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Abstract

The posterior distribution of a Gaussian mixture model (GMM) provides a natural framework to infer the model parameters
or make predictions about a population of interest. That said, sampling from the posterior distribution of GMMs via standard
Markov chain Monte Carlo (MCMC) imposes several computational challenges, which have slowed down the adoption of a
broader full Bayesian implementation of these models. A growing body of literature has introduced the weighted likelihood
bootstrap and the weighted Bayesian bootstrap as alternatives to MCMC sampling. The core idea of these methods is to
repeatedly compute maximum a posteriori (MAP) estimates from many randomly weighted posterior densities. These MAP
estimates then can be treated as approximate posterior draws. Nonetheless, a central question remains unanswered: How to
select the random weights under arbitrary sample sizes. We, therefore, introduce the Bayesian optimized bootstrap (BOB), a
computational method to automatically tune these random weights by minimizing, through Bayesian optimization, a black-
box and noisy version of the reverse Kullback—Leibler (KL) divergence between the Bayesian posterior and an approximate
posterior obtained via random weighting. Our proposed method outperforms competing approaches in recovering the Bayesian
posterior, while retaining key asymptotic properties from established methodologies. BOB’s performance is demonstrated
through extensive simulations, along with real-world data analyses.

Keywords Bayesian optimization - finite mixture models - multimodal posterior sampling - weighted Bayesian bootstrap

1 Introduction

Gaussian mixture models (GMMSs) are powerful and flexi-
ble tools, which turn up naturally when the population of
sampling units consists of homogeneous clusters or sub-
groups (Van Havre et al. 2015), and can be applied in a wide
range of scientific problems including model-based cluster-
ing (Fraley and Raftery 2002), density estimation (Izenman
and Sommer 1988), or as flexible semi-parametric model-
based approaches for analyzing complex data (Omori et al.
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2007), making GMMs essential tools in modern Statistics
and Machine Learning.

Nonetheless, despite the flexibility and wide applicabil-
ity of GMMs, the large computational costs of Bayesian
analysis have slowed down the adoption of a broader full
Bayesian implementation of these models. For instance, one
could sample from the posterior distribution of GMMs via
standard Markov chain Monte Carlo (MCMC). However, due
to the nonconcavity of the log-likelihood function, the result-
ing posterior ends up being multimodal. The multimodality
of the posterior, combined with the serial nature of MCMC
algorithms, results in a sampler that might get trapped in local
regions of high posterior density, failing to explore the entire
parameter space and leading to mixing limitations between
posterior modes (Celeux et al. 2000; Fong et al. 2019). More-
over, in the context of mixture models, MCMC algorithms
scale poorly to large datasets (Ni et al. 2020) and their serial
nature has prevented the adoption of recent developments in
parallel computing (Newton et al. 2021; Pompe 2021), exac-
erbating even further the computational limitations of these
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methods. Thus, new and refined posterior samplers are still
required.

This research joins a growing body of literature, dat-
ing back to the 1990s, when Newton and Raftery (1994)
introduced the weighted likelihood bootstrap (WLB) as
an alternative to MCMC. The main idea behind WLB is
to generate approximate posterior draws by independently
maximizing a series of randomly weighted log-likelihood
functions. WLB, however, does not naturally incorporate any
prior information in the sampling procedure. With this in
mind, researchers have been recently extending the WLB
framework to accommodate prior information by weighting
not only the likelihood but also the prior. A few examples
include the weighted Bayesian bootstrap (WBB), proposed
by Newton et al. (2021) and Ng and Newton (2022), and
the Bayesian bootstrap spike-and-slab Lasso, proposed by
Nie and Rockova (2023a). In the context of generalized
Bayesian analysis and model misspecification, we can find
the loss-likelihood bootstrap (Lyddon et al. 2019), the poste-
rior bootstrap (Fong et al. 2019; Pompe 2021), and the deep
Bayesian bootstrap (Nie and Roc¢kova 2023b).

Motivated by these recent developments within the WLB
and WBB literature, in this article, we develop an algorithm
to optimize a randomly weighted posterior density associ-
ated with a GMM. This optimization allows us to carry
out a Bayesian implementation of GMMs within a WBB
framework. Additionally, we also address the problem of
selecting adequate random weights in order to obtain bet-
ter posterior approximations. Up until now, one key question
has not been addressed: how to select the random weights
under arbitrary—especially under fixed—sample sizes. Few
analyses have been proposed from the lenses of asymptotic
theory but, to the best of our knowledge, the core of this
question remains unanswered. In fact, as discussed by New-
ton and Raftery (1994) and Nie and Rockova (2023b), “no
general recipe (to select the random weights) yet exists."
Thus, we develop the Bayesian optimized bootstrap (BOB),
a computational approach to automatically tune the random
weights by minimizing a black-box and noisy version of
the reverse Kullback—Leibler (KL) divergence between the
Bayesian posterior and an approximate posterior obtained
via random weighting. Since this divergence is expensive to
evaluate and we do not have access to a closed-form expres-
sion for the divergence or its derivatives, the minimization is
carried out via Bayesian optimization, or BO (and thus the
name BOB), as BO is one of the most efficient approaches
for optimizing a black-box objective function, requiring only
a few evaluations of the objective itself (Jones et al. 1998;
Jones 2001). We show that BOB can not only be seen as
a generalization of WLB and WBB, but it also leads to a
better approximation of the Bayesian posterior, and, unlike
standard MCMC algorithms, it is capable of incorporating
recent developments in parallel computing.
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The rest of this article is organized as follows. Section 2
revisits WBB and describes how a Bayesian implementation
of GMMs can be carried out within a WBB framework. In
Section 3 we formally introduce BOB and draw connections
with existing bootstrap-based posterior samplers. Simula-
tion studies are carried out in Section 4. In Section 5, we
demonstrate the applicability of BOB on real-world data.
We conclude with a discussion in Section 6.

2 Revisiting weighted Bayesian bootstrap
2.1 Problem setup

For our sampling model, let {yy, ..., y,} be arandom sample
from a Gaussian mixture with K components. More pre-
cisely, let the density of y; € RY, fori € {1,...,n}, be

K
pil{mes i Zadisy) = > e (vis e i) (1
k=1

where m; € [0, 1] is the weight of component k so that
Z,{;lnk = 1, K > 2 is a known integer, ¢(-; s, X¢)
denotes the Gaussian density with mean vector u;, € R and
covariance matrix X € Y ,and Mi denotes the set of sym-
metric positive semidefinite matrices of size d x d. Then, the
distribution of the observed data, Y = (y|, ..., y,) € Rnxd,
would be given by

n K
P(Y [{mi. m Zk}le) = 1_[ { e (yis # Ek)} .
i=1 Uk=1

)
For our prior specification, let, for k € {1, ..., K},

Pl Zk ~ Na(Brs Zi/ i),
Y, ~ inverse-Wishart(vg, W,:l),
t ~ Dirichlet(ay, ..., ak),

where &1 = (71, ..., k) is a vector of mixture proportions
and {\Ilk}f:1 are inverse-Wishart scale matrices. Addition-
ally, let 0 = {nk, M, X k}f: | € © be the collection of all
model parameters so that, under the sampling distribution
and priors introduced above, the Bayesian posterior distri-
bution would be, up to a proportionality constant, given by

K

p@Y) o p()p(Y|0) l—[ p(Zp) p (i | ). (€)
k=1
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2.2 Posterior sampling via random weighting

We now illustrate how one can approximately sample from
the posterior distribution in (3) via WBB. Following Newton
et al. (2021), WBB can be summarized in three simple steps:

e Step 1: Start by sampling nonnegative random weights
u= (uy,...,uy) € R’ from some weight distribution
F,, and construct the weighted log-likelihood function of
the observed data as

n K
log p, (Y]0) = Zu; {loankgo (yi; My, Zk)

i=1 k=1
)
o Step 2: Sample U = (i, ..., Uug, Usy, ..., Uxg, iy,
lge) € RELK from some weight distribution F; and

construct the weighted log-prior density as

K

log p;i (0) Z{ﬁnk (ax — 1) logm — it
k=1
-1
e +d r(wz)
(kT+1) log || + ———

A
— iy, |:7k(/‘«k — B (e — ﬂk)i| }
(5)

e Step 3: The weighted log-posterior density of § would
be, up to an additive constant, given by log p, (8]Y)
log p, (Y |0) + log p; (). WBB proceeds to maximize
this posterior density seeking

0 = argmax {log p, (0]Y)} . (6)
0cO

Under a traditional Bayesian framework, the randomness
in @ arises from treating it as a random variable with a prior
distribution. On the other hand, as discussed in Nie and
Rockova (2023b), 8* can be seen as an estimator, where,
given the data, the only source of randomness comes from
the random weights. Thus, by fixing the data Y and repeating
steps 1 - 3 many times, one would obtain approximate pos-
terior draws {0’(*3)}551\1. This idea is attractive as optimizing
can be easier and less computationally intensive than sam-
pling from an intractable posterior. Note, additionally, that
the random weights are independent across iterations. Con-
sequently, 02’},) and Ozv/), for s # s', are also independent
and could be sampled in parallel. Moreover, bootstrap-based

posterior samplers do not require costly tuning runs, burn-in
periods, or convergence diagnostics (Fong et al. 2019; Pompe
2021), making random weighting an attractive alternative to
MCMC sampling.

Nonetheless, performing the joint optimization in (6) is
still a challenge on its own, especially in light of the noncon-
cavity of log p, (#|Y). Thus, let us introduce the latent indi-
cator variables z;; = 1{i-th observation is drawn from the
k-th component} so that z = (zi1,...,z2ig) ~
Multinomial(1; {nk},f - Then, note that we can rewrite the
welghted log-likelihood of the observed data as log p,, (Y|9)
= Yi_juilogp(yil®) = > u;{logp(yi,z0)
—log p(z;lyi, 0)}. As a result, our weighted log-posterior
density would be given by

n K
log pu(8]Y) o< Y u; {Z Zik [log mi +log @ (yis mi. Zi)]
i=1 k=1

K

- Z Zik log nk} + log p; (0).
k=1

To optimize the above objective function with respect
to @ € O, we treat the latent indicator variables, z;r, as
missing data and develop a randomly weighted expectation-
maximization (EM) algorithm (Dempster et al. 1977).

