; - jﬂ;‘xuifxc ’

whereby the extensions are required to be identical
- only for existent individuals;
The two different kinds of coincidence yield

two different kinds of contingent identity for properties,
viz. : :
. Co"”c"o(n,‘g)z =af "f'r,,,l(’lyrr,.x (CO""’C{OK)(”;‘K)z ./;';K Grx I )
and

«DOn-zCo/an,(,,”“z =4/ /\f,,;,x A‘gm‘k, (Dom(ﬂoinc(o“(,rn“zf,,_.‘k_g,,’_x 9 ) .
The possibility of defining a reasonable notion of contingent
identity of properties, parallel to that of contingent
identity of individual concepts, provides a simple formalistic
vindication of Deutscher's position in [21] p.73 ff.,
as against M.C. Bradley [4] and J.J.C. Smart [66] p.90.
It is not clear to me whether (osncr or Dom(oincr best
fits Deutscher's ideas about such a contingent identity,
but this does not count against the basic correctness
of his point. Perhaps we could quibhle over the term
"contingent identity" in this context, with its suggestion
that a kind of identity is involved: the only identity,
for any of the entities in our analysis,is straight—out
set-theoretic Leibnizian (J,,. » but there are other

equivalence relations that may be usefully defined since

they appear in philosophical discourse. The two relations
Coincr and Dom{oincr are such equivalence relations, and
they answer closely to intuitive ideas of contingent
identity, even though they are not identity relations
"properly so-called".
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2.12 Propositional quantifiers -

The introduction of proposition-forming
propositional quantifiers may be carried out along the
same lines as the introduction of proposition-forming
individual quantifiers in §2.7. The main difference is
that the domain of propositions declared to exist at
each world may have to satisfy various closure conditions,
etc., that do not and cannot apply to domains of
individuals.

Just as for individuals, the system retains

the straight truth-value forming quantifiers [/,

o(oo0)

and fcﬁﬂbkﬁ as a matter of course: but to treat

intensional systems with propositional quantifiers, such

as those of Bull [5], Fine [22] and Cresswell [16]1, we

introduce a constant ‘ ' ’ -
O70 (ok I

(indeed, a neighbourhood function!) such that at each

world w, , Domg ., % is the domain of propositigns
at wi. Following Fine, we require at least that for

each %, , the domain be non-empty, i.e.

(“'U:( ) [Jxor )(*Z)Omo (ok)x% o ) -
The weakest further condition that Fine proposes is that
each Domgg.,.

be closed under (conventional) negation and disjunction.

w, should be Boolean, i.e. that they should

This condition is expressed by

(u/k ) (xo.« )(‘Do’"o(ox)x W Xope I *Do”zo[omx e (A/{ozaz Lox )

and

(20 (X, )(yox) ['Do”’o(ox).( Wy X D - "Domo'(or)/( “e Yorx 2
*Do"’"o(o‘uxu"k [/9(0,”3 Xox Hox J)

If we expected universal instantiation to hold for
propositions formed from other than conventional
propositional operators, then further closure conditions

would be added. TFor example if the operators of an
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entailment system were involved, .then we would require
: AR
closure under e, Aior)s Neows and  £ppe)s
. . . X . e . .
and if some modal operator [J,,,. were involved then we

would require closure under it. The'strongeSt possible
condition oan Dom,e.),w, is that it should select the full

power set of the set of all worlds: this condition.
automatically satisfies all closure conditions, and is

expressed simply by
(e 1o, ) /‘Domo(ox)x Wi Lok )

(given that only standard models appear in our underlying

model theory).
Although I know of no author who has found an

urge to do so, it would be possible to have the domains
of propositions satisfy different conditions depending
on the kind of world involved. For instance closure
under EL;Uz may not be required at queer worlds =i i.e,

those where Gh. % holds; and for a quantified first-

degree entailment system we might not expect closure
under £,,,; at worlds other than the real world.

Given a suitably restrained Dom,,,,. , we
define the proposition-forming propositional quantifier
‘w(-OK)(O(OK)) ‘

‘w(o_/(;(o(or)l =df ’\"”o(ok) Aus o ) (DOm o sc Wit Xore 7o) Xox )
This quantifier is hybrid in the same way as A .,
a non-hybrid quantifier akin to Aguwoes is given by
lp(ox)(ox{on) “df ’\mox(ok) /}wft [:rox )/“Do’"o(a/(m W Xow 2 Moxions Xox Wi J.

Notice that in fact Viowcoxcows) -1s a property of

monadic propositional operators: ’fgkﬂoka” Oe,»  and

@%Kﬂbem)Ag(ﬂ express forms of Rationalism and
Vetoism respectively, albeit inconsistent ones given

the conditions on JDomg,,. . We may use the abbreviation

//\prK )/QOK )COP 1&/o.«)(mam:,u /’lxox /qo,e ) ,
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whence Barcan-~type formulae like
P -
/(A Lok )‘/[j;ox)‘ ’[’)ox ) 2 []/oml '/AP‘rOK )/]0" )yx
become well-~formed. Similar coénditions to those for

individual domains JDorm,,, determine the validity on

otherwise of this formula and its converse: in
particular the strong "full-power~set" condition
previously given is a sufficient, but not necessary,
condition fcr the validity of both the Barcan formula
and its converse. | _

~ The “second—order"‘aspect of Cresswell's
[16] lies in its quantification over propositional
operators as well as propositions. Along familiar lines,
we may remark that we already have quantifiers such as

77;h,ﬂopn)) T for‘quantification over monadic

propositional operators, but that these quantifiers are
not proposition~forming. Cresswell's condition of
hereditariness ([16] 5.10 p.310), to some extent the

analogue of the conditions on the domains Dom s
'Dom 5 ».. in the frame of a Henkin general model,

‘provides a minimum condition that a set of domains
'Domo(ow s .Do"”o/(oxﬂ) B ‘Do’”o/(or_)?) >t

must satisfy in order to be used with quantifiers over

propositional operators: such a condition would have

‘to be built into any specification of domains of

cperators "existing" at each world if we proposed to

define proposition-forming quantifiers over

propositional operators.

