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INTRODUCTION AND SUMMARY



" 'INTRODUCTION AND SUMMARY

We coneider the Bienayme?Geiton'Watson process with
offspfing distribution having infinite mean; and‘feremest We‘
generaliée theorem 1 and 2 [17] and theorem“3 '[18]1 for the
process'with and without immigfatien. _We further Strengthen
the convergence assertions of'these theoﬁems to that of almost
sure convergence. o

We essﬁmevthe reader will have some familiarity with the

theory of branching processes [1], where we denote‘the pfocess

{z_} (z_ =1) and in particular.we sﬁppose F'(l-) = o,

Nyl o :
where?F(s) s e[O,»l], is the probabiiity generating function
(p.g.f) of'its offepring distribution. As ueual g denotes the
extinctiqn‘probability of the'process and we assume q < 1.
-When immigration is permitted in each generation‘after the
inifial}'it is aecording to a p.g.f. B(s) = T b. s3,

= 3
_ 1 , . J=o .
B(o) Z 1 and we denote this process by ‘{Xn} and suppose for

simplicity that X, = 0.

Defining
gty =v {1 -a/0-F -t Vmminr; tso0

we assume that g(t) is’either convex or conceve on 'tO, ©)

and ¢ = lim (t -> °°)»¢(t)/t satisfies 0 < ¢« l; These
conditions ensure_that there exists a Sequence of positive
constants (8,} such'that'{Bn Uz, + 1)} donve:ges almost
surely to a proper nondegenerate random variable, where U is.’
a function slowly varying at infihity, defined on [1, =),

continuous and strictly increasing with U(1) = O, U (w0) = @



Denote by W(t) its inverse function defined on [0, «) with
W() = o,

These results reckon among earlier ones in [171, [18]
with U(t) = log't and can be considered as a partial study of
the infinite mean Galton Watson process. More specifically
for Clo) = l/F- (L -), (= 0), say,then for U(t) = log t and
writing for c¢ as in El7],‘c'= c(l) we find that the above
reéults may be considered to be in part, a study of the case
when c(o) = 0. Analogously, a similar study of the case
C(1) = O can be attempted by taking U(t) = log {1 + log t}
and so in effect a hierarchy of results emerges, where U(t)
takes the form of an iterated logarithm,.

In addition we show that there is a natural relationship
between oﬁrrgeneral approach which appeals to functional
equations and the theory of slowly varying functions. Indeed
we can take Bn = cn/L(c-n) whe;e L(t) is a monotone function,
siowly varying at infinity. When we pose questions, however,
as in [18] related to the limit distribution function our
‘general theory presents some difficulties; but it bears mentioning
- that from the viewpoint of generality our theory in terms of a
general U is to be preferred.

Also we make comment and modify a method of D.A. Darling[ﬁi .
to interpret results pertaining to the specific case when
U(t)‘= log t. This approach which uses the continuity theorem
of Laplace tfansforms however proved laborious énd often
unfruitful for U(t) = 1¢g {1 + log t} or logarithmic iterates
of this.

We can again prove the convergénce in law of BnU(Zn + 1)



to a properbdistribution for thé particular casebwhen
-U(t) = log t by working along similar.lines to a paper on the
Bgttcher functional equation by M Kuczma [11]. But when we
extend these ideas to further logarithmic iterated'Qe:sions
of log t (in the sense described earlier) further difficulties
emerge. Oux findings then lead us to a generaliZation of
Kuczma's theorem to a more general functional equation' iﬁ
terms of a general function.

As stated earlier our assumptions ensure that a sequence
'{Bn} as before exists such that for U as before,f{Bn'U(Zn-+ 1)}
converges almost surely to a prdéer non-degenerate random
variable. 1In fact the almost sure convergence follows by a
direct applicétion»of a.pheorémkby H. Cohn,vonce convergence
in distribution is>established.&JWe shall demonstrate how
Cohn's theorem applies in our development.

For the super-critical process the criterion of almost
sure converggnce was proved by C.C. Heyde [7] via a
martingale argument. Hence it ié logical to question, as we
do}Awhether a boundéd positive martingale of the form
a - (1-q)/W(l/Bn)fn provides the required convergence after
the application of the martingéle convergence theorem; (We
were motivated to consider such a martingale by a remark in
[12]). We shall demonstrate that the martingale does not
provide the required almost sure convergencé ﬁo a proper limit.

Then turning to thé Bienaymé—Galton Watson process.
allowing immigrationa{xn} as before, we find that together
with the same conditions which ensure the existence of'{Bn}

~ such that‘{BnU(Zn + 1)} converges in law to a proper distribution,



for'{zn}.the process without immigration, we require a further

. oo
condition‘that»dzz
I= _ ,

is convergent as above. We denote the limit distribution

bj log U(j) < = to ensure'that'{Bn Ux + 1)}

function by p(t), say,which is positive, finite, continuous
and strictly increasing on [0, «) if’the latter condition holds,
otherwise p(t) = O and ‘{Bn U(Xn + 1)} approaches infinity in

distribution and hence in probability.

NOTE: A paper entitled "A Note on Simple Branching
Processes with Infinite Mean", Irene L. Hudson
-and E. Seneta is to appear which summarizes the

main scope and conclusions of this dissertation.

(J. Appl. Prob. (Dec). 1977).
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" CHAPTER T A GENERALIZED APPROACH

Section 1, Introduction and Preliminaries

The topic under consideration is the Bienaymé;Galton
Watson process'{Zn}:=o (z, = 1) with an infinite mean [13].
More explicitly the process is such that F'(1 -) .= » where
F(s), s ¢[0, 11 1is the probability generating function (p.g.f)
of its offspring distribution. By conVentidn q denptes the
extinction probability of the'process and we aséume q < l.v

In Seneta [17] it was showﬁ that under certain conditions
there exists a sequence {pn} of positive constants such that
 {pn log (Zn + 1)} (*) converges in law to a proper limit
dist;ibution, whose distribution function is continuous and
strictly increasing on (0O, «) with a jump of magnitude q at
the origin.' |

The theory employed a function (and its iterates)

defined by : -
1-F@1 - (1-qe 9
g (t) = - log , £ 30
(1 - q)
and
. -t
: 1 - Fn(l - (1-qe )
¢n(t) = - log | for each
(1 - 9q)

ns1l, (t 3 0).

Under the assumption of convexity or concavity of @(t) on
[0, ») it follows that the limit as t -> =« of @g(t)/t exists,
say (1) such that O ¢ (1) < 1, By restricting (1) such

that O < €1y < 1, the above sequehce of-conStants'{pn} was



shown to exist such that the earlier convergence result (%)
holds true. In addition a necessary and sufficilent condition

. for p, v constant . ch

(n -> «) was produced.

We note that all generating functions such that F'(l- ) < =
give @(t)/t -> 1 as t -> « but also, as pointed out in [17]
there exist "pathological" F(s) with infinite mean and ¢ = 1.
The 1atter'case is one to which the funétional-iterate
development of [17] is not applicable.

In this chapter we formulate results which essentially
generalize the theorems of [17] and are written in terms of
slowly varying functions. That is, generalized conditions
analogous to those of [17] are given which ensure that there
exists a sequeqce'{sn}, say of positive constanté such that
'{Bn U (2 +.1)} converges in distribution to a proper non-
degenerate limit distribution; whose distribuﬁion fﬁnction has
properties as ink[l7]. Our function U ié slowly vérying}at
infinity (in the sense described in Seneta [19]), defined on
[1, «), continuous and strictly increasing from U(l) = O to
U(w») = », Further under our generalizéd conditions a necessary
and sufficient condition'fof B, n constant . c” as n -> » is
given and it is a generalization of ‘the analogous condition
of Theorem 2 [17].

We.Will define functions of which our previous @g(t) [17]
is a special case and such that when they satisfy certain
~ conditions a probabilistic interpretation analogous to (2.4)
of [17] is derivable.

We repeat that our U (t) be defined, continuous and

strictly increasing on [1, « ) such that U(1l) =0, U(x) ==



and suppose U is slowly varying at infinity [19]. Denote by
W(t) its inverse function which is defined on [O, «) with
W(o) =1, W(x) = =,

We now define

ge) =U y_ (1 g Yo 3o,
| 1 -F (1~ Q- q)/wW(t)
and foreachn 3 1
¢n(t)=¥l{'“(1'q ............ s,
n

Qhere Fn(s) denotes the nth functional iterate of F(s). It
can be easily.checked that ¢n is thebnth functionalAiterate of
@ and that @g(0) = ¢n(0) = 0 for each n. |

Our primary assumption is
(A) @(t) is convex or concave on [0, =)
Define the limit c = 1lim ¢(t)/t.

te

It follows from the néturé of F,‘U and (A) that the limit
c exists and always satisfies O € ¢ € 1. Further note that

if F'(1-) < ® then c = 1. We are now in a position to make

our next assumption that is,

(B) 0 < c < 1.
We then have the following two theorems.

" THEOREM 1.1

Under conditions (A) and (B) there exists a sequence of

positive conStants'{Bn}, B, => 0 as n ~-> «, such that



'{sn Uz, + 1)} converges in law to a proper limit distribution,

with distribution function defined by
u(t) =1 - (1 ~-q)/ wW(a(t)), t >0,

where A(t) is continuous and strictly increasing from A(O+) =0
to « and is convex or concave on (0, «) as is ¢(t).
Remark: |
(1) These constants are essentially unique by Khintchine's
" theorem for convergence of (positive) typés, "The proof
6f7theorem 1.1 gives an explicit'form for them; Further
properties of u(t) will be implicit from the functional
equation‘approach in the proof and these will be
mentioned later. »
(2{ In the particular case when U(t) = log t, Theorem 1.1
has been proved in [17], [18]. |

* THEOREM 1.2

Under conditions (A) and (B) the norming sequence {BnI
of theorem 1.1 satisfies Bn N cohstant .cas n -> o if and
only if,

’

‘c - -QéEllat < ®

P38
t
1
[}

where A is any fixed number > O.

Section 2, Proofs of Theorems l;l and'l.2L

Suppose (A) and (B) hold. The definition of the

probability of extinction q, such that F(g) = g gives us that



Fn(q) = q for all n 3 1,
Define the inverse function of @g(t), t % O, by d(.)

where

and G is the inverse function to 1 - F(1 - x); O € x < 1.