2.3 Randomly weighted expectation-maximization
2.3.1 Expectation step

We start by computing the expected value of each z;; condi-
tional on Y, u, and 8, where 8 is the current value of @
within the EM algorithm. By Bayes’ rule, we have that

E [Zile, u, 9(’)]
exp {ui logP (zik = 1|7T,£t)) +u;loge (y,, [Lk R Zm)}
Y exp {uz log P (Zir = llnr(’>> +u;logy <Yi§ w, Zﬁ”)}

u;
[ﬂ <ﬂ(y,, !, 2“))]

wr = qik-
S [0 (vis . 20)]

(N

2.3.2 Maximization step

In the maximization step, we then maximize the surrogate
objective function Q(0]9") = By [108 pu(Y, Z10)
+log p; (0)] with respect to # € @. More formally, our
surrogate objective function is given by
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i=1 k=1

n K
= 1
0016) =3 u; iZ‘h’k [log |24
i — w0 =0 0~ w0 |

K ~ Ak /s —1
=D Ve | 5 e = B E (e — Br)
k=1

(25 )
+uy, 2 e e—

2
n
— @ — 1+ wigix 10gﬂk}7 (®)

i=1

+ 1>log|):k|+

where ax = (ax — iy, + 1.

Proposition 1 Choosing 8 € © to increase our surrogate
objective function, defined in (8), results in an increase
at least as large in the weighted log-posterior density,

log pu (01Y).

The proof of Proposition 1 is given in Appendix A.1. In
summary, Proposition 1 suggests that increases in Q(6]6®))
indicate progress towards maximizing our weighted log-
posterior density, log p, (0]Y). Moreover, as we will illustrate
shortly, our surrogate objective function, Q(G |0(’ )), leads to
well-known maximization problems, which can be solved
relatively cheaply.

Proposition 2 Let us define iix = S uiqi, A = gy ks
Vi = ug Wi, 0k = g (i +d+2)—-2—d, y =
(i)™ 20 (uiqin)yi and S = Y27 (uiqix) (Vi — Y (¥i —
i) forallk € {1, ..., K). Additionally, let B, = i/ (hi +
) B + ﬁk/()zk + 0¥ Yk = (Y + Sk + Aedie/ (i +
1) Yk — B) Yk — B, Mk = A + 7k, and vy = Vg + .
Then, the update of p; and X would be given by

1 1
(/L,((t'Ir ), E,(:+ )) = argmax{h(uk, Zk)}, O]
Ris Tk
where
Ve +d
hpge, Tp) = —( ot 1)1og|zk|

1 /- ) - -
— s (W) = 2 — B0/ - Bo.

Details on the derivation of & : R x Mi — R are pre-
sented in Appendix A.2. To optimize &, we make use of a
two-stage procedure in which we first update X; and then
update .

e Update Xj: Start by noting that X; > log [pa exp
(h(py, Xx))dp, is a monotone transformation of Xy —

@ Springer

h(py, Xi) (Schilling 2017, Ch. 9). Thus, optimizing (9)
with respect to X yields

Z,,({Hl) = arg max

d
Ek€M+

Vp+d+1
2

longU—%tr(‘ilkE;l)}.

(10)

One can identify the solution to (10) as the mode of an
inverse-Wishart(i, W} ') distribution. This is,

7
) P - (11)
ve+d+1

e Update u;: Again, note that p; — fMi exp(h(py, X))
dXy is a monotone transformation of py — h(py, Xg),
so optimizing (9) with respect to u; reduces to

_ - - _ 9=(x+D/2
u,(f“) = arg max Hl + (e — B ¥y (e — ﬂk)] } ,
myeR?

12)

which corresponds to the mode of a #;,—q+ 1)(ﬁ ks W, /
(A (Vg —d+1))) distribution, where £, (m, A) denotes the
t-distribution with v degrees of freedom, location vector
m and scale matrix A (Bishop 2006, Ch. 2). More pre-
cisely, the update of u is given by ;L,(fH) = Bk.

e Update m: Lastly, note from (8) that the update of &

corresponds to the mode of a Dirichlet (ay, ..., ak)
distribution, where a; = ai + ng. Namely, for k €
{ls ey K}9

ap — 1
- IEZH) _ ag (13)

(Zia) -«

Following Proposition 1, our EM algorithm keeps iterat-
ing, until convergence, between the expectation and the max-
imization steps, with the aim of maximizing our weighted
log-posterior density.

2.3.3 Dealing with suboptimal modes: Tempered EM

Despite the simplicity of our EM algorithm, a well-known
drawback of nonconvex optimization methods is that they
might converge to a local optima (i.e., a suboptimal mode).
Random restarts have been widely used to increase the
parameter space exploration and escape suboptimal modes.
However, this approach is too computationally intensive and
yet, does not guarantee that one would reach the global mode.

Tempering and annealing (Kirkpatrick et al. 1983; Sam-
bridge 2014), on the other hand, are optimization techniques
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which also increase the parameter space exploration at a
lower computational cost. More precisely, let {7;},cy be a
tempering profile, i.e., a sequence of positive numbers such
that lim;_, oo 7y = 1, where ¢ is the ¢-th iteration of the EM
algorithm. Then, a tempered EM aljgorithm modifies the E
step in equation (7) as gix; = ql.lk/ '/ (Zle qilr/ T’), where
larger values of 7; allow the algorithm to explore more of the
target posterior by flattening the distribution of gx ;, and as
t — oo one would recover the original objective function,
progressively attracting the solution towards the global mode
(Allassonniere and Chevallier 2021; Lartigue et al. 2022).
Thus, we let

sin ()

t
T;=1+a"+b , _ e
T

where 1= , teN,
r

(14)

witha € [0,1), b € R, and ¢,r > 0, which corresponds
to the oscillatory tempering profile with gradually decreas-
ing amplitudes from Allassonni¢re and Chevallier (2021). To
select a suitable combination of a, b, ¢, and r, we use a grid
search over a range of possible values and choose the combi-
nation that yields the largest objective using an unweighted
EM algorithm. Then, we fix such a solution throughout the
entire sampler. As discussed in Lartigue et al. (2022), the
tempering hyper-parameters can remain fixed across differ-
ent optimization problems with similar characteristics, as in
the case of our randomly weighted EM algorithm.

3 Introducing BOB

So far, we have developed and presented a randomly
weighted EM algorithm to approximately sample from the
posterior distribution of GMMs within a WBB framework,
but we have not yet answered a key and important ques-
tion: How to select the random weights. Newton and Raftery
(1994) showed that under low-dimensional settings (this is,
when the number of unknown parameters is small and does
not grow with the sample size) and assuming the square of
Jeffreys prior, likelihood weights drawn from the uniform
Dirichlet distribution yield approximate posterior draws that
are first order correct, i.e., consistent (they tend to concentrate
around a small neighbourhood of the maximum likelihood
estimator—MLE) and asymptotically normal. More recently,
Ng and Newton (2022) established first order correctness and
model selection consistency for a wide range of weight dis-
tributions in linear models with Lasso priors, and Nie and
Rockova (2023a) showed that, for a number of weight distri-
butions, the approximate posterior from Bayesian bootstrap
spike-and-slab Lasso concentrates at the same rate as the
actual Bayesian posterior. Note, however, that these results
are all based on the assumption that n — oo. Considering

the case of a fixed n is important because, under a small to
medium sample size, the prior, p(6), would have more influ-
ence on the posterior, and as the effect of p(0) gets bigger,
the relationship between p,(0]Y) and the random weights
becomes less clear (Nie and Rockova 2023b), making the
choice of adequate random weights a much more important
and difficult task. Additionally, as we will show later (in Sec-
tions 4 and 5), standard exponential weighting effectively
recovers the posterior distribution of location parameters.
However, it struggles much more in recovering the poste-
rior distribution of scale parameters. Thus, we propose BOB
as an alternative methodology for selecting adequate random
weights under arbitrary sample sizes.

Before illustrating our proposed method, though, let us
present a brief summary of variational Bayes (VB) as we
draw inspiration from it. VB aims to obtain an approxima-
tion, g, , (0|), with variational parameters » € @, such that
b = argmin, g EgVB(g‘v)[log gy @lv) —log p(0]Y)], i.e.,
VB aims to minimize the reverse KL divergence between
the Bayesian posterior and a variational approximation (Blei
et al. 2017).

With this in mind, we propose the following weight-
ing scheme: Draw the likelihood weights as {u;};_, i
Exponential(1). Similarly, draw the weights associated with
the mean vectors and the mixture proportions as {i,, }le LS
Exponential(1) and {iir, }15:1 X Exponential(1), respec-
tively. For the weights associated with the covariance matri-
ces, on the other hand, we set {ﬁzk}le S 8y, where 8,
denotes the Dirac measure at x, this is, P(iiy, = x) = 1.
Hence, our problem is reduced to finding an appropriate value
forx € X C R, where X is a compact search space. Inspired
by VB, we propose to select the optimal x as

x* = argmin {L(x)}, (15)
xeX

with
= 8ullx. Y)
Lix) = f@gu(ou,Y)log( s )d0
®)p(Y|6)
= Eq, 01x.v) [log 2u(@1x. Y) — log (%)]
o« Eg, 01x.v) [log . (01x, Y)]

— By, 01x.v) [log p(0) + log p(Y|0)],

where the latter line is known as the negative evidence lower
bound (ELBO) (Blei et al. 2017). In other words, we propose
to select the optimal x* so that we minimize the reverse KL
divergence between the Bayesian posterior and its approxi-
mation induced by random weighting, denoted as g, (6|x, Y).
As discussed in Section 2, given the data Y, the only source

@ Springer
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of variation in * comes from the random weights, which, in
our weighting scheme, depend on x.

