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Abstract

The Vanishing Gradient Problem (VGP) is a frequently encountered numerical problem in
training Feedforward Neural Networks (FNN) and Recurrent Neural Networks (RNN). The
gradient involved in neural network optimisation can vanish and become zero in a number of
ways. In this thesis we focus on the following definition of the VGP: the tendency for network
loss gradients, calculated with respect to the model weight parameters, to vanish numerically
in the back propagation step of network training.

Due to the differences in data types on which the two types of networks are trained, the model
architectures are different. Consequently the methods to alleviate the problem take different
forms and focus on different model components.

This thesis attempts to introduce basic neural network model architectures to readers who are
new to deep learning and using neural networks, with a particular focus on how the VGP can
affect the model performance. We conduct the relevant research of RNNs in the context of
a simple classification task in the field of Natural Language Processing (NLP). We have im-
plemented and analysed the existing solutions to the VGP through mathematical details and

graphical results from experiments.

The thesis is extended to two types of advanced RNN-class models which are designed to
be resistant to the VGP. However our experimental results reveal that under a strict indica-
tor, the two advanced models instead exhibit stronger tendency of the VGP, than the standard
RNN model does. With regards to this finding, we introduce a different viewpoint proposed by
Rehmer & Kroll (2020) regarding the VGP in RNN-class models, which support our results.
We have discussed its relevance to our experiments and extended their derivations to another

RNN-class model they have not covered.
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Abbreviations and terminologies

VGP Vanishing Gradient Problem
FNN Feedforward Neural Network
RNN Recurrent Neural Network

SGD Stochastic Gradient Descent
ReLU Rectified Linear Units

ELU Exponential Linear Units

PReLLU Parametric Rectified Linear Units
NLP Natural Language Processing
BPTT Back Propagation Through Time
CE Cross-Entropy

SRNN Standard Recurrent Neural Network. To distinguish from the general

RNN-class models
LSTM Long Short-Term Memory
GRU Gated Recurrent Units

BRNN, BLSTM, BGRU Bidirectional-RNN, Bidirectional-LSTM, Bidirectional-GRU

Throughout the thesis we define dimensionality using terms in Tensorflow documentations.
We use ’size’ to denote the number of components in a vector. We use ’shape’ to denote the

dimension of a vector, matrix or 3-dimensional tensor.
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1 Introduction

1.1 Motivations

A neural network consists of interconnected layers of artificial neurons joined in the form
of function compositions which facilitates signal propagation. Varieties of neural networks
have achieved state-of-the-art performance on applications such as natural language processing
(NLP) and computer vision [Hayou et al, 2019]. Different applications prompt different model
architectures. The architecture used on structured data that can be stored in data frames (i.e.
rectangular data files) is known as the feedforward neural network (FNN). The scope of the
thesis will then be extended to the recurrent neural network (RNN), the architecture for pro-
cessing sequential data including text and time series data.

The weight parameters in neural networks are optimised by gradient-based optimisation al-
gorithms, where the aim is to minimise the loss function. However due to causes such as
inappropriate paramterisation and the temporal-dependent components in gradients of the loss,

model training may encounter the Vanishing Gradient Problem (VGP).

As a consequence of the VGP when training FNNs, the model parameter learning process
halts before the optimisation procedure reaches a sufficiently low value of the loss function.

In training RNNs, the problem manifests itself as a trade-off between efficient gradient-based
learning and relaying information over long periods for predictions (Bengio et al, 1994). The
optimisation of the weight parameters will not reflect the past information, and the predictive

performance is undermined..



Great efforts by statistics and computer science researchers have been committed to alleviating
this problem in recent decades, e.g. Graves (2013) implemented the Long Short-term Mem-
ory (LSTM) cells (Hochreiter & Schmidhuber, 1997) to modelling sequential data; Pascanu et
al (2013) applied regularisation; Pascanu et al (2012) and Jozefowicz et al (2015) promoted
Hessian-free Optimisation in training RNNs. It is important and worthwhile to understand and
analyse how different methods are effective or ineffective in alleviating the VGP in training

neural networks.

1.2 Overview of the thesis

In section 2, the FNN, standard RNN (SRNN) models are reviewed and relevant literature is
discussed. We also provide the details of two existing models designed to alleviate the VGP
in RNNs: the Long Short-term Memory (LSTM) cells and the Gated Recurrent Units (GRU)
cells.

In section 3, the thesis will describe the FNN model structure and explain why the VGP arises
in this setting. Several diagnostic checks have been devised in order to visualise the extent
of vanishing gradients. We will review some widely-applied parameterisation techniques that
have been designed as solutions to the VGP in training FNNs. The statistics computed from
the diagnostics are presented as plots. These statistics are selected on the basis of simplicity

and how effective they reflect the extent of the VGP.

We consider application to text sequence classification in section 4. Training RNNs on tem-
poral sequential data is complex and difficult, largely due to the VGP (Sutskever et al, 2011).
Visualisations of RNN training include 2 aspects. First, the performance on classification is
reflected by training loss and accuracy. Second, the extent of the VGP can be visualised by
an indicator first used by Noh (2021) on a different task. We have written code and provided
justification for its relevance to our task.

Section 4 will then introduce how the LSTM and GRU alleviate the VGP by analysing the form



of loss gradients in these two models. The standard viewpoint is that LSTM and GRU address
the VGP by preserving gradient information, therefore they have pronounced advantages for

problems requiring the use of long range contextual information (Graves, 2013).

Section 5 will present a rather surprising result on the extent of the VGP in LSTM and GRU,
compared to extent in the SRNN. In particular the gradient indicator we have identified has
values vanished more significantly for LSTM and GRU than for SRNN. We did find similar
argument in Rehmer & Kroll (2020), whose derivations and conclusions support our experi-

mental results.

A closely related numerical instability problem is the exploding gradient problem, where the
loss gradient explodes numerically in training. It is relatively easy to avoid. One can simply
enforce a hard constraint over the norm of the gradient (Pascanu et al, 2012; Jozefowicz et al,
2015). The focus of this thesis will therefore be on the VGP, rather than the exploding gradient

problem.



2 Literature review

2.1 Feedforward Neural Network

2.1.1 Model structure of FNN

The Feedforward Neural Network (FNN) is designed to be trained on structured data. It consists
of an arbitrary number of hidden layers and one output layer on top. In practice it is possible
to have any form of connectivity (fully or sparsely) between units of different layers. Here we
assume the FNN has its units fully connected between consecutive layers.

Firstly we present a simple version of the FNN model with one hidden layer to clarify the terms

and computations in the forward propagation and back propagation.

| V\V\/JB e \D\A‘K\?Vd' 5
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Figure 2.1: FNN with an input layer, a hidden layer and an output layer.



For clarity only the i-th input, j-th hidden unit and the k-th output are shown as connected.
Now define the parameterisations. Assume the FNN is applied to a regression problem and we
have square-error loss and linear output-layer activation function. The hidden layer activation

function is the hyperbolic tangent (tanh) function defined below with its derivative:

exp(a) — exp(—a)
exp(a) + exp(—a)

f'(@) =1 - f(a)? 2.2)

f(a) = tanh(a) = (2.1)

Given training data {(z;,y;)};_;. each input z;; undergoes the forward propagation, which is

described by the following equations:

j=0
~ 2
o= of?
1 K
1 NN
L—ng% i)

Let [ = 1,2 denote the layer index. The input x; undergoes an affine transformation with the
weights on the 1st layer. The result agl) is activated by applying the tanh-function to it. The
activated scalars hgl), j =1,..., M are known as the hidden states in the 1st hidden layer. On
the output layer this activated result undergoes another affine transformation, and is further
activated by the linear output-layer activation function. The final result of the propagation is
the predicted output 7. Lastly the square-error loss is computed using the output and the true
response Y.

In general, common choices of the activation function on hidden layers are the sigmoid-class

functions and the rectified linear units, ReLLU-class functions. (2.3) is the standard ReLLU. The



sigmoid class functions involve the hyperbolic tangent (2.1) and the logistic sigmoid (2.4).

ReLU(x) = max(0, z) (2.3)

o(x) !

" 1tew(-0) (@4)

The quantity w i 18 the (j, 7)-th entry in the [-th layer weight matrix WO 1t can be visualised
as the weight parameter defining the edge which connects the i-th unit in the (I — 1)-st layer to
the j-th unit in the [-th layer.

(1) (2)

Note that the two summations for a j and a; " have their sum indices starting from 0 because
we have embedded the corresponding bias vector into the sums, by writing it as wél’)o).

On the output layer the activation function produces outputs appropriate for the actual prob-
lem. For example, a regression problem has the linear output activation function; a multiclass

classification problem has the softmax activation function (2.19) to produce mutually exclusive

class probabilities.

2.1.2 Back propagation in FNNs

After all the inputs have been processed, the back propagation step computes the derivatives
of the loss function L with respect to all the weight parameters, using the chain rule. Then the
parameter values are updated with gradient-based optimisation algorithms. To express neatly

the chain rule computations, Bishop (2006) introduced the back-propagation formula, which



can be derived as follow:

(5(” _ orL :Z oL Oa (l—H)
J 8a§l> ~ a (l+1) aa(‘l)
_Z5l+1 z+1 f/(agw)
'(ag-l )oY 2.5)
k

With this formula, the loss gradient with respect to a weight matrix entry on the [-th layer can

be expressed with terms between 2 consecutive layers [ — 1 and I:

oL oL da\"

= T = 5Wph) (2.6)
0wl a0 o
25t J Jﬂ
For the FNN in Fig 2.1 we compute the partial derivatives 8(L) 8(L) The explicit equations
8“’]%@' Yk
are:
2
oL _ 0L 8@,({) _ 5122)}1('1)
(2) (2) 45,,(2) J
8wkj da); 6wkj
where,
K
2 _ 0L _ 0 1$~. (2)
o = 2~ @2 Z(yk —yp)” = ay’ — Y

Then on the first layer:

oL oL 3a§1) _ s
8w§1) (?ay) 8w3(.21.) ;o



where,

1 oL 1 2) (2
5]( ) _ 2= f,(a§ )>Zw;§]>5;i)
a; k=1
. K
= (1= @)Y wd @ - )
k=1
(1) (1) oL
wji ewﬂ aawq)
gt

w(Q) — w(2) — oL
kj kj 9 (2)
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The Stochastic Gradient Descent (SGD) is a common parameter optimisation algorithm for

both FNN and RNN training. The last 2 equations are SGD updating of the weights parameters.

General forward and back propagation equations

The formulae for FNN forward propagation step on an arbitrary layer:

N

a§l> =" wlWn™Y his input 2.7)
=1

D = pa) 2.8)
M

af ) =S w Ry (2.9)
=1

in = g(a\) (2.10)

where [ = 0, ..., L are the indices of layers. 'Loss’ is spelled out in the following equations in
order to distinguish from the index of the output layer. Result (2.6) is useful for constructing an

iterative algorithm. For understanding the general loss gradient in an arbitrary layer [ is instead



expressed as a product of full partial derivative, starting from the output layer L to layer (:

OLoss 8a§'l) 5‘h§-l) 8a,(f“) ”'ah.(L_l) 9" 9Loss 2.11)
ouw')owadl onl aal "V oY palt)

Each of the subscript dots towards the end in (2.11) denotes an arbitrary unit in the vector. In
the k-th iteration of SGD, the back propagation step updates the weight parameters component-

wise, with a predetermined learning rate o:

(2.12)

The updated weights are involved in the (k + 1)-st iteration of forward propagation.

2.2 Recurrent Neural Network

2.2.1 RNN in general

TM;\,H ik, A Wyh
W, Wi Wi
—> @ — —> - = @
A Wy ngx W

Figure 2.2: General RNN diagram



Goodfellow et al (2016) provided a basic account of the RNN model architecture in the context
of a discrete multiclass response: In sequential data suppose each input sequence has timesteps
ranging from ¢ = 1 to 7. Forward propagation begins with a specification of the initial hidden

state h(, and computes outputs at each step:

ap = Wik o+ Wik hy 4
hy = tanh(at)
St = Wyj;Lht

U+ = softmax(sy)

Wi 1s the input-to-hidden weight, 1}, the hidden-to-hidden weight, IV, the hidden-to-
output weight. a;, hy are the activation and hidden state at each step. sy is the probability scores
for the next step. The output activation by the softmax function (2.19) normalises the scores
into mutually exclusive class probabilities 7;. At each step the multi-class cross entropy (CE)

loss is the negative log-likelihood of the sample. The overall loss sums up the stepwise losses:

L(x1, s @y Y1y ooy Yr) = ZLt

t
- —Zlogp(yt|x1,...,x7) (2.13)
t
Besides, regression problems use linear output activation function and the squared-error loss:

Z L.
L(I17"'7I77y17“'7y7') = §(yt _yt)Q
t

Binary classification uses logistic sigmoid as the output activation function and the binary cross

entropy loss:

4
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The back propagation in RNNs is known as back propagation through time (BPTT). The com-

putation is not trivial. Details will be provided in the context of the NLP task in section 4.1.1.

2.2.2 Natural language processing

It is generally acknowledged that RNNs often outperform static networks (e.g. FNNs) in tasks
which involve representing context. Learning from sequential data is one such task, whereby
the model is required to process input sequences and make predictions. Typical examples of se-
quential data are time series data, text data, and speech data. In this thesis we will focus on the
NLP task of text sequence classification where, given a sample of sentences, we are required to
classify for a binary or multi-class variable associated with the text sequence. The main dataset
used is the Toxic Comment Data prepared by Google Jigsaw. Each publicly available comment
sequence is associated with a few binary "toxic indices’, indicating whether the sentence can be
considered ’toxic’, such as ’toxic’, obscene’, "threat’ and ’insult’. We will only keep ’toxic’ as

the classification target. Such classification task is known as sentiment classification.

In sequence classification we consider an input as a sequence of words. It is not possible for the
neural network model to interpret and learn from text. Therefore words are first represented by
numerical vectors known as embedding vectors, using methods such as latent semantic analysis

(Dumais et al, 1988), and Word2vec (Mikolov et al, 2013).

