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Abstroct: This paper presents some new results on algebraic 
Riccati equations arising in linear quadratic differential games. 
The first result is a uniqueness result for solutions of the 
Riccati equations under consideration. The second result is 
concerned with Riccati equations which arise in differential 
games in which the weighting on the minimizing control is 
allowed to approach zero. It is shown that if a certain mini- 
mum phase condition is satisfied then the corresponding solu- 
tion to the Riccati equation will also approach zero. 
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1. Introduction 

This paper is concerned with algebraic Riccati 
equations of the form 

A ' P  + PA - P M P  + Q = 0 (1.1) 

where A E R nx", Q ~ R ~xn and M ~ R ~x~. It is 
assumed that the matrices M and Q are symmet- 
ric. However, no sign definiteness assumption will 
be placed on the matrix M. Riccati equations of 
this form arise in the stabilization of uncertain 
systems (see [1-3]), disturbance attenuation prob- 

lems (see [4]) and in ~inear quadratic differential 
games (see [5]). 

The main result of this paper is given in Section 
3. This result is concerned with the algebraic 
Riccati equation which arises in linear quadratic 
differential games with cheap control; see [6]. The 
main result of [6] shows that if a certain strict 
minimum phase condition is satisfied then the 
value of the differential game will approach zero 
as the control weighting approaches zero. How- 
ever, an important gap emerges in the results 
presented in [6]. Indeed, that paper shows that the 
strict minimum phase condition is a sufficient but 
not necessary condition for the limiting value of 
the game to be zero. In this paper, we close this 
gap by showing that a (non-strict) minimum phase 
condition is both necessary and sufficient for the 
limiting value of the game to be~ zero. This result is 
established by looking at the limiting value of the 
solution to the algebraic Riccati equation associ- 
ated with the differential game, As mentioned in 
[6], this result has applications not only in the area 
of differential games but also in the stabilization 
of uncertain systems using hish gain observer 
based feedback. 

In order to establish the main resvlt of this 
paper, we use some preliminary results concerning 
the existence and uniqueness of :;oludons to Ric- 
cati equations of the form (1.1). "Ihese results may 
be of independent interest and hence are stated 
separately in Section 2. 

2. Existence and uniqueness results 

* This work was supporte~ by the Australian Research Grants 
Scheme. 

Before stating our uniqueness result for Riccati 
equations of the form (1.1), we first define a 
notion of strong solutions to (1.1); see also [7]. 
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Definition 2.1. A symmetric matrix ~ P is said to 
be a strong solution to Riccati equation (1.1) if it 
satisfies (1.1) and furthermore, all eigenvalues h of 
the matrix A - M P  satisfy Re(~,) ~< 0. 

Notation. Given symmetric matrices M and N, 
the notation M >i N refers to the fact that the 
matrix M - N  is positive-semidefinite. Similarly, 
the notation M > N refers to the fact that the 
matrix M -  N is positive-definite. 

Theorem 2.1. Suppose that the Riccati equation 

A 'P  + v a  - P M P  + QI = 0 (2.1) 

has a symmetric solution P1. Then given any sym- 
metrw matrix Q2 < Q1, the Riccati equation 

A'P-~- PA - v n v  + Q2 = 0 (2.2) 

has at most one strong solution. 

In order to prove this theorem, we will first 
establish the following lemma. 

Lemma 2.1. Suppose that the symmetric matrix Q is 
positive-definite. Then the Riccati equation 

A 'P + PA - P M P  + Q -  0 (2.3) 

has at most one strong solution. 

Proof. We first observe that aP symmetric solu- 
tions to (2.3) must be nonsingular. Indeed, if P is 
a symmetric solution to (2.3) such that Px = 0 for 
some x ,  0, then 

x ' A ' P x  + x ' P A x -  x ' P M P x  + x ' Q x  =, x ' Q x  = O. 

This contradicts the fact that Q is positive-defi- 
nite. 