Note, additionally, that our proposed weighting scheme
can be seen as a generalization of WLB and WBB. More
precisely, by letting x* = 1, we would recover WBB (with
a fixed prior weight on the covariance matrices (Ng and
Newton 2022)). Moreover, if we let, for k € {1,..., K},
ar = ap(n), Ay = A (n), ¥y = Wi (n),and vy = vi(n), such
that, as n — o0, ar(n) — 1, Axy(n) — 0, ¥ (n) = 04x4,
and vy(n) — —(d + 2), we would recover WLB. Thus, if
our search space, X, contains x = 1 as a potential solution
and our prior beliefs become less informative as the sample
size grows large, our proposed method would effectively nest
existing bootstrap-based posterior samplers.

That being said, in an ideal setting, we would like to
compute x* as in (15). In practice, however, we cannot
optimize L(x) directly because: (a) we do not know the
form of the joint density g,(#|x,Y) and (b) the expecta-
tion Egu @1x,Y)[-] 1s analytically intractable. Conveniently,
though, we can make use of Sklar’s theorem (Sklar 1959)
and express g, (0|x,Y) as

gu0x,Y) =c(Gy1011x,Y), ..., Gum(Omlx, Y))
HT:[ gu,j(9[|xa Y)7

where ¢(G,,101|x,Y), ..., Gy m(On|x,Y)) is the copula
density of @ (i.e., c represents the dependence structure in the
approximate posterior), g, j(0;|x,Y) denotes the marginal
density of the j-th entry of § with cumulative distribution
function G, ;(0;|x,Y), and m = dim(#). Given posterior
draws, {OZ‘S)}SEN, one could think about estimating such a
copula density (see e.g., Provost and Zang (2024) for areview
of copula density estimation in the bivariate case); however,
obtaining accurate copula density estimates in high dimen-
sional settings is remarkably difficult. Note that the number of
unique parameters in our GMM is given by d K + % K+
(K — 1) = O(d?), which grows quadratically with d. For
instance, lettingd = 15 and K = 4 would feature 543 unique
parameters, leading to inaccurate and unstable copula density
estimates. Thus, we assume that the approximate posterior
parameters are mutually independent. More precisely, we let
c(Gu1011x,Y), ..., GumBnlx,Y)) =~ 1,foralld € O, so
that

m
log g4 (8]x, Y) ~ > " log g, ;(60;x. Y).
j=1

Therefore, to overcome (a), we propose to obtain a batch
of approximate posterior draws, denoted by {HZ‘S) f”: 1» and
estimate each marginal density g, ; with their corresponding
kernel density estimate (KDE), denoted by g, ;. These KDEs
can be evaluated efficiently as in Hofmeyr (2021, 2022).

@ Springer

To overcome (b), we propose to use the sample mean as an
unbiased estimator of the expected value. More formally, for
any x € X, we obtain a batch of approximate posterior draws
and estimate £(x) with

Sp m
~ 1 .
Loy =3 1| D08 v V)
b T | =1
—log p(8};,)) — log p(Y|67,, } . (16)

Hence, we can think about LA(x) as a noisy and black-
box approximation of £(x), in the sense that, given an input
x € X, we can evaluate the objective, but we do not have
access to a closed-form expression for neither the objective
nor its derivatives. One could use grid search methods to min-
imize ﬁ(x); however, evaluating L(x) is notably expensive
because, for each x, we need to sample a batch of approximate
posterior draws, compute univariate KDEs of the approxi-
mate marginals, and compare those to the Bayesian posterior.
As a consequence, exhaustive grid search approaches would
be infeasible to implement. To overcome this, we use BO to
minimize £ (x) as it is one of the most efficient approaches to
optimize a noisy black-box objective with little evaluations
(Jones et al. 1998; Jones 2001).

Comments on the independence assumption between
approximate posterior parameters: To construct ﬁ(x), we
assume that the approximate posterior parameters are inde-
pendent, as this is a widely implemented technique in
the Bayesian literature. For instance, mean-field variational
Bayes (MFVB) assumes that the variational distribution fac-
torizes as g, (0|v) = ]_['}’:1 8vs.;(jlvj). In such cases, the
MFVB objective function is given by

Eg, . @0 |:(Z 10ggvg,j(9jlvj)) —log p(6) — log p(YO):| .

j=1

which closely resembles our noisy black-box objective in
equation (16). In a GMM context, however, one could argue
that the independence assumption between model parame-
ters might be unreasonable. For instance, the latent indicator
variables, Z, depend on each other (i.e., if an observation
belongs to one cluster, it cannot belong to any other clus-
ters), as well as on the mean vectors and covariance matrices.
In such cases, the MFVB distribution, ]_['7:1 8vs, @jlv)),
might not contain the true posterior as it is not able to capture
such a complicated dependence structure, negatively affect-
ing the entire analysis. Thankfully, this is not our case. Unlike
MFVB, our goal is not to obtain a variational distribution to
approximate the true posterior, but to obtain adequate random
weights within a WBB framework. We obtain our approx-
imate posterior draws through a randomly weighted EM
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algorithm, where the latent variables, Z, are integrated out in
the E-step, incorporating those dependencies in the posterior
draws. Additionally, recall from the M-step that the updates
of Bk, Xk, and & do not depend on each other, giving room
to assume that log g, (0]x, Y) ~ Z;’-’zl log 8, (01x,Y).

3.1 Minimizing L via Bayesian optimization

We now illustrate how one can minimize £ via BO. First up,
though, note that maximizing Y (x) = —L(x) is equivalent
to minimizing £(x). Thus, we consider the problem

x* = argmax {Y(x)}.
xeX

At first sight, the above maximization problem might look
relatively simple. However, there are three main limitations.
(1) The function T : X — R is a black-box, i.e., we do not
have access to a closed-form expression for neither Y nor its
derivatives; (2) evaluating Y is notably expensive; and (3) the
function Y generates outputs that are contaminated by noise,
i.e., the outputs are stochastic. Limitations two and three are
due to the fact that each evaluation of Y requires random
sampling from an approximate posterior distribution.

Unlike grid search approaches, which evaluate the objec-
tive function over an exhaustive predefined grid of x values,
BO aims to solve optimization problems of this type, sequen-
tially. The idea is to specify a prior over T and then keep
refining this surrogate model as new data (i.e., new evalua-
tions) are observed (Shahriari et al. 2016).

Thus, we need to start by specifying a prior on our objec-
tive function. Due to its flexibility, a Gaussian process (GP)
seems like a natural choice for modeling Y. To be precise,
GPs are capable of modeling a wide range of functions, they
can naturally incorporate the random noise in the outputs
Y (x), and their respective posterior distributions exist in
closed-form, allowing for more efficient computations. Con-
sequently, we let

T ~ GP(¢, k),

where ¢ : X — R is a mean functionand x : X x X —
R is a symmetric positive semidefinite kernel (covariance)
function, so that, for all x € X, T(x) ~ N(¢(x), k(x, x)).

After observing the evaluations {(x;, y;)} ZL=1 , the resulting
posterior Y | {(x;, )31)}11‘:1 would also be a GP with mean and
covariance functions given by

d(x) = k' K+ 1)1y, (17)
R, %) =k, %) — KK+ 121 v, (18)
where §i = T(x)) + e, ~ N0, 7%, 5 = F1,....91) €
RE k= (ky,....kr) eRE, v=(vy,...,v1) e RE k) =

k(x, xp), vy = k(X, x7), and (K); » = «(x7, x7) (Rasmussen
and Williams 2005). Additionally, as suggested by Snoek
et al. (2012), we consider a Matern 2.5 kernel function. This
18,

exp

k(x, %) =0 (1 +/5r2(x, %) + grz(x, ;z))
[—\/Srz(x,)?)},

where ¢y is a covariance amplitude, r2(x, %) = (x — )Z)2 / 2,
and ¢ is a GP length scale.

After specifying our prior on Y, we then need to answer
another question: How to efficiently determine the next
point for evaluation, i.e., xy4+1. By using the GP poste-
rior, Y | {(x;, &1)}IL:1, BO constructs an acquisition function,
& : X — R, and chooses its maximum as our next point for
evaluation, i.e., x; 41 = argmax .y §(x) (Kandasamy et al.
2020). For our acquisition function, we consider the expected
improvement over the best current value (Jones et al. 1998) as
it is efficient in the number of evaluations required to find the
global maximum of a wide range of black-box functions (see
e.g., Bull (2011) and Snoek et al. (2012)). More precisely,
given the best current value—denoted by x T, we set

£ = [max {0, Y0 = TGO} {0 S0l ]

In short, at each iteration, we update our GP surrogate
model with new data points, while the acquisition function
suggests our next point for evaluation. Our BO procedure
keeps iterating between these two steps until reaching a
maximum number of evaluations, Lyax. Throughout this arti-
cle, we set Lyax = 100, as it nicely balances the trade-off
between computational cost and numerical accuracy.

That being said, note that the BO procedure is carried out
justonce. Then, we use the learned random weights through-
out the entire sampling process—as described in Section 2.
Additionally, obtaining the batch of approximate posterior
draws, computing the univariate KDEs, and evaluating the
Bayesian posterior, can all be trivially implemented in paral-
lel, reducing the cost of evaluating and minimizing L. Thus,
like WLB and WBB, BOB also embraces recent develop-
ments in parallel computing. BOB, however, let us select
more appropriate random weights.