Processing text data

Before the text sequences can be fed into the network, they will go through 2 preprocessing
steps: tokenisation and embedding matching.

Tokenisation involves amassing a word dictionary containing words from the training and the
test data, each word assigned with a unique index. Then a text sequence has every word con-
verted to the corresponding index in the dictionary. Each sequence is then padded with zeros

to match the length of the longest raw text sequence (say it has length 7) in the sample.

11



For example the first text sequence in the Toxic Comment Data contains 156 words. The longest
text sequence contains 7 = 1403 words. In the corresponding padded converted sequence we
did find 1247 zeros being padded. In addition, there are 19 words indexed 1, corresponding to

the word ’the’. Therefore the first raw text sequence contains 19 ’the’.

These padded converted sequences are stored in a matrix where each row is a length 7 nu-
merical vector. While these raw embedding vectors may be used directly as inputs to the RNN,
practitioners will often used pre-trained embeddings to avoid learning the words from scratch.
One reason for using pre-trained embeddings is that the word dictionary constructed from to-
kenisation assigns indices based on frequency of occurrence. In practice we also require the
numerical representation of text data to map the semantic meaning into geometric space (Chol-
let Keras blog, 2016). For words semantically related, e.g. "kitchen’ and ’pan’, reasonably their
numerical representations need to be closer together. Pre-trained embeddings are trained from
an extremely large vocabulary source, at the same time taking into account of the cooccurrence
circumstances of different words. Therefore pre-trained embeddings have rare words better
represented than raw embeddings, and have semantical relationship of words better reflected.

We will use the GloVe embeddings of dimension 100 (Pennington et al, 2014), which are
pre-trained from English Wikipedia vocabulary. Each word is represented with a length-100
embedding vector. These embeddings are stored row-wise as a matrix of K rows, where K

refers to the number of words in the word dictionary amassed in tokenisation.

2.2.3 RNN as an NLP model

The padded, tokenised input matrix has shape (batch size (/NV), input length (7)). Batch size is
the number of training text sequences in the raw data. Input length corresponds the length of
the padded sequences. For i = 1, ..., N, each input sequence X; = [x1;...;x¢;...; 27] is a row
vector of length 7 in the input matrix. At each time stept = 1, ..., 7, let z; denote a word in X;.

Each z; is represented as a one-hot vector of length K: If x4 corresponds to the word of index

12



¢ in the vocabulary, then the ¢-th entry of this one-hot vector will be 1, and the rest being 0.

For text data, the model requires an embedding layer between the inputs and the RNN layer to
transform the input text object before passing into the RNN layer. This is achieved in software

by supplying the GloVe embedding matrix in the embedding layer:

Embedding (input_dim , output_.dim, input_length= tau,

weights= [Embedding _matrix], trainable= False)

Input dimension is K, the length of each input one-hot indicator x¢, equivalently the size of the
word dictionary. Output dimension in this case is 100, the length of each GloVe embedding
vector. The RNN layer follows the embedding layer therefore output of the embedding layer is
the input to the RNN layer. We use n; = 100 to denote the input dimension of the RNN layer.
Since they are pre-trained representations we choose not to further train the GloVe embeddings.

The embedding matrix £ has shape (input dim = K, output dim = 100).

Now we define the forward propagation step in a standard RNN. Note that the RNNs are
introduced in their general forms. At each step a predicted output and the associated loss is
produced. One can adopt a specific context of application where the models predict the next
word after processing each word in sequence. Therefore each ; is a vector of length K, where
K refers to the size of the amassed word dictionary in tokenisation, i.e. number of possible
classes for predicting a word.

The reason for stating the standard structure clearly is that in the experiments of sequence

classification the models will adopt a slightly different structure, and will be stated clearly in

13



section 4.

er = ETxt (2.14)
ar = Wiler + Wl hi (2.15)
hy = tanh(at) (2.16)
st = Whht 2.17)
J¢ = softmax(s¢) (2.18)

At step ¢, one-hot vector z; selects the corresponding embedding vector from FE, and e; is a
column vector of length n; = 100. Suppose the RNN layer has 7, units. It will produce an ac-
tivation vector a; involving both the information in the current input and the information (aka.
memory) stored in the previous hidden state h; 1. The activation is activated element-wise by
the tanh-function to produce the current step hidden state h;. Both vectors a¢, hy have shape
(np, 1).

The input-to-hidden weight matrix W}, has size (n;, ny,) and the hidden-to-hidden weight ma-
trix has size (nj,ny). The hidden-to-output weight matrix Wyh has size (nj,, K). st is the
probability scores for the next word. The output activation by the soffmax function normalises
the scores into mutually exclusive class probabilities 3.

The softmax output activation function (abbrev. S(-)) is defined below. Weuse k = 1, ..., K as

indices for classes, i.e., 2 arbitrary words in the vocabulary.

Jilk] = ——F (stlk) (2.19)

SE eap(sile))

At the end of a timestep an output ¢j; of size (/, 1) is computed. It is the probability distribution
of the next word at step ¢ + 1. 4¢[k] refers to the probability of the next word being the k-th

word in the word dictionary.

At each timestep the cross-entropy loss L; will be computed. Define g:[k] as the probabil-

14



ity of the true word at step ¢ being k, and the ¢-step loss. In the context of text sequence, each

stepwise loss in the multi-class CE loss (2.13) becomes:

K

Ly ==Y yilk]log(iik]) (2.20)
k=1

Ly = —log(jr[c]) (2.21)

The true response y; is be a multivariate Bernoulli vector with 1 at the entry of the actual next
word in the text sequence, and ¥; is known for every ¢. For example it corresponds to the word
indexed c. Then y¢[c] = 1, y¢[k] = 0 for all k # c. Therefore the stepwise loss can be simplified
to (2.21).

In software an RNN layer consists of computations in (2.15, 2.16). For visualisation, the RNN
layer can be thought of as a cell with some pre-determined number of units, stacked on top of
the embedding layer. The input sequence has each step processed by the cell. This is known
as unrolling an RNN, and is presented in Figure 2.2. RNN-unrolling exploits the dimension of
timesteps, as though a copy of the RNN cell has been created for each step of the sequence.
After step 7, the overall CE loss is the sum of stepwise losses. The loss gradients with respect
to the parameters are computed to update the parameters. The explicit form of these gradients

will be covered in section 4.

2.2.4 Alternative RNN-architectures

While there exist other techniques to deal with the VGP such as Hessian-free optimisation and
regularisation, this thesis will focus on the more advanced RNN-class models as solutions.

We discuss and analyse the Long Short-Term Memory (LSTM), Gated Recurrent Units (GRU)
(Cho et al, 2014) and bidirectional-structure.

(1). LSTM

15



Advanced RNN-class models have specially-designed cells wrapped in the standard RNN
(SRNN) layer, to offer more operations and better performance, compared to the simple hidden
states hy in an RNN layer. The LSTM cell has been successful in practice and is easy to train
since its model architecture is more complicated but similar to the SRNN’s model architecture.
In an RNN, the hidden states h; behave like memory container, storing information of the pre-
vious steps of data. In an RNN layer characterised by LSTM cell, the hidden state at each time
step is replaced with an LSTM cell illustrated below. In particular now the cell states c; act as
the memory holder, while the hidden states h; are only responsible for computing outputs.

At each step ¢ we have an LSTM cell as illustrated in Figure 2.3. Recall each input sequence
x¢ is a one-hot vector of shape (K, 1). For consistency we still use the pretrained GloVe 100d
embedding vectors. Therefore each ¢; is the corresponding embedding vector of shape (100, 1).

Consequently z; in the diagram is actually e;.

LSTM
fioc,_
Ct 1 ()=t = Ct
(anh>
6 0, o tanh(cy)

fi ¢t iy Oy
sigmoid tanh sigmoid sigmoid
)
h; T ‘l—’ h;
Xt h,

Figure 2.3: LSTM diagram. https://medium.datadriveninvestor.com/in-artificial-intelligence-
new-types-of-networks-are-constantly-generated-by-scientists-a032cd7b77d9

The computations within are performed by 3 gate objects: the input gate i, forget gate f; and
output gate o;. In addition at each step a candidate cell state ¢; is computed. The 4 components

involve trainable recurrent weights {W;, W, W, W}, and input weights {U;, Uy, Ue, Uo}.

16



The LSTM forward propagation in detail:

it =o(WEhi_1 + Uley) (2.22)
fr=o(Wihi_1+Ufer) (2.23)
& = tanh(W. hy_1 + UlLey) (2.24)
or = oc(WEhi_1 + Uley) (2.25)

The LSTM cell outputs the cell state and hidden state:

ct=frOc_1+1it Ot (2.26)

ht = o0t ® tanh(ct) 2.27)

where © is the Hadamard product of 2 vectors.

The forget gate fy is a logistic sigmoid-activated vector based on the past hidden state and cur-
rent input. Recall that outputs from logistic sigmoid are close to 0 and 1. Therefore the forget
gate decides what information in the past cell state c; 1 to forget.

The candidate cell state ¢; is a tanh-activated vector containing the current-step information. It
is exactly the hidden state in SRNN.

The input gate i; is a logistic sigmoid-activated vector based on the past hidden state and cur-
rent input. It selects the relevant information from the current step to include into the cell state,
via the Hadamard product i; © ¢;. The current cell state ¢; is the sum of the past memory filtered
by the forget gate and the current information filtered by the input gate.

The current hidden state h; can be thought of as a filtered scaled memory vector, as we use the
output gate to select relevant information from the tanh-scaled current memory c;.

Suppose at each step the LSTM cell has nj, units, then each recurrent weight I/ has shape
(np,np,), each input weight U has shape (100, np,). All 6 vectors (2.22) - (2.27) above have

shape (ny,, 1). The input vector has shape (n;, 1)
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The 3 gates have similar form, except that each is defined with weights that are independently
updated, thus a different subscript. The sigmoid provides a keep-omit operation to the object
that the gate is applied to. The candidate cell state is similarly defined but it is the combined and
scaled information from the past hidden state and current input. As will be mentioned in sec-
tion 3, the hyperbolic-tangent function is subject to VGP. One major reason that tanh-function
is still commonly used in RNNs, rather than being replaced with ReLU-class functions is that
the outputs of the tanh-function has mean zero, and range [-1,1]. The outputs at each step is
therefore standardised to [-1,1]. Using ReLU may cause the outputs to have large fluctuations
and provide difficulties in gradient-descent optimisation. The back propagation details of the

LSTM will be covered in section 4.3.1.

(2). GRU
The gated recurrent unit (GRU, Cho et al 2014) is another architectural modification to SRNN
as a solution to the VGP, by replacing the hidden state with a different cell parameterised by

learnable gates. It is often found that GRU offers compatible predictive power as the LSTM.

A GRU cell contains 2 gates: the update gate (z;) which filters both the past memory and
the current-step memory; and the reset gate (r¢) which determines how much of the past infor-
mation is to be forgotten. Again both gates are logistic sigmoid-activated vectors with outputs
close to 0 and 1.

Let x4 be the (K, 1) input text sequence, I, e; be the embedding weight matrix and embedding
vector associated with x¢. e; has shape (n;, 1).

ht is the hidden state at step ¢ of shape (ny,1). Let U, U, be the input-to-hidden weight
matrices in update and reset gates respecptively, both having shape (n;,ny). W, W, are the

hidden-to-hidden weight matrices in update and reset gates respectively, both having shape
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(np, np,). The forward propagation equations in a GRU cell:

a=0(Wlh_1+Ule) (2.28)
re=oc(Wlhi_1+Uler) (2.29)
ht = tanh (W (ry © hy_1) + Ul ey) (2.30)
he =2 ©hi_1+ (1 —2) O hy (2.31)
it = softmax(WV,, hy) (2.32)

The candidate hidden state h; can be thought of as the current memory increment which con-
tains information from the current input and the reset gate-filtered past information in h;_1.
Therefore it has the similar effect as the candidate cell state ¢; and hidden state h;y combined in
LSTM. The GRU hidden state h; is the memory holder itself as it filters both the past memory
state h; 1 and the current-step input. It is often claimed that GRU is more efficient than LSTM.
Indeed a GRU cell contains 1 fewer gate and 1 fewer state as compared to an LSTM cell, thus

saving a considerable amount of computation.

2.3 Past works

Deep learning researchers have been working on efficient algorithms for neural network opti-
misation since the 1990s. In the past 20 years researchers have realised the impact of model
parameterisation in FNN and RNN training. Since then studies on the effect of the VGP on
model performance have been conducted with considerable achievements. Glorot & Bengio
(2010) discussed the impacts of using saturating activation functions in FNNs and addition-
ally introduced a carefully designed initial distribution for the weight parameter entries. He et
al (2015) and Clevert et al (2016) went further on designing better-performing techniques for
FNN parameterisation. Pascanu et al (2012 & 2013) have discussed the difficulties in RNN
training due to the VGP. Graves (2013) proposed the LSTM cells (Hochreiter & Schmidhuber,

1997) as a solution. The GRU cells proposed by Cho et al (2014) are a similar model.
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Other known solutions include the Hessian-free optimisation applied into the standard RNN
(Sutskever et al, 2011); Echo State Network (Jaeger & Haas, 2004) and regularisation (Pascanu
et al, 2013). Regularisation in particular is a common technique in neural network training,

which aims more than reducing overfitting. For example the regularisation term proposed by

Pascanu et al (2013) forces each RNN Jacobian 82,?1 to preserve norm. As will be shown in
section 4, the behaviour of this Jacobian is the key aspect to the VGP in RNNs. This thesis will
focus on alternative parameterisations for the VGP in FNNs and modified RNN architectures
for the VGP in RNNs, but will not cover regularisation. Nonetheless in section 4 and 5 we will
analyse the Jacobians in each RNN-class model. Chapter 7 of Goodfellow et al (2016) provides
a holistic summary on deep learning regularisation.

