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An Error Analysis of a Unitary Hessenberg QR Algorithm

Michael Stewart
1

Several direct implementations of the QR algorithm for a unitary Hessenberg
matrix are numerically unstable. In this paper we give an analysis showing how
the instability in a particular rational form of the algorithm specialized to the
case of a unimodular shift comes from two sources: loss of accuracy due to
cancellation in a particular formula and a dynamic instability in the propagation
of the normalization conditions on the Schur parameters and complementary
parameters used to represent the matrix. The �rst problem can be �xed through
the use of an alternate formula proposed by Gragg. The second problem can be
controlled by not relying on the fact that the matrix is numerically unitary to
enforce implicitly the unimodularity of the computed shift; if the shift is explicitly
normalized then experiments suggest that the algorithm is stable in practice
although stability cannot be proven. A third small modi�cation, introduced to
eliminate a potential for a relatively slow exponential growth in normalization
errors leads to a provably stable algorithm. This stable rational algorithm for
computing the eigenvalues leads directly to a stable algorithm for computing a
complete eigenvalue decomposition.

1 Introduction

Any unitary Hessenberg matrix with real positive subdiagonal has the form

H = H(a; b) :=

0BBBBB@
�a0a1 �a0b1a2 �a0b1b2a3 � � � �a0b1 � � � bn�1an
b1 �a1a2 �a1b2a3 � � � �a1b2 � � � bn�1an

b2 �a2a3 ...
. . . . . .

...
bn�1 �an�1an

1CCCCCA (1)

where bk is real, bk > 0, jakj2 + b2k = 1 for 1 � k < n, a0 = 1 and janj = 1. The ak are the
Schur parameters of the unitary Hessenberg matrix and the bk are the complementary param-

eters. The assumption that the subdiagonal is real and positive guarantees that the Schur
parameters are suÆcient to determine the complementary parameters and consequently the
entire matrix. Throughout this paper, all references to a unitary Hessenberg matrix assume
a real, positive subdiagonal.

A unitary Hessenberg matrix may also be written as a product of modi�ed (column
permuted) elementary rotations

H = G1(a1)G2(a2) � � �Gn(an) (2)
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where

Gj(aj) = Ik�1 �
��ak bk

bk ak

�
� In�k�1

for 1 � j < n and

Gn(an) = In�1 � (�an):

Both (1) and (2) are completely general formulations. The parameters in the elementary
rotations are the same as the parameters in (1).

Direct and inverse unitary eigenvalue problems arise in signal processing, [3], where the
Schur parameters are known as re
ection coeÆcients. Such eigenvalue problems occur in
frequency estimation, including Pisarenko's method [2]. Least squares approximation by
trigonometric polynomials has a natural solution through the solution of a unitary inverse
eigenvalue problem, [10, 4]. EÆcient algorithms achieve a reduction in computational com-
plexity by working with the Schur parameters and complementary parameters instead of
with the entire matrix H.

Along these lines, it is possible to develop an O(n2) shifted QR algorithm for a unitary
Hessenberg matrix by working with only the Schur parameters. However such an algorithm
will be numerically unstable if the bk are not used: although the Schur parameters determine
the matrix mathematically, knowing the ak to high relative accuracy does not accurately
determine the corresponding bk. If bk is small, then bk =

p
1� jakj2 will be sensitive to

small relative perturbations in ak. This is illustrated by the following expansionq
1� jak(1 + �)j2 =

q
1� jakj2 + Re(�)q

1� jakj2
+O(�2):

It follows that if
p
1� jakj2 is small for some k, then an algorithm that is backward stable

in the sense of �nding eigenvalues corresponding to a small perturbation of the ak does not
necessarily �nd eigenvalues corresponding to a small perturbation of H. Consequently the
Bauer-Fike theorem does not directly give any information about the accuracy of eigenvalues.
Such a \backward stable" algorithm would not be stable in the usual sense applied to matrix
algorithm; the complementary parameters must be used to obtain accurate eigenvalues.

A unitary Hessenberg QR algorithm was �rst presented in [6]. The basic idea behind the
algorithm is very natural and direct: given a set of Schur parameters and complementary
parameters, the rotations that would be performed in one step of the QR algorithm can be
eÆciently computed with O(n) operations using the Szeg�o recursions. One iteration of the
QR algorithm results in another unitary Hessenberg matrix with Schur parameters which
can be computed in a similarly eÆcient manner. No claims were made for the stability of
this method and, as described in [6], the algorithm is unstable.

An alternate formulation of the unitary eigenvalue problem was given in [1]. It can be
shown that a unitary similarity transformation gives

QHHQ = HoH
H
e
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where

Ho = G1(a1)G3(a3)G5(a5) � � �G2b(n+1)=2c�1(a2b(n+1)=2c�1)

and

He = G2(a2)G4(a4)G6(a6) � � �G2bn=2c(a2bn=2c)

with bxc = max fi 2 N ji � xg. Consequently the eigenvalues of H are equal to the eigen-
values of the pencil Ho � �He. An O(n2) implicit QR algorithm for �nding the eigenvalues
of Ho � �He was given in [5]. The paper also described an algorithm for reducing a general
unitary matrix represented by the pencil U��I to a Schur parameter pencil, Ho��He. Both
the initial reduction procedure and the implicit QR iteration are numerically stable. In its
direct use of orthogonal transformations and an implicit shift, the method can lay claim to
being a very natural implementation of the QR algorithm for a unitary Hessenberg matrix.

However, despite the use of the Szeg�o recursions, the method of [6] is mathematically
equivalent to the unsymmetric QR algorithm applied to H. Further it propagates a set of
parameters that seem to be the minimum number necessary to accurately determine H and
its eigenvalues in the presence of numerical errors.

While the initial Schur parameter pencil involves only the Schur parameters and com-
plementary parameters, the implicit QR iteration preserves the block structure of He and
Ho while destroying the rotation structure of each 2 � 2 block. A unitary diagonal scaling
can restore this structure, but the algorithm most naturally works with a parameterization
that is both mathematically and numerically redundant. So in a slightly di�erent sense, the
method of [6] can also claim to be the most natural implementation of the QR algorithm for
a unitary Hessenberg matrix.

The point of this paper is to show that with a formula proposed in [7] and careful
treatment of the normalization of a unimodular shift and the normalization of the Schur
parameters and complementary parameters, a rational version of the algorithm from [6] can
also be made numerically stable. Except for the additional emphasis on normalization, this
is essentially a veri�cation of a stability conjecture made in [7]. For completeness, we present
a condensed derivation of �ve variants of the algorithm based on the development in [6], [8]
and [7].

Let

�k(z) := det(zI �Hk); 1 � k � n

where, in MATLAB notation, Hk = H(1 : k; 1 : k) and �0(z) � 1. The �k(z) are clearly
monic. Using elementary properties of determinants, it is not diÆcult to verify that

�k(z) � z�k�1(z) + akak�1�k�1(z) + ak

k�1X
j=1

aj�1(bjbj+1 � � � bk�1)
2�j�1(z):

If we de�ne the auxiliary polynomials

~�k(z) := ak�k(z) +
kX

j=1

aj�1(bjbj+1 � � � bk)2�j�1(z)
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then

�k(z) � z�k�1(z) + ak ~�k�1(z) (3)

and

~�k(z) � ak(z�k�1(z) + ak ~�k�1(z)) + b2k

 
ak�1�k�1(z) +

k�1X
j=1

aj�1(bj � � � bk�1)
2�j�1(z)

!
� akz�k�1(z) + (jakj2 + b2k)~�k�1(z)

� akz�k�1(z) + ~�k�1(z): (4)

Relations (3) and (4) are the Szeg�o recursions. The polynomials �k(z) are Szeg�o polynomials

and they are orthogonal with respect to an inner product on the unit circle.
Starting with ~�0(z) � 1 and �0(z) � 1, it is simple to prove that

~�k(z) � zk��
k(1=z) (5)

where ��
k(�) represents the polynomial formed by conjugation of the coeÆcients of �k(�).

