THE METHOD OF QUASILIKELIHOOD

Yan-xia Lin
B.Sc. Fujian Normal University, P.R.China
M.Sc. The University of Jordan, Jordan

A thesis submitted for the degree of
Doctor of Philosophy

in the Australian National University

March 1992

< FOSTRALIAN,

<

( umrRARY &
?ﬂrIQNA Lt "\‘N(}




DECLARATION

In accordance with the regulations of the Australian National University, I wish
to state that the work described in this thesis was carried out by myself except

where due reference is made.

[)(%(/‘« /gm 7o

Yan-xia Lin



ACKNOWLEDGMENTS

The research work for this thesis was carried out at the Australian National Uni-

versity and financial assistance was provided by an Australian National University
Ph.D scholarship.

Firstly, I would like to thank my supervisor Prof. C.C.Heyde for his many
invaluable comments and suggestions, for his unfailing interest and encouragement

and for his careful reading the original draft.

I would also like to express my appreciation to members of the Statistics Research
Section, School of Mathematics Science for their help and for providing a congenial

environment in which to work.

Most of the research of Chapters 4 and 6 was carried out jointly with Professor
Heyde. A large part of the work of Chapter 4 appears in [50] and of Chapter 6 in

[51]. The remaining chapters are my own work.



To Yi, Chong and My Parents

i




NOTATIONS

In this thesis, we always discuss our questions in the framework of a probability

space (2, F, P), although we do not always mention this specifically.
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O(a,)
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A+

positive definite

| independent and identically distributed

the multivariate normal distribution with mean
vector ¢ and variance matrix B

|O(a,)/ax| is bounded, as n — oo

lo(an)] — 0, as n — oo

the Moore-Penrose generalized inverse of A

le. AATA= A, ATAAY = At, ATA = AA*
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CHAPTER 1
INTRODUCTION AND SUMMARY

1 Historical Review

The methods of “Maximum Likelihood ” (ML) and “Least Squares” (LS) are two
central methods in the theory of inference. They have being developed and studied
for a long time, and they still play an important role in statistics. However, as time
goes on, more and more understanding of natural phenomena has been obtained and
more diverse requirements have been introduced into statistical practice. Sometimes
those phenomena and requirements cause some difficulties in the use of the ML and
LS methods. Therefore statisticians have to look in detail into the advantages and

weaknesses of each of the methods.

The ML method was introduced by Fisher in 1921. Let X have density f(z;6)
forz € R™, 0 € © C R% let X1, X3, ..., X, be random samples of X. The joint
density of the X;’s, as a function of 8, is called the likelihood function:

Ln(xl’ «eey Ty 0) = H f(xn 0)
=1

The maximum likelihood estimator(MLE) of 4 is defined to be a value ,(z1, .. .,zn)

(if it exists) for which
Lu(z4,.. .A’xn;én) = %aécL,,(xl, ooy Tn;0).

Therefore, in order to construct a likelihood function it is usually necessary to as-
sume a probabilistic mechanism specifying, for a range of parameter values, the
probabilities of all relevant samples that might possibly have been observed. Such
a specification implies either knowledge of the mechanism by which the data were
generated or substantial experience of similar data from previous experiments. Some
of this knowledge is not easy to obtain and, in practice, statisticians frequently have
difficulty with it. An inference method which is free from the full distribution of the

observations is desirable. The LS method satisfies this requirement. The LS method
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is much more widely applicable than the ML method. The latter requires full distri-
butional specification while the former is usually applicable under assumptions on

only the first two moments.

The LS method was introduced by Legendre in 1805 on more or less intuitive
grounds. He also coined the term “ LS method”. The principle of least squares can be
stated as follows: choose as the “ best-fitting line”, the “line” that minimizes the sum
of squares of the deviations of the observed value from those predicted. Gauss(1809,
1823) provided two statistical justifications to the LS method. (1) He related it to
ML estimation and the normal model by showing that within the location family
of distributions, the two methods LS and ML coincide uniquely for the normal
family. This indicated that the acceptance of both LS and ML methods was in
line with the acceptance of the normal model. (2) He showed that with conditions
only on the first two moments of the distribution but otherwise irrespective of its
distributional form, the LS estimate has the minimum variance within the class of
“linear unbiased estimates”. This is the well-known Gauss-Markov(GM) theorem.
Indeed, concentrating on the smallest sum of squares of errors, the LS method is a
powerful method for estimating parameters if the deviations of the observed value
from those predicted satisfy some conditions such as independence, constant variance
and so on. But when the error variance depends on the parameters, the LS method

will lose some of its precision. Here is an example from Godambe and Kale(1991).

Consider independent random variates y1, y¥2,. . ., Yn Such that
E(y)=0i(8) and  var(y) = coi(h),

where {a;(9)} and {0?(9)} are specified differentiable functions of 6 and ¢ is an
unknown positive constant not depending on 6. To estimate 0, the LS approach

requires minimization of ¥ (y; — a:(8))?/o?(6), leading to the LS estimating equation
g; + B =0,

where 7 = ¥(yi — ai(0))(0ei/80)0?(6) and B = ¥ (yi — :(0))*(80:/30)a73(). We
first note that whereas E(§}) = 0, E(B) = ¥(00:/88)07(8) = L (dlogo;/0) is in



general non-zero and thus §; + B is not an unbiased estimating function . Even
for large samples, although §7/n converges in probability to zero this may not be
the case for B/n, and in fact B/n could diverge to oo depending on the nature
of 1/n ¥ (0logo;/00). Thus for large n, the solution of the equation §; = 0, under
some regularity conditions, will converge in probability to the true value whereas
the solution of the LS estimating equation may not. We notice that §; = 0 is just
the weighted least squares estimating equation. That means that weighting may

becomes necessary to remedy the disadvantage of the least squares method in some

circumstances.

It is well known that, if the likelihood function has the exponential family form,
maximum likelihood estimates of regression parameters can often be found using the
method of weighted least squares. In the seventies and eighties, people understood
the fact that the method of weighted least squares can be used to find maximum
likelihood estimates even in some case where the likelihood function does not have
the exponential family form(see, Nelder and Wedderburn, 1972; Bradley, 1973; Wed-
derburn, 1974; Jennrich and Moore, 1975 and Jgrgensen, 1983). This led people to
seek the application of the weighted least squares method to more general problems(
e.g. McCullagh, 1983). Here is an example concering regression with constant coef-
ficient of variation. Suppose that the random variables Y;, - -, Y, are uncorrelated,
that E(Y;) = p; < 0o, and that var(Y;) = o?u?, so that the coefficient of variation,
o, rather than the variance, is constant over all observations. Suppose further that

inference is required for (8o, 6,), where
log(pi) = 00 + O1(z;i — Z),  i=1,2,--+,n,

and z,,---,Z, are known constants, Z being their mean.

In this example, the regression is not linear; the covariance matrix of Y is given
by
cov(Y) = o’V (p),
where V (+) is a matrix of known functions and o? is known as the dispersion param-

eter; the model is specified entirely in terms of first and second moments of Y, which
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is called a semiparameter model or nonparametric model, so that it is not possible
to write down the likelihood function. As we have said before, it is impossible to
apply the ML method to it and it is not good to apply the LS method either, since
the variation contains an unknown parameter. We require a method of estimation
that is reliable under the second moment assumptions just described. This is one

of the important reasons to motivate statisticians to establish the quasi-likelihood

method.

2 The Quasi-likelihood Method

The term “quasi-likelihood ” was first proposed by Wedderburn(1974) for the esti-
mation of parameters in regression models. He observed that, from a computational
point of view, the orily assumptions on a generalized linear model necessary to actu-
ally fit the model was a specification of the mean (in terms of the regression param-
eters) and the relationship between the mean and the variance and not necessarily a
fully specified likelihood. Therefore he replaced the assumptions on the probability
distribution by defining a function based solely on the mean-variance relationship
which had algebraic and frequency properties similar to those of log-likelihoods. For

the arbitrary nonlinear regression,
Y =p(0) +e,

where E Y = u(0) and cov{ (Y — u(0))} = *V. Under regularity conditions, a
function Q is defined by the differential equations

9Q

25 = U(6) = D'V (Y — u(8)),

where D={0u,/80,} is a matrix and is a function of 8. It may be verified that
E{U(8)} =0,

E{%(U(O))} =-D'V'D
cov{ U(8)} = a*D'V'D.
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So that, apart from the factor 0% above, U(8) behaves like the derivative of a log-
likelihood and is termed a quasi-score or quasi-score estimating function ( estimating
functions being introduced below), while @ itself is called a quasi-(log)likelihood.
This is an objective definition. It may be difficult to decide what distribution
one’s observations follow, but the form of the mean-variance relationship is often
much easier to postulate. This is what makes quasi-likelihood useful and why the
quasi-likelihood method has received considerable attention from statisticians. Af-
ter Wedderburn(1974) put forward this new concept, McCullagh(1983), Firth(1987),
Nelder and Pregibon(1987), Wiley(1987), Davidian and Carroll(1988), McCullagh
and Nelder(1989) and others studied different aspects of properties of the quasi-
likelihood method based on Wedderburn'’s interpretation. We notice that the quasi-
likelihood concept given by Wedderburn is more or less restricted to the weighted
least squares method and the generalized linear model framework. When that quasi-
likelihood concept was applied to a model, it was always assumed that the errors in
the model were independent or uncorrelated, the variances of the errors were spec-
ified functions of the mean together with a possibly unknown scalar multiplicative
parameter, something like the model at the end of Section 1, and the quasi-score
equation was a.lways. of the form D'V~(Y — pu(6)), where u(8) =EY.

While Wedderburn’s quasi-likelihood concept was investigated and applied by
some statisticians, there were separate developments in the field of estimating func-
tions. For example, Godambe(1960), Godambe and Thompson(1974), Godambe(1976),
Hutton and Nelson(1986) and Godambe and Heyde(1987) also defined and investi-
gated a quasi-likelihood concept. The complete and detailed definition of the quasi-
score estimating function under the view-point of estimating function was given in
Godambe and Heyde(1987). In that paper a quasi-score estimating function is inter- |
preted as an optimal estimating function in a given estimating function space under
some criterion. The prime idea of the criterion is linked with the Gauss-Markov
(GM) theorem, the Cramér-Rao inequality and the Fisher information( also see Go-
dambe and Kale (1991)). The detailed explanation will appear later in this section.

Here we first state the definition of the quasi-score estimating function given by




Godambe and Heyde( 1987).

Let {X;,0 <t < T} be a sample in discrete or continuous time drawn from some
process taking values in r-dimensional Euclidean space whose distribution depends
on a parameter # taking value in an open subset © of p-dimensional Euclidean space.
Suppose that the possible probability measures for {X;} are P = {Ps}, a union of
parametric families each family being indexed by the same parameter 8 and that
each (22, F, P) is a complete probability space. Let (F;, ¢ > 0) denote a standard
filtration, F, C F; C F for s < t; Fo is augmented by sets of measure zero of F and
Fi: = Fiy, where Fip = ;3¢ Fs-

Let Ut be a class of zero mean, square integrable estimating functions Gy =
Gr({X:, 0 <t < T},0) for which EGr(6) = 0 for each P; € P with index 6
and Gt be a subset of ¥t in which every element Gt is almost surely differentiable
with respect to the components of 6 and for which EGr(8) = (E8G7:(6)/ 06;) and
E(Gr(0)Gr'(0)) are nonsingular. The expectations are always with respect to P;.

Following the above notation, Godambe and Heyde (1987) gave the following

definition of the quasi-score estimating function .

Definition 1 G% is »the quasi-score estimating function in Gy C V7, iff,
(EGr)™(E(Gr)(Gr))(EG)™) = (EGT) ™ (E(GT)(Gr))(EGT)™)

is nonnegative-definite for all Gr € Gr, 0 € © and P, € P.

The root 87 of the equation G%(6) = 0 is called the quasi-likelihood estimator .
The quasi-likelihood method is a procedure for (1)finding the quasi-score estimating
function from the estimating function space ; (2) using the quasi-likelihood estimator

as the estimator of the true parameter 6.

The properties of the quasi-score estimating function under this definition can
be found from Godambe and Heyde(1987), Godambe and Thompson(1985, 1989),
Heyde(1988, 1987, 1989a, 1989b), Heyde and R.Gay (1989), Heyde and Y.-X. Lin
(1991, 1992), Hutton and P.I.Nelson (1986), Sgrensen (1990) and this thesis.



The research on the quasi-likelihood concept or quasi-likelihood method from
the two different fields mentioned above was more or less unlinked until about 1985
(see, Desmond (1989, 1991)). However, Godambe and Heyde’s definition and Wed-

derburn’s approach overlap and complement each other.

Let us consider a generalized linear models Y; = y; + ¢€;, 1 = 1,2,---,n where
Y; € R™ and e; € R™, as discussed in McCullagh and Nelder (1989). Suppose that
the components of the response vector Y= (Yy,---,Y,) € R™*™ are indepéndent
with mean g and the covariance matrix oV (u), where 0 may be unknown and
V(p) is a matrix of known functions. Let @ is a parameter which relates to the
dependence of p on covariates . This relation need not concern us for this moment,
so we write p(8), thereby absorbing the covariates into the regression function. Here

2 .

o* is assumed constant and does not depend on 8.

Let F; = o{Y;,7 <i}. Then {e;} is a martingale difference sequence with respect
to {F:}. Godambe and Heyde(1987) gave an important formula for determining a
quasi-score estimating function from an estimating function space G C H = {G =
Y a;m;} where {m;} is a martingale difference sequence with respect to some o-
fields {F;}, {c:} is a predictable process with respect to the same o-fields {F;} and
the elements in G satisfy the conditions that EG and EGG’ are nonsingular. They
pointed out that, in that estimating function space G, the quasi-score estimating

function has the form
=Y (E(mi|Fio1)) (E(mim{|Fiz1)) mi,

where “ +” denotes the Moore-Penrose generalized inverse. Therefore applying
this formula here, we can easily obtain that the quasi-score estimating function in

{Z aiei|la; € Fior} is

G* =Y (E(&|Fie1)) (E(eiei| Ficr)) Ve

Oli e,
SV - ),

=2

where V; = E(e;el) = E((Y: —ﬂ)(Y; —p)). This is exactly the quasi-score estimating

function obtained from Wedderburn’s approach. From this example, we feel that,
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in some sense, using the view-point of estimating functions to define the quasi-
likelihood estimating function can make the concept of the quasi-score estimating

function clear.

Furthermore, as we shall notice from the definition of Godambe and Heyde, the
quasi-score estimating function should be associated with an estimating function
space. When we say a quasi-score eétimating function , we should remember that
there is an estimating function space behind it, otherwise we shall misuse the quasi-
likelihood method. In fact the quasi-score estimating function which cames from
Wedderburn’s approach is just an optimal estimating function in an estimating
function space of the form {3~ a;(yi—u:)} where {e;} are nonrandom. Let us consider
the model in the end of Section 1 again. There, the model just assumes that {y;}
are uncorrelated. In this case, we usually can not assume that {y; — p; = y;i — Ey;}

is a martingale difference sequence. But anyway we can always find a sequence of

o-fields {F;} such that
E(yi — il ) = E(yi — ps) = 0.

Let G be an estimating function space and G = {G = Y7 ai(y; — i)}, where o; are

nonrandom; ((ay,- -, a,)D)) and (o, -+ ,an)V (e, -+, a,) are nonsingular. Let
G" =DV (Y — p(0))

= > ai(yi = pi)-
Then G* € G C H. For any G € H denoted by

G=PY —ud) =3 ai(yi — p),

where P = (a;, -+, a,), we have
EGG* = EP(Y — u(0))(Y — pu(0)))V—D
=o*PVV™'D

=o*PD



and

. .9
EG = E5:(P(Y — u(6)))
=-~PD.

Applying Theorem 2 in Section 3 of Chapter 7, G*, the quasi-score estimating func-
tion under Wedderburn’s approach, is also a quasi-score estimating function in G
under Godambe and Heyde’s approach. Thus from this point of view, using Go-
dambe’s idea to define the quasi-score estimating function will have wider application
than that defined by Wedderburn’s idea, because we can consider the question of
varied estimating function spaces. The obvious examples to which we can apply
the quasi-likelihood method are (i) the generalized linear models in which the com-
ponents of the response vector Y are dependent, (ii) stochastic processes ( see e.g.
Hutton and Nelson(1986), Godambe and Heyde(1987) and Sgrensen(1990)), if we
use the Godambe and Heyde’s definition and (iii) the y; may be just a conditional

expectation.

From now on we focus our attention on Godambe and Heyde’s definition of
the quasi-score estimating function . This does not mean that the Wedderburn’s

definition is not important; it just represents a different view-point.

The main idea of the quasi-likelihood method is to choose an estimating func-
tion from an estimating function space G. Under Godambe and Heyde’s defini-
tion(1987), the criterion for choice is that an estimating function G* in G is optimal
iff (EG3) " E(G3G%')((EG%)™!Y is the minimum element in the partial order “>”
of nonnegative definite matrices(if A and B are symmetric matrices, A > B iff |
A — B is nonnegative definite). The following example will well explain the idea of
Godambe and Heyde using the above criterion to define the quasi-score estimating

function .

Suppose that {Y;,t = 1,2,...,T} are independent random variables and that

the likelihood function is T
L =T fr(¥59).
t=1

The score function( derivative of the log of the likelihood with respect to the param-



eter), which depends on a scalar parameter 8 in this case, is a sum of independent

random variables with zero means,

U= dlogL _ i Olog f(Y:; 0)
o6 = 00

and when H = L, 5,(6)(Y; — a:(8)) we have

: T .
E(WH) = 35O BT 5, - a0).

If the f’s are such that integration and differentiation can be interchanged

al Y:; 0 0 )
Doaf Oy = gpEYs = o),

E( 36

the dot denoting derivative, so that

T
E(UH) = Z by(0)ce(0).

t=1

Also, using corr to denote the correlation,
corr®(U, H) = (E(UH))*/((EU*)(EH?))

= 1/((EU*)(varH")),

where H* = H/E(H), which is maximized if var H* is minimized. Following the idea
of Godambe and Heyde, the choice of an optimal estimating H* € H is given as an
element of H which has maximum squared correlation with the generally unknown

score function U.

Next, for the score function U and H € H we have that
E(H®* - U*)? =varH’ 4+ varU’ - 2E(H*U?)

= (EU*)"Y(EU%varH® - 1)

because of

U* =U/EU = -U/EU?

and

EH°U® = —E(H*U)/EU? = 1/EU?,

10



if differentiation and integration can be interchanged. Therefore we get
(E(E)™EHY)(E(H))™ = varH* > (BU?)™" = (EU)™(EU?)(ED)™!

which is the Cramér-Rao inequality. In this case, following the definition of Go-
dambe and Heyde, the score function is the optimum estimating functions in H =
{Z518:(0)(Y: — ae(0))} if U € H.

Moreover we can also obtain the fact that if the likelihood function has the
exponential family form, then the quasi-score estimating function in a suitable es-
timating function space will coincide with the score function. Let us consider an

example. The Brownian motions with drift provide a particular example of a family

of solutions of stochastic differential equations of the form
dX; = 0a(t, X;)dt + b(t, X:)dW,, X, = zo.

Here W is a Wiener process, a and b > 0 are Borel functions which satisfy some
suitable conditions, and § € © where © is an appropriate subset of R. We suppose

that the equation has an unique strong solution for every 8 € ©.

Applying the result in Godambe and Heyde(1987) or Hutton and Nelson(1986),
the quasi-score estimating function in an estimating function space ¢ C H =
{5 f+(6, X,)dW,| £.(8,X,) € F.- and {F,} is the o-field associated with the Wiener
process W} is |

t
Gr = / a(s, X,)b~2(s, X,)b(s, X, )dW,
0

t t
= / a(s, X,)b~%(s, X,)dX, — 0 /0 a?(s, X,)b~%(s, X,)ds.
0

But from Liptser and Shiryaev(1977) or Kiichler and Sgrensen(1989), the likelihood

function for this process, whose distribution belongs to an exponential family, is
L(0) = explo [ a(s, X,)b72(s, X,)dX, — 1/26% / " a2(s, X,)b~2(s, X,)ds]
i.e., the score function is a constant multiple of
/  a(s, X,)b~2(s, X,)dX, — 0 / a2(s, X,)b7%(s, X,)ds,
which is as same as the quasi-score estimating function .
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From this example we conclude that, in some circumstances and for a suitable
choice of estimating function space, the quasi-score estimating function in that es-
timating function space would just be the score function. This fact can also be
confirmed after we state the relation between the quasi-score estimating function

and the score function.

We can also get the relation between the quasi-likelihood estimators and the
least squares estimators. In any regression model, if the variances of the errors are
constants, then, after determining a suitable estimating function space, it is easy
to check that the quasi-likelihood estimators are the least squares estimators(see
Wedderburn(1974), McCullagh (1983)). Thus the quasi-likelihood method has a
very close relationship with the ML and LS methods. But‘ from the definition of
the quasi-score estimating function we should notice that the quasi-score estimating

function is strongly dependent on the estimating function space we have chosen.

We know that, for a given estimating function space Gr, if the score function
Ur belongs to Gr, then the quasi-score estimating function G} in Gr satisfies G =
arUr for some p x p matrix ar which only depends on & and T and

(EG)'(E(GT)(Gr)) ™ (EGY)

is the Fisher Information matrix since E(G})(G}) = arEUTUjar = —EG3ay. If
the score function Ur does not belong to Gr and the parameters appear in the score
function Ur, Godambe and Thompson (1985) showed that G* is a quasi-score esti-
mating function in G iff , for some ar dependingon 6 and T, E(arUr—G7) (arUr—
G%) < E(ar — Gr)'(ar — Gr) for all Gr € Gr. The above statements tell us the
relations between the quasi-score estimating function and the score function and
in particular that the quasi-score estimating function is a bbest estimating function
among the estimating function space since it has the minimum dispersion distance

from the generally unknown score function.

In the above we have explained the relations between the quasi-likelihood , ML
and LS methods, and also between the quasi-score estimating function and the score

function. Now we consider some applications of the quasi-likelihood method. Vari-
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ous examples can be found in Hutton and Nelson( 1986), S¢rensen( 1990), Desmond(
1991), Heyde and Lin( 1992), Liang and Zeger( 1986), Prentice( 1988), Morton(
1989), Liang( 1990), McCullagh and Nelder( 1989), the references therein and this
thesis. Since the quasi-likelihood method is not likelihood based and it avoids some
strong restrictions on the error part of the regression equation, i.e. the independence
of the errors and knowledge of the distribution of the errors, it provides a way of
straightforwardly solving some complicated problems of the generalized linear model
and the analysis of variance model. Here we give two examples which are very close
to the generalized linear model. We choose these examples to show how to use the
view-point of Godambe and Heyde. This idea is very important because it provides

a simple way to find the quasi-score estimating function for many complex models.

First let us consider a model for longitudinal data, in which repeat measure-
ments made on the same subject are usually positivet’c':orrelated. Suppose that
Y. = (y1,¥2, - ,yn) consists of .independent vector random variables, and that
¥i = (Yi1,- -, ¥ik) are sequences of dependent random variables. Let Egy; = u;(6),
covg(y;) = a*V;(0) and the o-field F; = o{y;,j < i}. Now consider an estimating
function space G = {1, ei(yi — pi(9))] i € Fi-1}. Since {y;} are independent,
{y: — pi(0)} is a martingale difference sequence with respect to {F;}. Following
the result in Godambe and Heyde(1987), the quasi-score estimating function in the

estimating function space is

Z EO(ao — pi(0)|Ficr) Eo((yi — 1i(0))(wi — pi(8)) | Fic1)* (i — pi(6))

i=1

= o S 2Oy - oy,

=1
This is the generalized estimating equa.tion given by Liang and Zeger(1986) for

modeling longitudinal data(also see Desmond(1991)). If the nuisance correlation
parameters are known, then we can get the estimators of the parameters from the
quasi-score equation G; = 0 and discuss the statistical properties of the quasi-
likelihood estimator #. But in practice the nuisance correlation parameters are
usually unknown. For this case, Liang and Zeger(1986) provided an asymptotic

method based on the quasi-score estimating equation. They provided an iterative
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procedure and got a sequence of estimators, denoted by BG(,,), which is consistent
under some conditions.

From the above discussion, we can see that it is possible to apply the quasi-
likelihood method to more complex models than the above one, for example, where
{yi — pi(9)} is a martingale difference sequence with respect to some o-fields {F;}
and not just independent random variable.

It is well known that there is a relation between regression models and ANOVA
models and some ANOVA question can be solved through the regression method.
Since it is developed from solving generalized linear model problems, the quasi-
likelihood method should provide us with a way to deal with some complex questions
concerning ANOVA models. Let us consider a model given by Morton(1987). We
demonstrate the ideas by considering just three nested strata labelled 2, 1, 0 with
respective subscripts, 0 <i < 1,0 < j < J, 0 < k < K having arbitrary ranges.
Stratum 0, the bottom stratum, has scaled Poisson errors; stratum 1 introduces
errors Z;; and the top stratum 2 has further errors Z;. Conditioning on the Z’s

gives the model in stratum 0 for the data Y:
E(Yis|2:;Z:) = pin2i Zi,
Var(Y}j,,|Z,~,~Z,-) = ¢,uiijz’jZia

where ¢ is an unknown scale parameter. We assume further that the Y’s are condi-

tionally uncorrelated and that the Z’s are mutually independent with
E(Z;) =1, E(Z) =1, Var(Z;) =d?, Var(Z;) = o2.

Thus the marginal expectation of Yj is pijx. Morton has also derived the covariance
matrix V for the data vector Y= {Y;s}. Define ¢, = 0?(02 + 1)/ and o, = 03/4.

Then the elements of V are
var(Yijx) = dpie{l + (Y1 + ¥2)pije },
cov(Yijk, Yijn) = (1 + ¥2) phijktisn, (k #n),
cov(Yijk, Yimn) = ®¥2pimn (7 #m),
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cov(Yijk, Yimn) = 0, (i #1).

The same argument as mentioned before gives
ou
G'=(=)V(Y —
GV (Y —w)
as a quasi-score estimating function in the estimating function space
g= {Zai(Yi — )},
1

where {a;} are nonrandom matrices, (Y; — p;) is the data vector {Yi;x — miji}

written in lexicographic order,

(al,-..,al) E =(al’.'°’aI)D

and
E[(} ai(Y: — ) (X (Y — wi))']
= (a,y+rryar)V(a,ye oo, ar)

are nonsingular, where V is the covariance matrix for {Y;;x}. Since cov(Yijk, Yimn) =

0, (¢ # 1), we have
L3 a“i 1 -1
G = TGV (Y - ).
From the quasi-score equation G* = 0, we can get an estimator of the parameters if

{ V; } are known or after { V;} are first estimated by other methods.

In Morton’s paper, he supposed that p;;x = ezp(X};,0), where X is a vector
of regressors. Under these assumptions, there are no nuisance parameters in {V;}
except for ¢. If in a practical situation, we can first use other methods to estimate
#, then we can solve to find the quasi-likelihood estimator from the quasi-score
equation

. OMi s,
G = T (G5 Vi (O)(Y: — wi(8)) = 0.
Sometimes we can also use the combination of quasi-score estimating functions

to establish a quasi-score equation. As we will discuss in Chapter 3 in this thesis,
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some quasi-score estimating functions do not provide enough information about the
unknown parameter. Therefore we sometimes need to combine several quasi-score
estimating functions to get a new quasi-score estimating function . This method
was given by Heyde in 1987. The above example of Morton provides a good illus-

tration for the combination method. In Morton’s paper, he introduced the following

notations:
Y. = ; wijkYije,  pij. = Xk: WijkMijhs
rijk = Yijk — (pije/ pij. ) Yij.,
wi; = /(1 +ip), Yo = Zw;jY.'j. Hie = ) Wi iy
J F)
rij = Yij. — (ij./ i)Y
and

ri =Y. — pi..

Following those notations, we can construct three mutually orthogonal estimating

function spaces

gl = {Z AiRl,i},

Gy = {}: BiR,;}
i
and
Gs = {Z Ciri},
i
where {A;} and {B;} are nonrandom matrices, {C;} are nonrandom coefficients,
Ri; =(riar,. .- yrisk)y Rai =(ri1,...,riy) and the elements {G} in those estimat-
ing function spaces all satisfy the conditions that EGG’ and EG are nonsingular.
Then three orthogonal quasi-score estimating functions can be obtained from those

estimating function spaces respectively and , after combining them, we achieve a

quasi-score estimating function

Tijk Opijk Tij Ouij. T Oui..
. + ,

which is the quasi-score estimating function Morton used in his paper to obtain the

quasi-likelihood estimators. Morton’s derivation was quite different.
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Sometimes the quasi-score equations may contain nuisance parameters, e.g. the
longitudinal data example and an example in Lloyd-Smith(1990), or sometimes the
forms of the quasi-score equations are complex, for example nonlinear with respect
to the parameters. In those cases, it is may be very difficult to get the quasi-score
estimators from the quasi-score estimating equations. This problem is also met with
the ML and LS methods. For the quasi-likelihood method, there are several ways to
obtain the quasi-likelihood estimators from a quasi-score estimating equation. This
is just a question of finding the root of a (random) equation. Since many equa-
tions have no analytic solution, numerical methods become the usual way to obtain
the quasi-likelihood estimators from quasi-score estimating equation. Many statis-
ticians have used iterative methods, stochastic approximation and others numerical
techniques(see Szablowski(1988), Osborne(1992)). The close relationship between
the quasi-likelihood method, nonlinear regression and generalized linear regression
means that it is possible to borrow Fisher’s method of scoring, Newton’s method
and other related methods( see Seber and Wild(1989), Bates and Watts(1988)),
which are used for nonlinear regression and generalized linear regression, for the
quasi-likelihood method. If the quasi-score equation contains only one parameter,
it will sometimes be easy to get the quasi-likelihood estimator from the estimating
equation. Otherwise, the procedure to get the quasi-likelihood estimatofs is always
complex. The usual steps for a numerical method is to obtain a sequence of asymp-
totic roots of the equations, denoted by {6,}. Among the technical and theoretical
problems met by a numerical method are how to find the conditions under which

{0} converges and how to make the convergence fast.

Sometimes, when the quasi-score equations contain nuisance parameters, the
asymptotic quasi-likelihood method is a useful method to obtain quasi-likelihood
estimators(see, Heyde and Gay(1989), Lloyd-Smith(1990) and Chapter 5 in this
thesis). Anyway, although there may be a problem to obtain quasi-likelihood esti-
mators in some cases, the quasi-likelihood method can at least indicate the optimal
estimating function in a given estimating function space. It is important for a statis-

tician to have this choice.
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Asymptotic inference for stochastic processes is an important subject. Many
papers in this field can be found from Basawa and Prakasa Rao(1980), Basawa and
Scott(1983) and the reference therein. However, much of this work is likelihood-
based and it is possible to remove those assumptions based on likelihoods in some
cases. As Basawa(1991) has mentionedi: the quasi-likelihood method is available
for this purpose. Although the criterion for a quasi-score estimating function does
not rely on asymptotic properties and the quasi-likelihood method is used for finite
samples, increasing the sample size provides a sequence of quasi-likelihood estima-
tors. In most applications of the qﬁasi-likelihood method it turns out that these

estimators indeed exhibit good sampling properties asymptotically. Chapters 3 and

4 in this thesis discuss this question.

3 Summary of thesis

As we have mentioned before, in a certain sense the quasi-score estimating function
has minimum dispersion distance from the generally unknown score function and,
associated with an estimating function space, the quasi-score estimating function
is a best estimating function in that estimating function space in the above sense.
There is also another judgement in favour of the quasi-score estimating function as
a best estimating function in the associated estimating function space. Correspond-
ing to the concepts of sufficiency and ancillary in classical statistics, McLeish and
Small(1988) introduced the concepts of E-sufficient, locally E-sufficient, E-ancillary
and locally E-ancillary and they showed that the best way, in a certain sense, to
choose an estimating function from an estimating function space for inference is to
choose an estimating function which is E-sufficient or locally E-sufficient. In Chapter
2, we explore the relationships between the quasi-score estimating function and E-
sufficient or locally E-sufficient estimating functions and point out that, under mild
regularity conditions, the quasi-score estimating function is locally E-sufficient. Sev-
eral sufficient conditions for the regularity conditions are given and some examples

of quasi-score estimating functions which are E-sufficient or locally E-sufficient are
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presented.