The Hessian-free approach involves the 2nd-order approximation of the optimisation objec-
tive function plus an extra damping (penalty) term. Pascanu et al (2013) commented that this
approach is missing detailed analysis. Due to efficiency Hessian-free optimisation is not imple-

mented in common software libraries. For these reasons the thesis will not cover this approach.
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3 The VGP in Feedforward Neural Networks

In section 3, the sources and solutions of the VGP in training FNNs are analysed. Diagnostics

in software are devised to visualise the degree of the VGP.

3.1 The Problem in FNNs

A close inspection of equation (2.11) will reveal how the VGP arises in the back propagation
step when training an FNN model. Note that each 62 with h,a in the same layer gives the
weight; each % with a, h over 2 consecutive layers gives the derivative of the activation func-
tion.

Firstly, when the largest eigenvalue of a matrix is less than 1, raising powers of the matrix will
cause the entries to vanish. Therefore more weights having such a property means a higher
tendency for the entries of the product matrix to vanish to zero. Consequently the loss gradient
vanishes to zero.

Secondly, the long product of the activation function derivatives in (2.11) will also shrink to
zero if saturating activation functions are used, for example the Sigmoid-class functions in-
cluding the logistic sigmoid and the tanh-functions. The Sigmoid-class functions bound the
entire domain (the whole real line) into a small interval, e.g. [0,1] is the range of logistic sig-
moid. Therefore they typically tend to saturate. An activation function saturates if the input
sits in the flat regions where the output is near O or 1. These regions are where the derivative
is close to zero. One example is the logistic sigmoid function (2.4) that has very small non-flat
regions for inputs near zero.

When the loss gradients become zero, the SGD will not update the parameters when new inputs
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are fed into the network. This results in information loss associated the new inputs, and thus
high training loss. Once an activation function saturates, it is difficult for it to move out of
saturation (Calin, 2020). In equation (2.7) we see that the activations a are affine transforma-
tion of the weights /. When the VGP occurs due to saturation, the updating of the weights
will slow down significantly, or stop completely. Then with these same values of the weights,
the activations in the hidden layers will get stuck in the flat regions of the activation functions.

Therefore the hidden layers will remain saturated.

3.2 The Solutions in FNNs

3.2.1 ReLU-class activation functions

As mentioned earlier, the Sigmoid-class functions saturate and contribute to the VGP. One com-
mon solution for this is instead using the ReLLU-class functions including the standard ReLLU
function (2.3) and its variants. All these functions have their range up to positive infinity, and
therefore non-zero derivatives for some or all inputs.

Apart from alleviating saturation from using the sigmoid-class activation functions, the ReLU
function is the maximum function, i.e. merely a comparison between the input and 0. Therefore
the computation efficiency is improved. Chou et al (2019) observed that a Convolution Neural
Network (CNN) parameterised with ReLU converges six times faster than one parameterised

with tanh.

There are nonetheless some issues with using the standard ReL U function in the hidden layers.
The first issue is known as the Dying-ReLU problem. Given a randomly initialised input, each
ReL.U unit has 50% probability of being inactive, i.e. negative input resulting in zero output.
Due to the stochasticity of gradient descent, there will be occasions where the majority of the

hidden layer outputs are zero, in which case the signals may die-off in the forward propagation.
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The loss and the loss gradients with respect to the parameters will then be zero. Illustrations of

the problem with diagnostic statistics are provided in Appendix section A.1.1.

The second issue with ReL.U is that it is discontinued at zero where the gradient is undefined.
The ReLU function defined in (2.3) has left limit of gradient at zero being zero, right limit being
1. It is pointed out by Goodfellow et al (2016) that this issue is not as problematic as it seems.
In software computation, it is very unlikely for the algorithm to take a step at exactly zero (i.e.
unlikely to evaluate ReL.U(0)) due to machine precision. Zero machine outputs we observe are
usually small numbers truncated to numerical zero. However in forward propagation the inputs
to ReLLU are not truncated before the outputs are produced. In the case where an input from the

dataset is exactly zero, it is conventional for sotfware to set ReLU’(0) as 1, i.e. the right limit.

The last issue of using the RelLU-class activation functions concerns the efficiency of gradi-
ent descent optimisation, that they do not have the zero-centred property. A function with its
mean output being zero is a zero-centred function, and clearly ReLLU is not. It is commonly
acknowledged in machine learning tasks that normalisation of the input is essential for accel-
erating the training and improving the generalisation of neural networks (Huang et al, 2020).
A zero-centred activation function provides a similar effect as normalisation for outputs from
each hidden layer. When ReL U is used, the activations are always non-negative and unbounded.
Thus in equation (2.12) the sign of the loss gradient with respect to the weight is always the
same as that of the gradient with respect to the activation (¢ in result 2.5), thereby reducing the
optimisation efficiency in updating the weights.

The batch normalisation technique (Ioffe & Szegedy, 2015) is one effort to reduce the impact
of this issue. When constructing models in practice, one would typically add a batch normali-

sation layer after one hidden layer parameterised by a non zero-centred activation function.

There have been variants of ReLLU functions designed by researchers for better performance

over time. Leaky ReLLU (Maas et al, 2013) is similar to the standard ReLLU but outputs az for
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negative x, where a > 0 is a small constant multiplier, for example 0.01. Negative inputs now
have outputs of small magnitude, thus named ’leaky’.
Parametric ReLU (He et al, 2015) is similar to the leaky ReLU but the constant multiplier a is

now trainable, with the form given by:

ar forx <0
flz) = (3.1)

x otherwise.

, a forx <0
fi(z) = (3.2)

1 otherwise.

Exponential linear units (ELU) (Clevert et al, 2016) speeds up learning and leads to higher

classification accuracies, and has the form:

a(exp(z) —1) forx <0
x otherwise

f(x)+a forz <0

1 otherwise

Multiple Parametric Exponential Linear Unit (MPELU) (Li et al, 2017) is a generalisation to

ELU, which has the form:

MPELU = ELU( PReLU(z))

a(exp(fz) —1) forz <0

z otherwise

The ELU function allows negative outputs and therefore offers more flexibility in weights-
updating than ReL.U. It is worth noting that ELU function saturates to —a for large negative
inputs in order to ’learn a more robust and stable representation’. From the shape of the ELU

curve in Figure 3.1 we can deduce that the comment from Clevert et al. (2016) suggests a
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2r ReLU

PReLU (a = 0.25)
ELU (a=1)

MPELU (e =3;3=1)

Figure 3.1: A plot from Li et al (2017) containing all the above ReLU-class variants

compromise between being bounded therefore stability in output for negative inputs, and being
non-saturating for positive inputs. The parametric ReL.U will be used in this thesis for the sake
of demonstrating (avoiding) the VGP. However practitioners should perform a hyperparameter
optimisation to find out the activation function leading to the optimal loss and accuracy on the

particular data fitted on.

3.2.2 Weights initialisation

Apart from the saturation of activation functions, the other source of the VGP pointed out in
section 3.1 is the multiplication of weight matrices over the layers. Typically the entries of
weight matrix in each hidden layer are initialised from random uniform or normal distribution
with mean zero, for example uniform [—a, a] random variables. However the loss gradient
(2.11) will suffer from large variance in magnitude if the largest singular value of each weight
matrix is far from 1, i.e. potentially vanishing and exploding gradients.

Glorot Uniform Initialisation (Glorot & Bengio, 2010) is one of the widely-applied initialisa-

tion schemes that maintain the variance in forward and back propagation. The endpoints of
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the uniform distribution are derived based on the motivation that the variances of the forward-
propagated signals and the back-propagated gradients do not vanish or explode when processed

across the layers. We will present the full derivation with motivation and extra details.

Motivation
As pointed out by Calin (2020), the stability of back-propagated loss gradients can be quantised
by the variance of forward-propagated signals. He inspected the variance of the hidden layer
outputs, at the same time taking the weights and bias to be deterministic, in order to monitor
the behaviour of the variance under small and large values of weights.
Let a(l), h(l), b(l), W be respectively the activation and hidden state vector, bias vector and
weight matrix on the [-th layer. The scalar entries within each vector or matrix are assumed to
be independently and identically distributed. Recall the forward propagation step:

n = p v pl=0 4 50y

Suppose a random variable X has mean [E(X). Approximating f(X) at the mean of X by its

Taylor expansion gives
F(X) = fFEX)) + f(EX))(X - E(X))

Assume a zero-centred activation function is used for each hidden layer, therefore E(X) = 0.
Therefore V(f(X)) ~ f/(E(X))2V(X). Now X is Wj(li)hgl_l) + b;l), f(X)is h§l). Assume

the entries of weights are constant:
vy~ 1wl B ) 4 52wl v el )

The above expression differs from result (6.3.35) in Calin (2020) as we changed the rightmost

w into (w(.l)

i J Z.)2. Under the variance operation, we believe the constant multiplier has to be
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squared. By Cauchy’s inequality,

1/2 1/2
l -1 l -1
o < (Sut) - (Sved)
{ 1

Sigmoid and ReLU classes both have bounded derivatives. Therefore assume f/(-) < C. Then

express the sum of squares of variance with the above 2 results:

. V<h§'l)>2 <c? Z<w§f?>4 > v (p(h)? (3.3)
J jyi i

For small weights, the upper bound at each layer in (3.3) gets smaller, and the sum of squares
of the variances decreases to zero as the signals are propagated through the layers. The hidden
layer outputs stagnate. It is worth noting that this is not a result of convergence to a minimum
loss in the gradient descent optimisation.

For large weights, if ReLU-class activation functions with slope parameter a > 0 are used,

() =a®
vy = a3 @hve! )

Large weights increase the signal variance and lead to instability in the outputs, thereby reduc-
ing the efficiency of optimisation.

L . : : () (1=1)
If sigmoid-class activation functions are used, large weights lead to large values of ) w;; h; .

Large inputs to sigmoid-class activation functions will make them saturate and we will have the

VGP.
To point out the main idea, multiplication of weight matrices over layers in (2.11) is one way of

describing the consequence of improper weights initialisation, that focuses on the actual value

of the entries. Result (3.3) is another way of describing the consequence, that is focused on the
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signal variance V' (h) over consecutive layers. With regards to the VGP, one can relate the 2
arguments by seeing that: the vanishing of the loss gradients exactly halts the weight parameter

updating. Therefore the hidden layer outputs stagnate.

Glorot initialisation

Glorot & Bengio (2010) proposed to derive the initial distribution of weights under the as-
sumption that the variances of the forward-propagated signals and back-propagated gradients
are respectively invariant across the hidden layers. The assumption can be justified by the ex-
planation regarding the upper bound of the sum of squares of the variance in (3.3).

We found some parts of section 4.2 of the paper, where the main results of the initial distribu-
tion are derived, not immediately straightforward.

1. The argument from equation (2) to equation (6) in the paper does not seem to be clear; in
particular how the layer index ¢ + 1 on W in equation (2) becomes  in equation (6).

2. The definition of layer size n; is not specified precisely. Similarly the ’shared scalar vari-
ance’ of all weights on layer 7, Var(Wi) is assumed without discussion or justification.

Given that this paper is one of the foundational analyses on the FNN model training, we have

provided detailed explanation in order to assist the understanding of the authors’ derivation.

The authors have defined forward propagation in a slightly non-standard manner. In addi-
tion they assumed a linear activation function f. We will temporarily adopt their notation in

this section.

s =W (34)

= psh =4 (3.5)

According to this definition, the internal structure of the FNN is shown in Figure 3.2 below for
2 adjacent layers 7 and 7 + 1.

(1) Clarification of notation.
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Figure 3.2: 2 arbitrary layers of FNN defined in Glorot & Bengio (2010)

Define n; to be the length of the vector z*. Therefore n;1 is the size of s'. This is why in Glo-
rot & Bengio (2010), the layer size involved in forward-propagated variance is 7,/ in equation
(5), and that involved in back-propagated variance is n,/ , 1 in equation (6). Note that W there-
fore has shape (n;4.1,n;). To avoid confusing V' (TW*) with the variance-covariance matrix, we
define V(wi) as the shared scalar variance of all entries in the weight matrix at layer ¢, using

the lower-case of W. V (w') is equivalently V(W]i ;) for any unit [ in ~', and any unit k in s’
Assumptions of distribution:

Glorot and Bengio (2010) implicitly assumed that the weights entries w; ; are independently

distributed. The input features have the same variances. Calin (2020) went further by claim-
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ing on each layer, w; ; are all independently and identically distributed with zero means. We
also assume the entries in any per-layer input vector 2! to be independently and identically dis-

tributed.

(2) Write out the variances of forward-propagated signals z.

S il il i lyie2,i-2

1—1
— H Wi |z (3.6)
i’=0

where signal on the zeroth (input) layer is the input z. Take variance of each independently

distributed unit and we will arrive at equation (5):

Vize) = | [ naV®) | Vize) 3.7)

Earlier in the thesis, letter ¢ is defined as the index for a unit (a vector entry). The authors
instead defined the layer index with 7. Therefore to avoid confusion we use the subscript disc
to denote a scalar unit in = above.

It is worth clarifying how the variance operation is performed with an example in the first layer.

