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When fitting generalized linear mixed models, choosing the random effects distribution is an
important decision. As random effects are unobserved, misspecification of their distribution is a
real possibility. Thus, the consequences of random effects misspecification for point prediction and
prediction inference of random effects in generalized linear mixed models need to be investigated.
A combination of theory, simulation, and a real application is used to explore the effect of
using the common normality assumption for the random effects distribution when the correct
specification is a mixture of normal distributions, focusing on the impacts on point prediction,
mean squared prediction errors, and prediction intervals. Results show that the level of shrinkage
for the predicted random effects can differ greatly under the two random effect distributions,
and so is susceptible to misspecification. Also, the unconditional mean squared prediction errors
for the random effects are almost always larger under the misspecified normal random effects
distribution, while results for the mean squared prediction errors conditional on the random effects
are more complicated but remain generally larger under the misspecified distribution (especially
when the true random effect is close to the mean of one of the component distributions in the true
mixture distribution). Results for prediction intervals indicate that the overall coverage probability
is, in contrast, not greatly impacted by misspecification. It is concluded that misspecifying
the random effects distribution can affect prediction of random effects, and greater caution is
recommended when adopting the normality assumption in generalized linear mixed models.

1. Introduction

Generalized linear mixed models (GLMMs, Jiang and Nguyen, 2007; McCulloch et al., 2011) are widely used in many disciplines
to model correlations between observations. These correlations are induced through the introduction of unobserved random effects.
As such, one important decision to make when fitting GLMMs is what distribution to assume for the random effects, and in practice
the vast majority of applications and statistical software packages for fitting such models e.g., 1me4 (Bates et al., 2015) and glmmTMB
(Brooks et al., 2017), assume a normal distribution. As a motivating example, we consider a study to examine the effect of time
spent in the workforce on hourly wages, where we found evidence that the random effects distribution exhibits deviations from the
usually assumed normal distribution; see Section 5 for more details. Such examples raise the question of what the consequences are
for estimation, inference, and prediction when we misspecify the random effects distribution in GLMMs?
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In this article, we investigate the impact of random effects misspecification on point prediction—specifically, the widely used
best predictors that minimize mean squared prediction error—as well as on the inference for random effects in independent-cluster
generalized linear mixed models (GLMMs). Such investigation is essential given that prediction underlies the main objective in
many applications of GLMMs, e.g., social studies (e.g., Marino et al., 2019) and agriculture (e.g., Smith et al., 2005). Despite its
importance, however, this particular area of research remains understudied, as noted by Hui et al. (2021). Moreover, the research
literature presents conflicting results. Verbeke and Lesaffre (1996) and McCulloch and Neuhaus (2011a) showed empirically that for
independent-cluster GLMMs, the normality assumption results in too “normal-like” predicted random effects distribution when the
true distribution is not normal, and concluded that determining the true shape of the random effects distribution from predictors of
the random effects is a challenging task. This contrasts with results of Hui et al. (2021), who found for linear mixed models that the
shape of the predicted random effects distribution can exhibit clear non-normality, and resembles the true shape when the cluster size
is sufficiently large; see also the recent related asymptotic results by Lyu and Welsh (2022) and Ning et al. (2024) which support this
idea. Agresti et al. (2004) found substantial bias in the best predictors when the true random effects distribution was a mixture with a
large variance. This contrasts with McCulloch and Neuhaus (2011b), who found for both best prediction and prediction using the mode
that the unconditional mean square error of prediction (UMSEP) was fairly robust to the random effects distribution, provided the true
random effects variance was not too large and cluster sizes were moderate. The UMSEP is widely used for uncertainty quantification
and constructing prediction intervals, particularly in small-area estimation (e.g., Rao and Molina, 2015). However, other researchers
have proposed using the conditional mean squared error of prediction for cluster-level prediction, either conditioning on the random
effects (e.g., Zheng and Cadigan, 2023) or conditioning on the responses from that cluster (Booth and Hobert, 1998; Lee et al., 2011;
Korhonen et al., 2023). How random effects misspecification impacts such conditional MSEPs is largely unknown.

In this article, we study a particular form of random effects misspecification in independent-cluster GLMMs, namely assuming a
normal random effects distribution when the true random effects follow a finite mixture of normals distribution. The novel contri-
bution of our article is the comparison of closed-forms of the MSEPs conditional on the random effects (henceforth abbreviated as
CeMSEPs) under both the true (a finite mixture of normals) and misspecified (a normal) random effects distributions. We further
compare closed-forms of the UMSEPs under the two distributions. These results offer analytical insights into the impacts of misspeci-
fication. Note that while other non-normal random effects distributions could be considered (e.g., see the works of Litiere et al., 2008;
McCulloch and Neuhaus, 2011a; Hui et al., 2021), we purposely use a finite mixture of normals since it can represent a wide range
of continuous distributions including those with multimodality, skewness, and heavy-tailed behavior (e.g., Nguyen and McLachlan,
2019); see also Komarek and Lesaffre (2008); Liu and Yu (2008); Pan et al. (2020) where finite mixture random effects distributions
have been used in GLMMs. We further investigate the impact on prediction intervals constructed from the point predictors and their
corresponding UMSEPs and CeMSEPs. Our theoretical results are supported by numerical studies with random effects simulated from
mixtures of distributions ranging from mild to extreme deviation from the normal distribution, and a case study of hourly wages data.