The consistency of quasi-likelihood estimators is discussed in Chapter 3. It is
obvious that the consistency of the quasi-likelihood estimators depends strongly on
how much information we can get from the data or the process. In process inference
problems, the usual way to establish an estimating function space associated with
the inference problem we consider is to choose a martingale from the semimartingale
representation of the given process. As we point out in Chapter 3, sometimes the
quasi-likelihood estimators may not be consistent if the martingale from the given
process does not contain information about the parameters which is unbounded as
the sample size increases. How can we get more information from a given process
or sample and when do the martingales contain all the information we can get from
the sample? Those questions are discussed in Chapter 3. Furthermore, we also give
several sufficient conditions for the consistency of the quasi-likelihood estimators.
The discussions are based on two different approaches; one concerns the integral

surface case and the other the asymptotic linear case.

Score estimating functions can always provide smaller asymptotic confidence
zones for the true parameters than other estimating functions . We are concerned
with the question of whether the quasi-score estimating function can maintain this
property in the associated estimating function space. This subject is discussed in
Chapter 4 where a natural generalization of the classical result for the score function

is provided. Several examples will be given in Chapter 6 to support this result.

Sometimes it is not easy to get a quasi-likelihood estimator from a quasi-score
equation, especially when the quasi-score estimating function contains nuisance pa-
rameters. In this case, we need a new estimating function to replace the quasi-score
estimating function . Heyde and Gay(1989) introduced a new concept of asymp-
totic quasi-likelihood estimating functions to solve the problem in the large sample
case. However their definition is not satisfactory in that it will not always provide
minimum size asymptotic confidence zones for the true parameter. Therefore, in
Chapter 5 a new definition of asymptotic quasi-score estimating function is given.

Also, the ,I concept “ asymptotic locally E-sufficient ” is introduced and the relation-
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ships between asymptotic quasi-score estimating functions and asymptotic locally

E-sufficient estimating functions discussed.

Consider a model

Xi = Fy(0) + M,(0), teT

where 7 is an index set which may not be discrete. In the model, Fi(#) usually
serves as a prediction function, or fitted function, which contains parameters and
previous information( if considering the inference of processes); M;(8) usually serves
as prediction error or measurement error and , therefore, we call {M;(8)} the error
part of the model. If {M,} is a quite general process, for example, {M;} is not
a independent incre;(ment process and time is not discrete time, it is impossible
to use the least squares or weighted least squares method to fit the above model.
However, if M is a martingale and the quadratic variation process {< M >;} of
{M,} is known, then the quasi-likelihood method enables us to fit the model. Thus,
we can say that the quasi-likelihood method makes a very important contribution
to the theory of inference. But if M is a semimartingale process, can we apply the
quasi-likelihood method framework to this case? Furthermore, a key step to the use
of the quasi-likelihood method is to write down the quasi-score estimating function
from a given estimating function space. So, given an estimating function space,
how can we write down the quasi-score estimating function in the space and what
is the formula for the quasi-score estimating function ? All of the above questions
are discussed in Chapter 7. For the sake of completeness we also provide several
strong law of large numbers theorems in Chapter 8, which usually can be used as to

establish the strong consistency of quasi-likelihood estimators in various contexts.
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CHAPTER 2
THE RELATIONS BETWEEN
QUASI-SCORE ESTIMATING FUNCTIONS

AND
LOCALLY E-SUFFICIENT ESTIMATING FUNCTIONS

1 Introduction

This chapter is concerned with the relations between quasi-score estimating functions
and locally E-sufficient estimating functions. As we have mentioned in Chapter 1,
Godambe and Thompson(1985) indicated that, under minor regularity conditions,
for a given estimating function space ¥, the quasi-score estimating function in ¥
is an estimating function which has a minimum distance from the score function
compared with other estimating functions in ¥. From this point of view, the quasi-
score estimating function is an optimum estimating function to choose from ¥. Here

we shall discuss the same question from a different point of view.

In classical statistics, there is an important criterion for choosing statistics for
parameter inference, which is the concept of “sufficiency” or the dual concept of
“ancillarity”. A sufficient statistic is a statistic such that the conditional distribu-
tion of the original observations given that statistic does not depend on any unknown
constants. The concept of sufficiency was first defined in Fisher(1922). Fisher (1925)
said that the sufficient statistic “ is equivalent, for all subsequent purpose of esti-
mation, to the original data from which it was derived.” Therefore, good estimators
should depend on the original observations only through a sufficient statistic. Later
this principle was extended to say that any inference ( estimators, tests, confidence
intervals, etc.) should be based only on the sufficient statistic. This is often called
the sufficiency principle and is accepted by most statisticians. An ancillary statistic
is one whose distribution is insensitive to change in the parameter and under some

conditions the complete sufficient statistics form the orthogonal complement to the
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space of ancillary statistics(see McLeish and Small(1988) pp15-16). McLeish and
Small(1988) pointed out that, in the theory of estimating function or, as they called
it, the theory of inference functions, changes in parameters are first evident through
changes in the expectation of the estimating functions . From this perspective, the
classical concepts “ ancilla;?y ” and “ sufficiency ” motxvated McLeish and Small
to put forwa.rd new concepts of E-sufficiency, E-ancillagy, local E-sufficiency and
local E- anc1llally for estimating function . Following their definitions which will be
given later, the E-ancillary estimating function ¥(8(P)) is an estimating function
such that Eqy(0(P)) = 0 for all Q in P; the locally E-ancillary estimating func-
tion ¥(0(P)) is an estimating function such that Epy(0(F)) = o(8(P) — 6(F)), as
6(P) — 6(P,). Therefore in a certain sense, an E-ancillary estimating function or a
locally E-ancillary estimating function is insensitive to change in the parameters. By
extending the classical concepts, we say that an estimating function which belongs
to the Wﬁ-ancillmy or locally E-ancillary estimating functions is
“sensitive” to the parameters. From this point of view, McLeish and Small argued
that, in the theory of estimating functions , for the choice of an optimum estimating
function from an estimating function space, it is better to choose one from the E-
sufficient estimating function subset or the locally E-sufficient estimating function
subset of W if this is possible,r because the estimating functions in those subsets are
“sensitive” to parameters in the above sense. Therefore, discussing the relations
between quasi-score estimating functions and E-sufficient estimating functions is an
important subject. The discussion can show us whether the quasi-score estimat-
ing function is a good estimating function in McLeish and Small’s framework and
provide us with an easy way to write down the E-sufficient estimating function or
the locally E-sufficient estimating function if the quasi-scdre estimating function is

E-sufficient or locally E-sufficient.

In some particular examples, McLeish and Small(1988) showed that the E-
sufficient estimating function and locally E-sufficient estimating function are also
quasi-score estimating functions . However, they did not touch the questions of why

these two different concepts of estimating function coincide in these examples and
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when they have this property. Here we shall discuss this subject in detail.

We shall show that whether a quasi-score estimating function is locally E-sufficient
depends strongly on what kind of estimating function space we choose. We shall also
show that, under regularity conditions and some additional conditions, the quasi-

score estimating function can be locally E-sufficient. Several examples will be given

to explain this fact.

2 Definitions and notations

Let X be a sample space and P be a class of probability measures P on X'. For
each P, we denote by vp the vector space of vector valued functions f defined on

the sample space X such that Ep||f||> < oo, where
fi(=)

1A = (file)-- s fa(@)) | ..o | = (@) f(2).
fa(2)

If f and g belong to vp, the inner product on vp is defined by
< f,9 >p= Ep(f'(z)9(z)).

Let 0 be a real valued function on the class of probability measures P and denote
by © = {8(P), P € P} C R" the parameter space. Notice that 6 need not be a one

to one function. If it is , we call the model a one-parameter model.

Now we consider a space ¥ in which every estimating function (8, z) = ¥(9) is
a mapping from the parameter space and the sample space into R". Each element

of ¥ is unbiased and square integrable, i.e.

Ep[$(8(P))] =0,
and
I%ll5p) = Ep[%'(6(P))¥(6(P))] < oo, (1)

for all P and § = 6(P). The space is chosen to have constant covariant structure

so that the inner product Ep[¢'(8(P))¢(6(P))] depends on P only through 6(P),
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where 1,9 € W. As usual, we also require that ¥ be weak square closed, i.e. ¥ is

closed in the topology induced by the norm (1) and ¥ is a Hilbert space.

Definition 1 If an unbiased estimating function ¢(8) is a weak square limit of func-

tions {¢} € ¥ which satisfy
Ep[(6)] = o[|6(P) - 6]], as 6(P) — 0, (2)

we say that ¢(0) is locally E-ancillary.

If differentiation and integration can be exchanged, (2) becomes

I

EO(FO_ nxn
J

= 0.

Therefore, under suitable regularity conditions, Definition 1 can be replaced by

Definition 2.

Definition 2 If an unbiased estimating function ¢(0) is a weak square limit of func-

tions {¢} € ¥ which satisfy

ov;
E&(%)nxn = 07

we say that ¢(0) is locally E-ancillary.
We denote the subset of locally E-ancillary estimating functions by A..

A eoeny
Definition 3 The subset Sjo. is said to be complete locally E—suﬁ‘icientl, for[‘zb € Sioe,
& |
E9(¢(0)¢(0)’) = Onxn
for all P, 0 = 0(P) and ¢ € Ajo..

Following the definition, Si,c = Aj;.. From the assumptions on ¥, we have
¥ = Sioc © Aloc

(see Berberian(1961)).

24



Definition 4 A subset L is said to be locally E-sufficient if ¢ € ¥ such that
< ¢, >4=0 for all Y € L and § € O is locally E-ancillary.

In the following, let {X;,0 <t < T} be a process whose distribution depends on
a parameter § taking values in a subset © € R™ and ¥ is a Hilbert space of unbiased
functions. Assume that any pair elements of ¥ has constant covariant structure and
U satisfies the usual regularity conditions. Therefore we use Definition 2 to define

the concept of local E-ancillarity.

Let G; be a subset of ¥ of estimating functions G which satisfy the conditions
that EG(8) = E(%%)nx,, and EG(8)G’(0) are nonsingular. In the following, without

further explanation, the “ - ” will denote differentiation with respect to 4.

If P, is absolutely continuous with respect to some o-finite measure A and has
density p(6), we denote the score function by U(6) = p~'(8)p(0) if it exists and in

this case we also suppose that U is differentiable with respect to 8.

Definition 5 G* is a quasi-score estimating function in G, if
(EG)™H(EGG)((EG)™) ~ (EG*) ™ (EG*G™)((EG")™"Y
is nonnegative-definite, for all G € G, and 6 € O.

If the score function exists and it is a function of the parameter, there are two

other equivalent definitions (see, Godambe and Heyde(1987)).

Definition 6 G* is a quasi-score estimating function in G, if
E((aU - G*)G') = E(G(aU - G*)) =0,
for all G € G, and 0 € ©, where a is a fized matriz depending on 6.

Definition 7 G* is a quasi-score estimating function in G, if
E(aU - G)(aU - G) — E(aU — G*)(aU - G*)

is nonnegative-definite for all G € G, and 0 € ©, where a is a fired matriz depending

on 8.
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If G, is a convex set, we also have the following theorem ( Heyde(1988)).

Theorem 1 Suppose that G, is a convezr set. Then, G* € G, is a quasi-score esti-

mating function in Gy iff
(EG)™(EGG") = (EG*)™"(EG"G")

for all G € G.

3 Results

Since ¥ = Sj,c ® Aioc, We first investigate the circumstances under which the quasi-
score estimating function is in 8i,. or Aj,.. Denote by G* the quasi-score estimating

function in G; and write G =0if G =0, a.s. .

Theorem 2 If G, is a conver set and the quasi-score estimating function G* €

G1N Ape (resp. G* € GiNSioc), then GiNSioe =0 (resp. G1N A =0).

Proof: Only the proof of the first part of the theorem is given here. The proof

of the second part is similar.

If G1 N Sioe # 0, there is a G € Gy N S, and, from Theorem 1,
(EG)"Y(EGG*') = (EG*)"Y(EG*G").
But Si.. = A}, therefore EGG* = 0,4, and
EG'G" =0.

This forces G* = 0 and gives a contradiction. So G; N Si,c = 0.

Remark : Even if G, is not a convex set, the second part of Theorem 2 still
holds if the score function U exists. In fact, by Definition 4, G* is a quasi-score

estimating function iff, for some fixed matrix function a depending on 0,
E((aU - G*)G') = E(G(aU - G*)') =0 3)
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for all G € G; and 0 € ©. If thereis a G, € ;N Ajoc, We obtain a = 0 since EUG,’ =
EG, is nonsingular and EG*G,’ = 0. However, (3) is true for all G € G,, therefore
we can choose G = G* and obtain EG*G* = 0. This gives the contradiction G* = 0.
Therefore G; N Aj,. = 0.

From Theorem 2 we notice that, if there are no any other restrictions on G,

to reduce its size, it is possible that G* is outside of Si,.. But in general, under

regularity conditions, we always have G; N Aj,. = 0. That means that G* can only

be in the complement set of A,.

As we have mentioned before, we are very interested in the conditions under

which G* € Sjoc. This is taken up in the following theorem.

Theorem 3 Suppose that G, is a conver set and G* € Gy — G1 N Aoe. Let G}, be

the projection of G* on Sic. If G, € G1 and for any G with EG = 0, we have
G;_, + G € Gy, then G* € Si,..

Proof: Assume that G* = G}, + G},, where G}, € A, and G}, € Sioe.

pa’
Since G;a € Ajoe, there is a sequence Gpsn € Ajoc such that E’G',,,a'ﬂ = 0 and
E(G;a - Gpa.n)'(G;a - Gpa.n) — 0, as n — oo.

Let Gn = G}, + Gpa,n. By assumption we have G, € G; and

(EG,) Y (EG,G*) = (EG*)"Y(EG*G""),

i.e.
(EG;,) M (EG;,G;, + EGpanGy,') =
(EG:, + EG,) N (EG;,G;, + EG;,Gp,)). (4)
But

| E(GpanGra' = GraGra))l = IE((Grain — G1a)Gra)l
< E((Gpan — G;a)””E(G;a’)" -0, as n — oo.

Let n — oo in (4); we obtain

(EGL) N(EGL,Gr + EGuGry') = (EG), + EGL,) M (EG;,G;, + EG,Gry')

ps — ps pa ™ pa
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and therefore EC’}’;3 = 0. Using Theorem 1 again, then

(EG;,) (EG:,G™) = (EG*) N (EG,G,, + EGL.GLy)

pa - pa

= (EG;,)"(EG;,G;.' + BGG.),
i.e.
(EG) U(EGLG) = (EGL) N(EGL,GL + EGLGL).

pa " pa

Therefore EG;,G;," =0 and G}, = 0. This gives
G- € gl N Sloc-

Theorem 4 Suppose that G, is a convez set. Let G* = G}, + G;,, where G}, €

Stoe NGy and G, € Aue. If, for all 8, EgG* = E4Gy,, then G* € Sioe.

ps’

The proof is same as the last part of the proof of Theorem 4.

In the above theorems, we do notl consider whether U exits or not. However, if
U exists, in 1-parameter case and under certain regular conditions, U € ;.. and
Sioc = o(U) which is a subspace generated by U(see, McLeish and Small, 1988, p29).
Following Definition 7, we should obtain G* € S if Si,c N G1 # 0.

In order to obtain an important property for quasi-score estimating functions we

need some new notations and definitions.

Let G, = {G| EG is nonsingular and G € ¥}. Therefore G; 2 G;.

Definition 8 G} is a sub-quasi-score estimating function in G, if for all Gt € G1,
and all 8 € O,

(EGr)"(EGrGr')(EGr))™ — (EG3) ™ (EG;Gy)(ECT))™ 2 0.

Remark : Fbllowing the above Definition, a sub-quasi-score estimating function
% is also a quasi-score estimating function in G, if G; € Gi, but the converse is

not necessarily true. However, if we restrict our consideration to the model
t
Xi =/0 fsdAs +m,,
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where {m,} is a martingale with respect to some o-fields {F:}, {),} is an increasing
function and we let Uz = {[J a,(8)dm, | a,(8) € F,}, then G; € G; C ¥7 and
following the proof in Godambe and Heyde(1987, p238), we can obtain that the

quasi-score estimating function G* is a sub-quasi-score estimating function in Gi.
If we restrict ¥ such that the subset A;,. of ¥ satisfies :

Assumption 1 :
G€ Ao iff EsG=0 forall,

then we have the following theorem.

Theorem 5 Let G* be a sub-quasi-score estimating function on Gi C U. Then,

under Assumption 1, G* € Sjpc.

Proof: Represent G* by G* = G}, + G;,, where G}, € Sioc and G}, € Ajoe.
Since G € A iff EgG = 0, for all § € ©, and G* € G,, we obtain that
EgG;, = E3G* is nonsingular for all 8 € ©. Using Definition 8,

(EG;,) " (EG;,G;,)(EG,,)™ — (EG") ™ (EG"G)(EG™)™,
is nonnegative-definite, i.e. »

(EG;,) U(EG;,G;))(EG;,) ™ = (EG;,)  (EG;,Gy, + EG.Gra)(EGT,) ™,
is nonnegative-definite. Therefore

EG,,G;,' - (EG,,G;, + EG,,G},)
= -EG,,G;,’

is nonnegative-definite. Then we obtain EG},G5,' = 0 and G* € Siec.

Before an example is given for Theorem 5, we need the following additional

definitions.

Definition 9 An unbiased estimating function 1 € ® is said to be E-ancillary if ¢

can be written as the weak square limit of functions ¢ such that

Eq¢(6(P)) =0
for all @ € P.
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We let A be the set of E-ancillary estimating functions in ®. By construction it

is a closed linear subspace of ®.

From Definition 9, we have A;,. 2 A. Let A = {¢| ¥ € ¥ and Ee(tL) =0 for all
6 € ©}. Then if A C A it will force A4;,. = A.

Definition 10 A subset S of ¥ is said to be a complete E-sufficient subset if (A)
and (B) below are equivalent for all ¢ € V:

(A) <, >4=10 forall6 €@, eS8,
(B) ¢ € A.

Following Definition 10, § 2 Si,.. Therefore if A = A, then it will induce
S= Sloc-

Example 1 Consider a model
t
X, = A(6) /o asd < M >, +M,

for a non-random function A(6), such that A(n) # () for 8 # n and A(8) # 0. Here
{a;} is a predictable process which does not depend on the parameter 8 and {M;}
is a square integrable martingale . We assume that the predictable process {a;} is
observable and denote by {< M >} the predictable variation process which we also

assume observable and not dependent on 4.

Let ¥ be a space of all linear estimating function of the form
T
v(0) = [ HidMi(6).

Here { H;} is a predictable process which is free from the parameter and is such that

the resulting estimating function is a square integrable martingale.

Since
T T T
0 = Egp(6) = Eg /0 H,dM,(0) = E, /0 H,dX, — \(6)E; /0 Head < M >,

then
T T
Esb(n) = Eg /0 H.dX, — A(n)Eq /0 Had < M >,
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T
= (M0) = A(n))Es /0 Hiad < M >¢=0,
for all @ iff
T
E, /0 Hiad < M >,= 0, for all 0.

Furthermore, since Eg3(8) = —A(0)Ejs JT Hiaid < M >, and A(9) # 0, Egp(n) =0
for all 8 iff Eg3)(f) = 0. Therefore A C A and induces Ap. = A.

Suppose that ¥(8) = [T H,dM,(6) is a weak square limit of functions ¥n such
that

E,¥,.(0) =0, for all 7 and 6.

We obtain

Ep(O)] = |Ex(i(8) = $2(0)] < [Eo(0(6) - a(0))7]"
T
= (B (H = Hen)dM(0)]
T
= (Ey [ (He = Hinf'd < M >

= [Ex(¥(m) = a2 0, asn— oo,

Therefore E,(1(8)) = 0 for all 5. This means that ¢ € A iff E,(0) = 0 for all
0. 1t also means that ¥ € A, iff EMZ)(B) = 0 for all 6. Following Theorem 5, the

quasi-score estimating function
. t
G* = A(8) / 4sdM, € Sioe = S.
0

Consider a stochastic process {X:} which satisfies a stochastic differential equa-

tion of the form

dX, = a(8)d < M(6) >, +dM,() (5)

where {M;} is a square integrable martingale with predictable variation process
< M >, observable up to the value of the parameter . Also assume that the
predictable process a;(6) is observable up to the parameter value and there exists a

real-valued predictable process f(t;7,8) such that

[ and < M) >e= [ f(tsn,6)d < M(8) >,
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for all 0 < s < T and all 7 sufficiently close to 6. Notice that f(¢;6,8) = a.(9).
Now restricting our consideration to a space of estimating functions of the form

¥(0) = JT H,(6)dM,(8), we obtain the following proposition.

Proposition 1 Under the conditions assumed above for the model (5), we have

Ape = {¢: Esp =0, for all § € O}.

Proof: First we observe that for any function ¥ and parameter n and 8, we have

Ep(6) = Eol || HAOJdMiln) + an)d < M(n) > ~a(0)d < M(6) >}

T
= E{ [ H(®)(tn,0) - f(5:0,0)ld < M(6) >0}.
Dividing by n — 6 and letting n — 8, we obtain

, 0 T 9
Eqp(6) = 5 Byb(O)lvms = Es || H(O)lg5(t:6,0)1d < M(6) >

For any vo € Ao, if %o(0) = foT H,;o(0)dM,(0) is a weak square limit of functions
{n = JT H.ndM,(6)} and

: T 9
Egtr, = Eo fo Hu(8) 55 £(t:6,0)d < M(8) > =0,

for all ¢,. Then,
|Egto(6)] = |Es(3(8) — $n(0))]

T )
= |Eq /0 (Huo(0) = Hun(0))[55.(2:0,0)]d < M(8) > |

< \/Eg /0 T (Hoo(6) — Hon(0))2d < M(6) >,\/E9 /0 T(% £(:0,0))2d < M(6) >

T 0 )
= ||¢o — ¢n||2\/E'g/0 (Eaf(t;ﬂ,O))'*’d < M(@6)> —0
as n — 0o,

which yields Egtpo = 0, for all € ©. The above inequality comes from Yan(1981).
Therefore
Avoe = { : Egtp(0) =0,  for all 6,9 € ¥}.
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Now we are going to give another example.

Example 2: (diffusion process) Consider the model
ng = at(O)dt + at(O)th,

where {a;(8)} and {o:(0)} are predictable processes, both observable up to the value

of the parameter § and W is a Wiener process. The above model can be rewritten

t(B) t
230 < ) o OaW.(0) >, +d( [[o,(0)aW.),

t
Let f(¢;n,8) = a:.(n)/0?(8); then we have

/0:: d< / ) >e= /0 “ay(n)dt

O’Z:((';))d< /0 0, (0)dW,(8) >

= / F(t;n.0)d < /'a,(a)dw,(o) >
0 0
Let the estimating function space ¥ be {[T H,(8)[dX; — a.(8)dt]] {H.} is a pre-

dX, =

dictable process } and G; € ¥ be such that each element G satisfies the conditions
that EGG’' and EG are nonsingular. Due to Theorem 5, Proposition 1 and the

remark under Definition 8, the quasi-score estimating function
t 1
G = [[a(0)—-aW. = / a,(o) 714X~ a,(6)dd]
t

is locally E-sufficient, i.e. G* € Sjqc.

Remark: In Example 2, if we denote by o(0) a linear subspace generated by

G*. Then, for any (8) = [T H,(0)[dX. — a.(0)dt] € ¥, we have that

<,0>=0
for all ¢ € 0(G*) and 0 € O iff
< ,G* >4=0, for all 4 € ©.
Therefore, if
<P, G" >p=0, for all 8 € O,
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we can obtain

O—E/ Hy(0) 2L 2(0d</as )AW, >,

—E / H,(0 f(t 7,0)]ymsd < / 4(0)dW, >
i.e. ¥ € Ajo. That means o(G*) is a locally E-sufficient set. But Si, is a product
set and G* € Si,c which forces Sjoc = 0(G*).

In the view of Theorem 5, Example 1 and Example 2, we find that Assumption
1 is an important condition. How to check this condition is still a question. Even
though Proposition 1 tells us that, in the case of model (5) , Assumption 1 is always

true and model (5) covers many process estimation problems, an answer for the

above question is still required. This is provided in the following proposition.

Proposition 2 Let ¥ be a subset of estimating functions and © C R be a parameter
space. Suppose that ¥ is a Hilbert space, Egtp = 0 and Egp? < oo for all ) € ¥ and
6 € ©. Let f(x;0) be the likelihood function, z € R™ for some m >0 . If

© f2(z;0)

dz < o0, |
- f(z;0)

i.e.
E9U2 < 00,

where U is the score function, and

O (:0)f(z:9)) o .

then
Apoe = {¢: Egp =0, for all 6}.

Proof: Since
Egtp(z;0) = /_oo P(z; 0)f(x; 0)dz

= [ @D g [ y(50) (a3 )de
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0

=% Y(z;0)f :L'Gda;-—/ 6)dz

=~ [ w(@:0)f(z;0)ds,

if ¥ is the weak square limit of 3, with Egzbn = 0 for all 8 € O, we have

[Bs(n = D) = | [~ (¥n(z,0) = n(z, ) (z0)de]

= 1[0t = vl )P ;0000

\/] (a(z, 8) — ¢,,xo)2f(xo)dzJj°°f”)zf(zo)dx.

&,,

-0

Let n — oo; we obtain

|| = |Eo($n ~ $)| = 0
for all § € ©. Therefore Egy) = 0 for all 8 € O, i.e. A = {¢ : Egtp = 0, for all
6 € O©}.

For the higher dimensional parameter space case, we also have a similar Lemma.

Lemma 1 Let ¥ be a set of estimating functions with Egp = 0 and Egpyp’ < oo
forall Y € ¥ and 0 € © C R", where O is a parameter space. Let f(z,0) be the
likelihood function with x € R™ for some m. If '

(gé) dr < o© 1=1,2 n
rm f(z;0) ’ R
and
0 3}
/R 2@ 0)f(z:0)de = = /R _(z;0)f(z;0)dz
then

oo ={¥: Esp =0, forallfec O}

The proof is as same as that in Lemma 1. Taking m = 1 for convenience, we

only need to notice that

i

Eo‘d"(x;ol,'-- 0 ) EO(ae )nxn
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= ([ G B

/ Ui 80}{(; ) f(z;0)dz)nxn.

If ¢ is a weak square limit of 3,, then

35 f(z;9)

| Wi = ) B f (i 0)dal

ai,f( 0)

—0 as n — oo.
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CHAPTER 3
THE CONSISTENCY OF QUASI-LIKELIHOOD
ESTIMATORS

1 Introduction

In many practical cases it is easy to write down the quasi-score estimating func-
tion for a given process and to obtain the quasi-likelihood estimators. However,as
with other methods the quasi-likelihood method also faces an important question
of whether the quasi-likelihood estimators are consistent. Although the concept of
“ quasi-likelihood ” was posed by Wedderburn in 1974, it is only in recent years that
much detailed attention has been given to the properties of quasi-likelihood method.
Few papers discuss the consistency of the quasi-likelihood estimators.

Let (X, F:) be a process and © be a parameter space. Given X, there is an
estimating function space W7 associated with X and the population size T. Under
some necessary regularity conditions, let Gr be a subspace of ¥ such that every
element Gr of Gr satisfies the conditions that Ey,Gr and E;GrGr' are nonsingular
for all @ € O, where the prime denotes transpose and the dot refers to differentiation
with respect to the components of §. Denote by G} the quasi-score estimating

function in Gr if GT exists. Denote by éT the quasi-likelihood estimator if
Gy(br) = 0.

In this chapter we always denote the true parameter by 6,.

In Hutton and Nelson(1986) a sufficient condition for the consistency of quasi-

likelihood estimators was given. They assumed that:

(1) there is a function Mr(#) in R such that Mr(8) = G*(), for all § € ©, where

G%(8) is a quasi-score estimating function in Gr as well as a martingale,

(2) Amin(< G*(8) >1) — 00, as T — 00, where Amin(< G*(6) >7 denotes the

minimum eigenvalue of < G*(8) >r,

(3) there is an increasing nonnegative function A(-) satisfying [¢°h~?dz < oo,
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such that
h(Amax(< G*(6) >1))
Amin(< G*(0) >1)

where Amax(< G*(8) >1) denotes the maximum eigenvalue of < G*(6) >r,

(4)

limsupy_,

< 00,

SUP||g—4,)|=s ir ()
0 —8,) < G*(8) >r (6 —8,)
for all small 6 > 0, where 8, is the true parameter and Rr(8) is given by

lirnsupT_,oo(( ) <1/2

Mr(8) = Mr(0,) + (8 — 8, Gp(85) — 1/2(6 — 8,)' < G*(8,) >1 (8 — ) + Rr(6).

Then they showed that there is a sequence of quasi-likelihood estimators 6, which

converges a.s. to the true parameter 6,.

The main idea of Hutton and Nelson to get the above sufficient condition for the
consistency of quasi-likelihood estimators comes from the ML method. This idea is
very natural. As we have mentioned before, the quasi-likelihood method is developed
from the ML and LS methods and of course many ideas and techniques for proving
consistency of estimators in these contexts can be borrowed for the quasi-likelihood
method. However the quasi-likelihood method also has some specific features of
its own and for the sake of completeness, a discussion of the consistency of quasi-
likelihood estimators is neceséary.

We discuss the consistency of the quasi-likelihood estimators in two important
cases. The first one is where the quasi-score estimating function has an integral
surface. Hutton and Nelson’s result belongs to this case. We can see that Hutton
and Nelson’s conditions are not very general, especially in Assumption 3. They
require that the speeds with which Amaz(< G*(6) >7) and Anin(< G*(0) >7) tend
to infinity should be controlled by an increasing nonnegative function h(-) which

satisfies [3° h~2dz < oo. Clearly this is rather restrictive.

Following the approach of Hutton and Nelson, we here give a more general result
than Hutton and Nelson’s by using an idea of Kaufmann(1989). The result appears
in Section 3. We can see from there that the restriction in Hutton and Nelson’s

Condition 3 is loosened by substituting a positive definite matrix Ar for A. In
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some sense, this means that the speeds with which Apez(< G*(8) >7) and Amip (<
G*(0) >) tend to infinity can just be controlled individually.
The other important case we consider is the asymptotically linear case. In many

situations, the quasi-score estimating function can be represented as a martingale.

For example, consider a model

t
&=Lﬂ@@+w,

where {m;} is a Brownian motion with respect to o—fields {F:}, f:(8) € Fi- and
0 € O where O is a parameter space. It is easy to see that the quasi-score estimating

function in Gr C Vg = {J; H,(8)dm,|H,(0) € F,.} is

G3(0) = [ (fu(0)yam,

and quasi-likelihood estimator 07 satisfies
(07 - 60) = —(G7(6)) " G1(6),

if f,(0) is a linear function of 6, where 6, is the true parameter. Therefore the ques-
tion about the strong consistency of the quasi-likelihood estimators can be trans-
formed to another question about when the strong law of large numbers for martin-
gales holds. Here we use the strong (or weak ) law of large numbers for martingales
as a tool for investigating the consistency of quasi-likelihood estimators when the
quasi-score estimating function is asymptotically linear. Furthermore the property
of asymptotic normality of martingales can also be utilized to obtain the consistency

of the quasi-likelihood estimators.

Before we give the sufficient conditions for the consistency of quasi-likelihood
estimators, we give two closely related examples, one of which shows that the quasi-

likelihood method does not ensure the consistency of the estimators.

2 Examples

In the one parameter case with independent observations, the ML method always

provides consistent ML estimators (see, Nguyen and Rogers, 1989). But in other
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cases, the consistency of ML estimators holds only under some sufficient conditions.
That means that the ML method does not ensure the consistency of ML estimators.
Not unexpectedly the quasi-likelihood method does not improve on the ML method
in this respect. It should not be surprising that quasi-likelihood estimators may
not converge to the true parameter 6,. In a sense, a quasi-likelihood estimator just
depends on one sample path of a realization of a given process and it is possible
that this may not provide unboundedly increasing information about the parameter
6,. In this case it may result in the quasi-likelihood estimators not converging to
the true parameter 8,. We give two examples coming from similar models, one of
which was introduced by Winnicki(1988). The quasi-likelihood method is applied to
both of these. However, in one case the quasi-likelihood estimators converge almost

surely to the true parameter while in the other case this does not happen.

