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page 12. Footnote to egn. (2.14)

"Eqn. (2.14) is exact, but we note that it was derived by refering th
field components to a fixed cartesian coordinate system".

page 25. Above egn. (2.40)
The relation retween ¢n n? and profile shape should be

" 2 = _— "
Ve 4n 24 gtf

page 26. Egn. (2.42)

To avoid confusion, £ in egn. (2.42) should be replaced by s, with th
following comment:

"where ds = p d¢ is an element of arc length of the boundary interface".

page 35. Eqgn. (2A.3)

Eqn. (2A.3) should be:

_— _ W(K,_, (W) + K, 41 (W)
Y |ge 2 K, (W)
where the field in the cladding is given by y = KQ(W) ",

page 43. Addition to last paragraph.

"(See ref. [7] for a complete discussion of the feasibility of using thi
system for local area networks. We are only concerned with dispersic

properties in this discussion)."

page 44. Egn. (3.2)

There should be a minus sign between the 2nd and 3rd terms on the RHS ¢
eqn. (3.2), and the last term should not be there in this approximation
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FEW-MODE OPTICAL WAVEGUIDES
and their study by
THE FOUR-PHOTON MIXING PROCESS

The design and use of optical fibers for communications systems or
sensing devices requires an understanding of the properties of modal fields.
This thesis theoretically examines mode characteristics on optical fibers
where the symmetry has been broken, especially in the cases of fibers that are

uniformly bent and those that have arbitrary shaped core cross-sections.

In general the higher-order modes of these fibers are strongly
affected, as they are dependent on symmetry, and a birefringence in the
fundamental mode originates. Corrections to the fields and propagation
constants of the unperturbed fiber are found by several perturbation
methods. The relation between symmetry and polarization effects is discussed
in detail.

In order to examine the modal characteristics of these fibers the
theory of stimulated four-photon mixing is employed. This non-linear optics
effect generates multiple new output frequencies 'that are symmetrically
shifted above and below the input frequency. The process occurs strongly when

it is. phase-matched.

A study of the resulting shifts in optical frequencies on few-mode
fibers gives information on the symmetry and magnitude of fiber perturbations,
and thus the theoretical results are available for confirmation by
experiment. Some experimental results that have been performed by other

researchers are included.

Four-photon mixing on different single-mode fibers 1is examined,
where material dispersion and fiber design are delicately balanced near the
zero-dispersion wavelength. Frequency shifts reveal information about the
total dispersion properties of the fiber. Singly-clad and doubly-clad
profiles are studied.
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Notes on Text

References are labelled within each Chapter by square brackets, i.e.
[12]. A list of references is found at the end of each Chapter. Back-

references to past Chapters are given by:

See ref. [3-9].
This means see reference [9] of Chapter 3.

Equations are labelled within each Chapter by Chapter and equation
numbers, i.e., (6.21) refers to Chapter 6. Equations in the Appendicies are
labelled as, for example, (5A.10) meaning the Appendix of Chapter 5.
Good luck.
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CHAPTER 1

INTRODUCTION

Optical fibers are used extensively for long- and short-range
communication systems, as well as in high-sensitivity measuring devices.
In order to fully utilize the potential of such systems one needs to
determine and understand the fiber characteristics. This thesis
theoretically examines changes to the electromagnetic fields when the
fiber is perturbed from the ideal case, and examines the use of a non-
lineaf optics process in order to measure such changes.

We are principally concerned with few-mode optical fibers that
are perturbed by (i) uniform bending, and (ii) a non-circular core
cross-section. The perturbations can be measured by the stimulated four-
photon mixing process, a non-linear effect that reveals information about
not only waveguide characteristigs, but material characteristiecs as
well. The fiber material properties are very important in the design and
application of single-mode fibers for long distance communication systems.

Chapter 2 1lays the foundations of few-mode optical waveguide
theory, as well as introducing the notation. The '"weakly-guiding"
approgximation is used as a basis for the theoretical description of fiber
characteristics, and the conceptual premise of this approximation is

discussed. The modal properties of the three different waveguide profiles



that are used throughout is presented, as well as a review of the Gaussian

approximation, which is used to simplify the description of the modal

fields.

In Chapter -3 the dispersion properties of glass fiber waveguides
are dispersion
-3~ examined. The -dispersien- consists of material and waveguide

cavses
contributions, and -desepibes— pulse spreading due to the modal

characteristics as well as the dependence of the refractive index on
wavelength. Curves that describe the group delay and chromatic dispersion
are presented for the different profiles.

A very important design consideration for single-mode fibers is
the zero-dispersion wavelength, where material and waveguide contributions
to the dispersion cancel. The design and application of fibers operating
at this wavelength is discussed. The practical implications of operating
such a fiber at lower wavelengths than they are designed for is
investigated.

In Chapter U4 the stimulated four-photon mixing process in
optical fibers is reviewed. This non-linear optics effect generates
multiple new frequencies at the output of the fiber. These new
frequencies are symmetrically shifted below and above the input (or pump)
frequency. The process occurs strongly when it is phase-matched.

Chapter 5 deals with this phase-matched condition, and it is
shown that the resulting frequency shift reveals information on the
material and modal properties of few-mode fibers. Phase-matching on
single-mode fibers offers a way to examine the total dispersion
characteristics of the fiber.

Chapter 6 examines the modal characteristics on fibers that are
perturbed by having a non-circular core cross-section. In this case the

symmetry of the waveguide is broken. In general the higher-order modes of




these fibers are strbngly affected, as they are dependent on symmetry, and
a birefringence originates in the fundamental mode. The relation between
symmetry and polarization effects 1is discussed in detail. A study of
frequency shifts on these fibers gives information on the symmetry and
magnitude of the perturbations.

Profiles that are perturbed by having a depressed refractive
index profile (or dip) are also examined. In this case the symmetry is
not broken but modal characteristics, such as group délay, are strongly
affected. We use the theory of four-photon mixing to study these changes,
and compare our résults to experimental data.

Chapter 7 examinés the modal characteristics on waveguides that
are uniformly bent. This form of perturbation also breaks the degeneracy
of the higher-order modes and creates a birefringence between the
orthogonally polarized fundamental modes. By using the theory of four-
photon mixing the theoretical prediction 6f mode splitting is confirmed by
experimental results.

Chapter 8 attempts to simplify the description of mode
propagation on bent fibers by using the Gaussian approximation for modal
fields. The simple forms of the approximation also4allow an investigation
of the perturbation theory used to analyse bends. Finally, experimental
results showing the shift of the peak intensity of the electric field due
to the bend, in regions where the usual perturbation theory breaks down,

are explained.
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CHAPTER 2

FEW-MODE OPTICAL WAVEGUIDES

1. Introduction

In this chapter we lay the foundations of the waveguide theory
that will be used throughout this work. While parts of this chapter ;gf
essentially a review of standard theory (see reference [1]), we present
some results which‘are not available elsewhere.

Throughout this work we are concerned with three types of
waveguide structures; (1) the basic singly-clad step-index (or
rectangular-profile) fiber; (2) the singly-clad power-law profile
fiber; and (3) the doubly-clad (W-type) step-index fiber. These three
profiles are shown in Figure 2.2.

We begin at the beginning: Maxwell's equations and the
homoéeneous vecﬁor wave equations. We then invoke an approximation to
solve the wave equations. This approximation, called the '"weakly-guiding
limit", is the basis of the theoretical analysis of waveguides presented
here, and is related to the polarization properties of the waveguide. The
details and significance of this approximation are discussed.

In general polarization effects can be ignored, but when dealing
with birefringence problems one must. take into account the fact that light
is polarized in two orthogonal directions, and the '"weakly-guiding"
approgimation is no longer sufficient to  describe the mode
characteristics. We present a perturbation theory which, when added to
the "weakly-guiding" waveguide solutions, gives a complete description of

the modes of an optical fiber.
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We then present the mode characteristics of the three fiber
models we are investigating. We write down the solution to, the wave
equation, called the modal field, for the solvable cases and detail the
numerical solution for the other cases. We present curves whiéh give the
eigenvalue and cut-off characteristics of the respective waveguide
structures.

We then examine the polarization corrections in more detail, and
as an example consider the singly-clad step-profile fiber. We show how
the vector fields can be constructed from the scalar fields, and how these
corrections describe the polarization properties of the fiber.

In the next section we show how approximations to the "weakly-
guiding" waveguide solutions can be made by making use of the fact that
the fundamental mode field 1is Gaussian 1in shape. Simple analytic
solutions result for many waveguide parameters, and the approximation can
be extended to describe higher-order modes as well. We examine and
discuss the accuracy of the Gaussian approximation in relation to the mode
characteristics we will be concerned with.

Finally, we present an outline of useful numerical procedures

that are used throughout this work.



2. Basic Theory
(a) The Vector Wave Equation

In this section we quickly review the fundamental equations for
an electromagnetic analysis of optical waveguides. Maxwell's equations in

non-magnetic, homogeneous and isotropic source-free media are [2]

gx§+uoa}~i/at=0
v x g - ag/at =0
(2.1)
R
e

where E and H are the electric and magnetic fields, respectively, u, is
the free-space permeability, and the electric displacement, D, is

related to the electric field by
D=cgEvE (2.2)

€, is the free-space dielectric constant and E is the electric

polarization, which in linear media is given by

P=¢e, xE (2.3)

i scalar
where x 1is the electric suscepqﬁbility-%easeﬁa Combining eqns.(2.2) and

(2.3) we have
n2 E (2.4)

where the refractive index n(x,y,z) 1is related to the susceptability

tensor x by



1/2
)

n(xz,y,z) = (1 + (2.5)

We shall be concerned with electric and magnetic fields that have an

implicit time dependence exp(-iwt) , so that the time derivatives of
eqn.(2.1) can be replaced by factors of iw = ike , where
c = (g, “o)—1/2 is the speed of light in free space and

k = 2n/) (2.6)

is the free space wavenumber, where A 1s the wavelength of light in free
space.

If we eliminate either the electric or magnetic fields from egns.
(2.1) we obtain, with the use of eqn.(2.4), the homogeneous vector wave

equations;

{v2 + n2k2} E = - v(E - v en n?) (2.7a)

{Yz + n2k?}

e
i

(Y X I;{] x z ¢n n? (2.7b)

If the refractive index profile does not vary with longitudinal distance z

along the waveguide, so that n = n(x,y), then the electric and magnetic

a
fields can be expressed in the segérable form

E = (gt +e, é] exp(igz) : (2.8a)

H= (h

H n +h z) exp(isz) (2.8b)



where 8 1s called the propagation constant, % is the unit vector parallel
to the waveguide axis, and subscripts t and z denote the transverse and
longitudinal field components. By substituting eqn. (2.8) into eqgn.
(2.1), ‘and comparing longitudinal and transverse field components,
relationships between the field components S €, gt

The operator V2 in eqn. (2.7) is a vector operator, and couples

and hz are obtained.

the field components in an arbitrary coordinate system, as we shall see in
Chapter 7, when we deal with bent optical fibers. However, if the field

components are specified relative to fixed cartesian coordinates, ie.,

A~ A~

£+ e

®
1]
(]

(2.9)

>
>

+ h
y

=2

"

=2
e
<

then this coupling does not occur and the vector operation is replaced by
the secalar Laplacian v?

Substituting eqn. (2.8) into egn. (2.7), separating longitudinal
and transverse components, then we have the vector wave equation of the

transverse electric field [1]

{Vé + n2k2? - g2} e = - Yt(?t © 7, on n2) (2.10)

where e,_ are defined by egn. (2.9), n = n(x,y) and

St
~ af af
Wit iy
V,éf‘:a—z-£+a—2£



(b) Polarization Properties

There are few exact solutions to egn. (2.10), and so we must use

propagation

approximation methods to obtain the field and -prepagtien- constant. The
term on the right-side of egn. (2.10) is called the vector correction
term, and describes the polarization properties of the electric field.
This correction term is due to the fact that the refractive index varies
over the cross-section of the fiber.

In an infinite medium of constant refractive index the electric
field would be a plane wave whose initial polarization state would be
maintained as it propagates through the medium. The vector correction
term changes the electric field so that its polarization state rotates as
it propagates along the fiber.

The "weakly-guiding" approximation makes use of the fact that
the difference between the refractive index of the core and cladding
regions 1is negligibly small, so that the vector correction term in eqn.

‘ neﬂlcc’red ‘
(2.10) can be

{3,4]. In other words, if the refractive
indicies are nearly equal, the slight boundary difference maintains total
internal reflection, so light is still guided by the waveguide, but the
medium is virtually homogeneous as far as polarization effects are
concerned, and the wave is essentially plane polarized. The modes are
said to be "linearly-polarized" [4].

If we set the vector-correction term in eqn. (2.10) to zero then

we obtain the scalar wave equation [5,6]

{v% + n2k2 - B2} & =0 (2.11)

where the bar on the propagation constant and field components signifies

that these are not the exact gt and 8 that are solutions of the vector



>

"

wave equation (2.10). -%f——§E—%s—exﬁfeﬁsee—éﬁ—eaf%esia&—eeefééﬁa%es—%heﬁ-

can
be polarized along any arbitrary set of orthogonal axes.
The range of bound mode propagation constants
is kn < B < kn where n and n are the maximum values of the
ce co co ce
refractive index in the core and cladding respectively. Thus the

variation of B8 on weakly-guiding waveguides is very narrow and we set

B=kn  =kn : (2.12)
By knowing only e the modal fields are fully specified. The waves are
very nearly plane waves and e, = 0, h =0.

The scalar wave equation (2.11) will be the basis of our
theoretical analysis of mode properties in this work, and later we will
see that this equation will be sufficient to describe the higher-order
modes of perturbed optical fibers. A solution of the scalar wave equation
represents a modal field whose intial state of polarization is maintained
over the entire length of the fiber. However, in general polarization
properties are important, and describe how the polarization state changes
as the mode propagates through the fiber. In particular, we shall see in
Capters 6 and 7 that these polarization effects are essential to describe
birefringence phenomena. These effects can be included by adding a
correction term to the scalar propagation constant [7,8]. The proper
modal fields are then given by the scalar solution plus correction term.

We use a standard perturbation technique (7] to derive the
difference between the scalar propagation constant 8 , and the exact
propagation constant 8 given by the vector wave equation. If we dot
multiply eqn. (2.10) by e and dot multiply eqn. (2.11) by e subtract

<t ! <t !

and integrate over the infinite cross-section Am we obtain
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82- 82 = [ &_ -7, {et © 9, n n2} da/ [ & - e, dA (2.13)
A ” a - o

@ @

The terms involving Vg vanish, as we can transform the area integral over

these terms into a line integral using Green's theorem:

= §2 (8 Ty " g g Ty - & - nan

where ¢ _ 1is the perimeter of Am and é is the unit outward normal on &_ in
the plane of Am . Because the fields of bound modes and their derivatives
decay exponentially to zero at large distances from the waveguide the line
integral vanishes.

Using the vector identity

Vo o (FA) = £ 0 A 8 -0 f

and noting that the area integral over f Yt - &, can be transformed into a
line integral, which will vanish, the integrand in the numerator of eqn.

(2.13) can be re-written and we obtain

82 - g2 =-[ (v - ét) e, - 7 enn2da/ [ & - e, dA (2.14)
: A

@ [~

We use this equation to show the vector corrections for the modes of a

singly-clad step-profile fiber in Section 2-4.
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(e) Modal Parameters

We now introduce the normalized parameters that we will use

throughout this work. The normalized freguency is

172

V= ko nCO[ZA) (2.15)

where k = 2n/X, p is the fiber radius (or half-width of a rectangular
guide) and the profile-height is defined to be

1
A:§[1 —né /néo]
(2.16)

14

(nco- ncﬂ,)/nco

Following our discussion in the previous section, the "weakly-guiding"
approximation may be described as the A » 0 limit ([4]. Throughout this
work we assume that the refractive index in the cladding is a constant and
extends to infinity, and the variation of refractive index in the core is

given by

n2(x,y) = néo(1 - 2A.f) (2.17)
where f describes the shape of the profile.

The normalized eigenvalues are defined to be [1]

2 = o2(k2n2 - 382 .

U2 = o2(k2n 82) (2.18a)
2 = 52(82 - k2n2 )

W2 = 02(B k2n2 ) (2.18b)

so that U2 + W2 = V2 ,
Figure 2.1 is a cylindrical fiber with cartesian coordinates
(z,y,2), and polar coordinates (r,¢,2) , radius o , and refractive

indicies Do in the cladding and n(x,y) in the core.
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Fig. 2.1 A circularly symmetric fiber, which is unbounded in the r- and
z-directions. The core radius is p , the normalized radius is

R = r/p , and n(r) is the refractive index profile.

(@) (b)

—_—— nCO
15—
q=1{5
2
. - nci
- 0 p r - 0 p r
n
- - co
(c)
- — ncl
—_ — rhc
- —p 0 p p ¥
Fig. 2.2 Refractive index profiles for (a) the singly-clad step-profile,

(b) the singly-clad power-law profile, and (c) the doubly-clad

step-profile.
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3. Modal Characteristics

We now have the basic equations necessary to describe the
behaviour of 1light propagating in optical waveguides. The equations are
general and apply to waveguides of any profile shape or cross-sectional
shape.

Throughout this work we will deal with 3 types of fibers; the
singly-clad step- and clad power-law profile fibers, and the doubly-clad
step-profile fiber. We will consider a circulably—symmetric cross-
section, so that the scalar wave equation (2.11) can be written as

2 2 -
(§_+la_.+1__3__+k2n2_32]¢=0 (2.19)
ar2 r ar

r2 3¢2

where the scalar Laplacian has been written in cylindrical polar

~ ~

coordinates and v = éx X or éy y . ¥ can be expressed in the separable
form
_ cos %4
b= F (R {G5n ge) (2.20)
cos 19 even _
where {sin 1¢} refer to {odd } modes, 2 = 0,1,..... , and  we have
introduced the normalized radial coordinate R = r/p . We will use this

normalized coordinate throughout this work. The radial function FQ(R) is

+he
then the solution to-be differential equation

(é‘z_

1d S PR D) f(R)) F (R) = O (2.21)
3R> '

1
TR o,
where we have substituted egns. (2.17), (2.18) and (2.20) into the scalar
wave equation (2.19). The smallest value of U (and hence the largest
value of B8 ) occurs for the fundamental (& = 0) mode. We now examine

solutions to eqn. (2.21) for our 3 fiber models.
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(a) Singly-Clad Step-Profile Fiber
This profile shape, shown in figure 2.2(a) represents a fiber
with a constant refractive index in the core and a constant refractive

index in the cladding, and with respect to eqn. (2.17) is specified by

f(R) = {? !

o O
v A
—
IA
-

(2.22)

The solution to equation (2.21) is then given by

IA

J(UR)/J (W) , 0 sRsHt

F (R) = { (2.23)
K, (WR)/K (W), R>1

where J and K are the Bessel and modified Bessel functions. The

eigenvalues U and W can be determined by matching the field and its first

derivative at the fiber boundary R = 1. The result is the eigenvalue
equation:
!
U i&iligl =W E&ilifl (2.24)
J, (0) K, (W)

The m°? zero of this equation specifies the (%,m) mode propagating in the
fiber. In Section 2-U4 we explain that (%,m) modes are designated by the
notation Lle , unless otherwise specified. The method of numerically
determining the zero's of eqn.(2.24) is outlined in the Appendix.

For future reference, the normalization integral for a singly-

clad step-profile fiber is

K, (W) K, (W)

2+ 1
2
Kl (W)

x, = 7 F,2(R) RdR = ve (2.25)

. 20

The lower limit B = kncz of permissible values of the bound mode

propagation constant is called modal cut-off, and is defined by
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The fundamental modeg will propagate for any positive value of V, but

higher-order modes will only propagate when V 1is greater than the

characteristic cut-off value.

For the step-profile fiber the cut-off values are given by

3,0 =0

Figure 2.3 is a plot of the numerical solutions to the
eigenvalue equation (2.24) as a function of V. The cut-off values are

also given. These curves represent the scalar propagation constant 8 .

6.0—— P
5.136
. LP
02

401 3.832 LP,,

5 | P,
' 2.405
2.0 LPo;

0.0 L —

V

Fig. 2.3 Scalar eigenvalues for the singly-clad step-profile fiber. The
numbers along the U = V line are the cut-off values, Voo for

the different modes.




(b) Singly-Clad Power-Law Profile Fibers

This profile shape, shown in figure 2.2(b) is specified by [9]

R  , 0<R s A
£(R) = { (2.26)
1 , R > 1
where q is a grading parameter. q = 2 1s the square-law or parabolic

index, and q = = is the step-index.

The solution to eqn.(2.21) in the cladding is the same as that
for the singly-clad step-profile. There are no analytic expressions
for FQ(R) in the core region, but eqn. (2.21) <can be solved
numerically. In the Appendix we outliﬁe a fourth-order Runge-Kutta method
to solve this equation. Cut-off values are also found numerically from
this equation.

In figure 2.4 the cut-off values, V are plotted against q.

co’

In figure 2.5(a) we plot the eigenvalue U against V for several values of

q, and in figure 2.5(b) we plot U against q for several values of V.

8-0 i N . s " . a -

6.0 K &hH
\ |

co

4.0

2.0 -
0 4 8 12 16 20

q

Fig. 2.4 Cut-off values for the power-law profile against grading

parameter q.
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(e) Doubly-Clad Step-Profile Fiber

This profile is often called the W-fiber, or depressed inner-
cladding fiber, and its profile is shown in figure 2.2(c). As we shall
see in Chapter 3, this fiber has a shifted zero-dispersion wavelength
(10,11], due to 1its multiple cladding, and can be used for minimum
dispersion operation at longer wavelengths (and therefore less loss) than

the singly-clad fibers. Following reference [11] we define two profile

parameters
A= 1 (1-n2,/m2)
2 ce’ co
(2.27)
1
-1 (1 - n2 2
A, =5 (1 -n2,,/n2 ]

i 2
where .. is the refractive index of the inner cladding. We also define

two V's according to eqn. (2.15)

_ 1/2
Vv = kpnco (24)

(2.28)
_ 1/2
v, = kpnco(ZAi]
and the mode parameters are
-, 1/2
- 2n2 - 32
U = o(k2n2 - 82)
W= po(B2 - k2n2 )1/2 (2.29)
ce
- 1/2
- 2 . k2 n2
wi - D(B k nich
We introduce the two main parameters
A
= - = - - 2.30
P 1 Ai (ncz nicz)/(nco nicz] (2.30)

Qzo/e | (2.31)
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For the profile shape we have

0 , 0 <R<1
f(R) = A./A , 1 <R =Q (2.32)
1 , R > Q
The solution to equation (2.21) is then given by [11]
85J, (UR) , 0 <R <1
F (R) = AllE[WiR] + Ale(wia) , 1 <R <Q (2.33)
A3K, (WR) , R>Q

where I is the modified Bessel function of the first kind, and the A's are
normalized constants which ensure the continuity of FQ(R) at the boundary
R=1 and R = Q. Analytic expressions for A's are presented in the
Appendix.. The eignevalue equation is found by matching the field and its

first derivative at the boundaries R = 1 and R = Q:

[3,(0) - & (W] [K (WQ) + I (W.Q)]

[3,(0) + 1, (W] [K (WQ) - K (W,Q)]

(2.34)
) Il+1(wi) K2+1(wio)
Loer(W3Q) Ky 4 (W)
where
N ZQ(X) ( )
7 (%) = ———— 2.35
[} KZQ+1(X)

and Z represents the Bessel functions J,K or I.

The cut-off condition is given by
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~

L0 - KM 1 (D) K (T Q)

J )+ 1Mk (D1 (TQ)

(2.36)

where V = V(T§§)1/2 :

In figure 2.6 the cut-off curves are plotted against Q for
several values of P. In figure 2.7(a) we plot the eigenvalue U against V
for a fixed radius ratio Q and several values of profile ratio P, and in
figure 2.7(b) we plot U against Q for several values of profile ratio and
fixed V.

We mention here that variation of V for a given fiber implies
variation of wavelength, and since refractive index is a function of 1
(see Chapter 3) then P must also be a function of i . However, in

Chapter 3 we show that variation of P with respect to wavelength is very

small, and throughout we regard P as constant.

