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ABSTRACT

In the past forty years in many fields of physics and
geophysics, signals, usually in the form of waves, have been
observed by using arrays of receivers or detectors. The practical
problems of estimating the velocity and direction of a signal
observed with such an array, in the presence of noise not
correlated between receivers, have been solved by many people and
the statistical theory has been covered by E.J. Hannan. This thesis
firstly extends this statistical theory to the situation where the
noise is correlated between receivers.

Many ad hoc attempts have been made to cover situations where
more than one signal is present. We derive several consistent
eétimators of velocity and direction for this situation and discuss
their asymptotic properties. These estimators are further examined
using simulations and it is showﬁ that they can separate signals
which the array cannot resolve in the conventional sense. Also
several methods of preliminary analysis are discussed using

particular designs of arrays.
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NOTATION

Where possible the notation of Hannan (1970) has been

followed.

The following matrix notation is used

A-—l

ofe
w

A'

jk
ABB

Inverse of A.

Conjugate transpose of A.
Transpose of A.

The (j,k) element of A.

Kronecker product of A and B.

Within chapters, items such as lemmas and theorems are

numbered sequentially regardless of type. The end of such items

is denoted by //.
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INTRODUCTION

In the past forty years in many fields ranging from radio
astronomy to oceanography it has been found useful to observe
signals, usually in the form of waves, by using several receivers or
observation points simultaneously. The set of receivers and its
associated processing equipment is generally called an array. Until
recently two different approaches dominated the field. The first
approach was that used in early radar work: arrays sensitive only
to a narrow band of frequencies were used and the relative phase of
the signal was measured at the receivers. Averages over a short
period of time were used to obtain accuracy. The second approach was
that used in seismology where only transient signals (earthquake
tremors) were observed and the time of first arrival at each
recelver was measured.

In recent years attempts have been made to extend the phase
measurement methods to much wider ranges of frequencies. This has
only become possible with the development of electroﬁic computers.
It was first applied in oceanography where the frequencies and hence
the rates of data collection were low enough for early computers
(Munk et al., 1962). More recently similar work has been done in
seismology and sonar studies.

The aims of these measurements are to estimate the velocity or
direction from which the signals arrive, either to gain information
about the signals themselves or about the medium through which they

are passing. Of secondary interest are problems of signal detection



and estimation of signal spectra.

The situation of one signal observed with noise which is not
correlated between receivers has been solved in practice by many
people since about 1955 and its étatistical theory has been treated
by Hannan (1975). One signal observed with noise which is correlated
between receivers has been discussed by Widrow et al. (1967) in a
signal extraction context where the signal velocity and direction
are known.

Many attempts have been made to treat the case whére more than
one signal is present. Some ad hoc methods were suggested by Munk
et al. (1962). Hinich and Shaman (1972) obtained some asymptotic
results for regular arrays by increasing the size of the array.
Various approximate methods are commonly usea in practice. The most
notable of these is the "maximum likelihood method" of Capon (1969).

This thesis firstly extends, in Chapter 2, the estimation theory
developed by Hannan to the situation where the noise is correlated
between receivers. It is shown that this is really only possible if
the correlation structure is known. Several consistent estimators
of velocity and direction are derived.

The next chapter (Chapter 3) derives and discusses several
estimators for the case of more than one signal and uncorrelated
noise. It is shown that the maximum likelihood estimator is not
likely to be very useful in practice since it requires an accurate
knowledge of the spectra of all the processes involved. To overcome
this several other less efficient estimators are propoéed.
Asymptotic results are obtained for these with a fixed array size.
In Chapter U4 these asymptotic results are compared with the results
of simulation studies. Asymptotic variances are found to be

reasonable guides to small sample variances. Comparisons are also



made with Capon's method.

A different approach is developed in Chapter 5 where a method
first proposed by Aki (1957, 1961) is used to obtain preliminary
estimates of velocity, avoiding the nonlinear optimization problems
of other methods. Finally, in Chapter 6, some illustrations of

applying the methods of this thesis to some seismic data are given.



CHAPTER 1

PRELIMINARY DISCUSSION

1.1 REPRESENTATION OF SIGNALS AND NOISE

We consider an array of p receivers at locations £(1), &(2) .

€(p) in Euclidean space. Usually this space will be R? corresponding

to part of the earth's surface or R3 corresponding to real physical
space.

At the origin of this space (or at some fixed reference point)
the signal can have the spectral representation

: ®  _-iwt -

z(t) = Lm e dé(w) [1]
where &(w) is the spectral process with orthogoﬁal increments. The
signal will pass each receiver at some time before or after it passes
the origin. This delay could vary with frequency. A general

th

representation of the signal at the a  receiver would be

z(t,a) =

Ij; e—i{wt - 8(w,a)} aE(w) .

6(w,a) is called the phase delay at frequency w and receiver a.
There aré several common models for 6(w,a). Consider, as in

Figure 1.1, a plane wave travelling in direction ¢ (a unit direction

vector) with frequency w and phase velocity c(w). As can be seen

from Figure 1.1, after passing the origin the plane of the wave must

]
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Wave front
Figure 1.1

travel a further distance of <¢(a),$> before passing E(a). The time
taken to do this is <€(a),¢>/c(m) which corresponds to w<g(a),¢>/c(w)

radians of a sinoid of frequency ®w. Hence
B(w,a) = w<g(a),d>/c(w) .

It is often useful to combine the directional and velocity
information into one vector quantity, the slowness vector u(w) =

¢/c(w). Then
0(w,a) = w<g(@),u(w)> .

Each component of the slowness vector gives the reciprocal of the
velocity component in each basis direction. In a non-dispersive
situation where the phase velocity is constant with frequency, a
single slowness véctor would fully describe the propagation of the
signal.

Because of its interpretation as spatial frequency, the

wavenumber vector, given by k(w) = wp(w) is often used. Then



B(w,a) = <€(a),®

Throughout this thesis the wavenumber will be as defined here,
with units of radians per unit distance, not cycles per unit
distance as is sometimes done. It can be seen that even in non-
dispersive situations the wavenumber varies with frequency, a clear
disadvantage when compared with slowness. We shall use the scalar
wavenumber k(w) = k()| = w/e(w).

It is inherent in the above discussion that since we are using
phase delay methods, it is the phase velocity which is important.
Methods based on first arrival %imes usually give group velocities

u(w) where u(w) = gi . However phase techniques can be used to

estimate group velocities if desired (Hannan and Thomson, 1973).

Finally we note the following relations

k = = , T = == , %— = c(w)

where X is the wavelength and T the period of a wave.
We shall be considering s stationary signals observed with
noise at each of the receivers. The assumption that the signals and

the noise are independent of each other shall be made throughout.

The observed process is.

s
y(t,a) = =x(t,a) + I z.(t,a) , [2]
j=1
a=1, 2, ..., p s
and
B o  —i{et - 8s(w,a)}
zj(t,a) = [w e jre.4 dgj(w) [3]

If we let Zj(t) = (zj(t,l),zj(t,z),...-,zj(t,p))i

and ej(w) - (elej(m,l), elej(w,Q)’ elej(m,p))!

then [3] can be

LRI



expressed in vector form
©  ~jwt
(t = e 8.(w) dg.(
2, (1) [ 5(0) g (w)

In this form it can be seen that this vector process is simply a
linearly filtered version of the signal process observed at the
origin.
If the vector processes y(t) = (y(t,1),y(t,2),...,y(t,p))' and
x(t) = (x(t,1), x(t,2),..., x(t,p)) then [2] reduces to
s
y(t) = x(t) + T z.(t)
: =1 3
If both the signal and noise processes have absolutely continuous
spectra and Fx(m) is the spectral density matrix of the noise, fj(m)
is the spectral density of the jth signal then the spectral density
of matrix Fy(w) of the obsérved process is
s

() 8.(w) 8.()*
) ¢ T ) 8500) 05(w)

Fy(m)

This can be further simplified if we let F(w) = diag (f;(w), fo(w),
;..,fs(w)), that is a diagonal matrix with fj(w) in the jth position

and B(w) = ( 8;(w), Gz(m),...,' Gs(w)). Then
Fw) = F(w)+ 8w Flw) 8(w)?

The matrix F(w) can be considered to be the spectral density of the
vector process Z(t) = (il(t), iz(t),...,gs(t))' where .;j(t) is the
jth signal as observed at the origin. The assumption that F(w) is
diagonal corresponds to assuming that the signals are not correlated
with each other.

The vectors‘ ej(w) shall be called phase vectors and the matrix

8 (w) the phase matrix.

When reference is made to correlated noise, it will be meant



that the noise at different receivers is correlated and that Fx(w)
is an arbitrary positive definite matrix. The noise will still be
considered independent of the signals. References to uncorrelated
noise will mean that Fx(w) is diagonal. Often it will be assumed

that the noise spectra at each of the receivers is identical and

hence Fx(w) = fx(w) IP.
1.2 DISCRETE TIME EFFECTS AND ESTIMATION PROBLEMS

In practice the process is not observed in continuous time but
rather the output of each receiver is sampled at regular discrete
time intervals. The frequency of sampling must be high enough to
retain all the information in the frequency range desired without
significant aliasing. With no loss of generality the sampling
interval can be assumed to be unity, giving spectra defined on the
interval [-mw,7n].

Aliasing of noise presents no problem since aliased noise still
looks like noise. If the higher frequency components of a signal are
aliased then these can be modelled as extra signals. A signal with
a frequency range up to km can be represented as k separate signals.
The spectral representation theorem implies that these components
will not be correlated with each other.

Alternatively aliasing-may only interfere with the signal over a
limited frequency range. In this case such frequencies can simply
be ignored. Due to this and other forms of interference which could
be present our analysis shall always be restricfed to a set B of
frequencies such thét (a) B € [-m,m], (b) B is symmetric about zero
and (c) B is a finite union of open sets.

Instead of usiﬁg the data directly, we shall be using the



discrete Fourier transforms, given (for a sample of size N) by

N .
Y (@) = (@mD7EI y(na) e
n=1
or in vector form
-1 N inw
Y (w) = (2mN)™2 ¢ y(n) e .
n=1

This transforms the data into "frequency space" where it can be
directly compared with the spectral models. The Fourier transform

is evaluated only at the so-called fundamental frequencies
_ 2m] s - N N

mj = I3 ey e
It will be assumed that the phase delays for each signal at each
receiver are all functions of a single parameter vector t. This
vector will contain all the unknown direction and velocity parameters
for all the signals and it is this which we wish to estimate. The
true value of T we shall denote by Tj. It will be assumed that 7
is confined to a compact set with non-empty interior in Euclidean
space. )
This approach can readily cover all the models discussed in the
previous section. By having a single parameter vector instead of

one for each signal it is possible to model, for example, several

signals with unknown directions and common but unknown velocity.

1.3 NARROWBAND ARRAYS

To appreciate the relevance of the results in the following
chapters, it is necessary to discuss the construction and properties
of real-time arrays which are used in fields such as radar.

Most receivers consist of an oscillator physically coupled to

the medium. When the medium vibrates due to the passage of a wave,
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the oscillator also vibrates and in a band of frequencies close to
its resonant frequency it can greatly amplify the vibrations. The
less the oscillator is dampened, the greater is this amplification,
although over a narrower band of frequencies.

The ease of constructing such receivers meant that early arrays
tended to be constructed with them.

A signal arri&ing at the array can be extracted simply by
introducing a phase shift at each‘receiver to compensate for the
signals phase and then after appropriate weighting, summing the
outputs. If the phase shifts are not correct for that signal then
the power at the summed output will be reduced. The procedure is

known as phase and sum beamforming and is shown schematically in

Figure 1.2.
>r: :T: “ e e . - )f: Filters / Recevers
6, ez ’ ) ' QP Phase shifters
W, W, et % Weights
Sunmer
Square Squarer
| |
/- : Lowpass filter
or integrater

Output

Figure 1.2
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If the bandwidth is too wide, the phase shifts are not so
effective (Knittel, 1974) and must be replaced by time delays. Time
delay units have always created practical problems and the only real
successes have been with digital delays (Anderson, 1360).
In operation the phase shifters are set so that they‘are correct
for a signal arriving ffom a particular direction (or velocity).
This difection is then varied so that the array can "look for"
signals. This creates immediate problems with transient signals
since they could be missed if the array is pointed in the wrong
direction when they arrive. Also when the array is pointed in one
direction, it is still sensitive to signals from other directions, a
problem if more than one signal is present.
This sensitivity of the array to other di%ctions is described
by the array function. In the case where the signals are modelled
in terms of their wavenumber, this is
p

S(x) = | = W, e
a=1

i<€(a),K>|2

where the weights Wa are real and agl Wy = L. If the array is
regarded as a spatial filter (Barber, 1961), or Schell (1969) then
S is the power gain function.

S achieves its ma#imum of one when k = 0. This maximum which
is called the main beam or mainlobe, corresponds to the direction in
which the array is looking. Secondary maxima, called stdelobes,
indicate significant sensitivity away from the main beam. A good
array_is considered to be one with small sidelobes and a narrow main
beam. A rough measure of the narrowness of the main beam is given
by the second derivatives of S at zero

32

oK 4 0K
3

j S (0) = LR W W (£i(a) - Ei(b))(Ej(a) - Ej(b)) Cul
v
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This is maximized by making the array as large as is possible.
Unfortunately if the spacing between receivers is too great the

sidelobes become dominant.
1.4 FIELDS OF APPLICATION

In most applications the signals we are concerned with are
waves although this need not be the case. For instance the methods
of this thesis could be used to study travelling nerve impulses.

It was mentioned earlier that radar and radio astronomy were the
first fields of application of arrays. Due to the very high
frequencies involved (1 MH, - 10 GHZ) observation times can be very
short and little is lost by operating in real time. Also it is
almost impossible to sample fast enough to apply digital processing
techniques.