In particular how the multiplier n,, comes about in the product:

L1 0,0

7

V() = D VIWRV(E) = noV (w')V ()

for any unit ¢ in layer 0, and any unit j in layer 1. The multiplier n( refers to the summation

over 7. There are in total ny components in 0.
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As the definition of n; is not clearly stated in Glorot & Bengio (2010), for the sake of com-
pleteness we also consider the possibility that n; refers to the size of s = z't1. In this case
n;_1 is the size of s'=1 = 2 However just by looking at the first layer variance expression we

have found that this version of definition is not possible, as we now see:

In particular, n_1 is undefined. Therefore we will carry on with the definition that n; is the size
of vector 2"
(3) Write out the variances of the back-propagated gradients %—g

For back propagation, it is simpler if we start from the last layer d, where we have:

o pprdgd-1

y=s"
In particular s has shape (n4, 1, 1), W% has shape (n441,74). Let p be an arbitrary index for
vector component in the (d — 1)-st layer, ¢ an arbitrary index in layer d. The gradient of the

cost function (eq. the loss) has the form:

oc g oC
=N wd = 3.8
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This is equation (2) in the paper. Take variance with respect to the summation over index g, 1.e.

over the n; 1-many units in layer d, we have multiplier n 1:

oC
V
VG = 2 v (5)

q

aC
— ngqV(whv (a?g) (3.9)

On the previous layer:

Back-substitute until the ¢-th layer:

d
aC ’ aC
1% (a_s;) = ] nvav™ | v (8_3§]l> (3.10)

i'=i+1

Result (3.10) differs from the authors’ equation (6) in that the layer index in the product starts

from 7 + 1 instead of ¢. A justification for 7 4 1 is that st

is affinely-transformed from s ' with
witl. gi+l — Sitlyyitl — gipyritl
i+1

In back propagation from layer i + 1 to 4, s' T = 212 has Nj42 UNIS:

oC
V(=

Therefore when back-propagating from layer d to layer i, it seems more appropriate for the

=V (£> oV (w1 (3.11)

product of weight variances to start at V (w'T1), rather than at V' (w?). Nonetheless it can be
shown that both result (3.10) and equation (6) will lead to constraint (11) in the paper. Conse-

quently the derivation of the Glorot Uniform Initial Distribution is unaffected.

(4) Apply the conditions on variances to produce 2 constraints:

We require the variance of the signals 2z to be invariant across layers in froward propagation.
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Then for any 2 arbitrary layers i, 4/,

nV(wh) =1 (3.12)

It is further required that the variance of the gradients %—g to be invariant in back propagation:

o (00 _y (2
Ose s}

d d
( 11 nl+1V(wl)> 4 (2—2) = | I mavh|v (g-i)

l=i+1 I=i'4+1

npVw') =1 (3.13)

Results (3.12) and (3.13) are constraints (10) and (11) in Glorot & Bengio (2010) on variance

of weight matrix entries in an arbitrary layer. They have proposed a compromise:

. 2
Vw') = —— (3.14)
n; + nj4q
which is a value between l and ,1 . Recall that uniform distribution U;_ has variance
ng 41 [—a,a]
2

%. Therefore the endpoint a = , / — +g, . This is the result in equation (16) from the paper.

1T+

In practice setting Glorot Uniform Initialisation on a hidden layer will initialise all scalar en-

tries in the weight of that layer, by sampling from this uniform distribution.

Other initialisations

Here we briefly present both some naive and more recent weights initialisations available.
1. Zero: Initialises all entries to 0.

2. Uniform U(—a, a) and normal N(y, 02).
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3. Lecun uniform (Lecun et al, 1998)

wlh U (—\/E \/§> (3.15)
J5t n; \ n

4. He normal and He uniform (He et al, 2015)

Wl o (0/2),
Jst n;
will ~ U (—, /% g) , (3.17)

where i stands for the index of a component from the (I — 1)-st layer, n; stands for the number

(3.16)

of hidden components on the (I — 1)-st layer, and j stands for the index of a component from

the [-th layer.

3.3 Diagnosing the Problem in FNNs

In this subsection we will demonstrate fitting FNNs consisting of 3 hidden layers, which we

have found to be sufficiently deep to exhibit trends of the VGP. Both simulated concentric circle

data and the Pima diabetes dataset (Smith et al, 1988) have been used to illustrate VGP in FNN

and the effects of the solutions. The circle data created by sklearn.datasets.make_circles
function contains a 2 dimensional feature X and a binary target y. The Pima dataset contains
binary Outcome (y) and 8 features in X. Results of the simulated data are not much different
from results of the Pima data. Therefore they are not included to avoid redundancy.

The thesis uses the tensorflow.keras library to construct and fit neural network models

in [Python notebooks.

After fitting a model, it is crucial to check for signs of the VGP. We have written code for
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3 diagnostic experiments based on the theory how the VGP arises. The diagnostics are based

on extracting and visualising training statistics and internal states:

e A. Loss/output gradients Are the loss gradients with respect to the hidden layer weights

close to zero? For the sake of convenience the model output gradient is used as a proxy.

¢ B. Improvement in learning Loss may stop decreasing after a few epochs due to the VGP.

Accuracy in training may also stop improving.

e C. Hidden layer outputs Look for hints of saturation, whether large proportion of outputs

are near 0 and 1.

A. Output gradients with respect to weight parameters on each layer:

We first create a dictionary object to store the output gradients for each epoch of training. A
standard Python function is defined to compute the per-epoch gradients. The backend pack-
age from keras library offers special wrapper functions to extract intermediate results. We
used backend.gradients function to define a wrapper function that computes the gradient
of model output with respect to the weight in each layer. Then the backend. run function
execute the wrapper function with respect to the inputs from the training set. On each epoch the
dictionary stores 4 items: the output gradients with respect to weights on the 3 hidden layers
plus the output layer.

A Callback is an object in Tensorflow library for computing quantities during model-
fitting. Practitioners usually write custom Callbacks by defining Python functions for the com-
putation processes in the same way above. The overall Python function is embedded in the

Callback object and we have to mention this Callback in the model-fitting command, by e.g.

model . fit( X, y, epochs = 150, callbacks = [ grads_callback ])

B. The training loss and accuracy can be obtained directly from the model-fitting command.

C. Hidden layer outputs:
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Similar to A, a function for computing the per-layer outputs is defined for every epoch of train-
ing. The hidden layer output-computing function is embedded in a separate Callback to be

added in the model-fitting command.

With these diagnostics, we can look for signs of the VGP from fitting a model, or compare
the graphical results between models of the same structure but with different hyperparameters.
In the experiments, each model is fitted for 150 epochs. One epoch stands for one complete
processing of the input dataset. A closely related quantity is the batch size, which refers to
the number of inputs taken into the network for one fit of the model. Typically for the sake of
efficiency and faster convergence (Li et al, 2014), neural networks are trained with mini-batch
gradient descent algorithm, where at each fit only a portion of the entire sample is used. There-
fore it is appropriate for visualisation to plot various quantities against the number of epochs,
rather than against the number of batches. In each epoch all inputs in the entire sample will

contribute to the updating of model parameters.

To demonstrate the VGP with the Pima data, we fit an FNN consisting of 3 logistic sigmoid-
parameterised hidden layers, each containing 8 units. This number of hidden units arises from
a suggestion in Heaton (2008). In general the number of hidden units should stay below twice
the input dimension, which is 8, the number of features. The optimal number of units in each

layer is actually subject to hyperparameter tuning.
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Figure 3.3: Sigmoid FNN: A. Output gradients
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Figure 3.4: Sigmoid FNN: B. Training loss and accuracy
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Hidden outputs of model_sig_3
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Figure 3.5: Sigmoid FNN: C. Aggregated hidden layer outputs

We can see that the output gradients are close to zero on the lower layers. This is because
the gradient with respect to the weight on a lower layer will have a longer product in equation
(2.11), thus stronger vanishing effect.

The training loss and accuracy have little improvement over the first 60 epochs. Models are

usually trained for a much lower number of epochs due to computational expense.

The lineplot visualisation for the hidden layer outputs is used for all FNN models initially.
Each output object stored is a matrix and each point in the plot is the mean absolute value of all
entries in the matrix. Such an aggregation risks obscuring any sign of saturation in the hidden
layers. Outputs close to 0 and 1 can not be reflected by their aggregated value. Therefore mean
absolute value is not an appropriate aggregation for models parameterised with sigmoid-class
activation functions. We suggest visualising the output samples from a few randomly selected
epochs, via histograms as shown in Figure 3.6.

Now such a visualisation is more appropriate. We can see that on the lower layers large pro-
portion of outputs are near 0 and 1, i.e. entered the state of saturation. On the 3rd layer, we do

not have outputs saturated to near 0.
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Figure 3.6: Sigmoid FNN: C. Last-epoch hidden layer outputs as histogram

3.4 Visualising the Effectiveness of Solutions

The FNN with 3 hidden layers constructed in section 3.3 is now parameterised with the PReLU
activation function. The slope parameter a is set with the default value O, but is in fact a train-
able parameter which can avoid the Dying-ReLLU problem mentioned in section 3.2.1. We have
tuned the initial distribution of the weight in each of the 3 hidden layers, amongst a range of
available choices. KerasTuner and HyperOpt are 2 commonly used software libraries for tun-
ing neural network parameters. For this particular FNN, He-normal, random uniform, Lecun-
uniform distributions are chosen based on lowest training loss. The 3 diagnostics are repeated

to identify any improvement.

In Figure 3.7, the gradients have been significant enough in magnitude. There is a trend of ex-
ploding gradient on the lower layers, which could be solved by adding a Batch Normalisation
layer after each hidden layer.

The training loss and accuracy in Figure 3.8 have improved significantly over the first 20
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Figure 3.7: PReLU FNN with initialisation: A. output gradients

epochs, leading to a considerable improvement in optimisation efficiency.

Refer to the PReLLU derivatives in (3.2), PReLLU activation has no risk of saturation. For the
sake of demonstration we have presented in Figure 3.9 the histogram of the hidden layer out-
puts at the last epoch. The first layer outputs have mean —33; the second layer has mean 17;
the third layer has mean —4.

In fact, the lineplots for aggregated hidden layer outputs can be used to visualise the conver-
gence behaviour of the weight parameters, when the model is parameterised with non-saturating
activation functions. This is implemented and shown in Figure 3.10. The outputs for each hid-

den layer have been relatively stable after 20 epochs.

3.5 Conclusions

3.5.1 Sigmoid-parameterised FNNs

Sigmoid FNNs encounter the VGP by having the loss (output) gradients with respect to the

weights close to zero for long periods of training. This is particularly significant for weights on
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Figure 3.8: PReLLU FNN with initialisation: B. Training loss and accuracy

the lower layers for which the loss gradient products involve more multiplicative components.
The multiplicative components involve the sigmoid-function derivatives and the weights. The
derivatives are bounded in [0, 1], therefore contributing to the vanishing effect when present as
a component in product (2.11).

Suboptimal initialisation of weights have detrimental effect on the variance of network signals
and loss gradients. It is a cause for both the VGP and exploding gradients.

The VGP in Sigmoid FNNs reduces the model training performance. When the VGP is present,

training loss and accuracy tend to remain at a poor level for long periods.

3.5.2 ReLU-parametreised FNNs

The ReLU-class activation functions avoid the saturation aspect of the VGP. The standard
ReLU outputs zero for all negative inputs. This property creates sparsity in the hidden layer
outputs that arguably reduces overfitting in training (Dubowski, 2020). However, zero outputs
correspond to zero gradients, therefore contributing to the VGP. Appendix section A.1.1 con-
tains plots for the 3 diagnostics of the standard ReLU model trained on Pima data. We can

observe that zero-gradient problem in standard ReLU completely prevented learning of data.
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Figure 3.9: PReLLU FNN with initialisation: C. last-epoch hidden layer outputs

The variant PReLLU function offers significant reduction in the VGP and thus improved model
training scores. It is worth noting that as more epochs are trained, the output gradients exhibit
a steadily increasing trend in absolute value. As implied in the SGD algorithm (2.12), when we
take too large a step in finding the loss minimum, we have to set smaller learning rate .. There-
fore large magnitude of loss gradients may undermine optimisation efficiency. Techniques such
as batch normalisation and gradient clipping (Pascanu et al, 2012) are common practice to al-

leviate this issue.

3.5.3 Diagnostics

It is expected that every deep learning practitioner will assess the model performance with the
training loss and accuracy. However, the behaviour of loss gradients is only one factor affecting

the performance. The output gradient plots offer straightforward visualisation of the VGP.
For models parameterised with saturating activation functions, it is more appropriate to use

histograms (Figures 3.6, 3.9) to visualise the samples of hidden layer outputs to inspect the

extent of saturation. Readers can typically plot the outputs at a few randomly selected epochs,
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Figure 3.10: PReL.U FNN with initialisation: C. aggregated hidden layer outputs

paying particular attention to the histograms corresponding to the lower layers of the model.
For models parameterised with non-saturating activation functions, readers can aggregate the

outputs and visualise with the lineplots, where the trend over epochs is clearly presented.
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4 The VGP in Recurrent Neural Networks

In section 4 we first provide the details of a rigorous expression of the RNN loss gradients with
respect to any weight parameter. Based on the form of the full loss gradient, we introduce an
indicator for assessing the extent of the VGP in training RNNs.

The effectiveness of the 2 advanced RNN-class models, LSTM and GRU are analysed instead
by expressing the arbitrary multiplicative component in the full loss gradients: (4.14) and (4.19)
respectively. The full loss gradient expression as shown in section 4.1.1 will become very
cumbersome for LSTM and GRU.

We finally compare the classification performances of the 3 models on the Toxic Comment

Data in section 4.4.1.

4.1 VGPin an NLP Task

4.1.1 Computing RNN loss gradients

In RNN forward propagation equations (2.15, 2.17) one should take note that the 3 weights are
involved in the computation at every timestep, also illustrated in Figure 4.1. Therefore when
applying the chain rule to differentiate with respect to each of these weights, we have to con-

sider the temporal dependency of the weight at each of the past steps.
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Figure 4.1: The standard RNN model applied to NLP

For the VGP in RNNs we are concerned with the loss gradients with respect to the weight

matrices {Wp,,., Whp, Wyh}- First we will specify the derivative of softmax function (2.19) as

S’ (+), which is one element in the RNN loss gradient:

Ost Ostlc] ) vy K

’ [ARAS)

=Yi(Ig — Y3) (4.1)

where 0, . = 1if k = ¢; 03, . = 0 otherwise. If¢ is a (K, K) identity matrix. Y} is a diagonal

o : o og] . :
matrix with the diagonal being ;. Therefore aLstt is a matrix of shape (K, K).
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Differentiating the CE loss (2.20) gives the CE derivative OLy

a—gt:
%_(aﬂt L oL )T
o op(l]” 7 On[K]
= <_yt_[k]> 4.2)
Uk ) e,k

The above partial derivative is a vector of shape (K, 1).

