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ABSTRACT: Recent observations and numerical simulations have demonstrated the potential for significant interactions be-
tween mesoscale eddies and smaller-scale tidally generated internal waves}also known as internal tides. Here, we develop a
simple theoretical model that predicts the one-way upscale transfer of energy from internal tides to mesoscale eddies through
a critical level mechanism. We find that}in the presence of a critical level}the internal tide energy flux into an eddy is parti-
tioned according to the wave frequency V and local inertial frequency f: a fraction of 12 f/V is transferred to the eddy kinetic
energy, while the remainder is viscously dissipated or supports mixing. These predictions are validated by comparison with a
suite of numerical simulations. The simulations further show that the wave-driven energization of the eddies also accelerates
the onset of hydrodynamical instabilities and the breakdown of the eddies, thereby increasing eddy kinetic energy, but reduc-
ing eddy lifetimes. Our estimates suggest that in regions of the ocean with both significant eddy fields and internal tides}such
as parts of the Gulf Stream and Antarctic Circumpolar Current}the critical level effect could drive a;10%month21 increase
in the kinetic energy of a typical eddy. Our results provide a basis for parameterizing internal tide–eddy interactions in global
ocean models where they are currently unrepresented.
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1. Introduction

Internal tides, or tidally generated internal waves, inject signifi-
cant energy (;1 TW) into the global oceans (Wunsch and Ferrari
2004). The majority of this energy cascades to smaller scales
through wave–wave interactions and wave breaking, driving the
mixing that sustains the diapycnal transport of mass and tracers.
However, internal tides also interact with the ocean meso-
scale circulation}in particular, eddies and jets}through so-
called “wave-to-mean” interactions (e.g., Müller 1976). These
energy exchanges can be in either direction and represent
a significant uncertainty in the global internal wave energy bud-
get (Ferrari and Wunsch 2009). A positive wave-to-mean trans-
fer (i.e., energy from waves to eddies) is important because it
both reduces the energy available to support mixing and alters
its distribution, as well as enhancing the energy of the eddying
flow. This enhancement, in turn, increases eddy heat and mass
fluxes, which alter global circulation and climate (e.g., Rintoul
2018). Understanding such effects is increasingly vital in the con-
text of significant and largely unexplained changes in the global
eddy field in recent decades (Mart́ınez-Moreno et al. 2021).

The concept of wave-to-mean energy exchanges is relatively
simple. An internal wave carries with it a certain amount of mo-
mentum (or more correctly, “pseudomomentum”; McIntyre
1981) in its direction of propagation which}if the wave is
forced to dissipate or otherwise decay}is deposited into the
flow, since momentum must be conserved even if the wave van-
ishes. The product of this momentum flux divergence (i.e., a
force F) and the local flow velocity u is the work done on the
flow, W 5 F ? u}also known as the wave-to-mean conversion.

It follows that if the wave field is isotropic and wave dissipation
does not depend on the direction of wave propagation, then the
net force F and wave-to-mean conversion will be zero. Thus, to
obtain a net wave-to-mean conversion requires something that
breaks the symmetry of the wave field, either at generation or
termination (or both). Previous work by Shakespeare and Hogg
(2019) and Shakespeare (2020) focused on the generation side
of the problem, showing how the presence of a time-mean
flow at the ocean bottom}in addition to an oscillatory tidal
flow}gives rise to a net (spatial mean) force capable of driving
upper ocean circulation. However, the simulations presented in
Shakespeare and Hogg (2019) also suggested an influence from
asymmetric wave dissipation; in particular, it was proposed that
internal tides dissipate preferentially when propagating with the
local flow, and thereby accelerating (W 5 F ? u . 0) the simu-
lated eddy field. Unfortunately, the complexity of their simula-
tions did not allow the eddy acceleration effect to be disentangled
from other wave processes. Here, we study this effect in isolation.

The mechanism of eddy acceleration suggested by Shakespeare
and Hogg (2019) relies on a phenomenon known as critical (or in-
ertial) levels (e.g., Jones 1967; Booker and Bretherton 1967; Xie
and Vanneste 2017), a schematic of which is shown in Fig. 1. For
an internal tide, a critical level occurs when the wave propagates
up into a surface-intensified flow (e.g., an eddy) in the same direc-
tion as the wave propagation. The flow acts to increase the verti-
cal wavenumber until at some point}if the velocity becomes
large enough}the wavenumber (and vertical shear of the wave)
approaches infinity, vertical propagation stalls, and the wave de-
cays through breaking or shear instability. In contrast, internal
tides propagating against the flow experience a reduced vertical
wavenumber and shear, and thus minimal (if any) wave decay.
Critical levels therefore provide a mechanism for the preferential
(or even exclusive) decay of internal tides propagating in the
direction of the flow. Muench and Kunze (2000) suggested that a
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similar mechanism}but due to the background Garrett–Munk
internal wave field (Garrett and Munk 1975) rather than internal
tides specifically}is responsible for maintaining the equatorial
deep jets. The same basic mechanism of preferential wave dissipa-
tion has also been studied in the atmospheric literature in the

context of the quasi-biennial oscillation (Plumb 1977; Plumb and
McEwan 1978; Baldwin et al. 2001).