Similarly for all n 3 1

D U (Y
‘ G (——9) |

wW(t)

denotes the inverse function to ¢h(t) t ¥ O and clearly

is the nth functional iterate of d where Gn(x) is the inverse
funétion to 1 - Fn(l -’x); O £ x £ 1. The function @ satisfies
g(t) < t, O0< t < because'F(x) < x for g < x <1 and

hence by inverses we have that

(1.1) t < d(t) , t >0.

We note that @(o) =¢@g,(0o) = O and we follow precisely as in

[17] and define

~ 1

g(x) = — ; 0§ X< o
@(1/x)

N .

d(x) = —2—; 0§ X< o
d(1/x)

n n :
and similarly we have @(0) = d(o) = O. The corresponding nth

functional iterates are indicated by a subscript n, that is
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" SR :
dn(x) = — 0§ X <

_dn(l/x)

and it is easily checked that they are an inverse pair for
N v _ ‘
each n and ¢n(o) = dn (o) = 0.

We can now prove a lemmahanaloéous to lemma 2.1 [17].

" LEMMA 2.1. "
_ 4, (x)
For x ¢ [0,«) the sequence ——— , X, € (0,=)
n'-o

: _ ' : ' v o
arbitrary but fixed, approaches the function ©D(x) as n =-> o,
where the limit function'D(x) is positive on (0O, «) and is a

solution to the Schrgder functional equation

(1.2)  B@ ) = c Dx,
where B(x) iéhthe unique, solution (up to constant factors)
of»(l.2),such~that »B(x)/x is monotonic in (0, «). |
- Proof: As in thg proof of lemma 2.1 [17] it is only
necessary to check that the conditions of Kuczma '[lO] are
satisfied. By definition ¢(t),is continuous and strictly
increasing.toAinfinity on [0, «), this follows from the nature
of U, We then conclude by the properties of inverse functions
that d(t) is continuous and strictly increasing to infinity on
(O, »). Hence our definition of g(x) and>(1.l) yield that |
8(2)'is such that g(o) = Q_andi 0 < g(x) < x for O < x < =,
We write

lim d(x) _ lim @(d(t))

| 1,
.(1.'3) x=>0+ X t=>e d(t) ! .putting t = /X,

and noting that d(t) + ® as t -» » and that @(t)/t -> c as

t => o we have
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lim o dx) . o |
x=PO+ X exists and = = ¢ and then by

(B) we have 0 < c < 1. "
The remaining condition to check is whether 'géﬁl is monotonic
on (O, » ). However this monotonicity hdldsbsince yg(x) is
convex Or cdhcéve on (O, =) as ¢(thvand 3(0) = 0. Thus all the
conditions of Kuczma's theorem [10] are satisfied and hence the
lemma is proved. |

We denote

v

: :dn. (x)

. f\J B
',(1'4) o~ Dn(x), say

where Bn(x)v+ B(x),as n-> ©; x > O and X, € (0, ») is.
arbitrary_but fixed and B(x) satisfies the Schrgder functional
equation as stated in the above lemma.

Exactly as in [17] we require to pfove the next lemma 2.2
and then we note the application of lemma 4.4 [16] on inversion

and limits on (1.4) gives us that as n +» o

’ %
(1.5) E [(1——(1—"1l) n} >u(t) , t>0
W(t/8 ) .

with'{Bn} and u(t) as specified in theorem 1.1.

LEMMA 2.2

=" : . c
D(x) is continuous and strictly monotone increasing on
N . :
(0O, ») such that D(x) > « as x »> o,

" Proof: Rewrite (1.,4) as

"\;V : .
oA (x) oA (t)) A o
~r - _n o - 1 =3 (1/t),
d (x,) d (t) nw e D(t)
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O < t < « where we put t = 1/);o and t = 1/x and dénote.
,I\S(x) = 1/D(1/x}, O g X R o,

By definition dn(t) is convéx‘or concave on (O, «) as
d(t). Then D(t), being the limit of convex or concave,functions
is either convex or concave_respéctively on (O, ), and hence
conﬁinuous thereon. Thus B(x) ié concave or convex on (O, wi
and continuous on the same interval.

As gn(x) is decreasing for each n we have that .

lim g(x) = B(0+) exists., Lettihg X = 0 + in (1.2)

x>0+ _ , S , _

and noting that 3(0)'= 0 yields'.B(O +) = c B(0 +). Thus

B(O_+) = B(O) = 0 holds by,the nondecreasing nature and positivity
of B(x) on (0, «),.

We have now demonstrated that g(x) is contihuous on [0, =)
and will prove by contradiction that B(x) must be strictly
monotone increasing on this interval.

Assume to the contrary that B(x) =Lk = constaht for
xel[ o, B] ¢ (0, «) where B8 > a. From (1l.2) B(x) = k/c for
X € [a(a), 3 (B)] and we now have the impossible situation
where a convex or concave function takes constant values on two
line segments, these values being unequal. Hence we gonclude
that B(x) is stricfly monotone increasing on [0, «).

Recall that gn(o) = 0 for each n > 1 and that (1.4) gives
Bn(O) = O for each n. Similarly since dn(O)‘=.O for each n 3 1
we have that fo; every n 3 1 gn(x) + ® as X > «,

Lettihg x -+ ® in (1.3) and noting that d(t) - O as t - O +
we have that g(w).= c g(w) and B(X) > © as x + «; the
existence of the latter limit is a consequence of the positivity

and nbnedecreasing nature of B. This concludes the proof of

the Lemma.
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" Proof of Theorem 1,1:

We shall show precisely as in [17] that the convergence
result (1.5) holds'with'{sn} and u(t) having the structure specified
in the statement of the theorem,
' Summarizing the results of lemma 2.2.we have the sequence
.{Bn(x)}nao such that for each n 3 1, gn(x) is defined,
continuous and strictly monotone increasing on [O, @)ﬁwith
B (0) =0 and D_(=) = w. |
By the convergence Bn(x)n:mg(x) O < x < » and the
behaviour of B (x) as stated in 1emma 1.1 and 1.2 we have
the cohditidns for the dual version of iemma 4.4 [lG]‘satisfied;

n, n

:1th a, ¥ a=mw, The inverse functions ¢n(dn(xo)x), of
. n, . - : .

dn(x)/dn(xo) are well defined for all O ¢ x < «» and hence
from (1.4) and the application of the dual version of lemma
4.4 it follows that

R n_y
g, d (x]).x) + D T(x) ; 0 g x < =,

n->o

Here D l(x) is continuous, strictly increasing from zero to
NV 5
infinity on [0, =»). Using the definitions of @, 4, and D(x)

= 1/D(1/x), (substitute t = 1/x, t_ = 1/x_) the latter

(o]

convergence result can be rewritten in terms of @ aner-l, viz.,
. -1, ,
g (t. d (t)) > D ~(t) = A(t), say
n n o ne>oo ' v '
0 < t < », where A(t) is defined, continuous and Strictly
increasing on (0, <) with A(O +) =0, A(x) = », Write

N
Bn'= ‘dn(xo) = 1/dn(to) theg by the definition of @(t),
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2o 10 = @ /wa(e))]

(1.6) Fn(l “v L@@ - q)/w(t/Bnll)
= u(t); say 0 < t < o , ‘

Rewriting (1.6) we have clearly (1.5) where 'Bn + Oas n » o«
and u(t) is defined, strictly increasing and continuous on (0O, =)
with u(0 +) = q and u(e) =1,

We will show that (1.5) is tantamount to
(1.7) (B, U(Z, +1) £ ) > ult), t>o0.

Hence convergence in law in theorem 1.1 is then established
and it bears menﬁioning‘that a direct ap?lication bf theorem
2 of H. Cohn [2] yields almost sure éonvergence of

'{Bn U(Zn + 1 )}  to a nondegenerate limit random variable.

This will be discussed later in ChapterIV.

Section 2 (b) Proof of Weak Cohvergence

With the assistance of the subsequent lemma we will
show that (1.7) bcan be assigned to be the probébilistic
interpretation of (1l.5). We,are'indebted to G.E.H. Reuter
for thé special case of the lemma when k =1, U(t) = log t.*
LEMMA 1.3 .

Let {z_}_: be any sequence of non negativevrandom

n nso

variables and {Bn} any sequence of positive constants such that

* The approach suggested by G.E.H. Reuter provided us with an
alternative method by which to derive (2.4) from (2.3) [17] to
that of D.A. Darling [4]. The development of Darling utilizes
Laplace transforms and a gamma function approximation. A parallel
approach to Darling [4 ] proved unsuccessful for the case when

U is general and has properties as stated in Theorem 1l.1.
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Bn + 0 as n > @ and

(1.8) gla-—X )8 > u(t); t>o0

W(t/8,)  noe
where k is a positive constant, O <k § 1, W is as previoﬁsly
specified and u(t) is continuous and nondecreasing on (0, « ).

Then

L 4

(1.9) P(B, U(Z + 1) 5 t) > u(t); t > 0

n->co

" Proof: Let us denote by Tn; T, = Zn + 1. Then (1.8)
remains true when we substitute T, for Zn by the nature
of W and B,+ Let us initially prove the lemma for k = 1.

Allow t > O be fixed, but arbitrary and define
A = {B, U(T) ¢ t} = {Tn s W(t/8 )}

for each n 3 1, the last equality is ehsured'by the existence
of W the strictiy increasing and continuous inverse function
of U. We choose't', t" such that O < t' < t < t" and write

Tn

17 ey = 1/W(E'V/B)

1]
Yn = [1 =~ a,

"

and anﬁ, Y ~are defined similarly in terms of t". We note

n
that an', a

n are small for n 1argé enough since Bn +> 0 as

n > » and note it is true that for O < a < 3/5

(1.10) ~-oa(l+a) < log (L=0a) <=a -

We now derive estimates for P(A ). Let P denote the

appropriate probability measure.,



S A TGRSR LN (L AL
An - ApC

§ P(a) +sup (Y * on Ahc)

On AncJ T, > W(t/Bn), so by the right hand side of inequality

(1.10)

- Th 4 ’ '
Yn' =.(l - an') = exp (T  log (1 - anl» < exp (-an Tn) .
In addition
at Ty > WE/B)/W(E/B,) = Ay, say

where An > ® as n » ® since t > tt, Bn + O and

W(t p)/W(t) - « as t » « for eéch ﬁ > 1, [For the latter
result see [19], here this resﬁlt is incorrectly labelled as
theorem 1.9 instead of theorem 1.,11.]1] Thus on Anc we have
Yn' < e—kn = En' >0 as n~» » ., Hence taking the limit as

. _— v e
n - é in P(An) > E Yn En gives

lim inf P(An) 3 lim E(Yn') = u(t') .
(ii) In a similar manner,

E(Y ") 3 / y"4apr 2 P(A ) . inf {y," on An} .
A
n
By (1.10) it follows that for n sufficiently large,

Yn" = (1 -~ an“) S exp (T, log (1 - an"))i; exp(—an“(l+an“)Tn).

