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ABSTRACT. This paper discusses the behaviour of polygonal convex curves in the
plane moving under crystalline curvature flows, in which the speed of motion of each
edge is determined by a function of its length. The behaviour depends on the rate
of growth of the speed as the length of the edge approaches zero: For slow growth
— including the homogeneous case where speed is inversely proportional to a power
o € (0,1) of the length — there are always solutions for which the enclosed area
approaches zero while the length remains positive. If o > 1, then all solutions are
asymptotic to homothetically contracting solutions, and if @ = 1 then there is a range
of different kinds of singularity that occur.

1. CRYSTALLINE CURVATURE FLOWS

Several authors have considered crystalline curvature flows of polygonal curves
in the plane, since their introduction in [T]. We refer the reader to [TCH] and [AG]
for a discussion of the geometric and physical motivation for such flows. For present
purposes we consider only convex curves, although the flows can be defined much
more generally. In this case the flows can be defined in the following way: Let v be
a closed convex N-sided polygon in the plane, and label the edges 7g,...,yny_1 in
an anticlockwise order. Let 0; € S = R/27Z be the angle of the exterior normal
of ~;, and let ¢; be the length of v;. Moving v by a crystalline curvature flow
consists of finding a continuous family of polygonal curves v(t) starting from v so
that each edge keeps the same direction but moves in the outward normal direction
with speed v; determined by its length:

(1) vi(t) = gi(li).

Here g; is a smooth function defined on (0, 00) which is monotone increasing for
each ¢. This paper mostly concerns contraction flows, for which g; < 0, and the
condition g;(z) — —oo as z — 0 will be assumed. The later parts of the paper are
concerned particularly with the homogeneous case, defined by

(2) 9i(2) = —fiz™"
where a > 0 and f; is a positive real number for each .
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A simple geometric calculation shows that the side lengths ¢;(t) satisfy an au-
tonomous system of ordinary differential equations:

(3) 10 _ gi+1(lit1) gi—1(li—1) _ gi(4;) sin(bi+1 — 0i—1)
dt ! sin(9i+1 — 91) sin(9i — 9i_1) sin(6i+1 — 91) sin(@i — Gi_l)

where the index i is to be read mod N. The original geometric evolution (1) can
now be discarded and replaced with the ODE system (3), as long as one bears in
mind that each of the side lengths ¢; must be non-negative, and that in order to
define a closed curve the conditions Zﬁv:gl 4;sin(6;) = Zjvgol ¢; cos(6;) = 0 must be
satisfied. Note that these remains true under (3) if they hold initially. To this end,
given a collection of angles g < 61 < --- < On_1 < On = Op+27 with 6,11 —6; <,
define £ = {(fo, ..., tn_1): £ >0, SN lisin(6;) = S0 £ cos(6;) = 0}.

We review some results that have been obtained for these systems: A simple
ODE and comparison argument shows that for any initial data in £ there exists
a smooth solution on some finite maximal time interval [0,7"), and min; 4;(t) — 0
as t — T. It is known that there are only two possibilities as t — T (see [GG]):
Either max; ¢;(t) — 0, so the curve shrinks to a point, or there are two parallel
edges which have strictly positive length as ¢ — T while all others shrink to zero
(the latter behaviour is called degenerate pinching).

A necessary criterion for degenerate pinching was given in [GG] in terms of the
growth rate of the speed g;(¢) as £ — 0. It was shown there that for symmetric
flows with N = 4 this condition is also sufficient, but it was conjectured that
for larger N this should not be the case, and in particular in the special case of
homogeneous flows (2) with 6, = %7 7 = 1, degenerate pinching should occur only
when 0 < a < af = m This is suggested by the local stability of the
homothetically shrinking regular 2k-gon solution of the flow. This conjecture is
disproved in Section 4 of this paper, where it is shown that every crystalline flow
which satisfies the growth condition of [GG] exhibits degenerate pinching, if there
is a pair of edges which are parallel (i.e. ; = 6; + 7 for some ¢, 7).

The growth condition from [GG] implies that the homogeneous flows (2) with
« > 1 do not admit degenerate pinching. Section 6 of this paper provides a stronger
statement about the asymptotic behaviour for flows with @ > 1: The shrinking
curve in fact has a well-defined limiting shape, a curve which evolves by homoth-
etically contracting to some centre. The corresponding result for o = 1 is claimed
in [S2], but in fact the situation is much more complicated in that case, and sin-
gularities of various kinds occur — this is discussed in detail in Section 7, where a
fairly complete description of the asymptotic behaviour is given: In particular, for
symmetric flows there are two possibilities: Either there exists a symmetric homo-
thetically shrinking solution, in which case the results of [S1] imply that all other
convex solutions have this as asymptotic shape as they contract to points (except
in the parallelogram case N = 4, where every solution evolves homothetically), or
there is no such homothetic solution, in which case all solutions contract to points
while their isoperimetric ratio approaches infinity. In the latter case the minimum
edge length ¢ satisfies either ¢ ~ /(T —t)/|log(T —t)| or £ ~ (T — t)? for some
v € (1/2,1). A simple criterion distinguishes between these cases and determines
the asymptotics of the singularity. For non-symmetric flows the situation is more
complicated, and some borderline cases are left open. An example shows that these
borderline cases include examples where all solutions converge to homothetically
shrinking solutions, as well as examples with a variety of other singularities.
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2. PRELIMINARY RESULTS

Given a collection of angles § = (6, ...,0n_1) with 8; < 0,11 < 0; + 7 for each

i7 and any N_tuple i = (an .. 'afN—l)v denote by E(i) = (éo(i), s agN—l(.t)) the
N-tuple defined by

fix1 fiz1 fisin(@i11 —6;i—1)
4 (L) = = - - = - .
@) &) sin(6; 11 — 0;) + sin(0; —0;,—1)  sin(6; 41 — ;) sin(6; — 6;_1)

This is linear in the components of f, and in particular the variation in ¢;(f) induced
by a variation in f is given by

(5) %&-(i) _y (%) .

