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Abstract

Since the late 1960's mathematicians working mainly in the
area of quantum field theory have used commutator estimates to
prove self-adjointness of operators on Hilbert space. Recently,
these results were extended and codified into a theory in the
papers [BaR)], [Rob 1], and [Rob 2]. The following thesis is based
largely upon the above reports.

Given a self-adjoint operator H on a Hilbert space h,

spectral theory can be used to construct a decreasing set of
subspaces ha =D ((I+H2)a/2) ,(@20),and h = QO ha' Let K

be a symmetric operator with domain h., . Then, if [H, K] is
bounded in a certain sense, K is essentially self-adjoint. If the
higher order commutators (adH)"(K) are also bounded, the action
of Vi=exp{itK} (or Ty=exp{-tK} if K is positive) on the
spaces h, can be described. Commutator estimates are also
useful in proving that two symmetric operators with domain h_,
commute. There are applications to operators which are
polynomials in x and i d/dx on L2(1R) . Some types of first and

second-order ordinary, differential operators can also be treated.

Similar results occur in the more general setting of a

Banach space B. Let o; be a one-parameter C,-group of



isometries on B with generator H and define the spaces B,

(ne N), and B_, by

B=pH) , B = ﬂs.
n oo neNn

In addition, let K be a dissipative operator with domain B_, . In
this situation bounds on the commutator [o;, K] are of use in
showing that K generates a one-parameter semigroup of
contractions Ty on B. Again, the existence of higher order
commutator bounds ensures that T; acts regularly on the spaces
Bp, -

We define the Lipshitz spaces Bn 1 (ne N) by
e
n
li(c.- DH al]
B1={aeB:sup{ L }<eo}.
e Nt It|

Commutator estimates are of relevance in characterizing

operators K suchthat KB <€ B 1

N4—
*2
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CH1. COMMUTATOR THEOREMS IN HILBERT SPACE.
§1. The Hilbert space setting.
In this chapter h will denote a fixed Hilbert space and H a
fixed self-adjoint operator on h . Using H, we can construct a
decreasing sequence of spaces {hy}, < R - For a 20 we define
hg by

(1.1.1)

3
ha=D((1+Hz)2)

and make it into a Hilbert space by assigning it the inner product

<, >, defined by

nIR
n|R

a g+H) b> Vabeh

, 2
(1.1.2) <a,b>qy =<{+H ) o

SO we have

|l all =,/<a,a> =||(1+H2) al| for aeh .
o (04 o

For o <0, h,, isdefined to be the completion of h under

(Vo]

the inner product (1.1.2). Therefore, h, is a proper subspace of



h when a>0 and h is a proper subspace of hy, when a<0.
If we use the spectral theorem to represent H as
multiplication by the real-valued function R() on L2(M,dm),

then hy,=L2(M, (1+R2(m))*¥2dm) , (@<cR).

We also define the spaces h__, and h_, by

h = U n , h =1 n
> aeR © ® aeR ¢
The s /,acq_ hoo is ¢ Frechet:.  -:.. when its topology is determined by

the family of norms {|-|, ; @« R}. We note that h_, is a core

for HX forany ke N.

If H20, then D ((1+H)*) = h,, and we can introduce a
second inner product < , >'a on the spaces h,, ;
<ab> o, =<(1+H)%a, (1+H)%> , a| g =(1+H)%a | Va,be h.
Since
o

2
lall <llall <2 faf
(0] o a

the two norms are equivalenton h, .

We can also define the operator (i+H)* by spectral theory

forany aeR . This is possible since



oi+H)nR =0.
—— Wethen-have D ((i+H)*) =h and
<(i+H)%a, (i+H)%b> = <a, b>, for abeh,.
We let B(hg, hﬁ) be the space of bounded linear operators
from hgy to hg. Similarly, Zg(hg, hp) is the space of linear
operators from h_,to hﬁ which are bounded as operators from

hg tO hl3 . We have the following set of equivalences for an
operator K with D(K) = h_, ;

Ke zo(hg, he
=3 (1+H2)‘ /2 K(1+H2)‘ B/2 is bounded as an operatoron h

& 3Jc 20 such that

| <a, Kb>[<clalqllblg Va,be h,,.

Let K:h_ — h be a closable linear operator. Then, since
h.. is a Frechet space, we can deduce using the closed graph

theorem that 3¢ >0 and p =0 such that

IKalsclalp Vae h,



or, equivalently, we can deduce that the operator K(1+H2)~ P/2
is bounded on h. In particular if K: h_, = h is symmetric such a
p exists.

§2. Examples.

A. Leth=L2R) and

Then H is self-adjoint. We can use the Fourier transform

F :L2(R) = L2(R) to represent H as muitiplication by x on
L2(R) ;

i.e. for o € D(H)

(F(H9) (x) = x(Fo) (x) xeR

and D (H) - F-1 D(M,) where M, is the maximal multiplication
operator by x on LZ(IR).

In this case

hy = D((1+HAH2) = F-1D (M(1,,3)*2)
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SO,

he= {9 LAR) : (1+x3)¥2 F g e LA(R)} .

Similarly, choosing h = L2(R") and

He=- Al o, N
CC(IR)

we can use the Fourier transform to represent H as
multiplication by

2 2 2 n
x| = 2, x5 on L (R).
i=—1 *

Therefore,
ho=F 1 D(M(14xH%2) -

So, for meN, hyyo is the Sobolev space H(RM) and || -[|yy/2

is equivalent to the Sobolev norm.
B. Fractional powers of a positive operator.

Pazy [Paz] represents fractional powers of certain
operators A in the form

A'oc=§iﬂ—n—-(-]‘-Jd'tt-o‘(t+A)-‘| O<ax<1
T
0
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and if x eD(A) he gives the formula

A% = -SM‘—‘-"-] dtt o"1A( t+ A)'1x .
T 0 .

These representations hold if A>1. We also have the

formula

dtt® Texp {-tA} a>0

-a 1

(1.2.1) A -

ot—3

where the integral converges in the uniform operator topology

and exp {-tA} is the semigroup generatedby A>1.

Let

5
H=12 (- 92 +x%1)]

2 S (R)

where S(R) is the space of rapidly decreasing functionson R .

Then H=0. From [Dav] p.180-2 we know that

(= -]

(exp {-tHH)(x) = _[ dy K (x.y)f(y) vie °(R)

y=-oo
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where

-1/2

] ot 2 2 .2t
Kt(x,y) = {15(1-e 2t)} exp {4 X ye - (x +_\/2t)(1+e )} .
2(1 - &7

Therefore, from (1.2.1),

((1+H) %) (x) = dt J'dyt *” e.th(x,y) fly) V fe L2(IR).

-0

O'-—-ns

§3. Notation and structure of the results.

Section 4 below provides a summary of the commutator
theorems on Hilbert spaées. It is first necessary to clear up
some matters of notation and to comment on the structure of the

results.