Example 1. Suppose that Xy and {[;,i = 1,2,...} are independent nonneg-
ative integer valued r.v’s , the {I;} being independent and identically distributed.

Let
X;i=mX;_.1 + [, 1=1,2,..., (1)

where EI; = )\, the variance D([;) = b* and m > 1 is a known parameter.

It is easy to construct a martingale {M, = ¥ o(Xiz1 —=Xim—A) = L, (li-A)}
with respect to the natural o-fields {F, = ¢(Xj,j < n+1)} from (1). Then there is
a quasi-score estimating function G}, in G, C ¥p = {L i(Xiy1 — Xim = A)| o €

Fi-1}, namely
- i X,’+1 - mX,' - id i
Gr=)_ & =) o

= i=1

Let G; = 0; then we obtain a sequence of quasi-likelihood estimators {:\n =

> r_, I;/n} which converges almost surely to the true parameter Ao, as n — 0.
But in Example 2 , we shall find a different behaviour.

Example 2. Let {X,} be a sequence of random variables such that

Xn—l
Xn=ZYn,i+In’ n=12,...,
=1
where Xo is a nonnegative integer valued r.v. and {Yn;,i =1,2,...,n =1,2,...}
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and {[,,n = 1,2,...} are independent families of i.i.d. nonnegative integer valued
r.v.’s. Suppose that m = EY,; > 1, A = El,, 0 = D(Y,;) = D(I,), Y»; > 2 and
Xo 2 1. Let

M, = i(X,-H -mX; = ).

i=0
Then {M,} is a martingale with respect to {F, = 0(Xo,..., Xn+1)} and the quasi-
score estimating function G}, in G, C ¥, = {Z a;M;| «; € Fio1} is

- L Xi X,'+1 - mX,- - A
=3 o)
1=0 1 g ( t + 1)
Let G}, = 0; we obtain the quasi-likelihood estimators

s 20 XiXin /(L + X)) T5 1/(1 + Xi) — 5§ Xiwn /(1 + Xi) ¥§ Xi/(1 + Xi)
" o XH/(L+X)To /(1 + Xi) — (55 Xi/(1 + Xi))? ’

5 = Yo X2 (L + X))o Xia /(1 + X)) - Tp Xi/(1 + Xi) T3 XiXinn /(1 + X0)

" Yo XF/(L+ X)) To /(1 + Xi) — (5 Xi/ (1 + X5))? '

We are going to prove that 1, and ), are convergent. First, rh, can be rewritten

as
o = 20 H/(1+ Xi) 35 Xi(Xir — moXi — do)/(1 + Xi)
"TYAX(A+ X)L+ X)) — (55 X/ (1 + X))
X Xi/(L+ X)) 325 (Xigr — moXi — Ao)/(1+ Xi)
Yo XF/(1+ X)) 5 1/(1 + Xi) — (5 Xi/(1 + Xi))?
= Tn1 + Ta2 + mo,

+ mo -

where mg and A are the true parameters. Following the assumptions,
Yo /(1 + Xi) Y5 Xi(Xit1 —moXi — Ao)/(1 + Xi)
Yo XH(1+ X)) o 1/(1+ Xi)
_ o Xi/(1+ Xi) S5 (Xivn —moXi — do)/(1 + Xi)
Yo XP/(1+ X)) X5 1/(1+Xi)
= L1 + Lg.

Tnl + Tn2 ~

Since Y7 X;(Xi41 — moXi — Xo)/(1 + X;) is a martingale with respect to {F,} and
i E((XaXns1/(1 + X0))?|Fn1)
0

< oo,

(5 X2/(1+ X)))?
then

L 250, as n — 00,
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by using Theorem 2.18 of Hall and Heyde(1980). Similarly, we can also obtain
Ly, %50, as n — oo.

~ a.s.
Therefore ™, = m,, as n — oco.

Now A, can be rewritten as

Yo X/ (14 Xi) To (X1 — moXi — Xo)/(1 + Xi)
Lo XH/(1+ X)) 251/ (1 + Xi) = (25 Xi/ (1 + Xi))?
_ X0 Xi/(1+ Xi) 555 Xi(Xip1 — moXi — A0)/(1 + Xi)

o X1+ X)) T8 1/(1 + Xi) — (T4 Xi/ (1 + Xi))?
Lo(Xiy1 —moXi = Ao)/(1 + Xi)

o 1/(1+ Xi)
_ Lo Xi/(1 + Xi) ¥5 Xi(Xiv1 — moXi — Ao)/(1 + Xi)
ToXH(1+X)To /(1 + X)) '

:\n=/\o+

N/\o+

It is easy to show that

X a.s. . ZS(XH-I - moXi - A0)/(1 + Xi)
An = Ap + lim — ;
R0 Yo 1/(1+ Xi)

that is, A, converges to a random limit but not the true parameter Ao, even though
A a.s.
My = Mo, a8 N — OO,

Example 2 essentially tells us that the martingale { M, } does not provide enough

information for the estimation of A\,. This fact can also be seen from the information

matrix (EG?)"Y(EG=G*")((EG=))™!. Since

oo X\ Xy —mxn
GH_Z(I)—W,

we have

(E(CLY)EGLGLY M (B(GL)

n _{lz__ Xi
= EZ Xi+1l Xi41
1=0 i 1

Xi+1  Xi+1

which has maximum eigenvalue

1=0 1=0 1=0

Amaz(n) = 1/2[E(Xn:(X?+1)/(X.-+1))+\J (E i(X; —-1)) +4(E Xn: Xi/(Xi+1))? ]
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and minimum eigenvalue

Amin(n) = 1/2[E(i(X?+1>/(X¢+1))—J (ESXi = )P+ 4E S X:/(X: + 1) |

1=0 1=0 1=0

respectively. After some algebra, we obtain
nliqrg Amaz(n) = 00

and

0 S /\min(n) S EZ(I + Xi)-l < o0,

i=0

Thus, Amer tends to oo but A, is bounded. In Chapter 4, we shall see that,
under some suitable conditions, (E(G%))"N(EG%G)(E(G2)')™! can determine the
asymptotic confidence intervals of the true parameters. Therefore if one of the
eigenvalues of (E(G%))"Y(EG=G~)(E(Gz)')™! does not tend to 0 or tends to 0 very
slowly, the quasi-likelihood estimators obtained: from the quasi-likelihood equation
G (60) = 0 may be poor estimators. The reason is that in this case some components

of the quasi-likelihood estimator may be far from the corresponding components of

the true parameter.

Given a process we can construct a martingale from it and get an estimating
function space associated with this martingale. Then we can choose a quasi-score
estimating function from this estimating function space if the quasi-score estimat-
ing function exists. Finally, a quasi-likelihood estimator can be obtained from the
quasi-score estimating function . If the quasi-likelihood estimators are consistent,
we say that the martingale provides enough information about the parameter or
the martingale carries enough information from the given process. Since the mar-
tingale {M,} is constructed as a free choice, we can of course construct another
different martingale from same process. Therefore we can get different estimating
function spaces. From these different estimating function spaces, different quasi-
score estimating functions are respectively determined. Then we can obtain dif-
ferent sequences of quasi-likelihood estimators. As we have indicated before, these
sequences of quasi-likelihood estimators may determine which martingales provide

enough information about the parameters. From this point of view, the above two
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examples motivate us to ask whether there is any other martingale associated with
the given process which provides more information about the parameters of the pro-
cess than {M;}. Or we can ask whether, for a given process, we can determine a

martingale associated with this process which carries the most information about

the parameters from the process?
Before we examine these questions, we need some notations and some basic
knowledge about semimartingales(see, Chapter III in Jacod and Shiryaev(1987).
A stochastic basis (Q, F, F, P) supports a semimartingale X = (X*)icqs. Let X°
be the continuous martingale part of X. Define a random measure z on R? x [0, 00)
by
p(dz,dt) = ; Iiaz,20}€(s,00,)(dE, dz),

where Az, = z, — z,- and ¢, is the Dirac measure at a. Further, let v be the

predictable compensator of p.

Let A}, be a set of all real value processes A that are cadlag ( right-continuous
and admit left-hand limits) adapted, with A = 0 and where each path is non-
decreasing. Let Gjoc() be a set of all measurable functions W on Q x R? x
[0,00) such that Wy(w) = W(w,t, Azi)liacso) — E[W (2, Aze)I(azg)(t)|Fe-] satis-
fies [,<.(W.)?]M/? € Af,. Let L}, (X°) be a set of all predictable processes H such
that the increasing process (H - ¢- H) - A is locally integrable, where c, A € R* x R?
, < X0 XU) >=¢;;- Aand X¢ = (X, ... X)),

Definition: We say that a local martingale M has the representation property

relative to X if it has the form
M=M+H X +Wx(u-v),

where H = (H')i<q belongs to L}, (X°) and W € Gioc(p)-

loc

Jacod and Shiryaev(1987, p172) pointed out that:

Lemma III 4.24 : Every local martingale M has a decomposition

M=H -X*+W=x(u-v)+N, (*)
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where H € L} (X°), W € Gioe(p), N is a local martingale and
< N¢,(C%) >=0, Vi < d, MP(AN|P) =0,

where P = P x B, P is generated by all adapted processes that have continuous
paths and B is the Borel o-field in R?. Moreover, this decomposition is unique, up
to indistinguishability.

Jacod and Shiryaev(1987, III 4d) showed that, if X is of some specific form which
includes cases such as X is a Wiener process or Poisson process, or more generally, a
(homogeneous) exponential family of stochastic processes or independent increments

processes, then every local martingale M has a decomposition
M=H-X+We(s—v) (+4)

Now we consider the question raised above. Firstly, suppose that the given
process X possesses the speciﬁc properties required in Jacod and Shiryaev(1987,
IIT 4d). In this case (**) holds. Following the idea of Heyde(1987), taking any
one of the local martingales of the form H - X° and any one of the local mar-
tingales of the form W * (4 — v) we can establish an estimating function space
U, = {J5 a,(0)dX° + [ [ra B(8;2,3)(n — v(0))(dz,ds)}, where {a,} and {B,} are
predictable processes. It is obvious that this estimating function space contains all
estimating function spaces based on martingales which are constructed from the
given process X. From ¥, we can determine a quasi-score estimating function Gj
(see Sgrensen(1990)) and quasi.-likelihood estimator ;. Assume that ¥, is another
estimating function space based on another martingale M constructed from X, that
is, ¥; = {/f @,dM,|{c:} is a predictable process}. Then we have ¥, C ¥,. Assume
that Gt is the quasi-score estimating function in ¥, and é;‘ is the quasi-likelihood
estimator based on G. If the asymptotic confidence zones for 6, based on G and G}
are determined by (EG, )" (EG:Gy')(EG,')™! and (EG;) Y (EG;G;')(EG;")™" re-
spectively, following the discussion in Chapter 4, the asymptotic confidence zone for
0, based on G} is smaller than that based on G7. Therefore if {6;} is not consistent,

{62} will not be either. In other words, in this situation, there exist martingales
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the combination of which provides us with maximum information from the given

process. However in practice it is often very difficult to write down them.

If X does not have some of the specific requirements mentioned in Jacod and
Shiryaev( 1987, III 4d), then not all local martingales M have the representation
(**). That means that the local martingale N in (*) does not usually disappear. In

this case the answer for the maximum information question is not clear.

Nevertheless, the technique discussed in Heyde(1987) and Heyde(1989) provides
us with an important method for gathering more information from a given process.
The procedure is that, after we get a martingale from the given process, and find
that it does not provide us with enough information about the unknown parameter,
i.e. the estimators are not consistent or it is difficult to get the quasi-likelihood
estimator from the quasi-score equation, we need to find another martingale which
is not in the space generated by the first martingale( preferable a martingale which is
orthogonal to the first martingale) and then combine them to get more information

from the given process.

3 Sufficient conditions for the consistency of
quasi-likelihood estimators : integral surface

case

Like the ML estimator which comes from the score equation d(log L(6))/86 = 0,
where L is the likelihood function, the quasi-likelihood estimator comes from the
quasi-score equation G7(9) = 0, where G7(6) is the quasi-score estimating func-
tion. The maximum likelihood estimator corresponds to maximizing the probability
of the observed samples. Therefore, under the maximum likelihood principle, the
ML estimator seems easy to accept. But in general the quasi-likelihood estimator
does not show us any similar sensible interpretation except the meaning that under
some regularity conditions the quasi-likelihood estimator is the root of an estimat-

ing function in the estimating function space, which has a shorter distance from
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0(logL)/d(0) than other estimating functions in the estimating function space(see,
Godambe and Thompson, 1985). However we can still employ the idea of maximum

likelihood to deal with the quasi-likelihood estimator question.

Here we always assume that the quasi-score estimating function G% is a square

integrable martingale.

Definition 1 Let M7(0) be a function of 6 in R. If

(o) = (220) =G,
¢ kx1

we call Mr(0) the integral surface of G5(6).

Assumption 1. For each T > 0, G%(0) has an integral surface M7(8).

For a process of positive definite matrices Ar (possibly random ), let
Nr(8) = {6] | AT(8 — 8o)|l < S]AT G (80)ll}-
Assumption 2.
sUPgeny (5|10 — boll =0, as T — oo.
Assumption 3. There exists a Ty such that, if T > Tj,
Gy(8) = —< G*(0) >; + Rr(6)
and, for all 6 € Nr(6) and ||6 — 6. < ||6 — 6.],
116 = 6.) < G*(8) >1 (6 — 6.)]7[(8 = 6o)' Rr(6)(6 — Bo)]|| < (1 = @),

where a < 1.

Assumption 4. There exists T, > 0 such that, if T > T,
P(< G*(0) >1 —cATAT 20, for all 8 € N7(6)) =1,

where éc = 2/a.
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Theorem 1 Under Assumptions 1-4, there ezists a sequence of quasi-likelithood es-

timators én such that

A G.8.
0, = 0,, as n — oo.

Proof: Without loss of generality, we may suppose that Assumptions 3 and 4

hold for all T'.
For w € Q, if Gr(fo,w) = 0, let fr(w) = b; if G5(8,,w) # 0, since Nr(6) is a

nonempty compact convex subset of ©, for any boundary point 8 of Nz(6),
Mz (0) — M1(8:) = (6 — 6,)'G7(80) + 1/2(6 — 0,)'G7(8)(6 — 65)
= (0 — 0.)'G3(8.) — 1/2(8 — 8,) < G*(6) >1 (8 — 6,)
+1/2(6 = 6,)'R(8)(6 — 6.),
where 8 lies in between 6 and 6,. Set Vr = Ar(6 — 6,); then
Mr(6) — Mz (6,) = V&' A71G3(8,) — %VT'A;I < G*(6) >1 AF'Vr

1
-a

%((6 = 0. Ra(8 - 6.))

! “EV AT < G(0) >t ATVa(l - 7= (0~ 0) < G(6) >a (6~ 0.)

—1 = a - /] -
< IVrllll AT G7(8a)ll - §I|VTII2/\m-'n(AT1 <G(0) >r AT

. abC, 1w
< IVR(IAF GR 8] ~ Z5°147' G (6:)) = .
Therefore there exists (;T in N7(6) such that
Mz(b7) = Gy(6r) = 0.
By virtue of Assumption 2, we have

07 %5 0,, as T — oo.

As applications of Theorem 1, three examples are given below. Two of them,

Example 1 and Example 2, are borrowed from Hutton and Nelson(1989).
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Example 1. Suppose that {X,Fi} is a real valued discrete time stochastic

process with

E(Xg|Fi-1) =0(1 4+ 0)Xy_1,
D(Xg|Fi-1) = (1 + 20) Xy—1,

where Xx > 1, k = 0,1,... and § > 0. Then X, = ¥} Xx — E(Xk|Fio1)) is a
martingale with respect to {F,} and the quasi-score estimating function in G, C

U, = {71 ae(Xk — E(Xk|Fe-1))|{ax} is a predictable process} is
Gr(0) = D(Xi — 6(1 + 6) Xi-1).
1

It is easy to check that M,(0) = X1(0Xx—0%(1/2+1/36) Xx~1) is the integral surface
of G;(0). In Assumptions 2-4, choosing A, =< G*(6,) >}/?= (T3(1 +26,) X-1)"?,

we have
supgen, (5)|f — 0o| < SUPeeNn(s)JZ%Z:L: =0, as n — 0o,
since E(G G 2| F, 0,)X
> =G - 2 1420,)X,-
p» N TS p» SR <

Assumptions 3 and 4 can be checked by some straightforward calculations. Following

Theorem 1 there exists a sequence of quasi-likelihood estimators 6, which satisfy

0,30, as n — oo.

Example 2. Let {m, F;} be a locally square-integrable martingale with

< m >7r=T. Consider the model
dyt = (0102 + 01 Vete1 )dt + dmt,

where 6;,0; > 0, 1/2 < ¢ < 1. There exists a quasi-score estimating function G7(9)

in Gr C ¥t = {JT a,dm,,a, € F,_} and

T 6,4+ Vectc!
G;(g):/o ( 2 . )dmt.
) 1

It can easy be shown directly that G3 has an integral surface.
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In Assumptions 3-4, we can choose Ar = \/02'1T°/(0§,1 +62,) I, in which 6,
and 0, are the true parameters and [ is the unit matrix. Since 1/2 < ¢ < 1, by

virtue of Lepinglé’s(1977) law of large numbers,

Gt
08.1/(03,1 + 03.2))T

a.s.
“ = 0,

SUPgen, (5110 — 0| < SuPaeN..(s)5||(
as n — oo.
Furthermore, since
Amaz(< G* >1) = (62 + 03)T(1 + o(1))

and
Amin(< G >71) = (62/(6} + 63)T°(1 + o(1)),
we have
1[(6 — 65)' < G*(8) >1 (6 — 6)]7*((8 — 6,)'Rr(6 — 80)]|

<

mr(0)
where § € Nr(6), and

_ - ~ a.s. 0, T ,
/@ T T+ o) wom

< G*(0) >1 —62/(6y + 62)T°I > 0.
Following Theorem 1, there exists a sequence of quasi-likelihood estimators f7 such
that éT 3 0,, as T — oo.

In the above two examples, the quasi-score estimating functions satisfy Assump-
tions 1-4 of this section as well as Hutton and Nelson’s Assumptions as listed in
Section 1 of this Chapter. In the following example the quasi-score estimating func-
tion satisfies Assumptions 1-4 ( and hence Theorem 1) but not Hutton and Nelson’s

Assumptions.

Example 3. Consider the model
dy, = (01t + 05t~ 4)dt + m,,

where 8; and 6, are unknown parameters and {m;, F;} is a Wiener process. Let

G: = {G: = [§ f,(6)dm,|f,(6) € F,-} be an estimating function space, in which
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every element G, satisfies the conditions that EG, and EG;G, are nonsingular.

Then
t K]
Gt =/0 ( 3-1/4 ) dm,

is a quasi-score estimating function in G;.

In this example, we want to use Theorem 1 to show that there exists a sequence
of quasi-likelihood estimators which converges strongly to the true parameter §,.

We show that the quasi-score estimating function G* satisfies Assumptions 1-4 but

not Hutton and Nelson’s Assumptions.

Firstly, let us evaluate the eigenvalues of < G* >;. Because {m;} is a Wiener

3 7/4
s >,=( (13 (/71 )

process, we have

(4/n)t7r 2412
From the above matrix, we obtain the maximum eigenvalue and the minmum eigen-

value of < G* > following

Amaz(t) = 1/2[(2% + (1/3)%) + /((1/3)83 — 261/2)2 4 (4/3)¢7/2 — (12/441)t7/2)

> (1/3)t > t, for t large enough,

and

Amin(t) = 1/2[(2tY% + (1/3)t%) — \/((1/3)t3 — 21/2)2 4 (4/3)t7/2 — (12/441)t7/2]

< 22, for t large énough.

In meanwhile, we also can get that Ani(t) ~ t1/20(1), as t — oo.
In fact G* cannot satisfy Hutton and Nelson’s Assumpﬁions. If G* does, there is

an increasing positive function A(z) such that

o dzx < oo
o h*z)

and

T=h(Amas (1))

L W) e
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Therefore, there are T, > 0 and K > 0 such that, for t > T,
h(Amaz(t)) < K Amin(t) < 2Kt1/2.
This leads to

1 1 1 1
< < <
4K%2t = K2)2, . (t) = R?(Amaz(t)) — A2(t)

and

o) 1 o) dt
= dt < / @
= [ gt < o Rt -
which is a contradiction.

Now we prove that G* satisfies Assumptions 1-4. Assumptions 1 and 3 hold

obviously, because G* has an integral surface
t
M,(6) = /0 (81 + 0,57 /4)dy, — 1/2(6y5 + 6,57 /4)2ds]

and

Gr=-<G" >;.

In the remaining argument we prove that G* satisfies Assumption 2 and 4. We

1/2
1/3¢3 0
At = .
0 /\min(t)

Let N;(8) = {0]||A:(6 — 6.]| < 8||A7'G:(8,)]|} for a § which satisfies that §c = 2,
where 0 < ¢ £ 1 —/24/49 < 1. Then, for any 8 € N,(6), we have

choose

1/3t%(6) — 05,1)* + Amin(t)(82 — 8o,2)*

< &3/ Csdm,)? + 1/ / sV Adm, ),

ie.
2 1/2
O = O+ LA 00 0.0
3t 1
2q__ 9 2 -1/4 2]
< Sl PR o [ s 4dm, Y
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Let hi(z) = z%9/2* and hy(z) = 2%/%. By Lepinglé’s(1977) law of large numbers, we

obtain

3 t
FTE b i
349/24 t1/8 fot sdm, a.s. 0 ¢
_ . . — 0, as t — 00,
Aiin(t)  ha(< Jg sdmy >)
and
1 t
234 Jo s /4dm,
93/443/8 Jo s~V4dm, 23 :
_ . - — .
N (< s Tdmy 5y & S
Therefore

sup ||0 —6,]| =0, ast— o0
BENL(5)
and G™ satisfies Assumption 2.

Because 0 < ¢ <1 —,/24/49 < 1, after some calculation, we find that
< C;ml >t -CA:At 2 Oa

i.e. G* satisfies Assumption 4 and Theorem 1 applies.
Remark : If in the proof of Theorem 1, we repléce Assumption 2 by

Assumption 2’ With a process of positive definite matrices At (possibly random),

let
N1(8) = {8]l|Ar(8 — 6,)|| < 6l|A7'GT ()}

we have

S“PeeNT(s)”a = 6ol 20, as T — oo.

That is, weak consistency holds for the quasi-likelihood estimators.

Remark : We should notice that not all quasi-score estimating functions have

integral surfaces. Here is an example.

Example 4. Let {m, F;} be a locally square-integrable martingale with <

m >;= t. Consider the model
dyt = (9102)dt + 01dmt,
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where 6,, 6; > 0. There exists a quasi-score estimating function G%(8) in gr C

Ur = {/T a,dm,| o, € F,_} and
Gy = /T 02/?%("% — 0,0,dt)
0 01- (dy, - 0102dt)
_ 02/9%?” - Bg/olT
07 'yr — 03T

If G% has an integral surface, say ¢(6,,0;), then we should have

9¢
30, = 02/6%yr — 63/6:T.

This forces

¢ = —03/0,y: — (63logby)t + C(8,)

and
¢

_ 0
.5.0; = --01 lyt - 2(0210g91)t + —"0(02)

00,
= ol—lyt - 02t,

where C(8;) is free from 6,. Therefore we get

—8‘0(02) = 2(9%10g01)t - Hgt
00,

which is a contradiction. Hence, it is impossible for G} to have an integral surface.
However, if in the above model, the quadratic process of the martingale part is free
from the parameters, then the quasi-score estimating function usually has integral

surface. For example, if the model is
dy: = fi(01,02)dt + dm,

where < m >,= [§ a,ds, then the quasi-score estimating function is
t{ 0f,/00
Gt = / f/ ! a:’dm,
0\ 9f,/00,

=/ ( O /%0 ) a? (dy, — £.(61,6:)ds).
0\ af,/006,
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Let ¢¢(6,0;) satisfy

Oe/00; = /0 *9,/00,a% (dy, — f,(61,0,)ds).

Therefore, under regularity conditions,

8:(00,02) = [ (FuaFdy, — 1/2f2ds) + C(6s).

Let
t
0./08; = /0 3£,/ 862(atdy, — f.(01,8,)ds).
We get that C'(6;) = 0 and

t
8(01,02) = [ (fuatdy, — 1/2f%ds)
is the integral surface of G;.

It is of course important to know when the quasi-score estimating function has
an integral surface. This question for the generalized linear model has been dis-
cussed by McCullagh and Nelder(1989,p333). In this case they pointed out that the
quasi-score estimating function G* has integral surface iff the matrix of G* is sym-

metric. However, there are very many cases in which, for r # s, (8G2(9))/(86,) #
(9G3(6))/(96,).

4 Sufficient conditions for the consistency of
quasi-likelihood estimators : asymptotic linear

case

Theorem 1 gives the existence of a quasi-likelihood estimator and sufficient condi-
tions for consistency when G7 has an integral surface. Since not all G} have an
integral surface, we certainly need other methods to deal with the consistency of
quasi-likelihood estimators when the quasi-score estimating function does not have

an integral surface. In this section, we discuss this question in the asymptotic linear

case.
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Many estimating functions which have integral surface belong to the asymptotic
linear category, but the converse is not true. An example will be given below. Ther-
fore the asymptotic linear case is different from the integral surface case. Because
the*;l;;:;&;e‘csl to prove the consistency of quasi-likelihood estimators can be quite
different from case to case, we can only partially show the ideas here. We just state

or prove some theorems and corollaries here. Many other results can be achieved by

combining the results in Chapter 8 with those of this section.

Definition 2 Suppose that G1(8) is a vector in R*, where § € © and O is a bounded
subset of R*. If Gr(8) can be represented as

Gr(8) = Gr(8o) + G1(05)(8 — 6,) + Rr(8,6,)

where (Gr(8,))"'Ry 230, as T — oo, for all § € O, we say that {Gt} is asymptotic

linear .

Here is an example. Let us consider a model

dys = ((t+0:1)> + (t + 85)%)dt + \/(t + 6:)(t + 82)dW,,

where 6, and 6, are parameters and W is a Wiener process. Following the formula
in Godambe and Heyde(1980), the quasi-score estimating function in G; C ¥ =
{5 at(61,02)dW;| {a;} is a predictable process} is

or =g [ Jalt 00 +02)7 dye — Jo(t + 01)(t + 02) 7t — [o(t + Bu)(t + 0a)*dt ) _
‘ JE(E + 02)(t + 00)Mdye — JE(E+ 02)3(t + 61)71dt — JE(¢ + 05)(t + 61)%dt

After some algebra we obtain

where
t t t
a1y = /0 (t +0;) 'dy; — 4 /o (t + 00)3( + 8;)~'dt — /0 (t + 62)%dt,
t t t
aa== [(t40)(t+0) 2yt [ (4004t +0)7de =2 (L4 0)(t 46
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t t t
aza == [[(t+02)(t + 00 %dye+ [[(t+02)'(t +00)7%dt =2 [ (¢ +6:)(t + 610t

and .
a2 = /()'(t +0y) dy, — 4/0t(t +0,)%(¢ + 6,)"1dt — /(:(t +6,)%dt,
while
2/3Ry = v1(6 — 81.0)? + v3(62 — 8.0)? + vs(61 — B.0)(62 — O.).
where

v = —12 [§(t + 01)%(t + 65)'dt
2 3(t + 01)73(t + O2)dye — 2 f5(t + 61)73(t + 02)* — 6 [3(t + 61)2(t + O2)dt

2 [5(t + 02)73(t + 01)dye — 2 [5(t + 62)73(t + 61)* — 6 [3(¢ + 62)(t + 0,)dt
Ve =
—12 f5(t + 62)%(t + 6,)"dt

and

. — Jo(t + 65)2dy, + 4 Jo(t + 01)%(t + 62)72dt — 2 [5(t + 02)°dt
3 = .
— fo(t +01)72dy, + 4 f§ (¢ + 02)3(t + 61)2dt — 2 [3(t + 6,)%dt

Applying a basic property of martingales, we get y, = O(t*). Therefore, it is easy
to get
(G:)—IRI = 0,

that is , G} is asymptotic linear. But it is obvious that G} does not have an integral

surface.

Assumption 5. {Gr} is a square integrable local martingale with respect to some

o-fields {Fr} and
< G(8) >7! Gr(8) =3 1, as T — oo.
Assumption 6. There is sequence {cr} such that
(I < G(8) >1 | = |Gr-1(8)Gr-1(0))/| < G(6) >1 | < er,a..,

for T large enough , where E 3_F_, cr < oo.

In the following, we still denote the quasi-score estimating function by G7.
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Theorem 2 Suppose that {G%} is asymptotic linear . Under Assumptions5 and 6,
if Amin(< G*(0) >,) 5 00, as T — 0o, and there is a positive increasing function

h(z) such that

/oo da <@
o zh(z) ’

where h(|G3]) = o(Amin(GF)), then the quasi-likelihood estimator O1 =3 6,.

Proof: Let 07 be the quasi-likelihood estimator. Following the assumptions,
0 = G7(fr) = G7(0) + G7(86)(0r — 6.) + R (6)

= G7(0o)+ < G*(6) >1 (b1 — 8,) + o(< G*(65) >1).
From Theorem 5 in Chapter 8, we obtain

a

67 = 6,, as T — oo.

The above theorem is based on the strong law of large numbers for martingales.
Sometimes the asymptotic normality property of martingales can also be used to

provide sufficient conditions for the consistency of quasi-likelihood estimators.

Theorem 3 Under Assumption 5 , if
(1) {G1} is asymptotic linear ,
(2) < G*(6) >7'/* G3(8) > N(0,1), as T — oo,
(8) Amin(< G*(0) >1) =3 o0, as T — oo,
(4) Or is a.s. convergent,

» thenér—Ooa—'?O, asn — 00.

Proof: Let fr be the quasi-likelihood estimator. FolloWing the assumptions,
0 = G3(fr) = G1(0.) + G3(6,)(0r — 6.) + Rr

= G7(0:)+ < G*(8o) > (b7 — 00) + o(< G"(6,) >1),

and
(0 — 8.) = — < G*(6,) >7°< G*(6.) >7'* G3(6,) + o(1).
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Because of Apin(< G*(8.) >1) 25 o0, every element of < G*(6,) >}1/ ? converges

almost surely to 0. Then, by Condition 2 and some basic probability properties,
éT—Hoai)'O, as n — 00.

Remark : 1. In practice, if Conditions 1 - 3 hold and the sequence of realizations

of fr converges, we may say that {7} converges to the true parameter.
2. Condition 3 is always true when Condition 2 holds.

3. Condition 2 can be weakened to “< G* >}1/2 Gt 4 L(X)” for some X,
where X is a a.s. finite r.v. and £(X) denotes the law of X.

Corollary 1 Under Assumptions 5 and 6, if
(1) Gt is asymptotic linear ,
(2) < G*(8) >7* G3(8) 3 N(0,1), as T — oo,

(3) < G*(8) >1 is monotone, i.e. | < G* >t z|| > || < G* >s z|| for all z € RF,
when T < S,

(4) Amin(< G*(0) >7) 3 00, as T — oo,

then éT—Bo 230, as T — .

Proof: If < G*(0) > is monotonic, then
<G*(6) >1" G1(0)
converges almost surely(see Chapter 8); that is
(07 — 05) = —(G7(6)) ' G1(6e) + 0(1)

converges almost surely. Following Theorem 2, br —0, — 0, as T — oo.

As an application, we consider an AR model.