Sonar is the acoustical equivalent to radar but due to the
significantly lower frequencies (1 H, to 20 kHZ) and much lower
velocity (1.2 Km/sec) it is relatively simple to sample and record
receiver outputs. In some applications where fast processing is é
necessity, special hagawired electronic units are used for parts of
the computation such as fast Fourier transforming. The arrays are
usually working in three dimensions. The field is reviewed by
Winder (1975).

In seismology arrays must be used since no worthwhile directional
receiver exists. The frequencies are low (.0l H, to 20 HZ) and
wavelengths large (.05 Km to 1600 Km). Therefore arrays are very
large and until recently receivers were not directly linked together
so that the oﬁtputs had to be recorded and processed later. Usually

only small sections of the record are of interest.
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Seismic waves can be divided into two types--body waves which
propagate in thfee dimensions through the depths of the earth, and
surface waves which are confined to the surface of the earth. Both
of these types can be further classified by the mode of vibration
they involve. Body waves do not undergo significant dispersion.
However, arrays used to observe them are confined to the two-
dimensional earth's surface and body waves arriving from different
angles appear to be travelling across the surface at different
velocities. Surface waves are greatly dispersed and measurements of
their velocity are very important methods of examining the earth's
crust (Dziewonski and Hales,'1972). Further details can be found in
Davies (1973)- or Bath (1975).

Ocean waves have also been studied using arrays, notably by
Munk et al. (1962). These are surface waves with predictable speed
so that their directions are the main interest. They are one means

of studying their sources, ocean storm centres.
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CHAPTER 2

ONE SIGNAL ESTIMATES

2.1 ONE SIGNAL WITH UNCORRELATED NOISE

The case of one signal with noise uncorrelated between
receivers was considered by Hannan (1975). In this case s=1 and 8
is a vector of dimension p. Hannan made the following assumptions

which we also shall use.

CONDITION 2.1

(a) The process y(n) is stationary and ergodic.

(b) Both the signal and noise processes have absolutely
continuous spectra, and spectral density functions with a finite
number of discontinuities.

" (c) The parameter T is confined to a compact subset of
Euclidean space.

(d) 8(w,t) is continuous in w and twice differentiable in
T in a neighbourhood of Ttp. //

The condition of ergodicity is made without cost since from
one realization of the process it is not possible to decide whether
the process is ergodic or not. If ergodicity is not assumed then
the following results are conditional upon being in a particular

ergodic class. It is impossible in practice to tell if other
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ergodic classes exist or not.
Hannan defined the following function (which we shall call the

estimating function),

qQ(t) = NI ED W () I (w) JiH8(w,a,1)-6(w,b,1)}

(1]
weB afb ab”.

ab

where the summation is over those fundamental frequencies in the
set B (see Section 1.2) and over all pairs of receivers. The
periodogram I(w) is defined by I(w) = Y(w) Y(w)*, and Wab(w) are
real valued weights. The only relevant weight functions are those
for which Wab(w) = Wa(w) Wb(w). If such a weight function is used
and the terms for which a=b are included (these do not depend upon
T) then [1] reduces to

. 2
q(t) = N1 % T W ‘Ya(w) e"18(w,a,T) ) [23

8&B a

This may be seen to imitate completely the functions of the
processor discussed in Section 1.3. The Fourier transform of ya(n)
can be thought of as a narrowband filtered output of the ath
receiver. It is rephased, weighted and these are then summed over
a. The power from each frequency is combined to give the beam
output. Changing the value of T is equivalent to adjusting the
array for a different velocity or direction.

As we would expect from this, our estimate for Tg is that
value ;N which maximizes the estimating function. An identification

condition is required to ensure that this global maximum is unique.

CONDITION 2.2
There exists no allowable T#TO such that for all w&B and
a=1325- «sp

6 (?ia,r) - 8(w,1,7) = 6(w,a,tg) - 6(w,1,tg) -//
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This corrects the condition as stated by Hannan.
Hannan gave two principal results. The first theorem states

A~

that if-Conditions 2.1 and 2.2 are satisfied then the estimate Ty
is consistent--that is &i& ;N = Tp almost surely. The second
theorem also assumed a fourth moment condition and a mixing condition
to obtain a central limit result. This stated that Nl/z(%N - T0)
tended in distribution to a normal variable with zero mean and given
variance matrix Z.

For the case where Wab(w) = W(w), that is the receivers are

weighted equally, and Fx(w) = fx(w) IP, then it follows from Hannan

that £ = A~1cA~!where A,C are matrices with elements given by

1 2 2
Ajk = = IB W(w) £ & (-5-?.— f(w,a,tp) - 5T_6(m,b,To)
ab Jj k
( 3 8 (w T0) 0 O (w T w) dw
ﬁ;" ,a, 0) - aT ( ,b’_ 0)) fz( ) d
and
1 3 9
Cjk = IB W(w)2 T ¢ (Tﬁ_ B(w,a,Tg) - I O(w, ,70))

ab 3j

(%}: e(m,a,TO) - —a_?—k' e(w,b,ro)) fx(w)(fx(w) + pfz(m))dw .

If the maximum likelihood weight function is used we have

Ww) = £ (w) £ 71(w) (f (@) +pf (0))7!
_ z X X z
and
- 1 R(w)? d 3
(b, = = | L% (s 8(w,a,T0) - =0 6(w,b,Tg))
jk ™ g 1+pR(w) a2 a arj BTj
P ]
(52— 0(w,a,T0) - 5= 8(w,b,T0)) du
T 9T
k k
where R(w) = fz(w)/fx(w) is the signal to noise ratio.

It is useful to consider this asymptotic variance with one of

the models from Section 1.1. If we let
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’ e(w,aau) = (D<€(a),l-l> >

which corresponds to no dispersion, then

R(w)?
1+pR(W)

-1 -1 2
hy = 7k WP I I (8 (a) - (b))

ab

(Ek(a) - £ (b)) duw
The similarities between this and [1.4]) are obvious. An array
with a narrow main beam will give‘estimates with a low asumptotic

variance.
2.2 MAXIMUM LIKELIHOOD ESTIMATING FUNCTIONS

Here we derive an approximate likelihood function which shall
be used in later sections. As several approximations are made
estimators based on this shoﬁld more properly be described as pseudo
maximum likelihood estimators.

Consider the observations y(1),y(2),...,y(N) of a p dimensional
vector valued Gaussian stationary process, with autocorrelation

function T(n) and spectral density matrix G(®). Let

YN vec(y(1),y(2),...,y(N))
y(1)

y(2)

y(N)

Then Yy is a Gaussian random variable of dimension Np. Its variance

matrix % is block Toeplitz.
r 3
r(0) r(u) r(z) . ‘ . r(N-1)

rqy)  r(o)  r(1)
r(2) r(1) r(o)

r(N-1) r(o)
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Suppose:. that I'(n) and hence I _ depends upon a parameter T to be

N
estimated. Then the log-likelihood function is

- & 1
Ly(t) = - %log (det 2o(1)) - BN log 2 - Ly %I ~H(T) yo

This is exact but almost useless in practice.

. . . . 4 iw,
If PN is a N X N unitary matrix with N 2ot jn,where

_ ooran=l g . . 5 oo 5 g ®
wj 2niN~*, in the (j,n) position, and Py PN& Ip then PN NPN

is approximately block diagonal with 5%—G(wj,r) as the jth p x P
block. Also ﬁNyN is a vector of Fourier transforms, that is

/55'vec(Y(wl),Y(wz),...,Y(wN)). Hence

1 5 S owy
Ly (1) - %log det (PNZN(T)PN ) -%log 2m

A

]7 v o~ -~
-—VayN PN (PNZN(T) P

N
z

- 1
2

{- log(det G(w,,T)) - Y (w.) 6w.,t)"1¥(w.)}.
] J J J

J=1

It is in this foﬁm that the likelihood is most useful. In
one sense we are acting as if the Fourier transform evaluated at
the fundamental frequencies is a set of uncorrelated Gaussian randoT
variables with zero mean and variance G(wj). If certain frequencies
are not used (as wﬁen we restrict the sum to the set B) we are
merely ignoring some of these variables. The resulting function is
still the approximate likelihood for the reduced set of data.

This likelihood function will be used even when the processes
are non Gaussian. The proofs given for consistency and limiting

distributions will not be assuming that the processes are Gaussian.
2.3 ONE SIGNAL WITH CORRELATED NOISE

We now set 8p(w) = 8(w,tg) and we omit reference to w and Tt

where this can be done without confusion.
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The estimator of Section 2.1 essentially uses the fact that the

expression
8% (f I_ + £ 0,8 *)e = f£p+f_ |6 *e|2'
X p z 070 X z! "0
is maximized when 8 = 83. If a diagonal noise spectral density

matrix is replaced by an arbitrary positive definite matrix FX, then
almost definitely the maximum will occur for 8 # B8p. In this section
we shall consider the case of an arbitrary positive definite noise
spectral density matrix FX.

It is only possible to derive estimators for correlated noise
if we have prior knowledge of the structure of the noise correlation.
Otherwise a signal can be found in any positive definite noise
matrix since if

A(e)A = Fx - 588*
is not positive definite for any €>0 then Fx cannot be positive
definite because the eigenvalues of A(e) are continuous in e.

We first consider the model
FEoo= F_+ fZGO* ,

y
where both Fx and fz are assumed known. Then

F-l=z F-l_(£/(1+£08TF -lg))r “leo r -1
y X z z X X X

and det F = (det F )1 + £6°F ~lg) .
y X z X

This gives the likelihood function

- -1y _ _ % -1 _ % -1
v qN(r) N - { 1og(de; Fx) log(l + £0F, 8) - Y F, Y
8:': -1g -1 % -1g 2
+ £, (1 +£8°F "18) (Y F 18]} [3]

The first and third terms do not depend on t and would be ignored in
practice. As before we estimate 1(¢ by that value %N which

maximizes [3].

Before proving consistency, we require the following lemma



which is well known in the field of multivariate analysis. An

alternative proof using calculus is given by Anderson (1958).

LEMMA 2.3

If A and C are positive definite p X p hermitian matrices,
then the function

g(A) = log(det A) + trace (A”!C)
is minimized by A=C and no other value of A.

PROOF

1
g(A) log(det A) + trace (A™°A

= log(det A) + trace (A~ CA™?)
P
= log(det A + I A,
. i
i=1

th 5%

1
where Ai is the i~" eigenvalue of A~ CA”2. Then using the

inequality for arithmetic and geometric means we have that

P 1/
g(A) 2 log(det A) + p( I ki) P

i=1
1% L 1
= log(det A) + p(det(A™° CcAT?)) /P

= log(det A) + p(det A) /P (det C) P

2 log (det C) +p *

The last step comes from considering the minimum of the

20

: 1
function x> log x + p(%& /P. Clearly this bound is attained when

A=C. If it is achieved for any other values of A, then the two

inequalities above must be equalities. Hence

P P 1
L3 A = (1 A /v,
- Py ? i=1
and det A = det € .

The first of these implies that all the eigenvalues of

!,
«

AP . e VL L S : .y .
A™2 CA™2 are equal. Since A2 CA™2 is also hermitian, it must be

a multiple of the identity and thus C=AA. But the second equality
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implies that A=1. //

THEOREM 2. 4
s . . 2im .
If Conditions 2.1 and 2.2 are satisfied then N-= T T Tp almost
surely.
PROOF

As in Hannan and Robinson (1973) it can be shown that qN(T) >

q(t) almost surely, uniform in T, where
q(1) = (2m)"1f - log(det Fy(w,T)) - trace(Fy(w,T)'le(w,To))dm
B

since Fy(w,ro) is the true spectrum. By Lemma 2.3 the integrand is
maximized when Fy(w,r) = Fy(m,ru). Condition 2.2. ensures that this
occurs only when T1=Tg. Then for any €>0 there exists N sufficiently

large such that

a(t0) - € £ qu(T0) = qu(f) < a(T) + € < q(to) + €.

Since €>0 is arbitrary, this holds only if T.. > 19 almost surely. //

N

A limiting variance result may be obtained for this estimator,

using methods to be developed in the next chapter. However, the

asymptotic variance is not very meaningful so we do not present it
here.

‘To use the above estimator both the noise and the signal spectra
must be known. If the noise spectrum is known, then for a given
value of 1, the signal spectrum fZ may be estimated by maximizing
[3] with respect to fz at each fundamental frequency. In fact

BqN

ES b % %
—_ = =1l -1 -lg3)-1 -1|2 -15y)-2
3%, NH{-8'F "'e(1+£ 8 F "'8)7t + |Y F ~1|°(1+f 8 F "'8)77}.

Equating this to zero we have an estimate fz :

~

- *L -1912/(9%F -1 *oo-1
, = (Y F "18|2/(8"F ~'8) - 1)/(8 F ~16) . [u]

It would be inefficient to use [4] directly since the value of %z
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it gives can even be negative. A better estimate of fz in practice
would be the average of [4] over a narrow band of fundamental
frequencies, as is commonly done in spectral estimation.

To obtain a preliminary value of 1, we may substitute [4] into

[3] directly to give a new estimating function:
_ -1 Z _ _ & -1a 12 £3 -1
qN(T) N weB{ log(dgt Fx) log (|Y F 8|%/8 F 8)
% % 3
_ -1 . -1lgt2 -1
YE Y + |[Y E "18]2/87F, 718} . [5]

As before the first.and third terms would not be used in practice
since they are independent of t. After using this estimating
function to obtain a preliminary estimate of T, the signal spectrum
could be estimated by averaging [4] over bands and then the maximum
likelihood estimate could be used. The last two steps could be
iterated if necessary.

It can be seen that [5] can be expressed as

Nl oz [R(1) - log(R(t))] + constants ,

g (1)
N weB

where R(T)

IY*FX'1 8|2/8*Fx"10 . When R(7) is significantly
larger than one, little would be lost by maximizing Nl I R(1).
This leads to the possibility of treating the case wherzegx = fxvx
and VX is known but fx is not. 1In some real situations theoretical

models could be used to predict VX(Eckart, 1953; Cron and Sherman,

1962). Hence we define a new estimating function

qQ(t) = N1 3 W)YV 18]2/67v ~le [6]
weB

and we shall call estimates based on this function adaptive
estimates due to the similarities to adaptive beamforming

methods (Widdrow et al., 1967).
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THEOREM 2.5
If Conditions 2.1 and 2.2 are satisfied then the adaptive

estimate based on [6] is consistent.

