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Abstract We consider the computation of stable approximations to the exact solution
x™ of nonlinear ill-posed inverse problems F(x) = y with nonlinear operators
F: X — Y between two Hilbert spaces X and Y by the Newton type methods

Xp = X0 — gy (F'GD F' D) F' D) (F(xp) — y° — F/(xD)(xf — x0))

in the case that only available data is a noise y° of y satisfying ||y’ — y|| < § with a
given small noise level § > 0. We terminate the iteration by the discrepancy principle
in which the stopping index ks is determined as the first integer such that

IFGR) =yl <8 < IF(e) =yl 0 <k <ks

with a given number t > 1. Under certain conditions on {o}, {go} and F, we prove
that x,fa converges to x' as § — 0 and establish various order optimal convergence
rate results. It is remarkable that we even can show the order optimality under merely
the Lipschitz condition on the Fréchet derivative F’ of F if xo —x' is smooth enough.
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510 Q. Jin, U. Tautenhahn

1 Introduction

In this paper, we will consider the nonlinear inverse problems which can be formulated
as the operator equations

Fx)=y, (1.1)

where F : D(F) C X — Y is a nonlinear operator between the Hilbert spaces X
and Y with domain D(F). We will assume that problem (1.1) is ill-posed in the sense
that its solution does not depend continuously on the right hand side y, which is the
characteristic property for most of the inverse problems. Such problems arise naturally
from the parameter identification in partial differential equations.

Throughout this paper ||-|| and (-, -) denote respectively the norms and inner products
for both the spaces X and Y since there is no confusion. The nonlinear operator F' is
always assumed to be Fréchet differentiable, the Fréchet derivative of F at x € D(F)
is denoted as F'(x) and F’(x)* is used to denote the adjoint of F’(x). We assume that
y is attainable, i.e. problem (1.1) has a solution xt e D(F) such that

F(xT) = y.

Since the right hand side is usually obtained by measurement, thus, instead of y itself,
the available data is an approximation y® satisfying

ly® —yll <8 (1.2)

with a given small noise level § > 0. Due to the ill-posedness, the computation of a
stable solution of (1.1) from y® becomes an important issue, and the regularization
techniques have to be taken into account.

Many regularization methods have been considered to solve (1.1) in the last two
decades. Tikhonov regularization is one of the well-known methods that has been
studied extensively (see [11,17,19] and the references therein). Due to the straight-
forward implementation, iterative methods are also attractive for solving nonlinear
inverse problems. In this paper, we will consider some Newton type methods in which
the iterated solutions {x,‘f} are defined successively by

X = %0 — gy (F'GD F' (D) F'e)* (F(xp) — y° — F/(xD)(xf — x0)) ,
(1.3)

where xg := xg is an initial guess of x¥, {o} is a given sequence of numbers such that

>0, 1<% -y and lim ap =0 (1.4)
Of41 k—o0

for some constant r > 1, and g, : [0, 00) — (—00, 00) is a family of piecewise
continuous functions satisfying suitable structure conditions. The method (1.3) can be

derived as follows. Suppose x,f is a current iterate, then we may approximate F(x)
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by its linearization around x,‘z, ie. Fx) =~ F (x,f) + F’ (x,f)(x — x,‘z). Thus, instead of
(1.1), we have the approximate equation

F'od)(x —x) =y — F(x). (1.5)

If F/ (x,‘z) has bounded inverse, the usual Newton method defines the next iterate
by solving (1.5) for x. For nonlinear ill-posed inverse problems, however, F’ (x,‘f) in
general is not invertible. Therefore, we must use linear regularization methods to solve
(1.5). There are several ways to do this step. One way is to rewrite (1.5) as

F'(x)h =y° — F(x}) + F'(x))(x} — x0), (1.6)

where h = x — xo. Applying the linear regularization method defined by {g,} we may
produce the regularized solution hi by

hy = 8oy (F' () F'(x) F'(x)* () — F(x)) + F'(x) (xf — x0)) -

The next iterate is then defined to be x,‘z 41 =X+ hi which is exactly the form (1.3).

In order to use x,f to approximate x T, we must choose the stopping index of iteration
properly. Some Newton type methods that can be casted into the form (1.3) have been
analyzed in [3,12,14] under a priori stopping rules, which, however, depend on the
knowledge of the smoothness of xo — x' that is difficult to check in practice. Thus
a wrong guess of the smoothness will lead to a bad choice of the stopping index,
and consequently to a bad approximation to x. Therefore, a posteriori rules, which
use only quantities that arise during calculations, should be considered to choose the
stopping index of iteration. One can consult [2—4,8,9, 14] for several such rules.

One widely used a posteriori stopping rule in the literature of regularization theory
for ill-posed problems is the discrepancy principle which, in the context of the Newton
method (1.3), defines the stopping index ks to be the first integer such that

IFGp) =yl <78 < IF(x)) —y°ll, 0 <k <ks, (1.7)
where T > 1 is a given number. The method (1.3) with g4 (A) = (o + 21 together

with (1.7) has been considered in [3,8]. Note that when g4 (A) = (@ +X) —1 the method
(1.3) is equivalent to the iteratively regularized Gauss—Newton method [1]

oy =xb— (el + F'GD) F' ) (F/ o) (Fed) — y0) + awxd — x0)) .
(1.8)

When F satisfies the condition like

F'(x) = R(x,2)F'(z) + Q(x, 2),
Il — R(x, )|l < Crllx —zll, X,ZEBp(XT), (1.9)
10(x, 2|l < CollF'(2)(x — 2,
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where C and C are two positive constants, for the method defined by (1.8) and (1.7)
with 7 being sufficiently large, it has been shown in [3,8] that if xg — x satisfies the
Holder source condition

xo—x = (F'H*F o (1.10)
for some w € X and 0 < v < 1/2, then
Ixg, — xT|| < o(8®/0F2);
while if xo — x 7 satisfies the logarithmic source condition
xo—xt = (— 1og(F/(xT)*F’(xT)))_” » (1.11)
for some w € X and w > 0, then
Ix), — x| < O((—In&)™").

Unfortunately, except the above results, there is no more result available in the literature
on the general method defined by (1.3) and (1.7).

During the attempt of proving regularization property of the general method defined
by (1.3) and (1.7), Kaltenbacher realized that the arguments in [3,8] depend heavily
on the special properties of the function g, (A) = (a 4+ A)~!, and thus the technique
therein is not applicable. Instead of the discrepancy principle (1.7), she proposed in
[13] a new a posteriori stopping rule to terminate the iteration as long as

max { || F(x, 1) = Y2 I IF (e, _) + F' (b DG, — x5 ) =Yl <8
(1.12)

is satisfied for the first time, where T > 1 is a given number. Under the condition like
(1.9), it has been shown that if xo — x satisfies the Holder source condition (1.10) for
some w € X and 0 < v < 1/2, then there hold the order optimal convergence rates
Py — 21l < Cylao] /2020 (1420

if {gy} satisfies some suitable structure conditions, t is sufficiently large and ||w|| is
sufficiently small. Note that any result on (1.12) does not imply that the corresponding
result holds for (1.7). Note also that ks < ms — 1 which means that (1.12) requires
more iterations to be performed. Moreover, the discrepancy principle (1.7) is simpler
than the stopping rule (1.12). Considering the fact that it is widely used in practice, it
is important to give further investigations on (1.7).

In this paper, we will resume the study of the method defined by (1.3) and (1.7) with
completely different arguments. With the help of the ideas developed in [9, 10, 19], we
will show that, under certain conditions on {gy}, {ox} and F, the method given by
(1.3) and (1.7) indeed defines a regularization method for solving (1.1) and is order

@ Springer



On the discrepancy principle for some Newton type methods 513

optimal foreach 0 < v < v —1/2, where v > 1 denotes the qualification of the linear
regularization method defined by {g}. In particular, when xo — x satisfies (1.10)
for 1/2 < v < v — 1/2, we will show that the order optimality of (1.3) and (1.7)
even holds under merely the Lipschitz condition on F’. This is the main contribution
of the present paper. We point out that our results are valid for any t > 1. This less
restrictive requirement on t is important in numerical computations since the absolute
error could increase with respect to t.

This paper is organized as follows. In Sect. 2, we will state various conditions on
{ga}, {or} and F, and then present several convergence results on the methods defined
by (1.3) and (1.7). We then complete the proofs of these main results in Sects. 3, 4, and
5. In Sect. 6, in order to indicate the applicability of our main results, we verify those
conditions in Sect. 2 for several examples of {g, } arising from Tikhonov regularization,
the iterated Tikhonov regularization, the Landweber iteration, the Lardy’s method, and
the asymptotic regularization.

2 Assumptions and main results

In this section, we will state the main results for the method defined by (1.3) and the
discrepancy principle (1.7). Since the definition of {x,f} involves F, g4 and {ay}, we
need to impose various conditions on them.

We start with the assumptions on g, which is always assumed to be continuous on
[0, 1/2] for each @ > 0. We will set

ra(A) =1 —21ga(R),

which is called the residual function associated with g, .

Assumption 1'
(a) There are positive constants cg and ¢ such that

0<rqg) <1, rgA <cox and 0 <g,(1) < clof1

forall > O and X € [0, 1/2];
(b) re(X) <rg(d)forany0 <o < Band X € [0, 1/2];
(c¢) There exists a constant ¢y > 0 such that

A
rg(A) —re(A) < 02\/;”5 (A)

forany 0 <o < Band A € [0, 1/2].

The conditions (a) and (b) in Assumption 1 are standard in the analysis of linear
regularization methods. Assumption 1(a) clearly implies

0 <reWA? <c30'? and 0 < go(WA? < cya™!/? 2.1

1 Recently, we realized that (c) can be derived from (a) and (b).
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with ¢3 < c(l)/ 2 and ¢4 < ci/ 2. We emphasize that direct estimates on 7, (A)A"/< and

8o (M)A could give smaller c3 and c4. From Assumption 1(a) it also follows for each
0 <v < 1that ra(M)AY < CSO[V for all « > 0 and A € [0, 1/2]. Thus the linear
regularization method defined by {g,} has qualification v > 1, where, according to
[20], the qualification is defined to be the largest number v with the property that for
each 0 < v < v there is a positive constant d, such that

1/2

re(MAY < dya” foralle > 0and A € [0, 1/2]. 2.2)

Moreover, Assumption 1(a) implies for every u > 0 that
ro (W) (—In2)~* < min {(— InA)~, coar~ (= In x)—ﬂ}

forall0 < @ < g and A € [0, 1/2]. Itis clear that (—InA)™* < (—In(a/(2ap))) ™
for 0 < A < a/(2ap). By using the fact that the function A — coaA ™' (—Inx)™*
is decreasing on the interval (0, e#] and is increasing on the interval [e™", 1), it
is easy to show that there is a positive constant a, such that coar"H=InA)™H <
ay (—In(a/(2ap))) ™" for a/(2ap) < A < 1/2. Therefore for every p > 0 there is a
positive constant b, such that

raM)(=1InA)™" < by (= In(er/(2a0))) ™" 2.3)

forall 0 < o < ag and 1 € [0, 1/2]. This inequality will be used to derive the
convergence rate when xo — x ' satisfies the logarithmic source condition (1.11).
The condition (c) in Assumption 1 seems to appear here for the first time. It is inter-
esting to note that one can verify it for many well-known linear regularization methods.
Moreover, the conditions (b) and (c) have the following important consequence.