However, on A_, T ¢ W(t/Bn) so

(/)

o u " '
n

] = E"_n"' say
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where En" + O as n + «» since t"-> t, Bn ¥+ 0 and from ([19] p. 41,

Wt y}/W(t) » O as t - » for each y, O < y < 1,
L4

—~
Thus on An' inf Yn" is % e n Subsequently, if we let

Eu
n > o« in P(An) £ e n E(Yn") we obtain

lim
n-o

lim sup P(An) g E(Yn“)’= u(t")

Combining the results of (i) and (ii) and allowing t' 4+ t and t" + t
it then follows by the continuity of u(.) that 1lim P(An)‘exists

and equals u(t).
Now assume (1.8) for the particular case whenk is some

‘positiverconstaht such that 0 < k < 1, Then it is straightforward

‘ | » .
. 1 n
u(t) » lim sup E [:{1 - _______} J
L W(t/8,) .

If we take O < t' < t, then for n large enough,

that

k > W(t'/Bn)/W(t/Bn);

in view of the property of W‘stated earlier and that Bn ¥+ 0. ©So

| Zn | Zn
(1= k/W(E'/80) " & (1 - 1/W(t/B))

and taking the limit of expectations yields

. . . 1 Zn
u(t') ¢ lim inf E (L - —)
W(t/8,)
Then using the continuity of u(.) we have the convergence result
(1.8) satisfied when k < 1; wherefore (1.9) follows.
This completes the probf of theorem 1,1.
" Remark:

Later we will demonstrate that the above argument is
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reversible, that is ultimately (1.7) implies (1.5) and

we shall discuss its significance in our development.

Khintchine's convergence of types theorem establishes the
essential unigueness of normalizing constants for convergence.ﬁo
a nondegenerate limit distribution. Then it followé that
Bn & constaht . 3n(xo) (n » » ), so to derive a necessary and
sufficient condition for Bn n constant. ™ we heed only
consider the-astptotic behaviour bf’ gh(xo). Such iterated
functions and their correspohding behaviour as n » « is dealt
with in [15]. The results of [15] give us that a necessary and
-Sufficient condition forlgn(xo)'b constant . c" aé n > o is
that

s | 3 (x) - ¢ x |

(1.11) f > dx < =,
o] X o

where § €(0, «) is an arbitrary but fixed number.

We can transform the above condition into one in terms of
n

n
@g(t). Let x = @g(y) and recall that if y = 1/t theng(y) ~ y/c
as y » O +. The method is outlined below

. ’\J '\’-
Outline of method By definition @(.) = d 1

n,
(), so d(x) = y.

Rewriting (1.11) in terms of y yields

o
§ I Y ~=c< ?(y) l ~
o (g (y) )

The integrand is



- 19 -

| Y _ - ¢ %(y) - with respect to d %(y).

% (y)?

By definition 3(y) 1/8(t), te (A, «©), A = L and

d 3y
dy

n

c/¢ (tv) 2

n
since @(y) vy/c (y > O + ) implies @(t) vt c (t » «).
Hence the integrand is vy = /g () | c dt |

and can be rewritten as [ (c - @g(t)/t)/t | dt. We'can’now

14

write (1.11) equivalently as ? lc = g(t)/t | dt < o
_ ‘ - |

X
hence completing the proof.

' Section 3; The Nature of our Generalization

- relevance of the constant c.

In the special case that U(t) = log t theorem 1.1 has been

proved in [17], [18]. For this specific case we write c = c(l)
and note that if C1) = 1 then all p.g.f. such that F'(1 - ) < =
give c(l).= l. It was noted in [17] tha£ there exist |
"pathological" p.g.f. such that F'(l- ) = ® yet = 1.

°(1)
It bears mentioning that the functional iterate development
in [17] and our generalized theory do not apply to this specific
situation. ' ' - .

We can now demonstrate the nature of our presenﬁ generalization.
If we write c(o) = 1/F'(1 - ) then theorem l.l with U(t) = log t,
c = (1) may be regardéd aé a (partial) study of the caseAc(o) = 0.
Then it is reasonable to consider whether an analogous study of the
case c(l) = Q can be achieved. This is (partly) accomplished by

considering the specific case when U(t) = log (l + log t) and

writing here c = C(2y° We note that the assumption O < < (2) <1
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indeed implies that,c(l) = 0. Thus we can visualize a hierarchy
or "spectfum" of results developing if we continue in this
fashion. In this hierarchical classification, U(t) always takes
" the form of an iterated logarithm. We will show that such
iterates do provide us with a tool.to study the infinite ﬁean
branching process (in part),v We introduce the notion of orders of
the infinite mean Galton Watson process, where the first ordef
is regarded as the case when c(o) = 0, then in view Qf:our
argument the next logical order is when C(l) = O and so we can
continue in this manner to build up a whole succession of results.
To emphasize the significance of our’hierarchy we shall
generalize further and define the limit (i)
where (1) exists and is given by C(i) = lim (t » = ) gi)(t)/t

for some i =1, 2,....,

where
l-g .
@,. (t) = uU,, y 0 € t < @,
(i) ° (1) L- FL - (1 - ;))
Wiy (€
Note also that for n =2 1,
. . 1 - q
Piiy,n (B = Ugyy ( )
B o _ 1l -
N

(i)

is the nth functional iterate of ¢(i)(t). Then under an
assumption analogous to (3), we suppose that for this specific i,
0] é é(i) <1 and ¢(i)(t) is either convex or concave on [0, =).
As before, U(i)' W(i),is an inverse palr,_where U(i) is slowly
varying at infinity, defined on [1l, «); continuous and strictly

‘increasing with U (1) =0, U(i)'(w) = o,

(1)
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Next we define

(1 - q)

P B = Yy _ O <t <
| 1-F (1 - Wil‘:*%%T ) ]
(i+1)
where
U(i+l)(t) = log (U(i)(t) + 1) , l1gt< oo
and hence
W(i+l)(t) = exp (W(i)(t),— 1), 0 gt < =,
Clearly the above is an inverse pair where U is

‘ (i+1)
slowly varying at infinity, continuous, strictly increasing on
[l,.w) suqh t@at U(i+l)(l) = 0, U(i+l)(m) = o, |

Now we make the primary assumption that ¢(i+l)(t) is
either convex or concave on [0, «) and for (i) defined above,
it followsby the latter assumption, the nature of F and the

log. function that the limit c(i+1)»(= lim (t > @ ) ¢(i+l)(t) /t)

exists and must always satisfy O < C(i+1) £ 1.

Logically, we now assume that O < c(i¥l) < 1 and will
show that under this assumption Ci) = 0 and indeed if c(i)'is
such that O < c(i) S 1 then c(i+l) = 1., Again we can envisage

a "spectrum" of results developing as we vary i over the

positive integers.

(i) Let O < C(i+1)'< 1 then by definition, c(i) can be

rewritten equivalently as

. _ lim Py W) +1
(1) T tre N(GRE

U(i-1

where U(i;l)(t) satisfies the properties (for general U)
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specified in theorem 1.1; in particular it is continuous and
strictly increasing to = on [1, =),

Taking the log of the reciprocal of both sides we then
have by the definition of U(i+l)
that , ' ' ]

(t) as an iterated logdrithm

logl@ gy (U5 qy(8)) + 1]

- _ lim
log 17€(3) = oo Ugq) (81 | 1 - o
. (1)

Given the definition of ¢(i+l)(t) above then

 _ lim 1 - q
1og 17¢(4)= tro - .
‘ 1 -F(Q1 - _ ( - q)

Wiy Q-1 (80

U(i)(t) 1 - U(i+i)

and noting that W(i+l)ﬂ%i)&0k=W' %U (t)) for each

» (1Y (1-1)
t ¢ [1, *) we obtain '
| i | @ ie1y Uiy (8))
(1.12)  log Ct') S Mmooy |- ) G
' 1

Uiy (B)

Now ¢(i+l)(U(i)(t))/U(i)(t) > C(i+1) as t'» «, since
Uy (8) » = as t > = and is continuous on [1, ). By our
previous assumption O < C(i+1) <1 and_thus‘we,have from (1.12)

that c = Q.

(i)

(ii) Let Q < c(i) § 1.
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Now by definition,

_ 1lim '
Cli+1) T the P(i4+1) (B)/E

. log| U,, 1 -gq -
_ lim (1) — + 1
T oo [ o 1-F (1 - (1-9) ) }

t .
. . - t _
and noting that W(i+l)(t) = W(i)(e - 1) we have that
c. . = 1im _[iogA' ¢(i)(et.—_l),+ 1 ]
(i+1) oo £
‘ t
_ lim ¢(l) (e = 1) + 1
= o log et + t t .