The reason for the notation comes from the following special case: The support
function of an admissible curve is the N-tuple s defined by taking s; to be the
perpendicular distance in the outward normal direction of the ith edge from the
origin. Then /¢;(s) = ¢;.

It is immediately clear from the definition of the support function that the en-
closed area A of the curve has the expression

N-1

1

=0

If Q1 and 9 are two regions in the plane bounded by admissible convex curves,
with support functions s and s(?) respectively, the Minkowski sum is given by
D+ Q={x+y: €, yecQ}. Thisis again a convex region with boundary
an admissible curve, and the support function is given by s(!) + s(2).

It follows that the area A behaves as a quadratic function under Minkowski
addition of admissible sets, and the mized volumes of €21 and €5 are defined as the
coefficients of this quadratic function:

1 d?
V(Ql, QQ) == 5 wA(Ql + tQQ) ’tZO'
This can be expressed in terms of the support function as
(7) V(sW,s®) =3 s ti(s?),

i

In particular V(Q,Q) = 2A(Q), and V(£2, B) is the total length of the edges of the
boundary curve of Q if B is the polygonal curve with the same set of edge directions
with s; = 1 for every ¢ (equivalently, B is excribed on the unit circle). It is also
convenient to define

(8) E(Q) =) ;=V(Q,B).

V(£21,85) is clearly independent of the order of the arguments. This implies a
useful summation formula:

9) Zpi&(g) = Z qili(p)-
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The Brunn-Minkowski theorem states that the square root of the enclosed area
A is a concave function under Minkowski addition:

(10) A(Q1 4 2)Y2 > AQ)Y? + A(Q)V/2,

and equality holds for convex 21 and €25 if and only if €25 is a scaled translate of §2;.
In the special situation of Minkowksi addition of admissible regions, this amounts
to the inequality

V(f,s)
(11) VI(f, f) < GV

for any function f. Furthermore, if equality holds in (11), then equality holds
in (10) with s(€1) = s and s(Q2) = s+ ¢f, for e sufficiently small. Therefore
fi = Csy + Asinf; + Bcosf; for some A, B and C, since ; and 2y are scaled
translates. Equivalently, equality holds if and only if ¢;(f) = C¥;.

The support function is particularly convenient in working with the evolution
equation (1), since this can be written as the ODE system

dSi

(1) I gi(i(s)).

A comparison principle applies for solutions of Eq. (1°): If s(V)(¢) and s(®(¢) are
two solutions with 551)(0) > 352)(0) for every 4, then sgl)(t) > 552) (t) for every i and
every t > 0 in the common interval of existence.

It follows from (1’) that the rate of change of A under Eq. (1) is given by

dA
(12) = ;Eigi(&).
Also, if f is any fixed function, then
d
(13) 7V &0 =2 at)l(f).

The later sections of this paper will be concerned with the situation where there
are a pair of parallel directions, (labelled 0 and & for convenience), with 6y = 0 and
0, = m. In this situation it is convenient to make the following definition:

k—1 N-1
1 . . .
(14) w=V(Q,1I)= 5 El 4| sind;| = ;,1 l;sind; = — .}kﬂ £;sin 6,

where [ is the degenerate curve with fo =, = 1 and ¢; = 0 for ¢ # 0, k. Geometri-
cally, w represents the width of € in the direction perpendicular to the edges 0 and
k. The variation formula (13) gives a simple evolution equation for w under (1):

dw

(15) i go(bo) + gr(Lk.).
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It is also convenient to define L = ({y + £;)/2. An alternative expression for A
is the following, which involves only the lengths £ and not the support function s:

1 1
0<i<j<k k<i<j<N

The following estimates will be useful in the case where L is large compared to w:
The expression (14) for w implies that

(17) 4 < Cw

for i # 0, k. Then the expression (16) for A implies that

(18) |L — Ajw| < Cw

and the definition (8) of E implies

(19) E-Cw<L<E.

The identity

(20) Ozz&cos@-:@o—fk—i— Z&cos@i
i i#0,k

implies that
(21) [lo—L| < Cw, | — L] < Cw.
A simple version of the maximum principle applies for systems of the type (1):

Proposition 2.1. Suppose f :{0,...,N —1} x [0,T) — R satisfies an equation of

the form
LECRNI0)

t
where g; is locally Lipschitz in each argument, and g;(¢) < 0 whenever ¢; =
max; ¢; = 0. If fi;(0) < 0 for every i, then fi(t) < 0 for every i and every
tel0,T).

3. A GRADIENT ESTIMATE

The main result of this section is a gradient estimate for solutions of crystalline
curvature flows. This result does not require that the flow be a contraction flow —
the estimate applies for any solution of a flow of the form (1) with g; non-decreasing
for each 7.

Definition 3.1. If p; € R fori = 0,...,N — 1, we denote by ¢ the Lipschitz
function on S* defined by
- ©Yi sin(0i+1 - 9) + Pi+1 sin(@ — 01)
0) = for 6; <0 <0;y,.
4/7( ) sin(&iﬂ — 01) ’ o - - +
The geometric content of this definition is indicated by the following: If " is an
admissible convex polygon with support function s, then § satisfies

5(0) = sup{zcosf +ysinf: (x,y) €T}

The main estimate of this section is the following surprising gradient bound for
the extension of the speed function:
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Proposition 3.2. Let £:[0,T) — L be a solution of Eq. (3). Then fort € [0,T)
5(0,t)% + §o(0,t)%} < q(0,t)?}, §(0,0)% + Gg(6,0)%} 5.
(a0, + 30(6,0%) < max{ | max_ (300,02}, uaela6.07 + 30(6,0)

Here the derivative gy is to be interpreted as multi-valued at the points 6;,

taking all values between the left and right-hand derivatives. The result is a direct

generalisation of an estimate proved for curvature flows of smooth curves in [A3].