Lemma 1 Under the conditions (b) and (c) in Assumption 1, there holds

Ilrp(A*A) — rg (A" A)Ix|| < |IX — rp(A™A)x|| + C—ZIIA)EII (2.4)

7

forall x,x € X, any 0 < o < B and any bounded linear operator A : X — Y

satisfying | Al < 1/3/2.

Proof Forany 0 < o < 8 we set

rp(A) —ra(A)

PGS , Ael0,1/2].

pﬂ,a()“) =

It follows from the conditions (b) and (c¢) in Assumption 1 that

0 < pga(r) <min I 1, 62@] . (2.5)
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On the discrepancy principle for some Newton type methods 515

Therefore, for any x, x € X,

Irg(A*A) — ro (A" A))x || = || pp.a (A" A)rg (A" A)x||
< Ippa(A"A)lrg(A*A)x — X1l + llpp.a (A A)X||
< Irp(A*A)x — x|l + | pp.a (A" A)x]. (2.6)

Let {E} } be the spectral family generated by A*A. Then it follows from (2.5) that

1/2
- 2 -
Ipp.a(A*AE]* = / [PsaM] dIEEI?
0

12
A _ 2 _
/ Zd|Ex|I* = 21 (A* A2 x)?
o (0%

0
2

c
2 =2

= = | Ax|~.
o

IA

c3

Combining this with (2.6) gives the desired assertion. O

For the sequence of positive numbers {cy}, we will always assume that it satisfies
(1.4). Moreover, we need also the following condition on {o} interplaying with r,.

Assumption 2 There is a constant ¢5 > 1 such that
Ty, ()‘) = C5T a4 ()‘)

for all k and A € [0, 1/2].

We remark that for some {g,} Assumption 2 is an immediate consequence of (1.4).
However, this is not always the case; in some situations, Assumption 2 indeed imposes
further conditions on {o}. As a rough interpretation, Assumption 2 requires for any
two successive iterated solutions the errors do not decrease dramatically. This may be
good for the stable numerical implementations of ill-posed problems although it may
require more iterations to be performed. Note that Assumption 2 implies

7y (A" A)x|| < esllrg,, (A" A)x]| 2.7
for any x € X and any bounded linear operator A: X — Y satisfying ||A] < 1/+/2.
Throughout this paper, we will always assume that the nonlinear operator F :
D(F) C X — Y is Fréchet differentiable such that
Bp(xT) C D(F) forsomep >0 (2.8)

and

1@l < min{esag B2}, x € BT, 2.9)
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where 0 < Bp < 1/2 is a number such that r4,(A) > 3/4 for all A € [0, Bp]. Since
oy (0) = 1, such By always exists. The scaling condition (2.9) can always be fulfilled
by rescaling the norm in Y.

The convergence analysis on the method defined by (1.3) and (1.7) will be divided
into two cases:

(i) xo — x" satisfies (1.10) for some v > 1/2;
(i1) xo — x" satisfies (1.10) with0 < v < 1/2 or (1.11) with u > 0.

Thus different structure conditions on F' will be assumed in order to carry out the
arguments. It is remarkable to see that for case (i) the following Lipschitz condition
on F’ is enough for our purpose.

Assumption 3 There exists a constant L such that
IF'(x) = F'(@) < Llx —z| (2.10)

forallx, z € Bp(x";').

As the immediate consequence of Assumption 3, we have
/ 1 2
[F(x) — F(z) = F(2)(x —2)| = ELIIX —zZ|

forallx,z € B, (xT). We will use this consequence frequently in this paper.

During the convergence analysis of (1.3), we will meet some terms involving ope-
rators such as rq, (F’ (x,f V*F’ (x,f)). In order to make use of the source conditions (1.10)
for xo —x T, we need to switch these operators with r, (F’(x")* F'(x")). Thus we need
the following commutator estimates involving r, and g, .

Assumption 4 There is a constant cg > 0 such that

I (A*A) — ro(B*B)|| < csa™'/?||A = B, (2.11)

I [roa (A* A) — o (B*B)] B¥|| < cellA — B, (2.12)

1A [roa(A*A) — ry(B*B)| B*|| < cear'/*| A — B, (2.13)
and

I [ga(A*A) — ga(B*B)] B*|| < coa™'[|A — B| (2.14)

forany @ > 0 and any bounded linear operators A, B : X — Y satisfying [|A[], | B]| <

1/3/2.

This assumption looks restrictive. However, it is interesting to note that for several
important examples we indeed can verify it easily, see Sect. 6 for details. Moreover,
in our applications, we only need Assumption 4 with A = F’(x) and B = F'(z) for
X,Z€ B, (x), which is trivially satisfied when F is linear.

Now we are ready to state the first main result of this paper.
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Theorem 1 Let {g,} and {ax} satisfy Assumption 1, (1.4), Assumption 2, and
Assumption 4, let v > 1 be the qualification of the linear regularization method
defined by {gy}, and let F satisfy (2.8), (2.9) and Assumption 3 with p > 4|xg — X"
Let {x,‘f} be defined by (1.3) and let ks be the first integer satisfying (1.7) with t > 1.
Let xo — x' satisfy (1.10) for some @ € X and 1/2 < v < v — 1/2. Then

||3C;§(S —xT| < Cy |||V H2) g2v/(1+2v)

ifL|u|l < no, whereu € A (F'(x)*)L C Y is the unique element such that xo—x" =
F'(x"Y*u, no > 0 is a constant depending only on r, T and c;, and C, is a positive
constant depending onlyonr, T, vandci,i =0, ...,6.

Theorem 1 tells us that, under merely the Lipschitz condition on F’, the method
(1.3) together with (1.7) indeed defines an order optimal regularization method for each
1/2 < v < v — 1/2; in case the regularization method defined by {gy} has infinite
qualification the discrepancy principle (1.7) provides order optimal convergence rates
for the full range v € [1/2, co). This is one of the main contribution of the present
paper.

We remark that under merely the Lipschitz condition on F’ we are not able to
prove the similar result as in Theorem 1 if xo — x " satisfies weaker source conditions,
say (1.10) for some v < 1/2. Indeed this is still an open problem in the convergence
analysis of regularization methods for nonlinear ill-posed problems. In order to pursue
the convergence analysis under weaker source conditions, we need stronger conditions
on F than Assumption 3. The condition (1.9) has been used in [3,8] to establish the
regularization property of the method defined by (1.8) and (1.7), where the special
properties of go (1) = (1 4+ a)~! play the crucial roles. In order to study the general
method (1.3) under weaker source conditions, we need the following two conditions
on F.

Assumption 5 There exists a positive constant K¢ such that
F'(x) = F'(2)R(x, 2),
1 = R(x,2)ll < Kollx —zll
for any x, z € Bp(xT).

Assumption 6 There exist positive constants K| and K» such that
IF'(x) = F'(@lw|l < Killx =zl F'(@Qw] + K2l F'(2) (x = 2) l[|w]|

for any x, z € Bp(xT) and w € X.

Assumption 5 has been used widely in the literature of nonlinear ill-posed problems
(see [9,11,17,19]); it can be verified for many important inverse problems. Another
frequently used assumption on F is (1.9). It is clear that Assumption 6 is a direct
consequence of (1.9). The relation between Assumption 6 and (1.9) needs further
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investigations. In our next main result, Assumptions 5 and 6 will be used to derive
estimates related to x,f —xTand F/(xT) (x,’f —xT), respectively. Although Assumption 6
does not explore the full strength of (1.9), the plus of Assumption 5 could make
our conditions stronger than (1.9) in some situations. One advantage of the use of
Assumptions 5 and 6, however, is that we can carry out the analysis on the discrepancy
principle (1.7) for any v > 1, in contrast to those results in [3,8] where t is required
to be sufficiently large. It is not yet clear if only one of the above two assumptions is
enough for our purpose. From Assumption 6 it is easy to see that

1
|F(x)— F(z) — F'(2)(x —2)|| < E(Kl + K)llx =z IIF' @) (x —2)|  (2.15)
and
3
|F(x) — F(z) — F'(2)(x = 2)|| < §(K1 + Ko)llx — z|IIF'(x)(x —2)|  (2.16)

for any x, z € Bp(xT).

We still need to deal with some commutators involving . The structure information
on F will be incorporated into such estimates. Thus, instead of Assumption 4, we need
the following strengthened version.

Assumption 7 (a) Under Assumption 5, there exists a positive constant ¢7 such that
[re (F/ )" F' () = ra (F'()*F'(@) || < e7Kollx —2ll (217

forall x,z € B,(x") and all @ > 0.
(b) Under Assumptions 5 and 6, there exists a positive constant cg such that

IF' ) [ra (F')*F'(x)) = ra (F'(2)*F'(2))] |

< es(Ko + Kna'Zlx — zll + es Ko (IIF' () (x — D)l + 1 F (@) (x — 2)]I)
(2.18)

forall x, z € B,(x") and all @ > 0.

Now we are ready to state the second main result in this paper which in particular
says that the method (1.3) together with the discrepancy principle (1.7) defines an order
optimal regularization method for each 0 < v < v — 1/2 under stronger conditions
on F. We will fix a constant y; > c3r'/2/(t — 1).

Theorem 2 Let {gy} and {ay} satisfy Assumption 1, (1.4), Assumptions 2 and 7, let
v > 1 be the qualification of the linear regularization method defined by {g,}, and let
F satisfy (2.8), (2.9), Assumptions 5 and 6 with p > 2(1 + c4y1)|lxo — xT|. Let {x,f}
be defined by (1.3) and let ks be the first integer satisfying (1.7) with T > 1. Then
there exists a constant n1 > 0 depending onlyonr, T and c;, i =0, ..., 8, such that
if (Ko + K1 + K2)llxo — xTI| < 1 then
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1) If xo — xt satisfies the Holder source condition (1.10) for some w € X and
0<v<v—1/2 then

g, = x7ll = Colleo] V20521420, (2.19)
where C,, is a constant depending only onr, t,vandc;,i =0,...,8.
(i) Ifxo — x7 satisfies the logarithmic source condition (1.11) for some @ € X and
w > 0, then
s 8 s
llxe, — xTII < Cullwll (1 + |In m ) , (2.20)
where Cy, is a constant depending only onr, T, u, and c¢;, i =0, ..., 8.

In the statements of Theorems 1 and 2, the smallness of L|ju| and (Ko + K1 +
K»)|lxo—x"| are not specified. However, during the proof of Theorem 1, we indeed will
spell out all the necessary smallness conditions on L ||« ||. For simplicity of presentation,
we will not spell out the smallness conditions on (Ko + K1 + K3)||xo — xt || any more;
the readers should be able to figure out such conditions without any difficulty.