We now suppose /'1 and P2 are two strong 
solutions to (2.3). Hence /'1 and P2 are both 
nonsingular. Thus, we can define the two symmet- 
ric matrices S i = P - 1  and $2 - PZ 1. Both of these 
matrices will satisfy the Riccati equation 

- A S -  S A ' -  S Q S  + M =  O. (2.4) 

Furthermore, it follows from Riccati equation (2.4) 
that 

Sl ( - A '  - QSI ) = ASl  - M 

Throughout this paper, we will be concerned only with real 
matrices. 

and hence 

S 1 ( - A ' - Q S I ) S ? 1 = A - M P 1 .  

That is, the matrix - A ' - Q S I  is similar to the 
matrix A -  M P  1. Therefore, S 1 is a strong solu- 
tion to Riccati equation (2.4). Simil~-ly, it also 
follows that S 2 is a strong solution (2.4). 

We now observe that the matrix Q is positive- 
definite and hence the pair ( - A ' ,  Q1/2) is control- 
lable. Therefore, using Theorem 3 of [8], it follows 
that there is at most one strong solution to (2.4). 
Hence $1 = $2 and therefore P1 - P 2 "  I"1 

Proof of Theorem 2.1. Suppose that /'1 is a sym- 
metric solution to (2 .1)and that /'2 and /'3 are 
strong solutions to (2.2). We first define the 
matrices F = A - M P  1,/./2 = Pl - P2, Us - P1 - P3 
and R --- Q1 - Q2 > 0. 

Claim: The matrices/-]2 and U3 are both strong 
solutions to the Riccati equation 

F'U + UF + UMU + R -- O. (2.5) 

We first establish this claim for the matrix £/2. 
Indeed 

r'V  = ( a - M V , ) '  ( - 

= A ' p  l - A'P2 - P tMPl  + P I M P  2. 

Hence, using (2.1) and (2.2), it follows that 

F ' U  2 + U 2 F -  A'P~ + PIA - A 'P  2 - P2 A 

- 2 PI MP1 + P1MP2 + P2 MP1 

= PIMP1 - Q1 - P2MP2 + Q2 

- 2 P1MP1 + P1MP2 + P2 MPI 

- - R -  V 2 M U 2 .  

Thus,/./2 is a symmetric solution to (2.5). Further- 
more, 

F + - A - + M (  - 

= A - M P  2 . 

However, all eigenvalues A of A -  M P  2 satisfy 
Re(Jk) ~< 0 and hence U 2 must be a strong solution 
to (2.5). 

Using an identical ~nalysis to the above, it 
follows that U s is also a'~strong solution to (2.5). 
This completes the proof ~,f the claim. 

In order to complete the proof of the theorem, 
we now invoke Lemma 2.1. Using this lemma, it 
follows that Riccati equation (2.5) has at most one 
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strong solution. Therefore/./2 = U3 and hence P2 = 

/'3. [] 

Theorem 2.2. Let M 1 >I 0 be a given symmetric 
matrix and suppose that the Riccati equation 

A'P + PA - PM~P + Q = 0 (2.6) 

has a symmetric solution P1. Furthermore, let M 2 >t 
0 be a given symmetric matrix such that M 2 <~ M 1 
and the pair (A, M2) is stabilizable. Then the 
Riccati equation 

A ' P  + PA - PM2P + Q -  0 (2.7) 

has a strong solution P~ >t P1. 

The following proof of this theorem is based on 
a personal communication from Dr David Cle- 
ments at the University of New South Wales. 

Proof. Let the matrix R be defined as follows: 

e A A'P1 + P , a  - e ,  g z e ,  + Q 

= a ' e l  + e , a  - e ,  g l P ,  

+ Q + e i  - g z  

~'. O. 

Furthermore, let A & A - M zPl. Given that the 
pair (A, Mz) is stabilizable, it follows that the 
pair (A, M2) will also be stabilizable. We now use 
Theorem 2.2 of [9] to conclude that the Riccati 
equation 

A'P + P . 4 -  PM2P + R - 0  

has a maximal solution P+ >t 0. Letting P2 - PI + 
P+ >t/'1, it follows that 

A'P2 -1- P2 A - P2 M2 P2 -1" Q 

- - A ' P l  + e l  A - PIM2P1 + Q 

+ t{'P + + P+.4 - P+ M2 P+ 

= 2['P + + P + A -  P+M2 P+ + R 

---0. 

