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An Error Analysis of a Unitary Hessenberg ()R Algorithm

Michael Stewart!

Several direct implementations of the Q)R algorithm for a unitary Hessenberg
matrix are numerically unstable. In this paper we give an analysis showing how
the instability in a particular rational form of the algorithm specialized to the
case of a unimodular shift comes from two sources: loss of accuracy due to
cancellation in a particular formula and a dynamic instability in the propagation
of the normalization conditions on the Schur parameters and complementary
parameters used to represent the matrix. The first problem can be fixed through
the use of an alternate formula proposed by Gragg. The second problem can be
controlled by not relying on the fact that the matrix is numerically unitary to
enforce implicitly the unimodularity of the computed shift; if the shift is explicitly
normalized then experiments suggest that the algorithm is stable in practice
although stability cannot be proven. A third small modification, introduced to
eliminate a potential for a relatively slow exponential growth in normalization
errors leads to a provably stable algorithm. This stable rational algorithm for
computing the eigenvalues leads directly to a stable algorithm for computing a
complete eigenvalue decomposition.

1 Introduction

Any unitary Hessenberg matrix with real positive subdiagonal has the form

—aoa; —agbiay —aobibaz -+ —aghy - -by_qay
by —a10s —aibas - —aby---byqa,
H = H(a, b) = b2 —a9as3 (].)
bnfl _anflan

where by is real, by > 0, |ag|* +b; =1 for 1 <k <n, ap =1 and |a,| = 1. The q;, are the
Schur parameters of the unitary Hessenberg matrix and the by are the complementary param-
eters. The assumption that the subdiagonal is real and positive guarantees that the Schur
parameters are sufficient to determine the complementary parameters and consequently the
entire matrix. Throughout this paper, all references to a unitary Hessenberg matrix assume
a real, positive subdiagonal.

A unitary Hessenberg matrix may also be written as a product of modified (column
permuted) elementary rotations

H = Gi(a1)Gz(az) - - - Gulan) (2)
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where

— Qg bk

Gjlaj) = I @ ( b, 6k> @ In_k—1

for 1 <j <nand
Gn(an) =lp1 D (_an)-

Both (1) and (2) are completely general formulations. The parameters in the elementary
rotations are the same as the parameters in (1).

Direct and inverse unitary eigenvalue problems arise in signal processing, [3], where the
Schur parameters are known as reflection coefficients. Such eigenvalue problems occur in
frequency estimation, including Pisarenko’s method [2]. Least squares approximation by
trigonometric polynomials has a natural solution through the solution of a unitary inverse
eigenvalue problem, [10, 4]. Efficient algorithms achieve a reduction in computational com-
plexity by working with the Schur parameters and complementary parameters instead of
with the entire matrix H.

Along these lines, it is possible to develop an O(n?) shifted QR algorithm for a unitary
Hessenberg matrix by working with only the Schur parameters. However such an algorithm
will be numerically unstable if the b, are not used: although the Schur parameters determine
the matrix mathematically, knowing the a; to high relative accuracy does not accurately
determine the corresponding bg. If by is small, then by = /1 — |ax|?> will be sensitive to
small relative perturbations in ag. This is illustrated by the following expansion

Vimla+of = 1-jal?+ —249 o).

V1= |ax|”

It follows that if /1 — |ay|? is small for some k, then an algorithm that is backward stable
in the sense of finding eigenvalues corresponding to a small perturbation of the a; does not
necessarily find eigenvalues corresponding to a small perturbation of H. Consequently the
Bauer-Fike theorem does not directly give any information about the accuracy of eigenvalues.
Such a “backward stable” algorithm would not be stable in the usual sense applied to matrix
algorithm; the complementary parameters must be used to obtain accurate eigenvalues.

A unitary Hessenberg Q)R algorithm was first presented in [6]. The basic idea behind the
algorithm is very natural and direct: given a set of Schur parameters and complementary
parameters, the rotations that would be performed in one step of the QR algorithm can be
efficiently computed with O(n) operations using the Szegd recursions. One iteration of the
QR algorithm results in another unitary Hessenberg matrix with Schur parameters which
can be computed in a similarly efficient manner. No claims were made for the stability of
this method and, as described in [6], the algorithm is unstable.

An alternate formulation of the unitary eigenvalue problem was given in [1]. It can be
shown that a unitary similarity transformation gives

QHHQ = Hng{



where

H, = Gl(al)G3(a3)G5(a5) o 'GQ\_(n—i—l)/ZJ—l(a2\_(n+1)/2j—1)

and

H, = Gy(a2)G4(as)Ge(ae) - - - Gapnsal (a2(n/2))

with |z| = max{i € N|i < z}. Consequently the eigenvalues of H are equal to the eigen-
values of the pencil H, — AH,. An O(n?) implicit QR algorithm for finding the eigenvalues
of H, — AH, was given in [5]. The paper also described an algorithm for reducing a general
unitary matrix represented by the pencil U —AI to a Schur parameter pencil, H,— \H,. Both
the initial reduction procedure and the implicit QR iteration are numerically stable. In its
direct use of orthogonal transformations and an implicit shift, the method can lay claim to
being a very natural implementation of the QR algorithm for a unitary Hessenberg matrix.

However, despite the use of the Szegd recursions, the method of [6] is mathematically
equivalent to the unsymmetric QR algorithm applied to H. Further it propagates a set of
parameters that seem to be the minimum number necessary to accurately determine H and
its eigenvalues in the presence of numerical errors.

While the initial Schur parameter pencil involves only the Schur parameters and com-
plementary parameters, the implicit QR iteration preserves the block structure of H, and
H, while destroying the rotation structure of each 2 x 2 block. A unitary diagonal scaling
can restore this structure, but the algorithm most naturally works with a parameterization
that is both mathematically and numerically redundant. So in a slightly different sense, the
method of [6] can also claim to be the most natural implementation of the QR algorithm for
a unitary Hessenberg matrix.

The point of this paper is to show that with a formula proposed in [7] and careful
treatment of the normalization of a unimodular shift and the normalization of the Schur
parameters and complementary parameters, a rational version of the algorithm from [6] can
also be made numerically stable. Except for the additional emphasis on normalization, this
is essentially a verification of a stability conjecture made in [7]. For completeness, we present
a condensed derivation of five variants of the algorithm based on the development in [6], [8]
and [7].

Let

Xk(2) == det(z] — Hy), 1<k<n

where, in MATLAB notation, H, = H(1 : k,1 : k) and xo(2) = 1. The xx(2) are clearly
monic. Using elementary properties of determinants, it is not difficult to verify that

k-1
Xk(2) = 2xk-1(2) + artrp-1Xr-1(2) + a Zaj—l(bjbj-i—l s o) X1 (2)
=1
If we define the auxiliary polynomials
k
Xk(2) = @exa(2) + D@5 1 (bibier - -be) x5 1 (2)
=1



then

Xk(2) = 2xk-1(2) + apXn-1(2) (3)
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aj-1(bj - 'bk—l)ZXj—l(Z))

ar(2Xk-1(2) + apXp—1(2)) + b} (519—0(/9_1(2) +
1

J
= Tezxe-1(2) + (Jarl® + 05)Xe-1(2)
= Tpzxe—1(2) + X1 (2). (4)
Relations (3) and (4) are the Szegd recursions. The polynomials xy(2) are Szegd polynomials

and they are orthogonal with respect to an inner product on the unit circle.
Starting with Xo(z) =1 and xo(z) = 1, it is simple to prove that

Xi(2) = 2" x;(1/2) (5)

where xi(-) represents the polynomial formed by conjugation of the coefficients of xi(-).
This follows inductively from (3) and (4) since if y;_1(2) = 2¥"*x;_,(1/2) then

Xe(2) = @paxn-i(2) + 2o (1/2)

2 (@ (1/2)" xwma (2) + (1/2)x5-1(1/2))
= 2" (@1 (1/2) + (1/2)x1(1/2)) -

Consequently (5) follows directly from an application of (3).