Recent observations have highlighted the potential for sig-
nificant internal-tide-to-mean energy exchanges in the South-
ern Ocean. Cusack et al. (2020) deployed a mooring array
over an abyssal hill in the Scotia Sea, a region with both an in-
tense eddy field and significant semidiurnal internal tides.
They found that eddies gain energy from the internal wave
field at over 2 mWm22, with around 50% of this exchange oc-
curring at the tidal frequency. As such, their results suggest
that interactions with internal tides may play a significant role
in modifying the Southern Ocean mesoscale eddy field. Moti-
vated by the observations of Cusack et al. (2020) and the nu-
merical simulations of Shakespeare and Hogg (2019), here
we seek to investigate the influence of internal tides gener-
ated at abyssal hills on the energy and life cycle of meso-
scale eddies. We pursue this topic with a view to building a
parameterization of internal tide–eddy interactions for global
ocean models where internal tides are currently unresolved and
unrepresented.

The paper is laid out as follows. In section 2, we develop a
simple theory for the acceleration of axisymmetric eddies by
internal tides, and the partitioning of energy between wave-
to-mean conversion and wave dissipation. In section 3, we
then evaluate the theory using a suite of idealized numerical
simulations. Last, in section 4, we discuss the implications of
our results for the mesoscale eddy field and the pathway
toward parameterization of these effects in global ocean
models.

2. Theory

Here, we consider the scenario shown in Fig. 2 where an
isotropic field of internal tides generated by tidal flow over abys-
sal hills propagates up into a axisymmetric, surface-intensified

FIG. 1. Schematic of critical level dynamics for internal tides
propagating upward into a surface-intensified (2D) flow. The inter-
nal tides are generated symmetrically such that waves going in op-
posite directions have equal energy fluxes E0

z and equal and oppo-
site vertical fluxes of horizontal momentum F0

z (Shakespeare
2020). The wave traveling in the direction of the flow (blue vectors)
experiences an increase in vertical wavenumber m until m " ‘ at
the critical level, where u(z) 5 uc 5 (V 2 f )/k for wave frequency
V, inertial frequency f, and horizontal wavenumber k. At the criti-
cal level, the wave is forced to decay and deposit its momentum
into the flow resulting in a force2­zF

0
z . The wave energy can either

be dissipated or transferred to the surface flow. The wave traveling
opposite to the direction of the flow does not encounter a critical
level; instead, it reflects back out of the flow with no change in en-
ergy or momentum. As such, there exists a net force that acceler-
ates the surface flow.

FIG. 2. Schematic of eddy acceleration due to internal tides generated at abyssal hill topogra-
phy terminating at critical levels within the eddy. Only ray paths (black lines) for internal tides
that encounter a critical level are shown, which on average occur equally for waves traveling in
all directions, but locally only for waves traveling with the eddy circulation. Isosurfaces of eddy
flow speed at 2 and 7 cm s21 are shown. Red arrows indicate the sense of the circulation of (and
force on) the eddy. Internal wave ray paths are calculated using parameter values for case 1 (see
Table 1) and a horizontal wavenumber magnitude of |kh|5 2p/10 km.
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mesoscale eddy.1 The waves propagate upward until they en-
counter a critical level, at which point their vertical wavenumber
becomes infinite and their vertical propagation stalls. Example
ray paths for these internal waves are shown by black lines on
the figure. Some waves (not shown) may reflect back and forth
between the surface and seafloor, and be deflected through the
eddy multiple times, before encountering this critical level. How-
ever, once a critical level in encountered, any momentum carried
by the waves must be transferred to the flow at that location.
The critical level is defined by the intrinsic frequency v ap-
proaching inertial frequency f, since for v , f, no waves are able
to exist. Thus, for a critical level,

v 5 V 2 k ? u " f , (1)

for tidal frequency V and wavevector k; the term k ? u is usu-
ally called the Doppler shift. In the present situation, there is
no vertical flow, and hence, k ? u 5 kh ? u, where kh is the hor-
izontal wavevector. In the hydrostatic limit, the vertical wave-
number is m5N|kh|/