This follows inductively from (3) and (4) since if ~�k�1(z) � zk�1��
k�1(1=z) then

~�k(z) � akz�k�1(z) + zk�1��
k�1(1=z)

� zk
�
ak(1=z)

k�1�k�1(z) + (1=z)��
k�1(1=z)

�
� zk

�
ak ~�

�
k�1(1=z) + (1=z)��

k�1(1=z)
�
:

Consequently (5) follows directly from an application of (3).
We now consider the shifted QR algorithm applied to H. For a particular choice of shift,

z, let

H � zI = QR

and

Ĥ = RQ+ zI = QHHQ:

It is not hard to see that QH can be formed from a sequence of plane rotations computed to
zero the subdiagonal of H so that Q is a unitary Hessenberg matrix with

Q = G1(c1)G2(c2) � � �Gn(cn)

for jcnj2 + s2n = 1 with sn = 0 and sj � 0. Direct matrix multiplication shows that

bk = skrk; 1 � k � n� 1 (6)

where the rk for k = 1; 2; : : : ; n are the diagonal elements of R. Similarly, since Ĥ = RQ+zI,
we can verify that Ĥ is Hessenberg with subdiagonal

b̂k = skrk+1; 1 � k � n� 1: (7)
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We partition the equation H � zI = QR as�
Hk � zI X
bke1e

H
k X

�
=

�
Qk X
X X

��
Rk X
0 X

�
where each X represents an unspeci�ed but distinct block. From the unitary Hessenberg
structure of Q represented as a product of matrices Gk(ck) with det(Gk(ck)) = �1, it is not
diÆcult to see that det(Qk) = (�1)kck. Thus

�k(z) = det(zI �Hk) = (�1)k det(Hk � zI) = det(Rk)ck = r1r2 � � � rkck:

If we de�ne dk by

~�k(z) = r1r2 � � � rkdk
then the Szeg�o recursions become

rkck = zck�1 + akdk�1 (8)

and

rkdk = akzck�1 + dk�1: (9)

De�ne pk = rkck and qk = rkdk. Then using (6) gives

jpkj2 = r2k(1� s2k) = r2k � b2k

so that

r2k = jpkj2 + b2k: (10)

To form the algorithm, we put together (8), (9) and (10) together with (6) for the
computation of sk, (7) for the computation of b̂k and the relations

ck = pk=rk; dk = qk=rk:

Together these equations allow the computation of b̂k, the complementary Schur parameters
of Ĥ, from ak and bk. To complete the unitary Hessenberg QR algorithm we need a formula
for computing âk. We state without duplicating the proof in [6] that

âk = ckdk � zs2kak+1; 1 � k < n (11)

and

ân = an:

With appropriate initialization for k = 0 and termination when k = n, we have the
unitary Hessenberg QR algorithm as originally given in [6].
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Algorithm UHQR1

z = shift, c0 = d0 = 1; s0 = 0
for k = 1 : n � 1

pk = zck�1 + ak dk�1

qk = ak zck�1 + dk�1

rk = sqrt(j pk j2 + b2k)

b̂k�1 = rk sk�1; ck = pk=rk
dk = qk=rk; sk = bk=rk
âk = ck dk � z s2k ak+1

end

pn = z cn�1 + an dn�1

rn = j pn j; bbn�1 = rn sn�1ban = an
if rn > 0 then cn = sign(pn)

else cn = 1

This algorithm is known to be numerically unstable. We do not attempt to �x the stability
problems for such a general version of the algorithm. Instead we consider three rational
variants of UHQR1, based on an algorithm described in [7], that assume a unimodular
shift and propagate real, squared values where appropriate to avoid square roots. These
algorithms compute the eigenvalues but do not compute an eigenvalue decomposition. Using
a numerically stable rational algorithm as inspiration, we will also present a stable alternative
to UHQR1 for computing a complete eigenvalue decomposition of H.

If we de�ne

fk = ck=dk = pk=qk:

then we may compute fk from

fk =
pk
qk

=
zck�1 + akdk�1

akzck�1 + dk�1

=
zfk�1 + ak
akzfk�1 + 1

=
wkg

2
k

jgkj2 :

If the shift is unimodular then (5) implies that jckj = jdkj and consequently

âk = jdkj2fk � zs2kak+1:

Further jpkj = jqkj and if we only desire eigenvalues and are not otherwise interested in
computing ck then it is only necessary to compute jpkj2, jckj2, r2k and s2k instead of pk, ck,
rk and sk. These observations result in the rational unitary Hessenberg QR algorithm for
unimodular shifts as described in [7].
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Algorithm UHQRR1

f0 = j c0 j2 = 1; s20 = 0
for k = 1 : n � 1

wk = z fk�1; gk = wk + ak
j pk j2 = j ck�1 j2 j gk j2
r2k = j pk j2 + b2k;

bb2k�1 = r2k s
2
k�1

j ck j2 = j pk j2=r2k; s2k = b2k=r
2
k

fk = wk g
2
k= j gk j2

âk = j ck j2 fk � z s2k ak+1
end

wn = z fn�1; gn = wn + an
r2n = j cn�1 j2 j gn j2
b̂2n�1 = r2n s

2
n�1; ân = an.

UHQRR1 does not involve the use of any square roots and it is is somewhat similar to the
algorithm of Reinsch for the case of a symmetric tridiagonal matrix, [9].

As the algorithm was derived with the explicit assumption that jzj = 1, we must assume
that the shift is computed in such a way that it is unimodular except for numerical errors.
In fact, since we are concerned in this paper with issues of numerical stability and not
convergence, unimodularity is the only thing we will assume about the shift.

Despite this apparent indi�erence to the details of its computation, it is very important
to note that the shift must be numerically unimodular in a very strict sense. There is a major
di�erence between enforcing unimodularity implicitly through a computation guaranteed to
produce a unimodular shift when H is exactly unitary and enforcing unimodularity through
explicit normalization. Taking the Wilkinson shift as a model, we might choose the eigenvalue
of ��an�2an�1=jan�2j �an�2bn�1an=jan�2j

bn�1 �an�1an

�
(12)

that is closest to �an�1an as the shift. If jan�1j2 + b2n�1 = 1 and janj = 1 then jzj = 1,
and we might suppose that this method is suÆcient to enforce implicitly unimodularity.
Unfortunately this results in a very severe instability: any deviation from unimodularity in
the shift results in larger errors in the normalization condition jân�1j2 + b̂2n�1 = 1 which
makes the next shift even less unimodular. The result is an unstable algorithm which fails
after only a few iterations. To deal with this problem we must explicitly normalize z instead
of relying on the orthogonality of (12) to guarantee normalization.2

However, even with explicit normalization of z, UHQRR1 is unstable. On the assumption
that this instability might be due to cancellation in the computation of gk an alternate
formula was proposed for its computation in [7].

2In fact, there are several other ways of dealing with the instability. Explicit normalization of wk or fk
will also keep the Schur parameters normalized and hence implicitly keep the shift unimodular. However,

explicitly normalizing the shift outside the loop seems to be the most natural and most eÆcient remedy for

the problem.
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Let tk = akzfk�1. Note that jfk�1j = 1 so that

gk = zfk�1 + ak = zfk�1(1 + tk):

If Re(tk) � 0 then gk is computed to high relative accuracy by the formula gk = zfk�1 + ak.
However, if Re(tk) < 0, cancellation can occur, sometimes leading to a signi�cant loss of
relative accuracy in the computed gk.

Note that

gk = zfk�1 + ak

=
(zfk�1 + ak)(zfk�1 � ak)

(zfk�1 � ak)

=
1� jakj2 � 2i Imag(akzfk�1)

(zfk�1 � ak)

=
b2k � 2i Imag(tk)

(zfk�1 � ak)
: (13)

When Re(tk) < 0, (13) involves the possibility of cancellation only in the computation of
Imag(tk). In addition, the new equation incorporates bk into the central recurrence of the
algorithm. Given the earlier discussion of the essential nature of the information in bk for
determining the eigenvalues, this is a promising feature of the new equation.