2.13 A Bull-style tense logic

As a sample of a rather comprehensive

propositional system we discuss some notions gained
by what we might call an "ontologization' of the
semantics of Bull's tense logic as set out in [6]. By
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our neclogism we mean that we ignore the restrictions
placed on Bull's system by its syntax, which are doubtless
necessary for the completeness proofs to go through

but which are not to the point here. We assume
throughout this part that the set [, is a set of times -

no other way of indexing possible worlds will be permitted,
although & yet more comprehensive system would allow a
- wider class of worlds as well.

In Bull's semantics, the propositional variables
P>G 57T 5.0 Just take on propositions, of type o« .
There are also clcck-propositional variables a, 6 ,¢ ,...
and these take on clock~propositions,defined by

(Z%ééproﬁ Sorf Ny (Fug, ) () (x,, v, =. d@ =, ) .

v (oK)

Thus a clock—préposition is a proposition true at
precisely one (instant of) time. ]We'can recover that
time from a clock-proposition by applying the function
Jimecfock , defined by

Wmecfocé((om =y )\:x;,,( (12 ) (x,, w, ) .

Bull's condition (iii) (p.284 of [6]) puts a syntactical
requirement on his system, to the effect that there is
a clock-propositional variable for every clock-proposition:
we do not formalize this condition.

Bull's operators N, K ,L ,G, and # are respecfively
conventional negation and conjunction, universal necessity
( = omnitemporality in this context), semi-normal necessity

evaluated with a relation S,.: and semi~normal necessity
evaluated with the converse of Sorz . There is an operator
17 for universal quantification over clock-propositions:

we match this with the quantifier

c - \ S
d “df /‘mCK(ggl A""i« {:Tw{ - Cé//o“'éf”ro/oo(om Xor 2 orrons Xox W );
and an abbreviation

Cr ‘ , CA '
( R )gox j:or' g':}m«)(()k(ox)) ¢ /‘IOK‘ Ao J

Here Clscdprepgen., e acting ac = domain, akin to

(ox) ok (ox))
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Domy g, in §2.12; however, unless there happen to
be just two instants, Ck%cépdy%&wj is not closed

under negation, and unless there is only one instant
it is not closed under conjunction or disjunction. So
differs from our previous

. [P <
the qual‘i‘tlflel" é(ox)(ox(ok))

propositional quantifiers at least to the extent that
its domain in not Boolean: in the'syntax of Bull's
system, of course only clock—prqpbsitional variables
may be used in instantiating 77, so the non-Boolean
~ character of the domain has a synfactical correlate.

From this point, Bull's system is then
changed so that reference to future-tense operators is
omitted , and history-propositional variables U,V W,
are introduced. To match Bull's definition of a path
([6] p.291) we define a history-proposition thus:

SUbtstorop, o, = Aoy (T Moty 10 S bef Yop Wy 2 8 s, D05 v gy v Sy g V)

Hr58prapacons “tf Ao (SubHistorop sy, Zoe & (o M1 Kyué%l”;”"’/"ofox)%ff &

(o )X 20 > Gop 2 ) 2, = o V),

i.e. a Subhistory-proposition in a non-empty linearly
ordered set of times, and a history-proposition is any
€ -maximal proposition among Subhistory-propositions.
Thus of any two history-~propositions, if one is a subset
of the other then they are identical, and this is what
Bull's postulate CLCuv{Cvu

says of history-propositions. His postulate

C‘/\/ 72!14 72?4 676/&6 [/éa

requires that any world in a history-proposition should
be related to itself: +this is not true of our notion
and to gain compatability we should either delete W = U,

from the definiens of SuéHisloropy,,, , or, what I
regard as preferable, weaken,BulIsmpostulate to

CK Taw Thu AL Enb BUablba

.
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Converéely, Bull's. postulate

ClUab ZukTauTbu

could be strengthened to

/(Zu Taw CUaéEu/{ﬁzu Téu

under our definition of history-pfOPOSitions.

For quantification over history-propositions,
Bull gives a substitutional evaluation and says (in
effect) that it is weaker than the quanfifier defined by

H

(oK) Cok(orr) —df /{mox(ox/ AZUK /‘rox)//%-sljo‘ro/oo(oz) Xy D P2 ucowy Kor W )

with abbreviation
H ' q ’ .
( 77—3‘0« )'Qorc for ¢(ax)(ox(oru /’]xox 'qox ) ’

and "2 for the dual of "I7. (Similarly to the domain of
clock-propositions, the domain of history-propositions is

. . H i
only Boolean in exceptional cases.) Our @wKMmegu

is an example of our ontologization from Bull's system:
regardless of its axiomatizability it is still a reasonable
notion for quantification over (our version of) history-
propositions. '
Given history-propositions, Bull then defines G
(and its dual F ) as usual, and adds a further operator

F, for "it will be the case that...", defined (modulo

our last two paragraphs) by

‘%K)Z :"(f )‘:ro’f /\Z(/ ( /7:%'\’ )/\70"‘ D{JV)(”S;K‘ W U 8’ %K o‘rcVA’ ))

thus .., %, w. holds iff x, is true at some time in

~the future in every history-proposition which includes

w, . Bull's postulate
£ 72 Zp ITu CTawZ 6K Tou k' Uab Thp
is almost literally a Syntactical.version of this condition.