We summarize our results into three main findings: First, the UMSEP obtained under the misspecified normal distribution is
consistently larger, with the differences being more pronounced when cluster sizes are small and the number of clusters is large.
Second, the CeMSEP is also larger under the misspecified normal random effects distribution, although the extent depends on the
true finite mixture distribution and the response distribution. For instance, if the true random effects distribution is asymmetric,
then CeMSEPs under misspecification are larger when the true random effect is near the mean of one of the mixture components.
Third, coverage probabilities for prediction intervals using UMSEPs vary widely across clusters (which is not too surprising given
that UMSEP is based on averaging over all clusters) and regardless of the true random effects distribution, while prediction intervals
using CeMSEPs tend to achieve nominal coverage even under misspecification.

Overall, our results suggest that random effects misspecification can have negative consequences for point prediction and predic-
tion inference in GLMMs, and we encourage greater caution when it comes to adopting the standard normality assumption in GLMMs.
If fitting a mixed model with this assumption leads to clear non-normal random effect predictions, then the assumption should be
reconsidered and modified appropriately. If the dataset has mostly small clusters (with “small” depending on the response distribu-
tion), the impact of misspecification will be more severe. For example, in the case study with wages data in Section 5, the normality
assumption results in larger CeMSEPs at the tail of the random effects distribution, which denotes that prediction for high-earning
individuals is negatively impacted under misspecification. Instead, fitting a model with a mixture random effects distribution reduces
the CeMSEPs at the tail.

The remainder of this article is organized as follows: Section 2 reviews independent-cluster GLMMs and the (empirical) best pre-
dictors of the random effects, before presenting forms for the UMSEP and CeMSEP. Section 3 focuses on the special case of LMMs, and
derives closed-form expressions for the best predictors, UMSEPs, and CeMSEPS under the normal and mixture of normal distributions
for the random effects. These derivations are supported by simulation studies with binary and count responses in Section 4, and an
application to the motivating longitudinal hourly wages data in Section 5. Section 6 offers some concluding remarks.

2. Independent-cluster GLMMs and prediction

Consider a set of independent clusters i = 1, ..., m, where in cluster i we observe the response vector y; = (¥i( .-, ¥in, )T along with,

at each observation j = 1,...,n;, a vector of fixed effect covariates x; ;= (x T, and a vector of random effect covariates

,-jl,...,xijq/.)
2;; = (Zjj1s- % jqr)T' We assume the first elements x;;; = z;;; = 1 to represent a fixed and a random intercept term, respectively.
We fit an independent-cluster GLMM to this data, in which the conditional distribution of y;; given a vector of random effects

u; = (U, ... ’uiq,)T comes from the exponential family of distributions, p(yi; | B.d.u;) =expl{y;;9;; — ll(19,-j)}/¢ +b(y;j. P)] for known
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functions a(-) and b(-), and a dispersion parameter ¢ > 0 that may also require estimation. The mean of this distribution, denoted
here as y;; = a,; ), is modeled as a linear combination of the fixed and random effect covariates through a link function g(-) i.e.,
guy) =m; = x,.Tj p+ z,.Tju,», where f# denotes the g r-vector of fixed effect coefficients. Finally, for i =1, ...,m, the random effects u;
are assumed to follow a distribution p(u; | ) with parameter vector o, satisfying E(u;) = 0; with the zero expectation required for
parameter identifiability, and Cov(u;) = X which is parametrized by o. As reviewed in Section 1, a common choice implemented in
a variety of software for fitting GLMMs assumes that p(u; | o) follows a g,-dimensional normal distribution, p(u; | ) = N, qr(()qr,Z),
where o = chol(X) in the case of an unstructured covariance matrix. Throughout this article, we define random effects misspecification
as occurring when the true form of p(u; | ) does not follow such a normal distribution (although it has the same first two moments),
but we assume normality when fitting the GLMM.

Assuming the responses y;; are conditionally independent given u;, the marginal log-likelihood of the independent-cluster GLMM

is given by log L(0) = 2:’1:1 log {/ H;":l p(yi; | B &.u)p(u; | o)du, }, where 0 = (ﬂT, ¢,67)T denotes the vector of model parameters.
The integral in the marginal log-likelihood function generally does not possess a tractable form, and for likelihood-based estimation,

there are a number of ways of maximizing log L(6), most of which involve some approximation to the integral (see for instance
Breslow and Clayton, 1993; Wolfinger, 1993; Ormerod and Wand, 2012; Brooks et al., 2017, among many others).

2.1. Random effect predictions

For point prediction of the random effects u;, one of the most popular approaches which we investigate below is the best predictor
(BP, e.g. Booth and Hobert, 1998; Jiang, 2003), defined as the conditional expectation of the random effects given the observed data,

/ u; H:,;l p(yij | B, o, ui)P(“[ | O')d“[
n; -
JTLZ, pij | B¢ u)p(u; | o)du,
To understand how random effects misspecification impacts the BP, we consider two possible cases as follows: First, let py(u; | 6)
denote the true density of the random effects, which in the article we set to be a finite mixture of normal distributions. That
is, po(u; | 6) = 2i=1 o (W | gy, 00) = 2;=1 e Ny(u;| gy, Zy), where p; and X, denote the mean vector and covariance matrix,

respectively, for the kth mixture component, = = (x;,...,7.)" denotes the vector of mixture probabilities, ¢ denotes the num-
ber of mixture components, and ¢ = (z",u,...,u],6],...,6])T here. Note that we require the constraints Y;_, 7 p; =0, and

(€Y

w;(0) =E[u, | y;] = /“il’(“i ly;, €)du; =

22=1 7 (B + py /4;) =X to ensure the true random effects distribution continues to have zero expectation and covariance matrix X.

