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Abstract

Graph Neural Networks (GNNs) have emerged as powerful tools for learning rep-
resentations from graph-structured data, yet fundamental limitations constrain their
effectiveness across diverse applications. This thesis addresses three critical chal-
lenges in graph representation learning: enhancing structural expressivity, optimiz-
ing information propagation, and modeling dynamic processes.

We first tackle the expressivity limitations of standard message-passing neural
networks, which are bounded by the 1-Weisfeiler-Lehman test. Through permutation-
invariant graph partitioning, we develop Graph Partitioning Neural Networks that
capture complex structural interactions by explicitly modeling how different graph
components interact. Our theoretical analysis demonstrates that this approach effi-
ciently approaches 3-WL expressivity while maintaining computational tractability.

Moving beyond uniform aggregation strategies, we develop two complementary
frameworks for adaptive depth allocation in GNNSs. The first integrates learnable
Bakry-Emery curvature to capture both structural properties and diffusion dynam-
ics, establishing that nodes with higher curvature require fewer message-passing
iterations for effective representation learning. The second provides theoretical foun-
dations connecting neighborhood characteristics to optimal aggregation strategies
under varying homophily conditions, revealing that aggregation requirements de-
pend on the interplay between same-label neighbors, opposite-label neighbors, and
local degree distribution. Both frameworks eliminate the need for separate architec-
tures for homophilic and heterophilic graphs.

We then address limitations of existing diffusion-based GNNs through two novel
frameworks. The Generalized Opinion Dynamics Neural Framework unifies mul-
tiple opinion dynamics models, incorporating node-specific stubbornness, dynamic
neighborhood influence, and structural regularization to enable diverse convergence
configurations including single consensus, multi-consensus, and individualized con-
sensus. For influence maximization, we develop Deep Sheaf Networks that formulate
propagation as a sheaf diffusion-reaction process, introducing pointwise and coupled
dynamics operators to capture both intrinsic node transformations and neighborhood
interactions across progressive and non-progressive diffusion models. A subgraph-
based optimization strategy reduces the combinatorial search space while accounting
for overlapping influence between nodes.

In summary, the theoretical contributions of this thesis establish rigorous founda-
tions for understanding structural interactions, information flow optimization, and
dynamic process modeling in graph neural networks. Extensive experiments across
node classification, graph classification, graph regression, influence estimation, and
influence maximization tasks demonstrate that our approaches consistently outper-
form existing methods.
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Chapter 1

Introduction

Graphs are used to model many complex relationships in real-world entities in var-
ious disciplines, including chemistry, physics, computer science, biology, and so-
ciology (Balaban, (1985; Riaz and Ali, 2011; Roberts, 2012). These graph structures
capture intricate dependencies and interactions that are often non-linear and multi-
dimensional in nature. For instance, in molecular chemistry, graphs represent atomic
bonds and molecular configurations; in social networks, they model interpersonal re-
lationships and information flow; while in biological systems, they capture protein-
protein interactions and metabolic pathways. The versatility of graph representa-
tions lies in their ability to encode both local neighbourhood properties and global
structural patterns, making them indispensable for understanding complex systems
where traditional tabular data representations fall short (Hamilton, 2020).

In the past few decades, machine learning approaches have been increasingly
used to analyze graph structures (Stankovic et al.,[2020; Zhang et al., 2021). The main
reason for this is the ability of machine learning, particularly deep learning methods,
to extract beneficial insights from hidden patterns in data. Traditional graph algo-
rithms, while computationally efficient for specific tasks, often struggle with the het-
erogeneous and noisy nature of real-world graph data. Machine learning approaches
can implicitly learn meaningful representations that capture both node features and
structural information simultaneously, thereby facilitating the understanding of com-
plex networks. This paradigm shift has enabled breakthrough applications in drug
discovery, recommendation systems, fraud detection, and knowledge graph comple-
tion, where the integration of feature learning and structural reasoning proves crucial
for achieving superior performance in diverse predictive tasks (Wu et al., 2020; Zhou
et al., 2020a; Liang et al., [2022).

This thesis addresses fundamental challenges in graph representation learning, a
core area of graph machine learning. The central problem is encoding graphs, in-
cluding their nodes, edges, and structural properties, into continuous vector spaces
known as embeddings. Graph Neural Networks (GNNs) have emerged as the domi-
nant approach for graph representation learning, which employs neural architectures
to learn these representations (Wu et al., 2020; Zhou et al., 2020a). Their ability to
capture complex patterns in graph-structured data has positioned them as transfor-
mative tools across numerous domains.
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1.1 Graph Representation Learning

Graph Embedding Space

Figure 1.1: Visualization of graph representation learning that maps each node of a
graph into a low-dimensional space

Graph Embedding Space

Figure 1.2: Visualization of graph representation learning that maps entire graph into
a low-dimensional space

Representation learning enables machine learning systems to implicitly learn
meaningful feature representations from raw data, thereby eliminating the need for
manual feature engineering (Zhong et al., 2016). These techniques focus on learning
optimal data transformations directly from input data, adapting to specific dataset
characteristics and task objectives rather than relying on pre-designed features or
human-crafted preprocessing steps. Neural architectures, such as Convolutional
Neural Networks (CNNs) (Li et al., 2021b; Ketkar and Moolayil, 2021) for images and
Recurrent Neural Networks (RNNs) (Medsker and Jain|, [1999; Yu et al., 2019) for se-
quential data, implicitly discover task-relevant features that often surpass manually
engineered alternatives, significantly enhancing model performance across diverse
applications. However, these architectures are designed for grid-structured data and
cannot directly applied on irregular graph structures, where nodes and edges exhibit
non-Euclidean relationships and variable connectivity.

Existing grid-based neural architectures cannot generalize to non-Euclidean do-
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mains, which has led to the emergence of graph representation learning. This sub-
field addresses the challenge of encoding graph-structured data by transforming
complex interconnections and structural patterns into compact numerical vectors
while preserving topological information. Unlike traditional approaches that rely
on hand-crafted graph metrics such as node degree or centrality, these methods au-
tomatically learn the most relevant structural features for downstream tasks at both
node level (Figure and graph level (Figure [1.2)(Liang et al),[2022).

Early works in graph representation learning encompass several methodological
approaches. Matrix factorization techniques decompose adjacency matrices (Singh
and Gordonl, 2008; Kaveh and Rahami, 2008), while random walk-based methods
like DeepWalk and Node2Vec sample graph paths (Perozzi et al,, |2014; Grover and
Leskovec, 2016). Spectral embedding approaches leverage graph Laplacians (Belkin
and Niyogi, 2001; |Luo et al., 2003), and autoencoder architectures enable unsuper-
vised learning (Berahmand et al., 2024). Additional approaches include variational
methods for probabilistic representations (Jordan et al.,, 1999) and attention-based
mechanisms that weight structural importance (Sun et al., 2023a; Soydaner, [2022).

Despite their diversity, all methods face shared challenges stemming from the
irregular structure of graphs: variable neighbourhood sizes, complex structural re-
lationships, and the absence of standard operations like convolution. These chal-
lenges motivated the development of Graph Neural Networks, which leverage deep
learning principles to enable end-to-end, task-specific learning directly from graph
structure.

This thesis focuses on Graph Neural Networks (Liang et al., 2022;|Wu et al., 2020),
a distinctive family of approaches that leverages neural network principles. Funda-
mentally, GNNs harness the power of neural architectures to create learning models
capable of complex nonlinear mappings, adaptive feature learning, and multi-layer
representations. This neural network foundation provides GNNs with greater ex-
pressiveness and learning capacity compared to other graph representation tech-
niques.

1.2 Graph Neural Networks

Graph Neural Networks (GNNSs) emerged from the challenge that traditional neural
architectures, while highly effective for grid-like data such as images and sequences,
struggle to handle the irregular and relational nature of graph-structured informa-
tion. Sperduti and Starita (Sperduti and Starita, [1997) introduced the concept of com-
plex recursive neurons, which extend traditional neural networks to handle struc-
tured data like graphs and trees, marking one of the earliest applications of neural
networks to graph structures. Subsequently, many researchers expanded on this idea
to develop more sophisticated approaches for graph learning. The formal conceptu-
alization of GNNs was established by Gori et al. (Gori et al., 2005), which laid the
theoretical foundation for learning node representations through iterative neighbor-
hood information propagation. Building on these foundational concepts, researchers
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introduced various enhancements to improve the learning process in graphs.

The evolution of GNN architectures has led to diverse methodological approaches,
which can be broadly categorized based on how they implement convolution opera-
tions on graph structures and process the underlying connectivity patterns (Lu et al.,
2025). These different paradigms each offer unique advantages and trade-offs in
terms of computational efficiency, theoretical foundations, and practical applicabil-
ity.

There are three main classes of GNNSs: spatial, spectral, and diffusion-based mod-
els. The first major class, known as spatial GNNs, operates directly on the node level
of the graph. These models perform convolution-like operations through message-
passing mechanisms between connected nodes (Puri et al., 2025). Spatial GNNs focus
on aggregating information from local neighborhoods, where each node updates its
representation by combining features from its immediate neighbors through learn-
able transformation functions. This spatial paradigm addresses the fundamental
challenge of maintaining permutation invariance (Shayestehtfard, 2023) while work-
ing with irregular graph topologies, ensuring consistent node representations re-
gardless of node ordering. Early spatial methods (Li et al., 2016) established gating
mechanisms similar to those found in recurrent networks (Cho et al., [2014), allow-
ing nodes to selectively incorporate information from different neighbors based on
learned importance weights. Subsequent developments introduced attention mech-
anisms that further refined this selective information aggregation, enabling nodes to
dynamically determine the relative importance of their neighbors during the repre-
sentation update process (Velickovi¢ et al.,|2018; Brody et al., 2022} Sun et al., 2023a)).
Modern spatial architectures have also incorporated sophisticated techniques, such
as residual connections (Liu et al., 2021a; Chen et al., 2024} Kelesis et al., 2025) and
normalization techniques (Cai et al., 2021; Chen et al., 2023a; Scholkemper et al., 2025)
to improve training stability and model expressiveness. The computational efficiency
of spatial approaches has made them particularly attractive for large-scale applica-
tions, especially when combined with sampling strategies that limit neighborhood
sizes during training and inference (Hamilton et al., 2017; |Liu et al., 2021b).

Complementing spatial methods, spectral GNNs approach the problem from a
frequency-domain perspective. These models leverage principles of graph signal
processing by transforming data into the spectral domain via eigendecomposition of
graph matrices (Balcilar et al., 2021} [Bo et al., [2023). These approaches define convo-
lution operations using spectral filters that operate on the graph’s eigenspace, nat-
urally inheriting permutation invariance from the mathematical properties of graph
spectra (Wang and Zhang), 2022b). The Graph Convolutional Network (GCN) (Kipf,
and Welling, 2017) represents a significant advancement in this area by introduc-
ing localized spectral filters that operate within limited neighborhoods of each node.
While spectral methods offer strong theoretical foundations rooted in signal pro-
cessing theory, they encounter computational limitations due to the requirements of
eigendecomposition.

Beyond spatial and spectral GNNSs, diffusion-based models frame message pass-
ing as a continuous information flow process across the graph. These models lever-
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age mathematical operators such as the graph Laplacian or transition matrices to
simulate a diffusion process that captures how information naturally propagates
through networked systems (Gasteiger et al., 2019; Chamberlain et al., 2021; Thorpe
et al., 2022a} Zhao et al., 2021; Choi et al., 2023). Unlike conventional approaches
limited to local neighborhood aggregation, the diffusion process enables multi-step
propagation that captures long-range dependencies and global structural patterns
(Xia et al., |2021; |Dan et al., 2023). This broader perspective can improve performance
on tasks where local connectivity alone fails to capture the underlying relationships
between nodes.

1.3 Research Objectives and Contributions

The complex and irregular characteristics of graph-structured data create significant
challenges in developing robust graph neural network models. This thesis addresses
these challenges through three interconnected research objectives, each correspond-
ing to a specific research question (RQ), as listed below.

RQ1: How can we enhance the expressive power of GNNs beyond traditional 1-WL
limitations?

Standard message-passing GNNs are bounded by the expressive power of the
1-Weisfeiler-Lehman test, restricting their capacity to capture complex structural in-
teractions and distinguish certain non-isomorphic graphs.

¢ Objective 1: Develop permutation-invariant graph partitioning methods to
capture complex structural interactions that exceed the expressivity bounds of
the 1-WL test.

¢ Chapter Connection: Addressed in Chapter 3. This work introduces Graph
Partitioning Neural Networks (GPNNs) that utilize three distinct interaction
types (intra-partition, inter-partition, and comprehensive) to achieve expressiv-
ity levels approaching k-WL while maintaining computational efficiency.

RQ2: How can information flow in GNNs be optimized based on geometric prop-
erties and neighborhood characteristics?

Existing message-passing schemes fail to leverage geometric characteristics of
graph structure and lack mechanisms to adapt information propagation based on lo-
cal curvature, topological properties, and varying homophily patterns in node neigh-
borhoods.

¢ Objective 2: Create adaptive mechanisms that dynamically adjust information
propagation for individual nodes based on their local geometric properties and
neighborhood characteristics.

¢ Chapter Connection: Explored in Chapter 4 and Chapter 5. In Chapter 4, we
develop the Bakry-Emery Curvature GNN (BEC-GNN) framework that learns
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node-wise curvature measures to determine optimal aggregation depths, ad-
dressing over-smoothing and information flow optimization challenges. In
Chapter 5, we introduce Adaptive Graph Neural Networks (AD-GNN) with
theoretical frameworks, including signal preservation factors and classification
quality metrics, to guide aggregation depth selection strategies in graphs with
varying homophily patterns.

RQ3: How can GNN models effectively capture and optimize complex dynamic
propagation processes in networks?

Traditional diffusion-based GNNs lack mathematically grounded frameworks for
modeling heterogeneous propagation behaviors and network influence dynamics,
failing to provide interpretable mechanisms that capture diverse temporal diffusion
patterns and optimize complex propagation processes.

* Objective 3: Develop mathematically rigorous frameworks that model hetero-
geneous diffusion mechanisms and optimize network influence propagation.

¢ Chapter Connection: Addressed in Chapter 6 and Chapter 7. In Chapter 6,
we present the Generalized Opinion Dynamics Diffusion Framework (GODNF)
that incorporates multiple opinion dynamics models into a trainable neural dif-
fusion mechanism with provable convergence properties. In Chapter 7, we in-
troduce the Deep Sheaf Network (DeepSN) architecture that combines sheaf
theory-based diffusion-reaction processes with subgraph-based optimization
for influence maximization tasks.

These three research objectives form a cohesive progression that systematically
advances graph neural network capabilities. This thesis is structured into seven chap-
ters. Following this introduction, Chapter 2 surveys the relevant literature that forms
the foundation for our contributions. Chapters 3 to 7 present the main research
contributions, where each contribution targets specific challenges in graph represen-
tation learning. Chapter 8 concludes the thesis with a discussion on limitations and
future work.

In the following, we present an overview of the contributions made in Chapters
3 to 7, one by one.

1.3.1 Permutation-Invariant Graph Partitioning: How Graph Neural Net-
works Capture Structural Interactions?

GNNs have established themselves as fundamental tools for graph-based learning
tasks, with Message-Passing Neural Networks (MPNNSs) representing the most widely
adopted paradigm due to their computational efficiency and intuitive design prin-
ciples (Gilmer et al., 2017} Kipf and Welling, 2017). However, the representational
capabilities of MPNNs are fundamentally constrained by the 1-Weisfeiler-Lehman
(1-WL) test (Weisteiler and Leman, 1968), which limits their ability to distinguish
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between certain non-isomorphic graph structures. This limitation has motivated ex-
tensive research into developing more expressive architectures that can surpass these
theoretical bounds while maintaining practical applicability.

Traditional approaches to enhancing GNN expressivity have primarily focused on
incorporating structural properties as preprocessing features (Bouritsas et al., 2022;
Barcel6 et al., 2021; Wijesinghe and Wang, 2022; Xu et al., 2024), utilizing higher-
order substructures (Morris et al., 2019, 2020b; Abu-El-Haijja et al., 2019), expanding
message-passing receptive fields (Nikolentzos et al. 2020; Feng et al., 2022; Wang
et al., 2022b), or extracting subgraph-based information (Zhang and Li, 2021} Bevilac-
qua et al.,, 2022; Cotta et al., 2021; Wang and Zhang, 2022a). While these methods
have achieved notable improvements, they often overlook a crucial aspect of graph
analysis: the complex interactions between different structural components within
a graph. Real-world networks typically consist of diverse structural elements that
exhibit varying topological properties, and understanding how these components
interact can provide valuable insights for representation learning.

This chapter addresses how to systematically capture structural interactions within
graphs to enhance GNN expressivity through permutation-invariant graph partition-
ing. Unlike conventional approaches that treat graphs as monolithic structures, we
decompose them into substructures with distinct topological characteristics. The
key insight is that interactions within and across these partition boundaries contain
valuable information for learning robust representations. Crucially, any partition-
ing scheme must preserve permutation invariance to ensure isomorphic graphs are
treated identically regardless of node ordering. The main contributions of this chap-
ter are:

* Theoretical Framework: We establish novel connections between graph partition-
ing and graph isomorphism by introducing the concepts of partition-isomorphism
and interaction-isomorphism. These theoretical constructs provide a rigorous foun-
dation for analyzing how structural interactions contribute to graph distinguisha-
bility.

* Architectural Innovation: We present Graph Partitioning Neural Networks (GPNNSs),
a novel architecture that integrates structural interactions through permutation-
invariant graph partitioning. This approach enables the systematic exploration of
intra-partition, inter-partition, and comprehensive interactions within graph struc-
tures.

* Expressivity Analysis: Through comprehensive theoretical analysis, we demon-
strate that GPNNss can surpass the expressive power of 1-WL while efficiently ap-
proaching the capabilities of 3-WL. This represents a significant advancement in
balancing computational efficiency with representational power.

¢ Practical Implementation: We employ computationally efficient partitioning schemes,
including k-core and degree-based approaches, that enable meaningful subgraph
extraction while preserving essential structural properties. These schemes provide
practical pathways for implementing our theoretical framework.
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1.3.2 Depth-Adaptive Graph Neural Networks via Learnable Bakry-Emery
Curvature

Recent advances in geometric deep learning have highlighted the potential of incor-
porating curvature-based measures to enhance GNN capabilities (Ye et al.,[2019} Top-
ping et al., 2022; Nguyen et al., 2023; Fesser and Weber, 2024). Curvature (Bochner,
1946), originally derived from differential geometry, provides insights into the local
geometric properties of spaces and has been successfully adapted to discrete graph
structures (Forman et al., 1999; Ollivier} 2007, 2009). When applied to graphs, curva-
ture captures connectivity patterns and relational properties that influence informa-
tion flow, offering valuable guidance for addressing common GNN limitations such
as over-smoothing and over-squashing (Qureshi et al., 2023).

However, existing curvature-based approaches in GNNs suffer from significant
limitations. Most current methods treat curvature as a fixed, pre-computed property
derived solely from graph topology, limiting their adaptability to specific learning
contexts. These approaches typically employ curvature in decoupled techniques such
as graph rewiring (Iopping et al., 2022; Nguyen et al., 2023} Fesser and Weber), 2024)
or sampling (Liu et al. 2023), which fail to dynamically interact with the evolving
feature representations during training. Furthermore, traditional curvature measures
focus primarily on structural properties while overlooking the critical interplay be-
tween node features, diffusion dynamics, and task-specific requirements.

This chapter addresses these limitations by introducing a novel framework that
integrates learnable Bakry-Emery curvature into adaptive depth mechanisms for
GNNs to improve information propagation. Unlike traditional curvature measures
that rely solely on discrete graph structure, Bakry-Emery curvature (Ambrosio et al.,
2015) captures both intrinsic structural properties and diffusion dynamics, providing
a more comprehensive understanding of information propagation patterns within
graphs. The main contributions of this chapter are:

e Theoretical Foundations: We establish a rigorous connection between Bakry-Emery
curvature and feature distinctiveness in GNNs, demonstrating that nodes with
higher curvature exhibit faster information diffusion and shorter mixing times, re-
quiring fewer layers for effective representation learning. Conversely, nodes with
lower curvature benefit from deeper aggregation to capture broader neighborhood
information.

¢ Computational Innovation: We develop an efficient, learnable approximation strat-
egy that selects task-specific function subsets for curvature estimation, making the
approach scalable to large graphs. This strategy overcomes the computational in-
tractability of evaluating curvature over entire function spaces while preserving
the essential geometric properties.

¢ Adaptive Architecture: We introduce a depth-adaptive mechanism that uses esti-
mated node curvature to dynamically determine optimal message-passing depths
for each node. This approach enhances feature distinctiveness and captures finer
structural variations while preventing over-smoothing and under-reaching issues.
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* Model Agnostic Framework: Our approach serves as a general enhancement
mechanism that can be integrated into existing GNN architectures, including GCN,
GAT, GraphSAGE, and other message-passing frameworks, demonstrating broad
applicability across different model types.

1.3.3 Beyond Fixed Depth: Adaptive Graph Neural Networks Under Vary-
ing Homophily

GNNSs have emerged as powerful tools for node classification across diverse do-
mains, demonstrating remarkable success in applications ranging from social net-
work analysis to bioinformatics (Sun et al., 2024; Khoshraftar and An, 2024). The
foundation of most GNN architectures rests on the homophily assumption, which
considers that connected nodes tend to share similar labels or characteristics (McPher-
son et al., 2001; Zhu et al., 2020). While this assumption has proven effective for many
real-world networks, including citation networks and knowledge graphs, it signifi-
cantly constrains GNN performance when applied to heterophilic graphs, where con-
nected nodes often exhibit different properties or belong to different classes (Zheng
et al., 2023a). Traditional GNNs struggle in these heterophilic graphs because their
message-passing mechanisms, designed under the homophily assumption, may in-
advertently propagate conflicting signals that degrade classification performance rather
than enhance it.

Recent research has begun addressing these limitations through specialized heterophily-
aware architectures and alternative message-passing strategies (Zhu et al., 2021; Zheng
et al., 2022; |Luan et al., 2022;|Zhu et al, 2023a; Wang et al., 2024a). However, existing
approaches face two critical shortcomings. First, the conventional binary categoriza-
tion of graphs as either homophilic or heterophilic oversimplifies the complex na-
ture of real-world networks, which often exhibit varying levels of homophily across
different regions and nodes. Second, most current methods apply uniform aggre-
gation strategie, specifically, fixed layer depths across all nodes, overlooking the fact
that different nodes may require different propagation strategies based on their local
neighborhood characteristics and structural contexts.

This chapter addresses these fundamental limitations through a novel observa-
tion: optimal information propagation strategies are inherently node-specific rather
than graph-global. The uniform nature of current GNN architectures, where fixed ag-
gregation depths are applied universally across all nodes, limits their ability to adapt
to the diverse information propagation needs that exist within individual graphs.
The research contributions of this chapter are:

¢ Theoretical Contributions: We establish rigorous theoretical connections between
local neighborhood characteristics and optimal message-passing strategies. Our
analysis introduces signal preservation factors that quantify how neighborhood
label composition affects class-discriminative information during aggregation. This
framework extends to multi-layer analysis, demonstrating how effects compound
across deeper networks, and enables the derivation of theoretically grounded depth
benefit metrics for dynamic depth allocation.
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* Architectural Innovation: Building on our theoretical insights, we propose Adap-
tive Depth Graph Neural Networks (AD-GNN), a novel architecture that dynami-
cally adjusts aggregation depth for individual nodes based on their specific infor-
mation propagation requirements. Our approach includes two variants to accom-
modate different computational requirements.

¢ Unified Framework for Heterogeneity: Unlike existing approaches that require
separate architectures or preprocessing steps for homophilic versus heterophilic
graphs, our framework provides a unified solution that seamlessly accommodates
both patterns within a single architecture.

1.3.4 Graph Neural Diffusion via Generalized Opinion Dynamics

Diffusion-based GNNs have emerged as a promising alternative to traditional message-
passing architectures, modeling information propagation through networks as con-
tinuous or discrete dynamical processes analogous to physical phenomena such as
heat diffusion and random walks (Chamberlain et al) 2021; Gasteiger et al., 2019;
Thorpe et al., 2022a). These approaches offer theoretical advantages over conven-
tional GNNs by explicitly modeling the temporal evolution of node representations
and enabling the capture of long-range dependencies. However, existing diffusion
GNN s suffer from three critical limitations that constrain their effectiveness across
diverse graph types and learning scenarios.

First, current diffusion GNNs rely on homogeneous diffusion mechanisms with
static dynamics, assuming uniform information propagation across all nodes and
fixed temporal evolution. This prevents adaptation to node-specific behaviors and
dynamic patterns that characterize real-world networks. Second, computational
complexity increases substantially with deeper architectures due to numerical in-
tegration requirements and unshared parameters, while interpretability diminishes
as information flow becomes increasingly obscured. Third, theoretical understanding
of convergence properties remains limited, with insufficient characterization of rep-
resentational capacity and the conditions under which different diffusion behaviors
emerge.

This chapter addresses these fundamental challenges through a novel observa-
tion: effective diffusion processes in complex networks require heterogeneous, adap-
tive mechanisms that can accommodate diverse propagation patterns within a single
framework. Rather than assuming uniform diffusion dynamics, we propose that op-
timal information flow should reflect the inherent diversity of node behaviors and
neighborhood characteristics present in real-world graphs. Our approach draws in-
spiration from opinion dynamics models, which provide well-established mathemat-
ical frameworks for understanding how information, beliefs, or influences propagate
through social networks (DeGroot, (1974; Friedkin and Johnsen, [1990; Rainer and
Krause, 2002). These models naturally incorporate heterogeneous agent behaviors
through parameters such as stubbornness (i.e., resistance to external influence) and
dynamic influence modeling between neighbors. Unlike traditional diffusion pro-
cesses that assume uniform propagation, opinion dynamics models explicitly account
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for individual agent characteristics and temporal evolution of influence relationships
(Das et al., 2014} Hassani et al., 2022). Furthermore, they possess provable conver-
gence properties with well-characterized equilibrium states, offering theoretical guar-
antees that are often absent in existing diffusion GNNs. The research contributions
of this chapter are:

¢ Unified Opinion Dynamics Framework: We establish a principled connection be-
tween multiple opinion dynamics models and neural diffusion, creating a single
framework that generalizes French-DeGroot, Friedkin-Johnsen, and Hegselmann-
Krause formulations with rigorous convergence guarantees.

* Novel Architecture: We propose a novel diffusion GNN that incorporates node-
specific stubbornness parameters, dynamic neighborhood influence, and structural
regularization while maintaining computational efficiency comparable to tradi-
tional GNN.

* Theoretical Analysis: We demonstrate that our framework can exhibit diverse con-
vergence configurations: single consensus, multi-consensus, and individualized
consensus, providing greater representational flexibility than existing approaches.

1.3.5 DeepSN: A Sheaf Neural Framework for Influence Maximization

Influence maximization represents a fundamental challenge in network science, seek-
ing to identify optimal seed sets that maximize information spread across complex
networks (Li et al, 2018). Traditional approaches to this problem rely on explicit
specification of diffusion models and face significant computational challenges due to
the exponential growth of the search space. Recent learning-based methods have at-
tempted to address these limitations by leveraging GNNs to automatically learn dif-
fusion patterns from data, offering improved generalizability across different propa-
gation models (Kumar et al., 2022 Ling et al., 2023; Panagopoulos et al. 2023).

However, existing GNN-based approaches encounter two critical limitations that
constrain their effectiveness in modeling influence propagation. First, traditional
GNN architectures, while successful for static tasks such as node classification, strug-
gle to capture the dynamic and heterogeneous nature of influence diffusion pro-
cesses. Their inherent inductive biases assume uniform information propagation
patterns and fail to model the complex temporal dynamics characteristic of real-
world influence spread. Moreover, these architectures suffer from oversmoothing
issues that hamper their ability to capture global information and long-range de-
pendencies crucial for understanding influence propagation (Xia et al., 2021). Sec-
ond, the combinatorial optimization challenge inherent in seed set selection remains
computationally intractable, with existing approaches often relying on expensive re-
inforcement learning methods or ranking-based heuristics that lack interpretability
and suffer from scalability issues.

This chapter addresses these fundamental limitations through a novel observa-
tion: influence propagation can be effectively modeled as a topological phenomenon
that captures both the geometric properties of network structures and the dynamic
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evolution of information flow. Rather than treating diffusion as a uniform process
operating over static graph connectivity, we propose that optimal influence modeling
requires explicit consideration of the topological relationships between nodes and the
heterogeneous dynamics governing their interactions.

Our approach leverages sheaf theory, an algebraic-topological framework that
provides rigorous mathematical foundations for understanding complex network
phenomena through the lens of local-to-global consistency relationships (lennison,
1975; Bredon, 2012). Unlike traditional diffusion models that assume homogeneous
propagation, sheaf-based approaches can capture diverse influence patterns by mod-
eling private opinions at nodes and public opinions along edges, with learnable
transformation maps governing information flow between these representations. The
research contributions of this chapter are:

¢ Sheaf Reaction-Diffusion Framework: We introduce a novel formulation of in-
fluence propagation as a sheaf diffusion-reaction process that captures both infor-
mation spread and intrinsic node transformations, enabling effective modeling of
complex propagation patterns in progressive and non-progressive diffusion sce-
narios.

* Novel Architecture: We develop a novel sheaf neural architecture that extends tra-
ditional diffusion mechanisms with pointwise and coupled dynamics operators,
enabling the modeling of both information spread and intrinsic node state transi-
tions while maintaining theoretical stability guarantees.

* Subgraph-Based Optimization: We propose a learning-based seed selection mech-
anism that leverages structural insights from sheaf coefficients to partition graphs
into meaningful subgraphs, significantly reducing the combinatorial search space
while accounting for overlapping influence between nodes.

1.4 Thesis Roadmap

Table [1.1| provides a concise map linking each chapter to its primary method, core
theoretical results, and experimental support.
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Table 1.1: Chapter-to-contribution map summarising key theoretical insights and
experimental support for each proposed method.

Ch. Method Core Contribution Theoretical Insights Experiments

3 GPNN Expressivity en- Decomposing a graph into Graph classification,
hancement via structurally distinct partitions graph regression, and
permutation- and modelling interactions node classification
invariant graph within and across boundaries
partitioning strictly increases expressivity

beyond 1-WL, while maintain-
ing efficiency than 3-WL.

4 BEC-GNN Depth-adaptive prop- Bakry-Emery curvature cap- Node classification,
agation via learnable tures how rapidly information graph  classification,
Bakry-Emery curva- diffuses around each node. graph regression, and
ture High-curvature nodes reside in influence estimation

dense, well-connected regions
where shallow aggregation
suffices. Low-curvature nodes
require deeper propagation to
access sufficient neighbourhood
context. Learnable curvature
allows the framework to adapt
to task-specific feature distri-
butions, enabling principled
per-node depth allocation.

5 AD-GNN Node-specific adap- The impact of aggregation on a Node classification
tive aggregation node varies with its local label
depth under varying composition and neighborhood
homophily structure. In cases of strong

homophily, deeper aggregation
enhances class signals, while in
strong heterophily with low de-
gree, it leads to signal cancel-
lation. These effects accumu-
late across layers, suggesting the
need for node-specific depth de-
cisions.

6  GODNF Unified neural opin- Modelling diffusion as an opin- Node classification,
ion dynamics frame- ion dynamics process, where and influence estima-
work for graph diffu- each node balances its own tion
sion initial state against neighbour-

hood influence guarantees con-
vergence and naturally pro-
duces diverse equilibrium be-
haviours depending on model
parameters.

7 DeepSN Influence maximi- Representing influence prop- Influence maximiza-
sation via  sheaf agation as a sheaf diffusion- tion, and influence
reaction-diffusion reaction  process  enriches estimation

the representational capacity
of each edge beyond scalar
weights, while preserving fea-
ture separability and avoiding
oversmoothing. Learned sheaf
coefficients expose community
structure that reduces the seed
selection complexity in search
space.
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1.5 Thesis as a Unified Research Program

The five contributions in this thesis target distinct challenges but follow a natural
progression across three parts. Chapter 3 addresses expressivity, showing how struc-
tural decomposition via graph partitioning enables GNNs to capture interactions
beyond the limits of standard message passing. Chapters 4 and 5 then ask how ag-
gregation should proceed given that structure, arriving at complementary answers
through geometric curvature and label-theoretic homophily reasoning respectively.
Chapters 6 and 7 move beyond static representation to dynamic processes, mod-
elling how information diffuses and spreads through networks over time. The three
parts are connected: the adaptive propagation principles of Chapters 4 and 5 di-
rectly motivate the node-specific diffusion mechanisms in Chapters 6 and 7, and the
structural decomposition of Chapter 3 informs the community-based optimisation in
Chapter 7. The thesis thus builds cumulatively toward a more complete treatment
of graph neural networks spanning expressivity, adaptive propagation, and dynamic
network processes.



Chapter 2

Chapter 2

This chapter provides the foundational concepts and theoretical frameworks essen-
tial for understanding the research presented in this thesis. We begin by establishing
basic graph notation and defining the primary GNN architectures, including spa-
tial and diffusion-based approaches. We then examine key theoretical aspects of
GNNs, including their expressivity limitations, performance characteristics on dif-
ferent graph types, and fundamental challenges such as oversmoothing. Further,
this chapter explores recent advances that leverage geometric insights, opinion dy-
namics, and adaptive mechanisms to enhance GNN capabilities. Finally, we review
how GNNs have been applied to influence maximization, a dynamic optimization
problem on graphs.

2.1 Basic Notations and Definitions

We begin by introducing the fundamental notations and definitions used in this chap-
ter. Let { - } denote a set and {{ - }}) denote a multiset. The cardinality of a set or
multiset is denoted by | - |.

We represent an undirected graph as G = (V, E, X), where V = {v,0;,...,0,} is
the set of n nodes, E C V x V is the set of edges, and X ¢ R"*? is the node feature
matrix with d-dimensional feature vectors. For each node v; € V, we denote its
feature vector as x; € R, which corresponds to the i-th row of X. The neighborhood
of a node v; is defined as ' (v;) = {v; € V|(vj,v;) € E} representing the set of nodes
that have edges to v;.

2.2 Graph Neural Networks

In this section, we discuss two main types of GNNs relevant to this thesis: spatial
GNNs and diffusion GNNs.

2.2.1  Spatial GNNs

Spatial GNNs are defined on the spatial domain using neighborhood aggregation,
where these GNNss aim to find an aggregation function that iteratively updates node

15
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features using the node’s feature from the previous time step as well as its neigh-
bors” features. Spatial GNNs are also commonly known as Message-passing Neural
Networks (MPNNSs) because they follow a message-passing paradigm where nodes
exchange information with their direct neighbors through explicit message functions.
In this framework, each node collects messages from its neighboring nodes, aggre-
gates these messages using permutation-invariant functions, and then updates its
own representation by combining the aggregated neighborhood information with its
current state. This iterative process allows information to propagate through the
graph structure, enabling nodes to incorporate increasingly distant neighborhood in-
formation with each passing layer, thus capturing both local connectivity patterns
and broader structural properties of the graph.

Sperduti and Starita| (1997) first introduced the concept of MPNNs , where they
introduced recursive neural networks that extend standard neural networks to pro-
cess structured data like graphs and trees by using neighbourhood aggregation,
where each node’s representation is computed recursively from its neighbours’ fea-
tures. Building upon this early work, researchers like Gori et al.| (2005), Scarselli et al.
(2008), and (Gallicchio and Micheli| (2010) extended these approaches to handle more
complex graph topologies, including directed, undirected, and cyclic graphs.

Let hl(t) denote the embedding of node v; at step ¢, initialized as hEO) = x;. The
MPNN framework consists of two phases:

Message Passing: Fort = 1,2,..., T steps:

m

M — AGG ({{h}t‘” Lvj € N(vi)}}) (2.1)
h{" = UuPD (h{",m(") (2.2)

1
where AGG is a permutation-invariant function that aggregates neighbor mes-
sages since the order of neighbors should not affect the result, and UPD is a differ-
entiable update function to enable gradient-based learning (Maron et al., [2018).
Readout: A graph-level representation is computed as:

hg = READOUT ({h}”|vi € V}> (2.3)

The READOUT function must be both differentiable for end-to-end training and
permutation-invariant since graphs have no canonical node ordering (Keriven and
Peyré, 2019).

Several popular MPNN variants have emerged in recent years, each with specific
design choices for the aggregation and update functions. Graph Convolutional Net-
works (GCNs) (Kipf and Welling, 2017) use degree-normalized aggregation where
AGG computes a weighted sum of neighbor features normalized by node degrees,
while the UPD function applies a linear transformation followed by a nonlinear acti-
vation. GraphSAGE (Hamilton et al., 2017) employs various aggregation schemes, in-
cluding mean, max, and Long Short-Term Memory (LSTM) (Hochreiter and Schmid-
huber, 1997) based aggregators, with an update function that concatenates the node’s
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previous representation with the aggregated neighborhood information. Graph At-
tention Networks (GATs) (Velickovi¢ et al., 2018) introduce attention mechanisms
where the aggregation function computes weighted combinations of neighbor fea-
tures using learned attention coefficients, allowing the model to focus on more rel-
evant neighbors. Graph Isomorphism Networks (GINs) (Xu et al., 2019) use sum
aggregation and an update function that combines the node’s previous state with
aggregated messages through a multi-layer perceptron (MLP) (Kruse et al., 2022),
providing theoretical guarantees for distinguishing graph structures.