Our notation suggesté some fairly simple«minded
additions to the structure that we have ontologized
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out of Bull's system. For instance the name "clock-~
proposition' is not quitefappropriéteﬂsince we might
expect that the same assertion "It is 7 -o'clock"
could be true in several different alternative futures,
but this possibility is ruled out by the definition of
(lockpropy,y., . To formalize the notion that I have

in mind, we need something like a metric tense logic, or

a discrete ordering of the set of instants. Suppose 7.

is the "tomorrow" relation in such a discrete ordering:

then for each w, we define

OMC%CAO(OK)K :4 JZVK /’Iax {U};)(xoz v =. W = )
MC/OC'éO(OK)K :céf AZUA', AI‘O‘, /%}/xoxl/,'{ = 7;(2 W, Ve )

—M (’/Oc'éo(mqk, = /\71/,( ”/\xox {7//} )/‘roz Ve = 7;/<2 Ve Wy )

MClock ypor, =y N, Axc,e (i ) (3, 1 E[guK)(C,(zw,;u,c& Tt 2 ),

etc. Strangelovish thoughts like "Whatever anyone does,
the bomb goes off at time ¢ from now" could then be
symbolized, a bit indirectly, as

(. )lrr J( MClock oy, 72y o I Xowwyy 2 by )

where 6, 1s the proposition that the bomb goes off.

2,14, Relations between domains
Inter alia, we have now introduced the following

constants for domains at each world;

ZDO”%ug for individuals

Dom for individual concepts

ok
and

[hynokw)x for propositions.
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#s they stand, the various domains bear no relation to -
each other (apart from relations from world to world for
- domains of the same kind of entity, e.g. the inclusion
condition

(@4)/14)(5;:1%14 (¢, ) ( Domyyy wr 3, 3 Domg,, v X, )
for the converse of the Barcan formula). But we could
expect certain relations to hold between these domains:
for instance we should be able to at least express Fine's
Priorish suggestion, in [22] p.344, that "one may argue
that a proposition exists in a given world iff the individuals
which the proposition is about exist in that world", even
if we dc not agree with it. And we could further expect
that velations between the various domains should be
reflected in principles connecting the various quantifiers
whose definitions depend upon those domains. .

Let us begin by looking at some possible relations
between Jom, . and.ﬂDOmoaxM, . A condition which comes
readily to mind ic that if the value of any individual
concept exists in a certain world, then the individual
concept itself exists in that world: in symbols

(/z’/k/‘(’:/u( )/"Do"’"‘:nzu& /%x Wy ) > Domo(uc};( We Yir )

A possible counterexample to this condition is given by

letting
| W, be the world of 1940
and Y, be the inventor of the tunnel
diode.

Then vy, 2 indeed existed at 1940, qua individual, but
we could argue that Y. did not exist at 1940, qua
individual concept, since tunnel diodes could not have
been described in 1940, and so the concept of their
inventor did not exist. If we accept this as a counter-
example *o the given condition, then a weaker condition

not open to the counterexample is
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{Z(fx />(y£~ )(Domou/% (,yuu/x) >. 'p‘f‘?"a/a/»efo(cx) Yex 2 DOmO(lK}K We Yix )“

whereby‘anyfrigid'designatbr whose value exists in a

certain world is itself regquired to exist in that world.
A special case of this condition, which seems to be
quite irrefutable, is

(ZOQ )(I()(Do.-nomw;x‘ ] .Do:-rzo(m)xbt/,; {//iv;,xt )} s
in which the rigid designator Mox, is required to exist

in any world in which x, exists.

When we introduced the domain Domgee)e in
$2.7, we noted that existence of an individual concept
in a given world does not in general imply the existence

of its value in that world. This applies to rigid
designators in particular: "the prime number between
7 and 2" is a rigid designator, it exists in many worlds
including the present world, but its value does not
exist in this world.

In order to express Fine's suggestion about
the existence of propositions, we have to find some
way of expressing some minimal idea of aboutness, since

as it stands a proposition like x,, bears no trace of

what it is about. But we can, presumably, say that

if Lok = /;x(‘% or Kox = /\7//,; (][rr,xu//(yc)

then x,, is about vy,

[4,7] or xo( - )\ZU; [./;&Ku/‘{%((n)l)

if = f;n,ly‘
N [¢/] (n)

then X, 1s about Yo Y ,

if Xox = Jorcees Yee

then x, is about ¥, ,

. (n)
and if Low = ﬁx{u’)”%x

(1) (n)

then x, is about ¥y, ot Yo
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these provide some minimal sufficient conditions
on aboutness, but theyxare’éertainly not necessary
conditions. In terms of these conditions , .some

versions of Fine's suggestion are
. ugg

(w,‘ )(ra‘ )6{,(, )(% }/‘ro,r =j§,“ ¥, O. .Dorrzo‘xuji, Yy, = 'Domo(ox)x W X ) )