Thus, P2 is a symmetric solution to (2.7). Further- 
more, using Theorem 2.1 of [9], it now follows that 
(2.7) has a strong ~olution P2 + >//'2 >I P1- [] 

3. The main result 

In this section, we consider the limiting be- 
haviour of the solution to the Riccati equation 

A'P + PA - qZPBB'P 

+ PDD'P + C'C + Q/qZ = 0 (3.1) 

as q---, 00. In this Riccati equation A ~ R "x", 
B ~ R "xm, D ~ R "xp, C ~ R "x' ,  and Q ~ R "x". 
The matrix Q is assumed to be positive-definite 
and symmetric. It is shown in [5] that the s~lution 
of this Riccati equation is associated with the 
value of a certain differential game; see also [6]. 
Also associated with (3.1) is the linear system 

Y c ( t ) - A x ( t )  + Bu(t)  + De( t ) ,  

y ( t ) - C x ( t ) .  (z) 

In order to prove the main result of this section, 
we will assume that the system (,Y) satisfies the 
following standard assumptions: 

A1. [A, B] is stabilizable. 

A2., [ C, A ] is detectable. 
A3. B is full rank. 
A4. C is full rank. 

It will also be assumed that the system (2?) 
satisfies the following (non-strict) minimum phase 
condition. 

A5. The transfer function 

is right invertible and minimum phase; i.e., 

C = n + r ,  Re(s) > 0. 

It is the weakening of this minimum phase 
condition from the strict minimum phase condi- 
tion assumed in [6] which constitutes the most 
:lgnificant feature of our main result. 

Note. In the statement of Assumption 5 in [6] 
there is a misleading typographical error. In fact 
the condition in [6] should read 

rank[ A-sIC B ] = n + q, Re(s)>10. 

This is in contrast to the (non-strict) minimum 
phase condition given above. 
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Before stating our main result, we must first 
introduce a definition. 

Definition 3.1. A positive-definite synunetric ma- 
trix P1 satisfying (3.1) is said to be the minimal 
positive-definite symmetric solution to (3.1) if given 
any other positive-definite symmetric solution /'2 
to (3.1), then P1 ~/'2- 

We are now in a position to state the main 
result of this paper. 

Theorem 3.1. Suppose that the system ( 2)  satisfies 
assumptions A1-A5 and that Riccati equation (3.1) 
has a positive-definite symmetric solution for all 
q >I ~. Then for each q >I Ft, (3.1) has a minimal 
positive-definite solution Pq. Furq~ermore Pq --* 0 
as q--* oo. 

Remarks. As mentioned in the introduction, this 
result on the algebraic Riccati equation can be 
applied to the limiting behaviour of a linear 
quadratic differential game with ,.heap control. 
Indeed, consider the differential game with cost 
functional 

Jq(u, V)~" y ( t ) ' y ( t )  + -~U(t)'U(t) 
- v ( t ) ' v ( t ) } d t  

and suppose the system under consideration is 
described by the state equations (,~). In this tiif- 
ferential game u ( t ) ~  R m is the minimizing con- 
trol and v ( t ) ~  R r is the maximizing control. The 
value of this differential game will be denoted J¢*. 

Differential games of this form were studied in 
[6] by considering the Riccati equation (3.1). In- 
deed, as detailed on page 187 of [6], it follows that 
for any initial condition x o, the value of the game 
satisfies the bound 

J :  .< 

where P~ is the minimum positive-definite solu- 
tion of (3.1). Hence, using the above theorem, it 
follows that if assumptions A1-A5 are satisfied 
then Jq* --, 0 as q--, 00. 

From the above, it can be seen that for systems 
satisfying the regularity assumptions A1-A4, then 
assumption A5 is a sufficient condition for the 
limiting value of the game to be zero. Further- 

more, it was shown on page 187 of [6] that our 
assumption A5 is a necessary condition for the 
limiting value of the game to be zero. Thus, we 
have a necessary and sufficient condition for the 
value of the game to be zero. This closes the gap 
mentioned in [6]. 

Before establishing Theorem 3.1, we must first 
introduce some additional notation and establish 
some preliminary lemmas. 

