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Abstract—Contour completion plays an important role in visual perception, where the goal is to group fragmented low-level edge
elements into perceptually coherent and salient contours. Most existing methods for contour completion have focused on pixel-
wise detection accuracy. In contrast, fewer methods have addressed the global contour closure effect, despite of psychological
evidences for its importance. This paper proposes a purely contour-based higher-order CRF model to achieve contour closure, through
local connectedness approximation. This leads to a simplified problem structure, where our higher-order inference problem can be
transformed into an integer linear program (ILP) and be solved efficiently. Compared with methods based on the same bottom-up
edge detector, our method achieves a superior contour grouping ability (measured by Rand index), a comparable precision-recall
performance, and more visually pleasing results. Our results suggest that contour closure can be effectively achieved in contour
domain, in contrast to a popular view that segmentation is essential for this purpose.

Index Terms—contour detection, closure principle, conditional random field.

1 INTRODUCTION

N the Oxford dictionary, a contour is defined as an outline
Irepresenting or bounding the shape or form of something.
As a fundamental vision problem, the contour detection prob-
lem seeks to extract curves representing object shapes from
images. Solving this problem can help visual systems to group
pixels into objects and reveal their semantic information [45].

Although several studies on contour detection have focused
on point-wise detection accuracy, our paper and several others
emphasize the topological properties of contours, contour
closure in particular. The closure principle has been observed
by numerous psychological studies. In [45], this principle is
summarized as “all else being equal, the elements which form
closed figure tend to be grouped together”. Using carefully
designed stimuli, Kovacs and Julesz [26] demonstrated that a
set of contour fragments were more easily perceived from a
noisy background if they were closed. Therefore, “a closed
curve is much more than an incomplete one”.

In addition to its psychological relevance, enforcement of
the closure principle could produce more meaningful contours.
Given the noise and ambiguities, even state-of-the-art local
edge detectors can assign low probabilities to some of the
true contour segments. Consequently, contours often break
into fragments after thresholding. The bottom left image of
Figure 1 shows a thresholded edge map of the Pb detector. This
image is in sharp contrast to the human labeling map at the top
right in terms of contour closure. This problem undermines the
ability to recall all edge points and causes difficulties in object
and scene understanding. In structuralism, contours belonging
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to one object can be decomposed into several interconnected
parts. When these structures are smeared in contour maps,
object representations can be difficult to learn in a bottom-up
fashion.

Unlike other relatively local Gestalt principles, the closure
principle is “more global”; thus, the enforcement of such a
condition is not a simple task. Notably, most contour-grouping
methods still tend to produce isolated or disconnected curve
segments [55], [25]. Although some methods aim to enforce
this principle [66], [37], these methods often do so at the
individual contour level, thereby making them unsuitable for
general natural images teeming with occlusion.

Recognizing this difficulty, Palmer [45] suggested that con-
tours be completed by performing image segmentation, e.g.
by [60]. Naturally, the boundaries of segmented regions
are closed. A recent work [1] also enforced contour closure
through an exponential number of constraints based on super-
pixel segmentation.

Despite the merits of region-based processing, the alterna-
tive contour-based approach is interesting to explore. First,
several psychological phenomena, such as illusionary con-
tours, suggest that such a mechanism exists in the human
vision system. That is, contour plays a critical role in the
perception of a region or shape, although the intensities
within each region do not provide informative cues. The
contour-based grouping is also complementary and beneficial
to region-based ones. Specifically, contour-based segmentation
has been widely used to understand line drawing and to
process medical images, where the region-based image cues
can be noisy or non-informative.

To this end, this paper presents a purely contour-based
method that can produce highly completed contours. We
believe our results improve the current understanding of this
perceptual grouping process. Our method addresses the closure
principle by proposing two contour completion hypotheses
that bridge the gaps between locally detected edges. A set



Fig. 1. The goal of this paper is to extract perceptually-salient
and closed contours from images. Top Left: An image of a
kangroo in the BSDS dataset. Top Right: A human-labeled
contour image. Bottom Left: The contour map by Pb, as the
input to our method [41]. Bottom Right: The contour map by
our method.

of contour connectedness conditions are used to ensure that
each edgelet is connected to some of its neighbors. Although
these connectedness conditions are only necessary and not suf-
ficient conditions for the closure principle, this approximation
generates a more efficient model, which often produces closed
contours in practice. In addition to the closure principle, the
principles of good continuity and proximity are also modeled
by our energy function.

Collectively, our model is presented as a higher-order CRF
model [13], [12] based on a novel representation of image
contours and their interactions. Our energy function includes
unitary potentials that reflect the local edge contrast, junction
potentials that encode the continuity property, closure poten-
tials that enforce correct contour topology, and a complexity
potential that controls the level of details in the outputs.

The higher-order nature of our model originates from the
connected conditions, which take all the edgelets in a neigh-
borhood into account. Figure 6 shows that up to 25 edgelets
may be involved in an energy term. In addition, the appendix A
shows that our energy function is generally non-submodular.
We make the inference efficient by using the connected-
ness constraints to reduce some of the higher-order potential
functions into a linear order, which enables us to formulate
the CRF inference as an integer linear programming (ILP)
problem. The remaining high-order potentials are represented
by linear inequalities. An efficient algorithm is further devised
to determine a locally optimal integer solution of the ILP,
thereby taking advantage of the specialty of our ILP problem.
In our experiments, the solution energies are very close to the
lower bounds.