We now consider the shifted QR algorithm applied to H. For a particular choice of shift,
z, let

H—z21=QR
and
H=RQ+ I =Q"HQ.

It is not hard to see that Q" can be formed from a sequence of plane rotations computed to
zero the subdiagonal of H so that () is a unitary Hessenberg matrix with

Q@ = Gi(c1)Ga(cz) - - - Glcn)
for |c,|* + s2 =1 with s, = 0 and s; > 0. Direct matrix multiplication shows that
kaSka, 1§k§n—1 (6)

where the r for k = 1,2,... ,n are the diagonal elements of . Similarly, since H= RQ+=1,
we can verify that H is Hessenberg with subdiagonal

I;k:SkrkH, 1 §k§n—1 (7)



We partition the equation H — zI = QR as
brerel X )T\ X X 0 X
where each X represents an unspecified but distinct block. From the unitary Hessenberg

structure of @ represented as a product of matrices G (cx) with det(Gy(cx)) = —1, it is not
difficult to see that det(Qy) = (—1)*c;. Thus

Xk(2) = det(z] — Hy) = (—1)’c det(Hy — 2I) = det(Ry)ck = rirg - - - Tk Ck.

If we define dj by

Xi(2) = rirg -« ridy
then the Szeg6 recursions become
TeCk = 2Ck1 + apdy 1 (8)
and
redy = pzcg 1 + di 1. (9)
Define py = rrci, and g = ridy. Then using (6) gives
Ipil* = ri(1 = i) = 1k — bi
so that
ri = |pxl® + ;.- (10)

To form the algorithm, we put together (8), (9) and (10) together with (6) for the
computation of s, (7) for the computation of by and the relations

Ck = Pi/Tk, di = qi/ T

Together these equations allow the computation of I;k, the complementary Schur parameters
of H, from a; and bx. To complete the unitary Hessenberg Q)R algorithm we need a formula
for computing a,. We state without duplicating the proof in [6] that

ap = c;ﬂk — iszalﬁ_l, 1<k<n (11)
and
Ay, = Qy.

With appropriate initialization for & = 0 and termination when k£ = n, we have the
unitary Hessenberg Q)R algorithm as originally given in [6].



Algorithm UHQR1
z = shift, co = dy = 1, S0 = 0
for k=1:n-1
Pk = 2Ck—1 + apdp_y
Qr = G 2Cr—1 + dp_1
e =sartl| e ? + )

bpe—1 = Tk Sk—1, Cr = D/ Tk
dp = Qk/Tk, Sk = bk/rk
A~ S =2
ar, = cp dy — Z S5, Qg1

end

Pn = 2ZCp_1 + Qy dn—l

Tn = |pn |7 bn_1 = Ty Sn_1

ap = an

if 7, > 0 then ¢, = sign(p,)
elsec, =1

This algorithm is known to be numerically unstable. We do not attempt to fix the stability
problems for such a general version of the algorithm. Instead we consider three rational
variants of UHQRI1, based on an algorithm described in [7], that assume a unimodular
shift and propagate real, squared values where appropriate to avoid square roots. These
algorithms compute the eigenvalues but do not compute an eigenvalue decomposition. Using
a numerically stable rational algorithm as inspiration, we will also present a stable alternative
to UHQR1 for computing a complete eigenvalue decomposition of H.
If we define

fe = ce/dy, = pr/qk-
then we may compute fr from
Pk
dk
2Cp—1 + apdy_y
p2Ck—1 + dp—1
2 fr—1 + ay
apz fr—1 +1
WiY;
|gx|? '

fr =

If the shift is unimodular then (5) implies that |cx| = |di| and consequently
ar = |di|* fr, — Zsiag11.

Further |pr] = |gx| and if we only desire eigenvalues and are not otherwise interested in
computing ¢ then it is only necessary to compute |pg|?, |cx|?, 72 and s? instead of py, ¢,
r and s;. These observations result in the rational unitary Hessenberg QR algorithm for

unimodular shifts as described in [7].



Algorithm UHQRR1

f0:|00|2:17 5%:0

for kL =1:n-1
wy = 2 fr—1, gk = Wi + ag
|pk|2:|ck—1|2|gk|2 R
e =IpeP+ 0, b =Tisi
len|? = |2;k |2/7“1327 sp = bi/ri
fe = Wi/ | gr |
dk = |Ck |2fk — iszalﬁ_l

end

Wy = an—la gn = Wy + ap

o= len 1 Plgnl?

b?z 1 = T72L S?L—la &n = Qp

UHQRRI1 does not involve the use of any square roots and it is is somewhat similar to the
algorithm of Reinsch for the case of a symmetric tridiagonal matrix, [9].

As the algorithm was derived with the explicit assumption that |z| = 1, we must assume
that the shift is computed in such a way that it is unimodular except for numerical errors.
In fact, since we are concerned in this paper with issues of numerical stability and not
convergence, unimodularity is the only thing we will assume about the shift.

Despite this apparent indifference to the details of its computation, it is very important
to note that the shift must be numerically unimodular in a very strict sense. There is a major
difference between enforcing unimodularity implicitly through a computation guaranteed to
produce a unimodular shift when H is exactly unitary and enforcing unimodularity through
explicit normalization. Taking the Wilkinson shift as a model, we might choose the eigenvalue
of

<_an2an1/|an2| _aannlan/|an2|> (12)

bnfl _anflan

that is closest to —a, 1a, as the shift. If |a, 1|> +02_, = 1 and |a,| = 1 then |z] = 1,
and we might suppose that this method is sufficient to enforce implicitly unimodularity.
Unfortunately this results in a very severe instability: any deviation from unimodularity in
the shift results in larger errors in the normalization condition |d,_1|? + b>_, = 1 which
makes the next shift even less unimodular. The result is an unstable algorithm which fails
after only a few iterations. To deal with this problem we must explicitly normalize z instead
of relying on the orthogonality of (12) to guarantee normalization.?

However, even with explicit normalization of z, UHQRR1 is unstable. On the assumption
that this instability might be due to cancellation in the computation of g, an alternate
formula was proposed for its computation in [7].

2In fact, there are several other ways of dealing with the instability. Explicit normalization of wy, or fy
will also keep the Schur parameters normalized and hence implicitly keep the shift unimodular. However,
explicitly normalizing the shift outside the loop seems to be the most natural and most efficient remedy for
the problem.