�����������
v2 2 f 2

√
, which approaches infinity as

v " f.
The assumed axisymmetry of the eddy makes it convenient

to use cylindrical coordinates as indicated in Fig. 2 (radius r
from the eddy center, angle u anticlockwise from the1 x axis,
and depth z) whereby the eddy flow is entirely in the azi-
muthal u direction. Therefore, in cylindrical coordinates,
kh 5 (kr, ku, 0) and Eq. (1) reduces to kuuu 5 V 2 f. Thus,
only waves propagating with the flow (ku . 0) will encounter
a critical level, implying that a force is applied in the direc-
tion of the flow, and therefore, the eddy will be accelerated
by this effect (as indicated by the arrows on Fig. 2). The criti-
cal level is independent of the radial wavenumber kr, and
therefore, for an isotropic wavefield, we anticipate an equal
distribution of positive and negative kr in the “critical” waves
and therefore zero net radial momentum flux}this assump-
tion will prove important in formulating the equations below.

We now seek to calculate the acceleration of the eddy
through the critical level mechanism. Given the above as-
sumptions, we can write the azimuthal-mean (denoted by an
overbar) momentum balance of the eddy as

­uu

­t
52

­Fz

­z
(2)

in the azimuthal direction, and geostrophic balance

f uu 5
­p
­r

(3)

in the radial direction, assuming that the eddy is large enough
that the centripetal force may be neglected [uu/( fr),, 1].
Here, Fz is the azimuthal-mean vertical flux of azimuthal
wave momentum, also known as the Eliassen–Palm (EP) flux,

Fz 5 u′uu′z 1
fu′rb′
N2 , (4)

where primes denote the wave component of the flow. The di-
vergence of the radial flux of azimuthal momentum­ru

′
uu′r has

been neglected in Eq. (2), as have all fluxes of radial momen-
tum in Eq. (3), consistent with our deduction above that they
will be zero for an isotropic wave field and zero radial flow in
the eddy. From Eq. (2), the azimuthal-mean kinetic energy
equation is obtained by multiplying by the velocity uu and in-
tegrating in space

­Ku

­t
5

­

­t

�0

2H

�‘

0

u2
u

2
2prdrdz

( )

52

�0

2H

�‘

0
uu

­Fz

­z
2prdrdz ; W, (5)

where W is the wave-to-mean conversion and z 5 2H is the
ocean bottom. For sufficiently small amplitude waves, the
wave momentum flux Fz will be conserved (e.g., Eliassen
1962; Andrews and McIntyre 1976; Shakespeare and Hogg
2019) until (and unless) the waves encounter a critical level,
at which point it is deposited into the flow. Since we do not
know the exact profile of wave attenuation at a critical level,
here we make the simplest approximation of instantaneous
attenuation:

Fz(r, z) 5
F 0
z , 2H # z # zc(r)
0, otherwise

,

{
(6)

where zc(r) denotes the location of the critical level and F0
z is

the magnitude of the momentum flux below the critical level
and eddy. In reality, we expect the wave attenuation to be
smeared out over a finite height below the critical level; how-
ever, it is straightforward to show (see appendix) that this dis-
tinction does not significantly impact the wave-to-mean
conversion as long as the wave attenuation height is small
compared with the vertical scale of the eddy. Substituting Eq. (6)
into Eq. (5) results in

W 5

�‘

0
uu|cF0

z2prdr, (7)

where

uu|c 5
V 2 f
ku

(8)

is the value of uu at the critical level, as derived above [Eq. (1)].
At this point, it is convenient to relate the vertical momentum
flux F0

z to the corresponding vertical energy flux E0
z outside of

the eddy; the two are related through the phase speed (e.g.,
Booker and Bretherton 1967; Bretherton and Garrett 1968;
Bretherton 1969; Bell 1975; Shakespeare 2020),

F0
z 5

ku
V

E0
z: (9)

We emphasize that this relation [Eq. (9)] only applies where
there is no mean flow and therefore no Doppler shift (other-
wise, the Eulerian frequency V would need to be replaced by

1 Here, the eddy considered is anticyclonic, but the same dy-
namics apply for cyclonic eddies.
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intrinsic frequency v); that is, it relates the wave energy and
momentum fluxes (E0

z, F0
z) radiating from the topography,

before the waves encounter the eddy. Substituting Eqs. (8)
and (9) into Eq. (7), we have that

W 5 1 2
f
V

( )�‘

0
E0

z2prdr

5 1 2
f
V

( )
E, (10)

where E is the total wave energy flux encountering the eddy
(in waves for which a critical level exists). We can immedi-
ately observe from Eq. (10) that of this total energy, a fraction
of 0 , 1 2 f/V # 1 is transferred to the eddy. Assuming that
there is no wave reflection or similar wave–wave energy ex-
change, the remainder of the energy in these waves that ulti-
mately encounter critical levels (i.e., E 2 W) must be lost
through either viscous dissipation ey or irreversible mixing fi

as these are the only possible sinks in the wave energy budget
(Müller 1976; Shakespeare and Hogg 2017a,b). The total dissi-
pation e 5 ey 1 fi in the eddy is therefore

e 5
f
V
E: (11)

Thus, we predict that the partitioning of wave energy between
energization and dissipation is independent of the wavenum-
ber (albeit assuming that the wavenumber is large enough
that a critical level exists).