We tested our method on synthetic data and real images.
Experiments show that the method extracts multiple connected
contours without loose ends, in accordance with our previous
theoretical assessment. Our results are compared with several
closely-related methods in terms of the pixel-wise accuracy to
show that our method does not complete contours in a native
or blind manner. In the BSDS300 and BSDS500 datasets,
our method is advantageous under the standard precision-

recall metric and a newly developed metric for grouping
error. Finally, the extracted connected contours appear clean
and visually pleasing, thereby suggesting that the results are
probably closer to human perception. In summary, our results
show that the closure principle can be enforced effectively in
the contour domain. Further studies of other Gestalt factors,
such as the influence of past experience, are necessary to
determine the computational nature of contour detection.

2 PREVIOUS WORK

In Marr’s theory, contour detection is completed at the stage
of extracting the full primal sketch [39], [15]. However, more
recent studies have shown that contour detection problem, as
part of the perceptual grouping process, is not completed in
one shot [46]. Various information and constraints can be used
at different stages of contour detection.

Classical methods often apply filters, such as the Sobel
operator, to an image and search for the local maxima of filter
responses as edge points [6], [40], [22]. The phase information
of filter responses was also used in [28]. Learning-based
methods have also been developed [41], [49], [25], [53],
[35], [9]. Compared with traditional methods, such as the
Canny detector [6], learning based methods can use various
image cues to achieve higher robustness. Recent experiments
showed that their performance is relatively close to human
perception in a local edge discrimination task [73]. Contours
in natural images emerge at different scales [36]; thus, pooling
multiple-scale information can also improve contour detection
results [52] [2]. Recently proposed holistic convolutional net-
work is able to pool information from the whole image [71].

Although local image statistics are very informative [21],
psychological phenomena, such as illusionary contours,
demonstrate that perception of contours is not purely based
on local information. Several methods have been proposed to
improve the accuracy based on the mid-level Gestalt princi-
ples, such as proximity, continuity, and closure. Most of the
grouping algorithms use the Gestalt principles of proximity
and good continuity, and favor smooth transitions with short
gaps. An empirical study on the BSDS dataset [54] confirmed
that the boundaries in natural scene images are usually smooth
despite some sharp angles. The elastic function [58], [32], [19]
has been used in to model contour smoothness. These cues
have also been used in a previous CRF model [55] and in
contour saliency methods, especially those that considered the
facilitation effect [61], [16], [63], [34], [48].

As a global property, contour closure is more difficult
to enforce. In previous work, contour closure is enforced
by restricting the solution to be single connected contours
[10], [37], [66], [67], [S57], [23]. Multiple contours have to
be extracted iteratively. Another group of methods derives
closed contours from boundaries of segmentation [33], [2].
For example, the GPb-owt-ucm method [2] derived contours
from watershed segmentation. In comparison, our method
attempts to enforce closure in the contour domain instead of
resorting to hierarchical segmentation. Similar to our method,
some methods require some contours to be closed [55], [25].
However, without explicit constraints, these previous methods



often produce contours with loose ends. In a previous paper
[1], contour closedness is enforced by an exponential number
of linear constraints, which are based on the boundaries of
over-segmented images. Their inference problem is converted
to a large-scale integer program. By contrast, our method only
involves a constraint set of linear complexity with respect to
the number of edges, thereby producing an efficient inference
algorithm.

Segmentation information has been used to detect the
most salient contours in the images. In [38], contours are
extracted as soft boundaries of normalized cut segmentation.
In previous studies [72], [24], salient contours are extracted
as one-dimensional subgraphs, with minimal entanglement
with themselves and other curves. The optimization problems
of these models are reduced to determine the eigenvalues
and eigenvectors of random walk matrices. These methods
are related to the Gestalt principles of similarity and good
continuity.

Even with the extensive use of mid-level grouping cues,
machines continue to lag behind the human vision system.
One possibility is that high-level top-down information helps
humans in finding the boundaries of recognizable objects. The
inverse object detector [18] estimates object contours from
the output of object detectors. Wu et al. [70] proposed a
category-specific contour model by training images containing
similar objects. Their model was also extended to search for
contours in three dimensions [69]. Top-down information can
also be incorporated in variational methods [S], [7], [50],
where the objective is to find specific shapes. For more detailed
discussions of contour detection, we refer interested readers to
a recent survey [47].

The topological constraints of our methods produce a high-
order conditional random field. Traditional methods, such as
the Ising model [44], are usually built upon pairwise potentials.
Given the importance of high-order statistics, more CRF
models include higher-order potential functions, such as those
for stereo vision [68], scene labeling [14] [30], image denois-
ing [56], segmentation [31]. In particular, the topological prior
of connectivity has been used for the interactive segmentation
problem [64]. Unlike their model, our method does not require
all edgelets to form a connected graph. The inference of these
methods is usually performed by customized algorithms [65],
[29]. However, several general methods have been proposed
to reduce the high-order cliques to low-order ones [11] [20].