Let t,, = arzfr_1. Note that |fx 1| = 1 so that
Gk = Zfr—1 + ap = 2fr—1 (1 + 13).

If Re(tx) > 0 then gy is computed to high relative accuracy by the formula gy = zfr_1 + ax.
However, if Re(tx) < 0, cancellation can occur, sometimes leading to a significant loss of
relative accuracy in the computed g.

Note that

g = Zfp-1t+ag
(2fr—1 + ar) (2 fr—1 — ak)
(kaq - ak)

1 — Jag|* — 2i Imag(@y2 fy-1)

(2fr1— ax)
b2 — 2i Imag(t
(zfr—1 — ax)
When Re(t;) < 0, (13) involves the possibility of cancellation only in the computation of
Imag(tx). In addition, the new equation incorporates by into the central recurrence of the
algorithm. Given the earlier discussion of the essential nature of the information in b; for
determining the eigenvalues, this is a promising feature of the new equation.
The following algorithm is the result of these modifications.

Algorithm UHQRR2

z =z/|z|
f0:|00|2:]_, 8%20
for £k =1:n—-1
wy = 2 fr1, by = G Wi

if Re(tk) Z 0 then g, = Wi + ag
else g, = (b; — 2ilmag(ty)) / (W — @)

| Dk 2= |Cl~c—1|2|gk|2 R
re = Ipe [ + b, biy = Ti St
ek [? = e |?/7, sk = b/}
fr = W gi/ g |?
ar = | |> fo — Zspansr
end
Wy = Z fn1, ln = Gp Wy
if Re(t,) > 0 then g, = w, + a,
else g, = —2ilmag(t,) / (W, — ay,)
r2 = |co1]?| gnl?
87214 = rrsh ), U = Q.

UHQRR?2 is very reliable numerically and a careful analysis suggests that the algorithm
is likely to be stable in practice. However, the analysis also reveals the apparent possibility



that over the course of j QR iterations the errors in the relation |ax|? + b7 = 1 might grow
exponentially at a rate of O(%J ). This growth would appear in the backward error bounds.

Fortunately the 9/8 growth rate represents an upper bound on an expression that de-
termines how the normalization errors are propagated from one iteration to the next. It
is typically a very pessimistic upper bound. The circumstances under which normalization
errors can be magnified are not particularly common and don’t tend to be repeated over
consecutive iterations. Consequently, exponential growth of normalization errors does not
tend to happen in practice and has never been observed.

Nevertheless, we introduce the following algorithm incorporating a minor change to pre-
vent any possibility of exponential error growth. The main result of this paper is a proof that
the following algorithm is numerically stable and that UHQRR2 is stable if the normalization
errors do not grow excessively.

Algorithm UHQRRS3

z =z/|7|
f0:|00|2:1, S%ZO
for k. =1:n-1
wy = 2 fry1, by = G Wi

if Re(tx) > 0 then g = wy + ax
else g, = (b7 — 2iImag(ty)) / (W — @)
|pe|? = | i1 1P| gk I?

o= e [* + b
if Re(ty) < 0 and (20} |cx1[*/|wr — ax]® + 1)si_, > 1
then b7 _; = 1 — |a4[*
else b} | = risi_,
len|? = |k /77, sp = bi/ri
fe = Wrar/ gk |?
ak = |k |* fo — Z 3 g
end
Wy, = anfla tn = Qp Wy,
if Re(t,) > 0 then g, = w, + a,
else g, = —2iImag(t,) / (W, — @)
2 = et [P gn P
by, = rhsa_y, p = Gn.

The development and analysis of stable rational variants of the tridiagonal QQ R algorithm
has been a difficult problem, [9]. Because such algorithms do not compute and apply plane
rotations in the usual stable manner, their stability properties are not at all obvious. By
analogy, one might expect the rational variants of the unitary Hessenberg QR algorithm to
be similarly difficult relative to more direct implementations. However, by relying on the
Szego recursions, even UHQR1 does not compute and apply plane rotations in a direct man-
ner. Further [7] presents results of numerical experiments showing the apparent stability of
the modified rational algorithm UHQRR2 without directly considering the stability of a non-
rational algorithm. For these reasons, this paper will emphasize the rational algorithms and



even go so far as to use UHQRR2 as a basis for deriving a stable nonrational decomposition
algorithm.

In [7], when estimating backward errors, UHQRR?2 is not treated as a purely rational
algorithm. The following code may be incorporated into UHQRR2 to accumulate sign(cg).

sign(dp) =
fork=1:n-1
sign(ck) = (gx) sign(de-1)
sign(dy,) = sign(f},) sign(ck)
end

sign(c,) = sign(gn) sign(dy-1).

Together with square roots of |cx|? and s2, this code was used in [7] to verify experimentally
the stability of UHQRR2 by computing a decomposition H + E = QDQ* for some small
backward error E. The apparent stability of this approach motivates a QR algorithm that
keeps as many features of UHQRR2 as possible while computing ¢, instead of |c|*.

Algorithm UHQR2

z=2z/|7

fo=c =1, so = 0

for k=1:n-1
wy = 2 fr1, by = G wg
if Re(tk) Z 0 then g, = Wi + ag

else g = (b% — QZImag(tk))/(wk — Ek)

Pe = Gk [ 1Ch1

re = sqrt(| pr |2 + b2), b1 = Tk Sp_1
Cr = pk/Tk, S = bk/rk
fe = Wegi/ | g
ar = |k |* fo — Z 3 g
end
Wy, = 2 fu_1, tn = Qp Wy
if Re(t,) > 0 then g, = w, + a,
else g, = —2ilmag(t,) / (W, — @)
Pn = gnfn—lcnf}
Tn = |Pnl, Doy = Tusn
ap = ap

if r, > 0 then ¢, = sign(p,)
elsec, =1

Since UHQR2 is a fairly direct adaptation of UHQRR2, we will be able to apply most of
the analysis of the rational algorithms to UHQR2. The conclusion will be that the general
stability properties of UHQR2 are identical to those of UHQRR2: the algorithm is backward
stable if the normalization errors do not become large. As with UHQRR2, there are solid

10



theoretical reasons for believing that the normalization errors will not grow significantly.
The algorithm is very reliable in practice.

In §2 we consider the propagation of normalization errors in UHQRR2 and UHQRRS3.
Although the conclusions involve a good deal of error analysis, the results of §2 will say noth-
ing about the backward errors or the stability of either algorithm. Instead the normalization
results provide a necessary background for the backward error analysis to be presented in

§3.

2 The Normalization Errors

The stability of all of the algorithms depends both on the numerical stability of a single
QR iteration carried out on improperly normalized ay, by and z as well as on the dynamic
properties of the algorithm with respect to the propagation of errors in the normalization
of ar and b, over a sequence of QR iterations. Since the algorithm was derived on the
assumption that |agx|* + b2 = 1 and |z| = 1, the errors d, in the error relation

lag|> + b2 =1+ & (14)

and the errors in the normalization of z will both contribute to new errors introduced in any
iteration that makes use of the improperly normalized quantities. If the algorithm computes
dk and bk with

|a]” + 0F = 1+ 0

then &), will depend on d;. If the error propagation is such that |5k| can be significantly larger
than |0| then the local errors will be even larger for the following iteration starting from ay
and by. If the shift is not explicitly normalized, then this feedback of normalization errors
through the QR iteration is the source of a severe instability in UHQRRI1.