2.2.2 Diffusion GNNs

Diffusion GNNs extend the message-passing paradigm by modeling information
propagation as a diffusion process across the graph structure. Unlike traditional spa-
tial GNNs that rely on local neighborhood aggregation, diffusion GNNs incorporate
global graph structure through mathematical operators such as the graph Laplacian
or transition matrices (Gasteiger et al.,|2019). This approach enables information to
flow beyond immediate neighborhoods, allowing nodes to capture long-range de-
pendencies and global structural patterns within the graph.

The core principle of diffusion GNNSs lies in modeling the temporal evolution of
node features through a diffusion process (Han et al., 2024). Let H(t) € R"* denote
the node feature matrix at time ¢, where each row corresponds to the d-dimensional
feature vector of a node. The diffusion process is governed by a temporal operator
D that describes how node features evolve:

DIH(t)] = ©(H(0), H(t), G; ©) .4

where H(0) = X represents the initial node features, ® is a learnable diffusion
operator parameterized by ©, and G encodes the graph structure. The diffusion op-
erator ® must be differentiable to enable gradient-based learning and should respect
the graph’s structural properties. Diffusion GNNs can be categorised into two main
classes: discrete-time and continuous-time approaches.

Discrete-Time Diffusion. Discrete diffusion GNNs propagate information through
iterative steps with explicit layer updates. In discrete-time formulations, the tempo-
ral operator takes the form D[H(t)] = H(t + 1) — H(#), yielding the iterative update
rule:

H(t+1) =H(t) + ®(H(0), H(¢), G; ©) (2.5)

This discrete formulation is computationally efficient and straightforward to im-
plement, making it suitable for practical applications. Representative architectures
include APPNP (Gasteiger et al., 2018), GDC (Gasteiger et al., 2019), ADGN (Zhao
et al., 2021), and GPRGNN (Chien et al., 2021).

Continuous-Time Diffusion. In contrast, continuous models frame diffusion as
dynamical systems governed by differential equations. The evolution is described
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through an ordinary differential equation:

””;ft) — ®(H(0), H(t), G; ©) 2.6)

The adaptive nature of continuous diffusion modeling allows these GNNs to
capture intricate diffusion patterns more effectively than their discrete counterparts.
Early continuous GNNSs, such as GRAND (Chamberlain et al., 2021), closely mimic
heat diffusion processes. Recent continuous diffusion GNNs have advanced beyond
this foundation by employing techniques such as additional damping and source
terms, external forces, and geometric tools to enhance their modeling capabilities.
Notable examples include GRAND++ (Thorpe et al., 2022b), ACMP-GNN (Wang
et al., 2022a)), HiD-Net (Li et al., 2024b) and PDE-GCN (Eliasof et al., 2021).

2.3 Graph-based Downstream Tasks

In this section, we define the primary downstream tasks that are relevant to this
thesis and serve as evaluation benchmarks for GNNs.

2.3.1 Node Classification

Given a graph G = (V, E, X) with partially labeled nodes, the objective is to predict
the labels of unlabeled nodes. Let Vi C V denote the set of labeled nodes and
Vu = V'\ V. denote the set of unlabeled nodes. Each labeled node v; € V| has an
associated ground truth label y; € ), where ) is the label space. The goal is to learn
a function f : RY — ) that can accurately predict labels for nodes in Vi; based on
their feature representations and the graph structure.

2.3.2 Graph Classification

In this task, we are given a dataset of graphs D = {(G1,v1), (G2, ¥2),---, (Gm, Ym)},
where each graph G; = (V;, E;, X;) has an associated label y; € ). The objective
is to learn a function f : G — Y that maps graphs to their corresponding labels,
where G represents the space of all possible graphs. This typically involves learning
representations that capture the essential structural and feature information of the
entire graph.

2.3.3 Graph Regression

Graph regression involves predicting continuous-valued targets for entire graphs.
Consider a dataset D = {(Gy,v1), (G2, y2), ..., (Gu, ym)}, where each y; € R (or RY).
The objective is to learn a function f : G — R (or IRY) that accurately predicts real-
valued properties of these graphs.
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2.3.4 Influence Maximization

Influence maximization is a significant problem in network science and graph opti-
mization. It aims to identify a subset of nodes, referred to as the seed set (i.e., the
initially activated nodes), within a graph that maximizes the spread of influence ac-
cording to a specified diffusion function (Li et al., 2018; Ling et al., 2023). Given a
graph G = (V,E), the objective of the influence maximization problem is to find
a subset S* C V containing up to k nodes that maximizes the expected influence
diffusion function c.More precisely,

S§* = argmaxo (S, G;0).
|S|<k

Here, S* is referred to as the optimal seed set and o(S, G; ) represents the expected
influence diffusion of the seed set S in the graph G (i.e, the expected final number of
activations) with model parameters 0.

The influence diffusion function o (+; 0) can be instantiated with various models to
capture different dynamics of influence spread. In the Linear Threshold (LT) model
(Granovetter, [1978), 0 denotes node thresholds and edge weights, with nodes becom-
ing active when the weighted sum of neighbors” influences exceeds their thresholds.
In the Independent Cascade (IC) model (Goldenberg et al, 2001b)), 0 represents edge
activation probabilities, where active nodes have a single chance to activate each
neighbor. The Susceptible-Infected-Susceptible (SIS) model (d’Onofrio, 2008) extends
this by incorporating infection and recovery rates in 6, allowing nodes to transition
between susceptible and infected states over time.

2.3.5 Influence Estimation

This is a node-level regression task that involves predicting the influence probability
of individual nodes within a network. Given a graph G = (V,E) and anode v; € V,
the objective is to learn a function f : R — [0,1] that estimates the probability p;
that node v; will be influenced or activated by seed nodes in the network under a
given diffusion model (such as the IC, LT, or SIS model). Unlike influence maxi-
mization problems that focus on selecting optimal seed sets, this task treats influence
estimation as a regression problem where each node receives a continuous influence
score representing its potential impact from information propagation throughout the
graph.

2.4 Expressivity of GNNs

2.4.1 MPNNs and Weisfeiler-Lehman (1-WL) Test

The Weisfeiler-Lehman (1-WL) algorithm (Weisfeiler and Leman, 1968), also known
as the color refinement algorithm, is a fundamental method for testing graph isomor-
phism by determining whether two graphs have identical structural properties (i.e.,
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isomorphic). The algorithm operates by initially assigning each node same color, then
iteratively refining these colors where each node’s new color depends on its previ-
ous color and the multiset of colors in its neighborhood. This process continues until
the color assignments stabilize, at which point the resulting color histograms can
be compared between graphs where different histograms indicate non-isomorphic
graphs.

The 1-WL algorithm can be formalized as follows:

W = ¢y foralloeV (2.7)
1P = hash(hE Y, ({hEVu e N(0)}}) (2.8)

where ¢ is a constant initial color for all nodes. Further, hash(-) function is an
injective mapping that assigns unique identifiers to distinct inputs, ensuring that
different multisets receive different hash values. The process continues until con-
vergence, i.e., when hz(,k) = hz(,kfl) for all nodes v € V. Despite its effectiveness and
widespread use in graph analysis, the 1-WL algorithm has inherent limitations and
cannot distinguish all pairs of non-isomorphic graphs, particularly those with certain
regular or symmetric structures (Wijesinghe and Wang, 2022} Zhao et al., 2022a).

Xu et al.[(2019) established a fundamental theoretical connection between MPNNs
and the 1-WL graph isomorphism test by proving that GNNs are at most as power-
ful as the 1-WL test in distinguishing different graph structures. They showed that
GNNs can achieve the same discriminative power as 1-WL if their neighborhood ag-
gregation and graph readout functions are injective, leading them to propose Graph
Isomorphism Networks (GIN) which provably matches 1-WL's expressive power.
This theoretical framework is crucial for understanding the fundamental limitations
and capabilities of GNNSs, providing rigorous bounds on what graph structures these
models can and cannot distinguish. In graph classification tasks like molecular prop-
erty prediction, recognizing that certain GNN architectures struggle to differentiate
specific molecular structures can clarify model failures (Bodnar et al., 2021; Sun et al.,
2022).

2.4.2 MPNNs Beyond 1-WL Test

In recent years, researchers have increasingly focused on developing GNNs that can
surpass the expressive power of 1-WL tests, addressing the fundamental limitations
of standard MPNN’s in distinguishing certain graph structures. Several distinct ap-
proaches have emerged to tackle this challenge, each offering unique strategies to
enhance expressivity beyond the 1-WL barrier.

Structure-injecting GNNs extract structural information using a pre-processing
step and inject it into a message-passing scheme as node or edge features (Horn et al.,
2022; Barcel6 et al., 2021; Bouritsas et al., 2022; Wijesinghe and Wang), 2022). These
GNNs have been empirically verified to perform well on graphs that exhibit specific
structural patterns but often require hand-picking structure patterns, which limits
the generalizability of the learning model. Furthermore, the substructure extraction
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process can be computationally expensive, making these approaches less practical
for large-scale applications.

Subgraph-based GNNs are designed to operate on subgraphs that are extracted
from the original graph (Bevilacqua et al., 2022} |Cotta et al., 2021; [Zeng et al., 2023;
Frasca et al., 2022). These approaches typically generate subgraphs according to com-
binatorial policies, such as extracting all possible ego networks or removing specific
edges. To ensure permutation invariance of graph representations, these models of-
ten require computationally demanding solutions, such as equivariant architectures.
While stochastic implementations through random sampling can improve efficiency,
they cannot guarantee permutation invariance, creating a trade-off between compu-
tational feasibility and theoretical guarantees.

The k-WL algorithm (Kiefer, 2020; Cai et al., [1992) inspired the development of
high-order GNNs that can capture higher-order relations by characterizing k-tuples
of nodes in graphs (Maron et al., 2019b; Morris et al., 2020b; Zhao et al.,[2022b). These
models are built to mimic the k-WL hierarchy where k-order GNNs have expressive
power comparable to the k-WL test. Despite being theoretically powerful, these mod-
els suffer from prohibitive computational complexity that scales exponentially with
k, making them impractical for real-world applications with large graphs.

Another line of work focuses on enhancing MPNN expressivity through diverse
architectural innovations. Expanding receptive field methods extend the traditional
1-hop message passing paradigm by allowing nodes to aggregate information from
k-hop neighborhoods (Nikolentzos et al., 2020; Feng et al., 2022; Wang et al., 2022b),
enabling the capture of longer-range dependencies and structural patterns without
requiring multiple message passing iterations. Inductive coloring techniques assign
unique identifiers or structural encodings to nodes based on their positions and
roles within the graph (You et al., 2021} [Huang et al., 2023), breaking symmetries
that would otherwise make structurally different nodes appear identical to standard
MPNNs. Homomorphism counting approaches enhance expressivity by incorporat-
ing counts of structure-preserving mappings from subgraphs to the target graph,
providing rich structural information about motif occurrences and global patterns
that cannot be captured by local message passing alone (Zhang et al.,|2024b; Jin et al.,
2024). While these methods offer complementary strengths in addressing different
aspects of the 1-WL limitation, they often require careful design choices regarding
which structural properties to encode, how to efficiently compute extended neigh-
borhoods or homomorphism counts, and how to balance expressivity gains with
computational overhead.

2.5 Homophilic and Heterophic Graphs

Graphs exhibit different patterns in how nodes connect based on their similarity.
Homophilic graphs follow the "birds of a feather flock together" principle, where
nodes with similar features, labels, or attributes preferentially connect to each other
(Khanam et al., 2023). Social networks, citation networks, and collaboration graphs
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often exhibit such homophilic characteristics (Bisgin et al., 2012; (Ciotti et al., 2016;
Zhang et al., 2018). Conversely, heterophilic graphs exhibit the opposite behavior,
where nodes tend to connect to others that are different from themselves (Zhu et al.|
2023a). This pattern is observed in various networks, including biological networks,
financial transaction systems, and web graphs (Kimura and Hayakawa, 2008; Pei
et al., 2020b; [Lin et al., 2025).

For undirected graphs, several homophily measures have been proposed. For
each node v; € V, let y; denote its corresponding label. Edge homophily (Zhu et al.,
2020) measures the fraction of edges connecting nodes with identical labels:

b [{{vi,vj} € Elyi = y;}|
edge — ’E’

(2.9)

Node homophily (Pei et al., 2020b) adopts a node-centric approach, computing the
average homophilic tendency across all nodes:

(2.10)

e = Ly €N G =)
R = N ()]

Traditional GNNs rely heavily on the fundamental assumption that neighbor-
ing nodes share similar characteristics and labels, making them inherently suited
for homophilic graphs (Zhu et al,, 2021; Luan et al., 2022). This design philosophy
comes from their message-passing frameworks, where nodes aggregate and com-
bine information from their immediate neighbors under the expectation that such
local information sharing will enhance representation learning. However, this very
strength becomes a critical weakness when applied to heterophilic graphs, where
connected nodes often possess dissimilar attributes and belong to different classes.
In such networks, the standard GNN approach of averaging or pooling neighboring
node features can actually degrade performance by mixing contradictory signals and
diluting meaningful distinctions between node classes. This severely impacts node
classification tasks, where the goal is to predict node labels based on both struc-
tural and feature information (Sun et al,, 2024). This performance degradation in
node classification highlights the need for specialized approaches that can effectively
handle graphs with varying homophily levels (Lim et al., 2021).

Geom-GCN (Pei et al., 2020b) is one of the early works that identified the per-
formance bottleneck in heterophilic graphs. Since then, there has been a plethora of
works targeting enhancing GNN performance in heterophilic graphs. Some works
propose filtering neighbours to improve aggregation performance on heterophilic
graphs by excluding or deprioritising dissimilar nodes (Bo et al., 2021} Luan et al.,
2022; Zheng et al., 2023b} Guo et al., [2024). Furthermore, some works have shown
that incorporating higher-order neighbourhoods could alleviate this issue, as it en-
ables the aggregation process to access more homophilic information (Zhu et al.,
2020; Wang et al., 2021b; Wang and Zhang), 2022b; [Li et al., 2022¢; Yu et al., 2024; Li
et al., 2024a). There have been some works introducing structural constraints such
as neighbour ordering (Song et al., 2023) and selective aggregation mechanisms (He
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et al., 2022; Haruta et al., 2023) to enable more discriminative node representations
by controlling how information flows between nodes of different classes. While the
aforementioned works have focused on improving GNN architecture, some studies
have taken an alternative path by rewiring the input graph to increase homophily
(Guo et al., 2023} [Li et al., [2023b; [Bi et al., [2024; Bose et al., 2025).

Recent theoretical findings have shown that heterophily does not always nega-
tively impact node classification. Ma et al.| (2022b) showed that moderate levels of
heterophily are more detrimental to GNNs than conditions of extreme heterophily.
Further, Wang et al| (2024a) elaborated that class separability in node classification
using GNNs depends on both neighborhood distribution distances and node de-
grees, establishing that the impact of heterophily is nuanced rather than uniformly
negative.

2.6 Oversmoothing in GNNs

Traditional GNNs face a fundamental challenge known as oversmoothing, where
repeated message passing operations cause node representations to converge to-
ward uniform values, effectively erasing the distinguishing characteristics that en-
able meaningful node differentiation (Keriven, 2022; |Qureshi et al 2023). This phe-
nomenon becomes particularly pronounced in deeper networks, where extensive in-
formation propagation leads to a homogenization of node embeddings across the
entire graph, severely hampering the model’s ability to perform downstream tasks
such as node classification, and influence estimation (Xia et al., [2021; Jin and Zhu,
2025).

Mathematically, oversmoothing occurs when node representations converge as
the network depth increases:

lim [/ —h{"|, 50, VijeVv 2.11)
t—o0 ]

This convergence reduces the discriminative power of node embeddings, making
initially distinct nodes indistinguishable in the embedding space.

The research community has developed diverse strategies to combat this issue.
Architectural innovations have emerged as a primary defense mechanism, with resid-
ual connections (Yin et al., [2022; Yang et al., 2022b; Scholkemper et al., 2025) allow-
ing networks to preserve original node features alongside transformed representa-
tions, while jumping knowledge mechanisms (Yang et al., |2022a; |[Zhu et al., 2023b)
enable selective access to representations from multiple network layers. These ap-
proaches fundamentally alter how information flows through the network architec-
ture. Complementary to these architectural modifications, regularization and nor-
malization techniques have also proven effective in maintaining representational di-
versity. Dropout strategies (Luo et al., 2021; |Shu et al., 2022; |[Hssayni et al., 2025) in-
troduce controlled randomness during training to prevent feature convergence, while
specialized normalization methods (Zhao and Akoglu, 2020; Zhou et al., 2020b) help
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stabilize the learning process and preserve meaningful variation in node embed-
dings.

Recent advances have taken a more principled approach by leveraging geomet-
ric insights from discrete Ricci curvature to identify structural bottlenecks that cause
oversmoothing (Nguyen et al., 2023} Liu et al., 2023; |[Fesser and Weber, 2024). These
curvature-based methods not only diagnose problematic graph regions but also in-
form targeted interventions through graph rewiring and strategic sampling tech-
niques that structurally address the root causes of feature oversmoothing, represent-
ing a shift toward theoretically grounded solutions for this fundamental challenge.

2.7 Curvature and GNNs

Curvature offers a geometric perspective on graph structure that can improve GNN
design and performance. In this section, we review key curvature measures and their
applications in GNNSs.

2.7.1 Curvature Notions

Originally rooted in differential geometry, curvature measures how a space devi-
ates from flatness by tracking the convergence or divergence of geodesics (Bochner,
1946; Ollivier, 2007). When applied to graphs, it captures the connectivity and re-
lational properties of nodes and edges (Lin et al., 2011; Ni et al) 2015), offering a
more nuanced structural analysis. Incorporating curvature into GNNs can not only
deepen our understanding of local connectivity but also provide insights into in-
formation flow, helping mitigate issues like oversmoothing and oversquashing (Sun
et al., 2023b} |[Fesser and Weber), 2024). Among the various forms of curvature, Ricci
curvature (Huisken, [1985; |Laugwitz, 2014) has gained prominence due to its for-
mulation on discrete spaces, which allows for efficient computation. This efficiency
makes it well-suited for analyzing the structural properties of graphs (Forman et al.,
1999; Ollivier, 2007; Samal et al., 2018} Fesser and Weber, 2024). In the following, we
present two notions of Ricci curvature adapted to the discrete graph setting.

2.7.1.1  Ollivier-Ricci Curvature

The Ollivier-Ricci curvature (Ollivier, 2009; Fesser et al., [2024) employs principles
from optimal transport theory to quantify edge curvature. This measure evaluates
the geometric properties of an edge by examining the transportation cost between
probability distributions centered at the neighborhoods of connected nodes. For an
edge (v;,v;) € E, the Ollivier-Ricci curvature is expressed as:

Wi (poy, pho;)

5(or,0) (2.12)

KOR(’U{,Z)]‘) =1-

where Wi (jio,, piv;) Tepresents the Wasserstein distance between probability mea-
sures ji,, and py,; supported on the neighborhoods N (v;) and N (v;) respectively, and
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(v;,v;) denotes the shortest path distance between nodes (for edges in the graph,
(v;,vj) = 1). Positive curvature values indicate regions of high local connectivity,
while negative values signal structural bottlenecks.

2.7.1.2 Forman-Ricci Curvature

Forman-Ricci curvature (Forman| 2003; Sreejith et al., 2016; Fesser et al., 2024) adopts
a purely combinatorial framework, deriving curvature measurements directly from
local topological structure. For an edge e = (v;,v;) € E, the formulation is:

xer(0i,0;) = 4 — [N (1) — [N (0))] (2.13)

where [N (v;)| and |V (vj)| represent the degrees of nodes v; and v; respectively.
This topological approach characterizes how individual edges influence the local
clustering properties of their surrounding network regions.

2.7.2 Curvature-based GNNs

Recent work in GNNs has leveraged various notions of curvature, most notably dis-
crete Ricci curvature, to capture structural relationships in graphs. For instance, Ye
et al. (2019) employed discrete Ricci curvature to quantify the relationship between
the neighborhoods of node pairs, using these values to define edge weights and
enhance message passing. Subsequent studies (Topping et al., [2022; Nguyen et al.,
2023; [Liu et al., 2023; Fesser and Weber, 2024) have further explored how curvature
influences common GNN challenges, including oversmoothing and oversquashing.
These investigations revealed that positive curvature regions often correlate with
oversmoothing tendencies, where node representations become increasingly similar,
while negative curvature areas are associated with oversquashing phenomena that
impede long-range information propagation (Nguyen et al. 2023).

Building on these insights, [Topping et al. (2022); Nguyen et al.|(2023), and [Fesser
and Weber| (2024) introduced graph rewiring strategies to improve information flow,
while |[Liu et al| (2023) proposed an edge sampling mechanism that leverages cur-
vature to alleviate these issues. All these approaches typically treat curvature as
a static topological property computed prior to GNN training. More recently, Chen
et al. (2025) proposed a curvature-based diffusion mechanism that iteratively updates
edge curvature, effectively treating curvature as a learnable parameter.

2.8 Opinion Dynamics and GNNs

GNN message passing can be viewed as a form of opinion propagation, where nodes
update their representations based on neighborhood information. This connection to
opinion dynamics offers insights into GNN behavior and inspires new architectural
designs.
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2.8.1 Opinion Dynamic models

Opinion dynamics represents a fundamental area of study in social computing that
examines how individual beliefs, preferences, and viewpoints evolve through social
interactions within networked systems (Acemoglu and Ozdaglar, |2011; Das et al.,
2014). This field has gained significant attention as researchers seek to understand
phenomena ranging from political polarization and social consensus formation to the
spread of misinformation and collective decision-making processes (Mueller and Tan,
2018). The integration of GNNs with opinion dynamics modelling offers promising
avenues for capturing the complex, non-linear relationships that govern how infor-
mation propagates and transforms across complex networks. Several classical mod-
els have emerged as cornerstone approaches for understanding these dynamics, each
capturing different aspects of how individuals update their beliefs in response to
social influence.
In the following, we discuss several well-known opinion dynamics models.

2.8.1.1 French-DeGroot (FD) Model

In the FD model (DeGroot, 1974), each node updates its opinion as a weighted aver-
age of its neighbors” opinions:

Xi(t + 1) = Z Wi]'X]'(t) (214)

U]'EV

where x;(t) denotes the opinion of node v; at time ¢. The weight matrix W € R"*" is
row-stochastic, with Wij > 0 if node v; is influenced by node v;. When the graph is
connected, the opinions of all nodes converge to the same value (i.e., single consen-
sus) (DeGroot, [1974).

2.8.1.2 Friedkin-Johnsen (F]) Model

The FJ model (Friedkin and Johnsen, 1990) extends FD by allowing each node to
retain partial attachment to its initial opinion:

xi(t4+1) = Aixi(0) + (1 —A;) Y Wix;(t) (2.15)

U]'EV

where x;(0) is the initial opinion of node v;, and A; € [0,1] representing node v;’s
level of attachment to its initial opinion. This opinion dynamics converges to an
equilibrium state that reflects a balance between the influence of neighboring nodes
and each node’s adherence to its initial opinion, resulting in persistent diversity of
opinions across the network (Biondi et al.,[2023; Xu et al., 2022). Compared to the FD
model, the F] model better captures realistic scenarios where individuals maintain
some degree of independence while still being susceptible to social influence.
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2.8.1.3 Hegselmann-Krause (HK) Model

In the HK model (Rainer and Krause, [2002), each node updates its opinion by aver-
aging those of other nodes whose opinions lie within a specified confidence interval:

1
xi(t+1) = T f] U/GFZ(Z:M) x;(t) (2.16)
I'(vj,t) = {vj € N(v) | [xi(t) — x;(t)] < €} (2.17)

where € > 0 is the confidence bound. Unlike the FD and FJ models, the HK model
depicts time-varying neighborhood influence as each node’s influential neighbors
change dynamically based on opinion proximity at each time step. This opinion dy-
namics typically leads to multiple opinion clusters instead of converging to a single
consensus (Chen et al., 2017).

2.8.2 Opinion Dynamic-based GNNs

Several GNNs from the literature have drawn inspiration from opinion dynamics
models to enhance their architectural designs. GNNs with residual connections
(Gasteiger et al., [2018; [Xu et al., 2018b; [Liu et al., 2021a; [Zhang et al., [2023) exhibit
similarities to the F] model, where the residual connections to the initial feature states
mimic the concept of stubbornness in the model. Sheaf theory-based GNNs (Bodnar
et al., 2022) adopt an opinion dynamics-inspired approach, where each node has both
public and private opinions, and information propagation is modeled as the inter-
play between these two types of opinions. Zhou et al.| (2024), and Vargas-Pérez et al.
(2024) introduced message passing mechanisms based on the bounded confidence
opinion model (Rainer and Krause, 2002), designed to enhance information propa-
gation in GNNs. Wang et al.| (2025) proposed a message-passing approach inspired
by behavior opinion dynamics (Leonard et al,, 2024) to address the oversmoothing
issue in GNNs.

2.9 Adaptive GNNs

GNNs with adaptive architectures learn key components of their architecture dur-
ing training, allowing them to optimize both structure and operations based on the
graph’s properties and the downstream task. Unlike conventional GNNs with fixed
designs, these models incorporate learnable components that dynamically adjust ag-
gregation strategies, assign importance to nodes/edges, and refine connectivity pat-
terns.

Numerous studies have explored adaptive behaviors of GNNs in the literature.
For example, sampling-based methods selectively extract graph structures to improve
computational efficiency and representation capabilities (Younesian et al., 2023; Zhao
et al., 2023} Lee et al, [2023). Similarly, several studies focus on defining adaptive
neighborhoods for aggregation at each node by utilizing learnable mechanisms that
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are governed by the ground truth values of the downstream task (Saha et al., 2023;
Guang et al, 2024). Attention-based GNNs (Velickovic et al., 2018; Brody et al., 2022)
adjust edge weights adaptively by learning attention coefficients that reflect the rel-
ative importance of neighboring node during the learning process. Additionally,
several studies have proposed dynamic message-passing paradigms that can adap-
tively determine node message-passing operations, such as message filtering and the
direction of information propagation (Errica et al., 2023} Finkelshtein et al., 2024).

There have been few works exploring the impact of adaptive depth in GNNs
where each node has a personalised number of message-passing iterations. Wu et al.
(2024) employed reinforcement learning to design a flexible GNN architecture that
adaptively searches for optimal parameters of components, including GNN depth,
aggregation functions, and pooling operations for graph classification. ADMP-GNN
(Abbahaddou et al., 2025) introduced a depth allocation policy for GNNs using cen-
trality heuristics to cluster structurally similar nodes and assign optimal layer depth
based on their validation performance.

2.10 GNNs for Influence Maximization

Influence maximization methods generally fall into two main categories: traditional
and learning-based approaches. Traditional methods include simulation-based, proxy-
based, and sketch-based techniques (Li et al [2018). Simulation-based methods rely
on Monte Carlo simulations (Harrison| 2010) for stochastic evaluation with theoreti-
cal guarantees but suffer from computational inefficiency. Proxy-based methods use
heuristic approaches for efficient seed set approximation but often lack theoretical
foundations. Sketch-based methods attempt to combine both simulation and proxy
approaches, seeking to balance theoretical guarantees with computational efficiency
(Banerjee et al., 2020).

In contrast to traditional methods that require a specific diffusion model as in-
put, learning-based models demonstrate superior generalizability by adapting to
multiple diffusion models without requiring model-specific parameter tuning. The
learning-based paradigm has attracted significant research attention, with several
studies leveraging deep reinforcement learning for influence maximization (Li et al.,
2022b; Ma et al., [2022a; Wang et al) [2021a} |Chen et al,, 2023b). These reinforcement
learning approaches model influence maximization as a sequential decision-making
problem, where agents learn to select seed nodes through trial-and-error interactions
with the network environment.

Complementary to reinforcement learning methods, several works have explored
the application of GNNSs in the influence maximization context (Xia et al., 2021} Ku-
mar et al, 2022; [Ling et al., 2023} Panagopoulos et al., 2023). [Xia et al.| (2021) pro-
posed DeeplS, which uses GNNs to estimate node susceptibility in social networks,
treating influence estimation as a node-level regression task. [Kumar et al.| (2022)
combined graph embeddings with GNNs to learn node representations that cap-
ture influence propagation patterns, enabling more effective seed selection strategies.
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Ling et al.| (2023) developed a deep graph representation learning framework that
jointly optimizes node embeddings and influence maximization objectives through
end-to-end training. More recently, Panagopoulos et al. (2023) introduced GLIE, a
GNN that learns to estimate influence spread by tightening theoretical upper bounds
through supervised training, and developed corresponding influence maximization
algorithms that uses learned representations for submodular seed selection. These
GNN-based approaches leverage the inherent structural properties of graphs to learn
effective node representations, offering promising directions for scalable influence
maximization in large networks.



Chapter 3

Permutation-Invariant Graph
Partitioning: How Graph Neural
Networks Capture Structural
Interactions?

3.1 Overview

GNNs have emerged as the de facto standard for tackling graph learning tasks (Horn
et al., |2022; Bodnar et al., 2021} Bouritsas et al. 2022). Among the rich landscape
of GNN models, Message-Passing Neural Networks (MPNNSs) stand out for their
simplicity and efficiency, making them a popular choice for real-world applications.
This is due to their ability to leverage local neighborhood information through a
message-passing scheme, which iteratively computes node representations (Gilmer
et al., 2017; Kipf and Welling, 2017).

However, the representational power of MPNNs is fundamentally constrained
by the 1-WL test (Weisfeiler and Leman, 1968} Xu et al., 2019; Morris et al., 2019).
To overcome this limitation, researchers have proposed various approaches to en-
hance MPNN expressivity beyond 1-WL, including injecting structural properties
(Bouritsas et al., 2022; Barcel6 et al., |2021; Wijesinghe and Wang, 2022} Xu et al.,
2024), incorporating higher-order substructures (Morris et al., 2019, 2020b; Abu-El-
Haija et al., 2019), expanding receptive fields for message passing (Nikolentzos et al.,
2020; |[Feng et al., 2022; Wang et al., [2022b), leveraging subgraphs (Zhao et al., 2022a;
Zhang and Li, 2021} Wang and Zhang, 2022a; Bevilacqua et al., 2022; Cotta et al.,
2021), integrating homomorphism counts (Zhang et al., 2024b; Jin et al., 2024) and
applying inductive coloring techniques (You et al., 2021; Huang et al., 2023). Despite
these advancements, there is still limited understanding of how structural compo-
nents within a graph, such as subgraphs representing diverse properties, interact
and influence expressivity in learning tasks. Existing methods primarily focus on
straightforward interactions between nodes and their neighbors, leaving the intricate
interplay among structural components underexplored. Addressing these gaps is
crucial for unlocking the full potential of expressive GNNs.

30
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Figure 3.1: The expressivity of GPNN variants is analysed in terms of (1) interaction
type: E* (intra-edges), E® (intra-edges and inter-edges), and Et (all edges); (2) expres-
sive power: 1-WL and 3-WL, under different permutation-invariant graph partitioning
schemes /\L/ /\gl—WL/ and /\ZB—WL-

In this chapter, we aim to address the aforementioned limitations. Our key obser-
vations are that partitioning a graph into a set of subgraphs that preserve structural
properties enables a powerful way to exploit interactions among different structural
components of a graph. Particularly, graphs in real-world applications are often com-
posed of different kinds of structural components that can be distinguished with re-
spect to their topological properties. Exploring these structural components and their
interactions can bring novel insights about the structure of a graph as well as addi-
tional power for graph representations. Unlike other data types such as images or
sequences, graphs lack an inherent, consistent ordering of nodes. Therefore, a model
that learns representations of graphs must treat isomorphic graphs — those that dif-
fer only by node permutations — as identical. To achieve this, ensuring permutation
invariance is crucial during graph partitioning. This guarantees that graphs are di-
vided based on their intrinsic structural properties, rather than being influenced by
arbitrary node orderings. Inspired by these insights, we explore how permutation-
invariant graph partitioning enhances GNN expressivity efficiently. Our key contri-
butions are:

* Theoretical insights: We establish a novel connection between graph partitioning
and graph isomorphism by introducing the concepts of partition isomorphism and
interaction isomorphism, providing a rigorous theoretical framework for analyzing
structural interactions.

* GNN architecture: We propose Graph Partitioning Neural Networks (GPNNs), a
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new GNN architecture that integrates structural interactions through permutation-
invariant graph partitioning to enhance graph representation learning.

* Expressivity analysis: We theoretically prove that GPNNs surpass the expressive
power of 1-WL and efficiently approach the expressive power of 3-WL, addressing
critical limitations of traditional GNNS.

e Complexity analysis: We show that GPNN variants achieve a balance between
computational efficiency and representational power, making them practical for
large-scale graph learning tasks.

* Practical partitioning: We explore efficient, permutation -invariant graph partition-
ing schemes, such as k-core and degree-based partitioning, to enable meaningful
subgraph extraction and preserve structural properties.

Figure[3.1|illustrates the theoretical results on the expressivity of the proposed GPNN
architecture in relation to k-WL (Cai et al,[1992) and interaction types across different
graph partitioning schemes. To empirically verify the theoretical designs of GPNN,
we conduct experiments on diverse graph benchmark tasks, demonstrating its supe-
rior performance over state-of-the-art models.

3.2 Graph Partitioning and Graph Isomorphism

In this section, we define permutation-invariant graph partitioning and explain its
connection to graph isomorphism.

3.2.1 Preliminaries

Let G be a simple graph, and V(G) and E(G) refer to the node set and the edge set of
G, respectively. Given d € IN, for each v € V(G), the d-hop neighborhood is denoted as
Ny(v) = {u € V(G) | 6(u,v) < d}, where 6(u,v) refers to the shortest-path distance
between two nodes u and v. Note that Ny(v) includes v itself (since §(v,v) = 0). For
the 1-hop neighborhood, we use the notation N(v) = {u € V(G) | (v,u) € E(G)} to
denote the set of direct neighbors of v, excluding v itself. Thus, N;(v) = N(v) U {v}.
An induced subgraph of G by U C V(G) is the graph G[U] with a node set U and
edges only between nodes in U, denote as G[U] C G.

Two graphs G and G; are isomorphic, denoted as G1 ~ G, if there exists a bijec-
tion ¢ : V(G1) — V(Gy) such that (v,u) € E(Gy) if and only if (g(v), g(u)) € E(Gy).
A permutation 7 on a graph G is a bijection 77 : V(G) — V(G) such that 7(G) =
(V(G), n(E(G))), where t(E(G)) = {(m(v), (u)|(v,u) € E(G)}. A function f is
permutation-invariant if and only if f(G) = f(7(G)) for any graph G and any per-
mutation 77 on G. Let G be a set of graphs closed under isomorphism. A subgraph
invariant is a function ¢ : G — G that determines a subgraph ¢(G) C G for each
G € g, preserved under isomorphisms.
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3.2.2 Graph Partitioning Scheme

We start by defining the graph partitioning scheme and relevant concepts. Then,
we dive into the connection between graph partitioning and graph isomorphism by
introducing the concepts of partition isomorphism and interaction isomorphism.

Definition 1 (Graph Partitioning Scheme). Let P(G) be the powerset of G and ® =
{#j}icpx be a family of subgraph invariants. A graph partitioning scheme is a permu-
tation invariant function fo : G — P(G) which partitions any graph G € G into a set of
subgraphs {S1,..., Sk}, where Ur<i<k V(Si) = V(G), Ni<izj<k V(Si) NV (S;) = @, and
¢;(G) = S;j for j € [1,k|. Note that S; can be an empty subgraph, i.e., V(S;) = @ and
E(Sj) = @.

The permutation-invariant property of a graph partitioning scheme is crucial for
exploring structural interactions. This property not only ensures that interactions
among different structural components are consistently captured, under any node
reordering, but also enables meaningful comparisons between subgraphs with the
same indices, partitioned from different graphs by the same graph partition scheme
through a family of subgraph invariants.

Based on graph partitioning schemes, we define two notions of isomorphism on
graphs: one characterizes interactions within partitioned subgraphs and the other
characterizes interactions across partitioned subgraphs.

Definition 2 (Partition-Isomorphism). Two graphs G and G’ are partition-isomorphic,

denoted as G = G/ , with respect to a partitioning scheme fq if there exists a bijective function
g ¢ fo(G) = fo(G') such that fo(G) = {S1,...,S5}, fo(G') = {S},...,S;}, and
g(Si) ~Sifori=1,...,k

A node v € V(G) is a border node with respect to fo if there exist u € V(G) and
two subgraphs {S;,S;} C fo(G) such that (v,u) € E(G), v € V(S;), u € V(S;), and
Si # S;. We use Vp(G) to denote the set of all border nodes in G.
Definition 3 (Boundary Subgraph). The boundary subgraph B(G) = (V, E) of a graph
G with respect to fo is defined by the node set V.= Vg(G) and the edge set E = {(v,u) €
E(G) | v,u € Vg(G)}, where each edge in E connects two border nodes.

Boundary subgraphs underpin structural interaction equivalence in partitioned
graphs.
Definition 4 (Interaction-Isomorphism). Two graphs G and G’ are interaction-isomorphic,

11 ) L . .
denoted G ~ G', with respect to a partitioning scheme fo, if and only if:
PI _, . L :

* G~ G/, ie., graphs are partition-isomorphic under fo;
e B(G)~B(G), i.e., boundary subgraphs are isomorphic.