6.0

P ttelddlelnbteleltaleteteteletetelebet 3 (3,1) |
bttt & (UL}

zli) wﬁz;ééiz:ﬂ,—__ﬁi } (22’1)

P P e L }(1,1)

2.0
0.0 /

1.0 15 20 25

Fig. 2.6 Cut-off values for the W-fiber against radius ratio Q for

P = 0.29 and P = 0.50.
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4, Polarization Corrections to the Step-Profile Fiber
In section 2-2(b) we saw that by using the "weakly-guiding", or
A - O , approximation the vector wave equation could be replaced by the
scalar wave equation, and the fields can be described by plane waves which
are called LP (linearly-polarized) modes. |

An (2,m) mode will be designated as Lle throughout this work,
unless otherwise specified. We stress that LP modes are not the true
modes of the fiber, they are only an approximation in which all
polarization properties are ignobed. However, we will show in later
chapters that in fact the LP modes can be an accurate description of mode
propagation if the fiber is perturbed in some manner.

In our study of birefringence in Chapter 6 we will have cause to
use the vector properties of the modal field, so here we review the scheme
in which vector fields are constructed from scalar fields, and consider a
specific example. There are four solutions to the circularly-symmetric

formlof the scalar wave equation (2.19), which all have the same 8's :

gxe = FQ(R) costd X
e = F (R) costo ;
-ye & - (2.37)
€0 ° FQ(R) sing¢ X
gyo = Fl(R) singo y

where Fz(R) is the solution to egn. (2.21).
Using symmetry methods these scalar solutions can be linearly

combined to form the true modes [7];
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e, =& + e
~ ~Xe ~yo
e = e - é
~2 ~Xe ~yo
- - 2.38
e; = e+ e (2.38)
< ~X0 <ye
e“ = e - é
~ <X0 ~ye

Note that for the two fundamental (¢ = 0) modes the exact modes
‘are the same as the scalar modes. - The correction to the propagation

constant is now given by eqn. (2.14), with e, given by any one of eqn.

(2.38), and éé given by either of eqns. (2.37) that make up e, -

As an example for determining the proper modes of a fiber, we

consider the singly-clad step-profile fiber, whose scalar fields are given

by egn. (2.23). The " scalar propagation constants are given by eqn.
(2.18a):
- 2
5-un (1 -2n 812 (2.39)
. co V2

where use has been made of the definition of V, egn. (2.15), and U is the
eigenvalue of the scalar wave eqn. (2.21).

In order to evaluate eqn.(2.14) we use eqn.(2.17) and write
Yﬁln n? = —2A§;ﬁ . For a step-profile f is a step-function at the boundary

R=1, and we can write

-2A gtf = =2A 8(R-=1) n S (2.40)

~

where § 1is the Dirac delta function. The unit outward vector n is on

the boundary interface in the waveguide cross-section. Furthermore

82 - 82 = 28(8 - B) = 2kn o(s - B) = —=— 58 (2.41)
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where we have used the approximation eqn. (2.12).
Eqn. (2.14) then reduces to
68 = -"-(2—3\);/—2 g?s (gt-gt) gt-é dg / IAmgt-gt dA (2.42)
where ds :fow 1y an element a@ arc lmj“\ on the Eounoiarj intenface -

In Table 2.1 we present the corrections to 8 for the four exact
modes, where the modes are labelled in the standard EH and HE notation
(see [1] for a discussion). In figure 2.8 we plot the exact eigenvalue,
Uex against V for a fixed A = 0.01 . Uex is defined as

U2 = p2(kn2_ - 82) = U2 - o2(g2 - B2) (2.43)

where U is the scalar eigenvalue given by eqn. (2.18a). Figure 2.8 thus
represents the true modes propagating in a singly-clad step-index fiber,
and should be compared to the approximate LP modes of figure 2.3. We note

that the fundamental mode does not have a degeneracy split.

: HE41I
6.0 /EH,,
HE

/ 12

<HE;;

40 EH

| Mo
U o . \TE 2011 ’
2.0. “HE,,

0.0 ' -
0 2 4 6 8
Vv
Fig. 2.8 The true modes in a singly-clad step-profile fiber. Uax is

given by eqn. (2.43), and the modes are labelled by the HE and

EH notation (see text).
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4, Gaussian Approximation to Modal Fields

The fundamental mode field of an optical fiber is approximately
Gaussian in shape, and this fact can be exploited by giving very simple forms
for the modal parameters discussed in Section 2-3. The basis of the
approximation is that the fundamental mode of an arbitrary profile circularly

symmetric fiber can be approximated by some Gaussian function:
F,(R) = exp(- R2/2R2) (2.44)

where R, = r /o is called the spot-size. The problem then is to find an R,
such that egn. (2.44) gives a good approximation to the exact field. In this
work we will only be concerned with approximations to step-profile fibers.

Marcuse [12] has determined the spot-size of the fundamental mode by
minimizing the difference between the exact and Gaussian fields:

= -RZ/2RZ Fy(R)

- - 2 2.4
jo | W(EL] = ]2 R dr (2.45)

1(R,)

where N(R,) and x, are normalization factors, with x, given by egn. (2.25).

The spot-size is then determined by
— =0 . (2.&6)

For the step-profile fiber we have [12]

1 1.619 = 2.879
R, = — (0.65 + + = (2.47)
B /3 v3/2 7°
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A second, variational, method for finding R, is due to Snyder and Sammut [13].
This method has two advantages: first of all it results in a simple
expression for R, ; and secondly it can be generalized to describe higher-
order modes [14].

The basis for the approximation is that the exact higher order modes

of the infinite parabolic profile (i.e. f = R? in egn. (2.21)) are given by

2
F,(R) = (%;)2 Lt (i;) exp(- R2/2R2) (2.48)
o}

with RZ = 1/V. Lé%? is a generalized Laguerre polynomial and is given by [15]

m=-1

2 -1 -
L(9.) (B_) - (=1) (m=1+2) (Bz)n

=1 "gg no 0 (el (m=Ton)t e, (2.49)

It is assumed that the modes of an arbitrary profile fiber are of the same
form as eqn. (2.48). The spot-size is then chosen to minimize the variation
in B8 when eqn (2.48) is substituted into a stationary expression for B8 . This
expression can be obtained by multiplying the scalar wave equation (2.21) by

RFQ(R) and integrating over the profile:

I e, - —t - 13Y I

U2 = — + V2 fIF - —— - = —}F2 R dR/ F2 R dR (2.50)

o g2 7 g2 RAR T2 o 2

where U2 is related to 82 by egn. (2.18a). Given f(R) for a particular

profile, the value of R, is found by solving the equation for the extremjum

value of U [13]

au?

" 0 . (2.51)

0

The result is [14]
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V2(m-1)!

2m+2-1=m

T df oy po
IO I F2 R2 dR (2.52)

Given the solution of this equation for R the corresponding value of U, and

0 ?

hence 8 , is found by substituting the extremum value of R, back into

eqn. (2.50).

For the step-profile fiber f(R) is given by eqn. (2.22), and the

derivative of f(R) 1is the Dirac delta function: df/dR = §(R-1) For the
fundamental (¢ = 0, m = 1) mode egn. (2.52) reduces to [13,14]
R, = (1/anv2)'/2 (2.53)

In figure 2.9 we compare eqns. (2.47) and (2.53). The two spot-

sizes behave similarly over a large range of V, although egn. (2.53) will
break down as V - 1 We discuss this later.

In Table 2.2 we list FQ(R), R, and U for the first two modes of the
step-profile fiber. The relative error of U with its exact value (i.e. the
eigenvalue equation (2.24)) is at most only a few percent [14].

Table 2.2: Gaussian Approximation for the Step-profile Fiber

Mode (g&,m) Fl(R) R U2
-R2/2R2 -1/R2
(0,1) o R2/2R}% e 1/R3 (1 + l_)
V2 R2
-R2/2R2 -1/R2
(1,1) L o-R¥/2Rs 2 . L VRS 2(1- + 1+ r2)
0 vz R2 RZ




1.4

1.0 -
R,y2
0.6 ;

0.2 .
1 2 3 4 5 6
V
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Fig. 2.10 The spot-size equation for the LP,, modes vs. RZ . The curve

1

that has no roots is below cut-off.
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In order to find R, for the & 2 1 modes one must use a zero finding method as
outlined in the Appendix. In general the equation for R, for these modes has
more than one zero.

As an example for deterqéning the spot-size for some mode we
consider the LP,, mode (refer to Table 2.2), and in figure 2.10 we plot the

funection

against R, for several values of V. The curves that have no zero's are for V
values below cut-off (for the step-profile fiber the LP,, modes does not
propagate for V < 2.405). The other curves may have multiple zero s, and in
this case the correct value of R, (that value which gives the most accurate
value of U) is given by the first zero.

In Table 2.2 R, is not the same for different modes, and we may

write
Ml,m(v) = R, (2.54)

In figure. 2.11 we plot the function M against V for the first four modes.

As mentioned previously, eqn.(2.53) will break down as V » 1
Henceforth, when using the Gaussian approximation to describe mode properties
on single-mode fibers (i.e., those fibers with V < 2.4 ) we will use the
spot-size given by egn.(2.47). However, when we deal with the more general
case of few-mode fibers we will use the spotsize defined by egn.(2.52) for the

(2,m) mode, and represent this spot-size by Ml,m
Later we will use the results of this section in an effort to

simplify the description of mode propagation on bent fibers (Chapter 8).
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Fig. 2.11 Spot-size Mlm for different modes vs. V. The spot-sizes are

numerically evaluated from the zero's of eqn. (2.52).
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Fig. 2.12 Arbitrary functions f(x) vs. x.
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6. Appendix
(i) Zero finding routine for functions
To find the zero, x, , of the function f(x) we write g = f(x) and

(=]

choose minimum and maximum values of X such that

as shown in fig. 2.12. We then determine X, by the following routine: (with

reference to fig. 2.12)

ROUTINE ZERO (f, i’ Xmax) Xo)

start: x = 1/2 (x , + Xmax)
g = £(x)
is lg| ¢ , g<0 , g>0 2
(2a.1)
if g < 0 them x = x
max
return to start
if g > 0 then Xnin = ¥
return to start
if |g| = e then x;, = x
g < 1 determines the accuracy of x X and x can be found

9 min max

automatically, and the routine can be generalized to find any zero of a multci-

zeroed function.
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(ii) Eigenvalues and fields for arbitrary pofiles

The differential equation for the core region is
g+ % y' -2y 4 (U2 - w2 fly = 0 (24.2)

where f is the profile shape, eqn.(2.17). y must be continuous and have a
continuous derivative y' at the fiber boundary R = 1, giving an eigenvalue
equation for U:

WK, (W) « K, (W)

A B | (24.3)

B 2 KQ(W)
Rzt
where the fiedd in the cladding 15 guen by y = KL(W)
If we write equation (24.2) in the form
y" = £(R,y,y") (24.14)

then -for some value of V,f,2 and U y and y' can be found at R = 1 by a fourth-

order Runge-Kutta method

ROUTINE R-K( £,2,V,U; y,y' )

For n=0,1...,N, do:

h y!

<3
o
"
<3
3
+
nf— -

h y"

— 1 ,
yp = £(Ry + 30, vy, vy
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- 1 '
Yo = 9n T2 a Yo
yv :yv _(_lhyn
c n 2 b
- 1
yr = £(Ry + 30, v ,v})
(24.5)
- !
Yq = ¥y + Yy
T ! "
yq - ¥, t hyc
yg = £(R + 0, vy, v4)
Yoo =y + 2yl e 2y 2y +yl)
n+1 n 6 YYa b c d
yt :yl+é(l'+21l+2"+ll)
n+1 ntg gt Yy Yo + ¥4
Then Y et and yé+1 are approximations to y and y', respectively, at
Rn+1 = RO + (n+1)h . Usually we choose N = 1/h and h = 0.1. The intial
conditions are
g =0 y, =1
Vo = 0
y" = - U2 + y2f
L >-1: Vo = 0 . (24.6)
Yo = 1
Y5 =0

The eigenvalue

finding routine

for an arbitrary profile can then be found by calling the zero-

eqn. (24.1):



—

ROUTINE EIG (f,e,m,V,U . ,U :
min°' max

CALL ZERO (f(U); U ., U __; U)

where the function f(U) is the eigenvalue eqn. (2A.3)

c o]
£U) = K, (Wy' + 5 W (K, _ (W) + K (D)]y

2

and U and y,y' are given by

-1
us= 2 (Umin M Umax)

CALL R-K(f,%,m,V,U; y,y')

(iii) Normalization constants for the W-fiber modal fields

37

‘(2A.7)

The normalization constants of eqn. (2.33) are given by [11]

Ay = 1/J,(0)

A = (wiJl(U) K2+1[wi] -0J,,,0 K, (W, ))/3,(0)
Ay = (W () 1, (W) « U, () T,(H,))/3,(0)
Ay = (A1,(W,Q) + AzKl(wiQ))/Km(WQ)

(24.8)
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CHAPTER 3

DISPERSION OF LIGHT IN GLASS OPTICAL WAVEGUIDES

1. Introduction

In Chapter 5 we will see that phase-matching the stimulated
four-photon mixing process is very sensitive to the dispersion properties
of the fiber, and an understanding of such properties is essential to
explain experimental results which are presented in later Chapters. As
well, dispersion effects are the key to the optimum use of practical fiber
systems. In this Chapter we present results which will be referred to
throughout this work, as well as some results which are of interest for
various optical fiber applications.

Dispersion is one of the detrimental factors inherent to light
propagation in optical fibers. When a pulse of light propagates along a
waveguide several dispersion effects contribute to distort its shape.

Intra-modal dispersion is due to the fact that the group
velocity of a pulse of light depends on A , and there is a small spread

§\ in the Sandwidth of the source of light transmission. Intra-modal
dispersion deteriorates the shape of the input signal so that information
may be lost at the receiving end of the fiber, but the effect can be
minimized by choosing an optimum range of parameters, such as operating
wavelength and waveguide geometry. The effect consists of a combination
of material dispersion, which depends on the bulk material used for the

fiber, and waveguide dispersion, which depends on the fiber geometry.
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Normally material dispersion dominates, but in the region x = 1.3 um
(where the fiber is usually single-moded) material dispersion is ;g:g!and
the waveguide dispersion controls the total dispersion.

Inter-modal dispersion is due to the fact that the modes of an
optical fiber propagate with different group velocities, so another
dispersive effect is the difference in the group delay between modes.
Thus if a pulse is formed by more than one mode it will spread out as it
propagates along the fiber. As we shall see in Chapter 5 this inter-modal
dispersion effect is the key tb phase-matching the stimulated four-photon
mixing process in few-mode fibers. This form of dispersion can easily be
eliminated by having only one mode propagate - this is why single-mode
fibers are the most commonly used for fiber communication systems. None
the less, even a few mode fiber can be optimized to reduce this
dispersion, as we show later. In figure 3.1 we schematically represent
intra- and inter-modal dispersion.

After presenting the dispersion relations we investigate the
change in refractive index with respect to wavelength. We are only
concerned with fibers that have a -refraetive—index—in—the-cladding that is
pure silica, and the -refraetive—index—in—-the. core is Ge0,-doped silica.
We show the variation of refractive index, material dispersion and profile
height with respect to wavelength for several amounts of GeO, dopant, and
show that there is a linear relation between refractive index and the
amount of Ge0, for any wavelength.

We then give exact expressions for the waveguide dispersion and
group delay in a step-profile fiber, and give numerical results for the
clad power-law profile and W-fiber. The W-fiber alters the waveguide
dispersion so that the zero-dispersion wavelength (i.e., the wavelength at

which the total dispersion is zero) is shifted from 1.3um to the 1.55um
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range, where the loss is much lower. We consider some examples of this
shifting effect and present numerical results.

As an example of dispersive effects in optical waveguides, we
examine the case of a singly-clad step-index fiber designed for single-
mode operation at a wavelength of 1.3um that is then used in the few-mode
range of 0.85um . This is a problem of practical interest, because most
single-mode fibers currently being manufactured are designed to achieve
optimum performance at X = 1.3 um , but the most inexpensive sources
operate at the lower wavelength. In applications such as loéal afea
networks, where transmission 1is required over relatively short distances
and large numbers of sources and detectors may be used, the combination of
readily available fibers designed for 1.3 um and sources operating at
0.85 um is desirable, provided that adequate performance can be
achieved. (Scé, nel. [3) Lom oomf)ldc, discussion o} the fgagab«uj of
vsing g system for local area networky . We are on[:] concerned worth

. St = intra-modal dispersion dispersion Pm‘)mu n s discyesion )

{1 8T =inter-modal dispersion
— T =T, - T, —

mode 1
mode 2
3,
3,
transit time
Fig. 3.1 Schematic representation of intra- and inter-modal dispersipn

for a pulse of light propagating in two modes.
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2. The Dispersion Relations
The scalar propagation constant 1is given by egn. (2.39).

Because we are using the weakly-guiding approximation, so that A << 1

14

we may write

3 = uz
B = knco(1 - A V2) (3.1)

We define the dimensionless group delay as

_ds dn_UdU (. da,

Tra kg (B g

dk

(3.2)

Hm[(%f- 23 (1 - 4

where we have set n = n,, for simplicity. The conversion of eqn. (3.2) to
practical units is given in the Appendix.

As we shall see later, we can neglect terms of order

A(k/n)(dn/dk) and (dA/dk) and write the group delay for each mode as

N + naT (3.3)

-
1)

where

dn
N()\)-n+l{dk

=
n

dn() '
n(x) - A = . (3.4)

is the group index and

7 av (3.5)

is the normalized modal group delay [1]. (The equation for T in reference

[1] should be corrected by a term A [2], which gives egn. (3.5).)
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or total dispersion, of a mode is

the spread in the group delay due to the small spread in wavelength of the

source of transmission, and here we define it as

st = (t/x) &

)z
t:kg—é=D(k)+nAV§%
dk?
where
2 2
D(X):Zkgﬁi-kzu:lzd—ﬂ
dk? da2

(3.6a)

(3.6b)

(3.7)

is the material dispersion of the bulk material from which the fiber is

made, and V(dT/dV) is the waveguide dispersion, and depends only on the

geometry of the guide. The total dispersion can then be expressed as a

combination of material and waveguide dispersions:

t =t +nAt
m W

(3.8)

in reference [3] the complete expression for t is derived (i.e., the

derivative with respect to k of egn. (3.2)) where it is shown that profile

dispersion, i.e., terms with coefficient dA/dk

neglected. In the Appendix we

derivative  kd28/dk?, with 8 given

wavelengths. The results are given in figure 3.12.

compare egn.(3.8)

eqn.(2.39),

small and can be
to the numerical
over a range of

We find eqn. (3.6)

to be an excellent approximation to the intra-modal dispersion of a fiber.
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3. Material Dispersion

In this section we will 1investigate the variation of the
refractive index, profile height, and material dispersion with respect to
wavelength. Throughout this thesis we consider an optical fiber in which

the refractive index of the cladding, n is composed of pure silieca,

ce !’
and the refractive index of the core, Nago is composed of GeO, doped
silica. We find that there is a linear relation between Nao and the

amount (molar percent, m) of Ge0, for any given wavelength. Throughout
this work we will be mainly concerned with the wavelength range
0.5 um < A< 1.5 um .

The experimental variation of refractive index with wavelength

can be fitted to a three term Sellmeir dispersion relation of the form

(3.9)

where Ai are constants related to material oscillator strengths and li are

the oscillator wavelengths. The dispersion can then be found by direct

differentiation:
3 A, 2
N %g - - % S T § (3.10a)
i=1 B2 a3
1
3 A, o4 3 A, g2 3 A, 92
2
I Sa R G TR S A z—l—l-[%z——l-——l-)z] (3.10b)
vz m i=1 B3 A6 i=1 B2 A% is




47

We use the experimental results of reference [4], in which the
values of Ai and 2i are determined for 5 different amounts of GeO, ,
including the pure silica case. We define the quantity m to be the molar
percent of GeQ, dopant in the core, and consider m = 0%, 3.1%, 5.8% and
7.9%. Similar data is available for other dopants (5].

In figure 3.2 we use egns.(3.9) and (3.10) and plot a) n(i),

b) X dn/dx and. c¢) A2 dn/dA? against wavelength for the different m.
In fig. 3.2(d) we plot n, against X over a large range of wavelengths and
find that the Sellmeir equation (3.9) breaks down for x < 0.3 and

A 2 8.0 . We note that material dispersion (egn.(3.7)) is zero at around

X = 1.3 um .

As mentioned previously, we consider fibers in which the
cladding is considered to be pure silica (0 m% Ge0, ). Thus the profile
height is directly related to the amount of dopant in the core. In
fig. 3.3 we plot a) A and b) A dA/dx against wavelength for different
amounts of Ge0, in the core. We note that fig. 3.2(b) and fig. 3.3(b)
justify our approximation of egn. (3.3) where terms of order

A(k/n)(dn/dk) and k(da/dk) are neglected.

A In fig. 3.4 we plot a) n and b) D{(ix) = A2 d2n/dA?2 against the
amount of Ge0, for several values of wavelength. The experimental points
are from ref. [4] For a wide range of wavelengths there is a linear
relation between n, D(A) and the molar percent of GeO, dopant in the
core. Thus we can write a simple linear relation to find the value

of n, D and A at any wavelength \ and any molar percent m of GeO,
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Fig. 3.2 Material dispersion data against wavelength for different

concentrations of Ge0Q, dopant.
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Refractive index and dispersion against m, the amount of GeO,

The experimental points are from ref. [U4].



n(x,m) = n(x,0) + {n(1,7.9) - n(x,0)} m/7.9 (3.11a)
D(A,m) = D(x,0) + {D(x,7.9) - D(x,0)} m/7.9 (3.11b)
and hence
sm) = 4 {1 - B0 (3.11c)
2
n2(x,m)

Equations (3.11) are the basis for evaluating the theoretical
results on four-photon mixing and mode propagation that will be presented
later. In the Appendix we express our dimensionless dispersion D(A) in

practical units.

4. ‘Waveguide Dispersion
We are interested in the waveguide part of the intra-modal

dispersion relation (3.8):

oy 2 _,0dU
ER T (vz 2§ av) . (3.12)

For the singly clad step-profile fiber one can differentiate the

2.2
eigenvalue equation (2+%9) with respect to V to obtain

) K2 (W)

du _ Q {1 - } . (3.13)
av c K,_ (W) K,_ (W)

After a great deal of algebra we find from egn. (3.12)
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6,22 S (1 -2c)e + S (1 - L (12 0)
V2 W2 V2

WK, (W) WK (W) | (3.14)
%
Kl+1(W) * 3 (W)J(K - 1] + QK)}

[
where

Ké(W)
TK,_ (W) K

2+1(w)

For the fundamental mode (2=0) egn. (3.14) reduces to the result of
reference [6]. Usually, only'the waveguide dispersion of the fundamental
mode is important, because in few-mode fibers the inter-modal and material
dispé%ion will dominate.

| For the clad power-law profile and W-fiber the waveguide
dispersion t is evaluated numerically, with eigenvalue U specified in
Section 2-3. In fig. 3.5(a) the fundamental mode waveguide dispersion t
is plotted against V for the clad power-law profile with several values of
profile parameter q. ( q = = 1is the step-profile, given by eqn. (3.14)),
and in fig. 3.5(b) we plot Cy against q for a fixed value of V = 2.2.

In figure 3.6 we consider the fundamental mode 12¥ for the W-
fiber. Fig. 3.6(a) is a plot of t, against V for several values of radius
ratio Q and fixed profile ratio P = 0.5 (refer_to Section 2-3(e¢) for
definitions of P and Q). Fig. 3.6(b) shows t 6 against Q for several
values of P ana fixed V = 2.2. As mentioned earlier, variation of V is
really a variation in wavelength, so one may expect the profile ratio P to
change with a change in A . However, as fig. 3.4(b) shows, the variation
in the difference between any two A's is negligibly small, so the ratio P

is effectively a constant.
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In Section 3-6 we examine the intra-modal dispersion in the

wavelength region where tp 1s very small, so that t, plays a major role

in determing the zero-dispersion wavelength.