The unimodularity of f; is also significant for numerical stability. In all the rational
algorithms, f; is computed from the recursion

for k=1:n-1
wy = 2 fr—1, gk = Wi + ag

fe = Wi i/ | gk |?
end.

We also have the corresponding recursion for UHQRR2 and UHQRRS3

for k=1:n-1
Wy = 2 fr1, ty = a wg
if Re(tk) Z 0 then g, = Wi + ag
else g, = (b7 — 2iImag(ty)) / (Wi — ax)
fr = Wrgi/ Lok |?
end.

11



From these recursions, it is clear that in exact arithmetic, f; is unimodular whenever f;
and z are unimodular. To ensure stability, we would like to guarantee that the computed fy
is the exact f;, for slightly perturbed as and by where 1 < k' < k.

In particular let a; and by, satisfy (14) for 1 < k£ < n and let

z=2(1+4,) (15)

with |Z| = 1 and Imag(d,) = 0. The reason for the assumption that Imag(d,) = 0 is that
(15) implies that

2] = |2](1 + Re(6,)) + O(|5.%).

Thus the choice Imag(d,) = 0 still allows Z to be unimodular to first order whenever z is
unimodular within a small relative perturbation. Since we are not analyzing convergence
properties, we are concerned with the deviation of the shift from unimodularity and not with
its accuracy compared to an exact shift computed to give a high rate of convergence.

We will construct ay, l;k such that

fk = (]' + nk)fk(dlad% cee 76’1427617?)27 tee 7?)]4}72) = (]' +77]€)fk) (16)

for some small 7,. Here we take fi to be the quantity computed from the a;, b; and z with
numerical errors and fk to be the quantity computed from the a;, l;j and Z with no numerical
errors. It is always possible to choose some 7 satisfying (16). In §3 we will show that 7
and the relative errors

|ax — axl/|a|, b — bi| /b

can all be chosen to be not much larger than the machine precision, e.
In this section a key concern will be the size of Re(n). Since |fix| =1

|[fil = T+ Re ().

Thus Re(n) measures the degree to which Re(n,) has departed from unimodularity. We
will show that Re(n;) can be bounded regardless of the choice of d; and by, and leave the
construction of & and by and the derivation of a bound on Tmag(r;) for §3.

The rational algorithms naturally use and naturally compute b7 and lA)% rather than b, and
and by. We will assume that the squared values are the ones that are stored so that there are
no additional computations and errors involved in squaring b, or taking square roots to obtain
be. All backward errors take the form of relative perturbations on the Schur parameters and
complementary parameters. Since a small relative perturbation of b2 corresponds to a small
relative perturbation of by, the storage of and use of the squared quantities has no effect on
the general conclusions about the stability of the algorithm.

The purpose of the analysis will be to prove the existence of reasonable bounds on the
backward error rather than to give a tight upper bound. To simplify the appearance of the
bounds, the model we use for complex floating point arithmetic will assume that

fi(zopy) = (zopy)(1 + cop)

12



where |e,,| < €. This holds for real arithmetic and holds with complex arithmetic to first
order if € is replaced by 4v/2e. The analysis is first order and we will freely ignore second
order terms without commenting on the fact.

We use ¢; with an appropriate integer, non-variable subscript to represent a particular
numerical error with |¢;| < e. We use z; to represent a number satisfying |z;|] < 1. To
avoid double-digit subscripts, we use subscripts that are local to the proof of a theorem or
lemma. Equal subscripts indicate equal values of these variables within a proof, but the same
subscripts can be used to denote different quantities in another proof. We also subscript error
variables with non-integer variables to indicate the quantities they perturb; these subscripts
are consistent throughout the paper unless otherwise noted.

The following simple lemma implies that with a numerically unimodular shift, the uni-
modularity of f; is preserved to numerical accuracy.

Lemma 1 If f = (1+ ;) fi then
|Re(ny)| < k|d,| + Ske.
Consequently
|| fel = 1] < k|| + 5ke.
Proof: Since 7, is chosen so that |f,| = 1 we have
|[fel = 11+ el = 1+ Re(m) + O(€”).
It is easy to verify that the computed f; also satisfies

2fr-104
fr =Tk
9]

(]_ + 561).

Thus
|fk] = |2fe-1] - (1 + 5€e1) = (1 + Re(nr—1) + 9, + bRe(e1)) .
We have used the fact that §, is real. Comparing this with |fx| =1 4 Re(ny) we get
Re(n,) = Re(ng—1) + 5Re(e1) + 0..

Upon noting that |fs| = 1, this directly implies the inequality stated in the lemma. m
The following lemma bounds errors in the relation |ax|> + b2 = 1 for all the rational
algorithms when Re(tg11) > 0.

Lemma 2 For k < n, if Re(ty.1) > 0 then the ay, and by computed by UHQRRS3 satisfy
|2+ 02 =1+ 0y,
with
Op = 520541 + 2 [(15k + 19)e + 3(k + 1)6.]

for some |x| < 1.
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Proof: From the relations

bi [pe|”
r=1 = ‘=1
i=a() e (B

ry = A (0 + o [?)

and

it is easy to see that
ler]? + 57 =1+ 2¢;.
Define
fr = (1= Re(m)) fi
so that to first order |fz| = 1 and
cfife = 2feifo(1 + Re(ny) +6.) = 1 + Re(1g) + 6.
Since Re(tx+1) > 0 and |gy1| < 2
Grrr = (2fr + api1) + 362 = 2f <sz2—fk + akﬂé—ﬁc) + 3eg.
Thus
gl = |1+ aenzie] + o (4Re(ne)| + 415 + 126)
for some |z1| < 1. Tt is easily verified that |cx|?s7 < 1/4 + O(e) and

‘ﬂ (1gk+1]7) — |9k+1|2‘ < €| grsa’

so that

~

bp = B ((lexlt (lge1]”) + bisr) si)
— 2
— <|Ck|2 ‘1 + akﬂéfk‘ + b§+1) sy + 22 (|Re(mi)| + 10| + Te) .
The computed a; satisfies
(k= |ox|* fo — Zsparsr + des =[xl fi — Zstans1 + w3(de + [Re(me)| + [.])
and thus
. . —2
ar? + 52 = Jeul* + ap|?st — 2Re (|ck|23§szak+1) + <|ck|2 ‘1 + a,msz‘ + bz+1> st +
z4 (3|Re(me)| + 3|0;| + 15¢) .
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Using |cx|? 4+ s2 = 1 + 2¢; we use this to show that |0¢| is not much larger than |64,|. In
particular
|dk|2 + B% = |Ck|4 + |ak+1|23i - 2|ck|23%Re (]Ekéak-i—l) +
(|Ck|2 (1 + 2Re <§fk5k+1> + |ak+1|2> + bZ+1> Sk +
x4 (3|Re(ny)| + 3|9;| + 15¢)
= leel” (lexl” + s%) + lawa s (lel” + 5i) + bigasi +
x4 (3|Re(ny)| + 3|9;| + 15¢)
= leel” + s (laesa |* + biyr) + 2 (lenl” + e [*s) e +
x4 (3|Re(ny)| + 3|9;| + 15¢)
= 14 sp0k1 4+ 2 (1+ |c|® + Jaws1|*s3) € + x4 (3|Re(mi)| + 3|6;| + 15¢)

The lemma follows from an application of Lemma 1 using the fact that
|Ck|2 + |ak+1|23i <l.m
If Re(tx) < 0 then the corresponding result is somewhat less satisfactory for UHQRR2.