Note that, without any source condition on xo — xT, the above two theorems do
not give the convergence of x,‘; to xT. The following theorem says that x,‘fﬁ — xT
as § — 0 provided xo — xte JV(F/(XT))L. In fact, it tells more, it says that the
convergence rates can even be improved to 0(82V/A+2v)y if xo — xT satisfies (1.10) for
O<v<v-—1/2

Theorem 3 (i) Letall the conditions in Theorem 1 be fulfilled. If v > 1 and xT —xq
satisfies the Holder source condition (1.10) for some w € N (F' (™)L and
1/2<v <v—1/2, then

lxp, — xT|| < o(82/(1+20))

as § — O.
(ii) Let all the conditions in Theorem 2 be fulfilled. If xo — x" satisfies (1.10) for
some w € N (F'(x")* and 0 < v < v — 1/2, then

Ixg, — xT|| < o(s/(1+2))

as é — 0.

Theorems 1, 2 and 3 will be proved in Sects. 3,4 and 5, respectively. In the following
we will give some remarks.

Remark 1 A comprehensive overview on iterative regularization methods for non-
linear ill-posed problems may be found in the recent book [14]. In particular,
convergence and convergence rates for the general method (1.3) are obtained in [14,
Theorem 4.16] in case of a priori stopping rules under suitable nonlinearity assump-
tions on F'.
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Remark 2 In [18] Tautenhahn introduced a general regularization scheme for (1.1) by

defining the regularized solution xg as a fixed point of the nonlinear equation

x=x0— ga (F/ 0 F'(0)) F'(0)* (Fx) =y = F0)(x —x0)) ., (221)

where o > 0 is the regularization parameter. When « is determined by a Morozov’s
type discrepancy principle, it was shown in [18] that the method is order optimal for
each 0 < v < v/2 under certain conditions on F. We point out that the technique
developed in the present paper can be used to analyze such method; indeed we can
even show that, under merely the Lipschitz condition on F’, the method in [18] is
order optimal for each 1/2 < v < v — 1/2, which improves the corresponding result.

Remark 3 Alternative to (1.3), one may consider the inexact Newton type methods
Xy =X — 8oy (F'GD*F' () F' () (F(xp) — ) (2.22)

which can be derived by applying the regularization method defined by {g,} to (1.5)
with the current iterate x,f as an initial guess. Such methods have first been studied
by Hanke in [5,6] where the regularization properties of the Levenberg—Marquardt
algorithm and the Newton—CG algorithm have been established without giving conver-
gence rates when the sequence {oy} is chosen adaptively during computation and the
discrepancy principle is used as a stopping rule. The general methods (2.22) have
been considered later by Rieder in [15,16], where {o;} is determined by a somewhat
different adaptive strategy; certain sub-optimal convergence rates have been derived
when xo — x " satisfies (1.10) with n < v < 1/2 for some problem-dependent num-
ber 0 < n < 1/2, while it is not yet clear if the convergence rates can be established
under weaker source conditions. The convergence analysis of (2.22) is indeed far from
complete. The technique in the present paper does not work for such methods.

Throughout this paper we will use {x;} to denote the iterated solutions defined by
(1.3) corresponding to the noise free case. i.e.

Xer1 = X0 — 8oy (F'(x0)* F'(x1)) F'(x)* (F () — y — F' () (xx — x0)) -
(2.23)

We will also use the notations
o =FYF Y, dho=F o) F o), & =Fx)Fx),
B = F &OF (N, Bp=F)F (), B =F x)F (x))*,
and
i R

e =xp—x', epi=xp—x".

For ease of exposition, we will use C to denote a generic constant depending only on r.
tandc;,i =0, ..., 8, we will also use the convention ® < W to mean that ® < CW
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for some generic constant C. Moreover, when we say L| u|| (or (Ko + K1+ K2)|leol)
is sufficiently small we will mean that L|ju|| < n (or (Ko + K1 + K»2)|leo|l < n) for
some small positive constant n depending only onr, r and¢;,i =0, ..., 8.

3 Proof of Theorem 1

In this section, we will give the proof of Theorem 1. The main idea behind the proof
consists of the following steps:

Show the method defined by (1.3) and (1.7) is well-defined.
Establish the stability estimate ||x,‘§ — x|l < 8/ /ak. This enables us to write
leg, Il < llews Il + 8/ /.

e Establish oy, > C,, (8/|lw])*>/1+2) under the source condition (1.10) for 1/2 <
v < v — 1/2. This is an easy step although it requires nontrivial arguments.

o Show fleg, || < Cyllwl|'/IF2)§2/0F2) “which is the hard part in the whole
proof. In order to achieve this, we pick an integer ks such that ks < ks and
A, ™~ (8/llw|)* 12V Such ks will be proved to exist. Then we connect |lex, ||
and |leg, || by establishing the inequality

lexs Il < lleg Il +

(IF (k) =yl +38) . (3.1

ks

The right hand side can be easily estimated by the desired bound.

e In order to establish (3.1), we need to establish the preliminary convergence
rate estimate ||e28|| < lu)|'/28'/% when xo — xT = F/(x")*u for some u €
N (F'xHHEcy.

Therefore, in order to complete the proof of Theorem 1, we need to establish various
estimates.

3.1 A first result on convergence rates

In this section, we will derive the convergence rate ||e,‘iS < lu]|}/281/2 under the
source condition

xo—x" = F H*u, we vV (FxHHE (3.2)

To this end, we introduce l;(; to be the first integer such that

ar, 0 <k <ks, (3.3)

ap, < ——0 <
vollull

where yp is a number satisfying yp > EO"/ (t — 1), and ¢q is the constant from
Assumption 1 (a). Because of (1.4), such ks is well-defined.
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Theorem 4 Let{g,} and {o} satisfy Assumption 1(a), Assumption2, (2.12) and (1.4),
and let F satisfy (2.8), (2.9) and Assumption 3 with p > 4||xo—x"||. Let {x,‘f} be defined
by (1.3) and let ks be determined by the discrepancy principle (1.7) with v > 1. If
xo — x " satisfies (3.2) and if L||u|| is sufficiently small, then

() Forall 0 <k < ks there hold
x) € B,(x") and €|l < 2(c3 + cavo)r' PP lull. (3.4)

(i) ks < ks, i.e. the discrepancy principle (1.7) is well-defined.
(iii) There exists a generic constant C > 0 such that

lleg, Il < Cllull'/28'/2.

Proof We first prove (i). Note that p > 4|lxg — x|, it follows from (3.2) and (2.9)
that (3.4) is trivial for k = 0. Now for any fixed integer 0 < [ < ks, we assume that
(3.4) is true for all 0 < k < [. It follows from the definition (1.3) of {x,‘z} that

eh i1 = roy ()0 = a (T F' ()" (F(xp) —y° = F'(x)ey) . (3.5)
Using (3.2), Assumption 3, Assumption 1(a), (2.1) and (1.2) we obtain

lep Il < Nlrey ()Y F () ull + lIrag (FOIF (x7)* — F/(xp)*ull
—1/2
+esay PIF (D) =y — F'(x)el |
1/2 1 ~1,2 12
< exoq*lull + Liullledll + SeaLlled ey + caday 2.

Note that 8ak_1 < wllu|]| for 0 < k < ks. Note also that oy < ragy1 by (1.4).
Therefore, by using (3.4) with k = — 1, we obtain

1600 < 2 | (s + cayoytiad + Ll = 4 Loy (1! 2
= 3 4Y0 =C4
! ! Ja—r 2 V-
< 2(c3 + cavo)r %) P ul|
if L||u|| is so small that

2 (r1/2 T (c3 + C4)/())C4r) Liul < 1. (3.6)
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By using (3.5), (2.1), Assumption 3, (1.2), Assumption 1(a), (3.4) withk = — 1 and
(3.6), we also obtain

—12 1 —1,2
el | < lray, (2 Deoll + cade; > + §c4L||e?_1||2a,_{

1/2
< lleoll + cavgMull/28% + (c3 + cayo)car P Liullllel I

1/2 1
< lleoll + cayy*llull'/28"/% + 3P

Therefore, by using p > 4||egl|, we have

3 1/2
H&H51p+q%/wwﬂyﬂ<p

if § > 0is small enough. Thus (3.4) is also true fork = [. As/ < 123 has been arbitrary,
we have completed the proof of (i).

Next we prove (ii) by showing that ks < ks. From (3.5) and (3.2) we have for
0 < k < ks that

Flaehedy =30 4y = Fladra () [ Fd + (F6h = Fedy) |u
+[Fh) = Fad) | reg () [Py + (FIhy = ™) |
~[Feh = oD g @O F 6D [Fed) = ° = Fxel]
~8u (BOBL[F () =y = F (e
~roy (B’ = ).

By using Assumption 3, Assumption 1(a), (2.1), (1.2) and (3.4), and noting that § /oy <
Yollull, we obtain

IF' (xed ) — v + vl < 8 + coanllull + 2¢3Llulley* el | + L2 [lullef 1>
+esLllefl|soy ' + %mLza,: Y211 + %Luein2
<8+ (co+ 1) axllull,
where

£l = [2r1/2(c3 + c410)(2¢3 + cayo) + 2(c3 + c4yo)2r] Lilul

+4[(e3 + cayo)r + (e3 + caroear™’?| L2l
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From (1.2), (3.2) and (2.9) we have || ' (xT)eg — y* + || < 8+ [./ull < §+coaolull.
Thus, by using (1.4),

IF' (e — ¥ + 3l <8+ 7 (co+ e arlull. 0=k <ks.
Consequently,
IFGR) =y 1 < IF'6Dep =y + v+ IFGR) =y = F'hep |l
1 S 12
<8 +r(co+eD)agllull + ELIIe,;5 ll

<d+r (60 +e1+2(c3 + C4J/o)2rL””“) g 1

<8+r (co +e1+2(c3 + C4V0)2VL||”||) Yo '

<16
if L||u|| is so small that

(t — Dyo —cor
e1+2(c3 + cayo)?rLul < — 2000

By the definition of kg, it follows that ks < 125.

Finally, we are in a position to derive the convergence rate in (iii). If ks = 0, then,
by the definition of ks, we have || F (xo) — y®|| < 6. This together with Assumption 3
and (1.2) gives

. 1
IF' (xDeoll < I1F (xo) — y — F'(xDeoll + | F (xo) — yll < §L||€0||2 + (r + D3s.
Thus, by using (3.2), we have

leoll = (eo, F'(x)y*u)'/? = (F'(xT)eg, u)'/? < | F'(xT)eoll"/*||u) '/

1
< ELIIMIIIIEOII + VT + Ll /?s'/2.

By assuming that L|[u|| < 1, we obtain [|e}, || = lleoll < [|lu|*/?8"/>.

