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Abstract

In this thesis, we present two new families of structure-preserving particle methods
for collision operators in plasma physics. Many advances have been made in recent
years for modelling ideal kinetics, such as the Vlasov–Poisson or Vlasov–Maxwell
systems, in a structure-preserving manner. The problem of treating dissipation, or
collisions specifically, in this way has been more recently studied, since collision op-
erators do not fit straightforwardly into a geometric framework in the same manner
as the ideal dynamics. Though there has now been some work on this topic, many
existing methods are grid-based approaches and do not lend themselves to being
coupled to the particle methods which are used to solve the ideal problem, such as
the Particle-In-Cell method. Thus, it is of interest to consider structure-preserving
particle methods for such operators. The two operators considered in this thesis are
the Lenard-Bernstein and Landau collision operators.

A deterministic particle method approach is taken to discretise a conservative ver-
sion of the Lenard-Bernstein operator. An L2 projection is used to construct a
second representation of the distribution function, which has sufficient regularity for
computation of the collision operator. The obtained semi-discretisation is shown to
preserve mass, momentum and energy automatically. The implicit midpoint method
is shown to preserve these properties in time as well. The method is implemented
in the one-dimensional case with a cubic spline basis, and various examples are
constructed to demonstrate the method’s behaviour and conservation properties.
Preservation of the invariants is demonstrated to machine precision, and entropy is
shown to be monotonically dissipated in time as well.

The Landau operator is discretised using the metriplectic approach of Morrison
(1986). Two separate discretisations are constructed, and both make use of the
projection approach introduced in the Lenard-Bernstein case. The first method
is obtained by directly discretising the metric bracket for the Landau operator by
the particle distribution function, with the projected representation being used for
evaluation of the entropy only. The semi-discretisation is shown to preserve mass,
momentum, and energy, and the method of discrete gradients is shown to preserve
these quantities in time as well. However, the method is shown to have a computa-
tional cost of O(N2), where N is the number of particles. A second discretisation
is constructed also via the metriplectic approach, but where the metric bracket is
discretised via a two-step approach. First, the bracket is restricted to finite-element
type functions, leading to a similar bracket as that of Kraus & Hirvijoki (2017).
Then, the bracket is further restricted to those finite-element functions that are ob-
tained by the projection of a particle solution. This leads to a method with a much
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improved cost of O(NM2), where M is the number of basis functions. There are,
however, some unresolved challenges in implementing these methods, and the work
is concluded with a discussion of these.
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Chapter 0

Introduction

Structure-preserving methods are a family of numerical approaches that aim to
retain, at the discrete level, the underlying mathematical structures and properties
of the equations to which they are applied. Examples include Hamiltonian or Poisson
structure, conservation laws, symmetries, and so on. Preserving these properties
can be crucial to obtaining physically valid discrete solutions, and can also produce
better behaved numerical simulations (both in terms of accuracy and robustness),
especially over long times when compared to the timescales of the problem (Hairer
& Wanner 2006).

These methods are extremely useful in the field of plasma physics. Here, at a
fundamental level, we are interested in the behaviour of charged particles under
the influence of an electromagnetic field, to which they are also contributing. The
Vlasov–Maxwell system of equations, which attempts to model exactly this be-
haviour, possesses Hamiltonian structure and preserving this can be key to obtain-
ing discretisations with desirable qualities. Examples of recent works where this has
been studied in the context of the Vlasov–Maxwell system, or related kinetic equa-
tions in plasma physics, includes Chen et al. (2011); Markidis & Lapenta (2011);
Squire et al. (2012); Evstatiev & Shadwick (2013); Qin et al. (2016); Burby (2017);
Kraus et al. (2017); Zhang & Gamba (2017); Campos Pinto et al. (2022). For a
review of the use of structure-preserving methods in the overarching field of plasma
physics, we refer to Morrison (2017).

The Vlasov–Maxwell system, or ideal kinetic models in plasma physics in general,
is collision-less and does not include dissipative effects. Though these effects are
weak in plasmas, it can be important to include them in long-time simulations
to obtain physically correct results. Moreover, not including any dissipation in
kinetic simulations can result in the formation of small-scale structures that are
not resolvable at the level of the computational grid; this is a well-known issue in
the Vlasov equation. Often, these structures are unphysical and can destroy the
quality of the discrete solution. As such, it can be useful to consider the addition of
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dissipation to such systems from the perspective of aiding numerical robustness as
well.

Adding collisions to the Vlasov–Maxwell system, however, does complicate the struc-
ture of the equations, as dissipation in general does not fit into a Hamiltonian frame-
work. Thus, works that consider the addition of collisions in a structure-preserving
manner are more recent, and primarily consist of grid-based approaches. These in-
clude Yoon & Chang (2014); Taitano et al. (2015); Hirvijoki & Adams (2017); Kraus
& Hirvijoki (2017); Shiroto & Sentoku (2019).

However, it is of interest to consider structure-preserving particle methods for mod-
elling dissipation, as one of the primary tools for solving the Vlasov–Maxwell system
are Particle-In-Cell, or PIC, methods. This family of methods treats the particle
distribution function as a sum of Dirac delta functions, and so it is necessary to
consider methods for treating collisions in a similar manner such that the ideal and
dissipative parts can be coupled together. This is not straightforward, however, as
collision operators are usually second-order differential operators, and so are not
directly amenable to being discretised by particles.

Nevertheless, there have been some recent works which have considered structure-
preserving particle methods for collisions. Hirvijoki et al. (2018) discretise the col-
lision operator using marker particles, but consider varying their weights in time
instead of their velocities. The works of Carrillo et al. (2020) and Hirvijoki (2021)
consider regularising their particle solutions by convolution with finite-sized cutoff
functions. Work by Bailo et al. (2024) extends this approach to consider the full
system with both ideal and dissipative dynamics.

Alternative approaches to modelling dissipation include Monte Carlo methods,
which treat collisions as a stochastic process and effectively model their underly-
ing microscopic behaviour (see for e.g. Boozer & Kuo-Petravic (1981)). This is,
most often, the method that is favoured for implementation in production codes
due to its relatively cheaper complexity compared to many of the previously men-
tioned methods. However, it does not preserve the intrinsic structure of the collision
operator, such as the dissipation of entropy or the conservation of invariants. More
recent versions of such an approach are structure-preserving stochastic methods for
collision operators, including the Landau operator (Tyranowski 2021a,b). Schnake
et al. (2024) considers a sparse-grid discontinuous Galerkin approach to the Vlasov–
Poisson–Lenard–Bernstein equations, which considers both a sparse grid for the
entire phase space, as well as a hybrid grid which only uses a sparse grid in velocity
space. Finally, the work of Laidin & Pareschi (2024) considers a constrained poly-
nomial based approach to solving collisional equations while conserving the required
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moments, such as momentum and energy.

In this thesis, we will present two new families of approaches for constructing
structure-preserving particle methods for collision operators. The underpinning idea
of both sets of approaches is regularisation using L2 projection onto a chosen basis,
rather than a convolution approach as currently exists in the literature. The first
method, which is based on a deterministic particle approach, will be applied to the
Lenard-Bernstein collision operator. The second approach is based on the metriplec-
tic framework of Morrison (1986), and we will construct two separate structure-
preserving discretisations of the Landau operator under this framework.

0.1 Thesis Outline

In Chapter 1, we introduce the theoretical background material that underpins
the work presented in this thesis. Hamiltonian systems are first introduced in the
finite-dimensional context, and then extended to infinite dimensional systems. The
metriplectic formulation of Morrison (1986) is then presented, as a means of cou-
pling such Hamiltonian systems to dissipative dynamics in a geometric way. The
Vlasov–Maxwell equations and related systems are introduced, as well as the respec-
tive collision operators that are studied in later chapters – the Lenard-Bernstein and
Landau operators. The structure and conservation properties of these operators are
discussed.

In Chapter 2, the numerical techniques utilised in this thesis are introduced. This
includes the basics of finite-element discretisations, as well as deterministic particle
methods. Regularisation methods for particle methods are discussed, and projection
methods are introduced. Finally, the relevant time integration schemes used in this
thesis are discussed as well.

In Chapter 3, a structure-preserving particle method for the Lenard-Bernstein op-
erator is derived, from a deterministic particle method approach. Conservation
properties are demonstrated for the semi-discretisation, as well as the fully-discrete
case. Numerical results are presented for a one-dimensional case.

In Chapter 4, three different semi-discretisations are derived for the Landau collision
operator. One is derived based on the deterministic particle method approach used
for the Lenard-Bernstein operator, while two separate discretisations are derived
under the metriplectic formulation of the Landau operator. Conservation proper-
ties in each case are presented, and the advantages and/or disadvantages of each
approach are discussed. Finally, the implementation challenges of these approaches
are discussed.



Chapter 1

Theoretical Background

In this chapter, we present the foundations of plasma theory that are relevant to the
thesis. In Section 1.1 we present the foundations of Hamiltonian systems, building up
to the infinite-dimensional case that will be required to describe the Vlasov–Maxwell
equations. In Section 1.2, we present the metriplectic formulation of Morrison (1986)
as a means of combining Hamiltonian and dissipative (collisional) dynamics in a
geometric manner. Then, we introduce the Vlasov–Maxwell system and detail its
Hamiltonian structure in Section 1.3. Finally we discuss the two collision operators
that are studied in this thesis — the Lenard–Bernstein operator in Section 1.4 and
the Landau operator in 1.5. The discussion of the Landau operator is concluded by
considering its combined metriplectic structure, together with the Vlasov–Maxwell
equations.

1.1 Hamiltonian systems

In this section, we present the fundamentals of finite-dimensional Hamiltonian
systems, as may be familiar to many readers, and then extend to the infinite-
dimensional case that is required to describe partial differential equations.

1.1.1 Finite-dimensional Hamiltonian systems

First, let us briefly introduce Hamilton’s equations. Let {q1, . . . , qd} ∈ Rd represent
the position coordinates of our system, and {p1, . . . , pd} ∈ Rd the conjugate momen-
tum coordinates, where d is the number of degrees of freedom. The Hamiltonian
function H(q1, . . . , qd, p1, . . . , pd) : R2d → R typically represents the total energy of
the system. Then, Hamilton’s equations are as follows:

ṗi = −∂H
∂qi

, q̇i =
∂H

∂pi
, (1.1)
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6 Chapter 1. Theoretical Background

a set of 2d coupled first-order ordinary differential equations, which govern the
evolution of the position and momentum variables in time.

An example of a system that can be described in this way is the mathematical
pendulum. Here, the Hamiltonian function is as follows:

H(q, p) =
1

2
p2 − cos q + 1, (1.2)

where we have set all physical constants to unity. From Hamilton’s equations (1.1),
we obtain the following equations of motion:

ṗ = − sin q, q̇ = p, (1.3)

which is as expected. Many 2d-dimensional systems can be described in this canon-
ical way through Hamilton’s equations, however, it is possible to generalise this in
a way that can be applied to more general systems (including ones which are odd
dimensional). To do this, we first define the canonical Poisson bracket on functions
of the coordinates:

[g, h]c =
d∑
i=1

(
∂g

∂qi

∂h

∂pi
− ∂g

∂pi

∂h

∂qi

)
. (1.4)

Using this bracket, Hamilton’s equations of (1.1) can be recast as follows:

ṗi = [pi, H]c, q̇i = [qi, H]c. (1.5)

There are, however, Hamiltonian systems whose dynamical equations are not gen-
erated specifically by the canonical Poisson bracket. An example of this is any
odd-dimensional Hamiltonian system. Let us thus define a Poisson bracket in gen-
eral.

Let M be a smooth manifold, and take smooth functions A,B,C,D ∈ C∞(M). The
Poisson bracket [·, ·] : C∞(M)×C∞(M) → C∞(M) is an operation which is defined
by the following properties:

1. It is bilinear:

[A+ C,B] = [A,B] + [C,B],

[A,B +D] = [A,B] + [A,D].
(1.6)

2. It is antisymmetric:
[A,B] = −[B,A]. (1.7)
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3. It satisfies the Jacobi identity:

[A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0. (1.8)

4. It satisfies the Leibniz rule:

[AB,C] = A[B,C] +B[A,C]. (1.9)

Together with the Hamiltonian function H, the dynamical equations for a given
smooth function A of the coordinates can then be generated through a corresponding
Poisson bracket in the following way:

Ȧ = [A,H]. (1.10)

In the case where a bracket [·, ·] is different to (1.4), it is referred to as a non-canonical
Poisson bracket. From this description, we can also see that the Hamiltonian is
always a conserved quantity of such a system:

d

dt
H = [H,H],

=
1

2
[H,H] +

1

2
[H,H],

=
1

2
[H,H]− 1

2
[H,H] = 0, (1.11)

where the second line follows from bilinearity of the bracket, and the third from its
antisymmetry.

We now introduce two important concepts in this framework — Casimir invariants
and momentum maps. A Casimir invariant of a given Poisson bracket [·, ·] is a
function C that satisfies the following condition:

[C,A] = 0, (1.12)

for all smooth functions A. By contrast, a momentum map is a function I which is
associated with a symmetry of the Hamiltonian function. Specifically, it is a function
under whose action the Hamiltonian is constant, i.e. it satisfies:

[H, I] = 0. (1.13)

By the anti-symmetry of the bracket, we can then see that the momentum map is
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an invariant of the Hamiltonian system:

d

dt
I = [I,H] = −[H, I] = 0. (1.14)

Describing Hamiltonian systems through such Poisson brackets is much more general
than Hamilton’s equations of (1.1). An example of a system that cannot be obtained
by (1.1) but can be formulated via a non-canonical approach is the rigid body. The
equations that describe the motion of a rigid body rotating about its center of mass
are as follows:

I1Ω̇1 = (I2 − I3)Ω2Ω3,

I2Ω̇2 = (I3 − I1)Ω3Ω1,

I3Ω̇3 = (I1 − I2)Ω1Ω2,

(1.15)

where Ω = [Ω1,Ω2,Ω3]
T is the angular velocity vector in the body frame, and I1, I2, I3

are the moments of inertia of the rigid body. To cast this in the Hamiltonian form
of (1.10), we introduce the angular momenta:

Πi = IiΩi, i = 1, 2, 3. (1.16)

Under this coordinate transformation, the rigid body’s equations of motion in (1.15)
become:

Π̇1 =
I2 − I3
I2I3

Π2Π3,

Π̇2 =
I3 − I1
I3I1

Π3Π1,

Π̇3 =
I1 − I2
I1I2

Π1Π2.

(1.17)

Let us denote the angular momentum vector Π = [Π1,Π2,Π3]
T . The above set of

equations then becomes:
Π̇ = Π× Ω. (1.18)

These equations can be derived by (1.10) with the following Hamiltonian func-
tion:

HRB =
1

2

(
Π2

1

I1
+

Π2
2

I2
+

Π2
3

I3

)
, (1.19)

and a non-canonical Poisson bracket as follows:

[A,B]RB(Π) = −Π · (∇F ×∇G). (1.20)
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Thus, the equations of motion for the rigid body (1.17) can be obtained using a
Poisson bracket as follows:

Π̇i = [Πi, HRB]RB. (1.21)

The rigid body bracket of (1.20) has a special property, namely that the total angular
momentum

C(Π) =
1

2
(Π2

1 +Π2
2 +Π2

3), (1.22)

is conserved regardless of the Hamiltonian function, i.e. it is a Casimir invari-
ant.

1.1.2 Infinite-dimensional Hamiltonian systems

Thus far, we have considered systems that are given by ordinary differential equa-
tions. Our objective, however, is to study PDEs in a Hamiltonian setting, and so it
is necessary to generalise to infinite-dimensional Hamiltonian systems.

In the finite-dimensional case, we considered the evolution of our coordinates, for
e.g. (qi, pi) in the canonical case, or the angular momentum vector Π in the case of
the rigid body. In the case of PDEs, however, we are interested in the evolution of
field variables, which are functions of the underlying coordinates.

Let us denote the coordinates z ∈ Ω ⊂ Rd, and time t ∈ T = [0,∞). Then,
we can denote the field variables as u(t, z) = (u1(t, z), u2(t, z), ..., um(t, z))T . The
Hamiltonian depends on the dynamical quantities, which in this case are the field
variables. As such, it is a functional, and correspondingly we require a Poisson
bracket on functionals as well.

In such case, the Poisson bracket takes the following form on functionals A,B of the
field variables u (Morrison 1998):

{A,B} =

∫
Ω

δA
δui

Jij(u)
δB
δuj

, (1.23)

where δA/δui denotes the functional derivative of A with respect to the dynamical
variable ui, defined as follows:

d
dϵ

A
[
u1, . . . , ui + ϵvi, . . . , um

]∣∣
ϵ=0

=

∫
Ω

δA
δui

vidz. (1.24)

The infinite-dimensional Poisson bracket satisfies the same properties (1.6)–(1.9), as
in the finite-dimensional case. In this form, the properties of the kernel J (u) ensure
that the resultant Poisson bracket satisfies the requisite properties.
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The notion of Casimirs and momentum maps are defined analogously to the finite-
dimensional case. The nullspace of J (u) plays an important role as if it is non-empty,
then there must exist Casimir invariants.

The equations of motion for a Hamiltonian PDE system can be obtained by:

Ȧ = {A,H}, (1.25)

where A is a given functional of the dynamical variables, and H is the Hamiltonian
functional. Examples of systems that can be described in this way include many
equations from fluid dynamics, and as we will see later in this chapter, the Vlasov–
Maxwell equations in plasma physics.