Lemma 3 If Re(ty) < 0 then UHQRR2 computes ay and by for which

2 <32 I 2bi+1|ck|25z

A i ak+1l2> Ok+1 + 2 [(30k + 26)e + 6(k + 1)]9,|]

where |x| < 1. This implies that
- 9
|0k| < §|5k+1| + (30k + 26)e + 6(k + 1)]0,|.

Proof: Assuming that 07, , is stored, if Re(¢;) < 0 then |fiz — ax41| > 1 and the computed
Jr+1 satisfies
by — 2i Imag(@y+1fx2)

— — + 1061.
frz — Ak+1

Gk+1 =

In terms of the unimodular fk and Z we have

041 — 2i Tmag (a1 fi2)

Jk+1 = + 1 (4|Re(nk)| + 4]6,] + 10¢).

fr2 = Tri
Thus
(2fk + arr1) (2 fi — apsn)
(2fk — ags1)
1 — |agi1]* — 20 Imag(a@g1.f12)

(2fk — ars1)

éfk +agy1 =
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Consequently

2 .
= |2fk + ags |

‘1 + ap1 2 fi

(b1 — 5k+1)2 + 4Imag(5k+1fk§)2

|§fk - ak+1|2

202
= |gk+1|2 + IL'Q(]_GRG(?]]C) + 16|(5z| + 406) - %6]94-1

Zfe — ak+1|2

and since |c|*s: < 1/4

b = (el (lgr]*) +bisa) 57)
2 vk 2 2 2bi+1|ck|25i
= | |ex] ‘1+ak+lsz‘ + biyy | sk + @3 (4]Re(mr)| + 4[6,] + 14€) + ————"6541.
|2 fr — a1 |?

Using the expression for a; from the proof of Lemma 2 we get

~ ~ — 2
|dk|2 + bz = |Ck|4 + |ak+1|25i — 2Re (|Ck|28%fké’ak+1) + <|Ck|2 ‘1 + ak+1§fk‘ + bi+1) S% +

2071 |cx|” s,
4 (6|Re ()] + 6]0:] + 22€) + ————-0)41.
2fr — g1l

A repetition of the proof of Lemma 2 gives the equality for 5. The inequality follows from
the easily verified fact that

9
57+ 2|cr]?sz < 3.
Note that if the shift is properly normalized, Lemma 3 gives an equality of the form

~ 2[)2 |Ck|282
5, = [ g2 4 kAR 7k ) s O(e).
‘ (Sk " |ka - ak+1|2 e F (6)

where the O(e) term hides only small local errors. This is not just an upper bound: if 51y
is reasonably large relative to the bounded O(e€) term and

: y Bhalal'sh an
|2 fk — ag4|?

then we can guarantee that |0z| > |0s,1|. Thus there appears to be a very real possibility
of unstable propagation of normalization errors in UHQRR2. Fortunately (17) holds quite
rarely. Although the analysis suggests a potential instability, constructing a unitary Hessen-
berg matrix for which this unstable propagation of errors happens often enough to impact
the accuracy of the overall algorithm is very difficult. In practice, normalization errors don’t
seem to grow.
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Nevertheless, we have introduced modifications into UHQRR3 to prevent any possibility
of error growth. Whenever (17) holds, we use a safe alternate formula for b2. The alternate
formula takes advantage of the fact that if (17) holds then E% must be large enough to be
computed to high relative accuracy by b2 = 1 — |ag|?. We will cover this point in greater
detail when performing the actual backward error analysis.

UHQRR3 guarantees that in all cases

10%| < 01| + 6(k 4+ 1)|6,| + (30k + 26)e (18)

Given the numerical unimodularity of §,, this is clearly sufficient to give an O(jne) bound
on ¢ for iteration j of the QR algorithm. In considering Lemma 2 and Lemma 3, we first
see the need for explicit normalization of z. If §, were dependent on d; then neither lemma
would be sufficient to guarantee stability in the propagation of the normalization errors.
Although, in practice the normalization errors in UHQRR2 are not typically any larger
than those in UHQRRS3, it is only for UHQRRS3 that we can prove the following theorem.

Theorem 1 For an n X n numerically unitary Hessenberg matriz with Schur parameters
aro and complementary parameters by satisfying |axo|* + bz,o =1+ ko with |00] < 0 for
each k we get for the computed Schur parameters ay; and complementary parameters by ;

after j steps of UHQRRS3
langl* + bk = 1+ 0k
with
|0k,j] < 0+ j(48n + 44)e
and
|| fx] — 1| < 8ke.

Proof: The results follow from (18) and Lemma 1 upon noting that in the simplified model
of complex floating point arithmetic, UHQRR3 normalizes z so that |0,| < 3¢. m

3 Error Analysis

Having established that for UHQRR3, all normalization conditions hold to within a reason-
able multiple of the machine precision, we are now ready to give a complete error analysis.
The analysis naturally breaks into four parts.

1. We will need to obtain a bound on the backward errors on a; and b, and on the forward
error |n|. Since (16) is satisfied for some 7, whatever the choice of @, and by, we will
approach the analysis by defining @, and by, for several distinct special cases and for
a particular £ and then derive the corresponding bounds on || for each case. The
general rules used to construct these perturbed quantities for a particular £ assume the
existence of a bound on |n| for 1 < k' < k. Consequently we will derive a recursion
in k£ that can be used to bound n; for each 1 < k£ < n.

17



2.

In addition to f,_; and the Schur parameters and complementary parameters, iteration
k from UHQRR3 depends on |c;_;|? and s2_, from the previous iteration. The quantity
s2_, is only used to compute b>_,, but |cz_1|? is used to compute |pg|?. Since |c|? is
computed from [pg|?, the computation of |c;|* is recursive and there is an apparent
possibility for the unstable propagation of errors in |cx|?. We will show that the error
propagation is stable and that the computed |c|? is a slightly perturbed version of the
quantity computed from d and by for 1 < k' < k without numerical errors.

Except for a; the other quantities are computed from equations that don’t involve
cancellation. Consequently it is easy to show that they are relative perturbations of the
corresponding quantities computed from a; and bi without errors. The computation
of a; can involve cancellation, but because the quantities involved can never be larger
than 1, the absolute errors in a, are small. We will make these observations precise by
providing bounds for errors in all the quantities computed by the algorithm.

Finally, we will extend the analysis of the rational algorithms to prove the existence
of a bound on the backward error £ in H + E = QI:IQH for H computed by UHQR2
and orthogonal () formed by accumulating ¢, and s;. Backward stability really only
holds if the normalization errors do not grow, but, as with UHQRR?2, there is strong
evidence that these errors are not likely to grow. The analysis is essentially the same
as for the rational algorithms except that we must reconsider the propagation of errors
in the recursive computation of cy.

We will proceed with each of these points in order.