The following algorithm is the result of these modi�cations.

Algorithm UHQRR2

z = z = jzj
f0 = j c0 j2 = 1; s20 = 0
for k = 1 : n � 1

wk = z fk�1; tk = ak wk

if Re(tk) � 0 then gk = wk + ak
else gk = (b2k � 2 i Imag(tk)) = (wk � ak)

j pk j2 = j ck�1 j2 j gk j2
r2k = j pk j2 + b2k;

bb2k�1 = r2k s
2
k�1

j ck j2 = j pk j2=r2k; s2k = b2k=r
2
k

fk = wk g
2
k= j gk j2

âk = j ck j2 fk � z s2k ak+1
end

wn = z fn�1; tn = an wn

if Re(tn) � 0 then gn = wn + an
else gn = � 2 i Imag(tn) = (wn � an)

r2n = j cn�1 j2 j gn j2
b̂2n�1 = r2n s

2
n�1; ân = an.

UHQRR2 is very reliable numerically and a careful analysis suggests that the algorithm
is likely to be stable in practice. However, the analysis also reveals the apparent possibility
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that over the course of j QR iterations the errors in the relation jakj2 + b2k = 1 might grow

exponentially at a rate of O(9
8

j
). This growth would appear in the backward error bounds.

Fortunately the 9=8 growth rate represents an upper bound on an expression that de-
termines how the normalization errors are propagated from one iteration to the next. It
is typically a very pessimistic upper bound. The circumstances under which normalization
errors can be magni�ed are not particularly common and don't tend to be repeated over
consecutive iterations. Consequently, exponential growth of normalization errors does not
tend to happen in practice and has never been observed.

Nevertheless, we introduce the following algorithm incorporating a minor change to pre-
vent any possibility of exponential error growth. The main result of this paper is a proof that
the following algorithm is numerically stable and that UHQRR2 is stable if the normalization
errors do not grow excessively.

Algorithm UHQRR3

z = z = jzj
f0 = j c0 j2 = 1; s20 = 0
for k = 1 : n � 1

wk = z fk�1; tk = ak wk

if Re(tk) � 0 then gk = wk + ak
else gk = (b2k � 2 i Imag(tk)) = (wk � ak)

j pk j2 = j ck�1 j2 j gk j2
r2k = j pk j2 + b2k
if Re(tk) < 0 and (2b2kjck�1j2=jwk � akj2 + 1)s2k�1 > 1

then b̂2k�1 = 1 � jâk�1j2
else bb2k�1 = r2k s

2
k�1

j ck j2 = j pk j2=r2k; s2k = b2k=r
2
k

fk = wk g
2
k= j gk j2

âk = j ck j2 fk � z s2k ak+1
end

wn = z fn�1; tn = an wn

if Re(tn) � 0 then gn = wn + an
else gn = � 2 i Imag(tn) = (wn � an)

r2n = j cn�1 j2 j gn j2
b̂2n�1 = r2n s

2
n�1; ân = an.

The development and analysis of stable rational variants of the tridiagonal QR algorithm
has been a diÆcult problem, [9]. Because such algorithms do not compute and apply plane
rotations in the usual stable manner, their stability properties are not at all obvious. By
analogy, one might expect the rational variants of the unitary Hessenberg QR algorithm to
be similarly diÆcult relative to more direct implementations. However, by relying on the
Szeg�o recursions, even UHQR1 does not compute and apply plane rotations in a direct man-
ner. Further [7] presents results of numerical experiments showing the apparent stability of
the modi�ed rational algorithm UHQRR2 without directly considering the stability of a non-
rational algorithm. For these reasons, this paper will emphasize the rational algorithms and
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even go so far as to use UHQRR2 as a basis for deriving a stable nonrational decomposition
algorithm.

In [7], when estimating backward errors, UHQRR2 is not treated as a purely rational
algorithm. The following code may be incorporated into UHQRR2 to accumulate sign(ck).

sign(d0) = 1
for k = 1 : n � 1

sign(ck) = (gk) sign(dk�1)
sign(dk) = sign(fk) sign(ck)

end

sign(cn) = sign(gn) sign(dn�1):

Together with square roots of jckj2 and s2k, this code was used in [7] to verify experimentally
the stability of UHQRR2 by computing a decomposition H + E = QDQH for some small
backward error E. The apparent stability of this approach motivates a QR algorithm that
keeps as many features of UHQRR2 as possible while computing ck instead of jckj2.

Algorithm UHQR2

z = z = jzj
f0 = c0 = 1; s0 = 0
for k = 1 : n� 1

wk = z fk�1; tk = ak wk

if Re(tk) � 0 then gk = wk + ak
else gk = (b2k � 2 i Imag(tk)) = (wk � ak)

pk = gk fk�1 ck�1

rk = sqrt(j pk j2 + b2k);
bbk�1 = rk sk�1

ck = pk =rk; sk = bk=rk
fk = wk g

2
k= j gk j2

âk = j ck j2 fk � z s2k ak+1
end

wn = z fn�1; tn = an wn

if Re(tn) � 0 then gn = wn + an
else gn = � 2 i Imag(tn) = (wn � an)

pn = gnfn�1cn�1

rn = j pn j; b̂n�1 = rnsn�1

ân = an
if rn > 0 then cn = sign(pn)

else cn = 1

Since UHQR2 is a fairly direct adaptation of UHQRR2, we will be able to apply most of
the analysis of the rational algorithms to UHQR2. The conclusion will be that the general
stability properties of UHQR2 are identical to those of UHQRR2: the algorithm is backward
stable if the normalization errors do not become large. As with UHQRR2, there are solid
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theoretical reasons for believing that the normalization errors will not grow signi�cantly.
The algorithm is very reliable in practice.

In x2 we consider the propagation of normalization errors in UHQRR2 and UHQRR3.
Although the conclusions involve a good deal of error analysis, the results of x2 will say noth-
ing about the backward errors or the stability of either algorithm. Instead the normalization
results provide a necessary background for the backward error analysis to be presented in
x3.

2 The Normalization Errors

The stability of all of the algorithms depends both on the numerical stability of a single
QR iteration carried out on improperly normalized ak, bk and z as well as on the dynamic
properties of the algorithm with respect to the propagation of errors in the normalization
of ak and bk over a sequence of QR iterations. Since the algorithm was derived on the
assumption that jakj2 + b2k = 1 and jzj = 1, the errors Æk in the error relation

jakj2 + b2k = 1 + Æk (14)

and the errors in the normalization of z will both contribute to new errors introduced in any
iteration that makes use of the improperly normalized quantities. If the algorithm computes
âk and b̂k with

jâkj2 + b̂2k = 1 + Æ̂k

then Æ̂k will depend on Æk. If the error propagation is such that jÆ̂kj can be signi�cantly larger
than jÆkj then the local errors will be even larger for the following iteration starting from âk
and b̂k. If the shift is not explicitly normalized, then this feedback of normalization errors
through the QR iteration is the source of a severe instability in UHQRR1.

The unimodularity of fk is also signi�cant for numerical stability. In all the rational
algorithms, fk is computed from the recursion

for k = 1 : n � 1
wk = z fk�1; gk = wk + ak
fk = wk g

2
k= j gk j2

end.

We also have the corresponding recursion for UHQRR2 and UHQRR3

for k = 1 : n � 1
wk = z fk�1; tk = ak wk

if Re(tk) � 0 then gk = wk + ak
else gk = (b2k � 2 i Imag(tk)) = (wk � ak)

fk = wk g
2
k= j gk j2

end.
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From these recursions, it is clear that in exact arithmetic, fk is unimodular whenever fk�1

and z are unimodular. To ensure stability, we would like to guarantee that the computed fk
is the exact fk for slightly perturbed ak0 and bk0 where 1 � k0 � k.