PROOF

As in Theorem 2.4 we have, uniformly in T, qN(T) > q(t) where

q(t) = (2n)“1f W(w)B™V ~1F (w,70)V, "18/67y ~l18du

B
. - 0.8 %
But since Fy(w,ro) fXVX + fz 080 we have
q(t) = (2m)7! J'B Ww){E (0) + £ |8V "18]2/8V ~18}dw

However, by the Cauchy Schwartz inequality
3 -1 2 E -1 * _18
|8g v ~18|2/6'v ~18 < 8 v, '8

and this bound is attained if and only if 8=A8p where X is a
(complex) scalar. Condition 2.2 precludes this for any A#£l, so that
q(t) is maximized at tg9. The remainder of the proof follows as for

Theorem 2.4. //
2.4 SOME NON-QUADRATIC ESTIMATING FUNCTIONS

The principle estimating functions used so far have all been
linear functions of the periodogram and therefore quadratic functions
of the data. Several non-quadratic functioﬁs have been proposed
amongst which are Capon's "maximum likelihood" function (Capon, 1969),
the entropy function (Burg, 1967) and the cophase function
(Posmentier and Herman, 1971). Of these, only Capon's method is
widely used in the estimation context. The maximum entropy method
arose in spectral estimation problems and does not appear to have
been applied to irregular arrays, despite suggestions that it could

be (McDonough, 1974). The cophase method has greater applications
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in the signal detection field.

We shall slightly change our notation for this section since
these estimators are usually used when several signals are present
and the true phase vectors are of the form Bj = @(Tj). For example,
each signal may have a wavenumber or slowness vector associated
with it and this parameter must be estimated for each signal. It
is then hoped that the S largest maxima of the estimating function
correspond to the.S signals present.

Capon's estimator uses estimates fy of the spectral density
matrix at a single frequency, formed by averaging the periodogram
over a narrow band of fundamental frequencies. The estimating -

function is then

)

g(ty = (o(1)" %y~1 a(t))"L . [71

Care must be taken that fy is not ill conditioned or close to being
singular. It must be formed by an average over at least p
fundamental frequencies and significantly many more if a taper has
been used or if the signals are transient. It can be seen that_t7]
is not related to the likelihood function and the name "maximum
likelihood" which has become attached to Capon's estimator is a
misnomer. Simulations in Chapter 4 will show that it can be
significantly inferior to true maximum likelihood estimators.

If the conventional one signal estimator of Hanﬁan is also to
be based on an estimate of the spectral density matrix, its

estimating function is
() = o) F e(n) . [8]
Piserenko (1971) noted that both of these estimating functions

could be fitted into a wider class as follows. Consider the

eigenvalue-eigenvector decomposition of F_: that is
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where Al,xz,....,kp are the eigenvalues and Ul,Uz,...,UP are the
associated orthonormal eigenvectors. Then the estimating function

is defined by
P % 1
q (1) = | ( Ai€|¢(1) Uilz) /e for € # 0
i=1

1% %
exp ( £ (log A.,)|e(t) U,|2) for € = 0
| -1 i i

With € =-1 we obtain [7] and with €=1 we obtain [8].
To obtain asymptotic results, we shall consider this class of

functions with fy,replaced by Fy'

THEOREM 2.6
IfF =f I + £ 896, then the estimating functions q (7) are
y X p z €

%
monotonically increasing functions of |&(T) 8]2 for all e.
PROOF
IfFF =f I +f68
y X P z
-1
then det(F_ - AI_ ) = (f -nP - i
en det( . A?P) ( < N (fx + pfz A)
Hence A1 = fx + pfz and Ai-= fx s, 1 =2,3,...p .
Also U; = 8/Vp and U2,U3,...,Up cannot be uniquely specified but

are orthogonal to 8. Let ¢ = a 8 +b where a is a complex scalar and

b is a vector in the span of UZ,Ug,...,UP. Then
p o= [lell?= [«]2 Jl6 [ + [Ib %,

and [p[|2= p- |a]?) .

Also we have that

l6°u1]2 = |e+Db) 8|2 /p = plaf?
and hence

p b3 %

2 Jo'u 02 = [Ib]12 = p - [o76|2/p

i=2
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Then for € # 0

% . 1
0, (D) = (£ rer) 00 012/ + £, Sp-[e(r) 0| 2)/p) ¢
' 1
_ * o2 € € /
= {pr€+l<I>(T) 8| (£ +pf, )" - £ )/pt '€
and for e = O
qp(t) = exp {p log £+ |<D(T)N8|2(l°g(fx+sz) - log fx)/P} .

In both cases qs(r) is a monotonic function of I@(T)*GIZ .
Since I@(T)*Q[z is maximized when #(t)=@, all of these
estimating functions should give asymptotically identical results. //
In the case of correlated noise, the eigenvalues of F_ are no
longer simple expressions as above and a general fesult for this
class has not been obtained. 'Howéver, in the case €=-1, that is

Capon's estimator, the known form of ]E‘y’1 can be used. Then

R | % %
F = F -1 _f@+ro F ~lo)-ly -lgg'F -1
vy b4 z z X X X

and

- L | o -1gy-llal-)Y ' ~lg|21-1
a-1(t) = {e(r)F ~te(r)-£,(1+£ 8°F "16) leC) F, "18]2}
o w £ le(t)"F ~lo]2 |¥
= (o(t) F.-le(r)) = — = —
X k=o |14£ 8 F 18 o(t) F ~lo(r) .
z X X
[al

- The last term in this is identical to that used in the adaptive
) %
estimator. However, the first factor (®(t) ‘E'X_1<I>(‘l:))'1 will usually

bias the estimator. If Fx = fop’ then [9] reduces to
. -1 > p A X—1 * 10, o k
g-1(t) = (pfx)  {(——==—) |e(1) 8]|2%/p2}
k=o 1l+pf f !
z°x
This is a positive average of powers of |(1)8|%2 . When the signal
to noise ratio, fz/fx is large the higher powers would dominate.

This explains the very sharp peaks observed with Capon's estimating

function.
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CHAPTER 3

MULTIPLE SIGNAL ESTIMATORS

The estimators of the previous chapter will fail to be
consistent when faced with more than one signal. In fact, relative
to one signal, the other signals are equivalent to correlated noise
of unknown structure. In this chapter, consistent estimates for

more than one signal and uncorrelated noise are developed.
3.1 THE SPECTRAL DENSITY MATRIX

The spectral density matrix corresponding to S signals and

uncorrelated noise with identical spectra at each receiver is

?y = FX + 8re . (1]

As before we shall only refer to w and T when necessary to do so to
avoid confusion.

If p 2 S and 8 has rank S then Fy_1 has the following forms:
F-1 = £-1(I - 6HO ) [2]
y X P

where H1 = fXF"1 + ONO

and secondly

F-l = f-1(1 -8(8°0)-18") + 8(8°8)"1(f (808) l+r)-1(8 0)-1l6"
y X P X
[3]
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These expressions can be verified by multiplying by Fy.

LEMMA 3.1

If 8 is of

det F
et ity

PROOF

rank S then
fXP'S'det(efe) det(£,(878)71 +F)

fxp'S det F det(H 1)

Let 8 = PNAQ where P is a pXp unitary matrix, Q is an SxS

unitary matrix and A= {g] where A is a nonsingular SxS diagonal

matrix. Also let F

Then

det F
y

oo

—

oga

det(£ PP + P AQFQ” AP)

det{P (£ I+ AFA )P}
x'p

det(f I+ KFR))
X P

This matrix is zero except for the diagonal and the upper left SxS

block. Hence

det F
y

_ ~ &
£ P75 Get(F I + AFA)
X X :

s
- % —

£ P S det{A(Ef A-1A-1" + B)AT}

X X

£ 275 der(A"A) det(£, (AN + )

p-S LN ok ko & ~ %
£, det(Q K PP AQ) det(fo(Q A'PP RQ)"1Q + QFQ

fxp”S det(8°9) det(fx(e”e)‘1 + 1),

which is the first of the forms reqﬁired. From this we have

H

det F
y

£PS det 870(F (8 8)! + F)
X X

p-S &
£ 777 det(£ I + 8 OF)
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= £PS Get (£7! + 08 0)F
X X

fxp'S det F det H! .1/

It is important to consider the extent to which the process is
identified By the spectrum; that is, the extent to which the repres-
entation [1] is unique. This will obviously depend on the model which
is chosen for 8(w,T) but the problem is difficult to solve in general.

If the spectra fx and T are fixed, we need only consider the
term OFO*. The eigenvectors of this expression are in the space

spanned by the columns of 8 and this leads to the following condition.

CONDITION 3.2

There exists no allowable T#%t; such that for all weB the
columns of 8(w,T) are all contained in the span of the columns of
8(w,tg); that is, 8(w,t) = 8(w,T9)C(w) for some matrix C(w) and all
weB implies t=71q. //

This is a sufficient condition for identification but it seems
unnecessarily strong if F is known. Note that it implies that S<p.

A simple case to consider is one where there is no dispersion‘

and hence
Gu(w, a,t) =. w<uu,£(a)> .

(In fact, by suitable non linear stretching of the frequency scale
many dispersive models can be reduced to this form.) Then the
(a,b) element of BFO* is

S

: f (w

) eiw<Uus€(a)"€(b)>
u
“u=1l

If the spectra are constant then this is an almost periodic

function and hence the representation will be unique. Also for S=2
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it can readily be shown to be unique if the spectra are known and
not identical. However there does not seem to be any general
theory to cover this.
If the spectra are not kept fixed (that is, are not known,
then it appears that Condition 3.2 camnot be improved upon. Let us -

consider an example where p=s=2, First suppose that

fx(w) = 3 - 2 cos w/2,
f (w) = folw) = cos w/2
1
: _ 1 1
and  8(w) T | i2w/m -i2w/u| C
e e
)
- 3 2 cos w/2 cose 2 w/h
Then f&(w) T |2 cos w/2 cos 2 w/4 3 .

.

Next consider

fx(m) = 3 - 2 cos 2 w/4
£1(w) = fo(w) = cos 2 w/h
1 1
and B(w) = iw/2 -iw/2
. e e

This gives exactly the same spectrum Fy as the previous case, at all
frequencies. In both cases the phase matrices are physically
reasonable.

In what follows, we shall assume that "the process is
identifiable", meaning that the spectrum can uniquely identify T.
This implies that each signal obeys Condition 2.2. In practice,
even when p £ S and the spectra are specified, identification does

not seem to be a real problem.
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3.2 THE MAXIMUM LIKELTHOOD ESTIMATOR

We now derive a maximum likelihood estimator, on the assumption
that both the signal and the noise spectra are known. Using the
results of Section 2.2 we define the estimating function

Qp (1) = N1 I -log(det F)-YFly .

N weB y y :

By Lemma 3.1 and [2], we have

Q) = N I {-log(f P=5 det F) - log(det H!) - £ “l¥y
weB X X

+ fx“lYﬁeﬂehy} ) [4]

In practice the first and third terms would be ignored since

they are independent of T. For the case S=2, if we ignore these
t erms, [4] reduces to
ag(t) = N1E {-logh + (£ 8)7M[£1(£ +p£2) (Y 812
X X
weB
+ fz(fX*“Pfl)|Y“9_z|2 — £1£2(V82 YY 61+981 YY 02)]

[51]

where A fx2 + Pfxfl + pfxfz + £162(p2-1v]?)

and V= 08, 8,.

The terms IY*91|2 and IY*82|2 can be thought of as corresponding
to beamforming in two directions, so that the last term in [5] takes
into account interaction between the two beams. |w]2 is a measure of
this interaction, being significant when the two beams are close to
each other or when one beam is on a sidelobe of the other.

As before T is estimated by that valué TN which maximizes

qN(T).
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THEOREM 3.3

If Condition 2.1 is satisfied and the process is identified then
the maximum likelihood estimator. is consistent.

PROOF

The proof follows exactly as the proof of Theorem 2.4. //

Before considering the asymptotic variance, the following

lemmas are required.

LEMMA 3. 4

If A(T) is a non signular matrix function of the vector T,

A(j‘)(T) = %— A(T) and

g(t) = log(det A(T))+ trace(A(T)~1A(Tq))
32 32
then mg('[)l,ro = '@"{}:g('fo)
= tr'ace(A(To)'lA(To)(j)‘A(To)_lA(To)(k)) .
PROOF
We have
%g(T) = ‘Cr‘ace(A(T)(j)A(T)_l) - tI’ace(A(T)—lA(T)(j)A(T)—IA(TQ))
j
and
2 . .
afgﬁ?“'g(T) = trace(A(T)(]’k)A(T)_l—A(T)(J)A(T)_IA(T)(k)A(T)'l)
3%k ) )
—trace (-A(t)~1a(0) Ma) w0 P acr) 1actg)
+ A(r)'lA(r)(j’k)A(r)‘lA(ro)
- a0 Faco a0 Fac)1acey)).
Hence
32

57 s 8(to) tface(A(To)'lA(To)(j)A(To)‘lA(To)(k)) ;
]
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The above steps use the identities

(1)

5%7' log(det A(T)) = trace(A(t) ~’A(t)-1)
ad D o = a APt L/
J

CONDITION 3.6

A stationary process shall be said to satisfy Condition 3.5 if
its fourth cumulant function is the Fourier transform of a function
é(wl,wz,w3,wu) which is continuous in some neighbourhood of the

hyperplane wijtwy; = w3ztwy = 0. //

LEMMA 3.6
Let ¥(w) and X(w) be pxp hermitian matrix valued functions and
let Y(w) be the Fourier transform of a p dimensional vector process

which satisfied Condition 3.5. ILet

u = Nz Y(m)*W(w)Y(w) -
weB
and v = Nz Y(w)*x(w)Y(w)

weB

Then N Cov(u,v) converges to

(2m)~! J trace (¥(w)F_(W)x(w)E (w)) duv

B

-1 v 2 i at !
+ (2m) JB JB ggga yab(w)ch(w')Babcd(w’ w,u" ,~w')dedw' .