Proof. 1t suffices to prove §(0,t)?+ge(0,t)? is non-increasing in ¢ at ¢ = to whenever

G(0,t0)% +30(0,t0)? = maxe{g(0,t0)> +Go(0,t0)?} > maxe{j(0,t0)?}. First observe

the following;:

Lemma 3.3. For any ¢:{0,...,N -1} = R,

2 2
- . 05 + i — 20ipig1 cos(bipr — 0;)
B(0)° + @o(0)> = L :

S <9i+1 - 91)

The Lemma follows by a direct calculation from the definition of ¢. It follows
that

~ ~ i t) — gl(t) Cos(9i+1 — 91) 2
0.1)2 0.4)2) — i (1)? it+1( .
max{7(6,t)" + Jo(9, 1)} = max {g ()" + -,
Suppose this maximum is achieved for some value of i, and

2
oo+ (2SR ) 0.0
In particular this implies that g;11(t) — g;(¢) cos(0;+1 — 6;) # 0, and similarly
9i(t) — gi+1(t) cos(0; 41 — 0;) # 0 since
2 2
g (B DO DOV (80 g el — 00
Lemma 3.4. The quantities g;+1(t) — gi(t) cos(0;41 — 6;) and £;(g(t)) do not have
opposite signs, and the quantities g;(t) — gi+1(t) cos(0;41 —0;) and £;11(g(t)) do not
have opposite signs.

0; <0<0i+1

Proof. By maximality,

(Bt ) (100 it

and therefore
gi+1(t) — gi(t) cos(0iy1 — 0;)

gi—1(t) — gi(t) cos(0; — 0;_1)
sin(9i+1 — 91) '

sin(@i — 91',1)

It follows that
ti(g) = git1(t) — gi(t) cos(0iy1 — 0;)  gi—1(t) — gi(t) cos(0; — 0; 1)
sin(9i+1 — 9z> sin(@i — 91‘,1)
is either zero or has the same sign as ¢;+1(t) — g:(t) cos(0;+1 — 6;). Similarly,
gi i)+ (gi(t)—2i+1(t) cos (01— 9z‘)>22 g’ +(9i+2(t)—{h+1(t) cos(0ir2—0i11) )2’
Sll’l(@i_;'_l — 91) sm(GH_g — 91‘4_1)

so that
‘ _ Gir2(t) — gita1(t) cos(Oiro — Oiv1) | gi(t) — git1(t) cos(Oiy1 — 0:)
lit1(g9) = . + -
SIH(QH_Q — 91‘_;,_1) Sln(9i+1 — 9,)
is either zero or has the same sign as ¢;(t) — gi+1(t) cos(f;11 — 6;). O
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Lemma 3.5. The signs of the two quantities g;+1(t) — ¢;(t) cos(;41 — 6;) and
9i(t) — gi+1(t) cos(0;41 — 0;) are opposite.

Proof. The function §(6,t) on the interval [6;, ;1] satisfies

—9i(t) cos(fi1 — 6) + gi+1(¢) cos(d — 6;)

Go(0,t) =
99( ) ) Sin(9i+1 K 92)
and therefore o et )
- Gi+1(t) — gi(t) cos(Oir1 — 0;
givt - -
Go(0;,1) sin(6; 1 — 60;)
and 0 9
g (1) — gig1(t) cos(0;41 — 0;
99(91+1,t):79() g+1() ( 41 )

sin(9i+1 — Hl)

If the Lemma does not hold, then gy changes sign on the interval [0;,0;,1], and
therefore there exists 6 € (6;,60;11) such that Go(6,t) = 0. Then

3(0,4)” = 3(0,4)° + 90(9,1)” = max{3(6,)” + 50(6, )"},

by Lemma 3.3. This contradicts the hypotheses of Proposition 3.2. O

The time derivative of § + g}g at a maximum point may be computed as follows:

4 (91@)2 + gi+1(t)* — 29 (t)git1 (t) cos(fi+1 — ‘91‘))
dt Sin2 (9i+1 — 91)
_ 2g;()4i(9(2)) (gi(t) — git1(t) cos(fi1 — 91))
sin(@H_l - (91) sin(9i+1 — 01)
4 2g;41(t)lit1(9(t)) (gi+1(t) — gi(t)cos(0i11 — 61‘))
Sin(ﬁi_,_l — 0,) Sin(9i+1 — 97,) '

Now observe that gj(t) and g;,,(t) are non-negative since g; is non-decreasing.
Lemmas 3.4 and 3.5 imply that ¢;(g(¢)) and g;(¢t) — gi+1(¢) cos(6;+1 — ;) have
opposite signs, and that £;11(g(t)) and g;41(t) — g;(t) cos(f;+1 — 6;) have opposite
signs. Therefore the time derivative is non-positive, and Proposition 3.2 follows by
an application of the maximum principle (Proposition 2.1). O

4. DEGENERATE PINCHING

This section addresses the phenomenon of degenerate pinching in crystalline
curvature flows. The speed functions g; in Equation (3) are assumed to be negative,
locally Lipschitz continuous, and increasing on (0, 00) for each ¢, with lim,_.q g;(z) =
—oo for all 4. It was shown in [GG] that if

(22) /0 gi(2)dz = —0

for every i, then degenerate pinching does not occur. The main result of this section
is almost converse to that statement:
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Proposition 4.1. Suppose that there exists a pair of parallel edges, so that 8y = 0
and 0, = m, and assume the growth restriction

(23) /0 gi(z)dz > —o0

except possibly fori = 0,k. Then for any Lo > 0 there exists a constant W1 (Lo, 8, g)
such that for any £, € L with L = Lo and w < Wy, the solution of (3) with initial
data £y has a degenerate pinching singularity at the final time T': limy_p £;(t) = 0
fori # 0, k, while lim;_,p £y(t) = lim;_p 0, (t) > 0.

Proof.