In particular let ak and bk satisfy (14) for 1 � k � n and let

z = ẑ(1 + Æz) (15)

with jẑj = 1 and Imag(Æz) = 0. The reason for the assumption that Imag(Æz) = 0 is that
(15) implies that

jẑj = jzj(1 + Re(Æz)) +O(jÆzj2):
Thus the choice Imag(Æz) = 0 still allows ẑ to be unimodular to �rst order whenever z is
unimodular within a small relative perturbation. Since we are not analyzing convergence
properties, we are concerned with the deviation of the shift from unimodularity and not with
its accuracy compared to an exact shift computed to give a high rate of convergence.

We will construct ~ak, ~bk such that

fk = (1 + �k) ~fk(~a1; ~a2; : : : ; ~ak;~b1;~b2; : : : ;~bk; ẑ) = (1 + �k) ~fk (16)

for some small �k. Here we take fk to be the quantity computed from the aj, bj and z with
numerical errors and ~fk to be the quantity computed from the ~aj, ~bj and ẑ with no numerical
errors. It is always possible to choose some �k satisfying (16). In x3 we will show that �k
and the relative errors

j~ak � akj=jakj; j~bk � bkj=jbkj
can all be chosen to be not much larger than the machine precision, �.

In this section a key concern will be the size of Re(�k). Since j ~fkj = 1

jfkj = j1 + Re(�k)j:
Thus Re(�k) measures the degree to which Re(�k) has departed from unimodularity. We
will show that Re(�k) can be bounded regardless of the choice of ~ak and ~bk and leave the
construction of ~ak and ~bk and the derivation of a bound on Imag(�k) for x3.

The rational algorithms naturally use and naturally compute b2k and b̂
2
k rather than bk and

and b̂k. We will assume that the squared values are the ones that are stored so that there are
no additional computations and errors involved in squaring bk or taking square roots to obtain
b̂k. All backward errors take the form of relative perturbations on the Schur parameters and
complementary parameters. Since a small relative perturbation of b2k corresponds to a small
relative perturbation of bk, the storage of and use of the squared quantities has no e�ect on
the general conclusions about the stability of the algorithm.

The purpose of the analysis will be to prove the existence of reasonable bounds on the
backward error rather than to give a tight upper bound. To simplify the appearance of the
bounds, the model we use for complex 
oating point arithmetic will assume that


(x op y) = (x op y)(1 + �op)
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where j�opj � �. This holds for real arithmetic and holds with complex arithmetic to �rst
order if � is replaced by 4

p
2�. The analysis is �rst order and we will freely ignore second

order terms without commenting on the fact.
We use �l with an appropriate integer, non-variable subscript to represent a particular

numerical error with j�lj � �. We use xl to represent a number satisfying jxlj � 1. To
avoid double-digit subscripts, we use subscripts that are local to the proof of a theorem or
lemma. Equal subscripts indicate equal values of these variables within a proof, but the same
subscripts can be used to denote di�erent quantities in another proof. We also subscript error
variables with non-integer variables to indicate the quantities they perturb; these subscripts
are consistent throughout the paper unless otherwise noted.

The following simple lemma implies that with a numerically unimodular shift, the uni-
modularity of fk is preserved to numerical accuracy.

Lemma 1 If fk = (1 + �k) ~fk then

jRe(�k)j � kjÆzj+ 5k�:

Consequently

jjfkj � 1j � kjÆzj+ 5k�:

Proof: Since �k is chosen so that j ~fkj = 1 we have

jfkj = j1 + �kj = 1 + Re(�k) +O(�2):

It is easy to verify that the computed fk also satis�es

fk =
zfk�1g

2
k

jgkj2 (1 + 5�1):

Thus

jfkj = jzfk�1j � (1 + 5�1) = (1 + Re(�k�1) + Æz + 5Re(�1)) :

We have used the fact that Æz is real. Comparing this with jfkj = 1 + Re(�k) we get

Re(�k) = Re(�k�1) + 5Re(�1) + Æz:

Upon noting that jf0j = 1, this directly implies the inequality stated in the lemma.
The following lemma bounds errors in the relation jâkj2 + b̂2k = 1 for all the rational

algorithms when Re(tk+1) � 0.

Lemma 2 For k < n, if Re(tk+1) � 0 then the âk and b̂k computed by UHQRR3 satisfy

jâkj2 + b̂2k = 1 + Æ̂k

with

Æ̂k = s2kÆk+1 + x [(15k + 19)�+ 3(k + 1)jÆzj]
for some jxj � 1.

13



Proof: From the relations

s2k = 


�
b2k
r2k

�
jckj2 = 


� jpkj2
r2k

�
and

r2k = 

�
b2k + jpkj2

�
it is easy to see that

jckj2 + s2k = 1 + 2�1:

De�ne

f̂k = (1� Re(�k))fk

so that to �rst order jf̂kj = 1 and

zfk ẑf̂k = ẑf̂kẑf̂k(1 + Re(�k) + Æz) = 1 + Re(�k) + Æz:

Since Re(tk+1) � 0 and jgk+1j � 2

gk+1 = (zfk + ak+1) + 3�2 = ẑf̂k
�
zfk ẑf̂k + ak+1ẑf̂k

�
+ 3�2:

Thus

jgk+1j2 =
���1 + ak+1ẑf̂k

���2 + x1(4jRe(�k)j+ 4jÆzj+ 12�)

for some jx1j � 1. It is easily veri�ed that jckj2s2k < 1=4 +O(�) and��
 �jgk+1j2�� jgk+1j2
�� � �jgk+1j2

so that

b̂2k = 

��jckj2
 �jgk+1j2�+ b2k+1

�
s2k
�

=

�
jckj2

���1 + ak+1ẑf̂k

���2 + b2k+1

�
s2k + x2 (jRe(�k)j+ jÆzj+ 7�) :

The computed âk satis�es

âk = jckj2fk � zs2kak+1 + 4�3 = jckj2f̂k � ẑs2kak+1 + x3(4�+ jRe(�k)j+ jÆzj)

and thus

jâkj2 + b̂2k = jckj4 + jak+1j2s4k � 2Re
�
jckj2s2kf̂kẑak+1

�
+

�
jckj2

���1 + ak+1ẑf̂k

���2 + b2k+1

�
s2k +

x4 (3jRe(�k)j+ 3jÆzj+ 15�) :

14



Using jckj2 + s2k = 1 + 2�1 we use this to show that jÆ̂kj is not much larger than jÆk+1j. In
particular

jâkj2 + b̂2k = jckj4 + jak+1j2s4k � 2jckj2s2kRe
�
f̂kẑak+1

�
+�

jckj2
�
1 + 2Re

�
ẑf̂kak+1

�
+ jak+1j2

�
+ b2k+1

�
s2k +

x4 (3jRe(�k)j+ 3jÆzj+ 15�)

= jckj2
�jckj2 + s2k

�
+ jak+1j2s2k

�jckj2 + s2k
�
+ b2k+1s

2
k +

x4 (3jRe(�k)j+ 3jÆzj+ 15�)

= jckj2 + s2k
�jak+1j2 + b2k+1

�
+ 2

�jckj2 + jak+1j2s2k
�
�1 +

x4 (3jRe(�k)j+ 3jÆzj+ 15�)

= 1 + s2kÆk+1 + 2
�
1 + jckj2 + jak+1j2s2k

�
�1 + x4 (3jRe(�k)j+ 3jÆzj+ 15�)

The lemma follows from an application of Lemma 1 using the fact that

jckj2 + jak+1j2s2k � 1:

If Re(tk) < 0 then the corresponding result is somewhat less satisfactory for UHQRR2.