PROOF

. This follows directly from Theorem 3, Hannan (1973). //

THEOREM 3.7

If the process y(n) satisfies Condition 3.5 and the noise
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is independent between receivers then the variance matrix of

L

N*® (%N—To) tends to I where

t
]

A"l + A7l c a7l

_ - (i) -1
and A. = (27) IJ trace(F (w,T ) lp (w1t ) F (w,Tp)
]k 3 y LI y s L0 v s L0
k
?y(w,To)( ))dw .
- -1 { -1 ) -1
Cjk (2m) [BJB gﬁgé(Fy(w,To) Fy(w,ro) Fy(w,To) )ap
- (k) -
(Fy(m',ro) 1Fy(m',ro) Fy(w',ro) 1)dc
Babcd(m,—w,w',—w‘)dwdw‘
PROOF
a ~
Consider the Taylor series expansion of 5?—-qN(T0)about Qe
; N
o 4 (0) - 7 gy = T (o b)) e ay )
3 3 L
where  ||T-toll . ]ITN—TOII.
Since —E—-q (1) = 0 then
91T, “N' N
J
W22 g (1) = NI (R 10 )(- gmte— q (%) (6]
— q.(19) = T, =79 V(- =——=—q, (T.) .
, 3Tj N X Me Tk Brjark N' N

It is then sufficient to consider the variance of the left_hand side

of [6]. By Lemma 3.6, the asymptotic variance matrix of

L 9 12 _ :
2 .
(N S;E'QN(TO)) is A+C. s;fa;;-qN(T) converges almost surely to
. - 52 -
S?EB?E'q(TQ) since T 2T almost surely. Hence 5;;3?;-qN(TN) > Ajk by

Lemma 3.4, and then the asymptotic variance of %N is AT(Aa+0)Aa"! as

required. //
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The asymptotic variance is given in this form since it is easily
computable. In practice the fourth cumulant term would usually be
ignored since the cumulant spectra would almost definitely be unknown.
The estimation of high order cumﬁlant spectra was studied by
Brillinger and Rosenblatt (1966) but is usually very difficult. Much
geophysical data has roughly Gaussian distributions so the cumulant
spectra can be assumed very small.

If p is large and S is reasonably small, a form for A not

involving pxp matrices would be convenient. First, we note that

I, = BED = H(EF+ 8" 8)

*apyp-1
o H(£, 1+8 F)F

and hence

HO OF = F - £H = O 84 . A [7]
If we let B(j) = 5%—-8 , then
J
p-lp G) o £ -1¢1 _eme™ )83 ) pe*roreiV¥)
y 'y X p

fx‘l(e(j)F8”+ re{3)_ene eI re™-ene ore ()% .
Using [7] to simplify the last term, we have

(3)

F I £ ~18' re*_one 0 I re’+£ aue'i))
yy X X

Then  trace (F -lp (J)F -lp (J))
y ¥ y v

(i) (K) g

= fx"2 trace(8 3’0 *6(%)re*_6(3)rg*gue"0

+ fXG(j)FO*BHG(k) - eﬁe*g(j)fe*e(k)Fe*:

(3)

+ oo 8¢9 ) re one e re” - £ 018 *6(3)pg*gue})*

¥ fxeﬁe(l)“e(k)re" - kaHG(J)“GHGnG(k)F "

(] )::eHe(k)::

+ £ 20HO )
X
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Using [7] repeatedly and cycling the order of the products, this

becomes:
£ 2 trace(8 83 pe 0 ()p _ 8%e(I)pe g r £ 8% (Ipp"e )
+ fxe(k)*e(j)?- .fxze(k)*e(j)n - ro"8 3 pe e ()
+ fXHe*e(j)Fe*e(k) + 870 res ) _ £ ro*s(Ipe"e ()
- fXHe*e(j)Fe*e(k) ; fXZHe*e(j)He*e(k) . f;G(k)*GHG*B(j)F
+ fxze(k)"‘eHe*e(j)H + fXFe(j)*e(k) _ fsze(j)""e(k)
- foe(j)*eHe*e(k) + fXZHe(j)*eHe*e(k) + fXZHe(j)*eHe(k)*e)

= tracel(83 70100 3 )u(a " 04870 ) yu - (837761 () )y

+ fx‘ltrace{(e(j?*e(k)+e(k)*e(j))F _ 9%9(3)pg(K)¥gy

- 0" pe(3)%gy)
Hence
Ay = 5%.f eracel (84377048783 )8 ¥p16%0 %)
B

- (013%g0),6 0 (Dyny 4 £ -1 racet (84378103

_ 0"a)pe ) *ey _ 0" eI ¥gy 3y,
where this is evaluated at Tg.
Experience with approximate maximum likelihood estimates leads
us to expect that this estimator would have minimal variance.
However its requirement that the spectra be known severely limits its

usefulness. It cannot be readily simplified to remove this requirement.

3.3 THE EUCLIDEAN ESTIMATOR

The maximum likelihood estimator could be considered to minimize

at each frequency a measure of distance between the observed
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periodogram and the modelled spectral density matrix: this measure
for the distance between matrices C and D is log(det C) + trace(C™!D)
and is minimized when C = D(Lemma 2.3). A different measure of
distance could give a different class of estimators.

One possibility is to use the squared Euclidean distance between

Fy(w,r) and T(w) = Y(w)YA(w). This gives the estimating function

= N!'Iww)szz -1 2
qy (™) (T tT ECRONRERINCY
= -N"'Z W(w) trace(F (w,T) - I(w))? . [8]
weB y

As usual our estimate %N maximizes [8]. We shall call this the
Euclidean estimator, to emphasize that it is not a least squares

estimator in the usual sense.

Note that

trace(Fy(w,‘r)—I(w))2 = trace Fy(w,T)2 -2 trace(Fy(w,T)I(w))2

+ trace I(w)2 .

If we consider the individual terms of this,

trace F 2 = trace(f f +8E9“)2
y X P

% &
fxztrace Ip + 2 f# trace(® OF) + trace(® O8F)?

S e
= pf2+2f L £ +2LZfFf |8 0 |2
X X _.u uv u v
u=l u>v
S 2
+p L fu
u=l

of which only the third terms depends on T, and:

trace(F I(w)) Y* fI +8F8* Y
T v ( xip )

£ v]]2 + Y 8r8"Y

% :
£ lY[|2 + £ £ ]y e |2
X u u u
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of which only the second term depends on t. Hence if we neglect
terms which are independent of 1, we obtain a simpler estimating
function:v

S

3 b3
Qt) = N1z ww{z f£lvye|2-zz £Ff |8 86 |2}. [9]
N weB u=1l u u us>v uviou v

In the case S=2 this is particularly simple:
- % & 2
Q™) = N Ly W)Y 812 + £,|Y 8,22 - £1£,]0]?) ,
weB

where Y is as in the previous section.

THEOREM 3.8
If Condition 2.1 is satisfied and the process is identified, then
the Euclidean estimator is consistent.
PROOF
Note that [9] can be expressed as
q, (1) = N1ZI W(wltrace(8F8 1(w)) - Z L £ £ |8 '8 |2},
N uv u v
- weB u>v

As before we have qNCT)*q(T) almost surely where

q(1) (zn)-lf W(w){trace(8F® F ) - Z L £ £ |8 8 |2} do
y uv u v

B u>v

"(2”)_1J

W(w){% trace(F (w,7) - F (w,7q))?
B y y

-*% trace Fy(w,To)z -%p ZIfuz} dw -
u

Only the term trace(?y(w,r) - Fy(w,'ro))2 depends on T and is obviously

minimized if and only if <t=ty. //

THEOREM 3.9

If the process y(n) satisfies Condition 3.5 and the noise is
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independent between receivers, then the variance matrix of

1
3

N (%N-Té)tends to £ where
= aA"l(c+p)a™?
S (2“)—II W(w) trace(8'3)re’rore¢31)*) (0 ) re* sore X )*)au
B
" T (2“)-1J H(w)® trace{(e(j)F‘E?."'.+8F8(j)*)(f I +8F8")
jk 5 X
(O(k)Fe*+ePe(k)*)(fxlp+ere*)}dm
S e (a3 *
and D.k = (2w)”1( I W(wW(w') Z {Su(w) (8(w) D E(w)e(w)
’ B °B u=1l _

+ e(w)F(w)e(j)(m)*)eu(m)}

(8, (@) @) Frw)aw)’ + 8w)EwH8w) e (w1))
B (w,-w,w',~0")dedw"
u

where Bu is the fourth cumulant density of zu(n) and all expressions

are evaluated at T1g.

PROOF

2
This follows the proof of Theorem 3.7. That Ajk is s;és?f-q(To)
3

k

is most easily shown by considering [8].

The expressions for Cjk and Djk are derived from Lemma 3.6. //

This variance would be almost definitely greater than that of the
maximum likelihood estimator. An indication of the inefficiency of
the Euclidean estimator is that its variance does not vanish as
f (w)+0 on B.
X

The only advantages it has compared with the maximum likelihood

estimator is that it is computationally easier and it does not assume

prior knowledge of the noise spectrum.



4o
3.4 THE PHASE ESTIMATOR

Various attempts have been made to use only the phase
information in the periodogram. At first sight this may suggest a
method of overcoming the problem of unknown spectra. One such ad
hoc estimator will now be considered. |

If we let <z> = —— for all complex numbers z # 0, we may form
z

an estimating function

q (1) = N'I W) I (w)<F (w,T) > . [10]
N WER a#b ab vy ab

Let %N be, as usual, the value which maximizes [10]. We shall call

this the phase estimator.

THEOREM 3.10

If Condition 2.1 is satisfied and the process is identified,
then the phase estimator is consistent.
PROOF

As before, qN(T)+q(T) almost surely where

q(T) = (2“)—1[ W(w) £ £ F (w,Tg) , <F (w,T) . > dw
B afp Y ab 'y " ab

= n—IJ W(w) T % |Fy(w,ro)ab|Real<Fy(w,T0)ab Fy(w,T)ab>dw .
B a<b
This achieves its maximum only when Fy(w,ro) B Fy(m,r).

The remainder of the proof follows as before. /-

Even though consistent, this estimator can only partially solve
the problem. While independent of the absolute level of the signal

spectra, it requires prior knowledge of the ratios of the spectra.
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Few situations can be imagined where these would be known without
the actual spectra being known. An asymptotic variance could be
computed as in the previous sectioﬁ, but due to the complexity of
the derivatives of the estimating function, this would be very

complex.
3.5 THE DETERMINISTIC ESTIMATOR

The previous estimators were derived assuming that the signals
were stationary stochastic processes. They all required knowledge of
the spectra and this would not usually be available in practice.

If, for the purpose of derivation only, the signals are assumed to be
deterministic and hence without spectra, this problem could be
avoided. We shall do this, even though later on we shall discuss the

behaviour of the estimate thus derived in terms of stochastic signals.

Consider
S -
y(n,a) = x(n,a) + I z (n,a)
u
u=1l
where
% -iwpn
zu(n,a) = N mz Zu,a(wr) e
r
2 (8) = 7(u) etfulPra®) [11]
u,a u r
and
W = 2m/N , r=-[M2], ... ., [N/2]

It is not assumed that [11] holds at any other frequencies.

Let Z(@f) = (Zl(mr),zafmr), e e e ey ZS(wr)"

Treating Z(wr) as an unknown but non random quantity, the maximum
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likelihood approach coincides with the weighted least squares
approach, since the "errors'" are roughly uncorrelated in the

frequency domain. Hence we minimize

S
18
Nz g by - 1oz (u) el u(h@ )2
weB * a @ ym1 Y

)
I

vtz of-lly -ez||2 .
weB ¥

For each T, we can replace Z(mr) by that vector which minimizes %.

Differentiating,
a 1 oo S ofs
= -1 ICH -z “(w w
a—m T 2N Real{fx ( u (MP)Y(NP) - Zv(wr)eu ( I’)GV( I‘)) .
u r v=1l
Equating the derivatives to zero, we obtain
8 0z =9y ,
and hence 2 = (8“8)']8xY . [12]
Then
T = Nl fx“lY“(I - 8898 )y .
WEB P .
Thus we shall use as our estimating function
q(T) = Nlz ww) Y8 6)ley [13]

weB

and the estimate %N obtained by maximizing this shall be called the
deterministic estimator. An arbitrary weight function W(w) is used
since if there is incomplete prior knowledge of the spectra, the
weight fx-l might not be optimal. We now proceed to discuss the

properties of this estimator when used with stochastic signals.

THEOREM 3.11

If Conditions 2.1 and 3.2 are satisfied, then the deterministic
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estimator is consistent.
PROOF
3 1 % ,"“-ee"“ .
Let E = 8(8 8)'8 . Then E is an sdisenpotent matrix (that is

E2=F) and furthermore

trace[(8 8)~18 8]

"trace (E)
= trace IS
= 8
Also, it is clear that any eigenvector of E, associated with a non

Zero eigenvggﬁeéfmust be in the span of the columns of 8 and hence of

the form 8¢ where ¢ is an S dimensional vector. But

E8) = 8(878) 188 = 04 .

Therefore there are S eigenvalues of E equal to one, with associated
eigenvectors in the span of 6;,8,, . . . ’BS’ and the other p-S
eigenvalues are zero.

As in previous consistency theorems, qN(T)+q(T) almost surely

where

g(t) = (2W)"1J W(w) trace{E(foP + 8gF8()} dw . [14]

B
As before, 8y denotes the true value of 8.

First we observe that
trace Ef I = £ S
X p X
and second

trace(E8oF8y ) = I £.0 "8 .

Since the largest eigenvalue of E is one,

b 2 _
euo EOuO < ||eu0|| = p

and this bound is attained when Gu is in the span of 8;,08,, ....,GS.
0

Hence the integrand in [14] is maximized when 8; ,8; ,....,GS are all
-0 0 0
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in the span of 81,92,....,98. According to Condition 3.2, this

occurs at all frequencies in B if and only if T=Tg.