A first step is to prove the following more restricted result:

Proposition 4.2. Under the conditions of Proposition 4.1, there exists for any
Lo > 0 a constant Wy (Lo, 0, g) such that for any £y € L with L = Ly and w < Wy
and satisfying

sup {§(0)* +go(6)*} = sup §(6)?,

fest fest

the solution of (3) with initial data £, has a degenerate pinching singularity with
limy 7 lo(t) = limy—p Oi(t) > Lo/2 while lim;—p ¢;(t) =0 fori # 0, k.

Proof. By Proposition 3.2, for any ¢ € [0,7T)

sup {g(0,t)* + go(0,1)°} =  sup  g(0,t')%
fesSt 0eSt, o<t/ <t

Given any t > 0 for which L > Ly/4, let t € [0, ] such that

sup §(0,8)> = sup  §(6,t')%
oeSt 0eSt 0<t'<t

In particular at ¢ = ¢,

(24) sup {g(0)* + go(6)*} = sup g(0)*.
gest pest

Lemma 4.3. There exists Wy > 0 and Cy, C3 > 0 depending only on Ly, g and 0
such that for any £ € L satisfying L(£) > Lo/3, w(f) < Wa and (24),

max |g;(£;)] < Co max 19;(Csw(L))].

L—Cw > Lo/4 and £}, > Lo/4 for Wy small enough. Let 6 be such that sup, [(0)]
|G(6)|. Then |§(0)| > max; |g;(¢;)| > max; -k |g:(Cw)|, since

Proof. First note that |go(o)] < |g0(Lo/4)| and |gr(x)| < |gr(Lo/4)| since €y >

Zj;éo,k | sin 0|

|sin 97|

l; < < Cw < CW,

for i # 0, k.
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The identity (24) implies
(25) 19(0)] > 13(0)| cos(6 — 0)
for all . The cases 6 = 0,7 imply that

max{|go(Lo/4)|; |9r(Lo/4)[}

2 cosf| <
( ) | | - max;—+£o,k 19:(CW2)]

Now choose Wy sufficiently small that

max{|go(1/4)], |gr(1/4)[}
max;-£o,k 9:(CW2)|

1
< sin (5 min {0y, 7 — 01,041 — 7, 27 — HN_l}) .

Suppose that § € (0,7) (the other possibility can be treated similarly). The esti-
mate (26) yields

. 1
|0 — /2| < 5 min {0y, 7 — O_1,0k+1 — 7,27 —On_1} .
Then (25) with § = 6;, 1 <i < k — 1 yields

lgi(£:)] > 13(0)] cos(8; — 0)
> | )

foril <1< k-1 But max;—i, 14 > Cw, since Ei:ll {;sin@; = w. Therefore
19(0] < Cmax;zo|g9:(Cw)|. Since |g;(¢;)] < [g(8)| for every i, the proof of the
Lemma is complete. [

Corollary 4.4. Ift > 0 is such that L > Lo/3, then (for Wy sufficiently small)

max |g;(¢;(t))| < Cy max |g;(Caw(t))].
g 7#0,k

Proof. By the choice of ¢,
max [g;(¢;(t))| < max|g;(£:())| < Co max |g;(C3w(t))| < C2 max |g;(Csw(t))]
% 9 7#0,k j#0,k

where the fact that w(t) is decreasing in ¢ was used to obtain the last inequality. O

The proof of Proposition 4.2 can now be completed: Equation (15) gives

dw

i go(bo) + gk () < —[go(2Lo) + gr(2Lo)|

since £y < L+ Cw < 2L, for Wy sufficiently small (by (21)), and

(21) =Yt
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by (13), where

Sin(ei — 92',1) + Sin(9i+1 — 91) — Sin(9i+1 — 91'71)
sin(@i — 01'_1) sin(0i+1 — QL)

For any ¢ such that L > Ly/4, Corollary 4.4 implies

ci =4i(1) = > 0.

dE
— = —colgo(Lo/4)| = cxlgr(Lo/4)| = C max |9 (Caw)| > —C max 19;(Cw)|

if Wy is small enough. w is decreasing in time, so a new time variable may be
defined by 7 = —w(t). Then

dE
> (_
g = ~C max |g;(—Cs7)],

and

T W()/Cg
E(t) > E(0)-C max/ lgj(—Css)|ds > Ly — CWy — C max/ lg;(s)|ds,
J#0.k J _w, J#0.k Jo

as long as L > Lo/3 (by (19)). In particular, for Wy sufficiently small
L(t) > E(t) — Cw(t) > Lo /2

for all ¢ such that 7 < 0. But this implies that L(t) > Lo/2 while w(t) — 0, so
degenerate pinching occurs. Note also that E is nonincreasing, and |[{y — E| < Cw
and |¢; — E| < Cw, so the limits of £o(t) and £ (t) exist as t — T and are at least
Ly/2. O

It has not yet been demonstrated that the hypotheses of Proposition 4.2 can be
achieved. However explicit examples of initial data satisfying these conditions will
be provided in the course of the proof of Proposition 4.1, which follows.

If Proposition 4.1 does not hold, then for any W > 0 there exists some initial
condition £ € £ with w < W and L = Ly, for which degenerate pinching does not
occur.