Lemma 3 If Re(tk) < 0 then UHQRR2 computes âk and b̂k for which

Æ̂k =

�
s2k +

2b2k+1jckj2s2k
jzfk � ak+1j2

�
Æk+1 + x [(30k + 26)�+ 6(k + 1)jÆzj]

where jxj < 1. This implies that

jÆ̂kj � 9

8
jÆk+1j+ (30k + 26)�+ 6(k + 1)jÆzj:

Proof: Assuming that b2k+1 is stored, if Re(tk) < 0 then jfkz � ak+1j > 1 and the computed
gk+1 satis�es

gk+1 =
b2k+1 � 2i Imag(ak+1fkz)

fkz � ak+1
+ 10�1:

In terms of the unimodular f̂k and ẑ we have

gk+1 =
b2k+1 � 2i Imag(ak+1f̂kẑ)

f̂kẑ � ak+1
+ x1(4jRe(�k)j+ 4jÆzj+ 10�):

Thus

ẑf̂k + ak+1 =
(ẑf̂k + ak+1)(ẑf̂k � ak+1)

(ẑf̂k � ak+1)

=
1� jak+1j2 � 2i Imag(ak+1f̂kẑ)

(ẑf̂k � ak+1)
:
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Consequently���1 + ak+1ẑf̂k

���2 = jẑf̂k + ak+1j2

=

�
b2k+1 � Æk+1

�2
+ 4 Imag(ak+1f̂kẑ)

2

jẑf̂k � ak+1j2

= jgk+1j2 + x2(16Re(�k) + 16jÆzj+ 40�)� 2b2k+1

jẑf̂k � ak+1j2
Æk+1

and since jckj2s2k � 1=4

b̂2k = 

��jckj2
 �jgk+1j2�+ b2k+1

�
s2k
�

=

�
jckj2

���1 + ak+1ẑf̂k

���2 + b2k+1

�
s2k + x3 (4jRe(�k)j+ 4jÆzj+ 14�) +

2b2k+1jckj2s2k
jẑf̂k � ak+1j2

Æk+1:

Using the expression for ak from the proof of Lemma 2 we get

jâkj2 + b̂2k = jckj4 + jak+1j2s4k � 2Re
�
jckj2s2kf̂kẑak+1

�
+

�
jckj2

���1 + ak+1ẑf̂k

���2 + b2k+1

�
s2k +

x4 (6jRe(�k)j+ 6jÆzj+ 22�) +
2b2k+1jckj2s2k
jẑf̂k � ak+1j2

Æk+1:

A repetition of the proof of Lemma 2 gives the equality for Æ̂k. The inequality follows from
the easily veri�ed fact that

s2k + 2jckj2s2k <
9

8
:

Note that if the shift is properly normalized, Lemma 3 gives an equality of the form

Æ̂k =

�
s2k +

2b2k+1jckj2s2k
jzfk � ak+1j2

�
Æk+1 +O(�):

where the O(�) term hides only small local errors. This is not just an upper bound: if Æk+1
is reasonably large relative to the bounded O(�) term and

s2k +
2b2k+1jckj2s2k
jzfk � ak+1j2 > 1 (17)

then we can guarantee that jÆ̂kj > jÆk+1j. Thus there appears to be a very real possibility
of unstable propagation of normalization errors in UHQRR2. Fortunately (17) holds quite
rarely. Although the analysis suggests a potential instability, constructing a unitary Hessen-
berg matrix for which this unstable propagation of errors happens often enough to impact
the accuracy of the overall algorithm is very diÆcult. In practice, normalization errors don't
seem to grow.
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Nevertheless, we have introduced modi�cations into UHQRR3 to prevent any possibility
of error growth. Whenever (17) holds, we use a safe alternate formula for b̂2k. The alternate

formula takes advantage of the fact that if (17) holds then b̂2k must be large enough to be

computed to high relative accuracy by b̂2k = 1 � jâkj2. We will cover this point in greater
detail when performing the actual backward error analysis.

UHQRR3 guarantees that in all cases

jÆ̂kj � jÆk+1j+ 6(k + 1)jÆzj+ (30k + 26)� (18)

Given the numerical unimodularity of Æz, this is clearly suÆcient to give an O(jn�) bound
on Æk for iteration j of the QR algorithm. In considering Lemma 2 and Lemma 3, we �rst
see the need for explicit normalization of z. If Æz were dependent on Æk then neither lemma
would be suÆcient to guarantee stability in the propagation of the normalization errors.

Although, in practice the normalization errors in UHQRR2 are not typically any larger
than those in UHQRR3, it is only for UHQRR3 that we can prove the following theorem.

Theorem 1 For an n � n numerically unitary Hessenberg matrix with Schur parameters

ak;0 and complementary parameters bk;0 satisfying jak;0j2 + b2k;0 = 1 + Æk;0 with jÆk;0j < Æ for

each k we get for the computed Schur parameters ak;j and complementary parameters bk;j
after j steps of UHQRR3

jak;jj2 + b2k;j = 1 + Æk;j

with

jÆk;jj � Æ + j(48n+ 44)�

and

jjfkj � 1j � 8k�:

Proof: The results follow from (18) and Lemma 1 upon noting that in the simpli�ed model
of complex 
oating point arithmetic, UHQRR3 normalizes z so that jÆzj � 3�.

3 Error Analysis

Having established that for UHQRR3, all normalization conditions hold to within a reason-
able multiple of the machine precision, we are now ready to give a complete error analysis.
The analysis naturally breaks into four parts.

1. We will need to obtain a bound on the backward errors on ak and bk and on the forward
error j�kj. Since (16) is satis�ed for some �k whatever the choice of ~ak and ~bk, we will
approach the analysis by de�ning ~ak and ~bk for several distinct special cases and for
a particular k and then derive the corresponding bounds on j�kj for each case. The
general rules used to construct these perturbed quantities for a particular k assume the
existence of a bound on j�k0j for 1 � k0 < k. Consequently we will derive a recursion
in k that can be used to bound �k for each 1 � k � n.
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2. In addition to fk�1 and the Schur parameters and complementary parameters, iteration
k from UHQRR3 depends on jck�1j2 and s2k�1 from the previous iteration. The quantity

s2k�1 is only used to compute b̂2k�1, but jck�1j2 is used to compute jpkj2. Since jckj2 is
computed from jpkj2, the computation of jckj2 is recursive and there is an apparent
possibility for the unstable propagation of errors in jckj2. We will show that the error
propagation is stable and that the computed jckj2 is a slightly perturbed version of the
quantity computed from ~ak0 and ~bk0 for 1 � k0 � k without numerical errors.

3. Except for âk the other quantities are computed from equations that don't involve
cancellation. Consequently it is easy to show that they are relative perturbations of the
corresponding quantities computed from ~ak0 and ~bk0 without errors. The computation
of âk can involve cancellation, but because the quantities involved can never be larger
than 1, the absolute errors in âk are small. We will make these observations precise by
providing bounds for errors in all the quantities computed by the algorithm.

4. Finally, we will extend the analysis of the rational algorithms to prove the existence
of a bound on the backward error E in H + E = QĤQH for Ĥ computed by UHQR2
and orthogonal Q formed by accumulating ck and sk. Backward stability really only
holds if the normalization errors do not grow, but, as with UHQRR2, there is strong
evidence that these errors are not likely to grow. The analysis is essentially the same
as for the rational algorithms except that we must reconsider the propagation of errors
in the recursive computation of ck.

We will proceed with each of these points in order.

3.1 Backward Errors

De�ne

Æa =
Æk

2jakj2

and

Æb =
Æk
2b2k

:

Let �ak = (1�Æa)ak and �bk = bk when jakj2 �
p
2=2 and �ak = ak and �bk = (1�Æb)bk otherwise.

To �rst order j�akj2 + �b2k = 1. The relative perturbation of ak or bk never exceeds jÆkj.
Thus

jak � �akj
jakj � jÆkj

and

jbk � �bkj
jbkj � jÆkj:
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The choice of �ak and �bk to satisfy the normalization condition j�akj2 + �b2k = 1 completely
determines the real part of the relative backward error on ak and bk. The only other freedom
we will make use of will be in choosing the imaginary part of the relative backward error for
ak so that

~ak = (1 + i �a)�ak

and

~bk = �bk:

De�ne

tk := 
(akwk) = (1 + �t)akwk = (1 + �t + �w)akzfk�1 := (1 + 2�tw)akzfk�1:

We choose �a according to two special cases.

