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Abstract: Sound intensity is a fundamental quantity describing1

acoustic wave fields and it contains both energy and directivity informa-2

tion. It is used in a variety of applications such as source localization,3

reproduction and power measurement. Until now, intensity is defined at4

a point in space, however given sound propagates over space, knowing5

its spatial distribution could be more powerful. This paper formulates6

spatial sound intensity vectors in spherical harmonic domain such that7

the vectors contain energy and directivity information over continuous8

spatial regions. These representations are derived, with finite sets of9

closed form coefficients enabling ease of implementation.10

a)Author to whom correspondence should be addressed.
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1. Introduction11

Intensity is a fundamental quantity in acoustics that is defined as the power carried by12

sound waves per unit area in a direction perpendicular to that area. It indicates the rate of13

energy flow and also gives a measure of direction of energy flow. Therefore, sound intensity14

has both magnitude and direction components, and that is why it is also referred to as15

“intensity vector”.16

Sound intensity is useful for localization of sources, reproduction of sound fields, mea-17

surement of sound power, measurement of transmission loss, identification of transmission18

paths, etc.1 A practical example for sound intensity based applications is seen in high speed19

trains, where noise sources are measured and identified to create a quiet environment for20

passengers.2 The reason why sound intensity is useful for a range of applications as men-21

tioned above is because it plays an important role in directional psychoacoustics. As shown22

by Gerzon, the human ability to localize is related to the ratio of the sound intensity vector23

gain to the total energy.3 Using this relationship, Arteaga et. al. propose a novel method for24

sound reproduction using intensity matching.4,5 In addition, intensity is an effective tool to25

estimate direction of arrival (DOA) because there is no need to compute a spatial cost func-26

tion by directly computing the direction of energy flow.6 To improve the accuracy of DOA27

estimation, an augmented intensity vector is proposed by exploiting higher order spherical28

harmonics.729

All the applications mentioned above are based on sound intensity at a single point30

or several points, but these applications can be extended and facilitated by using spatial31
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sound intensity vectors. For example, sound intensity based reproduction can be realized32

over space instead of at a single point using spatial intensity matching so that the original33

sound can be reproduced over a large region for more listeners. Besides, spatial sound inten-34

sity vectors facilitates sound intensity measurement over space that is necessary in most of35

aforementioned applications. Currently, the dominating and economical method of measur-36

ing sound intensity over space is based on the combination of two pressure microphones,8,937

which requires performing a measurement in the volume of interest point by point. While38

this process can be done automatically by an industrial robot, the design and implementa-39

tion of it with high accuracy is comparably time-consuming and costly. In such instances,40

spherical harmonics can play a role because they cover the entire space together with the41

radial functions. Therefore, if we can generate a spherical harmonic decomposition of the42

spatial sound intensity, the sound intensity at any point in space is readily available.43

The main contribution of this paper is a theoretical derivation and proof of a spherical44

harmonic based representation for sound intensity over a continuous spatial region. The45

closed form expressions of spatial sound intensity are given and finite modes of spherical46

harmonics in each expression are indicated. We choose the spherical harmonic domain also47

because spherical harmonics are spatial basis functions that can be used to describe a variety48

of acoustics based functions10,11 in the three-dimensional space.49

2. Problem formulation50

Consider a point x = (r, θ, φ) in a homogeneous medium in space. The sound pressure at51

x is P (x, k) and the particle velocity in spherical coordinates is V (x, k)=[Vr(x, k),Vθ(x, k),52
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Vφ(x, k)], where k is wavenumber. The intensity relationship for the steady state field is53

defined as1254

I(x, k) = P ∗(x, k)V (x, k), (1)

where I(x, k) = [Ir(x, k), Iθ(x, k), Iφ(x, k)] is sound intensity vector in spherical coordinates55

and ∗ stands for complex conjugate. All of the above intensity components are defined on a56

sphere and therefore, can be decomposed in terms of spherical harmonic functions1357