3 MODELING MULTIPLE CONTOURS
3.1

In this paper, the contour completion problem is formulated
as a probabilistic inference problem. Given local detection
results, our model seeks the maximum a posteriori solution
of the conditional probabilistic distribution of contours. The
distribution encodes our prior about contours such as smooth-
ness and connectedness. In Section-3, we describe how to
construct our new CRF model, and how to use it to represent
multiple image contours. Section-4 explains the CRF’s po-
tential function design. Section-5 is devoted to the proposed
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Fig. 2. Top left: An input image overlayed with its thresholded
Pb edges. Top right: Proposed T-junction completion edgelets
are shown in green, and gradient edgelets by Pb are shown in
blue. Bottom left: Proposed L-junction completion edgelets are
shown in red. Bottom right: A zoomed-in view of the completion
edgelets: L-junction(left) and T-junction(right). Best viewed in
color.

inference algorithm. The final two sections are experiments
and conclusion.

3.2 The boundary segment graph

To facilitate contour completion, we need to design a proper
representation that allows mid-, and long-range interactions
among local edge elements. For this purpose, we first construct
a graph of boundary segments based on the output of a local
boundary detector, such as the Pb detector in [41]. On this
graph, we then propose a higher-order CRF that integrates
local evidences with global constraints based on the Gestalt
properties of contours at a scene level.

Our graph is built in two stages. We first form a set of short
boundary segments using Pb, followed by a line fitting process.
Specifically, we threshold Pb edge maps at the threshold of
0.05. Then, the binary edge map was linearized with Kovesi’s
line fitting algorithm [27]. This algorithm will break a line at
extreme points. We refer to those line segments as gradient
edgelets or G-edgelets in short. Normally, there are many gaps
among G-edgelets, due to occlusions and miss-detections. So
at the second stage, we introduce two new types of virtual
completion edgelets (or C-edgelet in short) aiming to fill in
the gaps and hence complete contours.

We first shorten each gradient edgelet by several pixels
at its two endpoints such that it does not connect to other
gradient edgelets. The first type of completion edgelets is
proposed to link two neighboring gradient edgelets with the
good-continuation property, referred as L-junction edgelets.
Two gradient edgelets are considered to be in the same neigh-
borhood if the distance between two of their endpoints are
smaller than a threshold (say one fifth of the image width). L-
junction edgelets connect gradient edgelets into longer contour
segments by filling in the gaps caused by missing local cues
and shortening. The second type of completion edgelets is
used to capture the occlusion relationship between contours,
referred as T-junction edgelets. A T-junction edgelet is placed



between an endpoint of a gradient edgelet and another gradient
edgelet if the extension of the former intersects the latter
one without crossing other gradient edgelets. See Figure-
2 for an illustration of gradient and completion edgelets.
Note that for each endpoint, only one T-junction edgelet is
proposed, and we treat the rectangular image boundary as four
gradient edgelets as they are also a kind of occluding (clipping)
boundaries. Please note that there are important difference
between L-junction edgelets and T-junction edgelets. An L-
junction edgelet always bridges two endpoints of gradient
edgelets whereas a T-junction edgelet extends from one edgelet
until it is blocked by another edgelet, as if the first boundary
is occluded by the second one.

To build a graph of boundary segments, we view each
edgelet as a graph node. We use the same connectivity as we
propose the completion edgelets. Note that in our graph the
neighboring C-edgelets and G-edgelets always appear alter-
natingly. Compared with the CDT (Constrained Delaunay Tri-
angulation) graph proposed in [55], our graph model accepts
a higher order of connectivity, and it also explicitly encodes
richer types of junction relations (such as occluding/occluded)
among contours. Moreover, we have experimentally confirmed
that the proposed graph with about 1000 completion edges
per image is able to recall 95% of the ground-truth boundary
points on the BSDS300 dataset. In comparison, a CDT graph
with about 300 completions per image has a recall rate of
88%. Although a CDT graph seems more efficient, the high
recall rate of our model is a precondition for enforcing the
connectedness constraints. At the same time, the model adopt
a fully factorized representation of the junction potentials, so
that the model complexity only increases moderately with the
number of completion edges.

3.3 A higher-order CRF for contours

Based on the graph of boundary segments in Section 3.2,
we build a CRF model to capture both properties of individ-
ual contours, and their interactions. In particular, our model
focuses on four aspects of contour properties, including 1)
local image contrast; 2) contour smoothness and continuity;
3) contour closure; and 4) overall model-complexity.

Our model is formulated as follows. Let an image [ have
a boundary segment graph G = (V, E) with edgelets as its
node set V. We associate a binary variable with each edgelet,
and denote all variables as Y = {y; € {0,1},Vi € V}.
The edgelet variables are divided into two sets: the gradient
edgelets Y9 = {y;,i € V,} and the completion edgelets
Y¢ = {y;,7 € V.}. When we need to differentiate two types
of completion edgelets, we use V! and V! to denote the sets
of L-junction edgelets and T-junction edgelets, respectively.
Each edgelet is connected to neighboring edgelets at the
vicinity of its two endpoints. To capture the “good continuity”
and “closure” rules, we need to consider both near-range and
longer-range interactions between the edgelets, by introducing
the following three types of cliques in the graph:

1) For every connected edgelet pair, we have a “pairwise
clique”, and denote the set of pairwise cliques as CT’;

Image ..m
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Fig. 3. A factor graph representation of our CRF model.
The circles represent variables in the model and the squares
are potential functions (i.e. factors). The gradient edgelets are
shown in blue and the completion edgelets are in red or green.
Some connections are not shown for clarity and see text for
details.