Let 6, = (ﬁg , o> GJ)T denote the true parameters in the GLMM under this true mixture distribution. It follows that the conditional
distribution of the random effects given the observed data is given by

n;
szl p(yij | Bo-do-1;) 22=1 ZorPr(W; | Hog> Oox)

po(u; |y;,00) = .
Y /H;':ll’(yu | Bo» bo-w) X TorPi(W; | Hog» op)du;

_ Yt TorPk (i 1 00)pi (u; | y;. 6¢)
et TokPr (i | 6p)
where p,(y; 169)= [ H:”zl PWij | Bos bo-u;)pr(; | Hoy 00 )du; can be regarded as the marginal likelihood for the ith cluster assuming

(2)

it belongs to the mixture component k=1,...,c, and p;(w; | y;,0,) = H;‘:I (i | Bo» $o-u)pr(u; | Hoxs 60x)/ P (Y; | 6p) is the corre-
sponding conditional distribution given the observed data. Based on (2), we deduce that the true BP w,(6y) = / w,;py(u; | y;, 0y)du;
can be written as a weighted sum of best predictors under each mixture component distribution, where the weights are proportional
to mo pi (¥ | Op)-

Next, let p,(u; | o) denote the misspecified normal random effects distribution, p,(u; | 6) = N'(0,X), and let 0, = (,BI, ¢*,0'I)T
denote the corresponding vector of pseudo-true model parameters for this misspecified GLMM; see Verbeke and Lesaffre (1997);
Heagerty and Kurland (2001); Hui et al. (2022) for details on pseudo-true parameters in the context of (G)LMMs specifically. It
follows that

[T, P | Bes b )P (u; | 6,)
f H;’;] p(yy/ | ﬂ*s¢*sui)p*(ui | o-*)dui ’

where the denominator is the marginal likelihood corresponding to the ith cluster for the misspecified GLMM. The resulting misspec-
ified BP w,;(0,) = [ u;p,(u; | y;,0,)du; follows from this.

Note that the true and misspecified best predictors are functions of the true and pseudo-true parameters, respectively. Upon
replacing these with corresponding likelihood-based estimates based on fitting the true and misspecified GLMMs, which we denote
here as 90 and é* respectively, we obtain estimates often referred to as empirical best predictors (EBPs, Booth and Hobert, 1998;
Jiang, 2003).

For the remainder of this article, we shall write the generic form of the EBP based on (1) as W; = w[(é), the true EBP (i.e., the EBP
for the GLMM with the true random effects distribution) as W, = w;(0,), and the misspecified EBP (i.e., the EBP for the GLMM with
the misspecified distribution) as W,; = w,;(,). Further, we write the generic form of the BP as w;, which is equal to w,(6,) under
the true random effects distribution, and equal to w,;(0,) under the misspecified random effects distribution.

p.(u; |y;,0,)=
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2.2. Mean squared prediction errors

Measuring the uncertainty of the EBP is important for prediction inference, e.g., constructing prediction intervals of the random
effects as demonstrated in Sections 4 and 5. In this article, we examine the common approach of using the mean squared error of
prediction (MSEP; see Das et al., 2004; Cantoni et al., 2017; Flores-Agreda and Cantoni, 2019, for other examples of its usage for
prediction inference in GLMMs). In particular, we introduce three different flavors of the MSEP for the random effects u; as follows.

2.2.1. Unconditional mean squared error of prediction
The UMSEP of u;, which is evaluated over the marginal distribution of y, is given by the diagonal entries of the matrix

U =E[(W, —u)(W; —u) 1 =U, + U, + U;, (3)

where U; = E[(w; —u,)(w; —u,)"], U, = E[(W; — w,)(W; — w,)T], and U; = E[(W; — w,)(W; —u,;)" + (W, — u,)(W, — w,)T]. In (3), the
term U, represents the error arising from using the BP, and its diagonal entries are the MSEPs when we know the true/pseudo-true
parameters. This term depends on the cluster size, and tends to zero when n; — co. The term U, represents the error arising from
estimating the parameters, and converges to zero as the number of clusters m — oo. Finally, the term U; involves the interaction
between the prediction and the estimation. We refer to Zheng and Cadigan (2021) and Ning et al. (2024) for more details on the
asymptotic behavior of these terms in GLMMs.

In the setting of longitudinal studies when the number of clusters m is large relative to the cluster sizes n;, it is reasonable to
assume U, tends to zero while U; remains non-trivial. Importantly, the term U, is most sensitive to misspecification of the random
effects distribution, as w; is dependent on the choice of p(u; | 6); see Sections 3 and 4 for evidence of this. On the other hand, when
m is small relative to n;, then terms U, and Uy can still be non-trivial in finite samples; this will be shown in the simulation studies
in Section 4.

For the special case of LMMs, the UMSEP has been studied under the normal random effects assumption (e.g., Kackar and Harville,
1984; Prasad and Rao, 1990). In that case and when the random effects distribution is truly normally distributed, the term U, has
a closed-form solution. In the following section, we show that even when the true random effects distribution follows a mixture of
normal distributions, we can derive a closed-form for U,.

2.2.2. Conditional mean squared error of prediction

The CeMSEP is defined here as the MSEP given the random effects for cluster i. This quantity is of interest when we are interested
in prediction for a particular (subset of the) clusters (e.g., Rao and Molina, 2015; Ning et al., 2024, 2025). Critically, note that this
definition of the CeMSEP is different from the definition from conditional MSEP of Booth and Hobert (1998) among others which
conditions on y;; we choose to condition on the random effects as this can be used to construct prediction intervals with the correct
conditional coverage (e.g., Zheng and Cadigan, 2023).

