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Abstract—Sound intensity is an acoustic quantity closely linked
with human perception of sound location, and it can be controlled
to create a high level of realism to humans in soundfield
reproduction systems. In this paper, we present an intensity
matching technique to optimally reproduce sound intensity over
a continuous spatial region using an irregular loudspeaker array.
This avoids several known limitations in the previous works on
intensity based soundfield reproduction, such as a single sweet
spot for the listener and a regular loudspeaker geometry that
is difficult to implement in real-world applications. In contrast
to the previous works, the new technique uses a cost function
we built to optimize sound intensity over space by exploiting
spatial sound intensity distributions. The spatial sound intensity
distribution is represented by spherical harmonic coefficients of
sound pressure, which are widely used to describe a spatial
soundfield. Compared to the conventional spatial soundfield
reproduction method of pressure matching in the spherical
harmonic domain and the HOA max-rE decoding method
optimizing sound intensity at a single position, we show that the
intensity matching technique has better overall performance with
two different irregular loudspeaker layouts through simulations.
The impact of microphone noise on reproduction performance
is also assessed. Finally, we carry out perceptual localization
experiments to validate the proposed method.

Index Terms—Sound intensity, spatial soundfield reproduction,
irregular loudspeaker array, spherical harmonics, listening test.

I. INTRODUCTION

S INCE the stereophonic sound was introduced, the demand
for immersive audio has increased steadily. To cater to the

demand, a number of loudspeakers are deployed in home en-
tertainment systems (e.g., 5.1/7.1 systems) or modern cinemas
(e.g., Dolby Atmos and DTS:X), where the aim is to create an
immersive sound over a spatial region so that the listener inside
the region can experience a realistic but virtual replication of
the original sound. In this paper, we will present a practical
spatial soundfield reproduction system that can recreate a good
3D sound direction perception over space using a loudspeaker
array easily implemented in real-world applications.

There have been various studies of soundfield reproduction
and they have evolved in two directions: physically moti-
vated techniques and perceptually motivated techniques [1].
Physically motivated techniques aim to reproduce an accurate
physical approximation of a sound field. A notable example
is Wave Filed Synthesis (WFS) [2]–[4], which reproduces
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desired sound pressure based on Huygens principle using
a large number of evenly and closely placed loudspeak-
ers. Ambisonics [5], which is another physically motivated
approach to soundfield reproduction, is based on the first
order spherical harmonic analysis of the soundfield to be
reproduced. To achieve a large listening area, high order
spherical harmonics have been introduced in Higher Order
Ambisonics (HOA) [6]–[9], which is also widely used in
multi-zone soundfield reproduction systems [10]–[12]. The
reproduction performance of these approaches is satisfactory
if the geometry of loudspeaker arrays used for reproduction
is spherical [6], [13], [14] or circular [15], [16]. However, the
performance degrades when the geometry becomes irregular.
An improved least squares method with a weighted penalty
function was developed for such irregular loudspeaker layouts
[17]. This method requires the regularization parameter to be
dependent on each loudspeaker arrangement.

On the other hand, perceptually motivated techniques aim
to render the perceptually relevant aspects of the original
sound. For example, there are binaural techniques [18], which
provide a convincing experience over two channels. A multi-
channel perceptually motivated system, Vector Base Ampli-
tude Panning (VBAP) [19]–[21], is designed to recreate the
sound image of a virtual source over flexible loudspeaker
layouts. VBAP is based on a triplet-wise panning law and
the virtual source cannot be positioned outside a specific
region, which decreases its applicability. Sena et al. recently
developed a perceptual soundfield reconstruction system [22],
which captures the directional cues by a designed microphone
array, and reconstructs them using a loudspeaker array in the
same configuration as the microphone array. Since Gerzon
developed velocity and sound intensity theories of sound lo-
calization for reproducing psychoacoustically optimum sound
[23], acoustic quantities containing directivity information,
such as particle velocity and sound intensity, have been
controlled in soundfield reproduction systems to improve the
performance of perceptual localization. In addition to good
performance for regularly or evenly placed loudspeakers [24]–
[27], the particle velocity or sound intensity based methods
also perform well in irregular loudspeaker arrangements. A
sound signal conversion method between different loudspeaker
systems is proposed in [28], which reproduces the spatial
impression of the original sound by maintaining the pressure
and direction of sound (controlled by particle velocity). Shin
et al. proposed a particle velocity controlled soundfield repro-
duction technique to achieve an improvement for human sound
localization using non-uniformly spaced loudspeakers [29],
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[30]. However, the particle velocity is formulated analytically,
implying that a practical system implementation requires to
measure the particle velocity point by point. Furthermore,
the work only focuses on particle velocity without sound
pressure. In [31], authors introduced a soundfield reproduction
method based on both sound pressure and particle velocity
to improve the listening experience at a non-central listening
point. The aforementioned works in particular have proven
that particle velocity is an important predictor of perceived
source directions, which is based on interaural phase cues
and is most appropriate at frequencies below 700 Hz [23].
The sound intensity (i.e., the product of the sound pressure
and particle velocity) is also a good predictor of localization
perception [32]. It was exploited in the max-rE decoding
method [33], which is to reproduce the energy and acoustic
intensity of the desired soundfield, and psychoacoustically to
create the impression of the desired sound, especially for
high frequencies (above 500 Hz). In addition to accurate
localization, the max-rE decoding method can provide less
coloration (i.e., changes in the timbre) compared with the
pressure/particle velocity based methods [34]. By extending
[33], the localization performance was improved by means
of HOA [35]. However, the aforementioned works based on
sound intensity are all restricted to a single reproduction
position, and therefore perception degrades when the listener is
moved from this exact reproduction position. In this paper, we
propose to reproduce the original soundfield over a continuous
spatial region rather than a single position by exploiting spatial
intensity distributions.