(a)

n
o
Q
[
(6)

waveguide dispersion t,,
o

Q
o

~
L)

0.8]

0.6

waveguide dispersion t,,

0.4

0 4 8 12 16 20
q

Fig. 3.5 Waveguide dispersion of the fundamental mode for the clad power-
law profile. (a) t  vs. V for different q (q = = is the step-

profile); and (b) t, vs. q for a fixed V = 2.2.
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Fig. 3.6 Waveguide dispersion of the fundamental mode for the W-fiber.
(a) t, vs. V for a fixed P and different radius ratio Q; and

(b) t, vs. Q for a fixed V = 2.2 and several values of P.



5. Modal Group delay

We now consider ¢the few mode case in which inter-modal
dispersion is the major cause of pulse spreading. Inter-modal dispersion
is the difference in group delays of the modes. For the step-profile

fiber the modal group delay is

K2 (W)
K, (W) X

U2
T y2

(2

m

i 1) (3.15)
where we have substituted egn. (3.13) into eqn. (3.5). For the clad
power-law profile and W-fiber eqn. (3.5) is evaluated numerically.

In figure 3.7 we plot T for the first five modes against
normalized frequency V. Figure 3.8(a) is a plot of T against V for the
clad-power law profile for several values of q, and fig. 3.8(b) is a plot
of T against q for several values of V.

In figure 3.9 we consider the W-fiber, and in (a) we plot T
against V for a fixed Q and séveral values of P, while in (b) we plot T
against Q for fixed P and several values of V.

In Chapter 5 we shall see that the difference in meodal group
delay is the key to phase matching the stimulated four-photon mixing
process on few mode optical fibers, and understanding experimental

results.
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Fig. 3.7 The modal group delay of a step-index fiber against V.
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q

Fig. 3.8 Modal group delay for the clad power-law profile. (a) T vs. V

for different q; and (b) T vs. q for different V.
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Fig. 3.9 Modal group delay for the W-fiber. (a) T vs. V for different P

and fixed Q; and (b) T vs. Q for different V and fixed P.



6. The Zero-Dispersion Wavelength

In Chapter 5 we will see that phase-matching the stimulated
four-photon mixing process on single mode fibers depends critically on the
zero-dispersion wavelength. In this Section we review the concepts and
basic design considerations for achieving zero-dispersion operation on
optical fibers. |

In Sections 3-3 and 3-4 we looked at material and waveguide
dispersion seperately. In this section we‘examine the total intra-modal
dispersion (i.e. egn. (3.6)) for a single mode fiber in the region where
material dispersion t  is small and the do@inant effect is the waveguide
dispersion. We consider some specific examples.

In figure 3.10 we give a typical loss curve for a Germanium
doped core optical fiber. The peak at A = 1.4 um is due to =water OH
ions. Thus a fundamental design principfé is to operate at longer
wavelengths to reduce losses, but avoid the OH peaké. 1.3 um and 1.55 um

are ideal operating wavelengths.

I'TT1

_OH peak

Fig. 3.10 Typical loss curve for a GeO,-doped silica fiber.
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As shown in fig. 3.2(c¢) material dispersion is zero near 1.3um ,
and waveguide dispersion will dictate at which wavelength the total
dispersion is zero. When using optical fibers we want minimum loss and
dispersion, so one must design a fiber that will have zero dispersion at

either 1.3 pym or 1.55 um .

(a) Singly-Clad Fibers
We require total dispersion, egn. (3.6), to be zero at some

specified wavelength xz , sSo that g"(V) = 0, where the prime means

d
differentiation with respect to k, and V contains all material and
waveguide information. We now consider only the clad power-law profile.
If we specify the molar percent of Ge0O, in the core, m, and the wavelength

kzd at which total zero-dispersion is wanted, then the only waveguide

variables will be profile shape, q, and core radius, o
E"[m,kzd; q50,4 ) =0 v (3.16)

If q is specified, then g which is the core radius at which 8" = 0 ,
can be determined by the numerical zero-finding procedure outlined in the
Appendix of Chapter 2. V= V(m,xzd,pzd)

In fig. 3.11(a) we consider a step-profile fiber and show the

is then also determined.

variation of VZ with respect to =zero-dispersion wavelength kzd , for

d
several concentration of GeO, dopant. (m and xzd specify Nog and 4 , and
eqn (3.16) then gives P4 and hence Vzd ). The fiber is multimoded in the

shaded region. In fig. 3.11(b) we show variation of Vzd with Ad for a

fixed m = 2.0% and several values of q.
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1.30 1.35

zero-dispersion wavelength A, q (nm)

1.30 - 1.35

zero-dispersion wavelength g4 (Hm)

The V value, Vzd’ for which a clad power-law profile has zero

dispersion for some wavelength, A (a) A step-profile fiber

zd
with m = 2, 4 and 6 molar percent of Ge0, . The corresponding
values for the profile height are A& = 0.0021, 0.0043 and 0.0064
respectively. The shaded region is V > 2.405 where the fiber is

multimoded. (b) V,y for different values of grading parameter

g, and m = 2%.
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In figure 3.12 we plot the material, waveguide and total

dispersion of a step-index fiber against A over the range

1.7 um ¢ A < 1.9 um .

2.0 — :
o L
© 0.0
>< b
-
-2.0 1
p=325um, A=0.0045
1.1 1.3 1.5 1.7 1.9
A (um)
Fig. 3.12 The material, waveguide and total dispersion, t, of a step-index

fiber with parameters p = 3.25 um and A = 0.0045 . The dotted
line is the numerical derivative k d28/dk? , demonstrating the

accuracy of the approximation egn. (3.8).
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(b) Doubly-Clad Fibers
It isi relatively easy then to design a fiber that will be
single-moded and dispersionless in the 1.3 um region. As shown in figure
3.10, if we want even lower losses then we must operate at 1.55 um . To
achieve efficient light transmission at this wavelength a more advanced
design fiber is favourable.
In figure 3.13 we consider a W-fiber with various values of P, Q
p and & (refer to Section 2-3(c) for definitions), and plot the total
disperion t against wavelength X . We note that there may be several
zero-dispersion wavelengths for some W-fibers. Thus, with the correct
design parameters, one can have single-mode W-fibers operating over a

large range of low-loss zero-dispersion wavelengths.

2 . 0 N " . N N N "
p=2.85

p=2.70

() P=0.00, Q=1.0, A=0.0045
(i) P=0.25, Q=2.0, A=0.0040
| (iii) P=0.50, Q=1.5, A=0.0045

11 13 15 17 19
A (um)

Fig. 3.13 The total dispersion t for a W-fiber with various fiber
parameters P, Q and o . Profile heights are A = 0.0040

(m = 3.8%) and A = 0.0045 (m = 4.2%)
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7. Single-Mode Fibers Operating at Few-Mode Wavelengths*

Most single-mode fibers are designed to be used at wavelengths
near 1.3 um , where we have seen loss and total dispersion are small.
Thus 1t is necessary to use sources that emit light near 1.3 um to take
advantage of these fiber properties.

However, 1in applications such as local area networks where
transmission is required over relatively short distances and large numbers
of sources and detectors may be needed, the high cost of these long-
wavelength sources may not be justifiable. For such applications, a
combination of readily available fibers designed for 1.3 um and sources
operating at 0.85 um may be attractive, provided that adequate performance
can be achieved.

From our previous results it is obvious that when wavelength is
reduced both loss and dispersion will increase due to material properties
of the fiber. However, a system using such a combination would no longer
be single-moded, and so the performance may be further degraded. In
reference [7], the consequences of having the second mode propagate on
fiber loss, dispersion and modal noise are examined, and these factors are
used to predict performance limits for a two-mode fiber system operating
at 0.85 um . Here we examine the effect on inter- and intra-modal
dispersion.

As an example we consider a singly-clad step-index fiber that
has zero-dispersion at A = 1.32 um . If m=3.0%, the fiber parameters are

o =4.0 um and A = 0.0032 so that V = 2.21. In fig. 3.14(a) we plot the
total dispersion t, and component material and waveguide dispersions tn

and ¢, of the fundamental mode against A over the range O.8§Mé X < 1'33mﬁ

This section forms part of reference [7]
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At 0.85 um V =3.45 and t is completely dominated by material
dispersion.

At A = 1.32um only the single mode propagates, but at

A = 0.85 um the fiber is bi-modal. 1In fig. 3.14(b) we plot t, tnr and
Ly for the 2 = 1 mode. The waveguide dispersion for the L.P11 mode is a
factor of 10 greater than the waveguide dispersion for the LPyq, but
material dispersion still dominates at the shorter wavelength.
Fig. 3.14(c) is a comparison of the two waveguide dispersions. The LPy,
mode becomes very large near cut-off, but in this region the mode is only
weakly bound and rapidly radiates away where fiber imperfections are
present as in practice.

In fig. 3.14(d) we plot the group delays (eqn. (3.15)) of the
two modes against wavelength. The inter-modal dispersion 1is the
difference &T between the two group delays, and we note that this is
zero near V = 3.0 (A = 0.98 um)

In conclusion, when a fiber designed for zero-dispersion single-
mode operation at 1.3 um is operated at 0.85 um , it becomes bi-modal and
thus inter-modal dispersion is introduced into the system. Nonetheless,
with the right parameters, (and grading considerations) this could be made
zZero gt 0.85 um . On the other hand, it has been shown that in this
close-to-cut off region the LP,, is very sensitive to applied pressure and
slight bends, and can be easily eliminated ([8]. Thus inter-modal
dispersion shopld not be a major course of degradation to the system.
However, at wavelengths of 0.85 um the intra-modal dispersion will be
dominated by material dispersion, leading to )gulse spreading, and this
will degrade the performance (i.e., bit-rate length of fiber) of the

system.
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intra-modal dispersion for LP,, mode

wavelength A(um)
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inter-modal dispersion

0.85 wavelength A(um)

Intra- and inter-modal dispersion curves for a step-index fiber

designed to have zero-dispersion at )‘z = 1.32 um but opeéerating

at A = 0.85 um .

d
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Appendix
(i) Practical units for dispersion
The arrival time of a light pulse transmitted through a fiber of

length L due to material dispersion alone is [9]

T =L ===

T T dw
15 ove dimensional parameten and
where t is)given by egn. (3.3). T/L Osua”j has onts [ne/km]

dg _ L _
C

The pulse spread per unit length due to a small spread 46X in

the source is
st = (E/L).sn, T = dT/da

where t is usually expressed in units of [ps/km.nm] . In terms of our
dimensionless dispersion t (eqn. (3.6)) this practical quantity can be

expressed as
tE=- % t/x  [os/km.nm] (3A.1)

where ¢ = 3 x 1077 [km/ps] and A is expressed in [nm].

(ii) Comparison of exact and approximate results
In figure 3.12 we compare the approximate dispersion relation
eqn.(3.6), which consists of seperate modal and material contributions,
'wﬁth the numerical derivative t = kd2B8/dk?, where 8 is given by
eqn.(2.39). The derivative of B8 involves using the Sellmeir equation,
as well as the modal eigenvalues as a function of V. We observe that eqn.
(3.6) is an excellent approximation over a large range of wavelengths,

including the intricate zero-dispersion region.
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CHAPTER 4

THE STIMULATED FOUR-PHOTON MIXING PROCESS

1. Introduction

The theory of electromagnetic wave propagation in optical fibers
outlined in Chapter 2 is based on the assumption that there is a linear
relation between the electric displacement D and the electric field E
(see eqn. (2.4)). In reality the relationship between D and E is a non-
linear one, and new optical effects become apparent.

One important feature of this non-linear dependence 1is the
creation of new waves with different frequencies from the incident wave.
In this work we are concerned with such a process; one in which two
frequencies, one of a higher frequency and the other of a lower frequency
than the pump, are fed by the pump wave and are amplified from the
noise. This is a stimulated parametric process. In this work we are only
concerned with the parametric process of stimulated four-photon mixing.
| Non-linear optical effects occur in media when the intensity of
light is greater than some threshold value. Because optical fibers have
small cross-sections it requires only comparatively small power levelé to
maintain high intensities over 1long distances and many non-linear
processes have been observed (see (1] for a review). Among these
processes are stimulated Raman and Brillouin scattering, self-phase
modulation, light-induced refractive index changes and parametric four-

photon mixing.
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These non-linear effects can be detrimental to communication
fibers, and present power transmission limitations [2]. In optical signal
transmission frequency conversion can lead to signal loss and signal
distortion, as well as cross-talk in wavelength multi-plexed optical fiber
systems.

On the other hand, these same effects are potentially useful in
fiber-optical amplifiers, oscillators, and modulators (3], and also for
investigations of the fiber itself [4]. We are concerned with phase-
matching the stimulated four-photon mixing process in order to investigate
such fiber characteristics as dispersion and mode properties on perturbed
optical fibers.

Four-photon mixing, or three-wave mixing, is the process whereby
waves of one frequency combine with waves of a second frequency to produce
waves of a third frequency. In stimulated four-photon mixing two photons
of one frequency, called the pump frequency, generate photons of higher
and ‘lower frequencies, called anti-Stokes and Stokes frequencies
respectively. The difference in frequency between the anti-Stokes and
pump waves is equal to the difference in frequency between the pump and
Stokes waves.

In order that 1light be efficiently converted to the new
frequencies in these parametric processes it is necessary that they be
phase-matched. This means that the sum of the wave-vectors involved in
the process should equal zero, but because of material dispersion this
condition is not automatically satisfied. In Chapter 5 we show that by
using various techniques phase-matching can be achieved on single- and

few-mode fibers.
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We first of all discuss some of the non-linear effects that
occur in optical fibers, and introduce the non-linear polarization. We
also show that this gives an intensity dependent refractive index.
However, because only low intensities are necessary in fibers we will not
be concerned with changes to the refractive index due to the non-linear
presence.

We then turn to the theory of stimulated four-photon mixing
itself, and present a simplified derivation of the coupled wave equations
based on the analysis of reference [5]. Solution of the coupled wave
equations give expressions for the gain and conversion efficiency of these
new frequencies.

The gain is proportional to an overlap integral that involves
the modes that participate in the process, and in Section 4-5 we show how
these overlap integrals depend on fiber characteristics by using a
Gaussian approximation for single- and few-mode fibers. In the next
Chapter we show that these overlap integrals impose symmetry restrictions
on which modes may participate in the parametric process.

Non-linear optics is a well established branch of optics and
there
their are many text books on the subject [6-8]. The coupled wave
equations describing tﬁe interaction of 1light waves in a non-linear
dielectric are well known (6,9], and their application in describing
stimulated four-photon mixing in few mode fibers can be found in reference
[5]. The theory for three-wave mixing in a single-mode fiber has also
been worked out [10].

The first comprehensive study of non-linear optical effects due
to the polarization third order in the electric field strength can be
found in reference [11]. These effects have been investigated for the

case of optical fibers in many review articles [1,3,4,12].
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The overlap integrals we use here are common to all non-linear
processes on optical fibers that are characterized by the same order of
non-linearity, and plots of these integrals against normalized frequency
can be found for Gaussian fields [13] and exact weakly-guiding fields [14]

for the single-mode case.

2. Non-linear Effects in Optical Fibers

Linear optics in isotropic media is described by assuming the
electric suscept;bility, X , 1ls a scalar (see egn. (2.3)). Anisotropic
media can be taken into account by representing y as a tensor. This
linear relation between the polarization and electric field implies that,
with respect to an optical waveguide, the output frequency will be the
same as the input frequency.

There are many optical effects in which new frequencies are
generated from the input pump frequency, and these can only be described
by assuming non-linear, or other more general relationships, between P
and E .

The theory of these non-linear effects is based on an expansion
of the polarization P in a general power series in the electric and
magnetic fields and the spatial derivatives ([6,7]. The polarization is
then the linear term (egn. (2.3)) plus a non-linear correction term, and

we write the expansion as

p - pb 4 pNL ]

~

(4.1)

€oXy E + egxg EE+ exg EEE + ...

~

where the x's are tensors.
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In an isotropic glass optical fiber the third rank tensor x, is
zero due to symmegﬁry (1,5] and optical effects are due to the
polarization third order in electric field strength;

Phs e (- B)E . (4.2)

% (Sec footnote) then

The electric susceptibility max(be regarded as
X = X, + X3 E? ' (4.3)

and from eqn. (2.5) we have a non-linear correction to the refractive

index;
n =n + n,E? (4.4)

where n, = % Xy%

Before studying the four-photon mixing process in detail we
briefly outline some of the non-linear processes that have been observed
on optical fibers that are due to the polarization third-order in the
electric field ;trength [(11].

Three-wave mixing 1is a parametric process - incident photons
from the laser at frequency qp mix with photons at a signal frequency

W to create new light waves at an idler frequency w - Energy

conservation requires that

The electrc SUSCePJ“b‘l‘*j s & fourth- onden 4ensor with ¥l glements which,
i genecal, gre functions of four {.'f-cqvmc.(,s_ Since jlass s an ,'50{,,\%‘0

material | Sjmmcﬁj restricts K3 o Al non-xero ¢lements Ocﬁuhokong 3 are
independent. Furthermore, 1f there 15 no Raman contmbution 4o the sascefhbzhij_
a gur“\w‘ r‘c,aluo"flan 4’0 G Stﬂglb coe?#mlen’f FCSUHS. ['oj
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This is the same process as four-photon mixing where two photons

at mp mix with ms to create new waves at wa

Because the refractive index is a function of frequency there is a phase

mismatch between the wave vectors
Ak = 2k -k -k
p s a

where ki = mini/c . The above equation represents a momentum conservation
law that must be satisfied along with energy conservation. As we shall
see in the next section, the parametric processes will occur strongly when
the phase-matched condition 1is satisfied; 4k =0 . In bulk material
phase matching can be achieved by the use of birefringent crystals or by
mixing the beams at an angle ([7]. There are several ways to achieve
phase-matching in optical fibers, as we shall detail in Chapter 5.

The third order suscepgébility X3 1s complex, giving an
imaginary component to the non-linear refractive index (see egn. (4.4)).
The real part of yx, gives parametric amplification, while the imaginary
part gives Raman and Brillouin amplification [5].

Raman scattering can be regarded as due to the mixing of the
incident photon with a molecular vibration at W, , .leading to scattered

light at
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Brillouin scattering is similar; the incident 1light wave mixes with a
thermally excited acoustic vibration.

The most important difference between Raman and Brillouin

. . i i are au%orf\a-ftcall:j
scattering and the parametric processes 1s that the former)\reguire—no-
phase-matchied..

Both the scattering and parametric processes 1involve the
creation of up shifts as well as down shifts in frequency. The latter are
called Stokes shifts; a photon of lower energy than the incident wave
appears in the scattering light. When a photon of higher energy appears
in the scattered light it is called an anti-Stokes shift.

The intensity dependent refractive index (see eqn. (4.4)) leads
to self-phase modulation in optical fibers. The phase of a Single optiéal
pulse is retarded at the intensity peak with respect to the leading and
trailing edges. This phase shift adds up in long fibers and can cause
additional pulse changes, limiting the power capacity of single mode
fibersf* Another effect due to the intensity dependent refractive indeg is
the optical Kerr effect, in which a birefringence 1is induced by the
incident field Y

We now examine the stimulated four-photon mixing process in
detail. In the next Chapter we study phase-matching this process on

single- and few-mode optical fibers.

In fact when &k FR/dkr > (anomalous Aupersnon) the Pulsc,’no\rr\owms effect
of the non-linear refractive ndex may add 4o thie Pulgca ‘Preadms to
gie o &)fa*tonarj pulse skot\c, called optical solhtons. [A.'Hascjawa— and

F. Tappet, Appl. Phys. Lett, 23, pp.lud- ittt (1973)]

W hen aFP],“j, +o Pulxg the derm ge,H-Pka.se, modulation encompasses both
phase, on mie,nsxjrj-alepmolen% refrackive 1ndex +jp¢ effects and amplitude
ar Lour-f}\ol'on mlxmj effects . For a discossion see [C« Pask. and

A Vatarescu | J. Opt. Soc. Am,, B3, Pp- to1€- 1olL (19¢6)]



77

3. Theory of Stimulated Four-Photon Mixing
(a) Maxzwell's Equations with a Non-Linear Polarization

If we express the polarization as P=P +P

PL PaL then we can

write the displacement vector as (see eqn. (2.4))
D =¢en2kE + P (4.5)

and the second of eqns. (2.1) becomes

(4.6)

By taking the curl of the third of egns. (2.1), substituting into eqn.
(4.6) and using eqn. (4.2) we have
gz 3%E  x; 2%

VEE = - —Z 4 —
c2 3t2 2 at2

(4.7)

The dielectric medium is considered to be lossless. So far we have not

assumed an implicit time dependence, i.e.

E = E(Prd’fzvt)

Following [5], the electric field is expanded in frequency and in terms of
the waveguide transverse modes. It is assumed that the modes which are
solutions of the transverse scalar wave equation (egn. (2.11)) are not
perturbed by the presence of the non-linear polarization. We write the

electric field as
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E(F,¢y2,t) = I Avg(z) wl(r,¢]exp{-i(évlz - mvt)}
vk (4.8)

where v refers to the frequency, ¢ is the mode number, 8 is the
propagation constant, and c.c. stands for complex conjugation. ml
represents the transverse modal field, and in the weak-guidance limit is
given by eqn. (2.20) and (2.21). The phase is given by

ie

A = IA e ve . (4.9)

v vl'

We restrict our analysis to only four modes. We assume that the
pump wave propagates in either or both of two modes which we label 1 and
2. The Stokes and anti-Stokes wave propagate in modes labelled s and a,
respectively. The frequency index v and mode index & can then be replaced
by the single index ¢ , and we write eqn. (4.8) as

c . Alwlei(élz - wlt) . Azwzei(ézz - wzt)
(4.10)

i(B.z-wt) i(B.z - w_t)
+ A ¢ e a + A Vv e S + C.C.
a'a s’s
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(b) The Coupled Wave Equations

The simulated four-photon mixing process occurs when

W, W, T +w . (4.11)

The wave propagates only in the z-direction, and we use the slowly varying
envelope approximation

d24a .= dA
< 18 iz

dz?

Substituting egn. (4.10) 1into the field equation (4.7), then for

frequencies that satisfy eqn. (4.11) we have the following coupled wave

equations
_ da, w? # %
218, g 1 = <3 T (00 (8,88, + 28,8,0,9,93)
Cc
_ da, w * *
218, g7 ¥z = <3 — x3(0)(AyRph08 + 28,4,4,0,0%)
C
- dAS wé * *
218y oo Vg = <6 = xs() (AR, 0 0E + A AuR,0 03
c
(4.12)
wd # i(akz)
-6 = x5(2) 8,88 b, 0,0 e
c2
. dAl w? * , *
2183 az Ya’ -6 —: X3<9)(AaA1Alwaw% * AaAZAZwaw%)
o]
w2

. .
-6 2 ,(2) 88,800, et (2K
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Q@ is called the modulation frequency, or frequency shift, and is

conventionally defined by
21eQ = w, - w_ =T w - w, (4.13)

and has units [length]‘1.

Ak is called the phase mis-match

81[“’1) - 82(“’2) (4.14)

where subscripts on the 8's indicate different modes.

The power in a mode is defined to be
- 2 2
P, = (8,02 [ v2 da (4.15)
and,‘following reference (5], we introduce a new amplitude

3 1/2
F, = (f v2 da] A, (4.16)

- 2
so that P = |F2| .

We neglect the differences in k%/éi , and define the quantity

Q = - . (4.17)

We substitute egn. (4.6) into (4.12). The result is then
multiplied by an appropriate wl and integrated over the infinite cross-

section of the fiber. The coupled wave equations then take the form [5]
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aFl i * *

l b b
37 ¢ 3 2x(0) {F FF <1111> + 2F F,F,<1221>}
8F2 i *® *

l @

T3 7 5 Qx3(0) {F,F,F,<2222> + 2F,F|F,<2112>}
aF % “

S .
57 5 1 Qxsa) {FFF <sls> + F F,F,s229

(4.18)
“ :
+ F\FF cs12a> e'8K2)

aF % #

a .
32 ° 1 Qxs(@) {F F,Fi<alta> + F_F,F,ca22a>

« :
+ F,F,F _<al2s> e 1ok}
S

The overlap integrals, which have units of inverse area, are defined to be

[ o v w0 da
<s12a> = = a (4.19)
1/2 1
[[ v da] 72 (f v,aa]"2 [ v,aa]2 ([ b da] &

We now simplify the analysis by assuming the pump power does not
generate any intensity dependent changes to the refractive index.
Further, we ‘assume that depletion of the input waves due to creation of
the Stokes and anti-Stokes waves 1s negligible, so that F, and F, are
constant. Furthermore, we take yx, to be real to describe the frequency
mixing, as discussed in Section 4-2. These assumptions are appropiate for
many non-linear optics experiments. We then have the following coupled

wave equations:
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s s— iakz
real Q x5(a) vP,P, Fa<s12a> e (4.20a)
BF: — -idkz
realh -1 Q x;(e) /PP, Fs<a125> e (4.20b)
where P, = |F,|2, P, = |F,|2 and total pump power is given by
P=P +P,. Complete expressions, which include intensity dependent

changes to the wavevector at the pump frequency, can be found in reference

(51.