It will be shown that there is some time ¢, € [0,T) such that the conditions of
Proposition 4.2 are satisfied (with a smaller Ly). First, a bound on the speed may
be obtained at some positive time by constructing a barrier (¢, ...,¢%\_;): Choose

gi(l}) = —asinb;, i=1,....k—1;
g,-(ég):ﬁsinﬂi, i=k+1,...,N—1;

Z 0| sin6;] = Z ;| sin ;] = w.

i£0,k i£0,k

Here o and [ are determined by w, since Z;:ll g; (—asing;)sin; = w and
—Zi\;;il g; ' (Bsinf;)sinf; = w. In each of these equations the left-hand side
is monotone decreasing, defined and positive for o or 3 sufficiently large respec-
tively, and approaches zero as a or 3 approaches infinity. Thus a and § are uniquely
determined for w sufficiently small, and so ¢; is determined for each ¢ # 0, k. Also,
¢{, and ¢}, are determined by the identity (20). In particular, £ and ¢}, are positive

provided A is sufficiently small. One can then choose %;% > Ly — Cw and obtain
a curve which can be placed inside our original curve. Denote by ¢;(¢) the solution
of Eq. (3) with this initial data.
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Lemma 4.5. If w is sufficiently small, then

sup {g’(0)2 + 9’9(9)2} = sup §'(0)?,
oeSt fest

where §' is defined by Definition 3.1 from g(l;).
Proof. A direct computation gives
go(éé) sin(91 — 9)

sin 01
—asinf, 6, <60 <0, _q;

gi(0},) sin( — Ox_1)

—asinf +

0<6 <6y

)

—asinf + . , 1 <0<

N’(@) B sin 0,1
= i 3

Bsinf — 9x(f) S.m(ak—H 0), T <0< Opyn;

sin 011
Bsin®, Ori1 <0 <0n_1;
1Y o _
/Bsine o go(g()) Sln(e 9]\/‘,1)’ 9N—1 S 0 S 2.

sinfn_1

This is minus the support function of a convex figure (with at most six sides),
provided

o> rnax{ lg0(£g)[cos 01 [gi(€h)] cos By }

sin 6, ’ sin 0, _1

and

B > max<{ — 90(¢5) [ cos On—1 |gk(})] cos Op11
N sinfn_1 ’ sin 9k+1 .

If w approches zero, then « and [ approach infinity, while ¢, and ¢} approach 1,
and so these conditions can be realized. Thus for w sufficiently small (compare the
comments after Definition 3.1),

sup {g'(6)* + g5(0)*} = sup {g'(6)*}.
feSt 0cSt

O

Proposition 4.2 applies to show that ¢'(t) evolves to a degenerate pinching with
?,.(t) and £;(t) approaching a limit no less than Lo/2 as w’ approaches zero. Con-
sider the time ¢y at which w'(t) = w/2.

From the proof of Proposition 4.2 we have ¢y > Cw (from Equation (15)) and

E({'(ty)) > E({'(0)) - C max/ lg;(Css)|ds > Lo — Cw — Cw max |g; (Caw)|.
1#0,k w/2 1#0,k

Then by the comparison principle,

E(U(to)) = E( (to)) = Lo — Cw max |g;(Caw)| = E(E(0)) — Cw max |g;(Caw)].
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On the other hand

B(t(r0) ~ Be0) = [ 3 eaaltls))s,
so it follows that there exists ¢1 € [0, #o] such that

Zcilg(&(h))l < ngﬁfc |9:(Caw)|.

2

By Lemma 3.3 it follows that

sup {g(e,t1)2 + gg(ﬁ,tl)Q} < C'max |g; (Cqw)].
pest i#0,k

Now consider the time ¢5 at which L reaches Ly/2. Such a time exists since
degenerate pinching is assumed not to occur, and t2 > tp in view of the estimates
above on E({(to)). However, t; < Cw using the evolution equation (15) for w. On
the time interval [0, to],

cw=Lof2 > Bl(t2)) = B(0) = [ cultutt)a

i
and therefore for some t3 € (o, t2),

CL
mase g3 (4(t)| = = °.

Lemma 4.6. For any e > 0 there is a constant W3(g) such that for any z < Wi,

; <e.
zmax |gi(z)| <e

Proof. Otherwise, there exists a sequence z; — 0 such that
zj max |g;(z;)| = €.
5 maxgi(z)] 2

Without loss of generality, zx+1 < zx/2. Then on the interval z € [z/2, zx] the
monotonicity of g; implies

i(2)] > ; .
max l9:(2)| > max |gi(z1)]
Therefore

zZ1 m Zj £
max |gi(2)|dz > / —dz > melog?2.
i#£0,k /zm/2 ’ ; 2;/2 %

Taking m — oo contradicts the growth restriction (23). O

It follows that C'Lo/w is larger than C' max; o |g:(Caw)| for w sufficiently small,

and so by Proposition 3.2,

sup {9(97 t2)2 + §9(97 t2)2} = sup 9(97 t2)2'

fest fes?t
Also, L(£(t2)) > Lo/2 and w(£(t3)) < Wy. Therefore the conditions of Proposition
4.2 are satisfied for the initial condition £(¢2) provided Wy < W1 (Lg/2). Proposition
4.2 implies that a degenerate pinching singularity occurs at the final time. This is
a contradiction which completes the proof. [J
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5. ENTROPY

In this section the entropy associated with the homogeneous crystalline flow (2)
is defined and proved to be nondecreasing in time.
For the flow (2) the associated entropy Z : £ — R is defined by

N-1 =

(Z fﬂ%‘“) if a1
=0
N1\

(H zf) if @ =1.

In the case o = 1 these functionals were defined in [S2]. For other « the above
definitions are natural generalisations of those that work in the smooth case (see
[A1] and [A3]). The basic result concerning entropy is the following:

Z =

Proposition 5.1. For any solution of Eq. (2),

% (z2472) 20

with equality only for homothetically contracting solutions.

Proof. By Equation (12),
and (for oo # 1)

Therefore
d Zo f f 1 f ?
el -1/2\ _ _ Jig (S )~ Jig >
dt (ZA ) Al/2 Z E?EZ <ea> 24 < - zg&> =0

by the Brunn-Minkowksi theorem (inequality (11)), and equality holds only if

(28) ‘ (Ei) _ ot

for some ¢ > 0. But a curve satisfying (28) evolves homothetically under (3), with
solution given explicitly by ¢;(t) = (1 —¢(1 + a)t)H;a&(O). O

6. THE HOMOGENEOUS CASE o > 1

In the case a > 1 of Eq. (2) considerations of entropy allow a complete descrip-
tion of the asymptotic behaviour of convex solutions of crystalline curvature flows:
These always shrink to points while asymptotically approaching a homothetically
shrinking solution.
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6.1 Isoperimetric ratio bound.
Let £(t) be a solution of Eq. (2). Then the entropy ratio ZA~'/2? is bounded
below by its initial value. This provides an isoperimetric ratio bound, since

1—a

1
Z = (Z fzgll_o(> < fnlli_na émin

and 50l > CAY2. Since A > Cluinlmax by (16), this implies £iax < Cliin. It

follows that the solution continues to exist and remains smooth while the maximum
edge length remains positive, and therefore the solution converges to a point p € R2.