Theorem 4 Suppose that {X;} is a stationary process and

(1) EX? < oo,
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(2) {X:} is an ergodic sequence,

(3) Xe =a+ piXi1 + B Xeca+ ... + BeXick + &k,
where E(e|Fi-1) =0, E(e?|Fi-1) = c constant and F; = o(Xy,..., X}),

(4) Let
t Ei X1 oy Ei Xo-k

AT _ Z?L Xa-l Zi ng_l v Etl Xa-le—k

T1Xomk T3 XokXom1 ... TIXZ,
and suppose that if there is a § > 0 such that
AminEAT = O(|EAT)%).
Then the quasi-likelihood estimators
(& Buyy - B) 25 (, By, - ., Bi)-
Proof: By the assumptions,
zz:s, = Z::(X, —a—Xeyo1 — .o = B Xizk)

is a martingale with respect to {F;}. Let G; be a subset of estimating function space
{¢ fiedl{ fi} is a predictable process with respect to {F;}}. Then the quasi-score

estimating function is

1

X,-
Gy =- !

Ol

t
> (Xs—a—=HBXe1 — ..o — B Xok)s
1
Xa—k

which is a linear function of (a, f1,...,08k)".

We find that
1
t X,-
<G >= %Z (1 Koy Xock)
1 :
Xa—k
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t ztlxa—l EiXs—k
X TIXEL, . T Xea Xk

ol

TiXek Th Kok Xomr .o ZUXD,
=G
Following Conditions 1 - 2 and Theorem 4.3.1 of Révész(1968),

(E<G >) <G >3, as t — oo.

Applying Theorem 3 in Chapter 8,

<G >'Gr30, as t — 0o.
Therefore,
0, -0, %30, as t — 00,
where
Q¢
ét — ,Bf,l
Bk
-1
t Zi Xa—l v Ztl Xs-k Zi Xs
_ 2‘1 Xs—l ztl X.?—l “ee 2‘1 Xa—IXa-k Zi Xs—IXs
Etl Xa—k Z; Xa—sz—l v Ei ng_l Ztl Xs—-an
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CHAPTER 4
ASYMPTOTIC CONFIDENCE INTERVALS

1 Introduction

In the previous chapters, several sufficient conditions for the consistency of quasi-
likelihood estimators have been discussed. However we still need to ask some further
questions. The first one is what kind of confidence zones we can recommend for the
quasi-likelihood estimators. The second one is whether the quasi-score estimating |
function provides smaller asymptotic confidence intervals for the true parameters

than other estimating functions .

In the following, our framework is that of a family of experiments defined on a sta-
tistical space (2, F, {Ps}) where § € O, an open subset of p-dimensional Euclidean
space. The experiments are indexed by ¢t € [0,00) and {F;} denotes a standard
filtration generated from these experiments. The framework covers discrete as well
as continuous time and our object is to obtain asymptotic confidence statements
about # of maximum precision. The setting may be parametric or nonparametric;

0 could be, for example, the mean of a stationary process.

A discussion concerning confidence zones of minimum size can be most naturally
formulated in terms of properties of estimating functions ; see Heyde (1989) and
references therein. To this end, and with little loss in generality, we shall confine
attention to the class G of zero mean, square integrable, F;-measurable, semimartin-

gale estimating functions G;(8) which are vectors of dimension p such that

96y
39;

Gt(o) = (

EG¢(6) and EG(8)G:(6)' are nonsingular for each t > 0, the prime denoting trans-

pose.

An effective choice of Gy(8) is vital and in the case where the likelihood function
exists, is known, and is tractable, the score function provides the benchmark and

should ordinarily be used for G;. It is well known, for example, that maximum
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likelihood (ML) estimation is associated with minimum size asymptotic confidence
zones under suitable regularity conditions (e.g. Hall and Heyde (1980, Chapter 6)).
We shall, however, take a more general approach, via a discussion of quasi-likelihood,
for which properties similar to that of the ML estimator hold within what may be
a more restricted setting.

In this chapter we shall point out what kind of confidence intervals we usually
choose for the quasi-likelihood estimators and also the fact that the quasi-score

estimating function always gives smaller asymptotic confidence intervals for the true

parameter than other estimating functions under mild conditions.

2 Formulation

Asymptotic confidence statements about the “ parameter” 8 are based on the con-
sideration of the asymptotic properties of a suitably chosen estimating function
Gt(0) as T — oo. For this purpose we shall assume, as is typically the case in
regular problems of genuine physical relevance, that Gr(0) has a limit distribution
under some appropriate normalization.
Suppose that U7 is a space of estimating functions , Gr is an estimating function
in G C ¥t and 67 is an estimator which satisfies Gr(83) = 0. If 8; =5 6,, where 6,
is the true parameter, then for large T we use Taylor expansion to obtain
0 = Gr(67) = Gr(0s) + Gr(61,7) (67 — bo) (1)

tle “positive Squeve Aot "'7 rle
where ||0, — 01,7|| < [|6, — 07|, the norm denotingsum of squares of elements. Then,

assuming that, if there is a sequence of matrices { Br} such that
BrGr(6s) * X,
where X does not depend on the choice of Gr, then
BrGr(8:)(67 — 85) = X, (2)

by 8 %% 0, and Gr(61.7)(Gr(6.))™! B I, as T — oo. Theoretically, asymptotic

confidence intervals for 8, can be determined from (2) if the distribution of X is
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known. However, confidence zones based on (2) are mostly difficult to formulate
unless X is normally distributed and it is desirable, wherever possible, to renormalize
to obtain asymptotic normality. One important reason is that this is convenient in
practice and it is easy to determine the boundary of the confidence interval. If,
by using different norms, the estimators have an asymptotic normal distribution
or an asymptotic mixed normal distribution respectively, we still prefer to use the
norm which leads to the asymptotic normal distribution. This follows because the
confidence interval based on asymptotic normality is smaller on average than that
based on asymptotic mixed normality(see Heyde(1992)). That is why we always

choose Bt such that
BrGr(8.) = N(0,1) (3)
or
BrGr(6,)(63 — 0,) 5 N(0, ). (4)

Since in practice U7 is always chosen as a martingale space if the quasi-likelihood
method is used, there are many sufficient conditions which can be used to check
whether (3) holds. Some of these sufficient conditions can be found in Hall and
Heyde (1980) and the bibliography therein. Although those results are mainly for
the one dimensional case, it is easy to extend them to the higher dimensional case

by using the Cramér-Wold Device which can be written as follows:

Suppose that the k-dimensional random vectors X, = (Xn1, ... , Xnx) and

X =(Xy, ...,Xk) satisfy
‘ k k
Y tiXns 5 2 tiX;

J=1 =1
for each point t = (t;,...,tx) of R¥. Then the characteristic functions fn(s) =
Eezp(is }:;‘___1 t; X, ;) of these one dimensional random variables converge to f(s) =

Eezp(is Tk, t;X;) for each real s. Taking s = 1, we see that
Eezp(itX,) — Eexp(itX).

Since t is arbitrary, X, 4 X follows by the continuity theorem for characteristic

functions.
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3 Central Limit Theorems

For the sake of completeness we now give two central limit theorems for multivariate

martingales. We use them explicitly in Chapter 6.

The following theorem just extends Theorem 3.2 in Hall and Heyde(1980) to the

higher dimensional case using the Cramér-Wold Device.

Theorem 1 Suppose that S, , = Zﬁgl X, is a martingale in R*, d > 1. If

(1) max |X,(;f,)=|—p>0, J=1,...,d, asn— o0
(2) ke XnkXop' 2 1, asn — oo

(3) Emaxk(lX,(‘fLX,(,{,)cl) is bounded in n,
where 1,5 =1,...,d, then

d
Snk, = 2, asn — 0o,

where Eezp(it'Z) = exp(—3t't), t € R%.

Proof: Using the Cramér-Wold Device, we only need to prove, for each point
t = (t1,...,ts) € R,

d . d
Y188 4 Y ¢z, as n — oo.

i=1 =1
But '
N l) TSRyl - SRS, )
E tJ’Sn{kj = Z Z Xn,k = Z(Z thn,k)
j=1 J=1k=1 k=1 j=1
and {Zf=1 th,(,{ l)c}lskskn is a martingale difference array. Using Theorem 3.2 in Hall

and Heyde (1980), we only need to prove

d .
mka,XIZt,-x;’hkl-ﬂO, .as n — 00,
=1
kn d Lo, d
Z(thsz}:)? N Zt?, as n — 00,
k=1 j=1 i=1
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and

rnax Zt X(’) )?)

j=1
is bounded.

By the assumptions, we have

max|ZtX(J)l<maxZ|t 1| Xn, kU)|<Z|t|rnax|X )50,

i=1 1=1
as n — oo, and,
tX(l)
kn 140 k
x| (6x® .. ux9)
taX %)
t2 0 0
2xM? ot X“’X“’g
kn ' ™ 2
= . , | 0 ¢ 0
. . -_) })
k=1 ) x @ (d)2
tlth e Xk cen t2X
0 0 t2

as n — o0o. Then,
d
ZZtX("))Z—E»Zt?, as n — 0o,
k=1 j=1 y=1
and

max Zt X(’))z) < E( Zmax]tt X(')X(J H)
=1

5]

< (X |tit;| max 1X8x9))

t.J

is bounded. Therefore
t'Spx D t'Z, as n — 0o,
1.e.
Sok > Z, as n — 00,
where Eezp(itz) = exp(—3t't).
A process X is considered as a mapping from  x R; into R™. Each mapping
t ~ Xi(w), for a fixed w € Q, is called a path, or a trajectory, of the process X. A
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process X is called cad (resp. cdg, resp. cadlag), iff all its paths are right- continuous
(resp. are left-continuous, resp. right-continuous and admit left- hand limits). Let
{M,} be a square integrable martingale. The quadratic variation [M]; is defined by
M)y =< M™ >, + Y (AM)(AM,),
0<s<t

where M“™ is the unique continuous martingale part of M, < M*™ > is a predictable
integrable process which satisfies that (M°™)?— < M°™ > is a uniformly integrable

martingale with initial value zero and
AM, = M,(0) - M,_(9);

see e.g. Rogers and Williams(1987, p391) for a discussion.

We shall now give a central limit theorem which extends Theorem 1.1 in Hutton
and Nelson(1984) to the higher dimensional case. They also gave a rather different
extension of that theorem in their Corollary 2.3. Let A (N*) denote the set of
nonnegative (positive) definite symmetric matrices. If A € N, let AY/? be the
unique, nonnegative definite square root of A and let Anmin(A) denote the minimum

eigenvalue of A. For any matrix A = (a;;), let

lAIP = X,
J

Hutton and Nelson(1984)(Corollary 2.3) gave the following result:

Let M = (M;, 7,0 <t < o) be a p X 1 square integrable martingale with
quadratic variation matrix {M];. Set By = E(Mr M) and assume that Amin(Br) —
oo, as T — oo. Suppose there is a function K; increasing to infinity as ¢ tends to
infinity such that

(1) K}'l/z sup<7 || AM|| £0,ast — oo,

(2) K7 [M]r & 7%, as T — oo, where 7? is an element( possibly random) of A,

(3) Ki'Br — ¥, as T — oo, where ¥_ is an element of A'*.

Then
K:V?Mp % Z* ( stably)
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where Z* has the characteristic function E(ezp(—1/2A'n2))) and A = (Aq,..., A,)
is a column vector.

We can see that, in Hutton and Nelson’s result, they require that the covariance
matrix Br be controlled by an increasing function K;. In a sense, this is like requiring
that Aaz(Br) = O(Amin(Br)), which is a strong condition. Sgrensen(1988) later
extended the Hutton and Nelson’s (1984) result by substituting a vector function
K = (Ki4,...,Kny) for the increasing function K;. He used a diagonal matrix
as a normalizer for Br. This is a significant restriction on the covariance matrix
Br. But, we would wish to find conditions just based on the covariance matrix Br
alone. Furthermore, in both Hutton and Nelson’s and Sgrensen’s results, they only
got K, 271, 4 7. However when we use the quasi-likelihood method to estimate

parameters, we often meet a question such as under which conditions we have
B'*m, 4 z
or
<M>M M4z
or
IM)7VPM, 4 Z.

Therefore we need other forms of the central limit theorem which focus on these

issues. Such a result is given below.

Theorem 2 Let a cdg process M = (M), M), ..., M(m)) be an m-dimensional
square integrable {F;}-measurable martingale with quadratic variation matriz [M];
and set B, = E(M:M]). If

(1) Apin(B;) = o0, ast — oo,

(2) sup,, =’ t—lleM,AM;B;l/Q:v 50, ast — oo, for all z € R™,

(3) B7'*[M].B7* 5 4,
where A is a m x m random positive definite matriz,
then

B'’M, S 2z,
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where Z has the characteristic function E(exp(—1/2)' AN)).

Proof: By the Cramér-Wold Device, we only need show that, for all z € R™,
'z # 0,
oBV*M, 4 22, as t — 0o, (5)

Since Apin(Bi) — 00, as t — co. We only need to prove (5) for any sequence {7}

which satisfies

|2’ B}/ By (e2') "'z < 272 (6)
For every T, fixed, let Mr, o = Mo =0,

Topsr = inf{t>Tuy| |o'Br/* (M, — Mz, )| > 27"}

= Tn, if no such t < T, exists,

and

Xop =1 —1/2(MT,.,I¢ - Mr, k-1)-

By the definition of {M;} and T, , we have
| Xn k| <277
Therefore
sup E| 3 X4l = sup E| S o' By MMz, — Mz, k)|

= sup E(«'By./*Mr, M}, B7'/*z) = 22’ < oo
k
sup | Xnkl < 27" =0, as n — 0o;
E(sup X2, <27, is-bounded in n.

By the definition of T, we have

|z’ B7*(Mr, 1 — Mo)|

Tny1
= |:c’B;:ﬁBl/2(:m')‘la:z'B;:/z(MT...l - My)|
S 2—n-2 < 2—n—1.
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This means Ty, ; < Ty41,1. Now assume that T k1 < Thy1k-1 is true. We are going
to prove Ty x < Trnp1 ke U Tnk < Toyrk-1, then it is obvious that Ty x < Thtak; if

Tnk > Tht1,6-1, by the definition of T, x and applying (6), we have
|« Br.}(Mr, , — Mr,,,, )
2 -
< |o'B7 [} (M, , — Mr,, )|+ |2'Br.l}(Mx, ., — Mr,,_,)|
S 2-71,—2 + 2—n—'2 -_ 2-—11—1,

i.e. Thr < Tny1k- By induction, we get T,k < Thy1x for all k and therefore

Fok © Fns1,k- Using the integral expression,
Tn Tn
Mr, M, = /0 M,_dM + /0 dM,M' + [M, M)z,
(see, Liptser and Shiryaev (1986), p118) and the fact that
> Xk Xnk
= mlBTl/2 Z kMT k MTn,k MTn,k—l - MTn,k—l M:’I',,,,,
+MTn.k—l Mi,n‘k—l)B-:/zx
= $’B;:/2(MT"M5'" - E(MTn,k - MTn,k—l)M%”'k._l

- Z MTn.k—l (Mé'n'k ))B-1/2 ’

we have

o' B7 M), B; Mz = 3 Xap X1,
= 20'B;"*(Y(Mr,, — Mz, ... )M, , / dM,M)B7"/%
=2'B7"* (3 ( /T Tk_ dM,(Mz,, - Mj_))B':/2a: |
= o'B;}/? / dM, L) B; s,
where L(If") = E(M}""‘_1 - M)Iz, ,_, T, Since
P(|«'Bz,." ]OT" dM, L) B %3] > €)

Tn
< 1/e2E(tr( /0 LY) B7 2’ By M?dM, )?)
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< 1/€2t7' E/ L ’)B-1/2(L'1"B-1/2d[M],B—l/sz’B;:/2L,(;3’)
< 1/e227 " tr(E(«'B7* M1, By *z))
< K277 /[e? 50, as n — oo,

for some constant K, this forces
o' Br* M1, B5*e = 3 X X, B 0.
Then, by assumption, we have
> Xni X, D oAz, as n — oo.
Applying Lemma 2.2 in Hutton and Nelson (1984),
S Xox 2 Z7, as n — 00,
where Eexp(iAZ*) = Fexp(—1/2)z’ Az)). Therefore
an,k Bz, as n — 0o,

where Eezp(ilz) = Eezp(—l/?XAX), and (5) holds.

4 Asymptotic Confidence Intervals

Following the discussion of (1) in Section 2 of this Chapter, if
(EGr(86)Gr(80)' )2 G1(61.7)(EGr(01.7)) " E(Gr(60)Gr(60))/* & YT,
for some random variable Y (> 0 a.s.), we have, as T — oo,
(EGT(00)Gr(8:)) ™ (EG1(6:17))(6F — 6a) & X, (M

say, not depending on the choice of G;. In this case the size of confidence zones for

0, is then governed by the scaling “ information ”
E(G:(9)) = (EG:(6)) (E(G:(8)G(6))) ™ (EG(9))
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and we prefer estimating function Gy to Gy if £(Gy,) > E(Ga,) for each t > tg in

the partial order of nonnegative definite matrices as indicated in Chapter 1.

For G:(9) € G, the result
[G712G: 5 N,y (0, I), (8)

N, denoting the p-variate normal, seems to encapsulate the most general form of
asymptotic normality result. Norming by a random process such as [G]; is essential in
what is termed the non-ergodic case(for which (E[G]:)~![G]: 72 constant as t — 00).
A simple example of this furnished by the pure birth process N; with intensity 0 NV;_,

where we take for G; the estimating function and
t

Gy =0} (N, - 1) - / N,_ds,
: 0

[G]: = 67%(N: = 1),
while
(GI7%G, 4 N(0,1), (EG*™*G, S WYN(0,1)
and |
(EGl) Gl =W

where W has a gamma distribution with form parameter Ny and shape parameter
No and W/2N(0,1) is distributed as the product of independent W*/% and N(0, 1)

variables.

In the general case, to obtain confidence zones for 6o from (2), we use the Taylor

expansion (1) and then, under appropriate continuity conditions for G,
Gr(61.7)(Gr(60))™* 5 I
and,
[GO)r*Gr(6r)(07 = 80) = N(0, I) (9)
as T — oo, if (8) holds.

For the construction of confidence intervals we actually need this convergence to

. . . u.d.
be uniform in compact intervals of 6o; we shall use =5 to denote such convergence
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and henceforth suppose that (9) holds in this mode. We shall also write
E(Gi(60)) = (—G1(60)) [G(0))7(—Ge(60))- (10)

Which of the asymptotically equivalent forms should be used for asymptotic
confidence zones based on (9) is unclear in general despite the fact that many spe-
cial investigations have been conducted. For example, in the case of likelihoods
rather than quasi-likelihoods there is evidence to support the use of the observed
information —G(6) rather than the expected information EG(8)G+(8)'( e.g. Efron
and Hinkley(1978)). Barndorff-Nielsen and Sgrensen(1989) have used a number of

examples to argue the advantages of (10) which, as we have seen, comes naturally

from (8). On the other hand, Heyde(1987) proposed the form
(=Gu(0)) < G(8) >;* (=Gi(8))

where G,(6) is a matrix of predictable processes such that G;(8) — G4(6) is a mar-

tingale. This is a direct extension of the classical Fisher information and is closely

related to £(G.(0)).

In (1) let G be a’quasi-score estimating function in G, denoted by G%. Here we
consider those case in which (4) hold for some Br. If (4) holds, then the asymptotic
confidence intervals for 8, can be determined by quasi-score estimating function in

the following two ways:

(1)If B, '} are nonrandom, then
d : ' \=1[ ve 1=
67 — 0. = N(0,(G1)™'(Br'Br) ™ (G1) ™)

for large T and the (1 — a) x 100% asymptotic confidence intervals for ¢'d,, c being
any vector in RP if 07, 0, € RP, are |

d07 + za/2¢(G7) ™} (Br' Br) ™ (GY') e,

where z,/2 is the upper a/2 point of the standard normal distribution.

(2) If B,G% are random, then
Sy ’ Y (% d
(07 — 6.) G’ By BrGr (01 — 60) = Xf,
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for large T, if 67,0, € RP. Therefore the (1 — a) x 100% asymptotic confidence

intervals for 6, can be determined from

P((63 — 8,) G3' By BrG (63 — 8.) < x2,4)

| (<'(67 —6.)) |
=P \ ) < y? 11
(?é%f cd(Gy'ByBrGy)~lc — Xpa (11)

~1-aq,

where xﬁ,a is the upper a point of the chi-squared distribution with p degrees of

freedom. The result (11) can be written again as follows:

P((67 — 6,)’Gy' By BrGy(07 — 6,) < X2,
= P(¢0, € <05 £ Xp.alc(G3'Br BrG3)~1c]}/?,  for all ¢ € R,)
= P((65 — 05)(05 — 0.)' — X2(G3'ByBrGy)™"  is negative definite)

~1-a.

An important question to ask is whether the quasi-score estimating function
can provide a smaller asymptotic confidence zones for 6, than any other estimating
functions ( assuming always that the quasi-likelihood estimators 87 converges almost
surely to the true parameter 8,). For the general case, it is too hard to answer
this question. Firstly, since a quasi-score estimating function is associated with an
estimating function space, it is difficult to compare a quasi-score estimating function
in one estimating function space with an estimating function in another estimating
function space. Secondly, even for two estimating functions, G,; and G, 2, from the

same estimating function space, and assuming that the Taylor expansions

0= Gn1(0n1) = Gn1(0) + Gp1(6n1)(0n1 — 6.)
and

0 = Gr2(fn2) = Gn2(8o) + Gn2(0n2)(6n2 — 85)
hold, if there are norms, say By, and B, 2, such that

Bn1Gri(8s) > X,

and

B 2Gn2(8,) % Xa,
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where X; and X, belong to different kinds of distribution laws, it is still difficult
to compare the confidence intervals for §,. Therefore, we just focus our attention
on a fixed estimating functions space ¥ and assume that the estimators have the

asymptotic normality property. Before discussing the above question, we need the

following theorem:

Theorem 3 Suppose that u = {{Bn}| Bn 1s nonsingular,n =1,2,....} is a sub-

set of sequences of matrices and 0, is the true parameter. If

(1) B8, — 6,) 2 N(0, 1),
(2) B;(0; - 65) 5 N(0,1),
(3) B;Y(B,)™' = (B:)"Y(BX)"' >0 for alln,

then the asymptotic confidence zones determined by B, are smaller than those de-

termined by B,,.

Proof: If B, and B: are non-random, then for large =,
0, — 0, % N(0, B (B.')™),
0 — 0% N(O,(By) ™ (BY) ™,
and the theorem is true. For- the general case, if
Ba(8, — 6,) % N(0,1)

and

Br(67 - 8.) % N(0,1)

then the (1 — a) x 100% asymptotic confidence intervals for 6, associated with B,

and B; are determined by
P((6 — 8,)(8n — 8, — x2(Bx'Ba)™!  is negative definite)

and

P((6: — 6,)(8; — 0,) — x2(B;'B;)™" s negative definite)
respectively. But (B;'B;)~' < (B, B,)~!. Thus the theorem is true.
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Let Gr be a subset of estimating function space ¥r and G% be the quasi-score
estimating function in Gr. Suppose that Gt € Gr, Or and 6} satisfy the conditions
Gr(0r) = 0 and G7(07) = 0 respectively and 0, is the true parameter. Using the
notations in Godambe and Heyde(1987), if some suitable conditions are satisfied
and

(G)7*Gr(8r — 65) & N(0, 1), | (12)
(G*)7'/*G(07 — 65) % N(0,1), (13)
then, following Theorem 3,

(Gr)™H@)r((GT)™Y) = (GT) MG ((Gy)™) 2 0

implies that the asymptotic confidence zones determined by (G*)}l/ 2G5 are smaller

than those determined by (G)}VQGT.

Let Ur = {JT a,(8)dm,(8)} be an estimating function space , where {a,(8)} is
a predictable process which is almost surely continuously differentiable with respect

to the components of 4, and

mr(0) = Xr — /0 " RO)dA, (14)

where {);} is a real, monotonically increasing, right continuous process with Ao =
0, while {mr(8), Fr} is a cadlig, square integrable r x 1 vector martingale with

quadratic characteristic (m(0))r given, for all T, by

(m(6))r = /0 " a(0)dA.

The processes {A:}, {a:(9)} and {f:(8)} are predictable and the elements of f;(#) are
almost surely continuously differentiable with respect to the element of 6. For the
above model Godambe and Heyde(1987) indicated that the quasi-score estimating
function G% in Gr C ¥r is both O4 and O optimal(for definitions see Godambe
and Heyde(1987)). Therefore, in this case, if (12) and (13) are true, we should choose
a quasi-score estimating function G% to estimate the true parameter, because it can
provide smaller asymptotic confidence intervals than others. In essence, Theorem

3 shows that we can compare the asymptotic confidence intervals determined by
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B, and Bj, respectively if (B], B,)~! and (B:'B:)~! can be ordered. Naturally this
statement will lead to another question. If there are sequences of matrices {A,},

{An} and {B,} satisfying
An(6, - 0,) S N(0, D),

An(8, — 8,) 5 N(0, 1),
Bn(6; - 8,) = N(0,1),

and (A, A,)~! > (B, Bn)™!, can we also get (A, A,)~! > (B! B,)~! or O4 optimality.
If the answer is “yes ”, it means that, for every sequence of parameters {6, }, if there

is one kind of norm {A,} such that

An(0, - 8,) 5 N(0, 1)
and

(An"An)™! 2 (B,/'Ba)™,

it is impossible to find another kind of norm {A,} such that

An(8, — 6,) 3 N(0, 1)

and

(Ba'Bn)! > (AL A,
In this case we can claim that the quasi-score estimating function is the best esti-
mating function from the estimating function space regardless of what kind of norm

we have chosen. Unfortunately it seems impossible to give a complete answer for

this question. Nevertheless the following theorem will give a partial answer.

Theorem 4 Suppose that {0,} is a sequence of estimators, and {B,} and {A,} are

nonsingular matrices (possible random). If
Ba(8a — 8) 5 N(0, 1),

An(8, — 6,) % N(0,1),
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and

AB'C,

as n — oo, where C is a nonsingular non-random matriz, then
c'C=1.

Proof: Denote B,(6, — 0,) and A,B;! by X, and C, respectively. Following

the assumptions,

X, 5 N(0, 1),
CuXn > N(0, 1),

and
C, > C’f

We denote by O.(¢) a subset of R? which is a ball with centre at z and radius ¢.
Suppose that E is a subset of R, E +¢ = {U,eg Oz(¢)}. Let E; and E; be subsets
of R?, d(E,, E;) = min{e| Ey+¢ D E; and E; +¢ D E;}.

For any sets A = ((—o00,a],-+,(—00,a,]) € RP, we have
P(C.X,. € A) = P(X, € C;'A)

= P(X, € C7'A) — P(X, € C'A) + P(X, € C'A).

Since C, ¥3 C, as n — oo, then d(C;*A,C~1A) “3 0. Using Egoroff’s theorem, for
any 8 > 0, there exists D(6) such that P(Q — D(6)) < 6 and d(C;'A,C*4) >0
on D(6), where = denotes uniform convergence.

Therefore, for any € > 0, there exists N(,¢) > 0 such that, if n 2 N,
C7'A+e2C'ADC'A-¢
where C~'A — ¢ is a subset of C~'A such that (C~'A—¢)+¢ C C™'A. Thus
P(CoX.€ A)—6—P(X, € (C'A+e)\(CT'A-¢))
< P(X, € C'A) < P(CoXn € A)+6+ P(X, € (CT'A+)\(CT'A —¢)).
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Since X, % N(0,1), first let n — oo, then ¢ — 0 and § — 0. We get

n—oo n—00

lim P(X, € CT'A) = lim P(CX, € A) = lim P(C.X, € A).
But C, X, 2 N(0,I), which also implies C X, <% N(0,) . Combining
X, 4 N, 1)

and
CX, > N(0,I).
we get

C'C=1I

Remark : Because of the existence of C~!, C'C = I implies that CC’ = I,

Now we continue our explanation. Suppose that (12) and (13) are true and, in

the meanwhile there are other matrices {Br} such that
Br(67 — 6,) % N(0,1)

and

< G>7* GrBf* %3 C, as T — oo,

where C is a non-random matrix. Due to Theorem 4, we obtain CC’ = I. Then
Bi'BfY -Gy < G" > (GFYY
= (< G>7"* Gr) (< G >7"/* Gr)Bf'B;¥ (< G >7'* Gr)'((< G >7'* Gr))™!
-G7 ' < G >r (GFYY
= (< G>7"* Gr) V(< G >7"/* Gr)Bf'B7¥(< G >"’2 Gr) = 1I
x((< G >7* Gr)) ' + G < G >r (GF) - Gyt < G* >1 (GTYY

is asymptotically negative-definite if ||(< G >7'/% Gr)~!|| is bounded for large
enough T. Therefore, in the asymptotic sense, < G* > '1/ 2 G5! also provides

smaller asymptotic confidence intervals than those provided by {Br}.
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CHAPTER 5
ASYMPTOTIC QUASI-SCORE ESTIMATING
FUNCTIONS

1 Introduction

Given a process X, if there is a parameter § € © C R" associated with X, which
needs to be estimated, this can usually be done using the quasi-likelihood method.
Let U7 be an estimating function space associated with the sample {X;,t < T}, ©
be a parameter space and Gr be a subset of ¥7. The element G7 of G satisfies the
conditions that E;GrGr’ and EyGr are nonsingular. If there exists a G} € gr such
that

(EsGr) ' EsGrGr'(EeGy) ™" — (EsGy) Es GGy (oG ™

is nonnegative for all Gr € Gr and all 6 € O, then G is called the quasi-score
estimating function in Gr and the root of G%(6) = 0 is called the quasi-likelihood
estimator. However, in practice it is possible that a quasi-score estimating func-
tion in G7 does not exist or sometimes it is difficult to obtain the quasi-likelihood
estimator from the quasi-score estimating equation G7(6) = 0 since the represen-
tation of G3(8) may be complicated, especially when the problem involves some
nuisance parameters. For instance, an example which we shall provide below gives

us a quasi-score estimating function

T
Gy =Y Xi1(0® X1 +0° X2_)) 7 H( Xk — 0X1),
k-1
where 0% and 7? are nuisance parameters. |¥ is not possible to get &he[quasi-likelihood

hich depends enly oy, $Xg: kET) o

estimator of 6 102 and n? are unknown.
Therefore we need a new estimating function to substitute for the quasi-score esti-
mating function which retains the same basic properties. For this purpose, Heyde
and Gay(1989) introduced a new concept of asymptotic quasi-score estimating func-

tions. We shall further discuss this important concept here.
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In the following discussion, all expectations are functions of § € O, i.e. the
expectation should be written as “ Eg(-)”. But for convenience, we always write
it as “ E(-)”. Without further explanations, we postulate that all equations and
inequalities below hold for all § € © if those equations or inequalities are associated

with 6. For a matrix A = (a;;), we denote by ||A| the Frobenius norm of A (

sometimes known as the Euclidean norm)

Al = (T Y a) 2.

Let {A.}, {Bnr} be sequences of symmetric positive definite (p.d.) matrices. If there
is a sequence {D,} of matrices such that A, — B, + D, is nonnegative definite for

each n and ||D,|| — 0 as n — oo, we shall say that A, — B, is asymptotically

nonnegative definite(annd).

Heyde and Gay(1989) gave the following definition of an asymptotic quasi-score

estimating function :

Definition 1 : Suppose that GT € Gr C ¥ for each T > 0. If there is a sequence
of positive functions {ar,T > 0} such that

ar{(EGy) (EG3Gy') ™ (EGY) — (EGr) (EGrGr') ™ (EGT)} (1)
is asymptotically nonnegative definite for all Gt € Gr and all 0 € © as T — oo and
lim o7~ |(EGY(EGZGY) ™ (EGY)| > 0.

we shall say that {G%} is an asymptotic quasi-score sequence of estimating functions
within G = {Gr}. A solution 07 of G3(08) = 0 will be called an asymptotic quasi-
likelihood (AQL) estimator. .

It is obvious that this concept provides a new idea for developing the quasi-
likelihood method. However the above definition of an asymptotic quasi-score se-
quence of estimating functions is not entirely satisfactory. This subject will be
discussed in Section 2. We shall give a new definition of a quasi-score sequence of

estimating functions in Section 3 and discuss the relations between the sequence of
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quasi-score estimating functions and the sequence of asymptotic quasi-score estimat-
ing functions as well as the relations between the definition and the new definition
of asymptotic quasi-score estimating functions . Following the discussion in Chapter
2, we also give a definition of asymptotic E-sufficiency in Section 4 and show that,
under certain regularity conditions, the asymptotic quasi-score estimating function

will be asymptotically E-sufficient.