(n) '

(0 ) o oeer 5, W o = fron 4™ 5. Domgyy v 4™ & o % Domy, 0,
= 'Domo(oe)»r%xox )

etc.  However, as you have doubtless anticipated, these

restrictions on JQeom,,,,. are inconsistent: if we have

just

Do’”mx | }gkl

then £, a = for, 6, (= Xue, say). Then Dom,,, 9, a,
requires that we have [kmnuawtjya%x , Whereas
~Domy,, . 9.6, requires ~Dom,,.,. 9« Xox - Hence the

"if and only if" in Fine's suggestion is too strong:

either the "if" half or the "only if" half could be
consistently accepted, other things being equal. Of

these, the "if" itéelf is far more reasonable: it

requires that propositions about existents themselves

exist, whereas the "only if" half requires that propositions
about non-existents do not exist. So we replace the
in our previcus formulaeby D, and shorten thep\a bit to get

I

l/L-’/K)(jgm )(Zﬂ )(00”’0(« ©e Y, = Domé(arjx Wy ./QK! Y. )) ’

n) ; (= (n)
() foen ) (Domy, gy 5o 02 Domgewy " D

Uny
'Domo(ox)zz‘/x (ﬁu"% J)

etc. These conditicns do not conflict with the Boolean

closure conditions on each Jom,, 1w, :  the
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propositions required to exist by the conditions Jjust
_given can be taken as the generators of a free algebra
whose operators are conventional negatidn, disjunction

and possibly other propositional operators, and this

free algebra might suffice for Domimere i

If we had- - accepted the "only if" half of Fine's
suggestion, there would have been a conflict between

the Boolean closure conditions and the conditions requiring
- that propositions about non-existents should not exist.

A further condition on the existence of propositions
would be that various logically definable propositions
should exist. For instance the clock-propositions of

§2.13, and in'general world~propositions defined in
the same way but with Z, construed more widely, should
be required to exXist (in the domain of propositions of
each world). Again we might require that all assertions

of existence, like
/\ufx (Domom 2, X, )

for any x , should themselves exist. Boolean closure
will then require that all assertions of non-existence
also exist, and this may not find universal acceptance.
We are not able to satisfy the expectation of
the last sentence of the introductory paragraph of this
part: I can find no principles directly expressible

in terms of the defined quantifiers of §2.7 whose
satisfaction requires some of the‘givén relations between
domains to hold. This, I think, is because the possible
worlds and domains are buried inside these quantifiers,
and more explicit reference to them is needed to express
the kind of relations between domains that we have
considered. But there may well be more formulae of

the Barcan type waiting to be discovered.
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2.15 Predicate modifiers in intensional logics

Since in general the type of a predicate modifier
involves both predicatesAand individuals, and since there
are several intensional versions of predicates as well
as an intensional version of individuals, it follows
that there are many different possible types for predlcate

modlflers in 1nten81qnal logics. Thus in type i we
may put (7w ) /om‘} or (/ox//w)*) for

ﬁ&, and (¢«#) for any or all of the occurrences of L‘ R

depending on the type of the predlcate to be modlfled
and the kind of individuals involved in the modification.
It would also be possible to have predicate modifiers of

a heterotypical type: for example we might define
j’-"fCA’[o'ue)(om) Zdf /\](om Au‘; /\QC, /j{;m X, Wi ) ’

a heterotypical predicate modifier which simply

"interchanges the type symbols « and ¢". So far as I

can see, English provides us with no intuitive

examples of such modifiers, but they may be useful in

some technical applicatibns: e.g. if only the quantifier
were defined, then we could put

//\3} )/qar for A(qx)(ow) ([”f“/‘(mmwxu ( Az, Ao ))

and this would have the same effect as our previous

explanation of the abbreviation ﬂﬂex;)/ix

Afoz() (otx)

As we would expect, extensionality principles

like

(mﬁx)l )(ﬁ[rx)(?vrx)(ﬁrx G 2 m(ﬂx}‘f;rkz m{rr,r/l?rr,n( )
hold for intensional predicate modifiers: they

are a direct consequence of the definition of identity

within type theory. But, again as we would expect,

principles like

e 32 )%K )/frrx )(Comc‘ Tocm, x)lfrrx G,k D Coiner, Tocmx)t (Ir,k)l][n;x )/m@x)’ﬂmx ))

fail in general, and this is in accord with examples
like thoseof Clark [12] p.332 and Lewis [44] p.179,
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and also similar examples knownjfor.quiteMSOme time to
I. Hinckfuss; e.g. even if it haﬁpened to be the case
that all smokers were drivers, it would not follow
that all fast smokers were fast drivers. I remain
unconvinced about many such examples, since fhey often
succumb to the treatment suggested in Malinas and
Rennie [45] whereby e.g. "having a lung" is symbolized
with a relation for "“having" rather than as an unanalyzed
predicate. But in any event an intensionalized theory
of predicate modifiers will handle such examples if all
else fails.