The following establishes the connection between partition-isomorphism, interaction-

isomorphism, and graph isomorphism. One direction of the proof follows directly
from the definitions, while the other is shown using counterexample graphs in Figure
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Figure 3.2: Two pairs of non-isomorphic graphs, (Gi, H1) and (G, Hz), are parti-
tioned by node degrees, grouping nodes with the same degree. Boundary and par-
titioned subgraphs are shown, with different subgraphs highlighted in red and blue.

(a) Gy I;I H; and Gy g Hy; (b) Go PZI H>, but G, g H,.

Theorem 1. Fix a graph partitioning scheme. We have: (a) If G ~ G, then G 2 G, but

. I Pl _, .
not vice versa; (b) If G ~ G, then G >~ G, but not vice versa.

Proof. Suppose that the graph partitioning scheme is fg. We first prove one direction

of Statement (a), i.e., if G ~ G’, then G g G'. From the definition of graph isomor-
phism, we know that if G =~ G, then there is a bijective mapping f : V(G) — V(G')
such that for any (u,v) € E(G), (f(u), f(v)) € E(G'), and vice verse. By definition

we know that if G ~ G/ , then there exists a bijective mapping ¢ : fo(G) — fo(G')
such that g(S;) ~ S/ for every i € [1,k|. Thus, if G =~ G, we know that the same
bijective mapping from graph isomorphism f : V(S;) — V(S;) satisfies that for any
(u,0) € E(S;), (f(u), f(v)) € E(S;) for any i € [1,k]. Then, we consider the boundary
subgraphs B(G) = (V,&) and B(G') = (V',£’). By definition [4} it requires to show a
bijective function ¢ : B(G) — B(G’) such that (v, u) € £ iff (¢(v),g(u)) € £'. This can
also be satisfied by f where f : V — V' such that for any (u,v) € &, (f(u), f(v)) € &'
Therefore, such a bijective mapping f of graph isomorphism satisfies both of the con-
ditions of interaction-isomorphism. This direction is proven. However, the converse
direction of Statement (a) does not hold. The pair of graphs shown in Figure [3.2(a)
is interaction-isomorphic, but not isomorphic.

For Statement (b), the first direction (i.e., if G 4 G, then G 2 G') can easily follow
from the definition of interaction-isomorphism. The converse do not hold, which can
be proven by the pair of graphs shown in Figure b).

The proof is complete. O

3.3 Graph Partitioning Neural Networks

In this section, we introduce Graph Partitioning Neural Networks (GPNN), a novel
GNN model which can integrate structural interactions into representation learning.
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We begin by defining partitioning colouring, where nodes and edges are assigned
colours to reflect permutation-invariant partitions generated by a graph partition
scheme.

Definition 5 (Partition Colouring). Let Cy be a set of node colours, Cg be a set of edge
colours containing {ce, ca, ¢y}, Cy NCg = @, {51, ..., Sk} be a set of subgraphs generated by
a graph partitioning scheme over G, and 7t(-) be an injective hashing function. A partition
colouring A = (Ay, Ag) consists of the following:

—node colouring: Each node v € V(G) is assigned a node colour, Ay : V(G) — Cy
such that Ay (v) = Ay(u) if and only if v € V(S;) and u € V(S;).

— Edge colouring: Each pair of distinct nodes {v,u} C V(G) is assigned an edge
colour, Ag : V(G) x V(G) — Cg such that

Aep(o,u) =
m(Av(0),ce, Av(u))  (v,u) € E(G), Av(v) = Av(u);
m(Av(v),ca, Av(u))  (v,u) € E(G), Av(v) # Av(u);
(Av(v),cn, Av(u)) (v,u) ¢ E(G

Here, {c., ca, cn} represents three types of interactions: inter-interaction, intra-
interaction, and non-interaction, respectively. Intuitively, inter-interactions refer to in-
teractions between nodes within the same partitioned subgraph, intra-interactions
refer to interactions between nodes across different partitioned subgraphs, and non-
interactions indicate that no direct interactions occurs between nodes.

Definition 6 (Coloured Neighbourhood). For each node v € V(G), the neighbourhood
Ny (v) consists of a set of neighbouring node subsets {N}(v), ..., N5(v)}, each of which is
coloured with a distinct colour under Ay such that, for any two nodes {u,w} C Ny(v),
Av(u) = Ay(w) if and only if {u,w} C N)(v) for exactly one j € [1,k].

Below we present the message-passing scheme of GPNN. Given a partition colour-
ing A = (Ay,Ag), let ,BS,O) = Ay(v) and 77(,0) = Ay(v) for any v € V(G) and
oY) = Ap(v,u) for any v,u € V(G). We learn the node embedding [35,“1) of each
node v at the (¢ + 1)-th iteration as

BV = Urp (1), Ace ! ju € N(0)}). (3.1)
Urp(.) and AGG(.) are injective and permutation-invariant functions that represent

update and aggregate operations in GNNS, respectively. Then, we define the interac-

tion embedding bt of (v, u) at the (¢ + 1)-th iteration as

zxz(,f,ﬂ) = Urp (ucz(,f,),AGG({{(az(,Q,a%),)|w € Nd(v)}})). (3.2)

We then aggregate the embeddings of neighboring nodes and their corresponding
interaction embeddings from different partitions (i.e., the coloured neigbourhood
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Figure 3.3: A high-level workflow of Acore-GPNN for an input graph. The intra-edges
are marked using grey color. GPNN generates node representations by considering
interactions within and between partitions.

{Nl(v),...,Nk(v)}) into a combined embedding 7, as
WY = Cu (Ace (F(BLY, ol € Nj(0) 1),

., AGG ({{(ﬁ5f+1),az(,§+l))|u € Ng(v)}}» (3.3)

CwmsB(.) is an injective combining function, closed under permutation. Note that
(0+1) . . . . . . . .
(v, u) of oy, may correspond to inter-interaction, intra-interaction, or non-interaction,
depending on not only how v and u are connected in G but also how they are parti-

tioned by a graph partitioning scheme.

Remark 1. Our model can be integrated into any existing GNN models as a plugin. Let
h3™ be a node embedding from an existing GNN model (e.g., GIN (Xu et al., 2019) and

GCN (Kipf and Welling, 2017). By combining W™ with """, we obtain the representation
for each node v as

hy = CMB (hgnn,ygm) : (3.4)

An illustration of the high-level workflow of GPNN is provided in Figure

3.4 Theoretical Analysis

3.4.1 Expressivity Analysis

In this section, we discuss the expressivity of GPNN from two aspects: (1) How does
a partition colouring, determined by a chosen graph partitioning scheme, affect the
expressivity of GPNN? (2) How do different types of interactions affect the expres-
sivity of GPNN?.

We use A-GPNNP to refer to the variants of GPNN with a partition colouring A,
d =1 (i.e., N;(v) contains direct neighbours of v and v itself), and § € {x,¢,t}, where
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*, 0, and T denote that (v,u) in Eq. considers intra-interactions (E*), both inter-
interactions and intra-interactions (E®), and all interactions (ET), respectively. We also
introduce the notion of A-equivalence to compare the expressivity of different graph
partitioning schemes.

Definition 7 (A-Equivalence). Let A = (Ay, Ag) be a partition colouring. Two graphs G
and H are A-equivalent, denoted as G =, H, if they are indistinguishable by A, i.e.,

e foreachc € Cy, [{v e V(G)|Av(v) =c}|={v € V(H)|Av(V') = ¢},
fr i € G o) € VIGAe(o4) = cH = ({8, € VIas(7 )=

Given two partition colourings A; and Ay, we say that Ay is at least as expressive
as Ay, denoted as A1 J Ay, if and only if for any two graphs {G,H} C G, G =), H
whenever G =), H. Similarly, we use Ay J Ay and Ay = A, to indicate that A; is
strictly more expressive than or equally expressive as Ay, respectively. These notations
can also be extended to k-WL and GPNNs.

A partition colouring is trivial, denoted as A |, if fo(G) = {G} forany G € G, i.e.,
all nodes assigned the same colour. A partition colouring is complete, denoted as A,
if f6(G) = fo(H) < G ~ H for any {G,H} C G, i.e., orbit colouring (McKay and
Piperno, 2014). The expressivity of a partition colouring A is lower bounded by A |
and upper bounded by A.

The following proposition describes how the expressivity of A-GPNN° compares
to 1-WL and 3-WL when A is trivial. The expressive power of A | -GPNNP is at least
as expressive as 1-WL but upper bounded by 3-WL.

Proposition 1. The following hold: (1) A -GPNN* = 1-WL; (2) A|-GPNN* C A -
GPNN° C A -GPNN'; (3) A | -GPNN' C 3-WL.

Proof. We first prove Statement (1) A -GPNN* = 1-WL. According to the model
design, A | -GPNN™* starts with Eq. Since A is trivial, E* = 0, meaning that all
nodes are initially assigned the same colour. In Eq. a node embedding is updated
based on its previous embedding and the embeddings of its direct neighbours. This
implies that for, without any interation embedding, for any iteration of Eq. has
expressive power upper bounded by 1-WL, as demonstrated in Theorem 3 of Xu
et al. (2019). A -GPNN* does not account for any structural interactions. Therefore,
Eq. does not contribute additional expressivity. Given that Eq. is an injective
combination of Eq.. and Eq. from the neighbours of each node and the node
itself, the expressive power of the final embedding in any iteration is also upper-
bounded by 1-WL. This completes the first part of the proof.

We then prove Statement (2) A | -GPNN* C A | -GPNN° C A | -GPNN'. Given that
E* C E° C Et, it is trivial to see that A-GPNN* C A-GPNN° C A-GPNNT.

Finally, we prove Statement (3) A | -GPNN' C 3-WL. When accounting for all of
inter-interactions, intra-interactions and non-interactions in a graph, the expressive
power of Eq. is upper-bounded by 2-FWL algorithm (Huang and Villar, 2021;
Zhou et al 2023) (i.e., equivalent to 3-WL in terms of their ability in distinguishing
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non-isomorphic graphs). Since A is trivial, the initial node colours by A; do not
provide any additional power beyond that of 1-WL. Therefore, for any iteration, the
final embeddings generated by any GPNN variant are upper bounded by 3-WL,
meaning that A-GPNN' C 3-WL. ]

When considering the same interaction type, GPNN’ maintains the expressivity
order of their respective partition colourings, as stated in the theorem below.

Theorem 2. Let Ay and A be two partition colourings with A1 1 Ay. Then A1-GPNN° J
Ay-GPNN? forany 6 € {x,0,1}.

Proof. By the definition of A-GPNN?, GPNN starts with a graph in which nodes are
coloured by A. Since A; J Ay, we know that, for any two nodes {v,u} C V(G),
if v and u are assigned with the same colour by A;, then they must be assigned
with the same colour by A;; the converse does not necessarily hold. Then, by the
definition of GPNN in terms of Equations and we know that if two
nodes {v,u} C V(G) are assigned with different colours by A, then they would
always have different colours after applying A-GPNN’ with any number of layers.
That is, A-GPNNP always refines a partitioning colouring A. Since the same equations
(Equations and [3.3) are applied by A;-GPNN’ and A,-GPNN? on nodes in
G, which only differ in partitioning colourings, and also the functions Acg(.), CmB(.)
and Upp(.) used in GPNN are injective, any two nodes v,u € V(G) must have
different colours by applying A1-GPNN’ whenever they have different colours by
applying A»-GPNN?, but not vice versa. ]

The following theorem establishes expressivity bounds of A-GPNN? in terms of
the partition colouring A and k-WL. For clarity, we define max (A, k-WL) = k-WL if
A C k-WL, or max(A, k-WL) = A if A J k-WL.

Theorem 3. Let A be a partition colouring satisfying A T k-WL or A 3 k-WL for some
k € N. Then max(A,1-WL) C A-GPNN?® and A\-GPNN° C max(A,3-WL) for any 6 €
{x,0,1}.

Proof. From Theorem [1} we know that A | -GPNN* = 1-WL. By Theorem [2} for any
non-trivial A, A-GPNN™* is at least as expressive as A | -GPNN*. Hence, we can de-
duce that A-GPNN* is at least lower bounded by 1-WL. When A is strictly more
expressive than 1-WL, any iteration of GPNN will be strictly more expressive than
the corresponding 1-WL iteration as Eq. 3.1/and Eq. 3.3|together can only further re-
fine initial node colours. In this case, A-GPNN* is lower bounded by A. Therefore, we
can conclude that, for any A, max(A, 1-WL) C A-GPNN*. Given that E* C E® C ET,
we can deduce that A-GPNN* C A-GPNN°® C A-GPNN'. Therefore, this relationship
also holds for the other two GPNN variants, as they are at least as expressive as the
corresponding A-GPNN*.

From Theorem 1, we also know that A -GPNNP is upper bounded by 3-WL. Ad-
ditionally, if A C 3-WL, then for any non-trivial A, A-GPNN? is also upper bounded
by 3-WL. This is because initial node coloring is upper bounded by 3-WL, and any
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interaction learning in GPNNs is similarly constrained by 3-WL, leading to final em-
beddings that are upper bounded by 3-WL. When A is strictly more powerful than
3-WL, GPNN is as expressive as A, since no iteration of GPNN can further refine the
color beyond A. Therefore, for any A, we have A-GPNNT C max(A,3-WL). O

We show that for a partition coloring A below 3-WL, the expressive power of A-
GPNN? is non decreasing when more interactions are captured into representations.
However, when a partition coloring A is at least as expressive as 3-WL, the expressive
power of A-GPNN’ remains unchanged.

Lemma 1. When A C 3-WL, A-GPNN' O A-GPNN°® 3 A-GPNN*. When A 3 3-WL,
A-GPNN' = A\-GPNN°® = A-GPNN*.

Proof. First, we consider the case where A = 3-WL. Since E* C E° C E', for any A,
we can derive the following: A-GPNN* C A-GPNN°® C A-GPNN'.

Next, we consider the case where A J 3-WL. In this case, by max(A,1-WL) C
A-GPNNY, as stated in Theorem (3| we know that the expressive power of A-GPNN?’
is lower-bounded by A. Similarly, by A-GPNN° C max(A,3-WL) from Theorem |3, we
know that the expressive power of A-GPNN? is also upper-bounded by A. Therefore,
all GPNN variants (A-GPNN?) will have the same expressive power, determined
by the initial partition coloring A, regardless of the interaction types 6 € {%,0,t}
considered. Thus, A-GPNN' = A-GPNN° = A-GPNN* holds. O

Based on Lemma [1} the following theorem compares the expressivity of different
GPNN variants.

Theorem 4. For any partition colouring A, A-GPNN' I A-GPNN°® O A-GPNN*.

Proof. Given that A determines the initial node colouring in GPNNSs, any pair of
graphs distinguished by A will also be distinguished by any GPNN variant. Ad-
ditionally, since E* C E°® C E*, it follows that for any A, GPNN* C GPNN° C
GPNN'.This completes the proof. ]

Remark 2. The expressivity of A-GPNN° stems from two key sources: the capacity of a cho-
sen graph partitioning scheme, as reflected by the partition colouring A, and the ability to
capture different types of structure interactions via 6 € {*,o,t}. The former sets the lower
bound of A-GPNN® in its ability to distinguish non-isomorphic graphs, ranging from a trivial
colouring to a complete colouring. For the latter, A-GPNN® addresses partition isomorphism
and interaction isomorphism by considering various types of interactions. Inter-interactions
enable A-GPNN® to handle interactions within partitions, as required by partition isomor-
phism, while intra-interactions capture interactions across partitions, as considered by in-
teraction isomorphism. The model capacity of GPNN? alone is bounded between 1-WL as a
lower bound and 3-WL as an upper bound. Consequently, non-isomorphic graph pairs that
cannot be separated by max(A,3-WL) remain indistinguishable by \-GPNN?, regardless of
the interaction type chosen. This includes graph pairs that are structurally identical under
the chosen partitioning scheme, such as highly regular graphs where all nodes share the same
local structure and the partition colouring provides no meaningful separation.
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3.4.2 Complexity Analysis

Generally, 1-WL and traditional GNNs that are upper-bounded by 1-WL, such as
GIN (Xu et al., 2019), have a time complexity of O(|E|). In contrast, 3-WL and exist-
ing GNNs with provable 3-WL expressive power are known to be computationally
expensive, with a time complexity of at least O(|V|?) (Maron et al., 2019a). As a re-
sult, while these GNNs can offer strong expressive power, they are often impractical
for real-world applications. The time complexities of our GPNNSs fall between those
of 1-WL and 3-WL, offering a balanced trade-off between computational efficiency
and representational power. Specifically, the time complexities of GPNN*, GPNN°®,
and GPNNT are O(|E| + dmax|E*|), O(|E| + dmax|E°|), and O(|E| + dmax|V|?), respec-
tively, where dmax = Max({|Ny(v)||v € V(G)}). Table 3.1 provides a detailed time
complexity analysis of GPNNSs, covering both node embedding and interaction em-
bedding computations, and compares them with traditional GNNs and 3-WL.

| GIN GCN | GPNN* GPNN° GPNN' | 3-WL

VE | O(|E[) O(|E[) | O(|E]) O(|E) O([El) -
IE - | O(dmax|E*])  O(dmax|E°)  O(dmax|VI*) | O(IVP)

Table 3.1: Time complexity analysis of different embedding computations, where VE
refers to node embeddings and IE refers to interaction embeddings.

As shown in Table GPNNs are more computationally efficient than 3-WL
with a time complexity O(|V|3). This is due to two reasons. Firstly, real-world
graphs are often sparse, and thus |E*| and |E°| are significantly smaller than |V|?,
ie, |E*| < |E°| << |V?|. Secondly, GPNNs only consider local neighbourhoods
for learning interaction embeddings, i.e., nodes within a d-hop neighborhood, while
3-WL adopts a global neighbourhood, where the neighbours of each edge involve
every node in the entire graph.

It is worth noting that the graph partitioning scheme used by GPNNs should be
computationally efficient, i.e., in linear or polynomial time in terms of the size of an
input graph. This ensures that graph partitioning can be processed efficiently as a
preprocessing step. In our experiments, we use a graph partitioning scheme with a
time and space complexity of O(|E|), which will be discussed in the next section.

3.5 Practical Choices of Partitioning Schemes

One might ask how to choose a graph partitioning scheme. In practice, there are
many design options available. However, two important criteria must be met: per-
mutation invariance and computational efficiency. To address these criteria, we first
consider a graph partitioning scheme based on the k-core property (Malliaros et al.,
2020), which is both permutation invariant and computationally efficient.

Definition 8 (k-Core Property). Let DEGg(v) denote the degree of node v in a subgraph S.
A subgraph S has the k-core property on a graph G if S is the largest induced subgraph of
G satisfying: Vv € V(S) DEGg(v) > k.
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Let ¢; denote the j-core property and @core = {¢j}jcjo) Where ¢; = @ A =@j1
satisfying the j-core property but not the j+1-core property. The graph partitioning
scheme fg_,. corresponds to the shell decomposition (Alvarez-Hamelin et al., 2005),
which decomposes a graph G into a set of subgraphs, namely shells. Let ¢ o i denote
the sequential composition of two properties ¢ and . Then Pne can be further
refined:

 Duopeegee = (8]} 02 Where gl = §;0;, 9l = 90y, and ;= Vo €
V(S]) DEst(Z}) = ]

® Dore-onion = {¢;i}je[0,k] where (p]’»i = ¢jo l/)}o,..., Ol,b;, and l,l); refers to the i-th
iteration to remove nodes with the lowest degree in the j-core subgraph.

Alternatively, we may consider graph partitioning schemes based on other properties
such as node degrees. That is @gegree = {4)}’ }iejox) Where 4)}’ is defined as the set of
nodes with a degree of j, and k is the maximum node degree in the graph. When
computational resources are sufficient, more computationally demanding schemes
can be considered, such as @y;sngle Where the partitioning is based on the number of
triangles in which each node participates.

A question that might arise is how a partition colouring A determined by such
fo relates to k-WL. The following theorem states that the expressive power of the
partition colourings based on the k-core and degree properties are upper bounded
by 1-WL.

Theorem 5. Let A be a partition colouring based on fo where @ € {Dcype, CDdegree}. Then
G =, H whenever G =1y, H.

Proof. We first prove the theorem for ®.y,. Let A1y and Agre be two partition
colorings generated by 1-WL and core decomposition based on the k-core prop-
erty (Definition [8), respectively. 1-WL is a coloring algorithm that iteratively cap-
tures the neighborhood degree sequence of each node in a graph (Smith, 2019). If
AM_wr(u) = A_wr(v), then the nodes u and v must have identical neighborhood
degree sequence. Core decomposition is an iterative peeling algorithm that, given
an input graph G, the peeling process starts from nodes of the lowest degree in the
graph G. Assume that there are two nodes u and v s.t. Aj_wp(#) = Aj_wr(v) and
Acore(1) 7 Acore(V). SINce Acore(U) 7 Acore(v), u and v must appear in different peeling
iterations; otherwise, they would have the same color from the core decomposition.
Let P, and P, be two sets containing all nodes removed in the peeling iterations be-
fore u and v are removed by the core decomposition algorithm, respectively. Since
Acore(1) and Agore(v) are different, K-shell numbers (Alvarez-Hamelin et al., 2005) of
u and v must be distinct. Without loss of generality, we assume that the K-shell value
of v is larger than the K-shell value of u. Then, P, must be a proper subset of P, (i.e.
P, C P,). In other words, P, cannot be the same as P,. Thus, P, and P, should have
different degree sequences. Since, u and v have different degree sequences around
them, their coloring received from 1-WL should be different. This contradicts the
above assumption. Therefore, A1_wr (1) = M_wr(v) = Acore(Ut) = Acore(v). This
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also implies that if the colors of any two nodes in two graphs G and H are the
same by 1-WL, then their node colors by core decomposition must also be the same.
Therefore, under an injective graph readout function, if G =1.wr, H, then G =¢ore H.

Then, we prove the theorem for ®gegree- Let Aywp and Agegree be two parti-
tion colourings generated by 1-WL and degrees of nodes, respectively. Since the
1%t iteration of 1-WL captures the 1-hop neighborhood degree sequence of each
node, the colouring produced by the 1% iteration of 1-WL must be equivalent to
the colouring of Agegree. Further iterations of 1-WL would only refine the colours of
nodes. This implies that if the colours of any two nodes in two graphs G and H
are the same by 1-WL, then their node colours by A, must also be the same, i.e.
Vi,v € V(G), M-wr(u) = M-wr(v) == Adegree(tt) = Adegree(v), although the con-
verse does not generally hold. Therefore, under an injective graph readout function,
if G =1-WL H, then G Edegree H. 0

Deore-degree Tefines Peore by node degrees, while Dcore-onion refines Peore based on
degree correlations within each shell. Theorem [5| applies to both schemes since the
refinements are based on node degrees. However, it does not hold for ®@gjangle, which
can distinguish graphs that are indistinguishable by 1-WL.

3.6 Experimental Design

We conduct experiments on three widely used benchmark tasks: graph classification,
graph regression, and node classification.

3.6.1 Datasets

We evaluate GPNNs on 18 benchmark datasets. For graph classification, we use
six small-scale real-world datasets from TU Datasets (Morris et al., 2020a) and three
large-scale molecular datasets from Open Graph Benchmark (OGB) (Hu et al., 2020).
We also consider ZINC (Dwivedi et al., 2023) for graph regression, along with five
widely used benchmark datasets for node classification including both hemophilic
and heterophilic graph data (Sen et al., 2008; Craven et al., 2000).

Table 3.2} and Table provide a summary of statistics for datasets that we have
considered in all our experiments. Table3.2|consists of the dataset statistics for graph
classification and graph regression, whereas Table (3.3| contains the dataset statistics
for node classification.

3.6.2 Baselines

For graph classification, we choose GIN (Xu et al., 2019) as the base model for GPNNs
and comparing them with GNNs that has expressive power equivalent or beyond
1-WL: GIN (Xu et al} 2019), GraphSNN (Wijjesinghe and Wang, 2022), GIN-AK+
(Zhao et al., 2022a), and KP-GIN (Feng et al., 2022), CIN (Bodnar et al., 2021), PPGN
(Maron et al., |2019a), and ESAN (Bevilacqua et al., 2022). In graph regression, we
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Table 3.2: Dataset statistics for graph classification and regression

Datasets Task Type # Graphs Avg #Nodes Avg #Edges # Classes
MUTAG Graph Classification 188 17.93 19.79 2
PTC_MR Graph Classification 344 14.29 14.69 2
PTC_FM Graph Classification 349 14.11 14.48 2
BZR Graph Classification 405 35.75 38.36 2
COX2 Graph Classification 467 41.22 43.45 2
ENZYMES Graph Classification 600 32.63 62.14 6
DHFR Graph Classification 756 42.43 44.54 2
IMDB-B Graph Classification 1,000 19.77 96.53 2
PROTEINS Graph Classification 1,113 39.06 72.82 2
ogbg-moltox21  Graph Classification 7,831 18.6 19.3 2
ogbg-moltoxcast Graph Classification 8,576 18.8 19.3 2
ogbg-molhiv Graph Classification 41,127 25.5 27.5 2
ZINC Graph Regression 12,000 23.1 49.8 1

Table 3.3: Dataset statistics for node classification

Datasets ~ # Nodes # Edges # Features # Classes

Cora 2708 5278 1433 7
CiteSeer 3327 4552 3703 6
Wisconsin 251 466 1703 5
Cornell 183 277 1703 5
Texas 183 279 1703 5

employ GIN (Xu et al., 2019), GCN (Kipf and Welling, 2017), PPGN (Maron et al.,
2019a), DGN (Beaini et al., 2021), Deep LRP (Chen et al,, 2020b), and CIN (Bodnar
et al., [2021) as baselines. For node classification, we evaluate performance changes
by incorporating our GPNN variants into standard GNNs, using GIN (Xu et al.,
2019), GCN (Kipt and Welling), 2017), GAT (Velickovi¢ et al., 2018), and GraphSAGE
(Hamilton et al., 2017) as base models.

3.6.3 Experimental Setups

In graph classification, we adopt the setup outlined by |[Hu et al. (2020) for the OGB
datasets. For TU datasets, we present results under two distinct configurations: Set-
ting 1 as described by Xu et al.|(2019) and Setting 2 by Feng et al. (2022). In the first
setting, we report the average test accuracy across 10 folds and the standard devia-
tion for the epoch with the highest mean accuracy. In the second setting, we provide
the mean and standard deviation of the best accuracy across all test folds. In graph
regression, we follow the experimental setup described by [Dwivedi et al.|(2023). For
node classification, we follow the setup suggested in Pei et al|(2020b), where nodes
in the datasets are randomly split into 60%, 20%, and 20% for training, validation,
and testing, respectively.
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3.6.4 Hyper-parameters

In our experiments, the hyper-parameters of GPNN are searched in the following
ranges: the number of layers is within {1,2,3,4,5}, d € {1,2,3,4,5}, dropout €
{0.0,0.1,0.2,0.5,0.6}, learning rate € {0.009,0.01}, batch size € {32,64,128}, hidden
units € {32,64,100}, and the number of epochs € {100,200,300,500}. We use the
Adam algorithm (Kingma), 2015) as our optimizer. For ZINC and OGB datasets, the
initial learning rate decays with a factor of 0.5 after every 10 epochs. We do not use
any learning rate decay technique for TU datasets.

3.7 Results and Discussion

3.7.1  Graph Classification

Table reports the graph classification results. GPNN* and GPNN°® consistently
outperform or match the baseline models. Compared to GPNN°®, GPNN* handles
fewer interactions but performs on par or exceeds the performance of GPNN°. This
underscores that the presence of meaningful interactions are more paramount to
learn graph structure than exhaustively exploring all interactions at the expense of
computational efficiency. Unlike many existing models (e.g., [Bodnar et al.| (2021)),
GPNNSs do not rely on hand-crafted, domain-specific structural information, such as
cycles, which are often correlated with molecular datasets like OGB.

Methods ‘ MUTAG PTC-MR  PROTEINS IMDB-B BZR COX2 ‘ ogbg-molhiv  ogbg-moltox21
IGIN 89.40 £5.6 64.60 £7.0 7590 £2.8 7510 £5.1 85.60 £2.0 82.44 £3.0 | 75.58 £1.4 7491 £0.5
1GraphSNN 91.24 2.5 66.96 £3.5 7651 £2.5 76.93 3.3 88.69 £3.2 82.86 £3.1 | 7851 £1.7 7545 +1.1
IESAN 91.00 £7.1 69.20 6.5 77.10 £4.6 77.10 £3.0 N/A N/A 7643 £2.1 75.12 +0.50
ICIN 92.70 +6.1 6820 5.6  77.00 +4.3 75.60 +3.7 N/A N/A 80.94 +0.6 N/A
IGIN-AK+ 91.30 £7.0 68.20 5.6 77.10 5.7 75.60 +3.7 N/A N/A 79.61 +1.1 N/A
IKP-GIN 92.20 £6.5 66.80 6.8  75.80 4.6  76.60 +4.2 N/A N/A N/A N/A
PPGN 90.55 £8.7 66.17 £6.5  77.20 £4.7 73.00 +5.8 N/A N/A N/A N/A
2GIN 92.80 £5.9 65.60 6.5 78.80 £4.1 7810 £3.5 91.05 £3.4 88.87 £2.3 | 75.58 £1.4 7491 +£0.5
2GraphSNN 9470 £19 70.58 £3.1 7842427 7851 £2.8 91.124+3.0 86.28 £3.3 | 78.51 £1.7 7545 £1.1
2GIN-AK+ 95.00 +6.1 74.10 £5.9 7890 454 77.30 +3.1 N/A N/A 79.61 +£1.1 N/A
2KP-GIN 95.60 +4.4 7620 +4.5 79.50 +4.4 80.70 +2.6 N/A N/A N/A N/A
TAcore-degree-GPNN* | 9102 £7.1  66.20 £11.2  77.18 £4.6 75.60 £2.7 88.60 £4.6 82.88 +4.6 | 78.12 +1.91 76.13 +0.68
TN core-degree-GPNN® | 92,60 £4.8  65.95 £85 76.82 £39 7440 £24 89.12+23 83.09 £3.1 | 77.63 +1.80 75.89 +0.30
2Acore-degree-GPNN™ | 97.89 +2.6 7817 £6.2 8140 £3.5 80.10 3.1 94.05+2.6 89.09 +3.3 | 78.12 +1.91 76.13 +0.68
2Acore-degree-GPNN® | 97.37 4.9  79.61 £7.3 8553 £62 7810 +£3.1 91.84+£1.6 89.72+2.3 | 77.63 +1.80 75.89 +0.30

Table 3.4: Graph classification performance is reported as accuracy (%) for TU
datasets and ROC (%) for OGB datasets. For the TU datasets, settings 1 and 2 cor-
respond to the configurations used in Xu et al|(2019) and Feng et al. (2022), respec-
tively. For OGB datasets, we employ the setup introduced by Hu et al.| (2020). The
best results for each setting are highlighted in blue for setting 1 and black for setting
2. Baseline results are sourced from Feng et al| (2022), Wijesinghe and Wang| (2022),
and |Zhao et al.| (2022a).
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3.7.2 Graph Regression

We provide experiments related to graph regression task. We employ a 12K subset
of the ZINC (250K) dataset (Irwin et al., 2012) with and without edge features. The
results are summarized in Table 3.5

Methods ZINC
Without Edge Features ~With Edge Features

GCN 0.459 £-0.006 0.321 +0.009

PPGN 0.407 4-0.028 N/A
GIN 0.407 £0.028 0.163 4-0.004
DGN 0.219 £0.010 0.168 +0.003

Deep LRP* 0.223 £0.008 N/A
CIN# 0.115 4-0.003 0.079 4-0.006
Acore-degree"GPNN* 0.214 1-0.018 0.148 +0.015
Acore-degree"GPNN® 0.222 4:0.021 0.141 £0.011

Table 3.5: Graph regression MAE for ZINC 12K dataset.The best results are high-
lighted in black and the second best results are highlighted in blue. For the baseline
results, we refer to Bodnar et al.| (2021). The methods marked by # are based on
pre-selected domain-specific structural information.

From the results in Table we can see that both GPNN variants show competi-
tive performance in the regression task. Different from models like CIN, GPNN does
not process any hand-crafted domain-specific structural information that is known
to be highly correlated to molecular prediction tasks. Therefore, our model perfor-
mance is less than such models.

3.7.3 Node Classification

Methods Cora CiteSeer  Wisconsin Texas Cornell

GIN 806+04 738+04 705+16 616+11 289+26
GPNN*cin 820+14 748+03 713+17 623+19 694133
GPNN°gin 823+09 742+04 714+15 615+15 672+139

GCN 826+15 781+02 558+195 53.1+21.6 547 +219
GPNN*cen 832+15 788+03 565+17.7 51.8+23.0 61.1+189
GPNN°cen 828 +17 78.6+03 56.1+182 57.7+225 55.1+213

GAT 839+08 77706 586+16 620+£22 645+14
GPNN*Gar 842+08 781+06 603+25 643+31 66.0+1.6
GPNN°Gar 845+04 778+08 599+25 644+34 653+14

GraphSAGE 845+ 03 779205 870+17 81.6+23 80919
GPNN*Gupisace 849 +0.3 782406 874+12 79520 826=19
GPNNCGpusace 84705 781+05 87.1+16 820+13 84719

Table 3.6: node Classification Accuracy (%) averaged over 10 random splits. The best
results are highlighted in black.

Table 3.6| presents the results on node classification, demonstrating that GPNNs
consistently enhance the performance of all standards methods across benchmark
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datasets, including both homophilic and heterophilic ones. This enhancement is
attributed to GPNNs’ ability to incorporate structural interactions as additional fea-
tures into representations, which standard GNNs often overlook. This allows GPNNs
to capture nuanced relationships between nodes, leading to enhanced performance
compared to methods that rely solely on inter-interactions between nodes.

3.7.4 Impact of Different Graph Partitioning Schemes

Choosing a graph partitioning scheme is one of the key design decisions of GPNN.
We thus experiment to understand how a graph partitioning scheme may affect the
learning of structural interactions in GPNN. Five graph partitioning schemes are
considered in this experiment: @core, Peore-degreer Peore-onion, Pdegrees AN Piriangle- We
use three molecular datasets from Open Graph Benchmark (OGB) (Hu et al., 2020)
and three datasets from TU dataset benchmark (Morris et al., 2020a). The results are
shown in Table The corresponding statistics of structural interactions by these
graph partitioning schemes are provided in the appendix Table and Figures
and B.5

From the results, we can see that ®core-degree AN Pegree SChemes consistently
perform better than the other schemes. This is primarily due to two reasons. Firstly,
these two schemes generate a considerable amount of structural interactions from
intra-edges which helps GPNN to learn the structural behavior of a graph. Secondly,
the number of graph partitions generated by these two schemes is sufficient but not
excessive, which thereby does not add much computational burden to the training
process. For @core-onion, it generates the highest number of intra-interactions and par-
titions as shown in the interaction statistics, and the training complexities induced by
the large number of learning parameters lead to its subpar performance. Although
the number of intra-edges generated by ®yiangle On these datasets is small, it can dis-
tinguish some graphs that cannot be distinguished by 1-WL. Thus, Agjangle-GPNN*
outperforms GIN on all datasets.

Methods DHFR ENZYMES PTC_FM  ogbg-moltoxcast ogbg-moltox21 ogbg-molhiv

GIN 80.04 + 4.9 34.17 £ 4.2 70.50 = 4.7 63.41 + 0.7 7491 0.5 75.58 + 1.4
Acore-GPNN* 8043 £ £3.1 3533+ +29 7448+ 4.2 63.88 +£0.8 75.34 +0.4 76.52 +1.1
Acore"GPNN® 80.56 + +2.6 44.67 = £5.6 7248 + £6.4 63.59 0.6 75.28 +0.5 7591 £1.2

Acore-degrec"GPNN* 82,01 + £23 3850 + £3.8 7392 +6.0  64.70 + £0.4 7613 £ £07 7812+ £19
Acore-degree"GPNN® 8215+ +2.9  39.83 + £4.1 73.92+ +£49 6448 + £0.5 7598 + £04 7770 + £22

Acore-onion-GPNN* 81,61 = 2.4 3650+ £32 7279 + 64  62.91 +0.8 75.60 +£0.5 76.57 +1.1

Acoreonion"GPNN® 8214 + £32 36.83 + £32 7336+ £49  61.86 £0.4 76.07 £0.5 77.03 £1.3
Mdegree-GPNN* 8241 +37 3550+ +47 73.05++35 6528+ +0.5 7515 + £07 7898 £ £15
Mdegree-GPNN® 8241 +29 4333+ +48 7319+ £37 6481 £0.7 75.89 £0.3 77.63 £1.8
Mtriangle"GPNN* 7937 + £2.5 4133+ +3.0 7048+ +45  63.99 + +0.4 7520 £ £09 7642 £ £12
Mtriangle"GPNN® 8096 + £3.1 40.16 = +35 7192+ £4.6 6341 £0.7 74.99 £0.6 75.92 £1.2

Table 3.7: Ablation study accuracy (%) + standard deviation (%). Highest results in
each partitioning scheme are highlighted in black.
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Figure 3.4: Node distributions concerning partitions under five graph partitioning
schemes for TU Datasets.
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Dataset g:;:::;mng # Partitions #1n tf;v-gE dges # Intﬁ;‘-,}% dges # Intra-Edges / # Inter-Edges
Dcore 3 12.38 32.16 28/ 72
@C‘,rc_dcgmu 5 21.79 22.75 49 / 51
DHFR Pcore-onion 27 33.88 10.66 76/ 24
Degree 7 34.72 9.82 78 / 22
Diriangle 1 0.00 4454 0/ 100
Peore 5 2.59 59.55 4/ 9%
Dcore-degree 7 23.33 38.81 38/ 62
ENZYMES  ®core-onion 2 4478 17.36 72/ 28
Degree 10 42.44 19.70 68/ 32
q>niang1c 14 41.80 20.34 67 / 33
Peore 3 2.14 12.34 15/ 85
d)c‘,rc_dcgmu 5 4.70 9.78 32/ 68
PTC_FM D ore-onion 15 8.87 5.61 61/ 39
Degree 5 9.55 493 66/ 34
q>niang1c 2 0.05 14.43 1/ 99
Peore 3 5.08 33.44 13/ 87
d)c‘,rc_dcgmu 5 13.05 2547 34/ 66
ogbg-moltoxcast  Pcore-onion 42 24.53 13.99 64/ 36
Degree 7 24.56 13.96 64/ 36
qDlIianglc 2 0.09 38.43 1/ 99
Peore 3 5.12 33.47 13/ 87
q>curc-dcgrcu 5 13.18 25.41 34/ 66
ogbg-moltox21  Pcore-onion 42 24.54 14.05 64/ 36
Degree 7 24.50 14.08 63/ 37
@[ﬁanglc 2 0.09 38.50 1/ 99
Dcore 4 7.09 47.84 13/ 87
@C‘,rc_dcgmu 8 23.30 31.64 42 / 58
ogbg-molhiv D ore-onion 88 33.53 2141 61/ 39
Degree 11 33.52 21.42 61/ 39
@[ﬁanglc 11 0.13 54.80 1/ 99

Table 3.8: Statistics for five graph partitioning schemes used in experiments.