2 Deliberations

In Chapter 4 , we have pointed out that, in a certain sense, the quasi-score estimating
function provides smaller confidence zones for an unknown parameter than other
estimating functions in an estimating function space. Therefore, in the view of its
method of construction, we also expect that the asymptotic quasi-score estimating
function also has this important property. In Chapter 4, we see that the matrix
(EC.?T)'l(EGTGT')(E’C';’;r’)‘1 may be employed to determine the dimensions of the
confidence zone. Following the discussion there, in order to obtain smaller confidence
zones than those generated by other estimating functions , we need to choose G7

such that
(EGr) " W(EGrGr')(EG7')™ = (EG3) (EG3GY)(EGY)™ > 0,

for all G € Gr. Therefore, if under Definition 1, the asymptotic quasi-score esti-
mating function is to provide smaller confidence zones than other estimating func-

tions the following property should hold : there is a sequence of positive functions

{Br,T > 0} such that
b1 {(BGr) ™ (EGrGr')(BGy)™ - (BG) M (EGIGY)(EGE)™) ()
" is asymptotically nonnegative definite for all Gt € g , as T — oo, and
lim pr~(EG7)™ (EG1GY)(BGT) ™! > 0.
The last inequality gives us some information about the rate at which
I(EG)™ (EG:GT)(EGT) |
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tends to 0. However (1) and (2) are not equivalent and an example is given below to
show this. Equivalence may break down when the eigenvalues of (EG3)™! (E GGy’

(EG%')™! go to zero at different rates. That means that, under Definition 1, the
asymptotic quasi-score estimating function may not provide smaller confidence zones
than others in some cases. In order to discuss the relations between (1) and (2),
we say, for convenience, that the asymptotic quasi-score estimating function under
Definition 1 is a 1-asymptotic quasi-score estimating function . We give the definition

of a 2-asymptotic quasi-score estimating function below:

Definition 2 Suppose that G} € Gr C VU for each T > 0. If there is a sequence of
positive functions {fr,T > 0} such that
Br{(EGr) ™ (EGrGr)(EGY)™ - (EG) ™ (EG}Gy)(EGY) ™)
is asymptotically nonnegative definite for all Gt € Gr , as T — o0, and
Jlim B |(EGT) ™ (BG:GY)(EGT) ™| > 0,
we shall say that {G%} is a 2-asymptotic quasi-score sequence of estimating functions

within {Gr}.

We denote by G7 the quasi-score estimating function within Gr for each T, if it

exists.

Theorem 1 Suppose that, for every T, G? erists within Gr and
Amaz((EGT) (EG7GY') " (EGY))
Amin((EGT)'(EGTGY') 1 (EGY))

Then, {G%} is a 1-asymptotic quasi-score sequence of estimating functions within

{Gr} and

= 0(1).

0 < lim o7'||(EGT)(EGTGY) ™ (EGD)|
< Timo7'||(EGT) (EGTGY) ™ (EGY)| < o0
—00
iff {G3} is a 2-asymptotic quasi-score sequence of estimating functions within {Gr}

and

0< T!i_maTII(EG})'l(EG'TG}' (EGT)
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< T or||(BGy) ™ (EG3GY)(EGH) ™| < o0

where a is the positive function in Definition I.

Proof: We need only prove the necessity part. The proof of the other part is

similar.

Let
Dr = —a7'{(EGy)(EG}GY') ™ (EGY) — (EGE) (EGTGY') ™ (EGT)}-
Following the definition of {G%}, there is a sequence of matrices { Dz} such that
-1 “yx \/ * * /=1 v F.AI A A~A! -1 A ”
or {(EGT)(EG1GT)™ (EGT) — (EGT)(EGTrGr )™ (EGT)} + Dr 2 0

and ||Dz|| — 0 as T — oo. Therefore, from the definition of G5, and for any z € R"
fixed,

0 > Tim o'{o7'((EGT)(EG:Gy') ™ (EGY) - (EGT)(EGTGE ) (EGT) ]}z

> lim {z'{o7' ((EGT)(EG}GY) ™ (EGY) - (EGT)(EGTGT )™ (BGT)] + Drle

—z'Drz}
> lim '{a7'[(EG3Y(EGGY) ™ (ECy) — (ECGH)(EG2GE) ™ (EGH) + Dr}a
—Ili_{l;lolx'DTzl.
But
0< Tlir{.lo|x'1~)q~a:| =0
and

#'{a7'((EG})(EG;GY) M (EGy) — (EGEY(EGSGE)(EGE)) + Dr}z 20,
for all T, so that we have
lim z'o7! {(EG7)(EG3GY) ™ (BCGY) - (BGT)(EGFGT) ™ (EGT)}z = 0

for all z € R™, that is

lim |Dr]| =
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lim |la7' {(EGT)(EG:GY') ™ (EGy) — (EGTY(EGEGR ) (EGD)H = 0.

Let
Ar = (EGr)'(EGrGr') ™ (EGr),
Ay = (BGy)(EG3GY)™ (EGy)
and
A = (EGR)(EGFGZ') ™ (EGE);
then

Dr = —o7'(A7 — A7)
By the definition of G7,
o' (Ar — Ar) + Dr
= (a7’ A7 + Dr) — o7’ Ar

is nonnegative definite. Since

(a5 A3 + Dr) = o' A2 > 0,

and
a}lAT > 0,
we obtain
(a7'Ar)™" = (a7' A7 + Dr)™' 20,
and that 1s

(7' Ar)™ = (7' AT)'(I + (a7 A7) 7' Dr) ™" 2 0.

The above inequality can be rewritten as

0 < (o7'Ar)™" = (a7' A7) '] + (7' A7) ™' D)™

= (a7'Ar)™! = (a7' A7) M(I + (e7' A1) ™' Dr + ((e7' A7) 7' Dr)’+

+((ap*AT) ' Dr)* + -+ )

= (a7'Ar)™! = (a7'A}) " - (e7' A7) ((a7' A7) D1+
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+((e7'A7)7'Dr)* + )
= (a7' A7)t = (a7' A7)~ + Dr.
Here

1Dzl = ll(a7 A7) (a7 A7) ™ D1 + +((e7' A7) ' Dr)? + )|
< lite7 A7) X (o A7) 7 Dr "
k=1
In the following we want to prove that limy_, || Dz|| = 0. Since

Amaz(AT) —
)*min(Aa') - O(l)a

if imyz_, 0007 Amin(AF) = 0, 50 is limp_ 007 Amaz(AT) = 0, and then we have
lim_.a7'||(A)]| = 0,

which provides a contradiction with the assumption. Therefore there exists a con-

stant o > 0 such that, for large enough T,
a;lz\m;n(A}) > a>0.
This yields the existence of a constant ¢ such that
lar(A7)7H < e,
for large enough T. Hence, for large enough T,

1Dzl < lar(A3) 11 S llar(A3) ™ Dr |

k=1
c|| Dr|
c———— =0, as T — oo.
=~ 1-¢|Dr|l

We therefore obtain
ar(Ar)™ - ar(A7)™

is asymptotically nonnegative definite. By assumption we also have

lim ar||(A7)7| > 0.
T—o0
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Thus, {GT} is a 2-asymptotic quasi-score sequence of estimating functions within

{Gr} and
0 < lim arl|(EGy)™ (EG7GY)(ECY) ™|
< Jim ar||(EGY) ™ (EG;Gy')(EGY) ™| < oo.
Remark: If the conditions of Theorem 1 do not hold, the concept of 1-asymptotic

quasi-score sequence of estimating functions is not equivalent to the concept of a

2-asymptotic quasi-score sequence of estimating functions . The following example

illustrates this fact.

Example 1: Let {Xr} be a process in R? and
T ¢° T
Xt =/ ! dt + ml( )
0 92/T2 mz(T)
[ Jo6at + my(T)
6,/T ma(T) |

where 8y, 8; > 1 are parameters; my(T) and m,(T') are martingales with respect to

some o-fields {F7} and m = (my, m;) satisfies

' T T 0
<m(e)>T=/0 Idt=(0 T).

Let G7 be the set { T fi(8)dm, | {f:} is a predictable process with respect to {F¢}}.

Following Godambe and Heyde(1987), the quasi-score estimating function in gr is
Gt = Jo te87 ~tdma (t) |
mo(T)/T?
After some calculations we find that

: "o T 1292°-24¢)=1 0
(EG%)*(EG%G%)(EG‘%’>-‘=(”° Lo )

0 T3
and
) , ) T 1292244
(EGFY(EGEGT ) (EGT) = (f° 1 -3 |’
" -
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Now we construct estimating functions G% for every T. Let

' 0
Gr=Gr+| . .
fO ogtdmg(t)

Then we obtain

T 4;1202t-2 7;\~1
yw \—1 * vl e =1 __ (fo t 91 dt) 0
(EGT)™ (EGFGT)(ECGT)™ = ( 0 T=3+0,+1/362T°
(T3+41/26;)2

Since

(EG})(EG7Gy) M (EGy) — (EGRY(EGSGR ) (EGS)

( 0 0 ) . .
= — as T — oo
- T—S 9 2 )
0 T —

and

Tli._{llo_o”(EG})'(EG}G'T' “H(EGY)|

" JT 112224 0 .
T Tows I 0 (T=+1/26,)2 >0,
T-340,+41/363T3

G¥ is a 1-asymptotic quasi-score estimating function , but it is not possible for it to
be a 2-asymptotic quasi-score estimating function . If G} is a 2-asymptotic quasi-
score estimating function , there exists a sequence of positive functions ar > 0 such

that
oF |(EGS) ™ (EGRGE)(EGS)™ — (EGy)(EG3GY)(EGT) ™|

=1/3a7'T%0(1) — 0, as T — oo.

This yields
or'|(EGT) ™ (EGTGY)(EGE) ™|

= az'(o(1) + T°0(1))*/? — 0, as T — oo.
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Thus we obtain a contradiction with the definition of a 2-asymptotic quasi-score

estimating function .

Similarly we can use the same technique to construct an example of a 2-asymptotic

quasi-score estimating function which is not a 1-asymptotic quasi-score estimating

function .

3 Asymptotic Quasi-score Estimating Functions
: a New Definition

As we have discussed in Section 2, Definition 1 is not adequate to ensure that the

asymptotic quasi-score estimating function will provide smaller asymptotic confi-

dence zones than other estimating functions in a given estimating functions space.

Therefore we give another definition of asymptotic quasi-score estimating function

which avoids this problem.

Definition 3 Suppose {G7} € Gr C V. If there is a family of nonsingular matrices
{Br} such that |

Br'{(EGr)™(EGrGr')(EGT)™ - (EGT) ™ (EGTGY)(EGY) "N Br')
is asymptotically nonnegative definite for all {G1} € Gr, as T — oo and
lim || B7'{(EG;) ™ (EGyGy')(EGY)™ (Bl > 0, (3)

we shall say that {G}} is an asymptotic quasi-score sequence of estimating functions

Remarks: 1. In practice, If GT is a suitable estimating function we usually
have
I(EGT) ™ (EG:GT)(EGT) M| — 0
as T — co. Therefore (3) shows the convergence speed of ||(EG)™! (EG+Gy'

(EG%")"!||. Of course we may choose {Br} to be a sequence of functions. But if
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the eigenvalues of

(EGT)™(EGTGY)(EGY)™!
converge to zero at different rates, it is better to choose {Br} to be a sequence of
matrices from which we can take account of the different behaviour of each of the
eigenvalues. This is equivalent to, after a suitable linear transformation, dealing

with the different behaviour of the confidence intervals for each parameter.

2. The concept of asymptotic quasi-score estimating function is associated with

some sequence of matrices { Br}.

3. If {Br} is a sequence of real functions, then the new definition of asymptotic
quasi-score sequence of estimating functions coincides the definition of 2-asymptotic

quasi-score sequence of estimating functions .

Now we need to investigate the relations between asymptotic quasi-score estimat-
ing functions and quasi-score estimating functions and show that the definition of an

asymptotic quasi-score estimating function is reasonable. The following theorems

will tell us that, in a certain sense, both
(EGT)™(EGTGT)(EGE")™
and
(EGr) " (EGrGT)(EGY)™(BT")

have a same limit, where {G5} is the sequence of the quasi-score estimating functions

and {G%} is the sequence of asymptotic quasi-score estimating functions .

Theorem 2 Suppose that {G%} is a quasi-score sequence of estimating functions
within {Gr}. Then {G%} is an asymptotic quasi-score sequence of estimating func-

tions iff there exists a sequence of matrices { Br} such that
|BF{(EGE) ™ (EGPGE NEGP)™ ~ (EGy)™ (BGRGr)(EGT) ™ HBTHI = 0,

as T — oo, and (3) holds.

Proof: Using the technique of the proof in Theorem 1, the necessity part is

obvious.
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The following is the proof of the sufficiency part. Since, for any Gr € Gr,
B {((EGr) ™ (EGrGr')(EGr')™ - (EG})™ (EGyGy')(EGy)™'}(BFY
= Br'{(EGr) (EG1Gr')(EGr')™ - (EGT) Y (EGEGr L) EGE) 'Y (Bt
+Br'{(EGT) " (EGT Gr&)(EGE)™ - (EG) ™ (EGyGy)(EGy) ™} (BFY),
let
Dr = Bf'{(EGT) ™ (EGFGr ) (EGE')™
~(EG3)™(EG;Gy')(EGy') ™ }(BF).
Then we have
Br'{(EGr) ™ (EGrGr')(EGr')™ - (EGy) " (EG3G3')(EGy') ™" }(B;'Y - Dr)
> 0.
Following the assumption
Br'{(EGT)  (EGTGr&')(EGY)™ - (EGy) ™ (EG3Gy)(EGY) ™} Bt — 0,

as T' — oo, we obtain that {G%} is an asymptotic quasi-score sequence of estimating

functions .

Theorem 3 Suppose that G5 € Gr C V¥ for each T. If G? exists for each T and

there ezists a sequence of nonsingular matrices {Ar} such that
AT'{(EGY)(EGyGY') (EGy) - (EGr)(EGrGr') ™ (EGr)} Ar

is asymptotically nonnegative definite for all Gy € Gr, as T — oo, and

0 < lim Anin(A7'(EGT)(EG7GY') ™ (EGY) A1) (4)
< Jim Amaz(AT' (EG3) (EG3Gy) " (EGY) A7) < o0, (5)

then {GT} is an asymptotic quasi-score sequence of estimating functions within

{Gr}.
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Proof: Because (7) and (8) ensure that
0 < Jim ()" (EG})™(BG: Gy )(EGH) ™ (ATl < oo,
we need only prove that

AT {(EGr)™ (EGrGr')(EGY)™ - (EGy) ™ (EG3GY')(EGY) ™ H AT

is asymptotically nonnegative definite.
Let
Br = (EGr)(EGrG't) (EGr),

B; = (EG})(EG3Gy) ™ (EGy),
Bf = (EGR)(EGLGE') (EGS),
Dr = Ar'{B} — Bf}Ar.

Using the same method as in the proof of Theorem 1 , we have || Dr|| —» 0 as T — oo.

Since
0< AT'(B} — Br)Ar-Dr = (AT'B}AT - D7) - A7 BrAr
and |
Ar'B}Ar — Dr = A7’ BR Ar > 0,
we obtain
A7'Br'(ATY) - (Ar'BjAr — Dr)™' 20,
i.e.

A7 B (A7'Y — A7'(Bp)™ (A7) (I - A7'(B7)™(47") Dr
+(AT'(B7) (A7) Dr) - --)
= A7 (Br) (A7) - AT'(B7) (A7)
+A7'(B1)™ (A7) (A7'(B7)™(A7"Y Dr - (A7'(B7) (A7) Dr)* +--) 2 0.

Following the assumptions of the theorem, there is an constant ¢ such that

IAZ (B7) ™ (A7)l € ¢ < 0,
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for large enough T and then ||D7|| — 0, as T — oo, yields

IAT'(B7) ™ (AT Y (AT (B7) ™ (AF") Dr — (AF'(Bp)™'(A7')' Dr)* + - )|
c|| Dr|
_cl_C”DT”——»O, as T — oo.
Therefore
AT {(EGr)™ (EGrGr)((EGr))™ - (EGT) ™ (EG1GT)((EGT)) ™ H(A7)
= A7'(Br' - (B)™)(A7")
is asymptotically nonnegative definite for all Gr € Gr and {G%} is an asymptotic

quasi-score sequence of estimating functions .

Theorem 3 reveals the relation between the old and new definitions of an asymp-

totic quasi-score sequence of estimating functions .

4 Asymptotically E-sufficient Estimating Func-

tions

As indicated in Chapter 2, it is desirable to choose an estimating function from the
set of E-sufficient estimating functions or the set of locally E-sufficient estimating
functions. However it is sometimes difficult to do this for the same reasons as we
have indicated in the introduction of this chapter. Therefore we need a new set of
estimation functions to substitute for the set of E-sufficient estimating functions or

the set of locally E-sufficient estimating functions.

Let ¥ be an estimating function space. Every element ¥ of ¥ is a sequence {¢r}

of estimating functions . For every T fixed, let

Vr = {¢r|y € ¥}

Without further explanation, we shall follow the definitions, notations and assump-
tions of Section 2 of Chapter 2 here. Following the discussion in Chapter 2, we

have

lI’T = Sloc,T &® Aloc,Ta
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where Si,,r and Ao, are the complete locally E-sufficient space and the locally E-

ancillary spaces, respectively, for each T' ( see McLeish and Small(1988) and Chapter
2).

Definition 4 We say that ¢ € ¥ is asymptotically E-sufficient, if, for every T, 7

can be decomposed as
Y1 = YT ps + VT pa,

where Y1ps € Sioe,r and YT pa € Aloe,, and there ezits a sequence of nonsingular

matrices {Ar} such that
#_nlllAT(Ed’T‘pT,)AT,” >0,
111_{1;10 llAT(E¢T,pa¢T,pa,)AT,‘| =0.

In all the discussion here we shall always assume that the necessary regularity

conditions hold and
Aper = {r|Egtbr =0, for all § € O}.

The following theorem will show that under the above conditions, the asymptotic
quasi-score sequence of estimating functions is asymptotically E-sufficient . However

we first need a supplementary proposition.

Proposition 1 If A and B are p X p nonnegative definite matrices, then
1Bl < p**|| A+ BJ.
Proof: Since
Amez(A+ B) 2 1/p tr(A+ B) 2 1/p tr(B) 2 1/pAmas(B),
we obtain
(I1B))? = tr(BB') < p(Amaz(B))? < P*(Amaz(A + B))?
= P’ Amaz((A+ B)(A+ B)) < p° tr((A + B)(A+ B)) = p°(lA + BI)*.

Therefore ||B|| < p*/?||A + B|| as required.

Borrowing the definitions of Gr and sub-quasi-score estimating functions in

Chapter 2, we have the theorem below.

94



Theorem 4 Suppose that Gt C Ut and G7 is a sub-quasi-score estimating function

in Gr. Under regularity conditions, if G € GT satisfies

IBr* {(EGT) ™ (EGT(GT))N(EGT)™ = (EGT) ™ (EG1(Gr))(EGY) ' }(Br'Y|
(6)

— 0, as T — oo,

and
Jim || B (EGT) ™ (EGT(G) )(BGT) ™ (BT'Y Il > 0,
for some sequence of nonsingular matrices {Br}, then {Grt} is asymptotically E-

sufficient.

Proof: Assume G; = Gt ,, + GT,,, Where GI,, € Sioer and GY,, € Apoc,T.
We may assume that all elements of Ut take values in R?. The only thing we need

to prove is that there is a sequence of matrices { Ar} such that
lim [|A7EGY,,,Grp0 AT'|| = 0.
Let Ay = Bf}(EGy)™". Since
B7'(EG7)™M(EG%.5a(Gr4a) EGT) ™ (B7') 2 0
and following the definition of G%,
Br'{(EG3)™(EGt,.(Gr,,))(EGY)™ — (EGT) ™ (EGT(GT))NEGT) ™ }(Br'Y
>0.

Then, in the light of Proposition 1, we obtain
IBF {(EG1) ™ (EGT,0.GT s N EGT) T} BT

< p™*|Br*{(EG:) ™ (EGY,5,Gr, )(EGT) ™"
-(EGT) " (EGT(GT))(EGT") ' }(BF'Y

+B7H{(EGT) M(EGt G0 EGT ) Y Bl
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= p*?|| Bz {(EGT) (EGT(GT))(EGE")™
~(EG7) ™ (EGH(Gy))(EGY)™ W BTl — 0,
as T — oo.

Remark: As we have discussed in Chapter 2, in a wide range of cases, the
quasi-score estimating function is a sub-quasi-score estimating function . Due to
Theorem 2 and 4, under the regularity conditions, we obtain that an asymptotic

quasi-score estimating function is asymptotically E-sufficient.

The following example gives an asymptotic quasi-score sequence of estimating
functions which is asymptotically E-sufficient. This example is borrowed from Lloyd-

Smith(1990).

Example: We suppose that {X,} is a process on some probability space, which

satisfies
Xk = 00Xy + ux,
where
up = (0 — 0) Xi-1 + &k,
{0k}, is a stationary ergodic process,
Ef; = 6 and E(0x — 6)* =7,
E(ek|Xk-1) = 0. ass.,
E(e3| Xi-1) = 02 Xj-1, as,,
E(ex(0k - 0)| Xk-1) =0
E(u?|Xx-1) = 02 Xpm1 + 12 X2, a8,
E(ukg|Xk-1) =0.
Here 0 is a parameter to be estimated and ¢ and n? are nuisance parameters. The

details of this (population) process can be found in Lloyd-Smith (1990). We can

express the process in a useful form. Defining

t
Yt = Z Xk,
k=1
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t
me =y u,
k=1
fs(0) =60X,_;, where X, = X[s)-

and [s] denotes the integer part of s, then we can write

t
Yt =02Xk-1 + my
k=1

= [ 1(@dr +my0),

where m,(0) is a martingale with respect to F;, = 0(X,,s < t) and

t

<m(8) >1= 3 (0 Xso1 + 0 X2,)

k=1
t
= / gsdA, a.s.,
0
while g, = 02X,_; + 7?X2_,. Therefore
t £.(0
ye= [ %ld < m(6) >, +m(0).

Let ¥ = {¥ | U7 = {JT H,(0)dm,(8) | {H,(6)} is predictable with respect to
{F.}}, T > 0}. In the light of Example 2 and Proposition 1 in Chapter 2, we have

Atoer = {1 : Egpr =0,  for all § € O}

and a quasi-score estimating function in Gr C ¥7 is
T
GT = kzl Xi-1(0*Xior + 02 XE_1) 7 ( Xk — 0Xk-1)
which is a sub-quasi-score estimating function too . |
Let Gy = ©1_, X1, (Xx — 0Xk-1). Lloyd-Smith(1990) has proved that {G%} is
a l-asymptotic quasi-score sequence of estimating functions . Here we shall prove

that {G}} is a 2-asymptotic quasi-score sequence of estimating functions . Since

G7 is a one dimensional function,

Amac((EGEY(EGEGY) ™ (EGH)) _ |
Minl (EG3Y(EGGy') " (EG)
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and following the calculations of Lloyd-Smith(1990), we find that
LT((EG3) (EG3Gy) ™ MEGy)) — 1/n? < oo,

as T — oo, Theorem 1 yields that {GT} is a 2-asymptotic quasi-score sequence
of estimating functions . Therefore {G%} is a asymptotic quasi-score estimating
functions . In the light of the discussions after Definition 8 in Chapter 2 and Theorem
4, {G%} is asymptotically E-sufficient.
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CHAPTER 6
APPLICATIONS OF THE QUASI-LIKELIHOOD
METHOD

1 Introduction

Much estimation theory is based on ad hoc application of least squares or conditional
least squares methods in cases where specific distributional assumptions are avoided.
However, the general quasi-likelihood theory can often suggest improved estimators.
The theory deserves attention both for its concentration on efficiency issues and for

the focus which it gives on the role of distributional assumptions.

In this chapter we illustrate the ideas by applying the general quasi-likelihood
theory to estimation of the offspring and immigration means in a Bienaymé-Galton-
Watson process with immigration and also the parameters in a heteroscedastic re-
gression model. The former model has been used quite widely in both the physical
and biological sciences as well as for traffic flows while the latter has been applied
in analysis of cross-sectional data in various micro-economic contexts, such as for
firms or households. We shall show how all the previous results can be improved by

using quasi-likelihood methods.

In this chapter we also briefly discuss the application of the quasi-likelihood
method to censoring problems. Censoring occurs when, by accident or design, the
value of the process under investigation is unobserved for some of the items in the

sample. How to use censored data to estimate the parameters of the process is called

a censoring problem.

2 General Principles

The general framework is as follows. We are given a sample {Z;,0 < t < T}, say,
taking values in r-dimensional Euclidean space and the set of probability measures

for {Z,} is a union of families of models, each being indexed by a characteristic
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6 belonging to an open subset of p-dimensional Euclidean space. The object is
the efficient estimation of § which is not necessarily a parameter; it could be, for

example, a population mean.

We shall begin with a discussion of the case of discrete time in the interests
of clarity and simplicity. Every discrete time process is a semimartingale and we

may suppose that {Z;} has an associated filtration (past history o-fields) {F;} and

possesses a decomposition
Zy = Zo + Ai(9) + M,() (1)

where A, a finite variation process, M, = $°_, m, is a local martingale and Ay =
My, = 0 (e.g. Rogers and Williams (1987, VI. 40)). The local martingale condition
means that there exists a sequence of stopping times {7,,} with T, T oo such that
{M7,} is a martingale but M; will be a martingale itself in most applications and
then, if {Z:} is integrable, A; can be chosen as predictable process with respect to
{F:} , the decomposition (1) is unique and the differences of A; have the simple
form | |

Ai— A = E(Zt | Fi-) — Zi-1.

The local martingale M, has a natural role to play in inference as it represents a
residual stochastic disturbance after fitting of the trend encapsulated in the finite

variation process.

Now if we confine attention to local martingale estimating functions belonging

to the class
t

= {G(0) = Z (0)mi(8), ax's are predictable}

where EG,G, and EGy are nonsingular, then the optimal choice is given by the

quasi-score estimating function

Q:(6) = Y (E(rn(8)|Fimn)) (E(m(8)my'(6)|Fi-1)) " mi(6) (2)

where, as usual, prime denotes transpose, + the Moore-Penrose generalized inverse

and the dot refers to differentiation with respect to the components of 8.
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In practice, various different functions of the basic data may be used to suggest
different local martingales (or martingales) as a basis for different quasi-score es-
timating functions obtained from application of (2). Comparison and combination
of estimating functions must then be considered. These matters are addressed in

Heyde (1987), (1989) and are illustrated in Section 4 of this chapter, and Chapter
1 and 3.

3 Branching Processes with Immigration

As a simple illustration of the methodology take the case where {X,} is a subcritical
Bienaymé-Galton-Watson branching process with immigration and ¢’ = (m, A) is to
be estimated on the basis of data {X;,t =0,1,... ,T}, where m and A are, respec-
tively, the means of the offspring and immigration distributions. This model has
been widely used in practice, for example for particle counts in colloidal solutions,
and an account of various applications is given in Heyde and Seneta (1972) and
Winnicki (1988).

Let {X:} be a sequence of random variables such that

Xe—1
Xt=ZYg'i+Ig, n=1,2,..., (3)
i=1
where Xj is a nonnegative integer valued r.v.’s and {Y,,i = 1,2,...,t = 1,2,...}

and {I;,t = 1,2,...} are independent families of i.i.d. nonnegative integer valued
r.v.’s. {X,} is a branching process with immigration. Let F_y = o{X;,i <t —1}.
Then, we obtain

E(X|Fic1) =mXio1 + A

so that the decomposition (1) gives

T T T
th = mZXt—l +T/\+th
t=1 t=1 t=1

where

my = X, — E(Xt|-7:t-l)

are martingale differences.
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Now suppose that X, has a distribution for which EX,? < oo and that the
variances of the offspring and immigration distributions are 0%(< 00) and n?(< o)

respectively. Then, using (2), the quasi-score estimating function based on the

martingale {3°!_, m,} is

Q Z{ Xi-1(0? X1 + 787 (X = mXoy = A) (4)
T —_
Z{(szt-l + 7)) (X = mXi1 — )

which in general involves the nuisance parameters o2, 5%, If no immigration is
present, so that A = 7? = 0, the nuisance parameter o2 disappears in the estimating
equation @t = 0. Furthermore, if we have a parametric model based on m, A
alone, such as in the case where the offspring and immigration distributions are
both Poisson, there is no nuisance parameter problem. Indeed, in the Poisson case
it is straightforward to check that (4) is a constant multiple of the score function

which leads to the maximum likelihood estimators.

In general, nuisance parameters must be estimated or avoided. In this case
estimation is possible using strongly consistent estimators of 0% and n? suggested by
Yanev and Tchoukova-Dantcheva (1980). We can take these estimators as

Y TZT XeaUZ-Y0 X 3o U2
02(mT, AT) Lo t=1U, t—1 t

B Tann th-l‘(z,,l Xt-1)? ’

#h(mr,Ar) = Dm0 ey Mot D Kot Ky Xeci0F
) =

Ty, X, ~( o, Xem1)?
where U; = X; — m7Xi—1 — Ar, mr, At being strongly consistent estimators of m, A
respectively.

Wei and Winnicki (1989) studied an estimating function closely related to (4) in
which the term o2X,_; + n? is replaced by X;_; + 1. Details of the corresponding
limit theory are given in Theorem 3.C of Winnicki (1988). Furthermore, for 7, At
based on (4) with estimated o and n? as suggested above (using rnr, Ar), a similar

analysis to that undertaken by Wei and Winnicki shows that

mr—m

A — A

TV/? <4 N, W)
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as T — oo where, if X has the stationary limit distribution of the {X,} process,
EX*o*X +95)™' EX(o*X +9H)7!
EX(o?X +17%)'  E(0*X +1%)7!

W =

the same result as one obtains if 62 and 5% are known. The detailed proof can
be found in the Appendix to this Chapter(Section 6, Part 1, p.118). The quasi-
likelihood framework ensures that this estimation procedure is optimal from the

point of view of asymptotic efficiency.

The substitution of estimated values for the nuisance parameters amounts to
replacing the quasi- likelihood estimator by an asymptotic quasi-likelihood estimator
which has the same asymptotic confidence zones for the unknown parameter. For

an account of asymptotic quasi-likelihood see Heyde and Gay (1989) and Chapter
5.

Now it should be noted that earlier approaches to this estimation problem have
used conditional least squares or ad hoc methods producing essentially similar re-
sults. This amounts to using the estimating function (4) with the terms a2X,_; +n?
removed. For references and details of the approach see Hall and Heyde (1980, Chap-
ter 6.3). The essential point is that quasi- likelihood or asymptotic quasi-likelihood
will offer advantages in asymptotic efficiency and these may be substantial.

The character of the limiting covariance matrices associated with different esti-
mators precludes direct general comparison other than via inequalities. We therefore
give a numerical example as a concrete illustration. This concerns the Smoluchowski
model for particles in a fluid in which the offspring distribution is assumed to be
Poisson and the immigration distribution to be Bernoulli; for a discussion see Heyde
and Seneta (1972). The data we use is a set of 505 observations from Firth (1918,
Tabelle 1). We shall compare the asymptotic covariance matrices which come from .
the methods (i) conditional least squares (e.g. Hall and Heyde (1980, Chapter 6.3),
Winnicki (1988, Theorem 3.B)), (ii) Wei and Winnicki’s weighted conditional least
squares (e.g. Winnicki (1988, Theorem 3.C)), (iii) asymptotic quasi- likelihood. All
quantities are estimated from the data and since the covariance matrices are all

functions of m, A\ common point estimates of m, A (those which come from (i)) are
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used as a basis for the comparison. Methods (ii), (iii) produce slightly different point
estimates.
We find that » = 0.68, A = 0.51 and that the estimated asymptotic covariance

matrices for (505)/2 (7a —m, A — A) in the cases (i), (ii), (iii) are, respectively

0.81 -—1.04 0.76 -0.74 0.75 —=0.73
( ~1.04 205 ) ’ ( ~0.74 157 ) ' ( ~0.73 156 ) '
The reduction in variance estimates obtained by using (iii) rather than (i) or (ii)
in this particular case is not of practical significance. Approximate 95% confidence
intervals for m are 0.68 £0.08 in each case while for A, (i) gives 0.51 £ 0.12 while (ii)
and (iii) improve this to 0.51 £ 0.11. Although quasi-likelihood does not perform
better than the simpler methods here, it nevertheless remains as the benchmark for

minimum width confidence intervals and it does provide a definite improvement in

some examples such as the one given below.