We have recently formulated spatial sound intensity in
the spherical harmonic domain [36], which means we can
represent sound intensity that contains both energy and direc-
tivity information over continuous spatial regions. Therefore,
similar to pressure matching in the spherical harmonic domain,
intensity matching can also be realized over continuous space
instead of at a single point so that the original sound can
be perceptually reproduced over a large region for more
listeners. In this work, we reproduce the sound intensity
inside a continuous spatial region by matching sound intensity
on the surrounding contour of the region using an irregular
loudspeaker array. The remainder of this paper is structured
as follows. First a brief review of the conventional spatial
soundfield reproduction method, pressure matching in the
spherical harmonic domain, is outlined in Section II. In Section
III, spatial sound intensity representations are given and the
intensity matching method is introduced in detail. Section
IV demonstrates the accuracy of the proposed method by
comparing it with the pressure matching and the HOA max-rE
decoding through numerical simulations. Perceptual listening
test results are presented in Section V. Finally, the work is
concluded in Section VI.

II. REVIEW OF PRESSURE MATCHING IN THE SPHERICAL
HARMONIC DOMAIN

As a starting point, we briefly outline the concept of the
pressure matching method [6]. In the spherical harmonic
domain, the sound pressure at any point x = (r, θ, φ) in a

spherical region, due to a desired source outside the region,
can be written as

Pd(x, k) =

N∑
n=0

n∑
m=−n

αnm(k)jn(kr)Ynm(θ, φ), (1)

where N = dkeR/2e is the truncation limit of the soundfield
orders [37], R is the radius of the sperical region, e is the
base of natural logarithm, k = 2πf/c is the wave number,
f is the frequency, c is the speed of propagation, αnm(k)
denotes spherical harmonic coefficients of the desired sound
pressure, jn(·) is the nth order spherical Bessel function of the
first kind, and Ynm(θ, φ) is the spherical harmonic of order n
and degree m.

The reproduced soundfield is generated by a set of NL
loudspeakers located at x` = (r`, θ`, φ`) outside the spherical
region, with ` = 1, ..., NL. We assume that the loudspeakers
used for reproduction are point sources. Therefore, the radia-
tion characteristics of the `th loudspeaker is determined by the
Green’s function [38],

g(x|x`, k) =
eik||x−x`||2

4π||x− x`||2
, (2)

where || · ||2 denotes the Euclidean norm. Equation (2) can be
decomposed as [39]

g(x|x`, k) =
N∑
n=0

n∑
m=−n

β(`)
nm(k)jn(kr)Ynm(θ, φ), (3)

with
β(`)
nm(k) = ikhn(kr`)Y

∗
nm(θ`, φ`), (4)

where hn(·) is the nth order spherical Hankel function of the
first kind and ∗ denotes complex conjugate. The reproduced
sound pressure due to the loudspeaker array can be written as

Pa(x, k) =

NL∑
`=0

w`(k)g(x|x`, k), (5)

where w`(k) is the driving signal applied to the `th loud-
speaker.

Substituting (3) into (5), and then equating (5) with (1), we
have

N∑
n=0

n∑
m=−n

αnm(k)jn(kr)Ynm(θ, φ)

=

N∑
n=0

n∑
m=−n

NL∑
`=0

w`(k)β
(`)
nm(k)jn(kr)Ynm(θ, φ).

(6)

Multiplying both sides in (6) by Y ∗n̂m̂(θ, φ) and integrating
them over the unit sphere with respect to θ and φ, gives

αnm(k) =

NL∑
`=0

w`(k)β
(`)
nm(k). (7)

Rewriting (7) in matrix form as

α = βG, (8)
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Fig. 1. Geometry of soundfield reproduction system in this paper. An irregular
array of loudspeakers is located outside the spherical region.

where α = [α00, ..., αNN ]T , G = [w1, ..., wNL ]
T , and

β =


β
(1)
00 · · · β

(NL)
00

β
(1)
1−1 · · · β

(NL)
1−1

...
. . .

...
β
(1)
NN · · · β

(NL)
NN

 . (9)

For notations convenience, we omit the dependence on k. The
number of loudspeakers NL specifies how the linear system
(8) can be solved. There are three cases of interest. When the
system is over-determined (i.e.,(N +1)2 > NL), there will be
no exact solution in general. It becomes a least square problem

min
G
||βG−α||22. (10)

If β is a square non-singular matrix, a unique solution to (8) is
given by G = β−1α. Finally, for an under-determined system
(i.e.,(N + 1)2 < NL), there may either be no solution or an
infinite number of solutions. For the latter case, we can find
the weights to satisfy

min
G
||G||22 s.t. α = βG. (11)

Tikhonov regularization can be introduced here to improve the
robustness of the solution. The solutions of both the problems
(10) and (11) are well studied in [40].

III. INTENSITY BASED SPATIAL SOUNDFIELD
REPRODUCTION

In this section, we present the theory of intensity based
spatial soundfield reproduction. The problem is formulated in
Section III-A. After the spatial sound intensity representation
in the spherical harmonic domain is given in III-B, how the
loudspeaker weights are designed based on the representation
is discussed in Section III-C.

A. Problem formulation

Consider a spherical target region χ of radius R as seen
in Fig. 1. Let there be an irregular array of loudspeakers
outside of χ, with the `th loudspeaker located at x` with
respect to the origin O. The free field assumption is made
and diffraction/scattering is assumed to be negligible.

The complex acoustic intensity at any point x in χ can be
represented by [41]

I(x, k) = P ∗(x, k)V (x, k), (12)

where I(x, k) = [Ir(x, k), Iθ(x, k), Iφ(x, k)] and V (x, k) =
[Vr(x, k), Vθ(x, k), Vφ(x, k)] are sound intensity and particle
velocity vector, respectively, P (x, k) is sound pressure. The
real part of I(x, k) is often referred to as the active sound
intensity, which represents the propagating sound energy and
shows the direction of propagation at the point in space. The
imaginary part of it, on the other hand, is referred to as the
reactive sound intensity, which represents the non-propagating
sound energy [42].