4, Frequency Conversion and Gain

The solution to eqns. (4.20) is

Fg = (c,e8% + c,e™%%) olakz/2

Fa S [c3egz + cke—gz) e-iAkz/Q (4.21)
where

#= 1t (% b)) (4.22a)

I = Qx,(0) vP P, <sl2a> (4.22b)

g is the Stokes and anti-Stokes exponential gain coefficient, and I is
defined as an effective intensity. The coefficients c; are given in the

Appendix.
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In figure 4.1 we plot g against Ak for several values of I.

Maximum gain occurs when the phase-matched condition is satisfied:

g = I when Ak = 0
max

If we assume that in a fiber of length 1 we have I > % % Ak so that

gl >> 1 , then the conversion effeciency for the Stokes wave will be

gl p | (4.23)

c, can be found in the Appendix. We have
le, ]2 = {IZPSO+ I2P_  + 21 /P P [gsin(¢s+ ¢a)
(4.24)
- %5 cos(¢s+ ¢a))}/4g2
*
where the powers are given by Pj = Fij . The intial phase of the pump

wave was set at ¢,= ¢,= 0 , and the phase of the Stokes and anti-Stokes

waves are given by egn. (4.9) and the definition of Fz , eqn. (4.16):

i¢s
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At the phase-matched conditicn g = *# I, and the conversion
efficiency of the Stokes wave will depend on the relative phases of the
pump, Stokes and anti-Stokes wave. The efficiency (or amplification) will -

then be a maximum or minimum for

©
[4]

+

©
V)

"

I+
roja

where (+,-) refers to (max,min).

Equation (4.23) is then equal to

2gl

(vP__ = /i )2 e“Br/P (4.25)

R4 Y Y

‘-20 -10 0 10 20 Ak

Fig. 4.1 The exponential gain coefficient g against phase mis-match Ak

for several values of effective intensity I. (See egn. (4.22).)
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5. The Overlap Integrals

Equations (4.22) tell us that at the phase-matched condition the
gain of the Stokes or anti-Stokes waves will depend on the overlap
integral <s12a>, defined by egn. (4.19).

Throughout this work we will mainly be concerned with a
"divided-pump process" - the pump waves are divided into two modes that
the Stokes and anti-Stokes waves propagate in. We shall explain this
proceSs in more detail in the next Chapter. The overlap integral for such
a process is then

[ w2 93 aa
(1|2> = (4.26)
[ w2 da [ e2 da

where the subscripts stand for mode 1 and mode 2.

To investigate these overlap integrals, we consider the singly
clad step-profile fiber and use the Gaussian approxi@ations to the modal
fields given in Table 2.2. We recall that the modal fields within this
approximation are specified by the spot-sizes Mzm . We first consider
the process in which all waves are in the fundamental mode. The overlap

integral for this process is easily evaluated to be

<01]01> = . (4.27)

For the process in which pump and Stokes waves are in the LP,, mode and
pump and anti-Stokes waves are in the LP, mode we have
M 2
01
01115 = 1 . (4.28)
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In figure 4.2 we plot eqns. (4.27) and (4.28) against normalized
frequency V. The spot-sizes Mlm as functions of V are defined via
eqn.(2.54) and are given in Table 2.2. We also include in this figure the
step-profile solutions, which are found by substituting the exact
expressions for the LP;, and LP,, modes (given by eqn. (2.23)) into eqn.
(4.26) and evaluating the integrals numerically. We observe that the
Gaussian approximation gives simple, accurate expressions for the overlap

integrals.

exact
gaussian ----- -

0.4

0.2 |

0.0 .

Fig. 4.2 Overlap integrals against normalized frequency V for a single-
mode process, in which all four waves are in the (01) mode, and
a few-mode divided-pump process. The fiber has a step-index

profile.



6. Appendix

(i) Solutions to the coupled wave equations

87

The general solution to the coupled wave equations (4.20) are

given by egn.

equations and

X3 1s real.

2ge, = (g
2ge, = (g
2ge, = (g
2ge, = (s

where g and I

(4.21).

the

are

i Ak/2)F

intial condition that at z = O F

Ak/2)F o+ i
SO

i Ak/2)F - i
SO

*
ao

*
Ak/2)F  + i
a

(o]

defined by

S

a0

ao

SO

SO

eqn. (4.22).

The coefficients c; are given by these sets of

* *
= F N and Fa: F

s 10 and

(4a.1)
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CHAPTER 5

PHASE-MATCHED PROCESSES

1. Introduction

In the previous chapter we found that the stimulated four-photon
mixing process occurs strongly when it is phase-matched. In this Chapter
we examine how to achieve this phase-matched condition on single- and few-
mode optical fibers, and show how the resulting frequency shift depends on
fiber properties.

Phase-matching requires that the sum of the wave-vectors
involved 1in the process should equal zero, but because of material
dispersion this condition 1is not automatically satisfied. In bulk
material phase-matching can be achieved by the use of birefringent
crystals or by mixing beams of light at different angles.

We show that phase-matching can be achieved on optical fibers by
using the material and modal properties of the waveguide. The propagation
constant of an individual mode consists of a material contribution, due to
the bulk medium of which the fiber is made, and a waveguide contribution,
due to the geometry of the fiber. On weakly-guiding waveguides these
contributions can be separated 6ut (see Section 3-2). The phase mis-match
can then also be written as consisting of material and waveguide
contributions, and by balancing these two effects so that they cancel, the
phase-matched condition can be satisfied. |

On few-mode fibers one can use the fact that different modes
propagate through the fiber with different velocities. Thus if one mixes
the pump and generated waves into different modes, material dispersion can

be countered by inter-modal dispersion.
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In this work we are only concerned with the divided-pump
process. In this process a pump and Stokes wave are in one mode and a
pump and anti-Stokes wave are in another. At the phase-matched condition
the frequency shift is proportional to the difference in group delays of

the two participating modes. These frequency shifts are of the order of

102 cm'1

Frequency shifts of the order of 103 - 10% cm'1 are possible by
using a single-pump process, in which the pump propagates in the same
mode. However, this process does not occur for all mode combinations
because of symmetry conditions imposed by the overlap integral of the
process. As explained in Section 4-5 the gain of the frequency shifted
light is proportional to the overlap integral. The divided-pump process
has no such symmetry restrictions.

A similar technique can be used to phase-match the stimulated
four-photon mixing process on birefringent fibers, whereby the two
orthégonal fundamental modes are used. Frequency shifts for birefringence
matched parametric processes are typically 102 - 103 cm'1

Phase-matching can be achieved on truly single-mode fibers by
operating the pump at a wavelength near the zero-dispersion frequency. At
this frequency the waveguide and material contributions to intra-modal
dispersion cancel (see Section 3-6).

We start by reviewing the phase-matched condition that was
derived in Chapter 4, and show that because QX << 1 the propagation
constants can be expanded about the pump frequency, resulting in analytic
expressions for the frequency shift. We then concentrate on the divided-
pump process in few-mode fibers, and show that the frequency shift is
proportional to the difference in group delay of the participating

modes. Other phase-matching processes are discussed.
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We then turn to single-mode fibers, and show that phase-matching
depends only on the propagation constant total dispersion, d28/dw? , and
that the generated Stokes and anti-Stokes frequencies must be either side
of a frequency w < w , < w_ , such that é"(mzd] =0 . Thus w,, is the
zero-dispersion frequency that is so important in communications fiber
design (see Section 3-6). It should be emphasized that the total
dispersion 1is involved, not just the material effects, and thus four-
photon mixing results will reflect the delicate balances and properties of
that dispersion.

We discuss the application of these results to singly-clad

fibers, which have one w and fibers of more advanced design, such as

zd ’
the W—fiberrwhich can have more than one zero-dispersion frequency. We
also discuss phase-matching on birefringent fibers, and in an Appendix we
compare exact and approximate frequency shift formulas.

The phase-matched stimulated four-photon mixing process in few-
mode fibers was first examined by Stolen [1], and many other studies have
followed [2-4]. This form of phase-matching has been used to study the
intensity patterns of the participating modes of the process [5]. Phase-
matching on birefringent fibers has also received much attention [6-8],
particular as a method of investigating various induced biefriqgences
(9-131].

Phase-matching the stimulated four-photon mixing process on
single-mode fibers by using the zero-dispersion properties of the fiber
has been previously investigated by a number of authors [14-16].
Frequency shifts on depressed inner cladding (W-) fibers has been reported

in [17].
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2. The Phase-Matched Condition
In the stimulated four-photon mixing process two pump photons,
at frequency wp , generate a pair of photons at a higher-frequency, w

!

called the anti-Stokes frequency, and at a lower frequency, we called

the Stokes frequency. Energy conservation requires that

The symmetrie shift in frequency between the pump and generated

frequencies is given by eqn. (4.13), which we write as

oL L.L_L (5.1)

This is the conventional definition for @ , and has units [length'1].
Later we define a true frequency shift @ (see eqn. (5.17)) with units

[time'1]. The phase mis-match between waves is

sk(a) = B,(u,) + B (ag) - By(u) - By (5.2)

where the subscripts on the 8's indicate different modes. The process

occurs strongly when the phase-matched condition is satisfied
ak(a@) = 0 (5.3)
In general we have

ax << 1 (5.4)
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and the propagation constants at frequencies oy and w, can be Taylor

expanded about wp [(1]:

éa[cua] = §a[cup+ ZKQC)
_ dB, 428, (5.5a)
= Ba[mp] + (ZHQCJ o + 5 (2719c)? +
w dw? 'w
p p
és[ms] = és(w - Zch]
- dés 1 d2§s 250
= Bs(mp] - (21\'90] e +5 (21?90)2 - o
w dw? 'uw
p p
The phase-matched condition may then be written as
ak(a) = B, (o)) + B(u) - By(a)) - By(o))
d8 d8
a s
+ (211’9) {ak— . T } }
p p
3 ) (5.6)
1 d2g d28
+§-E[21r9]2 {k + k S } =0
dk? dk?
w w
p p
where we have used k = w/c . The derivatives of the propagation

constants with respect to k are now given by egns. (3.3) and (3.6).
Except near the zero-dispersion wavelength the second derivative of 8 with
respect to k is dominated by the material dispersion (see fig. 3.12), and

we may write
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d28,
k —= =D(}) , A< 1.1m (5.7)

dk?

where 1 represents any mode and D()\) is given by eqn. (3.7).
In the Appendizx we comment on the expansion condition eqn.
(5.4), and hence the accuracy of egn. (5.6), by comparing to a numerical

solution of the exact phase-matched condition egn. (5.2).

3. Few-Mode Fibers
(a) The Divided-Pump Process

In the divided-pump process a pump and anti-Stokes wave progates
in one mode, which we label 1, and a pump and Stokes wave propagate in
another mode, labelled 2. Figure 5.1 represents such a process. The

approximate phase matched condition eqn. (5.6) then takes the form

ak(Q) = (272) na(T,- T,)

(5.8)
. % (212)2 D(A) = O

where egns. (3.3) and (5.7) have been used and T is given by eqn (3.5).
In egn. (5.8) n = N, - Thus the phase mis-match comprises a material
term and a modal term. Phase-matching is achieved by having the inter-
modal dispersion, due to the fact that different modes have different
delays, compensate'the material dispersion, due to the bulk material of

the fiber.
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(02)

P
s (11)
(01)
p a
@

Fig. 5.1 Representation of a divided-pump process showing pump, Stokes
and anti-Stokes in various modes. Eigenvalues represent
propagation constants.

y
U
a
(02)
(11)
(01)
s 2p

Fig. 5.2 Representation of a single-pump process.
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The frequency shift of this process is thus given by

T,- T,) . (5.9)

That 1is, the frequency shift of the divided pump process is directly
proportional to the inter-modal delay, or difference in group delay. In
the Appendix we compare the approximate egn. (5.9) with numerical
solutions of the exact phase-match condition, egn. (5.2).

If we examine the plots of T vs. V (see figures 3:7 to 3.9) then
it is apparent that the Stokes wave (in mode 2) will always be in a higher
order mode than the anti-Stokes wave (mode 1) in order that Q@ be positive.
(Near cut-off the difference in group delays do change sign but we are
considering the far-from-cut-off region for good frequency conversion.)

The frequency shift is then only a function of X and m (the
amount of dopant - assumed here to be GeO2 - in the core), which
specifies n, A and D; and o (fiber core radius) which together with the
above quantities specifies V, and hence T. For a singly-clad power-law
profile and doubly-clad step profile fiber the diagrams of Chapter 3 can

be used to construect @ for the LPO1 and LP11 mode combination.

(b) Other Processes

A second type of process used to phase-match on few mode fibers
is the single pump process, in which both pump photons are in one mode and
the Stokes and anti-Stokes waves appear in different modes. Figure 5.2

represents such a process. The approximate phase-matched condition eqn.

(5.6) is:
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= 8 - 28 = - 2 =
Ak = B+ B_ Zep (2mQ) nA[Ta TS] + 2mAD(A)Q? = 0

where the anti-Stokes wave is in mode 1 and the Stokes and pump waves are

in mode 2. The frequency shift can be found by solving the quadratic:

4p(uz + U2 - 2u2)
a S D

B (r-T1 )|t {1+

1/2
2)D ‘*a” s poe- 1]

Q =

(5.10)
nave(T - T )2
a S

where we have used eqn. (3.1):
B. = kn - kna U2/V2
i i

In general the term proportional to 1/A within the square root in eqn.
(5.11) 1is much greater than unity, and a good approximation for the

frequency shift is

nA)1/2 ( 172

: 1

= — (B8 2 2 - 22
2= 5 (D U2 + U2 2Jp) (5.11)
We have now imposed restrictions on which modes may participate in this

process:
U2 + U2 - 202 >0 (5.12)
a S o)
Figure 2.3 will then specify which modes satisfy this condition for some

V. However, there are further restrictions on which mode combinations are

possible which we discuss in part (c) of this Section.
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The case where the Stokes and pump waves are in the LP,, mode
and the anti-Stokes wave is in the LP;, mode is discussed in reference
[17. Using the same fiber parameters the approximate formula for
frequency shift (eqn. (5.11)) is only a féw percent different from the
value calculated in [1] (see fig. 5;12). This equation represents a
simple, approximate formula to evaluate the frequency shift of any single-

pump process.

(c¢) Symmetry Restrictions

In Chapter 4 we saw that at the phase-matched condition the gain
of the Stokes and anti-Stokes wave will depend on the overlap integral
<S12a>, defined by egn. (4.19):

[ v v, o0 da
<S12a> = s__-.2 (5.13)

[Foz au]72(fo3 an] 2o an]'2[fuz aa] 2

Because the ¢ 2 1 modes consist of functions of r multiplied by

cos(%4) or sin(2¢) (see eqn. (2.20)) the numerator of eqn. (5.13) may
equal =zero depending on the combination of modes. This symmetry
restriction does not affect the divided-pump process (see eqﬁ. (4.26))

because we deal with the square of the fields:
[ o0, dA = [ 293 dA (divided-pump) : (5.14)

However, the single-pump process will only occur if the symmetry

restrictions imposed by eqn. (5.13) are not violated. We have
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- 2 3 -
I b bbb, dA = T RN dA  (single-pump) . (5.15)
In other words, the process will only occur (subject to the

conditions discussed in part (b), see egn. (5.12)) if

2w cos(soe) cos(a¢)
I b b, dd @ I3 sin(se¢) H sin(a¢) b de=0

That is, both modes must have the same mode number & , although different

m numbers are allowed.

4, Single-Mode Fibers
(a) Theory
In this section we show that phase-matching on single-mode
fibers depends only on the propagation constant total dispersion,
d28/dw? = d28/c2dk? (refer to eqn. (3.6)). Throughout this Chapter,
unless otherwise specified, B8 will be differentiated with respect to
w .
All the waves propagate in the fundamental mode, and phase-

matching will occur when
Ak(R) = é(wa) +B{w ) -28(w ) =0 (5.16)
where for convenience we define a true frequency shift @ :

Q =2710C = w -~ Ww_ =T w - . (5.17)
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If we use the exact Taylor expansion expression [18]

n-1 _m

1 n n-1
f(a+h) = f(a) + ¢ %T f(m)(a) + Io E—%%E%%T—— f(n)(a+th) dt

(5.18)

then we can write the propagation constant at the anti-Stokes frequency

= é(w ) +Q B'(wp) + (5.19)

g2 [ (1-t) B"(w + t &) dt
0 p

and similarly for E(ms) . The primes indicate differentiation with
respect to w . Substituting into egn. (5.16) leads to an integral

expression for the phase-matched condition on single-mode fibers:

} B"(f) df =0 . (5.20)

Integration by parts checks that eqn. (5.20) 1is exactly equivalent
to Ak(Q) = 0 .

Since the expression {...} is positive for 0, g <f« 0+ a,
we see that eqn. (5.20) requires 8" to change sign if @ is to be non-

zero. Thus

w < w < w (5.21)
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where E"[mzd) = 0 (see Section 3-6). g is the frequency at which the
total dispersion of the fiber is zero, and is related to the zero-
dispersion wavelength by 0, 4= 2vc/kzd . As we saw in Section 3-6 B" may

have several sign changes: we return to this point later.

Equation (5.20) indicates that phase-matching in a single-mode
fiber actually depends only on the form of the total propagation constant
dispersion 8"

| To gain insight, we use a full Taylor series expansion of B(w)
around @, (see eqn. (5.5)). Truncating after the Q% terms and applying

eqn. (5.16) or (5.20) gives

@~ [- 128" (u)/E  (w))]2 (5.22)

where we now use Roman numerals to indicate the order of differentiation
with respect to w . Thus @ depends only on values of EII(m ) versus w

curve (i.e. figs. 3.12 and 3.13) and its shape or curvature Elv(mp)

This important formula immediately tells us that @ = O when mp = w and

zd
II(mp] and EIV[wp) must have opposite signs for the four-photon

mixing process to occur. Therefore, if EIV(

that B
wzd) #+ 0, we expect phase
matching on one side of the zero-dispersion point only.

Expression (5.22) should be accurate when wp is near w4 » SO
that @ is small and the truncated expansion highly accurate. The exact
results confirm this and the accuracy for shifts Q@ up to ~ 2000 cm'1 . B

and its derivatives can be numerically computed, using the dispersion data

of Chapter 3.
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(b) Singly-Clad Fibers

We now apply the above phase-matching theory to singly-clad
fibers operating at the minimum dispersion frequency (or wavelength).

Figure 5.3 shows the Stokes and anti-Stokes frequencies plotted
against pump frequency, all normalized by the appropriate w4 (see
Section 3-6), for a step-index fiber with p = 3.5 um and various profile
heights. The equivalent range of wavelength is 1.25um < Xp < 1.32um .
Over this range EIV is negative, and no phase-matching occurs until w4
where EII changes sign from negative to positive. This is shown in
figure 5.4, where the exact numerical solution of egn. (5.16) is compared
with expression (5.22). We observe that the approximation is very good
and successfully explains the rapid variation of @ for wp in the region
of woq

The grading of the core index profile modifies the fiber
dispersion properties [19], and to illustrate the effect on four-photon
mixihg we use the clad power-law profile (see Section 2-3(b)) and vary q
with fixed o = 3.5um and A = 0.006 . The results are displayed in
figure 5.5. The experimental results of reference ([15], for a fiber
stated to be not truly step index, in fact correspond closely to our
q = 15 curve.

In figure 5.6 we consider a step-profile fiber with a4 = 0.006
pumped at the 1.319um Nd:YAG laser line and having different core radii.
In this way the material dispersion contribution is fixed but the
waveguide contribution varies. The frequency shift at phase-matching

varies rapidly on one side w and is zero on the other. This agrees

zd '’
with the experimental results of [16,17].
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(6o = 0.0060) with p = 3.5 um . The dotted curve is a suitably

scaled EII .
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(¢) Doubly-Clad Fibers
We have seen that near material dispersion the modal part of B3
controls the precise form of 8" . Thus we anticipate interesting
frequency shifts on fibers that have more than one zero, such as W-fibers.
To anticipate the features of four-photon mixing in such fibers
Wwe begin with a parabolic dispersion model as shown in figure 5.7. The

zero-dispersion frequencies are w, and w, , and the total dispersion is
8"(w) = Alw - ml) (mz - w) (5.23)

where A is a constant. Equation (5.22), which is exact for a 8"(w) of
this form, is used, and the result is plotted in figure 5.7.

We see that matching occurs only in the positive 8" region. The

frequency shift & is zero at frequencies w, and w, , and the maximum
shift, oceurring when w = (0 +wy)/2 20 .y, is given by
I (3/2)1/2(w2— w,) . The anti-Stokes and Stokes frequencies still

straddle a zero-dispersion point, as required by eqn. (5.20), and obey the

rule

w. < w '

] 1
{ . . } for w, < w_ < Wrid
wp wa W,

.24

w, < ms < w = )
{ p} for Woig < @y < @y

w, < w
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We now consider frequency shifts on W-fibers that have
dispersion curves given by fig. 3.13. In figure 5.8 we plot the frequency
-shift given by the numerical solution of eqgn. (5.16) for a W-fiber with
P =0.5, Q=1.5, p = 3.3 um , A = 0.0045 and V = 2.2 (refer to
Section 2-3(c) for definitions of the W-fiber parameters). Similar curves
will correspond to the particular shape of 8" shown in fig. 3.13. We
note that for some values of wp there will be two values for @ . Thus
this type of phase-matching may be used to determine the dispersion

characteristics of such advanced design fibers.

(d) Discussion

The frequency shifts in four-photon experiments on single-mode
fibers are determined solely by the dispersion properties, and great
sensitivity is expected for pump frequencies around the =zero-dispersion
wavelength. We emphasize that this refers to total dispersion, which can
be zero for several frequencies in advanced design optical fibers, and
that it is not sufficient to consider material dispersion alone.

Equation (5.20) leads to some general, exact result for phase
matching, while eqn. (5.22) provides a formula for understanding the
structure of Q versus w, ourves in terms of the behaviour of the é"(wp)

then

versus wp curves. In particular, we have shown that when wp: W g

2 = 0 and no new waves are generated.
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5. Birefringent Fibers
(a) Far From Minimum Dispersion

When the pump frequency is far from minimum dispersion the four-
photon mixing process can be phase-matched by using the two orthogonal
fundamental modes, in the same way that a pair of modes are used in few-
mode fibers, and the theory of Section 3 applies. Either a divided-pump
or single-pump process 1is possible, and there is no symmetry restriction
from the overlap integrals. However, because the difference 1in
propagating - constants 1is much smaller than in the few-mode case

(i.e. {EX- } << {B,,- By,} ) practical frequency shifts are best

BY
obtained by using the single-pump process. A typical birefringence
matching process is shown in fig. 5.9, but many combinations of Stokes,
anti-Stokes and pump waves are possible [T7].

In all theSe processes the perpendicular component of the third-
order suscepgébility is involved. Because this component is only about a
third of the parallel susceptability [20] the gain of the birefringent
matched process is less than the few mode case. However, the overlap

integral of the single-mode process is nearly twice as large as the few-

mode process (see egns. (4.27) and (4.28)) so this loss is compensated.
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(b) Near Minimum Dispersion

When the pump frequency is near minimum dispersion the theory of
Section 3-3 does not apply, and phase-matching must be done according to
Section 3-4. However, in this case both x- and y- modes have total

dispersion close to zero ég = é; =0 .

In figure 5.10 we vary pump frequency and show the frequency

shift on a birefringent fiber. We have chosen a birefringence

= Bx - By = 5x 10-5 um'1 . This value 1is fairly typical for a

birefringence due to an elliptical core cross-section (see Chapter 6) or a
birefringence due to bending stress (see Chapter 7).