In the next section, we use numerical simulations to verify
the two key theoretical predictions made above: (i) there is a
net acceleration of the eddy due to deposition of wave mo-
mentum [Eq. (5)] at critical levels and (ii) the wave energy
flux into the eddy is partitioned into eddy energization and
wave dissipation according to the wave frequency relative to
the local inertial frequency [Eqs. (10) and (11)].

3. Numerical model

a. Model configuration

We use the MITgcm (Marshall et al. 1997) configured in
the hydrostatic mode for a doubly periodic f-plane domain,
500 km in width and length, and 2 km in depth. The resolution
is a uniform 500 m in the horizontal and 10 m in the vertical.
Following Shakespeare et al. (2021a,b), a barotropic tide is gen-
erated by the addition of a barotropic body force Fx 5 F0 sinVt
to the x-momentum equation, where F0 is the amplitude and
V 5 2p/T, where T 5 12 h is the tidal period, which (in the
absence of topography) drives a tidal flow of

ut 5 F0
V

f 2 2 V2 cosVt, y t 52F0
f

f 2 2 V2 sinVt: (12)

We initialize the model with uniform stratification (buoyancy
frequency N2) and a Gaussian eddy (maximum buoyancy anom-
aly Db) in the center of the domain; the initial buoyancy is

b 5 N2z 1 Dbez/hexp 2
r2

R2

( )
(13)

in geostrophic balance with a velocity field

uu 5
22rhDb
fR2 ez/hexp 2

r2

R2

( )
, (14)

where r2 5 x2 1 y2, noting that x 5 y 5 0 is the domain cen-
ter, and the Cartesian xy velocities are given by (u, y) 5

uu(2y/r, x/r). As in the previous section, we define the ocean
surface as z5 0 and the ocean bottom as z5 2H. We impose
an eddy radius of R5 100 km and an eddy depth of h5 300 m;
the other parameters vary between simulations (see Table 1).
The total initial velocity field imposed in the model is the sum
of the eddy velocity [Eq. (14)] and the tidal velocity [Eq. (12)] at
time zero. The model determines the initial pressure through
hydrostatic balance,

p 5 r0

�z

2H
bdz, (15)

and the corresponding free surface height (which we plot be-
low) as h 5 p(z 5 0)/(r0g), where g is the acceleration due to
gravity. The model is run with a Laplacian viscosity (i.e., diffu-
sion of momentum) of nh 5 1022 m2 s21 in the horizontal and
ny 5 2 3 1024 m2 s21 in the vertical. The explicit horizontal
and vertical diffusivities (of buoyancy) are set to zero. These
choices minimize the anomalous destruction of the back-
ground stratification via vertical diffusion, while maintaining
the stability of the model.

The bottom topography is constructed using an isotropic Goff
(1991) abyssal hill spectrum defined by the power spectra

|ĥ|2 5 4ph2rms
1
K2

c

K2

K2
c
1 1

( )22

, (16)

where K 5 |kh| is the modulus of the horizontal wavenumber,
Kc 5 1024 m21 is the corner wavenumber (corresponding to

TABLE 1. Parameter values for the 12 simulations reported
herein: tidal flow amplitude in the x direction u0t , background
stratification N2, inertial frequency f, and corresponding latitude
f. The buoyancy anomaly is adjusted according to Db/f 5 48 m s21

to keep the eddy velocity [Eq. (14)] and Rossby number
constant in all simulations. Also reported is the maximum horizontal
wavelength for which a critical level exists, lc 5 2p/kc, where
kc 5 (V 2 f )/max(uu).