Therefore we will assume ks > 0 in the following argument. It follows from (3.5),
(2.1), Assumption 3 and (3.4) that for 0 < k < ks

/2

—12 1 -1
led I < lray (Aol + caday +5c4L||e;2||2ak

< lra (F0)eoll + catrollull®)'? + (c3 + cayo)ear > Lull 1 €f|I.
(3.7)
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By (3.2), (2.12) in Assumption 4, and Assumption 3 we have

17ay (2)eo — 1o (eoll = N[ray () — 1o (F)IF (x)*u|

IA

collullll F'(x{) — F'(x")]|

IA

coLllulllle} . (3.8)
Thus

et il = e (eoll + carollul)/ + (c6 + (c3 + cayrcar'’?) Liullle}]

1
< NIrey (@eoll + calyollulld)'/* + Enein 3.9)

if we assume further that
des (c6 t (3 + C4]/0)C4r1/2) Liul < 1. (3.10)

Note that (2.9) and the choice of By imply ||re, (%7 )eo| > %Heo |I. Thus, with the help
of (2.7), by induction we can conclude from (3.9) that

4 -
led |l < 3 eslra (eoll + CllulV/?8'2, 0 <k <ks.
This together with (3.8) and (3.10) implies
led | < 2¢sll7e, (el + Cllull'/28"2, 0 < k < ks. (3.11)

The combination of (3.7), (3.11) and (3.10) gives
3 N
lled Il < Enrak(%s)eon + Cllu)' /2812, 0 <k < ks. (3.12)

We need to estimate |7, (,kaa)eon. By (3.2), Assumption 1(a) and Assumption 3 we
have

Irae (e0 ]2 = (rag (00, ra (0 F' (")
= (reu(Dre0. rag () [ F () + (F/ " = F'(xy*) [w)
< F' GQrag (el lull + Liullllegllra, (2 eoll.
Thus

I7a (ZD)eoll < I1F'(x2)ray (Feoll ull? + Lilulled]l.
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With the help of (3.5), (1.2), Assumption 1(a) and Assumption 3 we have

IF' (x)re (Z)eoll < I1F' (x)egiq || + oy (B BL (F(x) — y° — F'(xp)e}) ||
<NWFGL ) =yl +28 + IFG, ) —y — F/(xp eyl
HIF (xf ) — F'Dled i Il + IF(xp) — y — F'(xD)egll

< IFGy) — ¥l +28 + Llegl|* + 2L 11l , 11
Therefore

I7a (FO)eoll < Null 2 IF ) — Yo N2 + V20l V282 + 2L ul el |

+ (Ll + VZTall) e}l
Combining this with (3.11) and (3.12) yields

I7e (Zeoll < Null 2N F(xfyy) — Y2 U2+ Cllull'/28'/?
1
+5 [ (332 + des) VLlull + desL il | I (Deoll.

Thus, if

(3~/§ + 465) JLIull + 4esLjull < 1,
we then obtain
I7a (Zeoll S NullIF G ) = Y212 o+ Yl /281 /2,
This together with (3.12) gives
legll < Null /21 F Gef) — yo U2 + [l /2812

forall 0 < k < k. Consequently, we may set k = ks in the above inequality and use
the definition of ks to obtain ||e,‘28 < ul'/?8172. O

3.2 Stability estimates

In this section, we will consider the stability of the method (1.3) by deriving some
useful estimates on ||x,‘§ — xi|l, where {x;} is defined by (2.23). It is easy to see that

et = roy (i)eo — goy () F (xp)™ (F(xx) —y — F'(x)e) . (3.13)
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We will prove some important estimates on {x;} in Lemma 3 in the next section. In
particular, we will show that, under the conditions in Theorem 4,

x; € By(x") and el < 2c3r 20 |lul| (3.14)

for all k > 0O provided L ||u]| is sufficiently small.

Lemma 2 Let all the conditions in Theorem 4 and Assumption 4 hold. If L||ul is
sufficiently small, then for all 0 < k < kg there hold

lxg — xell < 2@% (3.15)
and
IF () = Fl) =y + 3l < (14 62)8, (3.16)
where

&y 1= 2cy4 ((06 4+ reayp) + (dez + 364)/())r1/2 + 4(c3 + C4yo)r) L|u|

+esea (cor'? + (ca + co)esr) L2 ull®.
Proof Foreach0 <k < 123 we set
— / 5. s 8y ,8
up = F(xp) —y — F (xp)e, uy = FQxp) —y — F(x))ep. (3.17)
It then follows from (3.5) and (3.13) that
R —xp=h+h+h+1, (3.18)
where

It = [ro, (A0 — ro ()] eo.
L = go (FOVF' (x)*(y° — y),
I = 8oy (A F' (x0)* — oy (A F' (x))* | ux,
I = goy (F)VF (X)) (ug — u}).
By using (3.2), (2.11), (2.12), Assumption 3 and (3.14) we have

I < e () = ray (OINIF (7Y = FGa)* | Jul|
1 Fay () — rg () TF () |
—1/2
< coL2||ulllex 11X} — xellay /> + oL llullllx} — xcll

< co (Llull + 2650212 ul?) 1] — .
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With the help of (2.1) and (1.2) we have

1)
L] < ca——.

S

By applying Assumption 1(a), (2.14), Assumption 3 and (3.14) we can estimate /3 as

11 < 1l gay () F' (xp)* — F o) Tur |l + 118 () — oy (AT (x0)*ue|
1 _
< (1 + o) Llluglllxf — xelleg ' < St co) L2 llexlxp — xplle !
< 2(ct + co)e3r LA ul*Ixf — xell.
For the term I, we have from (2.1) that

C4 §
4]l = —Mlluk — ukl|-

By using Assumption 3, (3.4) and (3.14) one can see

lug — ulll < IF(x)) — F(xp) — F ) (xp — x0 1l + IIF' (xf) — F'(x)leg |
1 1
< 5L||x;§ — x> + Ll Nxp — xell < L (llegll + lNexll) lxg — xll
2
< (4¢3 4 3cayo) r' e P Lilullx) — xi ). (3.19)
Therefore

4]l < (4e3 + 3eayo) car P Liull|lx} — xill.

Thus, if L|ju|| is so small that

’

N =

(co + (es + 3eayicar' ) Lilul + 2 (escsr? + (er + corr) L2 lul® <

then the combination of the above estimates on /1, I, I3 and I4 gives for 0 < k < 125
that

1
5 5
X1 — X410l < ca + 51— xell.

)
Uk
This implies (3.15) immediately.

Next we prove (3.16). We have from (3.18) that
F'a) Gy —xis) =y +y=F &)+ h+L+1)—y +y. (320)
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From (3.2), (2.12), (2.13), Assumption 3, (3.14) and (3.15) it follows that

IF )| < I F ) ey (70) — rag ()IF (xT)* — F/ (o) *Ju|
N F ) ey () — 1y (i)VF (xp) |
< coL2||ullllex 111X} — xell + oL llully’ > 1xf — x|

< (2C4C(,L||u|| + 4C3C4c6r1/2L2||u||2) 5.
By using Assumption 1(a) and (1.2) it is easy to see
IF 0L = ¥ 4yl = lIra (BD G = ) < 6. (3.21)
In order to estimate F’ (x,f)13, we note that

F'(x) I3 = [F'(x)) — F' ()] 8o () F (xi) g + [re (BY) — 1oy (Bi) | u.
(3.22)

Thus, it follows from (2.1), Assumption 3, (2.11), (3.14) and (3.15) that

IF' GBI < 1 [F'(x)) = F'(x0)] ge (%) F (xie)*u|
1 [Fo (BY) = 1oy (Bi) | ux|

IA

—1/2 Fy
(ca+ co)ag P Llxp — xi |l llug |

IA

1 12
5@+ oy P el I — xll

< 4(cy + co)cicar LP|ul|s.
For the term F ’(x,‘z)l4 we have from Assumption 1(a), (3.19) and (3.15) that
IF ) Iall < lluk — ugll < 2(4c3 + 3cayo)ear /2 Lijul8.
Combining the above estimates, we therefore obtain
IF ) )y — 3D — Y + 31 < (A +63)8, 0 <k <ks.
where
5 1= 2c4 (¢ + (e + 3eqy)r'/2) Lilull + desey (cor'? + (eg + coesr) L2 ul®
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This together with Assumption 3, (3.4), (3.15) and (1.4) implies for 0 < k < 125 that

IF (e ) (py — Xies) — Y0 + vl

) ) ) ) ) §
<|IF (xk)(xk+1 —Xp+1) — YO+ yll + L||xk+] —xk||||xk+1 — X1l

< (1+€3)8 +2caL(llef | + ||e;§||)\/ofk_+1
< (1 +£4)8,
where
g4 1= &3 + 8(c3 + cayo)carL|ull.
Thus

IF G —x) — Y + vl < (A +e9)s, 0 <k <ks.
Therefore, noting that §/ax < rypllu|| for0 < k < 123, we have

IF(x) — Fxp) — Y 4+ yll < 1FGd) — Fla) — F'(x) (xf — x|

HIF D) —x0) — ¥ + vl

IA

Lo s 2
S Ll = xill” 4 (1 + £4)8

IA

)
2c;L—8 + (1 + £4)8
(0773
< (1+ &4+ 2rcipoLllul)s.

The proof of (3.16) is thus complete. O

3.3 Some estimates on noise-free iterations

Lemma 3 Let all the conditions in Theorem 4 be fulfilled. If L||u|| is sufficiently small,
then for all k > 0 we have

x € B,y and el < 2c3r' ey ul). (3.23)
If; in addition, Assumption 1(b) is satisfied, then
2 4

gllrak (@eoll < llexll < 505||rak (@)eoll (3.24)
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and

1
2_||ek|| < llex+1ll < 2flexl- (3.25)
cs

Proof By using (3.2), (2.1), (2.12) and Assumption 3, we have from (3.13) that

lexs1 — rey (D )eoll < lra, (k) — rey ()IF (xT)*ul|
A F ) — y — F(ex]
(6773

T

C4 2
< c6L —L . 3.26
< coL|lullllexll + T llexl (3.26)

Since (2.1) and (3.2) imply [Ir, ()eoll < 3/ ||ull, we have

1/2 C4 2
lex+1ll = C3ak/ lull + ceLllullllexll + s——==Lllexl”.