Stokes and anti-Stokes waves are generated separately in the two

]
orthogénal modes, with frequency shifts dependent on the pump frequency.

Specifically, if the 2zero-dispersion frequencies of the two orthogonal

X y 3 ar X _ an(,.Y - 3
modes are denoted by w’, and w) (i.e. 8 (wzd) = B (mzd) = 0) then (i) no
new waves are created if w', < w_and w , < w ; and (ii) new waves are

zd P zd p

created in only one polarization direction if w:d < wp < wgd .
However, as fig. 5.10 shows, the difference in the two frequency
shifts is very small, and it would require precise optical equipment to

measure this difference. This method is not practical as a way to measure

birefringence.
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Frequency shift versus pump frequency for a birefringent step-

index fiber operating near the zero dispersion frequency. The
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6. Appendix
(i) Comparison of exact and approximate results
In figure 5.11 we compare the exact phase mismatch egn. (5.2)
against the approximate expression eqn. (5.8) for a divided-pump process
on a step-index fiber. In fig. 5.11 (a) we consider phase matching
between the LP,, and LP,, modes and in (b) the LP,, and LP,, modes. The

1 21

frequency shift for the processes 1is at the phase-matched condition
Ak = 0 .
In Section 6-2 we commented that the approximation egn. (5.6) is

valid for the condition
Qx << 1
p

In the divided pump processes Q ¢ 500 c:m'1 and if we consider a frequency
doubled Nd:YAG laser (xp: 0.532 um) this condition always holds. In the
single pump process we may have Q@ = 5000 crn'1 and the approximation will
not be as accurate, although still valid. We are not concerned with this
process in this work, although our approximate expression for frequency
shift, eqn. (5.11), is the first time (to the authér% knowledge) that such
an explicit expression has been derived. In figure 5.12 we compare eqn.
(5.11) to the exact frequency shift (from Ak = 0 ) by plotting Q against
core radius o (this is effectively a variation in V, since
X = 0.532 um is fixed). The difference is less than a few percenﬁ.

The approximation for phase-matching on single-mode fibers near

the longer wavelength minimum dispersion region is discussed 1in

Section 6-4, and shown in figure 5.4
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CHAPTER 6

MODES ON A PERTURBED OPTICAL FIBER
and their study by the

FOUR-PHOTON MIXING PROCESS

1. Introduction

The use of optical waveguides in communication systems or as
optical sensing devices requires an understanding of their modal
propérties. In particular the effect on these properties when the
waveguide is perturbed in some manner must be analysed in order that it
either be eliminated or incorporated into the design of the optiecal
system. In this Chapter we look at perturbations to the refractive index
profile of singly-clad step-profile fibers.

We examine changes to the field and propagation constants of a
fiber that has a non-circular core cfoss—section, and a fiber that has a
dip, or depression, on its refractive index profile. |

We first consider the case of the non-circular core cross-
section, and show that in few-mode fibers the higher-order scalar
propagation constants become non-degenerate. The mode splits into odd and
even -symmetries which propagate through the fiber with different

polarization directions and different group delays. We discuss this
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important point in detail in the next Section.

We then show that in single mode fibers there is a birefringence
created by the non-circularity. For perturbations described by a Fourier
cosine series this birefringence is equivalent to the birefringence due to
an elliptical core cross-section. A Greens function method is used to
include first-order corrections to the field.

In order to measure these perturbations a divided-pump four-
photon mixing experiment, on which pump waves excite the odd (sine) and
even (cosine) symmetries of the & > 1 modes and generate a Stokes and an
anti-Stokes wave, is proposed.

B Gavssian

We then consider another type of perturbation, the Gtuwassian dip
in the refactive index profile of the core. In this case the symmetry of
the fiber is unaffected, so that there is no mode splitting, but modal
properties (cut-off, group delay, dispersion, etc.) will be changed.

We use this perturbed profile to describe the results of a
divided-pump four-photon mixing experiment performed on a fiber designed
for single-mode operation at 1.3 um . The experiment was performed with a
pump wavelength of 0.532 um , and five different modes were observed in
various combinations. A further experiment involved bending the fiber, so
that the symmetry was broken. Mode splitting of the & = 1 modes was
observed; the theory and experimental results for the bent case are
presented in Chapter 7.

The modal properties of perturbed optical fibers have been
studied using a variety of methods [1,4], but these studies do not discuss
the balance between symmetry and polarization effects. Propagation in
profiles with various refractive index dips have been investigated
previously in the course of work to design optimized fibers for

communications systems [10,11}.
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2. Modes on Fibers with Preferred Axzes of Symmetry

Throughout the next two Chapters we consider weakly guiding
waveguides, whereby the polarization properties of the modes can be
treated separately. Thus the modes are treated as scalar modes multiplied
by a polarization term.

Let us first consider the polarization effects. As discussed in
Chapter 2, linearly-polarized (LP) modes are nearly correct for a straight
fiber and corrections are given by eqn. (2.14). In a straight fiber with
a circularly symmetric core there are no uniquely defined polarization
axes. However, in a fiber with a deformed core cross-section, two defined
axes are defined and the theory in [5] indicates that the modes will
become truly linearly polarized - they will have fixed field directions in
the fiber and maintain their intial state of polarization.

The effects of polarization are included to derive the
birefringnece of the fundamental mode in these perturbed fibers. However,
these effects are small, and higher-order modes can be described by a
scalar field multiplied by an appropriate polarization unit vector.

The scalar modes have fields and propagation constants that
satisfy the scalar wave equation. For the higher-order modes of a
straight circularly symmetric fiber there are two solutions to this
equation representing an even mode and an odd mode, with the propagation
constant being equal for both symmetries. We show that when the symmetry
of the waveguide is disturbed the degeneracy of the higher-order modes is

broken and the propagation constants are different for the two symmetries.
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3. Corrections to the Propagation Constant
We now examine the effect of a perturbation on propagation
constants. Scalar theory is sufficient to describe the effects on the
9 2 1 modes but polarization corrections must be included to describe
birefringence. The ratio of symmetry effects to polarization effects
gives a quantitive criteria for when the ¢ 2 1 modes become truly

linearly polarized.

(a) Scalar Theory

Let ¢, and Eo be the field and propagation constant of a mode on
a weakly-guiding waveguide with circularly-symmetric refractive index
distribution n2 , and let ¥ and 8 be the field and propagation constant of
a mode on a different weakly-guiding waveguide with arbitrary refractive
index profile n? :

[vé + k2nZ - B2)y, = O (6.1a)
[Vé + k2n2 - B2)y = 0 (6.1b)

Note that eqn. (6.%a) is our normal scalar wave equation with solutions
discussed in Section 2-3.
If we multiply egn. (6.1a) by v , and eqn. (6.1b) by v, ,

subtract and integrate over the infinite cross-section A_ we have (6]

82 - 82 [ wouda=k2[ (02 -n3) vy da
A A .

@ . @

(6.2)

+ I {wovim = ll’\7.%'1’0} dA
A

x
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The second integral on the right-side can be converted to a line integral
at infinity, which will vanish since ¥, and ¥ and their derivatives decay
exponentially to zero for bound modes (see Section 2-2(b)).

We now assume the arbitrary refractive index profile n? can be

written in terms of ng
n2(x,y) = n2(x,y) + sn(x,y) . (6.3)

This is not a perturbation relation. There 1s no restriction on the
magnitude of én , only that eqn. (6.3) is valid. Substituting eqn. (6.3)
into egn. (6.2) we have a reciprocal relation between the two different

waveguides:

882 = B2 - B2 = k2 [ én yop da/f v dA (6.4)
A A

w© @

‘The difference in propagation constants is given by eqn. (2.40):

68 = B - B, = (B2 - B2)/2kn : : (6.5)

If én is small, then it may be treated as a perturbation and we can set
b = v, . The difference in propagation constants due to the different

waveguides is:

88 = ————!—775 L1 ¥ da/f bz dA (6.6)
20(24) A_ néo

where we have used the definition of V (egn. (2.15)).
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(b) Birefringence

The fundamental mode consists of two orthogonal modes which in a
circularly-symmetric cross-section are degenerate. If the symmetry is
broken there will be a resultant difference between the propagation
constants of the two orthogonal modes. This is called birefringence.

Because the fundamental modes are independent of azimuthal angle
¢ the expression (6.6) will, in general, be identical for both x- and y-
polarized modes. That is, scalar theory is insufficient to describe
birefringence, and we must consider the vector or polarization corrections
to the scalar wave equation [5].

In Section 2-2(b) we derived an expression for the correction to
the scalar propagation constant due to these polarization effects. The
difference between an x-polarized mode and a y-polarized mode on a step-

index fiber is given by eqn. (2.42)

372 - ~

; 2 o(28)7 " e300 BY 2

S8,- 88, = S5y 9,55 0, 5y ny)w c:l9./fA v2 dA (6.7)
where gt = :t =0 % by . We can convert the above expression to polar
coordinates by using

v 3v _ sing 3w . a b . cosé 3

ax - SO0 3r T Tr 3 7 3y TSPt T %o

n, = |n| cose ; n, = In| sin¢

A

where n is the unit outward normal (i.e., in the direction of r ).

~

Substituting into eqn. (6.7) we obtain the birefringence in an optical

fiber:
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3y

3/2 -
)7 (32 cos2¢ - To sin2¢]¢|g]d2/f p2 dA/p?
A

B = 88, - 8B, = 5, 3R

%

@

(6.8)

(¢) Discussion
When an optical fiber is perturbed in some manner the symmetry
may be broken and there will be preferred axes of symmetry, as discussed
in Section 6-2. For modes that are described by
cosLo
b o= FQ(R) { or }
sing¢
then eqh. (6.6) will describe the difference between the propagation
constants of the even (cos) and odd (sin) symmetry modes. On the other
hand, the difference between the x-polarized mode and y-polarized mode for
the ¢ = O case is given by eqn. (6.8).
If we set én = ¢ times { some function describing the

perturbation}, with |e| << 1, then the difference in symmetry modes

for 22 1 is obtained from eqn. (6.6), and is proportional to

Bsym = OBy~ 88, 20(2A)1/2 (6.9)
where subsecripts e and o represent even and odd modes, respectively, and
A is the profile height.
The difference .in propagation constants due to polarization
effects is given by eqn. (6.8), and is proportional to
)3/2

B - 58 - 6p & 2M)T

pol < y Y (6.10)
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Combining eqns. (6.9) and (6.10) we have
B
Sym (L2
B 27
pol
Wnhen a fiber has its symmetry broken by a small perturbation of order ¢

?

polarization effects will be much smaller than symmetry considerations if
<> (B2 . (6.11)

This supports the argument of Section 6-2 that polarization effects are
small, and ¢ > 1 modes can be described by scalar theory. Egn. (6.11) is
equivalent to the criteria for ¢ 2 1 modes to become truly linearly
polarized. The true criteria is found from the ratio of egn. (6.6) and
the general expression for polarization corrections, eqn. (2.42). This is
discussed in detail in reference [5], and is used to discuss LP modes on

bent fibers in the next Chapter.

g, Arbitrary Cross-Section Fibers
We consider a small but arbitrary change to the core-radius of a
circularly-symmetric step-profile fiber, as shown in figure 6.1(a). The

perturbed normalized radius is described by

a.cosj(¢ - ¢.)} (6.12)

Rp(¢) = {.1 + 2 ;

W ™M 8

J

Polar angles ¢j and amplitudes aj are arbitrary, but aj is assumed small
so that we may neglect terms of order aj . The mean radius is <Rp> =1,
which is equivalent to the normalized radius of the unperturbed fiber.

Axes x3 and y& have unit vectors (see fig. 6.1)
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~J J J
(6.13)
y' = y cos¢, - x sin ¢,
...J < ...J ~ ~
The perturbation is confined to the core-cladding boundary; the
change to the refractive index in this region is given by
k2én = k?(n2 - n2,) = V2/p2 (6.14)
This perturbation region is built up of elements
1
= = (R? -
dA 2(Rp(¢) 1) de
(6.15)
= I a, cosje dé
j=1
1
Y4
1
@ X4
&)\A&; >
%Zi;éééégiggy /'

(a) Circular boundary (dashed curve) perturbed with non-zero

a, and a,, and 8, = -200, 8, = LOO . Optical axes and

y
schematic presentation of sine mode intensity are for (b) the
first ¢ = 1 and (c) the ¢ = 2 modes. The axes in (b) also

apply to the fundamental mode. The perturbations are

unrealistically large for illustrative purposes.
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(a) Higher-Order, % > 1 modes
For the higher-order modes there is an odd and an even mode for

every & . The fields are given by

FE(R) costeé for the even mode

v = { (6.16)
FZ(R) sint¢ for the odd mode

and FQ(R) is given by egn. (2.23) for the step-profile. Because the
perturbation only exists close to the boundary, and is zero elsewhere, we

can set

FQ(R) =F (1) =1

A

The difference between % 2 1 even and odd modes 1is then given by

eqn. (6.6) and (6.14)-(6.16):

2T

I a [ cos2.¢ cosje dé (6.17)
=1 0

V(2A)1/2
38~ 88, = Throy
OXz i

where X, is the normalization integral eqn. (2.25).
Equation (6.17) is only non-zero for the term proportional to

a Thus the modes are

2% °
cose(d - 6,,) . R
v = F (R) { or ¥} {x! or y!} . (6.18)
2 % . ~2% =29
sina(¢ - 2%

The propagation constant degeneracy between even and odd modes is broken,

From eqn. (6.17) we have

2 2
Y ()72 U2 KZ(W)
e %0 T VoK, (W) K, (W)

(6.19)
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(b) Fundamental, % = O modes

The approximation ¢ = ¢, is inadequate for determining the
vector corrections to the scalar propagation constant on the arbitrary
cross-section fiber (see egqn. (6.8)). 1In the Appendix we use a Green's
function method to show that corrections to the fundamental field of a

step-profile fiber are given by

= F(R) +V2 z F.(R) D, a. cosjo 6.20a
¥ o( ) e J( ) 5 2y J ( )
where
Kij
D. = (6.20b)
W J.K UK.J.
J AR AR, b BY
J .(UR)/J, 0 ¢R <1

F.(R) = { 3 J (6.20¢)

J KJ.(WR)/KJ. R >0

In eqns. (6.20) we have set Jn = Jn(U) and Kr1 = Kn(W)
We now substitute egn. (6.20a) into eqn. (6.8) to obtain the
birefringence. The details are left to the Appendix. By symmetry, only

the term in ¢ proportional to a, has any effect, and the birefringence is

given by:
a 3/2 J Jo
B = — (28)7 W [(u2 - w2)(—°)2 + UW2(=—)3 + U?] (6.21)
0 v V2 J, J,
where JQ é JQ(U) . Thus the fundamental modes have the form
boy = ¥ (x5 or 3 (6.22)

where ¢ is given by egn. (6.20), and the birefringence is given by

eqn. (6.21).
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(e¢) Elliptical Core Cross-Section
We compare our results for the arbitrary cross-section fiber
(eqn. (6.19) for mode splitting and eqn. (6.21) for birefringence) to
known results for the specific case of the elliptical cross-section fiber.
The normalized radius for the elliptical core is

(1 - e211/4

(1 - e2 cos?y)

R () = = (6.23)

where e is a measure of the ellipticity and is defined by

(minor axis)2
ma jor axis

since e << 1 one can Taylor expand egn. (6.13). To first order the result

is
- 1 a2
Re(¢) =1+ Te cos2¢ . (6.24)
By comparing with eqn. (6.12) one associates
a, = % e? . (6.25)

From the results of section (a) only the & = 1 mode set will split, with a
difference in propagation constants given by eqn. (6.19). This agrees
with the known results [5,6]. Substituting eqn. (6.25) into (6.21) yields
the birefringence due to an elliptical core. This agrees with previous

results [4,7].
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(d) Discussion

On a circularly symmetric optical fiber the & 2 1 modes are
called HE and EH modes, whose polarization properties change as they
propagate along the fiber. When the cross-section is no longer circular,
however, these modes become linearly-polarized (LP) modes.

In single mode fibers the perturbation will create a
birefringence. One must take 1into account polarization effects, and
perturbation corrections to the field, 1in order to describe this
birefringence. We have used a Green's function method to derive these
field corrections for any mode. However, symmetry effects will dominate

polarization effects for only slight perturbations.

We have shown that when the perturbation parameter a5, is

sufficiently non-zero the % mode set becomes LP with polarization axes

K2g 0 Yoo v 21
£ 1 L= 0

Although the fundamental and ¢ = 1 modes have the same optical axes,
higher order modes may have different axes, contrary to the statement in

ref. [6]. The % modes "see" a circular fiber perturbed by the a ‘ term

2
(see fig. 6.1).

Only the ¢ set of modes will be degenerate for the as,
perturbation; 1i.e. only the 2 = 1 modes will split on an elliptical core

cross-section. The higher-order modes will also split, but second-order

perturbation theory must be used to describe these smaller effects. In
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general, for an elliptical core cross-section, the ¢ = k propagation

constants will be degenerate when one uses e2k

perturbation theory, where
e is the ellipticity. In order to use terms that have coefficients e* one
must consider corrections to the modal field which have coefficient e?
These can be derived by a Green's function method, and are given in the
Appendix for. any mode & . |

In Section 6-6 we propose the use of a divided-pump four-photon

mixing process to investigate these modal splittings due to cross-section

shapes, and present theoretical curves for frequency shift.

5. Step-Index Fibers with a Dip in the Profile
Early low-loss fibers fabricated by the chemical vapour
depoéition (CVD) process, or the modified chemical vapour deposition
(MCVD) process, often have a refractive index dip in the core [8]. This
is due to the preferential evaporation of the dopant during the high-
tempertures of the preform collapsing stage [9].
We consider a Gaussian-shaped dip in the core of a fiber, which
we write as
e-RZ/d2

én = vyAn?
188550

(6.26)

where y is the dip depth and d the dip width, as shown in figure 6.2.
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v=0.6,d=0.30 <
| y=0.8,d=0.25\
1=1.0,d=0.20~

[~

Y Y T > nd
-p 0 p
Fig. 6.2 Refractive index profiles for the fiber with a dip in the core.
(a) Perturbation Analysis
. i _ cosL¢
For very small dips we may set ¢ = ¢, = FQ(R){sin2¢} , where

FE(R) is given by egn. (2.23). The perturbation region is over the core,

and the difference in propagation constants is given by egn.(6.4):

yAkn? 1 2742
B2 - B3 = - ——2 [ &N/ guR) RaR (6.27)
ZJE(UO)XQ 0
where U, is the eigenvalue of the unperturbed fiber, eqn.(2.18a),

and X, is the normalization factor, egn. (2.25). Because the Gaussian
function falls off very rapidly in our examples we replace the integration
over the core by integration over the infinite cross-section. The result
is

(Ko(Wy)/d (U, )2

32 - 83 = - L U3d? exp(- § U3d?) I, (3 Ud?)

n

K2(W,)

(6.28)
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From eqn. (2.41) the eigenvalues of a fiber with a dip in the core is
Ué = U2 - 02(B2 - éé) (6.29)

The & = 0 modes will be significantly affected, because these modes have
their intensity peaks in the centre of the profile. The ¢ = 1 modes, on
the other hand, have zero intensity at the centre of the profile and peaks
towards the core-cladding boundary, thus they are only slightly affected

by the presence of the dip (see fig. 6.4).

(b) Numerical Analysis

Equation (6.28) will be accurate for small dips where the
approximation ¥ = ¢, is valid, but in practice dips have a depth (8]
0.6 < y ¢ 1.0 and the fields, particular the fundamental mode field, will
be significantly affected by the dip [10,11].

In this case the fields and propagation constants can be

evaluated by a numerical procedure. In terms of eqn. (2.17) the profile

shape for the Gaussian dip is

-R2/d2
F o= o R2/d

2y (6.30)
Substituting eqn. (6.30) into egn. (2A.2), and employing the numerical
procedure outlined in the Appendix of Chapter 2, yields the eigenvalue for
this profile.

In figure 6.3 we compare eqn. (6.29) and the eigenvalue obtained
numerically for the fundamental mode in the presence of a refractive index

dip. We vary the dip width d for y = 1 and vy = 0.5 and a fixed V = 2.2.
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LP,, mode R

numerical ——— ,

00 01 02 03 04 05

Fig. 6.3 Comparison of the numerical and approximate solutions of the
fundamental mode eigenvalue plotted against dip width d/p

V is fixed at 2.2.

In figure 6.4 we plot (a) the eigenvalue (fbom eqn. (2A4.2)) and
(b) the modal group delay (calculated numerically from the above
eigenvalues and egn. (3.5)) against normalized frequency V. We consider a
dip with parameters y = 0.64 and d = 0.30 , and for comparison we include
the step-profile (unperturbed) result, y = 0 .

In figure 6.5 we plot the cut-off value of the ¢ = 1 mode
against d for several values of dip depth y . The cut-off value of the

2 = 1 mode increases wWith increasing dip size.



4.0
____________ — LP11

2.0 -
g v=0.0 (step) —
v=0.65,d=0.30----

S —

00 ¥ —
2 4 ., 6 8

- -
~ -~ - ==
— - - —_——
-— =
- <

S -
- -
- -

v=0.65,d = 0.30---- |

{
I
I
!
|
!
l
!
!
!
l

TO2

10

(b) the modal group delay T against

The eigenvalue U and

(a)
with y = 0.64 ,

Fig. 6.4
normalized frequency V for

a dip profile

included for

d = 0.30. The unperturbed curves (y = 0) are

comparison.



137
6 R . —

0 : —
0.0 0.1 02 03 04 05

Fig. 6.5 Cut-off values against dip width d/p for y = 1.0 and vy = 0.5 .

6. Four-Photon Mixing Experiments

We look at measuring the perturbation studied in this Chapter by
usiné the stimulated four-photon mixing process. First we present
theoretical frequency shifts for the case of the arbitrary core cross-
section fiber, and then we compare theoretical results to experimental

frequency shifts on a fiber with a dip in refractive index profile.

(a) Arbitrary Cross-Section Fibers

A divided-pump four photon mixing experiment, in which pump
waves excite the odd (sine) and even (cosine) symmetries of the 2 > 1
modes and generate a Stokes and an anti-Stokes wave, 1s proposed to
measure the mode splitting specified by egn. (6.19). The phase-matched

- condition for this process determines the frequency shift Ql from pump to
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generated waves (see Section 5-3): Because the ¢ modes only '"see" the
ay, perturbation term, as explained in Section 6-4(d), 99. is proportional
to, and hence a measure of, a29. .

Figure 6.6 gives theoretical curves for the first few modes.
Thus a study of frequency shifts using four-photon wmixing gives
information on fiber perturbations, symmetry and magnitude.

The single-mode process may also be employed, subject to the
symmetry restrictions of Section 5-3(c), which will generate larger
frequency shifts than those given here, and hence more suitable in

practice. The mode splitting of the 2 = 1 modes on an elliptical core

fiber have been observed in such a process [12].

100+

-
O-—
] 1 ] ] i
4 8 12
Py (um)
Fig. 6.6 Frequency splitting Q between the two symmetries of the first

few modes against fiber core radius p, for a divided-pump four-

photon mixing experiment. Pump wavelength xp = 0.532 um ,

4 =0.01, and a,, = 0.06 .
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(b) Ezperiments on Profiles with a Refractive Index Dip*

Frequency shifts on a few-mode fiber using the stimulated four-
photon mixing process have been measured [13]. Experiments were conducted
using a Q-switched Nd:YAG laser with égzzzéavity frequency doubling, so
that kp = 0.532 um . The 12 m length of fiber made by Fujikura Densen was
coupled through a x20 microscope objective.

The recollimated fiber output was directed to a monochromator
and simultaneously through a pair of high-dispersion prisms to a display
screen. This arrangement allowed the participating modes to be identified
as the spectrum was being recorded. By adjusting the launch conditions a
variety of mode combinations could be produced at the phase-matched
condition.

Figure 6.7 shows the experimental shifts for various mode
combinations. The important observation from this diagram is that the
modalbgroup delay of the LP,, mode is less than the modal group delay of
the LP21 , Since the difference in group delays is directly proportional
to the frequency shift (see egn. (5.9)). We deduce, therefore, that the
fiber cannot be a step-profile (see fig. 3.7 and 3.8), and from the
results of Section 6-5, and in particular fig. 6.4(b), we conclude the
fiber must have a refractive index dip in the core.