For cluster i, the CeMSEP of the random effects u; is given by the diagonal entries of the following matrix

C =E[(W; —u)(W, —u)" |n;]=C,; + C, + C;, (C))

where C, =E[(w; —u)(W; —u))T |u;], C, = E[(W; — w,)(W; —=w,)T | u;], and C3 = E[(W; — w,)(W; —u,)T +(w; —u;)(W; —w;)T | w;]. Each
of the three terms in (4) is analogous to the terms U, U,, U; in (3). Notably, the term C; converges to zero as n; — co, while the term
C, converges to zero as m — co. Similar to the term U; in the UMSEP, the term C, in the CeMSEP is most affected by misspecification,
the impact being more evident when the cluster size is smaller. For LMMs, we can again derive a closed-form expression for C; under
both the misspecified normal and the mixture random effects distributions, thus enabling some analytical insight as we shall see
below.

2.2.3. Bootstrap estimates of the MSEPs

For a general situation where the response distribution is non-normal, there is usually no closed-form solution for the expressions in
(3) and (4). Indeed, even in LMMs the term U, (and similarly C,) is not available in closed form and usually has to be approximated
using a Taylor expansion (e.g., Kackar and Harville, 1984). With this in mind, later on in this article we also consider a more
general, practical approach to estimate the UMSEP and CeMSEP via the parametric bootstrap (Chatterjee et al., 2008; Flores-Agreda
and Cantoni, 2019). A full parametric bootstrap algorithm to estimate the UMSEP and CeMSEP is provided in the Supplementary
Material. But briefly, it involves either resampling the random effects from the estimated random effects distribution (for UMSEP) or
conditioning on the set of predicted random effects (for CeMSEP), and then sampling responses conditional on these random effects.

3. Random effects misspecification in LMMs

In this section, we examine the special case of independent-cluster linear mixed models, given that this is one of the primary cases
for which we can arrive at closed-form expressions for the terms in, and hence analytical insights related to, (3) and (4). Recall from
the preceding section that the terms U; and C; are the most sensitive, in their respective MSEPs, to misspecification of the random
effects distribution.

Consider the independent-cluster LMM y,; = X,Tj B+ z;rju,- +¢;;, where ¢;; ~ N(0,7?) is assumed to be correctly specified. Next,
suppose the true distribution of the random effects follows a finite mixture of normal distributions such that, analogous to below (1),
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we can write py(u;]69) = Xy _; 7o N (| Lo po LTy Ly ) with constraints Y, mox ptor = 0 and Yy zoy (Hor g, +Eo) = I, and Ly
is the Cholesky factor of the covariance matrix X, of u;. The corresponding misspecified random effects distribution is denoted by
p.(u;l6,)=N(0,%,), and L, = chol(X,). We begin by establishing the following result on the equality between the pseudo-true and
true parameters for LMMs. The proof is given in Supplementary Material S1.

Theorem 1. If the true random effects distribution follows a (standardized) finite mixture of normal distributions in an independent-cluster
LMM, then the pseudo-true model parameter vector 0, = (ﬂI, L*T, rf)T from a LMM assuming a misspecified normal random effects distribu-

tion is equal to the true parameter vector 6, = (ﬁg, Lg, TS)T.

We will use the above result to establish formulas for the BPs and their corresponding MSEPs. In particular, we will see that
even though the pseudo-true and true parameters are equal in the LMM setting, the corresponding BPs and the MSEPs can be quite
different, meaning point prediction and prediction inference can be greatly impacted by random effects misspecification even when
estimation is not. In what follows, we use 8 = (87,LT,72)T to denote both 0, and 6y, in light of Theorem 1.

3.1. Best predictors

Applying the results in Section 2.1 to the special case of w,; under the misspecified LMM (note the BP in this setting is equivalent
to the best unbiased linear predictor or BLUP), we can show that

w,.(0)=E,(u; |y)={@LL) ' +r72ZTZ,}"'t2Z] (v, - X, )

(5)
={ML) +¢2Z] 27 2] Zu, + €)),
where X; = (x;q, ... ,xmi)T, and Z; =(z;y, ... ,z,-,,’_)T. On the other hand, the best predictor w,; under the true LMM is given by
et ForPr(Y)my
woi(0) = S ———— ®)

et FokPk(Y:)

where m; = {(LE, L) + r‘ZZ,.TZ[ JHLZE LT 'Ly, + r‘ZZ[T(y,- -X;$)}, and p(y,) = N(X;B+Z,Lug, 71+ Z,(LEOkLT)Z[T).
The EBPs for both are found by substituting the estimated parameters into these formulas.

Comparing the two forms of the BP, we observe the shrinkage effect i.e., the amount each predictor is shrunk toward the mean of
the distribution, is impacted by random effects misspecification. For the true LMM, each of the terms m, in (6) has two components,
with one component being a scaled version of (LXy, L")~ Ly, which shrinks towards the mean of the individual mixture component
in the true random effects distribution, i.e., Ly, and the other component is a scaled version of ‘L'_ZZ,T(y,- — X, B) which behaves
more similarly to (5). It follows that this BP, being a weighted sum of the terms m,, k =1,...,c, is not necessarily shrunk toward
zero. On the other hand, the BP for the misspecified LMM in (5) is always shrunk towards zero. This difference in shrinkage effect is
less prominent if the term r‘ZZiT(y,» — X, p) is relatively large, as can occur when the cluster size is large.