The remainder of the proof proceeds as before. //

THEOREM 3.12
If Conditions 2.1, 3.1 and 3.5 are satisfied, and the noise

is independent between receivers then the variance matrix of

1
]

N?3(t,-1g) tends to I where,

N

z = A l(c+D)a"l .,
f e . .

Ay = 07 WW) erace[(83%(r _E10™M)10* (1 _£30(3))FT du

Jk B P P
C., = (zn)"lJ W(w)2trace[ (841 (1 _£)e )0 )* (1 _gyeld)y

ik B P P

(8*8)"1]fx2 dw
_ -1 2 (3)* (k) alk)=* ()
Djk = (2w JBW(M) tracel (8 (IP-E)B +8 QIP—E)O )F]fX dw

and these expressions are evaluated at Tg.

PROOF
32
As before we must consider g—s— q(t) and the variance of
i ok
% 3 Coy.
N 3T, qN(T).

]

82 _1[ % 82
—q(t) = -(2m) W(w) trace[8y (s—=— E)8pF] dw
9T. 0T, ) 9T.0T

] K B j ok

‘First, we note that

0

-E)8
(Ip E)

"
(@]

and 0 (I -E)
P

Also:



us5
ek = 89w%)1* _g(6%)-1(0%) 3 (6%)-10" 4 g(a¥e)-19(1)*
]
- (IP-E)B(J)(G"B)‘le + e(e"e)‘léj)"(xp-z)
and hence
N
oT .
.
and
2 re = (1 -ppd
oT. P
j
Then
2 3 e p] 3 % _
B——B—E = -2 e D%y le 4 (1 B98I 6%y 1)
Tjark BTk P 3Tk

% 1Y% % Sy D
+ 8—3—- (8(8 8)‘18(]) )(I_-E) - 8(8 8) le(]) 5 E
"k p T

and therefore

% 2 % s S )%
8 o —£0= 00 _p)e(3) _ gD g0
TjBTk P P

Thus we have

32
3toar, 4(70)
5%k

—(2ﬁqu W(w)'trace[(e(j)*(IP-E)B(k)+9(k)*(IP—E)8(j))F]dw
B .

-which gives the expression for Ajk' Now consider asymptotic

. : » 9 % 93 ..
covariance of N =— q (7g) and N* - q (1¢). By Lemma 3.6 this is
aT. °N ark N

_ 9 & 9 E
1 2
(2m) fw(m) trace{ Fra E(FXIP+8F8 ) B—T;E(fxlp+8178 ) dw

B ]

‘ 3 p)
+ (h)‘{ fW(w)w(w') LZZXL (s— E(w))_, (=— E(w"))
B'B abed Brj ab ark dc

a _Vl_!
Babcd(w’ w,w',-w') do dw' ,

where B is the fourth order cumulant spectrum of y(n).




Now

9 9
trace {5?T-E 5?—-E}

3 k

(I -E)X@ —E)e(k)(e*e)'le*
D P

+ e(e*e>-18(k)*<1p-s))}

(8*8)‘1}

since IP—E is idempotent. This gives the term Cjk'

We also have

trace {53—-E —2—-E8f8”} =
T. oT
k
EC 3
= trace {8 5 E ~— EOF}
T. oT
j k
= trace {G(J)A G(k)F}

(Ip—E)(IP-E)

(3)?

= trace (8 )k(Ip—E)G(k)F} -

and similarly

3 3 *
trace {Ff— E a_'['_— EBFO8 }
k 7

(k)=

= trace {8 (IP—E)G(j)P} .

Together these give the term Djk'

Now consider the signal with signal term in the variance.

trace {~§—-E9F8N 43—-E8F6£}
oT. Brk
_ * oy %3
= trace{(8 5——-E8)F(9 —— EB)F}
Tj Brk '

L6

trace{((IP—E)G(j)(exe)‘le* + e(exe)_le(j)h

trace{(e(j)*(zp-n)e(k) + e(k)*(xp_g)e(j))
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Finally we must show that the fourth cumulant term is zero.

Note that

B (w,~w,w',-w') =

Lo e—i{&u(w,a)—eu(w,b)+6u(w',c)-eu(w',d)}
abc

n o™ wm

u=1

Bu(w,ew,w',-w')

where Bu is the fourth cumulant spectrum of Zu(n). Thus the fourth
cumulant term in the variance is
s S

W (0') I (8 (w) 5o E(w)8 (0))(8 (01) < E(w!)8 (0'))

(277)"lr
JBJB u=1l 3j k

éu(w,-w,w',—w') dwdw'
which is zero. //

The terms C and D in the variance may be regarded as noise with
noise, and signal with noise terms respecti&ely. The absence of a
signal with signal term indicates that, if the signal to noise ratios
are high enough, the deterministic estimator must give smaller
variances than the Euclidean estimator. In fact in this situation
the estimating functions for the deterministic estimator and the
maximum likelihood estimator are very similar. If the noise with
noise term is neglected and W(w) = fx(uu)"1 then

S

Y, = (2n)-1f

ix B u=1
Thus parameters which affect different signals will have uncorrelated

estimates when the signal to noise ratios are high.
3.6 METHODS OF APPLICATION

In most situations neither the number of signals present nor their
spectra would be known. A practical procedure to follow would be to

"fit" the signals one at a time until one is satisfied that no more

()= (k)* (k)= _ (3
z (Gu (IP—B)Gu +8u (Ip E)E_)u E /£, dw.
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are present. This is the reverse of the normal statistical method
of treating hierarchical models. It is obvious that the deterministic
estimator is the one to use first.

Two problems arise with this. First the number of parameters
(or the dimension of t) is usually proportional to the number of
signals and when this is large there are significant computational
problems in finding the maximum of the estimating function. Normal
optimization algorithms are not suitable due to the large number of
local maxima usually present. A search must be made, and in high
‘dimensions this is a time-consuming task. Second, a decision rule is
required to decide how many signals are present.

To -overcome the first problem we propose the following procedure:

1. Assume one signal is present and estimate the parameters
associated with it, using the deterministic estimator.

2. Keeping the parameters for the first signal fixed, search
for a second signal, again using the deterministic estimator and
obtain a preliminary estimate of the parameters of the second signal.

3. Now we are close to the maximum of the estimating function
(for S=2). An apprbpriate optimization algorithm can then be used to
accurately locate this. |

4, Repeat the last two steps to find further signals
(8=3,4,5,...).

This procedure reduces the searches to an absolute minimum and
appears to be effective in practice (see Chapter 6). The following

result assists in the computations.

oa
*«~

~ _ -] -1
Let G(S) - (81,82,...,88) 3 B(S) = G(S)(G(S) 8(8)) G(S) .
and
- "1 * ‘
q(s)(T(S)) = N°! ¢ W(w)Y E(S)Y . [15]
weB

We define %(S) to be that value which maximizes [15]. The dimension
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of T(S) and %( obviously depends upon S.

S)

LEMMA 3.13
- 1 oo
E(s+1) Egy & (I,mBgy)841 840 (I57E(gy)
vwhere bo=p- 8y, E(S)QS+1 = 8% (Ip-E(S))eSﬂ
PROOF
Observe that 8(S+l) (e(S)’BS+l)’ and
0 *9 - %s) &) ®s) @ sn
(s+1) S+l 8 %
S+l (S) P
Therefore .
( . | -, [A b
w 3 _1
L9(8+1) 8(S+l) - kb A
where . , . .
A = % _ 1 _ * b % -1
By 8y o185y B s )10 s) %s+1%+1 8s)8(s) (s)’
and " .
_1 iy —1
b = - 471854 B(5)(8g) O(s))
aﬁd
- % -1 EJ
E(s+1) e(s+1)(e(s+1) e(s+1)) 8(s+1)
_ -1 % _ -1 E
= Egy T 87 Eigy80.18500 Esy) T A B8
_ 1 -1
A" 8g,195418(s) Pl
= -1 * -
E(S) + AT (T E(S))Gs+l S+l (IP B(S)) ./
Hence we have ’
_ -1 L3
q(s+1)(T(s+l) = NI W(w) Y By

weB
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Y+ Nz W(m)A‘lly*(I -E |2

weB P

F
Nl Ww)Y E
weB

(s) (s)%s+1

8 |2 )~

_ ! 1 o2
)T (gapy)tVH E W)Y (T-E(g) g1 ! (P-85u1 B(sy8su1

weB

[16]
where T(S+l) is the vector T(S+l) with the components associated
with the S+l signal omitted. At Step 2 of the above procedure we
keep T(3+1) fixed at T(8) and only the last term of [16] is then
maximized with respect to the parameters of the S+1 th signal. These

. e .
parameters affect only S+1° not E(S)
The second problem, of determining the number of signals present,

is very difficult to solve completely. However, the following

reasoning can be used to. derive a decision rule.

The deterministic model [11] can be written as
= 8
Y(wr) (S)(wr)Z(s)(wr) + X(wr) [17]

- N
w, = 217N 1 »=0,1,2,... [§J

where Y(mr) and X(wr) are the vector Fourier transforms of y(n)
aﬁd'x(n) respectiveiy and Z(S)(wr) = (Zl(mr),....,ZS(wr))'

Since the Fourier transforms at the fundamental fréquencies are
-approximately uncorrelated, [17] corresponds to the standard linear
model. The hypothesis that only S-1 signals are present is equivalent
to the hypothesis that Zs(wr) =0, r = 0,1,2,...[%J. Furthermore if

W(w) = fx'l(m), then q(S)(T )) is 2N~! times the log likelihood for

(s
the model. Thus, by the standard theory of likelihood ratio tests

(see for example Wilks, 1962, p. 408) we would expect that

. 2 .. . . .
would have an approx1mate-xN distribution under the null hypothesis.
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This argument ignores the change in the design matrix B(S) so that
it must be applied with care. Still one would expect that the

statistic given by [18] would be reasonable.
3.7 ESTIMATION OF SPECTRA

Once a reasonable estimate %N has been obtained by use of the
deterministic estimator, the estimation of signal and noise spectra
is an obvious problem. What follows is an informal discussion of how
this may be done.

Consider the situation where %N differs from Tg by an
insignificant amount. If B is a narrow band of width €, centred on
wg and -wg, then

N-1 % Y (I -E)Y
weB p

will tend almost surely to

(21)-1 e trace{(I -E)(£ (wg)I_ + 6F8 )}
P X P

.

= (2m)-! ¢ (p-9) £ (wp)

Hence we can use 2m(eN(p-$))~! & Y*(I -E)Y as an estimate of fx(mo).
This is very convenient since :;z terms Y*EY would have already been
«calculated when estimating T1g. |

The estimation of signal spectra is more difficult. Methods
based simply on moments tend to be unstable, particularly at
frequencies where 8*8 is almost singular. An approximate maximum

likelihood estimate could be used. If we use [3] for Fy'land

Lemma 3.1, we have as the log likelihood
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z {-(p-8) log fx - log(det GNB) - log det(fx(ewe)'1 +F)
weB

-2, T (L-AY - Y808 8) (e, (878)Tee) T (8 8) ! )

If fX and Ty are known or estimated sufficiently accurately we may
ignore all but the third and last terms. Setting (SKB)'lenY = U,
we have
L - log det(f (8 8)~+F) - U (£ (8 8YLF) lu
x X
weB
which involves only SxS matrices. It is simple enough to be minimized

at a reasonable number of frequéncies to estimate F.
3.8 NON QUADRATIC ESTIMATING FUNCTIONS

It seems appropriate to discuss the behaviour of the non
quadratic estimators of Section 2.4 when more than oné signal is
presént. Again, we will only consider the true spectral density
matrix. Let S = span(Gl,Oz,...BS). -

The first results are of interest in low noise level situations.

THEOREM 3.14

IfEF = fI + 8F8 then for € <0
y ~ 'xp

2im

g (M =0 if o(r) £ S
X
and fiig q(t) > 0 if o(1) € 5.
PROOF

The eigenvalues are solutions of

det(F_ - AXI.) =0.
y p
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But det(F -AI ) = det((f -A)I + 8F9 )
vy p x 7p

(£ -\)P7S get(878F + (£ -\)I).
X X S

Thus we have as eigenvalues Kl,Kz,...,KS > fX with associated

: i €S A A cel A =
orthonormal eigenvectors Uj, Uz,...,US and s41°g40? 2 fx

with eigenvectors U ..,UP, each orthogonal to S. As

S+l,US+2"

fx+O,A1,A2,...,A will tend to the eigenvalues of 8 OF which are

S

positive. Hence ilzo D XiEIQ(T)"UiI2 will be finite, and, if 2(T)
X i=1

is not orthogonal to S, it will be non zero.

. P s
2im € % 2
r AS|e(t) u. |
—)-
However fX 0 1=9+1 i i
. P 2
21m -€ E 2
= £ r |e(r) u.|
>
£SO % g *

ar,
ot

is infinity for €<0, unless ®(T) Ui =0, i =S8+l1,...,p; that is,
unless (1) € S. Hence
Vi
€

s p &
Lim £ aLfle(n) v, |? =0 if o(1) £ 5.
£f -0 |. i i

X i=1

If ¢(t) € 5, the result is obvious. //
Note that this result is true even if F is not diagonal: that
is if the signals are correlated with each other. In the case of

Capon's estimator (€= -1) we have a stronger result.

THEOREM 3.15

tet F =cF + GFG“. Then
y X

2im

oo 11Ty =0 if (1) ¢S
21 .
and c_l:(? q_, (1) >.0 if ®(t) € 8
PROOF

From Rao (1973)
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F -l = o"Yp -1 - r-lg@°F “lo) 18" -1
y X X X X

+cF -la@F ~10) 1(c(8 F ") L+r)"1(8"F “18)-18"F -1},
X p.4 X X X

Let ¢ = Ba+b where @ is now an S dimensional vector and
O“Fx‘lb = 0. This corresponds to decomposing ¢ into two vectors, one
in S and the other in the space orthogonal to this, using the inner

L
product <u,v> = u FX ly. Note that

i

b F ~1b clbr-lp.,
y. X

Hence

1

a_1(1) _c{b“Fxb + ca“(c(e“Fx-le)-l + F) la}l

If ¢(t) ¢ 5, then b = 0, so

g-1(1) = '{oz‘g(c(eul?'x“18)_1 + F) la}7!
and
iig a1(t) = (Fla)1>0 .