3.1 Backward Errors
Define
_ %
© 20
and

Let dk = (1—6a)ak and I;k = bk when |ak|2 2 \/5/2 and ék = Ak and l;k = (1_5b)bk otherwise.
To first order |ax|? + b7 = 1. The relative perturbation of aj or by never exceeds |dy|.

Thus

and

ar — a
M < |6]
|a|

bk — b
— = < bl
by =1

18



The choice of d, and by to satisfy the normalization condition |ag|? + Iu)z = 1 completely
determines the real part of the relative backward error on a, and b,. The only other freedom
we will make use of will be in choosing the imaginary part of the relative backward error for
ay, so that

ar = (1 +1in,)a
and
by = by.
Define
ty = fl(@pwr) = (1 + e)apwr, = (1 + € + €)arzfeo1 = (14 2€4)ax2 fr_1-
We choose 7, according to two special cases.

1. If Re(ty) < 0, |ag| > v/2/2 and |Re(t)| > V/2|tx|/2 so that there is cancellation that
makes g significantly smaller a; then

I t
Mo = —wRe(éa + 0, + k1 + 2€p,) — Imag(me 1 + 2€4).
Re(tk)

2. Otherwise
Na = —Imag(m_1).

Case 1 involves cancellation that might destroy the relative accuracy of gr. The analysis of
Case 1 is more delicate numerically, but the analysis of Case 2 is also somewhat involved:
we must consider the computation of g, using both possible formula depending on whether
Re(t;) > 0 or Re(tg) < 0.

We start with some definitions. If Re(tz) > 0 then let

Gk = 2fe—1+ ak
and if Re(tx) < 0 then let

b, — 2iTmag(@zfr—1)

2fe—1 —

Ik =
Thus whatever the sign of Re(t;), g is an exact quantity corresponding to the computed g.
Similarly, if Re(t;) > 0 then let
Gk = 2fi—1 +
and if Re(#x) < 0 then let

B% — 2i Imag(dxz fr-1)

2fe-1 — gk

gk =
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We first consider Case 2 and the numerical errors involved in the computation of g,. The
key point is that for Case 2, if g, is computed by the correct formula determined by the sign
of Re(tx) then it is not sensitive to small relative perturbations in any of the quantities used
in the computation. If Re(#;) < 0 then the numerical errors take the form

b% - 2(1 + 61)i Imag(aszk_l(l + 262))
(2fr1(1+€3) — @) (1 + €) '

Ik = (19)

Because of the absence of cancellations except possibly in the computation of ¢, the per-
turbations €, €3 and ¢, all lead to small relative perturbations in g5. To deal with ey, we
note that since we are considering Case 2, either by, > v/2/2 or |[Imag(ty)| > V2|tx|/2. If
bk 2 \/5/2 then

|0 — 2iTmag(ay2fi1)| > 5- (20)

DO | =

If |Tmag(t,)| > V/2|tx|/2 then
|67 — 2i Imag(@pzfr-1)| > V2|t]. (21)

Even if there is cancellation in the computation of Imag(t), the errors from e, can be cast as
absolute errors proportional to 4|ty |es for some |es| < e. If by, > /2/2 then |ty| = |ax| < v/2/2
and for any e;

by — 2i Imag(arzfr_1) + 4|tr]es = (bi — 2 Imag(&szk_l)) (1 + 4\/566)
for some suitable e5. This also applies if [Imag(¢;)| > v/2|tx|/2. Thus in either case, since

|2fe—1 — ag| > [2fr—1] =1+ O(e),

we can conclude from (19) that

= b2 — 2i Imag(arz fr_1) <1 " <3 i 4\/§> 65) — (1 + (3 + 4\/§> 65) k-

2fp—1 — Ty

If Re(tx) > 0 then

gk = (2fe-1(1+€1) +ar)(1 + €2) = (1 + 2€3) G-

Thus for Case 2 there always exists |¢,| < e such that
g = (1 n (3 n 4\/5) eg) .
In a similar manner we can conclude from (20) and (21) that if Re(¢;) < 0 then
G = (1+ <1+2\/§) S)gk
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for some 0] < |6;|. This also holds if Re(t;) > 0.

We now consider the errors 7,, nx_1 and d,. If Re(¢;) < 0 then it follows from lu)z = 5%
and 1, = —Imag(n,_1) that

y b — 2i Imag (@i 2 fr—1)
g, = =
2fp—1 — Qg
bi — 2iImag (Eki’fkq(l + Re(me—1) + 5z)>
<2fk—1(1 + Re(nk_l) + (52) — 51@) (1 — zImag(nk_l))

bi — 2i Imag (@2 fr—1)

= (1 +iImag(nme1) + (1 + 2v'2)d,)

2 fer —
= (1+iImag(me—1) + (1 + 2V2)6,) 7.

where the inequality

65| < (IRe(me—1)| + 10:]) -

follows from (20) and (21).
If Re(t;) > 0 then

e = Zfe-1+ Gk

= (2 (1+ Re() +02) + e ) (1+ i Imag(e-1)

= <2fk—1 + dk) (1 + iImag(ne—1) + dy) := (1 + i Imag(ne—1) + dg)gx
where

|04 < [Re(nk—1)] + [3]-
We have shown that whatever the sign of Re(t;) in Case 2
g = (1+3+4vV2)e,)ir = (1 +(3+4v2)e, + (1 + 2\/5)5) Jr
= (1 + (34 4V2)e, + (14 2v/2)0 + ilmag(n_1) + (1 + 2\/5)5g> i

where |e,| < ¢, [6] < || and |6,| < |Re(ne_1)| + |0.].
For Case 1 we verify that 7, is chosen so that

Imag(ty) = Imag (akifk—1)

Since

Imag (Ekéfk,1> =Tmag ((1 — 8y — iNa — 0, — M1 — 2€40)t)
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this is equivalent to

Imag(t) = Imag(ty) — Re(dy + 0 + mk—1 + 2¢4,) Imag(ty) — Imag(in, + me—1 + 2€4,)Re(t).
Clearly n, has been chosen to satisfy this relation. Thus

bi — 2(1 + )i Imag (@2 fx_1)

(2fim1 (14 €2) —ax) (1 +€3)

by — 2i Imag(agZ fr_1)

gk =

= (1 + 3¢,)
2fp—1 — ag
b2 — 2iTmag(aus fi_ y
_ Db~ 2iTmag(@/s 1)(1+3eg+25')
2fp—1 — Qg

b2 — 2i Imag (a2 fr— y
_ b Ylmag(@dfen) 3¢, + 30 +0,)
(2fk,1 — dk) (1 —iImag(nk_1))

where |9],]6"] < |0x| and
10g] < 2|Re(-1)] + 2(8:] + 4]ew| < 2[Re(nr—1)| + 2|0:| 4 4[e].
The bound on [d,| follows from the form of 7,, the fact that there is no cancellation in
Zfr_1 — ax and the fact that for Case 1 |Imag(t)/Re(t)| < 1. Thus
gL = (1 + 3¢, + 30 + 0y + iImag(nk,l)) T

All that is relevant in this analysis of the computation of g, can be summarized in the
following lemma.
Lemma 4 There exist a, and Bk with
b — by

||

| — ay]

||
such that UHQRRS3 computes

gk = (1 + (3+4V2)e, + (14 2v2)6 + iTmag(ne_,) + (1 + 2\/5)59) i

< 2[0k] + 10:| + | Re(ne—1)| + [ITmag(me—1)| + 4e, < |0

where |eg| < ¢, 18] < [6kl, 16,] < |Re(np—1)| + |0.] and gy is the exact value determined from
Qg, by, fr_1 and Z without any rounding error.