3.2. Mean squared prediction errors

Under the misspecified LMM, the term U, in the UMSEP (3) is straightforwardly shown to be {(LLT)~! + z72ZTZ;}~". This
contrasts with the true LMM, for which U, is given by E[(w; — u)(w; — u;)T] = E[E[(W; — u;)(w; — u;)T | y;1] = E[v,;], where
v0i(0) = EL(W; —u)(w; —u) T |y, 1= { X}, moupe¥)} ™! Xie) ok (¥ ) (Vi +mym ) — wo,wi, with vy = {(LEq L) + 7227,
As demonstrated in the numerical study in Supplementary Material S2, the UMSEPs, which are dominated by the term U, for our
simulation designs, are consistently larger under the misspecified LMM than under the true LMM, although the differences diminish
as the cluster size increases.

Turning to the CeMSEP, from (5) the difference w,; — u; under the misspecified LMM is given by

W —w=[{@OL) ™ +7722] 2} 7?2 Z, - Tu; + (L") + 07221 2,7 0722 ] ¢, -
7
ATy, +Tye;,

from which it follows that C; = I'lu,»ul.TF]T + rzl‘zl‘; We thus see that the CeMSEP, which is dominated by C,; under the setting
when m is large relative to n;, is a quadratic function of u; centered about zero for the misspecified LMM. This can be problematic if
the true random effects distribution is skewed or multimodal, as under such cases there may be potentially a non-negligible number
of random effects far from zero; see Section 4 for an example of this in the case of GLMMs. By contrast, using (6) we can show the
same difference under the true LMM is given by

c
Wo — 0= Y E A2 2w, + (LZ L) L + 7722 €} —u,, (8)
k=1

where ¢, = [ p O{LZ LT + 77227 Z,} (X1 morpi(y)} ™! It follows that the form of C; and hence the CeMSEP resem-
bles a weighted quadratic function of u;: when the random effect is closer to the mean of the mixture component k, the weight
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Table 1
Simulated UMSEPs (UMSEPy; ) for the misspecified GLMM/true GLMM, in the case of
binary responses and for two true mixture of normal random effects distributions.

n; =20 n; =40 n; =60 n; =80

Random effects distribution I
m=100  0.3620/0.4289  0.2237/0.1507  0.1591/0.0996  0.1251/0.0776
m=200  0.3739/0.3641  0.2259/0.1160  0.1609/0.0848  0.1234/0.0704

Random effects distribution I
m=100  0.5298/0.4595  0.2955/0.2470  0.2176/0.1876  0.1643/0.1429
m=200  0.5057/0.4391  0.2680/0.2295  0.1958/0.1717  0.1456/0.1288

corresponding to that component will dominate and the overall CeMSEP will be approximately equal to the quadratic function cen-
tered about Lug,. This guarantees the CeMSEP will be relatively small around the mean of each component, in contrast to the single
zero-centered quadratic form of the CeMSEP under the misspecified LMM; see Supplementary Material S2 for further illustration of
this behavior.

4. Simulation studies

We performed a numerical study to compare point prediction and prediction inference obtained under a misspecified normal
random effects distribution, with those obtained under a correctly specified mixture of normal distributions, for the cases of Bernoulli
and Poisson GLMMs. We present results under two true mixture of normals distributions which were purposefully chosen to represent
skewness and multimodality in a true random effects distribution. Further simulations under a symmetric mixture distribution but with
a heavier tail, and under a normal distribution are presented in Supplementary Material S2. Also, simulations involving LMMs were
considered and are available in Supplementary Material S2, in which the results largely confirm some of the analytical conclusions
obtained in the preceding section.

4.1. Bernoulli response

We consider a binary logistic GLMM, i.e., the conditional distribution of the response follows a Bernoulli distribution with g(:)
set to the canonical logit function, with g, =2 fixed effects covariates and a single random intercept, i.e., ¢, = 1. We generate the
elements x;;, from a uniform distribution [-5,5], and set the true fixed effects coefficients to g = (0, 1)T. As the true distribution
for the random intercept, we consider two choices: (I) py(y; | o) = 0.9N (-0.28, 0.282) 4+ 0.1NM'(2.56, 1.42%) which exhibits clear right
skew, and (I1) py(y; | 64) = 0.5N'(=1.77,0.59%) + 0.5N'(1.77,1.182) which exhibits clear multimodality. Note the true parameters
were chosen to satisfy the mean zero constraints and to set the variance of the random intercept equal to one and four for the two
distributions, respectively.

We begin by investigating the impact of cluster size n; and number of clusters m on UMSEP, by simulating datasets with n; =
20,40, 60, 80, and m = 100, 200. For each combination of m and n;, we generate 100 datasets by sampling the random effects {u;,i =
1,...,m} from one of the two true mixture distributions, noting each dataset has a different set of random effects, and then simulating
the responses y;; based on the set up above. For each dataset, we then fit a binary logistic GLMM assuming either a misspecified
normal distribution, or a correct two-component mixture of normal distributions, for the random effects. The fitted parameters are
then substituted into equation (1) to obtain the EBPs of the random intercept for the misspecified GLMM, i.e., w,;, and the true
GLMM i.e., ;. We also simulate the UMSEP by averaging the squared differences between the EBPs and the true random effect for
each dataset, and then averaging across the 100 datasets, i.e., UMSEPy;,, = 100~ 3! (m=1 Y7 l(Lbf.s) - ul(.‘v))2} where ul(.‘y) denotes the

simulated random intercept for the sth dataset, and zi)l(.s) is either i,; or Wy, for the sth dataset.