- The various properties of predicate modifiers,
such as inclusiveness etc., will now come in (at least)

two grades. For example, let us write

Qimppo =t (4 ) emen Gric e Yo D Jre i Yo )

whence we can define a necessary inclusiveness property
/r—:c/nom.“,) Sy ATpi)e (5',,,,( )/%)Q"MPPo

and a contingent inclusiveneSs property
/nC/ro{(rr,r)I) “uy Am(ﬂ;‘()z {9,.,',{ )//\uf, O"m,opofx )

There may be yet further significant ramifications: é,g.
necessary detachability ramifies according to whether
the detacher is or is not a rigid property. Formally,
let us write '

Qe’?“ua =af (:%)(m(ﬂ;()‘ 9/7,:&%?{. 5-_91r,xw7<3/¢ & /"ﬂ,r"d;(yz )

then we have a contingent detachability property
OefQC/"'o(r;x;z) =4 A%K)z /;74,,,&, )/\9,7’( )//fu/x Oe?uuo NS ) ’

a necessary detachability property
Delach Por ko) “of /\m(,,’mz (3/:,,,“)/3,,’,‘ )2, )Oeguuo R
and a rigid necessary detachability property

‘De‘é‘é’”f}’o/{n,x}*) o Amfrr,mz [J/‘qx )/P{?’:‘{/”’o/’o(rr,m b &
(9, ) Qegu, )
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I doubt whether English is capable of supplying
illustrative cases, but there is a clear formal difference
between the two necessary defachability.properties.

Next we discuss a topic in the logic of modifiers
- which has not arisen, so far as I know, in previous formal"
treatments of modifiers (it is not discussed e.g. in
Lewis [u44] or Montague [48]). The question is whether
modifiers themselves might be intensionalized, i.e.
whether they might have types like Ozxﬁx . Once posed,
;generally it seems reasonable to suppose that the operation
of modifiers can vary from world to world, and specifically
Wwe can find examples from tensed discourse where such a
type is required. Consider for example the modifier
"contemporary" (as an‘adjective): this modifier varies
from world to world (time-slot to timew~slot) as becomes
clear if we set out to explain the ambiguity of the

sentence

(1) In the year 2000, no one will read contemporary
books.
For this we use the dictionary

72, , the present world

le the world of the year 2000

by the property of being a book
P " the property of being a person
T ke thevrelation of reading

Comurin  The modifier4"contemporaryﬁ,

whence the ambiguity in (1) is that between

(2) /%)(f/?,,',(l‘,,g/‘ 2 ~(Fx ) (7 ey x & Comerre T by lex, )
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and

(3) (o, ) pp by, > ~(Tx ) rbo . & €ty b b b X, ),

i.e. between “contemporary" meaning “contemporary as of

now" ( ¢/, e ) or "contemporary as of then"
( C(ﬂ,x)zx fx : ) .

The admission of modifiers that are themselves
intensionalized has as a consequence a further
multiplication of the kinds of types that properties
may have. Thus if we abstract the property of being
a contemporary book from our previous example by the

~definition

bl

Céﬂ;l(l( :a(f Au}( AVK /\xt (Ceqx)lx W, é’rr,/( Ve L, )

we see that such a property has type 77«4, the first «
for the reference’pdiﬁt of-"contemporary" and the
second « for the normal reference'point'for a property.
Once we accept that properties can have types like 77, kK
(and that such types are not e.g. the types of senses
of properties as Montague'[ugl would suggest) then we
have the beginnings of an infinite sequence of types

of 'propertieé and their modifiers. For, straight
modifiers of properties of type 7;k«k will have types
like (T xk)* , but these modifiers may themselves be
intensionalized to have type 0Zk%72K - : thence from
the result of their operation properties with type 77 k4«
may be abstracted, and so it goes on. Of course, we
will soon run out of English examples, but our single
example "contemporary book" is sufficient to show that
more than one ¥ may appear at the end of the type of a
property.

‘We might also con81der whether there are any
properties of modlflers espe01ally appllcable to
intensionalized modifiers. . One such property is the
property of being a rigid modifier, defined by
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'Q{.?"d”’o"{o(m,xﬂx) “af ’V;rr,nlx (‘;Z%v;x)’ )/A'EK)AUA-’}(/{H;KJ%%AI;K :‘7@«;:/%,(} P
which generalizes to
c2)
I?/y/'dmad.{o({,ﬁ‘,)z‘iN) =y Af}mg)!xj" (Jy(ff,KJ"Kj )[A”;'( )('w; )[?4 -7)
f w"v . .
/f;v,mé/(f'” 2, 74'.—1 A,,;,( T Gimerrei %{rﬂ/‘vr,x )

A modifier of type Ozk)zkj" can also be fully rigid,

defined recursively with
ﬁtf,/wy/a’moa’o,',ﬂ’.“,,“ = /?/9/"{’"0‘{0((77,/?)2()
as the basis cldause and

/;%/y/a’moc{am;”w,-“) o /\‘/(‘ff,r)ltﬁ" /'??(’hf)zxi )(A”; © ) /1(/} )/74#]}1)

zy &
é»;tc = Gemrriet Ve /‘ﬂ;/c ) .

//Zz%/j/a/moa;((,,’,)z,(:f)%“ i & Jororerr i v

Apart from the points already made, we envisage
no special matters of concern arising in the amalgamation
of predicate modifiers with intensional logics, and we
feel that sufficient types for properties, properties
of modifiers and so on have been exhibited to allow
any particular problems to be categorized and dealt
with in the framework available. In §2.16 we treat one
such particular problem, that of modifiers related to the
formation of positive and superlative forms of adjectives

from their comparative forms.