It follows that p
pl—a
i E fit;

11—«

N—CA 2

and therefore A ~ (T — t)ﬁ and £;(t) ~ (T — t)lJ%a for every i.

6.2 Convergence.

Now consider any sequence of times ¢; approaching the final time 7" at which the
solution contracts to p € R%. Then consider the rescaled solutions o (t) defined by
o) (t)=(T- tk)fﬁ&(tk +t(T —tx)). For each k this defines a solution of Eq. (2)

for t € [0,1), with C1(1 —t) e < ﬁgk)(t) < (1 — t)ﬁ, C; and C; independent
of k.
It follows that there is a subsequence on which these rescaled solutions converge
(uniformly on compact subintervals) to a limit £°°(¢) which is again a solution.
Proposition 3.1 guarantees that ZA~'/2 is non-decreasing on the limit £°(¢).

It is in fact constant, for the following reason: If not, then ZA_1/2|£M(1/2) >
—1/2 —1/2
ZAT o gy = ZAT oy

€ for 0 < ¢ < 1/2. Therefore on the sequence of times t;, ZA71/2 is at most
ZA_l/Qllm(O) + £, and on the sequence ¢ + 1/2(T — ), ZA1Y/2 is at least
ZA_1/2|Z°°(0) + %TE. But both of these sequences approach T as k — oo, so ZA~1/2
cannot be nondecreasing. This contradicts Proposition 6.1.

It follows from the second part of Proposition 5.1 that the limit solution is
homothetically contracting. Finally, subsequential convergence can be improved to
give uniform convergence of the rescaled solutions to the homothetic limit (this uses
the Lojasiewicz inequality, via an adaptation of the argument in [A2]).

In the case of a symmetric flow, there is a unique homothetic solution, which
attracts all other convex solutions. This follows from the result just proved (which
gives existence of a symmetric homothetic solution), together with a slight modifi-
cation of the argument in [S1].

ZA_1/2|200(0)+5 for some ¢ > 0. But for k large, <

7. THE HOMOGENEOUS CASE o = 1

This last section deals with the homogeneous case a« = 1, which turns out to
allow a remarkable range of different singularity behaviour. The main result is the
following:
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Proposition 7.1. Under equation (2) with o = 1:

(1) If there are no parallel pairs of edges, or if every pair of parallel edges (i.e.
i,j such that 0; = 0; + ) satisfies fi + f; < >4 ; fm, then for any
initial data in L, the solution is asymptotic to a homothetically contracting
solution. In particular, if the flow is symmetric (i.e. O;r = 6; + 7 and
fixk = fi for every i) then there exists a unique homothetically contracting
solution, and all solutions are asymptotic to this. In this case

min £y, (t) ~ max €, (t) ~ VT —t

(2) If there exist edges i, j such that 0; = 0; +m, and fi+ f; > 32, ;i ; fm, then
there exist solutions for which the isoperimetric ratio becomes unbounded as
the final time is approached, in such a way that

fitd; 1 Jitt
win by, (t) ~ (T = )27, maxbp(t) ~ (T~ 1) 207
m m

If the flow is symmetric then this occurs for all solutions.

(3) If the flow is symmetric with N > 4 and there is a pair of parallel edges
i, +k such that 2f; = Zm#,j fm, then for every solution the isoperimetric
ratio becomes unbounded as t — T, in such a way that

T—-1

inl,, (t) ~ 4 ————
min b))~ [ Tiog@ =1

masx b (£) ~ /(T — ) log(T — 1)]

If the flow is symmetric with N = 4 and f1 = fa, then every solution is
homothetically contracting.

This result does not cover the case of non-symmetric flows in the critical case
where there is a pair of parallel edges carrying half the total of the weights f;.
Examples of this kind will be provided below where all solutions are aymptotic to
homothetic solutions, as well as others showing divergent behaviour of the same
kind as part (3) of the Proposition, and others showing divergent behaviour where
Cmin ~ (T —t)Y/2/|1og(T — t)|"/*. Tt seems probable that for any positive integer k
there should be examples where i, ~ (T —t)Y/2/|log(T — t)|*/?*, but the criteria
distinguishing these possibilities in terms of the weights f; and the angles 6; are
probably very complicated.

Proof. In the case where there are no parallel edges, there is an automatic isoperi-
metric ratio bound, so the argument of Section 6 shows that the solution is asymp-
totic to a homothetic solution. In particular, for symmetric flows one can start with
symmetric initial data and deduce convergence to a symmetric homothetic solution.
The globally attracting nature of symmetric homothetic solutions was established
in [S1].