To construct our Bayesian optimizer, we make use of
the well-established "DiceKriging" and "DiceOptim"
R packages (Roustant et al. 2012; Le Riche and Picheny
2021). Our implementation of BOB, as well as of WBB,
are all available in the "BOBgmms" R package, which
can be found in the supplementary materials or online
at github.com/marinsantiago/BOBgmms. Source
code to reproduce the results from this article can also
be found in the supplementary materials or online at
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github.com/marinsantiago/BOBgmms—
examples. We summarize our proposed method in Algo-
rithm 1.

Algorithm 1 Bayesian Optimized Bootstrap

Input:
Data: Y
Total number of posterior draws: S

Prior hyper-parameters: {ak, Aks Vi, B, \Ilk}f=l
Batch size: S,
Compact search space: X
Tempering hyper-parameters: {a, b, c, r}
Output:
s
Posterior draws: {0§OB (S)} 1
’ s=
: Compute x* < argmin, . y L£(x) via Bayesian Optimization
cforse{l...,S}do > in parallel
Setiiy, < x*, Yk € [K]

L

Sample {it,; }I{(:I i Exponential (1)
~ iid .
5: Sample {iiy, },f=1 = Exponential(1)

Sample {u;};_, i Exponential(1)

7: Compute O30p () < argmaxgeg log py(#Y) via Tempered
EM
8: end for

3.2 Asymptotic properties

Throughout this subsection, we want to show that BOB
retains key asymptotic properties from WLB and WBB.
Recall, from Section 3, that BOB can be seen as a gen-
eralization of WLB and WBB. More formally, by letting
x* =1 € X or if our prior beliefs become less informa-
tive as the sample size grows large, we would recover WBB
and WLB, respectively. Therefore, letéMLE € O bethe MLE
for @ and let 05 € O be a draw from BOB. It is assumed
that the ordering of 9MLE and OEOB is the same. Let also, for
kell,...,K},ar = ar(n), .y = Ag(n), ¥, = Wi (n), and
Vi = vk (n), such that, as n — oo, ar(n) — 1, Ax(n) — 0,
Wy (n) = 04xq,and vy (n) — —(d +2). Thus, if {y;}]"_, are
random samples from a sufficiently regular model p(y|@o),
as described in Section 2.1, and if the BOB solution con-
verges to the WBB or WLB solutions, as n — 00, then OEOB
would retain key asymptotic properties such as consistency
and asymptotic normality. More precisely, following theo-
rems 1 and 2 from Newton and Raftery (1994), along with
the results from Newton et al. (2021), we have thatif x* — 1,
as n — oo, then:

1. For any scalar ¢ > 0, as n — o0,
Pu(|0305 — OmLEN > & [ {yi}/_)) — 0.

@ Springer

for almost every infinite sequence of data {y;},; cx-
2. For all measurable B € B(®), as n — 00,

P, (v/n(0505 — OMLE) € B {yi)!_) — P(T € B),

for almost every infinite sequence of data {y; }; <. In this
case, T ~ N,,(0, Z(09)" 1), Z(0) is the Fisher informa-
tion, m = dim(#), and B(®) denotes the Borel field on
0.

Remark 1 The probabilities, P,, from above, refer to the
distribution of 0§, induced by random weights given the
sequence of data {y;}7_,.

Remark2 The Bernstein—von Mises theorem states that,
under regularity conditions, the actual Bayesian posterior
converges to a normal distribution. More formally, as n —
00, {0]Y} = N, (0o, [nT(00)]""). Comparing this result
with our previous results, one have that it is possible to
approximate posterior credible sets with BOB as P(05,p €
B|Y) ~ fB p(01Y)da, for all B € B(®), and the approxi-
mation would get better with a growing n.

On the whole, we have that BOB provides an automatic
and much more informed approach to select the random
weights, while retaining the asymptotic first order correct-
ness from existing bootstrap-based posterior samplers.

4 Simulation studies

We now evaluate the performance of different approximate
posterior samplers through various simulation experiments.

4.1 Simulation settings

To generate the simulated data, we start by sampling each
z;, for i € {1,...,n}, from p(z;|K) « ]_[le(%)zik,
where K € {2,3,4}. We also consider different dimen-
sions d € {5, 10, 15}, and generate each mean vector, for
kef{l,...,K},as

/
= ((Sk — M50 647 Ozdfro.écﬂ)) €R’,

so that only 60% of the entries of g, are important parame-
ters in separating the clusters, while the remaining entries
are set to zero. Lastly, we set each entry of X; to be
(Zn)j,j = {—0.5'-"_«/'/‘}?’1.,:1 to induce positive and neg-
ative correlations between the features. In total, we consider
nine different simulations settings, which are summarized in
Table 1. In all cases, we center the data so that each feature
has mean zero.

The prior hyper-parameters are set, for each k € {1, ...,
K}, as B, =04, ¥y =1g,ar = 1.1, A = A, and vy = v. To
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Table 1 Simulation settings

Simulation parameters Setting
1

n 50

d 5

K

50 50 100 100 100 150 150 150
10 15 5 10 15 5 10 15

select the regularization parameters, A and v, we use a ten-
fold likelihood-based cross-validation approach, similar as in
Friedman et al. (2008). The idea is to randomly split the data
into ten subsets. We then run an unweighted EM algorithm
using each pair of A and v on nine training subsets of the data.
Given the learned model parameters, we then evaluate the
log-likelihood at the remaining validation set. This process
isrepeated ten times, so that each subsetis used as a validation
set once. We then choose the pair (A, v) that maximizes the
average log-likelihood over the ten validation sets. The same
values of A and v are then used across all posterior samplers.
That being said, the goal of these experiments is not to choose
the "best" regularization parameters. Instead, as pointed out
by Nie and Rockova (2023b), the goal is to compare different
posterior approximations for given values of A and v.

We compare BOB against two versions of WBB, namely
WBBI1 (with random prior weights) and WBB2 (with

. . . iid
fixed prior weights). To implement WBBI1 we set u <

Exponential(1) and @ S Exponential(1), and to implement

WBB2 we set u d Exponential(1) and @ S 81. We also
benchmark BOB against MCMC and VB algorithms. More
precisely, for our MCMC algorithm we consider a No-U-
Turn sampler (NUTS), proposed by Hoffman and Gelman
(2014). For our VB algorithm we use a mean-field automatic
differentiation variational inference (ADVI) algorithm, pro-
posed by Kucukelbir et al. (2017). Both NUTS and ADVI are
implemented in Stan (Carpenter et al. 2017) as it is a highly
optimized and off-the-shelf probabilistic programming lan-
guage.

To initialize our algorithms, we consider a pool of candi-
date values and choose the initialization that yields the largest
log-likelihood. Further details on our initialization strategy
can be found in Appendix C. It is worth noting that we initial-
ize all the algorithms (i.e., BOB, WBB, NUTS, and ADVI)
at the same starting point.

We obtain S = 20000 approximate posterior draws using
BOB, WBB, and ADVI, while with NUTS, we run the algo-
rithm for 25 = 40000 iterations and discard the first half
as burn-in. In the case of BOB, we use batches of size
S, = 1000 to construct ﬁ(x) and set our BO search space
to be X = [1072, 1.5]. We run all our simulations and data
analyses on an Apple Silicon-based machine with 48 GB of
memory and 16 CPU cores.

4.2 Comparison metrics

To assess the accuracy of different posterior samplers,
researchers have traditionally considered various distance
metrics between the Bayesian posterior and its approxima-
tion. To ease computations, this assessment has usually been
driven by the distance between the Bayesian marginal pos-
teriors and the approximate marginal posteriors (see e.g.,
Stringer et al. (2023) or Ng and Newton (2022)). However,
in the context of mixture models, these comparisons are no
longer viable because of the so-called label switching prob-
lem (Diebolt and Robert 1994). One could use relabeling
algorithms, as in Stephens (2000b), but the problem would
remain as the resulting ordering of the approximate marginals
might be different to the ordering of the Bayesian marginals,
even after employing a relabeling algorithm, making com-
parisons between the marginals virtually meaningless.

We, therefore, base our comparisons on the posterior pre-
dictive distribution, as the posterior predictive is invariant to
any permutation of @ (i.e., it circumvents the label switch-
ing problem). More formally, let p(0#|Y) be the Bayesian
posterior and let g(@|Y) be its approximation. Then, the
Bayesian posterior predictive distribution would be given
by p(ynew 1Y) = f@) p(ynew|0)p(0 |Y)dé, while the apprOXi'
mate posterior predictive distribution would be g (¥, |Y) =
f@ P Ynew!0)g(01Y)dO. Following Geisser (1993), under a
correctly specified model and a proper prior, the Bayes risk

/@ p®) [ /y (Y 18)DKL(Praue (Vo) g(yneww))dY} a9

is minimized when g(Ypew|Y) = p(¥newlY), where Dk,
(Ptrue Ynew) | € (Ynew|Y)) denotes the KL divergence between
the true data generating mechanism, piye(Ynew), and the
approximate posterior predictive distribution, g(Ynew|Y).
In other words, we minimize the above Bayes risk when
our approximate posterior predictive distribution is close to
the true Bayesian posterior predictive distribution, making
P (Ynew|Y) a natural benchmark when one is interested in
recovering the true data generating mechanism.