- 2.16 Good, better, best, bested

~In this part we set out to find modifiers that

will form the positive and superlative forms of an
adjective from its comparative form, treated as a dyadic
relation. A first draft of this part was cooked by
two events: (a) the realization that "Most #5 are G3 "

cannot be symbolized with a monadic.quantifier for "most"
and (b) the appearance of Wallace's [73]. Cheered by the
fact that our system-canvcope with these events, we press
on, hoping that this part is not now so readily cookable.
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- Beginning with pure extensions, we define the

heteradic modifier
Grea/e:/ﬂ;rrz “of /\y,,‘_ Ax‘ (3/‘ )/:q#yl 3 Grx. ¥ ) .
Thus if ¢, is the relation of being a better boxer, and
if 7m, is Muhammed Ali, then the latter's favorite assertion

is symbolized By

G’(eéfesl‘q',& 9"_1 ”m

[4

The truth , or possibility, of such an assertion
‘depends not only on properties of m, but on properties of
9, ¢ unless jg provides a decent kind of ordering then

Grealest, . o, will be the null class. Taking our

~guide from lattice theory, we can also define
/Waac:'mcz/”’”z Zof /\y@ /\xt (‘% }/‘9,_,; Y, X, Dy =x )

We do not spell out the difference between maximal
elements and greatest elements, or the conditions

under which /M:wcima!,,’,,z9,E ray be non-null even though
Cﬁea/?ngnign is null: these matters are well-known.

In order to form greatest elements from among
some subset of the field of g, , we define the
( 0-ary 2-place heteradic) modifier

Grealzesl‘,.,,,,;,,’ af /\f;,, /\gﬁz /\:r, /y,)/j(”,yl b4 X, #2y, O G X Y )

This modifier does not require that f,x, should hold,
and so we can use it in, say, the definition of a

complete lattice whereby for all S s Grealest, . . P 9

is required to be non~null. However in applications
in English we will expect the greatest element of a
set to belong to that set (all our sets are closed, as
it were), and we define

EGreafeyfmﬂ_!m =y /\A; /\yn} Ax, [&eaz[es‘l‘ﬂ’ 7 m ]f,., G X &J{V,x‘ )
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Similar definitions can be given for /thhnaj; ‘and

17,
£ Ma Jc‘('maf;

(XL

Our purely extensional modifiers can be extended
simply enough to modifiers of properties by definitions
like

£ Grealest,

(e )y k)

Zaf '\f’;g“ )u/;( (FG‘reafesl[”’”# /Jgrzr(u/f« )}

nothing more complicated than such a world<by«world

extension seems needed. But even so, we”have still not

 got sufficient mechanism to deal with the relation

"better" and the superlative "best", since "better" is
hotoriously not detachable and musf”beftreated as a modifier
and not via any detacher thereof. So if we treat Vbetter"

as a modifier of type (7«/)(m«) , mapping e.g. the property of

being a man to the relation of being a better man than,

then "best" will be a modifier of type (77,4)* , and we

will need a "heteradic" modifier modifier of type

(k)2 k)T k))  to state the relationship between

"better" and "best".

Thus our more general superlative-former is

.S“Pe’/mxm('rr;mm,m o Merssemer (Gemen ) o ot ) (Qyo b 2, =
(G ), # Y & e Yo D fonremr hme i X, 9, ))

If we define a necessary detacher for modifiers of type

(r, ) (rT,k) by

Zje/acAerrz(,,‘w({,umm' it Mo semr (i ) B 1o ) (x, )y, )

/f?v;x)rrgm /"v,z% X, Y G X . & AY’;K%xt & An,z“{::% )

then the diagram
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Supe/}rr,x)*l(ﬂ; KW K)) 2
(7, ¥ )(7k) - (r7,4)
Deta CAer”(rr,x;((’r,mm;xu De/ac/uem(”; KICEm KI2)
\ [G‘rea/esf(,,,x)@“ Y
7,& > T K

expresses the relationship that we expect to hold
. for detachable modifiersy; but in general the superlative-
- former cannot be defined in terms of modifiers like

ECrea/@&‘l‘(

mkeilmu)

The argument

(1) Jack is a best man
(in which we do not have the idiomatic use of "best

man")
(2) Bill is a man different from Jack
(3) Jack is a better man than Bill

can now be dealt with by the dictionary

Je Jack

6, Bill

My, ke the property of being a man
‘25K”m,, the modifier "better" ,

and the symbolization

(4) Suloe’-(ﬂ;x)’((mn(”,xv 6‘(”3"”"”1 Tk G j‘
(5) o om,.9.b & 6+
(6) : 6('7;1:)(77,&’} mn;,( 9K jc 64 5
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this validates the argument without assuming that "better"
- is detachable, ie. that it is one fixed ordering relationb
among individuals. A treatment of the argument along the
lines of Wallace's [73] p.773 would require this false
assumption. _
So much for superlatives and their complications.,

What now of the positive forms - "large" from "larger",
"good' from "better", etc.? Firstly we set out a‘simple
suggeStion, which Wallace ascribes to C.H. Langford and

rejects. For this, we need the dyadic quantifier;ﬂﬁ”m,wu

introduced in $2.7, and we can use it in definitions like
(/rrrrz sy Agm A, (My )z, ¢, , 9, 2.4, )
with Wr‘)fﬁo,ga)abbreviating /Wo{omad (A=, A)Ax 8, ) .