No. Name
u0t

(cm s21)
N2

(1025 s22)
f

(1024 s21)
f

(8N)
lc

(km)

1 ut 1.30 2 1 43.4 16.6
2 2ut 2.61 2 1 43.4 16.6
3 4ut 5.22 2 1 43.4 16.6
4 8ut 10.4 2 1 43.4 16.6
5 2N2 5.22 4 1 43.4 16.6
6 N2/2 5.22 1 1 43.4 16.6
7 1.05f 10.4 2 1.39 72.2 109
8 1.1f 10.4 2 1.32 65.4 57.0
9 1.2f 10.4 2 1.21 56.4 31.1
10 1.25f 10.4 2 1.16 53.1 25.9
11 1.35f 10.4 2 1.08 47.8 20.0
12 1.6f 10.4 2 0.909 38.7 13.8
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wavelength l 5 2p/K 5 62 km), and hrms 5 100 m is the root-
mean-square height of the topography. Further, we set the
spectral amplitude to zero for wavelengths smaller than
l 5 2p/K 5 5 km to ensure that the topography is well re-
solved. Phases are randomly assigned, and an inverse Fourier
transform is applied to generate the physical space topography
from the spectral form [Eq. (16)].

A suite of 12 simulations is run (see Table 1) with varying
tidal velocity, stratification, and inertial frequency. The eddy
velocity is kept constant in all cases by adjusting the buoyancy
anomaly Db in proportion to the inertial frequency such that
Db/f 5 48 m s21, corresponding to a fixed maximum Rossby
number Ro5max[ f21(­uu/­r)]5 0:056}well within the geo-
strophic regime.

Time-averaged velocity fields, viscous dissipation
(e 5 nh|=hu|

2 1 ny |­zu|
2), and momentum flux are output every

5 days (10 tidal cycles) of simulation. These output fields are
then projected onto cylindrical coordinates (i.e., x 5 r cosu,
y 5 r sinu) and averaged in u to determine the azimuthal-mean
velocity uu, momentum flux Fz [i.e., Eq. (4)], and dissipation.
This momentum flux and dissipation will (initially and for some
finite time thereafter) be entirely associated with internal waves,
since they are the only source of radial and vertical velocities

(which control the momentum flux) and the only source of
sharp velocity gradients (which controls dissipation). It is then
straightforward to compute the azimuthal-mean kinetic energy
u2
u/2 and the conversion of wave energy into the azimuthal

mean flow [i.e.,2uu­zFz as per Eq. (5)].

b. Analysis

Figure 3 shows the evolution of the free surface height
anomaly for the 4ut case (see Table 1) over the course of
360 days of simulation. The corresponding total azimuthal-
mean kinetic energy (Fig. 4, black line) shows that the eddy ac-
celerates over time, initially at a constant rate until;120 days.
The radial pressure gradient also increases to maintain geo-
strophic balance (as can be seen by the increase in free surface
height in the core of the eddy in Fig. 3). Beyond;120 days, ra-
dial perturbations grow and the initial eddy breaks down into
smaller eddies and filaments (see Figs. 3d,e,f). The kinetic en-
ergy increases more rapidly during this phase due to the con-
version of eddy available potential energy into kinetic energy.
As expected, the acceleration rate of the eddy and time it breaks
down depends on the strength of the wave forcing. Figure 4
shows the evolution of azimuthal-mean kinetic energy for four
simulations with successive doublings of the tidal flow speed. For

FIG. 3. Time evolution of the free surface height anomaly h in the 4ut simulation (case 3 in Table 1). The eddy remains near-
axisymmetric from (a) 0 to (b) 60 days as it is accelerated by the wave forcing (note the increase in maximum h in the eddy core; also see
Fig. 4). At later times, (c) 120, (d) 180, and (e) 240 days, instabilities manifest as azimuthal variability and ultimately lead to the breakdown
of the original eddy into smaller eddies and filaments by (f) 360 days.
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the weaker forcing (red and blue), the eddy remains stable}and
the Ku increases at a constant (slower) rate}for significantly
longer (beyond 1 year for the weakest forcing case), whereas
the eddy breaks down after only 75 days for the largest flow
speed (8ut, magenta), but at the same kinetic energy level
(;5.5 3 1013 J) as for the 4ut case. Here, our focus is on the
initial constant acceleration phase.

Figure 5 displays the azimuthal-mean flow, dissipation, and
wave-to-mean conversion for the same simulation shown in
Fig. 3, averaged over days 25–30. Relative to the values outside
the eddy, the dissipation in the core is enhanced by a factor of
;10 (Fig. 5b), consistent with internal waves encountering a
critical level at this location. The wave-to-mean conversionW is
also large in this region, but with compensating positive and
negative signals (Fig. 5c). To determine where the net wave-to-
mean conversion occurs, we sum W (and dissipation) over con-
tours of azimuthal mean velocity}starting at the maximum
(surface) value of uu}to produce the dashed lines shown in
Fig. 5d. We also compute the mean dissipation rate along each
uu contour (Fig. 5d; purple). This analysis illustrates that there
is a significant positive wave-to-mean conversion that occurs en-
tirely within the eddy (uu . 0.02 m s21) and predominantly in
the core of the eddy (uu . 0.07 m s21) where the dissipation
is largest. The total wave-to-mean conversion accurately pre-
dicts the acceleration of the eddy during the initial linear
phase (Fig. 5e).