2) We assign every completion edgelet (no matter it is L-
type or T-type) a triple-node clique that includes itself
and two neighboring gradient edgelets, and this type of
clique is called “junction clique”, and the entire set of
such junction-cliques is denoted as C”;

3) At an endpoint of a given gradient edgelet, all the
edgelets connecting to this endpoint induce a higher-
order clique, and we refer to the set of such higher-order
cliques as C'H.

Our CRF defines a joint distribution of the labels Y given
the input observation X, denoted as PY‘X for short, which
includes four types of potential functions,

Pyx =7 eXP{ - ( Z op (yi,x7) + Z Yy (Yq,Xy)

1
X i€Vy qeC’

+ Z Yr (Yq) + Z UM (yz-,x?‘))}, )]

qeCPuCH i€V,

where Zx is the partition function, and the potential func-
tions ¢p (data term), ; (junction term), r (global clo-
sure/connectedness effect term) and 15, (model-complexity
term) are used to describe different aspects of desirable
contour properties. We use Y, to represent the variables
associated with clique q.

A factor graph representation of the CRF model is shown
in Figure 3. The circles represent the variables in the model
and the squares are potential functions. The black circles in
the uppermost layer denote local observations. In the layer
below, the green circles stand for the binary random variables
of gradient edgelets, while the purple circles in the bottom
layer stand for the binary labels of completion edgelets. The
connection between a gradient edge node and an observation
node represents a unary term in our potential function, en-
coding the information from local edge detection.The square
nodes between gradient edge nodes and completion edge nodes
represent junction potential functions. The prior terms which
are unary terms are not shown in this graph for clarity.



4 DESIGN OF POTENTIAL FUNCTIONS
41

A unary potential ¢p (yl-, xf) computes the likelihood score
that the i-th edgelet lies on a true contour. This term is defined
as a linear function of a boundary feature vector x¢:

Unary data terms ¢p

op (yi,x¢) = awjxly;, 2

where w is the weight for image features and « is an overall

weight for the data term. In this work, we use the lengths of
edgelet [;, logarithm of the average Pb value, and their product
as input features.

4.2 Junction potentials v,

For every completion edgelet y;,7 € V. and the associated
triple-node clique ¢ € C”, we define a junction potential
1¥5(Y4,X,) to encode the continuity property. For an L-
junction, we design an L-potential to impose the principle
of good-continuity; For a T-junction, we design a T-potential
to express the likelihood of occluding/occluded relationships.
For either case, we define an image-dependent triplet potential
function involving the central completion edgelet y; and its
two connected neighbors {y;,yx}, as shown below (and in
Fig-4):

V(Y Xg) = Uy (Yis Yjs s Xg) = W Xgyiy Y, (3)

where w; is the coefficient for the junction feature vector

X4, which is extracted from the neighborhood of clique g.
Note that this potential assigns a score of w’% X, to the case
that the whole triplet is active, and zero otherwise.

The image feature vectors used in this work are summarized
in Table-1 (for notation please refer to Figure-4). For the L-
junction case, we denote the features by X!, and for the T-
junction case we use Xfl. The first feature of Xfl is [; denoting
the distance between the two endpoints. The second feature
l; is the sum of two distances between each endpoint and
the estimated center of the junction. The angular completion
features are adopted from [59]. These feature measures the
turning angle of the junction, and the difference of two angles
at each end of the completion edgelet. According to [59] the
linear combination of these two features is a scale invariant
approximation of the elastica energy. For T-junction edgelets,
the first feature [; denotes the edge length, the second feature
is the ratio between the length of the T-junction edgelet and
the length of the occluded gradient edgelet. The third feature
measures the deviation of the junction center from the center of
the occluding edgelet. The last feature is the squared difference
between 7/2 and the angle of this T-junction.

4.3 Contour closure potentials yr

The contour closure principle is also difficult to capture
by local potential functions. In this paper we approximate
the global closure principle by a sequence of connectedness
constraints. At an endpoint of an edgelet we can identify
two types of such connectedness constraints, each of them
is formulated as a set of linear inequalities given follows:

| image features | description
Xf](l) l; effective distance(smooth)
X! (2) I effective distance (corner)
X?(3) a;(0;,; +0;1)? | angular completion
)(5(4) b;(0;,; —0; )% | angular completion
X;(l) l; effective distance
X5(2) 'li /(f] , relative distance
Xt (3) 7“;;113 gk) intersection position
Xt (4) (0;, — 7/2) 2 | intersection angle
x¢(1) l; length of edgelets
x¢(2) log(Pb;) average log(Pb) response
xf(S) l; log(Pb;) sum of log(Pb) response

TABLE 1

Summary of image features used in junction potential
functions (c.f. Fig-4). For completeness, we also include
the unary data term features x¢.

Fig. 4. Two types of completion edgelets. Left: an L-junction
edgelet and its image feature description; Right: a T-junction
edgelet and its image feature description.