- 5 o : t _ t _
Clearly Sy = lim (t ) Q(i) (e 1) /(e 1)

o1y +2

et

¢(i)(e

= lim(t » =)

where O < c(i) € 1. Thus by the continuity and increasing
nature of the log function we have’ c(i+1) = 1, the required
result. |

For the specific case of c = U(t) = log t theorem 1.1

> = Sy’ |
provides a sequence {Bn}, say, Bn + O such that {Bn log (Zn + 1)}

converges in law to a proper distribution. Our B8,

n correspond

to the Pn of Seneta [17]. 1In view of our hierarchy it is

natural to question if for the case when c =0 (0. < c

Y o¢ 1
i - ° (2) <V
a sequence {B,'} of positive constants exists, such that

for the same logarithmic function of Zn,‘{Bn' log (Zn + 1)}
converges as specified in theorem 1l.1. We shéll,show that no

such sequence '{Bn'} exists and will generalize this in the
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following theorem,

THEOREM 1.3:

For {Zn}n>O such that Z_ = 1 and Co) = O then given

some i, (i = 1, 2 ...) we define

lim

C,.\ _

: _ _ ‘ 1 - g | ,
where = @,.,(t) =10U,. , 0 t < oy
(1) (i) _
1-F (1= w:})(i) )

and ¢(i)(t) is assumed to be either convex or concave on [O,_w)
and the constant c ;) is such that O < c(yy < 1. Also for
each i 3 1, U(i)(t) = log (U(i_l)(t) +1), 1< t< o,

| Wgy(8) =exp (W, 5 (68) = 1), Ost<w,

for Ueyy i-1)
theorem 1.1 for general U) 310le varying at infinity defined,

)’ W(i-l) and inverse pair, where U( is (as in

continuous and stricitly increasing on [1l, «») with U )(l) = 0,

(i-1

U(i—l)(m)-z ©. Also U(o)(t)=(trl),l £ t < ». Then for the

given i, there exists no sequence of positive constants {Bn'}

Ui-1

converges in law to a proper nondegenerate random variable.

say (8_' >0 as n > =) such that {8 )2y + 1)

REMARKS (1) Clearly from our generalized argument we ﬁave that
for a specific i (i = l,_2 ces ); there exists a sequence
of positive constants {Bn} such that {Bn U(i) (z + 1)}
.converges in law to a proper distribution.
(2) It was previously noted that after a direct application'
of a theorem by H. Cohn [2], the convergence assertion of
theorem 1.1 can.be strengthened to that of almost sure

convergence. It is straightforward from our theorem that
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indeed no sequence {Bn'} as above exists such that

(Z_ + 1)} converges almost surely to a proper

{8y Ugi-1)

nondegenerate random variable.

n

(3) The specific case of theorem 1.3 when O < cy <1
was essehtially proven in Seneta [16] where it was
demonstrated that for the infinite mean Galtoh Watson process
no sequence of positive constants '{cn} , say exists such

that’{Zn/Cn} converges in law to a proper nondegenerate

random variable.

Proof of theorem 1.3: Given i, some positive integer > 1, and

C(i) such that O < (i) < 1 we have shown that Crj-1) = O where
_ lim - . .
Cli=1) = tow ¢(i—1) (t)/t, (see (ii) of this section). We
assume to the contrary that a sequence of positive constants {Bn'}
: ‘ v o " v .
exists such that g ' > O as n - and {Bn U(i-l)(zn + 1)}
converges as stated in the theorem. Hence we have convergence in

distribution such that

(1.13? P(B,’ U(i-l) (z +1) ¢ t) > u(t) 0 < t < o,

N>

where U(t) is the proper limit distribution function of the form

specified in theorem 1.1, that is in terms of W(i_l)(t) and

A(i—l)(t) =Dj-1) (t) where
¢(i_l)(t/8n') > Ajoqy(t) asnse , 0<t <o,

For K some positive constant, O < K € 1, Lemma 1.3 gives us

that (1.13) follows if
Z

B [(1- R )“} > u(t)
. N |
W,. (=)
(i-1) Bn
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We shall show that the argﬁment_ of Lemma 1.3 is
reversible and that this ultimately leads to a contradiction of
the assumption which yielded (1.13).

Let T =2 + 1 and t > O be arbitrary but fixed. Define

= t = ' !
a = {8, U(i-1) (r)) <t} ={T < Wii-1) (t/Bn)} for each

n 3 1. The last equaiity is ensured by the existehce of

-1 , . " o |
W(i-l)(’) = U(i—l) (.), defined, strictly increasing apd |
continuous on [0, =),

Choose t',t" such that O < t' < t < t" and write

m

»An':=.{8n' U(j_—]_) (Tn)s t'} { Tn < W(i—li) (t'/Bn')]’ and

-An" is defined similarly. Analogous to lemma 1.3, put

]Tn where = K

-t CES S PR P (7

¥(i-1),n T %i-1),n

for K a positive constant, O < K £ 1. Note that since

B.'" - O as n + ’ a(i-l) n-is small for n sufficiently large}
: 14

n

Again employ the following inequality - a(l + a) < log (l-a) <- a,

true for O < a < 3/5. Estimates for E [Y now follow.

(i-1),n’
For the appropriate probability measure P,

(i) E d P +

Ap

Y-1yn? T Lo Ya-1n we T(i-1),n ¢ °F
n .

’ n ‘ ) ' nC
< VP(An ) + sup {Y(i—l),n on A }

on A "C T > w(i_l)(t"/sn'} SO

Tn
Ya-n,m = 7 e, exp (T 1og (1= e(j.y),n))

-\, .
1)< o GmLm

< exp {- ®(3-1) ,n"n > 0as n->
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_K W(i_l)(t"/Bn')

= > ©

Wiop) (6/8,")

" L[]
where t" > t and 8 ' » O and Fhen A(i—l),n

(i-

as n > » by a property of rapidly varying functions [191].

. -X,.
. .. . " (1-1),n
Taklng the limit as n = « in E(Y(i—l)ﬂg sP(An ) + e )

1 ¢ lim P(A)") = u(t").
n-»o '

yields 1lim sup E [Y(i-l),n

(ii) Similarly
E LY _9),n] *¥P@A). inf |

o
Y(i—l),n on An }

For n sufficiently large

Y(;-l),n = exp {T_ log (1 - a(i-l),n)}

\4

(1L + « T }

exp {-a (i-l),n) n

(i_l)ln

And on An" TnAs W(i;l)(t'/enf) so

K W(i_l)(t'/Bn')

W, (£/8.")

(I + o 1y,n *@-1),n Tn € O+ 20y ) {

= u(i-l)ln + Say.

Since t' < t and Bn' - 0 as n > o it follows by the

rapidly varying nature of W at infinity that (from [193])

(i=1)
W(i-lf(t'/sn')/w(i-l)(t/Bn') + 0 as n »> o , Thus on An'.

-u,.
: (i-1),n
inf Y(i-D,n is 3 e !

> 1 as n > «

Subsequently letting n +» « in E(Y ) s P(AY) e'“(i—l)rn
AR g (i-1),n) * P®q |
. N L "o . e
yields 1lim inf E(Y(i—l),n) 3 lim P(A_") = u(t'). Unlfylng

the results of (i) and (ii) and letting t' 4 t and t" + t we

have by the continuityof u(.) that lim E [Y exists

(i-1),n7
and equalsu(t). For K = (1 - gq) we have that
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FPo|a - —3 =9 )y |+ ut) , 0<t<w,
n W,. .\ (t/8.") n-+o -
(i-1) n
so then
(1.14) U, _ _ L U l-~-gq
(} 1) l-g¢g ) (i l)[:l T E)
1-r [1- =2

O < t < » the latter convergence is a cbnsequence of the
continuity properties of U(i-lf’ F and u(t). Recall the
definition of ;) (B) in theorem 1.3 then clearly the left hand
side of (1'14)Ais.¢(i—l) o (t) the nth functional iterate of
4

¢(i-i) (t) thus

] .
where the behaviour of u(.) ensures that B(i_l)(t) is defined,
strictly increasing and continuous on (0, «) such that
B(i_l)(o +) =0, B(i—l)(w) = o, Also the conditions of lemma

4.4. [16] on inversion and limits are satisfied, hence

(1.15)  Bp' dygy,n (B 7 v(gop) (8D 0<t <o,

n

-1 . _ -1
where d(i-l),n(.) = ¢(i_D'n(-)l Y(i_l)(-) = B(i-l) (o)-

Note the iterative nature of d that is

(i—l)rn
d(i-l),n+1 (t) = d(i—l),n (d ;7 (t)) for each n, so by the

continuity of d(i—l)(‘) and d(i-l),n for each n,



(1.16) = B ' d(i—l),n+l(t) n:w Y (i-1) (@ (t) ), O< t <o
]
. . , _ ' B n
Write By' diiy),n(@(a-1) BN = Bpyy Aoy V) | |
' B n+1 -
Then (1.15) and (1.16) yield
' .
B n 91,041 &) > Y(i-1 408)) 0%t <o
i nre Y gy () ! )
Bn+1 (1-1) ,ne1(®) L
Thus » ‘
B, Y o1y (A(£)) ‘
(1.17) Il Y(l 5 =gy S
Bn+1 (i-1)
" where a(i-l)* exists and O < a?i—l) <w

L]

It is true by asymptotic equiValence that

! '
Bnrl S(i-1),n+1 (8 v Y- (B v By (g ,n(8) ().
] .
hence lim Bn _ lim d(i—l),n+l(t) .
me el e digony,n®

Recall that 4d,,. (t) » » as n » «» and by definition
(i-1) ,n

d(i_l)(t)/t - l/c(i-l) as t - o, However, if O < c(i) <1

it is true that C(i=1) = O hence 1/c(i—l)

*
to the finiteness of ®ri-1) in (1.17). Hence a contradiction,

is infinite, contrary

"which completes the proof.



CHAPTER II

LIMIT STRUCTURE OF THE PROCESS

( WITH INFINITE MEAN )




- 30 -

CHAPTER TI

LIMIT STRUCTURE OF THE PROCESS(WITH INFINITE MEAN)

Section 1: Introduction and'Preliminaries

It was demonstrated in [18, Section 3] that thete is with
respect to the functional equation approach of [17] "an intimate
and natural relationship" between fhe latter and regularly
varying functions. The existence of such a connection is
corroborated by our generalized theory,>as it appears in Chapter I.
In particular we will show that, analogous to theorem 3 [lS],_the
constants‘{Bn} as in theorem 1.1 [Chapter I] are asymptotically
related to a function slowly varying at infinity.

Following the devélopment of Seneta [18] it is natural to
question wﬁether we can gain further information regarding the
asymptotic behaviour of thé tail of the limit distribution u(t);
also whether an almost éverywhere expression of the corréSpohdin
density function can be derived. We shall show that when we
attempt to answer Questions pertaining to the limit diétribution
u(t) in the framework of our genéralized argﬁment (where U(t)
is as in theorem 1.1 of the form of an iterated logarithm)
considerable difficulties occur.

Nevertheless, despite Such problems a (general) theory in
terms of slowly varying fdnctions seems preferable.ih view of
generality bearing in mind that the early concept of a élowly
varying function partly evolved from the notion of an iterated
logarithm. | - - L

Recall from theorem 1.1 that ﬁnder assumptions (A) and (B),

for g(t), O ¢ t < » , U and W as specified there, a sequence
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{Bn} of positive constants exists such that'{Bn U(Zn + 1)}
.converges in law to a nondegenerate limit distribution. The

limit random variable has distribution function u(t) given by
u(t) =1 - (1 - q)/ WA(L)), 0<t<w,

We note that A(t) is continuous, strictly increasing on (0O, )
with A(O +) = 0, A(»®) =« and A(t) convex or concave on (0, «)
as is @g(t), (aésumption (A)). Further A(t) = D-l(t), OA<_t < o,
whereAD(t),positive on (0, «) is a solution to Schrgdef's
functiqnal equatioh

(2.1)  D(@(t)) = £ D(t) 0<t <,

and is up to constant factors, the ﬁnique solution such that
D(t)/t is monotonic on (0, »). We can now derive an explicit
form for the constants Bn in terms of a function L, say

slowly varying at infinity and also rewrite (1.11) of theorem 1.2

in terms of the latter function.