A soundfield in a spherical region is usually characterized
by spherical harmonic coefficients of sound pressure (which
can be extracted by using higher order microphones such as an
EigenMike) instead of the spatial distribution of sound inten-
sity1. Given spherical harmonic coefficients of sound pressure
for the desired soundfield {αnm(k)} in the spherical region
χ, and an appropriate irregular loudspeaker array geometry,
our objective is to calculate the spatial sound intensity (12) in
χ and find the loudspeaker driving signals that can reproduce
the desired sound intensity over the continuous spatial region
within χ.

B. Spatial sound intensity representation

We have recently formulated spatial sound intensity in the
spherical harmonic domain [36], which decomposes (12) in
terms of spherical harmonic functions. We have shown that the
spatial distribution of sound intensity can be expressed directly
from the spherical harmonic coefficients of sound pressure.

Considering the spherical harmonic coefficients of sound
pressure for the desired soundfield {αnm(k)} are given, we
can use the results of [36] to calculate the desired sound
intensity at any point in χ. According to the results in [36],
[44], the components of desired sound intensity Id(x, k) =
[Idr (x, k), I

d
θ (x, k), I

d
φ(x, k)] at any arbitrary x within χ can

be decomposed, respectively, as

Idr (x, k) =

Q∑
p=0

p∑
q=−p

S(r,d)
pq (k, r)Ypq(θ, φ), (13)

Idθ (x, k) =

Q∑
p=0

p∑
q=−p

S(θ,d)
pq (k, r)Ypq(θ, φ), (14)

Idφ(x, k) =

Q∑
p=0

p∑
q=−p

S(φ,d)
pq (k, r)Ypq(θ, φ), (15)

with

S(r,d)
pq (k, r) =

i

kρ0c

N∑
n=0

n∑
m=−n

N∑
n′=0

n′∑
m′=−n′

(−1)m+qCnn′p

× α∗nm(k)αn′m′(k)jn(kr)j
′
n′(kr)W1W2,

(16)

1The sound intensity can be estimated by measuring the particle velocity
over the volume of interest point by point, which is time-consuming [43].
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S(θ,d)
pq (k, r) =

i

kρ0c

N∑
n=0

n∑
m=−n

N∑
n′=0

n′∑
m′=−n′

AnmAn′m′Apq

× Pnmn′m′pqEmm′qα
∗
nm(k)αn′m′(k)jn(kr)jn′(kr),

(17)
and

S(φ,d)
pq (k, r) =

i

kρ0c

N∑
n=0

n∑
m=−n

N∑
n′=0

n′∑
m′=−n′

im′AnmAn′m′

×ApqP̂nmn′m′pqEmm′qα
∗
nm(k)αn′m′(k)jn(kr)jn′(kr)

(18)
denoting spherical harmonic coefficients of desired sound
intensity in r, θ, and φ direction, respectively, where Cnn′p =√
(2n+ 1)(2n′ + 1)(2p+ 1)/4π, Anm = [(2n + 1)(n −

m)!/(4π(n+m)!)]1/2, j′n(·) is the derivative of jn(·) in terms
of r, ρ0 is medium density,

W1 =

(
n n′ p
0 0 0

)
, and W2 =

(
n n′ p
−m m′ −q

)
are Wigner 3-j symbols, Q = 2N is truncation order for inten-
sity expressions [36], and Emm′q = 2π when m′−m−q = 0,
otherwise Emm′q = 0. Both Pnmn′m′pq and P̂nmn′m′pq are
indices-only dependent variables, and they are given in our
previous works [36], [44].

The intensity coefficients S
(r,d)
pq (k, r), S

(θ,d)
pq (k, r), and

S
(φ,d)
pq (k, r) are obtained by decomposing sound pressure and

particle velocity using spherical harmonic basis functions, and
they represent the spatial intensity distribution of a soundfield.
We note that the intensity coefficients are directly determined
by the pressure coefficients αnm(k) together with the radial
functions (i.e., spherical Bessel function), and all the rest
terms in the expressions are either constants or indices-only
dependent variables. We select the same truncation order for
all the components of sound intensity for simplicity in this
work, at the cost of relatively more error on the components
in θ and φ direction compared to r direction.

C. Loudspeaker weights design

The loudspeakers are still modeled as point sources, and the
spherical harmonic coefficients of sound pressure due to the `th

loudspeaker in free field is given in (4). By replacing αnm(k)

with β(`)
nm(k) in (13) and (16), we obtain sound intensity in r

direction due to the `th loudspeaker at x as

I(`)r (x, k) =

Q∑
p=0

p∑
q=−p

S(r,`)
pq (k, r)Ypq(θ, φ), (19)

where S(r,`)
pq (k, r) are spherical harmonic coefficients of sound

intensity in r direction due to the `th loudspeaker.
In order to drive loudspeakers, we apply a weight to each

loudspeaker. Therefore, the total reproduced sound intensity
in r direction at x can be written as

Iar (x, k) =

Q∑
p=0

p∑
q=−p

NL∑
`=0

|w`(k)|2S(r,`)
pq (k, r)︸ ︷︷ ︸

S
(r,a)
pq (k,r)

Ypq(θ, φ), (20)

where NL is the number of loudspeakers. We note that here
we assume each loudspeaker is an independent source, and

only time-average quantities (i.e., sound intensity) from them
add up at the listeners’ ears based on the fact that statistically
out-of-phase sound signal summation occurs at the ears due
to head diffraction [32], [45].