1.2 The Metriplectic Formulation

The metriplectic framework (Morrison 1986; Kaufman & Morrison 1982; Kaufman
1984; Morrison 1984a,b; Grmela 1984a,b, 1985; Morrison & Updike 2023) provides
a convenient way to express dynamical systems which consist of two parts: a con-
servative, Hamiltonian part and a dissipative part, which are compatible with the
laws of thermodynamics. The ideal dynamics are described via a Hamiltonian func-
tional and a Poisson bracket, and the dissipative dynamics through a symmetric
metric bracket and a functional representing the dissipated quantity, usually the
entropy.

In this section, we give an overview of the metriplectic framework.

1.2.1 General Framework

As before, let us denote by u(t, z) = (u1(t, z), u2(t, z), ..., um(t, z))T the field vari-
ables of our dynamical system, defined over the domain Ω with coordinates z, and let
A be an arbitrary functional of the field variables u. In the metriplectic framework,
the evolution of any functional A of the dynamical variables is given by:

Ȧ = {A,F}+ (A,F), (1.26)

where F = H − S is the free energy, i.e., the difference between the Hamiltonian
functional H and the entropy functional S. The Poisson bracket {·, ·}, as defined in
(1.23), describes the conservative or Hamiltonian part of the dynamics.

The metric bracket (·, ·) describes the dissipative part of the dynamics. It is a bilinear
operation and is defined by the following properties for all functionals A.
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1. It is positive semi-definite:
(A,A) ≥ 0. (1.27)

2. It is symmetric in its arguments:

(A,B) = (B,A). (1.28)

3. It satisfies the Leibniz rule, i.e. for a functional C:

(AB, C) = B(A, C) +A(B, C) (1.29)

With the sign convention chosen here, entropy is always dissipated. The bracket can
be formulated in a similar way to the infinite-dimensional Poisson bracket (1.23), as
follows:

(A,B) =
∫

δA
δui

Gij(u)
δB
δuj

. (1.30)

Here, G(u) is a self-adjoint operator (as opposed to the anti-self-adjoint kernel
J (u) in the Poisson bracket) to ensure that the metric bracket is positive semi-
definite. The nullspace of G(u) also determines the Casimir invariants of the metric
bracket.

The two brackets have to satisfy certain compatibility conditions which ultimately
guarantee compliance with the laws of thermodynamics. The entropy functional is
usually chosen to be a Casimir invariant of the Poisson bracket.

The metric bracket is constructed to ensure that the Hamiltonian and other physi-
cally relevant invariants I of the conservative system (Casimir invariants or momen-
tum maps) are Casimir invariants of the metric bracket. This is with the exception
of the entropy itself, as the metric bracket is constructed to dissipate this quantity.
Thus, the evolution equation of (1.26) becomes:

Ȧ = {A,F}+ (A,F)

= {A,H} −�����:0{A,S}+�����:0
(A,H)− (A,S)

= {A,H} − (A,S). (1.31)

The compatibility conditions ensure a separation of the conservative and dissipative
dynamics, as the Hamiltonian dynamics do not affect the entropy, and the dissipative
dynamics do not affect the Hamiltonian or any other physically relevant invariant
of the ideal dynamics. It is desirable to also preserve this property in the course of
discretisation.



12 Chapter 1. Theoretical Background

1.2.2 H-Theorem and Energy-Casimir principle

With the aforementioned requirements that (i) H is a Casimir of the metric bracket,
(ii) S is a Casimir of the Poisson bracket, and that (iii) the metric bracket is positive
semi-definite, the metriplectic framework automatically reproduces the First and
Second Law of Thermodynamics:

dH
dt

= {H,H} − (H,S) = 0, (1.32a)

dS
dt

= {S,H} − (S,S) = −(S,S) ≤ 0. (1.32b)

When a metriplectic system possesses no Casimir invariants, its equilibrium state,
ueq, is determined fully by an energy principle, δF [ueq] = 0. Additionally, this state
is stable given the second variation satisfies δ2F [ueq] > 0. When there are Casimir
invariants, however, the equilibrium condition must be modified to account for the
degeneracies in the state of the system (Morrison 1998). In this case, the equilibrium
state must satisfy an energy-Casimir principle as follows:[

δF +
∑
i

λiδCi
]∣∣∣∣
u=ueq

= 0, (1.33)

where Ci are the Casimir invariants, and λi are corresponding Lagrange multipliers
which are determined by the initial conditions of the system.

1.3 Vlasov-Maxwell and Vlasov-Poisson sys-

tems

The Vlasov-Maxwell system can be considered one of the most fundamental ways of
describing the dynamics in a plasma, which is comprised of charged particles under
the influence of electromagnetic fields to which they also contribute through their
motion. We begin by defining the system.

Let the spatial domain be given by Ω ⊂ R3, and the corresponding phase space
coordinates be denoted (x, v) ∈ Ω×R3 with position x and velocity v. Let the time
t ∈ T = [0,∞) as before. Then, the Vlasov equation for a given particle species
is:

∂tfs + v · ∇xfs +
qs
ms

(E + v ×B) · ∇vfs = 0, (1.34)

where the quantities qs and ms are the charge and mass of the species under con-
sideration, respectively. This equation describes the evolution of the distribution



1.3. Vlasov-Maxwell and Vlasov-Poisson systems 13

function of species s, fs(x, v, t) : Ω× R3 × T → [0,∞), a non-negative scalar func-
tion. The system possesses such a distribution function for each species, and each fs
satisfies its own Vlasov equation. Each distribution function satisfies the following
normalisation condition: ∫

R3

∫
Ω

fs(x, v, t)dxdv = 1, (1.35)

and so, it is a probability density function for the position and velocity of the charged
particles at any given time t.

The Vlasov equation is coupled to Maxwell’s equations for electromagnetic fields via
the electric field E and magnetic field B. Maxwell’s equations are as follows:

1

c2
∂E

∂t
= curl B − µ0j, (1.36)

∂B

∂t
= −curl E, (1.37)

div E =
ρ

ε0
, (1.38)

div B = 0, (1.39)

where the electric and magnetic fields are given by E(x, t) : R3 × T → R3 and
B(x, t) : R3 × T → R3, respectively. The quantities µ0, ε0 ∈ R are both physical
constants, namely the vacuum magnetic permeability and vacuum electric permit-
tivity. The charge and current densities are denoted by ρ and j respectively, and
they are defined in terms of the distribution functions fs:

ρ =
∑
s

qs

∫
R3

fs dv, j =
∑
s

qs

∫
R3

vfs dv, (1.40)

thus coupling Maxwell’s equations to the Vlasov equations for each species.

Equations (1.36) and (1.37) are known as Ampère’s law and Faraday’s law respec-
tively, while Equation (1.38) is known as Gauss’ law. Equation (1.39) is Gauss’
law for magnetism, and is often referred to as the “div B” constraint. It should be
noted that Equations (1.38)–(1.39) are constraints that are satisfied by solutions to
the Vlasov–Maxwell system for all time, given that they are satisfied by the chosen
initial conditions.

In Appendix A, we detail the derivation of the Vlasov equation from its statistical
mechanics origins.
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The Vlasov-Poisson system

The Vlasov-Poisson system is an approximation of the Vlasov–Maxwell equations,
in the limit of a non-magnetised plasma. In the equations, this limit is obtained
by considering c → ∞. Typically, the Vlasov–Poisson equations consider only the
distribution function f for the electrons, and treat the ions as a fixed background
species. The equations are as follows:

∂tf + v · ∇xf +
q

m
E · ∇vf = 0, (1.41)

−∇2ϕ = ρ, (1.42)

where ϕ is an electrostatic potential, defined as −∇ϕ = E, and ρ is the charge
density defined as:

ρ = q

∫
fdv − ρi, (1.43)

where ρi is the density of the background ions. These equations are commonly used
in the study of several plasma phenomena, such as Landau damping, and form the
basis of cold plasma theory.

1.3.1 Hamiltonian description

The Vlasov–Maxwell system possesses an infinite-dimensional Hamiltonian struc-
ture, as demonstrated by Morrison (1980) and Marsden & Weinstein (1982). Namely,
the equations of motion (for both the distribution function and fields, which are col-
lectively the dynamic variables) shown above can be derived through the use of a
Hamiltonian functional and a Poisson bracket as in (1.25).

The Hamiltonian functional for the Vlasov–Maxwell system is:

H[f, E,B] =

∫
1

2
|v|2fdxdv +

∫
1

2

(
|E|2 + |B|2

)
dx. (1.44)

To define the Poisson structure, we require the following space of functions (Marsden
& Weinstein 1982):

MV =

{
(f, E,B)

∣∣∣∣ divB = 0, divE =

∫
f(x, v)dv

}
. (1.45)

The Poisson bracket is then defined on functionals A :MV → R.

The full Vlasov–Maxwell Poisson bracket derived by Marsden & Weinstein (1982)
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is then as follows:

{A,B} =

∫
f

[
δA
δf
,
δB
δf

]
dxdv +

∫ (
δA
δE

· curl
δB
δB

− δB
δE

· curl
δA
δB

)
dx

+

∫ (
δA
δE

· δf
δv

δB
δf

− δB
δE

· δf
δv

δA
δf

)
dxdv

+

∫
fB ·

(
∂

∂v

δA
δf

× ∂

∂v

δB
δf

)
dxdv,

(1.46)

where [·, ·] is the Poisson bracket on functions of Equation (1.4), and δ/δf denotes the
Fréchet or functional derivative as defined in (1.24). For a detailed exposition on the
derivation of this bracket, we refer the reader to Marsden & Weinstein (1982).

Finally, with our Hamiltonian functional and the Poisson bracket on functionals, we
can express the equations of motion for any functional of the dynamical quantities
as follows:

Ȧ = {A,H}. (1.47)

This is a very useful result from the point of view of discretisation, as knowledge of
the Hamiltonian / Poisson structure of the problem gives us valuable insight on the
structure that should then be preserved by the discretised problem. Furthermore, it
informs the approach to discretisation itself, as the bracket is what will be discretised,
which together with a discrete Hamiltonian will produce the discrete equations of
motion.

1.3.2 Final notes on the Vlasov–Maxwell system

The Vlasov equation is derived from the Liouville equation through a series of as-
sumptions and simplifications, the details of which are discussed in Appendix A.
Chief among these is the assumption that the plasma is correlation-less, and so is
free of collisions. While this assumption is mostly satisfied as plasmas have very
low density, there are instances where collisions have an important contribution to
the plasma dynamics. For such cases, a collision operator is added to the Vlasov
equation as follows:

∂tf + v · ∇xf +
q

m
(E + v ×B) · ∇vf = C[f ], (1.48)

where the right-hand side now consists of an additional term, C[f ]. Here, the nota-
tion [f ] denotes that the collision operator is a functional of the particle distribution
function f . In general, collision operators are only functions of velocity, and act
locally in space. The following sections present two such operators which form the
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subject of this thesis.

1.4 The Lenard-Bernstein operator

The Lenard-Bernstein collision operator (Lenard & Bernstein 1958) is given by the
following equation:

C[f ] = ν
∂

∂v
·
(
∂f

∂v
+ vf

)
, (1.49)

where f is the single-species distribution function, v ∈ Rd is the velocity and ν

is the collision frequency, which is assumed to be constant in time. This operator
preserves mass (or particle number), but not momentum or energy.

The Lenard-Bernstein operator is applicable in velocity dimensions d = 1, 2, 3,
though collision operators which describe more physics effects, such as the Lan-
dau operator, may be preferred in two and three-dimensions in order to allow, for
example, interchange of momentum between different components. The steady-
state solution to ∂tf = C[f ] for this operator is an d-dimensional standard Normal
distribution, with mean µ = 0 and variance σ2 = 1.

This operator is often paired with the Vlasov–Poisson equations in order to study
one-dimensional plasma dynamics with the effect of collisions.

The Lenard-Bernstein operator (1.49) preserves mass density, the zeroth moment
of the distribution function f . However, it does not preserve momentum density or
energy density, which are the first and second moments of the distribution function
in velocity, respectively, and whose conservation is crucial for obtaining physically
correct results in numerical simulations. In the following section, we detail the
derivation of a modified Lenard-Bernstein operator that is energy and momentum
preserving.

1.4.1 Construction of the conservative operator

In order to enforce conservation of energy and momentum, we follow Kraus (2013)
(see also Filbet & Sonnendrücker (2003)) and modify the operator through an ex-
pansion as follows,

C[f ] = ν
∂

∂v
·
(
∂f

∂v
+ A1f + A2vf

)
. (1.50)

We will consider solving the following differential equation:

∂tf = C[f ], (1.51)
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with the coefficients A1, A2 being obtained as detailed in the following discus-
sion.

In the following, we will see that the coefficients Am are functions of the moments
of the distribution function f . In general, preserving k moments of the distribution
function will require an expansion including k terms in the operator. The coefficients
are then computed by requiring Equation (1.51) to obey the respective conservation
laws, which here are for momentum and energy. Specifically, conservation of the
k-th moment requires the following condition to hold:∫

vkC[f ]dv = ν

∫
vk
[
∂

∂v
·
(
∂f

∂v
+ A1f + A2vf

)]
dv = 0. (1.52)

Integrating this by parts, we obtain the following condition:

ν

[
vk
(
∂f

∂v
+ A1f + A2vf

)]+∞

−∞
− kν

∫
vk−1

(
∂f

∂v
+ A1f + A2vf

)
dv = 0. (1.53)

Without loss of generality, we assume that f and ∂f/∂v approach zero as |v| →
∞, so that the first term in Equation (1.53) is zero and we obtain the following
condition: ∫

vk−1

(
∂f

∂v
+ A1f + A2vf

)
dv = 0, (1.54)

for k = 1, 2. Integrating the first term by parts once again, this equation be-
comes: ∫ [

(k − 1)vk−2 − A1v
k−1 − A2v

k
]
fdv = 0, (1.55)

where the assumption that f approaches zero as |v| tends to infinity has been utilised
once more. Writing the moments as Mm[f ] =

∫
vmfdv, we obtain the following

conditions:
(k − 1)Mk−2 = A1Mk−1 + A2Mk, k = 1, 2. (1.56)

These conditions provide a linear system of equations that can be solved for the
coefficients A1, A2:

A1M0 + A2M1 = 0,

A1M1 + A2M2 =M0.
(1.57)
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The solution to the system of equations in (1.57) is:

A1 =
M0M1

M0M2 −M2
1

=
−u

ε− u2
, (1.58)

A2 =
−M2

0

M0M2 −M2
1

=
1

ε− u2
, (1.59)

where nu and nε are the momentum and energy density, respectively, and are related
to the moments as follows:

n =M0 =

∫
fdv, nu =M1 =

∫
vfdv, nε =M2 =

∫
v2fdv. (1.60)

Let us note that here, n, u, and ε are just constants. However, in the general Vlasov-
case, these quantities have a spatial dependency. Upon inserting the expressions for
A1, A2 into (1.50), we obtain the following operator:

C[f ] = ν
∂

∂v
·
(
∂f

∂v
+
v − u

ε− u2
f

)
, (1.61)

which can be seen as a conservative version of the Lenard-Bernstein operator (1.49).
This is the same operator as the one obtained by Filbet & Sonnendrücker (2003)
and is closely related to the operator studied in Hakim et al. (2020).

This operator preserves mass, momentum and energy by construction, which is as
desired. However, to our knowledge, there is no proof in the literature of whether this
modified operator satisfies a H-theorem. In the following section, we demonstrate
that this is indeed the case.

1.4.2 H-theorem

We follow a similar strategy to Hakim et al. (2020) to demonstrate that the contin-
uous operator satisfies the H-theorem. Let us denote the collisional flux by

F [f ] =
∂f

∂v
+ A1f + A2vf, (1.62)

so that
∂f

∂t
= C[f ] = ν

∂

∂v
· F [f ]. (1.63)



1.5. The Landau operator 19

The change in entropy is then

dS

dt
=

d

dt

∫
f log fdv =

∫
(1 + log f)

∂f

∂t
dv = ν

∫
(1 + log f)

∂

∂v
· Fdv,

= −ν
∫

1

f

∂f

∂v
· Fdv = −ν

∫
1

f
|F |2dv +

∫
(A1 + A2v)Fdv, (1.64)

where integration by parts, the assumption that F goes to zero as |v| → ∞ and the
substitution ∂f/∂v = F − A1f − A2vf were used. By Equation (1.54), the second
term in the last expression is designed to vanish, namely∫

(A1 + A2v)Fdv = 0.

Hence, the entropy is monotonically dissipated (provided that f is non-
negative):

dS

dt
= −

∫
1

f
F 2dv ≤ 0. (1.65)

The entropy is stationary when F [feq] = 0, that is when feq solves the PDE

∂feq
∂v

= − v − u

ε− u2
feq. (1.66)

The (unique) solution with conditions f
|v|→∞−→ 0 and

∫
fdv = n is a d-dimensional

shifted Gaussian distribution with mean u and variance ε− u2,

feq(v) =
n

(2π(ε− u2))d/2
e−

1
2
(v−u)2/(ε−u2). (1.67)

Thus, the continuous operator of (1.61) satisfies the H-theorem.