If K is an operatoron h, the operator (adH)(K) is
defined recursively by (adH)(K) = [H,K] = HK - KH and
(adH)”"‘1 (K) = [H,(adH)(K)] . If however, K is unbounded with
domain h_, this definition may not make sense. In this situation
(adH)(K) is to be interpreted as a quadratic formon h,, x hg, .
The commutator bounds which occur in s4 are quadratic form

bounds. For example, the bound
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| <a, (adH)(K)b>| <cllaly/o ]l bl 1/2 Va,beh,
which is imposed in theorem 3 should be read as

|<Ha,Kb>-<a, KHb>|<cllalyp|blly2 Vabeh,.
For a commutator bound of the form
(1.3.1)  |<a(adH)Kb>|<c|alylb Ig va,beh_
the index of the bound is defined to be a + . For fixed index
o+ B we can use interpolation theory to decide what choice of o
and B in (1.3.1) provides the strongest bound and what choice
provides the weakest. The following result, which occurs as

observation 2.4 in [Rob 2], is particularly useful in this regard.

Theorem 1. Let s be a symmetric sesquilinear form over

h., x h,, and suppose

| s@b)l<clallglblg va,beh,,
forsome a,peR . Then

|s(@b)lsclalgyllblpy va,beh,

forall ye [0,B-a] if B=o or ye[B-o,0] if P<a.
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Therefore, the strongest commutator bounds of index a + B

are of the form

| <a, (adH)(K)b>|<clla| [ bllgs B Va,beh,

or
|<a (adH)UKb > <clalgsplb]  Vvabeh,

and the weakest is of the form

| <a, (adH)“(K)b >|<cla "(a+ﬁ)/2 | b "(a+B)/2 Va,beh,.

This implies, for example, that the self-adjointness of K in

theorem 5 follows from theorem 3.

The bounds mentioned above can be expressed in another

way. For example, (1.3.1) holds if and only if
(132) || (z1 + H%adH)"(K)(zg + BB <=

where zq,2pe p(H) \ R and (zq + H)™* is defined by spectral

theory. (1.3.2) is to be interpreted in the quadratic form sense.

The results of s4 are concerned with deducing properties of
an operator K which is symmetric and has domain h_, . If K
satisfies certain types of commutator bounds then we can show

it is essentially self-adjoint on h_, and that the semigroups
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Vi=exp {itK} and Ty=exp{-tK} (if K is positive) are also
semigroups on h, for prescribed values of o . Itis also
sometimes possible to prove that two such operators Ky and K,

commute in the sense of unbounded operators.

if K is symmetric, then a bound of index one on the single
commutator [H,K] produces results. If K is positive, a bound of
index two on the double commutator is also sufficient. The

positivity of H allows the conclusions to be strengthened.

The following lemma ([Rob 2] p.24) indicates a relationship

between single and double commutator bounds and will be used

later.

Lemma 2. Let K be an operator from h_ into h and suppose

/

that

l<aKbs|<k [la]l [bl] va, b eh
0 oy BO oo

| < a,(adH)>(K)b >| Sk llal,, 101

b

Then

| < a(adH)(K)b>|<k, llall, 10

Va, b ehoo

% R

for some kq 20 where a4 =g Vas , 1 =89V B2.
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§4. The theorems.

In this section we will state without proof the results of
commutator theory on Hilbert space. Proofs can be found in
[Rob 2] unless otherwise stated. Beneath each theorem we detail

its history and variants.

Theorem 3. : Let K: h_, — h be symmetric and suppose that for Some Pe’I‘N
||Ka|lsc||a||p Voaeh,
(1.4.1) | <a,(adH)(K)b > | <k[af4/21bl4/2 va,be h,.

Then K is essentially self-adjoint on any core for HP and

— C . 14
th+1_h1_
2

Remarks:

1.  Nelson [Nel] proved that K is essentially self-adjoint on

h., if it satisfies the additional estimate
|<a,Kb>/<cqylalylblip Va,be h,.

2. Faris and Lavine [FaL] prove the following theorem which is



17

similar to, but weaker than, Theorem 3.

Theorem 3". Let K be symmetricand D (K) = D (H) = hy .
Suppose H =0 and that

(1.42) +i[HK]<cH asquadratic forms for some c <.
Thgn K is essentially self-adjoint.
(1.4.2) implies (1.4.1) by the following argument. If
|<a,[HKla><c<aHa> Vaehy

then, using the polarization identity, we have

3
|<a HKb > =] D, <a+ it [HK (@+ib)>|
9-0

l_
4

2 )
|<a+i b,[H,K](a+i b)>|

IA
D=
Mo

~
il
o

1
P) 2
cl H2(a +i b) ||2

Mo

<1
4

~
I~ o

1 1 1
2 2 2 2 2
scfiHall +2||H af[[HDb|l+]H b

\V)
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. su |<a, [HKlb>|<c.
a,be

.l- o0
|Haj| 1

- N

n|

[H b <1

so, | <a, [H,Klb >| <c | H12a| |H12p |

<clalq2lbl2 | va,beh,,

3. Both McBryan [McB] and Glimm and Jaffe [G2 J2] proved

theorem 3 under the assumption that H is semi-bounded.
4. The original proof of theorem 3 was given in [DrS].
Theorem 4. Suppose the conditions of theorem 3 hold with

H20. Then for each ae[0,1/2] the unitary group V;=exp {i t K}

has the properties:

(i) V. h =h Vte R.
: t o «
1t
(ii) |Val <e Hal Vte R,ae h
t T« o o
(iii) Vlh is |||’ - continuous (and therefore ||-||] - continuous) .
o o

o
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Remark:

The only previous result of this kind was a theorem of Faris
and Lavine ([FaL] theorem 2) which stated that under the
conditions of theorem 3

Vihyo=hqpo VteR .

Theorem 5: Let K: h_, — h be symmetric and suppose that

IKal <Clalp Vae h,

| <a, (adH)(K)b > <kl a | | b1 va,be h,.

Then K is essentially self-adjoint on any core for HP .

Moreover, K hp4+1 S h4 and the unitary group

Vi =exp {i t K} satisfies the following for each a e [0,1]:

i) V h =h Vte R

t ok
@ alla5el o lall_ VteR,ach

(iii) V] is || - continuous .
h o

(04

o
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Remarks:

1. Glimm and Jaffe ([Ge J1] theorem 1.2, p.1570) prove theorem

5 in the special case that H is semi-boundedand p=1.

2. The following result of McBryan ([McB] theorem 3) is similar
to theorem 5.

Theorem 5' : Suppose H>0 andlet K:h_— h be symmetric.
Suppose also that

(1.4.3) |<a, Kb>|<c|a ||p | b ||q va,beh,,

for some p,geN.
| <a,(adH)(K)b >| <k| a| | b |4 Va,be h_.

Then K is essentially self-adjoint on any core for HP+4

Moreover, Khp,q.1 Shy andif Vy=exp{itK]} then

() V h =h VteR

W Vi
1

is ||-||1- continuous .

More generally, if (1.4.3) holds and there are constants
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kg,s=0,1,.,r-1 such that
| <a, (adH)(K)b >| <kg[|la|.gll b l14s Va,be h,,
then K is essentially self-adjoint on any core for HP+4 and

R hp+q+s € hg for s =0,1,..., r. Inaddition, if V;=exp {itK}

then for s =0,1,...,r we have :
(i) Vi hg =hg VteR

. Vv ST . .
(ii) _' Ih is ||_||s continuous

s

3. The self-adjointness part of theorem 5 was proved in [DrS].
Theorems 3 and 5 prove self-adjointness of K under bounds of
index one. Self-adjointness of K follows from a more general

type of commutator bound, called a mixed estimate of index one.

Theorem 6. Let K: h_, — h be symmetric and suppose that

Kall<cllal
IKall<cl o

N
| <@, (@dH)(K)b >| < ; k. lla uBiu I

Va, b eh
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where B; e [0,1] Vi.
Then K is essentially self-adjoint on any core for HP .

