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Abstract—Correlations of an environment are crucial for the essential problem in quantum control theory which is refgrr
dynamics of non-Markovian quantum systems, which may not to quantum system identification.
be known in advance. In this paper, we propose a gradient A general identification methodology involves finding the

algorithm for optimally identifying the correlations in te rms K ts of t ¢ f t dat
of time-varying damping rate functions in a time-convolution- unknown parts of a quantum System from measurement data

less master equation for spin chains. By measuring time trae (€.9., the spectrum of an output field or expectations of
observables of the system, the identification procedure cabe observables,) extracted from the system under excitaBhn [
formulated as an optimization problem. The gradient algorthm  The identification method was firstly explored to extract
is de_S|gned_ based on a calculation of _the derivative (_)f an obgtive Hamiltonian information for closed quantum systems [9],
function with respect to the damping rate functions, whose o L . o
effectiveness is shown in a comparison to a differential appach  [10]: [11]. Moreover, it is worth considering the identifiizn
for a two-qubit spin chain. problem for open quantum systems where the quantum system
is disturbed by quantum noises arising from an environment.
When the correlation function of the quantum noise is the
. INTRODUCTION Dirac delta function; i.e., the correlation time of the gtiam
To exactly process quantum information, accurate modef®ise is very short, the noise and the relevant quantumrayste
including parameters, structures, and descriptions oAdhyes, refer to quantum white noise and a Markovian quantum
for quantum information carriers are required. With theselm system, respectively [12]. For Markovian quantum systems,
els, sophisticated feedback control strategies can bgmsj a continuous-measurement-based method was proposed to
for example, feedback stabilization of a number state inidentify unknown parameters in a cavity-atomic system [13]
cavity [1], preservation of quantum coherence and entang&nd unknown structures of a spin network [14]. Also, a
ment for qubit systems [2] and linear quantum systems [3], 8ystem-realization-theory-based method in [11] was &adn
coherent feedback rejection of quantum colored noise 5}, [t0 estimate unknown parameters in the Hamiltonian of a
However, in practice, an accurate model may not be obtaiMarkovian spin network from measurement time traces [15],
able since parts of the parameters, structures or dynarhicsMpose identifiability was discussed in [16]. In addition, an
the quantum system may not be well understood. This wouftentification method for linear Markovian quantum systems
lead to unexpected experimental results or degraded donw@s systematically discussed in [17].
performance of a quantum control system. For example, in aln contrast to the Dirac correlation function of quantum
recent experiment on quantum dots [6], a calculation based\white noise, correlation functions of quantum colored aois
the theoretical model has a discrepancy from the expermhergan be more complicated due to the memory effect of non-
data on the broadened resonator line-width under suitabf@rkovian environments. A quantum system disturbed by
parameters, which means that some unknown dynamics of g@ntum colored noise is referred to as a non-Markovian
system are not included in the model. Correspondingly, it @/antum system, whose dynamics is quite different from that
shown that degraded estimation performance can be obser9édhe Markovian quantum systems [12]. To control non-
due to ignorance of a noise model for a quantum system [farkovian quantum systems, it is crucial to acquire the Know
Hence, the problem of how to determine the unknown paragdge of the correlation functions of the non-Markovian envi
eters, structures or dynamics of a “dark” quantum system is gonment beforehand. Wet al. proposed a frequency domain
approach to the identification of the environment spectrum

This research was supported by the National Natural Sci¢imenda- for g Superconducting single qubit at an optimal point [8]
tion of China (No. 61873162) and Shanghai Pujiang Programar{GNo.