1.5 The Landau operator

The Landau operator is described by the following equation:

C[f ] = ν
∂

∂v
·
∫
U(v, v′)

(
f(v′)

∂f

∂v
− f(v)

∂f

∂v′

)
dv′, (1.68)

where f is again the single-particle distribution function of the Vlasov equation,
v ∈ Rd is the velocity, and ν ∈ R is the collision frequency.1 The tensor U :

1We note that the position dependency of f has been suppressed in the equation as the collision
operator acts purely in velocity-space, and we will use this notation throughout the thesis.
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Rd × Rd → Rd×d is defined through its components in the following way:

Uij(v, v
′) =

1

|v − v′|

(
δij −

(vi − v′i)(vj − v′j)

|v − v′|2

)
. (1.69)

The tensor U(v, v′) is a scaled orthogonal projector onto the subspace orthogonal to
the vector v − v′, i.e. it satisfies:

U(v, v′)(v − v′) = 0. (1.70)

As a projector, it is also symmetric and positive definite, and these properties are
important in ensuring the conservative properties of the Landau operator, which pre-
serves mass, momentum, and energy. The operator also satisfies an H-theorem.

It should also be noted that the Landau operator is valid for dimensions d = 2, 3,
but not when d = 1. Thus, it is often of interest as a means of adding dissipation
to the Vlasov–Maxwell system.

First, we consider purely the dissipative dynamics described by the collision opera-
tor, that is

∂tf = C[f ], (1.71)

omitting the Hamiltonian part of the system. In the metriplectic framework, the
collision operator C[f ] can be described as

C[f ] = −(f,S), (1.72)

where the entropy functional S is given by:

S = −
∫
f log fdv. (1.73)

The metric bracket for the Landau collision operator is given by

(A,B) = 1

2

∫ ∫ (
∂Af

∂v
− ∂Af ′

∂v′

)
f(v)U(v, v′)f(v′)

(
∂Bf
∂v

− ∂Bf ′
∂v′

)
dvdv′, (1.74)

with A,B functionals, and Af and Af ′ denoting the functional derivatives of A with
respect to f(v) and f(v′), respectively. The tensor U(v, v′) is as defined in (1.69). By
the chosen sign conventions for the entropy S and the bracket, entropy is dissipated
in time:

d

dt
S = −(S,S) ≤ 0. (1.75)

There are three physically important invariants in the Vlasov system that we wish
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to also conserve in the metric bracket – mass, momentum, and energy:

M = m

∫
fdv, P = m

∫
vfdv, E =

1

2
m

∫
|v|2fdv. (1.76)

We note that in the case of the full Vlasov–Maxwell–Landau system, the conserved
quantities shown above will be augmented to take the electromagnetic contributions
into account.

The quantities in (1.76) are Casimir invariants of the metric bracket, i.e. they
satisfy:

(A,M) = 0, (A,P) = 0, (A, E) = 0, (1.77)

for any functional A.

The equilibrium state of the system can then be obtained by applying the energy-
Casimir principle (1.33). Here, the equilibrium state must satisfy:[

δS
δf

+ λM
δM
δf

+ λP · δP
δf

+ λE
δE
δf

]∣∣∣∣
f=feq

= 0. (1.78)

Using Equations (1.73) and (1.76), the above condition becomes:

− (1 + log feq) + λMm+ λP ·mv + λEm|v|2 = 0, (1.79)

and so equilibrium distribution functions are of the form:

feq = exp
(
− (λMm+ 2λP ·mv + λEm|v|2)

)
. (1.80)

Thus, we have that equilibrium distribution functions of the Landau operator are
Maxwellians, with mean, standard deviation, and normalisation determined by ini-
tial conditions.

Now that we have described how the Landau operator can be described in the
metriplectic framework, we can consider the full Vlasov–Maxwell–Landau sys-
tem.

1.5.1 The Vlasov–Maxwell–Landau system

The Vlasov–Maxwell–Landau system is obtained by taking the Vlasov–Maxwell sys-
tem of Equations (1.34), (1.36)-(1.39), and adding the Landau operator (1.68) to
the right-hand side of the Vlasov equation:
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∂tf + v · ∇xf +
q

m
(E + v ×B) · ∇vf = C[f ], (1.81)

C[f ] =
∂

∂v
·
∫
U(v − v′)

(
f(v′)

∂f

∂v
− f(v)

∂f

∂v′

)
dv′, (1.82)

1

c2
∂E

∂t
= curl B − µ0q

∫
vfdv, (1.83)

∂B

∂t
= −curl E. (1.84)

div E =
q

ε0

∫
fdv, (1.85)

div B = 0. (1.86)

In the metriplectic framework, using the Poisson bracket defined in Equation (1.46)
and the metric bracket of Equation (1.74), we can represent this system as fol-
lows:

Ȧ = {A,H} − (A,S), (1.87)

where A ∈ {f, E,B}, and the Hamiltonian and entropy functionals are:

H =

∫
1

2
|v|2fdxdv +

∫
1

2

(
|E|2 + |B|2

)
dx, (1.88)

S = −
∫
f log fdv. (1.89)

It should be noted that Gauss’s law and the div-B constraint (1.85)-(1.86) arise as
Casimir invariants of the Hamiltonian part of the system.

The total mass M remains a Casimir of the full system:

M =

∫
fdxdv. (1.90)

The total momentum is as follows:

P =

∫
vfdxdv +

∫
E ×Bdx, (1.91)

and is a momentum map of the Poisson bracket. It is, however, also in the nullspace
of the metric bracket and so is conserved by the full system. The Hamiltonian H
(or total energy) is also a conserved quantity of the full system.

Finally, there is now a modified energy-Casimir principle which determines the equi-
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librium state of the system:

δF + λδM =

(
δH
δf

− δS
δf

+ λ
δM
δf

)
δfeq +

δH
δE

· δEeq +
δB
δB

· δBeq = 0. (1.92)

The benefit of the metriplectic description of the Vlasov–Maxwell–Landau system
is two-fold. Firstly, it allows us to focus on the discretisation of the problem in
two separate pieces – Hamiltonian and dissipative – as long as the discretisation of
each maintains the compatibility conditions between the two. Hence, the focus in
Chapter 4 will be purely on methods for discretising the metric (dissipative) part,
as there are several existing methods in the literature for handling the Hamiltonian
part in an appropriate manner as mentioned in the introduction.

Secondly, the metriplectic formulation actually provides us with a geometric struc-
ture for the dissipation operator, and this is key when designing the discretisation as
it actually tells us what structure we should be preserving in our methods. Again,
this idea will be explored in deeper detail in Chapter 4.



Chapter 2

Numerical Methods

In this chapter, we introduce a number of fundamental and advanced numerical tech-
niques that are used in this thesis. We first begin with a brief discussion of finite
element methods, before moving on to the fundamentals of deterministic particle
methods. We briefly touch on regularisation approaches, and then describe projec-
tion methods and their advantages. Finally, we discuss the two time integration
schemes that will be used in this thesis.

2.1 Finite Element Methods

In this section, we provide a brief introduction to finite element methods, as these
techniques will underpin the approach that is taken in the latter parts of this the-
sis.

Finite element methods (FEM) are a commonly used numerical method for solving
partial differential equations. They are a subset of a family known as Galerkin
methods. We introduce the fundamental ideas behind FEM via the d-dimensional
Poisson equation:

−∇2u = f, on Ω, (2.1)

where Ω ⊂ Rd, u : Ω → R is the solution, and f : Ω → R is a source term. We
will also need a boundary condition for the solution to be fully defined, so let us
consider a homogeneous Dirichlet boundary condition:

u = 0, on ∂Ω, (2.2)

where ∂Ω is the boundary of the domain Ω. The finite element methods seeks
numerical approximations to the weak solutions of PDEs, and so let us state the
weak form of the Poisson equation:

−
∫
Ω

v∇2udx =

∫
Ω

vfdx, (2.3)

24
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where v is known as the test function, and is taken to be in the same space as the
solution (importantly, it satisfies the same boundary conditions). Using integration
by parts on the left-hand side, this equation can be simplified to the following:∫

Ω

∇v · ∇udx =

∫
Ω

vfdx, (2.4)

where we have used the homogeneous boundary condition of v to cancel the bound-
ary term that arises from integration. From this equation, we can consider the
function spaces that are required for each function in the weak form. Let us define
the two main function spaces that will be required in this case.

Let Ω be a bounded open subset of Rn, and let f : Ω → R be a measurable function.
Then f ∈ L2(Ω), i.e. is square-integrable, if

∥f∥22 :=
∫
Ω

|f(x)|2dx <∞, (2.5)

where we identify functions f which agree almost everywhere. The L2 inner product
for two functions f, g ∈ L2(Ω) is defined as follows:

(f, g)L2 =

∫
Ω

f(x)g(x)dx, (2.6)

and the operation ∥·∥2 is the norm on this space.

We also define the Sobolev space of once-weakly differentiable functions, H1(Ω). For
Ω and f as before, f ∈ H1(Ω) if f is square-integrable (i.e. f ∈ L2(Ω)) and there
exist functions g1, . . . , gn ∈ L2(Ω) such that the following is satisfied:∫

Ω

f
∂φ

∂xi
dx = −

∫
Ω

giφdx ∀φ ∈ C∞
c (Ω), (2.7)

where C∞
c (Ω) is the space of infinitely differentiable, or smooth, functions with

compact support. We will primarily make use of the subspace H1
0 (Ω), which is

the closure of the space C∞
c (Ω) in H1(Ω). The functions of this subspace can be

considered as functions in H1(Ω) which vanish on the boundary ∂Ω, making this
the natural space of interest for Dirichlet problems.

Now, let us consider the weak form of the Poisson equation as given in (2.4). As only
the first derivative of the solution appears in this equation (after the integration by
parts), and we have homogeneous Dirichlet boundary conditions, it is sufficient to
consider u ∈ H1

0 (Ω). The same is the case for the test functions v ∈ H1
0 (Ω).

The main principle of the finite element method is to construct an approximation
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to the solution of (2.4) by constructing finite function spaces that approximate the
solution and test function spaces, and obtaining the solution by solving the resulting
system of algebraic equations.

In the case of the Poisson equation, let us denote the approximation space for the
discrete solution, uh, as XN ⊂ H1

0 (Ω) with a spanning basis set {ϕ1, . . . , ϕN} ∈ XN .
Thus, a function in this space, gh ∈ XN , can be expressed as follows:

gh(x) =
N∑
j=1

gjϕj(x). (2.8)

Let us also define the approximate test function space as XN , so that vh ∈ XN .1

Then, the finite element approximation of the problem can be formulated as∫
Ω

∇vh · ∇uhdx =

∫
Ω

vhfdx, for all vh ∈ XN . (2.9)

As we let the discrete solution uh ∈ XN and take test functions vh ∈ XN , these
functions take the form of (2.8), and so Equation (2.9) becomes:

∫
Ω

∇

(
N∑
i=1

viϕi(x)

)
· ∇

(
N∑
i=1

uiϕi(x)

)
dx =

∫
Ω

N∑
i=1

viϕi(x)f(x)dx. (2.10)

Denote the coefficient vectors as û = [u1, . . . , uN ]
T , and let bi =

∫
ϕi(x)f(x)dx be

the integral of the i-th basis function against the right-hand side function f(x). The
above equation then becomes the following linear algebra problem for the vector of
unknowns û:

v̂TAû = v̂T b̂, for all v̂ ∈ RN , (2.11)

where the matrix A has entries Aij =
∫
∇ϕi(x) · ∇ϕj(x)dx, and b̂ = [b1, . . . , bN ]

T .
Since Equation (2.11) must hold for all test coefficient vectors v̂ ∈ RN , we can
equivalently solve the linear system:

Aû = b̂, (2.12)

for the coefficients û, with the discrete solution then being given by uh(x) =∑
j ujϕj(x).

While we have introduced finite elements in the context of a time-independent prob-

1It should be noted that it is not necessary for the space of test functions to be the same as that
of the approximate solution. Different choices of approximation spaces can be used to produce
different discretisations, where some may be more advantageous for certain problems.
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lem, they can also be applied to time dependent PDEs. In this case, the finite
element approximation of (2.8) becomes

gh(x, t) =
N∑
j=1

gj(t)ϕj(x), (2.13)

with the time dependence of the discrete solution being captured in the coefficients
ĝ. This approximation, with an appropriately chosen function space for the basis
functions {ϕj}, can be applied to discretise the PDE in space to obtain a semi-
discretisation, that is a system of ODEs in time only. Time discretisation techniques
that are suited to the particular problem being considered can then be applied
to the semi-discretisation, to obtain a full discretisation in both space and time.
We will discuss some time integration techniques used in thesis at the end of this
chapter.

In general, the finite element method falls into a category of grid-based schemes,
along with other techniques such as finite-difference and finite-volume methods. Also
known as Eulerian approaches, these methods can be highly accurate for a wide range
of problems. In some cases, however, most often when considering hyperbolic PDEs
(such as transport problems), Eulerian approaches can be subject to stability issues
due to grid-scale oscillations. Ameliorating such issues can result in either high
computational cost (to obtain good accuracy) or a loss in accuracy (if resolution
becomes limited by computational cost). Additionally, in problems such as kinetics
(e.g. in the Vlasov equation), the high dimensionality of the problem can result in
large computational costs for Eulerian approaches. In such cases, particle methods
can provide a viable alternative.

2.2 (Deterministic) Particle Methods

Particle methods are another approach to finding numerical solutions to partial
differential equations. The basic idea behind a particle method is that we wish to
represent the discrete solution to our problem as a sum of Dirac delta functions,
i.e.

uh(x, t) =
N∑
i=1

wi(t)δ(x− xi(t)), (2.14)

where {wi(t)}Ni=1 are the weights, and {xi(t)}Ni=1 are the particle positions. Together,
these quantities are the degrees of freedom of the discrete problem, and are evolved
in time by a system of ODEs that are typically determined from the weak form of
the underlying PDE.



28 Chapter 2. Numerical Methods

Following Chertock (2017), let us use the example of the linear transport equa-
tion to describe the basic principles of a particle method. In divergence form, the
homogeneous transport equation is as follows:

∂tu+∇ · (au) + a0u = 0, (2.15)

where x ∈ Rd and t ∈ [0, T ] for some T > 0. Here, u : Rd × [0, T ] → R is the
unknown scalar field, and a(x, t) = [a1(x, t), . . . , ad(x, t)]

T is known as the velocity
vector. The functions a1, . . . , ad must be given for the problem to be fully defined,
along with the coefficient a0(x, t) and the initial conditions:

u0(x) := u(x, 0). (2.16)

As mentioned before, the time evolution of the particles is constructed through
considering the weak form of the PDE. Thus, let us define a weak form of this
particular problem. A function u is a weak solution to (2.15), (2.16), if it satisfies
the following:

−
∫
Rd

u0(x)φ(x, 0)dx−
∫ T

0

∫
Rd

u(x, t) [∂tφ(x, t) + a(x, t) · ∇φ(x, t)] dxdt

+

∫ T

0

∫
Rd

a0(x, t)u(x, t)φ(x, t)dxdt = 0, (2.17)

for any test function φ ∈ C1
c (Rd× [0, T )). Here, the weak solution u lies in the space

dual to C1
c (Rd × [0, T )), which is the space of measures on Rd × [0, T ).

Then, the particle solution to this problem, with initial weights wi(0) and particle
positions xi(0), is given by (2.14) where the positions and weights solve the following
ODEs:

dxi(t)

dt
= a(xi(t), t), (2.18)

dwi(t)

dt
+ a0(xi(t), t)wi(t) = 0, (2.19)

for i = 1, . . . , N .

For the full proof of this statement, we refer the reader to Chertock (2017). Let us,
however, give a sketch of the proof here.

First, we substitute the form of the particle solution (2.14) into the weak form of
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the PDE (2.17), as follows

−
N∑
i=0

wi(0)φ(xi(0), 0)−
N∑
i=0

∫ T

0

wi(t)[∂tφ(xi(t), t) + a(xi(t), t) · ∇φ(xi(t), t)]dt

+
N∑
i=0

∫ T

0

wi(t)a0(xi(t), t)φ(xi(t), t)dt = 0. (2.20)

Using integration by parts, and the fact that the convective derivative of the test
function φ is given by

dφ(xi(t), t)

dt
= ∂tφ(xi(t), t) +

dxi(t)

dt
· ∇φ(xi(t), t), (2.21)

we can finally arrive at the following:

N∑
i=0

∫ T

0

wi(t)

[
dxi(t)

dt
− a(xi(t), t)

]
· ∇φ(xi(t), t)dt

+
N∑
i=0

∫ T

0

[
dwi(t)

dt
+ a0(xi(t), t)wi(t)

]
φ(xi(t), t)dt = 0. (2.22)

As the above holds for all test functions φ ∈ C1
c (Rd×[0, T ), we have that the particle

solution with particles and weights evolved by (2.18), (2.19) is a weak solution, as
required.

Finally, we observe from Equation (2.19) that we can consider the particle weights
to be constant in time for a problem where a0 = 0.

2.2.1 Regularisation approaches

We have now seen how a discrete particle solution in the form of (2.14) can be
obtained via a deterministic particle method approach. In some cases, however,
it may be desirable to have a smoother representation of the solution, either for
evaluation of the solution point-wise or if the PDE in question requires higher-order
regularity than that of the particle solution. In such instances, a common technique
is to adopt a convolution-based regularisation approach.

Here, the particle solution is modified as follows:

uεh(x, t) := (uh(·, t) ∗ ζε(·))(x) =
N∑
i=1

wi(t)ζε(x− xi(t)), (2.23)

where ∗ represents convolution, uh(x, t) is the particle solution of (2.14), and ζε(x),
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referred to as the mollifier, satisfies the following properties:

ζε(x) =
1

εd
ζ
(x
ε

)
,

∫
Rd

ζ(x)dx = 1. (2.24)

Here, ε acts as a parameter that controls the size of the mollifier.