Proof: We choose the largest of the bounds that we have proven for Case 1 and Case 2. m
We are now in a position to find a bound on 7. Clearly

£ 2
fk = ka_lgk (1—|—5€f)

|gx|?
SF =2
- ng_fzgk (L4 567 +mics + 8. + 2(3 -+ 4v/2)i Imag(ey) + 2(1 + 2v/2)i Imag(8)-+
k
2(1+ Qﬂ)ilmag(59)>

= fu(l+m)
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where the second equality follows from Lemma 4 and the third equality is a restatement of
the original definition of fi and 7. Applying the bounds on |d| and |§,| we get

k] < [meet| + (34 4vV/2)[0.| + (11 + 8V2)e + 2(1 4+ 2v/2) |6k + 2(1 4+ 2V2)[Re(ne—1)]- (22)

If |0,] < 3¢ and we use the bound on |Re(n—1)| from Lemma 1 and the bound on |d|
from Theorem 1 then

k] < || +2 (1 +2¢§) 5+

(20 +20v2 + 16 (1 + 2\/5) (k—1)+8j (1 + 2\/5) (12n + 11)) ¢

where j is the QR iteration number, n is the size of the matrix and J is the maximum
normalization error in the initial Schur parameters and complementary parameters. Since
we are not concerned with finding the tightest possible bounds, we use the fact that v/2 < 3/2
to get

] < || + 80 + (64k — 14)e + 325 (12n + 11)e.

Since fy = 1 is exact, we can take 1y = 0 for any j and this inequality is sufficient to show
that n, can never be very large. In fact, with 1y = 0, we immediately obtain the following
theorem.

Theorem 2 Let |1 — |ao|” — bj ol < 6 for 1 <k < n. After j steps of the QR algorithm,
from Schur parameters ayj and by ; for 1 <k <n, UHQRR3 computes fi satisfying

fk = (1 +77k)fk(617&27' .. 7&k7817527 s 751672) = (1 +77k)fk
with

k| < 8kd + (32jk(12n + 11) 4 32k> 4 18k) €,

| — ag|

ar < 2(4k — 3)6 + 8j5(4k — 3)(12n + 11)e + (32k* — 38k + 13)¢ (23)
k

and

by — b
% <0 +45(12n + 11)e.
k
We have proven that UHQRRS3 computes a slightly perturbed version of an fk corre-
sponding to slightly perturbed, perfectly normalized data. Moreover, although we have not

emphasized the details, the same general conclusion applies to UHQRR2 if §;s is small for
1<Kk <k.
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3.2 The Error Propagation for |c;|?

Most of the other equations in UHQRR2 and UHQRRS involve simple multiplication and
compute their results to high relative accuracy. However, despite the impossibility of can-
cellation, the dependence of |cx|? on |pr|? = |ck—1|*|gx|* means that the computation of |cy|?
is recursive. It is important to understand how errors propagate in this recursion.

Let
lek|” = (1 + ) lél

where |¢,|? is the quantity computed from 2, Gy and by for 1 < k' < k in exact arithmetic.
Then

lce—1%]g? (1 + 2€;)
lck—1]2]gk]2(1 + 2€1) + b}

|Ck—1|2|gk|2 < |Ck—1|2|gk|2 >
1+ 2¢9 + 2¢; — 2¢
|ck—1|?|gx|? + b7 ? ! \ck—1|%|gx|? + b7 '
-1 |gr|?
|ck—1|?|gx|? + b7

|cx|? (14 2¢5)

(1 + 2€ + 2¢€157).

This follows directly from the round-off error model and the computation used to compute
|cx|?. Note that this formula does not magnify the effect of the relative error, €1, on |c;|*.
In a similar manner, using Lemma 4 and noting that an imaginary relative perturbation
of g, does not have any first order effect on |g|?, we obtain
2 _ |5k—1|2|§k|2 2 2 2
lek]” = — ~ — (14 8291 + 265 + 26157 + 52 (2 ( 3+ 4V2) Re(e,)+
|Cr11?| gk |* + b}

2(1+2v2) §+2 (1+2v2) Re(d,) ) +20)

= (1+ el

where [9], |6'] < |6)] and with leg] < € and d, as in Lemma 4. Consequently it can be shown
that

Ve = SpYe—1 + 2 (106 + 64ke + 405 (12n + 11)e)
for some |z| < 1. It follows that
el < (32(k* + k) + 405k(12n + 11))e + 10k4. (24)

and we can conclude that |cg|? is always close to |cx|? in a relative sense.

3.3 Updating the Schur Parameters

The rest of the error analysis is very straightforward. With b; and a; taken as given quan-
tities, fx and |cgx|* are the only computed quantities that are propagated from step k — 1 to
step k. We have shown that both the f, and the ¢, are close, in a relative sense, to exact
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quantities computed from a slightly perturbed @, and by satisfying |aw |* + l;z, = 1 using the
unimodular shift 2. We have shown that g, is also close to the value that would be obtained
from exact computation on the perturbed problem. Because they are computed directly
from these quantities and because their respective computations are all performed with high
relative accuracy, |px|?, r2 and s? are all close to the quantities that would be obtained from
exact computation using ay, Bk and 2.

In particular, using Lemma 4 and the bound for 7, we can show that

gx = (L+ x4 (4(2k — 1)0 + (32 — 14k + 3)e + 165 (2k — 1)(12n+ 11)e)) g (25)

where |z,] < 1. We know that |p;|? is computed to high relative accuracy from |cg_1]?, | g/
and b2. Consequently, using (25), (24) and the bound for the relative errors on b, we can
show that

rp = (1 + 2, (2(13k — 8)8 + (96k — 60k + 9)e + 8;(13k — 8)(12n + 11)e)) 74 (26)

where |z,| < 1 and 77 is the quantity determined by a; and b, without numerical errors.
This in turn implies that

sp = (1+x, (2(13k — 7)6 + (96k> — 60k + 10)e + 85(13k — 7)(12n + 11)¢)) 5 (27)

where |z, < 1.

The formula for a; only computes a, to high absolute, rather than relative, precision
from |c|?, fr, 2, st and agy1. But since we know that a1 will be close to dg,; in a relative
sense, this is at least sufficient to claim that a, is close in an absolute sense to the a; that
would have been computed using ay, by for 1 < k' < k + 1 with shift 2. Using the bounds
on 7, and 7y, together with (27) and (23) for the error on ay,; we get

Gy, = |2 fr — 28041 + 34 (192K + 16k + 25)e + 4(13k — 3)6 + 165(13k — 3)(12n + 11)¢)
(28)

where |z,| < 1. A
In determining the errors in b2 we must deal with the two special cases distinguished in
UHQRR3. We note that if Re(t;) < 0 and 2b2s2 | |ck_1|*/|wr, — ax]® + s2_, > 1 then

20751 |ex—1]?
S s < 2 s

But
only when

1—s2_ 1
2|Ck,1| 2
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which, since b2si | = (siri)ss_, = bi_,ss, implies that

N 1
b o> =
k—1 2

In this case, the formula b?_, = 1 — |a_y|?> computes b2_, to high relative precision from
ar—1 So that

b2 = (1+426) (1 |ax]?).