NGT

Note that (3.2) and (2.9) imply [leo|| < c3a/*[lu]l. By induction one can conclude the
assertion (3.23) if L|ju|| is so small that 2(cer'/? + czcar)L||ul| < 1.
If we assume further that

Scs (c6 + C3C4r1/2) Liul <1, (3.27)

the combination of (3.26) and (3.23) gives

1
lekr1 = ray ()eoll < (c6 + escar'?) Liulllexll < s llel (328)

Note that Assumption 1(b) and o < ax—; imply [|r, (&)eoll < ||re,_, (&)eol|. Note
also that Assumption 1(a) and (2.9) imply (3.24) with & = 0. Thus, from (3.28)
and (2.7) we can conclude (3.24) by an induction argument. (3.25) is an immediate
consequence of (3.28) and (3.24). m]

Lemma 4 Let all the conditions in Lemma 2 and Assumption 1(c) hold. If ks > 0 and
L\u|| is sufficiently small, then for all k > ks we have

1
lexs || < llewll + Ner (IF (k) = vl +8) - (3.29)

Proof 1t follows from (3.13) that

Sty — X6 = gy () — 1 ()eo + [y (1) — T, ()]
— [reg_y (Fhe1) = rey_, ()] €0
—8ayy 1 (T~ 1) F gy —1)* [F (1) — y = F'(Xpg—1) €51 ]
8oyt (k1) F' () * [F xx—1) — y — F'(xi—1)ex—1] . (3.30)
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Thus, by using (3.2), (2.12), Assumption 3, (2.1), (3.23) and (3.27), we have

ks = xill < Wragy () = ray_y ()]eoll + coLllull (llex—11l + llexs—11l)

b Llleks 1] + ——— Ll |12
2 /-1 2 o=t
1
< Wy 2 () = reg s @eoll + 5= (ki + llegg1l) . 33D

Since k > ks, we have ax—1 < ay;—1. Since Assumption 1(b) and (c) hold, we may
apply Lemma 1 with x = ep, X = ex,, ¢ = a)—1, B = ay;—1 and A = F’(xT) to
obtain

&)

IF(x ek, I
VAL

”[raksq (ﬂ) — oy (ﬂ)]e()” = ||rak5—l (d)e() — €ks ” +
Note that (3.28) implies

1
”ek5 - rﬂlka—l (.52/)6()” =< %”ekg—l ”
Note also that Assumption 3 implies

1
IF'(x ekl < IIF (xis) — yll + 5 Lllex, 1%
Thus

1
Ilrag, 1 (&) = roy_, ()]eoll < %”ekg—l” + I1F (xxs) — yll + L”ekgnz) :

o (
o
Since Lemma 2, Theorem 4 and the fact kg < 123 imply

)
§ 1/2¢1/2
lexsl S lled, Il + ——= < llul) /2872,

/O,

we have

1 C
ey, 1 (9) = rey_, ()]eoll < Elleks—lll + W (I1F Cors) = vl + Lull5) -

Combining this with (3.31) and using Lemma 3 gives

4
llxks — xkll < g”ek,;” + Cllexll + (I F (xxy) — vl +8) -

C
NGTS
This completes the proof. O
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3.4 Completion of proof of Theorem 1
Lemma 5 Assume that all the conditions in Lemma 3 are satisfied. Then
IF el S Nray () Peoll + ) * l1ra, ()eo (3.32)
forallk > 0.
Proof We first use (3.13) to write
F'(x"err1 = F' (g ()eo + F'(x7) [reg (o) — 1oy ()] €0
—F'(x") g () F ()" [F (i) — y = F'(xp)ex] . (3.33)

Thus, it follows from (3.2), Assumption 3, Assumption 1(a), (2.12), (2.13), (3.23) and
(3.24) that

IF' (Dyerptll S NF g (@)eoll + Lllexl 1 7ay () — re, ()1F (7Y ul|
1 F ) e () = regg (O (D ul|+ (1 +Lllex ey ) L ex |1
S Mlrag ()7 Pegll + L2||ulllex |1 + o> Lllullllex | + Lllex])?
S Mlrag () Pegll + ) Iy (7 Yeoll.
This together with (2.7) and (1.4) implies (3.32). O

Lemma 6 Under the conditions in Lemmas 2 and 3, if e2 < (t — 1)/2 then for the ks
determined by (1.7) with t > 1 we have

(T = 1)8 < Irey (@) eol| + 0?70y ()eo (3.34)
forall 0 <k < ks,
Proof By using (3.16), Lemmas 3 and 5, we have for 0 < k < ks that
8 < |[F(xp) =Yl < IFG) — Fa) — ¥ + vl + I1F(xe) — vl
< (I +e)8 + [|F'(xDexll + %Lnekn2
< (1 +€2)8 + Clirey ()7 eo|| + Caty e (el.

Since T > 1, by the smallness condition &y < (t — 1)/2 on L|ju|| we obtain (3.34).
O

Proof of Theorem 1 If ks = 0, then the definition of ks implies || F (xp) — Vo < 8.
From Theorem 4 we know that |leg|| < ||lu||!/26'/2. Thus

IF(x0) —y — F'(xeoll + 11 F(xo) — ¥°I| + 8
1 2
SLlleol + (1 +1)8 S 8.

IF'(xP)eol|

A

IA
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Since eg = &/ wforsome 1/2 < v < v—1/2, we may use the interpolation inequality
to obtain

leg, Il = lleoll = | ]| < llo]|'/ T+ |71 /2 Y g2/ (1422
= [l /T2 F (el 12

5 ||CL)|| 1/(1+21))82U/(1+21))’

which gives the desired estimate.

Therefore, we may assume that ks > 0 in the remaining argument. By using e =
o/’ w for some 1/2 < v < v —1/2 and Lemma 6 it follows that there exists a positive
constant C,, such that

(t =18 < Coay ™ loll, 0 <k < ks.

Now we define the integer ks by

s\ Y1+ B
0%5((1 )) < g, 0<k <ks.

Colloll

Then ks < Eg. Thus, by using Lemma 2 and Lemma 4, we have

I F(xks) — yll +6 4
S lleg, Il + - - :
ks s s

Note that Lemma 2 and the definition of ks imply

5
llegs Il < Nlews Il +

IF () = yll < IF ) = I+ 1 F () — Fag) — 0 + 3l S 6.

This together with (3.24), ks < ks and l7a, (@ )eoll S o) llw] then gives

1) 1) 1)
lleg, | < ef lloll + + <ol o] + ——. (3.35)
) 7 /(){IE5 5 /O[]E,s
Using the definition of k5 and (1.4), we therefore complete the proof. O

4 Proof of Theorem 2

In this section, we will give the proof of Theorem 2. The essential idea is similar as
in the proof of Theorem 1. Thus we need to establish similar results as those used in
Sect. 3. However, since we do not have source representation ey = F’(x)*u any longer
and since F satisfies different conditions, we must modify the arguments carefully.
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We will indicate the essential steps without spelling out all the necessary smallness
conditions on (Ko + K1 + K3)|leg||. We first introduce the integer ng by

S 2
apy < ( ) <ar, 0<k<n;s. “4.1)
villeoll

Recall that y is a constant satisfying y; > c3r!/?/(t — 1).

Proof of Theorem 2. In order to complete the proof of Theorem 2, we need to establish
various estimates. We will divide the arguments into several steps.
Step 1. We will show that for all 0 < k < ng

xp € B,(x"), lledll < lleoll, (4.2)

1/2
1F' (el | < o) fleoll 4.3)

and that ks < ng for the integer ks defined by the discrepancy principle (1.7) with
T> 1.

To see this, we note that, for any 0 < k < ns with x,‘f € Bp(x"'), (3.5) and
Assumption 5 imply

1
s = e0 — [ g (A} (R, 16x)) = 1) et
0

+8ar (A F' (D) 0 — ).

Therefore, with the help of Assumption 1(a) and (2.1), we have

1 15 1
led i Il < lleoll + 5Ko||e2||2+c4aak < (1 +caynleoll + zKolle;fllz-

Thus, if 2(1+c4y1)Kolleoll < 1, then, by using p > 2(1+cay1)|leoll and an induction
argument, we can conclude ||e,‘§|| < 2(1 4+ cay1)lleoll < p forall 0 < k < ngs. This
establishes (4.2).

Next we show (4.3). It follows from (3.5), Assumption 1(a), (1.2), (2.16) and (4.1)
that for 0 < k < ng

1/2
IF Ged)ed Il S @) lleoll + 8 + 1F(xf) — y — F'(x)el |

1/2
<SP leoll + (K1 + K)llel 1I1F' (xFelll.
By Assumption 6 we have
ILF' (x") — F'x)led Il < Kl F (xPed (Il + Kalled,  ITF (xPedl.
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The above two inequalities and (4.2) then imply

+ 1/2
IF' el I S o Plleoll + Killeol I F/ (el | + (K1 + Ka)leollllF/(xTel |-

Thus, if (K1 + K>)lleol| is sufficiently small, we can conclude (4.3) by an induction
argument. As direct consequences of (4.2), (4.3) and Assumption 6 we have

2
IF' el | S af*lleoll, 0 <k <ns (4.4)
and
1/2
IF O DO — 2D S P lleoll, 0 <k < ns. 4.5)

In order to show ks < ng, we note that (3.5) gives

F'(Nelyy =3+ 3 = F D (@d)eo + (F'65) = F(D) ra (e
—(F/6h = F'D)) g (DO F ) (FGx) = 3° = F'(xfe])

— 8 (BB (F(x)) — y — F'(x)e}) — 1y (B — y).

Thus, by using (1.2), Assumption 1(a), (2.1), Assumption 6, (2.15), (4.2), (4.4) and
(1.4) we have for 0 < k < ng

1/2 1/2
IF' el —y° + vl < 8+c3a, lleol+e3Killeolllel ey >+ Kalleoll | F/ (x|
k) 1 S 18\ 0
+ Killegll (8 + 5 (K1 + Ko lleg T F'(ef |
_] 2 1
+caKooy ||F’<x;2>e2||(8+5(K1+K2>||e;2||||F/(x,§)e;§|b

1 S 11 1 (+6Y
+ 2(K1 + Ko)lleg 1 F (xp)e |

1/2
<84 (c3 4 C(Ki + Ka)lleoll) & lleoll

1/2
<8+ (c3 + C(Ky + Kd)lleol) e} lleoll.
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Recall that y; > c3r'/2/(t — 1). Thus, with the help of (4.2), (4.3) and the definition
of ns, one can see that, if (K1 + K»)lleo]| is sufficiently small, then

IF ) =yl < IF () —y = F'xDep |+ I1F (xDed, — v + vl
1/2
<8412 (c3 4+ C(Ky + K)lleol) anllleo]

1
+ 5 (K1 + K2 lep IF (e |

ns

<8472 (c3+ C(K1 + K2)lleol) an!lleo
<8+ (3 + C(K1 + K)lleol) v '8
< 74.

This implies ks < ns.
Step 2. We will show, for the noise-free iterated solutions {xx}, that for all k > 0

7 (@eoll S llekll S Nrey (@)eoll, (4.6)
lexll S llek+1ll S llexll 4.7
and forall0 <k <
lexll < llerll + ! | F(xe) =yl (4.8)
ekl < ler — Xk) — VlIl- .
NG

In fact, from (3.13) and Assumption 5 it is easy to see that

lexsr = req (el < 5 KolexIP. (49)
If 2Kplleg|| < 1, then by induction we can see that {x;} is well-defined and
llex|l < 2llegl] forall k > 0. (4.10)
This together with (4.9) and (2.17) gives

lek+1 — oy (D)eoll S Wreg () — 1oy ()]eoll + Kollex I < Kolleollllex -
A.11)

Thus, by Assumption 2 and the smallness of Kgl|leg| we obtain (4.6) by induction.
(4.7) is an immediate consequence of (4.11) and (4.6).