3.7.5 Impact of Different Structural Interactions

Methods MUTAG  PTC_MR COX2 DHFR
GIN 92.80 £5.9 65.60 £6.5 88.87 £2.3 80.04 +4.9
A -GPNN* 94.74 £4.7 69.75 £5.1 87.37 £4.1 80.03 +4.0

A -GPNN°® 96.32 +£4.1 71.77 £4.3 89.37 2.2 80.30 £3.0
A, -GPNN'Y 95.76 £3.2 7143 £4.7 89.45+2.1 7897 +4.0

Acore-degree-GPNN*  97.89 £2.6 7817 £6.2  89.09 £3.3 82.01 +2.3
Acoredegree-GPNN®  97.37 £4.9  79.61 £7.3 89.72 £2.3 82.15 +2.9
Acore-degree"GPNNT 9620 £3.4  80.05 +£7.1 89.21 £2.8 80.16 +2.6

Table 3.9: Comparison of GPNN variants in graph classification accuracy (%) with
different interaction types.

We examine how trivial and non-trivial partitioning schemes, as well as various
types of interactions, impact GPNNs’ performance. For the partitioning scheme,
we use Pcoredegree; Which balances interaction exploration with computational ef-
ficiency. We use four datasets from TU dataset benchmark (Morris et al., 2020a)
following the evaluation setup introduced by [Feng et al.| (2022). Results are reported
in Table From the results, we can see that Acore_degree-GPNN5 consistently outper-
forms the corresponding A -GPNN?’. All GPNNs show considerable improvements
over GIN while A | -GPNN* has the closest results, empirically validating Theorem
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Although GPNN' theoretically possess higher expressive power, compared GPNN*
and GPNN?®, it does not always perform well empirically We believe this is due to
increased computational burden, as large numbers of model parameters that nega-
tively affect model training and optimization.

3.7.6 Impact of Individual GPNN Components

To identify which components of GPNN contribute most to its performance, we con-
duct a systematic ablation study using two TU benchmark (Morris et al., |2020a)
datasets where we remove one component at a time while keeping all other ele-
ments fixed. We evaluate five variants of our model. The Full GPNN® includes
all components as described in Equations 1-3. In the w/o node Embedding variant,
we remove Equation 1, relying solely on interaction embeddings and the combined
neighborhood representation. The w/o Interaction Embedding variant excludes Equa-
tion 2, eliminating the explicit modeling of edge interactions between nodes. In the
w/o Colored Neighborhood variant, we ignore partition assignments when aggregating
neighbor information, treating all neighbors uniformly regardless of which partition
they belong to. Finally, the w/o Partition Scheme variant uses trivial partitioning (A ),
where all nodes receive the same initial color, effectively removing structural parti-
tioning from the model.

(a) MUTAG (b) PROTEINS

98.5 88

95.0 1

975 | 97.37 85 4 85.53
= 97.0 =
£ S
> 965 96.32 =
= g 82.91

95.89
5 9.0 95.68 5
g Y &7 81.23
[} [*} .
< %55 95.21 <
80.30

B0 80 79.45

94.5

940 - T 78 4 T

Full Vertex Interaction Colored Partition Full Vertex Interaction Colored Partition
mm Full GPNN @ wio Colored Neighborhood
B wie Vertex Embedding () B w/o Partition Scheme (AL)

B w/o Interaction Embedding (a)

Figure 3.6: Component-wise ablation study on MUTAG and PROTEINS datasets.
Each bar represents model performance when a specific component is removed.

Figure 3.6/ shows that all components contribute to performance, with node em-
beddings being the most critical, followed by interaction embeddings. Removing
either causes substantial accuracy drops, confirming their complementary roles in
representation learning. The colored neighborhood aggregation and structural parti-
tioning scheme each provide moderate but consistent improvements, demonstrating
that partition-aware message passing enhances the model’s ability to capture struc-
tural patterns. Overall, GPNN'’s effectiveness stems from the synergistic integration
of all components rather than any single element.
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3.8 Summary

In this chapter, we introduced the notion of permutation-invariant graph partitioning
to explore complex interactions among structural components. Building on this, we
developed a novel GNN architecture to integrate structural interactions into graph
representation learning. Our theoretical analysis shows how these interactions can
enhance the expressive power of GNN models, establishing strong connections to
the 1-WL and 3-WL tests, as well as their complexities. Empirical results validate the
effectiveness of the proposed model.



Chapter 4

Depth-Adaptive Graph Neural
Networks via Learnable
Bakry-Emery Curvature

4.1 Overview

In recent times, researchers have started leveraging geometric tools, such as curva-
ture (Bochner, 1946), to enhance the representational power of GNNs (Topping et al.,
2022; |Ye et al., 2019). Originally rooted in differential geometry, curvature measures
how a space deviates from flatness by tracking the convergence or divergence of
geodesics (Bochner), 1946 Ollivier, 2007). When applied to graphs, it captures the
connectivity and relational properties of nodes and edges (Lin et al., 2011; Ni et al.,
2015), offering a more nuanced structural analysis. Incorporating curvature into
GNNs can not only deepen our understanding of local connectivity but also provide
insights into information flow, helping mitigate issues like oversoothing and over-
squashing (Sun et al., 2023b; |Fesser and Weber, 2024). Among the various forms of
curvature, Ricci curvature has gained prominence due to its formulation on discrete
spaces, which allows for efficient computation. This efficiency makes it well-suited
for analyzing the structural properties of graphs (Forman et al., 1999; Ollivier, 2007;
Samal et al., 2018; Fesser and Weber, |2024).

Despite their promise, current approaches compute curvature as a pre-processing
step for GNNSs, limiting its integration to decoupled techniques, such as graph rewiring
and sampling (Topping et al., 2022; Fesser and Weber, |2024; |Liu et al., 2023; Nguyen
et al., 2023; |Ye et al,, 2019; [Li et al., 2022a), which do not interact dynamically with
the learning process. Consequently, these methods often overlook the interplay be-
tween node features, structured data, and the evolving dynamics of information dif-
fusion that directly impact downstream tasks. However, integrating curvature dy-
namically during training presents significant challenges. Traditional curvature mea-
sures rely on the static, discrete graph structure, limiting their flexibility in learning
contexts. Moreover, dynamic integration requires efficient curvature computation at
every training step and the ability to adapt to the continuously changing training
process.

52
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In this chapter, we address these challenges by leveraging Bakry-Emery curva-
ture (Cushing et al., 2020; Mondal et al., 2024; |Pouryahya et al., 2016). Unlike tra-
ditional curvature measures, Bakry-Emery curvature captures intrinsic graph struc-
tures while accounting for diffusion dynamics, node function behavior, and gradient
flows. Essentially, it extends Ricci curvature by incorporating a broader range of
graph features, offering a more nuanced view of structural properties and informa-
tion propagation (Wei and Wylie, 2009). Notably, although Bakry-Emery curvature
is computed locally, its lower bounds provide theoretical guarantees for global prop-
erties such as Markov chain convergence rates and functional inequalities (Weber
and Zacher, 2021). These features make it particularly well-suited for GNN architec-
tures, where understanding the interplay between structure and diffusion can lead
to more effective learning strategies. Among the alternatives, both Ollivier-Ricci and
Forman-Ricci curvature are purely structural measures defined on edges or node de-
grees, and do not account for diffusion dynamics or feature behaviour on the graph.
This makes them unsuitable for capturing the interplay between graph structure and
information propagation.

However, integrating Bakry-Emery curvature into the GNN architecture is non-
trivial. One key difficulty arises from its definition (Ambrosio et al., 2015), which
requires evaluating curvature over the entire function space, a computationally in-
tractable task for large, complex graphs. To overcome this, we propose a learnable
strategy that selects a task-specific subset of functions, enabling efficient curvature
estimation by focusing on the most relevant structural and diffusion characteristics.
Moreover, we introduce an adaptive mechanism that leverages the estimated node
curvature to dynamically adjust the depth of message-passing layers for each node.
This approach not only enhances the feature distinctiveness of GNN architectures
but also captures finer structural variations within the graph.

To summarize, our main contributions are as follows:

e A New Perspective on Curvature in GNNs: We propose Bakry-Emery curva-
ture as a geometric tool for measuring node curvature in GNNs, capturing both
structural properties and diffusion dynamics of graphs.

¢ Efficient Curvature Approximation: We develop a learnable strategy that se-
lects a task-specific subset of functions, enabling efficient estimation of Bakry-
Emery curvature on large-scale graphs.

¢ Depth-Adaptive Mechanism for GNNs: We introduce an adaptive mecha-
nism that uses estimated Bakry—Emery curvature to dynamically determine the
message-passing depth for each node, thereby enhancing the feature distinc-
tiveness of existing GNN architectures.

e Theoretical Insights: We theoretically link Bakry-Emery curvature to feature
distinctiveness in GNNs, showing that high-curvature nodes (fast diffusion,
short mixing times) need fewer layers for distinct representations, while low-
curvature nodes (slow diffusion, long mixing times) benefit from deeper archi-
tectures.



§4.2 Bakry—Emery Curvature 54

* Enhanced GNN Performance: Extensive experiments show that integrating
our depth-adaptive mechanism consistently improves the performance of ex-
isting GNN architectures across a range of downstream tasks.

4.2 Bakry-Emery Curvature

4.2.1 Preliminaries

Let G = (V,E,w) be an undirected weighted graph, where V is the set of nodes, E is
the set of edges, and w : E — R4 is the edge weight function. For any node v € V,
we denote by N(v) the set of nodes adjacent to v.

4.2.2 Formulation

Bakry-Emery curvature provides a way to capture the local geometric behavior of
functions on a graph (Ambrosio et al| [2015). We begin by defining a few operators
that are fundamental to this concept.

For a function f : V — R, its weighted Laplacian at v is defined as

Af(v) =Y., w(v,u)(f(u)— f(v)). (4.1)

ueN(v)

This operator captures the weighted difference between f(v) and the values of f at
its neighbors.

To formalize the Bakry-Emery curvature, we introduce two operators that cap-
ture the local behavior of functions on the graph. The first operator, I'(f, f)(v),
analogous to the squared gradient, quantifies the local variability of f at v relative to
its neighbors:

O(f,f)(0) = 5 ( Y w(ou)(f(u) —f(v))2> «2)

ueN(v)
The second operator, I'>(f, f)(v), quantifies the convexity of f at v as follows:
La(f, £)(2) = AT(F, £) (@) = T(£,Af) () @3
which can be equivalently expanded as,
R0, e =5 (L wlon(T N0 - 1(0))
ueN(v) (4.4)
= Y wou)(f(u) = f(0)(Af (1) - Af(0)).

ueN(v)

The Bakry-Emery curvature x(v) at node v is defined as the largest constant such
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that the curvature-dimension inequality

Lo (f, f)(0) 2 k() T(f, f)(0). (4.5)
holds for all functions f : V — R. Equivalently, x(v) represents the tightest lower
bound on the ratio Lo, F) o)

2\J» (4
T AT (4.6)
L(f, f)(@)

for all functions f with I'(f, f)(v) # 0. This lower bound reflects the local geometric
and functional properties of the graph at the node v.

4.3 Curvature and Information Propagation

In this section, we examine the influence of Bakry—Emery curvature on local informa-
tion diffusion in a graph. In particular, we establish a relationship between curvature
and the local mixing time, which quantifies the rate at which information equilibrates
around a node.

Given a node v € V with Bakry-Emery curvature x(v), we define the local mixing
time T, (e) for any tolerance € > 0 as

T(e) =sup {t > 0: |Vf[*(v) > €|V fo|*(v) forall fy € *(V)} 4.7)

Here, (?(V) denotes the space of square-summable functions on V, |V fy|?(v) is
bounded for all v € V, and f; = e 'L f; describes the evolution of f; under the heat
semigroup associated with the Laplacian L. The operator e~'L is defined via the
matrix exponential.

The local gradient at v is defined by

IVfI(v) == /T(f, f)(0). (4.8)

Theorem 6 (Mixing Time Bound). Let G = (V, E,w) be an undirected, weighted graph
with bounded degree and Laplacian L. If the local curvature-dimension inequality holds for
every f € (2(V) at node v, then for any € € (0,1), the local mixing time satisfies

log(1/¢€)
T(€) < W

Proof. First, we explicitly define the operators (Lin and Yau, 2010):

I'(f,8)(v) =5 (L(fg) — fLg — gLf) (v)

| = N =

La(f, f)(v) = SLL(f, f)(0) = T(f, Lf)(v)

Under the heat semigroup evolution f; = e~ f; (Bailleul and Bernicot, 2016), for any
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initial function fy € ¢2(V), we have:

LIV A0) = 20 (L) o)

Here, we differentiate the squared gradient with respect to time. The operator
T'(fi, Lft)(v) represents the interaction between the graph Laplacian and the gradient
of the function at each point in time. Next, we apply the local I';-criterion, and get
the following bound:

Lo (fi fi) (v) = x(0) [V fi*(v)

This criterion tells us that the curvature x(v) at each node provides a lower bound
for the I', operator of the function f; in terms of the gradient squared. Using the
Bochner formula for functions evolving under the heat equation (Wei and Wylie,
2007), and considering that the Bakry-Emery curvature provides a lower bound for
Ricci curvature along with the maximum principle (Lin and Yau, 2010; Protter and
Weinberger, 2012), we get the following inequality:

% IVi? (v) < —2x(0) |V£if* (o)

Applying Gronwall’s inequality (Evans| 2022) to above, we derive the following;:

VAP (0) < eV fo(0)
The exponential decay reflects the influence of the curvature x(v) on the gradient.
To achieve |V fi|?(v) > €|V fo|*(v) for any € > 0, we solve for ¢ to get:

;< log(1/¢€)

—  2x(v)
The time t depends on the local curvature at each node. Finally, we conclude that the
local mixing time T, (€), which represents the time required for the gradient to decay
by a factor of €, satisfies the inequality:

log(1/€)
T,(€) < ETOR

O]

This theorem indicates that higher Bakry-Emery curvature at a node accelerates
the local decay of gradients, thereby enabling faster information diffusion within its
neighborhood. In essence, nodes with high curvature act as efficient hubs, quickly
equilibrating information and promoting rapid propagation throughout the graph.
Conversely, low-curvature nodes, which are less effective at mixing, lead to slower
information spread. Since the mixing time is inversely proportional to curvature,
enhancing curvature in the network can be seen as a mechanism for improving dif-
fusion efficiency.
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Figure 4.1: High-level overview of the proposed model: nodes are clustered based on
learned curvature, where message-passing depth is adaptively adjusted according to
curvature. Both the curvature functions and the GNN are jointly optimized via a loss
function.

4.4 Depth-Adaptive Graph Neural Networks

We introduce a novel mechanism that leverages Bakry-Emery curvature to adap-
tively control the message-passing depth of graph neural networks (GNNs). In our
framework, nodes with higher curvature (which typically indicate rapid local diffu-
sion) terminate message passing earlier, while nodes with lower curvature continue
aggregating messages to capture a broader neighborhood. The theoretical justifica-
tion for this design choice is provided in Section

4.4.1 Adaptive Layer Depth Mechansim

Let t € IN denote the iteration index in the message-passing process. To assign a stop-
ping depth T(v) € N to each node v, we rank the nodes based on their Bakry-Emery
curvature x(v). For a given threshold k%, we define

T(v) := min {t eN ‘ |1V’ Y. ]I(K(ZU) > K(Z))) < 1k0t0} , (4.9)

weV

where I(-) is the indicator function which is 1 if x(w) > x(v) and 0 otherwise.
This ensures that a node v is assigned a stopping depth T(v) = t when the proportion
of nodes with curvature at least «(v) falls below the threshold 1%.
During message passing, for each node v and iteration ¢t < T(v), we update its
embedding by aggregating messages from its neighbors. To incorporate the adaptive

depth, the message from a neighbor u is taken from the layer v = min{t — 1, T(u)}.
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Formally, the update equations are:

ml) = AGG({{hgmi“{f*L T )y e N(v)}}), (4.10)
n — uPD (hz(f’l), mS,”). (4.11)
After t+ = T(v) iterations, the final representation hZ(,T(v) ) is fed into a task-specific

module (e.g., a classifier or regressor) C:
7, = C (K1) (4.12)

where ], represents the predicted output for node v.

This adaptive scheme is model-agnostic and can be integrated into existing GNN
architectures such as GIN (Xu et al., 2019), GCN (Kipf and Welling, [2017), GAT (Velickovié
et al., 2018), and GraphSAGE (Hamilton et al., 2017). The high-level architecture of
our approach is depicted in Figure

4.4.2 Learning to Estimate Curvature

Accurate estimation of x(v) is essential for determining the stopping depth T(v). We
cast curvature estimation as an optimization problem that enforces the Bakry—Emery
curvature-dimension inequality. Let #(v) denote the estimated curvature of node v.
For any function f : V — R, we define the penalty

L(#(0), ) = max{0, &(v) T(f, f)(v) = T2(f, /) (0) } (4.13)
This penalty quantifies the violation of the inequality
Da(f, (o) = ®(@)T(f, f)(0). (4.14)

When the inequality holds at node v for f, we have L(%(v), f) = 0; otherwise, the
penalty is positive. Ideally, the true curvature «ie(v) is the largest value such that

L(kyue(v), f) =0 forall f:V — R. (4.15)

Since optimizing over the entire function space is intractable, we restrict our
search to a finite, parameterized set F. In practice, we employ a Multi-Layer Percep-
tron (MLP) as a flexible function approximator. Let fy : V — R denote the function
represented by an MLP with parameters 6. By sampling parameter configurations
{6;},, we obtain a candidate set

F =A{fo, for -+ fou }- (4.16)
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We then approximate the estimated curvature by

®(v) = sup inf L(x, f). (4.17)
keR fEF

This optimization process seeks the maximum & (v) such that the curvature-dimension
inequality is “nearly” satisfied for all functions f € F.
We highlight two key properties of our curvature estimation approach:

1. Upper bound: Since F is a proper subset of the space of all functions f :
V — R, the restricted optimization can only overestimate the true curvature.
Formally, if

Krue (V) = sup{K eR:L(k,f)=0forall f:V — ]R}, (4.18)
then
®(v) = sup inf L(k, f) > Kirue (V). (4.19)
xeR fEF

2. Smoothness: In order for the differential operators I' and I'; to be well-defined,
the candidate functions in F must be smooth (Bakry and Emery, 2006). How-
ever, standard MLPs do not inherently guarantee smooth approximations, as
many common activation functions (e.g., ReLU) lack smoothness. To ensure
smooth outputs, we employ an MLP with C* activation functions (e.g., the sig-
moid function in our implementation), thereby guaranteeing that each function
fo € F is infinitely differentiable.

This approach leverages the expressive power of neural networks to approximate
a rich subset of functions, facilitating a robust, task-specific estimation of node cur-
vature.

4.4.3 GNN Training Loss Function

We jointly optimize the GNN for the downstream task and for compliance with the
curvature-dimension inequality by combining two loss terms: the task loss and the
curvature loss.

Let L5k denote the loss for the downstream task (e.g., cross-entropy for classi-
fication or mean squared error for regression). To enforce the curvature-dimension
inequality, we define the curvature loss as

Logrv =Y, (2 L(#(v),f) — Ak(v)) : (4.20)

veV \feF

Here, A is a regularization constant controlling the tradeoff between maximizing
#(v) and ensuring the curvature-dimension inequality. The overall training loss is
then defined as

Liotal = Ltask + Leurv- (4.21)
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optimizing GNN performance while enforcing adherence to the graph’s geometric
structure via curvature.

4.5 Theoretical Analysis

To gain deeper insight into the computational and representational properties of our
method, we first analyze its complexity, then explore the connection between feature
distinctiveness and curvature.

4.5.1 Complexity Analysis

We first analyze the time and space complexity of our optimization process. For
each node v € V, let d, denote its degree, and let dmax denote the maximum node
degree in the graph. The computational cost of each operation depends on the local
structure of the graph, particularly the degree distribution.

The time complexity of Equation (4.1, the weighted Laplacian Af(v), and Equa-
tion (4.2), the squared gradient operator I'(f, f)(v), is O(dy). In contrast, comput-
ing the convexity operator T»(f, f)(v) (Equation (3)) requires O(d?) operations per
node. Thus, the overall computational cost over all nodes is O(Y,cy d2), which can
be upper-bounded by O(|V|-d2 ). In our approach, the optimization is performed
over a finite set F of candidate functions, with |F| = N. Consequently, the total time
complexity becomes

O(N' |V‘ 'dgnax)'

Since real-world graphs are typically sparse (i.e., dmax < |V|) and N is small (in
our experiments, N < 5), the overall time complexity is manageable. The space
complexity is O(|V| + |E|), accounting for the storage of node and edge data.

4.5.2 Feature Distinctiveness and Curvature

We establish a connection between a node’s feature distinctiveness in a GNN and its
Bakry-Emery curvature. Here, feature distinctiveness is quantified by the variation
in node features across layers. In particular, we show that the rate at which feature
distinctiveness decays is governed by the Bakry-Emery curvature, reflecting how
quickly information diffuses over the graph. This analysis assumes that node features
evolve approximately according to heat flow driven by the graph Laplacian.

Theorem 7 (Feature Decay Bound). Let G = (V, E, w) be an undirected, weighted graph
with bounded degree. Consider a GNN with | layers, where each layer approximates the heat
flow for a time step At. For a node v € V with Bakry-Emery curvature x(v), we define the
feature distinctiveness D(v, 1) after I layers as

Vi3 (v
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where f; represents the node features at layer . Then, the following holds:
D(U,l) < e—ZK(U)lAt'
For any € > 0, to maintain D(v,1) > e, it suffices that the number of layers satisfy:

< log(1/¢€)

— 2x(v)At”

Proof. From the definition of 7,(¢) in Theorem [6}, we know that:

IVfil*(v) > €|V fol*(v) forall t< T,(€)

Using the upper bound for 7,(¢), we have:

log(1/¢€)
Ty(€) < W

Now, to express this in the desired form, using Theorem [p| observe that the
exponential decay bound for |V f;|?(v) is given by:

VAP (0) < eV fo(0)

Each layer in the GNN approximates the heat flow for a time step At, so after !
layers, the time is t = IAt. Substituting this into the definition of D(v,1), we get:

2
D(U,l) _ |V,fl| (U) SB_ZK(Z})IN

IV fol*(v)
For the second part, to maintain D(v,1) > €, we require:

efZK(v)lAt >e.

Taking the logarithm of both sides, we get 2x(v)IAt < log(1/€). This is simplified to:

< log(1/¢€)

— 2x(v)At”
O

In a nutshell, the higher curvature nodes, with stronger local connectivity, lose
feature distinctiveness more quickly in a GNN due to faster information propaga-
tion. Therefore, fewer layers are required to maintain a given level of distinctiveness
€ for high curvature nodes. In contrast, low curvature nodes have weaker local con-
nections, causing feature distinctiveness to decay more slowly. To preserve € for low
curvature nodes, more layers are needed. Thus, the number of layers required to
maintain feature distinctiveness tends to decrease with increasing node curvature.



§4.6 Experimental Design 62

4.6 Experimental Design

We conduct experiments on four widely used benchmark tasks: node classification,
node regression, graph classification, and graph regression, utilizing a total of 21
datasets and comparing against 10 baselines to evaluate the effectiveness of our ap-
proach.

4.6.1 Datasets

For node classification, we use three widely adopted graphs exhibiting strong ho-
mophily: Cora, PubMed, and Citeseer (Sen et al., 2008; [Namata et al., 2012), as
well as five datasets with heterophily: Texas, Wisconsin, Actor, Squirrel, and Cornell
(Rozemberczki et al.,, 2021; Tang et al., 2009). Additionally, we include a large-scale
dataset from the Open Graph Benchmark, ogbn-arxiv (Hu et al.,, 2020). For node
regression, we utilize four real-world datasets (Jazz, Network Science, Cora-ML, and
Power Grid) (Rossi and Ahmed, 2015; McCallum et al., 2000). For graph classifica-
tion, we use six small-scale real-world datasets from TU Datasets (MUTAG, PTC-MR,
COX2, BZR, PROTEINS, and IMDB-BINARY) (Morris et al.,2020a)), as well as a large-
scale molecular dataset from the Open Graph Benchmark, ogbg-moltox21 (Hu et al.,
2020). Finally, we employ the ZINC 12k dataset (Dwivedi et al, [2023) for graph
regression.

Tables and present an overview of the statistics for the datasets used in
our experiments. Specifically, Table covers statistics for node classification and
regression, while Table provides dataset statistics related to graph classification
and regression tasks.

Datasets Task Type #nodes #Edges # Classes
Jazz node Regression 198 2,742 1
Network Science  node Regression 1,565 13,532 1
Cora-ML node Regression 2,810 7,981 1
Power Grid node Regression 4941 6,594 1
Cora node Classification 2,708 5,429 7
Citeseer node Classification 3,327 4,732 6
Pubmed node Classification 19,717 44,338 3
Actor node Classification 7,600 33,544 5
Squirrel node Classification 5,201 217,073 5
Wisconsin node Classification 251 499 5
Cornell node Classification 183 295 5
Texas node Classification 183 309 5
ogbn-arxiv node Classification 169,343 1,166,243 40

Table 4.1: Dataset statistics for node classification and regression.



8§4.6 Experimental Design 63

Datasets Task Type # Graphs Avg #nodes Avg #Edges # Classes
MUTAG Graph Classification 188 17.93 19.79 2
PTC_MR Graph Classification 344 14.29 14.69 2
BZR Graph Classification 405 35.75 38.36 2
COX2 Graph Classification 467 41.22 43.45 2
IMDB-BINARY  Graph Classification 1,000 19.77 96.53 2
PROTEINS Graph Classification 1,113 39.06 72.82 2
ogbg-moltox21  Graph Classification 7,831 18.6 19.3 2
ZINC Graph Regression 12,000 23.1 49.8 1

Table 4.2: Dataset statistics for graph classification and regression.

4.6.2 Baselines

For node classification and regression baselines, we use three classical GNNs: GCN
(Kipf and Welling| 2017), GAT (Velickovi¢ et al., 2018), and GraphSAGE (Hamilton
et al., [2017). For node classification, we further employ three enhanced GNNs: SGC
(Wu et al,, 2019), MixHop (Abu-El-Haija et al., 2019), and DIR-GNN (Rossi et al.,
2024). For graph classification and regression baselines, we select two GNNs whose
expressive power is known to be upper-bounded by the 1-dimensional Weisfeiler-
Lehman (1-WL) algorithm (Zhang et al,, 2024a): GIN (Xu et al,, 2018a) and GCN
(Kipf and Welling, [2017). Additionally, we include three GNNs designed to possess
expressive power beyond 1-WL: ID-GNN (You et al., 2021), GraphSNN (Wijesinghe
and Wang, 2022), and NC-GNN (Liu et al., 2024).

4.6.3 Evaluation settings

For node classification, we use the feature vectors and class labels with 10 random
splits for all datasets except the OGB dataset. In these splits, 48% of the nodes are
assigned for training, 32% for validation, and 20% for testing, following [Pei et al.
(2020a). For the OGB dataset, we adopt the setup described by Hu et al.| (2020). For
the node regression task, we focus on influence estimation (Xia et al., 2021; Ling et al.,
2023), a key problem in network science, where the goal is to predict each node’s
influence based on graph structure and diffusion dynamics. We consider the Linear
Threshold (LT) (Granovetter, |1978) and Independent Cascade (IC) (Goldenberg et al.,
2001a) models, which capture different information spread mechanisms, with an
initial activation set comprising 10% of nodes. Following [Ling et al.| (2023), we use
their data splits and adopt 10-fold cross-validation, as in [Errica et al| (2020). In
graph classification, we adopt the setup outlined by Hu et al.| (2020) for the OGB
dataset. For the TU datasets, we follow the experimental setup provided by Feng
et al. (2022), reporting the mean and standard deviation of the best accuracy across
10 test folds. For graph regression, we adhere to the setup provided by Dwivedi et al.
(2023). We report baseline results from previous works using the same experimental
setup, where available. If such results are unavailable, we generate baseline results
by adopting the hyperparameter configurations specified in the original papers.
Since the benchmark graphs are unweighted and the Bakry-Emery curvature op-
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erators (Equations (.1), (¢.2), and (4.3)) require edge weights, we employ learnable
parameters for these weights. Additionally, the functions used to evaluate the Bakry-
Emery curvature inequality take node features as inputs.

4.6.4 Model Hyper-Parameters

In our experiments, we search for hyper-parameters within the following ranges:

the number of layers is selected from {2,3,4,5}, k from {5,10,15,20,30,40}, N from
{1,2,3,4,5}, dropout from {0.0,0.1,0.2,0.5,0.6,0.9}, learning rate from {0.005,0.009,0.01,0.1},
batch size from {32,64}, hidden units from {32, 64, 128,256,300}, weight decay from

{5¢ —4,9¢ — 3,1e — 2,1e — 1}, and the number of epochs from {100, 200,500, 1000}.

The Adam optimizer (Kingma, 2015) is used for optimization. Further, we employ

A =1 for all the experiments. For the ZINC and ogbg-moltox21 datasets, the learning

rate decays by a factor of 0.5 after every 10 epochs.

4.7 Results, and Discussion

We use GNN+BEC to represent the GNN model incorporating our Bakry-Emery
curvature-based adaptive layer depth mechanism, and A 1 indicates the performance
improvement of our approach compared to the baseline.

4.7.1  Node Classification
Methods ‘ Cora Citeseer Pubmed Actor Squirrel Cornell Wisconsin Texas ogbn-arxiv
GCN 8728 £1.26 76.68 £1.64 87.38 £0.66 | 30.26 £0.79 36.89 +£1.34 57.03 +£4.67 59.80 £6.99 59.46 +5.25 | 71.74 £0.29
GCN+BEC 88.50 £1.32 80.43 +0.88 88.55 £0.68 | 31.66 £0.58 37.82 £0.60 61.62 +4.64 69.41 £2.85 75.68 +2.18 | 71.91 £0.17
AT +1.22 +3.75 +1.17 +1.40 +0.93 +4.59 +9.61 +16.22 +0.17
GAT 82.68 £1.80 75.46 +1.72 84.68 £0.44 | 26.28 £1.73 30.62 +£2.11 58.92 +£3.32 55.29 +8.71 58.38 +4.45 | 71.54 £0.30
GAT+BEC 85.39 £0.69 76.12 £3.23 86.71 £0.46 | 31.22 £0.56 31.61 +0.47 61.62 +£5.64 63.23 £3.28 71.56 +£5.56 | 71.84 £0.31
AT +2.71 +0.66 +2.03 +4.94 +0.99 +2.70 +7.94 +13.18 +0.30
GraphSAGE 86.90 £1.04 76.04 £1.30 88.45 £0.50 | 34.23 £0.99 41.61 +0.74 75.95 +£5.01 81.18 £5.56 82.43 +6.14 | 71.49 £0.27
GraphSAGE+BEC | 87.08 £0.42 78.01 +1.33 89.00 £0.31 | 35.56 £0.87 44.53 £0.81 81.08 £3.82 88.97 £1.88 89.41 +3.06 | 71.83 £0.14
AT +0.18 +1.97 +0.55 +1.33 +2.92 +5.13 +7.79 +6.98 +0.34
SGC 8497 £195 75.66 £1.37 87.15 +£0.47 | 25.83 £1.09 41.78 £2.88 55.41 529 57.84 +£4.83 58.11 £6.27 | 68.74 £0.12
SGC+BEC 85.49 £0.65 78.32 £0.66 8794 £0.23 | 27.97 £2.18 42.03 +£0.62 65.13 £3.29 63.97 £9.30 69.80 +£1.79 | 71.39 £0.30
AT +0.52 +2.66 +0.79 +2.14 +0.25 +9.72 +6.13 +11.69 +2.65
MixHop 87.61 £0.85 76.26 £1.33 85.31 £0.61 | 32.22 £2.34 43.80 +£1.48 73.51 +£6.34 75.88 £4.90 77.84 +7.73 | 70.83 £0.30
MixHop+BEC 87.89 £0.67 76.79 £0.95 88.18 £0.37 | 36.91 £0.93 43.97 £0.67 78.37 £2.70 93.82 £1.10 88.23 +£1.75 | 72.04 £0.26
AT +0.28 +0.53 +2.87 +4.69 +0.17 +4.86 +17.94 +10.39 +1.21
DIR-GNN 82.89 £0.44 76.55 +£0.72 88.84 £0.13 | 30.12 £0.65 42.50 +0.80 80.00 +3.60 79.60 +3.80 81.40 +2.40 | 70.72 £0.26
DIR-GNN+BEC | 84.12 £0.76 77.67 £1.08 89.40 £0.19 | 32.46 £0.43 46.19 +1.26 85.94 £3.78 89.55 +1.22 87.84 £3.01 | 71.55 +0.26
AT +1.23 +1.12 +0.56 +2.34 +3.69 +5.94 +9.95 +6.44 +0.83

Table 4.3: Node classification accuracy + std (%). The baseline results are sourced
from Zhu et al.| (2020); |Sun et al.| (2024); Brody et al.| (2022); Han et al.[(2023b).

Table 4.3| presents the results for the node classification task. Our approach con-
sistently outperforms the baselines in both homophilic and heterophilic settings. No-
tably, our adaptive layer mechanism achieves greater performance improvements on
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heterophilic graphs compared to homophilic ones. We attribute this to the ability
of our method to learn data-driven curvature values that leverage heterophilic label
patterns, effectively capturing the complex and diverse relationships between nodes
with dissimilar labels, which leads to enhanced aggregation and feature extraction.
Additionally, our approach improves the performance of GNNs designed with in-
ductive biases for heterophilic graph settings, such as MixHop, and DIR-GNN. This
demonstrates that our method complements these models by capturing additional
structural and label-dependent information that might otherwise be overlooked.

We also observe that our depth-adaptive mechanism significantly reduces the
standard deviation of accuracy across baseline models, enhancing stability and con-
sistency. This reduced variance ensures reliable and repeatable results, essential for
real-world applications.

4.7.2 Node Regression

Table presents the results for the influence estimation (Xia et al., 2021) task, for-
mulated as a node regression problem. The results indicate that our approach signifi-
cantly enhances baseline performance in predicting influence by effectively adapting
to various underlying diffusion processes. By dynamically adjusting curvature based
on the propagation mechanisms of different diffusion models, our method enhances
generalization of the baseline GNN models across diverse network conditions.

Methods ‘ Jazz Cora-ML Network Science Power Grid
‘ 1C LT 1C LT IC LT IC LT

GCN 0.233 £0.010  0.199 +0.006 | 0.277 £0.007 0.255 £0.008 | 0.270 £0.019 0.190 +£0.012 | 0.313 £0.024 0.335 +£0.023
GCN+BEC 0.202 £0.007 0.124 +£0.002 | 0.258 £0.006 0.194 £0.010 | 0.233 £0.010 0.123 +£0.026 | 0.329 £0.019 0.298 +0.039
AT +0.031 +0.075 +0.019 +0.061 +0.037 +0.067 -0.016 +0.037
GAT 0.342 £0.005 0.156 +0.100 | 0.352 £0.004 0.192 £0.010 | 0.274 £0.002 0.114 +£0.008 | 0.331 £0.002 0.280 +£0.015
GAT+BEC 0.238 +£0.035 0.123 +0.002 | 0.269 +0.014 0.184 £0.015 | 0.233 £0.016 0.126 +0.010 | 0.291 +£0.016 0.277 +0.013
AT +0.104 +0.033 +0.083 +0.008 +0.041 -0.012 +0.040 +0.003
GraphSAGE 0.201 +£0.028 0.120 £+0.004 | 0.255 +0.010 0.203 £0.019 | 0.241 £0.010 0.112 +0.005 | 0.313 +0.024 0.341 +0.018
GraphSAGE+BEC | 0.190 £0.015 0.060 £0.010 | 0.246 +0.008 0.176 +0.008 | 0.231 £0.010 0.073 +0.012 | 0.302 £0.028 0.205 £0.013
AT +0.011 +0.060 +0.009 +0.027 +0.010 +0.039 +0.011 +0.136

Table 4.4: Influence estimation performance MAE + std under IC and LT diffusion
models.