(1) Completion Constraints ensure that no completion
edgelet can be active without both of its connected gradient
edgelets being active. That is, at either endpoint of a com-
pletion edgelet y;,7 € V., its neighboring gradient edgelet
Y;j,J € Vg should satisfy the inequality,

yi <vy;, Vi€ V.jeV,(i,j)eCr. 4)

(2) Extension Constraints ensure that if a gradient edgelet is
active, then at least one of its connected completion edgelets
should be active such that it can be extended. Formally, at
either endpoint of a gradient edgelet y;, j € Vg, all the edgelets
incident to that endpoint, which form a clique ¢ € CH, should
satisfy the inequality,

vi < Y v Vi€VyqeclH )

ieqnVe

Figure-5 illustrates some configurations that either satisfy
all the above constraints, or violate one of these constraints.
Together, inequalities-(4) and -(5) ensure the connectedness
of contours, and hence in the solution space, no contour will
be extracted with loose ends. Each of the above inequality
constraints can be coded as a polynomial term which equals
to 0 when the inequity is satisfied, and equals to M which
is a sufficiently large number, otherwise. The inequity-(4)
is coded as M(1 — y;)y;, and the inequity (5) is coded
as My; [[;c v, (1 — vi). We collectively represent all the
connectedness constraints by the contour closure potentials,
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Fig. 5. Examples of valid/invalid configurations w.r.t. the
contour closure potential. Blue: Gradient edgelets; Red/Green:
Completion edgelets. Left: A valid configuration which satisfies
the closure potential. Middle: A configuration which violates the
completion constraint (i.e. Eg-(4)). Right: A configuration which
violates the extension constraint (i.e. Eq-(5) ).

qucPucH ¢F(Yq) =

MO > O=yu+ >, w [ =),

(i,j)ec? gecH i€gnVe
i€V,,jEV, JEVy

where M is a very big positive number. Note that ¢r(Y,) = 0,
if and only if the corresponding inequality is satisfied.

4.4 Model complexity potentials ),

In natural images, image contours often have multiple levels of
details, depending on the scale at which a scene is perceived.
To reflect this, we introduce a fourth-type potential function,
which can be viewed as adding a preference towards reducing
the total effective length of completion edgelets, hence controls
the overall model complexity:

Y (yi, X)) = 7wl xMy;, (6)

where x7"* is a feature representing the effective length of the
completion edgelet y;, w,, the (negative valued) weighting
coefficients, and 7 is a user-specified global scalar controlling
the overall model complexity. Details will be given in the
following sections. Note that this term is simply a weighted
“label cost” used in [8], which is a global higher-order term.

4.5 Energy function simplification

The high order terms in (3) make the energy minimization
problem difficult to solve. Fortunately, due to the speciality
of our potential functions, especially noting that the y;s are
boolean variables, we realize that when Eq-(4) is true, then the
cubic-term triplet junction potential in Eq. (3) can be reduced
to linear terms, i.e.

wli X yiyjue = wi Xy, Vie (gnVe), ge C7.
(7)

This reduction is significant, as it greatly simplifies our energy
function. Now, except for the higher-order terms of ¢, all the
other terms are reduced to be unary and linear. Moreover, even
the higher-order terms vr are in linear form, because they are
nothing but the linear inequalities in Eq-(4) and Eq-(5).

In summary, given input X, the problem of maximizing the
conditional probability (1) can be transformed into an Integer
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Fig. 6. The histogram of the number of completion edgelets

connected to one endpoint on the BSDS dataset. We can see
that there are some junctions with dense connections.

Linear Program (ILP):

N
: d
min o Z woxdy; + Z W;‘Fquz' -7 Z X" Yi
i=1 qECI NigqNV, i€V,
st.  Yr(Y,) =0, VYgecPucH. (8)

The constraints are simply the linear inequalities in Equa-
tion (4) and (5).

5 INFERENCE

After combining all potential functions together, we obtain a
(very) higher-order CRF model. To directly solve this higher-
order CRF is very difficult. First of all, unlike previous CRF
models, our graph construction allows much larger cliques
to form. Therefore, it is non-trivial to apply message-passing
algorithms, such as Loopy BP, to the problem. Secondly, it
is shown in Section 5.1 that the higher-order inequality con-
straints in ¢ r make the whole energy function non-submodular
under very mind conditions. This non-submodularity and high-
order properties of our energy function prove difficult to apply
graphcut [4] or QPBO [17] for inference.

Therefore, a customized inference algorithm based on linear
relaxation is proposed in Section 5.2. The feasibility and
efficiency of this algorithm is discussed in Section 5.3 and
Section 6.3.

5.1 Properties of the proposed energy function

First, unlike previous boundary CRF models, our graph
construction allows large-sized cliques to form. As shown
in Figure 6, the mean value of vertex degrees is around 10
and the maximum is 25 for 100 BSDS images. Secondly,
although most part of the energy function is linear, the higher-
order constraints in ¢¥r make the whole energy function non-
submodular. It can be shown that if there exist two single-
connected contours which share some edgelets, then the energy
function is non-submodular. See the appendix A for detailed
proof.

Proposition 1. [f there are at least two single-connected
contours intersecting with each other, then the energy function
in Eq.(1) is non-submodular.



Empirically we also observe that the assumption is satisfied
in most cases. In the following subsection, we propose a novel
optimization method based on the cutting-plane and coordinate
descent methods.

5.2 Algorithm description

For clarity of presentation, the energy minimization problem
is formulated as a standard integer program:

min Y 9)
st. AY <b (10

Yi € {07 1}>V7/ € ‘/7 (11)

where Y = {y;,i € V} is the labels of all edgelets. The
parameter vector c is the weights of edgelets, and A, b param-
eterize linear constraints for the connectedness constraints.