Notation. Let ~ ' c  R n be the maximal A, B-in- 
variant subspace contained in ker C; e.g., see [10]. 
Furthermore, let ~ ' ( ~ ' )  denote the set of matrices 
F such that ~ is (A + BF)-invariant. Given any 
matrix F ¢  R re×n, we denote A + B F  byA F. 

It follows from [10] that given any F ~ ' ( ~ 9 ° ) ,  
there exists a state space transformation on (2 )  
such that we can write 

A F = [  AI A2 jA3], (3.2) 

~ =  span[ / ] .  (3.3) 

Furthermore, since ~9'c: ker C, it follows that C 
will be of the form C = [0 C2]. 

Lemma 3.1. Suppose that the system (7.) satisfies 
assumptions A1-AS. Then, there exists a matrix 
F o ¢~: (S" )  with the following property: Suppose 
A ro has been transformed into the form (3.2). Then. 
all eigenvalues A of the block A 1 satisfy Re(A) <~ O. 

Proof. The proof is identical to the proof of Lemma 
3.1 in [6]. [] 

Lemma 3.2. Suppose that the system (,Y) satisfies 
assumptions A1-A5 and that Riccati equation (3.1) 
has a positive-definite symmetric solution for all 
q >I FI. Furthermore, let F o be defined as in Lemma 
3.1. Then for each q >I ~, the Riccati equation (3.1) 
has a minimum positive-definite solution P~-. More- 
over, there exists a family of feedback matrices 
{ Fq ~R'~×n: q ~ [ q ,  00)} such that the following 
conditions hold: 

(i) The Riccati equation 

A'rP + PAr, + PDD'P 

+ C'C + Fq'Fq/q 2 + Q / q 2 _  0 (3.4) 
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has a positive-definite symmetric solution Pq for all 
q~4. 

(ii) There exists a positive-definite symmetric 
matrix P such that Pq <~ P for all q >I ~. 

(iii) There exists a positive-semidefinite matrix 

poo _ [ O0 p~oO ] (conforming with (3.2)) 

and a strictly increasing sequence of integers { k~ } ~= 
such that k~ >1 ~ and P+ -* po~ k ~ as i--* oO. 

Proof. Suppose that Riccati equation (3.1) has a 
positive-definite symmetric solution P for q >1 ~. 
Hence, the symmetric matrix S - - P - ~  will be a 
solution to the Riccati equation 

AS  + 8,4' - q2BB' + DD' 

+ SC'CS + S Q S / q  2 -  O. 

However, if we define Q* to be the positive-deft- 
nite matrix Q* -'- C'C + Q/q2, it follows that the 
pair ( A , ( Q * )  1/2) will be co xtrollable. Hence, 
using Theorem 2.1 of [9], it follows that the above 
Riccati equation will have a maximal symmetric 
solution S + >  0. Furthermore, the inverse of this 
matrix pq  & (S+)-1 will be the minimal 
positive-definite solution to (3.1). 

We nog ~ consider the case of q - - ~  and let 
/3 __ p - .  Using the definition of A r o, it follows 
that 

Hence, S = / 3 - 1  satisfies the R.iccati equation 

AFoS+ SA'ro-OBB' + DD" + S(C 'C + Q)S=O.  

(3.6) 

We now consider the Riccati equation 
~A s _ AFoS + S Fo eBB' + DD' 

+ S(C'C + ~2(~ ) S  - 0. (3.7)  

It follows from Theorem 2.2 that given any E 
(0, 1], this Riccati equation has a strong solution 
S~ such that S~ > 0. Furthermore, S, is monotone 
increasing as e --, 0. 

Given any S~ defined as above, let P~ -- $71. It 
follows that given any e E (0, 1], the positive-defi- 
nite symmetric matrix P, satisfies the Riccati 
equation 

A~oe . + e.a~o- ~e.BB'e. 

+ P, DD'P, + C'C + e20 = O. (3.8) 

We also observe from (3.7) that 

[c'c +   Ols.)=A oS.-oBB' + 

and hence 

- [ c ' c  + s . ) s :  ' 

=,4,,0- [oBB'- DD'le,. 

That is, the m/ttrix 

aL,~ + ~a ,  o - Fo'B'~- ~BFo 
- -  ~2pBB'P + PDD'P + C'C + Q/~2__ O. 