Such regularisation methods are often used when considering particle methods for
PDEs that require high-order regularity, including collision operators. The work
of Carrillo et al. (2020) uses exactly this principle to smooth the particle solution,
in order to be able to compute the required derivatives for the Landau collision
operator.

While mollification in this manner is a very natural extension of the particle method,
there are some drawbacks to this type of regularisation as well. Primarily, the cost
of computing the mollifier, and detecting where particles overlap, can be very high.
There can be challenges from the point of view of implementation as well.

An alternative approach to regularisation is that of projection methods, which will
be the type of regularisation used in this thesis, as computing a collision operator
always requires a distribution function that is at least once-weakly differentiable.
We now introduce projections in the context of regularising particle solutions.

2.2.2 Projection methods

Let us introduce projections directly in the context of collision operators, namely
where we are considering a PDE as follows:

∂tf = C[f ], (2.25)

where f(v, t) is the single-particle distribution function, and C[f ] is some collision
operator (e.g. the Lenard-Bernstein or Landau operator, as introduced in Chap-
ter 1). Importantly, let us consider an operator C[f ] that is a second-order differ-
ential operator in f , where we require a solution f ∈ H1. In this case, a particle
solution will not have sufficient regularity and some form of regularisation will be
necessary.

Let us define our particle distribution function analogously to the particle solution
in (2.14):

fp(v, t) =
N∑
α=1

wαδ(v − vα(t)), (2.26)
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where {wα} are the weights2 and {vα(t)} the particle velocities.

We introduce a second representation for the distribution function, mirroring a finite
element solution as in (2.8):

fs(v, t) =
M∑
j=1

fj(t)φj(v), (2.27)

where f̂(t) = [f1(t), · · · , fM(t)]T are the coefficients in this representation, and the
basis {φj}Mj=1 is chosen to have sufficient regularity for the collision operator C[f ]
to be computed.

The key step in the projection method is then as follows. To obtain the coefficients
f̂ , we relate the two representations of the distribution function by L2 projection
onto the basis {φj}, requiring weak equality as follows:

⟨fs, φj⟩ = ⟨fp, φj⟩ , j = 1, . . . ,M, (2.28)

where

⟨fs, φj⟩ =
∫
fs(v, t)φj(v)dv =

M∑
i=1

Mjifi,

⟨fp, φj⟩ =
∫
fp(v, t)φj(v)dv =

∑
α:vα∈Ωφj

wαφj(vα),

and Mij =
∫
φi(v)φj(v)dv are the elements of the mass matrix M of the basis. Here,

the notation
∑

α:vα∈Ωφj
signifies that we only sum over the particles which are in the

support of the basis function φj. Thus, the coefficients of the projected distribution
function are computed as follows:

fi(v1(t), . . . , vN(t)) =
M∑
k=1

M−1
ik

∑
α:vα∈Ωφk

wαφk(vα). (2.29)

Here, it is important to note that these coefficients f̂ are not independent degrees of
freedom but instead, they are computed from the particle velocities themselves. As
functions of the particle velocities, the coefficients can be differentiated with respect

2In all the work in this thesis, we will consider weights that stay constant in time.
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to individual particle velocities, vβ:

∂fi
∂vβ

=
∑

k:vβ∈Ωφk

M−1
ik wβ∇φk(vβ). (2.30)

There are several advantages to this approach to regularising a particle solution.
The first is that the number of coefficients in the projected representation (2.27) is
usually significantly smaller than the number of particles, i.e. M ≪ N . Secondly,
the projection itself is fairly cheap to compute as it only requires the solution of a
linear system of equations. Additionally, the matrix is time independent (as it is
simply the mass matrix for the chosen basis) and so does not require re-computation
in different timesteps. The projected solution can also be evaluated anywhere in the
domain.

As mentioned, in the case of time-dependent PDEs, the described methods can
be used to produce a spatial, or semi-, discretisation – a system of ODEs that is
discrete in space but remains continuous in time. These ODEs can then be integrated
in time with an appropriate choice of time integration methods. In the following
section, we introduce the two main methods that will be used for this purpose in
this thesis.

2.3 Time Integrators

In this section, we introduce two methods — the implicit midpoint method, and
discrete gradients. The implicit midpoint scheme will be used in Chapter 3 to
discretise the Lenard-Bernstein operator, while discrete gradients will be used to
obtain time discretisations of the Landau operator in Chapter 4.

2.3.1 Implicit Midpoint

Let us consider an ODE of the form:

ż(t) = f(t, z), z(t0) = z0, (2.31)

where ż = dz/dt, t0 is the initial time, and z0 the initial condition. Denote the
step-size by h, the n-th timestep by tn = t0+nh, and the computed solution at time
tn by zn. The implicit midpoint scheme is then given by:

zn+1 = zn + hf

(
tn +

h

2
,
zn + zn+1

2

)
, (2.32)
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where n = 0, 1, 2, . . . . The point tn+1/2 = tn + h/2 is referred to as the mid-
point.

The method is derived by considering an approximation of the time derivative as
follows:

z(t+ h)− z(t)

h
= ż

(
t+

h

2

)
, (2.33)

which combined with (2.31) becomes:

z(t+ h)− z(t)

h
= f

(
t+

h

2
, z

(
t+

h

2

))
. (2.34)

The final step to obtain the scheme is to approximate z(t+ h/2):

z

(
t+

h

2

)
≈ z(t) + z(t+ h)

2
, (2.35)

which is the midpoint of the line connecting z(t) and z(t + h). Together with
the above equation, this gives us the implicit midpoint update rule in (2.32).
The implicit midpoint method is a special case of a Gauss–Legendre Runge–Kutta
method.

2.3.2 Discrete gradients

Another method for integrating ODEs is the discrete gradient method (Quispel &
Turner 1996; McLachlan et al. 1999). It is an integral preserving technique, initially
developed for Hamiltonian systems and others with first integrals, which can also
be adopted to dissipative systems as shown below.

To illustrate, we begin with a system of ODEs in gradient form,

ż = G(z)∇S(z), (2.36)

where z ∈ Rn. Here, G(z) can be a skew-symmetric matrix in the case of a Hamilto-
nian system, or a negative semi-definite symmetric matrix in the case of a dissipative
one. In the case of a Hamiltonian system, or one with preserved first integrals in
general, S(z) is the preserved integral quantity. In the dissipative case, S(z) is
the dissipated quantity. The system of ODEs is then approximately solved by the
following equation:

zn+1 − zn
h

= G̃(zn, zn+1)∇̄S(zn, zn+1), (2.37)

where ∇̄S(zn, zn+1) is known as the discrete gradient, and G̃(zn, zn+1) is a matrix
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such that G̃(zn, zn+1) → G(zn) in the limit zn+1 → zn as h → 0. The discrete
gradient, ∇̄S(zn, zn+1), satisfies the following two properties:

(zn+1 − zn) · ∇̄S(zn, zn+1) = S(zn+1)− S(zn), (2.38a)

∇̄S(zn, zn) = ∇S(zn). (2.38b)

One such discrete gradient is the one by Gonzalez (1996), also known as the midpoint
discrete gradient:

∇̄S(zn, zn+1) = ∇S(zn+1/2)

+ (zn+1 − zn)
S(zn+1)− S(zn)− (zn+1 − zn) · ∇S(zn+1/2)

|zn+1 − zn|2
, (2.39)

where zn+1/2 = (zn + zn+1)/2 is the midpoint. The extra terms in this expression,
compared to the implicit midpoint method, ensure the energy conservation / entropy
dissipation properties of this scheme.

We can demonstrate the conserving properties of discrete gradients straightfor-
wardly. From Equation (2.38), we have that:

S(zn+1)− S(zn) = (zn+1 − zn) · ∇̄S(zn, zn+1). (2.40)

Using the discrete gradient update rule (2.37), this becomes:

S(zn+1)− S(zn) = h∇̄S(zn, zn+1)G̃(zn, zn+1)∇̄S(zn, zn+1). (2.41)

As the matrix G̃ is antisymmetric if G is antisymmetric (for an energy conserving
system), we have:

S(zn+1)− S(zn) = 0. (2.42)

Alternatively, for a dissipative system, we have that G̃ is negative (or positive)
semi-definite and so we have:

S(zn+1)− S(zn) ≤ 0, (2.43)

i.e. S is monotonically dissipated in time by construction.



Chapter 3

Discretisation of the
Lenard-Bernstein operator

In this chapter, a discretisation of the conservative Lenard-Bernstein collision op-
erator (1.50) is constructed based on a deterministic particle method approach. A
projection method is used to regularise the particle solution. The scheme is shown
to satisfy energy and momentum conservation semi-discretely, and in time using the
implicit midpoint scheme. Numerical results are shown in 1D to demonstrate the
aforementioned properties and the validity of the method. This section is based
on our published article in the Journal of Plasma Physics, “A structure-preserving
particle discretisation for the Lenard-Bernstein collision operator” (Jeyakumar et al.
2024a).

3.1 Semi-discrete operator

In order to discretise the conservative Lenard-Bernstein operator in velocity-space,
we need to introduce a second representation of the distribution function. The
particle-representation with Dirac delta distributions, which is usually used to solve
the ideal part, is not differentiable and thus cannot be used to evaluate the collisional
part. Previous works regularised the collision operator by using finite sized particles
(Carrillo et al. (2020); Hirvijoki (2021)). Here, we explore a different approach based
on finite element or spline spaces of sufficient regularity, following the projection
methods discussed in Section 2.2.2.

The particle distribution function is given by

fp(v, t) =
∑
α

wαδ(v − vα(t)), (3.1)

where {vα(t)}Nα=1 are the particle velocities which evolve over time, where N is the
number of particles. As the particle distribution function fp is non-differentiable,

35
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we use an L2 projection of fp onto a set of differentiable basis functions {φj}Mj=1 for
M ≪ N as follows:

fs(v, t) =
∑
i

φi(v)fi(t) =
∑
i,j

φi(v)M−1
ij

∑
α

wαφj(vα(t)), (3.2)

where {fi(t)} are the coefficients of the projected distribution function, fs, expressed
in the basis {φi}, and Mij =

∫
φiφjdx are the elements of the corresponding mass

matrix M. The projected representation of the distribution function, fs(v), will
be used as an auxiliary representation for the evaluation of the collision operator
where differentiability is required. This type of projection also offers the benefit of
smoothing the solution for appropriately-chosen basis functions {φj}. We note that
Equation (3.1) remains the primary representation of the distribution function in our
method, and that Equation (3.2) is only used in order to satisfy the differentiability
requirements of the collision operator.

To construct the semi-discretisation of the conservative Lenard-Bernstein operator,
we return to its form in Equation (1.50). We will discretise this equation first, and
then derive the discrete coefficients A1 and A2 in terms of the discrete momentum
and energy densities.

To discretise the conservative collisional dynamics,

∂f

∂t
= ν

∂

∂v
·
(
∂f

∂v
+ A1f + A2vf

)
, (3.3)

we apply a deterministic particle method (as introduced in Section 2.2). Typi-
cally, deterministic particle methods are formulated for first order transport-type
problems. They can, however, be adapted to the context of diffusion problems as
shown by Degond & Mustieles (1990). Following this approach, we rewrite Equa-
tion (3.3):

∂f

∂t
+

∂

∂v
(a(v, f)f) = 0, a(v, f) = −ν

(
1

f

∂f

∂v
+ A1 + A2v

)
. (3.4)

This equation is approximately solved in terms of the particle distribution func-
tion (3.1), where the particle velocities {vα} satisfy the following ordinary differential
equations:

v̇α = a(vα, f) = −ν
(

1

f(vα)

∂f

∂v
(vα) + A1 + A2vα

)
. (3.5)

Let us note that the first term on the right-hand side is not well defined if the
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distribution function f is replaced by its particle representation fp. Therefore, we
will use the projection shown in Equation (3.2) instead and replace both instances
of the distribution function f with the projected distribution function fs to arrive
at the following equation:

v̇α = a(vα, fs) = −ν
(

1

fs(vα)

∂fs
∂v

(vα) + A1 + A2vα

)
. (3.6)

The final step in obtaining the semi-discrete system of equations is to compute
the coefficients A1 and A2. In analogy to the continuous case as described in Sec-
tion 1.4.1, A1 and A2 are determined by requiring conservation of the discrete mo-
mentum and energy1:

d

dt

∑
α

wαvα = −ν
∑
α

wα

[
1

fs(vα)

∂fs
∂v

(vα) + A1 + A2vα

]
= 0, (3.7)

1

2

d

dt

∑
α

wαv
2
α = −ν

∑
α

wα

[
vα

fs(vα)

∂fs
∂v

(vα) + A1vα + A2v
2
α

]
= 0. (3.8)

Upon introduction of the discrete mass, momentum, and energy densities,

nh(vα) =
∑
α

wα, nhuh(vα) =
∑
α

wαvα, nhεh(vα) =
∑
α

wαv
2
α, (3.9)

we obtain a linear system of equations which can be solved to find the discrete A1,
A2:

A1nh + A2nhuh = −
∑
α

wα
f ′
s(vα)

fs(vα)
,

A1nhuh + A2nhεh = −
∑
α

wαvα
f ′
s(vα)

fs(vα)
.

(3.10)

The solution to this linear system is as follows:

A1 =
1

nhεh − nhu2h

∑
α

wα(uhvα − εh)
f ′
s(vα)

fs(vα)
,

A2 =
1

nhεh − nhu2h

∑
α

wα(uh − vα)
f ′
s(vα)

fs(vα)
.

(3.11)

We note that these quantities implicitly depend on time through their dependence on
the particle velocities {vα(t)}, and so must be recomputed at every timestep.

1Here, we have chosen to preserve the discrete moments in the particle basis but it is also
possible to derive a different scheme by imposing the conservation conditions on the projected
moments.
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We also note that in order for the projection to preserve the moments of the distribu-
tion function, it is sufficient that the functions {1, v, v2} are contained in span{φj}.
This can be demonstrated by considering the example of conservation of mass, which
requires: ∫

1fpdv =

∫
1fsdv. (3.12)

To show this holds, we begin from the condition used to construct the projec-
tion: ∫

φjfpdv =

∫
φjfsdv, ∀j ∈ 1, . . . ,M. (3.13)

Let 1 ∈ span{φj}. Then, there exists a set of coefficients {cj} such that 1 =
∑

j cjφj.
Multiplying both sides of (3.13) with the corresponding cj and summing over j, we
have: ∑

j

cj

∫
φjfpdv =

∑
j

cj

∫
φjfsdv, (3.14)

which by linearity of the integral becomes:∫ ∑
j

cjφjfpdv =

∫ ∑
j

cjφjfsdv. (3.15)

Since we have that 1 =
∑

j cjφj, we then have that∫
1fpdv =

∫
1fsdv, (3.16)

which is the required condition for mass conservation. Momentum and energy con-
servation follow similarly from requiring the functions v and v2 to be in the span of
basis {φj}. We note that the spline basis chosen in the numerical implementation,
as detailed in Section 3.3, satisfies this property since it is a cubic basis.

We remark that at this time, a proof of monotonic entropy dissipation for the semi-
discrete Lenard-Bernstein operator remains elusive. We have, however, numerically
demonstrated that our discretisation maintains this property in Section 3.3.

3.2 Time discretisation

In this chapter, we describe the temporal discretisation of the system of ODEs (3.6)
by the implicit midpoint scheme (as introduced in Section 2.3), which is a possible
choice for a method that maintains the discrete conservation laws exactly (up to
machine-precision). Let us start by introducing some notation. Denote by h a
single timestep, by tn = t0+nh the time after the n-th timestep, and by vnα ≈ vα(tn)
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the corresponding particle velocity. Further, let vn+1/2
α = (vnα + vn+1

α )/2 be the
particle velocity at the midpoint and, following Equation (3.2), denote the spline
representation of the distribution function at the midpoint by

fn+1/2
s (v) =

∑
i,j

φi(v)M−1
ij

∑
α

wαφj(v
n+1/2
α ). (3.17)

With this, the implicit midpoint scheme for the system (3.6) can be written as
follows:

vn+1
α = vnα + ha

(
vn+1/2
α , fn+1/2

s

)
. (3.18)

In order to verify conservation of the total momentum, let us consider the particle
momentum at the n+ 1-th timestep:∑

α

wαv
n+1
α =

∑
α

wα
[
vnα + ha

(
vn+1/2
α , fn+1/2

s

)]
,

=
∑
α

wαv
n
α + h

∑
α

wαa
(
vn+1/2
α , fn+1/2

s

)
,

=
∑
α

wαv
n
α − hν

∑
α

wα

[
1

f
n+1/2
s

∂f
n+1/2
s

∂v

(
vn+1/2
α

)
+ A1 + A2v

n+1/2
α

]
.

(3.19)

We observe that the sum in the second term of this equation is exactly given by
the left-hand side of Equation (3.7), evaluated at vn+1/2

α , and so is equal to zero
as (3.7) is satisfied for all times in the scheme by construction. Thus, the particle
momentum is conserved exactly by the implicit midpoint scheme.