18PJ1405500). This research was also supported underafiastResearch FOF the quantum dot system in [6], an augmented system
Council Discovery Projects and Laureate Fellowships fugdschemes model was presented to explore the structure of the non-

(Prpjects DP140101779 and FL110100020) and the Air ForéeeObf Sci- \arkovian environment [18]. Also, a spectroscopic method
entific Research (AFOSR) under agreement FA2386-16-1-Al6anks the

National Natural Science Foundation of China (No. 61673264 61533012), WaS pr_esented to explore the spectrum of SP'” b_aths both
and State Key Laboratory of Precision Spectroscopy, ECNtina theoretically [19] and experimentally [20], which invokse

S. Xue is with Department of Automation, Shanghai Jiao Tomivé&lsity high-energy dynamical decoupling pulses.
and Key Laboratory of System Control and Information Proireg Ministry In this paper, we aim to extract the correlation functions of
of Education of China, Shanghai 200240, China. (e-mailxsbl@sjtu.edu.cn) paper,

J. Zhang is with the Joint Institute of UM-SJTU and Key Laliorp of non-Markovian environments for spin chains. The dynamics

System Control and Information Processing, Ministry of &tion of China, of the spin chains are described by a time-convolution-less
Shanghai 200240, China. (e-mail: zhangjun12@sjtu.eglu.cn

I. R. Petersen is with Research School of Engineering, Aliatr National Master equation in which time-varying damping rate furgio
University, Canberra, ACT 2600, Australia.(e-mail: ietersen@gmail.com) characterize the correlation functions of the non-Markavi



Quantum colored noise where the density matriy(t) € CY*¥ with von Neumann
' ' propertiesp(t) = p'(t), p(t) > 0, andtr[p(t)] = 1 represents
the state of the spin chains. Hepé(t) is the Hermitian adjoint

D <« < Singlespin of p(t). The superoperator
© O O @ @ Lop(t) = —ilH, p(t)] )
Coupling strength

represents the internal dynamics of the spin chains where th
Hamiltonian of the spin chaing describes the internal energy
of the system and their couplings. The commutdtod] is
Fig. 1. Schematic plot of spin chains in a non-Markovian envinent. calculated asA, B] = AB — BA for two matricesA and B
with suitable dimensions. We lét= 1 hereafter.

The Lindblad dissipative term induced by the non-
environment. To identify the damping rate function, we meadarkovian environment is expressed as
sure the time trace for one local observable of the spin shain
which correspond to dynamical variables in a coherenceovect 1 N2
representation. Although this formulation for the coheren £-)P(t) = 5 > k(L p(6) L] + [Lip(t), L)) (3)
vector is similar to that in [15], the dynamical equation for Jk=1

the coherence vector is time-varying due to the damping "3ifcontrast to the constant damping rates in the Lindblau ter

{/l:/nctilons. T_huls, fthe rr:ethog ir_]d[15]f_is i_nvalid Lnl ourfocaseof Markovian master equations, the damping rate functions
e alternatively formulate the identilication problem Toet i (t) for characterizing the correlation of the non-Markovian

. : N ik (1)
da”?p'”g rate .funct|on as an olpt|m|.zat|on problem. AI,SO’ Wngironment are time-varying, which encapsule the cogplin
design a gradient algorithm to iteratively recover the daxgp strengthes between the system and the environment and the

rate funct|or!s fqr th? non-Markow_an environment. density state of the environment [12]. Here, we assume that
Our_ contribution in thls_ paper is that we provide a SYS';k(t) are complex functions, i.ex;x(t) = Re(vk(t)) +

_temafuc approach_to acquire unknown Qamplng rate fl{”Ct'Ogigm(%k(ﬁ)), whereRe(-) andTm(-) represent real and imag-

in a time-convolution-less master equation for non-Mar&ov inary parts of a function, respectively

guantum systems. In principle, our gradient algorithm can, = - qdition. the coupling operators; belong to a set

achieve the damping rate function with a high fidelity, whic — {Lik — 1,---,M = N?— 1}, which are an

WOUId help _to obtain an exact _model (.)f the spin .Chamgrthonormal basis for the Lie algebsa(NV). Also, L is an
in an experiment for quantum information processing. IRT « N Hermitian matrix with L, — LI and tr(Ly) = 0
=L} = 0.