Let x ¢ R" be given such that B'/3x = 0, x ~ 0. 
Therefore 

x'[AL  + + + c'c]. 
-- - x ' Q x / q  2 < o. 

Hence, Finsler's Theorem (see [11]) implies that 
there exists a constant o > 0 such that the matrix 

_ 0 =aL~  + ~a~o- #BB'~  + ~DD'~ + C'C 

is negative-definite. That is, 

a~o~ + ~a~ o -o~BB'~ + ~DD'~ 

+ C'C + Q. = O. (3.5) 

a~o- [oBB'- DD'le~ 

is similar to the matrix 

- A '  - [ C'C r0 + e2Q] s,. 

Therefore, using the fact that S, is a strong solu- 
tion to (3.7), it follows that P, is a strong solution 
to (3.8). 

We now recall the definition of P~ and note 
that P~ is monotone decreasing as e --, 0. Further- 
more, 0 < Pe ~</~ for all ~ ¢ (0, 1]. Thus, there_ 
exists a limiting matrix P >t 0 such that P~ --, P as 
e ~ 0. Moreover, using the fact that for any e 
(0, 1], all eigenvalues X of 

A F o - [ O B B ' - D D ' ] P ~  

satisfy Re(X) ~< 0, it follows that all eigenvalues of 

A~o- [oBB'- DD']~ 
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satisfy Re(~,) < 0. Hence, taking the limit as e --, 0 
in (3.8), it follows that P is a strong solution to 
the Riccati equation 

A'roP + PAro- oPBB'P + PDD'P + C ' C -  O. 

(3.9) 

We are now in a position to construct the 
required family of feedback matrices {Fq 
~m×n: q ~  [~, oo)}. Indeed, let F o be defined as 
in Lemma 3.1 and let Foo = Fo-  oB'P/2. Further- 
more, choose the constant 8 > 0 such that 

Q ~< 82~/2 and F~F~ ~< 82~/4.  

Given any q >i 8, the corresponding matrix Fq is 
constructed as follows: Let e = 8/q ¢ 1 and let P~ 
be the corresponding solution to (3.8). Then 

Fq A_ Fo _ oB,Pe/2" 

It follows from this definition that Fq--+ F~ as 
q--+ ~ .  Hence, we can define the constant ~ >t 8 
such that F~Fa<82Q/2 for all q>~4-Thus ,  
the family of feedback matrices { Fq ~ Rm×n: q ~_ 

[ q, ~)}  is such that Fq'Fq + Q < 82~ for all q >I q. 
Furthermore, it follows from (3.8) that given any 
q >i ~, if we let e = 8/q then the matrix P~ satisfies 
the Riccati equation 

A~P + PAF, ' + PDD'P + C'C + 82Q/q 2= O. 

T~.refore S~ = P [ ]  satisfies the Riccati equation 

AFqS + SA'r + DO'+ S { C'C + 82Q/qZ } S - O. 

However, 

>. ( eqe  + Q )/q'  > o 

and hence using Theorem 2.2, it follows that the 
Riccati equation 

A~S + SA'r~ + DD' 

has a positive-definite symmetric solution S + >I S, 
> 0. Thus, the matrix Pq = (S+)- ~ ~ S[ ~ = P, 
satisfies Riccati equation (3.4). This completes the 
proof of part (i) of the lemma. 

To establish part (ii) of the lemma, we observe 
that given any q >/~ then Pq <~ PS/q <~ : as re- 
quired. 

To establistt part (iii) of the lemma, we first 
observe that given any q >I ~ then the matrix Pq+ 

is contained in the compact set 2 ~ =  {p  ~ Rn×n: 
P is symmetric and 0 < P ~</3 }. Letting k be any 
integer greater than ~, we now define the infinite 
sequence of matrices { P~ }~=T, c ~ .  Given that 
the set ~ is compact, it follows that this sequence 
has a convergent subsequence { P+k,}7'=] such that 
p+ p ~  I,, "+ ~ ~ as i--+ ¢¢. Thus, in order to com- 
plete the proof of part (iii), it remains only to 
show that the matrix P ~ is of the required form. 