Results for the UMSEP,;, can be found in Table 1, while the boxplots for the 100 UMSEPs of each dataset in each setting can
be found in the Supplementary Material. As expected, UMSEP; , under the misspecified GLMM is generally larger compared with
the true GLMM. The only exception was for random effects distribution I when »; = 20, and indeed we note that the difference in
UMSEPg;,, between the two models is small when m = 200 at the smallest cluster size. We conjecture that this might be due to the fact
that for a binary GLMM, estimation of a mixture of normal random effects distributions is relatively challenging and the uncertainty
in the estimation contributes a non-negligible amount to the UMSEP.

Next, we compare the CeMSEP under the misspecified and true random effects distributions by fixing the cluster size to n; =40
and the number of clusters to m = 400; we choose n; < m, so C; dominates the CeMSEP. The remainder of the simulation setup is
the same as above, with one crucial modification being that instead of simulating a new set of random effects for each dataset, we
only simulate one set of random intercepts, and then generate 100 datasets conditioned on this set. We then simulate the CeMSEP by
averaging the squared differences between the EBP and the true random effects across the 100 datasets, conditional on the single set
of true random effects i.e., CeMSEP;,, = 100! zjg({(wf,” — u;)?. Under the misspecified GLMM, the simulated CeMSEPs are lowest
around zero i.e., the assumed mean of the random effects distribution, and increase in value in the tail of the distribution (Fig. 1
top row). By contrast, for the GLMM with the two true random effects distributions, we observe two local minima for CeMSEP;_,
each one at the mean of a component of the corresponding true mixture distribution. This is consistent with the analytical results
for LMMs in Section 3.2, and shows that as we get closer to the mean of each of the mixture components, the value of CeMSEP;
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Fig. 1. Simulated CeMSEPs (CeMSEPy; ; first row) and empirical coverage probability of 95% prediction intervals constructed by CeMSEPs (second row) and UMSEPs
(third row) for the misspecified versus true GLMMs in the case of binary responses, and for two true mixture of normal random effects distributions. Left column is
distribution I; right column is distribution II. In the top two rows, the red dots and blue triangles correspond to results obtained using the misspecified and true GLMMs
respectively, while in the third row the gold squares and green crosses correspond to intervals constructed under the misspecified and true GLMMs respectively. (For
interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)

produced by the misspecified GLMM is larger than under the true GLMM. In Supplementary Material S2, we display results where we
decompose the simulated CeMSEP into the simulated expected squared bias and the simulated variance term. Results of these show
the variance terms are larger under the misspecified GLMM especially in regions close to the mean of each of the mixture components.
On the other hand, the bias under the misspecified model is close to a linear function whose absolute value increases as the random
effect value moves away from zero, while the bias under the correctly specified mixture distribution appears to be a weighted linear
function.

Finally, we examine the performance of prediction intervals for the random intercept constructed using MSEP. Following Ha et al.
(2011); Cantoni et al. (2017); Korhonen et al. (2023) among others, if we assume the difference i; — u; follows a normal distribution
then a 100(1 — @)% prediction interval for u; is given by i, + ®~! (1 — a/2) x (I\TSE\P)I/ 2, where ®~!(-) denotes the inverse cumulative
distribution function of the normal distribution and MSEP is either the simulated UMSEP or simulated CeMSEP. Note in practice
we do not observe the true random effect, and so we need to estimate the MSEP e.g., using the parametric bootstrap approach
discussed at the end of Section 2.2. The coverage probability conditional on specific values of u;, generally 95% prediction intervals
constructed using simulated CeMSEPs (Fig. 1 middle panel) achieve reasonable coverage regardless of the true value of u; and for
both true mixture of normal random effects distributions. This means the coverage probability of intervals constructed from CeMSEPs
is not impacted by misspecification. By contrast, the conditional coverage probability for prediction intervals constructed using the
simulated UMSEPs (Fig. 1 bottom panel) is less than the nominal coverage for certain regions of the random effects distribution e.g.,
at the right tail of distribution I. This is a direct consequence of the UMSEP being lower than the CeMSEP at a certain value of the
random effect. While such results regarding the prediction intervals constructed through UMSEPs and CeMSEPs may not be overly
surprising (given UMSEP is in principle designed for averaging/marginalizing across all the random effects values), they nevertheless
highlight the importance of consequences of random effects specification, and the importance of using CeMSEPs when examining
coverage conditional on a specific value of u;.

4.2. Poisson response

In the second setting, we consider a Poisson GLMM with the canonical log link. We again used q, =2 fixed effects covariates
with the first set to an intercept term and x;;, drawn independently from the standard uniform distribution, g = (0, )T, along with a
single random intercept. As the true random effects distributions, we investigate the same two mixtures of normal distributions as in
the binary GLMM case, while the remainder of the simulation setup and performance assessment was also analogous to Section 4.1.