Then C/,,_ﬂgﬂz o, holds iff x, has g, to most other
individuals 7%, , and this seems to be a reasonable start

to a solution of the problem. We can go on to define

EU, e =g My M Az o kM ) (3,8 £y, 92y, )
by analogy with Ecreaz(e.rllr,,,n”’ and this makes '
EUL e fo G, hold iff x, is an £ and has g, to
most other individuals that have j; . Following along

these lines we reach a positive-forming function, analogous
to our superlative-forming function ‘Sgpef,
/%“"‘f’."e(n;z)l((ﬂgx;rn,xu =4f Aﬁm,,(,,x, ﬁf{n;xﬂ )(A"’:K )/"‘ff )(JCL )/9(17;.«;1/‘77,,( g X,
= (My ) x 3ty 8 hree % s Ferusmer bmue i % Y, ))
simply by replacing "all" by "most" throughout.

We should now test Asi/#ve  against Wallace's
objection, [73]1 p.777, "If I manufacture a distinctive
line of 1lawn mower that includes a special diminutive
version for midgets and children, it may very well be
true that most Wéllacé'lawn mowers are large Wallace
lawn mowers." One reply to this objection is that it is

not using "lérge" as a positive of "larger than"'": larger
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than for Wallace lawn mowers is being assessed by the
usual criteria, but "large" is just a label for the
non~diminutive models. If; say, there is a ratio

of 3:1 between the non~diminutive and the diminutive
models, then there are in fact no large'Wéllace

lawn mowers according to the use of "large" as the
positive of "larger than" and not in Wallace's sense.

' I do not know how to assessthis reply to Wallace's
objection,; and even if successful I do not know how to
assess the standing of our Fbs/five vised-vis Wang's
paradox. However, if the defined form of Asifive has
to be abandoned, then the fact that "larger than'" etc. are
modifiers rather than predicates or relations in general
would force some changes in Wallace's approach. In
particular, I doubt whether Wallace's Mod function would
be able to form "x is a good man" in a satisfactory
way, -and in general the « in &baV&;ade) should have the

type of a modifier ( (m«)(mx) ) not that of a relation-
in-intension ( 7« ).

2.17 Attribute theory and set theory

Within Church's formulation of the theory of
types, we can define a form of the membership relation

Viz. _
E/osf/orzo‘”m) Zaf )\aco« /\ya (X‘oo‘y& ) s

and we may write (ex,) for (E/‘os('ZOnoafou) Looe Yo /

(or for (%,,y«) for that matter). Obviously not all of
set theory can be reproduced using the relation thus
defined, because of the limitations made explicit by

the type symbols a and ow in the expression.:%xg x,

(and also for simple model-theoretic reasons). But
this is not a serious bar to contrasting a portion of
attribute theory with set theory according to the theory

of types, since sufficient contrast should appear with
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"well—typedﬂ attributes and a relation of having an
attribute restricted in the same way as the membershlp
relation just defined.

‘We take the intuitions of Lemmon's 1433 as our
starting point: we find that we cannot capture al}
of Lemmon's intuitions, nor can we interpret the axioms
that do not involve non-well~typed attributes, let alone
provide semantics for his whole system.' We suggest that
this is a pointer more to the need for a firm semantlc
basis for any axiomatization of attribute theory than to
obvious inadequacy in our system .

To set out Lemmon's intuitions, we quote from
his p.98: .

" (i) the mornlng star is the evening star,
but not necessarlly S0y

(ii) both the morning star and the evening
star have the attribute of being the morning star, and
belong to the extension of that attribute;

(1iii) the morning star, but not the evening
star, has the attribute of being necessarily the morning
star, and the former, but not the latter, belongs to the
extension of that attribute;

(iv) the unit class containing the morning
star is not identical with the class of things that are
necessarily the morning star, because the evening star
belongs to the former but not to the (intensionally
conceived) latter class;

(v) the class containing just the meorning
star and the evening star contains as a matter of fact
exactly one thing."

For analysis, let us set up the dictionary

™m the property of being the morning

Ok

star, i.e. of being the last "star"

. clearly visible in the west at dawn,...
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e the property of being‘the'evening star.

Otk

Then we may define, in familiar fashion

ms(;c = wa (7x() mOLIC zUJ; x‘
and ‘
es,.. = Mg (1x, ey cwr x,

respectively for (the individual concepts of) the
morning star and the evening star. Lemmon's (i) is

then dealt with by the simple assertion

CO"""""oa,c)z ms,, €S, & M8, F S,

For Lemmon's (ii), we need either to define
an attribute from the property =, in such a way that

ms,,. and es, can have the attribute, or else to define
a relation of having an attribute so that 7. is
taken itself as an attribute that wms,, and es, can
(significantly) have. We consider the two possibilities
in turn.

First we define

attm

where we intend aﬁﬂn@%ﬁx to be the attribute of being

N Ao (g 2, (205 )

oGkIk = >

the morning star (so that attributes are, in effect,
properties of individual concepts). Then we can have
both

a//mo(m,,‘yk 7Sk
and

@llrmy iy Tic €Si
without having, in particular, () (altmyy .2 es. ) .
Moreover, the two formulae will do equally well for the
last clause of (ii), since if a one-place attribute has
type olt«)k we may form the extension of such an
attribute.by means of,the,function '

£xl

olex)(olck)k) =dj /\xo(;x)x (xo(tx)k 9& )

Thus the extension of an attribute is a subset of

individual concepts, and both 77s,, and es, belong to the
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extension of aff7noﬁx,x . In this first approach, .

the relation of having an attribute is the same as the
relation of belonging to the extension of the attribute:
we could make this explicit by the definition

A/Q‘U‘eo(ur)(o(ur)w Totf /\‘ro(m)x /l\%x (‘xonwz % Yex ) >
whence the two formulae stating Lemmon's (ii) become
long-windedly

’L/aveo{uc)(oaxm) al‘z"’zoaz}x S ke
and

Ha”eo(uc)(oarm} al‘z‘mo(wm €Sk .