While there exist many general-purpose off-the-shelf ILP
solvers, such as those based on branch-and-bound, they are
incapable to handle large-scale problems such as our case
(where there typically are thousands of variables and con-
straints to be solved). We therefore propose a tailored opti-
mization approach, which combines the ideas of cutting-plane
and coordinate-descent.

Our inference algorithm is shown as Algorithm 1. We firstly
solve a linear relaxation of the original integer program.
Usually, after each round some variables have fractional values
and we sequentially add more constraints such that those frac-
tional variables have to be boolean. Unlike the conventional
cutting-plane method, we directly add the integral constraints
to a small number of fractional variables instead of searching
for a cut. In particular, we randomly select N,,,, fractional
variables, and add their integer constraints into Eq. (8). Then
we solve a mixed integer linear programming (MILP) that
generates integer solutions to the selected fractional variables.
Once a solution to the MILP is found, we fix the values
of the selected subset of variables and search an optimal
configuration for the remaining variables iteratively.

Since this algorithm is not guaranteed to find global op-
timum, it is necessary to assess the quality of solutions.
Section 5.3 first shows that the algorithm can always find
a feasible solution to the integer program. Then Section 6.3
shows that the solutions are also close to the optimal, and can
be computed efficiently for our problem.

5.3 Feasibility of Algorithm 1

A solution of our algorithm always satisfies connectedness
constraints since all the constraints are present in the infer-
ence process. In other words, the solution will correspond to
topologically correct contours. However, it is not self-evident
why the algorithm can always produce a feasible solution.
Note that some of the labels are greedily determined when
others still have fractional values. Therefore it seems that there
could be an infeasible MILP such that Algorithm 1 cannot
find a solution at all. The following proposition excludes this
possibility:

Proposition 2. Algorithm I can always find a feasible solution
of Eq(9)-(11).

Algorithm 1 Our inference method for solving (8)
Input: A, b, ¢, Npax

Dipy < {0}

Dsol — {(Z)}

Y* =argminc’Y (12)
st. AY <b (13)
0<y; <1, VieV (14)

Ny < number of labels with fractional values in Y*

while N; > 0 do

if Ny < Npyq, then
Djp: < indices of Ny fractional labels in Y™

else
D+ < indices of N, fractional labels in Y*

end if

Y* =argmin 'Y (15)
st. AY <b (16)
y; € {0,1},Vi € Djpy 17)
yi = y;°' Vi € Do (18)
0<y; <L,VieV (19)

Y, < Y*

Dsol — Dsol UDznt

Ny < number of labels with fractional values in Y*
end while
return Y*.

Proof: First, if the LPR and each MILP the algorithm
needs to solve is feasible, our inference can find a solution in at

most | 2% —‘ iterations. where [z] is the ceil function which

Nmaz
return the minimum integer number larger or equal to x. N is

the number of variables. NV,,,,, denotes the maximal number of
integer dimensions that the subroutine can efficiently solve at
one time. The solution, once obtained, satisfies the constraints
(10)(11), thus is a feasible solution of the ILP. However,
it is not obvious that the the LPR and MILP are feasible.
The LPR is feasible because of the trivial solution Y* = 0.
The feasibility of all MILP can be established by induction.
Suppose Y* is the solution of the previous MILP (or the LPR
for the first iteration), We will show that the next MILP has at
least one solution Y* = [Y*]. In other words, Y* is obtained
by any fractional label in Y™ to 1.

The feasibility of Y* can be established by checking the
constraints of MILP. First of all, Y* is binary, therefore the
Eq (17) is satisfied. Second, obviously g = vy if y* € {0,1}.
Therefore, the Eq (18) is satisfied. Finally, we show that Y*
satisfies the inequalities. Since Y™ is the previous solution,
these inequities are all satisfied:

yr <yr, VieVe,jeV, (i,j)eCt. (20

vi< Y. oy, VieV,qeCt @1)
1€qNV,

0<y; <1, VieV (22)

Eq(23)(25) are the connectedness constraints dissembled from
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Fig. 7. Top row: three synthetic test images (from left to
right: occlusion, clutter, closure). Bottom row: Our results. The
lines in blue indicate the active gradient-edges; The lines in red
indicate the active L-junction edgelets, and the lines in green
indicate the active T-junction edgelets.
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Eq(19). It is straightforward to verify that
(i1 < Tyl VieVejeV,(ij)eC” (23)

1< > [y, Vi€V,qeCt (24)
ieqnVe
0<[yf1<1, VieV (25)

Therefore, Y* satisfies the Eq(16)(19) too. Thus, we have
proved that MILP will always be feasible. Therefore, Algo-
rithm 1 can always produce a solution. O

6 EXPERIMENTS

Learning model parameters. The parameters used in the our
model, i.e. wgq, Wy, w,, (cf. Eq-(8)), are learned by the logistic
regression with a piece-wise learning strategy [62]. For each
type of edges, we labeled hundreds of negative and positive
samples. The logistic regression is then used to determine
the optimal parameters. Cross-validation is used to choose the
global parameter « in unary terms (Eq-(8)).

6.1

In order to validate our contour completion model, we test it
on a number of purposely designed synthetic images. These
images are commonly used in cognitive vision.