Remark:

Theorem 6 can be established by using the proof of theorem
2.1 in [Rob2] to show that +i K generate contraction
semigroups. Alternatively, the proof of theorem 1 in [DrS] can be

modified to deal with this situation.

As mentioned in the introduction, theorems 3 and 4 use the
weakest commutator bound of index one, while theorem 5 uses

the strongest such bound. For intermediate bounds we have the

following:

Theorem 7. Let K: h_ — h be symmetric and suppose that

Ka|| <clla
| Ka|| I Ilp

< Va,be h
| < a,(adH)(K)b >| <k|| a "1:.@.“ b "1_-13_ a,be
2 2

where Be [-1, 1]. Then K is essentially self-adjoint on any
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core for H* ,Rh___ ch , and for each « < [0, Lr-Uél)
p+1 1+[B| 2
2

the unitary group Vi=exp {itK} satisfies:
(i) Vt h =h VteR
(i) Vi

is ||| - continuous.
h o

o

Theorems 8 to 12 below show that when K is assumed to be

semi-bounded, second order commutator bounds of index two

become important.

Theorem 8: Let K: h_, —» h be positive and suppose that
IKal<c|alp vae h,

(1.44) |<a, (adH)2(K)b>|<k|alq )bl Va,be h_.

Then K is essentially self-adjoint on any core for HP and

K hp+2 E h1 .
Remarks:

(1) (1.4.4) holds if +(adH)2(K) <cq HZ for some c420 as

quadratic forms on h_, x h,, .
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(2) Theorem 8 was proved in [DrS] under the additional

assumption that H is semibounded.

Thezorem 9: If the conditions of theorem 8 hold and H >0 then
for each a e [0, 1] the contraction semigroup T; = exp {- t K}

has the following properties

(i) T h €h vVt=0
t a o
| Lk

@ [Tal <e 2 jal vt20,aeh

t o o
(iii) T}, is ||-II' - continuous.

h o

o

Theorem 10: Let K:h_ — h be positive and suppose that
IKallsclalp Yae hg
|<a, (adH)2(K)b > | <k[a] ] bl va,be h,.
Then K is essentially self-adjoint on any core for HP and

Khp,o € ha. Moreover, for each o e[0, 2] the contraction

semigroup Ty =exp {- tR} satisfies:
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o : 2
@ ITal <e = Ja]
o (0

(iii) T] is ||| - continuous.
h o

04

Remark:

vV t20

Vt=20,ae h

Theorem 10 is proved in [DrS] under the additional

hypothesis that there are constants ky, , m = 3,4,...,p such that

| <a, (adH)™(K)b > <km lla |l [ blm

and that

|<a, (adH)(K)b>|<d|a]]blz

Va,be h_

Va,be h_, .

As remarked by Driessler and Summers, the proof of

theorem 4 in [DrS] can be used to establish the following theorem

which is a partial analogue to theorem 6.

Theorem 11: Let H>0 and suppose K: h_ — h is positive.

Suppose also that
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Kall<c|la
I Ka |l <clf Hp

N
2
|<a (@dH)“(Kb>|< O, k fall fibl va,be h
i=1 | Y, 2-v,

where v, [0, 2] V; .
Then K is essentially self-adjoint on any core for HP .

We can also use the proof of theorem 2.10 in [Rob 2] to

obtain a similar result if H is not semi-bounded.

Theorem 12 : Let K: h_ — h be positive and suppose that

Kall< c]la
| Ka || | llp

N .
2
|<a, (@dH) (Kb>|< D k flal_ lib] va,be h
it 2-v,

where v e (0,2) V;. Then K is essentially self-adjoint on any
core for HP .

Theorems 13 and 14 below show that if there are
appropriate bounds on the higher order commutators of H and K
then we can achieve better invariance properties for the action

of the group V;=exp {itK} or semigroup T;=exp {-tK} on
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the spaces hg .

Theorem 13 : Let K:h_,— h be symmetric and suppose that for some melN
IKall<cliall, va,beh

(1.4.5) |<a, (adH)q(K)b>|skq lalibl, q=1,2,...2m .

Then Khp,om S hom and for each o.€[0, 2m] the unitary
group Vi=exp {itK} satisfies;

() Vh =h ' | Vte R
o o

L

(i) V. al]l e [lall VteR,aeh
t T« o o

for some k20 (ks
indz pandart ofiot).

(iii) Vi, is |||l -continuous .
o o

Theorem 14 : Let K:h_ — h be positive and suppose that

IIKaHSCIlale
Va,be h

1.46) |<a, (adH) (Kb >|< k Jalipi, q=23,..2m .
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Then Rhp,om S hom and for each a<[0, 2m] the
semigroup T; =exp {-tK} satisfies

(i) T.h <h Vt20
t o o4
2
N t ack
(i) ITal ce® a| Vt20ae h
t o o o
K is u&faw[cznf
(iii) T]_ is ||| - continuous . of .
h o :
(04
Remark:

The statement that K hy, om S hopyy  in theorems 13 and 14

requires proof. For ae h_,be hp+2m we have the identity

2m
(147) <M Rbsmca B0 D, (M) <a, (@R 1™ %o
s=1

Therefore (1.4.5) immediately impliés Kbe D(Hzm) in the
situation of theorem 13. From (1.4.6) and lemma 2 we deduce
that | <a,(adH)(K)b>|<kq|al|b "2vp Va, b € h,, and this
extendsto be hp +2m Dby continuity. Therefore, (1.4.7) implies
Khpiom & D(H2M) in theorem 14.

The remaining results in this section deal with situations in

which two unbounded operators Ky and Ko commute.
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Theorem 15: Let Ky, K5 :h,,—h be symmetric and suppose

they each satisfy one of the following two sets of conditions:

| <a Kb>| Sko_llalll_ll blll_

2 2
1. . Va,be h

|<a, (adH)K) b>[<k, fafilibll,

K20
<
|<a,Kb>|_k0||a||1 ||b||1 Va,be hoo

|<a, (adH)z(K) b>[<k, llalllibll,

!/

Further assume that

<Kya,Kob>=<Koa,Kyb> Va,be h,,.
Then the self-adjoint closures of Ky and Ko commute.
Theorem 16: Let Ky, Kp: h., — h be symmetric and suppose

that they each satisfy one of the following two sets of

conditions:
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i <
() l<aKo>|<k llal _Ilbl_ va,beh_

(i) |<a (@)K b>|< klalliel, a=12...2m

(i) K20
o (ii) |<a,Kb>]sk0||a|| "b”2m Va, be hoo
q q=2,3,..,.2m.
(iii) | < a, (adH) (K)b>ISkq~|lalI llbl|q
Further aséume that
<Kjya,Kob>=<Koa, Kyb> Va,be h,.

Then the self-adjoint closures K4 and Ko commute.
Proof: Since the proof is only a slight modification of the proof

of theorem 4.5 in [Rob 2] it will only be sketched. There are

three cases to consider.
CASEl. Both Ky and Ko satisfy 1.

From I(i) and I(ii) with q =1 we deduce using corollary 4.3
of [Rob 2] that hoyy & D(KJ-) j=12.
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If Vy = expfi tRjt (=1,2) then Vae [0,2m] V{ hy = hy
by theorem 13. In particular th hom = hom and so the

calculation on p.51 of [Rob 2] is valid for a,b € hoyy .