On the second approach to attributes, and the
having thereof, we change the type of the "having"
relation. We now treat properties, of type oc«, as
attributes; more generally any wff of type oaxx may be
an attribute of entities of type wx, so that ot is the
type of individual attributes. Entities of type a«
now have attributes according to the definition

2
/7/& VColakscoar) “df ’\’I‘an /\ynw /‘rOd( % (yx.«gr J)
and we write
. 2
/\%w A xoaz) J[O’,' ( Haveo(am(ou) Loue Yeur )
We also define
ErfOM(oetkl :a_’{ /\xo"‘*‘f [m"’“f\?”)

of which our previous Zﬁf(;axuw(ud«) is a special case.
Now Lemmon's (ii) may be stated thus:

/ms[«e A | LYY ) g( (esf_r A mour)& -
/msuryk € Exéc(oce} oik ) & (e'fcx P € [xé({om} ok ) .

Keeping both approaches as options, we express
(iii) according ta each, On the first approach its
expression is

//Qvea(tr/(an €lx) nafl‘mo(‘mk Mk & -~ /%woaw(a(m rn) 722 /{mo(tcjx €Sk }
where na{{mo(u()x = /\uj} /\xu( (?4 )(moc,e Ve /‘xck'l/fv ))

and where again the part about belonging to the
extension of the attribute is built into the relationlééve

']
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On the second approach we define
NMoie “af Az‘fk '\rc (’U»-f//mou(w JC‘,)'
as our necessary attribute of type 0¢x, and then we

have the expression for (iii):
/ms“_, A nmoékj& ~(€’St,( A nmom)&
(7’."344,/ G e‘[‘r“./O('(O(K)nmo‘t/c )& ~ /ésuc G € [‘rfqz(am{ Mok ),?
and this is’inconsistent Since' mangéggxgx .‘ Hencé

the second approach has to be rejected: our extensions,

as it were, can't be too extensional since if they are

outright contradiction results from Lemmon's intuitions..
" For Lemmon's (iv), we define the unit class

of the morning star by wem,, = Ax, (x, = ms,..9.)

2

whence both (ms, g, € ucm,,) and (es, g, € ucm,, )

hold, given Lemmon's (v), which amounts simply to
MS, G = €S 9 - However, the "because" clause of

(iv) causes problems: we cannot define the class of

things which are necessarily the morning star as

Ax, () (x = ms,.q.) » since clearly this is equal to

(K "k

wucm, . We can define the different class Ax, (y )x =ms, ;)

but I take it that this is the null class since there
is no reason why (the substance) Venus should be the
last "star" seen in the morning in all possible worlds.
In fact Lemmon does not say that the class in question
is not the null class, but it is reasonable to suppose
that he wanted the morning star to belong to it. So we
might suppose that the class in question is a class of
individual concepts (this would be one construal of the
parenthetical, but unclear, "intensionally conceived"),
and that the definition Aanthf(aQK:?ng,) (or

/\xtx(xuc = m‘ft_r/' 9 O /\xuc (v )(OC“('I/K = TSk Ve ) ) would

serve: call this class nuc¢mge,, .  Then we have

(7725“( € nucmo(tl() ) & ~(95cx € 7-”’“-7770((./() ) H)
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matching the.“becahse" clause, But of course, there is no

question that”'nucnz should equal wcm,,, since they

oltk)
have different types, so it is not clear that we have
yet captured Lemmon's intentions.

Indeed it becomes clear that we have not done so
when we consider the axioms of Lemmon's system. We are
unable to give any account of the various appearances of
the necessity operator [J in axioms AL~A6 on p.lOl of
[43]: Lemmon's introductory discussion hasﬂnot, for us,
provided a rationale for théSe‘appearanCés; Thus, as we
said before, we cannot prqvide’Semantics_for Lemmon's
system: but, dear Brutus, we suggest that this time the

fault lies not in ourselves.

2.18. Concluding remarks

Having set an all-time high‘so far as the definition/

theorem ratio goes, some concluding remarks to justify
this situation might be in order. We claim to have shown,
what we set out to show, that Church's formulation of the
simple theory of types provides a comprehensive and
workable framework in which to deal with the logic of
predicate modifiers and various aspects of intensional
logics. 1In the former case, no syntactical or semantical
extensions of Church's system are required: in a sense,
there is no special logic of modifiers, except insofar
as certain restricted fragments may be isolated and
axiomatized or whatever. In the latter case the syntax
and semantics are extended minimally, by « and 2,

the result is a system of strong expressive power, rock~‘
solid semantics, and with a wide range of philosphical
applications. Even in those cases where we have reached
no firm conclusions, we have at least been able to
formulate the problems involved in some kind of accurate

fashion.




S 2.18. | 157.

We leave as an exercise the application of our
system to venerable problems in modal logic, of the
kind posed by Quine and others. The work is
easy and the rewards, except for those who suppose that
philosophical problems cannot be solved, are well worth
the trouble.
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