Similar to (20), the reproduced sound intensity in θ and φ
directions at x can be expressed, respectively, as

Iaθ (x, k) =

Q∑
p=0

p∑
q=−p

NL∑
`=0

|w`(k)|2S(θ,`)
pq (k, r)︸ ︷︷ ︸

S
(θ,a)
pq (k,r)

Ypq(θ, φ), (21)

and

Iaφ(x, k) =

Q∑
p=0

p∑
q=−p

NL∑
`=0

|w`(k)|2S(φ,`)
pq (k, r)︸ ︷︷ ︸

S
(φ,a)
pq (k,r)

Ypq(θ, φ). (22)

The reproduction problem is now reduced to calculate the
loudspeaker driving signals/weights that can reconstruct the
desired sound intensity over the target region. Inspired by
Kirchhoff-Helmholtz integral equation, which shows that the
soundfield inside a region can be controlled by evoking the
sound pressure and the gradient of sound pressure on the
surrounding contour of the region, we reproduce the sound
intensity inside a spherical region by controlling the sound
intensity (i.e., the product of sound pressure and its gradient)
on the surface of the region2. Therefore, in this work, the
problem is translated into minimizing the difference between
the desired sound intensity and the reproduced sound intensity
on the surface of the target region. The difference for sound
intensity in r direction can be given as

Er =

∫ 2π

0

∫ 1

−1

∣∣Idr (R, θ, φ, k)− Iar (R, θ, φ, k)∣∣2 d(cos θ)dφ.
(23)

Substitute (13) and (20) into (23), we have

Er =

Q∑
p=0

p∑
q=−p

Q∑
p′=0

p′∑
q′=−p′

(
S(r,d)
pq (k,R)− S(r,a)

pq (k,R)
)∗

×
(
S
(r,d)
p′q′ (k,R)− S

(r,a)
p′q′ (k,R)

)
×
∫ 2π

0

∫ 1

−1
Ypq(θ, φ)

∗Yp′q′(θ, φ)d(cos θ)dφ.

(24)
Equation (24) can be simplified, by using the orthogonality of
spherical harmonics, as

Er =

Q∑
p=0

p∑
q=−p

∣∣∣S(r,d)
pq (k,R)− S(r,a)

pq (k,R)
∣∣∣2 . (25)

Similarly, the difference for sound intensity in θ and φ
direction are given, respectively, as

Eθ =

Q∑
p=0

p∑
q=−p

∣∣∣S(θ,d)
pq (k,R)− S(θ,a)

pq (k,R)
∣∣∣2 , (26)

2While sound intensity matching on the surface of the target region is
inspired by the Kirchhoff-Helmholtz principle, a formal proof showing that
sound intensity matching on the boundary implies intensity matching within
the volume is not currently available, and is a subject of future work.
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and

Eφ =

Q∑
p=0

p∑
q=−p

∣∣∣S(φ,d)
pq (k,R)− S(φ,a)

pq (k,R)
∣∣∣2 . (27)

A cost function containing all the components is given by

f = crEr + cθEθ + cφEφ, (28)

where cr, cθ, and cφ are weighting coefficients. Different
values of the weighting coefficients can be selected if different
weights on the components are preferred. Also, one or two of
the weighting coefficients can be set to zero (e.g., if one only
focuses on the radial part of sound intensity, cθ and cφ can
be set to zero). To minimize the cost function f , the problem
can be formulated as

min
W
||SAW − SD||22, s.t.W ≥ 0, (29)

where SD = [S(r,d)(k)T ,S(θ,d)(k)T ,S(φ,d)(k)T ]T is a 6(Q+
1)2 long vector with

S(O,d)(k) =
√
cO[R{S(O,d)

00 (k)}, I{S(O,d)
00 (k)}, ...,

R{S(O,d)
QQ (k)}, I{S(O,d)

QQ (k)}]T ,
(30)

where R{·} denotes the real part, I{·} denotes the imaginary
part, W = [|w1(k)|2, |w2(k)|2, ..., |wNL(k)|2]T is a NL long
vector and SA = [S(r,a)(k)T ,S(θ,a)(k)T ,S(φ,a)(k)T ]T is a
6(Q+ 1)2 by NL matrix with

S(O,a)(k) =
√
cO


R{S(O,1)

00 (k)} · · · R{S(O,NL)
00 (k)}

I{S(O,1)
00 (k)} · · · I{S(O,NL)

00 (k)}
...

. . .
...

R{S(O,1)
QQ (k)} · · · R{S(O,NL)

QQ (k)}
I{S(O,1)

QQ (k)} · · · I{S(O,NL)
QQ (k)}

 ,
(31)

where O ∈ {r, θ, φ}. W ≥ 0 means that each component of
the vector W should be non-negative. Note that we deal with
the real part and imaginary part of sound intensity separately
as W is a real vector.

In mathematical optimization, this problem is known as
non-negative least squares (NNLS). A widely used algorithm
for solving this problem is the active-set method proposed
by Lawson and Hanson in 1974 [46]. Other algorithms such
as Landweber’s gradient descent method [47] and coordinate-
wise optimization method [48] can also be applied to solving
this problem. In this work, we solve (29) using Lawson and
Hanson’s method in [46]. We note that the weights obtained
from the proposed method is real. To make the system causal
and stable, a minimum-phase filter can be achieved from the
real weight using a Hilbert transformer [49].

IV. SIMULATIONS

The reproduction performance of the intensity matching,
the pressure matching and the HOA max-rE decoding is
now evaluated for a simulated free field environment, where
the simulation setup and criteria are explained in Section
IV-A. Afterward, a comparison for the intensity matching and
the pressure matching is conducted in Section IV-B, and a

TABLE I
LOUDSPEAKER POSITIONS OF THE 5 CHANNEL SYSTEM

Loudspeaker No. r [m] θ [deg] φ [deg]
1 1 58.3 288
2 1 58.3 72
3 1 90 342
4 1 90 234
5 1 90 126

TABLE II
LOUDSPEAKER POSITIONS OF THE 22 CHANNEL SYSTEM

Loudspeaker No. r [m] θ [deg] φ [deg]
1 0.97 0 0
2 1.55 51.3 0
3 1.55 51.3 45
4 1.55 51.3 90
5 1.55 51.3 135
6 1.55 51.3 180
7 1.55 51.3 225
8 1.55 51.3 270
9 1.55 51.3 315

10 1.21 90 0
11 1.21 90 22.5
12 1.21 90 45
13 1.21 90 90
14 1.21 90 135
15 1.21 90 180
16 1.21 90 225
17 1.21 90 270
18 1.21 90 315
19 1.21 90 337.5
20 1.34 115 0
21 1.34 115 45
22 1.34 115 315

(a) (b)

Fig. 2. 2D sketch of (a) the 5 channel system layout and (b) the 22 channel
system layout.

comparison for the intensity matching and the HOA max-rE
decoding is shown in Section IV-C. Finally, it is investigated
in Section IV-D how inherent noise of the microphones, which
are required to measure the soundfield in practice, affects the
reproduction performance.