In model (3), assume that Y, ;, ¢ = 1,2,..., have a Poisson distribution with
parameter A = 0.9, I,, has Poisson distribution with parameter A =3, n =1,2,...
and Xo = 1. After simulating, we obtained four groups of 500 data {mi} , {1},
{ma,;} and {A\2;},i=1,---,500, where {m;;} and {A;;} are the estimators coming
from the quasi-likelihood method and {m,;} and {Az;} are estimators coming from
the formulas in Winnicki(1988). Then we obtained the standard deviation of {m;;—
0.9} as 0.02072 which is less than 0.02123, the standard deviation of {mg; — 0.9},
while the standard deviation of {A;; — 3} is 0.5566 which is less than 0.5754 the
standard deviation of {)\;;—3}. Thus we have an example where the quasi-likelihood
method does provide usefully smaller confidence intervals than Wei and Winnicki’s

method.

Theoretical calculations are given in Part I Section 6 of the Appendix to this

chapter.
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4 Heteroscedastic Regressions

For the general linear regression model

y=XB+u (5)

where y is an n x 1 vector of observations, X is an n x k matrix of known constants
of rank £k < n, and B is a k x 1 vector of unknown parameters, heteroscedasticity
exists if the diagonal elements of the covariance matrix of u are not all identical. The
assumption of heteroscedasticity is necessary in analyses of cross-sectional data on
a number of micro economic units, such as firms or households. For example, Prais
and Houthakker(1955) found in their analysis of family budgets that the variation

of expenditures tends to increase as household income increases.

Theil(1951), Prais(1953), Prais and Houthakker(1955), in their studies of house-
hold expenditure functions, assumed that the variances of expenditure observations

are proportional to the square of their expectations, that is,
E(v?) = o*(X,8)*.
However, a more general assumption is
E(u}) = a*(X:8)",

which had been previously suggested by Prais and Aitchison(1954) and Kakwani
and Gupta(1967).

Here we consider the model (5) in which u is an n x 1 vector of independent

residuals with mean zero and covariance matrix

Q) = diag(g:1(8),...,9.(8))
where
9:(8) = o*(X,8)*~),
Xt = (Xt,l,---,Xt,k), t = 1,2,...,“, X= (Xl'f e EXnI)’.

The objective is the efficient estimation of the (k + 2) x 1 vector 8 = (8,02, )".
Using a nonlinear least squares method, Anh(1988) has studied this model and
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provided estimators of 8 which are strongly consistent and asymptotically normally
distributed. Here we improve these results by applying quasi-likelihood methods to

provide smaller confidence zones than the nonlinear least squares method.

The obvious martingales to use for the model (5) are {U;} and {V;} given by

=Su U=Ye -0

s=1
Using (2), the quasi-score estimating function based on {U,} is

!

Zn:( X >’g:"(0)ut=(u'n-1X 0 0) (6)

t=1
which focuses on 3, provides no information on ¢? and involves o as a nuisance

parameter. On the other hand, the quasi-score estimating function based on {V;} is

n

Y- (9 (6)) (var uf) ™ (uf — g:(6)) = (

t=1

avecQ

Yvec F~1 (Q — uu) (7

where

F = diag(var ul, ... var u?),

and this allows estimation of all components of 6 provided F is a known function of
6. However, efficiency in the estimation is enhanced if the martingales {U:} and {V;}
are used in combination and, using results of Heyde (1987), the combined quasi-score

estimating function is

n

>(x o o)'(gt(o))-‘(l—mst g + Re(u? = gu(0))]

t=1

+ z":@tw» var )™ (1 = RS [Sou + (= 0(0))] (8)

where R, = Eu}/ varuf, S, = Eu3/g,(8). This simplifies considerably when Eu} = 0
for each ¢ for then the martingales {U,;} and {V;} are orthogonal and (8) is a sum of
the quasi-score estimating functions (6) and (7). In this case we may separate the

corresponding estimating equation into the two components

X'Qu + (Z)vecF (Q-w') =
(et l(.’;;n)’vecl""l(ﬂ -uv!) = 0 (9)
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where v = (a, ?)’.

If the u; are normally distributed, F = 20 and the quasi-likelihood estimator
for 6 coincides with the maximum likelihood estimator. The equation (9) then

corresponds to the true score equations (4.2), (4.3) of Anh (1988). The martingale

information (see Heyde (1987)) contained in (5) is
XX Okxe
Iorw) =
O2xk 02><2

which clearly contributes only to the estimation of 3 while that in (7) is

n

Iouvy = 3 _(varu®)™(3:(0))'(g:(8)) = A'F~' A,

t=1

where A = (%%2), and the combined information in (8) is
X'QYI-RS)'X | Okxz
Iorww) = :
O2xk i Ozxz

+A'F~Y(I - RS)™A

L[ xRSy RA
O2x(k+2)

+ ( (A'R(I — RS)™'Q7'X : Op42)x2 ) (10)
where R = diag(R,, ..., R,), S = diag(S1,...,Ss), which of course is Igrw)+ IqL(v)

when Eu;® = 0 for each t.

By comparison with the above estimating functions, Anh (1988) has used non-

linear least squares based on minimization of
Z(et Eel)? ' (11)
where the e, are the (observable) elements of the vector
e=(I-X(X'X)"'X")u = Pu= Py,

and

P=1-XXX)"X.

107



Note that (11) amounts to using the estimating function

> 1u®) (ef = f48))
t=1
where f;(0) = Fe;*. Anh has shown that this leads to a strongly consistent and

asymptotically normal estimator 0 4, say, satisfying
((A'A)(AF A)™(A'A))M*(0,4 - 6) = N(0, 1)

for large n under his Conditions 1-3. However, under a similar conditions, we can

also obtain

(A'F~'A) (B L) — 0) & N(0, 1) (12)
and
A d
Ié/g(U,V)(OQL(U'V) —0) =~ N(0,1) (13)

where éQ L(vy and 5Q L(U,v) are, respectively, the quasi-likelihood estimators based on
(7) and (8). The proof of (12) can be found in Part II Section 6 of this chapter and

the proof of (13), which is omitted, is similar to that of (12). By construction we
have that

-1 -1
Iorwy = IqLww)

is non-negative definite, while
(A'A)TAFA(A'A)™ - (A'F1A)T!

is also non-negative definite. This last result holds since, for a covariance matrix F

and n x p matrix A, the Gauss-Markov Theorem gives non-negativity of
BFB - (A'F'A)™!

for every p x n matrix B satisfying BA = I, (e.g. Heyde (1989)) and the result

holds in particular for

B = (AA)7A.

Thus, from the point of view of asymptotic variance, the order of preference is

éQL(U,V), Oqr(v), 9a.
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5 Censoring Problems

In general, censored data depends on censoring r.v.’s {U;}i=1,..n, or {Vi}iz1,..n or
both, where n is the size of sample, U; is the right stopping time and V; is the
left stopping time for the i-th sampled value. Sometimes we also say that the
censored data depends on a censoring process {C;(s) = I(s<v;)}i=1,..n or {Ci(s) =
Iis>vi) Yizt,.m or{Ci(s) = Iv,<s<v;)}i=1,..n, and the censored data are called right
censoring data or left censoring data or symmetrically censored data( even though

it may not be exactly symmetrical) respectively.

Let {Xi(t)}i=1,...n be processes in a space (£, F) and {X;(t)}.-=1,_,_'n be censored
processes in another space (', F'). The literature in the censoring field is extensive,
such as Arjas and Haara (1984), Jacobsen (1989), Keiding and Gill (1987), Chang
and Hsiung (1990) and Andersen, Borgan, Gill, Keiding(1988), and many papers
have given methods for estimation of the parameters in {X;(t)}i=1,...,» using censored
data and assuming {X;(t)}i=1,..n are counting processes or the likelihood functions
of {Xi(t)}i=1,..n are known. However, it is not only counting processes which can
have censoring problems and also it sometimes happens that not all the likelihood
functions of {X;(¢)}i=1...n can be written down . Therefore we face the general
question of how to solve the censoring problem when the process is not a counting

process or the likelihood function of the process is unknown.

We shall introduce a method based on quasi-likelihood to solve this question
under certain circumstances.

Here we shall only consider right censoring problems; similar ideas can be em-

ployed for other kinds of censoring problems.

Consider a multivariate process composed of n individual processes, X(t) =
(X1(), ..., Xa(t)). Right censoring will often introduce extra variation in which
case we first have to enlarge the filtrations compared with the {F;} considered for

the uncensored sample.

Suppose that X(t) = (Xi(t),...,Xxn(t)) is defined on some space (2, F) with
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respect to some filtration {F;} and a family of probability measures
P ={P,0 € 0}.

Right censoring of X(t) is the situation in which observation of X;(t) is ceased after
some (possibly random) time U;, ¢ = 1,2,...,n, i.e. Xi(t) is only observed on the
random set E; = {t < U;} C T, where T is some o-field, or equivalently where the

process

Ci(t) = lieky) = Iu<uy
is unity. Thus, right censoring is imposed on X by individual right censoring pro-
cesses C1(*),...,Cn(-). We may assume that the censoring process C = (C;(-),i =

1,2,...,n) is predictable with respect to {F;}(see, Andersen, Borgan, Gill, Keiding
(1988)).

Suppose that, for each ¢ = 1,2,...,n,

Xi(t) = [ £(0, )i\, + My, (14)

where, for each ¢ fixed, {M;;} is a martingale with respect to {F;}, {fi(t)} is a
predictable process with respect to {F;} and ); is an increasing function. This
model is more general than those discussed in Andersen, Borgan, Gill, Keiding
(1988), because it is free from the distribution. Before applying the quasi-likelihood

method to this model, we need the following additional assumptions:

(1) {F:} can be enlarged to {F;}i=1.2,..» such that, for i fixed, M;, is a martingale
with respect to F. ;= V; F;. and, for each t fixed, M;, is a martingale difference with

respect to F; =V, Fi:.
(i1) fi(0,t) is predictable with respect to F; ;.

These assumptions are obviously true when {X;}i=1,2,..» are mutually indepen-

dent.

Let X;(t) be the censored process, i = 1,2,...,n. Then
Xi(t " Cils)dX
(1) = [ Cils)iXi(s)
t t
= / Ci(s)fi(8, )d, + / Ci(s)dMi.,.
0 0
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Since C;(s) is F.,-1 measurable, [; C;(s)dM;, is a martingale with respect to F,,
1=1,2,...,n

Proposition 1 If U; is F;_; -measurable, and E(|M;(U;)||Fi-1,) < oo, then
E(M;i(U;)|Fi-1,) = 0.

Proof: Since U; is F;-,, -measurable, there are simple functions {3°7_, o J) E(n)}

such that
U; = lim Zau IE(n),

n=—+00
j=1

where the E( ") are Fi-1,-measurable and the af J) are constants. Following the

assumption E(|M;(U;)||Fi-1,) < oo and E(M;(t)|Fi-1,.) = 0 for all ¢ fixed, we
obtain E(M;(U;)|Fi-1,.) = 0 by Fubini’s Theorem.

Using Proposition 1, if U; is F;_, -measurable and E(|M;(U;)||Fi-1,.) < oo, then,
for all ¢ fixed, {f; Ci(s)dM;(s)} is a martingale difference sequence with respect to
{F..}. Therefore, when {U;}i=1,,..n are mutually independent and E(M;(t)) < oo
for all ¢, the assumptions:

(iii) U; is Fi_y,-measurable, ¢ = 1,2,...,n,

(iv) {fg Ci(s)dM;(s)} is a martingale difference sequence with respect to {F; },
will always hold.

Now consider

n

Y Xi(t) Z/C(sf,osdA +Z/C(s »

i=1 i=1

If Assumptions (i)-(iv) hold, then f; Ci(s)fi(0,s)d), is Fi—; -measurable.

Let G,.: be an estimating function space in which every element G,(t) of G, has

the form:
Zﬂ,(t) / Ci(s)dM,.,,
t=1

where §;(t) is F;-1,-measurable, and EG,(t)G,(t), E(G,(t)) are nonsingular.

Under suitable regularity conditions, a quasi-score estimating function

Xi(t) = [y Ci(s) fi(8, 8)dA,
E((Jo Ci(s)dM; ,)?| Fi-1,.)

Galt) = 2(s [ C)fil6,9)dN)

i=1
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can be obtained within G, ;. Then, letting G7,(t) = 0, we can get the quasi-likelihood

estimator 6} , for the parameter 6 in equation (14).

Remarks: 1. If {f; Ci(s)dM;,}i=1.2...n are mutually independent, then
E(([ Cio)aMin V| Fimr,) = E([| C(s)dMi(5))?
0 0
= E/‘ CHs)d < M; >, .
0

2. For Gy(t), we can provide the conditions under which {8%(¢)} is strongly
consistent and also to obtain confidence intervals for 6 using the results of Chapters

3 and 8.

Next we give an example. Suppose that X(t) satisfies the model
t
X(t)=/seds+Bt, 0<t<3,
0

where B; is Brownian motion. Assume that the true parameter § = 2. Let
Xi(t), ..., X100(t) be samples from X(t). Suppose that the censoring variables Uj,
1=1,2,...,100 are given by:
Ui=2, i=1,...,30,
Ui =25, i=31,...,60,
U;=3, 1i=61,...,100.
After simulating, we obtained the simulated censored samples
Xi3) = Xi(2), i=1,...,30,
Xi(3) = Xi(2.5), i=31,...,60,
X:(3) = Xi(3), i=61,...,100.

Then the quasi-score estimating function is

.p Xi(3) = J5 Ci(s)s°ds
Galt) = 2, ao/ Cils)s"ds) =" a1,

Ui+ Uf“zogU,- )X.-(3) Ui /(0 +1)
Z( 6+ 1)2 6+1 U; '

Let G (t) =0. From the graph below we get 8;(t) = 1.9 which is very close to the

true value 2.
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6 Appendix

Part I

Here we provide the detailed theoreticalv calculations of the last example in Sec-
tion 3 of this chapter.

We discuss the model (3) under the following assumptions: mo = EY;,; < 1,
X = EI, < 00, 0* = var(Yy;) < oo and p? = var(l,) < co. We also suppose that
E|Y,;|¥ < oo and E|I,|* < oo for k < 4, and X, has the stationary distribution.

The terminology “ the assumptions of the model” means the above assumptions.

Following the result of Heathcote (1965, 1966), augmented by Quine (1970), we

have

Theorem 1 If mg < 1, then {X,} is an irreducible aperiodic, positive recurrent

Markov chain. In this case X, = X where X is a random variable whose support

is {k|P(X1 = k) > 0}.
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Under the assumptions of the model, the process {X,} is stationary and er-
godic. Ergodicity follows from the uniqueness of the stationary distribution( see,

Billingsley(1961), p52, or Hall and Heyde(1980), p179). From the ergodic theorem

we obtain that

N X? X?
JL%;§U2X;+Q2 —E02X+n2’ @.8: (15)
1 & X; X :
lim — : =
nto ; o2 X; +1n? EazX +n?’ @ (16)
1< 1 1
JL%;;U2X,-+172 72X + 72’ a.s.. (17)
We also have the following proposition.
Proposition 2 Under the assumptions of the model,
lim li—-——x‘z——(x- Xi-Xl)’=E X P 18
1 & X; 2 X
= rt?i X, 4 g Mok == B (0 ()
1
; - L — 2 P 2
Ay ; (02X oy K —moXi = do) = B, (), (20)

Proof: Because of the similarity of the method of proof only that of (18) is

given here.

Due to (15), we only need to prove

n n X2
X; - Ao) _—
; 0'2X +1) 2)2 ( +1 =m0 = o)’ Z} o2 X; +1?)
20, as n— 0.

Following Theorem 2.23 in Hall and Heyde (1980), the only things we need to check

are
1 n X2
sup P(-ZE(W_}_—T(XWI —mo — o)?|F:) > A) =0, (21)

ni=1

as A — oo,
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and, for all € > 0,

n X2

3 Bl o, o = ma = Ao’ (22)
xI _, X2 |F:] 50, as n — oo.
(13 m(-xiﬂ-mo-)\o)zbne)
Since
P(liE(i—(X- —mo — X)?|F) > )
S?‘p niZ  (0tXi+1n?)? i+1 ~ Mo 0 !
n X2
< —
sup Z:E % )Y
and

1 X? X?
lim-) FE : =
P e e F0)
(21) is obviously true.

Now we consider (22). For any € > 0, and § > 0,

2

PUS Bl

i=1

(Xip1 — mo — Ao)?

x1 2 Fill > 6
(IZLI (_aix_).(:._,,!j!'(xi+l‘"‘°"\0)2|>ﬂ€)| ‘” )

1 X?
<1/5ZE[ —QX—_‘_TIZ—)Z(X:H mo — o)

x2 ]
(I E:‘zl m(xﬂ-x —mg=»Xg)?|>ne)

< (né)” Z[\l Z'—QX_X_,“_WT)(,( i+1 — Mo — Ao)?

NG >
X\JP(IZEW()QH —mq — Ao)?| > ne) |
n X4 X2
L s

= (0 X+ ) (0*Xi +17?)

X2 E(Y —mo) . . E(Xd(X:+1)
(2 X; + 172)( o8 EXi+ 2l

n 4 2
< (n«sr‘\J ()1 S B (KXo = moXi — AP E )

< (Vn\/eb) l{n‘IZ[E

=1
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6n?EX; 1

+ + ;E(I — o)H}H?

0-4

— 0, as n — oo.
Therefore we obtain (22) and Proposition 2 is proved.

From the model (3), we can construct a martingale {M,} given by
M, = Z(Xi+l -mX; - A)a
i=1
with respect to the natural o-fields F, generated by {M,}. Let G, be an estimating
function space in which every element has form G, = ¥, ai(M; — M;_;), where
{a;} is predictable with respect to {F,} and G, satisfies the conditions that EG,G,’
and EG, are nonsingular. Following the theory of the quasi-likelihood method, if

there is a quasi-score estimating function G}, in G,, then the G}, is

G:=_§:(Xi)X;+1—mX;—/\-
1

=1 O'Xi + 772

Let m, and :\n be the quasi-likelihood estimators of mg and Aq respectively. Then

A

. R . ﬁln — My
0 = G (1hn, An) = G(mo, Ao) + Gr (0, do) ;
An — Ao
where G, = (ZGa(m, ), ZGa(m, ).
In the following, we shall prove
(EG=G2)" VG (mo, do) = N(0,I),  as n — oo.
Denoting

(EG,GyY 2 Ga(m, Y = 3 ( ) ,

i=1 a;?2

and following Theorem 1 in Chapter 8, we need to prove

m<ax|a,',j|'—?+ 0, as n—oo, =12, (23)
'1 ( ai,l a’i,z ) L I, as n — OO, (24)
=1\ G2
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and
E max(|aijaixl) (25)
is bounded in n, where 7,k = 1,2.

Utilizing (15)-(20), it is easy to show that (24) is true. Now we consider (23).
For any € > 0, due to (24), there is a No(¢) > 0 such that, if n > Ny,

n a;,
P(‘trz ( 1) (a,-,l a;,2>|>€)<€/2.
1=Np a;?
Fixing this No(g), since
ES™? WL; ET™ X
EG.GY = i=1 02X, +n i=1 77X, 477
EYin FTYX.TET EXTL sxr

X2 X
~n ( Ea"‘)(-{-n2 Ea7X+n7 )
)

X 1
E’¢77.’(+175 E07X+n5

we obtain, after some calculations,

a1
P(tr( ) ( a1 @2 ) > €)
a;?2

-1 - -/‘-1/2 Eaz)){(i—fﬂ Eoz)‘fx‘;-vﬂ = nl\—=1/2
< (&) rl(BG; ;) 5 7| (BG;Gy) )
| Extim Eaxam

Ef— E E—& E

o2 Xi+n? o2 Xi+n?

X2 X; X2 X
~ (ne)’ltr[(( Eoxiw Eoxier ))-1/2 ( Eaxim Eaxls )

1 1
o2 Xi+n? o2 Xi+n?

X? X

E 2 4' 2 E 2 .l 2

x(( ’ X}:"’ ‘ X;+" )"V =0, as n— oo,
E05X5+n5 E¢77Xs+115

for all 1 < Np. Therefore there is a Ny(c) > No(¢) > 0 such that, if n > Ny(e),

P(rn?x tr(( it ) ( ai1 Gig )) > ¢€)

a2
n , No .
al,l a‘vl
smtrz( )( a,-.z)|>e)+z:P(|tr( )(a,»,l az )|>¢)
i=No \ @iy i=1 aiz2
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i.e. (23) is true.

Finally, we prove (25). Since for all j, k= 1,2,
E Iglsa;t)((lai,jai.kl)
< 1/2E(r§1§x(aij +afy))

a;

SZ“'E[( ) (ai,l ai2 )]—>2, as n— oo.
=1 a;2

which forces (25) to hold. Therefore

(EGLG=)Y*Gn 5 N(0, 1), as n — oo,
and
(EG2G=)y 2 | TP L AN, 1), as n—s oo
A = Ao

Because of

n X? n X;

o = (Z;:xm‘m i=1 7TX, F? )

N e AP

and

(EG,Gy) VP GH(EG,Gy) ™2 B 1,

by (15)-(17), we also can obtain

(EG;G;I)IM ( "}n — mg ) 4, N(0, 1), as n — 0o,
An — Xo

i.e.

ni/? ( Tin = ) 4 N0, W)
' An — A

as n — 0o, where

v ( EXY0?X + 7% EX(0*X + 7)™ )

EX(o*X +9%)™!  E(@*X +79*)!
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We now leave the above results and consider a result of Winnicki(1988) in which
he used the weighted conditional least squares method to deal with this same model.

Let 7, and )\, be the weighted conditional least squares estimators of mg and A

respectively. Winnicki showed that

V(g = mo, An — Ao) > N(0, ), as n — oo,

EX 1
V= X 1 !
Exx Enx

- ( E(o?X +7?) EZX#? )

where ® = V-1WV-1,

and

Ev<72)(+zz2 E a2 X +1?
14X (1+X)?

For the convenience of calculating, we may assume o? = n? = 1. Therefore

VW™V = lim 1/nB,,

where
-1
BF( n EX, zz;lE%;(-,.)( LEQ+X) )
n = Eoy n B
( " EX; n )
x .
n X; n
1'=1Em_.- i=lE_lq,lT‘-

In this case, we obtain

Therefore the asymptotic confidence zone under the Winnicki’s approach is deter-

mined by B,.

Choosing an estimating function

n bi
Gﬂ = z ( 1 ) (Xt'+l —mX,- - /\)

i=1



from G,. Then after some algebra we have
. n b,‘ X; b,‘
EG.=-SE| T
=1 biaXi big

and

EG G r_ ?:l Eb?,l(Xi + 1) ?:l Ebiylbfﬂ(xi + 1)
T Ebinbio(Xi+1) 1 Eb?'z(X.- +1)

Let b;y = 1 and b = (1 + X;)7!; it is interesting to get
(EGa)(EGwGy') ™ (EG,) = B,.
By the definition of the quasi-score estimating function C;, we have
(EG,)(EG;G;) (EG;) = (EGa) (EGaGa') ™ (EG)
= (EG,G}') - B. 2 0.

Therefore, following Theorem 2 in Chapter 5, the asymptotic confidence zones
determined by the quasi-likelihood method are smaller than those determined by

the weighted least squares method.

Part 1I
Here we establish (12) under certain conditions.

Consider a linear model

y=XB+u, (26)
where y is an n x 1 random vector, X = (Xi,...,Xz)" is an n X k nonrandom
matrix(k < n), where X; = (X:1,...,X: ), Bis a kx1 vector of unknown parameter

and u is an n x 1 random vector with diagonal covariance matrix
Q = o*diag((X:18)"7%,.. ., (XaB8)"179).

The vector y is observable while the vector u is unobservable. Denoted by 8 =

(B',0% a) a (k+2) x 1 vector.
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Assumption 1. The elements of z are uniformly bound. The parameter space ©

is a compact subset of Riy;. The true parameter 6 is an interior point of ©.

Assumption 2. For each i, Eu} is uniformly bounded.

Let ¥, = {2

=1

is a predictable process with respect to {¥;} and F; = o{u1,us,.

a;(u? — E(u?|F;-1)} be an estimating function space, where {a;}

",XOa-~~7Xi+l}‘

Let G, be a subset of ¥ such that G, € G, iff EG,G,’ and EG, are nonsingular.
Denote by G} the quasi-likelihood estimating function in G, then following the

theory of the quasi-likelihood method we have

Let

d 2
Cx(0) = X sarxgyaa)

=1

(o= D)o X:B) X )

(a = 1)o*(XiB) "2 X«

\ o

u? ~ o?(XiB)20~)

1/2(X; )%=
(X;B)2(1=2log(X;B) ),

[ (& = Do X:B8)2X;,; )

(a— Do XiB)! 22X,k
1/2(X; )20 =)

o4(X;8)41-2)

[ (a = 1)o*(XiB) X, )

(a = D)o} (XiB) 2> Xik
1/2(X;3)*(-=)

\ o?(X:i8)*1=)log(X; ) )

= A;Fn-lAn.

\ o2(X:8)20~Dlog(X8) )

Assumption 3. As n — oo, n” AL F71A, = n~!C, exists and is positive definite

for all 8 € O.

After some algebra we can obtain EG; =< G* >p= C, and, following As-

sumptions 1-3 and applying Theorem 2.7.5.a in Révész(1968), we can also get the

following facts:
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[ (- 1)o2(X:8)-2X,,

1

1y = 0 '
Cn1(9)i=zl‘a'§ (a = 1o (X:B) 7% X, W]

1/2(X;8)%1-)
o?(X;B)21-2log( X;B) )

(s = 0*(X,)207)

(o = 1)o¥(X:8) %X, )

D | 1
= (U/nC)71/n }, gl| (o= VoA Xif)' " Xiw | Sirgzmama))

1/2(X;8)%-=2)
o}(XiB8)*1=og(X;P) )

a.s.
=0, as n — 09,

(ui—o?(X:8)*1~*)

ie.
(EG:)'Gr =< G" >V G =C'G2 %% I, asn — o0 (27)
where I is a unit matrix;

(i) oy < G*>nVYGr = G1_)(Gr = Gry) < G*>n" V2 5 [ as n — oo;
(iii) maxoci<n [(< G* > n™V3(G; = Gi_,));| 2 0,asn — 00,5 =1,2,..., k+2;

(iv) Emaxocica(|(< G* > 073G} = Gi_)(< G* > n~Y3(G = G1_y))51)
is bounded in n, for §p = § and 1 < I, j < k+2, where (-); denotes the j—th element
of the vector (-).

Therefore, applying Theorem 1 in Chapter 4, we obtain
< G*(60) >712 Gr(60) B N(0,1), as - n — oo.

Since
0= G1(0) = G;(60) + G3(0)(8r - 60),
where 8, is a point on the line connecting 8 and 6, following Assumptions 1-4 and

Theorem 2.7.5a in Révész(1968), we obtain
(0n — 80) = —(1/nG;(6))7*(1/nG;(8))(6n — bo)
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= —(1/nG(6))7*(1/nG}(60))
= —(1/nCaCI G2 (6,)) 1 (1/nGr(80)) X350, as n — oo.

This yields
< G*(60) >7Y G(6,) (8, — 6o)

~< G*(60) >7"* G (680)(6n — 60)
=< G*(60) >7/* Cn(00)Cn(00) " G(60) (8 — 6o)
~< G*(80) >IY? Cr(80)(6, — o).
Furthérrnore, since
< G*(60) >7V/2 Gi(6)(0n — 06) S N(0,1),  asn — oo,
we obtain
< G*(80) > Co(60) (B, — 65) % N(0, 1), as n — 00,

i.e.

(A'F-YA2(6, - 8,) 5 N(0, 1), as n — 0o
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CHAPTER 7
EXTENSIONS OF QUASI-LIKELIHOOD

1 Introduction

In this chapter, we deal with three different subjects, generalized information, esti-
mating functions without the martingale property and estimating functions without
zero mean.

As we have mentioned before, the quasi-likelihood method developed from the
ML and LS methods. The quasi-score estimating function can provide smaller
asymptotic confidence zones for an unknown parameter than other estimating func-
tions in the same estimating function space. This is an important property and
we might say that the optimality of the quasi-likelihood method just comes from

this property. Following this view-point, a more general definition of the quasi-score

estimating function will be given in this chapter.

Another topic which will be discussed here is extension of quasi-likelihood from
the case where the estimating functions are based on families of martingales to the
case where no particular structure is assumed. Godambe and Heyde(1987) and
Heyde(1988) provided a formula to determine the quasi-score estimating function
from an estimating function space G in which each element is a martingale with
respect to some o-fields. Godambe and Thompson(1989) gave another formula for a
more general: mutually orthogonal case (for which the martingale case is a particular
example). However, an estimating function space can be of diverse character. We
need more formulas to determine the quasi-score estimating function for different
kinds of estimating function spaces. Following Godambe and Heyde’s idea, another
formula will be presented here to determine the quasi-score estimating function from
an estimating function space G in which the elements may not even be generated by

a sequence of mutually orthogonal estimating functions .

The final subject is the development of the quasi-likelihood method in a more

general estimating function space. Since the estimating function G is initially used
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to obtain an estimator by solving the equation G = 0, the unbiasedness condition
Eyo(G) =0, V€O,

becomes a natural one(see Godambe and Kale(1991)). However, it does not mean
that the estimating function G should necessarily satisfy the unbiasedness condition.
In the quasi-likelihood framwork, the quasi-score estimating function G is usually a
martingale( see Godambe and Heyde(1987)). However, in practice, G may not be a
martingale, for example G may be a semimartingale. An example will be provided

to explain this fact and a framework will be given for this situation.

2 Optimal Estimating Functions

Modeling by a stochastic process and estimating the parameters of the process are
common problems. If the likelihood function of the process is known, the ML method
is generally used. The LS method( including the weighted least-squares method, the
conditional least-squares method and so on) is another method which is widely used
especially for prediction problems. In a sense, these two methods come from some
basic idea such as the likelihood principle or the best prediction idea of minimizing
the residual sum of squares. But, from the view-point of estimating function theory,
these two methods are just methods for choosing an estimating function from some
estimating function space under some specified rules. For the ML method, the rule
is the maximum likelihood principle; for the LS method, there are two rules: one is
the minimum residual sum of squares and the other is the form of the estimating
function. We also can say that the ML method is a method for choosing an estimat-
ing function from the whole estimating function space under the likelihood principle
and the LS method is a method for choosing an estimating function from a subset

of estimating function space which has minimum residual sum of squares.

Why can the ML method choose an estimating function from the whole esti-
mating function space but the LS method only choose an estimating function from

a subset of an estimating function space? Because, when using the ML method ,
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we should know the likelihood function of the process, which means that we obtain
all the information about the process. If we do not know the likelihood function
of the process, we can only choose an estimating function from some subset of an
estimating function space. The subset of the estimating function space depends on
the information which we obtain from the process and experiments. For example,
if we consider the LS method for fitting a model y; = f(z,,s < t) + ¢; and we know

nothing about the moments and mixed moments of {z,} for order k¥ > 2, then only

the set of linear estimating functions can be considered.

Briefly, using an estimation method is equivalent to finding an estimating func-
tion from some subset of an estimating function space under some rules. So, the

estimation method is determined by the subset of the estimating function space and

the rules which we consider.

Also, we can say that the likelihood score function and the least squares esti-
mating function are, respectively, “ optimal” estimating functions with reference to
some appropriate subset of estimating functions. Following these ideas, we here give
a general definition for the quasi-score estimating function.