Thus, we consider the sliced 2-Wasserstein (SW») dis-
tance between p(Ynew|Y) and g(Ynew|Y) as a comparison
metric, where a smaller distance would suggest a better
approximation of the Bayesian posterior and a better recov-
ery of the true data generating mechanism. We make use
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Table2 Median SWZ distan.ces Method  Setting
between the Bayesian posterior
predictive distribution and its 1 2 3 4 5 6 7 8 9
approximations obtained via
BOB. WBB1. WBB2. NUTS BOB 0055  0.058  0.055 0067 0062  0.067 0083 0071  0.078
and ADVI, based on 30 (0.030)  (0.019)  (0.006) (0.035) (0.014)  (0.014) (0.031) (0.030) (0.022)
independent replications per WBB1  0.156 0210 0276 0127 0175 0238  0.124  0.168 0227
sett
serng (0.008)  (0.014) (0.008) (0.017) (0.015)  (0.036) (0.024)  (0.020)  (0.009)
WBB2  0.183 0262 0342 0148 0216 0279  0.38  0.197 0254
0.016) (0.012) (0.013) (0.014) (0.014)  (0.031) (0.014)  (0.020) (0.013)
NUTS  0.039 0541 0541 0070 0934 1811 0078 - -
0.011) (0.329) (0.190) (0.019) (0.398) (0.978) (0.046) — -
ADVI 0503 0999 0850 0768  1.007 0977  0.984 1447 1451
0.034) (0.550) (0.086) (0.079) (0.122)  (0.124) (0.348)  (0.182)  (0.149)

Note: Interquartile ranges are provided in parentheses. The best performance is presented in bold. Entries
denoted with "-" indicate that the corresponding method was not able to run within a computing budget of

10800 seconds

of the SW3, distance as it is computationally efficient while
being a proper distance between p(Ynew|Y) and g(¥new|Y)
(i.e., it satisfies symmetry, subadditivity, and the coincidence
axioms (Kolouri et al. 2016)). More formally, we consider

Swz(PynewlY ) G,Vnew\Y )

172
{\/;d—l W% ((Cl), Py“EW‘Y>’ ((,(), Gynew\Y>) d)\.S((,())} )

(19)
where Py, : BRY) — [0,1] and Gy, : BRY) —
[0, 1] denote the corresponding probability measures of
P (Ynew!Y) and g(ynew|Y), respectively. Additionally, §é-1
denotes the (d — 1)-dimensional unit hypersphere, Ag is the
uniform distribution on S?~!, and ‘W, is the one-dimensional
2-Wasserstein distance (Villani 2008, Ch. 6). To compute
the SW; distance, we make use of the function "swdist"
from the "T4transport" R package (You 2023). The
function takes as input 20000 draws from the Bayesian poste-
rior predictive distribution and 20000 approximate posterior
predictive draws. Details on how one can sample from the
posterior predictive distributions and the target Bayesian pos-
terior (when the true latent variables, Z, are known), can be
found in Appendix B.

4.3 Simulation results

Table 2 presents medians (and interquartile ranges) of the
SW, distances between the target Bayesian posterior predic-
tive distribution and its approximations obtained via BOB,
WBBI1, WBB2, NUTS, and ADVI, based on 30 independent
replications per setting. Table 3, on the other hand, presents
the elapsed (wall-clock) times of each method, based on the
same 30 replications. What is more, Figure 1 displays box-
plots of the distributions of the SW5 distances produced by
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BOB, WBB1, and WBB2. Details about the BOB-derived x*
values are presented in Appendix D.

Table 2 shows that across all settings, BOB tends to
produce the best approximation of the Bayesian posterior
predictive distribution. In simpler settings (e.g., setting 1), the
accuracy of BOB is comparable to the accuracy of NUTS;
however, as the simulation settings get more complicated,
BOB becomes significantly more accurate than all the other
competitors. For instance, in setting 6, the median SW dis-
tance obtained via BOB is 3.55, 4.16, 27.03, and 14.58 times
smaller than the median SW5 distances obtained via WBB1,
WBB2, NUTS, and ADVI, respectively. It is also clear that,
across all settings, ADVI tends to produce the least accurate
results.

We can also observe, in Table 3, that the fastest algorithms
are WBB1 and WBB2. That being said, we can observe that
the median running times of BOB are constantly around the
35-second mark. NUTS, on the other hand, results on the
longest running times. For instance, in setting 6, the median
running time of BOB is 43.99 seconds, while the median run-
ning time of NUTS is 3720.11 seconds. In other words, the
median running time of BOB is 84.57 times smaller than the
median running time of NUTS. It is worth mentioning, how-
ever, thatin settings 8 and 9, NUTS was not able to run within
a computing budget of 10800 seconds, while BOB run in
36.24 and 48.56 seconds, respectively, suggesting that BOB
can be more than 300 times faster than NUTS. This clearly
illustrates the limited scalability of MCMC algorithms to
large-scale data problems.

Additionally, we can clearly observe, in Figure 1, that
across all settings, the distribution of the SW, distances
produced by BOB tends to be significantly below the dis-
tributions produced by WBB1 and WBB2, illustrating that
BOB is a reliable posterior sampler. On the whole, even if
WBB is the fastest algorithm, BOB constantly produces the
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Table 3 Median elapsed (wall-clock) times, in seconds, for BOB, WBB1, WBB2, NUTS, and ADVI, based on 30 independent replications per

setting
Method Setting
1 2 3 4 5 6 7 8 9
BOB 25.612 30.218 35.648 22.988 31.737 43.994 27.705 36.238 48.568
(0.169) (0.506) (1.605) (0.379) (0.404) (1.248) (1.350) (1.242) (2.016)
WBB1 0.261 0.333 0.398 0.251 0.365 0.527 0.307 0.476 0.702
(0.008) (0.004) (0.010) (0.009) (0.008) (0.012) (0.007) (0.015) (0.025)
WBB2 0.296 0.359 0.421 0.262 0.387 0.621 0.319 0.495 0.761
(0.006) (0.017) (0.014) (0.009) (0.013) (0.300) (0.007) (0.236) (0.295)
NUTS 46.677 602.957 1745.412 258.987 2787.522 3720.117 579.731 - -
(3.924) (167.503) (205.134) (209.163) (1904.040) (1277.173) (610.817) - -
ADVI 1.942 4.643 9.067 4.449 9.957 19.152 7.430 18.087 35.183
(0.066) (0.194) (0.174) (0.117) (0.507) (3.066) (0.784) (0.343) (1.161)
Note: Interquartile ranges are provided in parentheses. The best performance is presented in bold. Entries denoted with "-" indicate that the

corresponding method was not able to run within a computing budget of 10800 seconds

closest approximation to the Bayesian posterior predictive
distribution in a timely fashion, nicely balancing the trade-
off between computational cost and numerical accuracy.

To provide a clearer demonstration of what is happening,
let us bring up an illustrative example with n = 50, d = 15,
and K = 2. Table 4 presents the SW, distances between the
Bayesian posterior predictive distribution and its approxima-
tions, as well as elapsed times from each method, based on
our illustrative example. In particular, note that BOB is not
only 62 times faster than NUTS, but it is also 10 times more
accurate. What is more, Figure 2 presents KDEs of the first
two dimensions of the Bayesian posterior predictive distribu-
tion and its different approximations. The Bayesian posterior
predictive density (i.e., the red contour) clearly indicates the
existence of two clusters. We can also observe that WBB1
and WBB2 correctly capture the locations of such clusters,
but do not correctly capture the dispersion of the Bayesian
posterior predictive distribution. NUTS and ADVI, on the
other hand, fail to identify the two clusters in the data, pro-
viding the worst approximations of the Bayesian posterior
predictive distribution. These results are not surprising as
the reparameterization used by ADVI forces the posterior to
be unimodal (Morningstar et al. 2021). In fact, similar results
for NUTS and ADVTI have also been reported in Fong et al.
(2019), where the authors show that the samplers produce
unimodal posteriors. Overall, it is clear that BOB produces
the closest approximation to the Bayesian posterior predic-
tive distribution. Additional posterior predictive density plots
are presented in Appendix F, where we can observe similar
results. The target Bayesian posterior predictive distribution
is obtained following the procedure described in Appendix
B.

Lastly, we would like to investigate how the sample size
affects both WBB and BOB. As discussed in Section 3.2,

Table 4 SW; distance between the Bayesian posterior predictive dis-
tribution and its approximations obtained via BOB, WBB1, WBB2,
NUTS, and ADVI, as well as elapsed (wall-clock) times in seconds for
each method, when K = 2,d = 15, and n = 50

Method
Metric BOB WBB1  WBB2 NUTS ADVI
SW» 0.054 0.274 0.339 0.536 0.865

Elapsed (secs)  26.875  1.098 0.369 1681.446  9.529

Note: The best performance is presented in bold

both WBB and BOB are first order correct for the Bayesian
posterior. In other words, their approximations should get
better with a growing sample size. Thus, we consider an
additional experiment where we fix d = 15 and K = 2,
and consider various sample sizes spanning from n = 50 to
n = 500. Figure 3 displays the SW, distances between the
Bayesian posterior predictive distribution and its approxima-
tions obtained via BOB, WBBI1, and WBB2, as a function
of n. We can observe that all the distances decrease as n
increases, which is expected. However, it is clear that BOB
consistently outperforms WBB. Asymptotically, though, we
can observe that WBB and BOB tend to converge to the same
limiting distribution, which is desirable as WBB possesses
appealing asymptotic properties.

Additional simulation experiments are presented in
Appendix G, where we consider different initialization strate-
gies and stronger priors on the mixture proportions, 7.
Altogether, we have that BOB is a reliable method for approx-
imate posterior sampling, which can be applied in a wide
range of problems.
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Fig. 1 Boxplots of the distributions of the SW> distances between the Bayesian posterior predictive distribution and its approximations obtained

via BOB, WBB1, and WBB2, based on 30 independent replications per setting

5 Analysis of real-world data

To further demonstrate the performance and practical util-
ity of our proposed methods, we apply them to the widely
analyzed Wine (Aeberhard et al. 1994) and Seeds (Chary-
tanowicz et al. 2010) datasets. Both datasets are publicly
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available from the UC Irvine Machine Learning Repository.
The idea is to compare different posterior approximations

under real-world data.
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5.1 Wine data

The data consists of d = 13 observed features for 178 Italian
wines, belonging to K = 3 different types, namely Barbera,
Barolo, and Grignolino. From the Barbera type we have 48
specimens, from Barolo we have 59 specimens, and from
Grignolino we have 71 specimens. A detailed description of
all the features from each wine is presented in Appendix E.
In all our analyses, we center the data so that each feature
has mean zero. To set the prior hyper-parameters, we follow
the same approach as in Section 4.1. We obtain S = 20000
approximate posterior draws using BOB, WBB1, WBB2, and
ADVL. In the case of NUTS, we run the algorithm for 40000
iterations and discard the first half as burn-in. For BOB, we
use batches of size S, = 1000 to construct ﬁ(x). As before,
we set the BO search space to be X = [1075, 1.5].