The proof of part (1) of the Proposition can now be completed by establishing
an isoperimetric ratio bound under the assumption that every pair of parallel edges
carries less than half the total of the weights f;. Take any such pair of parallel
edges, and parametrise such that these are in directions 6y = 0 and 6, = 7. For
simplicity one can also reparametrise time to make ), f; = 1.
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Define w = Zf;ll £;sinf; = ZZ k+1£ |sin6;]. Then observe that |[¢y — A/w| <
Cw and |¢, — A/w| < Cw, so that

Z A2 Z 1/2£fo€fk Hgfz H Ef]
= j=k+1

A fo+fr k—1
< A1/ (-) <1+C >H£ft H o
w

= j=k+1

The two products can be estimated as follows:

k-1 k—1

IS :exp{Zfilogzi}

i=1 i=1

k—1
£;] sin 6;]
eXp{;fz og( 7 )}exp{Zfl (|Sm9 )}

k—1 f Ei;f fi
< _ i
_exp{ 1f110g(|sin0i|>} < S 1 : ;Z i| siné; |>

fi
f—kl> wES
|sin;] > 52 f;

and similarly

N—-1 N—1 f; fi o
H Elflé H ( . lel ) ij:k-Hfj.

i=k+1 =i \|sindi Zj=k+1 i

It follows that

2 Z’i#o.k fi—fo—fr
ZAY2 < 1 L W
<o () (G |

where

k—1 fi fi N—1 fi fi
i];[l | sin 0 25:11 i i:lgﬂ | sin 6; ‘Zg 1 i

In particular, since the entropy ratio is bounded below, a lower bound on r = w?/A
follows (the exponent >, o fi — fo — fi is positive by hypothesis). Part (1) of
Proposition 7.1 now follows as in Section 6.

The proof of part (2) of Proposition 7.1 proceeds as follows: The same argument
as above gives an upper bound for w?/A in terms of the entropy ratio, and in
particular solutions with large entropy must have small w?/A as long as they exist.
The following initial data will give arbitrarily large values for the entropy ratio:
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Take
o+ ¢
0-;1@_1;
?—j:asin@i, i=1,...,k—1;
(29) g_zzfgsmoi, i=k+1,...,N—1;
k—1

N-1
l;sinf; = — Z l;sind; = \.
=1 i=k+1

Thus a = A~! Zf:_ll fiand 8= A"t Zf\iﬁrl fi- Lo and £}, are determined by these
conditions using the identity (20). With this choice, |4 — A\| < CA2, [{g — 1| < O\,
|4k — 1] < CA and

ZA71/2 2 Clkzi#o,k fi_fo_fk(l — C)\)

Therefore the entropy ratio can be made arbitrarily large by taking A\ small, and
w? /A can be made to remain as small as desired as long as the solution exists, by
choosing this initial data with A small.

Now compute the evolution of A using (12):

dA
t

o Z fis
so that A(t) =, fi(T —t). Equation (15) gives the evolution of w:

do_ _Jo S < —(fo+ fk)% (1 - CU;) < _—(ng'—kff(;}—_ag)w’

dat by b
for any € > 0, provided A is sufficiently small. This inequality integrates to give

fot+fr—¢

w(t) <C(T —t) 2ifi |

The exponent here is greater than 1/2 for € small. Substituting this estimate for w
back in the evolution equation for w gives

dlogw<_fo—i—f;C o C
dt N szz (T

—t) (T—t)l-—°
for some ¢ > 0, and therefore

fot+fr

w(t) < O(T —t) 2,

This provides an example of initial conditions where the isoperimetric ratio becomes
unbounded in the way claimed in the Proposition.

In the case of symmetric flows, a different proof applies, and this also gives the
result of part (3): The methods of section 6 imply that any solution either has
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isoperimetric ratio approaching infinity, or converges to a homothetically shrinking
solution (if there is any sequence of times approaching the final time for which the
isoperimetric ratio remains bounded, the methods of Section 6 imply convergence
to a homothetically shrinking limit). The latter possibility will be excluded by
showing that there do not exist homothetically shrinking solutions:

Suppose £ is a homothetically shrinking solution. Then ¢;s; = Af;, which means
geometrically that the area subtended by the ith edge is proportional to the weight
fi- By scaling the curve, one can assume that the area subtended by the ith edge
is equal to f;, and without loss of generality one can assume ) . f; = 1. The
hypotheses of the Proposition imply fo > 1/4 in case (2) and fo = 1/4 in case (3).

Consider the area subtended by the edges 0 and k: These are each equal to
fo- Tt follows that the perpendicular distance of edge 0 from the origin is equal to
2fo/to, and the perpendicular distance of edge k from the origin is equal to 2fq/¢k.
Therefore the width w of the curve is equal to 2fo(1/¢y 4+ 1/¢;). By identity (16),
the total area satisfies

(Co + k)2

Asz:fO >4f021,

where the last inequality is strict in case (2), and the first inequality is strict in
case (3) unless N = 4. This contradicts the fact that the total area is equal to

Zi fz =1
It remains to show that the singularity is always of the type claimed. The next
results will show that the solutions asymptotically approach curves similar to those

defined in Equation (29).

Lemma 7.2. For any solution of Eq. (2),

for every i and every 0 <t < T.

This result also holds for other flows of the form (2) with o > 0, if the last term
is replaced by of;/(1 + a)t.

Proof. This is true for small times. Consider the evolution equation for £;(f/¢):

d, _ f
Eez— gz(€>7

4 (L)~ Lo (1)
a\¢;) —e2"\¢)

so that

and

db (IN=y (L4(1
il @)=4 (%)

fi+1£i+1(%) fze1fif1(%) fiti (%) sin(fi41 — 0i-1)
£?+1 sin(GiH— 91) + 61271 sin(ﬁi —91‘_1) B 612 SiIl(HH_l—Hi) sin(@i —Hi_l)
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If 0;(f/€) + £;/2t first reaches zero at some positive time ¢ then
Civ1(f/0) = —lip1/2t

and

b1 (f/0) > —t;_1/2t.
It follows that

Al (EY b)Y fiv1 N fiz1
dt\"\ ¢ 2t) — 2t€i+1 sin(9i+1 — 91) 2tl;_1 Sin(@i — 92‘71)
+ fi SiH(GH_l — 91‘_1)
21%1 Sin(9i+1 — 92) sin(@i — 07;,1)