If b # 0 (that is ®(t) ¢ S), then

2im

2im (zim
¢>0

co 3-1(T) c»0

c){b“Px‘lb + ca“(c(e“FXe)'l +F) " 1g} !

= 0 . /7

This result, again for arbitrary FxnanduE, is an extension of
a result of Woods and Lintz (1973).

Several authors (for example, Der and Flinn, 1975) have'
suggested using the eigenvectors of an estimate of Fy difectly.

It was noted in the proof of Theorem 3.14 that Fy has S
eigénvalues greater than fX and the other p-S equal to fx' This
could be used as a method of estimating the number of signals
actually present. A decision would have to be made as to how many

of the smaller eigenvalues belong to the set associated with fx.
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The number remaining would give an estimate of S.

If 91,82,...,8S are orthogonal, then each of the eigenvectors
Uy, Uz,...,US would correspond to a particular phase vector. If
they are approximately orthogonal (that is, the matrix 9*9 has small
off diagonal entries) then each eigeﬁvector would be dominated by a
single phase vector. This domination would be the greatest for the

strongest signal. As the eigenvectors are not in general allowable

phase vectors, the phase vector of best fit is found by maximizing

% 2
gi(T) |o(t) Uil .

The first nontrivial case is when S=2. Then

1
A £+ L(p(f1+£2) + [p2(F1-F232 + uf £, |v]212),

o £ + B(p(F1462) - [p2(£1-F5)2 + w15 |0[27%).
Let U; = 078 + @285 and Uy = B8] + B285,. Then it is readily shown
that if ¢ # 0 then

) £9 Ai-pfl

o pfy-Ay E3U
If £} is very much greater than fo, this ratio is small indicating
that U; is dominated by 8;. However, in this case B1/B» approximates
¢ /p which need not be small and Up will not be dominated by 8,. If
f1 and f; are of the same magnitude, neither eigenvector would be
dominated by a single phase vector unless ¥ is very small.

To summarize, we can assume that estimators like Capon's should

give reasonable, although not consistent, results when the noise

level is low. Methods which use the eigenvectors individually would

be far less predictable.
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CHAPTER 4

SIMULATION STUDIES

4.1 THE AIM

In the previous two chapters only asymptotic results were
presented. Analogous results for a finite sample size are virtually
impossible to obtain by analytic techniques.

It is hoped that the asymptotic results give an indication of
small sample behaviour and to invéstigate this a series of simulations
were carried out. The primary aims were to investigate the bias of
small sample estimates, and to compare the asymptotic variances with
the small sample variances. However several other propertieé could
also be examined, including:

1. The structure of the sidelobes and the probleﬁs caused by
them. The asymptotic results are concerned only with the estimating
function in the neighbourhood of the maximum, whereas in practice
secondary maxima can detract from the usefulness of an estimator.

2. The behaviour relative to other estimators including
Capon's. In fact simulations appear to be the main way of obtaining
variance results for many of these estimators.

3. Robustness.

The simulations do not give much information as to how the

estimating functions should be maximized in practice since in the
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simulations, our prior knowledge of the position of the maximum was
used to advantage. A practical example with real data is given in
Section 6.2.

It is apparent that the problem simulated involves so many
possible variables that any study must be rather limited. However,
the results presented here appear to be typical of the general case

and are quite instructive.
4.2 PROGRAMMING CONSIDERATIONS AND THE MODEL USED

All computing was performed on a Univac 1108 computer at the
Australian National University, mainly using demand terminals.
Programs were written in Fortran V using single precision (9 decimal
digits). The only library routine used was one for Fast Fourier
transforms. Attempts were made to use library optimization routines
but these invariably behaved badly with single precision.

A four element array was used, with receivers having position

«coordinates
0.54 0.84
-0.84 0.54
-0.54 -0.84
0.54 -0.54

The velocity was assumed known and as a function of frequency was
given by c(w) = 0.5 - 0.050. Two signals were modelled and the
parameters to be estimated were directions of the signals. Hence

T was a two-dimensional vector giving the difection from which each

signal arrived, measured in degrees (from 0° to 360°).
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4;3 GENERATION OF SIGNALS AND NOISE

The starting point of the simulations was a sequence of pseudo
random numbers, generated by standard programs, giving uncorrelated,
approximately normally distributed variables with zero mean and unit
variance. These were transformed into correlated sequences with the
desired spectra by autoregressive filters. That is, if €(1),e(2),...
was the initial uncorrelated sequence, we formed

k :
x(n) = (e(n) - & a. x(n-3))/ag [1]
j=1

where ag, aj,...,a are constants. The x(n) process then has the

spectrum

fx(w) = (Qﬁ)'ll

Second order autoregressions were used almost exclusively (that is
k=2). To start each sequence, the initial values of x(n) were set to
zZero aﬁd then the first 1000 generated were discarded so that the
section uéed could reasonably be assumed stationary.

For the noise sequences this was all that was required. With the
signals a greater problem arose since they had to be delayed
appropriately at each receiver. Siﬁple delay methods were not used
since they cannot model dispersion and only a limited choice of delays
could be generated. Instead, a discrete version of the defining
‘equation [1.3] was used. If Zj(n) is the undelayed signal (at some

fixed reference point) we formed

' N .

r  Z.(n) eMr
n=1 J

1
-

Zj(wr) = (N')

— 1
w, = 2re(N')"! |, p = O,l...[%iﬂ
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and

—i{nmr—ej(mna)

Zj(n,a) (N')—luf Zj(wr) e

r

where N' > 2N. The sequence on which these operations were carried
out was made longer than absolutely necessary so that the data would
not be generated using precisely the same frequencies as would be used
later to analyse it. To minimize leakage effects in the frequency
domain, a partial cosine taper was applied to the long sequence and

then only the centre of the transformed sequence was actually used.
4.4 FEVALUATION OF THE ESTIMATES

We examined the behaviour of the maximum likelihood, Euclidean,
deterministic, Capon's and the "conventional" one signal estimates.
The estimating functions of the first three are functions of two
variables and hence creatéd the main problem. For efficiency it was
convenient to evaluate these simultaneously on a grid, using the fact
that all three involve several common terms. Furthermore, using a
grid instead of irregular points reduced calculations by an order of
magnitude. The Euclidean and deterministic estimators used weighting
inversely proportional to the noise: that is W) = fx(w)_l.

In the case of the replicated simulations where a quick but
accurate method was required for finding the maxima, the estimating
functions were evaluated on a small grid around To. Then %N was found
by a combination of taking the maximum on the grid(and fitting a
quadratic surface. This introduced slight errors, but these were an
order of magnitude less than the standard deviation of the estimates.

Capon's estimator and the conventional estimator, being functions

of only one variable, presented no such problems, and simple search
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procedures could be used to maximize them. However a decision had
to be made as to how to evaluate Capon's estimating function, so that
it could be compared with the others properly. Capon's estimator,
unlike the others, requires an estimate of the spectral density
matrix, formed by averaging the periodogram over a band of fundémental
frequencies. Neither the number of bands into which we should
partition the interval [0,m], nor the way in which we should combine
the results from each band (for example arithmetic average or
harmonic average) are at all obvious. Approximately N% bands were
used as this should be a good compromise between frequency resolution
and stability. Then the estimating functions from each band were
combined by an arithmetic average, weighted inversely to the noise
spectrum. Slightly better results might be obtained by altering this

procedure but we doubt whether the changes would be significant.

4.5 RESULTS OF REPLICATED SIMULATIONS

Six different situations with N = 256 were modelled and
replicated 50 times each, so that we could obtain reasonable
information about the variances. The results are presented in Tables
1 to 6. Each table is reasonably self-explanatory, giving:

1. The spectra of the signals and noise.

2. The variance or power levels of the signals and noise.

3. The deviations of the means T of the estimates from the
true values.

4, The sample variances and covariances.

5. The predicted variances and covariances using the results of

Chapter 3.

6. S = (?—To)'Z‘l(?-to) where I is the sample variance matrix.



Frequency

Noise
1st signal
2nd signal

Variances

Noise
1st signal
2nd signal

T1-T10

T2-T20

Observed

Var(T1;)
Var‘( '?.'2)

COV( %1, ’?.'2)

Predicted

Var( %1)
Var( 1))

Cov(Ty,T2)

MS error

SIMULATION 1

True Signal Direction

100° 180°
Spectra
0 /4 w/2
.159 .159 .159
.569 .687 .591
.341 .545 1.173
1.
L,
ML Euclidean Determin-
istic
- 174 .011 172
- .45y - .568 433
.481 .943 .533
.272 1.239 . 247
.055 - .119 .049
L2742 1.037 Laon
.180 .765 .189
- .008 - 127 .008
.762 .265 .762
.987 2.507 .994

3n/u

.159
.295
577

Capon

497
" .125

.850
453
.027

.317

1.566

61

.159
.210
<341

Conven—
tional
2.985
.380

1.111
.707
- .265

9.866

10.966



Frequency

Noise
1st signal
2nd signal

Variances

Noise
1st signal
2nd signal

T1-T10
;2‘120
Observed

Var(:cl)
Var(fz))

COV(%].,%Z)

Predicted

Var(%l)
Var(T,)
COV("E].,"I:'Z)

MS error

SIMULATION 2

True Signal Direction

120° 150°
Spectra
0 /Y T/2
.109 .256 .198
.163 .385 .298
.218 .513 .397
.0
2.0
ML Euclidean Determin-
istic
- .176 - .358 - .138
- .268 .- .108 - .301
.398 4,185 449
.3u6 2.259 .361
- .039 - .718 - .083
.268 3.254 L4111
.180 1.608 277
.010 - 304 .000
.3163 . o4y .350
. 848 6.584 .919

3n/u

.04l
.062
.083

Capon

1.223
.920

1.390
.791
.083

1.987

4,520

62

.027
.04l
.05k

Conven-
tional

3.567
-1.913

2.067
.708
- .614

7.538

19.155



Frequency

Noise

1st signal
2nd signal

Variances

Noise
1st signal
2nd signal

T1-T10

T2-T20

Observed

Var(t;)
Var(%z)
Cov(Ty,Tp)

Predicted

Var(T;)
Var(1,)

Cov(Ty,Tp)

MS error

1.
1.

SIMULATION 3

True Signal Directions

120° 150°
Spectra
0 /4 m/2
.2102 .3123 151
.1946 .2966 .165
.3160 .5008 413
ML Euclidean Determin-

.193"
. 301

~.510

.133
.038

L4239

.121

.011

.704

771

istic

- .335 -~ .150
- .258 - .330
4,751 .593
.640 .139
.083 .054
4.01 .601
427 .201

- .195 .000
.1234 .782

5.569 . 864

63

3m/u w
.0us8 .035
.052 .037
.134 .092
Capon Conven-
tional
1.202 8.7639
.589 -1.172

2.492 17.201
.330 .189
.199 - .387

2.074 14.812

4.612 95.569



Frequency

Noise
lst signal
2nd signal

Variances

Noise
1st signal
2nd signal

T1-T10

To-T20

Observed

Var(Ty)
var(1y)
Cov(iy,%2)

Predicted

Var(T;)
Var(1y)
Cov(Ty,Tp)

MS error

ot

SIMULATION 4

True Signal Direction

120° 160°
Spectra
0 /4 /2
L1404 .1579 .1804
.1382 .3323 .1448
.2102 .3123 .1508
ML Euclidean Determin-
istic
.3205 .2526 .u686
.1179 - .1028 - .1143
2.7421 10.3578 2.8086
2.1357 10.0863 2.6001
.2718 - .4268 .3274
1.7421 7.2177 2.9237
1.3939 6.9528 2.2777
.0338 - .3946 .1154
. 0480 .0075 .0893
5.0023 20.5194 5.641Y4

* Calculated for 47 replications.

3m/u

- .1579
.0325
.OL9L

oJs
s

Capon'

6.4356

-5.3186

40.7607
27.9836
-3.6131

1.8331

138.448

6L

3

L1404
.0218
.0347

Conven-
tional

7.0430

-7.5148

9.0387
15.4576
- .0483

9.1049

130.5724



Frequency

Noise
1st signal
2nd signal

Variances

Noise
1st signal
2nd signal

T1-T10

T2-T20

Observed

Var(Ty)
Var( 1)

Cov(Ty,T2)

Predicted

Var(11)
Var(fz)

Cov(Ty,T2)

MS error

N oy O

SIMULATION

True Signal Direction

2000°
Spectra
0 /Y
.059 .080
.097 .151
.136 .211
ML Euclidean
1.071 -1.142
.377 - .246
3.362 10.875
3.275 5.455
.238 -1.891
3.405 10.918
2.151 3.861
.013 -1.315
. 3688 .158
7.926 17.693

* Calculated from 43 replications.

260°

m/2

.153
.09
.131

Determin~
istic

-1.397
- .508

12.511
L.674
-1.403

6.163
3.252
- .375

.251

19.361

3T/

.2581
.029
.ou0

Capon®

8.280
-2.761

71.309
16.685
-18.075

.998

65

.223
.019
.026

Conven-
tional

10.980
-1, 1409

35.446
8.568-
-8.555

11.064

163.1811 184.001



Frequency

Noise
1st signal
2nd signal

SIMULATION 6

True Signal Direction

120° 150°
Spectra
0 /4 m/2
.140 .159 .1803
.027 . 087 .068
.0u8 .209 .055

Note: 1st signal has narrow peak of .500 at .38mw

2nd signal has narrow peak of .696 at .3umw

Variances

Noise 1.

1st signal .

N o O

2nd signal .