Unlike the wave-to-mean conversion, the dissipation summed
over uu contours continues to increase beyond the bounds of
the eddy due to the background wave dissipation (Fig. 5d;
dashed red line). Thus, in order to determine the amount of

dissipation occurring within the eddy}and therefore associated
with the wave-to-mean conversion at critical levels}it is nec-
essary to choose a velocity threshold defining the boundary
of the eddy. Here, we take this threshold as the uu value for
which the dissipation rate is minimum: uu 5 0:02ms21, indi-
cated by the vertical dashed line in Fig. 5d. This minimum oc-
curs because internal waves at the edge of the eddy are being
channeled into the eddy core by its flow field, thus depleting
the wave energy (and dissipation) at the periphery relative to the
background values. The minima in the dissipation rate are consis-
tent at uu 5 0:02ms21 across all our simulations (not shown)
and will be used throughout our subsequent analysis to define the
dissipation within the eddy. As for the wave-to-mean conversion,
the total dissipation within the eddy remains constant for some
initial period of time (i.e., the time-integrated dissipation shown
by the dashed red line in Fig. 5e has a constant slope).

We compute the time-mean eddy acceleration ­tKu, wave-to-
mean conversion W, and dissipation within the eddy e over the
first 75 days of each simulation (which ensures that we remain in
the linear phase for even the most extreme forcing cases). The
uncertainty in these values is estimated by repeating the calcula-
tion over only days 50–75 of the simulation and taking the differ-
ence. Figure 6a shows that the acceleration of the eddy (­tKu) is
generally well predicted by the wave-to-mean conversion W, as
expected from the theory [Eq. (5)]. In Fig. 6b, we plot the accel-
eration ­tKu as a function of the total wave energy flux into
the eddy (E 5 W 1 e) for the six cases with fixed inertial fre-
quency. The results are consistent with the theoretical predic-
tion [Eq. (10)] that ­tKu 5 (1 2 f/V)E 5 0.31E (indicated by
the dashed black line).

FIG. 4. Time evolution of the azimuthal-mean kinetic energy Ku for four simulations with in-
creasing tidal forcing: ut, 2ut, 4ut, and 8ut (see legend). All other parameters remain the same.
The rate of increase in Ku is constant initially, until the eddy breaks down for Ku ; 5.5 3 1013 J
(dashed line). The dotted gray lines show the linear trend over this initial period; the magnitude
of the trends initially increases approximately quadratically with tidal forcing (for ut, 2ut) but
more slowly at larger forcing (4ut, 8ut) due to the increasingly nonlinearity of the wave field near
the topography. At later times, the flow field is no longer near axisymmetric and the behavior of
Ku thus becomes erratic. The breakdown of the eddy is illustrated by contour plots of free sur-
face height anomaly h just beforeKu ; 5.53 1013 J and 60 days later.
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Figure 6c displays wave-to-mean energy flux relative to the
total wave energy flux into the eddy (­tKu/E) for the six simu-
lations spanning a range of inertial frequencies (latitudes), but
with consistent tidal forcing. The wave-to-mean fraction is
broadly consistent with our prediction [Eq. (10)]; it is smallest
for near-inertial frequencies (low latitudes) and increases
monotonically as the frequency becomes more superinertial
(higher latitudes). In general, the theory slightly underesti-
mates the fraction at lower frequencies (V , 1.5f ) and slightly
overestimates at higher frequencies (V . 1.5f ). Here, we have
restricted our analysis to f , V # 1.6f to avoid the parametric
subharmonic instability that manifests in the wave field near
V 5 2f (e.g., MacKinnon et al. 2013) and thereby complicates
the analysis.

4. Discussion

We have shown that internal tide generation at abyssal hills
leads to acceleration of ocean mesoscale eddies through the
decay of the waves at critical levels within the eddies. Only

waves traveling (and carrying momentum) in the direction of
the local eddy flow encounter a critical level (Fig. 2), and
therefore, the momentum deposited upon wave decay acts to
accelerate the eddy. Here, we have developed theory to de-
scribe the wave dissipation and wave-to-mean energy ex-
change occurring during this process and verified the theory
by comparison with a suite of idealized numerical simulations.