1. If Re(tk) < 0, jakj �
p
2=2 and jRe(tk)j �

p
2jtkj=2 so that there is cancellation that

makes gk signi�cantly smaller ak then

�a = �Imag(tk)

Re(tk)
Re(Æa + Æz + �k�1 + 2�tw)� Imag(�k�1 + 2�tw):

2. Otherwise

�a = �Imag(�k�1):

Case 1 involves cancellation that might destroy the relative accuracy of gk. The analysis of
Case 1 is more delicate numerically, but the analysis of Case 2 is also somewhat involved:
we must consider the computation of gk using both possible formula depending on whether
Re(tk) � 0 or Re(tk) < 0.

We start with some de�nitions. If Re(tk) � 0 then let

ĝk = zfk�1 + ak

and if Re(tk) < 0 then let

ĝk =
b2k � 2i Imag(akzfk�1)

zfk�1 � ak
:

Thus whatever the sign of Re(tk), ĝk is an exact quantity corresponding to the computed gk.
Similarly, if Re(tk) � 0 then let

�gk = zfk�1 + �ak

and if Re(tk) < 0 then let

�gk =
�b2k � 2i Imag(�akzfk�1)

zfk�1 � �ak
:
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We �rst consider Case 2 and the numerical errors involved in the computation of gk. The
key point is that for Case 2, if gk is computed by the correct formula determined by the sign
of Re(tk) then it is not sensitive to small relative perturbations in any of the quantities used
in the computation. If Re(tk) < 0 then the numerical errors take the form

gk =
b2k � 2(1 + �1)i Imag(akzfk�1(1 + 2�2))

(zfk�1(1 + �3)� ak)(1 + �4)
: (19)

Because of the absence of cancellations except possibly in the computation of tk, the per-
turbations �1, �3 and �4 all lead to small relative perturbations in gk. To deal with �2, we
note that since we are considering Case 2, either bk �

p
2=2 or jImag(tk)j �

p
2jtkj=2. If

bk �
p
2=2 then ��b2k � 2i Imag(akzfk�1)

�� � 1

2
: (20)

If jImag(tk)j �
p
2jtkj=2 then��b2k � 2i Imag(akzfk�1)

�� � p
2jtkj: (21)

Even if there is cancellation in the computation of Imag(tk), the errors from �2 can be cast as
absolute errors proportional to 4jtkj�5 for some j�5j < �. If bk �

p
2=2 then jtkj = jakj <

p
2=2

and for any �5

b2k � 2i Imag(akzfk�1) + 4jtkj�5 =
�
b2k � 2i Imag(akzfk�1)

� �
1 + 4

p
2�6

�
for some suitable �6. This also applies if jImag(tk)j �

p
2jtkj=2. Thus in either case, since

jzfk�1 � akj � jzfk�1j = 1 +O(�);

we can conclude from (19) that

gk =
b2k � 2i Imag(akzfk�1)

zfk�1 � ak

�
1 +

�
3 + 4

p
2
�
�5
�
=
�
1 +

�
3 + 4

p
2
�
�5
�
ĝk:

If Re(tk) � 0 then

gk = (zfk�1(1 + �1) + ak)(1 + �2) = (1 + 2�3)ĝk:

Thus for Case 2 there always exists j�gj � � such that

gk =
�
1 +

�
3 + 4

p
2
�
�g
�
ĝk:

In a similar manner we can conclude from (20) and (21) that if Re(tk) < 0 then

ĝk =
�
1 +

�
1 + 2

p
2
�
�Æ
�
�gk
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for some j�Æj � jÆkj. This also holds if Re(tk) � 0.
We now consider the errors �a, �k�1 and Æz. If Re(tk) < 0 then it follows from �b2k = ~b2k

and �a = �Imag(�k�1) that

�gk =
�b2k � 2i Imag(�akzfk�1)

zfk�1 � �ak

=

~b2k � 2i Imag
�
~akẑ ~fk�1(1 + Re(�k�1) + Æz)

�
�
ẑ ~fk�1(1 + Re(�k�1) + Æz)� ~ak

�
(1� i Imag(�k�1))

= (1 + i Imag(�k�1) + (1 + 2
p
2)Æg)

~b2k � 2i Imag(~akẑ ~fk�1)

ẑ ~fk�1 � ~ak

:= (1 + i Imag(�k�1) + (1 + 2
p
2)Æg)~gk:

where the inequality

jÆgj � (jRe(�k�1)j+ jÆzj) :

follows from (20) and (21).
If Re(tk) � 0 then

�gk = zfk�1 + �ak

=
�
ẑ ~fk�1(1 + Re(�k�1) + Æz) + ~ak

�
(1 + i Imag(�k�1))

=
�
ẑ ~fk�1 + ~ak

�
(1 + i Imag(�k�1) + Æg) := (1 + i Imag(�k�1) + Æg)~gk

where

jÆgj � jRe(�k�1)j+ jÆzj:

We have shown that whatever the sign of Re(tk) in Case 2

gk = (1 + (3 + 4
p
2)�g)ĝk =

�
1 + (3 + 4

p
2)�g + (1 + 2

p
2)�Æ
�
�gk

=
�
1 + (3 + 4

p
2)�g + (1 + 2

p
2)�Æ + iImag(�k�1) + (1 + 2

p
2)Æg

�
~gk

where j�gj � �, j�Æj � jÆkj and jÆgj � jRe(�k�1)j+ jÆzj.
For Case 1 we verify that �a is chosen so that

Imag(tk) = Imag
�
~akẑ ~fk�1

�
Since

Imag
�
~akẑ ~fk�1

�
= Imag ((1� Æa � i�a � Æz � �k�1 � 2�tw)tk)
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this is equivalent to

Imag(tk) = Imag(tk)� Re(Æa + Æz + �k�1 + 2�tw)Imag(tk)� Imag(i�a + �k�1 + 2�tw)Re(tk):

Clearly �a has been chosen to satisfy this relation. Thus

gk =
b2k � 2(1 + �1)i Imag(~akẑ ~fk�1)�
zfk�1(1 + �2)� ak

�
(1 + �3)

=
b2k � 2i Imag(~akẑ ~fk�1)

zfk�1 � ak
(1 + 3�g)

=
�b2k � 2i Imag(~akẑ ~fk�1)

zfk�1 � �ak
(1 + 3�g + 2�Æ0)

=
~b2k � 2i Imag(~akẑ ~fk�1)�

ẑ ~fk�1 � ~ak

�
(1� i Imag(�k�1))

(1 + 3�g + 3�Æ + Æg)

where j�Æj; j�Æ0j � jÆkj and
jÆgj � 2jRe(�k�1)j+ 2jÆzj+ 4j�twj � 2jRe(�k�1)j+ 2jÆzj+ 4j�j:

The bound on jÆgj follows from the form of �a, the fact that there is no cancellation in
ẑ ~fk�1 � ~ak and the fact that for Case 1 jImag(tk)=Re(tk)j < 1. Thus

gk =
�
1 + 3�g + 3�Æ + Æg + i Imag(�k�1)

�
~gk:

All that is relevant in this analysis of the computation of gk can be summarized in the
following lemma.

Lemma 4 There exist ~ak and ~bk with

j~ak � akj
jakj � 2jÆkj+ jÆzj+ jRe(�k�1)j+ jImag(�k�1)j+ 4�;

j~bk � bkj
jbkj � jÆkj

such that UHQRR3 computes

gk =
�
1 + (3 + 4

p
2)�g + (1 + 2

p
2)�Æ + iImag(�k�1) + (1 + 2

p
2)Æg

�
~gk

where j�gj < �, j�Æj � jÆkj, jÆgj � jRe(�k�1)j + jÆzj and ~gk is the exact value determined from

~ak, ~bk, ~fk�1 and ẑ without any rounding error.