A similar result can be demonstrated for the total particle energy. At the n + 1-th
timestep, we have:∑

α

wα
(
vn+1
α

)2
=
∑
α

wα
[
vnα + ha

(
vn+1/2
α , fn+1/2

s

)]2
,

=
∑
α

wα(v
n
α)

2 + h2
∑
α

wαa
(
vn+1/2
α , fn+1/2

s

)2
+ 2h

∑
α

wαv
n
αa
(
vn+1/2
α , fn+1/2

s

)
. (3.20)

Now, we split the last term and replace one vnα by using the implicit midpoint rule,
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i.e. vnα = vn+1
α − ha

(
v
n+1/2
α , f

n+1/2
s

)
to obtain the following:

2h
∑
α

wαv
n
αa
(
vn+1/2
α , fn+1/2

s

)
= h

∑
α

wαv
n
αa
(
vn+1/2
α , fn+1/2

s

)
+ h

∑
α

wαv
n
αa
(
vn+1/2
α , fn+1/2

s

)
= h

∑
α

wαv
n
αa
(
vn+1/2
α , fn+1/2

s

)
+ h

∑
α

wα
[
vn+1
α − ha

(
vn+1/2
α , fn+1/2

s

)]
a
(
vn+1/2
α , fn+1/2

s

)
= h

∑
α

wα
(
vnα + vn+1

α

)
a
(
vn+1/2
α , fn+1/2

s

)
− h2

∑
α

wαa
(
vn+1/2
α , fn+1/2

s

)2
. (3.21)

The last term in this equation cancels the second term on the right-hand side of
(3.20), and we are left with:∑

α

wα
(
vn+1
α

)2
=
∑
α

wα (v
n
α)

2 + 2h
∑
α

wαv
n+1/2
α a

(
vn+1/2
α , fn+1/2

s

)
. (3.22)

The second term on the right-hand side of (3.22) equals the expression in (3.8)
evaluated at the midpoint vn+1/2

α , and therefore is zero. Thus, the particle energy is
preserved exactly in time.

3.3 Numerical results

In this chapter, we present numerical experiments for the one-dimensional conserva-
tive Lenard-Bernstein operator using B-spline basis functions of arbitrary order for
projecting the particle distribution function. The implementation is based on the
Julia programming language (Bezanson et al. 2017), and the package is available
publicly (Kraus et al. 2023).

3.3.1 Convergence of the semi-discrete operator

We demonstrate convergence properties of the semi-discretisation under projec-
tion onto a B-spline basis and particle sampling. First, we verify that the semi-
discretisation indeed preserves the Maxwellian as an equilibrium solution under
projection. To this end, we compute the projection of an exact Maxwellian onto
the spline basis as follows:∫ ∑

j

fjφj(v)φi(v)dv =

∫
fM(v)φi(v)dv, (3.23)
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where fj are the coefficients of the spline for which we are solving, and fM(v) =

1/
√
2π exp(−v2/2) is the Maxwellian of mean µ = 0 and variance σ2 = 1. Rear-

ranging this expression, we obtain the following spline coefficients for the projected
Maxwellian:

fj = M−1
ij

∫
fM(v)φi(v)dv, (3.24)

where Mij =
∫
φiφjdv are the elements of the mass matrix M as before. The

spline-projected representation of the Maxwellian distribution fM(v) is then given
by fs,M(v) =

∑
j fjφj(v) with the coefficients fj from (3.24). We use this projected

Maxwellian to compute the right-hand side of Equation (3.6), as follows

v̇α = −ν
(

1

fs,M(vα)

∂fs,M
∂v

(vα) + A1 + A2vα

)
, (3.25)

where the coefficients A1 and A2 are computed using the projected Maxwellian
distribution fs,M in (3.11). The L2 norm of the time derivative of the particle
velocities, ∥v̇α∥2, can then be used to check if the Maxwellian is an equilibrium
solution under projection, as this norm should approach zero with increasing spline
resolution in such case. We compute this quantity for a range of spline resolutions,
using a sample of N = 100, 000 particles from a normal distribution where the
sample is strictly used for evaluation of Equation (3.25) and never for projection.
Figure 3.1 shows the convergence of ∥v̇α∥2 with an increasing number of splines,
computed using cubic spline basis functions. As expected, the norm of the time
derivative approaches zero with an increasing number of splines at a rate which
corresponds to the order of the splines used (cubic splines have order k = 4).

Secondly, we demonstrate convergence of the semi-discretisation under particle sam-
pling. Here, we instead compute the sample variance of the particle velocity time
derivatives, i.e.

∑
v̇2α/N , keeping the spline resolution fixed and varying the number

of particles in the sample. We directly project the particles to compute the spline
representation of f , as per Equations (3.2) and (3.6). The results of this are shown
in Figure 3.2, and we observe that the sample variance converges at a rate slightly
above 1/N , which is the expected convergence rate for the sample variance generated
by statistical sampling methods.

These two results demonstrate that the Maxwellian distribution remains an equilib-
rium solution under semi-discretisation, and the method demonstrates the expected
convergence properties with both number of splines and particles.
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Figure 3.1: Convergence of the L2 norm of the particle velocity gradient, ∥v̇α∥2, when
computed using a true Maxwellian f , against the number of splines. The dashed line shows
the reference curve y = x−4.

Figure 3.2: Convergence of the sample variance of the particle velocity time derivative,∑
v̇2α/N , with the number of particles, shown on a logarithmic scale. The dashed line

represents the reference curve y = 1/N .
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3.3.2 Relaxation of a shifted normal distribution

In the first example, we initialise the distribution function with a standard normal
distribution shifted to the right by µ = 2, obtaining a distribution with mean µ = 2

and variance σ2 = 1 as shown in the following equation:

f(v, t = 0) =
1√
2π
e−

1
2
(v−2)2 . (3.26)

The particles are then initialised by independently and identically (iid) sampling
from this distribution, for N = 1000 particles. The spline distribution is initialised
by L2 projecting the initial particle distribution onto the spline basis, with the spline
coefficients computed as per Equation (3.2). A cubic-spline basis of 41 elements is
used, with equally spaced knots on the velocity domain v ∈ [−10, 10]. The time
integration is performed using the implicit midpoint scheme, which is of second
order. A time-step of h = 8× 10−4 and a collision frequency of ν = 1 is used. The
simulation was run until a final normalised time of t = 1, corresponding to 1250

timesteps.

In the initial condition, shown on the left of Figure 3.3, we observe slight variations
in the spline-projected distribution function due to the sampling error of the parti-
cles. In the final distribution, we observe the expected behaviour of the projected
distribution approaching an exact normal with the initial variations smoothed out,
and due to the momentum conservation, the mean of the distribution stays at the
same value (v = 2). Here, the particle momentum and the energy are conserved up
to machine precision. The evolution of the energy and momentum error are shown
in Figure 3.4. The evolution of the entropy, S =

∫
fs log fsdv, is shown in Figure 3.5

(normalised by the magnitude of its initial value), and we observe the monotonic
dissipation of the entropy over the course of the simulation as expected.

We also observe that the method works well even for small numbers of particles. Re-
sults for the same simulation using a sample of N = 200 particles instead are shown
in Figure 3.6. The particle energy and momentum are again conserved up to machine
precision in relative error, with similar behaviour as shown in Figure 3.4.

3.3.3 Relaxation of a bi-Maxwellian distribution

Next, we consider a double Maxwellian distribution as the initial condition. Each
peak is a standard normal distribution which has been shifted from the origin by
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Figure 3.3: The initial and final distributions when the initial condition is chosen to be
a normal distribution of mean µ = 2 and variance σ2 = 1, for a sample of N = 1000

particles.

Figure 3.4: Energy and momentum
conservation during the simulation, for
the initial condition of a shifted normal
distribution

Figure 3.5: Evolution of the normalised
entropy, i.e. S/|S(t = 0)| where S =∫
fs log fsdv, during the simulation
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Figure 3.6: The initial and final distributions when the initial condition is chosen to be a
normal distribution of mean µ = 2 and variance σ2 = 1, for a sample of N = 200 particles.

v = ±2 as per the following equation:

f(v, t = 0) =
1√
2π

(
e−

1
2
(v−2)2 + e−

1
2
(v+2)2

)
, (3.27)

and the sampled distribution is shown in Figure 3.7 on the left. The sample for
the particle distribution function is again of size N = 1000 particles. We use the
identical numerical setup as the previous example, in particular the same time-step
of h = 8 × 10−4 and the same collision frequency of ν = 1. The final distribution
obtained after time integration until t = 5 is shown in Figure 3.7 on the right.
Again, the equilibrated distribution is a Gaussian with equal mean and variance to
the initial condition. The particle energy is conserved up to machine precision in
relative error. The particle momentum is conserved up to a relative error on the
order of 10−14. The behaviour of the two quantities over time is oscillatory and
similar to Figure 3.4. The normalised entropy also decreases monotonically in time,
and this is illustrated in Figure 3.8.
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Figure 3.7: The initial and final distribution functions when the initial condition is chosen
to be a bi-Maxwellian, in both particle and spline bases, for N = 1000 particles.

Figure 3.8: Evolution of the normalised entropy over the simulation, where the initial
condition is a bi-Maxwellian.
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3.3.4 Relaxation of a uniform distribution

In the last example, we initialise the distribution function with a uniform distribution
shifted and scaled to the interval v ∈ [−2, 2], i.e.:

f(v, t = 0) =

1
4
, if v ∈ [−2, 2],

0, else.
(3.28)

A sample of N = 200 particles is taken from this distribution. A timestep of
h = 1 × 10−4 is used and the final integration time is t = 1. All other parameters
are kept the same. Figure 3.9 shows the initial and final distributions obtained in
the simulation, demonstrating again the expected result that the initial distribution
relaxes to a normal distribution. The resultant particle distribution function retains
the same mean up to a relative error on the order of 10−14 (which is equivalent
to momentum being preserved at this level). The energy is preserved to a relative
error on the order of 10−15. The entropy decreases monotonically as expected and is
illustrated in Figure 3.10. We note that the method performs as well here as it does
in the other examples despite this being a more challenging case, as the uniform
distribution is discontinuous and therefore not amenable to being represented using
B-spline basis functions.

3.3.5 Remarks

It is important to ensure that the chosen velocity domain for a simulation is suf-
ficiently large such that no particle leaves this domain at any time. There is no
sensible method for returning a particle to the simulation domain, as the true ve-
locity space domain for this problem is infinite. Practically, a particle leaving the
domain will return zero when the spline projected distribution is evaluated on the
particle’s velocity, which leads to the evaluation of (3.6) becoming undefined due to
division by zero.
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Figure 3.9: The initial and final distribution functions for the case of a uniform initial
condition, with the initial condition shown on the left and the final result shown on the
right. A sample of N = 200 particles is used.

Figure 3.10: Evolution of the normalised entropy over the simulation, where the initial
condition is a uniform distribution.



Chapter 4

Discretisation of the Landau
operator

In this chapter, we present several different approaches for discretising the Landau
collision operator (1.68) in a structure-preserving manner. That is, we are interested
in solving the equation:

∂tf = C[f ], (4.1)

where

C[f ] = ν
∂

∂v
·
∫
U(v, v′)

(
f(v′)

∂f

∂v
− f(v)

∂f

∂v′

)
dv′, (4.2)

Uij(v, v
′) =

1

|v − v′|

(
δij −

(vi − v′i)(vj − v′j)

|v − v′|2

)
, (4.3)

for the time-evolution of the single-particle distribution function, f , while preserving
mass, momentum, and energy.

First, we present a direct discretisation of the equation using a deterministic particle
method, following a similar approach to that used for the Lenard-Bernstein operator,
as shown in Chapter 3. Then, we present two approaches for discretisation following
the metriplectic approach.

Part of this chapter is based on our manuscript on the arXiv, “Structure-preserving
particle methods for the Landau collision operator using the metriplectic framework”
(Jeyakumar et al. 2024b).

49
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4.1 Discretising using a deterministic particle

method

Following the work of Chertock (2017), we begin by rewriting the equations in
divergence form as follows:

∂tf − C[f ] = ∂tf +
∂

∂v
· (a(v, f)f) = 0, (4.4)

where
a(v, f) = −

∫
U(v, v′)

(
f(v′)

f(v)

∂f

∂v
− ∂f

∂v′

)
dv′ (4.5)

for U(v, v′) as defined in Equation (4.3).

Thus, we have that solutions to Equation (4.4) are given by:

fp(v, t) =
∑
α

δ(v − vα(t)), (4.6)

where the particle velocities, {vα}, satisfy the following ODEs

v̇α = a(vα, f). (4.7)

For the right-hand side, a(vα, f), to be well-defined, we require a representation of
f such that ∂f/∂v is well-defined. Thus, we follow the same approach as shown in
Chapter 3 to define a projected distribution function:

fs(v, t) =
∑
j

fj(t)φj(v) =
∑
i,j

M−1
ij

∑
α

wαφi(vα(t))φj(v), (4.8)

which is obtained via L2 projection of fp onto the basis {φj(v)}. The basis itself
can be chosen to provide sufficient differentiability for the problem.

Using the projected distribution, fs, we can now compute the equations of motion
for the particle velocities as follows:

v̇α = a(vα, fs), (4.9)

= −
∫
U(vα, v

′)

[
fs(v

′)

f(vα)

∂fs
∂v

(vα)−
∂fs
∂v′

(v′)

]
dv′. (4.10)

There is, however, one major issue with this discretisation and that is the fact that
the integration in v′ in the above equation must be performed for each particle
individually, due to the coupling of vα and v′ by the tensor U . This is extremely
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expensive, and thus not a viable approach to solving the problem.

As such, we turn to discretisations of the Landau operator via the metriplectic
approach, and this is discussed in the following two sections.

4.2 Discretising the metric bracket directly

We discretise the Landau collision operator by discretising its metriplectic formula-
tion using particles. This is to say that we do not discretise the dynamical equations
as shown in the previous section, but instead we discretise the entropy and metric
bracket and obtain discrete equations via the metriplectic approach detailed in Sec-
tion 1.2. This approach consists of the following main steps: (a) discretising the
distribution function, (b) discretising functionals, and (c) discretising functional
derivatives, all of which will be detailed in the following.

4.2.1 Approximating the distribution function

The distribution function is represented by a collection of N macro-particles
(Klimontovich representation):

fp(v, t) =
N∑
α=1

wαδ(v − vα(t)), (4.11)

where vα(t) ∈ Rd is the velocity of the α-th particle, wα is its weight, and d ∈ {2, 3}
is the number of velocity dimensions being considered.

This representation of the distribution function, however, does not allow for an
immediate discretisation of the entropy functional (1.73) as the expression resulting
from evaluating entropy S on the particle distribution fp is not well-defined. To
overcome this, we use a projection method as in Chapter 3 and adopt a projected
distribution function as follows:

fs(v, t) =
∑
i

φi(v)fi, (4.12)

where {φi(v)}Mi=1 are a set of differentiable basis functions with local/compact sup-
port in Rd and {fi(v1(t), . . . , vN(t))}Mi=1 are the coefficients of the projected distri-
bution function in this basis.

While it is not possible to evaluate the entropy (1.73) on the particle distribution
function fp, evaluation on the projected distribution function fs poses no issues. This
second representation of the distribution function can thus be seen as a method of
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regularisation in a similar vein as previous works that used radial basis functions
and similar methods to this end (Carrillo et al. 2020; Hirvijoki 2021).

4.2.2 Discrete functional derivatives

Following the metriplectic formulation, we will discretise the entropy functional and
bracket separately, and then apply the discrete bracket to the discrete entropy to
obtain the semi-discrete equations of motion. Discretising the metric bracket for
the Landau operator (1.74) requires the discretisation of the functional derivatives
appearing therein. This is facilitated by the observation that functionals of the
distribution function, A[f ], can be considered as functions of the particle velocities
V = {vα}Nα=1, upon evaluation on the particle distribution fp:

A[fp] = A(V ). (4.13)

By considering variations of both sides of this expression, we obtain an approxima-
tion of the functional derivatives of A[fp] in terms of the function A as follows1.
Starting with the left-hand side, variation and integration by parts gives,

δA[fp] =

∫
δA
δf

δfp dv

= −
Np∑
a=1

wa

∫
δA
δf

∇vδ
(
v − va(t)

)
· δva dv

=

Np∑
a=1

wa∇v
δA
δf

∣∣∣∣
v=va

· δva. (4.14)

Upon equating this expression with the variation of the right-hand side of (4.13),
namely

δA(V ) =

Np∑
a=1

∂A

∂va
δva, (4.15)

1We note that, generally speaking, this approach to discretising the functional derivatives re-
quires the functional being differentiated to be linear in the distribution function f . While, in
theory, this may seem very restrictive, in practise, this choice has no impact on the type of “dis-
crete functionals” on which the resulting bracket may be evaluated. Regardless of this ansatz, the
discrete bracket will be applicable to any function of the discrete degrees of freedom, no matter
if it depends linearly or nonlinearly on the degrees of freedom, and independently from how it is
constructed, e.g. by evaluating a continuous functional on the particle distribution, fp, or in some
other way.
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we obtain:
∂A

∂vα
= wα

∂

∂v

δA
δf

∣∣∣∣
v=vα

. (4.16)

Evaluating the bracket of Equation (1.74) on the particle distribution from Equa-
tion (4.11), we obtain the following bracket on functionals:

(A,B) = 1

2

∑
α,β

wαwβ

∫ (
∂Af

∂v
− ∂Af ′

∂v′

)
δ(v−vα)U(v, v′)δ(v′−vβ)

(
∂Bf
∂v

− ∂Bf ′
∂v′

)
dvdv′,

(4.17)
for some functionals A,B. Using relation (4.16) to replace the functional derivatives
Af , etc., we obtain the discrete bracket on functions :

(A,B)h =
1

2

∑
α,β

wαwβ

(
1

wα

∂A

∂vα
− 1

wβ

∂A

∂vβ

)
U(vα, vβ)

(
1

wα

∂B

∂vα
− 1

wβ

∂B

∂vβ

)
, (4.18)

where A, B are functions of the particle velocities V = {vα}Nα=1.