T1-T1io

;Z—TZO
Observed

Var(%l)
Var(Ty)
Cov(Ty,T2)

Predicted

Var(%l)
Var(Ty)

COV(%I,%z)

MS error

ML Euclidean Determin-
‘ istic

.315 -1.337 1.750

.550 - .545 - .078

7.124 38.222 24.245
5.250 18.185 19.167
.010 -10.227 1.776

4,212 28.431 17.835
3.312 15.138 13.347

.691 1.617 .038
071 .049 .128 .
12.78 58.49 46.48

3m/4

.157
.010
.010

Capon

.108
-2.133

74.742
64.052
19.583

.080

143.36

66

140
.006
.006

Conven-
tional

Note: 1. Capon's estimator data based on 17 our of 50 replications.

2. Conventional estimator failed to resolve two signals.
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This is a measure of the significance of the bias--the 5% level is
0.1y,

7. The total mean square error.

In all cases trimmed means and variances were used: observations
more than three sample standard deviations from the mean were rejected.
This gave robustness to the means and variances while introducing only
a slight 3% bias in the variances. In Simulations 4, 5 and 6; Capon's
estimator required rather harsher treatment due to very non normal
distributions.

Note that the simulations are presented in order of decreasing
signal to noise ratio. In Simulation 6, the signals are also very
narrowband which creates extra problems. We expect all estimators to
behave best on Simulation 1 and worst on Simulation 6. The following
are comments on the results.

1. Not surprisingly, the maximum likelihood estimator gave best
results in all situations, in terms of both low bias and low variance.
In Simulation 6 it was the only estimator which could be considered
reasonably stable. ‘

2. The Euclidean estimator was of doubtful use, always having
much larger variance than the maximum likelihood estimator, and
comparable bias. Considering that it requires prior knowledge of the
spectra, this is not very impressive. It would only be used in
practice for its computational simplicity.

3. The deterministic estimator gave surprisingly good results,
usually being better than the Euclidean estimator and only marginally
worse than the maximum likelihood estimator when the signal to noise
ratio is high.

4. Capon's estimator behaved reasonably well in the high -

signal to noise ratio situation (as the results of Section 3.8 would
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lead us to expect) but very poorly when the signal to noise ratio is
low. In terms of total mean square error it was superior to the
Euclidean estimator in Simulations 1, 2 and 3. In Siﬁulation 6 it
behaved very poorly--possibly the estimated spectral density matrix
was almost singular in some replications.

5. As expected, the conventional estimator showed very significant
bias, and moderate variance. In Simulation 6 it failed to resolve the
fwo signals.

Note that iﬁ all situations, the predicted variances were close

to the observed ones.

4.6 GRAPHICAL RESULTS

We now give the results of some unreplicated simulations to
illustrate the estimating functions of the five estimators studied.
First, three situations were modelled, all with identical spectra

but different signal directions. The signal directions are given by

Case 1st direction 2nd direction
A 700 150°
B 180° ’ 100°
C 130° 150°

The velocity function is given in Figure 4.1 and the spectra in
Figure 4,2. The variances or power levels of the noise and two signals
were 1.0, 5.0 and 1.5 respectively.

Figure 4.3 gives the result of applying the conventional
béamforming method. The signals are resolved in Cases A and B but not
in C. The sidelobes are somewhat disturbing as they could be mistaken
for other signals. In Figure 4.4 we have the result of applying

Capon's method. Case C is still not resolved. The peaks are sharper
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than before but the sidelobes have a very similar structure even
though they are slightly smaller.

Figures 4.5, 4.6 and 4.7 are contour diagrams of the maximum
likelihood estimating function. In all cases the maximum,denoted by
¢, corresponds to the true combination of signal directions, even in
Case C. The function surfaces are rather complex, but are dominated
by ridges corresponding to the true signal directions. These ridges
could be used in practice to help find the maximum.

The corresponding diagrams for the Euclidean estimator are found
in Figures 4.8, 4.9 and 4.10. These surfaces are even more strongly
dominated by the ridges corresponding to the true directions, and are
somewhat smoother. Figures 4.11, 4.12 and 4.18 give the surfaces for
the deterministic estimator. These are symmetric about the diagonal
since, unlike the previous two estimators, the deterministic estimator
does not distinguish between the two signals in terms of their spectra.
The surfaces are‘again rather complex with many local maxima.

In order to demonstrate the effect of looking for too many signals,
one more simulation was carried out with only one signal, direction
340°. The same velocity function as before was uséd and the spectra
are given in Figure 4.14%. The estimating functions for both the
conventional beamforming method and Capon's method are showﬁ in
Figure 4.15. Both are dominated by the peak in the true direction but
both also have a second peak at about 230°, which could very easily
be mistaken for a second signal. The estimating function of the deter-
ministic estimator does not have this problem. As seen in Figure 4.16,
the ridges correéponding to the true signal direction are level,

indicating the absence of further significant signals.
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CHAPTER 5

NON DIRECTIONAL METHODS

5.1 MOTIVATION AND MODEL

Sometimes, only the velocity of the signals is of interest and,
if so, the direction can only be regarded as a nuisance parameter.
Alternatively, if we do require estimates of both velocity and
direction it would be convenient if one of these could be estimated
roughly using an explicit estimator, for in using the non linear
estimation procedures of Chapter 3, any extra parameters greatly
increase the computation involved. We shall discuss some methods of
estimating velocity independently of direction. These methods will
not be as efficient as those of Chapter 3, for the emphasis will be on
obtaining explicit estimates suitable for preliminary analysis.

Two main approaches will be taken. The first is concerned with
observing processes which have no directional properties, that is
isotrppic processes. The second approach develops a method proposed by
Aki (1957, 1961). In both cases only waves in the plane will be
considered.

We make the following assumptions:

1. At each frequency there is only one velocity of propagation;
that is only one scalar wavenumber k(w).

2. The processes are in continuous time, with spectra on (-»,»),
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3. The spectra and directional energy distributions are
sufficiently smooth (for example, piecewise continuous) that their
Fourier series are convergent almost everywhere.

We shall attempt to estimate the wavenumber function k(w).
Assumption 1 is necessary since the presence of more than one velocity
makes the problem very confused.

Any stationary process defined in continuous time and the plane

can be represented by

z(t,&) =

© s )
j J 2 e iut+<k, e} Z'(dw,dr)
-0 /R

where & is the position in space, k is the vector wavenumber and &'
is a random process on R¥R? with orthogonal increments (Yaglom, 1961).
It will be convenient to consider this in polar coordinate fopm: if

£ = r(cos 6,sin 6) and k = k(cos 6,sin 0) then

z(t,r,0) = [ N [m {“ e‘i{wt+rk cos(6—¢)}

. £(dw,dk ,d¢)

Our assumption of only one velocity at each frequency implies that the

measure £ is concentrated almost surely on a curve (w,k(w)) and

therefore

z(t,r,0) = J ” J " e—i{mt+rk(m)cos(e_¢j}

-

z(dw,d¢) . [1]

-0

A physical interpretation of this is that the process is a summation
of uncorrelated waves at different frequencies and from different
directions.

We define a frequency-directional spectrum F by
E(|2(dw,d)|?) = F(dw,d$) .

We shall always assume that this measure is absolutely continuous, with

density f. Using this a spatial covariance function may be defined thus:
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I'(w,r,8) =

rm .
J elrk(w)COS(e‘¢) F(w,¢)dd . [2]
-

This shall be used in the following sectioms.
5.2 ISOTROPIC PROCESSES

A process is called isotropic if its probability structure is
invariant under rotations. In our model this means that frequency

directional spectral density f(w,$) is independent of ¢. Then

'(w,r,8)

(T . .
J elrk(w)cos(9—¢) £(w)dd

-

Jo(rk(w)) f(w)

3]

where Jg is the zero order Bessel function of the first kind. If
this process is observed at points &(1),£(2),...8(p) in the plane to

give the vector process y(t), then y(t) will have spectral density

matrix
F(0) = £(w) J (k)
where
(k@) = Jo C[lE@) - £ || K(w))

We may assume that the function k(w) is parametrized by a vector
T, the true value of which is Tg. Then the maximum likelihood

estimating function is

qy(t) = N1 E -log det(£(w) g (k(w,1)))-£(w)™! 1) 7 (k(w,1))" ¥ ()
weB

[321]
where, following the previous conventions, Y(w) is the vector of Fourier
transforms of N points sampled at unit intervals and the sum is over

the fundamental frequencies in the set B. The following identification
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condition is required.

CONDITION 5.1

There is no allowable T #'% such that for some r and for all w,
Jolrk(w,t)) = Jg(rk(w,t9)). //

Observe that if k(w,T) is restricted to polynomials in w, with
the coefficients being the components of 1, then this condition is
satisfied. (This is easily shown by considering the derivatives of
Jo(rk(w,t)) at w = 0.)

‘With Condition 5.1 holding we have both consistency and a central

limit result.

THEOREM 5.2
If Conditions 2.1 and 5.1 are satisfied then the estimate %N
obtained by maximizing [3] is consistent.

PROOF

The proof follows that of Theorem 2.L4. /!

THEOREM 5.3
If the process is Gaussian and Conditions 2.1 and 5.1 are

1
satisfied, then the variance matrix of Né(%N—To) tends to

where
( : .
J(Z'l)j K J(2m)~! J trace J(k(w,ro))'1 J(k(w,ro))(])
’ B
J(k(m,'ro))‘1 J(k(m,ro))(k) dw .
PROOF

This follows from Lemmas 3.4 and 3.6. The assumption of
Gaussianity eliminates the fourth cumulant term. //

The assumption of Gaussianity is reasonable in this situation
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since the observed process is a combination or average of waves from
all directions. However in practice this result is not as useful as
it may at first appear, for in the next section we shall see that it
is possible to construct an array such that the spectral density
matrix Fy is almost singular. Then the asymptotic variances are
extremely small and consequently even a small amount of independent
noise at the receivers will change the variance greatly. Of course

in that case we ought to use the model

F (w) f (W)I_+ f(w) J (k(w)).
y X P
However, unless the noise spectrum is known, the maximum likelihood
approach with this model is too cumbersome.
Before leaving this topic, consider the optimal estimation of

f(w). By differentiating [3] with respect to f(w) we obtain an

estimate
o) = () 7 (k(w,1))" Y(0)/p [4]

If p is large, this in itself may be satisfactory but usually an
average of [4] over a narrow band of fundamental frequencies should be

used.
5.3 THE METHOD OF AKI

Aki (1957, 1961) suggested that the use of a special array
consisting of a circle of equally spaced receivers and one receiver at
the centre could be used to simplify estimation of velocity. VThe idea
is very simple. Observe that if the spatial covariance function is

averaged over all directions, we obtain
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i
(2m)~! [ I'(w,r,0) d6
-m

y(w,r)

™ m .
[ (2m)~1 J irk(w)eos(0-¢) 1oc(y 4yas

m -T

™

Jo(rk(w)) [ fw,9)dé

-

Jo(rk(w)) folw)

where fg(w) = J Ff(w,¢)d¢. The average covariance function is no
longer dependent u;gn the directional properties of the process.
The spectrum_of the process observed at one receiver is fy(w) so that
the averaged complex coherency will be Jg(rk(w)).

Aki suggested obtaining the complex coherency between each

receiver on the circle and the centre receiver and then averaging

~this to obtain aquantity say f(w,r). The wavenumber estimate would

then be given by
J (rk(w)) = Real(f(w,r)) [5]

By using complex coherencies throughout, Aki avoided the problems of
the. receivers having different responses and was éble to implement the
technique in 1957, before the use of digital computers.

Ideally in practice the value of r (that is, the radius of the
array) is kept fixed; this limits the useful range of the array. From

[5] we have (approximately)

Var (k(w)) = V::Lr(f)(uJ,,r))(I'th(lf‘k(u’))'2 .
For small wavenumbers, any errors or uncertainties in the estimation
of p(w,r) are going to be greatly magnified.

If several different values of r are used, it in theory should
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be possible to treat the situation where more than one velocity is
significant. If the two wavenumber functions are k1(w) and kp(w),
and the energy is divided between them in the ratio a(w) to 1 - &(w),

then

Y(w,r) = (a(w)dg(rki(w)) + (L-a(w))Jo(rky(w))fo(w).

Three different values of r would be required to make it possible to
estimate k;, ko and a. This has been attempted by Asten (1976).
However, we shall not pursue this further.

Rather we shall investigate further methods of estimating one
wavenumber function, using a fixed value of r. We define the centre

process by

and the circle process by

™
(2m)~t [ z(t,r,0)d8
-

yo(t)

Expressed in terms of the spectral process, these are -

f . ™
xo(t) = e‘l“’tf Z(dw,d$)
J 00 _l"'
e m f 7 _. ' _
yo(t) = J (2m)7h | e Hutdrk(w)eos(8-0) 46, (4y,a4)
o -
[ ~-iwt m .
= e Jo(rk(w)) J t(dw,de)
) e o
™
| If we let I t(w,d¢) = zg(w), then
i -
xo(t) = Ot 4z (w)
yo(t) = Tt k(@) dgo(w)




91

The circle process can then be regarded as a linearly filtered form of
the centre process, with gain function Jg(rk(w)). Except when
Jo(rk(w)) = 0, the coherence between the two processes will be one.
Furthermore, the introduction of either noise or another significant
velocity will reduce this coherence to a value less than one.

There are two practical outcomes of this. First by estimating
the coherence between the circle and centre processes a check can be
made on the validity of the assumptions necessary to apply these
techniques. Second, if the gain function is estimated by standard
procedures (for example, Brillinger, 1975), it can be used as an
alternative method of estimating the wavenumber function.