The importance of this mechanism in the global ocean is
governed by two competing effects. First, the existence of a
critical level requires that the speed of an eddy u . (V 2 f )/k
for wave frequency V and wavenumber k. Thus, critical levels
are ubiquitous at near-inertial frequencies but become less
common at more superinertial frequencies. Second, we have
shown that energy carried by a wave encountering a critical
level is partitioned such that a fraction 1 2 f/V accelerates the
eddy, while the remaining f/V is associated with dissipation
and mixing. Thus, the more near-inertial a wave is, the less of
its energy contributes to accelerating the eddy. It follows that
this mechanism will be most effective at accelerating eddies at
intermediate values of V/f. Thus, the mechanism will be

FIG. 5. Azimuthal-mean fields for the 4ut simulation (number 3 in Table 1). (a) Mean azimuthal velocity, (b) energy dissipation, and
(c) wave-to-mean energy conversion, averaged over days 25–30 of the simulation. The thin black lines in (a) are isotherms. The thick black
line in (a)–(c) is the uu 5 0:02 ms21 contour. (d) Energy conversion and dissipation summed over uu contours. Dashed lines (left axis)
are the total power of the wave-to-mean conversion and dissipation between the surface and a given value of |uu |. The solid purple line
(right axis) is the average dissipation rate on a given uu contour. The vertical dashed line at uu 5 0:02 ms21 identifies the minimum dissi-
pation rate. (e) Time evolution of the azimuthal-mean kinetic energy Ku, time-integrated total dissipation



edt within the eddy (i.e., for

uu . 0:02 ms21), and time-integrated total wave-to-mean conversion


Wdt. The vertical dashed line indicates the time (30 days) to which

plots (a)–(d) correspond.
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effective for mid-to-high-latitude semidiurnal internal tides
(as studied in the present work) but ineffective for other types
of internal waves, e.g., near-inertial wind-generated waves.

Let us consider some specific numbers. For a typical abyssal
hill wavelength of ;15 km at a latitude of ;508, we require
velocities exceeding 8 cm s21 for the existence of a critical
level. Such velocities are ubiquitous in the intensely eddying
currents}the Gulf Stream and Antarctic Circumpolar Current}
that occupy these latitudes in both hemispheres. In addition,
there is a significant semidiurnal internal tide energy flux (of
;1–10 mW m22; see Fig. 9 of Shakespeare 2020) from abys-
sal hills at these latitudes in the North Atlantic and in the
Atlantic and Pacific sectors of the Southern Ocean. Based on the
latitude and frequency, we expect approximately 12 f/V 5 23%
of this energy flux to contribute to eddy acceleration, which
equates to ;0.23–2.3 mW m22. Typical eddy kinetic energy
(i.e., r0|u|

2/2) in these regions is in the range 25–100 J m23 at
the surface (e.g., Martı́nez-Moreno et al. 2021) which equates
to ;12.5–50 kJ m22, assuming a 500-m e-folding depth for
the eddy velocity. Taking the upper limit of each estimate,
we predict an acceleration rate of

2:3mW m22

50 kJ m22 (86 400 s day21) 5 0:4%day21,

or 12% month21. Given mesoscale eddies have typical life-
times of many months, this effect would therefore represent a
very significant contribution to their energy and life cycle. Re-
call that in our simulations, a ;10% amplification of the eddy
by waves (see Fig. 4) was sufficient to trigger its instability and

breakdown. Thus, our calculations suggest that internal tides may
play a key role in both eddy energization and their subsequent in-
stability and decay. Increased eddy instability would tend to offset
the enhanced eddy kinetic energy in a time and space mean, since
it would lead to more intense, but fewer eddies.

It is useful to compare our calculations with previous simula-
tions and observations of wave–eddy interactions. The mecha-
nism of internal tide–driven eddy acceleration described here
was previously suggested by Shakespeare and Hogg (2019), but
the complexity of their simulations prevented a direct evaluation
of the effect. Nonetheless, their simulations showed that
realistic-amplitude internal tides at abyssal hill scales were
able to amplify eddy vorticity by up to 44% (corresponding
to a kinetic energy increase of ;0.442 5 20%). Mooring ob-
servations in the Scotia Sea}directly in the path of the Ant-
arctic Circumpolar Current}by Cusack et al. (2020) also
support the mechanism described here. Cusack et al. (2020)
report a net energy transfer of 2.2 6 0.6 mW m22 from inter-
nal waves to mesoscale eddies, a large fraction (;50%) of
which occurs in the upper ocean and at the semidiurnal fre-
quency. Furthermore, the wave-to-eddy energy exchange oc-
curs almost entirely through the wave-driven vertical flux of
horizontal momentum (i.e., 2u­zFz), the same term impli-
cated in the present work. These studies therefore further
support our hypothesis that eddy energization by internal
tides is an important process in the global oceans.