CASEIl. Both Ky and Ko satisfy 2.

Condition 2(ji) implies hom & D(KJ) j=12. If
T = exp {- tKi} then V a<[0, 2m] Ty hy S hoy by theorem
14. In particular Ttl hom € homp and so a similar calculation to
the one mentioned in Case | can be performed for a, b eho, .
CASE lll. K satisfies 1 and Ko satisfies 2.

As above, we have hoy © :D(Kj) j=1,2 and

<Kya,Kob> =<Kra, Kyb> va,be hoy.

Define K, for a >0 by

dtUK U

A
Q
R |-*
O ey Q

where Ui=exp {itH}. Then
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o
q 1 q
| < a, (adH) (Ka)b>| S'&'J(; dt| <U-t a, (adH) (K1) U-tb > |

<k Jla b Va,be h
qII Il 1l llq

oo

q=12..2m.
So K, satisfies 1 and D(K,) 2 hopy, .

Let Vi*=exp{itK,}. Then by theorem 13
Vi%hg =hg vV Be[0, 2m] .
In particular Vi® hoyq =hom .
If Ty=exp{-tKo}, then
Tihg S hy V a.el0, 2m], t= 0

by theorem 14. The calculation on p.53 of [Rob 2] now shows

oL
1.4. ;
(14.8) |<a (V] T, Ttv:)b>|

s t
sjdujdv MK, T VEall® -K)T, VS b
0 D 2 v -u o

1" t-v s-u

(04

K- K K v h
+IK K )T \/f‘u all|K, T, Ve bl} vabe

2m’
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We treat each term in the integrand separately.

- oa 2 o - o -

K. T V <

I 5T, V., all €< V-u a, Ty_KZ Tl V-u a> IIK2 Tv“
2 2

-1

< x o o

< ko I T_v_ V_u al| ”Ty_v-u a||2m c1 v
2 2

for some cq4 =0 by condition 2(ii) and spectral theory. We have

T V& A =
IT, Veal<ivial=ial
2
and
2
vk(2m)

o 2
<
IT, V., aly, se

2

o
Iveal,

vk(.’Zm)2 lul K'2m

2 2
<e e

a
lall,

for some K, k' >0, where the first inequality comes from

theorem 14 and the second from theorem 13.

Therefore, there isa ¢ =20 such that



34

L L

(1.4.9) |R2valauscv2uau2nan Vae h

1

2

2m 2m
lul 1

O<v<1.

We can also show as on p.54 of [Rob 2] that there is a

¢ >0 such that

_ o ,
(1410 (K _-K)T V. ajsacllal, Vaehy

lust,osve 1.

From (1.4.8), (1.4.9), and (1.4.10) we have

1

2
(1.4.11)  |<a (VT -T V)b>|sayllallal, Ibl

1

2

2m
L

L
2 2
+ayllal llol bl

2m
forsome v{,7920,Va,be hoy,|s|<1,0<t<1.

For ae h,,,
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(01
IK -K)alsa! gdt (I(U,-D K_all+[IK_ (U_- Dal)

(04
<ol [t U, -1 Kall +li(U_, - Dall, _
0

—»0as a-—-0.

Therefore, Vi* — V;=exp {it K4} stronglyas o — 0 by
theorem 3.1.28 of [BrR] .

For a,be hoy, (1.4.11) implies

lim o
<a, (VT -TV)b>= "~ <a(VoT-T, V:)b>_0

andso K4 and Ky commute.

Theorem 17: Let H>0 and let K¢, Ko : h,,—» h be symmetric
and satisfy

(1.412) | <a,Kib>|<kglalio b2 va,be h (i=1,2)

(1.4.13) | <a, (adH)(Kj) b >| <kq [afl4/2l b [l1/2
va,be h,, (i=1,2).

Further assume that
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<Kia,Kob>=<Koa,Kib> Va,be h_.
Then K4 and Ko commute.
Remarks:
(1) Condition (1.4.13) is implied by the condition
|<a, (@dH)2(K)b>|<kq [alyollblye  Vabeh,
and (1.4.12) because of lemma 2.

(2) In[GaJ2] Glimm and Jaffe prove the following theorem which

is weaker than theorem 17.

Theorem 17. Let H>0 and suppose Ky,Ko:D —h are

symmetric where D € h,, is a core for H. Suppose also that
IKjall <kg [l al4

|<a, (@dH)(K) b > | <kq a] bl va,be D
i=1,2

| <a, (@adH)2(K)b>|<ko a2 lbl1/z-

Further assume that
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<K1a,K2b>=<K2a,K1b> va,be D.
Then K4 and Ko commute.
The following theorem comes from [DrS] .

Theorem 18: Let H>0 and suppose Ky ,Ko :h,—h are

symmetric with Ko 20 . Assume
IKiall<kglals2 Vaeh,,i=1,2

| <a, (adH)A(Ky) b > | <kg | all b va, b eh,,

q=1,2

| <a, (adH)2(Ko) b>|<cqllally by va,beh,.

Assume also that

<K4a, Kob> = <Kéa’ Kqb> Va,be D
where D Ch,, isacore for H2. Then Ry and Rp commute.

§5. Applications of commutator theorems.

§5.1. The following example was first mentioned in a

commutator theory setting in [DrS].
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Choose h = L2(R) and define maps A and A’ on
S (R) S L(R) by

(151) A=—= x+3y , AL -4

Then A, At:S(R) »S(R).

Let H=ATA with D(H) = S(R). Then
2
Hal 9= 4«2 1),

2 2
dx

We have the following result which is proved in [Dav]
p180-1, lemma 7.12.

Lemma 19. If ¢ S(R) aredefinedfor n=0,1,2,... by

2
X
2
<pn(x)=(n!) 2 i T e J-duun exp{-u2+2ixu}
| R

.3
4

then

Hopn=nop.
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The operator H is essentially self-adjointon S(R) and is

in fact essentially self-adjoint on D = span {9,}, so H20.

[{en} are called the Hermite functions and form a complete
orthonormal system for L2(1R)].

Note that

Agg=0,A0,=n"2p, 4 (n21), and Afg, = (n+1)120,, 4 ¥y, .
The next result was given by Driessler and Summers in [DrS].

Proposition 20: If P is any fourth order polynomial in x and

i d/dx that forms a semi-bounded operator on L2(]R), then P

is essentially self-adjoint on any core for H2 . (e.g. D issuch a
core).

Proof: The proposition is proved by showing
(1.5.2) ||P(H+4)2] < and [|(adH)2(P) (H+4)2|| <
and then using theorem 10.

From (1.5.1) we can derive
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- A-A") onsm).

J2

—
s
0

«
>

1
|_.
>
+
>

>3 IQ
i

Therefore, if P is a fourth order polynomial in x and
i d/dx we can use (1.5.3) to make P a fourth order polynomial

in A and AT (we are always assuming that D(P) = S (R)).

We now show that P can be written as

(1.5.4) P =i P where [H,P _]=mP
Mowda M m m

In order to do this we examine the properties of polynomials

P in A and AT oforder 4 orless. The commutation identity
(1.5.5) [A Af]=1

holds on S (R) and can be used to rearrange the terms of P so
that each term has the form (A T) A2 for some k, 2 >0 with

k+2 <4 .
(e.g. AATA=(ATA+NA=ATAZ L A).