The product of softmax derivative (4.1) and the CE derivative (4.2) is therefore:

o9l oL, . ( yt[k]>
R A AT AN .
0st Oyt tx 2 Gi[K] k=1,...,.K

= I (Vi — Iyt

= }A/tyt — Ut

A reminder of chain rule will be presented as follows. If =, y, 2 are all scalars with relationship

defined as:

The partial derivative % is straightforward a scalar. In the same setting where x, z are scalars,

and y is now a vector of length n:

0= _ oy 02
or  Ox Oy

where the right-hand side is multiplication between a (1,n) vector and an (n, 1) vector. The

derivative is again a scalar.
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In the case with x € R™ y € R™ being vectors of different lengths, and = still a scalar:

z= f(y)
y = 9(x)
The derivative from the chain rule is now:
%=\ (&5
T 1 Oy
o= | 1| ! ~oyT oz
ox ) N ) - 9x dy
0z 3yT 0z
0xm Oz, Oy

where we have multiplication between a matrix of shape (m,n) and a vector of shape (n,1).
The resulting derivative is of shape (m, 1).

It is non-trivial to express the RNN loss gradients with the chain rule, because now we will
have a matrix X of shape (m, n) in place of vector x. The partial derivative %y—; is no longer
a matrix but a 3-dimensional array. Many resources fail to provide full explanation for chain
rule application in this setting. For example in Pascanu et al. (2013) equation (4) involves such
a partial derivative but without clarification on the dimensionality. One consequence is that
such an expression cannot be written as a matrix product involving the explicit terms. Other
texts e.g. Miller (Stanford CS231n) avoided this issue by suggesting to write formulae in scalar

.9y
form: 5+

It is in our mind to write the loss gradients in full detail, at the same time reflecting the dimen-
sions of the quantities involves in RNN forward propagation. Therefore we present the rigorous

way of writing the RNN loss gradients by vectorising the matrix on the denominator.
Magnus (1988) defined the ’only sensible definition’ of a matrix derivative. Suppose a ma-

trix function F' : S — R™*P is differentiable on a set S € R™*4. Matrix X with shape (n, q)

will be mapped to matrix F'(X) of shape (m, p). Then the Jacobian of F" at X is the following
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matrix with shape (mp, nq):

Ovec(F (X))

d(vec(X )T (*3)

In BPTT the matrix function maps to a scalar loss in R instead. Therefore we only need to
vectorise the weight matrices. Vectorisation of a product of more than 2 matrices will involve
the Kronecker product.

(a) Kronecker product of 2 matrices:

Let A, B be matrices of shapes (m,n), (p,q). The Kronecker product of A and B is A ® B,

with shape (mp, nq) having the structure:

a;1B -+ a,B

amlB s a/mnB

where a;; is the ¢j-th unit in matrix A.

A useful property (Magnus, 1988, result 1.15) is: (A ® B)T = AT @ BT.

(b) Vectorisation of a matrix:
The vec(-) operator stacks the columns of a matrix into a long column vector. If a; is the j-th

column of the above matrix A, j = 1---n, then

ai
vec(A) = : e R™

Gn,
where each a; has shape (m, 1). Hence vec(A) has shape (mn, 1). In BPTT we wish to express

0Ly 0L ohy
Ovec(WINT  ohT ovec(W]I )T

4.4)

To simplify the notation, take transpose of the equation and move the transpose from the de-
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nominator to the numerator:

L, orl oL,

= 4.5
8vec(W}z;) avec(Wg;) Ohy @

By definition, W}, has shape (n;, ny,), Vec(W,z;: ) will have shape (npn;, 1).

Recall a; = W}z;el + Wghho; hi = tanh(aq), where tanh-function applies element-wise. Let
f= Wg;cel = InhW}z;Cel where I, is an identity matrix of size (ny, ny). [ has shape (np,, 1).
In result (1.21) of Magnus (1988): vec(ABC) = (CT @ A)vec(B).

Applyingitto f = InhW}z;elz

vec(f) = (61T ® Inh)VeC(le;)

dvec(f) = df = (] ® In,) dvec(W,)
of

T
— = =€7] ® [,
dvec(WI )T L=
B day
dvec(WI )T
Then,
Ohy _ Ol day
8vec(Wg; )z 8(1{ 8vec(Wg; )z
Ohy ,
= @(61 ® Iny,)
e1 has shape (n;, 1), thus e{ ® Ip,, has shape (ny, n;np). (MC?W has shape (n, n;ny,).
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: ond’
In the loss gradient we need

3V€C(W}z;:)
o aal  on]
0vec(ng) 8vec(Wg;j) day
ont
_ (T T
= (e ®Iny) Bay

= (1 ® Iy, ) (Iny, — H?)

having shape (n;ny,, ny,). The overall first-step vectorised loss gradient:
oLy ohl oL
8vec(Wg;:) 8vec(ng) ohy

A k
— (61 X ]nh>(]nh - H%)Wthi(Yl o ]K) (gi b{j>k_l K

=(e1® Inh>(Inh - H%)Wyh(?lyl — 1) (4.6)

geeey

which has shape (n;ny, 1).

Overall loss gradient

Using vectorisation in vector-matrix differentiation we can express the partial derivatives over

time in such a manner that reflects the temporal dependency in applying the chain rule. Here

we will show 8—LT
8vec(Whh)
At steps 1 and 2:
oLy 2 '
O (hy® Iy )(Iny, — HDW, (Vi — 1)
7~ = (ho ® In; ) (In;, — H))Wyn (Y11 — 1
dvec(W; )
OLs ol oL, ol ond oL,

= +
ovec(WL)  ovec(WL)Ohy — dvec(W], ) Oh1 Ohy
= (h1 ® In}))(In, — H3)Wy;(Yays — 12)

+ (ho ® Iny )(Iny, — HO)Wip(Iny, — H3) Wy, (Yayz — y2)
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The overall loss gradient has form:

T

oL ¥ 0Ly
8vec(Wg;L) 8vec(Wg;L)

t=1

oL oLy 0L

8vec(W}z;L) 8vec(Wgh) avec(W}z;L)

_ o an ohd oLy onl  on oL, e @)
Ovec(W, ) Oh1 Ovec(WL ) Oha — dvec(W, ) Ohy Oha

+
Ovec(W[, ) Ohr — dvec(W] ) Ohr—1 Ohr

ort onl  onl oL,
avec(W}z;L) Ohy " Oh,_q Ohr

( onT oL, ot ol oL,

= [(ho @ In, )(In, — HD)Wyn(Yiy1 — v1)] (4.8)

+ [(h1 @ In, ) (Iny, — H3)Wy(Yaya — yo)+

(ho @ Iny )(Iny — HY)Wip(In, — H3 )Wy (Yayz — y2)] + (4.9)
_

+ [(hf—l ® Iny, ) (In), — H%)Wyh(ﬁyr —yr)+

(hr—2 @ Iy, )(In), — Hz—l)Whh(Inh - Hg)Wyh(YTyT —yr)+

(ho @ Iny, ) (In), — (H W (Iny, — H; )) Wn(Yryr — yT)] (4.10)

where 7 is the final timestep. In particular, (4.8) is the loss gradient at step 1, (4.9) that at step

2, and (4.10) that at step 7.

oLy oLy oLy 0L

T y T 5 an T ’ T
8V€C(th ) 3vec(Wh h) 3vec(Wy h) 8vec(Wy h)
fer from the VGP. This is because each IV, is not involved in the computation of g; for any

Amongst the 3 loss gradients

does not suf-

timestep via hy. Under the chain rule, it is therefore a short product.

However for the other 2 weights W},,., W},;,, hidden states computed using these weights are
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involved in computations in the future time steps, again using the 2 same weights. As a result

each stepwise loss gradient will sum over partial derivative products of different of temporal

dependencies. In (4.7) the last bracket stands for LTT, in which the first product rep-
8vec(Wh h)
resents the dependency over O step. The last product in % is dependency over 7 — 1
veC hh

steps.
This longer partial derivative product involves the multiplications of weight matrices and the

tanh-derivative matrices.

o The hidden state derivative /5, — Ht2 is less than 1. In the product over time the long-term

partial derivative products effectively vanish to zero.

e Pascanu et al (2013) have also shown that if the spectral radius of the weight matrix W}, is

less than 1, then powers of the same matrix will cause the entries to vanish.

The causes of the VGP in standard RNN have been elegantly summarised by Jozefowicz et al
(2015): Loss signals exhibit exponential decay as they are back-propagated through time. The
decay in BPTT leads to the long-term components in the loss gradients being effectively lost as

they are overwhelmed by undecayed short-term components.

4.1.2 Consequences of the VGP in RNNs

Long-term dependency is the property that information in an early step of the sequence is car-
ried through the timesteps for making a prediction. For example, in the sentence *John felt sick
this morning. He had his breakfast, took a bath before heading to the ___’, with the last word be-
ing ’clinic’. The prediction of the last word requires information at the start of the sentence. If
the model captures and relays the message ’felt sick’ over the steps, then an accurate prediction
can be made. In sequence classification of the comment sequences, the model may incorrectly
classify a sentence as non-toxic if it cannot remember the offensive content in the earlier part

of the sentence.
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0Ly
avec(WT)
are more prone to vanishing. If for many steps the longer products vanish, the entire loss gra-

Referring to lines (4.7) - (4.10), the longer partial derivative products within each

dient will update in the same way as if the text sequence is much shorter, that back propagation
through time does not reach the earlier steps. Consequently the RNN is not good at making
predictions which depend on earlier information.

Therefore we have found that the term ’vanishing gradients’ is not precise in the context of
training RNNs. Researchers acknowledge that the overall loss gradients may not necessarily
vanish entirely, whereas in FNNs we have seen them totally vanished. Instead, it is the vanish-

ing of those longer partial derivative products that are associated with poor predictions.

4.2 Diagnosing the Problem in RNNs

4.2.1 An experiment for long-term dependency

In this subsection we use the Toxic Comment Data to demonstrate that RNN has difficulty
capturing long-term dependency in making predictions. This is carried out by comparing the
training loss and accuracy from model fitted on short and long sentences.

5000 comment sequences with length less than 10 words are randomly selected as ’short sen-
tences’. 5000 long comments with more than 90 words are selected separately. The RNN
model consists of a GloVe embedding layer followed by a standard RNN layer consisting of 50
units. Finally a one-unit sigmoid output layer is needed for binary classification. It is trained

separately on short and long sequences for 20 epochs. The loss and accuracy are plotted:

On the last epoch, the RNN on short sequences obtained training CE loss of 0.0617, accuracy of
0.9812 %. The RNN on long sequences obtained CE loss of 0.1213, and accuracy of 0.9615%.
Within same number of epochs the RNN model achieved better loss and accuracy on shorter

senquences. However the considerable difference in sentence length means that this difference
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Figure 4.2: Training loss and accuracy on short sentences
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Figure 4.3: Training loss and accuracy on long sentences

in training performance is not significant.

Considering the nature of RNN that it processes an input sentence temporally, updating its
internal states hy which serve as memory, we have looked closely at comments labelled "toxic’.
We found that regardless of the length, toxic comments generally contain unfriendly and of-
fensive words throughout. If a model is unable to capture the toxicity in the earlier steps of a
sequence, it is likely that the model gets 'reminded’ of the toxicity at later steps.

One possible modification is to experiment with those long sequences having the last few words
replaced with some words that are neutral and irrelevant, thereby diluting the memory of the
RNN at the end. This modification itself did not present a significant drop in loss and accuracy.
We attribute this to the low concentration of toxic comments in the dataset. In the raw data

there are 202165 sequences labelled 'non-toxic’, and only 21384 labelled ’toxic’. Therefore on
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the training set it has a high tendency to classify a comment as 'non-toxic’.

Therefore 2000 toxic long sequences and 2000 non-toxic long sequences are selected as a new
set of training data. Now toxic comments account for half of the training data. With that we
found the loss and accuracy fitted on long sequences having significantly worsened. In Figure
4.4, one can observe a slight improvement over the training process.

In addition, we replaced the last 20 words of the comments in this new training set with word

RNN maodel loss and acc on long sentences (half toxic)

o0&

07

— loss
—— accuracy

06

035

04
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Figure 4.4: Training loss and accuracy on half toxic long sequences

’the’, a non-toxic word.

In Figure 4.5, the loss and accuracy were further worsened, and there was no improvement

RMN maodel loss and acc on long modified sentences (half toxic)
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Figure 4.5: Training loss and accuracy on half toxic long modified sentences

over the training process. It is also worth noting that the loss and accuracy from fitting on mod-

ified long sequences have not improved in training, regardless of whether the concentration of
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toxic comments has been adjusted.

With the results of the model performance statistics (loss and accuracy), we have experimen-
tally shown that due to the VGP, standard RNN fails to capture long-term dependency for accu-
rate classification. Essential information for making the overall prediction can be overwritten

as forward propagation proceeds.

4.2.2 An indicator for VGP

An appropriate indicator is required to assess the extent of VGP in training RNNs, since the
overall loss gradients do not necessarily vanish. Below we have used a compact expression

from Pascanu et al (2013) to express each step-wise loss gradient:

t
oLy _ 3 orhl onl oL, @11)
dvec(W],) Pt Ovec(W, ) Ohy, Ohy
onT  f anT @i
8hk iZit1 8hl-,1

onl
In particular, each product Wic is subject to vanishing effect of different degree, depending on

the value of ¢ — £.

The superscript + in the numerator stands for ’immediate’ partial derivative. 8+h£ means that
we differentiate the step-k hidden state with respect to the vectorised hidden-to-hidden weight.
The earlier states hq, ..., hj_1 also contain the same weight parameter but we treat them as
constants, in the k-th component of summation (4.11).