To determine y and d (assuming the dip can be modelled by

eqn. (6.30)) we consider the ratios of the experimental frequency

I would like to thank G.E. Rosman for allowing me to participate in
re-creating the original experiment [13], and for many invaluable
discussions concerning this experiment and four-photon mixing in

general.
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shifts. This is equivalent to the ratio of the difference in modal group

delays (see eqn. (5.9)) which depends only on V. We define

a, = (Tm- ij(ncoa)/(w(x)) = 8T, (V)N(m) . (6.31)
where the function variable m is the molar percent of GeO, dopant. We
thus have

Tym Toy 8T, (V)

Tom Tg © T, D (6-32

le/911=

The experimental ratios ﬂm/n11 are given in Table 6.1 For the
921/911 ratio there will be a spread of values around 1.98 because of

the deviation in measuring a,, (see fig. 6.7).

LP01 LP11 LPO2 LP21 LP31
o “o o X

~~——— 438

—— 154 —

<~—— 300(a) >
<~—— 309(b) -

213 -

Fig. 6.7 Summary of the experimental results of ref. [13]. For each mode

pair the numbers indicate the frequency shift in cm™!

units.
The biggest discrepancy is between the two readings (a) and (b)

of the LE’21-LPO1 pair.
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Table 6.1

Ratio of experimental and theoretical frequency shifts

aTm/ST11
nm/n11
Theory (V=6)
Exp.
y = 0.95 y = 0.73 y = 0.64
d = 0.20 d = 0.25 d = 0.30
Qy,/2,, 1.38 1.38 1.38 1.38
Q,,/9,, 1.98 1.99 1.99 2.00
931/9;1 2.84 2.83 2.84 2.85
The ratio STm/ST11 can be numerically determined as a function
of V for various values of y and d . We find that V must be in the range

5.9 < V< 6.1 to fit the results of Table 6.1, although y,d and V are not
uniquely defined. As the fiber is specified to be single-moded at
1.3 um , this value is qualitively what one would expect at 0.532 um

(see fig. 6.5).
If we choose V=6, then the experimental ratios are best fitted
by the theoretical dip parameters given in Table 6.1. The value of 8T,

is included, so that Gsz can be found.
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To find the material composition (assuming GeO, dopant) we re-

write eqn. (6.31) as

N(m)

n 4
co__ 154 (cm’1) (6.33)

x D(A) ~ 8T,

where T ,(V) is found numerically, and @,,= 154 cm'1 is found from the

experimental results. In figure 6.8 we plot the material function N(m)

against m for A = 0.532 ym . Egn. (6.33) specifies N(m), and then fig.6.8

specifies the value of m for some 4T

Neor

(3.11).
£
L
E
=z

Fig. 6.8

11 The material parameters

A and D(A) , which are functions of m, are then given by eqn.

The results are presented in Table 6.2.

4000 i et
A=0.532 m
3000 0
2000 1 !
1000 ~
A=0.001 A=0.01 |
0 - . v ' - . — !
1 3 5 4 S
m (%)

The function N(m) (egn. (6.33)) plotted against m, the amount of

Ge0, dopant in the core.
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Table 6.2 Theoretical Parameters for Frequency Shift
Fiber 5T, N(m) m(%) A P
V = 6.00 (em™h) o
v=0.95,d=0.20 0.1425 1080.7 2.522 0.0028 4.59
v=0.73,d=0.25 0.1441 1068.7 2.493 0.0028 4.62
v=0.64,d=0.25 0.1454 1059.1 2.470 0.0028 4,64

.532 um
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The value of p is found by setting the normalized frequency (eqn. (2.155)
to V= 6.0 at A = 0.532 . These values of p and A are in good agreement
with the value given by Fujikura on the specification sheet for this
fiber: p = 4.5 um , A = 0.0026 . Theoretical frequency shifts are now
given by eqn. (6.31). Comparison with the experimental data is shown in

Table 6.3.

Table 6.3 Comparison of Theoretical and Experimental

Frequency Shifts (cm~1)

Q Exp Theory
v=0.95, d=0.20 v=0.73, d=0.25 v=0.64, d=0.30
2, 154 154.0 154.0 154.0
Q45 213 212.4 212.5 211.8
2,, 305 305.8 307.0 308.5
25, 438 | 435.5 437.1 439.1
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The profile of this fiber was measured* by a modified near-field

method [14], and the graph is shown in fig. 6.9. Our fiber model witﬂ

v=0.64 , d=0.30 is overlaid for comparison. The depth of the depression

is limited by the resolution of the method [15], and the actual dip most
likely has y > 0.6 [9].

The measured core radius is 1iIn good agreement with the

theoretical prediction, but the measured profile height is
0.0036 < A < 0.0041 , some 30% larger than our value. Our A should be
interpreted as an "effective" profile height, taking into account the
profile shape of fig. 6.9. Furthermore, we have assumed a pure silica
cladding and a GeO2 doped core. Different material composition may alter
the N(m) vs. m curve, and hence our results.

However, further evidence to support the validity of our simple
profile shape can be found by examining the dispersion curves. In figure
6.10 we compare the experimental dispersion data to the numerical
derivative k d2B8/dk?2, where 8 is the propagation constant for the dip
profile with vy = 0.64, d =0.30, 4 = 0.0028 and p =4.64um . The
difference in the zero-dispersion wavelength ( A__, = 1.3 um ) between

zd
experiment and theory is 0.3%.

The author gratefully acknowledges Professor P.L. Chu, D. Irving, and

T. Whitebread for conducting these experiments.
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exp. model
Fig. 6.9 The measured refractive index profile of the Fujikura fiber,

superimposed on the profile model with parameters y = 0.64 ,

d = 0.30, A = 0.0028 and o = 4.64 um .

20 -
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wavelength A (um)
Fig. 6.10 Dispersion properties of the profiles shown in Fig. 6.9. The

theoretical curve is the numerical derivative k d28/dk? .
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7. Appendix
(i) Green's function method
We generalize a Green's function method for determining the
field corrections to the fundamental mode of an elliptical core fiber
[4,6] to the case of the few mode arbitrary core cross-section fiber. We

substitute eqn. (6.3) into eqn. (6.16), and rearrange to obtain
(vg + k2n2 - B2}y = -k2 sny (64.1)

where 82 is given by eqn. (6.4) and sny = én(r) ¥(r)
The homogeneous solution to this equation, which we denote wh ,
is the scalar wave equation. A particular solution, which we denote $p ,

is the integral equation
bo(r) = -k2 [ G(r,c') sn(x') w(x') da' (6a.2)

where A' is the area in which én is non-zero, r' is a fixed position, and

G(r,r') is the Green's function which satisfies the equation
(v2 + k2n2 - 82) G(r,r') = s(r - ') (64.3)

where § is the Dirac delta function.
¥(r') is unknown, but if we assume a small perturbation we can
replace u(r') by v,(r') , where v, is the solution to the unperturbed

scalar wave equation. We then have [16]

b(e) = -k IA' G(r,r") sn(r') w,y(r') dA’ : (6A.4)
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The two-dimensional delta function on the right side of egn. (6A.2) can be

expanded in polar coordinates as

S(p - ') = 2s(r - ) 8(s - o)
. (6A.5)
3 - !
= % §(r - r') I e12(¢ 5')
We assume a similar expansion for the Green's Function:
N1 Do Ny Lit(e - e')
G(r,r') = 5= I8, (r,r') e . (6A.6)

- GO

From eqns. (6A.2), (6A.5) and (6A.6), the radial Green's Function
g;(r',r) satisfies

2 2 -
[3—— + % %; - k?n? - B2) g;(r,r') =
ar? ' '

r?

% s(r - ') (6A.T)

The complementary solution to eqn. (6A.7), for a step-profile, is

IA
=]
IA

Aan(UR)/Jn(U) 0
gf = (64.8)
BnKn(WR)/Kn(w) R > 1

where the normalized eigenvalues are defined as

ye

Dz(kznéo - B2

U% - p2 §R2
(64.9)

=
n
1}
kel
[N
N
W
N
]
~
n
=3
nN
~—
]
=
)

+ p2 882
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where 882 is given by eqn. (6.4) and U,, W, are the eigenvalues of the

unperturbed fiber, eqn. (2.18).

r .
g, must be continuous at r = p , so that An = Bn at R = 1. An

and Bn are determined from the condition

r R + ¢

R - ¢

from which we obtain

K (W) J_(U)
W R R T (64.10)
noon n n-1 T Y% n-1 n

The solution to egn. (6A.1) is the addition of the homogeneous and

particular solutions

(6A.11)

where wp is given by eqn. (6A.4), with the Green's function given by eqn.

(6A.6) and (6A.8).

(ii) Perturbation solution for field corrections

The homogeneous solution to egn. (6A.1) for a step-profile fiber

is

- cosLo :
b, = F (R) {sinl¢} (64.12)

where Fl(R) is given by eqgqn. (2.23) with eigenvalues U and W given by

eqn. (6A.9).
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Because the perturbation is zero everywhere but in the region
close to the fiber boundary r = o (see fig. 6.1), we can approximate the

modal fields of the unperturbed fiber by their values at the boundary

interface:
cosLo
b = } (64.13)
singé
even . . .
for { } modes. The particular solution to eqn. (6A.1) is given by eqn.

odd
(6A.4). If we substitute in egn. (6A.13), (6.14) and (6.15) into (6A.4)

we have

a. | G(R,1,6,0') cosje' costo' do' (6A.14)

G(R,R",8,6') = = g (R,R') g’(6,0") (64.15)

g = | (68.16)
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Substituting eqn. (6A.15) into eqn. (6A.14) yields the particular solution

b= =V2 ¢ I a.gr J g¢ cosjo' coste' de' (6A.17)
P j=1 n=0 AL n

For the fundamental (2 = 0) mode we have
v = =V2 g aj gg cosjé . ’ (64.18)

The radial Green's function is given by eqn. (6A.8) and (6A.10):

gg - - Dij(R) (64.19)

where FJ(R) is given by egn. (2.23) and Dj is given by eqn. (6A.10).
Furthermore, for the ¢ = O mode 682 = 0, so that U = U, and

W =W, , and the eigenvalue equation

Uy 3 = W (6A.20)

can be used to simplify the expression Dj.

The field in the perturbed fiber is ¢ = ¥ + ¥ with b given
by eqn. (6A.12), and wp given by eqn. (6A.18). This is eqn. (6.20) in the
text.

If we have an elliptical core cross-section, with a,= 1/4 e2 |,

then eqn. (6.20) is identical to the result of ref. [4].

(iii) Birefringence on arbitrary cross-section fibers
The birefringence is given by substituting egn. (6.20) into
eqn. (6.8). In order to take into account all contributions of order 2y,

p and its first derivative must be evaluated at
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R=1+ I a,cosjoe=z1+a (6A.21)
j=1
with a << 1 . We then have
- 1
Fn[1 +a) = F (1) +a F!(1) (6A.22a)
1 - 1 i
Fn[1 +a) = Fr(1) +a FN(1) (64.22b)

where Fn(R) is given by egn. (2.23) for the step-profile fiber. From
éqn. (2.23) and Bessel function recurrence relations, Fn(1), Fé(T) and
Fg(1) are easily evaluated.

The element of length d¢ is

de = (1 + a) do (6A.23)

The unit outward normals in cartesian coordinates is

n, = (cosé - n sing)
n = (sin¢ + n coso) (6A.24)
n= I Ja, sinj¢

j=0 Y

Substitution of eqns. (6A.22) - (6A.24) into eqn. (6.7) or (6.8) yields
the birefringence on arbitrary cross-section fibers, eqn. (6.21). Because
of the cos2¢, sin2¢ terms in the equation for birefringence (see

eqn. (6.8)) only the term proportional to a, is non-zero.
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CHAPTER 7

MODES ON A BENT OPTICAL WAVEGUIDE
and their study by the

FOUR-PHOTON MIXING PROCESS

1. Introduction

In this chapter we examine changes to the propagation
characteristies occurring when optical waveguides are bent. The literature
concerned with bends and micro-bends on waveguides is extensive, but in
general fhese studies have dealt with radiation losses [1 - 3]. We will not
be concerned with loss here, although the perturbed fields derived in Section
7-1 may be used to obtain more accurate bending loss results, as reported
previously [4 - 6].

When an optical fiber or waveguide is bent it is well known that the
modal field will shift towards the outer core-cladding boundary as the bend
radius decreases [4,7], but the effect on the modal propagation constants,
which dictate the birefringence, dispersion and group delay properties of the
fiber, is not widely understood.

We show that in single-mode fibers this field shift creates a
geometrical birefringence, in addition to the well known birefringence caused
by stress (8,9]. In few-mode fibers, the field shift causes a splitting of

the higher-order modal fields.



We present simple formulas describing the perturbations to the field
and propagation constant of any mode, of either even or odd symmetry. The
field in the bent waveguide is derived by assuming that the bend is slight, so
that it's effects may be treated as a perturbation to the field and
propagation constant of the straight fiber.

Throughout we consider weakly-guiding waveguides, whereby the
polarization properties of the modes can be treated seperately, as formulated
in Section 2-4. The bend breaks the symmetry of the fiber, and the'modes are
treated as scalar modes multiplied by a polarization term. The discussion of
polarization effects and symmetry effects on waveguides with preferred axes of
symmetry in Section 6-2 is then applicable.

After deriving the field equations a perturbation analysis 1is
employed where the fields and propagation constants of the bent fiber are
expanded in an ascending series of (p/a) , where p 1is the waveguide radius
and a is the bending radius. The first term in this series is the unperturbed
or straight waveguide solution. Each term in the series for the fields decays
quickly to zero in the cladding, regardless of the magnitude of the bending
radius. However, physically, modes become radiative when the radius is small
enough, so that the perturbation solutions will only be accurate close to and
within the core region.

The single-mode step-index optical fiber is examined first, and it
is shown that the bend creates a difference between the x- and y- polarized
fields of the fundamental mode. However, this difference in scalar modes does
not describe the birefringence, as reported previously [10]. In that analysis
the authors neglected a term, and in fact the birefringence they calculated is
zero to order (p/a)? , where p is the radius of the fiber and a is the

radius of curvature. We show that there is a geometrical birefringence of



158

order (p/a)? , and that it is due to the inclusion of vector or polarization
corrections to the scalar modal fields.

The case of the step-index slab waveguide is then examined, and more
physical solutions, in which the field will no longer be bound for small bend
radius, are presented. We determine the radiation point, which is the
distance from the waveguide where the phase velocities of the propagating mode-
reaches the local speed of light and the field becomes radiative.

An analysis of the step-index optical fiber is then presented, where
the fields and propagation constants are derived. To first-order, .the
propagation constant of the 2=1 mode becomes non-degenerate. Numerical
results are presented for the clad power-law profile. We show that bending
the waveguide causes the higher-order scalar propagation constants to become
non-degenerate. As explained in Section 6-2, ‘when the symmetry of the
waveguide 1is disturbed the mode splits into odd and even symmetries which
propagate through the fiber with different polarization directions and
different group delays.

Finally, we use the theory of phaée-matching on few-mode fibers to
demonstrate that the mode splitting of the =1 modes can be measured by the
four-photon mixing process and' compare our theory to some experimental
results.

Theoretical research on modal fields in a bent waveguide has been
widely performed. The perturbation expansion used here has been used to
analyse the fields and propagation constants of a single- and multi-layered
slab waveguide [12],[13]. Analytic solutions for the fields in a bent step-
index fiber have been-obtained using a first order perturbation theory to the
vector wave equation [14],[15], ©but the solutions are complicated.
Experimental confirmation of the field shift in a bent fiber [16],[17] have

been reported.
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2. Field Equations
To derive the field equations, the vector wave eguation, eqgn.(2.10)
is written in a cylindrical coordinate system, (R, o, ¥) , with origin at the

centre of curvature, as shown in Figure 7.1
(v2 + k2n2)E = -V(E-V1n(n?)) (7.1)

For a wave propagating along the o0 or 2z axis, the wave equation can be
converted to the local coordinate system (r,¢,z) where the following geometric

relations are used:

R = a + rcose
0 = z/a
¥ = rsine

The electric field components in the two coordinate systems are related by

ey 1/2 . o m 172 .
E§ =(1/R) EX exp(—LBXz) and E? = (1/R) Ey exp( lByZ)

Ex and Ey then satisfy the following equations :

. 2 1
V2 % k2n2)E + 2 (— - g2))E
(v * wn2)e, + 2 (- - 82)e,
(7.2a)
3E
- -2 2 (AL e, L onmy)
R 3R 2R 3R 3R
2 1
v2 + k2n2)E_ + 2= (— - 82))E
( ) Y Re (qaz y]J y
(7.2b)
= - & (e, & in(n?))
a7 Y at
where Ey = 0 for light polarized in the x direction, and E; = 0 for light

polarized in the y-direction. In eqn.(7.2)
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In order to solve the equations one exploits the fact that a4 = 0 |
and the weak-guidance approximation can be invoked so that the polarization
correction term can be neglected intially. The fields and propagation
constants of eqn.(7.2) then satisfy a scalar wave equation, and are denoted by
£ and B .

Using the fact that the quantity (p/a) is much less than unity the

scalar electric field and scalar propagation constant can be expanded in an

ascending series of (p/a) such that

(7.3)

where EO and 502 are the straight waveguide solutions. In the next Chapter

we study the accuracy of the perturbations expansions eqn. (7.3).

Y

I

NI
2l

Fig. 7.1 Cylindrical coordinate system (R,6,Y) and local coordinate

system (r,¢,z) of the bent fiber.
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3. Single-Mode Fibers
We now consider the fundamental mode. Using a Taylor expansion on
the second term on the left-side of egn.(7.2), and then substituting in

eqn.(7.3), the following system of equations for E, and E, result to first

order:
Déoy =0
(7.4a)
DE,, = 51§, F:Oy- 2 R coso 5032, Eoy
DEOX = 0
- - - _ (7.4b)
DE1X = 3151 on - 2 R cosé 303( EOX - 2 cosd aEOx/aR

where Df = (th + k2n?2 - éoz)f is the scalar wave -equation for the
unperturbed fiber. For the fundamental mode Eo is only a function of r. In
Section 7-4 we show that by multiplying the first of egns. (4a) by El ,and the
second by EO , subtracting and integrating over the infinite cross section an
expression for é% results, which is equal to zero for any symmetric fiber.
Thus the lowest order correction to the propagation constant behaves as
(p/a)? .

The method described above to derive the field equations can be

extended to include higher-order corrections (see Section 8-3(b)), and

dispenses with the need to solve Petermann's auxillary equation [6], which can

lead to numerical difficulties when applied to arbitrary profile fibers’[18].



(a) Fields of the Fundamental Mode

In the Appendix we show that the solutions to equation (7.4) are

given by

J4(UR)/J,(U)

YK (WR) /K (W)

(UR) (7.5a)
J, (UR
V2 1 R2
2[2A]U 7,00 {AO - uUZ} cosé
Fiy ® K, (WR)
V2 1 R2
2(2A)w K, (W) {BO + MWZ} cos¢
) 34 (UR)/d,(U)
E =
XK, (WR) /K (W)
(7.5b)
J,(UR) J,(UR)
V2 1 R2 R Yo
23500 7y (8 - e D gyz LL(OR) SO8°
J
X
K, (WR) K, (WR)
\'2 1 R R 0
2 e (B - R (WRy °0se

The constants A, and B, are found by matching the field and its derivative at
the boundary R = 1 and are given explicitly in Table 7.2.
The third term in brackets for E1x is of order A , and we may write

= E . - More generally
E =& (7.6)

Thus when analysing bent fibers the scalar equation for Ey (see egn. (7.2)) is

adequate to describe the fields and propagation constants.



163

(b) Geometrical Birefringence

The birefringence 1s the difference in the fundamental mode
propagation constants of the x-polarized field and the y-polarized field.
These may be calculated directly from the scalar wave equation, but in general
scalar theory will not be sufficient to account for the subtle field
corrections that manifest as a birefringence, and a more precise theory must
be employed. We show here that birefringence due to bending is a consequence
of the vector térms in Maxwells equations.

Previously the geometrical birefringence was found by essentially
calculating §2§ and §2§ which result from the differential equation for Ez

[10]. However, the authors neglected two terms in the equation for E

2g !

which occur from the expanéion of the wave equation for Ex (eqn. (7.2)).
Inclusion of these terms exactly cancels their result, and to order (p/a)?
their birefringence is zero.*

In order to account for birefringence in the fundamental mode the
scalar wave equation is no longer adequate, and polarization properties must
be included in Maxwell's equations. As in Chapter 2, we use perturbation
methods to incorporate the polarization effects, which manifest as corrections
to the scalar propagation constant. In the Appendix we show that, to lowest

order, the geometrical birefringence in a bent single-mode fiber is given by

@

3/2 .
_ _ _(28) v sin2¢ 3y df
By = 8,m 8= —5y,— | Am{cos‘?"’ R~ R as) ¥am b
(7.7)
df
-3 QU0 - Blreose)ez Fran } /s g

I would like to thank Professor Zong-Qi Lin and Xi-Sheng Fang of Shanghai
Jiao Tong University, China, for their kind response to my communications
with them.
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where 1y = Ey = Ex and f(R) specifies the profile shape. The integration is

performed over the infinite cross section of the fiber.
Substituting the electric field expansion (eqn.(7.3)), with
E,= E4(R) E,z E,(R)ecos¢ , into egn.(7.7) yields the geometrical
birefringence in a bent fiber to lowest order:

dE (R) E2

R)
o df /=
32 & Eum .

3R
g 8Vo

(
R = ) RdR / fo E2(R) RdR

(7.8)

The second integral of eqn.(7.7) is an order of V2/2A smaller than the first
term, and can be neglected, since V2/2A is always a large quantity.
Substituting eqn.(7.5a) into eqn.(7.8), and using df/dR = &(R-1) ,

the geometrical birefringence in a step-index fiber is obtained;

1o
Bg =] (a]2 knco g(V) (7.9a)
g(V) = U it (. (7.9b)
JO(U) w2 U2

where pknco = V/v(24)
In the next chapter we compare egn.(7.9) to a Gaussian
approximation, and plot the function g(V) against normalized frequency V.

(See figure 8.3))
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(¢c) Discussion
The geometrical birefringence due to bending is given by eqn(7.9).