Now we can show by calculation that

[H, (ANHKAY = (k-2)(ATKAL .
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This gives the required decomposition (1.5.4).
If P is written in the form (1.5.4) then

H, P]=i mP_ and (adH)z(P)=i m? P

m=-4

M=-4

Therefore, (1.5.2) follows if it can be shown that

(1.56)  |(AHKAYH+4)2| < o .

We have:
I
) .
1.5.7) (AT)kA 0 = i=1
n
0

(H+4) 29, = (n+4)20,

Therefore,

Vk, 220 suchthat k+2<4.

1 1
R-1 2 .2
(n=0+) (n-)) o vn=R
j=0 n+k-R
Vn<?®
Yn=20
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1
kK 2-1 5

-2 2 2
(n+4) © 11 .Hg-e+n) (n-i) "o
¥ k 2 .2 I=1 | = n+k-2
(1.5.8) (A) A (H4) ¢ =
n vYn22Q
0 VY n<?l
Since the set {¢} is complete and orthonormal and
k+2 <4, (1.5.8) implies
[(AT) KAZ (H+4)20] < | ¢ | Voe S(R),k 220
k+2<4

and so (1.5.6) holds.

Using the other results of §4 we can say a little more

about this situation.

If P is a fourth order polynomial in x and id/dx whichis

semi-bounded as an operator on L2(1R) then from (1.5.4) we have

(adH)3(P) = i mJ P

m=-4

it follows that
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l(adH)A(P) (H+4)2| <= q=1,2,3... .
Therefore, theorem 14 can be used to show that
Pho,om S hom YVmeN , Ph,ch,
and ¥V a2>0 the semigroup Ty=exp {-tP} satisfies

() Th Sh V>0
(0 o

(ii) T is |l - continuous .
h o
o

We also have the following result:
Theorem 21. Let P be a second-order polynomial in x and
i d/dx which acts as a symmetric operator on L2(]R) . Then P
is essentially self-adjoint on any core for H. (Again D is

such a core).

Proof: Any second-order polynomial P in x and id/dx can be
made into a second order polynomial in A and Af using (1.5.3).
(1.5.5) now allows us to assume that each termin P is of the

form (AT) KA2 where k, 2> 0 and k+2<2. Therefore, we can
write P as



44

2
(1.5.9) P= z P where [HP ]=mP .
mowp M m m

To prove the theorem we show
(1.5.10) [P(H+2)"1 | < and ||[H,PI(H+2)1 || <

and then use theorem 5. (1.5.10) will follow from (1.5.9) if we

can show

I(AT) KARH4+2)1 || < for k, 220 k2 S 2.

We have
;
_1 k 2'1 E é-
(n+2)  II Tljvf+) “(n-)) "0 n2R
Tk Q _1 i=1 l= n+k'Q
(15.11) (A)'A (H2) ¢ =
0 n<f
Therefore,
l(AhYkALH+2) T o < | o Voe S(R)

and the theorem is proved.
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In the situation of theorem 21 we can apply theorem 13 to
deduce properties of the unitary group Vi =exp{itP}. Forwe
can use (1.5.9) and (1.5.11) to show that

l@dH) (P) (H+2) 1] < g=123,.
Therefore, from theorem 13 we have
Ph1+2mgh2m VmeN, Ph,<Sh,
and V; satisfies the following Va2>0:

() V,h =h Vte R
(4 (04

(ii) V]| is |l - continuous .
h o
o

§5.2

Commutator theory can be used to handle certain types of
first or second-order ordinary differential operators on L2(]R)
i.e. operators of the form

(1.512)  QqH+Qq

(1.5.13) or QoH2 + Q4 H+ Qg
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where H =id/dx and the Q; are functionson R.

The results depend upon the differentiability of the Q; and
the boundedness of DIQ; i€{0,1,2}jeN.

In this section we choose h = L2(1R) and let H be the
closure of
. d

dx e
Cc (R)

Then H is self-adjointand C,>(R) isacorefor HPp=1,23,....
We first discuss first-order ordinary differential operators.

Let K be of the form (1.5.12) with D(K) = C,~(R) . Suppose for

i=1,2 that Q, Q'i,...,()i(IZ ) exist and are bounded and that

Qi(ﬁﬂ) exists. Then, because of the form of K and the

boundedness of Q4 and Qq, thereis a constant ¢>0 such that
[ Kfll<el fll4 Vfe Co”(R).

So, thereisa ¢4 20 suchthatfor p=1,2,.., 2

| Kf || < cqll(1+H2P) 1/2P £ Vfe Co®(R)

or,
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P

H oo
< .
| Kf ”—C.l Hf”.‘ Vie CC (R)

P

. H : .
where the notation ||| has an obvious meaning.

We also have for p=1,2,...,2
3 j
(1.5.14)  (adH)’K) = D, R. H
j=0 1P
where the coefficient functions Rj,p are linear combinations of
Qi , Q,....Q;(P) . Since each of these is bounded, so is
Rj’pj = 0,1 ,...,p .
Therefore, there isa k>0 such that

I(adHPY(K) fl <k | £ I v feC(R)

or

P

H
ladHP)(K) | <k Il fllg vfe C(R).

We can now apply theorem 5 with p =1,2,...,2 to obtain:
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Theorem 22 : Let K=QH+Qq be a symmetric operator on
L(R) with D (K) = Cc=(R) and suppose Q™ exist for m =0,
1,...,2+1 and are bounded for m=0,1,...,2. Then K is essentiaily
self-adjoint on Cs(R) . In addition K hpe1 S hp for
p=12,..,2 andfor ae[0, g] the unitary group Vi =exp {itK}
satisfies: '

(i) Vh =h Vte R
t o o

iy e ,
(ii) lha is | ||a continuous

In particular, if Qg, Qe Cc™(R) then Rhp, 1 Shy VpeN,

Kh, € h, and V;satisfies (i) and (ii) above V 20 .
Note: A similar result can be achieved via theorem 13.

Two examples of symmetric first order ordinary

differential operators on L2(R) are
Ky =Qq H+HQq + Qg =2Q4H +iQq +Qq
where Qg , Qq are real-valued functions, and

Ko = Q4 HQq + Qg = |Q¢]2 H+ iQ4Q4 + Qg
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where Qq is complex-valued and Qg is real-valued.

We now discuss second-order ordinary differential
operators. Let K be of the form (1.5.13) with D(K) = C.>(R) .
Suppose K is semi-bounded as an operator on L2(]R) and that
Q;, Q;-.,Qi2%1) existwith Q;, Qj,....Q(2% bounded.

Then, because of the form of K and the boundedness of Q;

thereisa ¢ =0 such that
[Kf|<clflo Ve C.(R).

(1.5.14) holds for p =1, 2,...,22 ,where again each Rj,p is a
linear combination of Q; , Q;"....,.Q;(P) and is therefore bounded.
This implies that there are constants kp 20 p=23,...,22 such
that

[(@dH)P(K) ]l < kol Il | Ve Co(R) .

Therefore, we may use theorem 14 and the fact that C,>(R)

is a core for H2 to obtain :

Theorem 23 : Let K = QoH2 + Q¢H + Qp be a semi-bounded
operator on L2(]R) with D(K) = C.™(R) . Suppose Qi(m) exists
for m=0,1,2,..,2041 and i=0,1,2 and that it is bounded for
m=0,1,2,..,22 and i=0,1,2. Then K is essentially
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self-adjoint on any core for H2 . In addition

Rho,om S hom m=0,12,...,2 and V ae[0,2¢] the semigroup
Ty = exp{- t K} satisfies:

() Th ch Vit20
o o

(i) T is | - continuous.
h o
o

In particular if Qg , Q¢, Qo e Cc™(R) then
KhoomEhoyy YmeN, Kh S h, and T; satisfies (i) and

(i) above Vo 20.