Figure-7 shows some examples where our method performs
nearly perfectly, extracting multiple closed contours regardless
of occlusion (Ist image), clutter (2nd image), and prefers
closed contours (3rd image), just as we expect. In this figure,
we give the raw outputs of our method, where different colors
are used to indicate different types of edges: blue stands for
gradient edgelets (G-edge); red stands for L-junction edgelets
(L-edge); green stands for T-junction edgelets (T-edge). Note
that the third image is often used for demonstrating Kanizsa’s
visual illusionary contours. Our model shows an evident
preference of closed contours, similar to human’s perception.
The L-junction edgelets in-between are turned “on” because
they lead to a lower cost to the energy function.

Tests on synthetic images

6.2 Tests on natural images

Example results. We test our model on BSDS300, and also
some other natural images (such as the Weizmann horse

dataset [3] etc). Satisfactory results are obtained. Figure-9
gives some sample results of our method, with both raw out-
puts and the final contour maps displayed. More contour maps
overlaid on BSDS300 images can be found in Figure-8. It
seems that our method produces very clean, and also connected
contours. Even though each of these contours does not neces-
sarily correspond to a semantically meaningful surface region
(which would require a higher level of vision processing such
as figure-background segmentation), our results do improve
over Pb results significantly, and will be helpful for later-stage
high-level vision processing. Our Matlab implementation
running on a 2.1 GHz Intel Core Duo CPU, takes about 5
minutes to process a BSDS image (excluding the time used
for Pb detection).

Model complexity. In this experiment, we aim to test the
effect of tuning our model-complexity parameter 7. By tuning
this parameter, we obtain a series of results, each with a
different level of details (complexity). Some examples are
shown in Figure-10. Clearly, when 7 is larger, the extracted
contour images will have less details, and vice versa. It is
worth noting that, in both cases, the connectedness of contours
is always maintained, thanks to our hard closure constraints
used in the inference. This is in sharp contrast to local methods
such as Pb, for which increasing their threshold tends to yield
more-fragmented contours.

The closure potentials. This paper’s key insight is about
the closure principle. In this experiment, we deliberately
exclude the two sets of inequality constraints and run inference
again.Without the inequities, the probability of each edge is
determined solely by its weight.

We have tested two cases, one with the closure potentials,
and one without, on all the 300 images in BSDS300. Figure-11
gives a statistical comparison using the precision-recall curves.
The effects of the closure potentials are evident.

6.3 Effectiveness of the inference algorithm

We demonstrate the effectiveness of the inference algorithm
on 100 BSDS images. The quality of a solution is estimated by
computing the ratio of solution energy over the energy lower
bound obtained by linear programming relaxation. Since in
our model energies have negative values, the ratio is a number
between zero and one. The histogram of energy ratios is shown
in the left half of Figure 12. It shows that the energy of our
solutions are very close to the lower bounds. The average ratio
is 0.982. Second, we show that the number of MILP iterations
is far less than the theoretical upper bound {NL“W As shown
in the right half of Figure 12, our inference algorithm only
needs to solve up to 6 MILP to obtain a solution while the
upper bound is around 100 iterations. This is not surprising
as variables are coupled by the linear constraints. When one
set of variables are fixed to integers, many other variables will
have integer value due to these constraints.

We also tried the multi-start procedure to further minimize
the solution energy. The procedure selects ten different sets
of the variables for branch in Algorithm 1. Therefore, ten
solutions will be obtained by the procedure. The solution
with the minimal energy is selected as the final solution. The



Fig. 8. Contours overlaid with the input images from the BSDS300 dataset. Best viewed in color.

average energy ratio increased to 0.994. Although the energy
is a little more close to global optimal, the contour outputs are
little different from those obtained by Algorithm 1. Therefore,
we think the Algorithm 1 is enough to obtain a good solution,
and the multi-start procedure is not employed for the rest of
the experiments.

6.4 Benchmark with existing methods

We compared our method with other existing methods for
contour extraction and completion. Some example results are
shown in Figure-13 for visual evaluation. Compared with Pb,
Ren et al’s CRF and the contour-cut algorithm [24], our
method seems to produce better results in terms of contour
connectedness. Of course, such a comparison may be seen
unfair, as it is not other algorithms’ intention to generate
connected contours. Nevertheless, we find our results visually
more pleasing, which perhaps suggest that our results are
closer to human perception. We also did an overall statisti-
cal comparison among these algorithms, based on BSDS300
benchmark. The precision-recall curves are plotted in Figure-
14. Our new model outperforms Ren et al.’s CRF model by a
clear margin. In the high-precision regime, our model achieves
comparable result with the contour-cut algorithm (using its
top 10 contours only), but in the high-recall regime (this
regime is most useful for object recognition [25]) our method’s
performance is more consistent. We did not include Kokkinos’
method [25] in the comparison, because he used a dedicated
local edge detector (instead of Pb).

Our method is further tested on the BSDS500 dataset which
has additional 200 test images. As shown in Figure 15 the
general trends of the results are similar to those in BSDS300.
Our model achieves the same F-value 0.67 as the Pb detection.
However, our model is advantageous when the recall rate is
neither too high nor too low. This is understandable since the
priors of our model, i.e. smoothness, connectedness are most
effective in the mid-recall range. When the recall rate is high,
the contours obtained from thresholding Pb detection have
very small gaps. Therefore, even when our model connects the
contours correctly, the recall rate will not benefit much. The
incorrect completions however, will lower the precision. In
the low recall, high precision region, salient gradient edges are
sparse, and it becomes more difficult for our model to connect
these sparse edges. According to [24], contours associated with
first 20 eigenvalues are selected as outputs. Their performance
is enhanced by spectral information in the high precision
region.