The Lemma follows by the maximum principle (Proposition 2.1). O

Lemma 7.3. For any solution of a symmetric flow of the form (2) with o = 1,
there exists t, < T and C > 0 such that for allt, <t <T,

g,_w—fi <Ow_3
Cosing Yo f| T A
fori=1,....k—1, and
|£v— wii <o
|sine| 00 S T A

fori=k+1,...,N —1, while

3

A 3
%——+q4<cﬂ,
w A

A
Ek———kClw‘ SCw—
w A

where

o = 1 3 fifjsin(0; — 0) e 3 fifjsin(0; — 0)
k—1 . . N—1 : . :
2 o<ici<k (2op—1 fr)?sinb;sind; 2 k<icjen (pep1 fr)? sinb; sin6;
Lemma 7.3 has the following nice interpretation: As the solutions contract to
points, they become very long and thin, and their asymptotic shape at each of the
two ends is that of a curve that evolves purely by translation.
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Proof. To deduce estimates on £; for 1 < i < k — 1, the estimates from Lemma 7.2
are applied: First note that for t > T'/2,

0<4 <i>+é—1

Y4
. f2 4 Jo fi1sinfs b
~ losin(@y — 61)  Losin€;  fysin(fy — 6p)sinh; 2t

Rearranging this and applying the estimate for £y and the bound ¢; < Cw, one
obtains (if necessary choosing t, sufficiently large to make w?/A small for ¢t > t,,
and noting A approaches zero near the final time)

2o _h v
EQ SIHGQ - fl S1I191 A

Next an induction argument will be given to show that

fi+1 < fi

€j+1 sin9j+1 - fj sin9j

Q
SRS

for j =1,...,k — 2. The case j = 1 is proved above. Suppose it holds for j =
1,...,m for some m < k — 2. Then Lemma 7.2 with i = m gives

fmat < f_m cos(Omt1 — Om) n cos(0 — O—1) sin(0t1 — O
b1 8in0pi1 — L Sin 0,41 Sin(0y, — Opm—1) Sin Oy 1

fm—1 Sin(om—i-l - em) . U Sin(am—i-l - om)
lrn—18in(0,, — O0—1) Sin O, 41 2t 8in Oy 41
- f_m sin(@p41 — Om—1) sin b, — sin(0,,41 — O) Sin 0,1 _c
A sin 6, sin(0,, — 1) Sin Oy 11
 fm w
Ay, sinb,, CZ’

w
A

where the induction hypothesis for j = m was applied to get the second inequality,
and the identity

sin Bsin(C' — A) =sin Asin(C' — B) +sinC'sin(B — A)

was used to get the last equality. This completes the induction. The same argument
starting with ¢+ = k — 1 and decreasing shows that

fi-1 Ji w

> _
53;1 sinej,l - Zj Sinej CA

for j=2,...,k— 1. It follows that

fi fi <ol

GisinG;  £;sinf;| = “Z

for 1 <i4,j <k —1. A similar argument applies for k + 1 < i,j < N — 1. The first
two identities of the Lemma now follow from the expressions (14) for w.
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The last two identities of the Lemma can now be deduced: Identity (16) gives
(using the estimates already proved)

|L — A/w + Ciw| < C(w?/A).
Then the identity (20) gives (since fry; = f; and Opy; = 6; + 7)

k—1
ficosO;  ficos(6; + m) w_3
Z( st [sm(@ 1| )| A

i=1

w

|€0 — £k| = Z(l COS(QZ' = E_1
0.k re1 Jr

and the terms in the bracket cancel. The last two identities of Lemma 7.3 follow. [

In the case (2), the previous argument applies starting from the time t,.

Finally, the proof of part (3) of the Proposition can be completed: It has been
shown that all solutions must have isoperimetric ratio becoming unbounded as
t — T. Lemma 7.3 implies that for ¢ close to T,

1 w w3 w®
%Z+01F+O<E),

and similarly for 1/¢;. Therefore if ¢ = w?/A then
dg w? wt w’
Az <Zfz —2(fo +fk)> +Ci5 +0 <ﬁ>

2 3
— o £
—C’1A+O<A>.
and so (since A=), fi(T —t))

w

a0
—t
i fi C1[log(T—1)]

as t — T. Asymptotics for each of the lengths ¢;(t) follow from Lemma 7.3. O

The following example illustrates that those cases omitted from Proposition 7.1
can still be quite complicated.

Consider the case N = 4, with 6y = 0, 6; = 0, 65 = 7w and 63 = 27 — 0. The
cases omitted from the theorem are then 6§ # w/2, with fo + fo = f1 + f5. Take
fo=a, f1i =0, fo=1—«aand f3 =1 — (. The geometric constraints imply that
{1 = {43 and £y = £y + 241 cos B, so there are two independent variables ¢y and /5.
These evolve according to the equations

% _ 2acosf B 1
dt ~ lpsin®  f1sind’

o 1 (o, 1-a
dt ~ sinf \fy  lo+20;cos0 )

The ratio r = g—‘lj evolves according to
dr 2 2accos? 6
— = - 200 — 1) cos@ + ——— | .
dt  rfsing (1 + 2<s0) <( ) r )
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This gives the following types of behaviour: If cosf = 0, then dr/dt = 0 for
any value of r, reflecting the fact that every solution is homothetically shrinking
in this case. If cosf > 0, then dr/dt < 0 for large r when o > 1/2, so in this
case all solutions converge to the homothetic solution with r = 2acos8/(2ac — 1).
However if o < 1/2, then dr/dt > 0 for large r, so in this case r approaches
infinity as the final time is approached, and ¢y ~ /(T —t)|log(T — T)| and ¢; ~
V(T —t)/|log(T — t)|. If « = 1/2, then dr/dt > 0 for large r (for any cos 6 # 0), so
r approaches infinity as the final time is approached, and ¢y ~ /T — t|log(T —t)|*/4
and £; ~ /T —t/|log(T — t)|'/*.

Examples can be constructed with six edges at equal angles, such that A/w?
approaches infinity as the final time is approached, with w ~ /T — t/|log(T—t)|*/6.
It seems unlikely that a simple criterion can be found in terms of the angles 6; and
the weights f; which distinguish these more and more extreme cases of ‘slow blow-
up’ from the case where all solutions are asymptotic to homothetically shrinking
solutions.
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