Towards this end, we first recall that given any 
i, if e = 81k~ then 0 ~< P+ k, ~< Pe" Furthermore, Pe 

m 

--* P as e --* 0 and hence 
n 

0 ~< p~o ~< p.  (3.10) 

Thus, we will now investigate the structure of the 
matrix P. 

Recall equation (3.6) and let Q - S O g .  It fol- 
lows that 

A roS + SAgo- oBB' + DD' + SC'C,~ + 0_. = O. 

(3.11) 

We now partition the matrices B, D, Q and ,~ to 
conform with (3.2) as follows: 

B-LB2j D - -  D2 ' 

Substituting into (3.11) and taking the (2, 2) block, 
we conclude that $2 > 0 satisfies the Riccati equa- 
tion 

+ + = o. 

Letting/~2 = ~-I and 02 =/3202/~2, it follows that 
32 satisfies the Riccati equation 

- + 

It now follows from Theorem 2.2 that given any 
e ~ (0, 1], the Riccati equation 

- S(C;C2 + e02 )S  = 0 (3.12) 

2 For example, using the trace norm topology on the set of 
positive-semidefinit© matrices. 
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has a strong soh,tion ,~, > S > 0. Furthermore, S~ 
is monotone inc.reasing as e - ,  0. 

Given any e > 0, we define /3 = $71. Using 
(3.12) it is straightforward to verify that the ma- 
trix 

is similar to 

- A ;  - ( c;c., + 

Hence, using the fact that S, is a strong solution 
to (3.12), it follows that /3  is a strong solution to 
the Riccati equation 

- oe, a=a p, 

" ' "  , = Q ,  0. (3.13) + P D2D P, + C C2 + ffi 

Moreover, /3 is monotone decreasing as e--, 0 
and thus there exists a limiting matrix /'2 such 
tha t /3  _., P2- Given tha t /3  is a strong solution to 
(3.13) for all e ¢ (0, 1], it now follows that/ '2 will 
be a strong solution to the Riccati equation 

A t2 P2 -I- P2 A 2 - IJP2 B2 ~2 P2 

+ P2D2D~,P2 + C;C2-O. (3.14) 

Using this equation, it is straightforward to verify 
that the matrix 

[o o 

satisfies (3.9). Furthermore 

A1 A 3 -  (o.B1n:~ - D1D:~),P 2 

Hence, using Lemma 3.1 and the fact that/~2 is a 
strong solution to (3.14), it follows that all eigen- 
values of the matrix 

A F o = [ ° B B ' - D D ' ] [  o "  O '20] 

will satisfy Re(~,)~< 0. Thus 

0 0 [o 
is in fact a strong solution to (3.9). 

We now apply Theorem 2.1. Indeed, comparing 
Riccati equations (3.5 and (3.9), it follows from 
Theorem 2.1 that Riccati equation (3.9) will have 
at most one strong solution. However, we have 
previously established that P is a strong solution 
to (3.9). Thus 

0 

Returning to (3.10), it now follows that poo has 
the required form. E1 

Lenmta 3.3. Let { Fq: q ~ [q, oo) } be defined as in 
Lemma 2.1 and let q >I max{ ~, ~ } be given. Fur- 
tkermore, let Pq be the corresponding minimal 
positive-definite symrnet.~'ic solution to (3.1) and let 
P~ be the corresponding solution to (3.4). Then 

P; 

ih'oof. The proof is identical to the proof of Lemma 
3.3 in [6][. O 

Lemma 3.4. Let { Fq ~ R mxn" q E [q, 00)} be de- 
fined as in Lemma 3.2 and given any q >l 
max{ ~, ~}, let Pq be defined as in Lemma 3.2. 
Then there exists a limiting matrix P such that 
pq --, b as q .-, co and ~9'c ker/~. 

Proof. If Pq- is the minimal positive-definite solu- 
tion to (3.1), it follows that Sq = (Pq)-I  is the 
maximal solution to the Riccati equation 

AS + SA' - q2BB' + DD' 

+ s ( c ' c  + Q/q )s = o. 