In order to show (4.8), we first consider the case k > 0. Note that x; — x; has a
similar expression as in (3.30), so we may use (2.17), Assumption 5 and (4.10) to
obtain
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Ik = xill S Nray_, (9)eo — ra_, ()eoll + Kolleoll (llex—1 1l + ller—1 1)
+Kollex—111* + Koller—11I>
S Mlag_y () = ray_, (@)]eoll + Koleoll (lex—11l + ller—11) -
(4.12)

By Lemma 1 with x = eg, ¥ = e, @ = o1, B = ax—1 and A = F’(x"), we have

ey () = rog_y (@]eoll S N7y ()eo — exll + = I1F' (e

With the help of (2.15), (4.10), and the smallness of (K| 4+ K2)|leo||, we have
1
IF' Dexll < I1F () — Il + oL F'(xDexll. (4.13)

Therefore ||[F'(xT)ex|| < 2||F(xx) — y]|. This together with (4.11) and (4.7) then
implies

1
ey () = roy_, ()]eoll < Kolleollllex |l + _a,”F(xk) =l

NG

Combining this with (4.12) gives
e = x11l S Kolleollllexll + llerll + =11 F ) = 1
which implies (4.8) if Kg|leg|| is sufficiently small.
For the case k = 0, we can assume / > 1. Since (4.8) is valid for k = 1, we may
use (4.7) to conclude that (4.8) is also true for k = 0.
Step 3. We will show for all k > 0 that
¥ 12
1F (el S Nireg ()57 Peoll + 0 17y (7)eol. (4.14)
To this end, first we may use the similar manner in deriving (4.3) to conclude
2
IF (el < ey leoll. (4.15)

Note that Assumption 6 and (4.10) imply

IF' (xT) — F'(x)lerll < (K1 + K2)llex || F'(xTyex |l
< (K1 + K2 lleollll F/ (xexll.

Therefore

IF Gaerll S IF (el (4.16)
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In particular this implies
/ < 12
I1F (el S o~ lleoll- (4.17)
By using (3.33), (2.18), Assumption 6, (2.15) and Assumption 1(a) we obtain

+ 1/2
| Dererll S lireg ()7 Peoll + (Ko + Klleollllex o
+ Kalleoll (IF/ (el + 1" e )

+ (K1 + K2)llex || F' (el + Ki(Ki + Ka)llex || F (e

+ K2 (K1 + K2)llexll| F' eex 2o 2.

Thus, with the help of (4.6), (4.15), (4.16), (4.17) and (4.10), we obtain
o < 1/2 1/2 root
I1F (xDer1ll S Nra () “eoll + o~ ra (@)eoll + Kalleoll I F(x ekl

The estimates (4.14) thus follows by Assumption 2 and an induction argument if
K> llegll is sufficiently small.

Step 4. Now we will establish some stability estimates. We will show for all 0 <
k < ng that

)
Ixp — xell S — (4.18)

S

and
IF(xp) — F) — '+ yll < 1+ C(Ko+ K1 + K2)lleolD 5. (4.19)

In order to show (4.18), we use again the decomposition (3.18) for x,f o1~ Xkl
We still have || 12| < c48//ak. By using (2.17) the term I; can be estimated as

)
1111l S Kolleollllxg — xill-

In order to estimate /3, we note that Assumption 5 implies
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1
L= / [gos () — 8o (A A IR (xic — te, xi) — I1exdt
0

1

+ / 8o (T F (x)* [F'(x)) — F'(x)] [R(xxe — tex, xx) — [1exdt
0

1
= / [re (0) = ry ()| [R(xk — teg, xi) — I exdt
0

1

+ / 8o (A A [T — RO, x)) | [R(xk — tex, xi) — Iexdt.
0

Thus, by using (2.17) and (4.10), we obtain
2 2,8 2 2,8
1511 < Ko lleell“llxg — xell < Kqlleoll”llxg — xl-
In order to estimate I4, we again use Assumption 5 to write

It = 8o, (A (x))* [Fxx) — F(x) — F'(x)) (x — xD)]
+ 8o (FOVF (xp)* [F'(x) — F'(xp)] ex
1

= / 8oy () [R(x) + 10 — x0), x)) — 1] (g — x)dt
0

+ 8o (A [T — ROk, xp) ] ex.
Hence, we may use (4.2) and (4.10) to derive that
4]l S Kollxp — xill* + Kollex | 1x) — xill S Kolleollllxf — xll.

Combining the above estimates we obtain for 0 < k < ng

8
) 8
lxks1 — X1l S —= + Kolleollllxg — xkl.

S

Thus, if Ko|legll is sufficiently small, we can obtain (4.18) immediately.

Next we show (4.19) by using (3.20). We still have (3.21). In order to estimate
IF' GO, |1 F' () I3 and [|F/(x)) 14|, we note that Assumption 6, (4.10), (4.15)
and (4.18) imply
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ILF (xx) — F'(xH1(x) — x|
< Killex Il F' (N — xoll + Kol F/ (el — xell

< Killeol F'(x")(xp — x0)ll + Kalleolls,

which in turn gives

IF () () — x| S IF NG — x| + 6. (4.20)
Similarly, we have

IF ) — xill S NF' N — x| + 6. (4.21)
Thus, by using (2.18), (4.18), (4.20) and (4.21) we have

/o8 < 172, s
I F (x) 0l S (Ko + K lleolley," ™ llxp — xill

+Kolleoll (I1F' ) (xf — x4+ I1F (xi) (xp — x0)])

< (Ko + K1+ K2)lleolls + Kalleollll F'(xT)(x) — xp)].

Moreover, by employing (3.22), (2.17), Assumption 6, (2.15), (4.10), (4.17), (4.18)
and (4.20), || F/(x,f)lg || can be estimated as

—1/2
IF GD IS (Ko + Knlix) — xilllugll + o > Kall F o) (e — xio) g |
< (Ko + K1 + K2) (K1 4 K2)lleo|*8
+K2(K1 4 K2)lleo 1 F (x ) (xf — xp)l-

while, by using Assumption 6, (2.15), (4.2), (4.10), (4.4), (4.18), (4.20) and (4.21),
I F/(x,f)14 || can be estimated as

IF' G Iall < IIF(xf) — F () — F' () () — x|l + ITF () — F'(xi) e |
S (K1 + Ko)llx) = xell | F/ (o) (x) — x|
+K1lxp — il F Gep | + Kol F'(x) (xp — xi) [llefl
< (K1 + K2)lleolls + (K1 + K2 lleollll F/(x Dy (xf — x0)l-
Combining the above estimates we get
IF () ey — X)) — ¥ + vl
< (1+ C(Ko+ K1+ K2)lleol)s + C(K1 + K2 lleolll| F'(x")(x) — x|l
(4.22)
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This in particular implies
IF' Gy — xieD |l S8+ (Ky + Ko)lleoll | F/(xH(xf — xp)l.

On the other hand, similar to the derivation of (4.20), by Assumption 6, (4.2), (4.4)
and (4.18) we have for 0 < k < n; that

IF NGy — x|l S Kalleolls + 11F () ey — xeg )]l
Therefore
IF )y = 2D S 8+ (K1 + Ko lleolll| F/(x ) (x) — x|l
Thus, if (K1 + K>2)lleo] is small enough, then we can conclude
IF (xR = x0ll S8, 0 <k <ns. (4.23)
Combining this with (4.22) gives for 0 < k < ng
IF ey (e g — xueD) — ¥+ yll < A+ C(Ko + K1 + K)lleol) 8. (4.24)

Hence, by using (4.24), Assumption 6, (4.2), (4.5), (4.18), (4.21) and (4.23), we obtain
forO <k <ngs

IF' (x))(xp — x0) — > + vl < (1 + C(Ko + K1 + K2)lleoll) 8.

This together with (2.15), (4.2) and (4.10) implies (4.19).
Step 5. Now we are ready to complete the proof. By using the definition of ks,
(4.19), (2.15) and (4.14) we have for 0 < k < ks

T8 < |F) =y < IF () — Flxw) — ¥ + yll + IIF () — vl
< (14 C(Ko+ K1 + K2)leol)s + CI|F'(x"yex ||
< (14 C(Ko + K1 + K2)lleoll) 8 + Clirg, (7). Pegl| + Ca)? |Irg, (o )eo].

Since T > 1, by assuming (K¢ + K1 + K»2)|leg|| is small enough, we can conclude for
0 <k < ks that

(T = D8 < roy (@) ol + 0% 17 ()eo]. (4.25)

When xo — xT satisfies (1.10) for some w € X and 0 < v < v — 1/2, by using

(4.25), (4.8), (4.6), (4.18), (4.19) and the definition of ks, we can employ the similar
argument as in the last part of the proof of Theorem 1 to conclude (2.19).

When xg — x" satisfies (1.11) for some w € X and u > 0, we have from Assump-
tion 1(a) and (2.3) that

e ()7 el e e (eol = (cobyly +b1c) o (= Intex / Qo)) ™" ol
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This and (4.25) imply that there exists a constant C;, > 0 such that
(r = 8 < Cuy”? (—In(er/Qao)) " @, 0 =<k < ks,

If we introduce the integer ks by

u_(x =13

< <ol (= In(a/ Qo)) . 0 <k < ks,
Collwl

o (= Intey, /2a0)))

then ks < 125. Thus, by using (4.8), (4.18), (4.19), the definition of k5 and the fact
lexll S llray (eoll S (—1In(ek/(2e0))) ™ [|wll, we can use the similar manner in
deriving (3.35) to get

8

e (4.26)

B
Vo T %

lef, Il S (~ Iz, /o)) " ol +

By elementary argument we can show from (1.4) and the definition of ks that there is
a constant ¢, > 0 such that
)ZM

5 \? 8
a; >r la; >cu | — 1+ |{ln —
ks = k=1 ="\ o ol

This together with (4.26) implies the estimate (2.20). O

5 Proof of Theorem 3

If xg = x"',A then ks = 0 and the result is trivial. Therefore, we will assume xq # x .
We define ks to be the first integer such that

1/2
Ir; ()" eqll + a*lIrg; (el < 8,
8 5 8

where the constant ¢ > 0 is chosen so that we may apply Lemma 6 or (4.25) to
conclude ks < ks. By (1.4), such k; is clearly well-defined and is finite. Moreover, by
a contradiction argument it is easy to show that

ks — 0o ass — 0. (5.1

Now, under the conditions of Theorem 3 (i) we use Lemmas 2, 4 and (3.24), while
under the conditions of Theorem 3 (ii) we use (4.18), (4.19), (4.6) and (4.8), then from
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the definition of ks we have

)
< llegs Il + ——=

8

(IlF (xs) — yll + 8)

8
llegs Il S News Il +

< lleg, Il + —

ks

S g, (el + —

ks
)

[z, ’

We therefore need to derive the lower bound of ap, under the conditions on e¢g. We set
foreacha >0and0 < u <v

< (5.2)

12 1/2

cu(a) = / o« g ()22 A (Er, ) |
0

where {E,} denotes the spectral family generated by .o7. It is easy to see for each
0 < p < v that @ *ry (1)?A%* is uniformly bounded for all @ > 0 and A € [0, 1/2]
and o =27, (M)202* — 0 asa — O forall A € (0, 1/2]. Since w € A (F'(x))*, by
the dominated convergence theorem we have foreach 0 < pu < v

cu(a) >0 asa — 0. (5.3)
By the definition of 125, (1.4), Assumption 2, and the condition ey = .&/"w we have
8 5 lrey, () Peoll + e Iray _, (el
S ey (@) el + oy llra; (el
) 8

+1/2
S 05]23 / (Cv(a,ga) + Cv+1/2(051§8))

This implies

5 2/(142v)
o > < . (5.4)
>\ ovlag) + copialag)

Combining (5.2) and (5.4) gives

1/(1+2v)
led, I S (evlag,) + curialey) 520/(1420)
Since 0 < v < v —1/2, this together with (5.1) and (5.3) gives the desired conclusion.
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6 Applications

In this section, we will consider some specific methods defined by (1.3) by presenting
several examples of {g, }. We will verify that those assumptions in Sect. 2 are satisfied
for these examples.