: . onl o :
Noh (2021) inspected the behaviour of 8_hto to assess the VGP. This statistic can be considered

T

Oh L . .. .
as a proxy for th which is part of the longest partial derivative product in each oLy

8vec(Wg;}) ’
It is also the strictest-case indicator for the VGP because we demand information as early at
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step 1 to be relayed to the end. The author applied this statistic to a time-series dataset for a
: . : _on]
regression task, but did not provide the code. We have produced the code for computing %

within model-fitting, and used it as an indicator for the extent of the VGP on our text dataset.

Implementing Noh’s indicator
: o onl : o o
While the indicator DRg an be expressed as a product of partial derivatives, in practice it is not

necessary to compute each component and then the product. From the Tensor flow library,
the GradientTape function keeps track of the initial state i, computes the step-t state
and computes the partial derivative.

It is worth noting that throughout the thesis we have defined the models under the general
case, e.g. the forward propagation equations in section 2.2.3, where at each step an output
and its associated loss is computed. However in sequence classification tasks there are no
intermediate outputs and losses because it does not make sense to classify before the whole

sequence has been processed. The overall loss gradient is in fact the gradient at the final step:

oL _ _ OLy
8vec(W}?h) avec(W}?h)
ﬁfor each step ¢. In tead%i computed for 20 epochs of training. The graphical result
Tho ch step t. Ins Tho s compu epochs of training. The grap sults

where 7 is the final step. Therefore we cannot compute the indicator

from applying this indicator will be presented in section 5.

4.3 The Solutions in RNNs

At first glance one might be prompted to resort to using the ReLLU-class activation functions in
RNNs in order to alleviate the vanishing effect brought by the tanh-functions.

One justification for insisting on the tanh-function is that it has zero-centred outputs, which has
the effect of maintaining the variance of signals in forward propagation. In the case of training
RNNs, the forward propagation is computed for every timestep. Using ReLLUs may lead to ex-
tremely high variance in outputs at later timesteps, especially when training on long sequences.

The normalisation technique mentioned in section 3.2.1 can control the output variance but is
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difficult to implement in practice. Because an RNN is constructed by stacking layers, while
normalisation is needed for every timestep. In software we can only add a normalisation layer
after the RNN layer, however in this case the normalisation applies to the wrong dimension,
and will not address the high variance in stepwise outputs.

While there exist other techniques dealing with the VGP such as Hessian-free optimisation
and regularisation, this thesis will focus on the more advanced RNN-class models as solutions.
They are the Long Short-Term Memory (LSTM), Gated Recurrent Units (GRU) and bidirec-
tional models. For these models the overall loss gradients are extremely long, therefore we will
not present expressions similar to (4.7) - (4.10). Instead the form of the smallest multiplicative

components (e.g. 4.14) will be shown.

4.3.1 Back propagation in LSTM

Again we use the chain rule to write out the stepwise loss gradient, with respect to an arbitrary
gate weight matrix W € {W;, Wy, We, Wy, U;, Uy, Ue, Uo}. Using vectorisation for matrix

differentiation, and writing in Pascanu’s compact expression:

B Xt: e el onT oL,

B dvec( WT dcy, Ocp Ohy

(4.13)

Gvec WT
k=1

dc T 80? )
where 80 Hk<J<t 951 is a matrix of shape (ny, np,).

ont
In standard RNN the hidden state partial derivatives ah—]l is the product of tanh-derivative and
ahT
the weight matrix. The product over timesteps of oh; 1 has the vanishing effect. In LSTM the

cell states store the information in inputs, and the long-term dependency in sequences is carried
5‘0

by the cell states, thus we need to inspect 9e; . Note that j, k, ¢ are all time steps.
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Take derivative of ch with respect to ¢;_1 via each possible path:

cj = j—1®fj+éj®ij
T + T T T T T ~T T T T T
ch 0 ¢ oh’ 8fj 8cj oh* 80]. 8cj 8hj_1 sz ac:

- i1 -1 I (4.14)
aCj_l aCj_l 8cj_1 ahj_l afj 8cj_1 ahj_l 86j acj'_l 8hj_1 81j

A reminder on the derivative of a Hadamard product. Suppose x, y are vectors of shape (n, 1),
f=xz0y:

af .
8$_T = dlag(y) =Y

A diagonal matrix with diagonal elements being the elements in y.
A reminder on derivatives of sigmoid and hyperbolic functions. Suppose z, y, z are vectors with

the same length. Sigmoid and tanh functions are applied element-wise, with y = o(z),z =

tanh(y):
0 /
83:_% =o' (z)=0(x)(1— 0($))T
T
% = ()" = (1= o(2))o(x)”
0z N
o~y
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where Z = diag(z). Taking differentials for terms needed in (4.14):

dej = Fydej
dhj_1 = (I, — diag(tanh(c;_1)%))0;j_1dc;_
df; = Wi fi(ln,, — £) dhj_y
dej = Cj1df;
déj =W (I, — C3)dhj_4
dej = I;dé;
dij = Wiij(1n, —i;)" dhj_

de = deij

where each capital letter with a timestep subscript denotes the diagonal matrix with the diagonal
being the vector represented by the lower-case letter. 1;, is a column vector of ones. Plugging

in all the partial derivatives to (4.14):

act
—acjjl = Fj + Oj_1(In;, — diag(tanh(c;_1)*))(1n, — f;)f] WrCj_ (4.15)

+ 0;_1(In;, — diag(tanh(c;_1)*))(In), — C3)WI;
+0;_1(In;, — diag(tanh(c;_1)*))(1n;, —i;)i] WiC;

::Aj+Bj+Cj+Dj

Therefore the step ¢ loss gradient has the form

t
OLy ¢ ohl OLy
N _C % A+ B+ O+ D)y Okt 416
Dvec(WT) Z@vec(WT){ 11 (a+ 8+ 0+ D550 (4.16)

Properties of LSTM that alleviates VGP
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Firstly the gates are constructed from trainable parameters, i.e. the gate weights {WW, U}. The-
oretically they will accurately learn the data and decide to forget or retain information where
appropriate.

Secondly, the additive expression in the product within the cell state partial derivatives makes
it more well-behaved than the partial derivative product in RNN loss gradients (4.8 - 4.10).
{A;+Bj+Cj + Dj} altogether contain learnable gates i;, f;, ¢j, 0j. At each step they bal-
ance the sum such that the total loss gradient over all the timesteps does not vanish.

Lastly LSTM (GRU as well) computes the memory holder in 2 steps. The candidate state is the
tanh-activated quantity but the actual cell state is a linear combination involving the candidate

state. Therefore the tanh-derivative is not directly involved in the product [ [, <j<t in (4.16),

partly alleviating the VGP.

4.3.2 Back-propagation in GRU

For a GRU cell the vectorised loss gradient has form:

t

otnl  onT
__;?fi__.zzjzj i Ohy 0Lt 4.17)
Ovec(WT) — Ovec(WT) Ohy, Ohy
OnT Onl
T = II o (4.18)
k<j<t

where W is an arbitrary weight from {W,, U, W;., U, W},, U, }. Again we inspect the smallest

multiplicative component. Take derivative of hf with respect to /1;_1 via each possible path:

hj:Zj@hj_l—l-(l—Zj)@ilj
T T T T T +1,T
ahj _ 8hj 5’@' . 82]- Ohj +6 hj
8hj_1 8hj_1 8hj ahj—l (9Zj 8hj_1
T 91T +3T T T T
_ ( ort onl ol ) ont oz on]

(4.19)

othT
+ o4 +
ahj_l aTj 8hj_1 8hj 6hj_1 82]' 8h]‘_1
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Note that rj is dependent on hj_l and thus we have differentiated T in (4.19).

Take differentials of the GRU forward propagation equations, based on terms needed in (4.19):

dhj = (In, — Z;)dh;

dhj = Hj_{W}, (In), — H7)dr;
drj = W;Trrj(lnh — Tj)Tdhj,l
dhj = RyW}! (In, — H3)dhj_

dhj = (Hj,1 - ]:I])dzj
dzj == WZsz(lnh - Zj)Tdhj_l

dhj = Z;dh;

Therefore the overall partial derivative is:

6th T 72 )
5 ((1% — e WLy, — BYWyHj .y + (I, — Hj)WhRj) (Iny, — 7;)
+ (Lny, = 2j)2] Wo(Hj_1 — Hj) + Z (4.20)
. . aCT . ahT . . .
Similar to 5 - in LSTM, ﬁ in GRU has the form of a summation instead of a product,
j— j—
as in a standard RNN cell.

4.3.3 Effect of gates

Outputs from a sigmoid function are often close to 1 and 0. A gate is thus often assumed to be
either active or inactive. The effect of the gates are often misinterpreted in sources online due
to incomplete application of chain rule. Lectures slides and blog articles often t?at the reset
gate as constant, thus not differentiating r; with respect to i1 in computing %, e.g. [14]

Guerzhoy CS Toronto lecture, or provide the correct expression for the partial derivatives, but

missing the interpretation completely, e.g. [32] Li, BPTT tutorial. In the original paper Cho et
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al (2014) have briefly described the implication of the states of the 2 GRU gates using the hid-

den states 11;. Here we attempt to elaborate on their description, and additionally demonstrate
ont
the effect using the hidden state partial derivatives J T
j—

Different states of GRU gates

In general, the update gate z controls the amount of memory in the previous hidden state to be

propagated into the current /1;. The reset gate r drops any previous information found to be

irrelevant to the future, as rj 1s associated with hj_l in ﬁj with Hadamard product (see 2.30).

When the update gate is active, z; = 1,, no matter the state of the reset gate, the memory
T

in the previous hidden state is allowed to pass on fully. The derivative ;L];—]_l = Zj = In,.

Therefore, h; = h;_1. In this case GRU is capable of fully capturing the dependency between

2 steps. Update gate z has to be (relatively) active from step j to 7 to capture long-term depen-

dency if the prediction requires the memory at step j.

When the reset gate is inactive, and when the update gate is also inactive, the candidate hidden
state ignores the previous hidden state but only picks up the current inpu; Bj = tanh(U hT €j)
This is also reflected in the partial derivatives. When z;,7; = 0, aah:—j_l = 0. That is, the
current hidden state does not depend on the previous hidden state at all, but on the current in-
put. There is no dependency on all the earlier information stored in /;_1, hence resetting the
network memory.

In the case where the reset gate is active and the update gate inactive, hidden state vector h;

J
) o ont
and vector partial derivative (%—‘7 have the forms:
J

hj = iL] == tanh(Wth‘_l + Ugej)

T
0hj

8hj,1

= (In, — diag(tanh(W; hj_1 + U/l'e;)*)W,
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We see that both 11, e; are propagated to the current hidden state. Cho et al described this
situation as: *Those (GRU) units that learn to capture short-term dependencies will tend to have
reset gates that are frequently active’. Indeed, new inputs included at every step will consis-
tently dilute the memory in h;_1 at every further step, therefore capturing dependencies over a

shorter time span.

Further implications

It is worth clarifying that capturing long- or short-term dependencies is not a trend to or away
from VGP, but instead the capability of GRU in learning the temporal dependencies required.
The gates are parameterised by the trainable weights. The states of the gates are therefore ad-
justed in the process of learning the dataset.

From above, different states of the 2 gates provide the effects of retaining long-term informa-
tion, capturing short-term dependencies and resetting the memory. These features prompt the
question of necessity: do we have to demand the model to capture long-term dependency for all
steps and all inputs? The answer is clearly no, as both LSTM and GRU are designed to provide

instant clearing of memory and short-term retaining of memory.

We describe the resetting of hidden states by GRU (eq. cell states in LSTM) as a case of
zero-gradient resulted from proper learning of data and parameter optimisation, rather than a
consequence of the VGP. However a point to stress is that, the VGP may take place in another
way when computing the loss gradients.

For each product in the summation of the stepwise loss gradient (4.17), an arbitrary multiplica-
tive component (4.19) has the form of a summation. However when the product (4.18) involves
a large number of timesteps (¢ >> k), a product of sums (4.18) can still become a sum of long
products. Therefore the vanishing effect cannot be entirely removed. The resulted loss gradi-
ents may lead to suboptimal updating of the weights and hence incorrect decisions of the gates,
because the state of a gate is fully determined by the weights. This will eventually undermine

the learning of data and predictions made.
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Therefore in section 4.4.1 and section 5, we compare both the model training scores between
the SRNN, LSTM and GRU, as well as the behaviours of Noh’s indicator in the 3 models.
This will hopefully draw some connections between the extent of vanishing gradients and the

performance of learning the data.

4.4 Visualising the Effectiveness of Solutions

Before the experiments, we will briefly mention another existing model structure: the bidi-
rectional RNN (Schuster & Paliwal, 1997). It offers an extra forward propagation step in the
opposite direction, aggregates the hidden states of the forward and backward directions before
computing the outputs. We would like to point out that for out task where the entire sequences
are processed before classification, the bidirectional structure does not offer significant im-
provement in learning performance. The model structure and experimental results are provided

in Appendix section A.2.1 for justification.

4.4.1 Comparing the models on sequence classification

To demonstrate how far LSTM and GRU improve the training performance as compared to
SRNN in sequence classification, we have picked 1000 toxic and 1000 non-toxic sequences,
replaced each of the last 30% of words in the sequences with the non-toxic word ’the’, with
the motivation stated in 4.2.1. All 3 models are fitted for 20 epochs. Both the training and

validation losses and accuracies are plotted:
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Training and validation losses: RNN, LSTM, GRU
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Figure 4.6.
Training and validation accuracies: RNN, LSTM, GRU
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Figure 4.7.

Both LSTM and GRU offer significant improvement in training and validation performances,
even without tuning the hyperparameters. The losses and accuracies of the GRU are even better.
In addition GRU offers more efficient model-fitting due to the fewer model components. On

average the GRU model requires 25% less time than the LSTM model to complete one epoch

of training.
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5 Behaviours of RNN loss gradients

We implement Noh (2021)’s indicator to the LSTM, GRU and SRNN to assess the extent
of the VGP over epochs of training. Experiments in section 4.4.1 demonstrate the superior
performance of the LSTM and GRU over SRNN on sequence classification. Experiments in
section 5.1 aim to show whether the improved classification performance is a consequence of
the reduction in the VGP.