5.2 Seeds data

Our second dataset is made up of d = 7 observed measure-
ments of geometrical properties for 210 kernels belonging
to K = 3 different varieties of seeds, namely, Kama, Rosa
and Canadian. There are 70 kernels from each variety. Fur-
ther details on these observed measurements are presented
in Appendix E. All other configurations are set as in Section
5.1.

5.3 Results

Table 5 presents the SW, distances between the Bayesian
posterior predictive distribution and its approximations
obtained via BOB, WBB1, WBB2, NUTS, and ADVI, based
on the wine and seeds datasets. Table 5 also presents the
elapsed times from each method. The Bayesian posterior
predictive distribution used as a target is computed as in
Appendix B.

We can observe that BOB returns the smallest SW, dis-
tance under both datasets; however, the differences are much
more clear in the wine data. In the seeds dataset, on the
other hand, the performance of BOB is comparable to the
one of WBB. These results are consistent with our previous
simulation experiments, where we showed that under larger
dimensions, as in the wine data, BOB tends to outperform
WBB, but under smaller dimensions and larger sample sizes,
both methods tend to converge to the same limiting distribu-
tion. It is also clear that NUTS and ADVI offer the worst
recovery of the Bayesian posterior predictive distribution.

Note, additionally, that in the wine dataset, NUTS takes
7501 seconds to run. BOB, on the other hand, takes only
31.5 seconds. In other words, BOB is 238 times faster
than NUTS. This suggests that BOB not only outperforms
competing approaches in recovering the Bayesian posterior

predictive distribution, but it can also be substantially faster
than MCMC samplers.

To further understand the differences between BOB and
WBB, Table 6 presents the optimal x* values derived
from BOB, based on the wine and seeds datasets. We can
observe that under both datasets, the BOB-derived x* values
are smaller than one, suggesting that standard exponential
weighting tends to underestimate the posterior distribution
of the dispersion parameters. That being said, we can also
observe that in the seeds dataset (i.e., when the number of
unknown parameters is smaller relative to the sample size),
the BOB-derived x™* value is close to one. These results are
also expected as setting x* = 1 results in a WBB scheme,
which possess excellent asymptotic properties. Altogether,
this suggests that BOB is capable of retaining the asymptotic
first order correctness of WBB. In small sample sizes, how-
ever, BOB might be preferred as it offers a better recovery of
the Bayesian posterior distribution.

Figures 4 and 5 present posterior predictive density plots
for selected variables from the wine and seeds datasets,
respectively. Additional posterior density plots are provided
in Appendix F. As before, red contours represent the tar-
get Bayesian posterior predictive density, while blue KDEs
represent the different approximations. To assess the valid-
ity of our model specification and model fitting, scatter plots
depict the observed data. This can help us identify systematic
differences between the observed data and the posterior pre-
dictive distribution. If the observed data look plausible under
the posterior predictive distribution, one could say that the
model specification and model fitting are reasonable (Gel-
man et al. 2014, Ch. 6).

In Figures 4 and 5, the Bayesian posterior predictive den-
sity clearly indicates the existence of three clusters, which
align with the observed data, suggesting that the model
assumptions are reasonable. We can also observe that both
versions of WBB correctly capture the location of these
clusters, but do not correctly capture the dispersion of the
Bayesian posterior predictive (especially in Figure 4). NUTS
and ADVI produce the least accurate approximations of the
Bayesian posterior predictive distribution and are unable
to identify the three clusters in the data. It is clear, then,
that BOB produces the most accurate approximation of the
Bayesian posterior predictive distribution. Note that these
results are consistent with the results from Section 4. Addi-
tional posterior density plots are provided in Appendix F,
where we can observe similar patterns across different vari-
ables from the wine and seeds datasets. On the whole, this
illustrates BOB’s practical utility in real-world problems.
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Fig.2 True Bayesian posterior

Bayes BOB
predictive density (red contours)
and its approximations (blue — True posterior pred.
KDE:s) obtained via BOB,
WBBI1, WBB2, NUTS, and © ©
ADVI, when K =2,d = 15,
and n = 50
o o
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? 9
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6 Discussion and less computationally intensive than sampling from an

intractable posterior. With this in mind, we have developed
a randomly weighted EM algorithm, which allows us to
introduce prior information into a GMM within a WBB
framework. Additionally, we have also introduced BOB, a
novel computational method to automatically tune the ran-
dom weights from a WBB procedure by minimizing, through

In this article, we have explored alternatives to MCMC
algorithms in order to sample from the posterior distribu-
tion of GMMs. More precisely, we have built upon WLB
and WBB ideas, which are based on the premise that opti-
mizing randomly weighted posterior densities can be faster
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SW, Distance . * .
Table 6 BOB-derived x* values for the wine and seeds datasets
7 3 S B8 Dataset
§ - ez Wine Seeds
3
o 1 Optimal x* value 0.42 0.905
§ ]
2 © .
R
e
1 What is more, since EM-type algorithms can be used to
8 fit more general mixture models (beyond the Gaussian mix-
o T T T T T . .
100 200 300 400 500 ture case, see e.g., Meng and Rubin (1993) or Karlis and

n

Fig. 3 SW; distances between the Bayesian posterior predictive dis-
tribution and its approximations obtained via BOB (golden continuous
line), WBB1 (blue dashed line), and WBB2 (red dotted line), as a func-
tion of n, with d = 15 and K = 2. The curves were produced by
computing the median across 30 independent replications. Error bars
indicate the 25th and 75th percentiles, respectively

Bayesian optimization, a black-box and noisy version of the
reverse KL divergence between the Bayesian posterior and
an approximate posterior induced by random weighting. We
have demonstrated that BOB consistently outperforms com-
peting approaches in recovering the Bayesian posterior, while
retaining key asymptotic properties from existing methods.
Additionally, we showed that BOB can also be substantially
faster than MCMC algorithms, making BOB a competitive
approximate posterior sampler.

One concern, however, is with respect to the sensitivity
of our algorithms to the initial parameter values. Despite the
incorporation of a tempering profile, both WBB and BOB are
still notably sensitive to the initial parameter values. Poorly
chosen initial values might lead the algorithm to settle at
a sub-optimal solution, and no amount of tempering would
help us escape such a local optima (see e.g., Appendix G).
Thus, a potential path for future research is the incorporation
of nonconvex optimization methods (see e.g., Cong and Li
(2024)) in the maximization of our randomly weighted log-
posterior density. For now, a potential solution is to make
use of recent developments in clustering methods to obtain
adequate starting points, effectively mitigating this issue.

Xekalaki (1999)), another avenue for future research could
be to extend the current state of BOB so that it can natu-
rally handle a wider range of finite mixture models. In fact,
one can also consider extending BOB to the suite of models
presented in the widely-used "mclust" R package (Scrucca
et al. 2023). One might also consider extending BOB so that
it can handle more complicated prior specifications, like spar-
sity inducing priors on the mean vectors and the covariance
matrices (e.g., global-local and spike-and-slab shrinkage pri-
ors (George and McCulloch 1993; Carvalho et al. 2010; Li
et al. 2019)). These extensions could make Bayesian infer-
ence on finite mixtures more accessible for a wider range of
practitioners.

Lastly, throughout this article, we have assumed that the
number of components in the mixture, K , is fixed and known.
Thus, one additional avenue for future research could be
to address the problem of selecting K within a Bayesian
paradigm (see e.g. Richardson and Green (1997), Stephens
(2000a), Nobile and Fearnside (2007), or Baudry et al.
(2010)). A possible solution could be to assume an overfit-
ted mixture and specify a hierarchical prior on the Dirichlet
parameters, {ak}le, in the spirit of Malsiner-Walli et al.
(2016). This issue, however, is outside the scope of this arti-
cle.

On the whole, BOB joins a growing body of literature,
which aims to draw practitioner’s attention toward poste-
rior samplers beyond traditional MCMC algorithms (Nie and
Rockova 2023b; Newton et al. 2021). Thus, extending BOB
(and BOB-like methodologies) from GMMs with conjugate
priors to arbitrary posterior distributions presents an exciting
research opportunity.