addition, our method only requires to measure commutatixf%e Hilbert-Schmidt inner product is defined &, L) =
3 ny,tn/ =

e e i e PULL L) — By 1 < 1.1 < . Thef commutaon an
P . 9 anti-commutation relations can be calculated as
observables which cannot be accurately measured at the same

time according to the uncertainty principle in quantum me- M
chanics. Ly, Li] = @Y Ciuli, 4
This paper is organized as follows. In Section Il, we =1
introduce the time-convolution-less master equation fom-n M
Markovian spin chains whose corresponding coherence vecto {Lj; Ly} = N‘SJ”J + Z Dj L, ®)
=1

representation is also introduced. The identification enob

formulation and the gradient algorithm are given in Sectlbn respectively. The coefficient;z;, D, € R are the complete-

An example for two qubits in a non-Markovian environmeny, antisymmetric and symmetric structure constants of tiee L

is given in Section IV. Conclusions are drawn in Section V-algebrasu(N), i.e., with respect to interchange of any pair of
indices [21]. Here, the anti-commutatfy, -} is calculated as

II. DESCRIPTION OF NONMARKOVIAN SPIN CHAINS {A, B} = AB + BA for two matricesA and B with suitable

A. Time-convolution-less master equation dimensions and is the Kronecker delta function.

Note that although the variation of the density matrix in

£ time-convolution-less master equation (1) only depend

on the current density matrix mathematically, the time-

rying damping rate functions enable (1) to describe a non-

arkovian behavior physically; i.e., the energy exchanges

tween the system and the environment [12]. Also, with

respect to different coupling operators, the system ire®Iv

ncljfferent dissipative channels such as dephasing chanimels

addition, the damping rate functions fully carry the caatigins

of the environment and in the following we consider these

p(t) = Lop(t) + Lywyp(t), (1) damping rate functions to be unknown and are to be identified.

The non-Markovian spin chain we consider in this paper |
plotted in Fig.1 where the nodes and the edges represent§
components and their couplings, respectively. The commpisne
are disturbed by quantum colored noise arising from
unknown non-Markovian environment. Here, the time trac
of local observables are measured and the resulting data i
be processed for identification.

In this paper, the non-Markovian dynamics of spin chai
are described by a time-convolution-less master equatiah [



B. Dynamical equations in a coherence vector represematiéor example, in a superconducting non-Markovian singldgtqub
Under the orthonormal basis iM, we can expand the System, the measurement of average charge numbers is equiv-
density matrixp(t) and the Hamiltoniare as alent to measuring the-component of the coherence vector
for the qubit. The procedure is to measure the same observabl

M
1 many times and then take the average of the results [8].
o) = v+ D an(®)ln, d g 18]
n=1
M C. Accessible set and reduced dynamical equation
H = Z hanLim, (6) The equation (7) describes the full dynamics of the non-
_ m=1 o Markovian spin chains. However, it is possible that not lad t
respectively, wheré.,,, = tr(HL,,) € R and the coefficients components inx(t) are relevant to the observables (8), i.e.,
zn(t) are the expectation values for the babjs i.e.,z,(t) =  the matrix A(¢) would have a block-diagonalizable structure
tr(p(t)L,) € R. They constitute the so-called coherencgnd a proper sub-block corresponds to the observables.
vectorx(t) = [z1(t), -+, 2 (t),-+ ,on(t)]" € RM. Here,  An orthonormal basisM’ = {Ly;,--- Ly} can be
Iy is anN x N identity matrix. defined, which expands the observables (8). It can be a subset