If this circular array is used to observe an isotropic process
as in the previous section, it can be seen that an almost singular

spectral density matrix is the result.
5.4 FOURIER BESSEL ANALYSIS USING A CIRCULAR ARRAY

The terms fg(w) and Lo(w) may be regarded as the zero order terms
of the Fourier series of f(w,$) and &(w,d$) respectively. The higher

order terms will be defined by

£ () [T i feya

nlw = J1T e ,$)d8
T imé

and ¢ (w) = j e ™ g(w,dd) .
mw

Then

£(w,6) = (2m)7} zei“‘"’fm(m)
m:oo

£E(w,d¢)

(2m)-! x eim¢§m(w)d¢
m:m

and using the representation [1]
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[ @ ; e—iwt(Qn)“l [ ne-i{rk(w)cos(6—¢)—m¢}

)~ m=—-o J—'n'

z(t,r,8) d¢d€m(w)

z

-0 m=-°

f e Llwt-me} s w)ydr (w)
m m

Now we define what we shall call the mtP order Fourier process

(2m)"1 (ﬂ -imé
) j e z(t,r,0)de

-

ym(t)

= Jr 7 R (rk(w))dz_(w)
- m m
Hence the Fourier proéesses provide a method of isolating the Fourier
components of the spectral process. Before examining this further a
slight generalization is made in order to cover the case wﬁere the
energy apriving from different directions is not uncorrelated. It
would be useful to be able to consider the case where waves from a
single source are scattered by irregularities in the medium and then
arrive at the observer from several directions simultaneously. This
can be introduced into the model by defining a scattering function
W(w,¥) and a new spectral generator g0 by

™

t%(w,9) = J W(w,9-¢) z(w,dy) . : 6]

m

Assume that W(w,y) has a Fourier series with respect to the parameter

Y, that is

W) = (en! oz R (w)

m= =

Since [6] is a convolution we have

o]

0w,de) = (2m)-! 1 ™ ¢ () £ (wds
m m

m=-x
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-i{wt-mo}
e

Z(t,r,0) Jm(rk(m)) Cm(w) de(w)

"
|
8
3
1™
1
8

1}

and y_(t) [ olut J_(rk(w)) C_(w)dz (w)

Now we can proceed to examine the properties of these Fourier

processes. Note that

E (2,(dw) £ (dw))
f _i{%-m¢' } . —
= J | e E(Z(dwdé) £(dwdd'))

m R
- J o1 (&-m) F(w,$)dé dw
-

fl_m(m)dm

As before the centre process is

xo(t) = J e—iwt Colw) dZp(w).

00

Then the correlation relations between the Fourier processes and the

centre process are

[ ©

E(yQ(S) ym(S+t))

Mg, (rk(@))J_(rk(w))C, () C_(0) £, (w)du

eimtJm(rk(m))Co(w) Cm(w) f_m(w)dw

E(x0(8) y_(S+t))

eimt ICO(w)I2 fo(w)dw .

/4 -0

E(x(S) x (s+t))

As in the previous section, it seems most useful to compare the
centre process with each of the Fourier processes. The bivariate

process (x (t),ym(t))' has a spectral density matrix G(w) given by
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lco(w) | Z£0(w) J_(vk(w))Co(w)C_(w)f_(w)
G(w) =

J_(rk(w)) co(w) ¢ (w)E (8)  J_(rk(w))?]c (w)[?fo(w)

In the next section we shall consider practical uses of observing

this bivariate process.
5.5 PRACTICAL CONSIDERATIONS

In practice an array with p receivers equally spaced on a circle
of radius r, and one receiver at the centre would be used. While the
centre process is directly observable, the Fourier processes are not.

Instead of the integral definitdon, a finite sum is used; that is

v (t) = -1 g (t,r,2map~1)
,ym % 1 4 'Y & ap €
as

—imQWap'l
This need be defined only for m = -[p/2],...[p/2].

A form of directional aliasing will occur and

o]

9ﬁtt) Ym+kp(t)

%
k=—

© .
[ D e—lwt
Joo k

Jm+pk(rk(w)) Cm¥pk(m) de+Pk(m)

However, iiz Jn(x) = 0 and this convergence is very rapid so that this

aliasing will not in general be significant for values of p not too
small.

Considering the bivariate process (xo(t),y _(t))' we may form an
estimate G(w) of the spectral density matrix and define the following

h

functions: the m‘® order Fourier coherence

o () = [&,(0)] (E11(w) Ga(w))

the mtP order Fourier phase
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Gm(w) = arg élz(m)
and the mth order scatter function
Sm(w) = ézz(w)/éll(w) .

Observe that asymptotically om(w) approaches Ifm(w)|/f0(w), ¢m(w)

approaches arg(C (w) C (w) £ (w)) and S_ approaches J (rk(w))?
o) m -m m m
IC (w)/CO(w)|2.
m

We may always assume that Co(w) = 1 since the unscattered process
is never observed. However, it does not seem possible to estimate the
phases of fm(w) and Cm(w) separately--only their absolute values can
be estimated.

By these procedures we obtain a rough indication of the nature of
the observed waves. If Cm(m) is small for m = 0, a high degree of
scatter is indicated, |fm(m)l/fo(w) being small from m # 0 indicates
a reasonable number of sources present. If this ratio is close to
one we could reasonably expect that only one signal is present.

These results are rather inconclusive but they are useful in
providing a preliminary analysis of the data simply by the

evaluation of explicitly defined functions.
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CHAPTER 6

AN APPLICATION TO SEISMIC DATA

6.1 DESCRIPTION OF THE DATA

This chapter contains some results of applying the methods of
Chapters3 and 5 to some seismic data.

The data was obtained by Michael Asten of Macquarie University,
New South Wales, and contains records of microseismic events in the
Sydney basin area. The events are of very low energy, some being
generated by local traffic, and are very non stationary.

Arrays comprised up to seven short period Willmore vertical
seismometers with a resonance at 0.7 Hz and a useful range of 0.1 Hz
to 10 Hz. The outputs of the seismometers were amplified, filtered
to remove energy above 10 Hz and relayed by cable to a truck mounted
processor. There they were again filtered, converted to digital form
and stored on nine-track magnetic tape using an Interdata 70
minicomputer as a buffer. A sampling rate of 200 samples per second
for each seismometer gave a Nyquist frequency of 100 Hz. This rather
high rate and the prefiltering were used to overcome interference from
the 50 Hz local electricity supply.

The purpose of using this array was to determine velocities and
dispersion of surface waves, using microseisms--not controlled

explosions as is usual in exploration seismology. Vertical seismometers



97
are primarily sensitive to Rayleigh waves and if the velocity of these
waves is known as a function of frequency, certain inferences can be
made about the geological structure‘beneath the array. The problem
is. compounded slightly by the fact that Rayleigh waves can propagate
in different modes, these having different velocities.

Before applying the methods of this thesis, Fourier transforms
had to be calculated. Due to the great variation of energy levels at
adjacent frequencies, a 100% cosine taper was used to reduce leakage.
Prewhitening with a time domain filter followed by using a less severe
taper would have been preferable but this would have required the
design of a different filter for each set of data. After fast Fourier
transforming in blocks of 4096 points, the transforms were corrected
for the phase and amplitude characteristics of each receiver.

A thirteen-second record from five receivers is shown in Figure/

6.1.

6.2 APPLYING THE DETERMINISTIC ESTIMATOR

In the absenée of any pseful finite parameter model for the
velocity, it was decided to examine the data in successive frequency
bands, the bands being sufficiently narrow that the assumption of
constant velocity within bands was approximately correct. Within a
band each signal was parametrized by its two slowness coordinates in
the plane.

- The programms used are reproduced in full in the last section of
this chapter. They are designed for interactive use and produce
contour plots in the two slowness coordinates using a conventional
single beam method, Capon's method or the deterministic estimator.

The technique of Section 3.6 was used for the deterministic estimator;



98

Figure 6.1

+
6
+
2 + N
3
+ 7
1
+
5
+
I
. 200m "

Figure 6.2



99

keeping the parameters of all but one signal fixed at any one time.

In Figures 6.3 to 6.8 we give an example of the use of this
program. A set of data from a seven-receiver array was used (Asten's
file TB6Fl), the receivers having the positions as shown in Figure 6.2.

For this example the band 1.0 Hz to 1.6 Hz was chosen. This
contained thirteen fundamental frequencies. Velocities were expected
to be greater than 1 Km/éec so the slowness parameters were restricted
to the range [-1.0,1.0]. |

Figure 6.3 shows the result of Capon's method. It exhibits a
rather sharp peak with a maximum (denoted by the asterisk) at
(0.25,-0.15). This corresponds to a signal arriving from the south
east with a velocity of 3.4 Km/sec. Fﬁrthermore the asymmetrical
shape of the peak suggests that more signals may be present--one from
the north east and a faint one from the south west. Velocities cannot
be assigned to these and it is not clear whéther or not they are
"real".

The conventional single beam analysis (Figure 6.4) has a similar
maximum but it has a very broad peak which gives no indication of
other signals. The height of the peak indicates that one signal could
explain 75% of the energy observed in that band whereas no such
interpretation can be given to the height of the peak produced by
Capon's method. |

This one signal provides a starting point for the deterministic
estimator. If we fix one signal with parameters (0.4,-0.2) and look
for a second signal we obtain Figure 6.5, which shows a signal present
in the north east quadrant, parameters (0.15,0.25). To carry out the
iterative method we fix the second signal parameters at (0.15,0.25) and
attempt to revise the estimates for the first signal, and so on until

the estimates stabilize. TFigures 6.6 and 6.7 show the first two steps
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of this. If we continue we quickly obtain
1st signal (0.3087,-0.1612) Velocity 2.87 Km/sec
2nd signal (0.1038, 0.1869) Velocity 4.68 Km/sec .
At this stage we may proceed to consider a third signal. Fixing
two signals with the above parameters, we obtain Figure 6.8 as the
estimating function for the third signal. It clearly indicates a

signal in the south west and if again we iterate this procedure we

obtain
1st signal (0.3308,-0.1444) Velocity 2.77 Km/sec
2nd signal (0.2509, 0.2214) Velocity 2.99 Km/sec
3rd signal (-0.2231,-0.6031) Velocity 1.56 Km/sec ,

The estimate of velocity for the third signal must be treated
with some caution. As can be seen in Figure 6.8, the maximum
corresponding to this lies on a long narrow ridge directed away from
the origin, indicating a high variance in this direction.

Other studies by Asten indicate that velocities of 2 Km/sec and
2.8 Km/sec could be expected for the fundamental and first higher
order Rayleigh waves respectively in this region and frequency (Asten,
1976). |

For a narrow band of frequencies as used in this example, we may
reasonably assume that thekspectra are roughly‘constant and we may
test for the significance of a signal by using an analysis of variance

procedure. The relevant sums of squares are

Total 29610
Explained by one éignal 22190
Explained by two signals 26870
Explained by three sigﬁals 28660

The total number of degrees of freedom is 182 (13 fundamental

frequencies, 7 channels, real and imaginary parts) but this must be
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corrected for the cosine taper used. A correction factor of 18/35 is
required (Koopmans, 1974, p. 300). Hence the effective degrees of
freedom for the total is 93.6. Similarly the effective degrees of
freedom for each signal is 13.4.

The analysis of variance is presented in Table 6.1.

For the test of the significance of the third signal the test
statistic is 7.5. This is obviously very significant compared with the
F distribution with 13 and 52 degrees of freedom so that iﬁ that sense
the third signal is '"real".

If the statistic was not so clearly significant, such an analysis
of variance would have to be treated with care as it ignores the

changes in the design matrix 8.
6.3 NON-DIRECTIONAL METHODS

Asten also obtained data in the same region using an array
consisting of six seismometers equally spaced on a circle of radius 50
metres and a seventh at the centre. The smaller size of this array
indicates tﬁat it would be most useful at shorter wavélengths and
hence higher frequencies than the previous one. The processing of the
data up to the point of having the Fourier transforms is the same as
before.

All the results which follow are based on spectral estimates
obtained by averaging over eleven fundamental frequencies at a time.

Firstly the average of the complex coherencies between the centre
seismometer and each one on the circle was calculated. Ité‘real and
imaginary parts are shown in Figure 6.9, in the frequency range O Hz
to 10 Hz. Except for the "kink" at 5 Hz it is readily interpreted as

giving a slowly decreasing velocity since it follows the shape of a
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Table 6.1
Sum of Squares e.d.f. Mean Square
2 signals 26870 26.8 1004.8
Difference between
2 signals and 3 1787 13.4 133.4
Residual 952 53.5 17.8
Total 29610

93.6
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Jo curve "squeezed" at the higher frequencies. The imaginary part is
close to zero as expected.

If we look at the gain between the average of the outputs on the
circle and the centre output the result is much less impressive. The
real part of this estimated gain function is shown in Figure 6.10. It
is much more irregular and is even greater than one in parts. This
could be due to noise local to one receiver (very unlikely) or
differences in sensitivity betweenAreceivers. It is an advantage of
Aki's original methods that they compensate for differing sensitivities.

Figures 6.11 to 6.16 give fourier coherence phase and scatter
functions. Since there were six receivers on the circle of the array
these functions are calculated for orders 0, 1, 2, 3(or -3), 4 (or
-2) and 5 (or -1). The zero order functions are easiest to interpret.
Below 6 Hz the coherence is close to one and the phase is close to
zero, indicating the presence of only éne significant velocity. The
sharp minimum at 6.6 Hz almost definitely implies that Jg(kr) = 0 at
this frequency, especially since the phase changes from zero to w.
Above this frequency the coherence is low, indicating either noise
at the recei&ers or more than one significant velocity.

The interpretation of the higher order results is not so clear.
However the following remarks may be made.

1. Below 2Hz, the coherency functions are almost one, possibly
indicating that only one signal is present. (The Fourier coefficients
of a delta function have constant modulus.)

2. Above 6Hz the scatter functions have unexpected. large peaks.

They can only be explained by interference.
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6.4 APPENDIX

The following programs were written for interactive use on a

A DEC.Systgm-lO computer and consequently contain some input and oﬁtput
statements which are not standard FORTRAN. The main controlling
program gives self-explanatory prompts to the user. The printer
plots have a linear scale but this can be altered to a logarithmic
scale my altering the call to GPLOT. The iterative program BFAST,
which uses BEAM to implement the deterministic estimator is not

particularly efficient and could be improved.
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