6.1 Example 1

We first consider the function g, given by

B (¢ +21)" —a™
ga(A) = —A(a PSS 6.1)

where m > 1 is a fixed integer. This function arises from the iterated Tikhonov
regularization of order m for linear ill-posed problems. Note that when m = 1, the
corresponding method defined by (1.3) is exactly the iteratively regularized Gauss—
Newton method (1.8). It is clear that the residual function corresponding to
(6.1) s

am

re(A) = —(Ol T .

By elementary calculations it is easy to see that Assumption 1(a) and (b) are satisfied
with co = (m — 1)"~1/m™ and ¢ = m. Moreover (2.1) is satisfied with

1 2m — 1\" m+ 1\"
= d =(l-|——= m.
o= o () e (-(5) )

By using the elementary inequality

1—(1=0)"<+nt, 0<tr<l1 (6.2)

for any integer n > 0, we have for 0 < o < 8 and A > O that

Ao —r/B\" Py
ra(h) — re(h) = rg(%) [1 - (1 — ﬁ—wf) } < ml/z\/;rﬂ(,\).

This verifies Assumption 1(c) with c; = m!/2. It is well-known that the qualification
for gy is vV = m and (2.2) is satisfied with d, = (v/m)"((m —v)/m)"~" < 1 for each
0 < v < m. For the sequence {oy} satisfying (1.4), Assumption 2 is satisfied with
cs =r".

In order to verify Assumption 4, we note that
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ro(A*A) — ry(B*B)
=a™ Z(al + A*A)TI[AY(B — A) + (B* — A")B](al + B*B)™" 1+,

i=1

(6.3)
Thus, by using the estimates
(ol + A*A) T H(A*A)*| <« fori>1and0 < pu <1,

we can verify (2.11), (2.12) and (2.13) _easily. 4
Note also that go (1) = o™ z;nzl o' (@ + 2)7". We have, by using (2.12),

I[ga(A*A) — ga(B*B)IB*|| < ™' D llo’[(a] + A*A) ™" — (@l + B*B)'1B*|
i=1

<o '|A- B,

which verifies (2.14).

Finally, we verify Assumption 7 by assuming that F satisfies Assumptions 5 and 6.
We will use the abbreviation F, := F’(x) forx € B, (x). With the help of (6.3) with
A = F{ and B = F/, we obtain from Assumption 5 that

I7a (F*Fy) = ra (F*F)) ||

m
<" > @l + FfF)) " FfF/[R(z. x) — Il(e + F/*F})™" 1|
i=1

m
+a” Z (@l + FXF) 7' — R(x, DT F*Fl(al + FXF)™" |
i=1

m m
<" > @ I = RE )l 4™ D o = R(x, 2) [l

i=1 i=1
S =R 0l + 1 = R(x, 2l

< Kollx =zl

which verifies (2.17). In order to show (2.18), we note that, foranya € X and b € Y
satisfying ||a|| = ||b]| = 1, (6.3) implies
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(Filra(FY'Fy) — ro(F*F))la, b)

IA

m
a™ Za—i-l—l ”(Fz/ _ F;)(O{I + FZ/*FZ/)_m_1+ia|| ||b||
i=1

m
+a™ > a " (F — F)) (ol + F*F) " Fbll||al.
i=1

Thus, by using Assumption 6, we have
(Felra(F"Fy) = ro(F*F))la, b)

m
<" D o K |lx — 2| F(al + F*F))™"*a|
i=1

m
+o" D a K| Fl(x = 2l + FAF) ™ Ha|

i=1

m
+a" Y oK x = 2ll| F (el + FUE) T D
i=1

m
+a" > a PG| Fl(x = )|l + FF) T FD|
i=1

S Kiax =zl + Kz (IFL(x — 2 + |1 Fi(x = 2)Il) -

This verifies (2.18).
The above analysis shows that Theorems 1, 2 and 3 are applicable for the method
defined by (1.3) and (1.7) with g, given by (6.1). Thus we obtain the following result.

Corollary 1 Let F satisfy (2.8) and (2.9), let {a } be a sequence of numbers satisfying
(1.4), and let {x,f} be defined by (1.3) with gy given by (6.1) for some fixed integer
m > 1. Let kg be the first integer satisfying (1.7) with t > 1.

() If F satisfies Assumption 3 and if xo — x " satisfies (1.10) for some w € X and
1/2 <v <m—1/2, then

IIXI‘EE —xT| < ¢y |||/ AH2) 520/ (A+2v)

provided L||lu|| < no, where u € N (F'(x")*)L C Y is the unique element
such that xo — x™ = F'(x")*u, no > 0is a constant depending only onr, T and
m, and C,, > 0 is a constant depending only onr, T, m and v.

(i) Let F satisfy Assumptions 5 and 6, and let xo — xt e N(F'(x")*. Then
there exists a constant 1 > 0 depending only on r, T and m such that if
(Ko + K1 + K2)llxo — xTII < n1 then

lim x% = xT,
5—0 ks

@ Springer



548 Q. Jin, U. Tautenhahn

moreover, when xo — x " satisfies ( 1.10) for some w € X andQ <v <m—1/2,
then

g, — x| < Gyl /(20 520/ 1+20)

for some constant C,, > 0 depending only on r, T, m and v; while when xo — x*
satisfies (1.11) for some w € X and . > 0, then

K} K
In —D
el

for some constant C,, depending only onr, T, m and ji.

Ixp, — x|l < Cullll (1 +

Corollary 1 withm = 1 reproduces those convergence results in [3, 8] for the iterati-
vely regularized Gauss—Newton method (1.8) together with the discrepancy principle
(1.7) under somewhat different conditions on F'. Note that those results in [3,8] require
T be sufficiently large, while our result is valid for any ¢ > 1. This less restrictive
requirement on t is important in numerical computations since the absolute error could
increase with respect to 7. Moreover, when xo — xT satisfies (1.10) with v = 1/2,
Corollary 1 with m = 1 improves the corresponding result in [3], since we only need
the Lipschitz condition on F’ here.

Corollary 1 shows that the method defined by (1.3) and (1.7) with g, given by (6.1)
isorder optimal for0 < v < m—1/2. However, we can not expect better rate of conver-
gence than O (8@n=D/@m)y even if xg — x T satisfies (1.10) with m — 1/2 < v < m.
An a posteriori stopping rule without such saturation has been studied in [9, 10] for
the iteratively regularized Gauss—Newton method (1.8).

6.2 Example 2

We consider the function g, given by

[1/a]
ga(M) =D (1—1) (6.4)
i=0

which arises from the Landweber iteration applying to linear ill-posed problems, where
[1/«] denotes the largest integer not greater than 1/«. With such choice of g4, the
method (1.3) becomes

[1/0] )
x=x0— >, (I=F @) Fad) Fad (Fo) -y — F'e) ) — x0))
i=0
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which is equivalent to the form
x/(E,o = X0,
i =X, — Fa)* (Fa) =Y + F'a) G, —x))) . 0<i <[1/el,
B s
Xk+1 = Xk [1 o] +1°
This method has been considered in [12] and is called the Newton—Landweber itera-

tion.
Note that the corresponding residual function is

re(h) = (1 — /et (6.5)

It is easy to see that Assumption 1(a), (b) and (2.1) hold with

1
CO:E’ c1 =2, ¢c3=— and ey = 2.

Moreover, by (6.2) we have for any 0 < o < g that

)
r(h) — ra(A) = rg(h) (1 -1~ x)“/“]—“//ﬂ) < \/;r,g(x).

This verifies Assumption 1(c) with ¢, = 1. It is well-known that the qualification of
linear Landweber iteration is v = oo and (2.2) is satisfied with d, = v for each
0<v< oo

In order to verify Assumption 2, we restrict the sequence {oy} to be of the form
oy = 1/ny, where {n;} is a sequence of positive integers such that

0< Ng+1 — N < ¢q and klim ng = o0 (6.6)
—00

for some ¢ > 1. Then for A € [0, 1/2] we have
P (M) = (1 = 1) g, (W) < 297, (V).

Thus Assumption 2 is also true.
In order to verify Assumption 4, we will use some techniques from [7,12] and the
following well-known estimates

17— A*A) (A* A <v"(+w7™", j=0,v=0 (6.7)
for any bounded linear operator A satisfying ||A]| < 1.
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Forany o > 0, wesetk := [1/«]. Let A and B be any two bounded linear operators
satisfying ||A||, || B|| < 1. Then it follows from (6.5) that

k
ra(A*A)—ra(B*B):Z(I — A*A) [A*(B — A)+(B* — A")B](I-B*B)"/.
j=0
(6.8)

By using (6.7) we have

k
Ira(4*4) = rg BB S X (G + D72+ k+ 1= H72) A - B]
j=0

1
<VkIA - B|| < —=l1A = BI.

This verifies (2.11).
From (6.8) we also have A [rq(A*A) — rq(B*B)| B* = J; + Jp, where

k
Jy = Z(I — AA*) AA*(B — A)(I — B*B)*~7 B*,
Jj=0
k
Jy = ZA(I — A*A)/ (B* — A*)(I — BB*)*" 7 BB*.
Jj=0

In order to verify (2.13), it suffices to show ||J1]| < (k + 1)~1/2||A — B since the
estimate on J; is exactly the same. We write J; = J 1(1) + J (2), where

[k/2]

IV =>"(1 — AA*)Y AA*(B — A)U — B*B)* "/ B*,
j=0
k
3P = > (I—AA" AA*(B - A)(I - B*B)* T B*.
j=lk/21+1

With the help of (6.7), we can estimate Jl(z) as

k
21s > G+ Mk+1- )72 Aa- B
Jj=lk/2]+1
k
SG+DT" D k+1- )7 IA =Bl < k+1)72A - BJ.
j=0
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In order to estimate J]m, weuse AA* =T — (I — AA™) to rewrite it as

[k/2]
JV = > (1 —AA*)/(B— A)I — B*B)*/B*
j=0
[k/2]+1
> (I —AAY (B - AT — BB/ B*
j=1
= (B—A)I — B*B)*B* — (I — AA®K2+ (B — Ay(1 — B*B) k2 p*
k/2]
+ Z(I — AA%)/ (B — A)(I — B*B)*"/(B*B)B*.
j=1

Thus, in view of (6.7), we obtain

1S e+ D724 = Bl + (k — [k/21+ D™V2)1A - B
[k/2]
+ > (k—j+ 1A - B|
j=1
< G+ D72A - B,