By using the relations (4), (5), and (6), the time-convalnti of M, ie., M’ C M with M’ < M. To obtain all the
less master equation (1) can be rewritten as a dynamigamponents in the coherence vector corresponding to the

equation in the coherence vector representation as observables (8), an iterative procedure [22]
X(t> - A(t)X(t) + b(t>a :Cn(0) - tI‘(an(O)), (7) G; = ET[Gi_l] UGi—1, Go= MI, (20)
where the initial value of the coherence vecid0) is deter- .o pe applied, wherei[G;_1] = {L; : tr(LiLTg) #
’ — - . J

mined by the initial density matrix(0). The elements of the
matricesA (t) € RM*M andb(t) € RM can be calculated
as Anp(t) :1Qn§)\/+ Rnp(t) with an = 217\77,4:1 Grnnph'rru NZ_1
Hon(t) = =3 2 piamram @ = O RN ComCuan =gy -1 4 237 0Ly, LLX] + XLy, L))
CrinCiip)+5 2215 1=1,1<m (Vs (1)) (Crin Djip = Ciin Drap) i)
and b, (t) = —% Zé\jllc:l,j<k Im(7,,(t))Cjkn, respectively. (11)
Here, the corresponding coefficierfsand D are introduced for an operatorX. The iterative procedure will stop when no
in the calculation of the commutation and anti-commutatiomew element is added t&;. The final setG; contains the
relations (4), (5) when transforming Eq. (1) to Eq. (7). Thebasis which is related to the observables and referred toeas t
indexes correspond to the labels of the orthonormal basis ficcessible sefl5].
su(N) involved in the relations (4) and (5). Thus, a reduced coherence vecfoft) corresponding to
Note that although Eq. (7) is in a similar form as the linedhe observables (8) can be defined and it obeys a reduced
time-invariant dynamical equation for a Markovian quanturdlynamical equation
system [15], it is a linear time-varying dynamical equatitue - <~ ~
to the time-varying damping rate functions. (). x(t) = A@®x()+b(),
On the other hand, to extract information-gf; (¢), one can y(t) = ex(t), (12)
measure expectation values $fobservables

0 where g € G;_1}. The adjoint superoperata@’ can be
calculated as

where A(t), b(t), and ¢ with suitable dimensions are sub-
y(t) = [(O1(1)), (Oa(t)), -, (Os ()], (8) matrices ofA(t), b(t), andc.
Note that the reduced dynamical equation provides low-

where O;(t) are local observables and the symhol = inensional dynamics with respect to the observables, whic
tr[-p(t)] represents the expectation of an observable. Also, & 4id the identification process.

collect the data ofy(¢) as the output of the non-Markovian
spin chains. These observables can be expanded under the
orthonormal basis inM as O; = M 0\ L,, with o) =

tr(O;L,,) and thus the output (8) can be reexpressed as

I1l. GRADIENT ALGORITHM FOR IDENTIFYING THE
DAMPING RATE FUNCTION

A. Optimization formulation for the identification of therdp-

y(t) = ex(t), (9) ing rate function
whereo” is theith row andnth column element of the matrix ~ The identification problem considered in this paper can be
c € RSXM, stated as follows. Considering the non-Markovian spin rchai

Note that the measured operatorsyift) should be com- governed by the dynamical equation of the coherence vector
mutative since the uncertainty principle in quantum meeha(v), where all the information of the environment are encbde
ics requires that two non-commutative operators cannot imethe unknown damping rate functions, the environment-iden
measured accurately at the same time. Hence, in general, tffieation problem is to identify the time-varying dampirate
number of the measured observabkeshould be less than functions from the data of the time traces of the observables
that of the orthonormal basis iM, i.e., S < M. y(t) (9).

It should be noted that the measurement of expectations oNote that due to the interactions between the spin chains
observables is applicable to non-Markovian quantum systerand the environment, in general, there is no decohereeee-fr



subspace for a common non-Markovian system without contrelspect toy, (x) in each time interval. By using the chain rule,
pulses; i.e., decoherence channels affect all the comp®iren the gradient can be calculated as
the coherence vector. Thus, the damping rate functionsoeill

imprinted in the observables. Hence, the identificatiorf@m dJ = dJ dy  dx
for the damping rate function should be solvable. In additio ;i (k) dy dx  dyji(r)
since the time-varying damping rate functiong (t) result in K-l o dx(k')
a linear time-varying system (7), the identification metfiod = Z (y(r) —y(x") 'Cd,y,k(,i) (18)
Markovian quantum systems in [15] cannot be applied here. K'=0 !