Suppose that U7 is a subset of estimating function space in which T is the sample
size, © is a parameter space which is a subset of R? and A is a “ matrix functional”
on ¥7 ® O such that A: ¥7®© 5 G® § — RP*? and (A(GT,8) A(Gr,0))! are
nonsingular for Gr € ¥r , 8 € ©. We call (¥7,0, A) an estimating function space.

Definition: We say that G} is a quasi-score estimating function in (¥, ©, A), if,

for all Gr € ¥y and 0 € ©

A'(G%,0)A(Gr,0) > A'(Gr,0)A(GT, 9).
We denote 8% as a quasi-likelihood estimator which satisfies
Gr(97) = 0.

Example 1: Suppose that X = {X,} is a process and, for every T fixed, {X:}:<T
belongs to an exponential family. Let ¥7 = {Gr = G1(X;,0 <t < T,0)}, in which
EGr(8) = 0 for each Py € P with index 8 , {Gr,Br} are martingales for each
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Py € P, Gr are almost surely differentiable with respect to the components of 6
and EG7(8) = (E(0GT:(0)/96;)) and E(Gr(0)Gr'(8)) are nonsingular. Let A be a

matrix functional defined by
A: U7 ®035Gr®0— (E;GrGr') V2 EyGr.

Then there is a quasi-score estimating function G in (¥, 0, A). In fact, G} is the
likelihood score function.

Example 2: Let us consider an AR model. Assume that 3Ter = ¥7T(y, -
(B1xi-1+ ...+ BrTs-k)) is a martingale in which E(e;|F;-;) = 0 and E(e?|F,_;) = ¢,
c being a constant and F; = o(z1,...,7¢-1). Let Uz = {Gr = T fi(0)e:] {f:(0)}
is a predictable process with respect to {F;}} and A be a matrix functional defined
by

A:¥r®0 3 Gr®0— (EGrGr') V2 E,Gr.

Then there is a quasi-score estimating function G¥ in (¥r,©, A) and

—Ti-1

1 T
G = p Zl: : (e — (Brze1 + .. + Bex—i))-

—Tit-k

The only difference between GT and the least-squares estimating function is the
constant coefficient.

Example 3: (Godambe and Heyde(1987)) Let Gr be a subspace of ¥ in which
every element G is almost surely differentiable with respect to the components of
0 and EG7(6) and E(Gr(0)G7%(0)) are nonsingular. Let p, denote the subset of Gr

consisting of square integrable martingales with respect to {¥;}. Let A be a matrix

defined by
A:p x 03 Gr®0-<G(0) >7* Gr(6),

where Gr(8) = [T E(dG,(6)|F.-). Then the quasi-score estimating function in
(1,0, A) is same as the quasi-score estimating function under Criterion 4 in Go-

dambe and Heyde(1987).
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Therefore, following the extending definition of the quasi-score estimating func-
tion the quasi-likelihood method is a method to choose an estimating function from
Ut under the rules:

(1) A is a given matrix functional,

(2) A(GT,0)A(GT,0) > A'(Gr,8)A(Gr,0) for all Gr € T, 6 € O.
We can also say that G is an optimal estimating function in ¥. But “optimal” has
its full meaning only when the following facts are true:

(1) 67 = 6,, where 6, is the true parameter,

(2) |A(G5,8.)(85 — 6,)]1? % L(X), for some proper r.v. X.
Following the discussion in Chapter 5, an (1 — a) x 100% percent asymptotic confi-

dence zone for 8, will be determined by
P((87 = 0,)((67 — 8,)' < ea(A'(GT, 05)A(GT, 65))7"),

where P(X < €,) = 1 — a. If there is another estimating function Gr € ¥ such
that,

or <3 0,

where 07 satisfies Gr(fr) = 0 and
1A(Gr,6,)(87 — 8.)|I* = L(X),

then A(G%,6,) will provide smaller asymptotic confidence zones for 8, than those
provided by A(G7,0,). In this sense the A'(Gr,0)A(Gr,0) is playing the role of
Fisher Information .

Here we have discussed three kinds of optimal estimating functions. There are
also others. However it is difficult to find an universal opt.imal estimating function
except the likelihood score function(in practice the likelihood score function may
work as a universal optimal estimating function if it can be written down). In
general, the optimal estimating function property is only a local property or one
relative to (¥, ©, (rules)). The ¥ is determined by the kind of model we want to fit

to the data and the kind of information we can obtain from the history. The rule is
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determined by the kinds of criteria we choose for optimality and the kinds of tools

we use.

3 The Form of a Quasi-score Estimating Func-

tion and an Equivalence Criterion

How is a quasi-likelihood method applied in practice? The key task is to find the
quasi-score estimating function from a given estimating function space. However the
definition of the quasi-score estimating function given by Godambe and Heyde(1987)
is too abstract to suggest a general form of the quasi-score estimating function .
This question was considered by Godambe and Heyde(1987) who presented a
formula for a quasi-score estimating function from an estimating function space of
the form Gr = {f a,dM,|{a,} is a predictable process with respect to {F}}, where
{M,} being a fixed martingale with respect to some o-fields {F;}. They proved that

in the above case , if
T N
Gy = /0 E(dM,|F,_)(d < M >,)*dM, (1)

belongs to Gr, then G% is a quasi-score estimating function in Gr. This formula is

very convenient to use in practice.

Godambe and Thompson(1989) extended (1) and gave another formula for “ the
mutually orthogonal” case. Let = {z} be an abstract sample space and P = {p}
be a class of distribution functions on Q. Let 8§ = (6y,...,0,) be a vector parameter
with real components defined on P such that {6} = ©. Let further f;, j =1,...,n,

with arbitrary n, be real functions on 2 x © such that

Ep{fi(z,0(p)|Fj} =0,  p€P, @)

where F; is a specified partition (or technically a o-field generated by a partition)

of X, 5 =1,2,...,k. For simplicity we use the notation
E{|Fi} = Ei{-}.
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Consider an estimating function space G, = {¥7_; a;f;| a; € F;} and let Gr =
7=1 & f; € G, where &} = E;(f;)/ E;(f}). |
Definition : The estimating functions f;, j = 1,...,k, satisfying (2) are said

to be mutually orthogonal, if
E;(&" f; £:a:) = 0,

i#7,4,7=1,...,nand r,r = 1,...,m, where &;(r) is the r-th component of &;.

Godambe and Thompson(1989) gave the following result.

Theorem 1 The estimating functionG’:‘1 = Y7_1 & f; is a quasi-score estimating

function in G, if {f;} are mutually orthogonal.

We can see that the martingale case belongs to “the mutually orthogonal” case.

Now our question is that if Gr does not consist of estimating functions {3 «; f:},
where a; are F; measurable and {f;} are orthogonal estimating functions with re-
spect to {F;}, how we can determine the quasi-score estimating function G} from
the G7. In this section, we shall discuss this question when the restrictions on Gr

are somewhat reduced. As usual the regularity conditions are always assumed true.

Before discussing this question, we need a new definition. Assume that G, is an

estimating function space.

Definition 1 G% is said to be a pseudo-quasi-score estimating function in H, if
(a) EG is nonsingular;
(b) E(GnGy') 2 (EG.)(EG;) ™ (EG;Gx')(EG;) ™ (EG,)

for any G, € H,. ’

Remarks: 1. The choice of the particular form (b) is motivated by the fact
that the element G, of H, may not satisfy the conditions that

EG,G,' and EG, (3)
are nonsingular.
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2. If G, C H, and every element G, of G, satisfies the conditions (3), the pseudo-
quasi-score estimating function G* in M is the quasi-score estimating function in G,

if G* € Gn.

Let {f,} € R* be a sequence of random vectors having the property that there

exists a sequence of o-fields F,, which is generated from some subsets of the sample

space and is such that
Eq(fn(0)|F2) =0, (4)
where § € © C R%, O being a parametér space. Let G, be a set of H, ={G, =
I, aifi}, where {a;} are {F;} measurable matrices.
Remarks: 3. The o-fields {F.} may have no order, i.e., n < m does not mean

that F, C Fn..

4. If {f;} is a martingale difference sequence and {F;} are natural o -fields,
then the {f;} satisfy (4). But the converse is not always true. Because a martingale

should be an adapted process but the process {37, fi} is not necessarily adapted.

Following the proof of Theorem 1 in Heyde(1988), we have the result below.

Theorem 2 Suppose that G, = T, a3 f; € Hn and that both E(G;G3') and EG;,

are nonsingular. Then, the following statements are equivalent:

(1) G%. is a pseudo-quasi-likelihood estimating function in H,;

(2) EG,.G,™ = EG,A for all G, € H,, for some nonsingular nonrandom matriz
A; '

(8) EXi, ai Ty fifiay =0, if ] = AEjf:j(Ejfjf]’-)‘l, for some nonsingular

nonrandom matriz A.

The above theorem shows us how to construct a quasi-score estimating function

from G, € H. As an application we give the following theorem.

Theorem 3 If {a}} is such that G}, = T}, a;-10]f; € Gn, where {a;j-1 are con-

stants, and

E:Y ajfifi'e = EifiA

=1
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for some nonrandom matriz A, then G}, is a quasi-score estimating function in G,.

If we denote
bi;(0) = Eo(fi(0)f;(0)|Fi Vv F;)
ij=1,2,...,
where F; V F; = o{F;, F;} and

¢ = ci(8) = Ei(f)
1=1,2,...,

then applying the above theorem, we obtain a formula for quasi-score estimating

function in the nonorthogonal case.

Corollary 1 Suppose that {f;} satisfy (4). Let G, = {E%,a:ifila; € Fi} be an
estimating function space. If a* = (af,...,qa}) satisfies

+
b11 b12 bl,n 1

)

bnl bn,2 bnn Cn

) *

where for any matriz B, Bt denotes the Moore-Penrose pseudo inverse of B, then

Gz = %, ol fi is a quasi-score estimating function in G, if G € Gn-

Proof: From the condition of theorem, we have

bl,l b12 e bl,n a;' 1
bn,l bn,2 e bn,n Q;, Cn
Therefore,
n
Zb;,ja}"=c;, i=1,...,n,
i=1
le.
n n
=/ =/
E(Y fifia}) =) Ei(bijo}') = Ei(e) = ci,
=1 J=1
1=1,...,n.
Applying Theorem 3, G% = Y™, o} f; is a quasi-score estimating function in Gn-
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Corollary 2 If b;; =0 for all i # j, and

G; = Za,'_l(Ee(f:glfr(i)))l(ai-lEﬁ(fif:lfT(i)))+fi

=1

belongs to G,, then G, is a quasi-score estimating function in G,.

Remarks: 1. If {f;} is a martingale difference sequence and {F;} are natural

o-fields generated from {f;}, the b;; are always 0, 7 # ;.

2. If b;j, ¢ # j, are not always equal to 0, it is usually very difficult to check
whether o} € F;, 5 =1,...,n.

Therefore we are still interested the conditions which can force

of = AE;(f;)(E;(f; fi)) ™.

From Theorem 2, it is easy to get the following relations.

Corollary 3 Suppose that o} = AEjfj(Ejfij’-)"l for some nonsingular nonrandom
matriz A. Then
(1) E(T7y fifias’y =0, i = 1,...,n, implies that G}, is a pseudo-quasi-score

estimating function in G,;

(2) G= is a pseudo-quasi-score estimating function in G, implies that
(Y. i) =0,
J#i
(3) Ei(fifie}') = 0,4 # j, 4,5 = 1,...,n, implies that G, is a pseudo-quasi-score
estimating function in G, k = 1,. 'y
(4) Gy is a pseudo-quasi-score estimating function in Gi, k = 1,...,n, implies

that Efifia}' =0,i#j,4,j=1,...,n.

Remarks: 1. Under the assumption that EG? is nonsingular, the conditions
Ei(fifia}) = 0,1 # j,4,j = 1,...,n are equivalent to the “ mutually orthogonal”
condition introduced by Godambe and Thompson(1989).

2. Following the discussion in Corollary 3, we may say that inva certain sense

the “ mutually orthogonal” condition is a rather weak condition to force o =
AE;(fi)(E;(fifi) ™
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Let G, be a set of {G,}, where G, is a Borel mapping from (R™)" x © — R*
such that, for any 4 € O,

Ean(yl, ceoyYny 6) = AR"‘)" Gn(yla v 7ym9)dpn,9 = 0.

The following theorem gives us a criterion for the quasi-score estimating function

which is equivalent to the criteria in Godambe and Heyde(1987).

Theorem 4 If there exists a quasi-score estimating function within G,, G is a

quasi-score estimating function iff, for all § € © and G, € G,,

tr((EeGr) ™ (Ea(GR)(GR))(EoGr)) ™) < tr((EaGn) ™ (Eo(Ga)(Gn) )(EoGr)') ™)

9

Proof: “ = ” is trivial.

Now we prove the “ « " part. Assume that there is a G, in G, such that
tr((EsGn) ™ (Eo(Gr)(Gn))(EeGn))™") < tr((EsGn) ™ (Es(Gn)(Gn))((EsGn))™)

for all 8 € © and G, € G,. Following the definition of the quasi-score estimating

function we should have
tr((EoGn) ™ (Ea(Gn)(Gr) N(EoGn)) ™) = tr{(EsG3) ™ (Eo(G3)(G2) ) ((EeGa)) ™).
By the definition of the quasi-score estimating function we also have
(EoGn) H(Eo(Ga) G ) (EsGn))™ — (BoGo) ™ (Eo(G2)(G2))(EoCa))™ 2 0.
Combining these two statements, we obtain that the maximum eigenvalue of
(EoGa) " (Eo(Ga)(Gn))(EaGa)) ™ = (EoGr) ™ (Eo(G) (G )(BoGr)) ™
is equal to 0; that is
(EsGa) " (Ea(Ga)(Gn))(EaGn)) ™ = (EoG)™ (Ea(G3)(GR))(EsCr)) ™

Therefore G, is also a quasi-score estimating function in G,.
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4 Extending the Quasi-likelihood Method to a

Model with a Semimartingale Error Process

Firstly, let us consider an example. Suppose that there are n identical pieces of
equipment in a factory. The average of the measurement errors of the this kind of
equipment is zero. However each piece of equipment may have a measurement bias.

Now we do a series of experiments to fit a model
X=fO0)+M

where M is a r.v. called the error part. The form of the function f is known and 9 is
a parameter which is going to be estimated. When we do the experiment, the pieces
of equipment need to be used. Assume that each piece of equipment is randomly
chosen for use and is only used once. From each piece experiment we can get an

observation on X. If we take n samples from X, then we obtain
X.'=f,'(9)+M,', 1=1,2,...,n.

For the ideal model, we would assume that E(M;|F;_;) = 0, where F; = 0{X;,j <
i}. However, when we use the above system with measurement bias to observe X;,

1=1,2,...,n, we can only obtain
Xi = fi(0) + M; + N;

where N; is a r.v. which comes from the bias. Because of the finite amount of
equipment, the finite usability of the equipment and bias of each piece of equipment,

it is obvious that E(N;|F;-;) # 0 and E(N;|F;-1) is possibly a r.v. for each fixed :.
Thus

iffi =2n:fi(9)+zn:fh

=1 i=1 i=1

gives us a model having a semimartingale error process Y i, Ai. This example tells

us, in practice, that there exists a model:
t
Xo= [ £(0)dh + M(1), 5)
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where {M,} is a semimartingale with respect to some o-fields {F;} and {f:(0)} is a
predictable process with respect to {F;}. For each t fixed, fi() is a function of 6,
where 6 is a parameter to be estimated.

In order to estimate 8, we focus our attention on two questions: (i) what kind of
estimating function space do we choose? (ii) how do we choose an optimal estimating
function from that estimating function space?

It is well known that, for a distribution free inference problem, to choose a
suitable estimating function space G is quite important. If G is too large, it seems
difficult to find an optimal estimating function from G; if G is too small, the optimal
estimating function chosen from G could be seriously lacking in efficiency.

Due to the {M,} in (5) being a semimartingale, we prefer to focus our attention

on an estimating function space Gr :
gr = {GrlGr(6) = G1(6) + 0,(G1(9)),

G2(0) = [ E(G.(O)IF.0)) (©
where G7(6) = 8(Gr(0))/98. Godambe and Heyde(1987) have discussed this kind
of estimating function space. They called this space a class p4. If {M,} is a martin-
gale, a criterion for choosing optimal estimating function was given in that paper.
However there is a difference between (6) and p4. Unlike what is supposed for uq4,
we cannot assume that EyGr = 0, because, in general case, Gt is a semimartingale

— a stochastic integral with respect to {M,}.

Avoiding a number of complex questions involved in the model (5), we here only

consider a simple case
T
Xr = /0 0+ Mr (7)
where {M,} is a semimartingale with A\, =< M >, and f;(f) is a predictable process
which is a linear function of 4, for each fixed s.

Before discussing (7), we list some basic definitions and properties of semimartin-

gales.

We denote by V the space of bounded variation processes and denote by M, the
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space of local martingales. let M be a semimartingale admitting the representation
M, = Mg+ A + M, (8)

where A = (A¢)i>0 € V with Ap = 0 and M = (Mt)tzo € M. with My = 0.

Suppose that a predictable process H possesses the following properties:
|H| o Var(A) € V*, (9)

(H o [M, M))'/? € Af,, (10)
where A}, is the set of local integrable variation and V* is the set of positive bounded
variation processes. We shall mention the definition of the above stochastic integral

because it will be used here. Details can be found in any stochastic analysis textbook

like Liptser and Shiryaev(1986).

Definition 2 The process
HM=HoA+HM

is called the stochastic integral of H with respect to a semimartingale M.

Sometimes H.M; will also be denoted as

t
/0 H,dM,  or H,dM,.

(0.1]

Theorem 5 (Liptser and Shiryaev(1986)) Let M be a semimartingale with decom-
position (8) and let H be a predictable process with the properties (9) and (10). Then

H.M is a semimartingale.

An important characteristic of a semimartingale M is represented by its quadratic

variation [M, M] with (AM, = 0)

[M, M), =< M >, + ¥ (AM,)? (11)

where M¢ is the continuous martingale component of M. Following the definition,

[M, M] is an adapted increasing process. If [M, M] is a local integrable variation
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process, following the theory of dual process, there is a dual predictable projection
process of (M, M] denoted by < M, M > such that [M,M]— < M,M > is a

uniformly local integral martingale(see, Dellacherie and Meyer(1975), Meyer(1976,
1977) and Yan (1987)).

Let Gr be an estimating function space and
T
Gr = {Gr|Gr = /0 a,dM,,  a, satisfies (9) and (10),

Gr(6) = G1(8) = 0,(G7(9)),

_ T .

G2(0) = [ B(dG,(8)|F.-)}.

0
Let u’ be a subspace of Gr. Each element Gt of ' satisfies the condition
G(@)—/T E(dM,|F. " E(dM,|F
1(0) = | e BM,IF,) +op( | euE(dLLIF-)).
For a special case, if a, is not a function of 4, then
Gr= [ o E(dM,|F
r= [ aBAMIF.).

Let p” be a subset of ' such that each element Gr in u” satisfies the condition that

[G.,G.] is a local integral variation process.

Theorem 6 Suppose that p is a measure generated by an increasing process A on
B(R*) x F and u? is the predictable projection of u. Then uP is generated by a
predictable increasing process iff A is local integral, i.e. there is sequence of stopping

time {T'} such that At is integral.

Therefore, following the definition of dual predictable projection process, <

G, G > is a predictable increasing process.

Theorem 7 Suppose that X and Y are two semimartingales and H and K are two

measurable processes, while p and q satisfy 1/p+ 1/q=1. Then

31,3 d ’ s
|y S ElIALX YL
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[0,00

<(f X X])M3( /[O |y, YIOY2,  as, (12)

ELf KXY,

< fo AL [ KL w09

The above theorems can be obtained from Dellacherie and Meyer(1975), Meyer(1976,
1977) and Yan (1987).

Sometimes we call the above inequalities the K-W (Kunita-Watanabe)inequalities.

Remark: If < X, X >, < X,Y > and < Y,Y > exist, there are corresponding
K-W inequalities for < X, X >, < X,;Y > and < Y,Y >.

Due to the above properties of the quadratic characteristic, a criterion for choos-

ing an optimal estimating function Gr from p” can be given.

Criterion : We call G} the quasi-score estimating function in y', if
G2(8) < G* >3 G(8) — Gr(8) < G >7! Gr(8)
is nonnegative definite for all Gt € y’, 6 € © and py € P, where Gr has the form
- T .
Gr = / a, E(dM,|F,-).
0

Consider the model (4). If [G*,G?] is a local integral variation process, then

under the above Criterion, the optimal estimating function in u” is:
T .
Gy = /0 E(dM,|F,2)(d < M >,)*dM,, (14)

where (d < M >,)* denotes the Moore-Penrose pseudo inverse.

Because, for any G € p”, we have < G,G* >% < <G,G >r< G*,G* >r and

<G,G> <G,G >
<G,G*>r <G",G" >t
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is nonnegative-definite, then the method of Rao(1965, p266) gives the nonnegative-

definiteness of
<G>r-<G,G ><G >7'<G,G" >r
ie.
<G,G >7'<G>r<G,G >f' =< G >7'>0. (15)

Since (14) leads to

- T . .
Gr = /0 E(dM,|F,_)(d < M >,)* E(dM,|F,-)

=< G*",G" >7
and
< G,G* >r=< a.M,E(dM|F_)(d <M >)*M >
- /0 T E(dM,|F, ) (d < M >)*d < M >,
= Gr,
we obtain

(Gr)t < G>1 (Gr)™ = (Gp) 1t < G >1 (G) 1 20,

i.e. Gt is the quasi-score estimating function in " under the criterion.

Remark : If M is a martingale, then under the model (6),
~ T .
Gr(6) = [ E(dC.(6)|7.-)

T 9
=/0 E(ga(adea(a))lf-)
T T .
_ /0 E(ésdM,(8)|F.-) + / E(a,dM,(8)|F,-)

- / (asdM,(6)|F.-)

= Gr(9).

So, in this situation, the criterion coincides with Criterion 4 in Godambe and

Heyde(1987).
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Following the above discussion, if in model (7), f,(6) is a linear function of 6,
then
. = /T—a—f (0)dy(d < M >,)*dM
T — 0 89 s s s s
—/tgf(e)dM € u"
~Jo 06°° s S H

belongs to p”. If [G%] is a local integrable variation process, then G7 is a quasi-score

estimating function in u".
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CHAPTER 8
BASIC LIMIT RESULTS

1 The strong law of large numbers for multi-

variate martingales

1. Introduction

As we have mentioned in Chapter 4, the strong (or weak) law of large numbers
for martingales is an important tool for studying the consistency of quasi-likelihood
estimators. In this section we shall discuss and present many sufficient conditions

for the strong (or weak ) law of large numbers for martingales.

Let (9, {F:},{P:}), t € D, be a stochastic probability space. Sometimes the
index set D is a discrete set but sometimes it is not. We always assume that {S,} is
a martingale in RP, (1 < p < 00), with respect to {F;}. If the index set is a discrete
set, sometimes we write S; = Y_!_, X;, where {X;} is a martingale difference with
respect to {F;}. Additionally, we assume So = 0. Let B; be a F;_-measurable p x p

matrix. In the folloWing, we shall ask for conditions under which
tlirg B,S; =0, a.s.. (1)

This question has been investigated by many people for a long time and various
sufficient conditions for (1) have been obtained. But some of the commonly used
conditions are unnecessarily restrictive. For example, Anderson and Taylor(1974) or
Anderson and Moore(1976) introduced a condition in which Amaz(Bt) = O(Amin(Bt))
or B, is diagonal for all t. Also, some of the conditions appear nice but are only
suitable for nonrandom matrices B; (see Kaufmann(1987)). We know that when
the quasi-likelihood method is applied to estimate parameters, we usually need a
random normalizing matrix in (1)(see Chapter 5). That is why, in the following
sections, we shall focus our attentions on the random norm case. In M
we also discuss the nonrandom norm cases in which the sufficient conditions do not

require Apmaz(B:) = O(Amin(Bt))-
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For any square matrix A, the determinant of A is denoted by |Al|; the mini-
mum eigenvalue of A and the maximum eigenvalue of A are denoted by Anin(A)
and An.z(A) respectively. The symbol ||z|| and ||A|| will be reserved for the Eu-
clidean vector norm (z'z)}/? and the matrix norm (Apnaz(A’A))Y? respectively. If A
is positive semi-definite, then this norm reduces to ||A|| = Anaz(A). We also define
another norm for A by ||A|, = (tr(AA"))"/%. 1t is easy to prove that || - || and || - ||,
are equivalent. For a sequence of matrices {B,}, we say that {B,} is monotonic

decreasing iff | B,z|| > ||B:z||, for all z € RP, when s < t.

2. Random Norm Case

Kaufmann(1987) has discussed the the strong law of large numbers for martin-
gales when the norm matrix is a non-random matrix. Many results from his paper
can not be transformed to the random norm case directly. However the basic idea

he used is quite important and we shall employ it to discuss the same question in

the random norm case.

Theorem 1 Suppose that {S, = Y, X:} is a martingale and {B,} are predictable

matrices. If

(1) {B.} are a.s. monotonic,

(2) sup, EX, || Bizi]|* < oo, for some 1 < a <2,
(3) E(||BnSnl*|Fn-1) 2 0, as n — oo,
then ‘
B,S, =0, asn — oo.

Proof: Due to Corollary 1 in Kaufmann(1987), Conditions 1 and 2 imply that

{BnSyn} converges almost surely.

In the following, we only need to prove B,S, £ 0, as n — oo. Since
E(|BaSalf*|Fa-1) 2 0, as n — oo,

we get E((BpSn)(SnBn)|Fn-1) = 0, as n — co. For any ¢ € R? and ¢ > 0 fixed,
let yn(e) = P(|2'BpSn| > €|Fn-1). Then ya(¢) <1 and
t'E(BnSnSn'Bn'|Fr-1)z I

c?

0 < uyn(e) < 0, as n — o0o.
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Therefore, limy—o P(|2'BrSs| > €) = limp—co E(ya(e)) = 0, for all z € RP, and we

obtain B,S, © 0, as n — co. This completes the proof.

Remark: Theorem 2 in Kaufmann(1987) can be deduced from this theorem.

Because, if B, is nonrandom and B, — 0, we have

E||B.S:|* < Y E||B.X:|* — 0, as n — oo,

=1
and
2
CEIBS.IE

P(E(|BaSall*|Facs) > ) < %

0, as n — 0o,
i.e. E(||BrSnl|?|Fn-1) 20, as n — oo.

Using the same technique as in Lemma 4 of Kaufmann(1987), we have the fol-

lowing lemma.

Lemma 1 Suppose that {S, = =%, X;} is a martingale in R?. Then

]S —ISn—l,‘

E|| <S> X, < pE(l - .

In the proof of this lemma, we only need notice that
E| <S> X,|P = trE(< S >V (X, X,') < S >11/7)

= trE(< S >7? E(Xa Xa'|Fac1) < § >717)
= trE(E(SaSn'|Fa1) ™ (E(SnSn'| Fac1) = E(Sn1Snnt/|Fact ) E(SaS'| Fac) ).

This is a key lemma for transforming the non-random norm results to random norm
results and reveals the main difference between the non-random norm case and
random norm case. In Lemma 1, if < S >, is non-random then we obtain Lemma

4 of Kaufmann.
Remark : In Lemma 1, the expectation “ E(-)” can be replaced by “ E(-If,.;l)”.
Assumption 1 There is sequence {c,} such that

(1 <8 >n|=1Sa=1Sn=1')/I <S>0 | L ny a.s.,

n > N for some N > 0, where £y o2, ¢, < o0.

Following Lemma 1, we can obtain the following theorems.
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Theorem 2 Suppose that {S, = ¥, Xi} is a martingale. Under Assumption 1,
if

(1) Anin < S >p— 00, as n — oo, uniformly for w € N,

(2) (ES,S')"! < S >, 5 A, where A is a nonsingular matriz,

(3) h(z) is a positive increasing function for x > zo and
/°° dz <
o zh(z)
then

lim[h(| < § > I < S>3 S, =0,  as.

Proof: In the light of lim,—o Amin < S >a= 00, uniformly for w € Q, for any
large M > 0, there is a N(M) > 0 such that, if n > N(M), then

Amin < S>> M.

Therefore
0 E(R™I(] <S>0 )ETH(< S >0)(5n5,))

< E-Y(< S >,)E(S.S))
- - h(MP)

for large enough n. Let M — oo; we obtain

= (h(MP)7,

lim B(h™(| < § > )E7(< S >4)(5a5%)) = 0.
Since (h(] < S > ]))~/? < § >71/? is monotonic and, by assumption,

ZEII (1 <S> )< 8§ > X nll2

n=1

= 2 trE[(h(] < S >a |))7H(< S >7V? (X X.') < S >;1/%)

n=1
|<S>n|—=1< 8>
| < S>n|
‘ < S Sn-1 | - |Sn-15n—1’|
<
<s>.1 V<%
(see Kaufmann(1987)), we have (h(| < S >, |))~"/% < § >;1/2 S, converges as..

<pZE (I <S> D)7

n=1

+
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Moreover, following the assumptions, we still have
I(A(] < S >a )72 < S > S,P?
<ptr(EY*(< S >,) <S> EMY(< S >,))
xtr(E"V(< 8 >,)(SaS)E Y (< S >u)h7 (| < S > |)
=ptr(< S>TE(<S>)tr(E7N (< S >0)(Sa SR < S > )
20, as n — 09,

and therefore lim, .o (h(] < S >n |))" Y2 < S >7Y2 5, =0, as..

Remark: If condition (2) is replaced by (ES,S.)™! < S >,23 A, as n — oo,

where A is a nonsingular matrix, then Assumption 1 can be removed.

Theorem 3 Suppose that {S, = 7=, Xi} is a martingale . Under Assumption 1,
of

(1) ApinE(< S >,) — 00, asn — oo,

(2) (E7* < 8 >,) < S >.5 A, where A is a nonsingular matriz,

(3) Amin(< S >0)=0( <S>, %), 6§ >0,
then <S>718,50, asn — oo.

Proof: Since

SE| <§ 57 Xall? < oo,
we have that < S > 1S, c;l—\:erges almost surely. Furthermore, we still have
| <S> S =tr <S> 8.8 <S>
=tr(< S>'E<S> E' <S>, 5SS/’ ETV <S>, E< S >< 85>
<ptr(E<S>i<S>PE<S>)tr(E™' <S>, 8,S/E1 < S >)
=ptr((<S>TE<S>)<S > E<S>,))
xtr(E™' < § >p SpSJ/E7Y) < § >, %0, as n — 0o.

Therefore we obtain lim,—. < S >7! S, =0, a.s..

Remark: If (! < S >;) < § >,23 A, where 4 is a nonsingular matrix, and

Amin(E < S >5) =O(|E < § >, |°), § > 0, then Assumption 1 can be removed.
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Theorem 4 Suppose that {S, = ¥, X;} is a martingale
if
(1) Amin < S >p— 00, a. 5. , asn — o0,

(2) for any stopping time T,
(E'<S>1)<S>r,5 A4,

where A is a nonsingular matriz,

(3) h(z) is a positive increasing function, such that

‘/°° dz < oo
o zh(z) ’

then

BV < S>n ) < S>I2 8,230, as
Proof: It is obvious that Condition 3 yields

A< 8>, ) <S> 8,

converges a.s..

. Under Assumption 1,

In the following we only need to prove that A~Y/%(| < § >, |) < § >71/2 S,

is convergent in probability. Let T, = min{k|Amin(< S

>k) > cn}, where the

nonrandom sequence {c,} tends to oo. Then {T,} is a sequence of stopping times

and

|A~Y3(| < S >1, |) < § >7./% Sp, |2

= tr(h™}(| < § >1. ) < § >7/* 51, 81,' < § >72/%)

<ptr(< S>3 E<S>g,)tr(A7N(| <S>, NE™' <

Since tr(< S >3} E < S >1,) 2 tr(A'), as n — oo, and

S >Tn (STnSTnI))’

P(tr(h7Y(| < S >1, NE™' < S >1, (ST.572")) > €)

< tr(E(h"(I <S>t, I)E-l <S>r, (ST"ST,,’)/S)
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<pleh(E) =0, as n— oo,
we obtain A7Y2(| < § >, ]) < §>72 S, 5 0, as n — oo and the theorem follows.