Table5 SW,; distances between

. . Dataset Metric Method

the Bayesian posterior
predictive distribution and its BOB WBBI1 WBB2 NUTS ADVI
approximations obtained via ]
BOB. WBB1., WBB2. NUTS ‘Wine SW2 3.201 4.694 5.957 16.65 18.906
and ADVI, based on the wine Elapsed (secs) 31.509 1.283 0.571 7501.166 21.307
and seeds datasets. The elapsed  gees SW, 0.07 0.071 0.071 0.357 0.228
(wall-clock) times in seconds of

Elapsed (secs) 24.681 0.377 0.505 2224.107 19.204

each method are also displayed

Note: The best performance is presented in bold
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Fig.4 True Bayesian posterior
predictive density (red contours)
and its approximations (blue
KDE:s) obtained via BOB,
WBBI1, WBB2, NUTS, and
ADVI, for selected variables
from the wine data. Scatter plots
depict the observed data. Orange
squares, pink triangles and dark
circles represent Barolo,
Grignolino, and Barbera wines,
respectively
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Fig.5 True Bayesian posterior
predictive density (red contours)
and its approximations (blue
KDE:s) obtained via BOB,
WBBI1, WBB2, NUTS, and
ADVI, for selected variables
from the seeds data. Scatter
plots depict the observed data.
Orange squares, pink triangles
and dark circles represent
Kama, Rosa, and Canadian
wheat kernels, respectively
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Appendix A Derivations and proofs
A.1 Proof of Proposition 1

Recall from (4) that the weighted log-likelihood function of
the observed data is given by

n K
log pu (Y10) = > u; Ilog D e (vis me Zk)}
i=1 k=1

n
= ujlog p(y;|0)

i=1

n
= u; {log p(y;. z10) — log p(zly;. 0)}
i=1

n K
= u {Zz,'k [log 7z +log ¢ (i3 my. Ti)]

i=1 k=1

K
- Z zik logmy ¢
k=1

Then, the weighted log-posterior can be written as
log pu (81Y) o< log py (Y]6) + log p;; (0)

n K
=Y ui [Zzik [log 75 + log ¢ (vis mi» Zi)]

i=1 k=1
K
- Zzz'klogﬂk} + log p; (0)
k=1
n K
=Y ui Y zik [logm +loge (yis i Zk)]
i=1 k=1
n K
+log p; (0) — Zui Zziklognk.
i=1 k=1

We now take the expectation over the latent variables, con-
ditionalon'Y, u,and @) Recall from (7) that E[z;x |0, Y, u]
= gjk; thus, we get

K

n
log pu(01Y) o< Y "ui ¥ qix [log mi + log @ (yi: ps Zi)]
i=1 k=1

01 (816")

n

K
+log pa(®) — Y u; Y qixlogmy
i=1 k=1
! [ —;
Hi(olo(t))

= u;0'(016") +log pi(6)

i=1

@ Springer

— Y uiH' (0107).

i=1

In the above equation, the left-hand side remains
unchanged as it is the expectation of a constant. Then, sub-
tracting the weighted log-posterior evaluated at ) gives

log pu(81Y) —log pu(8'|Y)
=Y u {018 — 0'616"))
i=1
+ {10g pa(®) — 1og p 0

n
+ > w {HOV100) ~ H 010}
i=1

From Gibbs’ inequality, we have that H'(§®|9")) >
H'(0]0"). Therefore, since all the weights are nonnegative,
we can conclude that

log pu(8]Y) — log pu (6 |Y)
=Y ui {018 - 0’016
i=1
+ {tog pa(8) — log pa (8]
Moreover, note that
0016") =K,y , g0 [10g pu(Y, Z16) + log p;(6)]

n
= u;0'(616") +log pi(6),
i=l1

which is our surrogate objective function defined in (8). In
other words, by maximizing Q (0]0") with respectto§ € @,
we cannot decrease the weighted log-posterior. Hence, the
proof is complete.

A.2 Proof of Proposition 2
From (8), we have that the update of p; and Xy is given by

(1D, 20D) = arg max{h (. To)).
i, Tk

with

n

1
g, ) = —= ) (uiqix [log | ¢l
2
i=1

+(vi — ) T (i —uk)])

A wED
2 2

(peg
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_ - v +d
— B E (- B — i, < + 1) log | Xk
@7%"10@2“
L [(G e — ) + ) =7
_Etr[(nk(Yk_ﬂk)(Yk_lLk) + k) X ]
vk +d 1 CA——
—( 0 +1>10g|2k|— 5tr<\llk2k )
by [ = B (i — B
2 k
_ Vg +d 1 -
= ( 5 +l>10g|Ek| 5tr<\Ilka )

A _ _
- 7"<uk — B (e — Bo)

where (%) follows from the fact that )7 b/Ab; =
tr(B'BA), where B € R"*“ denotes the matrix whose i-th
row is b; e R4 and by writing (y; — py) as (y; — ):fk +
Y& — ;). This completes the proof.

Appendix B Posterior and posterior
predictive samplers

B.1 Sampling from the posterior predictive
distribution

Given posterior draws, {G(S) }le, one can easily obtain pos-
terior predictive draws as described in algorithm 2.

Algorithm 2 Posterior Predictive Sampler
Input:

Posterior draws: {0(5) }5:1

Model: p(y| 6)
Output:

Posterior predictive draws: {ynew'(x) }f: !
l:forse{l...,S}do

2 Sample Ynew,(s) ~ P(¥Y10(s))
3: end for

> in parallel

B.2 Sampling from the target Bayesian posterior

Following Gelman et al. (2014), under the likelihood and
priors specified in Section 2.1, the Bayesian posterior dis-
tributions of {[Lk|Y, Z}, {21Y,Z}, and {r|Y, Z} are given
by

Y Z~ 15, avty (Be Wi/ G —d + 1))

XY, Z ~ inverse-Wishart (f)k, \il,:1> ,

ZlY, Z ~ Dirichlet(&l, aK),

where B = Ar/ (A + nz ) B + nzy /(A + 1)z \,I\’k =
‘AI’k + S; + (ng)/ i + ng) ¥z — Bi) Vo — Bi)s
A = A + ng, Vr = v + ng,, and ay = ay + nz., with
Ny = Doioy Ziks Yo = (nmc)_l Zi:zik:l yi, and S; =
Zi:zikzl(yl' — ¥, — ¥z)'- When the true latent indica-
tor variables, Z, are known (e.g., under simulated data or
when we know the true cluster labels), one can easily obtain
a sequence of random draws from the target Bayesian pos-

terior distribution, {OBayes)(s) }le , as described in algorithm
3. With the posterior draws, {GBayes,(s)}le, one can then

proceed to obtain random draws from the Bayesian posterior
predictive distribution, as described in algorithm 2.

Algorithm 3 Bayesian Posterior Sampler
Input:

Data: Y

True latent indicator variables: Z

Total number of posterior draws: S

Posterior hyper-parameters: { fik, \ilk, }:k, Vi, &k}f:l
Output:

Bayesian posterior draws: {#gayes, (s) }
I: fors € {1 ..., S}do > in parallel

L]

Sample Xy (5)|Y, Z ~ inverse-Wishart(dg, ¥, ), Vk € [K]
Sample py (5)|Y., Z, T (5) ~ Na(Bis Zk.(5)/ k), Yk € [K]
Sample 7 (5)|Y, Z ~ Dirichlet(&l, el &K)

K
Set oBayes,(s) <~ {”k,(s)a Rk (s) 2:Ia,(s) }k:I
: end for

N

s=1

SN

Appendix C Warm initialization strategy

To initialize our algorithms, we consider a pool of can-
didate initial values. These candidate values are obtained
via (1) hard-thresholded K-means (Raymaekers and Zamar
2022), where the HTK-means penalty term is selected
using AIC, BIC, and a regularization path plot; (2) sparse
K -means (Witten and Tibshirani 2010), where the sparse K -
means shrinkage parameter is selected using a permutation
approach; (3) model-based clustering using the "mclust"”
R package (Scrucca et al. 2023), which itself is initialized by
hierarchical model-based agglomerative clustering; and (4)
K -means clustering (MacQueen 1967). Then, we choose the
point that yields the largest log-likelihood as our warm initial-
ization. To facilitate comparisons, we initialize all algorithms
at this starting point.

Appendix D BOB-derived x* values

Table 7 presents medians (and interquartile ranges) of the
BOB-derived x* values for all the nine settings considered
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Table 7 Median x* values Settin
obtained via BOB, based on 30 g
1 2 3 4 5 6 7 8 9

independent replications per

setting
Optimal x* 1073 1073

(0.0 0.0)

10—5 1075 10—5 1075 10—5 1075 10—5
(0.0 0.0 (0.0 0.0 (0.0 0.0 (0.0

Note: Interquartile ranges are provided in parentheses

in Section 4. It is evident that the Bayesian optimization pro-
cedure is constantly choosing the optimal x* values at the
lower boundary of the search space, X'. This suggests that in
complex settings, where the number of unknown parameters
is large and the sample size is small, standard exponential
weighting severely underestimates the posterior distribution
of dispersion parameters. These results are consistent with
the ones presented in Figures 1, 2, 6, and 7, where we can
clearly observe that standard exponential weighting does not
capture the dispersion of the target Bayesian posterior predic-
tive distribution. That being said, in cases where the sample
size is larger (as in the seeds data), BOB is also capable
of deriving optimal x* values close to one, retaining the first
order correctness of standard exponential weighting (see e.g.,
Table 6).

Appendix E Features in benchmark data

Tables 8 and 9 present details and descriptions of the variables
in the Wine and Seeds datasets, respectively.

Appendix F Additional density plots

F.1 Additional bivariate posterior predictive density
plots

Figures 6 and 7 present additional bivariate posterior pre-
dictive density plots from our illustrative example (in which
n = 50,d = 15, and K = 2). We can observe similar pat-
terns as in the main article. More precisely, both versions of
WBB fail to capture the dispersion of the Bayesian posterior
predictive distribution, while NUTS and ADVI produce uni-
modal densities, failing to identify the clusters in the data. It
is clear, then, that BOB produces the best approximation.

Similarly, Figures 8, 9, 10, and 11 present bivariate pos-
terior predictive density plots for additional variables from
the wine and seeds datasets. As in the main document, we
can observe that both versions of WBB correctly capture the
location of the three clusters; however, they tend to produce
overconfident posterior predictive distributions. NUTS and
ADVI are unable to identify the three clusters in the data. It
is clear, then, that BOB produces the best approximation of
the Bayesian posterior predictive distribution.