Generally, it is difficult to identify analytically a time- where
varying function in a dynamical system. Alternatively, wanc 0 , 1
numerically solve this problem by designing an algorithne de(m,) e o<kt
consider that the system (7) evolves in a total timeluring = d);(f,z;)) K =kK+1.
which the observables are measutkdtimes at equal time Ak (k) H’jlfl AR NAL (D)
intervals At, i.e., At = L. Thus, a set of real measurement r’=rt1 dvjk(R) (19)

resultsy = [y(0),y(1),--- ,y(K — 1)] can be obtained.
Also, the time-varying damping rate functiong(t) are

discretized and we assume thg (¢) in each time interval are

constantsy;;(k),x =0,1,2,---, (K —2). Thus in each time

In the following, we will calculate the derivative of with
respect to the real and imaginary partsypf(x), respectively.
By using a standard formula for derivative of a matrix expo-

interval, we can consider the linear time varying (LTV) syst nential [23]

equation (7) as a linear time-invariant (LTI) system andtevri d (areB) e [f o s

the dynamical equation in a continuous-time form as e l=o=e /0 e’ Be dr (20)
x(1) = A(y(7)x(r) + b(Im(v;x(7))), (13) with matrices4 and B of suitable dimensions, we have
y(r) = cx(7), T € [KAL, (k+ 1)At]  (14) JeA Gk () At

= - - At A(A/jk,(n))At]:]
where Eq. (13) can be solved as dRe(v,x (k) € R

deA('yjk(n))At

x(k +1) = eACmEDALy oy | oo T AteAOin(R)ALE (21)
(r+1)At Al () (et DA ) dIm(vx (k)
e Ak (R)(RFDAE=T)Y (T (v (k)))dT(15)
/Km (Im{y;e())) where Eg = f(ZH)At AT ER e~ AN (R)Tdr and
Here, we have written the initial coherence vector in thE; = f,fol)At AT B e~ Ak ()T A7 When the time

current and next time intervals in an abbreviate fornxés) interval A¢ is small enough such thatt < ||A||~!, we have
andx(k + 1), respectively. - -

For a given set ofyjx(x),k = 0,1,2,---,(K — 2), an Er = Er, Ep=Ej, (22)
output vectory = [y(0),y(1),--- ,y(K — 1)] can be gener—
ated by usmg (14) and (15). A guessed sety@f(x),x = where the ((;Ie?e;rg OE(R ang Eigancbe)zﬁ%rgssed as
0,1,2,---, (K —2) may not be identical to the real damping, R”" %) 2i=1(Ciin Crip+ Cin Ciip Inp

rate functlon Hence, the generated outpuwill be different 2 Zsi= I(Ckl” ity ~ Cjtn Diip)- _
from the real datay. So we define an objective function ~_ 11US, the derivative ak(x + 1) with respect to the real and
imaginary parts ofy;;(x) can be calculated as

K—-1
1 .
J =3 D (v(r) — 3 (k) (16) X(k 1) A A ()
x=0 dRe(vjx(k))
to evaluate the distance between the two vecgoendy. (rt1)At DA Al () (R4 1) A7)
Therefore, the identification problem for the damping rate + LA (5 +1)At —T)e
functionsy;x (t) can be converted into an optimization problem x Egb(Imy; (r))dr, (23)
as follows.
For real measurement resul§s the optimization problem
is to find a set oy, (k),x = 0,1,2, -, (K — 2) such that XD A A ) A ()
the objective function (16) is minimized, that is dIm(v;x (k)
(k+1)At
i J +/ (1 + 1)At — 7)eA0s (s A7)
Yik () kAt
s.t. (7),(9). 17) xE1b(Imvy; (x))dr
(k+1)At
n / AR () (DAt =T) g (24)
B. Gradient algorithm for the identification problem kAL

To design a gradient algorithm for the optimization problewhere thenth row element of the column vectoF is
(17), it is crucial to obtain the gradient of the objectivevith —%Cjkn.