Contour Rand index. Human are sensitive to the com-
pletion of contours. For example, if the central point of a
line segment is removed, human would recognize that as a
broken line. In contrast, it is less noticeable if a point is
removed from either end of the line segment. The precision-
recall metric, however, are not affected in either case. As a
complementary measure to PR curves, we adapt the well-
known Rand Index metric [51] to the contour case. Rand
Index is widely used for measuring clustering error. In this
paper, all connected contour points are considered in the same
cluster/group, thus the change of connectedness condition



Fig. 9. Sample results of our method on natural scene images.
For every three rows, top row: the input images; middle row:
our method’s raw outputs (blue: G-edge; red: L-edge; green: T-
edge); bottom row: Our method’s final contour maps. (Better
viewed on screen with zoom-in).

will lead to different clustering. We call our new metric
the Contour Rand Index (CRI). This metric should be used
in conjunction with precision and recall metrics for a more
complete assessment of contour quality.

The Rand index is defined as follows: let S = {e, es...,}
be a set of elements, C = {C,C5...C,.} and C =
{él,ég...ét} are two partitions of S. For example, C;s are
non-intersecting subsets of S. Let a be the number of pairs
of elements in S which are partitioned into the same subset
in both C, and C; b be the number of pair of elements which
are partitioned into different subsets both in C, and in C. The
number of all pairs of elements is p. Rand index is,

a+b
p

To adapt the Rand index to the contour grouping problem,
we make use of the groundtruth contours in the BSDS dataset.
The objective is to compute Rand index as the similarity
of grouping between a contour image and human labeling.
However, two problems need to be solved. First we need to
determine the elements for grouping. Rand index is defined on
the same set of elements. Apparently, a groundtruth image and
a contour image have different sets of contour points. Second,
we need to determine which elements are in the same group,
given a contour or groundtruth image.

To address the first problem, bipartite matching is car-
ried out between the groundtruth and contour image. Every

RI = (26)

N
B
.

Fig. 10. Effect of tuning the model complexity parameter .
Row 1: The input images. Row 2~5: Our method’s outputs
when 7 = 0,1,2,3. As 7 increases, the extracted contour im-
ages contain less details, yet connectedness is well maintained.
Row 6: Edge maps labeled by human.
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Fig. 11. Effect from the closure potentials. It is clear that
the closure-potentials substantially boost model’s overall perfor-
mance.
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Fig. 12. The left figure shows the histogram of the ratios of
solution energy over lower bound energy. The right figure shows
the histogram of MILP iterations per image. The experiment is
conducted on 100 BSDS images.
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Fig. 13. Methods comparisons on natural scene images: Top row: sample images from the BSDS dataset [2], the Weizmann
horse dataset [3], and baseball player dataset[43]. Other rows (from top to bottom): the Pb detector, Ren’s CRF (reproduced from

[55]), the contour-cut method, and our method (7 = 0.5 ).
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Fig. 15. Precision-Recall curves on the BSDS500 dataset

(Better viewed on screen).

matched pair of points is considered as one element in Rand
index. To address the second problem, we group contours
based on the connectivity. We search for 8-connected contour
points in a contour image as a group, and assign these
connected points a common group number. Searching stops
when all the contour points have a group number. The same
process is carried out for groundtruth. A pair of points with
same group number in the test image is correctly grouped if
their matched points in the groundtruth have the same grouping
number. If these two points are assigned with different group
numbers in the test image, their counterparts in the groundtruth
need to have different group numbers. To improve the stability
of the metric, we remove the contour groups containing less
than 10 image pixels. Note that although all the contour points
have a group number, only matched points are taken into
account by the metric. Last, the Rand index is averaged across
the images and human subjects. In sum, CRI is defined as:

doi 2@y +bi5)
Zi Zj Pi,j ’

CRI = 27)

where 7 is the index of human subjects and j is the index of
test images.

To demonstrate the effectiveness of connectedness prior,
our method is mainly compared with methods which are
also based on the same bottom-up edge detector (Pb). The
CRI values are shown in Figure 16. It shows that our model
consistently outperforms Pb in all recall region. Our model’s
outputs also outperform the contour-cut algorithm. Two recent
methods [71], [9] have higher accuracy than Pb. However,
without enforcing contour connectedness, they also have lower
CRI values. Under optimal threshold, [71] has a CRI of 0.34,
and [9] has a CRI of 0.37.
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Human CRI is shown as a red dot.

7 CLOSING REMARKS

Understanding the mechanism for contour-completion holds
the promise to develop better-performing image understanding
systems. This is however, a very challenging task which is
thought to be achieved by segmentation. In this paper, we have
presented a purely contour-based CRF method attempting to
enforce the contour closure principle, and derived an efficient
optimization method to perform approximate inference on the
higher-order CRF. The results on natural scene image datasets
show that our method can produce highly-completed contours
without sacrificing point-wise detection accuracy. We hope
this work will provide useful ideas for perceptual grouping
research.
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