Note: A similar result can be obtained via theorem 10 with H2?

in place of H.

Two examples of positive second-order ordinary differential

operators on L2(]R) are
Kq = HQ1H+QQ=Q1H2+iQ1'H+QO
where Qq, Qq are positive functionson R, and

Ko = Q¢H2Qq + Qg = Q4|2 H2 + 20y Q' H- Q104" + Qg
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where Qq is a complex-valued functionon R and Qg is

positive.

§5.3.
As a final application of commutator theorems we present
some results of Faris and Lavine [FalL] who used their theorems

to analyse Schrodinger operators. Here A is the Laplacian on
RN .

Theorem 24: Let V, W b‘e real-valued measurable functions on
R" with V eL2oo(RM and V(x)2-cx2-d.

Suppose also that

(i) Thereis adense set D < D(-A) N D(V) N D(W) whichis
invariant under the operations X and
19

i ax.
j

and suchthat - A +V + W + 2cx2 is essentially self-adjoint
on D.

(i) Forsome a<1,-aA+W isbounded belowon D .
Then - A +V + W is essentially self-adjointon D.

The following result is a corollary of theorem 24.
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Theorem 25: Let V4, V5 be real-valued measureable

functions on RN satisfying :

() Voe LP(RM) with p=2 if n <3,p>2if n=4, and
p2n/2 if n25.

(i) V42-cx2-d forsome c,d;Vqe L2y(RD).
Then -A + V4 + Vs is essentially self-adjoint on C0°°(]R”) .
CH 2. COMMUTATOR THEORY IN BANACH SPACE.

§1 . Introduction.

Commutator theorems were originally proved in Hilbert
space since this is part of the framework within which quantum
field theory operates. However, some of the results mentioned in
CH.1 §4 have extensions to Banach space. Before providing these

extensions it is necessary to set the scene.

In this section and the next B will denote a Banach space
and oy will be a one-parameter Cgp-group of isometries on B
with generator H. We will define the spaces By(ne N) and B,
by
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By=DHM , B=MN B,
n 1

We also define the Lipschitz spaces Bp, 1/ as follows

n
I(o,-D)H af

B 1={aeB 1 sup <o} .

4= <t It

Each B, is a Banach space when equipped with the norm |||,
defined by

' m
lall = sup IH all for aeB
N m=0,1,...,n n

B, is a Frechet space when it is given the topology

determined by the set of norms {|-|, :neN}.

Bn4+1/2 becomes a Banach space if it is given the norm

I-lln4+1/2 defined by

n
I(e- DH al

lall , =Ja|_Vv {sup
n+13 SN It

We note that if K is a closable linear operator on B with
D(K) = B, then, by the closed graph theorem, thereis ¢>0 and
p e N such that
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(2.1.1) ||Ka||sc||a||p VaeB,.

When working on a Banach space B we need to redefine
what we mean by a commutator bound. This is because we can no
longer define [H, K] as a quadratic formon h_xh_ . On B the

nth commutator bound will take the form
(2.1.2) I (adot)“(K) all <kt" | a ||q YaeB_, |t <1

for some geN.

When B is a Hilbert space, (2.1.2) is equivalent to the bound
(1.3.1) with a=0,B=q.

In order to indicate a relationship between the commutator
theorems on Hilbert space and those on Banach space we note
that on a Hilbert space K is symmetricif and only if £iK is
dissipative. We also note that by Stone's theorem the generators

of unitary groups are of the form iK where K is self-adjoint.

§2. The theorems.

Proofs of the following theorems can be found in the two

research reports [BaR] and [Rob 1] .

Theorem 26: lLet K:B_ —B be alinear operator satisfying
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1. K is dissipative

2. o, Kla || <kq It] [ all Vae B,
It] <.

Then R generates a Cq-semigroup of contractions T on B.
If KB, S B4 then

(i) TtB1_C_B1 Vi=0

k t
.. 1
>
(ii) ||Tta||13e ||a||1 Vt=>0,ace B1

(iii) ‘C[B1 is l|-||1 - continuous .

Theorem 27 : Let K: B, — B be a linear operator satisfying 1.
and 2. of theorem 26. Suppose also that K satisfies:

<
3. ||Ka||_c||al|2n_1 Vae Boo
m m
4. | (adct) (K)a llskmltl ||a||m Vae Boo
It <1
m=2,3,...,2n .

Then, if T; is the semigroup of contractions generated by K,

the following hold for m=0,1,2,...,2n-1 :
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(i) ’CthQBm Yt>0

m
.e m
(i 1Tl stel o0 {2 Mk} viz0.acB

i) T is |- - continuous.
(iii) IBm I|||m c inuou

If, in addition, K B, £ Baop, then (i), (ii), and (jii) above

also hold for m=2n.
Remarks:

(1) If oy isageneral Cp-group and not a group of
isometries then conditions 1 - 3 of theorems 26 and 27 and
condition 4 below are enough to show that (i), (ii), and (iii) hold
for m=0,1,2,....2n-1.

4. | (adoyM(K) a | < kmylti™ || @ "mv(2n-1) vVae B,

(2) The final statement of theorem 27 requires proof.

Assume KB, C Boy andfor m=1,2,...,2n let

m
o = Z ™ k. From (i) of theorem 27 we know that
r=1

K+ wop.q is [lon-1 - dissipative. Therefore, i+ &€>0
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Ifi+e®ea, Dlal, 2 [1+€@, -0, Jllal, vaeB_

2[1+ g0, - @y Jlial,,

(2.2.1) Elo, - o, ) lal,

We have the identity

) -
A, B 1=- () ((adB)(A))BY"
r=1

.o -1
Therefore, if Ht =:— , we have

Hf"[ng(xmzn)]a - [1+6(K +a,, )]H2n a

2n ((adc) (K))H2n -r
+ €23 :
r=1 t

2
= I 11+ E(K o, )] a2 146K oy -

52(2">k 1"

r=

l\)

‘ 2n on 2n-r
> (1+€0, ) 1 all- Eé‘r)kr I al,
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where the dissipativity of K has been used. If we now take the

limitas t—0 and use KB, S Bo, we get

2n ' 2n & 2n-r
IH-"[1+gK 4o, )]a I12 (1+go, I H an-gr%(%") K IH-" "l

2n
(2.2.2) 2(1+gm2n)||H ajl - ngn I a||2n .

(2.2.1) and (2.2.2) show that K+ wop, is [||op - dissipative.
We can also show that [1+€(K+ wop)IB., is [|on - dense in Boj
by using the proof of a similar statement in theorem 2.1 of

[BaR] . The result follows from the Hille-Yosida theorem.

Theorem 28: Let K:B_, —» B satisfy
1. K is dissipative
2. |loy, Kla | <kqltl llall1 Vte R,aeB,
3. |Kalscl|alq VaeB,.

If Ty is the semigroup generated by K then
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() T, B SB Vit20
2 2
kyt
y .
(ii) ||‘tta||l_e ||an1_ Vtzo,aeBl
D) 2 _ 2

If n=1 intheorem 27, we can get more detailed

information about the action of T on B.