4.7.3 Graph Classification

We present graph classification results in Table These results show that our
adaptive layer mechanism achieves notable to moderate improvements over baseline
methods across all datasets. Significant gains are observed with the GIN model,
which is commonly regarded as the standard baseline for graph classification tasks.
Moreover, our approach enhances GNNs with higher expressive power than 1-WL
by improving feature distinctiveness, thus offering a more effective mechanism for
distinguishing between graph structures.
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Methods \ MUTAG PTC-MR IMDB-BINARY COX2 BZR PROTEINS ogbg-moltox21 \ ZINC
GIN 92.8 £59 65.6 £6.5 78.1 £3.5 889 +23 91.1+34 788 £4.1 749 +£0.5 0.387 +0.015
GIN+BEC 96.1 £3.6 729 £5.7 80.8 +£3.3 89.3 £3.1 924 +3.6 79.1 £3.7 75.7 £0.7 0.308 4-0.009
AT +3.3 +7.3 +2.7 +0.4 +1.3 +0.3 +0.8 +0.079
GCN 922 +44 68.8 £6.2 79.8 £2.3 88.5+3.8 92.6 +4.8 78.8 £39 75.3 +£0.7 0.459 40.006
GCN+BEC 95.0 £3.0 70.6 £5.1 79.9 £3.4 89.3 +2.8 93.6 £3.8 79.6 £4.4 755 £0.5 0.424 40.049
AT +2.8 +1.8 +0.1 +0.8 +1.0 +0.8 +0.2 +0.035
ID-GNN 97.8 £3.7 744 +4.2 79.3 £2.9 87.8 £3.1 933 +£4.8 78.1 £39 74.7 £0.5 0.366 +0.014
ID-GNN+BEC | 98.3 £3.6 75.6 £4.0 81.5+2.4 89.3 +3.1 93.8 +45 78.6 £3.8 754 £0.7 0.350 +0.013
AT +0.5 +0.8 +2.2 +1.5 +0.5 +0.5 +0.7 +0.016

GraphSNN 947 £19 70.6 £3.1 785 +2.3 86.3 £33 91.1 £3.0 784 £2.7 755 +1.1 0.297 +0.004
GraphSNN+BEC | 96.1 £25 729 7.4 794 +£2.7 889 £2.0 921 +49 79.2 £39 75.3 £0.7 0.265 +0.005

AT +1.4 +2.3 +0.9 +2.6 +1.0 +0.8 -0.2 +0.032
NC-GNN 92.8 £5.0 71.8 £6.2 78.4 +4.0 88.4 £33 92.6 +43 784 £3.1 75.1 +£0.4 0.448 40.095
NC-GNN+BEC | 96.0 £2.4 75.0 £4.6 79.6 £3.6 889 +2.4 93.6 £49 79.6 £29 75.6 £0.5 0.356 +0.017
AT +3.2 +3.2 +1.2 +0.5 +1.0 +1.2 +0.5 +0.092

Table 4.5: Graph classification accuracy + std (%) for TU datasets, ROC =+ std (%) for
the OGB dataset, and graph regression MAE =+ std for ZINC dataset, with baseline
results sourced from Wijesinghe and Wang| (2022), Feng et al.| (2022), and |Hu et al.
(2020).

4.7.4 Graph Regression

The regression results for ZINC 12K dataset is depicted in Table Similar to the
graph classification, the proposed adaptive layer mechanism consistently improves
performance over baseline methods. These results underscore the effectiveness of our
approach in enhancing feature representation and regularization, thereby improving
the overall performance of graph regression tasks. Although node-specific, our cur-
vature provides insights into the global graph structure, enhancing performance in
tasks that depend on holistic properties of graphs.
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Figure 4.2: Model sensitivity to hyper-parameters

4.7.5 Hyper-Parameter Analysis

In this experiment, we analyze the model’s sensitivity to its two primary hyper-
parameters; number of curvature approximation functions, and the threshold k. Us-
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ing GraphSAGE as the base model, we evaluate node classification performance on
two datasets. The results are depicted in Figure

Figure (a) illustrates how performance varies with the number of functions
used to approximate curvature. As expected, increasing the number of functions
enhances performance by enabling the model to capture multiple aspects of infor-
mation propagation. However, this improvement is only observed up to a certain
threshold, beyond which the additional complexity introduced by an increased num-
ber of learnable parameters begins to outweigh the benefits, ultimately leading to
performance degradation. Notably, the model achieves good performance with a
relatively small number of functions, which is advantageous from a computational
efficiency perspective. Figure 4.2| (b) illustrates how model performance varies with
the threshold. For Citeseer, optimal performance is achieved at a lower threshold
(5-10%), whereas Wisconsin benefits from a higher threshold. This difference stems
from dataset characteristics: Citeseer, being homophilic, has adjacent nodes with the
same labels, allowing deeper aggregation to enhance information mixing. In con-
trast, Wisconsin, a heterophilic dataset, benefits from shallow depth aggregation to
prevent mixing information from differently labeled neighboring nodes.

4.7.6 Oversmoothing Analysis

We analyze the impact of our adaptive layer depth approach on oversmoothing in
the node classification task by progressively increasing the layer depth up to 64 while
measuring classification accuracy. Notably, we set k = 1 to allow the aggregation
stopping mechanism to remain effective even at large depths. As shown in Figure
our method exhibits substantial robustness against oversmoothing, achieving a
significant performance margin over baseline models across both datasets.

- GCN -»- GCN+BEC - GAT -:- GAT+BEC
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90 T 80 T

Accuracy(%)
I
Accuracy(%)

24 8 16 32 64 24 8 16 32 64
Layer Depth Layer Depth

Figure 4.3: Oversmoothing comparison: (a) Cora; (b) Texas.

4.7.7 Comparison with Existing Curvature Notions

In this experiment, we integrate existing curvature notions by replacing our learnable
curvature with these predefined curvatures in our adaptive layer depth approach
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and evaluate their performance. We consider four curvatures from GNN literature:
Ollivier-Ricci (ORC) (Southern et al., 2023; [Iopping et al., [2022), Forman Ricci (FRC)
(Fesser and Weber, |2024), Jost and Liu (JLC) (Giraldo et al.,2023), and Effective Resis-
tance (ERC) (Devriendt and Lambiotte, |2022) along with two structural descriptors,
betweenness centrality (BC) and degree. These curvatures are precomputed before
training and interpreted consistently: higher values indicate denser local structures,
while lower values correspond to sparser regions. Note that for any edge-based cur-
vature, node curvature is computed as the average of adjacent edge curvatures. The
results are summarized in Table

node Classification node Regression

Methods .
‘ Citeseer Cornell Network Science
| | IC LT
GCN ‘ 76.68 +£1.64 57.03 +4.67 ‘ 0.270 £0.019  0.190 +£0.012

GCN+ORC | 7849 £0.35 57.83 +4.22 | 0.251 £0.006 0.170 £+0.023
GCN+FRC | 78.51 £0.47 58.92 +4.80 | 0.253 £0.005 0.178 £0.024
GCN+JLC 77.03 £0.56 58.64 +3.20 | 0.239 £0.010 0.155 £0.011
GCN+ERC | 78.70 £0.66 59.72 £2.54 | 0.249 £0.007 0.155 £0.029

GCN+BC 78.10 £0.26 45.68 3.51 | 0.248 £0.005 0.147 £0.013
GCN+Degree | 77.87 £0.45 44.59 +2.76 | 0.243 0.006 0.159 £0.019

GCN+BEC | 80.43 £0.88 61.62 £4.64 | 0.233 £0.010 0.123 +0.026

Table 4.6: Ablation study on curvature notions. For node classification, accuracy
+ std(%) is reported; for node regression, MAE + std is used. The best results are
highlighted in bold.

Our approach, which learns curvature in a data-driven manner, significantly out-
performs all precomputed curvatures in both downstream tasks by capturing task-
specific information.

4.7.8 Runtime and Parameter Complexity analysis

We evaluate scalability on large datasets, fixing the model depth at 4 and the hidden
layer size at 256 for all methods. For our approach, we consider N in the set {1,3,5}.
We adopt GCN and GIN as the base models for ogbn-arxiv and ogbg-moltox21,
respectively. Each model is assessed on parameter count, average runtime (over 100
iterations), and accuracy/RoC, as shown in Table @

Methods ogbn-arxiv ogbg-moltox21

#Param (k) Time (s) Acc. (%) ‘ #Param (k) Time (s) Roc. (%)
Baseline 176 0.30 70.87 1118 4.83 74.84
+BEC (N=1) 179 0.39 71.14 1123 6.90 75.22
+BEC (N=3) 184 0.52 71.76 1134 8.98 75.53
+BEC (N=5) 189 0.65 71.82 1144 10.39 75.76

Table 4.7: Runtime and parameter complexity comparison for node and graph clas-
sification tasks.
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Figure 4.4: Curvature visualization

As N increases, parameter count and runtime grow moderately, ensuring compu-
tational feasibility. Our approach keeps parameter growth minimal by using MLPs
to estimate curvature instead of expanding the GNN’s parameter space. This design
choice ensures that parameter learning of GNN remains efficient. With the same
model capacity (i.e., fixed hidden layer size), our approach enhances representation
power and outperforms the baseline, offering a meaningful improvement without
excessive computational cost.

4.7.9 Visualization Analysis

We present a visualization analysis of node curvature for different curvature notions
in Figure |4.4| using the Wisconsin dataset. In our approach, curvature is learned with
MixHop as the base model. For the two Ricci curvature methods, node curvature is
computed as the average of adjacent edge curvatures. All the node curvature values
are normalized between 0 and 1 for visualization purposes. The comparison reveals
that our method captures heterogeneous curvature patterns with greater granularity
compared to other approaches. This level of detail is well justified, as Wisconsin is a
heterophilic dataset where neighbouring nodes have diverse characteristics.

Figure [4.5 provides node embedding visualization using t-SNE (Van der Maaten
and Hinton, 2008). MixHop is employed as the base model, and we evaluate its
node classification performance on the Wisconsin dataset. The colors represent dif-
ferent class labels in the dataset. The comparison of embeddings shows significant
improvements in our approach. The most notable enhancement is the formation of
well-separated clusters. Our method improves cluster boundary definition, reducing
overlap between class labels. Overall, our method captures both fine-grained rela-
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((a)) MixHop ((b)) MixHop+ORC ((c)) MixHop+FRC

((d)) MixHop+BEC
Figure 4.5: 2D node embedding visualization

tionships and broader community structures in embedding, leading to better clas-
sification. This is well supported by the curvature visualization, as our approach
effectively captures heterogeneous curvature patterns that other methods fail to de-
tect.

4.8 Summary

In this chapter, we propose a novel mechanism for GNNs that learns node-wise
curvature in a data-driven manner. Our framework builds on Bakry-Emery curva-
ture, which theoretically captures geometric intricacies and information diffusion in
graphs from a functional perspective. By establishing a theoretical link between fea-
ture distinction in GNNs and node curvature, we introduce an adaptive layer depth
mechanism that leverages node curvature to enhance the representation capacity of
GNNs. Integrated with existing GNN architectures, the proposed approach consis-
tently improves performance across diverse downstream tasks.



Chapter 5

Beyond Fixed Depth: Adaptive
Graph Neural Networks for Node
Classification Under Varying
Homophily

5.1 Overview

Traditional GNNs are built upon the homophily assumption, where connected nodes
tend to share similar labels or characteristics (McPherson et al., [2001; Zhu et al.,
2020). While this assumption has proven effective for many real-world networks,
such as citation networks and knowledge graphs (Yang et al., 2016), it significantly
limits GNNs’ performance on heterophilic graphs, where connected nodes often have
different labels or properties (Zheng et al., |2023a). Such heterophilic patterns are
common in many real-world scenarios, including social networks and web graphs
(Pei et al., 2020b; |Zhu et al., 2021} Platonov et al., 2023).

To address this limitation, researchers have begun exploring specialized heterophily-
aware GNN architectures that explicitly account for the dissimilarity between con-
nected nodes and develop alternative message-passing strategies (Zhu et al., 2021;
Zheng et al., 2022 |Luan et al., 2022; Zhu et al,, 2023a; |Wang et al., 2024a). Nonethe-
less, certain limitations still exist. First, categorizing graphs as homophilic or het-
erophilic based on simple neighborhood label ratios oversimplifies the complex na-
ture of information propagation in graphs. Real-world graphs are intricate structural
entities with different regions or nodes exhibiting varying levels of homophily. Dif-
ferent nodes have varying sensitivity to information aggregation, depending on their
structural context, features, and neighbor label composition. A more nuanced under-
standing of this phenomenon is required to design GNN architectures that accommo-
date these differences. Second, methods specifically designed for heterophilic graphs
often lack the flexibility to effectively handle both homophilic and heterophilic con-
texts within the same architecture, limiting their applicability and generalizability
across diverse graph types.

We aim to address these limitations through a fundamental observation: optimal

71
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information propagation strategies are inherently different across nodes within the
same graph. The uniform nature of information aggregation in current GNNs (i.e.,
fixed layer depth applied to all nodes) limits node classification performance, as
different nodes have varying information aggregation needs based on their local
neighbourhood properties, including degree distribution, label homophily ratio, and
feature similarity patterns within their close neighbourhoods. This motivates us to
theoretically connect structural and label characteristics to information propagation
dynamics at the node level, gaining a more nuanced understanding of node-specific
aggregation needs beyond global graph homophily characteristics.

Building on these theoretical insights, we derive node-specific metrics that quan-
tify individual node aggregation requirements without being constrained by global
graph homophily measures. We then utilize these insights to develop dynamic GNN
architectures that adaptively determine aggregation depth for each node, improv-
ing their ability to handle node-specific information propagation needs. The main
contributions of our work are summarized as follows:

¢ Theoretical Foundation: We establish theoretical connections between struc-
tural and label characteristics and information propagation dynamics, deriving
node-specific metrics that quantify optimal aggregation depth requirements in
GNNSs.

* Novel Adaptive Depth Architecture: We propose a novel GNN architecture
that dynamically adjusts aggregation depth for individual nodes based on their
specific information propagation needs, with two distinct variants to accommo-
date different computational requirements.

¢ Unified Homophilic/Heterophilic Handling: Our architecture provides a sin-
gle framework that seamlessly accommodates both homophilic and heterophilic
graph patterns without requiring separate architectures or preprocessing steps.

¢ Empirical Validation: We provide comprehensive experiments demonstrating
that our adaptive depth architecture consistently improves node classification
performance of mainstream GNN backbones across diverse graph structures
and homophily levels.

This chapter addresses the same core challenge as Chapter 4, namely determining
the optimal aggregation depth per node, but approaches it from a complementary
angle. Chapter 4 uses geometric curvature to guide depth allocation, where this
chapter derives depth decisions from the label-theoretic properties of each node’s lo-
cal neighbourhood, specifically its homophily pattern and neighbourhood structural
distribution. The two frameworks are independent.

5.2 Theoretical Analysis

We develop a theoretical framework to understand how neighborhood profile im-
pacts node classification performance in GNNs under different homophily condi-
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tions, establishing the basis for our adaptive depth allocation strategy. For node v,
we define its profile as the tuple (dg, d; , d,) describing the distribution of same-label
neighbours, opposite-label neighbours, and total degree within its neighbourhood.

5.2.1 Preliminaries

We consider an undirected graph G = (V,E,X,y), where V represents the set of
nodes, E is the set of edges, X € RIVI*4 is the matrix of initial node feature represen-
tations with a feature dimension of d, and y € {0,1}/V! is the vector of node labels.
Each node v € V is associated with a feature vector x, € R? (i.e., xo = Xyp,;), and has
a label y, € {0,1} (i.e., yo = yo). For theoretical tractability, we focus on the binary
classification setting. Let A (v) be the neighborhood of node v, and d, = |N ()|
its degree. We define same-label neighbors as N7 = {u € N(v) : y, = y»} and
opposite-label neighbors as N, = {u € N(v) : y, # yo}. Their cardinalities are
dif = |N,f|and dy = [N |, withd, =df +d.

5.2.2 Class Concepts

To establish the assumptions for our analysis, we formally define the concepts of
class prototypes, signal variance, and noise variance.

Definition 9 (Class Concepts). We define the following graph-wide parameters:
e Class prototypes: u°, ' € R? where p¢ = E[x,|y, = c] for c € {0,1}
e Signal variance: N> = ||u° — u||?

e Noise variance:02, = Var|x,|y, = c] for any ¢ € {0,1}

Signal variance assesses the separation between different classes, while noise
variance evaluates the variation within a single class. Note that, under the ho-
moscedasticity assumption (Yang et al.,, 2019), we assume equal noise variance across
all classes. Higher signal variance leads to better class separation, while lower noise
variance ensures tight clustering within classes, resulting in better classification qual-
ity (Fisher, [1936).

5.2.3 GNN Architecture

We utilize Graph Convolutional Network (GCN) (Kipf and Welling| 2017) to examine
homophily/heterophily effects, aligning with numerous theoretical analyses in this
area (Ma et al.} 2022b; Wang et al., 2024b). The fundamental node update mechanism
of GCN is:

x(+1) — U(f)—l/ZAf)—l/Zx(l)w(l)) (5.1)

where W) is the learnable parameter matrix at layer I, A = A + 1 is the adjacency
matrix with added self-loops, D is the degree matrix corresponding to A, and X(*) =
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X are the initial node features. For analytical tractability, we analyze a simplified
aggregation scheme that captures the essential neighborhood averaging behavior.
Following |Wu et al. (2019), which shows that most of the benefit in GCNs comes
from local averaging rather than from nonlinear activation functions, we focus on the
uniform averaging operation obtained through row normalization D~!A.

1
h, = i1 (xy + Zy) xu> (5.2)

ueN(

5.2.4 Assumptions

We consider a contextual stochastic block model (CSBM) (Deshpande et al., 2018)
where nodes are partitioned into two classes. Each node’s feature follows a class-
specific Gaussian distribution: x, = p¥% + €, with e, ~ N (0, aﬁmald), where I is
the d x d identity matrix. Under this model, for any node v, same-label neighbors
u € N, have features x, = p¥%* + €, while opposite-label neighbors u € N, have
features x, = u'~¥* + €, where 1 — v, denotes the opposite class label in the bi-
nary setting. All noise terms €y, {€;} } e+, 1€y } e, are independent and follow
N(0,02,..1;). This CSBM setup is consistent with established theoretical frameworks

intra

for analyzing heterophily in GNNs (Ma et al., 2022b).

5.2.5 Aggregation Effect Analysis

In this section, we analyse how the neighbourhood aggregation impacts the node
classification quality under varying homophily/heterophily conditions. To analyze
this effect, we decompose GNN aggregation based on neighbourhood labels.

Definition 10 (Label-Based Aggregation). We decompose the GNN aggregation operation
based on neighbor labels as:

1
hU:<xv+ 2 X, + Z xu>
dy +1 ueN, ueN,

To quantify how neighbourhood aggregation affects the original class signal, we
introduce signal preservation factor.

Definition 11 (Signal Preservation Factor). For node v, the signal preservation factor is:

. 1+df —dy
S dy+1

We present the following theorem, which characterises how neighbourhood label
composition affects representation quality after aggregation.



§5.2  Theoretical Analysis 75

Theorem 8 (Label Aggregation Effect). For any node v in the graph, under the stated
graph-wide assumptions, the aggregated representation has expected value:

1 +d$yyv n d

1E|:h2}|yv] = dv+1 dv+1

1-yo
J7; Y

The signal variance after aggregation is:

[Efhs|y, = 0] — Efhy|y, = 1]H2 = (Xzszz

2
The noise variance is: Var[hy|y,| = %
o o o _ 82(dy+1)A?
The node-specific classification quality is: Q, = ~=“—5——

intra

Proof. We start by proving the Expected Representation. Starting from the aggrega-
tion formula:

1
hv:<xv+ Z X, + Z xu>
dy +1 ueN, ueN,

Taking expectations conditioned on the node’s label y:

Efholy) = 5 (Ebolvad + ¥ Elxly)

ueN,

+ Y Elxly)

ueN,

By the feature assumptions, E[x,|y,] = #¥*, E[xu|lys] = p¥ for u € N, and
E[xy|y,] = =¥ for u € N, . Substituting:

1 _
Eﬂhdyv]Iidv+_1(ﬂw‘+d3‘iﬂ”4‘dv'ﬂl W)
dy

+
_ldd
d-(;—"l d-(;—"l

17
wor

Then, we prove the Signal Variance. For class 0 nodes (y, = 0):

1+df d;
+v‘u0+ (4

Efho|y, = 0] = dy +1 dv+1"1

For class 1 nodes (y, = 1):

1+d}f d;
+v‘u1+ (4

_ _ 0
Efholyo =1] = 7= i, +1"
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Computing the difference:

E[hv|yv =0] - IE[thv =1]

1447 d, 1 14df dy o
S R L B ¥ BT R L
o l4di—d; o
—W(P’ w)

Taking the squared norm:
IE[ho|yo = 0] — E[ho|yo = 1]||?
N2
=<H£Zfﬁ\w—¢w
= uczz,Az
Then, we prove the Noise Variance. The noise variance is:

dvl+1(ev+ Y er+ ). eu>]

ueNy" ueNy

Var[h,|y,| = Var

Since there are 1+ d; +d; = d, + 1 independent noise terms, each with variance

2 .
Uintra .

Var|h,|y,| = (dy + 1)‘712ntra

1
(dp +1)2

2
_ Uintra

Cdy+1

Finally, we derive the Classification Quality. By definition, classification quality
is the ratio of signal variance to noise variance:

Q, = a%AZ

° Uizr1tra/(dv + 1)
B w2 (dy +1)A?
=

Uintra

This completes the proof. O
Employing Theorem 8| we derive the following observations.

Corollary 1 (Strong Homophily). When df >> d, the signal preservation factor a, ~ 1,
and classification quality scales linearly with degree: Q, o dy.

In strongly homophilic neighborhoods, aggregation generally benefits nodes re-
gardless of their degree, since a, ~ 1 guarantees that the expected aggregated rep-
resentation preserves class signal. However, higher-degree nodes achieve better per-
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formance since increased sample (neighborhood) size decreases the probability of
“error”.

Corollary 2 (Strong Heterophily). When d, > df, a, transitions from 0 at low degrees to
-1 at high degrees. Classification quality shows poor performance at low degrees due to signal
cancellation (Q, ~ 0 when d, is small), but achieves performance comparable to homophilic
cases at high degrees (Qy, o dy, when d,, is large).

Strong heterophily isn’t inherently bad. It becomes problematic when there aren’t
enough neighbours to establish a reliable pattern. With sufficient degree, heterophilic
nodes can perform as well as homophilic ones by learning from the opposite rela-
tionships.

Corollary 3 (Mixed Homophily/Heterophily). When df ~ d (balanced same/opposite-
label neighbors), a, ~ dvlﬁ, causing signal cancellation that worsens with degree, leading to
poor classification performance.

Nodes with balanced neighbourhoods experience signal cancellation, as compet-
ing signals from same-class and opposite-class neighbours neutralize each other. This
effect is particularly severe for high-degree nodes, where «, — 0 as d, increases, leav-
ing such nodes with insufficient directional information for reliable classification.

5.2.6 Multi-Layer Analysis

We extend Theorem [§|to multi-layer setting to analyze the iterative aggregation effect
in GNNs.

Theorem 9 (Iterative Aggregation Effect). Assume a n-layer GNN where: (1) label-
conditioned features remain independent across layers, and (2) each layer performs the same
neighborhood aggregation pattern with degree d,. Then, for node v, after n layers:

* Signal variance: a2"' A

2
. . [
e Noise variance: (1%

dp+1)"
a2 (dy+1)" A2

2
U'intm

e Classification quality: Qb =

Proof. We proceed by induction on the number of layers .
First, consider the base case (n = 1). From Theorem [8] for a single aggregation
layer:

1+4df " dy 1oy,
_dv+1” +dv+1”

E[h$" |y.]

2
(1) — M
Var[hy! o] = e
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The signal variance is:

IERS |y = 0] — E[hS) |y, = 1]
(1+df -4y 2 2 2a2
_<aw4>A_%A

And classification quality:

ol — wZA? a2(dy +1)A?

%

Uiz1'1tra/ (dv + 1) 0-2

intra
Assume that after k layers:

IE vy = 0] — B[ [y, = 1]]1% = a2A

2
V h(k) — Tintra
() _ 05" (do +1)"A?
QP = e \or ) o
intra
Consider the step (k — k+1): At layer k + 1, we apply the same aggregation
operation to the outputs of layer k. Let r(()k) = IE[hz(,k) ly» = 0] and rgk) = ]E[hgk) lyo = 1].
By hypothesis:
k k
g — )2 = afa?

Applying one more aggregation layer:

k 1 k k k
ueN, ueN,

Similarly:

E[hS ™y, = 0] — ERS |y, = 1]
1+dy —d, , 0 _(k
Ao+ 1 (0 _rl)
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Taking the squared norm:

IEMRS ) |y, = 0] — B[RS |y, = 1]

k k
= 2|y — V|2
= a2 a?kA? = oc%,(kH)Az

For the noise variance, each aggregation layer independently reduces variance by
factor (dy +1):

1
Var h(kﬂ) = Var h(k)
[hy Y] 4y +1 [hy ' |yo]
N Tinira
dy+1 (dy+1)k
— ai%ﬁra
(dv + 1>k+1

Finally, the classification quality becomes:

ngﬂ) _ “ZZJ(k+1)A2

a O'iZntra/(dU + 1)k+1
lx%(kJrl) (dv + 1)k+lA2

2
aintra

This completes the induction and proves all three statements. O

Theorem 9| shows how single-layer effects compound over multiple layers. Signal
preservation factor «, is raised to the power 21, meaning if |a,| < 1 (signal degrada-
tion), the effect becomes exponentially worse with depth. Conversely, noise reduction
compounds beneficially, but the net effect depends on whether signal preservation
dominates.

5.2.7 Limitations of our Theoretical Framework

While our theoretical framework offers a new perspective on GNN performance un-
der varying homophily conditions, our analysis has several limitations. In this sec-
tion, we discuss these limitations.

Simplified Aggregation Analysis We primarily focus on the uniform averaging op-
eration, omitting several key components of real GCN architectures, including a
symmetric normalisation scheme, weight transformation and non-linear activation
functions. This is done to make our analysis more tractable. Our experimental re-
sults demonstrate that the insights derived under these relaxations are applicable to
real-world settings.
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Layer Independence Assumption Theorem [J assumes independence between fea-
tures across layers, which might not hold due to feature correlations and oversmooth-
ing Nonetheless, this assumption becomes more reasonable for shallow networks
(i.e., 2-3 layers), which are generally optimal for node classification tasks. In such
cases, the independence assumption serves as a useful first-order approximation.

Contextual Stochastic Block Model Structure Our analysis assumes a CSBM struc-
ture, which allows us to maintain Gaussian feature distributions and clear class sep-
arations. This aligns with existing theoretical frameworks built for GNNs that priori-
tise analytical tractability.

Binary Classification Restriction Our current theoretical analysis focuses on binary
classification, which provides analytical feasibility. Our experimental results strongly
validate the fact that our findings hold in multi-class settings. This transferability can
be justified by several reasons.

* Regardless of distinguishing between binary or multi-classes, nodes still bene-
fit from same-label neighbours and are negatively impacted by opposite-label
neighbours, making the high-level concept of the homophily-heterophily trade-
off identical.

¢ The presented tradeoff between signal preservation and noise reduction scales
naturally to multi-class scenarios. In signal preservation, same-label neigh-
bours reinforce the correct class prototype, while opposite-label neighbours
(regardless of their specific labels) hinder the signal. The principle of reducing
noise through neighbourhood averaging remains consistent, irrespective of the
number of classes.

* Our key insight about balanced neighbourhoods causing signal cancellation
extends naturally to a multi-class setting. Nodes with equal proportions of dif-
ferent label neighbours experience diluted class-specific signals, whether those
different classes represent a single alternative (binary) or multiple alternatives
(multi-class).

Architecture Generalizability Our current theoretical analysis is based on GCN with
uniform neighbour aggregation. However, our experimental analysis incorporates
multiple GNN backbones with diverse architectures, demonstrating that our insights
also hold for these.

5.3 Adaptive Depth Graph Neural Networks

We introduce AD-GNN, a novel architecture that leverages our theoretical findings
to enhance message propagation in GNNs by allocating adaptive depth. The key
insight is that different nodes benefit differently from deeper layers based on their
local neighbourhood structure and multi-layer aggregation effects.
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Let QJ denote the classification quality for node v after n layers of message pass-
ing, and QY represents the initial classification quality before any message passing,

given by Qf = 092 . For node v and target depth n, we define the Depth Benefit

. intra
Metric:

Definition 12 (Depth Benefit Metric). For node v and target depth n, we define the Depth
Benefit Metric:

= 3 = (a3 (s +1))" 59)

The metric represents the multiplicative improvement in classification quality
where €/ > 1 indicates benefit, ¢/ = 1 indicates no change, and ¢}, < 1 indicates
degradation.

5.3.1 Stopping Depth Assignment

Let tmax be the maximum allowable depth in the network. For each node v € V, we
define its stopping depth T(v) as:

T(v) =max {t € {1,2,..., tmax} | &> > (1) } (5.4)

where & is the depth benefit score normalized to [0,1] using min-max scaling
across all nodes, and 7 : N — [0, 1] is a monotonically increasing adaptive thresh-
old function parameterized by 6. The monotonically increasing property ensures
progressive filtering where nodes with lower depth benefit scores are gradually ex-
cluded as network depth increases, preventing nodes that cease to benefit from mes-
sage passing at layer ¢ from re-entering at deeper layers t' > t. The threshold function

is defined as:
To(t) = A+ (1—A)-6(t) (5.5)

where A € [0,1] is a hyperparameter, and 6(t) : N — [0,1] is a learnable mono-
tonically increasing function. The parameter A establishes a minimum threshold
ensuring Tp(t) € [A, 1], while the learnable component 6(t) adaptively optimizes the
threshold across layers.

5.3.2 Message Passing Framework

For each node v and step t < T(v), the message passing consists of aggregation and
update steps:

m{) = AGG ({n™ T | ue N(0)}) (5.6)
hlY = UPD (hy—n, mg”) (5.7)

For any t > T(v), we have hz(,t) = hz(,tfl). The adaptive depth mechanism can en-
hance existing GNN architectures such as GCN (Kipf and Welling} 2017), GAT (Velickovi¢
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Figure 5.1: High-level workflow of AD-GNN: First, the depth benefit metric for each
node is computed using their node profile and learned label probabilities. Then,
the depth for each node is determined based on a learnable threshold mechanism.
Nodes that have higher depth benefit metrics will receive more aggregation layers
compared to others.

et al., 2018), and GraphSAGE (Hamilton et al., 2017) by utilizing their original aggre-
gation and update functions along with node-specific depth allocation based on the
depth benefit metric.

5.3.3 Depth Benefit Metric Calculation

Computing the depth benefit metric requires estimating «, for each node, which
is challenging due to incomplete label information during semi-supervised training.
We use feature similarity to estimate same-label probabilities between adjacent nodes:

puv = f5(hu, hy) (5.8)

where f5 : RY x RY — [0,1] is a learnable, permutation-invariant function that
maps pairs of node embeddings to same-label probabilities. The expected counts for
same-label and opposite-label neighbors are:

dAz-)i_: Z f&(hurhv) (5.9)
ueN (v)
d, = Y (1— fs(hy,hy)) (5.10)
ueN(v)

The estimated signal preservation factor and depth benefit metric are:

o 1+df—dy
gl = (82 (dy +1))™ (5.12)

This creates a differentiable mechanism that enables end-to-end optimization
where depth allocation adapts based on learned similarity assessments and predicted
depth benefits.
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5.3.4 Training Objective

To ensure fs learns meaningful similarity assessments, we incorporate regularization
using available label information on training nodes:

1
Lieg=—5— ). [Ywlog(fs(huyho))
’ tra1n| (1,0) € Etrain
+(1 = o) log (1 = fi(hu, ho))] 613

where Eyain = {(#,0) € E : 4,0 € Viain} is the set of edges between training
nodes, and y,, = I[y, = y,] is the true same-label indicator. The total training
objective becomes:

ﬁtotal = £task + ['reg (514)

where Ly, is the downstream task loss. The High-level overview of AD-GNN is
depicted in Figure

5.3.5 Fast Variant

To accelerate computation, we derive AD-GNNy,s: by replacing the learnable sim-
ilarity function with a static degree-based approximation. Leveraging high-degree
assortativity (Arcagni et al., 2017), the principle that high-degree nodes tend to con-
nect to other high-degree nodes and share similar labels in the network, we compute
same-label probability as:

dy, X dy
= 5.15
Puv max(i/j)eE(di X d]) ( )
The estimated depth benefit metric becomes:
tmax
fre = ((&v,degree)z - (do + 1)) (5.16)

where &; degree 18 computed using the degree-based same-label probability esti-
mates. This variant eliminates the computational overhead of learning f; and re-
quires no regularization term, limiting the training objective to the downstream task
loss alone.

5.3.6 Complexity Analysis

We analyse the complexity of AD-GNN variants separately from the backbone GNN
architecture. AD-GNN incurs O(|E| x d) complexity for feature-based label proba-
bility computation, where d is the feature dimension, O(|E| 4 |V|) for depth benefit
metric computation, O(|E| 4 |V|) per-layer complexity for threshold filtering mecha-
nism, and O(|Eain|) for regularization term. This takes the total complexity of AD-
GNN to O(|E| x d + tmax X (|[E| +|V|)). AD-GNNy,s; achieves a reduced complexity
of O(tmax X (|E| + |V])) by eliminating feature-based label probability computation
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using degree-based similarity approximation, which incurs only O(|E|) complexity.
Additionally, the fast variant does not require computing the regularization term,
further reducing training overhead. Note that, since AD-GNN progressively filters
edges at each layer, it also reduces the backbone GNN complexity by operating on
smaller edge sets.

5.4 Experimental Design

5.4.1 Datasets

We evaluate our approach for the node classification task using 11 datasets that cover
both homophilic and heterophilic settings. Homophilic datasets include Cora ML,
Citeseer, Pubmed, and DBLP from the CitationFull benchmark (Bojchevski and Giin-
nemann|, [2018), as well as the Photo dataset from the Amazon benchmark (Shchur
et al.,[2018). Heterophilic datasets include Texas, Cornell, Wisconsin, Squirrel, Chameleon,
and Film datasets from WebKB benchmark (Pei et al,, [2020b). Additionally, we em-
ploy the ogbn-arxiv dataset from OGB benchmark (Hu et al.,|2020) for our scalability
analysis.

Dataset statistics, including homophily ratios, graph sizes, feature dimensions,
and number of labels, are depicted in Table

Dataset Homophily Ratio #Nodes #Edges #Classes #Features
Cora ML 0.79 2,995 16,316 7 2,879
Citeseer 0.71 3,327 4,732 6 3,703
Pubmed 0.79 19,717 44,338 3 500
Photo 0.83 7,650 119,081 8 745
DBLP 0.83 17,716 105,734 4 1,639
Film 0.24 7,600 33,544 5 931
Squirrel 0.22 5,201 217,073 5 2,089
Chameleon 0.25 2,277 36,101 5 2,325
Cornell 0.11 183 295 5 1,703
Wisconsin 0.16 251 499 5 1,703
Texas 0.06 183 309 5 1,703
ogbn-arxiv 0.65 169,343 1,166,243 40 128

Table 5.1: Dataset statistics.

5.4.2 Baselines

We employ three classical GNNs: GCN (Kipf and Welling, 2017), GAT (Velickovi¢
et al., 2018), and GraphSAGE (Hamilton et al,|2017), along with three modern GNNSs:
MixHop (Abu-El-Haija et al., 2019), GATv2 (Brody et al)} [2022), and DirGNN (Rossi
et al., 2024), as our backbones.
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5.4.3 Evaluation Setting

We use a 60/20/20 random split strategy for the training/validation/test sets and
report the mean and standard deviation of accuracy over 10 random initialization,
similar to the setup in Suresh et al.| (2021); Zheng et al.| (2023b). For Squirrel and
Chameleon datasets, we employ the data splits provided by |Platonov et al. (2023),
which contain filtered datasets with duplicate nodes removed. We report baseline
results from previous papers using the same experimental setup. If unavailable, we
generate baseline results based on the hyperparameters from the original papers.
When a baseline model is modified using the AD-GNN, the resulting version is
named with the prefix “AD-", such as AD-GCN. Also, the AD-GNN fast variant
is denoted by an additional subscript ¢, such as AD-GCNi,gt.

5.4.4 Model Hyper-Parameters

We search model hyper-parameters in following ranges: number of layers € {2,3,4},
dropout € {0.1,0.5,0.6}, learning rate € {0.001,0.005,0.01}, hidden dimension €
{128,256}, weight decay € {1 x 107%,5 x 107%,1 x 10!}, epochs € {200, 500,1000},
and A € {0.0,0.1,0.8,0.9}. We employ the Adam algorithm (Kingma) 2015) for opti-
misation.