Given the availability of more information in the response compared to the binary response in Section 4.1, then we consider
smaller values of n; =5,10,20,40 and m = 50, 100 and investigate their impact on UMSEP. Results for the UMSEP;, can be found
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Table 2
Simulated UMSEPs (UMSEPy; ) for the misspecified GLMM/true GLMM, in the case of
Poisson responses and for two true mixture of normal random effects distributions.

n =5 n; =10 n; =20 n; =40

Random effects distribution I
m=50 0.1458/0.0836  0.0838/0.0607  0.0551/0.0458  0.0400/0.0371
m=100  0.1434/0.0682  0.0782/0.0496  0.0436/0.0330  0.0264/0.0235

Random effects distribution I
m=50 0.4062/0.2665  0.2790/0.1900  0.1725/0.1244  0.1426/0.1271
m=100  0.3543/0.2100  0.2284/0.1364  0.1569/0.1122  0.0997/0.0841
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Fig. 2. Simulated CeMSEPs (CeMSEPy; ; first row) and empirical coverage probability of 95% prediction intervals constructed by CeMSEPs (second row) and UMSEPs
(third row) for the misspecified versus true GLMMs in the case of Poisson responses, and for two true mixture of normal random effects distributions. Left column is
distribution I; right column is distribution II. In the top two rows, the red dots and blue triangles correspond to results obtained using the misspecified and true GLMMs
respectively, while in the third row the gold squares and green crosses correspond to intervals constructed under the misspecified and true GLMMs respectively.

in Table 2, while the boxplots for the 100 UMSEPs of each dataset in each setting can be found in the Supplementary Material.
Table 2 shows that larger values of UMSEPy; , generally arise under the misspecified GLMM compared with the true GLMM, with the
differences being more evident when the cluster size is small.

Next, turning to comparisons of CeMSEP, we fix the cluster size at n; =5 and the number of clusters at m = 400. For both true
random effects distributions I and II, the true GLMM produces considerably smaller values of the simulated CeMSEP around the
mean of the first component in the mixture distribution (Fig. 2 top row). Around the mean of the second mixture component, the
true GLMM also returns smaller simulated CeMSEPs compared to its misspecified counterpart, although the differences between the
two models are substantially diminished: the reflects the impact of the link function on the behavior of CeMSEP;, i.e., with the
log link the CeMSEPs for larger random effect values tend to zero. In Supplementary Material S2, we show results decomposing the
simulated CeMSEP into a bias and variance term. Similar to Section 4.1, these results demonstrate the variances are larger under
the misspecified GLMM, especially around the mean of the first mixture component, while the absolute bias can be larger for the
correctly specified GLMM in some regions of the random effects distribution.

Finally, the results for conditional coverage probability using simulated CeMSEPs and UMSEPs are largely similar to those for the
binary GLMM case (Fig. 2 bottom two rows). In particular, the 95% prediction intervals constructed using simulated CeMSEPs achieve
reasonable conditional coverage probabilities even under misspecification, while analogous intervals constructed using simulated
UMSEPs can perform quite poorly in certain regions of the true random effects distribution.
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Fig. 3. Comparison of the random effects under the normal and mixture of normals LMMs fitted for the wages data. Left panel: the fitted random effects distribution
(red solid line for normal LMM and blue dashed line for mixture of normals LMM). Right panel: the EBPs under the normal distribution against theoretical quantiles
of the normal distribution (top), and against the EBPs under the mixture distribution (bottom).

5. Case study: longitudinal survey of hourly wages

In this section, we illustrate the analytical and empirical findings above using data from the National Longitudinal Survey of Youth
(Singer and Willett, 2003). Another case study using multivariate abundance data (Gee et al., 1985) is provided in the Supplementary
Material.

In this application, the response is the log of hourly wages for m = 888 individuals, each measured at n; occasions with cluster
sizes ranging from 1 to 13. Prediction of income has been considered in the context of LMMSs by a number of researchers (e.g., Hui
and Bondell, 2021; Erciulescu and Opsomer, 2022), and in this case the prediction of random effects serves as a primary objective as
we aim to identify high earning individuals and quantify their difference in wages from the bulk of the individuals in the survey.

We fitted independent-cluster LMMs where time spent in the workforce, race, and education along with an intercept were included
as fixed effect covariates (so ¢, = 4), and a single g, = 1 random intercept is included to account for between-individual heterogeneity.
We begin by fitting a LMM assuming the random effects are normally distributed, as is the standard assumption in the literature. An
examination of the resulting EBPs using both a normal quantile-quantile plot and a Shapiro-Wilk test at the 5% significance level
offered statistical evidence of a deviation from normality, indicating that the assumed normality does not hold. In particular, there
is evidence the true random distribution may be right-skewed (see top right panel of Fig. 3). Note we use both the quantile-quantile
plot and the Shapiro-Wilk test here in an exploratory manner, and both should be interpreted with caution given they are constructed
using the predicted random effects.

With the above in mind, we then proceed to fit an LMM using a two-component mixture of normal distributions for the random
intercept, as formulated above Theorem 1. Fig. 3 presents the estimated random effects distributions along with the EBPs for the two
LMMs fitted, from which we see that the fitted mixture of normal distributions is indeed slightly right skewed (left panel). The EBPs
from this fit are comparably less shrunk toward zero than those produced by the normal random effects LMM (bottom right panel);
this result is consistent with the theoretical findings in Section 3.1.

Next, we examine the MSEP for the two fitted LMMs. Given the number of clusters m is relatively large compared to the cluster
sizes in this longitudinal survey, then as discussed in Section 2.2 the C; term in the CeMSEP is expected to dominate in equation
(4). As a result, based on equations (7) and (8), which compute the difference between the best predictor and the true random
effects value, we can approximate the CeMSEP under the normal and mixture of normals LMMs respectively, where the estimated
parameters are substituted into the equations. For illustrative purposes, we subset to only consider 103 individuals with cluster size
n; =7 (the mean cluster size). Similar to the results of the simulation study for LMMs (Supplementary Material S2) and for GLMMs
broadly (Section 4), the CeMSEPs under the mixture of normals random effects distribution is lower than the CeMSEPs under the
normal random effects distribution for many predicted random effect values (Fig. 4 solid and dotted curves). This is especially the
case around the mean of the main component of the mixture, and in the heavy right tail.