Table 8 Features in the Wine Wine Feature

Wine Feature

pata Abbreviation Description Abbreviation Description
alco Alcohol percentage nflav Nonflavanoid phenols
mal Malic acid proa Proanthocyanins
ash Ash col Color intensity
akash Alkalinity of ash hue Hue
mag Magnesium ODdAw %ﬁ?‘; of diluted wines
phen Total phenols prol Proline
flav Flavanoids

Eaaiz;e 9 Features in the Seeds Seed Feature Seed Feature
Abbreviation Description Abbreviation Description
area Area of kernel k.width Width of kernel
perimeter Perimeter of kernel asymmetry Asymmetry coefficient
compactness Compactness of kernel k.gr.len Length of kernel groove
k.len Length of kernel
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Fig.6 True Bayesian posterior
predictive density (red contours)
and its approximations (blue
KDE:s) obtained via BOB,
WBBI1, WBB2, NUTS, and
ADVI, when K =2,d = 15,
and n = 50

F.2 Additional univariate posterior predictive

density plots
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terior predictive distribution. To be precise, Figure 12 is based
on our illustrative example (in which n = 50, d = 15, and
K = 2). Figures 13 and 14 are based on the wine and seeds

What is more, Figures 12, 13, and 14 present univariate
density plots of each marginal entry from the approximate
posterior predictive distributions obtained with BOB, WBB1,
WBB2, NUTS, and ADVI, as well as the target Bayesian pos-

datasets, respectively. As before, we can observe that BOB
tends to produce the closest approximation of the Bayesian
posterior predictive distribution.
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Fig.7 True Bayesian posterior Bayes

BOB
predictive density (red contours)

and its approximations (blue — True posterior pred.
KDE:s) obtained via BOB,
WBBI1, WBB2, NUTS, and ] 7
ADVI, when K =2,d = 15,
and n = 50
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Fig.8 True Bayesian posterior
predictive density (red contours)
and its approximations (blue
KDE:s) obtained via BOB,
WBBI1, WBB2, NUTS, and
ADVI, for additional variables
from the wine data. Scatter plots
depict the observed data. Orange
squares, pink triangles and dark
circles represent Barolo,
Grignolino, and Barbera wines,
respectively
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Fig.9 True Bayesian posterior
predictive density (red contours)
and its approximations (blue
KDE:s) obtained via BOB,
WBBI1, WBB2, NUTS, and
ADVI, for additional variables
from the wine data. Scatter plots
depict the observed data. Orange
squares, pink triangles and dark
circles represent Barolo,
Grignolino, and Barbera wines,
respectively
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Fig. 10 True Bayesian posterior
predictive density (red contours)
and its approximations (blue
KDE:s) obtained via BOB,
WBBI1, WBB2, NUTS, and
ADVI, for additional variables
from the seeds data. Scatter
plots depict the observed data.
Orange squares, pink triangles
and dark circles represent
Kama, Rosa, and Canadian
wheat kernels, respectively
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Fig. 11 True Bayesian posterior
predictive density (red contours)
and its approximations (blue
KDE:s) obtained via BOB,
WBBI1, WBB2, NUTS, and
ADVI, for additional variables
from the seeds data. Scatter
plots depict the observed data.
Orange squares, pink triangles
and dark circles represent
Kama, Rosa, and Canadian
wheat kernels, respectively

@ Springer

length of kernel

length of kernel

length of kernel

0.0 0.5 1.0

-0.5

-1.0

1.0

0.0 0.5

-0.5

-1.0

0.0 0.5 1.0

-0.5

-1.0

Bayes

area

wBB1

—— True posterior pred.

area

NUTS

—— True posterior pred.

area

length of kernel

length of kernel

length of kernel

0.0 0.5 1.0

-0.5

-1.0

1.0

0.0 0.5

-0.5

-1.0

0.0 0.5 1.0

-0.5

-1.0

BOB

—— True posterior pred.

area

WBB2

—— True posterior pred.

area

ADVI

—— True posterior pred.

area




Statistics and Computing (2026) 36:14 Page 27 of 33 14
Feature 1 Feature 2 Feature 3 Feature 4
0
N A ’
S
o
& 4
S
©
Z
e
S
0
8
S
o
g |
e T T T
-5 0 5
Feature 1 Feature 2 Feature 3 Feature 4
Feature 5 Feature 6 Feature 7 Feature 8
o 0
@ S
S S
© k)
g . o
=] S
S
o
&
o e
© S
S o
o S
S
0
0 3
=} [S)
o
o o
S =1
e T T T e T T T
-5 0 5 -5 0 5
Feature 5 Feature 6 Feature 7 Feature 8
Feature 9 Feature 10 Feature 11 Feature 12
& ~ ~ ~
o S S oS
© < | < | X
8 S S S 8]
© 0 0 0 A
=) S S
0
5 < = <
© o o o
o @ o | «
s o o o
5
o o o
o <] S o
=3
o s -4 -
S S S
8 o o | o .
° © T T T T T ° T T T T T < T T T T T
-4 -2 0 2 4 -4 -2 0 2 4 -4 -2 0 2 4
Feature 9 Feature 10 Feature 11 Feature 12
Feature 13 Feature 14 Feature 15
5 5 1 5 —— Bayes
© “ © ©
e © = - -- BOB
0 0 0
=) S S
< < <]l A WBB1
o o o
s s s -~ WBB2
o o o
o o o
- - - —— NUTS
5 S S
o o o
° ° S ADVI

-2 0 2 4

Feature 13

Feature 14

-4 -2 0 2 4 6

Feature 15

Fig.12 Univariate density plots of each marginal entry from the approximate posterior predictive distributions obtained with BOB, WBB1, WBB2,
NUTS, and ADVI, as well as the target Bayesian posterior predictive distribution, when K =2, d = 15, and n = 50
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Appendix G Additional simulation
experiments

G.1 Sensitivity to starting values

We now want to explore the sensitivity of WBB and BOB
to other starting values. Thus, we consider three additional
simulation settings where we fix n = 100, K = 3, and let
d € {5,10, 15}. In all cases, we consider a trivial initial-
ization (TI). In other words, we set, for k € {1,..., K},
we=0(0,...,00 e R:, % =1y € M, and ;, = 1/K.
Consequently, we call our simulation settings TI 1 (for
d =5), TI2 (ford = 10), and TI 3 (for d = 15).

Table 10 presents medians (and interquartile ranges) of the
SW, distances between the Bayesian posterior predictive dis-
tribution and its approximations under a trivial initialization,
based on 30 independent replications per setting. Addition-
ally, Figure 15 displays boxplots of the distributions of the
SW, distances produced by BOB, WBB1, and WBB2, all
under this trivial initialization.

Table 10 Median SW, distances under a trivial initialization (TI),
based on 30 independent replications per setting

Method Setting
TI1(d =5) TI2 (d = 10) TI3 (d = 15)
BOB 0.703 0.560 0.587
(0.087) (0.063) (0.052)
WBB1 0.755 0.821 0.922
(0.067) (0.053) (0.049)
WBB2 0.772 0.851 0.950
(0.063) (0.045) (0.041)

Note: Interquartile ranges are provided in parentheses. The best perfor-
mance is presented in bold

We can observe, in Table 10 and Figure 15, a huge drop
in performance across all samplers, especially if we compare
these results to the ones from settings 4, 5, and 6 from Table 2.
More precisely, we can observe that a warm-initialized BOB
is around 8.3 times better than a trivially-initialized BOB.
Similarly, a warm-initialized WBB is around 4.7 times bet-
ter than a trivially-initialized WBB. These results are not
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Fig. 15 Boxplots of the distributions of the SW, distances under a trivial initialization (TI), based on 30 independent replications per setting

surprising as EM-type algorithms, like the one considered
in this article, are notably sensitive to the initial points and
poorly chosen initial values might lead the algorithm to sad-
dle at a sub-optimal solution. That being said, it is worth
pointing out that even under a trivial initialization, BOB still
produces a better approximation of the Bayesian posterior
predictive distribution, especially when d = 10 and d = 15.

G.2 Sensitivity to a strong informative Dirichlet prior

Lastly, we would like to explore the sensitivity of WBB and
BOB to a more informative Dirichlet prior on &. Throughout
this article, we have set  ~ Dirichlet(ay, ..., ag), with
ar = 1.1, for all k € {1,..., K}. This results in a weak
proper prior on . However, as pointed out by a reviewer,
posterior inference in mixture models is particularly sensitive
to the specification of the Dirichlet parameters {ay } ,le . Thus,
we are now considering one last simulation experiment with
three settings, where we fix n = 100, K = 3, and letd €
{5, 10, 15}. In all cases, we obtain our Dirichlet parameters
as

id
{ak}le ~ Poisson(10) + 1.1,
which should result in strong informative Dirichlet priors

(SIDP). Consequently, we call our simulation settings SIDP
1 (ford = 5), SIDP 2 (ford = 10), and SIDP 3 (ford = 15).

@ Springer

Table 11 Median SW distances under strong informative Dirichlet
priors (SIDP), based on 30 independent replications per setting

Method  Setting
SIDP1(d=5) SIDP2(d=10) SIDP3(d =15)
BOB 0.172 0.131 0.172
(0.253) (0.148) (0.106)
WBB1 0.199 0.260 0.308
(0.215) (0.160) (0.080)
WBB2 0.245 0.308 0.334
(0.148) (0.085) (0.079)

Note: Interquartile ranges are provided in parentheses. The best perfor-
mance is presented in bold

Table 11 presents medians (and interquartile ranges) of
the SW distances between the Bayesian posterior predictive
distribution and its approximations under strong informative
Dirichlet priors, based on 30 independent replications per
setting. Additionally, Figure 16 displays boxplots of the dis-
tributions of the SW5 distances produced by BOB, WBB1,
and WBB2, all under strong informative Dirichlet priors.

Asin Appendix G.1, we can observe a drop in performance
across all samplers, especially if we compare these results to
the ones from settings 4, 5, and 6 from Table 2. In this case,
however, the drop in performance is less severe. Interestingly,
BOB still produces a better approximation of the Bayesian
posterior predictive distribution, especially when d = 10
and d = 15. Overall, this means that incorporating the use
of stronger Dirichlet priors could be an avenue for future
research.
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