A. Simulation setup and criteria

The target region is a spherical region χ with radius R =
0.15 m. To evaluate the overall performance of the proposed
method, we simulate two different 3D loudspeaker layouts.
One is composed of 5 separate loudspeakers and their positions
are listed in Table I. Another loudspeaker layout is based on
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Fig. 3. Desired sound intensity in (a) r direction, (b) θ direction, and (c) φ direction induced by a plane wave.

the cylindrical layout of 22.2 channel system, which is a well-
known 3D audio system, proposed by NHK [50] without the
two low-frequency effect channels. The loudspeaker positions
of the 22 channel system is given in Table II. A 2D sketch
for both loudspeaker layouts is given in Fig. 2. We assume
that the desired soundfield is a monochromatic plane wave.
The spherical harmonic coefficients of sound pressure for the
desired soundfield can be expressed as

αnm = 4π(−i)nY ∗nm(θd, φd), (32)

where (θd, φd) is the incident direction of the plane wave.
Sound speed c is 343 m/s and air density is 1.29 kg/m3. We
set weighting coefficients cr = cθ = cφ = 1. As discussed
in Section III-A, the active sound intensity represents the
propagating sound energy and shows the propagation energy,
therefore, we only evaluate the real part of the complex
acoustic intensity in the following simulations.

As the first objective performance measure for the reproduc-
tion methods, the relative error ε of sound intensity is evaluated

ε(k) = 10 log10


∑
∀x̂

∣∣R{IdO(x̂, k)− IaO(x̂, k)}∣∣2∑
∀x̂

∣∣R{IdO(x̂, k)}∣∣2
 (dB),

(33)
where x̂ denotes the evaluated point. To reproduce a soundfield
with a realistic perception of the sound, it requires to ensure
the reproduction of the direction of the sound. Therefore, the
intensity direction error η is also defined to show the difference
in angles between two vectors

η(x̂, k) = cos−1(DOT)/π × 100(%), (34)

where

DOT =
R{Ia(x̂, k)}

‖ R{Ia(x̂, k)} ‖2
· R{Id(x̂, k)}
‖ R{Id(x̂, k)} ‖2

, (35)

with the desired intensity vector Id(x̂, k) =
[Idr (x̂, k), I

d
θ (x̂, k), I

d
φ(x̂, k)] and the reproduced intensity

vector Ia(x̂, k) = [Iar (x̂, k), I
a
θ (x̂, k), I

a
φ(x̂, k)], respectively,

at x̂.
The following simulations study the performance of the pro-

posed method, in terms of the reconstructed sound intensity,

incident direction of the desired sound, frequency and repro-
duced sound direction. A plane wave with frequency of 900
Hz from (2π/9, 5π/3) is the desired soundfield throughout
the simulations, except the evaluation in terms of the incident
direction and frequency.

B. Performance comparison for the intensity matching and the
pressure matching

1) Reproduced sound intensity: We first evaluate the repro-
duction of sound intensity on the surface of the target region.
Figures 3(a), 3(b), and 3(c) show the desired sound intensity
in r, θ, and φ direction due to the plane wave, respectively.
Figure 4 and Fig. 5 show the reconstructed sound intensity
controlled by the intensity matching and the pressure matching
using the 5 and 22 channel systems, respectively. Observe
that, for the 5 channel system, the proposed method has much
better performance than the pressure matching on the surface
of the target region. As the number of channels increases, both
of the methods perform better. However, the reconstructed
sound intensity using the proposed method is still closer to
the desired intensity than the pressure matching. The relative
error on different spherical surfaces within the target region,
which is calculated by (33), is also analyzed. The results are
given in Fig. 6. For the 5 channel system, the relative error
of the pressure matching for all the components of sound
intensity is around -5 dB in the target region, which is much
larger than that of the intensity matching. That is because the
matrix β in (8) for the 5 channel system is ill-conditioned.
However, in this case, the intensity matching can provide a
relatively accurate sound intensity reproduction with the error
no more than -10 dB within the target region. When more
channels are available, the pressure matching performs better
and the relative error for the whole region is around -10 dB.
Meanwhile, the performance of the intensity matching is also
improved, and the relative error is below -25 dB within the
target region. We note that, for both the 5 and 22 channel
systems, the performance degrades as the radius increases
because the active modes of spherical harmonics also increase
when the radius increases. In this work, the system truncation
limit is determined by the radius of the target region and
the signal frequency, therefore, the error on the surrounding
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Fig. 4. Reconstructed sound intensity in (a, d) r direction, (b, e) θ direction, and (c, f) φ direction controlled by (a-c) the proposed method, and (d-f) the
pressure matching method in case of the 5 channel system.
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Fig. 5. Reconstructed sound intensity in (a, d) r direction, (b, e) θ direction, and (c, f) φ direction controlled by (a-c) the proposed method, and (d-f) the
pressure matching method in case of the 22 channel system.

contour is larger than that on the spherical surface inside the
region due to the property of spherical Bessel function.