Section 2: Theorem and Proof

Theorem 2.1

The function A(t) is given by
| A(t) = f L (t) 0 <t < =,
where L(t) is a monotone function, slowly varying at infinity
such that as t > e, O0< lim L(t) € » with ¢(t),convex on
[0, » ) and O €.1im L(t) < « with concavity of @(t) thereon.

"Also O < lim L(t) < o if and only if

-1 g(t)

t

(2.2) [t c -
A

I dt < o ,
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where A is any fixed number > O. 1In addition we may take

_ .n -n
Bn =c /L(c )

Proof:
Taking inverses in (2.1) gives it the following Poincaré

-1

form D T(c t) = d T L(t)), O < t < =, which by the

definition of A and ¢ is equivalent to

(2.3) Alc t) = @A), 0<t<w,

troo -

Recall that @g(t)/t » ¢ and note that A(t) is strictly increasing
and continuous on (0, ) with A(w®) = o , Then from (2.3) it

follows that

(2.4) <f%—%%72l = é%é§)) > cC as t » o,

If we assume that A(t) is convex on (0O, ), since A(0O +) = O,

then A(t)/t increases with t, so for A, where ¢ € X € 1,

SA (e t)/et A _(At)/At

A (£)/t S A (O/t < 1.

However, if A(t) is concave on (O,‘w)‘the above inequalities are
reversed. But in both cases iﬁ follows from (2.4) and the
Sandwich theorem that A(At)/ A(t) = A as t » «. Thus A(t)

is a functiqn regularly varying at infinity and of index 1.

Then A(t) may be written as A(t) = t L(t), for L(t) slowly
varying at infinity. Since A(t) is convéx or concave as is

@g(t) on [0, ») it is clear that the further propertieé of L
stated in the theoremare satisfied. |

Now iterating (2.1) we have
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I
o
f:r

I
o]
0
o
rr

Ov
11

D(dn(to)), 1.

Hence write

_ -1 )1
By = 1/d, (t) (D™ (D(a, (t,)))]

a7t

cn/L (c—n).

We can write Bn N cn/L(c—n) as n » » where we note c ™y e
as n > ©, When O < lim L(t) < « (t - = ) the latter:asymptotic
relation is equivalent to Bn m.constant. cn(*) for some finite,
non zero constant. By theorem 1.2 a necessary and sufficient

condition for (*) is (2.2), which completes the proof.

Section 3: The limit distribution function

In the particular case when U(t) = log t it was shown in
[18] that the limit distribution u(t) is "closely akin to the
exponential and has an exponentially decreasing tail" if and
only if (2.2) is true. According to theorem 1.1 and 2.1 for

general U, W the tail of the limit distribution is described by
1 -u(t) = (1 - qg)/ W(t L(t)) 0 < t < o,

Recall that by the property of slowly varying functions
t 6L(t) + © as t > » for any 6 > O. Arguing as in [18]
for U(t) = log t it is Ciear that when O < 1lim L(t) < o (t »> )
(or equivalently (2.2) by theorem 2;1) the stated relation between
‘the behaviour of the tail of the limit distribution and the

exponential (W(t) = e%) is true.
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However, for our geheral W, we cannot generalize the
argument of [18] to make statementS‘about the behaviour of the
tail of the distribution based on wﬁether O < %im L(t) < =
(or (2.2)) holds. This is due to the generality*zf our functions
W and the fact that they are rapidly varying at infinity and
so simple analysis of the limiting behaviour of W(£ L(t))
as t > « does not provide thé'answers.

Also for the case when U(t) = log t [18] an almost
everywhere expression for the density of u(t) was derived,
viz. (3.7). In terms ofvour general W however, an almqsti
everywhere derivative of u(t) may not exist if W is not
absolutely continuous on each finite subinterval of [0, « ),[14].
Thus we cannot obtain results analogous = to theorem 4 [18]'in
terms of our‘general Uvand W.

It bears mentioning however, that for functions defined in

Chapter I, section 3 by,

W(i)(t) = exp (W(i-l) (t) - 1), O t<ew, i=1,2...
and W(O)(t) =t+1l, we can under certéin assuﬁptionsderiVe an
almost everywhere expfessioﬁ for the density corresponding to
u(i)(t), via an analogous argument to that of [18]. Note that
for each i = 1, 2, ...y W(i) is differenciable on (0, =)
and W(i) (0) = 1. 1Indeed for each intégral i we dan show that
l/W(i)(t) is absolutely continuous on finite subintervals of
[0, =).

Note that

t : o |
- _ 1 - 1
£ -{- W?I;TGT}- du + 1 W?I;TET .
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Then after some manipulation, it follows by the above definition

of W(i) (t) for each i that

(*)

O+

t .
1 -

= /Wy B | |
As before for i = l,v2 ... we define
B\ (8) = U, (t) (1-49) ., 0<t<w,
(i) (1) _
1-F]1 - il;-—ﬁﬂ% R
’ W(i)(t)

and the limit distribution is given by

w8 =1 - Q= q) , | o<t <a,

Here A(i)(o +) = A(i)(o) =0 and-A(i)(t) is continuous and
strictly increasing on (O, «). ' Appealing to lemma 1.3 and
theorem 1.1 [9], for A(i)(t) convex on [0, «) we have
A(i)(t) absolutely continuous on each finite subinterval of
[0, ®»); hence it can be written as the integral of its almost
everywhere derivative, p(i) say, viz.,
' t

(2.5) A(i)(t) = £ P4y (W) du, .
where p(i)(t) = Qi)'(t) almost eve;ywhere, and P (i) is
strictly positive, nondecreasing and right continuous on (O, ®)
as is A(i)(t)‘ |

As 1/W(i)(t) is absolutely continuous on finite

subintervals of [0, «), its a.e. derivative exists on such

intervals and so a density expression for u(ﬁt)analogous to
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(3.7) [18] is possible. Note also that the limit distribution
p(i)(t) is absolutely continuous on finite subintervals
of (0, «).

If A(i)(t) is concave define K(i) (t) = =85y (£),

i)
which is convex on [0, =) so by analogy we have,

A(i)(t) = [ F(i)(u) du,

()

where Fi(t) is right continuous, strictly negative and
increasing for t > O. Substituting F(i)(t) = - F(i)(t),
gives results as stated above. |

REMARK ON ANOTHER FUNCTIONAL EQUATION

We can develop a characterization of u(t) in terms
of A(t) via (2.3). Indeed the distribution function will
be uniquely détermined by it since D(t) is the unique (up
to constant factors) solution to the Schroder functional
equation (2.l1). Analogous to the development of Darling [4]
we can also show that u(t) satisfies the Poincaré functional
equation, (2.6) F(u(t/c)) = u(t), O < t < o,
Appealing to the results of chapter I and the iterative

nature of the p.g.f. of '{Zn}, we have

n-o

'Fn(; - (1 - q)/w(t/Bn)) > u(t),

PR, - - omess o)z, uw ;0 <t <,

n+l

U | -1
Note that by the defln;tlons of ¢, ¢n and Snl{en/8n+l}+ c
as n » o, Write W(t/8n+l) = W(t/Bn . Bh/8n+1) where W is
as before rapidly varying at infinity. Clearly
F(1 - (1 - q)/W(t/e BY)) 3.ult/c). After some manipulation

(2.6) follows from these relations by dominated convergence,
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the cbntinuity of ¥, F and . However, the distribution
function u(t) is not in general uniquely determined by (2.6)
and so We cannot obtain furthef properties of u(t) from it.
- Thus from the viewpoint of uniqueness and utility the

characterization in terms of A(t) is to be preferred.



CHAPTER III

A NOTE AND A THEOREM
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CHAPTER IITI

A NOTE AND A THEOREM

Section 1l: A note on D.A. Darling's approach

In the particular case when U(t) = log t Seneta [17]

developed a theory which produced the following convergence

result,

> 1-(1-gq) e—A(t)'

‘N>

-t/p._ Z
(3.1) E [(1 - (1 = q)e ny n].

= u(t), say, 0 < t < o,

where Pn A(t) are as in the sequel. The author states that

"by "imitating the development of Darling" [4]."butfrep1acing

n "

his b by pp" (3.1) is tantamount to

(3.2)‘ P(p_ log (Zn + 1) £ t) = u(t’, t >0

N>

n

The author goes on to remark that»(3.2) can be obtained using
Stirling's formula (with remainder) [3] at the point in

- Darling's proof where he makes a key étatement involving
Stirling's‘formuia for TI'(x).

We shall elucidate this statement and show how the
suggested method is feaéible'and provides the required result.
‘First we multiply both sides of (3.1) with exp (-&t),

- where § >‘OAis arbitrary.‘ Then we integrate over (0, =). It
follows by taking n + « that the integrand on the left hand
side is'§Ositive and bounded for each n 3 1 by exp (-Et). So

inﬁerchange of the limit and integration .signs is permissible
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and gives us a positive integrand on the left hand side. Then
via Fubini's theorem we can further interchange the expectation

and integration signs to give

© -t/p_ 2 ©
iig E [ [ (1 - (1-q) e ™) nj = [ e st u(t) dt, O < t < =,
o o |
-t/pn

If we make the substituition x = (1 - q) e , the integral

on the left hand side becomes the recognizable beta function

and thus we have

-0 -T(L+Ep ) T(z +1)

-— n P
B(Epn. z, + 1) = o L

E(L-q T T(z  +1+Ep)

n
(1 - q)Epn

We now seek ah asymptotic expression for I‘(Zn + 1)/ I‘(Zn + 1 + gpn)
and note that (1 - q)gpn > 1lasn-® . It follows from [3] by

Cramér's expression for log T (p), p > o that

(3.3) 1log = (Z_ + %) llog (Z_ + 1l)-log (Z2_ +1+&p
Tz, + 1+ &p) n . n - n n

- gp, log (2 + 1 + Ep, ) + Epn

where Pl(x)'= [x] -x +% O0< x < ®, so »|Pl(x)| € %
for each x in this interval. Employing the meanvalue theorem

yields



- 40 -

EPp

log(Zz_ + 1 + &p_) = log (Z +1) + -
n n n Zn + 1 + Mo

where O < 'hn < Epn for each n 3 1. Noting that Ph ¥y O as

n > », we then write

~Epp log (2, + 1+ Ep) = -Ep, log (Z, + 1) +0(1) (n > @)

where 0(1l) denotes bounded random variables where these bounds
tend to zero as n > o,

Similarly, as n > o
1 -
(Zn + %) {;og (an+ 1) log (Zn + 1 + gpn)] -+ 0.