4.2.3 Discrete entropy

The remaining ingredient required for constructing the discrete collision operator
is the entropy. The entropy functional (1.73) is not amenable to plain evaluation
on the particle distribution fp as the resulting expression is not well-defined. Thus,
we evaluate the entropy functional (1.73) on the projected distribution function fs

instead, such that the discrete entropy becomes:

Sh = −
∫
fs log fs dv = −

∫ (∑
i

φi(v)fi

)
log

(∑
j

φj(v)fj

)
dxv. (4.19)

Using this expression for entropy, we now compute its derivative with respect to
the degrees of freedom (this will be required to apply the metric bracket to the
entropy):

∂Sh
∂vα

= −
∫ [∑

i

∂fi
∂vα

φi(v) log

(∑
j

φj(v)fj

)
+

∑
i φi(v)fi∑
j φj(v)fj

∑
j

∂fj
∂vα

φj(v)

]
dxv,

(4.20)

where the derivative ∂fi/∂vα is given by Equation (2.30). Simplifying the second
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term and using Equation (2.30) to compute ∂fi/∂vα gives us the following:

∂Sh
∂vα

= −
∫ [∑

i

∂fi
∂vα

φi(v) log

(∑
j

φj(v)fj

)
+
∑
j

∂fj
∂vα

φj(v)

]
dxv,

= −
∫ [∑

i,k

M−1
ik wα∇φk(vα)φi(v) log

(∑
j,l

φj(v)M−1
jl

∑
β

wβφl(vβ)

)

+
∑
j,l

M−1
jl wα∇φl(vα)φj(v)

]
dv. (4.21)

We define the following for convenience:

Lk =
∑
i

M−1
ik

∫
φi(v)

[
1 + log

(∑
j

fjφj(v)

)]
dv. (4.22)

Relabelling indices in (4.21) and using (4.22), we obtain our final expression for the
derivative of the discrete entropy with respect to the degrees of freedom:

∂Sh
∂vα

= −
∑
k

wαLk∇φk(vα). (4.23)

With this, we can now compute the collision contribution for a given particle, v̇γ,
through the metric bracket.

4.2.4 Discrete collision operator

The discrete collisional dynamics are given by

v̇γ = −(vγ, Sh)h. (4.24)
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Upon inserting the expression of the discrete bracket (4.18) and the derivative of
the entropy (4.23), we obtain:

v̇γ =
1

2

∑
α,β

wαwβ

(
1

wα
δαγ −

1

wβ
δβγ

)
U(vα, vβ)

∑
k

Lk(∇φk(vα)−∇φk(vβ)), (4.25)

=
1

2

[∑
β

wβU(vγ, vβ)
∑
k

Lk(∇φk(vγ)−∇φk(vβ))

−
∑
α

wαU(vα, vγ)
∑
k

Lk(∇φk(vα)−∇φk(vγ))

]
, (4.26)

=
∑
α

wαU(vγ, vα)
∑
k

Lk(∇φk(vγ)−∇φk(vα)). (4.27)

Here, we obtain Equation (4.26) through separating the two Kronecker delta terms
in (4.25) and contracting the appropriate indices. Equation (4.27) then comes from
relabelling indices and recognising that the two sums in (4.26) are in fact identical by
symmetry of the kernel U(·, ·). Equation (4.27) is the final semi-discretised system
of equations.

For the purpose of discretising the system in time, it will be useful to rewrite the
semi-discretised system of equations as a gradient system. To obtain this form, we
rearrange Equation (4.25) as follows with the use of (4.23):

v̇γ = Gγσ
∂Sh
∂vσ

= −
∑
β

(
wβ
wγ
δγσ − δβσ

)
U(vγ, vβ)

∂Sh
∂vσ

. (4.28)

Here, the operator G can be expressed as:

G(v1, . . . , vn) =


−
∑
β ̸=1

U(v1, vβ)
wβ

w1
U(v1, v2) U(v1, v3) . . .

U(v2, v1) −
∑
β ̸=2

U(v2, vβ)
wβ

w2
U(v2, v3) . . .

... . . .

 .
(4.29)

The matrix G is a Nd×Nd block matrix, where d is the number of velocity-space
dimensions and N the number of particles, and each d× d block is given by

Gγσ =


−
∑
β ̸=γ

U(vγ, vβ)
wβ

wγ
if γ = σ,

U(vγ, vσ) else.
(4.30)

We observe by the symmetry of the kernel U(·, ·) that the operator G is also sym-
metric. It is also negative semi-definite. To see this, take a vector p ∈ RdN and
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interpret it as structured into N blocks pγ of size d, in analogy to the structure of
G, so that each block pγ ∈ Rd. Multiplying the operator G from both sides with p,
we have:

pTγGγσpσ = −
N∑

γ,σ=1

N∑
β=1

pTγ

(
wβ
wγ
δγσ − δβσ

)
U(vγ, vβ)pσ,

= −
N∑
σ=1

N∑
β=1

wβ
wσ
pTσU(vσ, vβ)pσ +

N∑
γ=1

N∑
β=1

pTγU(vγ, vβ)pβ,

= −
N∑
σ=1

N∑
β=1

(
wβ
wσ
pTσU(vσ, vβ)pσ − pTσU(vσ, vβ)pβ

)
. (4.31)

Here, we have expanded out the two terms, contracted the appropriate indices with
the delta functions, and relabelled the resulting indices in the second sum. Factoring
out the left-multiplying terms, we obtain:

pTγGγσpσ = −
N∑
σ=1

N∑
β=1

pTσ
wσ
U(vσ, vβ) (wβpσ − wσpβ) , (4.32)

= −1

2

N∑
σ=1

N∑
β=1

(wβpσ − wσpβ)
T U(vσ, vβ)

wσwβ
(wβpσ − wσpβ) ≤ 0. (4.33)

The final equation is obtained by realising that swapping indices in Equation (4.32)
results in the same term up to a minus sign, and further re-arranging results in
the form shown above. As the matrix U is a projector and therefore positive semi-
definite, and is being multiplied from the left and right by the same vector, we have
that every term in the sum is non-positive. Thus the entire sum is non-positive and
the operator G is negative semi-definite.

4.2.5 Conservation of momentum and energy

We now demonstrate that the semi-discrete equations of motion preserve total mo-
mentum and energy. We note that mass is trivially preserved by this scheme, due
to the particle weights being held constant. We start by looking at the evolution of
the total particle momentum, P =

∑
γ wγvγ:

d
dt

∑
γ

wγvγ =
∑
γ

wγ v̇γ =
∑
γ

wγGγσ
∂Sh
∂vσ

, (4.34)

which gives us that dP/dt = 0, as the product wγGγσ is equal to a vector which is
zero element-wise. Thus, the semi-discretisation preserves total particle momentum
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over time.

To demonstrate energy conservation, it will be useful to consider the action of the
operator U(·, ·). We note that U(v, v′) is an orthogonal projector onto the subspace
orthogonal to the vector v−v′. It follows that U(v, v′)(v−v′) = U(v′, v)(v−v′) = 0⃗.
We now follow the same process as before to check conservation, where the energy
density is given by E =

∑
γ wγv

2
γ/2:

dE
dt

=
∑
γ

wγvγ v̇γ =
∑
γ

wγvγGγσ
∂Sh
∂vσ

. (4.35)

Without loss of generality, we choose σ = 1. If we consider the contraction∑
γ wγvγGγ1, we obtain:∑

γ

wγvγGγ1 = −
∑
β ̸=1

U(v1, vβ)wβv1 + U(v1, v2)w2v2

+ U(v1, v3)w3v3 + · · ·+ U(v1, vn)wnvn

=
∑
β ̸=1

wβU(v1, vβ)(vβ − v1)

= 0, (4.36)

where the last line follows by the property of U(·, ·) being an orthogonal projector.
As this argument holds for all σ, it follows that dE/dt = 0 and the semi-discretisation
preserves energy.

4.2.6 H-Theorem

The semi-discrete collisional dynamics (4.24) satisfies a H-theorem, such that en-
tropy is monotonically dissipated. This can be seen by considering the time evolution
of the discretised entropy:

d
dt
Sh = −(Sh, Sh)h

= −1

2

∑
α,β

wαwβ

(
1

wα

∂Sh
∂vα

− 1

wβ

∂Sh
∂vβ

)T
U(vα, vβ)

(
1

wα

∂Sh
∂vα

− 1

wβ

∂Sh
∂vβ

)
,

(4.37)

where (·, ·)h is the semi-discrete metric bracket given in Equation (4.18).

As the matrix U is positive semi-definite, and the terms multiplying it in the above
equation are identical for a given α and β, and wα, wβ ≥ 0, each term in the sum is
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non-negative. As such, we have that dSh/dt ≤ 0 and so the discretised entropy is
monotonically dissipated.

We can also compute the discrete equilibrium state by using the energy-Casimir prin-
ciple, as before. The energy-Casimir principle for the discrete system reads:

δSh(fs,eq) + δ
∑
i

λiCi(fs,eq) = 0, (4.38)

where Sh(fs,eq) is the discrete entropy (4.19), evaluated at the discrete equilibrium
distribution fs,eq, that is the spline representation of the particles with equilibrated
velocities vα,eq. The Ci’s are the discrete Casimir invariants, i.e. the discrete mass,
momentum, and energy. Thus, the above equation becomes:[

δSh + λMh
δ

(∑
α

wα

)
+ λPh

δ

(∑
α

wαvα

)
+ λEh

δ

(∑
α

wαv
2
α

)]
vα=vα,eq

= 0,

(4.39)
where λMh

, λPh
, and λEh

are the corresponding Lagrange multipliers for the discrete
quantities. Computing the variations in this equation, we have:

∑
α

[
∂Sh
∂vα

+ λPh
wα + λEh

wαvα

]
δvα

∣∣∣∣∣
vα=vα,eq

= 0, (4.40)

where the quantity ∂Sh/∂vα is given by Equation (4.23), and the term corresponding
to the mass does not appear as it does not depend on the particle velocities, thus
having zero variation. Thus, we find that an equilibrium distribution’s degrees of
freedom, i.e. the particle velocities {vα,eq} must satisfy:[

∂Sh
∂vα

+ λPh
wα + λEh

wαvα

]
vα=vα,eq

= 0, (4.41)

for the appropriate Lagrange multipliers based on the chosen initial conditions.

4.2.7 Time discretisation

In the case of the Landau operator, Equation (4.28) is the gradient form of the
semi-discrete system of ODE’s. Applying the discrete gradient approximation of
Equation (2.37), we have:

vn+1
γ − vnγ

h
= G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1), (4.42)
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where ∇̄σSh(vn, vn+1) represents the discrete gradient of ∂Sh/∂vσ, satisfying the
properties in (2.38), and vn represents a vector of all particle velocities at time n.
Here, we take the midpoint approximation for the matrix G̃γσ, i.e.:

G̃γσ(vn, vn+1) = Gγσ

(
vn + vn+1

2

)
. (4.43)

In the treatment of the full Vlasov–Maxwell-Landau system, this approach for time
discretisation of the dissipative part can immediately be adopted for the conservative
part as well, possibly in conjunction with some kind of operator splitting.

Conservation of momentum and energy

Under this scheme, we can show that momentum and energy are conserved in time
as well. We first consider the total particle momentum:∑

γ

wγv
n+1
γ −

∑
γ

wγv
n
γ = h

∑
γ

wγG̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

= h
∑
γ

wγGγσ

(
vn + vn+1

2

)
∇̄σSh(vn, vn+1), (4.44)

where we have used Equation (4.43) to obtain the second line. By the structure of
the matrix Gγσ as shown in Equation (4.29), we have that the sum

∑
γ wγGγσ(·) = 0,

and so:
∆P =

∑
γ

wγv
n+1
γ −

∑
γ

wγv
n
γ = 0. (4.45)

Thus, total particle momentum is conserved exactly in time.

Now, we consider the total particle energy. We have:

1

2

∑
γ

wγ
(
vn+1
γ

)2
=

1

2

∑
γ

wγ

[
vnγ + hG̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

]2
,

=
1

2

∑
γ

wγ
(
vnγ
)2

+ h
∑
γ

wγv
n
γ G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

+
1

2
h2
∑
γ

wγ

(
G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

)2
. (4.46)

Rewriting the second term of the above equation using the discrete gradient update
rule rearranged as vnγ = vn+1

γ − hG̃γσ(vn, vn+1)∇̄σSh(vn, vn+1), we have the following
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useful expression

h
∑
γ

wγv
n
γ G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

= h
∑
γ

wγ

(
vn+1
γ − hG̃γβ(vn, vn+1)∇̄βSh(vn, vn+1)

)
G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1),

= h
∑
γ

wγv
n+1
γ G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

− h2
∑
γ

wγ

(
G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

)2
. (4.47)

Now, we rewrite Equation (4.46) by splitting up the second term into two halves.
Using Equation (4.47) to replace one of those terms, we have:

∆E =
1

2

∑
γ

wγ
(
vn+1
γ

)2 − 1

2

∑
γ

wγ
(
vnγ
)2

=
1

2
h
∑
γ

wγv
n
γ G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

+
1

2
h
∑
γ

wγv
n+1
γ G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

− 1

2
h2
∑
γ

wγ

(
G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

)2
+

1

2
h2
∑
γ

wγ

(
G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1)

)2
, (4.48)

where the last two terms in the above equation cancel exactly. Factorising the first
two terms and then using the definition of G̃γσ(·, ·), we have:

∆E = h
∑
γ

wγ

(
vnγ + vn+1

γ

2

)
G̃γσ(vn, vn+1)∇̄σSh(vn, vn+1),

= h
∑
γ

wγ

(
vnγ + vn+1

γ

2

)
Gγσ

(
vn + vn+1

2

)
∇̄σSh(vn, vn+1). (4.49)

By the arguments given in the semi-discrete energy conservation proof, we have that∑
γ wγvγGγσ = 0, where vγ and Gγσ are evaluated at the same point in time. As

such, we have that
∑

γ wγ[(v
n
γ + vn+1

γ )/2]Gγσ[(v
n
γ + vn+1

γ )/2] = 0, and so:

∆E =
1

2

∑
γ

wγ
(
vn+1
γ

)2 − 1

2

∑
γ

wγ
(
vnγ
)2

= 0. (4.50)

Thus, the total particle energy is also conserved exactly in time.
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H-theorem

We can demonstrate that entropy is also monotonically dissipated in time, from
the properties of the discrete gradient method. From Equation (2.38), we have
that:

S(vn+1)− S(vn) = (vn+1
γ − vnγ ) · ∇̄γSh(vn, vn+1). (4.51)

Using the discrete gradient update rule (4.42), this becomes:

S(vn+1)− S(vn) = h∇̄σSh(vn, vn+1)G̃σγ∇̄γSh(vn, vn+1). (4.52)

As the matrix G̃ is simply G evaluated at the midpoint (c.f. Equation (4.43)), it is
also negative semi-definite. Since the vectors multiplying G̃ from the left and right
are identical, we have:

S(vn+1)− S(vn) ≤ 0, (4.53)

and so entropy is monotonically dissipated in time. Thus, the H-theorem is main-
tained at the discrete level.

4.2.8 Final comments on the direct bracket discretisation

In this section, we have constructed a structure-preserving particle method for
the Landau operator by directly discretising the metric bracket and entropy with
particle-based distribution functions. The final equations of motion obtained via
this method were as follows:

v̇γ =
∑
α

wαU(vγ, vα)
∑
k

Lk(∇φk(vγ)−∇φk(vα)). (4.54)

While this discretisation preserves momentum and energy, as well as the H-theorem,
it faces a downside from the perspective of computational efficiency. Specifically, the
equation of motion for a given particle is coupled to the velocity of every other parti-
cle in the system via the tensor U in the above equation. Thus, for the whole system,
this results in a complexity of O(N2), where N is the number of particles.

In the following section, we approach the discretisation of the metric bracket via a
different approach in order to resolve this problem. Namely, we try to leverage the
smaller number of degrees of freedom of the projected distribution function fs to
reduce the computational complexity of the resulting discretised bracket.
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4.3 Discretising the metric bracket via a two-stage

approach

In this section, we describe a second approach to discretising the metric bracket,
in order to produce a dicretisation of the Landau operator. We recall that in the
previous section, there are three separate components that must be discretised: 1.
functionals in the bracket, 2. functionals derivatives in the bracket, and 3. the
entropy functional itself. The previous discretisation was produced by adopting the
particle, or Klimontovich, representation for discretised functions for the first two,
and the projected representation for the entropy. In this approach, we will consider
discretising throughout by using the projected representation, i.e. using fs (4.12) to
discretise all three required components.

We will discretise the metric bracket via a two-step approach. First, we will restrict
the bracket to act on discrete functions of the form

fh =
∑
j

fjφj, (4.55)

for some set of basis functions {φj}. This step will closely mirror the approach of
Kraus & Hirvijoki (2017), who obtain a finite element discretisation of the Landau
operator, also via the metriplectic approach. Then, we will further restrict the
discrete bracket to such functions f that are obtained via projecting particles, such
as the projected distribution function fs:

fs(v, t) =
∑
j

fj(t)φj(v) =
∑
i,j

M−1
ij

∑
α

wαφi(vα(t))φj(v). (4.56)

4.3.1 First step in discretisation

We begin by restating the metric bracket on functionals of Morrison (1986) in its
general form:

(A,B) = 1

2

∫ ∫ (
∂Af

∂v
− ∂Af ′

∂v′

)
M(f(v))U(v, v′)M(f(v′))

(
∂Bf
∂v

− ∂Bf ′
∂v′

)
dvdv′.