Results in 5.1 however are opposite to our earlier expectations. We have observed instead a
greater trend of the VGP in the LSTM and GRU. Rehmer & Kroll (2020) provided justification
to this observation to some extent, but covered only the GRU and SRNN. For completeness,

we have applied their comparison analysis to the LSTM and SRNN in section 5.2.2.

5.1 Comparing the extent of vanishing gradients

sl L : ont
For SRNN Noh (2021) actually used 8ihto as the indicator, instead of a—hto. Recall that s; =
onl
W;;lht. For GRU the author used ﬁ We are not completely convinced by the appropriate-
T

ness of using gSTtO as the VGP indicator for SRNN in the sequence classification task, due to
the following reason: Softmax of s; gives the output ¢, see (2.17) and (2.19). However in se-
quence classification forward propagation computes output only at the final step. It is possible
to involve the output weights W ;, and compute s; at earlier steps ¢ < 7, but not necessary.

Therefore % is a more appropriate general VGP indicator for both SRNN and GRU. In soft-

ware at each step ¢ the partial derivative is a matrix of shape (batch size, n) where batch size

is the size of the portion of all inputs fed into the model at one time; and n is the number of
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units in a cell. Log mean absolute value is used as the aggregation for the matrix entries. For
ocl o .
LSTM, Noh (2021) computed the quantities W instead. The definition of the term 3—t in

ocl
(4.13) justifies why 667% is the general VGP indicator for LSTM.

Over epochs

As explained earlier, in sequence classification the RNN models only compute the final-step
output and loss in each epoch of training. Therefore we computed 57 hT matrix for SRNN and
GRU, and 0ct matrlx for LSTM. Each model is trained for 20 epochs and has the aggregated
value of the 1ndlcator matrix recorded and plotted.

We can observed that the Noh’s indicator of SRNN is in general significantly larger than LSTM
and GRU. The values of GRU have typically vanished.

Gradients on comment text data over epochs

12 { — RNN
— LSTM

10 ] — GRU

T T T T T T T T
0.0 25 5.0 75 100 125 150 175
epochs

Figure 5.1: Noh’s (2021) indicator over epochs
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1e—19Gradients on comment text data over epochs
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Figure 5.2: Figure 5.1 zoomed in
Over steps

In the model construction and gradient computation the true response y is not involved. There-
anl oel
fore it is possible to compute the indicators ~+ and —~L for every ¢, as though we ignore
p p Dho o y g g
the nature of the response y and the context of sequence classification. Here we went slightly
beyond the task context in order to look at the behaviour of the indicator over the steps. Aggre-

gated indicator values of the 3 models over 300 timesteps are plotted in Figure 5.3.

SRNN has the indicator values greater than LSTM and GRU throughout the steps, and the

Log-mean-abs RNN LSTM GRU gradients on comment text data

— RNN
-804 LSTM
— GRU

0 50 100 150 200 250 300
steps

Figure 5.3: Noh’s (2021) indicator over steps
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GRU has the smallest values. To some degree it also acknowledges the unexpected behaviour

in Figures 5.1 and 5.2.

5.2 An alternative viewpoint on VGP in RNN

5.2.1 Comparing RNN and GRU gradients

Our results suggests that under a strict indicator the SRNN is more vanishing gradient-resistant
than LSTM and GRU. This is opposite to the mainstream understanding that LSTM and GRU
are designed to combat the VGP. Here we would like to present an alternative viewpoint of the
VGP in training RNNs due to Rehmer & Kroll (2020), whose conclusions support our findings
at least to some extent.

In section 3 of Rehmer & Kroll (2020), the authors have shown that the hidden state gradients
with respect to any GRU weight parameter are equal to those of the SRNN when the update
gate is closed. For all other gate status the GRU gradients are smaller than the RNN gradients.
Subsequently, the authors have argued that smaller gradients in GRU actually help gradient-
based optimisation, in producing a smooth loss function without large gradients. They attribute

this benefit to the superior performance of GRU over SRNN.

Rehmer & Kroll (2020) have parameterised each gate with only one weight parameter W,
instead of separately input and hidden weights. In addition to simplify the comparison they
have eliminated the reset gate by assuming it is always active, i.e. r; = 1 for all ¢. We repeated
the comparisons but for the standard parameterisation, and for gradients with respect to all 6
GRU weights. The same conclusion is shown.

The weights and thus the loss gradients are expressed in scalar form, in order to be consistent
with the derivations in Rehmer & Kroll (2020). This is an alternative way of expressing the
loss gradients, e.g. as done in Miller’s notes (Stanford CS231n).

For the purpose of comparison, the authors have assumed the magnitude of the weight entries
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|w| < 1 for any weights. In addition tanh(z) < 1 has an upper bound.

Standard RNN hidden state gradients

Referring to the scalar form of equations (2.15) and (2.16), differentiate the SRNN hidden state

with respect to the scalar weights:

T
';j{h = |(he—1 ‘|‘whh?;;f;1) (1—h)
< |hi_q +whhahtT‘1 (5.1)
owpp,
T
‘ jjf = <et+whh2};f;:> (1= h7)
< et—l—whh@htT_l (5.2)
Owp,

Note that each hidden state gradient is a vector, all the comparisons in this chapter are made in

an arbitrary vector norm, for instance the Euclidean norm.

GRU hidden state gradients with respect to the update gate

Differentiate the GRU hidden state h; with respect to the hidden update weight w:

Oy _ 0z, + oM + 024 +(1 )aﬁtT
ow,  ow, LT o, dw, ! ) w,
A w, hi—1 + 2 v, z(L = zg)hp—1hy + (1 — 2)(1 - ht)whrt—awz
(5.3)
onl’ . onT
when 21 =00 =0, 9L = 01~ Ty G2 o
onl'| |onl
When 2 = 0,74 = 1, 6th < 85;;1 ‘

When z; = 1, it can be shown that regardless of the parameter, the hidden state gradient at the

current step is equal to the hidden state gradient at the previous step.
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Similarly, differentiate the GRU hidden state h; with respect to the input update weight u,:

ohl onl ohl ohl -
b (1 — 2) (Wt e hyq + 2t — 2(1 — 2¢) (ws— L + )Ty
L onl ohi_,
+(1—2z)(1 — ht) wp(re(1 — rp)wp—— ht 1+ 7¢ ) + et 5.4
Ou Ou
onl’ -
When z; = 0,7 = 0, Tus :(1_ht>|€t’ < e
onl - ol ahT

When z; =0, = 1, | 57 :(1—h%) wy, 6u L4 ¢ 82;1 + et].

c he erad: hidd o onl .haht 4 eradi . ot
ompare the gradients on hidden weight: dwy; wit Jws and gradients on 1mput weight:
onl onl’
awl’; with . We see that the GRU gradients are either smaller or equal to the RNN gradi-

ents.

Gradi N N onl onl onl on] b di
radients Wlt respect tot eremalnlng parameters 8w ’3uh 3’(1}7«’ au can ecompute ma

similar manner. The detailed computations are provided in the Appendix section A.2.2. What
can be shown is that, the authors’ comparison conclusion still applies under the standard pa-

rameterisation and for all weights.

We will justify how results of the indicator used in the experiments are related to the argu-

ments made in Rehmer & Kroll (2020). The stepwise hidden state gradients with respect to
anl onl

t . . . t _ .o . . _
vecW T}’ and the stepwise indicator Tho are closely-related quantities. Our in
dicator is similar to the longest product in each stepwise hidden state gradient, with the first

ond’ ond’

— replaced by c’)h . See equation (4.7) for the explicit form. We claim that
avec(WT)

T T

Ooh oh
each -~ is the part most subject to the vanishing effect in ——Lt—,
ho p L g avec(WT)

tor captures the longest product over steps. Therefore the authors’ conclusion do support our

parameter

multiplier

because the indica-

experimental results that GRU and LSTM VGP-indicator are smaller or equal to the value of

SRNN.
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5.2.2 Comparing RNN and LSTM gradients

We extend the comparison in Rehmer & Kroll (2020) to the LSTM, by applying the same
comparative computations to SRNN and LSTM hidden state gradients. Since the cell states of

LSTM are memory holder like the hidden states in SRNN and GRU, we compare the LSTM
oct onl

cell state gradients 8 with the SRNN hidden state gradients 8_ In total we need to com-

ack acT 86 acl 30 ack 80 acl

; t t t t t

pute the gradients Ow; ’ Ou;’ awf’ 8uf’ 8wc’ Ooue’ 8w0’ Jdugp

and compare with equation (5.1)
or (5.2).
However in the particular case where all 3 gates of LSTM are active we cannot show that the

LSTM gradients are smaller.

LSTM cell state gradients with respect to the input gate.

Derivative of h;_1 with respect to any weight w or u:

onl dcl.
8];1 = 01 (1 — tanh®(c;_1)) (;1;1
Differentiate c¢; with respect to the hidden input weight w;.
acl 9 ft ocl . oil N ocl
- Ct+i
ow; 8w ow; ow; t tawl
9 ocl acf_l
= ft(1 = fwyog—1(1 — tanh"(c; 1)) Ju; + ft 0,
T
, , 2 dcy_q
+ it (1 — i¢) (he—1 + wior—1(1 — tanh®(c; 1)) S, )Ct
(3

T
dcy_4
8wi

+it(1 — &)weos—1(1 — tanh(¢y_1)) ) (5.5)

ocl
When f; = 0,i; = 0, =L = 0.

’3w
T
When f; = 0,i; = 0 —0, %% _,
en fi it = 0,041 3% §
a 9
When f; = 0,ip = 0,01 = 1, | 5| < [we ]
1

Comparing with (5.1), under the case where the forget gate f is closed we can show that the

73



LSTM cell state gradients are smaller or equal to those of SRNN.

el acL
_ s e A e |
. aocl act_
When fp = 1,ip = 10,1 = 0. - = atwil
6CT 8CT GCT
t t .1 +

When ft = 1,it = 170t—1 =1,

8wi

In the above 3 cases, the forget gate is open, c;_1 is allowed to be passed into the next state. In
T

0
the last case where all 3 gates are open, the upper bound of 8% cannot be shown to be smaller
1

or equal to the upper bound of SRNN hidden state gradient (5.1).

Similarly differentiate c; with respect to the input gate weight associated with the inputs u;:

8#1 5 ocl 8ctT_1
= fi(1 — _1(1 — tanh” (s _
u; ft(1 = fr)wpor—1( (ct—1)) a1 + ft o
- - 2 8‘%21 -
+ i¢(1 — i¢) (w0 —1(1 — tanh®(cz—1)) 90 et)Ct
(3
: ) 2 aCtT—1
+ 1t (1 — & )weor—1(1 — tanh”(cp—1)) ) (5.6)
ou;
ocl
Wh p— 1 pu— _t pu—
en fy =0,i =0, 7,
) acl
When ft = O,Zt = 0,0t_l =0, ﬁ =
(3
el acL
_ - _ t t—1
When ft = O,Zt = 0,0t_l = 1, Wz < chi .
el ac
When f; = 1,i; = 0, 5L = -1
cn ft U 5u2~ 6uiT -
. dc ocy
When ft = 1,Zt = 1,075_1 =0, 8_utl = #@1
8CT 8CT (9CT
_ - _ t t—1 t—1
When ft - 17” - 17Ot—1 - 1, 3“2 < 8u2 + we auz

Again in the last case the upper bound is not always smaller than that of SRNN.
The LSTM cell state gradients with respect to the forget gate weights have very similar forms

and comparison conclusions. The details will not be included here.

LSTM cell state gradients with respect to the candidate gate
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Differentiate c; with respect to the hidden candidate weight w.

T T T
ngc = ft(1 = fwgpor—1(1 — tanh2(0t—1))aacfu_cl ct—1+ ftaaczu_cl
. ) 2 3072 -
+ it(1 — dt)w;op—1(1 — tanh”(ct—1)) Jw,
dcy_q
+ip(1— &) (hy—1 + weog—1(1 — tanh?(c;_1)) w. ) (5.7)

Apply the same assumptions and comparison, the particular case where the LSTM gradient

upper bound is actually larger than that of SRNN is when all 3 gates are open.

act 1 3Ct 1

Differentiate c; with respect to the input candidate weight .

ocf 2 8cf dcf_4
T ft(1 = fr)wpor—1(1 — tanh®(c—1)) 9. © ft
. . 2 8‘%&—1 -
+ (1 — i¢)wjop—1(1 — tanh*(cp—1)) Gt
Oue
, 2 2 aCtT—l
+ it (1 — &) (weor—1(1 — tanh”(cp—1)) 5 + et) (5.8)
C
) 8CT 80?_1 (’90,{
When f¢, 4,041 are all open, 6utc < | g + We—— Dug + e¢| 1s the only case the upper

bound is larger than that in (5.2).

LSTM cell state gradients with respect to the output gate

onl onl
Note that in computing 6t L and 8u , we do not differentiate o;_1 with respect to w, or

uo because gradients at ¢ are expressed only in terms of quantities at steps ¢t — 1, ¢, and should
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not involve ¢ — 2. Differentiate c; with respect to the hidden output weight w,.

3CtT 9 80?_1 8ctT_1
= fi (1 — _1(1 — tanh* (¢ _
Jwn ft(L = fwpor—1( (ct—1)) Jw, 1+ fi 2w,
. . 2 80121 -
+ (1 — i¢)wjop—1(1 — tanh=(¢p—1)) Ct
ow,
ocl
+i¢(1 = & )weop—1 (1 — tanh?(c;_1)) 5 —
ow,
acT 8CT7 8CT7
When all 3 gates are open, 8wto < 81;;01 + we 82}01
L . e o | |t O
Similarly for the input weight in the output gate: Jug | S | Oug T W au, |

We cannot claim whether these upper bounds are smaller than (5.1) and (5.2).
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6 Conclusion

The main objective of the thesis is to discuss the behaviour, the causes and impacts of the VGP

in training FNNs and RNNs. We have given clear definition of the VGP:
e In FNNs: Numerical vanishing trend of loss gradients with respect to the lower-layer weights.

e In RNNs: Numerical vanishing trend of those components within the loss gradients that

reflect longer temporal dependencies.