ID(x, k) =
∞∑
p=0

p∑
q=−p

S(D)
pq (k, r)Ypq(θ, φ); D = {r, θ, φ}, (2)

where S
(D)
pq (k, r) are intensity coefficients in D direction and Ypq(θ, φ) = ApqPpq(cos θ)eiqφ is58

the spherical harmonic of order p and degree q with Apq = [(2p+ 1)(p− q)!/(4π(p+ q)!)]1/2,59

where Ppq(cos θ) are the associated Legendre functions.60

Our objective is to derive complete sets of closed form intensity coefficients S
(D)
pq (k, r)61

related to each r, θ, φ component of the sound intensity vector.62

3. Particle velocities in the spherical harmonic domain63

In spherical harmonic domain, the sound pressure at x in a source-free region is given by64

P (x, k) =
∞∑
n=0

n∑
m=−n

αnm(k)jn(kr)Ynm(θ, φ), (3)

where αnm(k) are pressure coefficients and jn(·) is the nth order spherical Bessel of the first65

kind.66

The particle velocity VD(x, k) at x, in the direction D, is related to the sound pressure67

by14
68

VD(x, k) =
i

kρ0c

∂P (x, k)

∂D
, (4)
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where ρ0 is medium density, and c is the speed of propagation. Therefore, from Eq. (3) the69

particle velocity in r, θ, and φ directions can be derived as70

Vr(x, k) =
i

kρ0c

∞∑
n=0

n∑
m=−n

αnm(k)j′n(kr)Ynm(θ, φ), (5a)

Vθ(x, k) =
i

kρ0c

∞∑
n=0

n∑
m=−n

αnm(k)jn(kr)AnmP
′
nm(cos θ)eimφ, (5b)

Vφ(x, k) =
i

kρ0c

∞∑
n=0

n∑
m=−n

imαnm(k)jn(kr)Ynm(θ, φ), (5c)

with71

j′n(kr) =
nkjn−1(kr)− (n+ 1)kjn+1(kr)

2n+ 1
, (6)

72

P ′nm(cos θ) =
(n−m+ 1)P(n+1)m(cos θ)− (n+ 1) cos θPnm(cos θ)

sin θ
; θ 6= {0, π}, (7)

P ′nm(cos 0) = P ′nm(1) =



−n(n+ 1)/2, if m = 1

1/2, if m = −1

0, otherwise,

(8)

and P ′nm(cos π) = P ′nm(−1) = (−1)nP ′nm(1) according to the property of associated Legendre73

function.74

4. Derivation of the spatial sound intensity vector coefficients75

Substituting Eqs. (5a), (5b) and (5c), separately, with Eq. (3) into Eq. (1), we can get76

Ir(x, k) =
∞∑
n=0

n∑
m=−n

∞∑
n′=0

n′∑
m′=−n′

Rnmn′m′(k, r)Y
∗
nm(θ, φ)Yn′m′(θ, φ), (9a)

Iθ(x, k) =
∞∑
n=0

n∑
m=−n

∞∑
n′=0

n′∑
m′=−n′

An′m′Tnmn′m′(k, r)Y
∗
nm(θ, φ)P ′n′m′(cos θ)eim

′φ, (9b)

Iφ(x, k) =
∞∑
n=0

n∑
m=−n

∞∑
n′=0

n′∑
m′=−n′

im′Tnmn′m′(k, r)Y
∗
nm(θ, φ)Yn′m′(θ, φ), (9c)
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where Rnmn′m′(k, r) = iα∗nm(k)αn′m′(k)jn(kr)j′n′(kr)/(kρ0c) and Tnmn′m′(k, r) = iα∗nm(k)×77

αn′m′(k)jn(kr)jn′(kr)/(kρ0c).78

4.1 Intensity coefficients in r and φ directions79

In this subsection, we derive the closed form expressions of intensity coefficients in r and φ80

directions and introduce the following theorem.81

Theorem 1. The intensity coefficients in r direction S
(r)
pq (k, r) and φ direction S