Remark : The difference between Theorem 2 and Theorem 4 is the condition

on Amin < S >,. In Theorem 2 the condition involves uniform convergence but in

Theorem 4 almost sure convergence is required.

Theorem 5 Suppose that {S, = Y1, Xi} is a martingale. Under Assumption I,
if
(1) Apin < S >p%% 00,

(2) there is a positive increasing function h(z) such that

/“d_$ < oo
o zh(z)

and
h(l <S >n i) = O(Amin <S$ >n),
then < S >;1 5,50, asn — .

Proof: Following the assumptions, we have A~Y%(| < § >, |) < § >;1/? S,

converges a.s. and

I < $>72 R3] < S > )II?

=tr(h(| < S >n ) ) = 0, as n — oo,
0 Ap
where {\,;} are the eigenvalues of < S >,. Therefore
<S> S =< SR <S>, PRV < S >a ) <S> S,
30, as n — oo.

Remark: 1. If (| < S >n |) = o((Amin(< S >n))*"%/?), where o > 2, then

limpme < 5>;%5,=0,as. .
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2. Sometimes h(z) can be chosen as (logz)®, § > 1.

For the more general case, without Assumption 1, we have the following theorem.

Theorem 6 Suppose that {M, = (M;_,,---,M,,)'} is a martingale and {B;} are

monotonic predictable matrices such that |B;|| *3 0, as t — co. If

t
trE/B,d<M>,B,'<oo, as t— oo,
0
then, for any 6 > 0,
Bt M, %50, as t— oo;
or
AB:M, %30, as t— oo,

where {A.} are predictable matrices and ||A:|| — 0.

Remark: For the second statement, || B;|| =3 0 is not necessary.

The proof of this theorem is similar to those of the above theorems and will be

omitted.

Finally, let us consider a special case which is often met when we use the quasi-

likelihood method or the least squares method to estimate parameters.

Proposition 1 Let {u;}, {X;} be rv.sin R, Fo = o{X1} and F; = o {uy, ...,
ue, X1, ..., Xem1}, t = 1,2, . If E(u|Fiz1) = 0, E(u?|Fiz1) = 1 for all t and

iMoo kg X2 = 00, a.5., then

E(X?)'"% < o, a>1/2

_ implies r .
. Zt:l Xy
lim ———— =0, a.s..
T— (Z:tr=1 th)a
Proof: Let
X,u
X(t) = tut
( :=l X?)a
Since EX® = 0 and
0 X2
E X(t) 2 — E ¢
; [ ] ; ( tt'=l X'Z)Za



© dr
<E[l+ ng_a

=14+ (2a-1)TTE(XH"% < 0,

using the Kolmogrov Convergence Theorem and the Kronecker Lemma, we have

i Xiu, < oo,
a.s.
1—1 X?)a

t=1

and

T X9 EXtut as T — oco.

Corollary 1 Assume that {u;} and {X;} are random vectors in RP. let Fy =
U{X]}, ft = U{ul,...,Ut,Xl,...,Xt_I}, t= 1,2, and At = Z_t,:l X,X,,. If

(1) =1 X2 o oo, ast—o00,1=1,2,...,p,
(2) E(X})'"* < oo, a>1/2,1<i<p,
(3)  E(w|Fi-1) =0,
(4) E(uw|Fizy) =1, t=1,2,...,
then

hm DT ZX,ut = 0 a.s.,

t=1
where Dt is the diagonal matriz of Ar.

Here we have used a diagonal matrix as a norm, but using the technique discussed
in the following section, we can change the result to deal with the non-diagonal

matrix norm case under certain conditions.
3. Nonrandom Norm Case

In the following we shall discuss (1) where B, is nonrandom.

Lemma 2 If {X,} is a martingale difference sequence in RP, then, for any e >0,

( max || Zx,n'-’ >¢) < p/eE(| ZX:II

0< <k

Proof: Let X; = (X1, -+, Xi,)'; then

( max || ZX{“2 > ¢€)

0< <k
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n

= P( max ; O-Xi;)>e)

osngk i 13

P n
< P(Y_ max (Y Xi;)2 > ¢)
=1 =1

0<n<k

< zp: P( max (En: Xi;)? >¢/p)
1=1 =1

0<n<k

P k
<pled D EXE

j=li=1

k
= p/sE(IIIZ:XIIIZ)-

By virtue of Lemma 2, we have the following theorems.

Theorem 7 Assume that {X,} is a martingale difference sequence in RP. If there

is a subsequence {ny} such that
(1) {Bnx} are symmetric and monotonic,
(2) | Bril|l — 0, as np — o0,
(3) for n_y < n < ng, Bn,_,'Bn,_, — By'Bn is semi-positive definite,

(4) if nk — nko1 > 1, Anaz( Br1 B2, _ B;l) < ¢ for some constant c,

Mg Nkl

then ,
oo ngk Nk
Z Amaz(Bn, E[( Z Xi)( E X1)'|Bn,) < (2)
k=1 l=ng_1+1 I=ng_1+1

implies
B,S, 30, as n — oo.

Proof: Because of
oo Nk Nk
Z /\maa:(BnkE[( Z Xl)( E X‘)I]Bnk) < oo
k=1 l=ng_1+1 I=ng_1+1

and Corollary 2 in Kaufmann(1987), we obtain limy—cc By, Sn, = 0 ass. . Let
T, = B,S,; then

n
_ < B X
nk-r&anxsnk ||Tn. T‘nk—l “ - nk_rln<anx_<_nk ” " [:n,‘z_1+l ‘“
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Nk—1

+ max ||(Bn — Bn,_,) Z Xi|.
=1

Nkt <7‘l$‘nk

Therefore the sufficiency conditions for the theorem are

B e, 1 o K=o e i
and
Nk-y
fim | max (Ba=Ba) X Kl =0, as. 0

Firstly we prove (4). Because B,,_,'B,,_, — B;'B, is positive semi-definite, so

is I — (B )By'Bn(By} ). Then we get tr(B;! )Bi(B;! ) < p. Furthermore,
we have

tr(B;! B.) = tr(B;/?B,B;!/?)

Nk—1 Nk—1

= tr[(BY/*B; M2 (BY B3]

Nk—1

2 Aminl( B/ BLYY (BB

Nk—1 Ng—-1

2 /\min(Bn)/\min(B_l

Nk—i

)>0
(see Bodewig(1956), p66). Therefore we obtain

|B.B;Y = 1|}
= tr[B;} B!B;! +1-2B;! B,

<tr[B;! B:B;! +1]<2p,

k=1 "N ngoy

and then
Nk—1
n B.,l X
nk_rlll<aru)(5nk ”(B k-x) g l”
Nk=1
-1 _
<, e BBy, = DlllBn, 2 Xil
nk;j
-1
<, max (BB, = Dl By g Xl
= 0, as Ny — 0.

Now we consider (3). In the light of Lemma 2,

P( max ||B. Y. Xl*>¢)

mik-1 <<k I=nk_1+1
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< P( max ”Bnk—l Z X1”2 > 5)

k-1 <nSnk I=ng_1+1

< p/EE((Bnk-l Z XI)I(Bnk-l Z Xl))
l=ng_1+41 l=ng_1+1

n n

= p/e tr((BL/ By, BL)(Bo, E(( 32 Xi)( 2 X1))Bu)(By, By,_,)]

l=ng_1+1 l=ng_1+1

< p’c/eAmaz(Ba, E(( Z X)( Y X))Ba,)

I=ng_1+1 I=nk-1+1
This means that there is a constant ¢g > 0 such that
[e o]

Y_P( max ||B. Y. X*>e¢)

k=1 Tk-1<nSnk I=ngog+1
00 n n '
Z maz BnkE E X’)( z: Xl),)B"-k) <o
k=1 l=ng_1+1 l=ng_1+1
i.e. maxn, _; <ngny, [1Bn Xien,_ 41 Xill =5 0, as n — oo. Then we get the theorem.

Remark: For a sequence of matrices {B,}, usually

Amaz(Bhn)

/\min(Bn) - O(l)

is not equivalent to

Amaz(By'Bioi1Br') < ¢

for some ¢, n =1,2,--- . Here is an example. Assume
1/n 0
B, = / .
0 1/n?
It is obvious that
Amaz(Bn n — 0o as n— oo
/\min(Bn. - ’

But
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i.e. Amaz(B;1B2_,B;') <c, for some ¢, n = 2,3,--- . Therefore the condition (4) is
different from the condition put forward by Anderson and Ta,ylor(1974) or Anderson
and Moore(1976).

Using the same idea, we can also obtain the following theorem.

Theorem 8 Assume that {X,} is a martingale difference sequence in RP. If there

is a subsequence {ni} such that
(1) {Bn,} is monotonic,
(2) || Bnyll = 0, as k — oo,

(3) for ng_y < n < ng, Bn,_,'Bn,_, — B:'B, is semi-positive definite,
then

S dmae(Buh EIL S X0( S0 X)1Bar) < o0 ®)

k=1 l=ng_1+1 I=ng_1+1
implies

B,S, =0, as n — 0o.

The difference between Theorem 7 and Theorem 8 is that in (2) the condition is

on B,, but in (5) the condition is on B,,_,.

Theorem 9 Assume that {X,} is a martingale difference sequence in RP and {B,}

is a sequence of p X p matrices. If
(1) IB7Y|? = tr(B;YB;!) = 0, as n — oo,

(2) there is a constant ¢ > 1 such that

o)
Y E|Sin = Siau|I? < 00,
n=1

where i, = max{k||B; || > ¢ "},

then lim, .., B;'S, =0, a.s. .

Proof: From the assumptions and by virtue of Lemma 2,

[o <]
-2n - . 2
ngl P(i,,_rfl?kxsi,. ¢Sk = SiasulI” > €)
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o~ _P

< Z 2n E”S," - S‘n—l”2 < o0,
n=1¢ €

ie.

. -2 2 _
lim max S = S = 0,a.5. 0

For any n, we may assume that :,_; < n < ?,. Then

Br:lSn = B;l(sn - Sin—l + Sin-x T+t So),

where So = 0. Therefore (6) yields that
1B Sl

< PIB NS = Siam Il + -+ + 1B S5, — Soll]
d 1
< pe—(n=1) k-1 _a
<Pt o ma, 15 Sl
=30, as n — oo,

i.e. limp—o B;1S, =0, as. .

Remark: The matrices {B,} in Theorem 9 are not necessarily symmetric ma-

trices.

Theorem 10 Assume that {S, = (Sa,,-*+,Sa,)'} 15 a martingale and {A.} =

(a,(-f,-)) is a sequence of positive matrices, which satisfies Apaz(An) — 0, as n — oo.

If

[0 o]
Y (a{V)ES? < oo,
n=1
then
A,S, 0, as n — oo.

In fact Theorem 10, which is a corollary of Theorem 2.1.3. of Stout(1974), tells
us that sometimes the diagonal elements of A, can play an important role. This
motivates us to seek some sufficient conditions which do not focus on eigenvalues

but on the diagonal elements.

Before discussing this, we need some new notation. Let A be a matrix. If 4

is square, the matrix of diagonal elements of A is denoted by ‘diag(A). The set
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of elements of diag(A) denoted by {diag(A)}. If {Sp} = {(Sni1, ", Snp)} is a

martingale in RP, the covariance matrix of S, is denoted by Fi,.

Lemma 3 Assume that A, is a p X p positive definite matriz. Then

Amaz(An) _
Amin(An) B O(l)
induces
max{diag(A,)} _
min{diag(A4,)} ~ o),

but the converse is not true.

Proof: Let A, = (af,’;)). Suppose that a(") = min{diag(A,)}. Since A, is

positive definite, then
0 < |An| = a{|A} | — ATl + -+ + (=1)P ()| A7 |
< 1aNA L + 16 AT + - + 1alD1 AT

< plai 47,1l < pal) max |4y,
This forces
max; |A};|

|A,]

> (pa{))™ = (pmin{diag(A.)})™".

max{diag(4;")} =

Therefore
max{diag(An)}
min{diag(A,)}

< pmax{diag(A;')} max{diag(An)}

< P*Amaz(A7Y) max{diag(A,)} < p° :‘::gA")) = 0(1).

But the converse is not true. For example, let

n n-26
An= y
(n—5 n )

where 0 < § < 2n. Following the definition of A,, it is positive definite, |A,| =
6(2n — 6) and max{diag(A,)} = min{diag(A,)}. It is easy to write down the

eigenvalues of A, which are

Amaz(An) =n +ny/1 —0(1)
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and

Amin(An) = n = ny/1 — o(1).

Therefore we obtain

 Amaz(An)
nll_'rgo A1‘:1:'72.(1471) =
Lemma 4 If
max{diag(F,)}
min{diag(Fy)} OV
and

ESniSn' , 1
_Eonidnd ¢ K< —— < 1,
\/ES,QI’,'ES,Z‘,J' p—l

then ||F71D,|| is bounded, where D, = diag(F,).

Proof: Since
IF7 Dall® = Amaz(DnF 72 Dr)
<tr(D.F*D,)
= tr(D}* R D DI D/ F DY/ D)
<.ptr(DY2F-1DY2D-1pY2p-1pu2)) (D

= ptr(DY*F;' DY*DY*F' DY* D7) Amas(Ds)
Amaz(Dr)
Amin(Dn)
< cp*(Amaz(DY*F1 DY),

< pzAma-‘b‘(Drlz/zFr:lDrltlzDrlt/?Fv;-lDrlt/z)

for some constant c, the sufficient condition for the boundness of ||F,7!D,|| is the

boundness of

Amas(D}*F71DY?).
However the boundness of Apyaz(DY2F*DL/?) is equivalent to
 Amin(D7VRE,DZV?) > 0.
Hence it is sufficient to prove Apin(D7Y/2F,D;*/?) > 0. Since
D;l/anD;-l/z -
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1 ES, lsn‘2

—_—nl e L, #‘E‘sn 15n,
V Esn,lESn,2 ESn,x Esvzt.p

Esn gsn 1 Esn‘gsn 2 . 1
\ /ES?,,,,ESZ'I VES? ,ESZ,
and
ES, ;S ; 1
| === | < Ko< —— <1,
JES?ES? p-1
we get

- - : ES, :Snk
Amin(Dy 1/21'7,«,[)"1/2) > min(l = Y |———le
- e BT

>1—(p=1)Ko> 0.
Therefore || F,7' D,||? is bounded, and so is ||F*D,|.

Using Lemma 4, we have the following theorem.

Theorem 11 Assume that {S.} is a martingale and D, = diag(F,). If ES?; —

00, asn — 00, 1 <1< p, then
(1) D728, 50, asn — 00, a > 1/2.

(2) If F, satisfies the conditions in Lemma {,

F7'S, <0, as n — oo.

Proof: The result lim,—, D;*S, = 0, a.s., follows immediately from the one-

dimensional results lim,,_.oo(ESZ,,-)'“Sn,; =0,as,1=1,2,---,p.
Since F;, satisfies the conditions of Lemma 4, there is a constant Cp such that

|F1D,|| < Co, and using the result of first part of the theorem,
177 Sall < pIFT Dallll DF Sl

< Cop|| D7 Sl %o, as n — 00.
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2 The central limit theorem for semimartingales

1. Introduction

Given a process {X:}, central limit theory considers the problem of finding con-

ditions under which one can obtain
ArXT 5 N(0,1), as T — oo. (7)

where Ar is a normalizing matrix, deterministic or random. This is a classical
question. There are comprehensive results for the case where {X;} are sums of
independent random variables or martingale differences or for which the moments
satisfy certain conditions. Here, we want to discuss other kinds of conditions for

semimartingales such that (7) holds. The emphasis is on conditions on the charac-

teristics of the semimartingale.

It is well known that a semimartingale can be determined by its characteristics.
As discussed in the functional central limit theorem for semimartingales (see Lip-
ster and Shiryaev (1980, 1981)), we focus our conditions on the characteristics of
semimartingale.

We denote by L the set of all local martingales M such that Mo = 0 and by V
the set of all real-valued processes A that are cadlag, adapted, with Ay = 0 and for
which each path ¢ — A(w) has a finite variation over each finite interval [0,t]. A
process X is called a semimartingale if X has the form X = Xo + M + A where X,
is finite-valued and Fo-measurable, M € £ and A € V. We denote by S the space of
all semimartingales. A special semimartingale is a semimartingale X which admits
a decomposition X = Xy + M + A as above, with a process A that is predictable.
S, denotes the set of all special semimartingales. If X is é, special semimartingale,
the unique decomposition X = X, + M + A such that M € £ and A is a predictable

element of V is called the canonical decomposition of X.

Write b¢ for the class of all functions h : R — R? which are bounded, with

compact support, and satisfy h(z) = z in a neighbourhood of 0. We call h a

truncation function if A € b.

159



Suppose that X is a semimartingalein R? . Let h € b%. Then AX,—h(AX,) #0
only if || A X,|| > b for some b > 0 and the formulae

X(h)e =Y [AX, - H(AX,)],
s<t
X(h) = X = X(h),
define a d-dimensional process X(h) in V¢ (i.e. its components are in V) and a
d-dimensional semimartingale X (k). From the construction of X(k), X(k) is a

special semimartingale ( i.e. its components are in S, ). Then there is a canonical

decomposition of X (h):
X(h) = Xo + M(h) + B(h). (8)

Definition: (B(k), C, v) are the characteristics ( associated with &) of X, where

C = (C%); j<d is a continuous process in V?*¢, namely
O = (X7, X3°)

X°¢ being the continuous martingale part of X and v being a predictable random

measure on R x R?, namely the compensator of the random measure uX associated

with the jumps of X.

It is known that C and v do not depend on the choice of the function h, while

B = B(h) does (Jacod and Shiryaev(1987), p76).

Definition: Let » € b%. The predictable process C of V¥*4 defined by
C* = (M(h)', M(hY)
where M(h) is defined in (7) called the modified second characteristic of X (associ-

ated with A).

We denote by Cy(R?) the set of all continuous bounded functions:R* — R which
are 0 around 0 and have a limit at infinity. Also C;(R?) is a subclass of C5(R?) having
6nly nonnegative functions,which contains all functions g.(z) = (a|z|—1)* A1 for all

positive rationals a, and with the property that if 7, and 7 are positive measures on

160



R? which do not charge {0} and are finite on the complement of any neighbourhood
of 0; then 7n,(f) — n(f) for all f € C,(R') implies n,(f) — n(f) for all f € Cy(R?)
(so C2(R?) is a convergence-determining class for the weak convergence induced by

C2(R%))(Jacod and Shiryaev(1987), p354).
2. Results

In the following we just consider the one-dimensional case. All the results pre-
sented here will hold in the multi-dimensional case by changing “| - |” to ”||.|| as
appropriate. Suppose X = (X;)i>o is a semimartingale in R with the characteristics

(B(h), C, v) where h € b}.

Let Y = AX ,where A is a positive r.v. and h'(z) = A"'h(Az). Then

Yi(h) = ST[AY, - h(AY,)]

<t

=Y [AA X, - h(AAX,)]

<t

=AY [AX, — K(AX,)]

<t

= AX,(R),
and therefore
Y(h) =Y = Y (h) = A(X = X(}"))
= A(X. + M(R') + B(R')). (9)

Suppose the characteristics of Y associated with h are (B’(k),C’, v'). Comparing
with (9), we find

B'(h) = AB(K') = A(B(h) + (k' — h) x V).

Also we obtain

C' = A%C,

because of _
AC(K)=C'(h) =C"+ (R V' = S (AB.)?
<
=C'+ hQ(AX) *Y — Z(A A B,(h’))2

<

161



= C'+ A% x v = 3 ANAB,(H)),
<
and

AC(K) = AX(C + K x v = Y (AB,(R))?).

s<-

Therefore we can write the characteristics of Y associated with A as
(B'(h),C',V') = (AB(k'), A*C, V")
= (A(B(h) + (h' — k) xv), A’C, V).

After the above discussion which makes the relations between (B, C, v) and (B’,

C', V') clear, we now establish the following theorem.

Theorem 12 Suppose that X is a semimartingale with characteristics (B(h), C,v)
associated with h € bf. Let A = (At)s»o be a positive process. If

(1) Ar =0, as T — oo,
(2) Ar(Br(h) = (X = h) x 1) B0, as T — oo,
(3) ARCT + (ArX)? % vr B 1, as T — oo,
(4) A [T fiyoa 22v(ds, dz) B 0,  asT — 00, A = 0,
then
Ar X7 3 N(0,1), as T — co.

Proof: Let h%(z) = A7'h(Arz) and YT = ArX,r,0 < s < 1. Then YT =
(YT )ogs<1 is a semimartingale on some stochastic base (2, F, F', P) and ht € b; .
Without loss of generality, we can suppose that (Q, F, F, P) is the same for all YT,
T =1,2,---. From the discussion above, the characteristici of YT associated with A

are

(BT(h),C7,v7) = (ArBr.(k%), ArCr., 7).
Let Y be a Wiener process in [0,1]. The only thing that needs to be proved is

Y1T=ATXT—d>Y1 as T — oo.
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Following Theorem VIII 2.4 in Jacod and Shiryaev(1987), it is sufficient to prove
the following facts:

(i) BT (k) &0, as T — oo,

(ii) CT &1, as T — oo,

(iii) sup,<; vT({s} x {|z| > €}) & 0, fore >0, as T — oo,
(iv) gxvT 50, as T — oo, for all g € Cy(R}).

Firstly, we prove (iii). Due to the definition of v, we have

sup 7 ({s} x {|z] > €}) = sup v({sT} x {jz] > eA7'})

< ([0, T), 2| > eA7Y) _/ / v(ds, dz)

|x|>=A‘1}

2 22
52/0 -/;|x|>¢A;1} Arz*v(ds, dz). (10)

Because of Assumption 4, Vé > 0, there are T} > 0, A; > 0 such that, if T > T and
A> Al,

A%z?v(ds,dz) > €%6) < 6/2.
fj;ltl»ﬂ 22%v(ds,dz) > €%6) < 6/

Using Assumption 1, for § > 0, there is E C Q and T; > Ty, such that, if T > T;
|AT e| > M wekE,

and

P(E°) < 6.

Then, combining these results we obtain, if T > T,

P(sup ' ({s} x {le| > ¢}) > &)

1 T
- Alz?y(ds,dz) > 6
<P /WA;I} 22%y(ds, dz) > 6)

1 /T .
() /{m)M;}ATz v(ds,dz) > 6)()E) + P(E°)
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i.e.

sup vT({s} x {|lz] > €}) 20, as T — 0.
s<1

Secondly, we prove (iv). For any g € C;(R?), there are ¢ and a such that

l9(z)| < c|z|®X(je|>a)(Jacod and Shiryaev(1987), p376). Therefore

T
g*usz‘/O /Rg(ATa:)V(ds,dm)

T
= /0 /R clATx!zx(lAsza)l/(ds, dz)

T
= 2
‘/0 /{lxISA} c|Arz| X (lare]>a)(ds, dz)

T
+/ / CIAT.’L'
0 J{z|>A}

In the above inequality,

2X(|AT1'!>0-)V(dS, d:l,‘)

T
Arzl? zl>ayv(ds,d
/0 /{M»}Cl TZ|* X (jArz|>a)V(ds, dx)

T
< 2 P
- /0 /{|$|>/\}ClATxI v(ds,dz) =0, as T — oo.

(11)

By virtue of Assumption 1, for Ve > 0, there is E C §2 such that P(E°) < ¢/2, and

ATt converges uniformly to 0 on E. Therefore there is a T, > 0 such that, if T > T,

AT/\ _<_ a.

and, if T > T,
T
Arz|? sayv(ds, dz) >
P('/(’) '/;IIISA} clArez| X(lArzl> )V( s, dz) > ¢)

. |
< P(E°) + P(( /0 /{ e c| ATz |*X (agel>a)¥(ds, dz) > £)) N E)

£
< ==
< P(Ef) =3
i.e /T/ c|Arz|®x v(ds,dz) 5 0 as T — oo.
e o Jygergny T AATea TRED ’

Combining (11) and (12), the result (iv) follows.
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Thirdly, we prove (i). From the relation between BY and Br, we have
BI(h) = ArBr(h) + Ar(X — h) * v1 — (A7 X — h(Ar X)) * vr.
By assumption,
ArBr(h) + Ar(X — h) * vy LA 0, as T — oo.
The only thing remaining to prove is
(ArX — h(AT X)) * vy 5 0, as T — oo.
Since h € b, there exists a; > 0, such that
h(z) =z lz| < a;.
Therefore
T
(ArX = h(Ar X)) s vl =| [ [ (Are = h(Arz))v(ds, dz)|
o Jr
| ! | Arz—h(A ds,d ! h d
5// T— x))v(ds,dz)|+ / Arz—h(Arz))v(ds,
gy Ao hAzods )l [ [ (Ara=h(Are))(ds, dz)]

T T
= /(; ‘/;|ATT|>61} ‘AT_CC!V(dS,dm) + -/; v/{lATz'|>a1} |h(Arz)|v(ds, dz)

1 T T
< —AZT/ / z?v(ds,dz) + —%/ / z?v(ds, dz)
a 0 Hlzl>Az'a1} af Jo J{jz|>Az a1}

for some constant ¢ > 0. Using the same method of proof as in the second part of

the proof, we obtain
(ArX — R(ATX)) % vr 20, as T — oo.
Finally, we prove (ii). Following the definition of C,
CT(h) = AFC(h7) = AF(Cr + (K')* * vr)

= A%CT + h2(ATX) * vyt

= A2Cr + (A7 X)* * vy + R*(ArX) *x vr — (ArX)? * vr.
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Now Assumption 3 gives
ALCr + (ArX) xur B 1 as T — oo,
and we can obtain
|R*(ArX) * vr — (ArX)? * vp| 5 0. as T — oo,

because of
|R*(ArX) * v — (AT X)? * vr|
=)o Ja(h*(Ar2) = (A7a)?)v(ds,do)|
= Js Jqapeica}(h2 (A1) = (A72)?)0(ds, dz)
+ 13 Jareisany (R (A12) = (A72)?)u(ds, dz)|
<c fo Jiape|>a,y V(ds, dz) + A} fo f{lz!>a,A =13 T 2y(ds, dz)
< c*/al [ [elsarazty AFa?v(ds, dz) + A} Jo Jiel>ay azty T7v(ds, dz).

So the theorem is proved.

Corollary 2 If
(1) [X17'/% % o, as T — oo,
(2) [XJ7*(B(h) + (X = h) » vr) =50, as T — oo,
(8) for any fized € > 0

(X173 AX.? / /{|x|<=} v(ds,dz) + 3 ( zv({s},dz))?) & 0,

s<T o<T {lz]<e}

as T — oo,

(4) (X! f(;‘rf{lz,),\} z?v(ds,dz) & 0, as T — o0, A = oo,
then
12y, d
(X7 — N(0,1).

Proof: Knowing the proof of Theorem 1, we see that the only thing which

remains to be proved is that [X]|7'Cr(h’') B 1, as T — co.
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By definition we have

CT(h) = (X]7'Cr(h")

= XJF(Cr + ()" * vz = S ([ Krl@)v({s} x dz))?]

s<T

= XJP (X7 + (W) #vr = ([ Wr()w({s} x da))]

s<T

= 1= [XIF [ AKX = (k) = vr + ([ Wr(@)w({s} x do))?]

s<T s<T

The last term can be rewritten as

(XIS AX,? - (hy) *UT+Z(/h' v({s} x dz))?]

s<T s<T

= (XI5 X0 AKX = WX wvr + ([ BIXIF2)w({s}, d))?

s<T <T

= (X7 T Ax? / /h2 (X]7%2) * v(ds, dz +E/ X7 %2)v({s}, dz))
s<T s<T
Due to definition of A, there exists an a > 0, such that
h(z) = z, |z| < a

and h is bounded, i.e. |h(z)] < ¢ for some ¢ > 0; thus

(XIFE AKX = (W) vz + ([ Br(2)v({s}, o))

s<T

T
= -1 2 _ d d
Xl 2 8%, /o /um;"’zK X lz'av(ds, d)

s<T

+Z(/ (X7 -1/2, v({s},dz))

o<1 X1 <)

%) v(ds,d
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+ 2 h(X]7' 2)v({s}, dz))’

o< Hlel>alX 1)

—1/2 -1/2
2T [ gy MR hde) [ WX (), da),

s<T

But the fourth term on the right hand side of this equation,

'/ /{Irl> X172y 2([X]-1/2 Jv(ds, dz)|

C2 T -1_2 -P
<zl /{|=|>a[x1;"’}[X]T culds,dz) =0, s T oo

For the same reason, the fifth term and the sixth term tend in probability to zero

as T — oo.

Let us consider the first three terms. We can rewrite them as

(Xl7' 2, Az / /{|x|<a[x1‘n Xz'e*v(ds, dz)

s<T

+2(f [X]7/%2v({s}, dz))?

o<1 JlzI<alX]7%)

= X]7' S Ac? - / /{ oy X172 (s, d)

LT

+ ([ X7 au({s}, do))?

s<T YAlzlSA}

T
—'/0 /{A<1x|5a[,\]‘/2 [X]z'a"v(ds, dz)

3

<T ,\<| |<a[X]l/2 [ ]-llzlu({s},dm))z

-1/2,, =12,,00) dr).
123 [ oo XE U T I () )

So for Ve > 0,

¢ (7tz?v(ds, d
P(|[X])7! ZA% / /{lrlsa[X]‘T”}[A]T z?v(ds, dz)

s<T
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(X175 %ev({s},dz))?| > ¢)

+Z(/

oot Y lel<alX17%)

< P(|[X]F ZA% —/ [(X)7'2v(ds, dz)

s<T {lz|<A}

(X7 (s, da))? > )

S iz 4

T
P X)zlg? €
¥ (|/0 /{A<Izlsa[x1;/2}[ Ir'e%v(ds, dz)| > 4)+

+P(1 > (

o<1 J<lzl<alX 1%}

X1z zu({s}, d2))?] > 5)

P2 T foe v({shes) 3 [XI 2 ({a), de)| > J).

By Assumptions 1, 3 and 4, and using the same technique as in Theorem 1, it is

easy to obtain that

T
X7 Y Azt - X7 z%v(ds, d
| ].T Lo /0 v/{lxISa[X]’T”}[ Jz'="v(ds, de)

s<T

Z(/;| |<a [X]l/2 [ ]-1/2:1:11({3},(11‘))2 _P) 0’ as T — oo.
s<T z
So
[(X)7'Cr(h) B 1, as T — o0
and
[(X]7' X7 % N(0,1), as T — o0

Corollary 3 If

(1) (Xo)7'* = ¢t =, as T — oo,

(2)  (X)7YA(B(R) + (X -h) xvr) B0, as T — oo,

(3) for any fized ¢ > 0

/ '/{|$|<s} v(ds,dz) - (X*)1 12(/ zv({s},dz))* >0

s<r J{l=i<e}
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as T — o0,
(4)  (XVTIT Saroey T20(ds, da) B 0, as T — 00, as A — 0.
then

(X7 Xr 5 N(0,1). as T — oo

The proof is the same as that of Corollary 1.

The following Corollary can be seen as a special application of the Theorem 1.

Corollary 4 Suppose that S, = 7 X; and {X;}i»1 are i.i.d., in which EX,; = 0

and EX,® < 0. Then

L Sx 4 N0, 1).

V‘I'LE'.X'I2 1

Proof: Following Theorem 1, one only needs to prove that

. 1 p

(i) Toes (Balh) = (X = h)+ ) S0, as n — oo,
N 1 1 2 P

(ll) ch + (mX) * Vp — 1, as n — oo,
(iii) m()@xum»}vn =0, asm — 00, A — o0,

where (B, (h), Cn, v,) are the characteristics of S, = Y1 X; . Since {X:}i»1 are
i.i.d., following p375 and p371 in Jacod and Shiryaev(1987), (i) is valid. Following
p97 in Jacod and Shiryaev(1987), C,=0 because {X;}i>1 are i.i.d. and

(_1_X)2 *v, = X2 *x 7
= nE(_z(l__)z =1
VrEX:?
So (ii) is true.
Finally, by calculating
1 2
REXZ X XUX2) * Vn
n . )
= nExle(XIX{IXIb,\} S0 as A — oo,

(iii) is proved and we obtain the Corollary.
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