5.5 Results and Discussion

5.5.1 Node Classification

We present the node classification results on homophilic graphs in Table and
heterophilic graphs in Table Our approach consistently outperforms the base-
line methods in both homophilic and heterophilic graph benchmarks. Notably, our
adaptive layer mechanism demonstrates greater performance improvements on het-
erophilic graphs compared to homophilic ones. This is mainly due to heterophilic
datasets being more vulnerable to signal degradation than homophilic ones, as demon-
strated in the theoretical analysis. Additionally, we observe that our method en-
hances the performance of GNNs that are designed with inductive biases for het-
erophilic graph settings, such as MixHop and DirGNN. This shows that our approach
complements these models by capturing additional structural and label-dependent
information that might otherwise be overlooked. Furthermore, the fast variant of
AD-GNN also performs well, achieving results comparable to and sometimes sur-
passing those of the original AD-GNN, offering a scalable yet powerful solution.

5.5.2 Case Study

We conduct experiments to empirically validate the observations presented in Theo-
rem (8 In these experiments, we generate a synthetic graph using a stochastic block
model with controllable homophily by explicitly forming a specified proportion of
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Methods Cora-ML Citeseer Pubmed Photo DBLP
GCN 87.07 £1.21 76.68 +1.64 86.74 +£0.47 89.30 £0.82 83.93 £0.34
AD-GCN 87.32 £1.25 79.14 £1.00 88.39 +0.32 94.10 £0.31 84.14 +0.44
AD-GCNe¢ 87.34 £1.35 79.13 £0.99  88.41 +0.37 94.10 £0.31 83.90 +0.97
GAT 84.12 +£0.55 75.46 +1.72 87.24 £0.55 90.81 £0.22 80.61 £1.21
AD-GAT 85.02 £1.64 79.92 £0.76 87.38 £0.33 94.03 +£0.34 83.94 +0.40
AD-GAT,q 84.37 £1.80  79.95 +0.78 87.43 +0.34 93.84 £0.33 83.45 +0.43
GraphSAGE 86.52 £1.32 76.04 £1.30  88.45 +0.50 94.23 £0.62 86.16 +0.50
AD-GraphSAGE 87.14 +1.56 79.84 +1.26 88.99 +0.64 94.61 +0.35 85.00 £1.60
AD-GraphSAGE, | 87.11 £1.63  79.88 £1.27 88.88 £0.60 94.54 £0.41 85.03 +1.39
MixHop 8729 +£1.19 70.75 £2.95 80.75 +2.29 94.83 +0.41 84.27 £0.31
AD-MixHop 87.66 +1.24 81.01 +£1.36 90.09 +0.58 95.09 +0.57 84.26 +£0.81
AD-MixHopyast 87.73 £1.31 80.95 £1.33 90.23 +0.42 94.55 +£0.57 84.46 +0.79
GATv2 85.10 £1.84 76.31 +£1.62 88.77 +0.39 94.03 £0.44 84.85 +0.61
AD-GATv2 85.17 +£1.50 80.10 +0.99 89.26 +0.58 94.33 +0.70 84.26 £0.52
AD-GATV2,4 85.02 +£1.26  79.11 +1.48 88.25 +0.24 94.23 +0.68 84.26 £0.52
DirGNN 85.66 £0.31 77.71 £0.78 86.94 +£0.55 95.38 £0.32 81.22 +0.54
AD-DirGNN 87.25 +1.42 78.36 +1.82 89.35 +0.30 95.55 +0.51 83.52 £0.39
AD-DirGNNg,g; 85.85 +1.90 78.35 +1.80 89.07 £0.29 94.99 +0.59 82.80 £0.65

Table 5.2: Node classification accuracy + standard deviation
graphs. The best results are highlighted. Baseline results are sourced from Suresh
et al.[(2021); Platonov et al. (2023); |Zheng et al. (2023b), and Chen et al.| (2025).

(%) on homophilic

Methods ‘ Film Squirrel Chameleon Cornell Wisconsin Texas
GCN 30.26 £0.79 3947 £1.47 40.89 £4.12 55.14 £8.46 61.60 £7.00 60.00 £6.45
AD-GCN 42.54 +£1.15 40.04 £0.99 43.66 £0.73 88.51 +4.87 93.88 £3.03  92.30 £4.52
AD-GCNf,gt 4139 £1.46 40.88 +1.09 43.40 £0.56 87.02 4349 94.38 £2.86 91.64 £5.16
GAT 26.28 £1.73 35.62 £2.06 39.21 £3.08 53.64 £11.1 60.00 £11.0 61.21 £8.17
AD-GAT 41.25 +£0.77 36.73 £0.83 40.52 £1.55 86.17 £4.69 91.50 £2.42 90.49 £5.72
AD-GATf,g 41.03 £0.96 36.92 £0.99 40.36 £2.54 85.96 £3.18 92.62 +£2.82  90.82 £4.65
GraphSAGE 3423 £0.99 36.09 £1.99 37.77 £4.14 7595 £5.01 81.18 £5.56 82.43 £6.14
AD-GraphSAGE | 40.92 £1.46 40.88 +0.87 40.10 145 89.57 +4.30 94.62 £2.56 92.95 +2.84
AD-GraphSAGEg, | 40.90 £1.49 41.08 £0.73 39.79 £1.87 90.64 +4.28 9425 +2.38 92.79 +2.95
MixHop 3222 4234 38.85+£0.89 4294 +1.01 7351 +£6.34 7588 +490 77.84 +£7.73
AD-MixHop 43.37 £1.17 39.76 £0.90 46.29 £1.19 90.21 £3.59 94.75 £2.22  94.43 £2.56
AD-MixHopg,ss | 43.14 £1.80 40.27 +1.05 45.05 +£1.83 90.00 +3.16  92.00 £3.41  90.00 £5.65
GATv2 3490 £0.79 35.24 £0.63 42.53 £1.18 61.35 £3.21 64.12 +4.81 67.84 £4.75
AD-GATv2 40.21 £2.11 3796 £0.94 4299 £1.25 86.38 £4.48 91.25+1.94 90.16 £4.69
AD-GATV2,q 42.02 +1.88 40.82 £0.41 42.63 £1.03 87.66 +5.19 92.37 £2.20 92.46 +4.47
DirGNN 35.76 £1.68 38.67 £1.09 42.94 £1.66 76.51 £6.14 80.50 +5.50 76.25 +-6.31
AD-DirGNN 41.92 +1.82 40.58 £0.94 42.06 £0.77 91.70 £2.60 95.13 £1.89 92.95 £2.21
AD-DirGNNf,¢ 41.23 £1.75 39.36 £1.12 41.70 £1.07 89.57 £3.86 93.38 £2.50 92.79 +3.04

Table 5.3: Node classification accuracy + standard deviation (%) on heterophilic
graphs. The best results are highlighted. Baseline results are sourced from Suresh
et al|(2021); Platonov et al. (2023); |Zheng et al. (2023b), and Chen et al.| (2025).

edges between same-class versus different-class nodes. We then measure the GCN
performance under two cases.



§5.5 Results and Discussion 87

100 100

Accuracy (%)
Accuracy(%)

40 1 L 1 L 60 1 L L L L
0 0.2 0.4 0.6 0.8 1 0 1 2 3 4 5 6
Level of Homophily Degree Threshold
(a) (b)

Figure 5.2: Case studies to empirically validate observations from Theorem

In Figure 5.2(a), we evaluate performance across varying homophily degrees,
from ideal heterophily to ideal homophily. Performance remains stable under both
extremes, confirming Corollary[Tjand Corollary 2l However, we observe performance
decline in mixed homophily scenarios due to signal cancellation between neighbors
with balanced same or opposite-label configurations, consistent with Corollary

Figure[5.2(b) validates the low-degree scenario highlighted in Corollary [2| In this
scenario, we examine strong heterophily while avoiding aggregation of nodes that
fall below a certain degree threshold. The results demonstrate that excluding low-
degree nodes (specifically, those with a degree of 1-2) from aggregation can improve
performance. This improvement is attributed to the complete signal cancellation that
occurs in low-degree nodes under strong heterophily conditions. By avoiding these
nodes, we can achieve better performance. Conversely, preventing aggregation for
high-degree nodes results in a decline in performance.

5.5.3 Oversmoothing Analysis

Figure shows AD-GNN performance under varying layer depth. While tradi-
tional GNNs exhibit rapid degradation with increased depth, AD-GNN variants
maintain consistent performance across deeper layers, effectively mitigating over-
smoothing. This robustness can be attributed to our adaptive layer mechanism,
which regulates information propagation to prevent excessive signal degradation.



§5.5 Results and Discussion 88

-~ GCN -8 GAT -»- AD-GCN =-+- AD-GAT

Y T 100 S —
::::*’-iz::::::;“"_:::::::::;t:,.--»
> <
g =
g 51
< <
|
1 2 4 8 16 32 64
Layer Depth Layer Depth
(a) Citeseer (b) Texas

Figure 5.3: Oversmoothing comparison.

5.5.4 Hyperparameter Sensitivity Analysis

We analyse the impact of hyperparameter A for both homophilic and heterophilic

datasets in Figure Degree distributions for corresponding datasets are depicted
in Figure 5.5
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Figure 5.4: Sensitivity analysis of parameter A on AD-GCN.
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For all homophilic graphs (Citeseer, Pubmed, and DBLP), the best results are
achieved with A = 0. This is primarily because setting A = 0 guarantees that every
node is aggregated at least once. According to Corollary [T} aggregation under strong
homophily is always beneficial, regardless of the degree.

Heterophilic graphs (Chameleon, Film, and Texas) exhibit some interesting devi-
ations. Chameleon performs better when nodes have at least one aggregation layer
(i.e., when A = 0). This is mainly because most nodes in the graph have moderate to
high degrees, which makes aggregation beneficial (as noted in Corollary [2). In con-
trast, the majority of nodes in Texas and Film have lower degrees (1-2). According to
Corollary [2, under strong heterophily, low-degree nodes experience signal cancella-
tion (i.e. &y = 0) during the aggregation process. Therefore, setting A > 0 (meaning
some nodes do not aggregate at all) would improve performance.
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Figure 5.5: Degree distribution of datasets.

5.5.5 Scalability Analysis

We assess the scalability of AD-GNN using a large dataset (ogbn-arxiv) with vary-
ing depths. The hidden layer size is fixed at 128 for all methods. Each model is
evaluated based on the number of learnable parameters, average runtime per epoch,
and accuracy. The results are depicted in Table Both AD-GCN variants exhibit a
reasonable increase in computational complexity compared to the base model, while
providing performance enhancements. Specifically, AD-GCNy,g; incurs minimal com-
putational overhead, with a parameter count similar to that of GCN and a runtime
increase of only around 5%.
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Depth = 4 Depth =8
# Param (K) | Time (ms) | Acc. (%) | # Param (K) | Time (ms) | Acc. (%)
GCN 55.5 277.13 69.53 122.5 564.73 68.39
AD-GCN 88.5 405.85 70.32 155.6 655.52 70.63
AD-GCNy,g¢ 55.5 286.40 70.18 122.5 580.15 70.42

Table 5.4: Performance comparison of AD-GCN variants.

5.5.6 Visualization Analysis

We provide two visualisation experiments related to AD-GNN. First, we analyse the
embedding quality evolution of AD-GNN variants compared to the baselines in Fig-
ure We also present the Silhouette Score and Calinski-Harabasz Score (Wang and
Xu, 2019) as metrics for cluster quality. Higher values of these metrics indicate better
embedding clustering, resulting in improved classification. Based on the embed-
ding visualisations, AD-GNN variants demonstrate superior performance compared
to the baselines. AD-GNN achieves significantly better final layer separation, with
a higher Silhouette score and a substantially higher Calinski-Harabasz score, com-
pared to baselines. This indicates that AD-GNN's adaptive depth mechanism enables
more effective feature learning and information propagation, resulting in better class
boundaries in the final embedding space.

In the second experiment, we analyse the average depth benefit metric computed
by AD-GCN across different node degrees in various datasets. The corresponding
visualisation is shown in Figure As observed, the depth benefit metric tends
to increase with node degree across all datasets. This trend is primarily due to
the decrease in noise variance as node degree increases. Also, heterophilic graphs
exhibit lower depth benefit metrics, as nodes in these datasets tend to have mixed
label neighbourhoods, compared to homophilic ones. Additionally, in heterophilic
datasets, where most nodes have low degrees (such as Cornell and Texas), the depth
benefit metric values are typically much lower. This is because avoiding aggregation
for nodes with low degrees is beneficial under strong heterophily, as demonstrated
in Corollary 2|

5.6 Summary

In this chapter, we provide novel theoretical insights into the impact of layer depth
on the classification quality of nodes under varying homophily for node classifica-
tion. Our findings indicate that strong heterophily is not necessarily negative, and
the aggregation requirements of a node depend on the distribution of same-label
neighbours, opposite-label neighbours, and total degree within its neighbourhood.
By applying our theoretical insights, we develop a novel GNN plugin that adaptively
determines the layer depth for each node, thereby improving their classification qual-
ity. Experiments on diverse graph structures and multiple GNN backbones demon-
strate that our solution can consistently uplift performance in the node classification
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Figure 5.6: Layer-wise Embedding Visualization for Citeseer Dataset. Sil and CH
acronyms refer to the silhouette score and the Calinski-Harabasz score, respectively.

task.
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Chapter 6

Graph Neural Diffusion via
Generalized Opinion Dynamics

6.1 Overview

Recently, researchers have increasingly focused on formulating the message passing
process in GNNSs as a diffusion phenomenon to better understand and improve the
propagation of information in graph data (Gasteiger et al., 2019; Zhao et al., 2021;
Chamberlain et al| 2021). These models are inspired by physical diffusion processes
(Han et al.|, 2023a), offering distinct advantages over traditional GNNs as they explic-
itly model the dynamics of information flow across networks. Although traditional
GNN s rely mainly on aggregation operations in the local neighborhood (Kipt and
Welling| 2017} Velickovi¢ et al., 2018), diffusion-based GNNs leverage principles from
random walks, heat diffusion, and other physical processes, enabling them to cap-
ture local and global structural dependencies in graphs in a more effective manner
(Lee and Jung), 2023; Gasteiger et al., 2019).

Despite their strengths, diffusion GNNs face several notable limitations. Ho-
mogeneous Diffusion with Static Dynamics: Traditional diffusion GNNs assume
uniform information propagation across all nodes and fixed dynamics over time
(Chamberlain et al., 2021} Gasteiger et al., [2019). This prevents them from captur-
ing node-specific behaviors and temporal variations in information flow. Therefore,
these models struggle to adapt to dynamic, node-dependent diffusion patterns, limit-
ing their effectiveness in complex real-world tasks. Computational Complexity and
Interpretability Issues: Deeper GNNs are often employed to enhance expressive-
ness, but this comes at the cost of increased model parameters, particularly due to
unshared weights, which significantly raises computational overhead (Li et al., 2021a;
Liu et al} 2020). Additionally, deeper architectures obscure the flow of information,
making it more difficult to interpret how predictions are formed. Limited Under-
standing of Convergence Properties: While existing diffusion-based GNNs offer
some insights into basic convergence dynamics, a rigorous theoretical characteriza-
tion of their representational capacity remains lacking. In particular, the boundaries
of the convergence configurations these models can capture are not well defined.
Furthermore, the role of diffusion parameters in shaping convergence and represen-

93
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tational behavior has not been systematically analyzed, hindering the adaptability of
these models to diverse and complex tasks.

To address the aforementioned limitations, we propose incorporating principles
from opinion dynamics into diffusion GNNs. Opinion dynamic models, such as the
Friedkin-Johnsen (Friedkin and Johnsen, [1990), are robust mathematical frameworks
that are designed to capture how opinions propagate within a group of agents (i.e.,
nodes) in a social network (Das et al., 2014} [Hassani et al., 2022)). These models trace
dynamic behaviors of the underlying propagation, depicting how individual opin-
ions evolve over time and eventually converge. We observe that these models exhibit
unique characteristics that can significantly strengthen diffusion GNNs. Heteroge-
neous Diffusion with Temporal Evolution: Opinion dynamics usually model node-
specific (i.e., agent-specific) behaviors through parameters such as stubbornness (i.e.,
attachment to initial opinion) and capture temporal evolution through dynamic influ-
ence modeling between neighbors, enabling more complex propagations. Efficiency
and Interpretability: Opinion dynamics provide interpretable, sequential informa-
tion flow that can introduce a strong inductive bias. Unlike traditional GNNs that
rely on heavy learnable transformations at each step, opinion dynamics achieve ef-
fective propagation through principled update rules with minimal parameterization,
remaining simple and coherent even as model depth increases. Theoretically Es-
tablished Convergence Properties: Opinion dynamics builds upon well-established
mathematical foundations with provable convergence configurations (DeGroot, |1974;
Friedkin and Johnsen, 1990; Rainer and Krause} 2002), offering stronger theoretical
insights into information propagation under diverse conditions. They also provide
proper guidance on the impact of their propagation parameters, enabling adaptive
parameter tuning based on task requirements.

However, integrating opinion dynamics into GNNs is a challenging task since
it requires bridging several technical and conceptual gaps between computational
social science and GNNSs. This integration must effectively accommodate temporal
modeling without incurring excessive computational costs and preserve convergence
properties within the context of neural network training. Additionally, incorporating
heterogeneous influence mechanisms requires adjustments to traditional message-
passing schemes, which introduces new interpretability trade-offs that need careful
consideration. Since different opinion dynamics models have distinct advantages, a
unified framework is necessary to effectively integrate these mechanisms and fully
leverage their potential to enhance GNN performance across various graph learn-
ing tasks. To address these challenges, we propose a novel Generalized Opinion
Dynamics Neural Framework, GODNF, which is a more robust and theoretically
grounded alternative to conventional diffusion GNNS.

The main contributions in this chapter are summarized as follows.

* Generalized Opinion Dynamics Framework: We introduce GODNEF, a gener-
alized framework grounded in multiple opinion dynamic models, which pro-
vides a principled foundation for designing diffusion-based GNNs and enables
the efficient modeling of diverse information propagation behaviors.
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¢ Temporal Message Passing with Node-Specific Responses: We advance diffu-
sion GNNs by designing a message passing framework that captures evolving
temporal dynamics with node-specific responses.

* Deep Architecture with Efficiency: We show that our framework can accom-
modate deep layers while maintaining interpretability and computational effi-
ciency.

* Theoretical Convergence Guarantees: We provide theoretical insights by prov-
ing that our framework guarantees convergence and can exhibit diverse conver-
gence configurations, offering greater flexibility in modeling various diffusion
behaviors.

* Empirical Performance: Our extensive experiments on both static and tempo-
ral prediction tasks demonstrate that GODNF outperforms leading spatial and
diffusion-based GNN models.

6.2 A Generalized Opinion Dynamics Framework for Graph
Neural Diffusion

In this section, we introduce a generalized discrete-time framework that leverages
opinion dynamics for diffusion GNNs. We demonstrate how node features in diffu-
sion GNNs evolve similarly to opinions in social networks, facilitating the transfer of
insights across domains to develop a more powerful learning method for capturing
complex diffusion patterns in graph-structured data.

6.2.1 Preliminaries

Let G = (V,E) be an undirected graph, where V denotes the set of nodes, E the
set of edges, |V| = n, and |[E| = m. The nodes are represented by the feature
matrix H € R"*f, where f denotes the number of features per node. Further, N (i)
represents the set of nodes adjacent to node i.

6.2.2 Diffusion Mechanism in GODNF

Let h; € H denote the feature vector of node i, and fy be a neural network parame-
terized by 6. The update rule of GODNEF is defined as follows:

xi(0) = fo(hi),
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xi(t+1) = zxic%(’)tl%—(l —a) [Aix\igyr(l - /\i)( | Z‘ wij (£)xj(t)

(0) (6.1)
—u Lgx,-(t) >:|
——

(d)
The update dynamics for a node’s feature vector combine current feature reten-

tion, initial feature attachment, neighborhood influence, and structural regulariza-
tion:

(a) Currrent Feature Retention: x;(t) represents the node’s current feature vector.
Controlled by a retention parameter « (0 < a < 1), this term preserves the
node’s recent state.

(b) Initial Feature Attachment: x;(0) represents the node’s initial feature after neu-
ral transformation, and the learnable parameter A; represents the node’s stub-
bornness. A higher A; means node i is more attached to its initial feature,
showing greater resistance to external influence.

(c) Neighborhood Influence: This term aggregates features from node i’s neigh-
bors. Each neighbor feature x;(t) is weighted by a time-dependent learnable
parameter w;;(t) where };c ;) wij(t) = 1. These adaptive weights allow the
model to adjust the influence of each neighbor on node i over time, thereby
capturing temporal evolutions.

(d) Structural Regularization: This term promotes feature smoothness across the
nodes using a Laplacian operator Lg. The learnable coefficient y € R>o con-
trols the regularization strength, encouraging similar features among connected
nodes.

Together, these terms allow GODNF to dynamically balance individual stubborn-
ness with network-level adaptation, enabling nuanced diffusion dynamics over time.

6.2.2.1 Matrix Form

Let X(t) € R"*4 denote the feature matrix at time ¢, with X(0) as the initial feature
matrix after neural transformation. Stubbornness is modeled by a diagonal matrix
A = diag(Ay,...,A,). Neighbor influence is captured by the time-dependent row-
stochastic influence matrix W(t) € R"*", where W;;(t) denotes the influence of node
j on node i at time step t. Structural regularization is enforced via the normalized
Laplacian operator L, € R"*". With these notations, the update rule can be written
in matrix form as:

X(0) = fo(H) (6.2)
X(t+1) =aX(t)+ (1 —a) [AX(0) + (I — A) (W(t) — uLg) X(t)] . (6.3)
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Figure 6.1: High-Level Architecture of GODNEF: Raw features are first transformed
to retrieve initial features. These initial features are iteratively updated based on four
aspects: (a) Current feature retention, (b) Initial feature attachment, (c) Neighborhood
influence, and (d) Structural regularization. The model is trained in an end-to-end
manner.

6.2.2.2 A Simplified Variant: GODNFgg,ic

We also introduce a simplified variant of our model where the influence matrix W(t)
is constant over time (W(t) = W for all t), meaning the influence between nodes
remains fixed throughout propagation. The update rule then simplifies to:

X(t+1) =aX(t) + (1 —a) [AX(0) + (I —A) (W—puLg) X(1)] . (6.4)

For brevity, we refer to our original model with the time-dependent influence
matrix as GODNFpynamic-

6.2.3 Mapping of GODNF Components to Opinion Dynamic Models

Model Current Initial Dynamic Structural
Feature Feature Neighborhood | Regularization
Retention | Attachment Influence
FD X X X X
F] X v X X
HK v X v X
GODNF Static v v X v
GODNFpynamic v v v v

Table 6.1: Comparison of Opinion Dynamics Models and GODNF Components.
Note that for FD and FJ] models, we consider formulations without self-loops, hence
no current feature retention. While these models incorporate neighbourhood in-
fluence, they utilise static (time-invariant) connection weights and topologies, thus
marked as lacking Dynamic Neighbourhood Influence. Further, we consider the formu-
lation where HK includes agent’s current opinion in bounded confidence averaging.

In Table we demonstrate the versatility of GODNF by showing how it general-
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izes various opinion dynamics models, aligning its components with the mechanisms
of these models.

6.2.4 Bounded Weight Evolution

We bound the time-dependent evolution of influence weights in the GODNFpynamic
model to prevent oscillation of W(t), thereby ensuring stability in model training. To
achieve this, we employ a decaying update rule:

W(t+1) =W(t) +n(t)AW(t) (6.5)

where () is a time-dependent learning rate that decreases over time with lim;_,« #7(t) =
0. AW(t) is the weight adjustment computed from the gradient of the objective func-
tion w.r.t. W(t). This ensures progressively smaller updates and eventual stabiliza-
tion of W(#) to a fixed matrix W* as f increases.

Remark 3. lim; .o 77(t) = 0 implies the convergence of W(t) into W* under following
conditions: (1) ||AW(t)|| < k for all t and some constant k > 0; (2) Y 72on(t) = oo
and Y52 17(t)? < oo (Robbins and Monro, 1951). Condition (1) is naturally satisfied since
AW(t) is computed on gradient weights under a well-behaved training loss function. To
satisfy condition (2), we select a simple and efficient function y(t) = %th

6.2.5 Convergence Conditions of GODNF

We present the following theorem regarding the convergence of GODNE. It demon-
strates that, under given conditions, the node features will converge to a unique fixed
point.

Theorem 10 (Convergence of GODNF Feature Updates). Let X(t) € R™*“ evolve ac-
cording to the update rule in Eq. (6.1), and define the combined influence matrix M(t) =
(I —A)(W(t) — uLg). When the parameters A\ and y are chosen such that the operator norm
satisfies || M(t)||op < 1 for all t, and W(t) — W*, the X(t) is guaranteed to converge to a
unique fixed point X* as t — co.

Proof. We work in the Banach space (R"*4, || - ||). W(t) — W*, which implies M(t) —
M*, where M* is a fixed matrix. Since ||M(t)||op < 1 for all t, we have ||M*||op < 1.
Let X* satisfy:

X = aX* + (1—a)AX(0) + (1 — a)M*X*

Define A(t) = al + (1 —a)M(t) and A* = al + (1 — a) M*.
For any t, we have:

[AB) lop < &+ (1= a)[[M(E)flop <+ (1 —a) =1
Let B = sup, ||A(t)|lop < 1. For the error E(t) = X(t) — X*, we have:

E(t+1) = A(HX(t) — A*X* + (1 — a)AX(0) — (1 — &) AX(0)
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E(t+1) = A(HE(t) + (A(t) — A")X".

Taking norms:
[E(t+D)[| < [JA®)[[op [EE) + [IA(E) — A*[[op | X™ ]

IEC(E+ D[ < BIE@) |+ (1 — a) [ M(t) = M lop | X7]]

Since M(t) — M?*, for any T > 0, there exists T such that for all t > T, || M(t) —
M*[|op < WHX*H (assuming X* # 0).
Fort > T:

IE(E+ )| < BIE@)] + 7

This is a contraction mapping with a small perturbation, as t — cc and T — 0. Thus,
according to the Banach fixed point theorem (Mannan et al., 2021), X(¢) converges to
X*. O

Remark 4. The condition ||M(t)||op < 1 is realistic and not overly restrictive as W(t)
(row-stochastic with eigenvalues in [—1,1]) and Lq (normalized Laplacian with eigenvalues
in [0,2]) can be appropriately scaled by learnable parameters A and y to satisfy this bound
regardless of graph structure.

6.2.6 Convergence-Preserving Regularization

According to Theorem (10, convergence of GODNF requires ||M(t)||op < 1 at every
time step. Therefore, we design a regularization term enforcing this condition. How-
ever, computing || M(t)||op can be expensive in practice. To address this, we employ
an efficient approximation based on a well-established matrix norm inequality. The
operator norm of a matrix is bounded above by the geometric mean of its 1-norm
and infinity-norm (Horn and Johnson, 2012),

IM(8)[lop < \/IIM(t)Hl [[M(8) lleo, (6.6)

Unlike the op-norm, the infinity-norm and 1-norm can be computed in linear
time.

6.2.6.1 Regularization Term

We design a regularization term to enforce the condition /[[M(t)[[; - [[M(t)]s < 1,
penalizing violations when this condition is not satisfied. The regularization term is:

T
g = Yo ma (0/IMO) - M)~ 1) 67

In GODNFygyayic variant, since W(t) = W is constant, which makes M(t) = M time
invariant, the regularization term can be simplified to:
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Lpeg = max (0, I —1). 638)

This eliminates the need to sum over time steps, reducing computational complexity
and making GODNFqgy,tc more efficient than its dynamic counterpart.

6.2.6.2 Training Loss

We define training loss of GODNF as a combination of downstream task loss and the
regularization term as follows:

Liotal = Liask + £reg- (6.9)

6.3 Theoretical Analysis

6.3.1 Complexity Analysis

The time complexity of GODNF comprises the initialization and iterative update
phases. Initial feature tranformation costs O(n - ps), where py is the upper bound on
the cost of computing fy(h;). The complexity of each iteration incurred by GODNF
components is: initial feature attachment O(n - d), neighborhood influence and struc-
tural regularization both O(m - d) through sparse matrix multiplication, and norm
regularization term O(m), which is efficient due to the sparsity of M(t). Here, d
is the feature dimension. The total time complexity over T iterations is O(n - pf +
T-(m-d+n-d+m))=0O(n-ps+T-m-d), using the graph connectivity assump-
tion. In practical scenarios where py, d, and T are usually small, this complexity is
bounded by O(m), which is asymptotically optimal.

The space complexity of GODNF includes storing feature matrices X(0) and X(t)
with O(n - d), the sparse matrices W(t) and Ly with O(m), and the diagonal matrix
A with O(n). Overall, the space complexity is O(n - d + m).

Overall, GODNEF achieves comparable complexity to traditional naive GNNs such
as GCN (Kipf and Welling| |2017). The absence of intermediate feature transforma-
tions in GODNF can lead to computational efficiency gains, especially for deeper
layers.

6.3.2 Representation of Diverse Convergence Configurations

In this section, we demonstrate that GODNF can capture multiple convergence con-
figurations, emphasizing its adaptability to diverse learning scenarios. We start by
defining these convergence configurations and show that GODNF can theoretically
converge to these diverse configurations by adjusting its components. For the follow-
ing theorems, we consider the following conditions of GODNF to hold: (1) Wt — W*,
(2) [M(t)|lop < 1 for all t where M(t) = (I — A)(W(t) — puLyg).
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6.3.2.1 Single Consensus

Definition 13. A diffusion model is said to reach a single consensus if there exists a vector
z € R? such that, for all nodes i € V,

lim x;(t) = z,
fim i) =2

We now establish conditions under which GODNF converges to a single consen-
sus.

Theorem 11 (Single Consensus under Fully Diffusive Dynamics). GODNF reaches a
single consensus if A = 0, y = 0, « = 0, and W* is a row-stochastic matrix.

Single consensus is valuable for modeling linear diffusion processes on networks,
such as heat diffusion and basic opinion dynamics, as it captures the convergence of
these processes.

Proof. With these parameter configurations, the update rule of GODNF becomes
X(t+1) = W*X(t). Given that W* is a row-stochastic matrix, this would be equiv-
alent to the FD model. As proven in DeGroot et al. (DeGroot, 1974), FD model con-
verges to single consensus. Therefore, GODNF will exhibit the same behavior. O

6.3.2.2 Multi Consensus

Definition 14. A diffusion model is said to reach a multi consensus if there exist distinct
vectors v1,0y, . .., vx € R with k < n such that, for all nodes i € V,

lim x;(t) =v;, je{1,2,...,k}.

t—o0

We now present the conditions under which GODNF converges to a multi con-
sensus.

Theorem 12 (Multi-Consensus under Block-Structured Dynamics). GODNF reaches
multi consensus if the matrix M* = (1 — A)(W* — uLg) has a block diagonal structure
corresponding to multiple disconnected components, with initial conditions and parameters
differ for at least two components.

Proof. The fixed point of GODNF can be written as,
X* = (I - M*)"1AX(0)

Since ||M(t)||op < 1 for all ¢, ||[M*||op < 1 and (I — M*) invertible. Therefore,
the existence of the above fixed point is guaranteed. Let B* = (I — M*)~!, and
X* = B*AX(0). Given M* has block structure, we can write B* as follows:

B, 0 --- 0
0 B, --- 0
B = | . . .

0 0 --- B
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This leads to set of independent components X; = BfA1X;(0), X5 = B;A2X>(0),
X = B;;Aka(O). Each component reaches its own consensus independently,
leading to multiple consensuses when initial conditions and parameters differ for at
least two components. Il

The multi consensus is beneficial for multi-label classification as it can avoid the
oversmoothing problem in traditional GNNs. GODNF can preserve multiple clusters
rather than converging to a single value, effectively aligning node features with class
boundaries and handling both homophilic and heterophilic scenarios.

6.3.2.3 Individualized Consensus

Definition 15. A diffusion model is said to reach an individualized consensus if there
exist distinct vectors v1,vs, . ..,v, € RY such that, forall nodes i € V,

tlim xi(t) =v;, i€{l,2,...,n}, withv; # vjfori #j.

— 00

We next look into the conditions that lead GODNEF to reach individualized con-
sensus, where each node converges to a unique value.

Theorem 13 (Individualized Consensus under Strong Feature Retention). GODNF
reaches individualized consensus if the initial features x;(0) are distinct for all nodes i € V,
and A; € (0,1] are sufficiently large (i.e., close to 1).

Individualized consensus is beneficial for node-level prediction tasks like regres-
sion. Unlike standard GNNs that oversmooth features, this consensus maintains
distinct node features while still capturing network structure, offering adaptability
to diverse graph settings where preserving node identity is essential.

Proof. The fixed point of GODNEF is,
X* = (I-M*)"1AX(0)

where M* = (1 — A)(W* — uLy). Since ||[M(t)|[|op < 1 for all ¢, [|[M*||op < 1 and
(I — M*) invertible. This ensures the existence of the above fixed point. When A;
approaches 1 for all nodes, M ~ 0, giving;:

X* ~ (I -0)"'AX(0) = AX(0)

Since A has positive diagonal entries close to 1, each node’s convergence value
closely preserves its initial feature. With X (0) containing distinct initial features, this
naturally leads to individualized consensus. O

Remark 5. In addition to the three fundamental convergence configurations above, GODNF
can adapt to more complex convergence patterns due to its unification of diverse opinion
dynamics mechanisms. This flexibility enables GODNF to align with sophisticated conver-
gence configurations that capture the nuances present in the ground truth. In practice, the
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FD-inspired setting is appropriate when a single consensus across the graph is expected. The
FJ-inspired setting suits tasks where nodes should retain individual characteristics, such as
heterophilic node classification. The HK-inspired setting is better suited to tasks with dynamic
neighbourhood influence such as influence estimation. The model learns these behaviours from
data, but domain knowledge about the expected convergence behaviour can guide initialisa-
tion.

6.4 Experimental Design

We evaluate GODNEF on two types of tasks: node classification and influence estima-
tion. The goal of the node classification task is to predict the label of individual nodes
in a graph. The influence estimation is a node regression task that focuses on deter-
mining a node’s susceptibility to activation given a specific diffusion model and an
initial set of activated nodes (Xia et al 2021). Although node classification operates
as a static downstream task, influence estimation requires capturing the temporal dy-
namics of the diffusion process to learn the underlying propagation characteristics
accurately.

6.4.1 Datasets

For node classification, we use ten benchmark datasets that include both homophily
and heterophily label patterns. For homophily datasets, we use the Cora-ML, Cite-
Seer, PubMed, DBLP, and Cora Full datasets from the CitationFull benchmark (Bo-
jchevski and Glinnemann, 2018). For heterophily datasets, we include Texas, Cornell,
Wisconsin, and Film datasets from WebKB (Pei et al., 2020b), and the Amazon-rating
dataset from the Heterophilous Graph benchmark (Platonov et al., 2023). Further, we
employ the OGB benchmark’s ogbn-arxiv dataset (Hu et al., |2020) for our scalability
analysis. For influence estimation, we use four real-world datasets: Jazz, Network
Science, Power Grid (Rossi and Ahmed) [2015), and Cora-ML (Bojchevski and Giin-
nemann, [2018)).

Dataset statistics for node classification and node regression tasks are depicted in

table[6.2] and table[6.3] respectively.

Type Dataset Homophily # Nodes # Edges # Classes
Level
Heterophily Texas 0.06 183 309 5
Heterophily Cornell 0.12 183 295 5
Heterophily Wisconsin 0.18 251 499 5
Heterophily Film 0.22 7,600 33,544 5
Heterophily Amazon-rating 0.38 24,492 186,100 5
Homophily Cora Full 0.57 19,793 126,842 70
Homophily Citeseer 0.74 3,312 4,732 6
Homophily =~ Cora-ML 0.79 2,995 16,316 7
Homophily PubMed 0.80 19,717 44,338 3
Homophily DBLP 0.83 17,716 105,734 4

Table 6.2: Dataset statistics for node classification
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Dataset # Nodes # Edges
Jazz 198 2,742
Cora-ML 2,810 7,981
Network Science 1,565 13,532
Power Grid 4,941 6,594

Table 6.3: Dataset statistics for influence estimation task

6.4.2 Baselines

For node classification, we compare GODNF against both spatial and diffusion-based
GNNSs. Our spatial GNN baselines consist of three classical architectures: GCN (Kipf
and Welling, 2017), GAT (Velickovi¢ et al., 2018), and GraphSAGE (Hamilton et al.,
2017)), as well as three advanced models: AirGNN (Liu et al., 2021a)), DirGNN (Rossi
et al., 2024), and BEC-GCN (Hevapathige et al., 2025b). Diffusion GNNs include
both discrete and continuous variants, spanning classical and state-of-the-art models
such as APPNP (Gasteiger et al., 2018), GDC (Gasteiger et al., 2019), ODNET (Zhou
et al., 2024), GRAND (Chamberlain et al., 2021), GRAND++ (Thorpe et al., |2022b),
ACMP (Wang et al., [2022a), HiD-Net (Li et al., 2024b), and GNRF (Chen et al., [2025).
AirGNN and APPNP have residual connections in their architectures that are concep-
tually similar to the F] model, while ODNet is designed based on the HK model. For
influence estimation, we use a comprehensive set of aforementioned general-purpose
baselines that span spatial and diffusion GNNs and GNNs specifically designed for
the influence estimation task. These specialized models include SGNN (Kumar et al.,
2022), DeepIM (Ling et al., 2023), DeeplS (Xia et al., 2021), and GLIE (Panagopoulos
et al., 2023). Additionally, we tailor UniGO (Li et al., 2025) as a baseline for influence
estimation.