The exact value for the perturbed problem is 7252_,. Using (28) and the inequality b2_, > 1/2
we find that

b2 = (1 +xp (8(13k — 3)0 + (384k* + 32k + 52)e + 32j(13k — 3)(12n + 11)¢)) 7o, 52, (29)

If Re(ty) > 0 or 20252 | |ck—1]*/|wr, —ag|*+ s, <1 then using (26) and (27) it can be shown
that

b2 = (14 xp (4(13k — 1)8 + (192k2 + 72k + 56)€ + 165 (13k — 1)(12n + 11)e)) 72, ,52. (30)

errors.

Except for a; every quantity computed by UHQRRS3 is within a small relative perturba-
tion of the quantity obtained by applying the algorithm to ay, 51“ and 2z without rounding
errors. We obtain the correct a; for the perturbed problem to within a small absolute error.
This is sufficient to prove stability: we obtain Schur parameters and complementary param-
eters that are close to those that would be obtained from the perturbed problem without
rounding error.

Further, in showing that normalization errors on a; and by can’t grow with each iteration
of the QR algorithm, we have shown that the backward errors we are required to place on ay
and by and the forward errors we place on the other quantities will not grow significantly with
each iteration. We can expect both these types of errors to be comparable in magnitude for
each iteration and to combine at most additively in their effect on the computed eigenvalues.
These results are summarized in the following stability theorem.

Theorem 3 Let [1— |ago|® — by o| <0 for 1 <k <n. After j steps of UHQRRS3, producing
Schur parameters ayj and by ; for 1 <k <n, there exist a, and b, satisfying

Jagl* + b = 1

such that

| — ag|

o < 2(4k — 3)6 + 8j5(4k — 3)(12n + 11)e + (32k* — 38k + 13)¢
k

|br, — by

TR §+45(12n + 11)e.
k
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and for which the computed a, and by satisfy
ar, = |k |2 fr — 282an41 + 70 ((192k% 4+ 16k + 25)e + 4(13k — 3)6 + 165(13k — 3)(12n + 11)¢)
and

b2 = (1+ xp (4(26k — 1)3 + (384k* + 72k + 56)e + 165(26k — 1)(12n + 11)¢)) 72,57

for |zo| <1 and |xy| < 1. Thus a and by are close to the quantities obtained from applying
UHQRRS3 to aj and by without any numerical errors.

The theorem shows that the new Schur parameters describe a matrix which is close
to a numerically unitary Hessenberg matrix which is itself similar to an exactly unitary
Hessenberg perturbed version of H. All the perturbations are small and the Bauer-Fike
theorem then implies that the eigenvalues of H and H will be close. If the shifts are chosen
appropriately so that b,_; becomes comparable to ¢, then a deflation can be carried out
without adding significantly to the errors on the eigenvalues. Consequently, if z is chosen
in a way that ensures convergence, UHQRR3 will compute the eigenvalues of H to high
accuracy. The same general conclusions apply to UHQRR2 if §;, 1 < k < n, is small in each
QR iteration.

3.4 The Eigenvalue Decomposition

UHQR2 is virtually identical to UHQRR2 except for the recursive computation of ¢, and py
and the use of these values to compute by_1 and sg. Consequently, if we can show that ¢
and pj correspond to the quantities that would be obtained by applying exact computations
to d and by then the entire analysis of the rational algorithm carries over to UHQR2. In
particular, we will be able to conclude that in the absence of normalization error growth,
UHQR2 is stable. The observation that normalization growth is unlikely applies to UHQR2
as readily as it does to UHQRR2. It is possible to ensure stability in all circumstances by
modifying UHQR2 in the same way UHQRR2 was modified to give UHQRRS3.

Since the analysis of the error propagation for ¢; is not very different from the earlier
analysis for the error propagation of |cx|?, we will be relatively informal. We will show that
the propagation of errors on ¢y is stable without proving detailed bounds.

UHQR2 computes a ¢, that satisfies

_ gkfchk—l (1 i )
V0geP1 fe-1Ples—1? + b2

for some K that is not too large. The analysis of the rational algorithm shows that g and
fr are close to quantities that would be computed from G, and by without numerical errors.
Consequently

Ck

. gkfk_10k—1
Cr — =
V0gelleenl? + 5
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for some moderate constant K that is independent of the errors on ¢;_;.
If

cr1= 14+ og1)Ck

then
~ = ~ B 1 -
o = Irfk 1Ce-1(1 + k1) —(1+ Ke)
V1Pl 2P0+ 2Re(on 1) + B
G f o1 G
_ Ik k=101 —(1+ g 1 — |ox|*Re(ay 1) + Ke).

NITR

Since

k-1 — |ex|*Re(os-1)] < Jog1]
and K is independent of a we have
|ak| < |&k_1| + 0(6)

As with the analysis of the error propagation for |c|?, this implies that ¢ is close to ¢x. In
turn, this implies that py is close to p,. In fact, except for ay, all quantities computed by the
algorithm are small relative perturbations of the corresponding exact quantities computed
from d; and by. As before dy is a small absolute perturbation of the corresponding exact
value for the perturbed data.

It follows that the rotations formed from ¢;, and s, can be accumulated in the usual stable
manner to form ¢ for which

H+FE=QHQ"

for some small £. Thus UHQR2 can be used to compute a stable eigenvalue decomposition
if the normalization errors are not large. Although we do not derive the bounds, the mod-
ification of the formula for by, that was implemented in UHQRRS3 eliminates the possibility
of normalization error growth, leading to a provably stable algorithm.

4 Summary

This paper has analyzed several versions of the unitary Hessenberg QR algorithm for the
special case in which the shift is assumed to be unimodular. Except for further modifications
to take special care in handling the normalization of the shift and the normalization of the
Schur parameters and complementary parameters, the modified rational algorithms were
fully described in [7].

We presented two versions, UHQRR2 and UHQRRS3, with comparable practical numerical
properties. The latter is the one for which we give a full stability proof, although the
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stability analysis shows that UHQRR2 is also stable if the normalization errors in the relation
|a,|> + b2 = 1 remain small. The possibility for instability involves at most an O(2") error
growth. This growth has never been observed; both the analysis and numerical experiments
suggest that it will occur only in very exceptional circumstances or not at all. We feel
safe in concluding that UHQRR2 is numerically reliable. Similar conclusions apply to the
computation of a complete eigenvalue decomposition using UHQR2.

The restriction to unimodular shifts is not particularly limiting in practice: the choice
of z as an eigenvalue of (12) seems to give the best practical convergence, [7]. The analysis
does not extend in an obvious way to the general case of a nonunimodular shift. It is still
not known with any certainty if there is a stable algorithm for solving the problem with
a general shift, although positive experimental results along these lines were achieved for
another modified version of UHQR in [7].
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