By combining (18), (19), (23), and (24), we obtain the

gradient of the objective/ with respect tov;;. Therefore,
if we updatey;; as 0.06 \

dJ §0A04
Re(’)/jk) — Re(’yjk) —€ER " ‘

dRe(vyjx)’ 0.02
() — Im(30) </ (25) “ \
m(vir) — Im(vjx) — €1 55— 0
K K dIm(v;i) 5
with small step sizesi ande;, we can minimize the objective 2 . 2 s 4 5 6 7 8 9 10
J. With the relation (25), our gradient algorithm for the . Iterations
identification problem can be summarized as follows. 0.08

Step 1 Choose and measure a set of observal§les;
Initialize the state of the system(0), the outputy(0), and
the step sizesr ande;; Guess the initial values dy;x(x)}; 004

Step 2 Calculatex(1) to x(K — 1) andy(1) to y(K — 1) B
with their initial valuesx(0) andy(0);

0.06

0.02

Step 3 Compute the gradient of the objectivewith respect 9 ‘

to v,k (K); 50~ .
Step 4 Updatey;i(x) by using the relation (25); » 0 10 100 1000 16* 2x10*
Step 5 When a termination condition is satisfied, stop th. B lterations

algorlthm; Othe.rWISe’ gc_) to tk@tep 2and Star_t anew Ite_ratlon' Fig. 2. Evolution of the identified damping rate function pésific iterations.
Note that this algorithm searches optimal solutions ac-
cording to the gradient and hence it may stop at a local

min.imum point. Moreover,_ th_e final performanpe of the ak?vhereg is the coupling strength between two qubits and
gorithm depends on the initial guessed solutibfyi(x)}. , s the angular frequency for the-th qubit. In this
When the |n|t|_al guessed solution is closer to the _Opt'mmne—convolution-less master equation (26), all the proge
one, the algorithm will converge faster. The step sizé My yhe ynknown environment are combined in the damping
a_lso affect the pe_rformance of the algorithm. A small step;;o functiony(¢) which are the same with respect to each
size would result in a slow convergence process and a lag€sipative channel for the two qubits. Thus the identifiat
one would lead to an algorithm that saturates in the vicinityqy is to recover the unknown damping rate functidn).

of a minimum. An adaptive step size can avoid the abovg, gjmyjate a real damping rate function induced by the non-

problems. In addition, a proper termination condition Cafyayovian environment, we assume that the real damping rate
be the completion of a given number of iterations or thg,,tion is

attainment of an accuracy of the objective

5(t) = 2hAsinh(dt/2)
IV. A PHYSICAL EXAMPLE dcosh(dt/2) + Asinh(dt/2)’

In the example, we consider two coupled qubits immersedich results from a non-Markovian environment with a
in an unknown common environment where the dissipativ@rentzian spectrum [12]. The values of the parameters
processes for the two qubits can be considered to be theandd will be given in the following paragraph. This real
same. Its non-Markovian dynamics can be described by a tintemping rate function (29) is utilized to generate the real
convolution-less master equation [12] as measurement resuls(t).