Theorem 29. Suppose K:B,, — B satisfies conditions 1 -4 of
theorems 26 and 27 with n=1. Then T; also has the

following properties:

i C
(i T,By =B, Vt20
2 2
(ky+ 2k )t
i < 2> .
(i) ITa Iy < e lalg vt20ae By
2 2 2

Before closing this section we will briefly comment on the‘
fact that certain commutator theorems in Hilbert space seem to
have no Banach space analogues. For positive operators K on a
Hilbert space h, theorems 8-12 show that second order
commutator bounds of index two are sufficient to deduce
generation properties of K. However, there is no corresponding

result for Banach spaces B, i.e. no particular type of operator
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K : B, —B is known such that the bound
| (adop?(K) a | <k Iti2 [l a ll2 viti<1,ae B,
is sufficient to imply that K generates a Cg- semigroupon B.
§3.
In this section, B will denote a Banach space, ot 20) is
a one-parameter Cg-semigroup of contractions on B with

generator H, and K is a closable linear operator from B toB.

We let pg, kg be numbers such that

llKallSkollallpo | VacB_

The Taylor series argument in the following lemma is due to
Derek Robinson and is also used in the proof of lemma 2.11 of
[Rob 2].

Lemma 30 . Suppose there are constants kn,4 20 and
Pn+1 €N such that

1 1
I (adot)m' (K)all skn+1tn+ lal, VaeB ,t20.
n+1
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Then for m=0, 1,2,...,n there are constants Cy,, Dy >0 such
that

m m
I (ath) (K) af| st (CmII a IIp +Dm|| allp )
0 n+1

VaeB ,t20.

(i.e. the bound on the (n+1)st commutator implies a similar

bound on the lower order commutators).

Proof: If L:B_ —B is alinear operator satisfying an inequality

of the form
Ital<clalg Vae B,
then an operator Ss,t(L) can be defined on B_, by
Ss.t(L)a = (exp{(st)(TyDHL))a ae B,

where Ti(L) = ot Lo_4 and the above exponential is defined by a

power series, i.e.

(T-0" (L)a

- s\M
Ss,t(")a B n;_;ét) m!

The series is norm convergent because of the bound on L
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and

IS

o Lall = lexpt (THHL)al

s
t

||(exp{— T })(L)all

T, (L)all
-t 2 (_)m ____.___

<
m>0t m!
cllall
< ‘t > (t)
m=0
= CIIaIId

since | T{M(L)al = || omiLo.al < Lo.,al

<cl|omialg<clallg

We also have (T+I)™(L)a = (ad o)™ (L)o.mta, so

(@d o) (L) o _a

m!

-2 @
m=0

Therefore,
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m+k
< (s ba) =X @ @doy % magd
dsk >0 k
t mi
m k .
. (ad o) ((ado-t) (L) o_kt) I
m20 ! tkm!
K
(adg) (L) o
- -kt _Ya .
- Ss,t( k )

t

Therefore, putting L = K and using the Taylor series

expansion :

Lomo . mog N (n+1)
) = D, L—-(-%q)-'i—+jdr-(5—'n-lﬂ—-f (r)
= . 5 .

gives
| Zn‘ m (adot)m(K) c_ .2
S_.(Ka-= ) -
s,t m=0 t m!
n+1
s n (do) " (K)o
(s - 1) -(n+1)t )a
+ J. dr -y Sr,t tn+1
m
(ad o) (K)o a
Let a_(f) = ? -mt
m m

m! t
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Then,

n
m _
2 s am(t) = Ss,t(K)a - Ka

m=1
1
S n ad o) T (K
. J'dr (s-1n g ( ( Gt) \ )G-(n+1)t )a
5 n! r,t tn+1

Choose n values sq, Ss,...,84 such that the matrix

s 32 s
1 1° 1
s 52 s
2 2 T2
M =
2
s s . s
n n

is invertible. Since the Vandemonde determinant
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n
1
s1 s1
n
1 s
2 %5
] = H (Sq‘sp)
. 1<p<q<n+
n
1 ..
sn+1 s'n+1

det M +0 whenever s4,...,s, are distinct and non zero. If we

invert the system of equations

a, b, (®
a, (1) b2 (1)
M =
a b (1)
where

bi(t) = Ssi,t(K)a - Ka
S.

' (si-r)n (adct)n+1 (K)o
- J'dr !
0

rt n+1
t+

S

-(n+1)t
n )a
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we get the following expression for ap(t), m=1,...,n

n
a =2,C {s_ (Ka-kKa
i=1 i

S
i 4N n+1 K
3 n! r,t tn+1

where M-1 =(Cm,j) - So

m
(ads) " (K\g _ o n
t ‘m t 1t ‘
u = I sm.g1 Coni {”Ssi,t(K)a" +|IKal
S, n+1
! (s,- 0" (ads) (K)G-(n+1)t) I
a
efo—— s ( i
0
) Toser)"
smi 2 1c_ {2k _llall +k__1llal i
o3 mi 07 Tp T n+ pn+1_[dr - }
0
i < B
since "Sr,t(K)a"'kOHa"po Vae 5
1
(ads) ™" (K)a
and || I<sk_ _lal VaeB ,t20.
n+1 n+1 p oo

t n+1
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Therefore, there are constants Crp, , Dy (m =0, 1,...,n) such
that

(adct)m(K)a
i

Isc_llall, +D_lal VaeB ,t20.
t pO pn+1

The following two results were proved by Derek Robinson:

Lemma 31 : The following conditions are equivalent:

1. ae DHM
n
(o, -1)
2. lim ! a exists
t—0 tn
3. there is a sequence tm > 0 such that tm — 0 and
(6, -D'a
lim m exists .
M—co tn

Moreover, if the conditions are satisfied then,
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n . . n n
Ha= lm ———a = Ilim t (ot -I) a .
t—0 tn M-—oo m m

Proof: 1 = 2. This follows from the identity

(Gt- I)” n t t t .
—_— =t J.ds st ...jds o H a
n 1 2 N S, ;.48
t 0 0 1 n
and the strong continuity of oy . This also shows that
n (ot- I)n
Ha=Ilm ———a
t—0 tn
for ae D(HN) .
2=3. This is straightforward.
3=1. By definition a e D(HM) if, and only if, the
multiple limit
-1
0 (cu_ )
lim ... lim I —— }§a
u,—0 u -0 i=1 u,
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exists. If the limit exists, it equals HMa . The identity

u t
(ot- I) j ds csa= (cu -I)J.ds Gs a

0 0
implies

i , t t

n

e = b = ) - d a .
@31) (o~ 1) J. %, j B0 sas ® i£11(0u. I)J %, J 0’5 hus
0 0 1t oot
If,
(cst - 1)
t -0 al
m

exists, then (2.3.1) gives
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u u
n p 1 n
(IT u) J-ds1 ds o
i=0 3 NS +..+ S
tm o 'm
=N n (o -1
= lim t st .. |ds & Yi "Va
t 50 M7 1 ns1+---+sn(i=.If[1 U )
-1
; (o, D)
=(1'[ : )a
i=i U

where the last equality follows from the strong continuity of o.

- The left hand side of (2.3.2) converges to b in the multiple limit
lim .. lim Dby strong continuity. Therefore,
u4—0 up—0

aeDH") and b=H"a.