" The following inequality is true for the remaining terms

P, (%) © - Po(x) Ep g
_ 1 dx - f 1 dx < 2n / _rl 5 dx
o Zn + 1 + X% (o) Zn f 1l + Epn + x ol + x

where by the properties of the Cauchy distribution we have
' EmP

——z——ﬂvwhich tends to

Zero as n »> ® So despite the asymptotic behaviour of Zn

that the latter is bounded above by

i.e. whether Zn + » or eventually becomes zero it holds that

- T(Z2_ +'1)
log [ n = - &p log (2, + 1) + o (1) (n > «)
I'(Zn + 1 + gpn) . , :

for o(l) as specified previously.

Equivalently we can write
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r(z_ .+ 1) ' -Ep ‘
I (z, +1) " [1+0(1)] (n » =),

F(Zn + 1 + Epn)

whence,

oo

g'l E [%xp(—ip log(z_+ l){] > e7Et u(t) dt, 0<t < =,
n n © nreo o ,
The continuity theorem of Laplade transforms gives (3.2).
At this point we recall that for Bn, U(i)’ W(i) as defined
in section 3 of chapter I for some specific' i(i =1,2 ....)

we showed that

| - | ~
(i) E |[(1 - ) > u(i)(t)’ 02t <
W(i)(t/Bn) : n->o

held and can be interpreted probabilistically as

n->co

(ii) P(Bn U(i) (Zn + 1) € t) > u(i)(t), t > 0.

It bears mentioning that when a pfoof of the latter (i.e. (ii)
bfollows from (i)) was attempted along similar lines to the
development above,substantial difficulties emerged. This
Laplace transform approach produced integrals which were
extremely difficult (if at all possible) to evaluate. Hence
the approach developed from Lemma 1.3 is to bé préferred from

the viewpoint of simplicity and managability. .

Section 2: Generalization of a theorem by M. Kuczma

Some initial motivation for examining the special case of

U(t) = log t [17] came from a paper on the Bottcher functional
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equation by M. Kuczma [11].

We éhall demonstrate that if we follow the line of approach
of his theorem and demonstration thereof, a function different
to the @(.) of Chapter I can be defined which after sdme
manipulation still provides us with the main convergencebresult
of theorem l;l in the particular.case when U(t) = log t.

More specifically we have a sequence of positive constants

'{Bn} such that ‘{Bn log (z, + l)} converges in law to a

proper distribution. However, we notice that when wé attempt

a similar study for the next case when c(l) = 0 some difficulties
emerge (bearing in mind the hierarchy defined}in section 3 of
Chapter I, where we take U(t) = log (1 + log t) énd

-c(2) e (o, 1)).

We shall further show that Kuczma's result [11] can be
generalized to a less specific funcﬁional equation by considering
a general U(t).

Recall from Chapter I, section 3, that for U(t) = log t,

c = c(l) e (0, 1) we defined

- 1-F (1 - (1 - q)e b
¢(l)(t) = - log g ’ t 0.
We now define
g* (t) = 1log ¢(l)(e ), < t < r

and noting that O < ¢(l)(t) £ t for t » O (with strict

inequality except at t = 0), it follows that

(3.4) = oo < @* (t) <o s <t <,

since q < F(x) < x for g < x < 1.
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We have ¢(l)(t) strictly increasing and continuous on [0, =)
with ¢(l)(0)'= 0, ¢(l)(w) = o ;, hence as t » o @*(t) » o
and as t > = o, @g*¥(t) > = o,

Clearly @*(t) > O if and only if ¢(1)(et) > 1; note that

1 € F(1L - (1 - q) e-t)-and so

> i - - -
¢(1)(t) 1 iff 1 - (L -q) e
@g*(t) is positive for t sufficiently large. It is at this

point that we make an assumption analogous to (A) of Chapter I;

that is we suppose @*(t) is convex or concave on its

whole domain of definition, namely (= «, «),. (A*)

: * - Ok : ’

Thus for some finite B, g* (t) g* (B) is either nondecreasing
t - B

with convexity of @* in [B, «) or nonincreasing with concavity
of Q*ion the same interval. So as t -+ « the limit of
@g*(t) - g*(B)/(t - B) exists (though possibly infinite) and
' o _lim  @*(t) | .
so c* exists where c* = (tsw) € and must always satisfy

O £ ¢c* € 1, since @g*(t) satisfies (3.4) and is positive for t

large enough. Recall from Chapter I that

lim

0(2) = i ¢(2)(t)/t where
B,(8) = U, b
’ (1 - q)
1-F (1 - —"9%

M2y ®

for U(2)’ W(2) as before. We now show that the limit c(z)

is equal to c*. By definition we can write

' t
g*(t) log ¢(l) (e™)
t t

@ (e” -1) + 1
= log|: (l) r —-| + t

e — .
t .
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Earlier we showed that for each integral i » 1, we could define

1 -g

21y (B = Uy prrowell LAY
1 -F (1 - W—(t)) '
(1)
where W(i)(t) - W(i-l)(e 1): ’ 05 t< o,
and Uy, (8) = log (U(i_l)'(t) +1), 1lsg.t < @,

where Uo(t) =t -1 -

Then for i = 2 we have

| | Wiy (e© -1

@ (t) = 1log + t
(2) - N
e —
= log o+ t .
t
e

Thus Ci2) = c* and under assumption (B) of chapter I we then

have O < c* <1 and indeed then C(l) = O.

We define for each n > 1,

¢n* (t) = 10g’¢(l),n(et)‘

t

| 1-F (1 - (1~ q) e €
= - log n )]; t >0
(L -a)
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which clearly is the nth  functional iterate of @*(t).

We shall show that to study the caSe when c(l) = o a theory
analogous to that of Chapter I can be formulated in terms of ¢n*(t)
and produce the equivalent probabilistic interpretation (3.2).

Define tﬁe inverse function of @g*(.) by d*(.) where
d*(t) = log d(l)(gt), - o < t <o and for n > 1, dn*(tr=log d“J,n(etS
where d(l)(’) = ¢(l) (.); d(l),n(') = ¢(l)';1(_)Aand ¢h*' d_* are

the ﬂulfunctional.iterates of ¢g* and d* respectively. By (3.4)

we have

(3.5) a*(t) > t

and also as t = o , d*(t) =+ o« whereaé d*(t) -» =- mvas. t-+ - o,
By the definition of c* we have d*(t)/t - 1l/c* as t =+ o,
Write

F(t) = -d* (-t)
| F *(t) = - dn*(-t) ,—®<t<e , n3l.

We note from (3.5) that for each t, - < t < o we have
F*(t) < t.

Now we are in a position to apply the results of the theorem
and demonstration of [11] directly to our problem. In particular,
we replace his a with a = «(hence A = » ) and then obtain that
for t0 arbitrary but fixed, -'wv< tO < ® ,

' Fn* (v) Gf(t)

lim
o

Fn* (to) G*(to)

where G*(t) satisfies (9) [11] with p = 1/c*, and the
uniquehess of solutions follows similarly. Rewriting in terms

of 4dx*, dn*, we have
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d_*(t) ‘
(3.6) -+ D*(t) - o < t < ™
: a_*(t )

n o]

where D* (t) satisfies the following functional equation,

1

D*(a*(£)) = Z

D* (t), ‘ - © < t < o ; and its

uniqueness up to constant factors etc. as before. Also D*(t)
is strictly monotone increasing and continuous on (- ®, «) such
that as t > © D*(t) > » and by the positivity of D* we have
that as t > = ® D*(t) - 0. An application of results of Lemma

4.4 [16] on inversion and limits yields, as n >

?.* (dn*(to)' t) ~> D*_l(t) = A*(t), say, O <t <=,

Let Bn* = l/dn* (to) for each p > 1, then
| | t/Bn*
1-F (1-(1-q expf{-e 1) |
log | - log | > A*(v),
(1 - q) [na>e
'so that
‘t/ls *

(3.7) Fn(l - (1 -q) exp {- e - n } ) >1=-(1-q) exp {- eA*(t)}.
= u*(t), say 0 < t < » ,

where u*(t) is continuous, strictly increasing on (O,-w) and
satisfies u*(0 +) = q.

By the application of iemma 1.3 with k = (1 - g) and
after some manipulation we have thét_(3.7) is equivalent to

P(Bn* log (log (Zn + 1) +1) g t) =~ u*(t), 0 < t < o,

N->o0
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The next logical step would be, as we do, to attempt a
similar study of the case when Cra) T O. This is partly

achieved by defining and working with the following functions,

@ **(t) log ¢*(et) : to* <t <

and for each n 3 1,

% % *t. * .*'
¢n (t) log ¢n (e™); to <t <= where to 1$

such that for each n > 1

*

t_*

g* (e° ) =@ * (e °"y = o..

Analogous to earlier work @g**(t) is assumed either convex
or concave on its whole domain of definition and that
0 < c** < 1, where c** is such tha£ @g** (t)/t > c** gags t » o :A
Analogous to our earlier discussion it is straightforward
~that c** is equivalent to 6(3) where C(a)y = lim (t‘+ w)»¢(3)(t)/t.
Then manipulation.of inverse functions and the application
of Kuczma's approach provide results analogous to (3.6) in terms
of D**, say. Again we can arrive at the analogoﬁs probabilistic
result from theorembl.l for the specific case when
U(t) = log [log {1 + log t} + 1 j. Ultimately we obtain er

Bn**, A** (t) analdgous to our'previous Bn*, A*(t), that

P(gn** log [log {1 + log t} + 1] g t) > u**(t), O < £ <

N->co

' | A *% () o
where u**(t) =1 - (1 - q) exp { - exp [e" By, o<t

We note that whereas the theory of Chapter I produced (in this

specific case of U) a limit distribution with a jump of
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magnitude g at the origin, here: our distribution fﬁnction is

such that u**(0 +) =1 -(1 - q) e*l; here lies the divergence
between our method above motivated by [11] and our'previous
generalized approach. Hence the létter method is preferrable
from the viewpoint of generality. However, our findings motivate
and lead us to the following extension of Kuczma's theorem, in
terms of a general function U(t).