We thus verify (2.13). The verification of (2.12) can be done similarly.
Applying the estimate (2.12), we obtain

=~

I [g0(A*A) — gu(B*B)] B¥I| < Z [ a4y - - B°B) | B

2

1
SkIA=B| 3 Sl1A— Bl

which verifies (2.14).
Finally, we verify Assumption 7 by assuming that F satisfies Assumptions 5 and 6.
From (6.8) and Assumption 5 it follows that

ra(FJF)) — g (FI*F)) = > (I = F{*F))) FJ'F{(R(z, x) — I)(I — F[*F)}~I
j=0

k
+ Z(l — F*F))/(I — R(x, 2))* F*F/(I — F*F))*.
Thus we may use the argument in the verification of (2.13) to conclude
lra(FeFy) = ra (FF)I S I = R, DI+ 1 = R(z, 01l S Kollx — zll.
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This verifies (2.17).
By using (6.8) and Assumption 5 we also have for any w € X

Filro(FF) = ra(FF)lw = Q1+ Q2 + Q3 + Q4,

where

k/2]
0, = Z(I — FLEX(FLF)(F, — F)(I — F*E) T w,
j=0

k
01= > (U= FLFY (FLE(F, = F)( — FIF)w,
J=lk/2]+1
[k/2] - |
Q3 = 2(1 — FLF) Fi(I — R(x,2)"(F*F)(I — Fé*Fé)k_]w’
=0

k
04 = Z (I — FLFY FL(I — R(x, ) (F*F)(I — FXF)) T w.
j=[k/2]+1
By employing (6.7) it is easy to see that
[k/2]
1031 <D G+D k= j+ D7 = RGx, D) [wll S k+ 1)~ Kollx — 2l [[w]].

J=0

With the help of (6.7) and Assumption 6, we have

k
102 S D G+ DIEF = FOU = FfFY T w|
J=lk/2141
k
SKilx—zl D, G+D'k—j+ D7 wl
j=lk/21+1
k
+KAF =l D G+ D w]
J=lk/2]+1

< G+ D7V2K e —zllwl + K| FL (= 2) [ [wl].
By using the argument in the verification of (2.13) and Assumption 6 we obtain

@ Springer



On the discrepancy principle for some Newton type methods 553

1011l S I(F, — F)Y(I — FFF) wll + (F, — F))(I — F*F) 2y

[k/2]
+ D IF = DU = FFF)S I (F Fw)|
j=1
S e+ 172K x = zlllwl + K2l Fl(x = D)l |w]

[k/2]
+ 2 (Killx = 2lltk = j + D™ + K| Flx = Dllk = j + D7) fw]
j=1
< G+ D72 x = zlllwll + K2l FL(x — 2)ll[wl.

Using Assumption 5 and the the similar argument in the verification of (2.13) we also
have

104ll S (k+ D7V = R(x, Dllwll < (k+ D72 Kollx — zllw]l.
Combining the above estimates we thus obtain for any w € X

I FLlra (F{F)) — ra (F/*F))w]|
< (Ko + Ka'lx — zlllwll + K2 | FL(x — 2wl

which implies (2.18).

Therefore, Theorems 1, 2 and 3 are applicable for the method defined by (1.3) and
(1.7) with g4 given by (6.4).

The similar argument as above also applies to the situation where g, is given by

[1/a] _
ga(W) == > 1+ 1)~

i=1

which arise from the Lardy’s method for solving linear ill-posed problems.
In summary, we obtain the following result.

Corollary 2 Let F satisfy (2.8) and (2.9), and let {ax} be a sequence given by oy =
1/nk, where {ny} is a sequence of positive integers satisfying (6.6) for some q > 1.
Let {x} be defined by (1.3) with

[1/a] ' [1/a] .
g =D (1=1" or gO)= > (1+n7,
i=0 i=1

and let kg be the first integer satisfying (1.7) with t > 1.
() If F satisfies Assumption 3, and if xo — x' satisfies (1.10) for some w € X and
v > 1/2, then

||X/§5 _ XT” S CV||w||1/(l+2v)82v/(l+2v)
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provided L|u|| < no, where u € N (F'(x")*)L C Y is the unique element such that
xo —x" = F'(x")*u, no > 0 is a constant depending only on t and q, and C, is a
constant depending only on t, g and v.

(ii) Let F satisfy Assumptions 5 and 6, and let xo — x* € N (F'(x))*. Then there
exists a constant 1 > 0 depending only on Tt and q such that if (Ko + K1 + K2) ||xo —
x¥|| < n1 then

lim x) = x,
50 ks =
moreover, when xg — xt satisfies (1.10) for some w € X and v > 0, then

IIXI‘; —xT| < Cy |||/ AH2) g2v/(A+2v)

for some constant C,, > 0 depending only on t, g and v; while when xo — x ' satisfies
(1.11) for some w € X and v > 0, then

5 T LA
gy — >l < Culloll { 1+ |In —

l[ell

for some constant C,, depending only on t, q and .

6.3 Example 3

As the last example we consider the method (1.3) with g, given by

(1— ) (6.9)

> =

ga(X) =
which arises from the asymptotic regularization for linear ill-posed problems. In this

method, the iterated sequence {x,f} is equivalently defined as x,‘? 4= x%(1/ay), where
x%(2) is the solution of the initial value problem

%x%) =F')* (0 = FG) + F'o) (g —x°(@)), >0,

X0 0) = xp.
Note that the corresponding residual function is
ra(A) = e M,

It is easy to see that Assumption 1(a), (b) and (2.1) hold with

1 /2

—1
co=e ', c1=1, c3=—— and c4 =,/ —.
2e e
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By using the inequality 1 — e™" < /f fort > 0 we have for 0 < o < § that

A A A
rp () = ra() = rp(h) (1 = P70 < |2 = Zrg(h) < \/;rﬂ(x).

This verifies Assumption 1(c) with ¢, = 1. It is well-known that the qualification of
the linear asymptotic regularization is v = oo and (2.2) is satisfied with d, = (v/e)"”
foreach0 < v < 0.

In order to verify Assumption 2, we assume that {o;} is a sequence of positive
numbers satisfying

1 1
0<———<6y) and lim o =0 (6.10)
Okl O k—o00

for some 6y > 0. Then for all A € [0, 1] we have

T () = et =tehy ) < ePrg, . ().

Thus Assumption 2 is also true.
In order to verify Assumptions 4 and 7, we set for every integer n > 1

A\7" 1 A\ "
Fan(X) := (1 + _) v 8an(A) ==~ (1 — (1 + —) )
no A no

Note that, for each fixed o > 0, {ry,»} and {gq.,} are uniformly bounded over [0, 1],
andry ,(A) = rq(A)and g4, (A) = g4(A) asn — oo. By the dominated convergence
theorem, we have for any bounded linear operator A with ||A|| < 1 that

lim [|[rg(A*A) — rg(A* A)]x|?
n—oo
I1A1%

— lim /(ra(,\)—ra,n(x))zd(EAx,x):o

n—oo

and

lim [|[go (A*A) = gon(A*A)]x])?
n—od

4]
= nllrgo / (ga V) — ga,n(k))zd(Exx, x)=0
0

for any x € X, where {E}} denotes the spectral family generated by A*A. Thus it
suffices to verify Assumptions 4 and 7 with g, and r, replaced by g+, and r , with
uniform constants cg, ¢7 and cg independent of n. Let A and B be any two bounded
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linear operators satisfying || A||, || B|| < 1. We need the following inequality which
says for any integer n > 1 there holds

[ra.n(A*A)(A*A)"| <v'e”,  0<v <n. (6.11)
By noting that
roz,n(A*A) - ra,n(B*B)

1 n
= E Zra,i(A*A) [A*(B —A)+ (B* _ A*)B] rot,n—i—]—i(B*B), (6.12)
i=1
we thus obtain

* " 2
e (AA) = ran(B*B)| </ =14 = BI.
* " " 3
[ra.n(A*A) — rg.n(B*B)]1B*|| < 5||A — B 6.13)
and
”A[Va,n(A*A) _ra,n(B*B)]B*” < +2a|A— BJ.

Furthermore, by noting that g, , (1) = L Z?:l rq.i(A), wemay use (6.13) to conclude

no

n

1
118en (A*A) = gan(B*B)]1B*|| = — E I[7a,i (A*A) —1q,i(B*B)]B*|
no

i=1
3
< >-llA - BI.
o
Assumption 4 is therefore verified.

It remains to verify Assumption 7 with g, and ry replaced by go , and ry , with
uniform constants ¢7 and cg independent of n. By using (6.12), Assumption 5 and
(6.11) we have

“rot,n(F);*F)g) - rot,n(FZ/*Fz/)“
<L Zn: I7ai (Fy* F)(FY FO)(R(z, %) = Drgop1—i (FF) |
— no P ) X X X X ) Z Z
+L Z lrai (FLFD( = R(x, 2)* (Y Frams1—i (FLF))|
na - ) X X ? Z Z ’ Z Z
1=
=1 =R )+ [II = R(x, 2

< 2Kollx — z|l.

This implies (2.17).
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By using (6.12), Assumption 6 and (6.11) we also have foranya € X andb € Y
satisfying ||la|| = ||b|| = 1 that

(F/[ra n(FF) = ran(FF))a, b)

<— Z |(rai (FLF)Y(FLF)(FL = F)rang1-i (F[*F)a, b))

1
+— Z (@, Fani1-i (F[* F))F[*(F| = F))F*ro i (FF)b)|
no o

1
= V2K1a'x = 2l + Ko | FLxr = Dl + 3 K2l F{xr = D)1l

This implies (2.18).
Therefore, we may apply Theorems 1, 2 and 3 to conclude the following result.

Corollary 3 Let F satisfy (2.8) and (2.9), and let {ay} be a sequence of positive
numbers satisfying (6.10) for some 6y > 0. Let {x,‘z} be defined by (1.3) with g, given
by (6.9) and let ks be the first integer satisfying (1.7) with T > 1.

() If F satisfies Assumption 3, and if xo — x" satisfies (1.10) for some w € X and
v > 1/2, then

||X1f§ —xT|| < Cylloof /A2 g2/ 1420)
prowded Llull < no, where u € N (F'(x")*)L C Y is the unique element such that
xo—x' =F' (xT)*u no > 0 is a constant depending only on t, 6y and o, and C,, is
a constant depending only on t, 6y, oy and v.

(i) Let F satisfy Assumptions 5 and 6, and let xo — xt e /(F'(x)L. Then there
exists a constant 11 > 0 depending only on t, 6y and o such that if (Ko + K1 +
K2)llxo — x"|| < 1 then

lim x} = xT;
50 ks

moreover, when xg — xt satisfies (1.10) for some w € X and v > 0, then

||X/§5 _XT” S CV||C()||1/(l+2v)82v/(l+2v)

for some constant C,, > 0 depending only on t, 6y, oy and v; while when xo — xT
satisfies (1.11) for some w € X and pu > 0, then
h) K
In — )
loll

for some constant C,, depending only on t, 6y, ag and .

Ixp, — x|l < Cullwll (1 +
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