2) Incident direction of the desired sound: To investigate
the influence on the performance of the two methods for



8

0.05 0.1 0.15
Radius(m)

-60

-50

-40

-30

-20

-10

0

10

R
el

at
iv

e 
E

rr
or

(d
B

)

I
r
 (PM)

I  (PM)

I  (PM)

I
r
 (IM)

I  (IM)

I  (IM)

(a)

0.05 0.1 0.15
Radius(m)

-60

-50

-40

-30

-20

-10

0

10

R
el

at
iv

e 
E

rr
or

(d
B

)

I
r
 (PM)

I  (PM)

I  (PM)

I
r
 (IM)

I  (IM)

I  (IM)

(b)

Fig. 6. Relative error with respect to the radius for (a) the 5 channel system
and (b) the 22 channel system controlled by the intensity matching (IM) and
the pressure matching (PM).
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Fig. 7. Relative error on the surface of the target region with respect to the
incident directions for (a) the 5 channel system and (b) the 22 channel system
controlled by IM and PM. Symbol � denotes the loudspeakers placed on the
plane z = 0.
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Fig. 8. Relative error on the surface of the target region with respect to
the frequency for (a) the 5 channel system and (b) the 22 channel system
controlled by IM and PM.

different incident directions of the desired soundfield, we
consider all the incident directions on the plane z = 0 (i.e.,
θd = π/2, and φd is from 0 to 2π). We choose the plane
with the maximum error (R = 0.15 m) as the observation
sphere. Polar plots showing the relative error are given in
Fig. 7, where symbol � denotes the loudspeakers placed on
the plane z = 0. From Fig. 7, it shows that the intensity
matching and the pressure matching have similar performance
when the incident direction is coincident with the location of
one of the loudspeakers. Except for this case, the intensity
matching performs better than the pressure matching at any
other evaluated incident directions for both the loudspeaker
layouts. An improvement of about 10 dB is obtained when
the number of loudspeakers is increased from 5 to 22. We
note that it has relatively better performance for the directions
where there are more loudspeakers for both the methods. For
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Fig. 9. The intensity direction error of (a,c) the 5 channel system and (b,d)
the 22 channel system on plane z = 0 controlled by (a-b) IM and (c-d) PM.
Black circles denote the target region.

example, in Fig. 7(b), there are more loudspeakers located
at the positions with φd from 0◦ to 60◦ and from 300◦ to
360◦, therefore, there is less error for the plane waves from
these two direction intervals on plane z = 0. An irregular
loudspeaker array cannot well cover all the incident directions,
which leads to relatively poor performance for the directions
at which there are few loudspeakers. Moreover, the relative
error of the pressure matching decreases sharply when the
incident direction changes to be coincident with a loudspeaker
location. For the intensity matching, it changes more smoothly,
which can avoid the sudden deterioration of reproduction
performance when the desired incident direction changes.
Note that the patterns shown in Fig. 7 are dependent of the
loudspeaker layouts.

3) Frequency: Figure 8 shows the relative error with respect
to the change of frequency. The intensity matching is still
better than the pressure matching within the frequency range
evaluated for both the loudspeaker layouts. For the pressure
matching, the system is either over-determined or under-
determined in the loudspeaker arrangements discussed in this
work, which causes more error on the reproduction of sound
intensity. However, the intensity matching optimizes the sound
intensity directly using a cost function, which shows a better
performance. Within a particular truncation limit N , similar
to the increase of the radius, the relative error also increases
as the signal frequency increases because of the property of
spherical Bessel function. When the frequency increases to a
value that makes the truncation limit become N+1, the relative
error decreases compared to the error at the last frequency
value, which makes the curves for the intensity matching
sawtooth-shaped in Fig. 8.
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Fig. 10. Reconstructed sound intensity in (a, d) r direction, (b, e) θ direction, and (c, f) φ direction controlled by the HOA max-rE decoding in case of
(a-c) the 5 channel system, and (d-f) the 22 channel system.

4) Intensity direction: The discussion above has shown that
all the components of sound intensity can be reproduced with
limited error using the intensity matching. However, it is clear
that if we are concerned to create a realistic perception of the
original sound, it requires to ensure the reproduction of the
direction of travel of the sound. Therefore, we calculate the
intensity direction error on plane z = 0 using (34), which is
shown in Fig. 9. The black circles denote the target region
on plane z = 0. For the 5 channel system, the intensity
direction error of the pressure matching is more than 10%
for the whole region, whereas it is only approximately 5%
within the target region for the intensity matching. When the
number of channels increases to 22, the intensity direction
error of the pressure matching is decreased to less than 10%,
and the performance of the intensity matching also becomes
better, with the error around 2%. It also shows that the intensity
direction error inside the target region is less than that on the
surrounding contour of the region for the intensity matching,
which is consistent with the result of the relative error with
respect to the radius.

C. Performance comparison for the intensity matching and the
HOA max-rE decoding

We also compare the proposed method with the HOA
max-rE decoding [33], [35], which optimizes the energy and
acoustic intensity at the origin. In the HOA max-rE decoding,
the driving signals fed to loudspeakers are given as

G =Dα, (36)

where D is the decoding matrix. The max-rE decoding also
assumes incoherent superposition of loudspeaker signals, and

the loudspeakers are assumed as points sources. Therefore, the
signal energy at the origin is given as

E =

NL∑
i=1

|wi|2

(4πdi)2
, (37)

where di is the distance from the ith loudspeaker to the origin.
The normalized sound intensity at the origin can be written as

I =
1

E

NL∑
i=1

|wi|2

(4πdi)2
ûi

= rE v̂E ,

(38)

where ûi is the unit vector corresponding to the position
of the ith loudspeaker, v̂E is the unit vector representing
the direction of the reproduced sound. This decoding is to
maximize the value of rE with the condition that the direction
of the reproduced sound is the direction of the desired sound.
The cost function in [33] is used, without the energy and in-
phase components,

f = (1− I · v̂j)2 + (||I × v̂j ||)2, (39)

where v̂j is the unit vector representing the direction of the
desired sound. We note that (39) is independent of frequency.
This non-linear problem is solved by simulated annealing [33],
which is a probabilistic technique, inspired from annealing in
metallurgy, for approximating the global optimum of a given
function.

1) Reproduced sound intensity: We also first evaluate the
reproduction of sound intensity on the surface of the region.
Fig. 10 shows the reconstructed sound intensity controlled by
the HOA max-rE decoding for the 5 channel loudspeaker
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Fig. 11. Relative error with respect to the radius for (a) the 5 channel system
and (b) the 22 channel system controlled by the intensity matching (IM) and
the HOA max-rE decoding (rE).