(4.57)
Here, M(f) is a function that defines the statistics that are modelled by the bracket,
with the Landau operator being produced by M(f) = f when paired with entropy
as S = −

∫
f log fdv.

The aim, as stated above, is to obtain a discretisation of this bracket on functions of
the form of Equation (4.55). We first consider the discretisation of functionals.
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A functional A can be discretised by being restricted to functions of the form (4.55)
as follows:

Ah(f̂) = A[fh], with f̂(t) = (f1(t), ..., fM(t))T . (4.58)

Here, the function Ah(f̂), resulting from the evaluation of the functional A on fh,
is a function of the degrees of freedom f̂ .

With this, we can now consider the discretisation of the functional derivatives ap-
pearing in (4.57). We will construct this by requiring equality of the following
pairings:

〈
δA[fh]

δf
, gh

〉
L2

=

〈
∂Ah

∂f̂
, ĝ

〉
RM

=
M∑
i=1

∂Ah
∂fi

gi, (4.59)

where ĝ(t) = (g1(t), ..., gM(t))T denotes the degrees of freedom of a test function gh,
so that

gh(v, t) =
M∑
i=1

gi(t)φi(v). (4.60)

In order to compute the term on the left-hand side of (4.59), we will require the
dual basis in L2 to {φj}Mj=1. Let us denote this dual basis by {ψi}Mi=1, such that it
satisfies ∫

Ω

ψi(v)φj(v)dv = δij for 1 ≤ i, j ≤M. (4.61)

Thus, the functional derivative on the left-hand side of (4.59) can be represented in
the dual basis as follows

δA[fh]

δf
=

M∑
i=1

ai ψi(v), (4.62)

where {ai} are the degrees of freedom in this dual basis, which are to be deter-
mined.

In order to determine the coefficients {ai}, let us choose the test function gh such
that ĝ = (0, . . . , 0, 1, 0, . . . , 0)⊤ with 1 at the i-th position and 0 everywhere else,
i.e. gh = φi. By using Equations (4.59) and (4.62), we obtain the result for the i-th
coefficient:

ai =
∂Ah
∂fi

. (4.63)

Thus, the functional derivative in (4.59) can be represented in the dual basis as
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follows
δA[fh]

δf
=

M∑
i=1

∂Ah
∂fi

ψi(v). (4.64)

We can re-express this in terms of our original, or primal, basis {φj}:

δA[fh]

δf
=

M∑
i,j=1

∂Ah
∂fi

Aij φj(v), (4.65)

where Aij relates the two bases as follows

ψi(v) =
M∑
j=1

Aij φj(v). (4.66)

We can compute the coefficients Aij by computing the inner product of (4.66) with
a given basis function φk∫

Ω

ψi(v)φk(v)dv =

∫
Ω

M∑
j=1

Aij φj(v)φk(v)dv,

=
M∑
j=1

Aij

∫
Ω

φj(v)φk(v)dv,

=
M∑
j=1

AijMjk, (4.67)

where M is the mass matrix for the basis {φj}. Using (4.61), we have the result
that I = AM, where I is the identity matrix of size M ×M . Thus we have that
A = M−1, and so the functional derivative expression in (4.65) becomes

δA[fh]

δf
=

M∑
i,j=1

∂Ah
∂fi

(M−1)ij φj(v). (4.68)

We can now use this expression for the discrete functional derivative to obtain the
discrete version of the metric bracket in (4.57):

(Ah, Bh)h =
M∑

i,j,k,l=1

∂Ah
∂fi

(M−1)ij Ljk(f̂) (M−1)kl
∂Bh

∂fl
, (4.69)

where Ah, Bh are functions of the form (4.55), and the elements of the symmetric
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matrix L(f̂) are as follows:

Lij(f̂) =
1

2

∫
Ω

∫
Ω

(
∂φi(v)

∂v
− ∂φi(v

′)

∂v′

)

·M(fh(v))U(v, v
′)M(fh(v

′)) ·
(
∂φj(v)

∂v
− ∂φj(v

′)

∂v′

)
dvdv′. (4.70)

It should be noted that this discrete bracket is still positive semi-definite, which will
be an important property to prove that the operator produced by the bracket satisfies
an H-theorem. A sufficient condition for this is provided by the non-negativity of
the function M(fh).

4.3.2 Step 2: Particle discretisation

Now that we have a discrete bracket on functions of the form of (4.55), we consider
further restricting the bracket to functions of this form that are obtained specifically
from a projection of particles, i.e. those of the form (4.56). Thus, we are moving
to functions with particle velocities, {vα}, as their degrees of freedom, rather than
rather than basis coefficients {fi}.

There are two components of the discrete bracket (4.69) to consider for this. The first
is that the partial derivatives with respect to fi’s must be converted to derivatives
with respect to the particle degrees of freedom, i.e. {vα}. Secondly, the matrix L
should also depend on the particle velocities.

As in the first part, we will obtain the relationship between the derivatives by
requiring the following

δAh[f̂ ] = δAs[v̂], (4.71)

where Ah is our finite-element type function as in (4.55), with degrees of freedom f̂ ,
and As is the projected function which has degrees of freedom v̂ = (v1, . . . , vN).

Computing these variations, we have:

δAh[f̂ ] =
N∑
α=1

M∑
i=1

∂Ah
∂fi

∂fi
∂vα

δvα, (4.72)

=
M∑
i,j=1

∂Ah
∂fi

M−1
ij

N∑
α=1

wα∇φj(vα) δvα, (4.73)
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where the expression for ∂fi/∂vα comes from (2.30), and

δAs[v̂] =
N∑
α=1

∂As
∂vα

δvα. (4.74)

Equating the two variations, we obtain

M∑
i,j=1

∂Ah
∂fi

M−1
ij

N∑
α=1

wα∇φj(vα) δvα =
N∑
α=1

∂As
∂vα

δvα. (4.75)

We introduce the matrix K ∈ RM×N , such that

Kj,α = wα∇φj(vα). (4.76)

As this matrix is generally not square, it is also not invertible. However, we can
define a pseudo-inverse, K+, such that KK+ = IM×M . 2 We can then rewrite (4.75)
as follows:

M∑
i=1

∂Ah
∂fi

M−1
ij =

N∑
α=1

∂As
∂vα

K+
α,i. (4.77)

Thus, the discrete bracket on particles becomes:

(As, Bs)s =
N∑

α,β=1

M∑
i,j=1

∂As
∂vα

K+
α,i(v̂)Lij(f̂(v̂))K

+
β,j

∂Bs

∂vβ
, (4.78)

where the matrix L is now evaluated on the particle velocities v̂.

4.3.3 Semi-discrete equations of motion

The equation of motion for a given particle can then be obtained by taking the
bracket on particles from (4.78) and evaluating it on the particle velocity and discrete
entropy (4.19) as follows:

v̇γ = −(vγ, Sh)p (4.79)

= −
N∑

α,β=1

M∑
i,j=1

∂vγ
∂vα

K+
α,i(v̂) Lij(f̂(v̂))K

+
β,j

∂Sh
∂vβ

. (4.80)

Using the fact that ∂vγ/∂vα = δγα, and the expression for ∂Sh/∂vα from Equa-

2It should be noted that K+K ̸= IN×N
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tion (4.23), we have:

v̇γ = −
N∑

α,β=1

M∑
i,j=1

δγαK+
α,i(v̂)Lij(f̂(v̂))K

+
β,j

(
−
∑
k

wβJk∇φk(vβ)

)
, (4.81)

where we have renamed the vector Lk to Jk to avoid confusion with the matrix Lij,
i.e.:

Jk(f̂(v̂)) =
∑
i

M−1
ik

∫
φi(v) [1 + log (fs(v̂))] dv. (4.82)

Simplifying Equation (4.81), we have:

v̇γ =
N∑
β=1

M∑
i,j=1

K+
γ,i(v̂) Lij(f̂(v̂))K

+
β,j(v̂)

∑
k

wβ∇φk(vβ)Jk(f̂(v̂)) (4.83)

which using the definition of Kk,β = wβ∇φk(vβ) can be rewritten as:

v̇γ =
N∑
β=1

M∑
i,j,k=1

K+
γ,i(v̂)Lij(f̂(v̂))K

+
β,j(v̂)Kk,β(v̂) Jk(f̂(v̂)).

As we have that
∑

β K
+
β,j Kk,β = KK+ = IM×M , this equation can be simplified to

obtain the following:

v̇γ =
M∑
i,j=1

K+
γ,i(v̂)Lij(f̂(v̂)) Jj(f̂(v̂)), (4.84)

and this is now the final set of equations of motion for the particle velocities.

4.3.4 Conservation of invariants

Now, we demonstrate that the obtained semi-discrete equations preserves the re-
quired invariants, namely mass, total momentum and energy. Interestingly, the
discrete quantities that are preserved intrinsically by this discretisation are different
to those that are preserved by the direct bracket discretisation shown in Section
4.2.

We recall that at a continuous level, the conserved quantities of the Landau operator
(when purely considering collisions) are as follows:

M =

∫
fdv, P =

∫
vfdv, E =

∫
v2fdv. (4.85)

The discrete invariants in the direct metric bracket discretisation of Section 4.2 are
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the following particle invariants:

Mp =

∫
fp dv =

∑
α

wα, (4.86)

Pp =

∫
vfp dv =

∑
α

wαvα, (4.87)

Ep =

∫
v2fp dv =

∑
α

wαv
2
α. (4.88)

In the case of the two-step discretisation presented in this section, however, the
discrete invariants which are preserved are the projected invariants:

Ms =

∫
fs dv = 1̂TMf̂ , (4.89)

Ps =

∫
vfs dv = v̂TMf̂ , (4.90)

Es =

∫
v2fs dv = ε̂TMf̂ , (4.91)

where M is the mass matrix for the basis {φj} as before, f̂ ∈ RM are the coefficients
of the projected distribution function fs in this basis, and the vectors 1̂, v̂, ε̂ ∈ RM

satisfy:
M∑
j=1

1̂jφj = 1,
M∑
j=1

v̂jφj = v,
M∑
j=1

ε̂jφj = v2. (4.92)

It should be noted that to obtain (4.92), there is a requirement that the chosen basis
is able to represent the functions {1, v, v2}.

To show the conservation properties of this discretisation, we will require the fol-
lowing property to be satisfied by the vectors 1̂, v̂, ε̂ :

1̂TL(f̂) = 0, (4.93)

v̂TL(f̂) = 0, (4.94)

ε̂TL(f̂) = 0, (4.95)

for any vector f̂ ∈ RM .

To show that these properties hold, let us first restate the expression for the elements
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of the matrix L(f̂):

Lij(f̂) =
1

2

∫
Ω

∫
Ω

( depends on i︷ ︸︸ ︷
∂φi(v)

∂v
− ∂φi(v

′)

∂v′

)

·M(fh(v))U(v, v
′)M(fh(v

′)) ·
(
∂φj(v)

∂v
− ∂φj(v

′)

∂v′

)
dvdv′. (4.96)

As the dependence of Lij on the index i is purely in the first term, let us consider
the contraction of just this term with the vector 1̂:

∑
i

1̂i

(
∂φi(v)

∂v
− ∂φi(v

′)

∂v′

)
=
∑
i

1̂i
∂φi(v)

∂v
−
∑
i

1̂i
∂φi(v

′)

∂v′

=
∂

∂v
(1)− ∂

∂v′
(1) = 0, (4.97)

where we have used (4.92) and the fact that 1̂i does not depend on v to obtain the
second line. Thus, we have that

1̂TL(f̂) =
1

2

∫
Ω

∫
Ω

∑
i

1̂i

(
∂φi(v)

∂v
− ∂φi(v

′)

∂v′

)

·M(fh(v))U(v, v
′)M(fh(v

′)) ·
(
∂φj(v)

∂v
− ∂φj(v

′)

∂v′

)
dvdv′ = 0, (4.98)

which holds for any vector f̂ ∈ RM . We note that here, we are free to carry the sum
inside the integral in (4.96) as the vector 1̂ does not depend on v or v′.

Following the same procedure for v̂, we have

∑
i

v̂i

(
∂φi(v)

∂v
− ∂φi(v

′)

∂v′

)
=
∑
i

v̂i
∂φi(v)

∂v
−
∑
i

v̂i
∂φi(v

′)

∂v′

=
∂

∂v
v − ∂

∂v′
v′ = 1− 1 = 0, (4.99)

where we have again used (4.92). Thus, by the same logic as in (4.98), we have that
v̂TL(f̂) = 0 for any vector f̂ ∈ RM .

Finally, let us consider ε̂:

∑
i

ε̂i

(
∂φi(v)

∂v
− ∂φi(v

′)

∂v′

)
=
∑
i

ε̂i
∂φi(v)

∂v
−
∑
i

ε̂i
∂φi(v

′)

∂v′

=
∂

∂v
v2 − ∂

∂v′
v′2 = v − v′. (4.100)



70 Chapter 4. Landau Operator

In this case, we obtain

ε̂TL(f̂) =
1

2

∫
Ω

∫
Ω

(v − v′) ·M(fh(v))U(v, v
′)M(fh(v

′)) ·
(
∂φj(v)

∂v
− ∂φj(v

′)

∂v′

)
dvdv′.

(4.101)

Here, we must use the fact that the tensor U(v, v′) is the orthogonal projector onto
the subspace orthogonal to the vector v − v′, and so U(v, v′)(v − v′) = 0. Thus, we
have that ε̂TL(f̂) = 0 for any f̂ ∈ RM , as required.

In order to show the conservation laws, we will also need the derivatives of a given
projected quantity, As = âTMf̂ , with respect to the particle degrees of freedom, vα.
Computing this derivative, we have:

∂As
∂vα

= âTM
∂f̂

∂vα
,

=
∑
i,j,k

âiMij M−1
jk Kk,α,

=
∑
k

âkKk,α, (4.102)

where we have expanded ∂f̂/∂vα using (2.30) and the definition of the matrix
K (4.76).

Now, we have the required components to demonstrate the conservation of the dis-
crete projected invariants. As the procedure is the same for mass, momentum, and
energy, let us consider a general invariant, As = âTMf̂ , which satisfies the property
âTL = 0.

The time evolution of the invariant As is as follows

d

dt
As = −(As, Sh)s, (4.103)

= −
N∑

α,β=1

M∑
i,j=1

∂As
∂vα

K+
α,i(v̂)Lij(f̂(v̂))K

+
β,j

∂Sh
∂vβ

. (4.104)

We use (4.102) to expand ∂As/∂vα and so the above equation becomes:

d

dt
As = −

N∑
α,β=1

M∑
i,j=1

M∑
k=1

âkKk,αK+
α,i(v̂)Lij(f̂(v̂))K

+
β,j

∂Sh
∂vβ

, (4.105)

= −
N∑

α,β=1

M∑
i,j=1

âi Lij(f̂(v̂))K+
β,j

∂Sh
∂vβ

. (4.106)
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Since As is an invariant such that it satisfies âL = 0, the above equation becomes
dAs/dt = 0, and so As is conserved under this semi-discretisation. As we have that
the projected mass, momentum, and energy (4.89)-(4.91) take the form of As, and
satisfy (4.93)-(4.95), we thus have:

d

dt
Ms = 0, (4.107)

d

dt
Ps = 0, (4.108)

d

dt
Es = 0, (4.109)

i.e. the projected mass, momentum, and energy are conserved by the semi-
discretisation.

4.3.5 H-Theorem

We also demonstrate that this semi-discretisation satisfies a H-theorem. First, we
consider the dissipation of entropy, Sh = −

∫
fs log fsdv:

d

dt
Sh = −(Ss, Sh)s,

= −
N∑

α,β=1

M∑
i,j=1

∂Sh
∂vα

K+
α,i(v̂)Lij(f̂(v̂))K

+
β,j

∂Sh
∂vβ

, (4.110)

where we have used (4.78) to expand the bracket. Since the matrix L is positive
semi-definite, and we are multiplying it from the left and right by the same terms,
we thus have that:

d

dt
Sh ≤ 0. (4.111)

Thus, entropy is monotonically dissipated by this semi-discretisation.

We can also determine the equilibrium state through the energy-Casimir principle.
Recalling that the energy-Casimir principle in the discrete case is as follows:

δSh(fs,eq) + δ
∑
i

λiCi(fs,eq) = 0, (4.112)

where Sh(fs,eq) is the discrete entropy (4.19), fs,eq is the discrete equilibrium distri-
bution with equilibrium particle velocities {vα,eq}, and Ci are the Casimir invariants
of the bracket, given in this case by Equations (4.89)-(4.91).
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Expanding on these quantities, we obtain the following equation:[
δSh + λMsδ

(
1̂TMf̂

)
+ λPsδ

(
v̂TMf̂

)
+ λEsδ

(
ε̂TMf̂

)]
vα=vα,eq

= 0, (4.113)

where λMs , λPs , λEs are the corresponding Lagrange multipliers for mass, momentum,
and energy, respectively. Computing the variations in this equation and using (4.102)
to obtain the derivative of each invariant with respect to the particle velocities, we
have the following:

N∑
α=1

[
∂Sh
∂vα

+
M∑
j=1

(
λMs1̂jKj,α + λPs v̂jKj,α + λEs ε̂jKj,α

)]∣∣∣∣∣
vα=vα,eq

δvα = 0, (4.114)

where the derivative ∂Sh/∂vα is given by Equation (4.23) as before, and the matrix
K is defined as in (4.76).