The birefringence due to stress has a dominant term given by (8]
B, = -0.25 (b/a)? knco[ n,2 (pyy = P (1 + v) )

where b is the fiber outer radius, are the strain optical coefficients

pij
and v is Poisson's ratio. At A = 0.633 um the ratio between the two
birefringences 1is Bg / BS = -2.67 g(V) (p/b)2 , where g(V) 1is given by
eqn.(7.9b).
The geometrical birefringence behaves as B_~ knco(p/a)2 , Where
o} is the fiber radius and a is the radius of the bend. The ratio between
the two birefringences for practical purposes is Bg / Bs - 10_3 . Thus the
geometrical birefringence is several orders of magnitude smaller than the
bending induced birefringence due to stress, and can be ignored for all
practical purposes.
| In conclusion, we have found that the geometrical birefringence is
due to the inclusion of vector or polarization corrections to the scalar wave
eqation. We have shown that the two orthogonally polarized scalar fields,

Ey and Ex , are approximately equal, and it is only neccesary to determine

Ey (given by egns. (7.3) and (7.4)) to analyse the modal properties of a

bent fiber.
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I, Few-Mode Waveguides

Following the above discussion we only consider the y-polarized
field, and from here on drop the y-subscript. We consider the scalar form of
eqn.(7.2b), and after Taylor expanding the second term on the left-side and
substituting in the perturbation expansions (eqn.(7.3)) a system ‘of

simultaneous differential equations for E , E, and E, is obtained;

DE, = 0 (7.10a)

DE, = B} E, - 2 5 cose 83 E, (7.10b)

(7.10¢)

where Df is the wave equation of the unperturbed fiber:

Df = (33_ LA IR B K (k2n2 - 82)) £

ar? r ar r2 342
Multiplying eqn.(7.10a) by E, and egn.(7.10b) by E; , subtracting and
integrating over the infinte cross-section, yields the propagation constant
correction 82 :

[s-)

82 = 282 [, (r/p) cose EZ dA /[, EF dA

It is seen that §§ = 0 for any symmetric fiber, hence the lowest
order correction to ég behaves as (p/a)? . Applying a similar operation

_2
between eqns.(7.10a) and (7.10c) yields the next higher order term, B8,
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83 =283 [, (r/p) cose E.E, da / [, E3
) i (7.11)
- ) o 1
- 383 [, (r/o)2 cos2e B3 da / [, Ezda =+ ey

@ <

If we use the approximation ég = ancé = V2/p2(24) then we see from eqn.
(7.10b) that E, ~ V2/(2a) E, » E, and the second and third terms of egn.
(7.11) can be neglected. The equation for the lowest order correction to the

propagation constant is then given by

wi
LS 18]
"
Ir\)
N
l<:

2 = = =
< [, Rocose E\E, da/[, EZ dA (7.12)

@ @

o
n

5. The Step-Index Slab Waveguide
To appreciate and gain an understanding of bending effects on
optical fibers we first consider the simpler problem of the bent slab

waveguidé.
(a) Solutions to the Perturbation Equations

We consider a bent slab waveguide, unbounded in the y-direction, as

shown in figure 7.2. The field equations (7.4) can then be written as

(7.13)

=]
[
-
"
t
o™
I3
o<
(&3]}

©
n
>

o

where X is the dimensionless coordinate, X = %/p, and p is the half width of

the guide.
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a)
AY 4y
Fig. 7.2
(a) Coordinate system for the
a
x bent slab waveguide; (b) ¢t
effective refractive index due to
b) the bend; and (c¢) the shift of
2 the field intensity towards the
Neo
outer core-cladding boundary.
2 ___
N
c)

The fields for a step profile slab waveguide are specified by

{ cos(UX)/cos(U) }

0 sin(UX)/sin(U) 0 < x| =1 |
(7.14)
. exp(-W|X|)/exp(-W)
= U /(X)) .exp(-HiX|)/exp(-H) [X] > 1
even
for { odd } modes.
The method of solution of -equation (7.13) 1is left to the
Appendix. The fields, for both odd and even symmetries, are given in Table

7.1. The results agree with those in reference [12] and [13]. Figure 7.3
shows the bent fields for the first odd and even modes of a bent slab
waveguide, where the guide is bent with a constant curvature rédius of 1 cm.
We consider a waveguide with half-width p = 4.1 um , profile height

a = 0.0035 , and an operating wavelength of A = 0.633um , so that V = 5.0.



2 -1 0 1 2 2 -1 0 1 2
R R
Fig. 7.3 Bent fields of the slab waveguide for (a) the first even mode;

and (b) the first odd mode, for a waveguide with characteristics

p = 4.1 um, 4 = 0.0035 and A = 0.633 so that V = 5.0.

dashed line is for radius of curvature a = = (the straight

fiber) and the unbroken line is for a = 1 cm.

(b) Deformation of Fields due to Bending

The shift of the field can be written down approximately. The shift
in the origin for the even mode occurs when 3E/3X = 0 . Assuming a small
Shift, the trigonometric functions of Table 7.1 can be expanded to second

order to give

- (212 LA R B i
oven * DE -0 0

For the odd fields the shift in the origin occurs when E = 0; expansion of

the trigonometric functions of Table 7.1 yields



From a physical standpoint, the shift in the field can be viewed
with a ray model [19], shown in fig. 7.4. A ray propagates along the straight
section of fiber with ray invariant 8 = Mo coseZ where ez is less than the
complement of the critical angle Bc . As the ray enters the curved section,
it will still reflect off both the outer and inner core-cladding interface.
However, as the radius of curvature becomes smaller, the ray may only be

guided by the outer core-cladding boundary. This ray representation indicates

a shift in the intensity of the field.

Fig. 7.4 Ray model for the bent slab waveguide showing the shift in the

field.
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(c) Exact Solution to the First-Order Wave Equation
This field shift can also be shown by re-writing the scalar form of
eqn.(7.2b) to first-order in (p/a) as
32 - =
==+ 02(k2n2 - 82)} E(X) = 0 (7.15)
).
where né is an effective refractive index which takes into account the bend of

the waveguide:
2 - n2 2 (B
n2 = n? + cho (&) x . (7.16)

The approximation 82 = kznéo has been used in eqn. (7.15).

The effective refractive index indicates a shift in the field
intensity towards the outer core-cladding boundary, as shown in Figure 7.2b
and T7.2c. As the radius of curvature becomes less, the guiding power (the
refractive index of the core) of the waveguide shifts away from the centre.

The perturbation solutions are given by Table 7.1 and illustrated in
Figure 7.3. They are the so-called "straight waveguide solutions" for the
effective index of eqn. (7.16) - the fields in the cladding exponentially
decay'to zero and never become radiative, regardless of the magnitude of the
" radius of curvature. However, as figure 7.5 indicates, the fields do become
radiative; that is the wave is no longer guided, at some distance Xp from the
centre of the core when B8 = kn_, -
Equation (7.15) can be solved exactly, remembering that this is a

first-order approximation to egn. (7.2b) Considering a step-profile waveguide

we write eqn. (7.15) as
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{éi; L U2+ (2) L oxpe-o CORE
3
(7.17)
(—-w+ (7)) xE=o0 CLADDING .
ax2

These equations can be solved in terms of Airy functions, and are given by

(23]
"

ai(- z,) , 2z, = (A% + U2)/8%/3 CORE

(7.18)

(AX - WZ)/A2/3 CLADDING

(2]
"

Ai(-z,) + iBi(-z,) , =z,

V2
28

core and cladding fields and their first derivatives at the boundary X=1.

where A = 2(5) The eigenvalues of egn. (7.18) are found by matching the

Eqn. (7.18) is shown qualitavely in figure 7.5.

ng'o _ /\
2.2 _ e
B7K
2
Ne
1 1 i
-p 0 P XR
Fig. 7.5 A schematic representation of the first mode of eqn. (7.18).
The normalized radiation point, XR/p , 1s the point in the
cladding where the propagation constant satisfies 8 = kncl , and

the field becomes radiative.



173

The normalized radiation point, XR/Q , 1s found when the

propagation constant 82/k? = W2/p2K2 + nél is equal to the effective

refractive index né of eqn. (7.16)

XR =

DIN

R _ (%J A; W2 , (7.19)
v

Substituting this into the field for the cladding gives ECLAD = Ay (0)

The radiation point is shown in figure 7.5.

4. The Step-Index Optical Fiber

(a) Fields of the Bent Fiber

The Eo fields of the (&,m) straight circularly symmetric fiber in
the "weakly-guiding" approximation are given by eqn.(2.26)

The method of solution of the perturbation equations (7.10) is left
to the appendix. The fields for the first few modes, with both odd and even
symmetry, for the bent step-profile fiber are presented in Table 7.2. The
equation for the bent field for the 2 = O mode agrees with the result of
references [16] and [20]. The method of solution outlined in the Appendix can
be applied to any mode, for either odd or even symmetry.

The modal fields for the ¢=0 and 2=1 odd and even modes are shown
in Figure 7.6, where as an example we have chosen a few mode fiber with V=5

( A=0.0035, p=4.1 um, A=0.632 um ) and fixed bending radius of a=1 cm.



0 1 2 -2 -1 0 1 2
R R
(a) The fundamental (LP,,) mode; (b) the LP,, mode;

(¢) the LP,, odd mode; and (d) the LP,, even mode of a bent
fiber Wwith characteristics p = 4.1 um, A = 0.0035, and
A = 0.633 um so that V = 5.0. The dashed line is for radius of
curvature a = = (the straight fiber) and the unbroken line is

for a = 1 cm.
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(b) Propagation Constant Corrections

The correction to the propagation constant, é% , 1s found by
substituting the fields of Table 7.2 into eagn. (7.12). The general solution
is given in the appendix, and the results are summarized in Table 7.3.

The difference in the propagation constants for the &=1 mode is

_ _ ]— E 3/2 ] 2
88 = 8, - 8, I (33) B(V). (2
NG J,2(0) (7.20)
80 =52 (e my W2 - 9 - Ty

where subscripts e and o represent the even and odd mode, respectively, and
the eigenvalue eqn. (2.26) has been used. In figure 7.7 we plot the function
B(V) against normalized frequency V.

The group delay is specified by dB8/dk (see Chapter 3), and thus in
the bent fiber the ¢=1 mode will seperate into linearly polarized odd and
even modes, where the seggzation varies as (p/a)? . In the appendix it is
shown that only the ¢=1 mode will split when first-order perturbation terms
are used.

The effeect of profile variation on the mode splitting can be
examined by considering the clad-power law profile, described by the profile
given in Section 2-3(b). Figure 7.7 shows the variation of the mode splitting
as a function of V for two values of q. As V gets large, or q sﬁall, the
splitting becomes smaller.

Figure 7.7 indicates that maximum splitting occurs for the largest
profile volume, which is the step-profile. The larger the profile volume, the
better the guiding power of the fiber. Thus for small profile volumes, or in
the case of the clad power-law profile, small values of q, the fiber does not

guide the higher-order modes as efficiently, and the non-degeneracy of
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the ¢ = 1 modes become less pronounced. This 1is because the ¢ = 1 mode, as
compared to the fundamental modes, has most of its intensity near the core-
cladding boundary and so its guidance is very sensitive to profile changes.
As q becomes small, the intensity peaks of the 2 = 1 mode almost lie in the
cladding and the mode loses its guiding power. Thus the subtle effects of
mode splitting decreases as the ¢ = 1 mode loses its power to the cladding as
the grading of the profile increases. The effects of grading are
schematically demonstrated in fig. 7.8.

Near cut-off the propagation constants vary rapidly with respect to
V (see Section 2-3(b)) and the rate of change approaches infinity. It is in
this region that the difference between the two propagation constants changes
sign and becomes very large, as shown in figure 7.7. However, the modes are
not strongly guided in this region, and the above discussion concerning the

effect of profile variation does not apply.

0.4<
0.2.
q=2
0-0
q=00
-0-2 .
0 2 3 4 5 6 7 8 9 10
Fig. 7.7 The normalized difference in propagation constants for the

2 = 1 odd and even mode for a clad power-law profile against

normalized frequency V. q = « is the step profile.
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Fig. 7.8
Schematic representation showing
the effects of grading on the

2 2 1 modes.

(e¢) Discussion

Using first-order perturbation theory, simple analytic expressions
for the fields and propagation constants of a bent step-index optical
waveguide have been obtained. The bend breaks the symmetry of the waveguide,
and the scalar propagation constants of the higher-order modes become non-
degenerate. The ¢ = n mode set will become non-degenerate when the nth
order term in the perturbation expansion is included in the analysis. For
example, using first-order perturbation theory only the & = 1 scalar mode
set splits, with a difference in propagation constants given by egn. (7.20),
whereas to that order the scalar ¢ 2 2 mode set remains degenerate. The
accuracy of first-order perturbation theory is dicussed in Chapter 8.

The perturbation solutions are unphysical in that the fields in the
cladding always decay to zero, regardless of the magnitude of the bend. We
have shown, by still using first-order perturbation theory, that solutions can

be obtained for the step-index slab waveguide which give the point in the

cladding at which the field becomes radiative.
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7. Four-Photon Mixing Experiments on Bent Few-Mode Fibers*

In order to experimentally investigate the theoretical mode
splitting described by eqn. (7.20) we use the same fiber as that used in the
divided-pump four-photon mixing experiment detailed in section 6-6.

Recall that there were several theotetical dip-profiles that fitted
the experimental results for the straight fiber case. When the theory was
applied to mode splitting due to bends all three profile models gave similar
results. However, the profile with dip depth y = 0.64 and dip width d = 0.30
gave the best results. This is the profile shown in fig. 6.9. From Section
6-6 the effective fiber parameters were estimated to be: p = 4.6 um and

A = 0.0028 , so that at x» = 0.523 um (wavelength of the frequency-doubled
Nd:YAG laser) the normalized frequency was V = 6.0.

The propagation constant corrections 83 for the ¢ = 0 and (11) odd
and even modes can be found by numerically solving egn. (7.12). The
perturbation fields El are given by the numerical solution of egn. (7A.25) in
the Appendix.
| The modal parameter U in a bent fiber is found by substituting the
perturbation expansion of B8 (eqn. (7.3)) into the definition of the scalar

eigenvalue, eqn. (2.18a). The result is
Uz = U3 - (8)2 82 (7.21)

where U is the scalar eigenvalue of the straight fiber, and §§ is given in

Table 7.3 for the first few modes.

These experiments were conducted by G.E. Rosman at the Telecom Research
Labs, Melbourne, Australia.
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The modal group delay in ;he bent fiber is then given by
T = U2/vV2 - 2(U/V) dU/dV . Substituting this expression into the equation
for frequency shift, egn. (5.9), yields the frequency shift for the following
pair of modes: (02) - (01), (11 odd) - (01) and (11 even) - (01).

The experimental set-up is described in Section 6-6. The fiber was
wound around cylinders of different diameters, taking care not to twist the
fiber or apply undue tensile strain. As in experiments on the straight fiber,
by adjusting the launch conditions it was possible to divide the pump wave
between the fundamental mode and the odd and even (11) modes of the bent
fiber.

Figure 7.9 shows the measured frequency shift (small circles) and
theoretical frequency shift (solid line) plotted against bend radius. The
effect of stress due to bending on the refractive index has been included by
using an effective (20% larger) bend radius (21,22].

Figure 7.10 is the difference in frequency shift, &Q , between the
two LP11'symmetry modes plotted against bend radius. The experimental results
(small circles) are generated by taking the lines of best fit through the data
of fig. 7.9 and subtracting.

In conclusion, the theoretical prediction that the LP11 mode will
separate into odd and even modes, which propagate along a fiber with different
group delays and different fixed directions of polarization, has been

experimentally confirmed by using a divided-pump four-photon mixing process.
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- 300
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G (02 - 01)
T 200 N
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X ‘ (11even - 01) N |
23 .
=z 100
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)
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w
= 0 : :
0.0 0.2 0.4 0.6 0.8
BEND RADIUS 1/a (cm)
Fig. 7.9 Measured frequency shift (small circles) and theoretical

frequency shift (solid line) plotted against bend radius. The
intensity patterns indicate the Stokes mode seen at the

output. The anti-Stokes mode was always the (01) mode.

50 . N N N . N —
4() |
’E 30 (11even - 110dd)
(&
S 20
o
10 1 *
0 = . .
0.0 0.2 0.4 0.6 0.8

BEND RADIUS 1/a (cm™)

Fig. 7.10 The difference in frequency shift, & , between the two LPi1

symmetry modes plotted against bend radius.
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Appendix
(i) Derivation of the field equations

The vector wave equation is

(v2 + k2n2) E = - v (E - v an(n2)) . (7A.1)
In the coordinate system (R,0,Y) of figure 7.1 1is the -electric field

components Eﬁ and E? will then satisfy the equations

(v2 + kznz)EY = -3 (E - v 2n(n?))
aY i
SE (74.2)
(v2 + k2n2)Eg = %— (Bg + 2 =) . 3: (E - v en(n?))
R? 30 aR
where

g2 = 32 . 1a 1 32 a7

RaR R2 302 a¥2

3R2

Using the Maxwell equation Y-n2§ = 0 1in the cylindrical coordinate system we

have
Es 3Es 3Eg 3E
V-E:—(E-Vﬂ,n(nz)]ziﬁ- R, Y+% 9 (74.3)
- -7 R aR a¥ R 30
and the wave equation for Eﬁ becomes
Es 3Es  3Eg
(72 + em2)eg = - = - 2 (=20 —)
: 2
RERO9R -t (74.4)

(- 7 wn(n2)

]

N
=v I [\V)

+
%] Im
ol



The coordinate system (R,0,Y) and (r,¢,z) are related by

R = a + rcose
@ = z/a
¥ = rsine

The field equations for EY and Eﬁ can now be converted to the local
coordinate system:
2 ,
(v2 + k22 + &= (- -82))E = -2 (g L. e, =) wn(n2)  (7a.52)
R2 U4a? yooy 3 Y 3R
a2 1 2 E BEX
(V§+k2n2+—(—-—-8§)]Ex=——_-[—_l-f-—_—
R2 l4a2 R aY aR
(74.5b)
T e |- RN TEEY
2R R ¥ ot 3R
where
2 2
vz =2 la 1 2%
ar? r ar r2 3¢°?
3 , cose 3
— = sin¢g — + _—
BY ar r ad
(74.6)
3 3 sin¢ 3
- =z CO0S$p — = —
BR ar r 3P
and the electric field components between the two coordinate systems are

related by



-ig z
X ) -1/2
Ex e , E§ = (a+rcose) By

Eﬁ = (a+rcos¢)_1/2

(78.7)

If light is polarized along the z- direction then Ey = 0, and similarly if
light is polarized along the y-direction E, = 0, and egn. (7.2) results. The
refractive index profile n? is assumed to depend only on r.

The scalar wave equation results when terms involving n(n?) are
set equal to zero, and we denote scalar quantities by Ex’ é;, Ey and é; . To

first order in p/a , the scalar fields EX and Ey are determined from the

differential equations (7.4).

(ii) The x- and y- polarized fields of the fundamental mode
The field equations for x- and y-polarized fields of the fundamental
mode are given by eqn. (7.4), where 5% =0 . Here we present explicit
solutions for a step-profile fiber. In part (v) of the Appendix we generalize

these solutions to any Lsz mode. If we assume a solution of the form:

Ely

f cos¢
y

(74.8)

Elx

fx cos¢

then egns. (7.4) become

1 . ,
£l - — f 2(k2n2 - g2)f
y T ae v f (kn? - 83) y)

(3]

u

[f; +

of—

-2p2R é% oy

1
£r - —f + p2(k?n2 - 82)f )

Rz %

[e3]]

-202R B8} - 20 E

o

(f;; + Ox

(74.9)
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where the primes indicates differentiation with respect to R, and since there

is no correction to B2 to first order we have set Egy =82 =38 The

X

Oore

homogeneous solution to these equations are

A,J,(UR) 0 <R <1

£, = { (TA4.10)
B,K, (WR) R > 1

A particular solution can be found by assuming

f =pf¢

o h (78.11)

resulting in a first order differential equation for p':

" ! —_— l - - 2 Rr?2
Py + Py [fh +g) = - 22 B RE, /T
(74.12)
a1,
" ! UL - - - 2 Rr2 & - 2 '
Py + b [fh +z) = - 22 B3 RE/E, - 202 By /E,

Equation (7A.12) can be solved by using the integrals in part (viii) of the

Appendix and with integrating factors

R JZ(UR) 0 <R <1
(7A.13)
R K2(WR) R> 1
The result is
2 -
p;° = - 22— {82 R2}/J,(U)
2UR,
(7A.14a)
2 -
St 2 {52 R2}/K, (W)



and
J,(UR)
co 02 {- 2UR "0
= - - B3 RZ2 + — ——————}/JO(U)

X 2R, ;2 J1(UR)

_ K.(WR)
ce 02 - 2WR O 3
p, = —— {BZ R? - == ——=1/K (W)
X 2u8, 02 Kl(dR)

The radial field distribution for E, is then given by

f = fh + fp
so that

f;o = 20253

f;Q = 20282
and

ry = 2008

ot = 20283

Equations (7.5) are given by eqn.

0282 = V2/24 .

Appendix.

=z fh(T + D)

The constants in eqn.

R2

4u2

R2

~—}

42

R2 R Jo(UR)
4u2  2p28%U J, (UR)
R2 n Ko(WR)
4wz 2p282W K, (WR)
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(7TA.14b)

(74.15a)

(7TA.15b)

(74.8) and (7A.15), with the approximation

(7TA.15) are given in part (v) of the
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(iii) Birefringence due to polarization corrections

Following the approach of Section 2-2(b) we multiply the first of

equations (7A.5) by Ey , and multiply the scalar wave equation for
Ey by Ey . Subtracting and integrating over the infinite cross-section
yields
- - 2 2 2
82 - g2 =[] B L (g ¥BDHY g4p, [ 2EE da (74.16)
where

can be converted to a line integral, which will vanish since the fields of
bound modes and their first derivative decay exponentially to zero at large
distances from the waveguide.

Furthermore, the numerator of the right-hand side can be written as

3k
j‘ g 3 [E agn n ]dA - J‘ 9 (E E aLn nZ]dA - f (E aLn nZJ A da
a_ Vet Y ot Al VY ey A S )

The first term on the right-hand side can be converted to a line integral

which vanishes. We have

3E

- 2 2 o *
g2 - 32 =-[ (g LBy Yap/f 2EE db . (78.17)
vy a_ Y et Y a_ ke VY

Applying a similar operation between the vector equation for Ex and the scalar

equation for EX we obtain
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a2 éi = {-f (Ex agn n ) —=% 3 f Bt X x 3nn?Z .
A_ aR aR 3R
i i (74.18)
2 | (Ex e aE“] aal / [, 2 EE aa
+ — — oy  — — ———
% "B R 3R fo g2 XX

Because the vector correction is small we assume that E = E , and by eqn.(7.5)

the x- and y-polarized fields of the scalar wave equation are approximately

equal, so that Ey = Ex and 5; = é; . We then have from eqns. (7A.17) and
(7A.18)
2 2
5; - 82 = - { I (Y 3% aln_n -y 3% azn—n ) dA
y aR 3R aY ay

fo-]

_ % f e 220 07 3an n?

da} / j %3 ¥2 dA
RaR R2

CD

By Taylor expanding R = a{1 + g cos8) and using eqn.(7A.6) we have to lowest

order in (p/a)

_ 3gn n? 3¥ _ sin2¢ 3Y¥
B2 - 3; = - { IA v = (cos2¢ i d¢) dA
3 [ L wose) T aln n2
- - ¢) = coso ¥2 da} /7 [ w2 dA
2 A a a | r A

(74.19)

If we make the substitutions

agn n2 . df
ar dr
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where t(r) specifies the profile shape, n? = néo[1 - 2Af) , and

172

g -g =o(28) -
B =8, 8, = =5y (8] - 8] (74.20)

then egn. (7.7) in the text results (refer to Section 2-2).