0

30

60
90

120

150

180

210

240
270

300

330

-30

-20

-10

0

10

I
r
 (rE)

I  (rE)

I  (rE)

I
r
 (IM)

I  (IM)

I  (IM)

(a)

0

30

60
90

120

150

180

210

240
270

300

330

-30

-20

-10

0

10

I
r
 (rE)

I  (rE)

I  (rE)

I
r
 (IM)

I  (IM)

I  (IM)

(b)

Fig. 12. Relative error on the surface of the target region with respect to the
incident directions for (a) the 5 channel system and (b) the 22 channel system
controlled by IM and rE. Symbol � denotes the loudspeakers placed on the
plane z = 0.

layout and the 22 channel loudspeaker layout, respectively. It
shows that the intensity matching has better performance than
the HOA max-rE decoding for both loudspeaker geometries,
by comparing the results with the reconstructed sound intensity
controlled by the intensity matching. The relative error of
sound intensity on different spherical surfaces within the target
region is given in Fig. 11. We notice that the performance
of the HOA max-rE decoding is also worse than that of
the intensity matching, although it is slightly better than the
pressure matching.

2) Incident direction of the desired sound: The same inci-
dent directions as in Section IV-B are evaluated for the HOA
max-rE decoding, also compared with the intensity matching.
The results are given in Fig. 12. In the 5 channel system, the
intensity matching is approximately 10 dB better than the HOA
max-rE decoding for the evaluated incident directions. When
the number of loudspeaker increases to 22, the performance
of the HOA max-rE decoding also becomes better, however,
it is not as good as the intensity matching. Different from
the pressure matching, the HOA max-rE decoding does not
have a significant improvement for the incident directions that
are coincident with the location of one of the loudspeakers
compared to other incident directions. The HOA max-rE
decoding has better performance than the pressure matching
for most of the non-coincident directions. In terms of the
smoothness of the error curves, the intensity matching also
performs better than the HOA max-rE decoding.

3) Intensity direction: Intensity direction error of the HOA
max-rE decoding is also calculated for both loudspeaker
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Fig. 13. The intensity direction error of (a) the 5 channel system and (b) the
22 channel system on plane z = 0 controlled by the HOA max-rE decoding.
Black circles denote the target region.

layouts, which is shown in Fig. 13. We compare the results
with the intensity direction error of the intensity matching and
the pressure matching correspondingly. For both loudspeaker
geometries, the intensity matching is much better than the
HOA max-rE decoding. It is important to note that the
performance of the HOA max-rE decoding is similar to
the performance of the pressure matching for the 5 channel
system. However, the HOA max-rE decoding is better than
the pressure matching for the 22 channel system.

D. Robustness analysis to microphone noise

All above simulations are based on theoretical spherical
harmonic coefficients of sound pressure of the desired sound-
field. In practice, however, we calculate the coefficients based
on sound pressure measured by a microphone array, which
may introduce noise. To simulate this process, a spherical
microphone array is considered and a White Gaussian Noise
(WGN) with different signal to noise ratio (SNR) is added
at each microphone. The truncation limit is N = 4 for
this case. Theoretically, a fourth order system should only
require (N + 1)2 = 25 microphones on the surface of the
target region. More accurate results are obtained, however,
if more microphones are used. Therefore, we use a total of
(N +2)2 = 36 microphones placed on the surface of the 0.15
m sphere at location determined by [51]. The noisy pressure
coefficients can be calculated by

α̂nm(k) =
1

jn(kR)

NM∑
nM=1

P̂ (rM , θM , φM , k)Y
∗
nm(θM , φM ),

(40)
where P̂ (rM , θM , φM , k) is the sound pressure measured
at the M th microphone, and NM = 36 is the number of
microphones. We first assess the proposed method by varying
the SNR. The relative error is averaged across the entire target
region and the results for both loudspeaker layouts are shown
in Fig. 14. We note that the averaged relative error is less than
-10 dB for both loudspeaker layouts even though the SNR is
as low as 10 dB, and the average relative error decreases as
the SNR increases. To compare the performance on different
observation sphere for the noiseless and noisy conditions, we
calculate the relative error by adding a WGN with SNR of 30
dB to the microphones. The results are given in Fig. 15. For
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Fig. 14. Averaged relative error across the entire target region with respect
to SNR for (a) the 5 channel system and (b) the 22 channel system.
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Fig. 15. Relative error with respect to the radius for (a) the 5 channel system
and (b) the 22 channel system under the noiseless and noisy conditions.
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Fig. 16. The intensity direction error of (a) the 5 channel system and (b) the
22 channels when noise exists.

the 5 channel system, the curves for the noiseless and noisy
cases are nearly coincided with each other, which means 30
dB WGN has little influence on it. For the 22 channel system,
there is 5 dB deterioration near the center of the region for all
the components of sound intensity when noise is introduced,
however, the deterioration becomes less as the radius of the
observation sphere increases. We also calculate the intensity
direction error, which is shown in Fig.16. By comparing them
with Fig. 9(a) and Fig. 9(b), we observe that the intensity
direction error does not change a lot when the noise with SNR
of 30 dB exists. These results indicate that microphone noise
is not a severe problem for the proposed method in practice.
Note that the proposed method does not work any more if the
energy of the noise is high enough (e.g., 0 dB) to ruin the
pressure measurements.

V. PERCEPTUAL LOCALIZATION EXPERIMENTS

The 5 channel system is built for perceptual experiments in
this section. Section IV has shown the HOA max-rE decoding

Fig. 17. Experimental setup for the 5 channel system.

TABLE III
THE LOCATIONS OF THREE DESIRED SOUND SOURCES

Label r [m] θ [deg] φ [deg]
R1 3 90 60
R2 3 90 126
R3 3 90 306

TABLE IV
CMOS SCALE

The direction of A compared to that of B is Score
much (more than 50◦) closer to the reference 3

(more than 30◦) closer to the reference 2
slightly (more than 10◦) closer to the reference 1

(less than or equal to 10◦) about the same 0
slightly (more than 10◦) further to the reference -1

(more than 30◦) further to the reference -2
much (more than 50◦) further to the reference -3

has similar performance to the pressure matching in the 5
channel system, therefore, we only assess the error between
the actual directions and the perceived directions of sound
sources as rendered by the intensity matching and the pressure
matching in the experiments.