2 Furthermore, we measure the observablg for
pq(t) = _i[H(ppq(t)]'i_% Z([al_pq(t),a;’]+[al_,pq(t)afr]),the first qubit which induces the acpessible_ set
=1 {0%,05,0705,070Y,00%,07cy}. Due to the interactions
(26) between the two qubits, the accessible set also
where p,(t) is the density operator for the two qubits anghcludes the operators for the second qubit. Hence,
the ladder operators are defined @5 = 3(c* +io¥) and the reduced dynamical equation for the state vector

(29)

0~ = 3(0" —io?) with Pauli matrices x(t) = [(of), (03), (070F), (o] 03), (o 05), (o{op)]" is in
01 0 —i 1 0 the form of (12) with matrices (31).

ot = , =1 ! . — . In addition, the parameters of the system are chosen as
10 ¢ 0 0 -1 follows. The angular frequencies of the two qubits are the

) ) ) 27) ~ same; i.e.w; = wy = 1.5GHz. The coupling strength between
Here, the label is used to index the qubits. The two qubitshe two qubits isy = 1GHz. To simulate the real(t), the

are assumed to be coupled in an XY interaction form and thHﬁrameters in (29) are chosen/as: 0.05GHz, d = 0.05GHz
the Hamiltonian of the two qubits is written as and) = 0.1GHz. The gradient algorithm starts with a guessed

w damping rate function
«@
Hq = Z 70’2 +

a=1

[\CRSY

otod +ov0y), (28)
(7io% + oioz) ~o(t) = 0.04 cos(0.01¢) + 0.0348, (30)
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which is plotted as a red line at the first iteration in Fig.)2(aformulated the identification problem as an optimizatiootpr
Both the step size in each iteration and the terminatid@™m that can be solved iteratively by calculating the gratioé
condition can affect the performance of the gradient atjori  the objective with respect to the damping rate function ichea
We choose the step size for updating the damping rate functf§ne interval. The numerical example on a non-Markovian
as e = 0.002. Because a large step size would result ifvo-qubit system demonstrates the efficacy of our gradient
oscillations in the final stage for searching the miniméimnd algorithm. Compared to a differential approach, our method
a small one would lead to a slow convergence process. On f# identify the damping rate function with a high fidelity.
other hand, we choose to iterate the algorithm for 20000gime
as the terminal condition. Sufficient iteration times alldve REFERENCES
algorithm to obtain a minimal objectivé. (1] C. Sayrin, I. Dotsenko, X. Zhou, B. Peaudecerf, T. Rykgk; S. G-
With these parameters, the evolution of the damping rate Y22 E;fé‘ﬁgot‘"é%.maﬁﬂ!h i rf?lgéb“gefrﬁr”e%aiéyiﬂ?gg
function from the initial guess to the identified one are giue photon number statesNature vol. 477, no. 7362, pp. 73-77, 2011.
Fig. 2. Initially, the gradient algorithm can significantlpdate [2] J. Zhang, R. B. Wu, C. W. Li, and T. J. Tarn, “Protecting eénce

the identified damping rate function as shown in Fig. 2(a). ac';it‘?glta\?(ﬁ'esn\%e?]tob%qggngj{g_ﬁéggb%%klgon"ﬁ'z Trans. Automa.

After 10 iterations, the convergence rate of the identifications] s. xue, M. R. Hush, and I. R. Petersen, “Feedback trackimgtrol of

process slows down as shown in Fig. 2(b). This phenomenon non-markovian quantum systemtZEE Trans. on Contr. Syst. Technol.
; ; ; ; PP vol. 25, no. 5, pp. 1552-1563, 2017.

also reflects in the reduction of the objective functiénn

R . . X . . X . [4] S. Xue, R. B. Wu, W. M. Zhang, J. Zhang, C. W. Li, and T. J.
Fig. 3. With 20000 iterations, the objective function is adow Tarn, “Decoherence suppression via non-Markovian cohdeatback
to about10~5 and we terminate the algorithm.

control,” Phys. Rev. Avol. 86, p. 052304, 2012.
The final identified damping rate function is plotted as thé®]

S. Xue, R. Wu, M. R. Hush, and T.-J. Tarn, “Non-markoviasherent
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