6.4.3 Evaluation settings

For node classification, we use a 60:20:20 random split strategy for the training, vali-
dation, and test sets and report the mean and standard deviation of accuracy over 10
random initializations, following the experimental setup of Chen et al. (Chen et al.,
2025). We evaluate influence estimation performance under three diffusion models:
Linear Threshold (LT) (Kempe et al., [2003), Independent Cascade (IC) (Goldenberg
et al., 2001a), and Susceptible-Infected-Susceptible (SIS) (Kimura et al.,[2009). LT and
IC are progressive diffusion models (i.e., nodes activate once and remain activated
permanently), whereas SIS is non-progressive (i.e., nodes can undergo multiple ac-
tivation cycles) (Li et al., 2023a). For data splits, we follow the experimental setup
of Ling et al.|[(2023), with an initial activation node set consisting of 10% of the total
nodes in the graph. For evaluation, we employ 10-fold cross-validation and report
the mean and standard deviation of Mean Absolute Error (MAE). For baseline re-
sults, we report the results from previous papers that used the same experimental
setup. When such results are unavailable, we generate baseline results by adopting
the hyperparameter configurations specified in the original papers.
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6.4.4 Model Hyperparameters

In our experiments, we employ a Grid search to find optimal hyperparameters of
GODNEF in the following ranges: number of layers € {2,3,4}, learning rate € {5¢ —
3,1e — 2}, weight decay € {5e —4,1e — 1}, dropout € {0.4,0.5}, and the hidden
dimension size € {32,64,256}. GODNF model hyperparameter, « is chosen from
{0.1, 0.3, 0.6, 0.9}. Note that A, and y parameters in our model are learned from the
ground truth. In node classification, we train models for up to 1000 epochs, while for
influence estimation, we use 200 epochs. We utilize the Adam algorithm (Kingma,
2015) as the optimizer.

6.4.5 Implementation Details

All experiments were conducted on a Linux server with an Intel Xeon W-2175 2.50
GHz processor, comprising 28 cores, an NVIDIA RTX A6000 GPU, and 512 GB of
RAM. We use the following Python libraries for our implementation: PyTorch version
2.3.1, torchvision 0.18.1, torchaudio 2.3.1, torch-geometric 2.7.0, torch-cluster 1.6.3,
torch-scatter 2.0.9, and torch_sparse 0.6.18.

6.5 Results and Discussion

6.5.1 Node Classification

Texas Cornell Wisconsin  Film  Amazon-rating

GCN 60.00+6.45 55.14+846 61.60+£7.00 32.16+1.34 37.99-+0.61
GAT 61.21+817 53.64+11.10 60.00+11.00 32.63+1.61 42.52+1.22
GraphSAGE 82.46+519 75.32+596 80.00+4.81 36.00+1.20 41.3240.63
AirGNN 65.57+11.19 53.19+1043 56.25+5.03 36.34+2.73 42.29+0.88
DirGNN 76.25+631 76.51+6.14 80.50+550 35.76+1.68 46.66+0.61
BEC-GCN 68.85+11.02 65.96+9.03 66.25+455 34.34+2.08 42.17+058
APPNP 62.30+6.65 58.75+597 61.70+694 36.44+1.78 43.48+0.68
GDC 72.13+548 53.19+12.19 62.50+5.13 30.65+1.20 40.06+2.50
ODNet 85.25+836 86.49+4.06 88.75+2.15 37.57+0.94 43.33+091
GRAND 81.70+8.42 81.76+1390 84.00+750 27.93+1.25 37.53+036
GRAND++ 79.34+722 81.34+712 81.50+6.00 36.32+0.50 38.01+0.50
ACMP 87.65+354 85.66+510 86.50+5.00 34.44+136 37.32+0.64
HiD-Net 77.11+691 83.3347.10 81.30+6.60 28.86+1.00 41.19+1.03
GNRF 87.39+4.13 88.00+2.00 34.22+1.40 46.89+1.08
GODNFsiatic 87.23+4.66 40.21+1.85

GODNPFpynamic  93.93+265 87.87+457  92.50+256 49.40+0.44

Table 6.4: Node classification accuracy + standard deviation (%) on heterophilic
datasets. The best and second-best results are highlighted in blue and , Te-
spectively. The baseline results are sourced from Chen et al. (2025).
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Cora Full Citeseer Cora-ML PubMed DBLP

GCN 68.06+098 77.72+1.18 87.07+121 86.74+047 83.93+0.84
GAT 67.55+123 76.79+1.00 84.12+055 87.24+055 80.61+1.21
GraphSAGE ~ 69.77+046 77.42+083 86.52+132 84.50+039 86.16+0.50
AirGNN 65.27+0.72 78.20+1.17 88.09+1.25 83.51+0.87 84.69+0.30
DirGNN 67.80+053 77.71+078 85.66+031 86.94+055 81.22+0.54
BEC-GCN 71.34+044 78.14+131 88.65+1.32 87.00+0.28 85.20+0.48
APPNP 70.63+051 77.89+1.07 87.41+154 83.37+042 85.36+0.40
GDC 62.234059 78.17+1.11 84.41+159 80.61+047 84.87+0.40
ODNet 70.234043 74.76+1.15 76.26+1.03 86.74+037 83.45+047
GRAND 67.66+1.01 76.55+1.69 88.49+081 86.79+0.57 84.60+0.99
GRAND++ 67.53+074 78.51+158 88.44+053 87.21+033 85.21+0.24
ACMP 71.7640.03 75.73+1.38 76.11+2.12 88.01+1.44 82.31+0.44
HiD-Net 68.11+0.64 77.85+0.65 89.00+051 88.60+0.45 84.92+0.31
GNRF 72124050 75.79+0.94 90.37+0.69 85.73+0.76
GODNFs;atic 72.60+0.58 88.85+1.52

GODNFpynamic 78.85+099 89.26+1.13 90.78+0.68 88.62+1.92

Table 6.5: Node classification accuracy + standard deviation (%) on homophilic
datasets. The best and second-best results are highlighted in blue and , Te-
spectively. The baseline results are sourced from Chen et al. (2025).

We present node classification results on heterophilic datasets in Table and
homophilic datasets in Table GODNF consistently outperforms baseline models
in both heterophily and homophily datasets. In particular, GODNF demonstrates
significant superiority over spatial and discrete diffusion GNNs, especially within
heterophily datasets. Additionally, GODNF comfortably surpasses continuous dif-
fusion GNNs by exceeding their expressive power. We credit GODNF’s success to
its capacity to model complex diffusion dynamics in graphs, which is enhanced by
its representation power derived from multiple opinion dynamic components. The
performance of models such as ODNET, APPNP, and AirGNN further supports this
point. Although these models incorporate elements related to opinion dynamics,
they do not achieve the same level of performance as GODNEF, primarily because
their components lack the representation capabilities found in GODNE. Further, we
observe that the dynamic variant of GODNF performs better than the static variant
because it captures temporal dependencies between diffusion time steps.

6.5.2 Influence Estimation

We report influence estimation results across three diffusion models (IC, LT, and
SIS) in Tables and respectively. GODNF outperforms or provides com-
parable performance to both general-purpose spatial and diffusion GNNs, as well
as GNNs specifically designed for influence estimation. While DeeplS and GLIE
excel in the IC model due to their tailored update rules, they exhibit suboptimal
performance within other diffusion models. In contrast, GODNF shows robust gen-
eralizability, consistently maintaining better performance across all diffusion models.
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Additionally, GODNFgynamic consistently outperforms GODNFgtaiic because the tem-
poral dynamics captured by the dynamic variant are beneficial for tasks like influence
estimation, which rely on temporal characteristics.

Jazz Cora-ML  Network Science Power Grid
GCN 0.233+0.010 0.27740.007 0.270+0.019 0.313+0.024
GAT 0.342+0.005 0.35240.004 0.274+0.002 0.331+0.002
GraphSAGE 0.201+0.028 0.255+0.010 0.241+0.010 0.313-£0.024
DirGNN 0.205+0.016 0.255+0.006 0.236+0.011 0.287+0.010
SGNN 0.183+0.004 0.21040.003 0.213+0.003 0.257+0.002
UniGO 0.192+0.013  0.255+0.001 0.201-+0.001 0.231+0.002
DeeplS 0.203+0.001 0.223+0.001
DeepIM 0.178+0.002  0.210-:0.002 0.216-+0.003 0.258+0.003
GLIE 0.136+0.003  0.199+0.041 0.163+0.031 0.183+0.009
APPNP 0.200+0.006  0.265+0.022 0.248+0.006 0.290+0.006
ODNet 0.180+0.003  0.232+0.001 0.255+0.002 0.274+0.001
HIDNet 0.216+0.003  0.258+0.001 0.242+0.002 0.282+0.001
GNRF 0.195+0.006 0.25540.005 0.294+0.005 0.280+0.003
GODNFstatic 0.177+0.005 0.205+0.002 0.223+0.002
GODNFpynamic | 017540003  0.148-0.001 0.221+0.001

Table 6.6: Influence estimation (IC model) mean absolute error + standard deviation.
Lower value indicates better performance. The best and second-best results are high-
lighted in blue and , respectively.

Jazz Cora-ML  Network Science Power Grid
GCN 0.199+0.006 0.255+0.008 0.190-+0.012 0.335-+0.023
GAT 0.156+0.100 0.192+0.010 0.114+0.008 0.280+0.015
GraphSAGE 0.120+0.004  0.203+0.019 0.112+0.005 0.341+0.018
DirGNN 0.124+0.002 0.193+0.012 0.084+0.017 0.257+0.062
SGNN 0.164+0.014 0.13440.004 0.049-0.004 0.192-+0.001
UniGO 0.159+0.020 0.155+0.019 0.110-0.049 0.235+0.005
DeeplS 0.219+0.002  0.301-:0.005 0.306-:0.001 0.374+0.001
DeepIM 0.134+0014  0.271+0.010 0.118+0.003 0.331+0.002
GLIE 0.055+0.028 0.28640.016 0.160-+0.063 0.384+0.020
APPNP 0.124+0.003 0.220+0.031 0.084+0.006 0.189+0.011
ODNet 0.053+0.003 0.2104:0.004 0.104+0.015 0.296+0.002
HIDNet 0.180+0.003  0.273+0.006 0.166+0.005 0.295+0.007
GNRF 0.150+0.020 0.31240.029 0.293+0.001 0.459+0.019
GODNFStatiC
GODNPFpynamic | 0.050+0.001  0.094-+0.005 0.032-0.003 0.108-+0.004

Table 6.7: Influence estimation (LT model) mean absolute error + standard deviation.
Lower value indicates better performance. The best and second-best results are high-
lighted in blue and , respectively.

6.5.3 Robustness to adversarial attacks

We evaluate the robustness of GODNF under a diverse set of adversarial attack sce-
narios, benchmarking its resilience against four distinct attack strategies and com-
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Jazz Cora-ML  Network Science Power Grid
GCN 0.344+0.023 0.365+0.065 0.180+0.007 0.207+0.001
GAT 0.288+0.017  0.208+0.008 0.123+0.013 0.133+0.001
GraphSAGE 0.22240.051 0.102+0.005 0.133+0.001
DirGNN 0.379+0.032  0.22940.025 0.142+0.019 0.132+0.001
SGNN 0.330+0.007 0.211+0.006 0.127+0.00 0.175+0.004
UniGO 0.335+0.002  0.212+0.001 0.108+0.023 0.206+0.023
DeeplS 0.434+0.003  0.304-0.001 0.256-£0.001 0.251+0.001
DeepIM 0.383+0.010  0.270-£0.006 0.135+0.004 0.205:0.005
GLIE 0.454+0.062 0.205+0.029 0.103+0.023 0.132+0.026
APPNP 0.357+0.059  0.321+0.042 0.100+0.012 0.132+0.001
ODNet 0.322+0.006 0.106-+0.005 0.145-+0.001
HIDNet 0.404+0.005 0.36040.003 0.168-+0.001 0.224-+0.001
GNRF 0.444+0.024 0.280+0.027 0.186-0.006 0.196+0.018
GODNFstatic 0.318+0.004 0.197+0.001
GODNPFpynamic | 0-309+0006  0.192+0.002 0.096+0.001 0.119+0.002

Table 6.8: Influence estimation (SIS model) mean absolute error + standard devia-
tion. Lower value indicates better performance. The best and second-best results are
highlighted in blue and
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Figure 6.2: Node classification performance under different adversarial attacks.
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Figure 6.3: Deep layer comparison for node classification

paring it with established baselines. In the feature corruption setting, Gaussian noise
is injected into node features by sampling a noise matrix and adding it to the original
features, following |Li et al|(2024b). The edge addition attack perturbs the topology
by inserting random edges (excluding self-loops and duplicates) at a specified per-
turbation rate, while edge deletion removes randomly selected edges. The combined
attack applies edge deletion, edge addition, and feature corruption sequentially at
the same perturbation rate. The results are depicted in Figure

GODNF exhibits consistent and superior robustness across all adversarial attack
types. Under feature corruption, it shows only gradual performance degradation ver-
sus steep drops in baselines. For structural attacks such as edge addition or deletion,
GODNF variants maintain near-constant performance while baselines degrade sig-
nificantly. Combined attacks further accentuate GODNF’s resilience. This robustness
stems from GODNF’s multi-component defence mechanism, creating redundant in-
formation pathways. The initial feature attachment acts as persistent memory, struc-
tural regularization provides graph-based smoothing, and bounded weight evolution
ensures stability. When attacks compromise one component, the others compensate,
thereby preventing the single-pathway failures common in standard GNNs.

6.5.4 Oversmoothing Analysis

We evaluate the performance of GODNF in a deep layer setting to understand its
resilience to oversmoothing. The results are depicted in Figure Unlike traditional
GNNs like GCN and GRAND, which show substantial performance degradation
when the layer depth is increased, both GODNF variants show robustness against
oversmoothing by maintaining consistent performance across varying layer depths.

6.5.5 Impact of Different Components

We conduct an ablation study to evaluate the importance of each component of
GODNEF on its performance. To demonstrate this, we derive variants of GODNF
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by omitting each component and assess their performance. The results are depicted
in Figure [6.4]
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Figure 6.4: Performance comparison of GODNF component variants on Cora ML
dataset

As anticipated, removing each component decreases performance, demonstrating
their individual importance. Further, we observe that the initial feature attachment
has more impact on performance than other components. We believe this is due to
complex node-specific behaviors captured by that component.

6.5.6 Parameter Analysis

We evaluate the sensitivity of GODNEF to its hyperparameter a in Eq. (6.I), by varying
its value from 0 to 0.9. In Figure we observe that the performance of homophilic
datasets (Cora ML and Coral Full) in node classification tends to decrease slowly as
« increases, while the opposite behavior can be seen in heterophilic datasets (Film
and Texas). This is because a decrease of a promotes neighborhood information
aggregation, which helps homophily datasets where neighbors tend to share the
same label, but adversely impacts heterophilic datasets, where neighbors tend to
have different labels.

Then, we present the distribution of learned node stubbernness A for datasets
under node classification in Figure The results reveal few interesting observa-
tions. First, most nodes exhibit moderate stubbornness (0.4-0.7), highlighting the
importance of balancing initial features with neighborhood information. Second,
the distribution variability shows adaptive learning of heterogeneous aggregation
requirements across nodes. Third, heterophily datasets tend to yield higher stub-
bornness values compared to homophily datasets, suggesting that when neighbors
have dissimilar labels, nodes benefit from retaining their initial representations to
mitigate information loss from inappropriate aggregation.
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We further observe that the learned value for y is in the range of 0.7-0.9 for
most datasets. We believe this range offers essential structural regularisation for

convergence stability.
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Figure 6.6: Distribution of learned node stubbornness A;

6.5.7 Scalability Analysis

We compare the scalability of our approach with existing GNNs in Table For this,
we perform node classification task and employ two datasets: Cora Full and ogbn-
arxiv. ogbn-arxiv is a large-scale dataset with 169,343 nodes and 1,166,243 edges.
For a fair comparison, we fix the hidden layer size at 128 for all GNNSs, and record
average runtime per epoch, number of learnable parameters, and accuracy metrics.
As observed, GODNEF is significantly more effective than traditional GNNs like
GAT and diffusion GNNs like GRAND and ACMP. Furthermore, GODNF has a
runtime and parameter complexity comparable to that of highly scalable traditional
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Cora Full ogbn-arxiv

Layers | Model # Param | Time | Acc. | # Param | Time | Acc.

(&) (ms) | (%) (&) (ms) | (%)

GCN 1157 20.6 | 68.44 55 154.2 | 69.53
GAT 4631 65.3 | 59.87 206 OOM | OOM

4 GRAND 716 111.1 | 69.27 81 2077.0 | 69.30
ACMP 1158 1107.6 | 70.94 55 OOM | OOM
GODNFstatic 1144 317 | 7242 191 9264 | 69.76
GODNFpynamic 1144 355 | 72.58 191 936.9 | 70.43
GCN 1223 34.6 | 65.87 123 327.2 | 68.39
GAT 4897 121.3 | 31.10 474 OOM | OOM
3 GRAND 716 150.7 | 69.81 81 3196.5 | 67.24
ACMP 1158 | 22315 | 71.76 55 OOM | OOM
GODNFsatic 1144 511 | 7242 191 2156.1 | 70.23
GODNFpynamic 1144 634 | 7249 191 2378.4 | 70.91

Table 6.9: Scalability comparison for node classification. Best results are highlighted
in blue. OOM refers to out-of-memory.

GNNs like GCN. This efficiency primarily comes from eliminating the learnable
transformation layers found in conventional GNNSs, resulting in less parameter count
and memory usage, even at increasing depths.
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Figure 6.7: Step-wise embedding changes of GODNF over time steps for the Cora
Full for node classification.

6.5.8 Case Study

We conduct experiments to empirically validate the convergence properties of GODNE,
performing node classification tasks on the Cora Full dataset. Figure [6.7] shows the
convergence behaviour of GODNF variants through step-wise average embedding
changes over evolution time. The exponential decay pattern demonstrates that both
GODNEF variants achieve stable convergence, with average embedding changes de-
creasing rapidly from initial large adjustments to minimal fluctuations by step 7-8,
confirming the theoretical convergence guarantees presented in Theorem

Next, we empirically validate GODNF’s ability to depict multiple convergence
configurations. Specifically, we create a stochastic block model (SBM) graph (Abbe,
2018) (50 nodes and five communities) and generate node labels to be aligned with
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different convergence configurations, as described in Section and train our
model to learn these label patterns. In a multi-consensus scenario, we examine ho-
mophily and heterophily label patterns separately. The visualization of color-coded
node labels learned by our model for each convergence configuration is depicted in

Figure[6.8§]
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Figure 6.8: Visualisation of colour-coded node labels learned by GODNEF for different
convergence configurations.

In the single consensus (Figure 5a), GODNF learns to assign identical labels across
all nodes. In the multi-consensus scenario with homophily labels (Figure 5b), our
model correctly identifies the pattern with neighbors having similar labels. In con-
trast, the multi-consensus configuration with heterophily labels (Figure 5c) yields
more intricate patterns, with neighboring nodes exhibiting markedly different labels.
Finally, the individualized consensus (Figure 5d) shows the highest color diversity,
capturing the personalized nature of node consensus.

6.6 Summary

In this chapter, we proposed a novel neural diffusion framework based on opinion
dynamics. Our method generalizes multiple opinion dynamic models, providing
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an efficient and expressive solution that advances existing GNNs. We provided a
comprehensive theoretical analysis of our framework’s convergence properties. The
experiments on node classification and influence estimation tasks demonstrated the
effectiveness and efficiency of our solution.



Chapter 7

DeepSN: A Sheaf Neural
Framework for Influence
Maximization

7.1 Overview

Influence maximization (IM) is a challenging network science problem that involves
identifying a set of nodes which, when activated, maximize the spread of influence
across the network. IM has significant real-world applications including viral mar-
keting (L1 et al, [2009; Kempe et al., 2003), disease control (Marquetoux et al., 2016),
social media content management (Hosseini-Pozveh et al., 2017), and crisis commu-
nication (Fan et al) 2021). Despite decades of research, IM still remains challenging
primarily due its exponentially large search space and the complex nature of the
influence diffusion processes.

A plethora of traditional methods have been proposed to obtain optimal or near-
optimal solutions for IM (Kempe et al., 2003; |Leskovec et al., 2007; Wang et al., 2010;
Tang et al., 2015 Li et al., 2019). These methods vary in strategy and effective-
ness: some offer theoretical performance guarantees, while others use heuristics to
enhance scalability. A common trait among these traditional approaches is their re-
liance on the explicit specification of the influence diffusion model as input. Recently,
researchers have turned to learning-based methods focusing on their ability to au-
tomatically identify the diffusion model from the ground truth and accommodate
multiple diffusion models, thereby achieving broader applicability (Li et al., 2023c).

Learning-based approaches for IM encounter two key challenges. (1) Effectively
modeling the underlying diffusion model from ground truth: There is a growing interest
in leveraging Graph Neural Networks (GNNs) for modeling influence propagation,
due to their ability to capture structural insights in networks (Kumar et al., 2022;
Ling et al., 2023; Panagopoulos et al., 2023). However, existing work relies on tra-
ditional GNN techniques like attention (Lee et al., 2019) and convolution (Zhang
et al., 2019). While these traditional GNNs excel in tasks with a static nature such
as node classification and graph regression, their inductive bias and inherent as-
sumptions limit their ability to model the dynamic behaviors of influence diffusion.

115
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They also suffer from issues like over-smoothing (Chen et al., 2020a) which hampers
their capacity to capture global information and long-range dependencies crucial for
influence diffusion (Xia et al., 2021). (2) Identifying the optimal subset of nodes with max-
imal Influence: Designing an optimization objective to select the optimal seed set is
arduous due to the vast search space, especially in large networks. Existing learning-
based approaches often use deep reinforcement learning (Li et al., 2022bj Chen et al.,
2023b) and ranking-based methods (Kumar et al., 2022; Panagopoulos et al., 2020a)
to approximate the optimal seed set. However, these methods often incur significant
computational costs and suffer from a lack of interpretability.

Our work addresses the limitations of existing approaches by leveraging sheaf
theory (Iennison, 1975; Bredon, 2012), an algebraic-topological framework that cap-
tures the topological and geometric properties of complex networks, essential for
understanding dynamic processes. Current sheaf diffusion GNNs (Hansen and Geb-
hart, 2020; [Bodnar et al., 2022; Barbero et al., 2022) are limited by their homogeneous
diffusion behaviors and inability to handle the evolving dynamics crucial for influ-
ence propagation. To tackle this, we propose DeepSN, a novel sheaf GNN framework
designed to address the influence maximization problem. Our architecture effectively
estimates diverse influence propagation processes by learning adaptive structural re-
lationships between nodes, enabling effective identification of influence patterns in
the network. Building on this, we design a seed set inference mechanism that uses
subgraphs to efficiently reduce the search space in influence maximization. Our con-
tributions are summarized as follows.

¢ Influence Diffusion: We redefine influence propagation as a sheaf diffusion-
reaction process, effectively capturing the complex dynamics present in real-
world information diffusion models.

* GNN Architecture: We propose a novel GNN architecture rooted in sheaf
theory, specifically designed to capture the unique nuances of influence propa-
gation.

* Seed Selection: We employ a subgraph-based strategy that leverages structural
insights from our sheaf GNN to minimize overlapping influence among seed
nodes, reducing the search space for influence maximization.

¢ Experiments: We conduct rigorous evaluations of our framework on real-
world and synthetic datasets, showcasing its superior performance and gener-
alizability compared to state-of-the-art methods.

This chapter addresses influence propagation through a sheaf-theoretic frame-
work, different from the opinion dynamics approach of Chapter 6. The key distinc-
tion is in the modelling perspective: Chapter 6 draws on opinion dynamics to model
how node states evolve under neighbourhood influence, while this chapter models
influence propagation as a topological diffusion-reaction process using sheaf theory.
Additionally, this chapter addresses the influence maximisation problem , extending
beyond the estimation task.



§7.2 DeepSN Framework 117

7.2 DeepSN Framework

In this chapter, we introduce a deep learning framework called DeepSN to address
the influence maximization problem. Our framework comprises two phases: learning
to estimate influence and optimizing seed selection. In the influence estimation phase,
our goal is to measure the total influence exerted by a set of initially activated nodes
in a learnable way. This estimated influence is then used in the seed selection op-
timization phase to identify the optimal seed set that maximizes overall influence.
Figure [7.1) provides an overview of our framework.

@ Seed Vertex @ Activated Vertex @ Susceptible Vertex

( Pointwise Dynamics\ Subgraphs IM Model Sheaf GNN

Sheaf Laplacian

- jp——
—_— Sheaf | | Louvain

Algorithm

Diffusion | — |
Reaction | Coupled Dynamics | Network

Training
Pliailicy

Figure 7.1: The DeepSN framework consists of two phases: (a) learning to estimate
influence with sheaf GNN; b) optimizing seed selection using the subgraphs, IM
model, and trained sheaf GNN.

7.2.1 Learning to Estimate Influence

We introduce a novel sheaf GNN model based on sheaf theory, specifically designed
to adapt to the complex diffusion patterns inherent in influence propagation. A sheaf
on a graph is a structure that assigns a vector space to each node and each edge,
together with linear maps that relate node spaces to their incident edge spaces. Intu-
itively, node spaces store information local to each node while edge spaces capture
the shared information exchanged along connections. The sheaf Laplacian measures
the inconsistency between what a node projects onto an edge and what its neigh-
bour projects onto the same edge. This richer structure allows the model to represent
heterogeneous information flow across different edges, going beyond the scalar edge
weights of standard GNNs and making sheaf-based diffusion particularly well-suited
to capturing complex propagation patterns.

7.2.1.1 Topological Sheaf Diffusion

We begin by introducing the concept of cellular sheaf, the foundational building block
of our GNN.

Definition 16 (Cellular Sheaf). A (cellular) sheaf (G, F) on a graph G = (V, E) consists
of a vector space F, for each node v € V , a vector space F, for each edge e € E, a linear map
Fo<e + Fo — Fe for each incident node-edge pair v < e.
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Fu and F, are the node sheaf and edge sheaf, respectively, while F,<, is the trans-
formation map. Let @ denote the direct sum of vector spaces. The space of 0-cochains
is the direct sum of vector spaces over the nodes: CO(G, F) = @,cv Fv, and the space
of 1-cochains is the direct sum of vector spaces over the edges: C!(G,F) = @, F..

We formulate influence propagation in a network as an opinion propagation pro-
cess, where each node corresponds to a node sheaf, representing a private opinion.
Edge sheaves represent public opinions related to influence propagation, while trans-
formation maps translate information from node sheaves to edge sheaves, extracting
public opinions from private opinions. Let x, € F, be a d-dimensional feature vector
for each v € V. The coboundary map 6 : C°(G,F) — C!(G,F) is a linear transforma-
tion,

defined for an edge (v, 1) as

5(x)e = Foge-Xo — Fu<e-Xu (7.1)

where F,<, - x, and Fy <. - X, represent the public opinions associated with e, origi-
nating from nodes v and u, respectively.

The sheaf Laplacian of a node measures the disparity between its public opinion
and that of its neighbors. To capture the fine-grained nuances of trust, a crucial
factor in modeling influence propagation, we incorporate learnable sheaf coefficients
to model each node’s confidence in the opinions received from its neighbors.

Definition 17 (Non-linear Sheaf Laplacian). Let i, € [0,1]. The sheaf Laplacian Lz :
C%G; F) — C%G;F) on a sheaf (G, F) is defined node-wise as

Lr(xo) = Y Flaothou- (FozeXo — FugeXu). (7.2)

v,u<le

Here, 1y, is the sheaf coefficient which is learnable. Note that the sheaf Laplacian
employed by [Bodnar et al.| (2022) is a specific instance of our Laplacian, where ¢, , =
1 for all (u,v) € E.

To ensure that the Laplacian matrix [z remains positive definite, a necessary
condition for the convergence of the diffusion process, we apply the following mod-
ification:

Lr=Lr+e-I (7.3)

where € is a scalar, I is the identity matrix, and - denotes element-wise multiplication.
The following lemma establishes the necessary and sufficient conditions for L.

Lemma 2. Let A, denote the smallest eigenvalue of L. L is positive definite if and only
if€ > —Ayine

Proof. Assume Lz = Lz + el is positive definite. This implies all eigenvalues y; =
Ai +€ > 0, where A; are eigenvalues of Lr. The smallest eigenvalue, Amin, sets the
strictest condition: Amin +€ > 0, or € > —Apin. Conversely, if € > —Apin, then
ui = A; + € > 0 for all eigenvalues A; of Lr. Therefore, L is positive definite. The
proof is complete. O
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The sheaf diffusion operator (i.e., normalized sheaf Laplacian) models opinion
diffusion by capturing discrepancies between node opinions and enabling smooth
information propagation across the network, defined as

Ar =D iLyD"2, (7.4)

where D is the block-diagonal of Lz.

Let x € CY(G, F) denote an nd-dimensional vector constructed by column-stacking
the individual vectors x,. This vector x is then transformed into a node feature ma-
trix X € R(md)xf , where each column corresponds to a vector in CO(G; F) and f is the
number of feature channels. The sheaf standard diffusion process is defined by the
following Partial Differential Equation (PDE),

X (t)
S ot

Given a diffusion coefficient « € [0, 1], the discrete-time update rule for diffusion
is defined as

X(0) = X, = —ArX(t). (7.5)

X ()
ot

When node features do not change between time steps, (i.e.,, X(t+1) = X(¢)), a
fixed point X(t) is reached, which is also referred to as a steady state.

X(t+1)=X(t)—a- ;0> 0. (7.6)

7.2.1.2 Sheaf Reaction Diffusion

Traditional diffusion GNNs including sheaf diffusion in Eq. (Bodnar et al., [2022;
Hansen and Gebhart, 2020) use a uniform diffusion process that primarily focuses
on influence spreading but overlooks how individual node characteristics and neigh-
boring state transitions shape the process, which is essential for modeling influence
diffusion. To address this issue, we model influence dynamics as a diffusion-reaction
process (Turing, 1990; Choi et al 2023). In this process, diffusion refers to the spread
of information across the network, governed by its connectivity structure, and reaction
involves altering this information based on interactions and inherent characteristics
of nodes within the network.

Reaction Operators To capture complex dynamics related to influence diffusion, we
introduce the sheaf reaction diffusion which extends the sheaf standard diffusion with
two reaction operators for pointwise dynamics and coupled dynamics. That is,

IXo(t)
ot

= —abrXo(t) + BA(Xo(t))
Diffusion Pointwise Dynamics (7 7)
+ YR, (X(t), A, S")
Coupled Dynamics

Here, X, (t) represents the feature vector of node v at time ¢. &, B, and 7 control
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the contribution of each term, and S' € [0,1]" is a vector representing the activation
probabilities of nodes at time step £.

(a) Pointwise Dynamics Pointwise dynamics refers to inherent characteristics that
govern its activation or susceptibility. For instance, in models of opinion dynamics
or epidemic propagation, a node may alter its activation state due to internal factors
such as personal reassessment or spontaneous recovery, independent of its interac-
tions with other nodes. Thus, we design a reaction operator to capture such node
evolution as

A (X (1)) :q)}]@;{lj(z';}(;)(t)’

where @), x} € R¥*/ are coefficient vectors with x} > 0,x} # —|X,(t)|, and ® is the
Hadamard product.

(7.8)

(b) Coupled Dynamics Coupled dynamics describe how neighboring interactions
of nodes influence the activation or susceptibility of a node, creating a dynamic in-
terplay between individual behaviors and network-wide interactions. We define a
reaction operator for node v € V as

XZ(t) = Z (Sf, ’ Xu(t))_ Z ((1 - Si{) 'Xu(t))? (7-9)

u€N(v) u€N(v)

X3(t)
15+ X3 ()]

where @2 and «2 are coefficient vectors with 2 > 0,k # —|X}(t)| for any ¢t > 0,
and S! denotes the activation probability of node u at time t. This reaction oper-
ator accounts for the combined impact of both activated and susceptible neighbors
by producing either positive or negative effects: a high activation level in the neigh-
borhood yields a positive impact, whereas a high susceptibility leads to a negative
impact. Thus, it can enhance the model’s ability to capture complex dynamics in a
network.

R, (X(t),A,S) =30 (7.10)

Remark 6. Recent research has largely focused on progressive models (Chen et al., 2022a)b),
where nodes remain indefinitely active once activated. However, this is often unrealistic, as
many real-world propagation models involve nodes transitioning between active and inac-
tive states (Lou et al 2014). While diffusion terms typically follow fixed-point dynamics,
our sheaf diffusion model uses reaction operators to introduce non-monotonic, adaptive, and
oscillatory behaviors, capturing dynamic node state transitions.

Stability of Reaction Diffusion Stability in a diffusion process refers to its ability
to maintain a controlled and predictable behavior over time (Wang et al) 2022a)).
A stable process maintains node features within a bounded region over time. This
bounded behavior allows the diffusion process to converge to or remain near a fixed
point. If node features become unbounded, it signals instability, indicating that the
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diffusion process can deviate significantly from a fixed point or expected behavior
(Bellman, 1947; Sastry, |2013). Such instability can lead to unpredictable outcomes
and make it difficult to control or interpret diffusion dynamics effectively. In the
following, we explain the bounded behavior of the reaction operators.

Lemma 3. The reaction operators in Eq. [/.7|are bounded for all t > 0 and v € V in terms
of norms || -||. We have || A(Xo(£))|| < ||| and | Ro(X(£), A, S| < [|@5]].

Proof. Let X,(t) = (XL(t),..., Xi(t),. ,ij,r(t)) Then, A,(X(t)) can be expressed as:

@y X (1)
K1 HIXS ()]

! X;, t
AX(D) = | e,
@1, X1
KL HIXE (0]
As Xi(t) — 0: |
q)}”X;}(t) q)zlji -0 0
im L =% -
X020 K5, + [Xp(B)] Ky +0
As Xi(t) — oo
@l X1 (¢t oL
lim 1 " U( ) = Wl q)zlzz'
Xj () o0 K} ; + | XE(¢)] 14 X;:v('it) ,
As Xi(t) — —oo:
®L X (¢t oL
. llm - U,1 'U( ) — 0,1 . _ —®21”
Xy()—»—oo Ky +[XG(H)] 1 4 X;:v('it) :
(D}),ixif(t) . )
Further, pyrap] < @})’i always holds since Kzl),i > 0 and K;,i # —|XL(t)]. There-

fore, the values of A,(X(t)) are bounded by the corresponding values of ®.. Ap-
plying the same reasoning, we can prove that the values of R, (X(t), A,S") are
bounded by the corresponding values of ®2. Consequently, the norms of A,(X(t))
and R, (X(t), A, S") are also bounded by the norms of ®} and ®3, respectively. This

completes the proof.
O

The boundedness of the reaction operators ensures that the fixed-point of Eq.
is also bounded, as demonstrated in the lemma below.

Lemma 4. Let X* denote the fixed point of Eq. Given that Ar is well-defined (i.e.,
positive definite) and operates on a finite-dimensional space, X* is bounded.
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Proof. Let us consider the diffusion PDE:

oX(t
65 ) = —aArX(t) + BA(X(t)) + YR (X(t), A, S")
Assuming the system reaches a fixed point, we have a)(_()# = 0. At this point, the

equation simplifies to:
aArXt = BA (X*) +9R (X*, A,sf)

According to Lemma 3] the terms A(X(t)) and R(X(t), A, S') are bounded be-
tween —®; and ®;, and —P; and P,, respectively, where ®; and P, are matrices
constructed by stacking the vectors ®) and ®2 as rows.

First, we derive an upper bound for the L2 norm of X".

ladzX |2 < 8] - [@1ll2+ 7] - [|D2]2

Rearranging by factoring out || gives:
al[|A7X 2 < B @1l + [7] - [| @22
Dividing through by || (assuming « # 0) leads to:

1B - (1P [l2 + 7] - [[Pa]l2
|| '

187Xz <

Given that Ar is positive definite, it is symmetric and invertible, with all eigen-
values strictly positive. The largest eigenvalue is denoted as Amax, implying that the
||A7||2 equal to Amax. Combining these facts, the norm of X' can be bounded by:

IX*l2 <

i (81 1@l + - [@])).

7.2.2 Sheaf GNN Training

Building on the sheaf Laplacian and reaction operators, our GNN applies the follow-
ing diffusion propagation rule to update node features:

Xo(t+1) = Xp(t) —a (A; (I, @ Wy) Xv(t)w2f>
+p(@ho X ) 7.11)

K1+ Xo(t)

Xt (t)
+ ¢z@v)
”( O X ()]

Notably, W! € R4, Wi € Rf*f, and ®}, ®2,«}, k2 € R?*/ are learnable weight

%
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matrices, ® denotes the Kronecker product, and I, € R"*" represents an identity
matrix. Moreover, X (0) is obtained by transforming the node features of the network
through a multi-layer perceptron (MLP), followed by reshaping, resulting in a matrix
of dimensions (nd) x f.

After obtaining the updated node embeddings in each iteration, we utilize a non-
linear neural function f;(-), parameterized by 7, to determine the activation state of
each node v € V at the time step t +1 as

StH = f, (Xv(t+ 1));55“ € [0,1]. (7.12)

We use the Mean Square Error (MSE) loss to measure the difference between the
predicted activation probabilities S and the ground truth probabilities Y € [0,1]" as:

*Ctmin = Hg - Y’ ‘% (713)

7.2.3 Optimizing Seed Selection

In this section, we present a learning-based approach to optimally select a seed set
that maximizes influence spread. Selecting an optimal seed set for influence maxi-
mization faces a combinatorial explosion, with node combinations growing exponen-
tially as the graph size increases.