A. Experimental setup and criteria

The 5 channel system in Table I is built from a spherical
loudspeaker array as shown in Fig 17, where only the five
loudspeakers (circled and marked from L1 to L5) are activated
and all the other loudspeakers are turned off. These five
loudspeakers are used to play back stimuli generated by the
intensity matching method and the pressure matching method.
The center of the spherical array is set as the origin, and the
direction where the listening subject faces is the positive x
axis. The target region χ is a spherical region centered by the
origin with radius of R = 0.15 m, which is large enough to fit
a human head. There are another three loudspeakers (marked
from R1 to R3) located outside of the spherical array, whose
position is given in Table III. They serve as the desired sound
sources/reference sources. All the loudspeakers are calibrated
to produce the same sound pressure level within an error of
±1 dB. Sound absorbing materials are used in walls, floor and
ceiling to reduce reflection. Diffraction/scattering is assumed
to be negligible. This experiment is composed of three blind
listening tests. For each test, the test samples consist of A, B
and a reference, where the reference is the actual sound signal
from the reference sources, and A and B are reproduced by the
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Fig. 18. Results of the perceptual localization experiments in the case of the 5 channel system controlled by the intensity matching (red lines with ©) and
the pressure matching (blue lines with �) for desired sound source (a) R1, (b) R2, and (c) R3. The symbols + denote the source positions and the symbols
× denote the loudspeakers on the plane z = 0 of the 5 channel system.
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Fig. 19. CMOS scores for the three desired sources with 95% confidence
intervals.

5 channel system using the intensity matching method and the
pressure matching method, respectively. The hearing subjects
do not have the knowledge of which method produces A, B,
or the reference, and the hearing subjects are instructed to
put their heads at the center and face the positive x direction.
During the period when the test samples are presented, the
hearing subjects are allowed to slightly move their heads from
the center. In each test, the hearing subjects are required to
listen to all of the three test samples, and are given 10 s to
record their perceived directions for each test sample from 72
angles ((θ,φ)=(90◦, 5◦ × (n − 1)), where n = 1, ..., 72) on a
provided answer sheet after listening to the samples. Each test
sample is played twice, and there is a 2 s of pause between
every two samples. A clean speech of 5 s duration is used
as a source signal and the sample rate adopted is 48 kHz for
signal inputs to all of the loudspeakers. The reference is used
not only to compare with A and B, but also to identify an
outlier within a data set (i.e., if the reference direction that
a hearing subject perceives greatly deviates from its actual
direction, the result from this subject is removed from the
data set). We compare the perceived directions of A and B
with the perceived direction of the reference, respectively, and
evaluate the performance using Comparison Mean Opinion
Score (CMOS). The score has 7 levels, which is shown in
Table IV. The higher the CMOS score is, the better the
intensity matching is versus the pressure matching.

B. Experimental results

17 subjects with normal hearing are recruited to participate
in the listening tests. A valid data set containing 15 subjects
is obtained after the outliers are removed. Figure 18 shows
10-90 percentile ranks that are described by lines for different
desired sound sources. The symbols (© and �) on the lines
indicate the 50 percentile rank or median value. The red
lines with © represent the subjective results of the intensity
matching method, whereas the blue lines with � represent
the subjective results of the pressure matching method. The
percentile rank is used when there is a relatively small number
of subjects because it does not consider any predefined dis-
tribution of the sample data set, which is regarded as a more
representative expression [30]. As shown in Fig. 18(a), the test
result controlled by the intensity matching shows much closer
localization performance in terms of median value, although
with slightly larger variations indicated by the angular range of
the curve than the pressure matching when the desired sound
source is located at position R1. In the case of desired source
R2 in Fig. 18(b), which is coincident with the location of one
of the loudspeakers in the 5 channel system, both the intensity
matching and the pressure matching have good localization
performance, which is consistent with the simulation results in
Section IV-B. For desired source R3 in Fig. 18(c), the intensity
matching provides more accurate localization performance
with smaller variations than the pressure matching. Results in
Fig. 18 also indicate that the proposed method can reproduce
a strong direction perception of the desired sound in the case
of there only being a small number of loudspeakers available.

We also calculate the CMOS scores for each desired source
according to Table IV. The CMOS scores with 95% confidence
intervals are given in Fig.19. A 95% confidence interval is
a range of values that you can be 95% certain contains the
true mean of the population. The average score for desired
source R2 is -0.07, which means the direction reproduced by
the intensity matching is about the same compared to that
reproduced by the pressure matching. The average scores for
desired sources R1 and R3 are 2.2 and 1.87, respectively,
which means the intensity matching can reproduce a better
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original sound image compared to the pressure matching when
the direction of desired sound is not coincident with the
location of one of the loudspeakers for reproduction.

VI. CONCLUSION

In this paper, we have studied the intensity matching tech-
nique used for soundfield reproduction over continuous space
for an irregular loudspeaker array. The proposed method has an
edge over the previous reproduction methods in the following
aspects: i) a large and continuous listening area, ii) flexibility
of the spatial loudspeaker arrangement, iii) a good sense of
direction perceived by humans.

We represent sound intensity by spherical harmonic co-
efficients of sound pressure, and reproduce the soundfield
inside the target region by controlling the sound intensity
vectors on the surrounding contour of the region. To verify the
performance of the proposed method, the intensity matching,
as well as the pressure matching and the HOA max-rE
decoding, has been implemented in two loudspeaker arrange-
ments, respectively, consisting of 5 and 22 non-uniformly
placed loudspeakers in numerical simulations. The simulation
results show that the proposed method can reproduce all the
components of sound intensity and the direction of the desired
sound inside the target region with less error than the pressure
matching method and the HOA max-rE decoding method. It
is also proved that the proposed method has good robustness
to microphone noise. Finally, the results of perceptual localiza-
tion tests with the 5 channel system suggest that the proposed
method can reproduce a better original sound image compared
to the pressure matching with a small number of loudspeakers.
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