There exist other miscellaneous cases of zero-gradients due to a variety of causes, for example
the dying ReLLU problem when training FNNs and the GRU having the reset gate being zero at

some steps. The thesis is concerned only with the numerical vanishing gradient case.

6.1 Summary of contributions

For each type of the networks we have analysed the sources of the vanishing gradients and
the effectiveness of existing solutions. This is achieved by understanding the back propagation
computations and thus identifying the diagnostic statistics directly affected by the VGP. The
diagnostic statistics can reflect the behaviour of the gradients over time for one particular com-

bination of hyperparameters, as well as for comparing models with different parameterisations.

For FNNs we have identified 3 aspects of model fitting to watch out for: predictive perfor-
mance; the magnitude of gradients; and the behaviour of the per-layer outputs (in particular,
the tendency to saturate). The diagnostic statistics to compute and visualise these aspects are

respectively: the training loss and accuracy, the output gradients with respect to the weights,
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and the per-layer hidden state outputs. We have demonstrated the relative improvement in the
VGP between an FNN parameterised with sigmoid activation and the default Glorot uniform
initialisation, and one with PReLLU activation, and optimised weights initialisation for each
layer. Although details are not provided, we would like to mention that hyperparameter optimi-
sation has been conducted in order to determine the best hyperparameter combination for the

model fitted in section 3.4.

For RNNs, the thesis focuses on the NLP task of sequence classification. We have provided
details of rigourous computation of the loss gradients. Based on the explicit form, we have
identified and produced code for a strict indicator which reflects the extent of the VGP. This
indicator originally used by Noh (2021) on a regression problem with time-series data. On
LSTM, this indicator has been modified for the different architecture.

Experiments have been conducted to verify the mainstream viewpoint that LSTM and GRU
alleviate the VGP in SRNN. In particular, we have compared their predictive performances,
and the indicator behaviours. When the VGP indicator is compared we notice that it has the
largest values for SRNN, rather than for LSTM and GRU. The results seemingly contradict-
ing the mainstream viewpoint are nonetheless supported by Rehmer & Kroll (2020). We have

extended their comparisons for SRNN and LSTM.

6.2 Future research directions

For the VGP in FNNs, one could extend our research by involving regularisation. Apart from
introducing penalty terms there exist structural regularisation techniques such as early stopping
of training (Sjoberg & Ljung, 1995), and dropout of a proportion of hidden units (Srivastava
et al., 2014). In practice one needs to conduct a hyperparameter optimisation to determine the
option that results in the best training or validation performance. The diagnostics in the thesis

will also be helpful in visualising the effectiveness of regularisation in reducing the VGP.

78



For the VGP in RNNs, Rehmer & Kroll (2020) have compared RNN with the GRU only,
but have implicitly suggested that the LSTM belongs to the class of gated models and will ex-
perience the VGP as well. Experimentally, we have the VGP indicator for the LSTM smaller
than that of SRNN. However we cannot show in closed form that the LSTM state gradients are
consistently smaller than those of the RNN, in section 5.2.2. The key reason lies in the LSTM
cell state equation (2.26) and the GRU hidden state equation (2.31). In (2.31) the multipliers
are 2¢, 1 — z;. Therefore as z; = 0, 1, either one of the multipliers will be zero. The multipliers
in LSTM (2.26) correspond to different gates therefore will always involve one more term in
the state gradients (5.5) - (5.9).

On the other hand, we believe that the LSTM does not have to maintain a smaller state gradient
for every combination of gates. Rather than reducing vanishing gradients in every scenario,
the LSTM learns the data more appropriately and reduces the VGP where needed. Therefore it
achieves superior classification performance in our experiments. It would be valuable if future

research can draw concrete conclusions on this issue through derivations and experiments.

Lastly, it is generally acknowledged that the LSTM and GRU cannot completely avoid the
VGP on extremely long sequences. The Transformer model (Vaswani et al, 2017) exploits the
linguistic relevance in text for prediction. It avoids processing sequences in steps, therefore
does not suffer from the VGP. The structural difference between the Transformer model and

RNNs can be studied as a topic of future research.
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A Appendix

A.1 FNN

A.1.1 Dying-ReLU illustration

Figures A.1 to A.3 demonstrate the Dying-ReLU problem mentioned in section 3.2.1, with
diagnostics from an FNN parameterised with standard ReLLU activation function (2.3). Out-
put gradients and hidden layer outputs are close to zero. The loss and accuracy are therefore

unchanged over the training.

----- layer 1
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----- layer 3
002 4
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Figure A.1: Output gradients for ReLU FNN

80



Loss and acc of model_relu_3

0.70 4
0.65
0.0 -
055 1
050 1
—_— |oss
— gtCuracy
0 20 a0 60 80 100
Figure A.2: Loss and accuracy for ReLU FNN
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Figure A.3: Hidden layer outputs for ReLU FNN
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A.2 RNN

A.2.1 Bidirectional structure

A bidirectional model stacks 2 RNN-class layers, which process the input sequences in oppo-
site directions. In practice any of the standard RNN, LSTM, or GRU cell can be used in the
bidirectional structure.

Take the standard RNN layer for example, the hidden states aggregated for both layers are com-
bined at each step, via element-wise summation, multiplication or averaging. The Tensorflow
library has a specific argument for specifying the aggregation instruction in the Bidirectional
model-building functions. For consistency we will assume summation in this thesis and soft-
ware experiments.

The forward propagation equations of a Bidirectional RNN (BRNN) are similar to those of the

standard RNN:

hg = tanh(U]?et + W}whtfil)
h? = tanh(UbTet + WbTthrl)
he = hi +

U = softmaX(Wﬁ) ht

The forward and backward layers of RNN are parameterised independently with the input and
hidden weights, which are distinguished with subscripts f, b. If the forward and backward layer
hidden states are summed, BPTT equations for loss gradients with respect to a particular weight
are the same as in the standard RNN BPTT.

Similarly a Bidirectional LSTM, BLSTM (Graves & Schmidhuber, 2005) computes cell states
of both directions c{ , cff’ and thus the hidden states h{ , h? to be aggregated, by creating a back-
ward copy of LSTM forward propagation equations.

A Bidirectional GRU (BGRU) creates a backward copy of equations, and aggregates the hidden
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states of both directions.

At each step the hidden state contains information to the left (of the past) and to the right
(of the future) of the current step input. Therefore in problems such as predicting a word in the
middle of a sentence, the bidirectional structure offers greater predictive power.

It is less intuitive whether this characteristic of the bidirectional models also improves the
performance in the task of sequence classification, whereby the entire input sequences are pro-
cessed before any output or loss is computed. We shall compare on the original toxic-comment
dataset the loss and accuracy of each pair of models: {RNN-BRNN, LSTM-BLSTM, GRU-
BGRU}.

We have picked and shuffled a training set containing 1000 toxic and 1000 non-toxic com-
ments. Each word in an input sequence is represented by its GloVe 6B-100d embedding vector.
The bidirectional models have the same construction as the uni-directional models, except that
the RNN layer is wrapped by a keras.Bidirectional layer. For example a BGRU layer

is constructed as
Bidirectional (RNN(GRUCell(200)), merge_mode = ’sum’ )

All the pairs have training and validation losses plotted together; training and validation accu-

racies together in a separate plot.

Both the standard RNN and BRNN models are trained for 80 epochs.
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Training and validation losses: RNN and BRNN
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Training and validation accuracies: RNN and BRNN
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Figure A.5

In the long term BRNN is observed to generally have higher losses and lower accuracies.

Both the LSTM and BLSTM are trained for 50 epochs. Each LSTM cell computes 4 gates
and 1 candidate state for all time steps, in contrast to RNN cell having only 1 computation of
the hidden state. Therefore LSTM models are more expensive to fit and thus the reduction in

the number of epochs.
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Training and validation losses: LSTM and BELSTM
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BLSTM generally exhibited higher losses. BLSTM has better validation accuracy in the long

term. However no decisive advantage.

GRU and BGRU are also trained for 50 epochs.
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Training and validation losses: GRU and BGRU

10 A
0.8 1
I tr_loss
06 4 - q'u_ |
bigru_tr_loss
""" gru_val_loss
o044 X Fl e bigru_val_loss
0.2 -
00 1
0 10 0 30 0 o
Figure A.8
Training and validation accuracies: GRU and BGRU
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In the long term BGRU had lower losses and higher accuracies. However it is outperformed

within 20 epochs.

To further verify our hypothesis that bidirectional structure does not significantly help with
the sequence classification tasks, we have applied the 3 pairs of models to a different dataset.
The Spooky Author Identification data is taken from the Kaggle competition in 2018. Each
sequence in the data is a sentence taken from text, labelled with its author index. In total it

contains 3 author indices: {EAP: Edgar Allan Poe; HPL: HP Lovecraft; MWS: Mary Shelley}.
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It is not within the scope of this thesis to explain precisely the linguistic differences between
these 2 text datasets. However an intuitive observation is that the Spooky Author dataset is
more demanding of the classifiers. The comment text sentences are classified by detecting
"toxic” words. The toxicity is mutually exclusive for each word. Sequences all adapted from
horror novels on the contrary are more subtle and therefore difficult for the model to classify

the corresponding authors.

A subset of the dataset of 5000 sequences is used as the training set, containing 2005 sequences

labeled EAP, 1407 labeled HPL and 1588 labeled MWS. The same experiment is conducted.

Training and validation losses: RNN and BRNN
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Training and validation accuracies: RNN and BRNN
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Figure A.11
In the long term RNN outperformed BRNN. However the losses and accuracies of either model

are poor, compared to LSTM and GRU.

Training and validation losses: LSTM and BLSTM
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Training and validation acc: LSTM and BLSTM
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Figure A.13
LSTM and BLSTM exhibited similar losses but BLSTM outperformed in the long term. BLSTM

also outperformed in accuracies in general.
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Training and validation losses: GRU and BEGRU
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Training and validation accuracies: GRU and BGRU
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Figure A.15

BGRU was consistently better, although not significantly.

Experimentally we have shown that in the task of sequence classification, the bidirectional
models do not significantly improve the predictive power of their uni-directional counterparts.
Therefore results of bidirectional structure are included in the appendix.

Theoretically, the additional backward layer is parameterised independently as the forward
layer. In tasks where the whole sequences are available, there will be additional loss gradi-

ents corresponding to the additional parameters. However the form of each loss gradient is not

changed.

89




A.2.2 Hidden state gradients comparison (GRU vs SRNN)

onl onl onl on]
Computations for , , are provided in this section. Differentiate the GRU
8w 3uh 8wr 8u

hidden state h; with respect to the input update weight U :

onT onl, ohy’ ohy’

1 =1 g
Du. zt( 2t) (wy B, +et)ht 1+ 2t B 2t ( z¢) (w

+ et)ht

Ouy

Ly onl onl |
+ (1= 2t)(1 = hf) | wp(re(1 —re)wy I hi—1 + 1 s ) +e

When z; = 0,7 =0,

ohl .
8ut = (1—h)er < e
z
When 2t = O,Tt =1,
onr L, onl,
=(1—-nh
S = (0= D)5 e
T
aht_l + e
— Ouy
: : . onl . on] : . :
Compare the gradients on hidden weight: aw—t with ﬁ, and gradients on input weight:
onl T
Juy . We see that the GRU gradients are either smaller or equal to the RNN gradi-
ents.

GRU hidden state gradients with respect to the candidate state.
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Differentiate the GRU hidden state h; with respect to the hidden candidate weight IW},:

ohl ohl onl_ onl ..
—L = 2(1—z)w hi—1+z —2z(1 — zp)w =1y
ow, A t Wz g
Ly onl | onl |
+ (1= z)(1 = hi)wy, | re(1 — rp)wy o hi_1 + ¢ i
When z; = 0,7 =0,
ohl
— =0
8wh
When 2t = O,Tt =1,
ol ol
—=(1—-nh
onY
- 3wh

Differentiate the GRU hidden state h; with respect to the input candidate weight Uy,:

ohl | . ohl X onl | .
t—1+ 2t m —2t(1 — zt)w; duy

ohl
6uh

= Zt(l - Zt)wz auh

Ly onl | onl |
+ (1= 2)(1 = hy) | wp(re(l —re)wr Jur, hi—1 +rt Dy ) +et

When z; = 0,7 =0,
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When 2t = O,Tt =1,

on} . Ohf
uy (1- ht)(wha—uh
o,
<
- 8uh + €t

Again the RNN gradients are greater or equal to the GRU gradients.

GRU hidden state gradients with respect to the reset gate.

Differentiate the GRU hidden state h; with respect to the hidden reset weight W/,

ohl

Owy

+(1—2)(1 = h2)wy, (rt(l — rwp—Lh

When Zt = O,T’t =0,

When z = 0,74 = 1,

= z(1 — zp)w,

ohl | . onl X ohl | P
o0, t—1+ 2 5w, — zt(1 — zp)w, o
onl ahg“1>
t—1 1+ 71t
Th

Owy

ohl
—1 —9
owy,
ah;fr . (1 ~2> ah?—l
dwy, 050,
on.,
- Owy
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Differentiate the GRU hidden state h; with respect to the input reset weight U

ohl onl onl onl |-
8ur = Zt(l — zt)wz aur ht—l + zt aur — zt(l — zt)wz 5U7~ ht
1 1—h? 1 o h o
+ (1= 2¢)(1 = by )wy, | re(1 = 7¢)wy a1 + 1t T,

When z; = 0,1 =0,

ohl
—t =0
8uh
When 2t = O,Tt =1,
onl —y. Ol
S = (1= hiywy—
h Uy
onl
Ouy
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