Lemma 32: The followihg are equivalent foreach aeB.
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N1
(o -1)
1.  sup {ll all} < oo
O<t <1 n+1 :
(o.-1)
t
2. s {1l al} <o
0<t<1 i=0 |
3. aeBm__‘I_
2

Proof: 3=2. This follows from the identity

'c1 tn
& Da = st ds o (o I)Hna
i._% (o, - a= 1770 n s 448t
i 0 0 1 n O

2. =1. This is straightforward.

1.=3. Let

(o, "
c- sup {1— au} .
O<t<t t+1

We will use the identity
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n (c I_+I)
(2.3.3) -1 [2(0 -1)] [ -1]2 c -1)"
2
a-g O+ m
_ 2n- i n+1Z ( '2' )
2
If wefix t:0<t<1 and put tj =_tT we get the following after
2

dividing (2.3.3) by t?:

n n n+
(o . I) (ct - 1) (<rt -DY n4
j - j+1 ! j+ 1 z
j+2 -
tj tj+1 2 tj+1 m=0

Therefore, summing over j from k to 2-1 gives

+1
c -I (0, - DY ndle.  +))
(2.34) L)+ E g
1 k 2“2 ty | mof 2

]+

Since fog]l <1 Vs20 we have
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Therefore, the limit

n
-1
) )
lim K a
k—oo tk

(o

exists and so, by lemma 31, a e D(H").

We now put k =0 in (2.3.4) and multiply the resulit by

ct-l
t
to get:
.-nY nH g T
o -1 -1 c -1
- - o.-l .
l(cst 1)] 4 =|(ct 1)] 3 (0D I
. i+2
t tQ t j=0 21'*' tj+1
m
-1 (ct +I)
j+1
m=0 2

Therefore,
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n
(. -) 2-1
-1 t .
(2.3.5) III(Gtt )]| tﬂ ] al<C f 140 Y, 277
) :

Since ae D (H"), sois

-1
(cst )a
t
and we have
(o.-1) (o.-1)a
L _H"a =H"
t t
n
c’tQ'I (c.-T)a
= lim L
R—o0 tQ t
So, from (2.3.5) we have
(o.- 1) = i1
u tt HMaj<c f 1+n D, 27 —C+n). Vt:0<t<1.
j=0

Thus, 3 holds and the proof of the lemma is complete.
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We now present the final result in this section. It gives

commutator bounds that are equivalent to the statement
KBo, S Bna1/2-

Proposition 33 : The following are equivalent for each ne N:

1. there exist constants kn,4 >0 and pp,.q1 €N such
that

n+1
t+

n+1
ltads) " (Kiall <k

Hall Vae B , t20
pn+1 =

there exist constants k'n, 1 >0 and qn,1 €N such that

n ' n

< ] v B ,t=20

|Ii£1 (adct.)(K)aII kn 1 il_'% t |Iallq aeB ,t
i = n+1

KB,, € B and there exist constants k"n_,_1 >0 and

'+t €N such that

I(ado t)((adH)n(K)))a <k . tll ~ VaeB .20
n+1

KBe, S Bny1/2 -
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Proof: 1=4. If 1 holds then we can use lemma 30 to deduce

the existence ot constants Cj;: m =0, 1,...,n+1 such that
l(adop)M(K)al < Crpy lalq tM  vaeB_,t>0
where q =sup {pg, Pn+1} - Therefore, it can be proved by

induction that there are constants Dy, >0 m =0,1,...,n+1 such
that

||(0't-I)mKa]| < Dmtm lall q+m VaeB,_,t20.
The first step follows since
l(orDKall < [[oy, Klall + [K(oyT)al

< -
<0yl + glle Dal,

<(Cq +koltlallq+1

where the result

t

Io, ) all = qusosHan < tal,

has been used.

In general,
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m-1

(61" Ka = (ado)" K- 2, ()" (Mo, DKo, D™ a
r=0

The induction hypothesis implies
(e DK(or D™ ] < Dp ' (o)™ algyr
< Dp 't all g (m-r))
= Dy tallqem
forO<r<m-1.
This, together with the bound on ||(adoy)™(K)a|| , gives the

required bound on [|(o+1)MKa| for m =0,1,...,n+1 . Lemma 32 can

now be used to deduce that KB, € B /2 -

4 =3. If KB, <_Bp,1/2 then, by uniform boundedness, there are

constants 2 >0, sy €N (m=0,1,...,n+1) such that

m m
- < v 0.
|l(<5t 1) Kal| th llallsm ae Bw =0

Therefore, from lemma 31
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m

(c_-1)

m n-m . n-m
IH"KH" (o, Dall = lim ||—in-1—- KH™ (o, Dal|

s—»0 4

n-m
<R ||H -1
milH (oDl

S lopDals o

(2.3.6) StR_ ||a||sm+n_m+1

for m=0,l,...,n.

We also have, from the definition of B
n+1/2

(23.7)  |(orDHMKa| =O(t) VvaeB,
and, for m =0,1,...,n-1, we have
(2.3.8)  [(opFrDHMKHNMg|| <t [HM+TKHN-Mg | =Oft) VaeB,, .

If we now expand (adoy)((adH)"(K))a and use (2.3.6), (2.3.7),
and (2.3.8) we get

l(aday) ((adH)™(K))all =O() vVaeB,,.

Therefore, 3. follows from uniform boundedness.
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3=2. Let aeB,_, andlet ty,ty,...,t1720.
Define F: R" -B by
G ,0
A n n
= Zui Zt - z u. a
1 =11 =1

Then,

((@dH)" (<))o

d ..o 0
0

U1 un Zul .

=1 i J

In addition we have

oot
J' jdu 2T 11 (ado, )2 .
n au ...0u

0 n l

Therefore, if 3. holds

ITT (ado ) (K)all k' (TTt) llall

i=0 G 1i=0 n+1
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I < litado, ) ((adH) K)o o all

1 Un 0 Zt.-ZU.
715!

2.=1. Straightforward.

Remark: It can be assumed that kn, {4 =k'n, 1 =K"n4q and that
Pn+1 =%n+1 = Mns1 in Proposition 33 by the following argument.
The proofs of 3 =2 and 2 = 1 show that it can be assumed
Kn+1 SKniq <k"ne1 and ppiq £Angt $fpei - Therefore, itis
sufficient to show that given kn, 4 and pp,1 ., the constants

k"'n4q and rp,q canbe chosen so that k", 1 <kp,q and rp 1<

Pn+1 -

Let t>0 and put ty, =t2". Then we have the identity

[Gt' [Gtm, 2011)t [0' ,o Kl]o 2™y

m
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Putting (adcst )n-1(K) in place of K gives
m

m
2
(ads)) ((ads, )"(K)) = Yo (ado, 1 kye
t t ; (i 1)t m .
m j=1 m (2 -J)tm
I
ll(adct)n+1 (Kall <k_ 1t"+1 lal Vt20,aeB_

n+1

then KB, € B, from the proposition, and so

||(adot)((adH)n(K))a|| lim —||(adct)((ado ) (K))all
M—oc0 tn m
< lim Zt (1)t ((ado, 1Ko o al
M—eo j=1 M tm (@ Dt

< lim Zt I((ado, " 1(K))o ol

Mo j=1 ™ m @it
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2m
i 1
< lim Ztm" . r’:’ s al
M—>e0 j=1 @Mt Pnsd

Therefore, equality of the constants may be assumed.
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