Theorem 3.1:

Let h(X) be defined , = positive and strictly increasiﬁg on (0, a),
O < a ¢ » and satisfying h(x) < x on this interval. Let U(x)
be defined on (0, «), continuous and strictly increasihg with
U0 +) =‘- ©, U(x) = o ; denote by W(.) the inverse function of
ul.). |
Suppose further that,

(i) U(h(w(t)) is‘convex or conca§e on (- «, A), where A = U(a),
and |

(ii) lim U(h(x))  _
%50+ __U(X) = o > 1.

Then all solutions p of the functional equation

(3.8) p(h(x)) = W [aU (p (x))] 0 < x< a,
satisfying the condition that U(p(W(t)) is convex or concave
on (- », A) form the one parameter family

lim : U(hn(x))
n+>o woly U(h_(x.))
n o

p(x) =

X, arbitrary, but fixed, 0 < x < a, vy e(- =, «).

Proof of theorem 3.1:

Let us define

d(t) = Uh(W(t)), == <t < A
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th

and for each n > 1 its corresponding n functional iterate

a (t) = U(h (W(t)), - o<t <A, for
hn the nth functional iterate of h.
The assumption (ii) is equivalent to iiﬁ QéEl =0 , by'

the clearly continuous and strictly increasing nature of
Won (- o, =),

Also write

w(t)‘=_U Lo (W(t))1D, - ® < t < A,

then (3.8) yields

(3.9) pd (£)) = a yp(t), - ® < t<A.

We note that d(t) satisfies those properties‘of "F(E)"
in [11] and the required monotonicity of d(t) on
(- =, O) v (O, A) is satisfied by the concavity/convexity
assumption of d(t) on (- », A) (i.e. (i)). Hence the results
of Kuczma [11] follow directly and so the solutions ¢ of (3.9)

may be written as

p () = vy lim d, (€)
B ¢ ) .
dn(to)
where for X 0 < X, < a arbitrary but fixed, to = U(xo). Thus

n %o

' . d_ (U(x)) ‘
p(x) =W I:Y 3‘:;2 d—n———r—‘J so by

the definition of dn

| U (x))
_ lim n
p (x) = W [Y n->o .U (hn (XO) ) ‘ ]
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" 1im U (h ()
= e W YT
U (h,(x))) '

The last line follows by the continuity of W, this completes

the proof. B




CHAPTER IV

ALMOST SURE CONVERGENCE AND IMMIGRATION
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CHAPTER IV

" ALMOST SURE CONVERGENCE AND IMMIGRATION

SECTION 1:

Introduction and Preliminaries

In Chapter I we noted that strong convergence in theqrem 1.1
follows from a direct application 6f a theoreﬁ,by H. Cohh. .[2]
We shall verify this and show further that our distribution
function u(t), as before, satisfies the required properties of
this latter theorem. |

Heyde [7] derived a martingale which lead to almost sure
convergence for the supercritical case; thus it is natural to
ask whether for £he'infinite mean Galton Watson process almost
sure convergence can be obtéined via a martingalé argument. Ih
particular we investigate whether a boundéd.positive martingale

based on {Bn U(Zn + 1)}, U(.), B as in theorem 1.1; a

n
generalization of a martingale suggested in [12], provides the
required almost sure convergence after the application of the
maftingale convergence theorem.

To this point we have restricted oﬁr attention to thé
nonimmigration Galton Watson process and we now consider whether
the results of Chapter I can‘be genefalized to the immigration
case [1], [6]. Again we suppose that the offspring distribution
has infinite mean and when independentbimmigration is permitted
we denote this process by'{Xn} and assume for simplicity that
X =0, as before F'(l-) = «

o for F(s), s € [0, 1] the p.g.f.

of the offspring distribution and g denotes the extinction

probability where we assume q < 1. The distribution of the
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number of immigrants entering a given generation is given by
oo ' ’ .

B(s) = j£O bj sj, B(o) # 1. We refer here also to
assumptions (A) and (B) of Chapter I.

We.then prove the following theorem ﬁhich generalizes
theorem l.l'to the immigration case.

Theorem 4.1

Under conditions (A) and (B), with the sequence of
positi&e constants'{Bn} as in theorem l.l,‘{Bn U(xﬁb+ 1)}
converges almost surely to a proper random variable on
(O, «), with continuoue distribution function given by.

oo

p(t) = I B(u(t c
m=1

)y, t >0

where u(.) is as in theorem 1.1, if

I8

bj log U(3) <« ;

j=2

and diverges to infinity in probability otherwise.




SECTION 2:

Almost Sure Convergence

(a) A theorem by H. Cohn

The follewing limit theorem éfiCOhn 2] for nonhomogenous
Markov chains, based intrinsically on martingales shows that
the convergence in distribution ofvTheorem 1.1 impliee almost
sure convergence. We restate his Theorem 2 replacing U by V, say,
c, by 1/8, and his limiting distribution F by u.

Suppose that {Zn; n > O} is a Galton Waston process with
m(= F'(1l-)) = = ; V strictly increasing, continuous and slowly

lim

varying function defined on [O, @) with - Koo

V(x) = @ and {1/8_}
an increasing sequence of censtants with iiz 1/6n = o |
Suppose further that {Bn V(Zn); n > 0} converges in distribution
to a nondegenerate limiting distribution u, which is continuous

on (O, »). The {B_. V(z_): n > O} converges almost surely, .
n n

iiz —%:l =a <1 exists and is finite, and u satisfies the
n : ‘ C
conditions
-1
LU ((x- 9/8 ) ]
(4.1) 1lim n
oo ularx) =1
and
gl ‘
[U "((x+8/B3) ]
(4.2) lim n _
oo u (o x) =0

for any x >0 and & > O.

We include a further specification that V(0) = O and writing
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V(t) = U(t +1) O g t < » where U is as in theorem 1.1 where
we proved the convergence of'{BﬁU(va+ 1)} in law to a proper |
nondegenerate limit distribution, u(t).

Recall that U is defined on [1, =), continuous and strictly
increasing from U(l) = O to U(w) = », In particulaf U 1is slowly
varying at infinity so cléarly V(t) . (V(0) = 0) satisfies the
properties required by Cohn's theorem. We know from theorem 1.1

that u(x) is strictly increasing and continuous on (O, ®) such

that u(0+) = g. iAlso the sequence of positive constants’{Bn}
_ ' B |
is such that Bn ¥ O as n~+> « and iiﬁ 82'1 = %, where ¢

is as in theorem 1.1 and in particulaf 0 < c < 1. So ‘writing
o = 1/c it is clear that the almost Sure cohﬁergenée of
'{Bn U(Zn + 1)} to a pfoper.nondegenerate'ranaom‘variablé is
implied by Cohn's theorem. ‘We need only check that u(t) satisfies;
properties (4.1) and (4.2). |

Then following the development of Cohn, for any x > O,

a >.0 we can write

lim . ( %2a *1
(4.3) P — < a = u(x)
A n-+o 1l ,x
U (- ,
. n ;

since we have

lim
n-><

Bn U(a U“l(x/Bn)) - i_j;li -}i— . }B{_‘- Bn

and by the_properties of slowly varying functions[19] the right
hand side =1 . x = x, and so by the continuity of u(.) (4.3)

folldws.
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Writing Tn = Bn U(Zn + l?» for n=1, 2... we then

obtain from (4;3) that

o (z +1 o
P(T, ¢ [0, x) |Zm=i) =P4 —7—— € [0,1) [z =i
U " (x/8,)
s - an-m) + ..+ z;PfWX_+_1
(4.4) =P e [0, 1)
U (x/Bq)
where an_m); Z;n—m) .+.. are independent, identically

distributed random variables with the same distribution

function as Z -p+ (as defined in Heyde [81]).

‘By our construction we note that

n-m _ Bn-m . Bn--m+1 ....... Bn-1

Bn ‘Bn-m+l Bn-m+2 Bn
-> » m
oo (1/c) (1/c) ..... (l/C),= (1/c)

so appealing to (4.3), (4.4) and the continuity of u we get

, (n-m)
lim Z

. } : . + 1 :
row P(T € [0, x)|z =1) = o p (1) 1 < 1}
' ' -d.( 1 X ') ,
| | o U —
' 7 _ ’ Bp-m (‘cm). :

= 1) (%f;71>‘ |

where u(l) ~is analogous to F(i) in - [2].
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It is then straightforward (by.analogy) that

o™ (2353
n .
u(l) (=) 3 u (fé—) for i < U-l(E—:—é)
RS m B
c c : m
and
[t (225 )
: m ‘ .
ey =9 ¢ u 29 for i > UL (E_i_é)
m m .o B
c c v : ' m
U'_l = W from before and in particular it is rapidly varying

at infinity.
We require to prove (4.1) and (4.2) for any £ > 0, x > O,
and so we consider a subsequence f{mz} say such that for a

certain xo,

-1 %o
U
C (g;;)]
iiz u (—%—) = § > 0.
c

- ]
(o “(z—)1
Py ,
iiﬁ u (=) = 1 if x' < x_,  whereas if '{ml} is such that
. My _
-1 X
(vt (32 ]
my,
lim" X,
9 o0 u (—mz) = 0, then
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-— )
vt ) 3
mg
%iﬂ u (;%E) = 0 for any x' > xg

We note that the exponent can be written as

-1 x! | xO W(X,/Bmz)
. my

W(xo/ﬂm )
3

so as in [2] from the property of rapidly varying functions
, _ . '
[19] we know that W(x'/Bmg)/W(x/Bml)-+O as & - (x' < xo).

Hence as in [2] it is true that there exists a certain x_ such-

(o)
that
[}
[ W (EE_) ]
mg
. 1 if x' < x
%12 u (—%—) = : °©
c X O if x' > x_

and similarly we can see that the above limit does not depend
on the particular choice of {mz} and hence.the required result.
We remark that for U(t) = U(i)(t) i=1,2 ... defined as

in section 3 Chapter I by

U(i+1)(t) = log (U(

iy (8) +1)
Ui (B) =t -1,

then for any i (a positive non zero integer) U(i)(t) satisfies
the properties of Cohn's theorem and so for'{Bﬁ} as before,
the convergence of‘{Bn U(i)(zn + 1)} to a.c0ntinuous law now
implies almost sure convergence to a proper non degenerate

limit random variable.
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Section 2 (b):

Martingales

As indicated earlier it is natural.to question whether the
almost sure convergence of {Bn U (Zh + l)};’U as in theqrem
1.1, can be obtained by applying to the martingale convergence
theorem; in effect can we find a bounded positive'martingale
bearing some relationship with U which provides the required
result?