Alternatively, we can use the bootstrap to estimate the MSEPs, as discussed towards the end of Section 2.2. The resulting bootstrap
estimates of the CeMSEPs are shown as points in Fig. 4. Note that in comparison to using the analytical expressions for C,, the bootstrap
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Fig. 4. Comparison of CeMSEP under LMMs fitted for the wages data, assuming either the normal or mixture of normals random effects distribution. The curves
correspond to the analytical C; term i.e., equations (7) (red solid line) and (8) (blue dashed line), while the red dots and blue triangles are parametric bootstrap
estimates of the CeMSEP under the normal and mixture distributions.

estimates account for estimating the full MSEP e.g., incorporating terms C, and C; as well. On the other hand, because bootstrapping
is performed given the EBPs of the random effects, then the bootstrap estimates must be interpreted carefully since they are naturally
biased e.g., predictors under the normal assumption at the tail are shrunk toward zero more than it should be (see Carpenter et al.,
2003, among others for solutions to this problem in practice). Overall, results from this parametric bootstrap approach are consistent
with the analytical forms of C; (comparing the curves with the points in Fig. 4). Moreover, the bootstrap estimate of the UMSEP
under the normal distribution is 0.0112, which is slightly larger than the bootstrap estimate of the UMSEP, 0.0108 under the mixture
distribution.

Finally, Supplementary Material S2 also presents results of 95% prediction intervals constructed using bootstrap estimates of the
CeMSEP, from which we see that at the right tail of the random effects distribution, the intervals under the normal LMM are much
wider. This may suggest that misspecifying the random effects distribution, assuming the mixture of normals LMM is a more accurate
representation of the true data generation process, could lead to conclusions with higher prediction uncertainty.

6. Discussion

In this article, we studied the effect of random effects misspecification on point prediction and prediction inference of random
effects in GLMMs, comparing a misspecified normal distribution to a correctly specified mixture of normal distributions. The analytical
results for the case of LMMs, along with empirical findings for the case of GLMMs, reveal a number of key findings. First, the degree of
shrinkage for random effects is affected: while the BPs and EBPs under a misspecified normal distribution are shrunk toward zero, the
corresponding predictors under the true mixture distribution are shrunk differentially and not necessarily toward zero. Practically,
this may lead to substantial biased point predictions, particularly in the tail of the random effects distribution, under misspecification.
Second, MSEPs are negatively impacted under random effects misspecification, with UMSEPs consistently larger and the effects being
most evident in settings with small cluster sizes. The case of CeMSEPs is more complicated, although they still tend to remain larger
under the misspecified normal distribution, especially those in the regions of the mean of a component of the underlying mixture
distribution. Finally, prediction intervals based on MSEPs are wider under the misspecified normal distribution. While prediction
intervals using CeMSEPs achieve nominal coverage across clusters, conditional coverage probabilities of intervals based on UMSEPs
vary across clusters and can suffer from severe undercoverage even under correct specification of the random effects distribution.

In this article, we focused on the case where the true random effects distribution is a mixture of normal distributions. Moreover,
in our simulation studies and case studies, we assumed a two-component mixture for the random effects distribution while fitting the
data. It is important to highlight that one can choose a different value for the number of components ¢ in the mixture. For example, this
can be done by examining the EBPs under the normal distribution, such as what we did in Section 5, and then potentially some form
or order selection method (e.g., McLachlan and Rathnayake, 2014; Hui et al., 2015; Manole and Khalili, 2021). More broadly, one can
also choose a random effects distribution that is not a finite mixture of normal distributions e.g., based on the shape of the empirical
distribution of the EBPs under the normal distribution, choosing a form that can accommodate some degree of skewness and/or
kurtosis (Ho and Lin, 2010; Meza et al., 2012; Pinheiro et al., 2001). However, we do recommend that although any distribution can
be chosen for the random effects, if the aim is to obtain the EBPs and their MSEPs, it is generally preferred to use a random effects
distribution with (at least) finite first and second moments.

While this article has focused on just the consequences of misspecification on prediction of random effects alone, predicting a
function #(u;) of the random effect u; is a natural next quantity of interest e.g., in fisheries ecology one might need to predict the
expected number of (non-zero) bycatch, which is a complicated non-linear function of the fixed and random effects (Cantoni et al.,
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2017). Here, we can also use the (empirical) best predictor for prediction of this function (Vidoni, 2006; Skrondal and Rabe-Hesketh,
2009) i.e., E[t(w;) | y;1 = f t(u;)p(y; | y;)du;, and we conjecture that the overall conclusions of this article will likely carry over to
point prediction and prediction inference of functions of random effects. That is, misspecification is likely to have negative impacts
on aspects such as shrinkage and conditional coverage probabilities.

Also, this article has focused on the (empirical) best predictors, and it would be interesting to investigate how other predictors, such
as one based on quantile regression (e.g., Chambers and Tzavidis, 2006), or one based on the mode of the conditional distribution of the
random effects (Bates et al., 2015; Brooks et al., 2017; Ning et al., 2025, commonly used when the Laplace approximation or penalized
quasi-likelihood is applied to mixed models), perform under random effects misspecification. Finally, we focused on misspecification
of the random effects distribution while assuming other elements of the GLMM, such as the conditional distribution of the responses,
the link function, and so on, are correctly specified. It would be of interest to study the impact of (joint) misspecification of these
elements on point prediction and prediction inference.
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