Thus, we have that the discrete equilibrium state must satisfy the following equa-
tions: [

∂Sh
∂vα

+
M∑
j=1

(
λMs1̂jKj,α + λPs v̂jKj,α + λEs ε̂jKj,α

)]
= 0, (4.115)

where the Lagrange multipliers λMs , λPs , λEs can be obtained by matching the
mass, momentum, and energy of the equilibrium state to that of the initial con-
ditions.

4.3.6 Final comments on the two-step discretisation and chal-

lenges in implementation

The semidiscrete equations of motion we obtained by following the two-step dis-
cretisation approach are the following:

v̇γ =
M∑
i,j=1

K+
γ,i(v̂)Lij(f̂(v̂)) Jj(f̂(v̂)), (4.116)
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where solving this ODE in time gives us the evolution of the velocity of the γ-th
particle, and the quantities on the right-hand side of the ODE are as follows:

Kj,α = wα∇φj(vα), (4.117)

KK+ = IM×M , (4.118)

Lij(f̂) =
1

2

∫
Ω

∫
Ω

(
∂φi(v)

∂v
− ∂φi(v

′)

∂v′

)

· fs(v)U(v, v′) fs(v′) ·
(
∂φj(v)

∂v
− ∂φj(v

′)

∂v′

)
dvdv′, (4.119)

Jj(f̂(v̂)) =
∑
i

M−1
ij

∫
φi(v) [1 + log (fs(v̂))] dv. (4.120)

where {φj}Mj=1 are the basis functions of the chosen basis for projection, and fs(v)

is the projected distribution function. As we have seen in the previous section, this
semi-discretisation preserves mass, momentum and energy exactly by construction.
It also preserves the H-theorem, meaning that the discrete entropy is monotonically
dissipated. Thus, this discretisation preserves all the required properties for the
Landau operator.

There are significant computational advantages of this scheme as opposed to the
one obtained in Section 4.2 via the direct discretisation of the bracket. The primary
advantage is that the cost of this scheme is O(NM2), where N is the number of
particles. This is the cost associated with computing the pseudo-inverse matrix K+,
as that is the most expensive step to compute. This is a significant improvement
over the scheme in Section 4.2 which had a cost of O(N2), as cases of interest
typically have M ≪ N , i.e. the number of basis functions required to represent the
projected distribution function are much less than the number of particles in the
simulation.

There are, however, some challenges in implementation that apply to this discretisa-
tion. This issue effectively arises from the computation of the vector J, as in (4.120).
Following our discussion of projections in Chapter 2, we can recognise that the vector
J is the result of a projection. In fact, J is the vector of coefficients in the basis {φj}
as a result of projecting the function 1+log fs onto this basis. This can be considered
as a projection of the gradient of the discrete entropy, Sh = −

∫
fs log fsdv.

While this in itself is not an issue, the problem becomes more clear when we consider
that the basis {φj} is chosen for projecting the distribution function, which satisfies
very different boundary conditions to the function 1 + log fs. At a continuous level,
the distribution function f is a probability density function, and so we can assume
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that f → 0 as v → ±∞. In the computational domain, as we did in the Lenard-
Bernstein discretisation of Chapter 3, we can choose the velocity-space domain to be
sufficiently large, and then set homogeneous Dirichlet boundary conditions for the
basis on this domain so that the projected fs approximately satisfies the required
boundary conditions.

The function 1 + log f , however, does not satisfy these boundary conditions. If f is
a Maxwellian, for example, then we have that 1 + log f → −∞ as v → ±∞, which
is directly incompatible with the boundary conditions for f . In general, we have
that 1 + log f → −∞ as the distribution function f → 0, and so we can see that
representing these two functions in the same basis poses an issue.

When using B-splines as our basis functions, as in the implementation in Chapter
3, it is possible to alleviate this issue by considering boundary conditions other than
Dirichlet. For example, under natural boundary conditions (i.e. where no boundary
conditions are enforced), it is possible to represent both functions in the same basis.
When using a linear splines basis, it is also possible to represent both functions
using periodic boundary conditions (as we only need to match the values of the
function on either boundary to enforce periodicity in the linear case; this would fail
for higher orders). However, this causes another issue, namely in the computation of
the pseudo-inverse matrix K+. For either of these boundary conditions, the matrix
K becomes rank-deficient, and so the computed pseudo-inverse no longer satisfies
KK+ = IM×M . This is an issue as the derivation of the semi-discretisation depends
on this property, and it not being respected results in the right-hand side of (4.116)
no longer being computed accurately.

One possible way to resolve this would be to return to the discrete bracket in
(4.78):

(As, Bs)s =
N∑

α,β=1

M∑
i,j=1

∂As
∂vα

K+
α,i(v̂)Lij(f̂(v̂))K

+
β,j

∂Bs

∂vβ
. (4.121)

Recall that the equations of motion are computed by evaluating the bracket on a
particle velocity, vγ, and the discrete entropy Sh = −

∫
fs log fsdv:

v̇γ = −(vγ, Sh)p,

= −
N∑

α,β=1

M∑
i,j=1

∂vγ
∂vα

K+
α,i(v̂) Lij(f̂(v̂))K

+
β,j

∂Sh
∂vβ

,

=
N∑
β=1

M∑
i,j,k=1

K+
γ,i(v̂)Lij(f̂(v̂))K

+
β,j(v̂) Kk,β(v̂) Jk(f̂(v̂))︸ ︷︷ ︸

∂Sh/∂vβ

, (4.122)
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where the final line is obtained by the fact that ∂Sh/∂vβ = Kk,β(v̂) Jk(f̂(v̂))
(4.23). From here, we used the pseudo-inverse property, which in index form
is
∑

β Kj,βK+
β,k = δjk, to simplify (4.122) and obtain the equations of motion in

(4.116).

From here, an alternative approach can be to use a different basis {ψj}Kj=1 to compute
∂Sh/∂vβ to the rest of the right-hand side of (4.122). This effectively means that
a suitable basis can be used for the computation of J, and a different basis can be
used for the computation of the pseudo-inverses K+ which will not result in the
same rank-deficiency as if the same basis was used for both. However, there is
a cost trade-off to this approach. Using a different basis to compute ∂Sh/∂vβ in
(4.122) implies that we can no longer use the pseudo-inverse property, as the K in
the entropy derivative is now a different matrix:

v̇γ =
N∑
β=1

M∑
i,j,k=1

K+,φ
γ,i (v̂)Lij(f̂(v̂))K

+,φ
β,j (v̂)K

ψ
k,β(v̂) Jk(f̂(v̂)), (4.123)

where the superscripts denote which basis a particular matrix is computed with
respect to. To compute this equation, we now need to compute the product KψK+,φ,
which is an operation with cost O(N2). This is the same cost as that of the direct
bracket discretisation in Section 4.2, and is extremely expensive for realistic particle
numbers N . Thus, this approach is also not viable.
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Conclusions

In this work, we have presented two families of approaches for the construction of
structure-preserving particle discretisations for collision operators. The first is a de-
terministic particle approach, which is applied to a modified conservative version of
the Lenard-Bernstein operator. The second is based on the metriplectic framework,
and is demonstrated through two different discretisations of the Landau collision op-
erator. Both methods use L2 projections to regularise the particle solutions.

In Chapter 3, we have demonstrated how a deterministic particle method can be
used to construct a discretisation of a conservative Lenard-Bernstein operator (the
derivation of which is given in Chapter 1). A second representation of the distri-
bution function is introduced (based on a finite element approach) which is com-
puted by projecting the particle solution onto the chosen basis. The obtained semi-
discretisation is shown to preserve mass, momentum, and energy exactly. Time inte-
gration is performed using the implicit midpoint scheme, which is shown to conserve
the invariants exactly as well. The method was implemented in a one-dimensional
case, with a cubic spline basis for the projected representation. Several examples
are given to demonstrate the method’s validity, and the conservation properties are
verified up to machine precision. Though it was not possible to produce a proof of
a semi-discrete H-theorem, the monotonic dissipation of entropy is verified numer-
ically, and the obtained equilibrium states are shown to be Maxwellians with the
expected properties.

In Chapter 4, we have constructed three separate discretisations of the Landau col-
lision operator. The first is again through a deterministic particle method, though
the discretisation is shown to be computationally too expensive. Two discretisations
based on the metriplectic approach of Morrison (1986) are then presented, and both
use the same projection method as in the Lenard-Bernstein case to regularise the
particle solution. The first method is constructed by directly discretising the Landau
metric bracket using the particle distribution function, and the projected representa-
tion is only used to compute the entropy. This leads to a semi-discretisation with all

76
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the required conservation properties, which are shown to be preserved in time when
the method of discrete gradients is used for time integration. However, the method
is shown to have a cost of O(N2), where N is the number of particles. The second
method follows a two-step approach to discretising the metric bracket. The first
step is to restrict the bracket to act on finite-element type functions, and then the
bracket is further restricted to those finite-element functions which are obtained by
projecting a particle solution. Thus, we obtain a discrete metric bracket that acts on
functions of the particle velocities. The method is shown to have a cost of O(NM2),
where M is the number of basis functions for the computing the projection. This is
a marked improvement on the first metriplectic discretisation. However, there are
some implementation challenges for this method, and these are discussed in detail
in the chapter.

5.1 Future outlook

There are several pathways for the work in this thesis to be extended. The first is to
solve the implementation challenges for the Landau operator discretisation, so that
the method can be numerically verified. It is necessary to investigate different bases
for the projection, so that the required terms can be computed without issue in the
semi-discretisation. Another extension of this work is to also consider how best to
enforce positivity preservation, as this is not something that can be achieved using
splines with the current discretisation. Finally, the time discretisation must still be
verified analytically for the two-step bracket discretisation (i.e. whether or not the
method of discrete gradients preserves all the required properties in time, or if it is
necessary to use a different method).

There are several options to choose from there. One is to consider the coupling
of either collision operator to an ideal solver, i.e. one which solves the Vlasov–
Poisson or the Vlasov–Maxwell equations. The effect that the collisions have on a
particle-in-cell method is of particular interest, especially in terms of how they affect
the statistical noise that is inherent to PIC. This can then be used to investigate
classical examples such as Landau damping, or the two-stream instability, which are
useful benchmarks for such methods. Another topic of interest is how the methods
constructed in this thesis compare to other existing structure-preserving methods
for collision operators. There are several such methods in the literature (including
grid-based, particle-based, and stochastic approaches), as we have discussed in the
introduction, and it is of interest to quantify this comparison both in terms of cost
and accuracy of the methods.
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Appendix A

Derivation of the Vlasov Equation

A.1 The BBGKY hierarchy

The Vlasov equation possesses deep roots in the theories of statistical mechanics, as
it fundamentally attempts to capture the microscopic behaviour of a plasma through
a more simplified, or macroscopic, lens. The Bogoliubov-Born-Green-Kirkwood-
Yvon (or BBGKY) hierarchy stands for a series of approximations in statistical
mechanics by which the Vlasov equation is derived from the general Liouville equa-
tion.

First, we begin by stating the Liouville equation. Let us suppose we have a system
of N bodies that are identical with mass m, and whose position and momentum
coordinates are denoted xi = (qi, pi), for i = 1 . . . N . The Hamiltonian for such a
system is given by:

H =
N∑
i=1

p2i
2m

+
∑

1≤i<j≤N

V (|qi − qj|) =
N∑
i=1

p2i
2m

+
∑

1≤i<j≤N

Vij, (A.1)

where V (·) is a two-body interaction potential function. In the case of plasmas, this
interaction potential is given by Coulomb interactions between particles. Hamilton’s
equations of motion are then:

q̇i =
pi
m
, ṗi = −

N∑
j ̸=i

(∇iVij), (A.2)

where ∇i = ∂/∂qi.

The N -body distribution function is denoted by fN(x1, . . . , xN , t). Rather than a
probability density function for particles, as appears in the Vlasov equation, fN is
a probability density function for systems, such that the following quantity

fN(x1, x2, . . . , xN)dx1dx2 . . . dxN (A.3)
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represents the probability of finding a system of N particles in a state such that
X1 ∈ (x1, x1 + dx1), X2 ∈ (x2, x2 + dx2), up to XN ∈ (xN , xN + dxN). Integrating
over the whole 6N -dimensional space, we have that∫

fN(x1, x2, . . . , xN)dx1dx2 . . . dxN = 1, (A.4)

implying that a system of N particles will be found almost surely in this space.

Its time evolution is obtained via the continuity equation for this function:

∂

∂t
fN +

N∑
i=1

∂

∂qi
(q̇ifN) +

N∑
i=1

∂

∂pi
(ṗifN), (A.5)

which through the use of Hamilton’s equations (A.2) gives us the Liouville equa-
tion:

∂

∂t
fN +

N∑
i=1

pi
m

· ∇ifN −
N∑
i=1

N∑
j ̸=i

(∇iVij) ·
∂fN
∂pi

= 0. (A.6)

One of the notable characteristics of this equation is that it can be expressed as:

dfN
dt

= 0, (A.7)

implying that the N -particle distribution function is constant along the phase-space
trajectories of the system, and this is referred to as Liouville’s theorem.

While the statement and implications of Liouville’s equation are quite notable, prac-
tically speaking, it is an intractable problem to solve for a meaningful number of
particles in a plasma (N ∼ 1023). As such, it is imperative to simplify this equation
in a way that makes it more tractable.

First, we begin by noting that the N -body distribution function contains much more
information than is desired. For instance, there are many configurations where par-
ticle positions in phase-space may be interchanged, resulting in new configurations
that are effectively equal to the original. Additionally, many quantities of interest
in a plasma are averaged (i.e. they are integrated against the distribution function)
and so the microscopic granularity of the full N -body distribution function may not
be required.

Thus, we can define a reduced s-particle distribution function, where the dependency
on N − s particles has been integrated over:

fs(x1, . . . , xs, t) =
N !

(N − s)!

∫
dxs+1 . . . dxNfN(x1, . . . , xN , t), (A.8)



A.2. The Vlasov Equation 87

for s ∈ {1, . . . , N −1}. Thus, f1(xt, t) is the probability density function for a single
particle, whereas f2 up to fs are joint probability density functions for systems of
two particles up to s particles respectively.

By following the same reduction process in the Liouville equation (A.6), we obtain
the following:

∂

∂t
fs+

s∑
i=1

pi
m

·∇ifs−
s∑
i=1

s∑
j ̸=i

(∇iVij) ·
∂fs
∂pi

=
s∑
i=1

∫ (
∇iVi,s+1 ·

∂fs+1

∂pi

)
dxs+1, (A.9)

where s ∈ {1, . . . , N − 1}, and Vi,s+1 denotes the interaction potential between the
i-th and s+1-th particles. This is a system of N−1 coupled integro-differential equa-
tions, where the evolution equation of the reduced s-particle distribution function
fs depends on fs+1, as seen in the terms on the right-hand side. These N − 1 cou-
pled equations, together with the Liouville equation, are referred to as the BBGKY
hierarchy. It should be noted that no approximation has been made in obtaining
this set of equations. Solving the N − 1 equations of the hierarchy is equivalent to
solving the Liouville equation itself, and so we must further approximate the system
to obtain something that is solvable.

As a result of the coupling between these equations, it is not possible to truncate
the hierarchy at any s < N and obtain a closed system of equations simply by
doing so. However, we can truncate the system at some s and approximate the
dependence on fs+1 by some function of fs, resulting in a closed, albeit possibly non-
linear, equation. Examples of equations obtained in this manner are the Boltzmann
equation, the Landau equation, and of course, the Vlasov equation.

A.2 The Vlasov Equation

We now detail the main steps involved in the derivation of the Vlasov equation.

We are interested in obtaining a closed equation for the case of s = 1, i.e. for the
single-particle distribution function, f1. If we consider the s = 1 equation in the
BBGKY hierarchy,

∂

∂t
f1 +

p1
m

· ∇1f1 =

∫ (
∇1V12 ·

∂f2
∂p1

)
dx2, (A.10)

we observe that the dependence on the second particle (and therefore the entire
system via the hierarchy) arises in two terms: the interaction potential V12, and the
two-body distribution function f2.
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First, we consider the treatment of f2. Treating this as a joint probability distribu-
tion function for two particles, we can define it as follows:

f2(x1, x2, t) = f1(x1, t)f2(x2, t) + g(x1, x2, t), (A.11)

where g is the two-body correlation function. Assuming these correlations are neg-
ligible, we insert this approximation into Equation (A.10):

∂

∂t
f1 +

p1
m

· ∇1f1 =

∫ (
∇1V12 ·

∂

∂p1
[f1(x1, t)f2(x2, t)]

)
dx2. (A.12)

Rearranging the right-hand side of the equation, we obtain:

∂

∂t
f1 +

p1
m

· ∇1f1 =

(∫
f1(x2, t)∇1V12dx2

)
· ∂

∂p1
f1(x1, t). (A.13)

Recognising that a12 = −∇1V12 is the acceleration experienced by particle 1 due to
particle 2, we can consider the following term:

a(x1, t) = −
(∫

f1(x2, t)∇1V12dx2
)

(A.14)

as an ensemble-averaged acceleration experienced by the first particle. Thus, we
obtain

∂

∂t
f1 +

p1
m

· ∇1f1 + a
∂

∂p1
f1(x1, t) = 0, (A.15)

which is referred to as the correlation-less kinetic equation or, in the case where a
is generated by electromagnetic fields, as the Vlasov equation.
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