~Again we limit ourselves to the explosive Galton‘Watson
process without immigration. 1In the particular case when
U(t) = log t, c = c(l), Pakeé [12] puts'forward a possible
martingale; we shall generalize this (in terms of a general U
and hence W) but demonstrate that these martingales do not provide
the reqﬁired almost sure convergencé'to a nondegenerate limit.

wWith U, w, u(t),'{Bn} as_in the proof of Theorem 1.1 we

have from (1.16) that as n > «

: 2 o
E [(l - Ll:ﬂl__) ] n > u(t), 0 < t < o,
W(t/Bn)
Define
. n 7
T o= (} - A=) for n =1, 2....
n W(l/8.)

We denote by Efnb the ¢-field generated by 2

for each n > 1 we have
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Z
. : o _ Z n
* _ {1 -~ q) 1
E(Tn+l L?%) - ‘l - T }

Bn+l

' Z
= Jr(1 - 4a-q9 ) n

1 [ ]
W ( ) :
Bn+1

Then appealing to the definition of @(t) as in Chapter I yields

' : : z
* _ _ (1 -q9) n
E(Th1 Ij;n) =41 | 1. A
: w(g ( ) )
Bn+l
Now Bn = l/dn(to) for each nxl, 0< ty<e arbitrary but

fixed and @ and d are an inverse pair;it follows by the

"iterative nature of dn that

Z
* _ (1-q9) n
E(Tn+l‘3rn)“. l———(ll— =T
W (7;*) n
*n
Z
: . (1-q) D " S
thus (1 - - 1 | is a martingale.
W (§—4) ‘ .
“"n nz1

* ' '
Since |Tn- l § 1 for each n 2 1 using the martingale

convergence theorem we get
ok *
T - T .
n
n->co

almost surely with O£ T <1 and E(T*) = u(l) < o,

We shall show that'this implies that
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72+ 1 n>@ (= log T") |
(4.5) n : > for 0 <. T* g 1,
W (61 ) (1 - q)
n
Zn + l.v i o o for T = O.
I n >
W (B——)
. n

Appealing to the definition of T* ~ and noting that W(gL) + oo
vn' ’
as n > o we have

Z_ + 1 -

1 - (1-9) n a.s o*
1 N3 .
W (Bn)

Taking logarithms of both sides preserves a.s. convergence soO

(z_ + 1) log (1 - (-q) , a.s

*
> log T .
W
n

Indeed we can write the above as

log (]_ - ._(_1__..-._.(1_)__

_ W (1/8.) a.s *
- (2 + 1) (1 q) n > log T
n 1, 1
W (-—B—-) (1l -a)/ w (E—).
n . : n n->o
and thus the required result follows since for
x| § 1, =-1log (L-x) v1 as x > O +; and we note that

W(t) > 1 for all t 3 O where W is continuous on [0, «) and
strictly increasing to infinity.

Seneta [16] showed that for the infinite mean case Zn
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cannot be normed to give a proper non degenerate limit

distribution; hence (4.5)for 0 < T* § 1 is invalid. If we then

assume that T* is zero with probability one this contradicts

our assertion that E(T*) = u(l) > u(0+) = g. So our

martingale does not provide us with a means of validating the

almost sure convergence of'{Bn U(z, + 1)} to a non degenerate

finite limit.

REMARK: We can consider some i = 1,2 ... and in view of the

(*)

B8 U

hieraréh§<iiscussed in Chapter I may question whether the
above martingale can give almos£ sure convergence of

(i)(zn + 1) to a finite, nbndegenerate limit random
variable. (U (t)

U(i)(t), Bn as before). We now

assume that the limit corresponding to T*%*, T*(ij say,
has some mass on (0, ®). Then by taking the log of
z +1 ' 1 '
— and multiplying by l/W(i—l)(E—)' then taking
W ., () n

(1) '8, .

the log again and multiplying the latter by l/W(i_z)(éL)
. : n

and continuing in this fashion for (i-3), (i-4).... we

ultimately obtain that

a.s

By Uy (2 + 1) 3, 1.

The latter result contradicts our general result that
{8, U

(i)(zn.+ 1)} is convergent in law to a nondegenerate

. limit distribution, with distribution function continuous

and strictly increasing on (0,«). Since the probability
concentration at a point is zero the trajectories such
that (*) holds have zero probability, which contradicts
our earlier assumption regarding T?i)' So, again a di;ect

martingale approach is unsuccessful.
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SECTION 3:

The Case with Immigration

When indepehdent immigration is permitted we denote this
process by {X } and under the -conditions stated earlier
(F'(lQ) = o, F(s) the p.g.f. of the bffspring‘distribution;
B(o) # 1, Bts) generates the distribution of the number bf
- immigrants entering at a given generation) we shall generalize
theorem 1l.1.to thé immigration case; these results arevsummarised

in theorem 4.1 which we nhow prove.

PROOF OF THEOREM 4.1:

Assume conditions (A)_and (B) of theorem 1.1 hold. Let

Pn(s) denote the p.g.f. of Xn,'wheré it is well known [1] that

n
Pn(s) = I B(F (s))
k=1
and we assume PO(O) = 1.

Now we consider the behaviour of the following function

Ph(t) for t > O, where

. [Q-_ Q—gz_)xn]
w.(li)
B,

p, (t)

P ('1 - _L'_q_)__
n
W (t/s )

n .
,=n-B<1- (1-g)
m=1
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the last equality follows from the recurrence relation for
Pn(s) stated above.
Recall that

g, () > A) 0<t<aw

n n n->co

where A(t) satisfies the following equation of the Poincaré form

Afc t) = @(A(t)) O < t < o,
By iteration and consideration of inverses we have
A oa=l t
g (t/8) =A™ AT (55,
n .
thus the contihuity of functions cOnéidered yields

n ,-1

(4.6) <t ATh (t/B) > t as  n - .

We note the relations

, . B
- : t n-m
Pom (/8 = Ppm GG - )
where as n ~» m,Bn—m ;,c-m also
Bn o

n-im - B

t/c" _ n-m -1 t
¢n-m (6 =) Alc A ()
| € Ph-m

> A(t/c™) by (4.6).

n->o

Thus we have as n > «

(4.7) P_(t) > T B(u(t/d™) = p(t), say 0< t< =,
S m=1 ,

where as in Chapter I

u(t):]_-._(_]_'_-_ql___. O < t < o,
| WoA(R) |
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Clearly p(c t) = p(t) B(u (t)) .and letting t =+ O + implies

p(O +) = O.
Lemma 4.2:
The function p(t) is positive for all t > O if

(4.8) b. log U(j) < =

2 J

-8

j

and zero for all t > O otherwise;

PROOF:
We note that A(t) iS'striétly increasing to infinity on
(0, *®) and continuous thereon. Fof t >0 fixed
Ky a~ g A(t/cn)-s K2 b for n = 1,2... and some constants
o} <’Kl, K, < and 1 < a.<;b < ©, These inequalities follow
 since A(t) = t L(t) and for any slowly varying function at
infinity L, we have for any fixed § > O, ésL(t) + o and
t_G L(t) > 0 as t =+ o,
We argue as in [12] and appeal to the inequality,
e—x/2 € 1 -x< e_x, true for x positive and sufficiently
small. It follows from (4.7) and the criterion for convergence
of infinite products that the proposition of the lemma is
true if (4.8) is tantamount to the finiteness of
£ [1-B (exp {-G/W(KSM)})]
n .
for any positive constants G, Kand § > 1. So by Cauchy's

integral test and Fubini's theorem we require to show that

(4.8) is equivalent to the finiteness of
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where

and A > O 1is a fixed positive number. By change of varaible to

; X
2 W (K & )
j
we obtain
3 log s ,_B ' U (29)
j

where B is a positive constant independent of j. We shall
-estimate the behaviour of ij for large j. For j sufficiently

large we rewrite the integral as

1l ’ . o .

[ - ey DL - ey 40D

logs J=§ U(zj) logs 1 U(z3)
J

The first integral is bounded above and below by positive numbers

independent of 3j, each multiplied by the factor

1
[ 4U (23 - 109 U() - log U(B).
3

Likewise, the second integral is bounded by positivé'multiples of

f 1 41U (z3) = - log U(j) + 3. [ = Ué)dy'
1 2 U (zj) ] Y

where the right-hand side follows by intégration by parts. We

rewrite this as



- 66 -

log U(3) -1 +: i

I

log U(j) . o(l) as j » =,

the latter is obtained by a known property of regqularly varying

functions [p. 87, 19], since log U(y) is slowly varying. B

We continue with the proof of theorem 4.1, Now if (4.8)
is not true we may apply Lemma 1.3 withv Z, = X.» u(t) = 0 to
ine us that Bn U(Xn +Al) approaches infinity in‘distfibution
,and’hence in probability.
If (4.8) holds, p(t) is a proper and continﬁous distribution
functionlan[o,w). In particular it is the distribuﬁion function of
= %
-

OBEK

1
where Ym are identically and independently distributed with
distribution function B(u(t)) which is clearly nondegenerate.
The conclusion then follows as in [20] via a result of
Smith [21]. We note that according to [211, I  is finite with
probability one if and only if E [log+va] < o, and after
some manipulation we can see that this is tantamount to (4.8).
Hence if (4.8) holds we can employ lemma 1.3 with Z, = Xn'
u(t) = p(t) to give the required conclusion of‘theérem 4.1 in
terms of convergence in distribution. In this case almost sure
convergence can be obtained by a relatively simple modification
of theorem 2 of Cohn [2]; this we shall omit.

We note also that'{Tn*} of section 2(b), of this chapter

is a submartingale in the immigration case. Analogous tQ _.the
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non immigration case it does not provide us with a.means of
validating almost sure convergence via the éubmartingale
convergence theorem; however, as mentioned earlier when (4.8)
holds almost sure convergence may be obtained by an adaption
of Cohn's theorém.

This completes the proof of the theorem. @
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