Hence, using Theorem 2 of [8], it follows that Sq i~ 
monotone increasing as q-~ oo. Therefore Pq- 
is monotone decreasing asAq--* oo. It now follows 
that there exists a matrix P >t 0 such that Pq- ~ / 3  
as q ~ o o .  

In order to show that ~ c  ker/3, we recall from 
Lemma 3.3 that for all 

q>~max{0, q}, 0 < P q ~ < P ~ .  

Furthermore, using part (iii) of Lemma 3.2, it 
follows that 0 < P~ ~< P~ for ~Jl i = 1, 2, . . . .  Tak- 
ing the limit as i - ,  oo, we conclude that 0 ~</3 ~< 
poo. Moreover, it follows from the form of poo 
that $Pc ker P= and hence ~ c  ker/3. O 
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Notation (see p. 447 of [12]). The minimal control- 
lable output injection subspace ~7"c R" is defined as 
follows: 

Jo=Im B; 

4+1 = hn B + A(ker C N ~  ); 

~'= lim ~ .  
i -~oO 

Lemma 3.5 (see [6] for proof). ~'c: ker/3. 

Proof of Theorem 3.1. Let q >I ~ be given, it 
follows from Lemma 3.2 that Riccati equation 
(3.1) has a minimal positive-definite solution Pq. 
In order to showy that Pq- - ,  0 as q --, ao, it suffices 
to show the matrix P defined in Lemma 3.4 is 
zero. Indeed, it follows from Lemma 3.4 that 
~ c  ker/3. Furthermol'e, using Lemma 3.5, it fol- 
lows that S"+ ~7"c ker/~. We now use the fact that 
the transfer function G(s) is fight invertible. It 
then follows from Theorem 3.24 of [13] that ~ +  ~" 
= R". Thus ker/3 = R" and hence P - 0. E! 

Acknowledgements 

The autaor wishes to acknowledge discussions 
with Dr David Clements which helped in the 
development of the results of Section 2. The author 
also wishes to acknowledge Marie-Antoinette 
Poubelle for her continual guidance. 

References 

[1] I.R. Petersen and C.V. Hollot, A Riccati approach to the 
stabilization of uncertain linear systems, Automatica 22 
(1986) 397-411. 

[2] I.R. Petersen and C.V. Hollot, Using observers in the 
stabilization of uncertain linear systems and in dis- 
turbance rejection problems, Proceedings of the 1986 IEEE 
CoMerence on Decision and Control. 

[3] I.R. Petersen and C.V. Hollot, A high gain observer 
approach to disturbance attenuation using measurement 
feedback, Internat. J. Control, to appear. 

[4] I.R. Petersen, Disturbance attenuation and H °° optimiza- 
tion: A design method based on the algebraic Riccati 
equation, IEEE Trans. Automat. Control 32 (1987) 
427-429. 

[5] E.F. Magierou, Values and strategies for infinite time 
linear quadratic games, IEEE Trans. Automat. Control 21 
(1976) 547-550. 

[6] I.R. Petersen, Linear quadratic differential games with 
cheap control, Systems Control Lett. 8 (1986) 181-18& 

[7] S.W. Chan, G.C. Goodwin and K.S. Sin, Convergence 
properties of the Riccati difference equation in optimal 
filtering of nonstabilizable systems, IEEE Trans. Automat. 
Control 29 (1984) 110-118. 

[8] H.K. Wimmer, Monotonicity of maximal solutions of 
algebraic Riccati equations, Systems Control Lett. 5 (1985) 
317-319. 

[9] I. Gohberg, P. Lancaster and L. Rodman, On Hermitian 
solutions to the symmetric algebraic Riccati equation, 
SIAM J. Control 24 (1986) 1323-1334. 

[10] W.M. Wonham, Linear Multivariable Control: A Geomet- 
ric Approach (Springer, New York, 1979). 

[11] D.H. Jacobson, Extension of Linear.Quadratic Control, 
Optimization and Matrix Theory (Academic Press, London, 
1977). 

[12] A.S. Morse, Structural invariants of linear multivariable 
systems, SIAM J. Control II (1973) A.A.A.5--465. 

[13] M.LJ. Hautus and L.M. Silverman, System structure and 
singular control, Linear Algebra Appl. 50 (1983) 369-402. 