Unfortunately, internal wave generation at abyssal hills is
too small to be resolved in most global ocean models and
must be parameterized. Heretofore, parameterization of lee
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FIG. 6. Evaluation of theoretical predictions for all 12 simulations reported herein. (a) Comparison of the eddy acceleration ­tKu with
the wave-to-mean conversionW, which are predicted to be equal [i.e., Eq. (5); dashed line]. (b) The eddy acceleration­tKu plotted with re-
spect to the total energy flux into the eddy E 5 W 1 e for the six simulations with f 5 1024 s21. These are predicted to scale as per the
dashed black line [i.e., ­tKu 5 0.31E, Eq. (10)]. (c) The fraction of the energy flux accelerating the eddy ­tKu/E with respect to frequency
V/f for the six simulations with varying f. The theoretical prediction [Eq. (10)] is shown as a dashed black line. In each plot, the error bars
are calculated as the difference between time averages of quantities taken over (i) 0–75 and (ii) 50–75 days of simulation.
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wave drag and mixing has been investigated (Yang et al. 2021;
Trossman et al. 2013, 2016), but internal tides have only been
considered in the context of mixing (usually through a back-
ground effective diffusivity), with no consideration given to
their ability to energize eddying circulation. Our results pro-
vide a pathway toward a more sophisticated parameterization
for internal tides by prescribing the partitioning of energy be-
tween dissipation/mixing and wave-to-mean conversion.

Such a parameterization appears increasingly important to de-
velop and implement in the context of ocean changes such as the
persistent increase in eddy kinetic energy over the past three dec-
ades (Mart́ınez-Moreno et al. 2021). Furthermore, recent work
by Mak et al. (2022) has implicated the time scale of mesoscale
eddy decay as a key parameter controlling the strength of the
Antarctic Circumpolar Current and meridional overturning cir-
culation. Reduced eddy decay time scales due to internal tides
energizing eddies and thereby accelerating the onset of hydrody-
namic instabilities}as observed in the present simulations}may
therefore significantly influence these large-scale circulations. Pa-
rameterization of internal tide momentum transfer in global
models will be crucial in further investigating these dynamics}a
topic we leave for future work.
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APPENDIX

The Profile of Wave Attenuation at Critical Levels

In the main text, we made the assumption [Eq. (6)] that waves
attenuated instantaneously at critical levels. As noted therein, a
more realistic model is that the waves attenuate over a region of
finite height below the critical level. To investigate the impact of
this more gradual attenuation, here we replace the instantaneous
attenuation [Eq. (6)] with a piecewise linear form,

Fz(r, z) 5
F0
z , 2H # z # zc 2 Dz

F0
z
zc 2 z
Dz

, zc 2 Dz , z # zc

0, otherwise

,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ (A1)

implying a constant attenuation rate F0
z /Dz over a region of

height Dz below the critical level zc. Substituting Eq. (A1) into
Eq. (5), the wave-to-mean conversion may be calculated as

W 5

�‘

0

�zc

zc2Dz
uu

F0
z

Dz
dz 2pr dr: (A2)

We will now assume that the eddy velocity profile is exponen-
tial (as implemented in our numerical model) such that we
may write

uu 5 uu|cexp
z 2 zc

h

( )
, (A3)

where h is the eddy e-folding depth (300 m in our simulations).
The vertical integral in Eq. (A2) may then be evaluated to
yield

W 5

�‘

0
uu|cF0

z (1 2 e2Dz/h) h
Dz

2p r dr,

≃
�‘

0
uu|cF0

z 1 2
Dz
2h

( )
2p r dr , (A4)

where we have taken the first-order expansion in Dz/h. Equa-
tion (A4) implies that a finite wave attenuation region reduces
the wave-to-mean conversion by a fraction Dz/(2h) due to the
decreasing eddy flow speed with depth. In general, the attenu-
ation height will depend on wave frequency, stratification, hori-
zontal wavenumber, and fluid viscosity, making it challenging
to calculate for an arbitrary wave field. However, as long as
the attenuation height of waves Dz is small compared to the
height scale of the eddy h, then the finite height may be ne-
glected and instantaneous wave attenuation (as assumed in the
main text) is a good approximation. In our numerical model,
for example, the attenuation scale will primarily be determined
by the distance from the critical level at which the vertical
scale of the waves has reduced sufficiently for the vertical vis-
cosity to act (since the model does not have sufficient resolu-
tion to directly resolve wave breaking). Thus, at minimum, Dz
must be some small multiple of the model resolution (10 m).
If we estimate Dz ; 60 m, then we expect to introduce an er-
ror of Dz/(2h) 5 60/600 or around 10% in our calculations
where instantaneous attenuation has been assumed.
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