We address this challenge leveraging two observations. First, instead of relying on
the adjacency matrix for graph connectivity, which fails to capture network dynamics
in diffusion models, we learn the connectivity through sheaf coefficients, enhancing
model flexibility. This leads to a weighted graph G% that is constructed from sheaf
coefficients and the adjacency matrix of the input graph. Then, we employ a par-
titioning mechanism to identify subgraphs, which reduces the search space in the
process of determining the optimal seed set. We apply the Louvain algorithm (Blon-
del et al., 2008; | Dugué and Perez, 2015;|Iraag et al., 2019) to divide the graph G¥ into
r subgraphs {G;}/_; , minimizing the overlap of influence between nodes in different
subgraphs. Then, allocating seed nodes across subgraphs can significantly reduce
the search space by limiting the number of node combinations within each smaller
subgraph, rather than across the entire graph.

We train a neural network 7y, parameterized by ¢, to select seed nodes within
subgraphs in a learnable manner. More specifically, 7, learns to select S; C V; seed
nodes from each subgraph G; = (V}, E;) such that S = Ui-‘zl S; can maximize the
overall influence spread

¥ — %({Gi}f_l,(;w> subject to /\ 1Si| < S\Vl| (7.14)

i€[1,r]

The condition in the above equation ensures that the number of seeds is chosen
proportionally to the size of each subgraph. 7?;, is trained using a loss function based
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on the difference between the maximal influence and the predicted influence
r
Lirgin =1 — 0-< U Si, GY; 9) . (7.15)
i=1

Note that we use the sheaf GNN with trained parameters 0 to approximate the
influence diffusion function o (-).

7.3 Theoretical Analysis

7.3.1  Complexity Analysis

We first analyze the layer-wise complexity of our GNN component. The diffu-
sion operation within our GNN has a complexity of O (n (f2d* + d°) +m (fd + d%)),
where m is the number of edges. The complexity of this operation is similar to
that reported in Bodnar et al. (2022). Each reaction operator introduces an addi-
tional complexity of O(ndf). Consequently, the total complexity of our GNN is
O (n (f?d*+d®) +m (fd+d*)). Given that we employ d = {1,2} in our experi-
ments, our GNN incurs only a constant overhead compared to traditional GNNSs,
such as GCN (Kipf and Welling), 2016).

The Louvain algorithm, used as a preprocessing step, has a time complexity of
O(Im), where [ is the number of iterations, and a space complexity of O(n + m)
(Lancichinetti and Fortunato, [2009). In our experiments, we employ DeepSNsp with
a sparsified graph structure, resulting in a time complexity of O(I x nlogn) and a
space complexity of O(n). We implement 7y using a multi-layer perceptron (MLP)
with a time complexity of O(ndh), where & represents the number of hidden neurons
in the MLP.

7.3.2 Node Feature Separability

We investigate the separation power of our sheaf GNN for node features, which
plays a crucial role in mitigating oversmoothing (Bodnar et al., 2022). The following
proposition shows the existence of the fixed point in the sheaf diffusion process
under Eq. [7.5|and the corresponding properties of transformation maps.

Proposition 2. For any graph G = (V, E) with sheaf Laplacian Lz and initial node features
X(0), there exists a unique fixed-point X (t) in the sheaf diffusion process such that for any
(Z), u) € E, FUS]eXU - fug}gxl/l hOZdS

Proof. Let us consider the diffusion PDE given in Eq. (7.5):

x() =x 20— _prx
In accordance with Theorem 2.2 in [Hansen and Ghrist| (2021), X converges to
Hy(G; F) in the fixed point, where Hy(G; F) = {x € Co(G; F) | Fu<eXu = FoaeXp}-
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This implies that, for any adjacent nodes v and u, the following holds:
Jrvglexv = ]'—uglexu'
O

Due to the condition F,<.Xxy = F,<.X, at the fixed point, the sheaf diffusion
process has limited capacity to separate distinct node features between a node v and
its neighbors u, as shown in Proposition

Proposition 3. There exists a graph G = (V,E) with the fixed point X(t) in the sheaf
diffusion process which satisfies x,, = x, for at least one (u,v) € E.

Proof. We employ Proposition 9 from Bodnar et al.| (2022) to prove this proposition.
Consider a set of connected bipartite graphs G = (A, B, E), with partitions A and
B forming two distinct classes, where |A| = |B|. According to their proposition,
restriction maps defined by symmetric sheaves of dimension 1, specifically

Hsym = {(F, G) . Fvgle = Iy<e, det(Fyge) 7& 0},

are incapable of separating the classes of any graph in G for any initial conditions
X(0). This is due to the fact that, for adjacent nodes u and v, we have x, = x,, which
prevents differentiation between the classes.

O

Unlike traditional sheaf diffusion, the sheaf reaction diffusion (Eq. does not
require the condition F,<.x, = Fy <Xy to be satisfied upon convergence. The follow-
ing proposition demonstrates this.

Proposition 4. For any graph G = (V, E) with sheaf Laplacian Lz and initial node features
X(0), there exists a unique fixed-point X(t) in the sheaf reaction diffusion process; however,
FoeXo = Fu<eXy does not necessarily hold for each (v, u) € E.

Proof. We start with the reaction diffusion equation:

X(t+1) = x(t) - 2%
ot
where,
oX(t
ai ) _ —aAFX(t) + BA(X(t)) + 7R (X(t), A, S")
When the system reaches a fixed point, we have a)é—;t) = 0. At this point, the

equation simplifies to:

adr X' = A (X') + R (X', 4,5")

We can write this as:



§7.4 Experimental Design 126

y  a- X' c- X'
S G S G
where a,b,c,d are matrices with same dimension as Ar. First, we analyze the exis-
tence of a non-trivial fixed point. To do this, we can simplify the equation by dividing
both sides by X', assuming X' # 0. This gives us the equation aAr = f(X'), where

4 c
fE) = T x

The function f(X') is continuous and strictly decreasing. This is because as X'

increases, the terms ;%5 and -5+ both decrease, making the entire function f (x7)

b+ XT
decrease. Specificallyjrwhen X' = 0, the function f(X") takes its maximum value,
2 + ¢, As X' increases towards infinity, the function f(X") decreases toward 0. For
a non-trivial fixed point X' > 0 to exist, the value aAr must fall within the range
of values that f(X") can take. This means aAr must satisfy 0 < aAz < % + <. The
uniqueness of X' is guaranteed because f(X") is strictly decreasing and continuous.
Therefore, under the condition that 0 < aAr < % + %, there is a unique, non-trivial
fixed point X* > 0 that solves the equation.

We again consider the equation:

adrX' = pA (X') + R (X', 4,8")

a-Xt c- Xt
ArXt =
“8F A Xt At Xt
Since X' can be non-trivial (i.e., not equal to 0), we can see that R.H.S. can be
non-zero, leading to aArX' # 0. This implies that in the fixed-point, the solution
does not necessarily converge to Hy(G; F) = {x € Co(G; F) | Fuaexu = FoaeXo} (i€,
it can converge to F,<.X, 7# Fy<eXy for adjacent nodes u and v). O

Remark 7. Relaxation of condition Fy<eXy = Fyu<eXy in proposition 4| significantly im-
proves the separability of distinct node features. This allows sheaf GNN to learn node features
distinguishable from their neighbors through more powerful transformation maps, offering an
advantage over existing sheaf diffusion networks (Bodnar et al., 2022).

7.4 Experimental Design

A set of experiments was conducted to evaluate the performance of DeepSN, consid-
ering two variants: DeepSN and DeepSNgsp, a computationally efficient variant that
uses sheaf coefficients to sparsify the graph structure. We focus on three diffusion
models: IC, LT, and SIS (Li et al., 2018). IC and LT are progressive, while SIS is
non-progressive.
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7.4.1 Datasets

We evaluate DeepSN against other methods using a diverse set of datasets, including
five real-world datasets (Jazz (Rossi and Ahmed) 2015), Network Science (Rossi and
Ahmed, 2015), Cora-ML (McCallum et al., 2000), Power Grid (Rossi and Ahmed|
2015), and Digg (Lerman and Galstyan, 2008)) and one synthetic dataset (Random
(Ling et al., 2023)), which range from small graphs to those with over 250,000 nodes.
Table [7.1] summarizes statistics of these datasets.

Table 7.1: Summary of Dataset Statistics

Dataset # of nodes # of Edges
Jazz 198 2,742
Network Science 1,565 13,532
Cora-ML 2,810 7,981
Power Grid 4,941 6,594
Random 50,000 250,000
Digg 279,613 1,170,689

7.4.2 Experimental Setups

For influence maximization, we adopt the experimental setup outlined by |Ling et al.
(2023) for our influence maximization tasks, selecting 1%, 5%, 10%, and 20% of the
nodes in each dataset as seed nodes, simulating each diffusion model until the diffu-
sion process halts, or converges to a steady-state and recording the average influence
spread over 100 repetitions. Baseline results are taken from |Ling et al.| (2023).

To evaluate the influence estimation performance in DeepSN, we adhere to the
training-testing-validation process outlined by Vabalas et al.| (2019), splitting the
dataset into 60% for training, 20% for testing, and 20% for validation. For the baseline
methods, we use the hyper-parameters reported in their original papers, and report
the results.

7.4.3 Baselines

For influence maximization task, we compare DeepSN with traditional baselines:
IMM (Tang et al, 2015), OPIM (Tang et al., 2018), SubSIM (Guo et al., 2020) and
learning-based methods: IMINFECTOR (Panagopoulos et al., 2020b), ToupleGDD
(Chen et al} 2023b), PIANO (Li et al., 2022b), DeepIM (Ling et al., 2023).

We compare the influence estimation performance of DeepSN with several widely
used GNNs: GCN (Kipf and Welling, [2017), GAT (Velickovic et al.,[2018), and Graph-
SAGE (Hamilton et al., 2017)), DSN (Bodnar et al., 2022).
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7.4.4 Hyper-parameters

In our experiments, we search the hyper-parameters of DeepSN within the follow-
ing ranges: the number of GNN layers € {2,5,10}, the dimension d € {1,2},
dropout rate € {0.1,0.2,0.5,0.9}, learning rate € {0.001,0.002,0.004}, batch size
€ {2,8,16,32}, the number of hidden units in the MLP € {32,64,128}, and the
resolution parameter of the Louvain algorithm € {0.1,1,2}. We employ the Adam
algorithm as the optimizer (Kingma), [2015). Further, DeepSNsp employs a threshold
of 0.5 to convert continuous sheaf coefficients into binary values.

7.4.5 Computational Resources

All experiments were performed on a Linux server equipped with an Intel Xeon W-
2175 2.50GHz processor with 28 cores, an NVIDIA RTX A6000 GPU, and 512GB of
main memory.

7.5 Results and Discussion

7.5.1 Influence Maximization

We evaluate DeepSN’s performance in selecting an optimal seed set for the IM task
across various budget constraints {1%, 5%, 10%,20%} (i.e. seed set size as a percent-
age of total number of nodes). The results are presented in tables and |7.4{ for
IC, LT, and SIS models, respectively. We observe that both DeepSN and DeepSNsp
outperform or deliver comparable performance across all diffusion models. Notably,
DeepSN achieves a substantial improvement over all baseline methods for the SIS
diffusion model. This enhanced performance is attributed to DeepSN’s capability to
effectively capture complex diffusion dynamics inherent to non-progressive diffusion
models.

7.5.2 Influence Estimation

In Figure|7.2, we compare the influence estimation performance of DeepSN with sev-
eral widely used GNNs. The results show that DeepSN significantly outperforms tra-
ditional GNNs, such as GCN, GAT, and GraphSAGE, across all diffusion models and
datasets, highlighting its superiority in influence estimation. These traditional GNNs
often struggle to capture long-range dependencies due to oversmoothing, leading to
lower performance. Furthermore, while existing sheaf neural networks like DSN ad-
dress some issues, they still struggle to capture the intricate dynamics needed for
influence estimation, leading to suboptimal performance.

7.5.3 Impact of Influence Maximization Component

We evaluate the effectiveness of our IM model 7y by replacing it with different IM
variants. These variants include: DeepSN-CELF, which incorporates the CELF algo-
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Cora-ML Network Science Power Grid Jazz Random Digg

Methods 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20% ‘ 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20%
IMM 81 262 373 502 52 168 270 457 56 174 315 511 |26 201 314 428 92 262 363 516 74 186 328 496
OPIM 134 269 374 509 64 194 289 486 57 177 297 501 | 24 201 344 468 96 253 366 517 76 185 329 489
SubSIM 101 257 368 511 48 154 279 448 46 192 317 502 |36 188 376 447 95 267 365 513 75 189 333 494
IMINfECTOR 9.6 268 377 50.6 54 179 278 476 54 182 316 509 | 3.6 197 375 459 91 262 361 513 79 186 335 4938
PIANO 98 252 374 511 53 181 271 472 53 181 317 502 |22 192 366 432 92 256 365 516 76 183 336 495
ToupleGDD 106 275 385 515 63 178 283 505 54 193 316 513 |33 204 372 457 95 268 371 514 - - - -
DeepIM 141 281 396 524 78 209 315 512 63 21.0 325 524 |49 233 415 499 116 274 387 521 84 193 342 513
DeepSN 115 256 409 528 62 220 320 524 64 240 369 610 | 85 269 416 538 106 278 388 528 89 195 352 528
DeepSNsp 142 301 423 584 79 186 300 512 71 224 374 574 |88 299 419 556 98 272 376 516 91 192 354 519
Table 7.2: Performance comparison under Independent Cascade (IC) diffusion

model. - indicates out-of-memory error. The best results are highlighted in bold.
Baseline results are sourced from [Ling et al. (2023).

Cora-ML Network Science Power Grid Jazz Random Digg

Methods 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10%  20% ‘ 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10%  20%
IMM 1.7 348 522 664 25 11.8 181 336 46 199 317 569 | 14 57 134 245 11 52 131 669 24 108 374 556
OPIM 23 369 512 715 16 120 181 341 44 216 294 555 |14 69 126 209 13 54 126 621 21 113 382 571
SubSIM 1.7 336 547 701 18 104 192 341 45 211 312 574 |14 59 114 212 14 55 131 696 24 113 379 569
IMINFECTOR 2.1 339 513 706 21 118 187 345 42 213 316 562 | 14 62 135 228 13 52 129 674 22 11.1 389 587
PIANO 21 335 533 698 21 113 191 339 43 213 314 571 1.1 62 122 224 12 52 128 674 - - - -

ToupleGDD 23 362 545 709 28 124 198 346 48 219 326 581 |14 65 129 236 13 55 134 702 - - - -

DeepIM 134 69.2 835 941 41 16.6 267 415 63 244 468 717 |19 65 164 991 15 65 155 999 35 159 413 76.2
DeepSN 74 407 682 953 29 144 253 520 63 246 472 732 |20 67 149 969 16 58 135 999 32 161 417 721
DeepSNsp 79 464 728 938 36 155 278 518 52 238 403 681 |15 55 148 995 13 62 133 999 33 159 412 716
Table 7.3: Performance comparison under Linear Threshold (LT) diffusion model.

- indicates out-of-memory error. The best results are highlighted in bold. Baseline
results are sourced from Ling et

al] (2023).

Cora-ML Network Science Power Grid Jazz Random Digg
Methods 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20% | 1% 5% 10% 20% 1% 5% 10% 20% 1% 5% 10% 20%
MM 20 95 154 276 13 56 122 221 11 56 110 229 | 76 378 556 671 27 126 209 377 25 94 163 326
OPIM 23 93 162 272 14 59 130 221 12 59 111 224 | 82 351 568 683 28 125 202 361 23 93 165 323
SubSIM 2.3 92 169 288 15 56 122 233 12 56 114 219 | 29 301 538 670 32 144 245 391 25 95 161 323
IMINFECTOR 21 94 161 279 17 58 124 223 13 55 102 231 | 88 354 548 662 25 124 205 366 23 91 164 324
DeepIM 71 161 219 308 27 87 151 251 19 76 133 238 |271 571 681 741 32 144 245 391 56 114 188 36.3
DeepSN 128 247 342 465 20 96 161 281 24 98 157 253|343 649 756 858 52 242 376 541 161 202 247 332
DeepSNsp 168 299 379 469 27 99 174 290 21 82 149 263 |352 583 734 824 41 187 328 526 161 203 236 331

Table 7.4:

Performance comparison under

Susceptible-Infected-Susceptible (SIS)

diffusion model. The best results are highlighted in bold. Baseline results are

sourced from Ling et al. (2023).
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Figure 7.2: Performance of DeepSN for influence estimation in terms of MAE (Mean
Absolute Error), compared to baseline methods, under IC, LT, and SIS diffusion mod-

els.

IC LT SIS
Methods 10% 20% 10% 20% 10% 20%
DeepSN-CELF 372 528 76.0 88.6 30.6 387
DeepSN-WC 392 504 463 886 253 359
DeepSN-WSA  40.0 50.6 48.0 89.6 260 36.0
DeepSN 409 528 682 953 342 465
DeepSNsp 423 584 728 938 379 469

Table 7.5: Comparison of DeepSN with various influence maximization approaches
for Cora-ML dataset.

rithm (Leskovec et al [2007) as the IM component; DeepSN-WC, where seed nodes
are optimized across the entire network as a single subgraph; and DeepSN-WSA,
which uses the adjacency matrix for dividing the graph into subgraphs, instead of
sheaf coefficients. The results in Table 7.5 show that our IM model outperforms
other algorithms. Particularly, DeepSN and DeepSNgp consistently exceed the per-
formance of DeepSN-WC and DeepSN-WSA. This is largely due to subgraph-based
seed optimization and sheaf coefficients.

7.5.4 Impact of Layer Depth and Feature Dimension

We explore the effect of layer depth and feature dimension on the performance
of DeepSN. Figure illustrates how these factors influence the performance of
DeepSN in selecting optimal seed nodes for Cora ML dataset, evaluated under the



§7.6 Summary 131

IC diffusion model with a 10% seed set.
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Figure 7.3: Impact of layer depth and feature dimension on DeepSN'’s performance

As expected, DeepSN’s performance improves with greater layer depth, effec-
tively capturing long-range interactions and demonstrating robustness against over-
smoothing. However, performance only improves with increasing feature dimension
up to a certain point. Beyond this, the added complexity, such as more learnable pa-
rameters, begins to outweigh the benefits of enhanced representational power, lead-
ing to a decline in performance.

7.5.5 Impact of Reaction Operators

Methods 1% 5% 10% 20%
Without Reaction Components 9.7 205 32.8 49.8
Only Pointwise Dynamics 109 232 34.0 510
Only Coupled Dynamics 10.7 224 379 50.7
With Reaction Components 11.5 25.6 409 52.8

Table 7.6: Impact of reaction terms on DeepSN performance.

Table[7.6/shows the impact of different reaction term configurations on DeepSN’s
performance. The table presents the average total influence(%) for the Cora-ML
dataset across various seed set percentages. While each component offers improve-
ments, the combined approach outperforms all other configurations.

7.6 Summary

In this chapter, we proposed a novel learning framework for the IM problem. Our
approach integrates a GNN that harnesses sheaf theory to learn the underlying in-
fluence diffusion model in a data-driven manner, while effectively addressing the
topological and dynamic complexities of propagation phenomena. Additionally, we
proposed a subgraph-based maximization objective to identify the optimal seed set,
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thereby reducing the combinatorial search space inherent to the IM problem. The
empirical results demonstrated the effectiveness of the proposed framework.

The influence maximization framework discussed in this chapter has positive ap-
plications, such as targeted vaccination, resource allocation, and information dissem-
ination. However, the same methods could also be misused for harmful purposes,
such as spreading misinformation, manipulating public opinion through targeted so-
cial media campaigns, or amplifying extremist content by identifying key nodes in
online networks. To ensure responsible use of these methods, it is essential to main-
tain transparency in selecting seed nodes and to adhere to relevant legal frameworks.



Chapter 8

Conclusions and Future Work

8.1 Summary of Contributions

In this thesis, we have explored fundamental challenges in graph neural networks, fo-
cusing on three key paradigms: (1) enhancing expressivity through structural learn-
ing, (2) adaptive information propagation mechanisms, and (3) modeling dynamic
processes in graphs. We developed novel architectures and theoretical frameworks
that advance the state-of-the-art in graph representation learning while addressing
critical limitations of existing approaches. In summary, we have presented the fol-
lowing main contributions in Chapters 3-7:

¢ Chapter 3: Structural Expressivity through Graph Partitioning. We intro-
duced permutation-invariant graph partitioning as a mechanism for capturing
complex structural interactions in graphs. Our approach moves beyond tradi-
tional message-passing schemes by explicitly modeling how different structural
components interact within a graph. We developed Graph Partitioning Neural
Networks (GPNNSs), establishing theoretical connections between graph par-
titioning and isomorphism tests. Our analysis demonstrates that GPNNs sur-
pass the expressivity of the 1-Weisfeiler-Lehman test while efficiently approach-
ing the capabilities of 3-WL. Through comprehensive complexity analysis, we
showed that our approach balances computational efficiency with representa-
tional power. Empirical evaluation across graph classification, regression, and
node classification tasks validates the effectiveness of incorporating structural
interactions into neural architectures.

¢ Chapter 4: Geometry-Informed Adaptive Depth Mechanisms. We proposed
a novel framework that integrates learnable Bakry-Emery curvature into graph
neural networks to enable adaptive depth allocation. Unlike traditional curva-
ture measures that focus solely on topology, Bakry-Emery curvature captures
both structural properties and diffusion dynamics. We established theoretical
connections between node curvature and feature distinctiveness, demonstrat-
ing that nodes with higher curvature require fewer message-passing iterations
for effective representation learning. Our depth-adaptive mechanism dynam-
ically adjusts aggregation depth for individual nodes based on their learned

133
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curvature values. This approach serves as a model-agnostic enhancement that
integrates seamlessly with existing GNN architectures including GCN, GAT,
and GraphSAGE. Experimental results across node classification, regression,
graph classification, and regression tasks demonstrate consistent performance
improvements while maintaining computational efficiency comparable to stan-
dard GNNs.

Chapter 5: Theoretical Foundations for Adaptive Aggregation. We devel-
oped a theoretical framework connecting neighborhood characteristics to op-
timal aggregation strategies in node classification. Our analysis reveals that
strong heterophily is not inherently detrimental; rather, a node’s aggregation
requirements depend on the interplay between same-label neighbors, opposite-
label neighbors, and degree within its local neighborhood. We derived sig-
nal preservation factors that quantify how neighborhood composition affects
class-discriminative information during aggregation, extending this analysis
to multi-layer settings. Building on these insights, we developed Adaptive
Depth Graph Neural Networks (AD-GNN) that dynamically determine layer
depth for individual nodes. Our framework provides a unified solution for
both homophilic and heterophilic graphs, eliminating the need for separate
architectures or preprocessing steps. Extensive experiments demonstrate that
AD-GNN consistently enhances multiple GNN backbones across diverse graph
structures.

Chapter 6: Opinion Dynamics for Graph Diffusion. We introduced a gen-
eralized framework that unifies multiple opinion dynamics models to enhance
diffusion-based graph neural networks. Traditional diffusion GNNs assume
homogeneous propagation with static dynamics, limiting their ability to model
complex real-world processes. Our Generalized Opinion Dynamics Neural
Framework (GODNF) incorporates node-specific stubbornness parameters, dy-
namic neighborhood influence, and structural regularization to capture het-
erogeneous diffusion patterns. We provided rigorous theoretical analysis of
convergence properties, proving that GODNF can exhibit diverse convergence
configurations including single consensus, multi-consensus, and individual-
ized consensus. This representational flexibility enables the model to adapt to
various graph learning scenarios. The framework maintains computational effi-
ciency by limiting the number of learnable parameters across layers while sup-
porting deep architectures. Experimental validation on node classification and
influence estimation tasks demonstrates substantial improvements over both
spatial and diffusion-based GNN baselines.

Chapter 7: Sheaf Theory for Influence Maximization. We developed Deep
Sheaf Networks (DeepSN), a novel framework for influence maximization that
leverages sheaf theory to model complex propagation dynamics. Traditional
approaches either require explicit diffusion model specification or rely on stan-
dard GNN architectures that struggle with temporal dynamics. We formulated
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influence propagation as a sheaf diffusion-reaction process, introducing point-
wise and coupled dynamics operators to capture both intrinsic node transfor-
mations and neighborhood interactions. Our framework learns adaptive struc-
tural relationships through sheaf coefficients, enabling effective identification
of diverse influence patterns including both progressive and non-progressive
diffusion models. To address the combinatorial challenge of seed selection,
we developed a subgraph-based optimization strategy that reduces the search
space while accounting for overlapping influence. Comprehensive evaluation
across multiple diffusion models demonstrates that DeepSN significantly out-
performs traditional and learning-based baselines.

Collectively, these contributions establish a coherent framework that integrates
structural, geometric, and dynamic perspectives to advance graph neural network
design. Rather than treating expressivity, adaptive propagation, and temporal mod-
eling as independent challenges, this thesis demonstrates their fundamental inter-
connections: structural expressivity provides the foundation for capturing complex
graph patterns (Chapter 3), geometric principles guide how information should
propagate through these structures (Chapters 4-5), and dynamic frameworks enable
modeling of real-world processes that unfold over graphs (Chapters 6-7). This in-
tegrated approach not only enhances theoretical understanding of GNN capabilities
but also provides practical mechanisms for building more adaptive and interpretable
models that respond to the intrinsic properties of graph data.

8.2 Computational Cost and Practical Trade-offs

The methods proposed in this thesis are designed to balance representational power
of GNNs with computational feasibility. We briefly summarise the cost-accuracy
trade-offs across all contributions below.

e Chapter 3: GPNN All GPNN variants fall strictly between the O(|E|) complex-
ity of 1-WL and the O(|V|?) complexity of 3-WL. The key factor governing cost
is the size of the interaction edge sets, which remain small on sparse real-world
graphs, keeping the lighter variants close to linear in practice. The partitioning
schemes used as preprocessing are themselves efficient (i.e., linear in the num-
ber of edges), ensuring graph partitioning adds negligible overhead to training.

¢ Chapter 4: BEC-GNN The dominant additional cost of BEC-GNN comes from
computing the curvature approximation, which scales with the maximum node
degree rather than the graph size, and is performed via lightweight MLPs that
do not expand the GNN parameter space. Empirically, the parameter count
and runtime grow only modestly as more curvature approximation functions
are added, while accuracy improves consistently, confirming a favourable cost-
accuracy trade-off.

¢ Chapter 5: AD-GNN AD-GNN adds per-node depth computation on top of the
backbone GNN, with cost scaling linearly in the number of edges and feature
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dimension. The fast variant replaces feature-based depth estimation with a
degree-based approximation, reducing overhead to near-baseline levels while
retaining most of the accuracy benefit.

¢ Chapter 6: GODNF GODNF’s complexity scales linearly with the number of
edges and is bounded by O(m) under practical assumptions on feature dimen-
sion and iteration count, matching the asymptotic cost of standard GNNSs. The
absence of intermediate feature transformations across iterative updates yields
additional efficiency gains at greater depth compared to conventional architec-
tures.

¢ Chapter 7: DeepSN The sheaf diffusion component introduces only a constant-
factor overhead relative to a standard GNN, since the sheaf stalk dimension is
kept small in practice. Community detection used as preprocessing runs in
near-linear time. Crucially, the subgraph-based seed selection mechanism re-
places an otherwise exponential combinatorial search with a learned graph par-
titioning, making influence maximisation tractable at scale without sacrificing
solution quality.

Overall, the computational overhead introduced by each proposed method is moder-
ate and well-justified by the corresponding empirical gains. Where computational
budget is constrained, lighter variants are available across contributions and are
specifically designed for scalable deployment.

8.3 Cross-Method Comparison

While each chapter addresses a distinct research objective, several contributions op-
erate on overlapping tasks and datasets, enabling direct empirical comparison. In
this section, we compare these results to highlight the relative strengths and comple-
mentary nature of the proposed methods.

8.3.1 Graph Classification: GPNN vs. BEC-GNN

Both GPNN and BEC-GNN are evaluated on graph classification benchmarks. GPNN
improves expressivity through structural interaction modelling, while BEC-GNN im-
proves aggregation depth through curvature-guided adaptation. Table 8.1 compares
the two approaches on shared datasets. GPNN tends to show stronger gains due
to its higher expressive power, while BEC-GNN provides consistent improvements
as a plug-in to any backbone. The two methods are complementary and could, in
principle, be combined.

8.3.2 Node Classification: BEC-GNN vs. AD-GNN vs. GODNF

BEC-GNN, AD-GNN and GODNF all evaluate on node classification. BEC-GNN
adapts aggregation depth via curvature, AD-GNN adapts it via homophily, and
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Table 8.1: Comparison of GPNN and BEC-GNN on graph classification benchmarks.
We adopt the setup outlined by Feng et al., (2022). Best results are highlighted in
bold.

Method MUTAG PTC-MR PROTEINS IMDB-B BZR COX2 ogbg-moltox21
GIN 9280 5.9 6560+ 65 7880+41 7810435 91.05+£34 8887 +£23 7491 £ 0.5
GIN + BEC 9610 3.6 7290+57 79.10+3.7 80.80+33 9240+£36 89.30+£3.1 75.70 £ 0.7

Acore-degree"GPNN*  97.89 +£2.6 7817 +£62 8140 +£35 80.10+3.1 94.05+26 89.09+33  76.13 =+ 0.68
Acore-degree"GPNNC  97.37 £ 4.9 79.61+7.3 8553 £6.2 7810+3.1 91.84+16 89.72+23 7589+ 0.30

GODNF models node classification as a diffusion process. Table compares the
three approaches on datasets, using GCN as a common backbone where applicable.
All methods outperform GCN by significant margins. BEC-GNN performs well on
homophilic datasets while AD-GNN excels on heterophilic ones. GODNF achieves
strong performance across both settings due to its flexible diffusion mechanism.

Table 8.2: Cross-chapter comparison on node classification datasets. We adopt the
setup outlined by Chen et al. (2025). Best results per dataset are in bold.

Method Texas Cornell Wisconsin Film Citeseer Cora-ML

GCN 60.00 & 6.45 55.14 +8.46 61.60£7.00 30.26 £0.79 76.68 &+ 1.64 87.07 + 1.21
GCN + BEC 68.85 + 11.02 65.96 9.03 66.25 =455 3434 +2.08 7814+ 131 88.65+ 1.32
AD-GCN 92.30 =452 88.51 +4.87 93.88 + 3.03 4254 +1.15 79.14 +1.00 87.32 £1.25

GODNFpynamic  93.93 +£2.65 87.87 £4.57 9250 +£256 39.96 +£221 7885+0.99 89.26+ 1.13

8.3.3 Influence Estimation: BEC-GNN vs. GODNF vs. DeepSN

BEC-GNN, GODNEF, and DeepSN evaluate on influence estimation. Table [8.3[ com-
pares the three approaches at 10% seed set size. BEC-GNN improves over the GCN
backbone by better capturing structural properties relevant to propagation. GODNF
models the diffusion process explicitly through an opinion dynamics framework,
while DeepSN formulates influence propagation as a sheaf reaction-diffusion pro-
cess. BEC-GNN consistently improves the GCN baseline. GODNF leads under LT
diffusion while DeepSN achieves stronger results under IC.

Table 8.3: Comparison on influence estimation MAE at 10% seed set under IC and
LT diffusion models. We adopt the experimental setup oulined by Ling et al.| (2023).
Best results per dataset are in bold.

Jazz Cora-ML Network Science Power Grid
Method 1IC LT IC LT IC LT (@ LT
GCN 0.233 +0.010 0.199 + 0.006 0.277 £ 0.007 0.255 £ 0.008 0.270 4 0.019 0.190 + 0.012 0.313 + 0.024 0.335 + 0.023

GCN + BEC 0.202 + 0.007 0.124 £ 0.002 0.258 £ 0.006 0.194 £ 0.010 0.233 4+ 0.010 0.123 +0.026 0.329 £ 0.019 0.298 + 0.039
GODNFpynamic  0.175 £ 0.003  0.050 + 0.001 0.148 & 0.001  0.094 £ 0.005 0.197 £ 0.002 0.032 + 0.003 0.221 & 0.001 0.108 =+ 0.004
DeepSN 0.083 + 0.004 0.055 + 0.003 0.123 £ 0.005 0.101 £ 0.004 0.122 4 0.006 0.088 4 0.005 0.162 + 0.007 0.168 + 0.008

Taken together, these comparisons confirm that the five contributions presented
in this thesis address the same downstream tasks from distinct and complementary
angles, each offering advantages in different regimes.
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8.4 Limitations

While these contributions substantially advance current GNN methodologies, several
limitations remain.

¢ Chapter 3: The expressivity gains of GPNN depends on the partitioning scheme
producing meaningful structural separation. On highly regular graphs where
all nodes share identical local structure, the interaction embeddings may carry
little additional information beyond standard message passing. The graph par-
titioning schemes are determined through preprocessing rather than learned
end-to-end. While we explored several permutation-invariant partitioning strate-
gies based on structural properties such as k-core and degree, these schemes
remain fixed during training.

* Chapter 4: The theoretical guarantees assume bounded node degree and well-
behaved diffusion dynamics. On graphs with highly skewed degree distribu-
tions, curvature estimates for high-degree hub nodes may be less reliable, and
the framework has not been studied under dynamic or noisy graph structures.
The curvature-based depth allocation mechanism employs a fixed threshold
hyperparameter to determine stopping depth for nodes.

¢ Chapter 5: Our theoretical analysis relies on several simplifying assumptions
including binary classification and the contextual stochastic block model. The
depth benefit metric may be less reliable where feature correlation across layers
violates the independence assumption underlying the analysis.

¢ Chapter 6: The convergence guarantees of GODNF require the combined in-
fluence matrix to satisfy a spectral norm condition throughout training, which
may not always hold on inference. The fixed topology assumption also limits
applicability to settings where network structure evolves over time. Further,
the framework currently uses a global feature retention parameter a that ap-
plies uniformly across all nodes.

¢ Chapter 7: The sheaf neural framework currently supports diffusion models
with only two states (active and susceptible). Further, the subgraph-based seed
selection relies on community structure identified by the Louvain algorithm,
and may underperform on graphs without well-defined community organisa-
tion.

8.5 Future Work

The limitations identified above, alongside broader open questions in graph repre-
sentation learning, motivate several directions for future research.

¢ Chapter 3: From a theoretical perspective, it would be valuable to investigate
how optimal partitioning schemes might be learned directly from data. Future
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work could investigate attention-based mechanisms and differentiable parti-
tioning strategies that could adaptively identify structural components while
preserving permutation invariance. Such approaches could potentially discover
task-specific partitioning patterns that better align with downstream objectives.

* Chapter 4: While we demonstrated robustness across various threshold val-
ues, automatically learning this threshold from the graph structure and data
distribution would enhance the method’s applicability. Future work could in-
vestigate end-to-end learning strategies where the threshold adapts based on
task requirements. Additionally, extending this approach to more challenging
scenarios including transfer learning across different graph domains and out-
of-distribution generalization where the test graphs exhibit significantly dif-
ferent structural properties than training graphs would demonstrate broader
applicability.

¢ Chapter 5: While our empirical results demonstrate that the insights transfer
to multi-class settings and real-world graphs, developing more comprehensive
theoretical frameworks with relaxed assumptions would strengthen the foun-
dation of our work. Furthermore, our neural architecture incorporates a learn-
able parameter A that could potentially be learned in a data-driven manner
rather than determined through hyperparameter search. Investigating neural
architectures that jointly optimize this parameter alongside other model com-
ponents presents an interesting direction for future research.

¢ Chapter 6: While this design ensures parameter efficiency and stable conver-
gence, allowing node-specific retention parameters could capture more nu-
anced diffusion patterns. Investigating learning mechanisms that balance the
expressiveness of node-level parameters with the stability guarantees provided
by our current formulation would be valuable. Additionally, extending eval-
uation to challenging settings such as transfer learning and distribution shift
would demonstrate the robustness of this approach across diverse graph learn-
ing scenarios.

¢ Chapter 7: Many real-world propagation phenomena involve multiple states
and complex transition dynamics. For instance, epidemic models often include
exposed, infected, and recovered states with varying transition probabilities
(Tolles and Luong), 2020). Extending this framework to handle multi-state diffu-
sion models would broaden its applicability to domains such as epidemiology
and complex social contagion processes.

Beyond individual extensions, the five contributions in this thesis are themati-
cally connected and present natural opportunities for integration. The curvature-
based depth allocation of Chapter 4 and the homophily-driven depth adaptation of
Chapter 5 both arrive at per-node propagation decisions through different lenses,
and combining these signals could yield a more robust depth allocation mechanism
that accounts for both geometric and label-structural properties simultaneously. The
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graph partitioning framework of Chapter 3 could inform the community detection
step in Chapter 7, replacing the Louvain preprocessing with a learned, task-aware
partitioning that better reflects influence propagation boundaries. Similarly, the
adaptive depth mechanisms of Chapters 4 and 5 could be incorporated into the opin-
ion dynamics framework of Chapter 6, allowing the number of diffusion iterations
to vary per node rather than being applied uniformly. Exploring these combinations
presents a promising direction toward a unified, adaptive graph learning framework
that jointly optimises expressivity, propagation depth, and dynamic process mod-
elling.
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