Proof: We choose the largest of the bounds that we have proven for Case 1 and Case 2.
We are now in a position to �nd a bound on �k. Clearly

fk =
zfk�1g

2
k

jgkj2 (1 + 5�f )

=
ẑ ~fk�1~g

2
k

j~gkj2
�
1 + 5�f + �k�1 + Æz + 2(3 + 4

p
2)i Imag(�g) + 2(1 + 2

p
2)i Imag(�Æ)+

2(1 + 2
p
2)i Imag(Æg)

�
= ~fk(1 + �k)
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where the second equality follows from Lemma 4 and the third equality is a restatement of
the original de�nition of ~fk and �k. Applying the bounds on j�Æj and jÆgj we get

j�kj � j�k�1j+ (3 + 4
p
2)jÆzj+ (11 + 8

p
2)� + 2(1 + 2

p
2)jÆkj+ 2(1 + 2

p
2)jRe(�k�1)j: (22)

If jÆzj < 3� and we use the bound on jRe(�k�1)j from Lemma 1 and the bound on jÆkj
from Theorem 1 then

j�kj � j�k�1j+ 2
�
1 + 2

p
2
�
Æ +�

20 + 20
p
2 + 16

�
1 + 2

p
2
�
(k � 1) + 8j

�
1 + 2

p
2
�
(12n+ 11)

�
�

where j is the QR iteration number, n is the size of the matrix and Æ is the maximum
normalization error in the initial Schur parameters and complementary parameters. Since
we are not concerned with �nding the tightest possible bounds, we use the fact that

p
2 < 3=2

to get

j�kj � j�k�1j+ 8Æ + (64k � 14)�+ 32j(12n+ 11)�:

Since f0 = 1 is exact, we can take �0 = 0 for any j and this inequality is suÆcient to show
that �k can never be very large. In fact, with �0 = 0, we immediately obtain the following
theorem.

Theorem 2 Let j1 � jak;0j2 � b2k;0j � Æ for 1 � k � n. After j steps of the QR algorithm,

from Schur parameters ak;j and bk;j for 1 � k � n, UHQRR3 computes fk satisfying

fk = (1 + �k) ~fk(~a1; ~a2; : : : ; ~ak;~b1;~b2; : : : ;~bk; ẑ) = (1 + �k) ~fk

with

j�kj � 8kÆ +
�
32jk(12n+ 11) + 32k2 + 18k

�
�;

j~ak � akj
jakj � 2(4k � 3)Æ + 8j(4k � 3)(12n+ 11)�+ (32k2 � 38k + 13)� (23)

and

j~bk � bkj
jbkj � Æ + 4j(12n+ 11)�:

We have proven that UHQRR3 computes a slightly perturbed version of an ~fk corre-
sponding to slightly perturbed, perfectly normalized data. Moreover, although we have not
emphasized the details, the same general conclusion applies to UHQRR2 if Æk0 is small for
1 � k0 � k.
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3.2 The Error Propagation for jckj
2

Most of the other equations in UHQRR2 and UHQRR3 involve simple multiplication and
compute their results to high relative accuracy. However, despite the impossibility of can-
cellation, the dependence of jckj2 on jpkj2 = jck�1j2jgkj2 means that the computation of jckj2
is recursive. It is important to understand how errors propagate in this recursion.

Let

jckj2 = (1 + 
k)j~ckj2

where j~ckj2 is the quantity computed from ẑ, ~ak0 and ~bk0 for 1 � k0 � k in exact arithmetic.
Then

jckj2 =
jck�1j2jgkj2(1 + 2�1)

jck�1j2jgkj2(1 + 2�1) + b2k
(1 + 2�2)

=
jck�1j2jgkj2

jck�1j2jgkj2 + b2k

�
1 + 2�2 + 2�1 � jck�1j2jgkj2

jck�1j2jgkj2 + b2k
2�1

�
=

jck�1j2jgkj2
jck�1j2jgkj2 + b2k

(1 + 2�2 + 2�1s
2
k):

This follows directly from the round-o� error model and the computation used to compute
jckj2. Note that this formula does not magnify the e�ect of the relative error, �1, on jckj2.

In a similar manner, using Lemma 4 and noting that an imaginary relative perturbation
of gk does not have any �rst order e�ect on jgkj2, we obtain

jckj2 =
j~ck�1j2j~gkj2

j~ck�1j2j~gkj2 +~b2k

�
1 + s2k
k�1 + 2�2 + 2�1s

2
k + s2k

�
2
�
3 + 4

p
2
�
Re(�g)+

2
�
1 + 2

p
2
�
�Æ + 2

�
1 + 2

p
2
�
Re(Æg)

�
+ 2�Æ0

�
= (1 + 
k)j~ckj2

where j�Æj; j�Æ0j � jÆkj and with j�gj � � and Æg as in Lemma 4. Consequently it can be shown
that


k = s2k
k�1 + x (10Æ + 64k�+ 40j(12n+ 11)�)

for some jxj < 1. It follows that

j
kj � (32(k2 + k) + 40jk(12n+ 11))�+ 10kÆ: (24)

and we can conclude that jckj2 is always close to j~ckj2 in a relative sense.

3.3 Updating the Schur Parameters

The rest of the error analysis is very straightforward. With bk and ak taken as given quan-
tities, fk and jckj2 are the only computed quantities that are propagated from step k � 1 to
step k. We have shown that both the fk and the ck are close, in a relative sense, to exact
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quantities computed from a slightly perturbed ~ak0 and ~bk0 satisfying j~ak0j2+~b2k0 = 1 using the
unimodular shift ẑ. We have shown that gk is also close to the value that would be obtained
from exact computation on the perturbed problem. Because they are computed directly
from these quantities and because their respective computations are all performed with high
relative accuracy, jpkj2, r2k and s2k are all close to the quantities that would be obtained from
exact computation using ~ak, ~bk and ẑ.

In particular, using Lemma 4 and the bound for �k we can show that

gk =
�
1 + xg

�
4(2k � 1)Æ + (32k2 � 14k + 3)�+ 16j(2k � 1)(12n+ 11)�

��
~gk (25)

where jxgj < 1. We know that jpkj2 is computed to high relative accuracy from jck�1j2, jgkj2
and b2k. Consequently, using (25), (24) and the bound for the relative errors on bk we can
show that

r2k =
�
1 + xr

�
2(13k � 8)Æ + (96k2 � 60k + 9)� + 8j(13k � 8)(12n+ 11)�

��
~r2k (26)

where jxrj � 1 and ~r2k is the quantity determined by ~ak and ~bk without numerical errors.
This in turn implies that

s2k =
�
1 + xs

�
2(13k � 7)Æ + (96k2 � 60k + 10)�+ 8j(13k � 7)(12n+ 11)�

��
~s2k (27)

where jxsj � 1.
The formula for âk only computes âk to high absolute, rather than relative, precision

from jckj2, fk, z, s2k and ak+1. But since we know that ak+1 will be close to ~ak+1 in a relative
sense, this is at least suÆcient to claim that âk is close in an absolute sense to the âk that
would have been computed using ~ak0 , ~bk0 for 1 � k0 � k + 1 with shift ẑ. Using the bounds
on �k and 
k together with (27) and (23) for the error on ak+1 we get

âk = j~ckj2 ~fk � ẑ~s2k~ak+1 + xa
�
(192k2 + 16k + 25)�+ 4(13k � 3)Æ + 16j(13k � 3)(12n+ 11)�

�
(28)

where jxaj � 1.
In determining the errors in b̂2k we must deal with the two special cases distinguished in

UHQRR3. We note that if Re(tk) < 0 and 2b2ks
2
k�1jck�1j2=jwk � akj2 + s2k�1 > 1 then

1 <
2b2ks

2
k�1jck�1j2

jwk � akj2 + s2k�1 � 2b2ks
2
k�1jck�1j2 + s2k�1:

But

2b2ks
2
k�1jck�1j2 + s2k�1 > 1

only when

b2ks
2
k�1 >

1� s2k�1

2jck�1j2 =
1

2
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which, since b2ks
2
k�1 = (s2kr

2
k)s

2
k�1 = b̂2k�1s

2
k, implies that

b̂2k�1 >
1

2

In this case, the formula b̂2k�1 = 1 � jâk�1j2 computes b̂2k�1 to high relative precision from
âk�1 so that

b̂2k�1 = (1 + 2�1)
�
1� jâk�1j2

�
:

The exact value for the perturbed problem is ~r2k~s
2
k�1. Using (28) and the inequality b̂

2
k�1 > 1=2

we �nd that

b̂2k =
�
1 + xb

�
8(13k � 3)Æ + (384k2 + 32k + 52)�+ 32j(13k � 3)(12n+ 11)�

��
~r2k+1~s

2
k: (29)

If Re(tk) � 0 or 2b2ks
2
k�1jck�1j2=jwk�akj2+s2k�1 � 1 then using (26) and (27) it can be shown

that

b̂2k =
�
1 + xb

�
4(13k � 1)Æ + (192k2 + 72k + 56)�+ 16j(13k � 1)(12n+ 11)�

��
~r2k+1~s

2
k: (30)

errors.
Except for âk every quantity computed by UHQRR3 is within a small relative perturba-

tion of the quantity obtained by applying the algorithm to ~ak, ~bk, and ẑ without rounding
errors. We obtain the correct âk for the perturbed problem to within a small absolute error.
This is suÆcient to prove stability: we obtain Schur parameters and complementary param-
eters that are close to those that would be obtained from the perturbed problem without
rounding error.

Further, in showing that normalization errors on ak and bk can't grow with each iteration
of the QR algorithm, we have shown that the backward errors we are required to place on ak
and bk and the forward errors we place on the other quantities will not grow signi�cantly with
each iteration. We can expect both these types of errors to be comparable in magnitude for
each iteration and to combine at most additively in their e�ect on the computed eigenvalues.
These results are summarized in the following stability theorem.

Theorem 3 Let j1� jak;0j2� b2k;0j � Æ for 1 � k � n. After j steps of UHQRR3, producing

Schur parameters ak;j and bk;j for 1 � k � n, there exist ~ak and ~bk satisfying

j~akj2 + ~b2k = 1

such that

j~ak � akj
jakj � 2(4k � 3)Æ + 8j(4k � 3)(12n+ 11)�+ (32k2 � 38k + 13)�

j~bk � bkj
jbkj � Æ + 4j(12n+ 11)�:
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and for which the computed âk and b̂k satisfy

âk = j~ckj2 ~fk � ẑ~s2k~ak+1 + xa
�
(192k2 + 16k + 25)�+ 4(13k � 3)Æ + 16j(13k � 3)(12n+ 11)�

�
and

b̂2k =
�
1 + xb

�
4(26k � 1)Æ + (384k2 + 72k + 56)�+ 16j(26k � 1)(12n+ 11)�

��
~r2k+1~s

2
k

for jxaj � 1 and jxbj � 1. Thus âk and b̂k are close to the quantities obtained from applying

UHQRR3 to ~ak and ~bk without any numerical errors.

The theorem shows that the new Schur parameters describe a matrix which is close
to a numerically unitary Hessenberg matrix which is itself similar to an exactly unitary
Hessenberg perturbed version of H. All the perturbations are small and the Bauer-Fike
theorem then implies that the eigenvalues of H and Ĥ will be close. If the shifts are chosen
appropriately so that bn�1 becomes comparable to �, then a de
ation can be carried out
without adding signi�cantly to the errors on the eigenvalues. Consequently, if z is chosen
in a way that ensures convergence, UHQRR3 will compute the eigenvalues of H to high
accuracy. The same general conclusions apply to UHQRR2 if Æk, 1 � k � n, is small in each
QR iteration.

3.4 The Eigenvalue Decomposition

UHQR2 is virtually identical to UHQRR2 except for the recursive computation of ck and pk
and the use of these values to compute b̂k�1 and sk. Consequently, if we can show that ck
and pk correspond to the quantities that would be obtained by applying exact computations
to ~ak0 and ~bk0 then the entire analysis of the rational algorithm carries over to UHQR2. In
particular, we will be able to conclude that in the absence of normalization error growth,
UHQR2 is stable. The observation that normalization growth is unlikely applies to UHQR2
as readily as it does to UHQRR2. It is possible to ensure stability in all circumstances by
modifying UHQR2 in the same way UHQRR2 was modi�ed to give UHQRR3.

Since the analysis of the error propagation for ck is not very di�erent from the earlier
analysis for the error propagation of jckj2, we will be relatively informal. We will show that
the propagation of errors on ck is stable without proving detailed bounds.

UHQR2 computes a ck that satis�es

ck =
gkfk�1ck�1pjgkj2jfk�1j2jck�1j2 + b2k

(1 + 7�)

for some K that is not too large. The analysis of the rational algorithm shows that gk and
fk are close to quantities that would be computed from ~ak0 and ~bk0 without numerical errors.
Consequently

ck =
~gk ~fk�1ck�1q
j~gkj2jck�1j2 + ~b2k

(1 +K�)
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for some moderate constant K that is independent of the errors on ck�1.
If

ck�1 = (1 + �k�1)~ck�1

then

ck =
~gk ~fk�1~ck�1(1 + �k�1)q

j~gkj2j~ck�1j2(1 + 2Re(�k�1)) + ~b2k

(1 +K�)

=
~gk ~fk�1~ck�1q
j~gkj2j~ck�1j2 + ~b2k

(1 + �k�1 � jckj2Re(�k�1) +K�):

Since

j�k�1 � jckj2Re(�k�1)j � j�k�1j

and K is independent of � we have

j�kj < j�k�1j+O(�):

As with the analysis of the error propagation for jckj2, this implies that ck is close to ~ck. In
turn, this implies that pk is close to ~pk. In fact, except for âk, all quantities computed by the
algorithm are small relative perturbations of the corresponding exact quantities computed
from ~ak0 and ~bk0. As before âk is a small absolute perturbation of the corresponding exact
value for the perturbed data.

It follows that the rotations formed from ck and sk can be accumulated in the usual stable
manner to form Q for which

H + E = QĤQH

for some small E. Thus UHQR2 can be used to compute a stable eigenvalue decomposition
if the normalization errors are not large. Although we do not derive the bounds, the mod-
i�cation of the formula for b̂k that was implemented in UHQRR3 eliminates the possibility
of normalization error growth, leading to a provably stable algorithm.

4 Summary

This paper has analyzed several versions of the unitary Hessenberg QR algorithm for the
special case in which the shift is assumed to be unimodular. Except for further modi�cations
to take special care in handling the normalization of the shift and the normalization of the
Schur parameters and complementary parameters, the modi�ed rational algorithms were
fully described in [7].

We presented two versions, UHQRR2 and UHQRR3, with comparable practical numerical
properties. The latter is the one for which we give a full stability proof, although the
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stability analysis shows that UHQRR2 is also stable if the normalization errors in the relation
jakj2 + b2k = 1 remain small. The possibility for instability involves at most an O(9

8

n
) error

growth. This growth has never been observed; both the analysis and numerical experiments
suggest that it will occur only in very exceptional circumstances or not at all. We feel
safe in concluding that UHQRR2 is numerically reliable. Similar conclusions apply to the
computation of a complete eigenvalue decomposition using UHQR2.

The restriction to unimodular shifts is not particularly limiting in practice: the choice
of z as an eigenvalue of (12) seems to give the best practical convergence, [7]. The analysis
does not extend in an obvious way to the general case of a nonunimodular shift. It is still
not known with any certainty if there is a stable algorithm for solving the problem with
a general shift, although positive experimental results along these lines were achieved for
another modi�ed version of UHQR in [7].
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