(iv) Fields of the single-layer slab waveguide
For a step-profile single-layer slab waveguide the field in the straight
(unperturbed) waveguide is given by eqn. (7.14). Assuming a solution to
eqn. (7.13) is given by
E,= oF, (7a.21)
the resulting first-order differential equation for o' is

5 X (74.22)

This can be solved with the help of integrating factors

cos2(UX)
2l
sin2(UX)
for the {VS"} modes in the core, cladding region. The solutions are given in

odd

Table 7.1 where the matching constants are determined by matching Qco and ch
and their first derivatives at the boundary X = 1, and using the eigenvalue

equations U tanU = W for the even mode, and U cotU = -W for the odd mode [23].
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(v) Fields of the step-index fiber
Here we generalize the solution to the field equations outlined in

part (ii) of the Appendix. The field in the straight (unperturbed) fiber is

By F,(R) {gfziz} (74.23)

where Fl(R) is given by egn. (2.26) and the solution for the first order

correction to the field is of the form

_ cos(2+1)¢ cos(2-1)¢
E,= £, (R) { b+g () { } (74.24)
sin(2+1)d sin(e-1)o
for {g;gn} modes. Upon substitution into egn. (7.10b) the resulting

differential equations for f(R) and g(R) are

2 -
PR VI P Qar1)2 o | -0282 R F_(R)
R R2 o
(7a.25)

-1)2 -
R? v

g" +,% g' + y2g -

where y2 = p2(k2n? - 55] = + U2, -W2 for the core, cladding region of a step-

profile fiber. The homogeneous solutions to the above equations are

A, J1+1(UR) CORE
fh:{_
B, K1+1(WR) CLAD
(74.26)
c, J,_1(UR) CORE
g, = {

Bl Kl_1(WR) CLAD
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A particular solution can be found by assuming fp: pffh and gp: o8- resulting
(=]

in a first order differential equation for p'

2fﬂ 1
" N =) = -5232
Py + Pp (fh + R) 0282 RF /f (7a.27)
A similar equation results for p_. Eqn.(7A.27) can be solved with the

integrals in part (viii) of the Appendix and with integrating factors
2 2
R J£+1(UR) , R Kl+1(WR) for Pe
and
2 2 (Y
R Jl_1(UR) , R K£_1(NR) for pg

for core, cladding regions. The solution to equations (74.25) is

£2 1+ p) o gz g (1 + p,)
and can be written as
J. . ,(UR) J, ,(UR)
co - 2+1 R2 2-1
£f77(R) = 0282 U ———— (A, + CORE
) 0 J,(0) 27 yyz Ig,.1(UR)
K . (WR) K, ,(WR)
cl - g+1 R2  “g-1
£55(R) = p2B2 W ————— (B + CLAD
% 0 Kz(W) ¥ 2 Kz+1(wm
(74.28)
J, .(UR) J, . ,(UR)
co - 2-1 R? 9+ 1
g. (R) = p282 U —=———— (C,- - CORE
o3 0 J (0) 2" yy2 g1 (UR)
K . (WR) K . (WR)
el = g-1 R2  o+1
g " (R) = o282 W ——~—— (D _+ ) CLAD
% 0 K, (W) 2" 2 Ko_q(WR)

where the matching constant Az is related to ﬁl of eqn. (7A4.26) by
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- A 22
A= &, J,(U)/0282 U

and similarly for the other constants.
The constants are determined by matching the functions fEO(R) ,
co cl cl ; . . . .
g (R) and f‘2 (R), g (R) and their first derivatives at the fibre boundary

R = 1, and using the eigenvalue equation (2.24):

K (W) K, (W)
2 91 21 1
A = ( = (9,+1) + )
% W KQ(W) Kl+1(W) Ly?
J_ () J_ . (U)
2 91 -1 1
B, = (- & (a+1) =~ + )
% i] JQ(U) J2+1(U) L2
(74.29)
K (W) K, (W)
2 L+ 1 e+1 1
C, = (50D m - © )
) 9-1
J .(U) J, .(U)
2 9,+1 L+1 1
Dy = (-F (a1 L, T I, e

and A, = - C;, By = D



(vi) Correction to the propagation constants

Substituting egn. (7A4.23) and (7A.24) into egn. (7.12) yields

28} =
88, = ] F4,(R) £,(R) RZ 4R , 2 =0
Xo 0
ég 2 ® 1 even
= —— 2 2 -
08,2 7— [J FL(R)E,(R) R2aR » 2 [ ¥ (R)g,(R) Raar (g}] , [TE37} e =
8 =
- — 2
58,2 - jo F (R) (£,(R) + g, (R)) RZdR , 2> 1
where &8 = 83 and
o K, (W) X, (W)
2 -
x, = Fé(R)RdR:V 2= 2+
0 2u2 K2(W)

With the help of the integrals in part (viii) of the Appendix the results
presented in Table 7.3 are obtained. The difference in the even and odd

propagation constants of the higher order modes are

0 @
— [ F/(R) g,(R) R2 dR g = 1,
(o]

Using the approximation ée -8 =238, (8, - éo) we obtain egn. (7.20) for

the ¢ = 1 case.
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(vii) Stability of LP modes on a bent fiber

The criterion that modes are linearly polarized on optical fibers is

(1]
A= (B, - B)/(8 -8, »1 (74.30)

where ée and éo are the even and odd propagation constants of the bent

scalar equation and B8, and 8 are the exact modes (i.e., scalar modes plus

1 2
polarization corrections) . of the circularly symmetric straight fiber.
ée - EO is given by egn. (7.20) and B, - B, is given in Table 2.1.

Substituting into eqn. (7A.30) we have
2
A (500 (B)E (78.31)

For the few-mode fiber of figure 7.6 ( V=5, o = 4.1 uym, & = 0.0035 ) the

2 = 1 modes will be linearly polarized for curvature radius a < 80 cm.
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(viii) Some Bessel function integrals .

[x23dx=1x2 (22 -2, .2 ) (74.32)

1 _
[ x2 2,2,0d% = £ 3 x2 22+ (23 1) [x 22 dx (74.33)

3 [ x322dx = 2(22-1) [ x 22 dx
- x2(g - 1) zg(zl+ X zl+1] (74.34)

1
+ 5 x4 [z; +22.,)

X422+ (¢ £2) [ x3 z2 dx (74.35)

X
2 o
f - (b 22-(G=znz, .2 .)dx
a1
(7A.36)
zlz1
7 %2
= F
Zoxt

Integrals (7A.32) and (7A.34) are obtained from Schafheitlin's reduction

formula (24].
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CHAPTER 8

THE GAUSSIAN APPROXIMATION FOR BENT FIBERS.

1. Introduction

In Chapter 2 we presented a Gaussian approximation for the low-
order modes of a circularly-symmetric step-profile fiber. In this Chapter
we wish to capitalize on the simple analytic forms of the approximation to
gain some insight into the effect of bending on modal characteristics.

The simple forms of the Gaussian approximation allow an
investigation of the higher-order solution of the field equations of the
bent ' fiber. This reveals information about the expansion parameter used
in the perturbation analysis in Chapter 7. We give results which show
that for a range of bending radii and V-values the expansion parameter can
be of order unity, thus invalidating first-order perturbation theory.

We start by examining the single-mode case, and first derive the
first-order field corrections for the - and y- polarized modes. We show
that, in general, the diéference between these two modes is negligible.
Later we use these first-order fields to write down a simple expression
for the geometric birefringence due to bending, a problem that was
formalised in the previous Chapter. We compare the simple formula to the

more rigorous step-index solution derived in Chapter 7.
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We then derive complete expressions (within the Gaussian
approximation) for the field and propagation constant of the bent fiber.
These expressions are not restricted by the magnitude of the peturbation,
and reduce to the usual first-order corrections when the perturbation
parameter is small. They give simple expressions for the field shift and
3-db field width of the fundamental mode. We compare our results for the
field shift and field width with some experimental data, and find
excellent agreement.

Assuming that the perturbation parameter is sufficiently small,
we derive simple expressions for the first-order field correction El for
the & = 1 odd and even modes, . in order to examine the mode splitting
predicted in Chapter 7. However, we find that the Gaussian approximation
is not suited to describing the subtle effects of mode splitting.

Finally, we return to four-photon mixing on bent few mode fibers
and investigate the overlap integrals that participate in the mode
splitting experiment of Section 7-7. These overlap integrals are related
to the relative gain of the process (see Section 4-5), and we show that
the two & = 1 symmetry modes participating in the experiment should have

different gains.

2. The Expansion Parameter for Bends

In the next section we show that the perturbation expansion
parameter is not (p/a) , but e = (p/a)C , where
C =p2 B2 R,2 = (V2/24) RZ . The parameter C is quite large
(C~ 103 ), thus ¢ may become unreasonably large for quite moderate

bending radii, thus invalidating the perturbation theory.
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In figure 8.1 C is plotted against V for several values of
profile height A . If the operating wavelength A and fiber radius p are
specified, then the value of C for any fiber can be found from figure
8.1. The minimum bend radius for the perturbation theory to remain valid
is then given by a ., = pC/smaX, where € nax is the maximum tolerable

min

size of the expansion parameter, and its value will dictate the accuracy

of the perturbation theory. For example, if ¢ < 0.5 then for the few
mode fiber of figure 8.5 (V=5) a . 2 1.5 cm, and for the same fiber
operating at 1.3 um (V=2.35) aminz 0.5 em . For values of bend radius

smaller than anin the mode characteristics described by first-order

perturbation theory will be invalidated.

000 s e EEEE——

2000+
1000+
0 :
2 3 4 5 6
Fig. 8.1 The perturbation parameter C against normalized frequency V

for a range of profile heights 4 .
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2. Single-Mode Fibers
(a) First-Order Field Corrections

We have shown that for a step-profile fiber eqn. (7.4) can be
solved exactly in terms of Bessel functions (see eqn. (7.5)), however the
expressions are complicated and it is not easy to extract the physics. It
is well known that the Gaussian approximation is usefui when describing
the modal fields of the unpertubed fiber, as the simple analytic forms of
the approximation explicitly show the dependence of parameters on field

changes. We consider a Gaussian medal field

(]

0" Eoyz exp(-R2/2R,?) (8.1)

In the Appendix it is shown that substituting eqn. (8.1) into eqn. (7.4)

yields the field in the bent fiber to first-order:

- P
E.y = (1 + ScRr cos¢) exp(-R2/2R,2)
(8.2)
EX = (1 + % (C-1) R coso) exp(-R2/2R,2)
where C = (V2/2A) R,2 . Because 4 is small the quantity C is always
large, and Ey = Ex . This supports the argument of Chapter 7 that the

difference between the orthogonally polarized modes is negligible, and the
field Ey is suitable for describing the field in the bent fiber.
From eqn. (8.2) the shift in maximum intensity ry o+ to lowest

order in [g) , is given by

—Q:()VZR“EaRg : (8.3)

This agrees with refs. [1,2]



(b) Field Corrections Summed to all Orders

We want to investigate higher-order perturbation terms of the
field equations using the simple Gaussian function egn. (8.1). The
motivation for this study derives from the fact that egn. (8.3) explains
experimental results [3] in regions where simple first-order perturbation
theory (i.e. eqn. (8.2)) is invalid.

The electric field in the bent fiber 1s assumed to be linearly
polarized. The full scalar wave equation for the bent fiber is thus given
by setting e¢n(n?) equal to zero in eqn. (7.2b) In terms of the local

coordinate system (r,¢,z) (refer to fig. 7.1) we have

{EE_ la 1 32 | k2n2}E
arz T p2 g4
(8.4)
+ (1 + = cos¢)—2 {—l— -g2lE=0
3 ba?

wheré E and 8 are the scalar field and propagation constants of the bent

fiber.
To solve egn. (8.4) we note that o/a << 1, and Taylor expand

the second term and substitute in the series

(%}” g (8.5a)
(8.5b)
The result of this substitution is a set of simultaneous differential

equations for En , the first three terms of which are given by

eqn. (7.10).
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It was noted in Section 7-4 that each term in the differential
equations is proportional to some power of C. If only the largest terms
in C are kept, then we show in the Appendix that the field and propagation

constant are given by

E= =z lT [e(r/o0)cose ] E, = gc{r/p)cose E, (8.6a)
n!
n=0
B2 = B2 + (p/a)2 BZ = BZ + 2/p?2 (8.6b)
where e = (p/a) C . Eqns. (8.6a) and (8.6b) do not depend on the
mangitude of ¢ : They are solved assuming only that [p/a) K1 .  Eqgn.

(8.6a) is the solution to the differential equation

. % %; N L B2 + 2§g[§)cos¢ - (g)z B21E = 0 (8.7)

ar? r2 362

which is equivalent to eqn. (8.4) after substitution of egn. (8.6b) and
neglecting one term which is smaller in magnitude than other terms by a
factor (p/a) . We emphasize that we are using this Gaussian scheme to
investigate perturbation procedures and to obtain useful results, but we
are not generating an exact solution to the original non-approximate
problem.

The shift in the intensity of the electric field is found from
eqn. (8.6a), and is identical to eqn. (8.3). Thus eqn. (8.3) is valid for

any ¢ . From egn. (8.6a) the 3-dB full-width of the bent field is

/2

w/o = R, (en2) (8.8)

0

This is the width of the straight (unperturbed) fiber. Thus, according to

eqn. (8.6a), there is no change to the field width when the fiber is bent.
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(¢} Numerical Results

We use the the spot-size for the fundamental mode of a step-
profile fiber defined by egn. (2.45). Figure 8.2 shows the field shift
and 3-db full width, given by egns. (8.3) and (8.8), plotted against bend
radius. The experimental results of [3] are provided for comparison. The
effect of stress on the refractive index has been included in the standard
way by using an effective bend radius [4].

Note that for this fiber e ~ 1 at (a/p) ~ 103 , thus the first-
order perturbation theory presented in [3] is not valid in this region.
On the other hand, our simple formula for field shift, egn. (8.3), which
is valid for large ¢ , is in excellent agreement with the experimental
results. Eqn. (8.6a) predicts no change in field width with respect to
bend radius (see eqn. (8.8)), which also agrees with the experimental
results except for very tight bends. In that caée the field has shifted
markedly onto the core-cladding interface, a region where properties of

the field are not rigoursly dealt with by the Gaussian approximation.

-9
I
[..
Q
2
O .R/
- 6
w
w 1 s
—
&
gg .3
()]
D
T ry/o
0 .
0 1 , 2 3
(a/p)x 10
Fig. 8.2 The field shift and 3-dB full-width of the fundamental mode
plotted against normalized bend radius a/e . The
experimental points are from reference [3]. The fiber

parameters are: A = 0.633 um, o = 2.4 um, and A = 0.002 so

that V = 2.26.
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4. Birefringence
We now return to the problem of the geometrical birefringence
induced by bends, which is formalised in Section 7-3(c). We assume that
e 1s small, and substitute the first-order field Ey of eqn.(8.2) into
eqn. (7.8). The Gaussian approximation to the geometrical birefringence

is then given by

_Ltqe
Bg = 7 (a]z kn o g(V) (8.9a)

g(V) = 2 (2R 2 - 1) e /R’ (8.9b)

In figure 8.3 we compare the Gaussian solution with the step-
index fiber solution for the geometrical birefringence. We plot the
function g(V), given by egns. (8.9b) and (7.9b), against normalized
frequency V. We emphasize that these are the solutions obtained from
first-order corrections to the field.

The approximation predicts the correct behaviour of the function
g(V). The difference between the two solutions is due to the fact that
birefringence is sensitive to boundary conditions at the core - cladding
interface, and this is the region where the Gaussian approximation is not
rigorous.

Figure'S.H shows the variation of the geometrical birefringence,
eqn. (8.9), against bend radius for a fiber with parameters o = 2.5 um

A = 0.009 and operating at x = 1.32 ym so that V = 2.3. We have
included the well-known birefringence due to stress (see Section 7-3(c)),
but note that it has been scaled by a factor of 1073 to fit on this
figure. The birefringence due to stress depends only on the fiber outer-
radius, b (=62.5 uym in figure 8.4) and the wavelength of light used. We

note that the stress contribution to the birefringence dominates.
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Fig. 8.4

The birefringence function g(V) plotted against normalized
frequency V. The unbroken curve is the exact step-index
solution egn. (7.9b) and the dashed curve -is the Gaussian

approximation (egn.. (8.9b)).

1.0 = —
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| g
oof
-7 - ‘3
Bgx 10 _
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-1.0
0 1 2 3
(alp) x 10°
The geometrical bending birefringence (eqn. (8.10)) plotted
against normalized bend radius (a/p) . The fiber parameters
are p = 2.5 um, 4 = 0.009 and » = 1.32 um so that
vV = 2.30. The dashed 1line curve 1is the bending

birefringence due to stress (see Section 7-3(c¢)), scaled by
a factor of 10’3. The outer radius of the fiber

is b = 62.5 um .
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5. Few-Mode Fibers

The Gaussian approximation is useful when describing the modal
fields of a straight fiber, so the simple analytic forms of the
approximation should offer some 1insight into the effect on modal
characteristics due to bending. Here we present simple analytic forms for
the perturbed field Ex , wWwhich allow an evaluation of the shift in the
intensity peaks, and propagation constant correction é% for the ¢ =1
odd and even modes.

The fields in the straight fiber are specified by the Gaussian
approximation of Table 2.2, with spot-size notation defined by eqn.
(2.52). The perturbation equations (7.10) are easily solved for El (see
Appendix), and the integrals in egn.(7.12) are then trivial. The results
are summarized in Table 8.1.

Figure 8.5 is a comparison of the field corrections E for the

1

exact solutions (Table 7.2) and Gaussian solutions (Table 8.1) of the
(01), (11 odd) and (11 even) modes. The Gaussian fields have been
normalized to have the same modal power as the exact fields in the
straight fiber. We see that the approximations are in excellent
agreement, with the largest discrepancies occurring at the boundary R = 1.

From Table 8.1 we see that the Gaussian approximation correction
to the propagation constant is the same for the odd and even & = 1 modes,
and thus no splitting is predicted. This is because the subtle effects of
mode splitting are strongly dependent on boudary effects, such as profile
shape (see Section 7-6(b) and figure 7.8), and as mentioned before this is
the region where the approximation is not rigorous. The difference
between the exact and approximate value of E% for the & = 0 mode is 17%
and 13% at V=2.2 and V=5, respectively. The optimum V is V=3.3, where the

percentage difference between exact and approximate values is 5%.
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Table 8.1: Gaussian Approximation to Fields of the Bent Fiber
MODE (01) (11) odd (11) even
-R2/2M, 2 -R2/2M, 2
_R2 2 11 11
E, e R2/2M ¢ EE_ e sine R e cosé
11 Mll
M, %
C,,R(cos2¢ - —)
_ C,,Rcose C,,Rsin¢cose R?
E
1 -R2 2 -
« e RE/2Mo} « B TR/, R _-R2/2M,?
Mll X o e 11
M
11
82 Cy2/pn? C,%/p2 C,2/02
- V2
2 32 2 02 Y2 M2
gm = °° B Myp = 57 Mon

In Table 8.1 the spot-sizes Mzm

have introduced a new parameter C

different spot-sizes.

m ’

are defined by eqn. (2.52), and we

which we note is different for



Fig.
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mi

—— Exact

-05 ----Gaussian

-2 -1 0 1 2

-2 -1 0 1 2

Comparison of the Gaussian approximation and exact step-
index solutions of the field correction E, for (a) the (01)
(fundamental) mode, (b) the (11 odd) mode, and (c) the
(11 even) mode. The Gaussian fields have been normalized to
have the same modal power as the exact fields in the

straight fiber.
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6. Overlap Integrals for Bent Fibers
In Section 4-5 we showed that the gain of the Stokes or anti-Stokes
waves was proportional to the overlap integral of the particular four-photon
process, and gave examples by using Gaussian fields for various mode
combinations. We now return to the divided-pump four-photon mixing process,
which have overlap integrals defined by egn. (4.26)
[ w2 v2 da

12> = (8.10)
Jw2da [ v2da :

Where ¥ now represents the bent field E = E, + (p/a)E, , and subscripts on the

v's are for mode 1 and mode 2.

(a) Single-Mode Processes
For four-photon mixing on bent single-mode fibers all three waves
propagate in the (01) mode. Substituting the bent fields of Table 8.1 into

egn. (8.10) yields

—(1 .
M

<01]01> = L

1 1
T 5 (e/2)2 o2 Mp3) . BENG:RED
01

where M, , and C,, are defined in Table 8.1. Thus the overlap integral can

01
be separated into the straight fiber overlap integral, I, , plus a
perturbation correction due to the bend:
<01101> = I =1, + (p/a)? I, (8.12)

where I, is given by eqn. (4.27).
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There is a proportional increase in gain due to the bend, which for

the single mode process is equal to

sg = (0/a)2 1,/1, = 2

5 (0/2)2 ¢ M43 (8.13)

This increase in gain is very small, 4&g/g « 1

(b) Few-Mode Processes
Expressions for <01|110> and <01|11e> processes in a bent fiber can
be found by substituting the Gaussian fields of Table 8.1 into eqn. (8.10).

The expressions are complicated, as they involve both spot-sizes M,, and M, ,

01

but the essential result is that the overlap integral can be split into two

parts:
01]110> = I, + (0/a)2 I,
(8.14)
<01]11e> = I, + (p/a)? I,

e

where I, = <01|11> is given by eqn. (4.28), and we find that I,= I20> I2e .
In conclusion, the effect of bending is to increase the overlap
integral of the relevant process, and hence the gain. In the process where

the degeneracy of the LP,, modes is split there 1is a larger proportional

increase in the gain of (11 odd) mode than the (11 even) mode.
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T. Discussion

It is apparent that the usual perturbation expansion for the field

2
in a bent riber results in coefficients in powers of ¢ = (o/a ) %K

may become large, invalidating the perturbation theory, for quite moderate

RZ , which

bending radii. Using a Gaussian function to approximate the field in a
straight fiber we have derived analytic expressions for the field and
propagation constant in a bent fiber that are independent of the size of ¢
Within this approximate scheme, we have explained experimental field shifts
due to the bend in regions where the perturbation parameter e ~ 1
The Gaussian approximation appears to be sufficient for describing
the field shift and 3-dB full width of the field in the bent fiber, as
validated by figure 8.2. However, the Gaussian approximation appears
;nadequate to successfully describe the geometrical birefringence and the
2 = 1 mode splitting due to bends. These effects are sensitive to boundary
conditions at the core - cladding interface, such as grading, and it is in
this region that the field properties are not rigorously dealt with by the

Gaussian approximation.
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7. Appendix
(i) Fundamental mode solution
The differential equation to be solved is given by eqn. (7.4a),

Wwith é% set to zero and the y-subscript dropped:

- 1 = ) - - - - N
E" + g B + 02 (k2n2 - B3] E, = ¢ R cose E, (8A.1)
where ¢ = -2p2B82 = -V2/2A , and primes indicates differentiation with respect
to R. The Gaussian approximation to the fundamental mode is given by
eqn.(8.1):
- -R2/2R2
B, = e R/2RS (84.2)

The basis for our scheme to approximately solve the bending field equations is

the assumption that Eo approximately satisfies the differential equation
1 - =
o" + g Eq' +0%(kn? -82)E =0 (84.3)

We assume a solution of the form

E, = f(R) E, cos¢ (84A.4)

then substitution of eqn. (8A.4) and (8A.2) into (8A.1) yields the auxillary

differential equation for the radial function f:

e e (1-2RE)/E) - & £ = 3R (84.5)

3
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A solution to eqn. (8A.5) is

1 - _ .
f=-38RZR = CR (84.6)

E, 1is given by eqn. (8A.4) and (84.6), and is given in the text in Table 8.1

or by eqn. (8.2a). The correction to the propagation constant is given by
egqn. (7.12):

82 - 2[R EE da/ [E2dAa = C2/p2 (8A.7)

83 = 02R2 cosé EE, 0 = P .

In a similar manner one can progressively solve all the terms in the infinite
series expansion of E and B2 (eqn. (8.5)). It becomes apparent that all
terms éﬁ (n 2 1) are equal to zero except for the n = 2 term, and eqn. (8.6)
results. Using eqn. (8A.7) the simultaneous differential equations that

describe the field on the bent fiber can be written as (compare to

eqn. (7.10)):
D Eo =0
= 2
DE, = - ﬁg C R cos¢ E, (84.8)
DE =-2-CRcose B . +C2E n2 2
n RZ 1 n-2 ' °F

When the solutions to these equations are summed eqn. (8.6a) results.

(ii) 2 = 1 mode solution
We consider the ¢ = 1 even mode;

n  -RE/2M,3
E, = ﬁ:: e coso (84.9)
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The method of solution that follows can be applied to the ¢ = 1 odd mode as

well. Analogously to egn. (8A.3), we assume E, approximately satisfies the

differential equation

g 1 E, + 02 (k2n2 - 32)E, = 0 (84.10)

R2

o
> o P

0

We assume a solution of the form

E, = fE, + gE, cos2¢ (8a.11)

where f and g are functions of the radial coordinate only. Substituting eqn.
(84.11) into (8A.10) yields the auxillary differential equations for the

functions f and g:

2 -
oy % (3-8, aR (84.12a)
M2 R2
2 -
g" + % g'(3 - g{—] - 3 g = cR (84a.12b)
M2  R?

Solutions to eqns. (8A.12) are

f = AR + B/R , g = DR (8A.13)
where
c c
ﬂ‘:‘EMI% , B:EMI"I‘ , D=A (84.14)

The E1 field of the & 1 even mode is then given by egn. (8A.11) which is the

expression in Table 8.1 where
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CHAPTER 9

CONCLUSION

The development of long lengths of low-loss optical fibers have
opened a new era in the study of non-linear processes. These non-linear
optical effects maybe detrimental to the fiber system, but on the other
hand, these same effects are potentially useful in various fiber-optical
devices, and also for investigations of the fiber itself.

In this thesis we have seen how the stimulated four-photon
mixing process maybe used to investigate the subtle effects that occur
when fibers are perturbed, and also when more advanced design fibers are
used. The knowledge of such perturbation effects could be important in
the design of future high-sensitivity fiber systems.

In conclusion, thé potential of non-linear processes in optical
fibers 1is only just becoming apparent, and as in other areas of fiber
research there is the promise of close interaction between theory and
experiment. Continuing investigations in this field will lead to the
development of optical systems of great finesse and sensitivity, and

enable the further study of interesting optical phenomena.