(φ)
pq (k, r)82

can be expressed separately as83

S(r)
pq (k, r) =

∞∑
n=0

n∑
m=−n

∞∑
n′=0

n′∑
m′=−n′

(−1)m+qCnn′pW1W2Rnmn′m′(k, r), (10a)

S(φ)
pq (k, r) =

∞∑
n=0

n∑
m=−n

∞∑
n′=0

n′∑
m′=−n′

im′(−1)m+qCnn′pW1W2Tnmn′m′(k, r), (10b)

where Cnn′p =
√

(2n+ 1)(2n′ + 1)(2p+ 1)/4π, W1 =


n n′ p

0 0 0

 and W2 =


n n′ p

−m m′ −q

84

denoting Wigner 3-j symbols.85

Proof. Multiplying both sides of Eq. (2) by Y ∗pq(θ, φ) and integrating with respect to θ and86

φ,87

S(D)
pq (k, r) =

∫ 2π

0

∫ π

0

ID(x, k)Y ∗pq(θ, φ) sin θdθdφ; D = {r, θ, φ}. (11)

In the r direction, substituting Eq. (9a) into Eq. (11),88

S(r)
pq (k, r) =

∫ 2π

0

∫ π

0

∞∑
n=0

n∑
m=−n

∞∑
n′=0

n′∑
m′=−n′

Rnmn′m′(k, r)Y ∗nm(θ, φ)Yn′m′(θ, φ)Y ∗pq(θ, φ) sin θdθdφ.

(12)
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The integral of products of three spherical harmonics is given by15,89

∫ 2π

0

∫ π

0

Yl1m1(θ, φ)Yl2m2(θ, φ)Yl3m3(θ, φ) sin θdθdφ =

√
(2l1 + 1)(2l2 + 1)(2l3 + 1)

4π

×


l1 l2 l3

0 0 0



l1 l2 l3

m1 m2 m3

 ,

(13)

as well as Y ∗nm(θ, φ) = (−1)mYn(−m)(θ, φ). Substituting Eq. (13) into Eq. (12) completes90

the proof of Eq. (10a). Similarly, substituting Eq. (13), as well as Eq. (9c), into Eq. (11)91

completes the proof of Eq. (10b).92

4.2 Intensity coefficients in θ direction93

The derivation of coefficients in θ direction is more complicated than the other two due to94

the partial derivative of associated Legendre function. With regard to intensity coefficients95

in θ direction, we derive following theorem.96

Theorem 2. The intensity coefficients in θ direction S
(θ)
pq (k, r) can be expressed as97

S(θ)
pq (k, r) =

∞∑
n=0

n∑
m=−n

∞∑
n′=0

n′∑
m′=−n′

AnmAn′m′ApqPnmn′m′pqEmm′qTnmn′m′(k, r), (14)
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where Emm′q = 2π when m′ −m − q = 0, otherwise Emm′q = 0, and Pnmn′m′pq = (n′ −m′ +98

1)G1 − (n′ + 1)G2 with99

G1 =H(n,m)H(n′ + 1,m′)H(p, q)G(
m+m′ + q + 1

2
,
4− δm+n − δm′+n′+1 − δp+q

2
;

1 +m− n− δm+n

2
,
m′ − n′ − δm′+n′+1

2
,
1 + q − p− δp+q

2
;
2 +m+ n

2

− δm+n

2
,
3 +m′ + n′ − δm′+n′+1

2
,
2 + p+ q − δp+q

2
;m+ 1,m′ + 1, q + 1),

(15a)

G2 =H(n,m)H(n′,m′)H(p, q)G(
m+m′ + q + 1

2
,
5− δm+n − δm′+n′ − δp+q

2
;

1 +m− n− δm+n

2
,
1 +m′ − n′ − δm′+n′

2
,
1 + q − p− δp+q

2
;
2 +m+ n

2

− δm+n

2
,
2 +m′ + n′ − δm′+n′

2
,
2 + p+ q − δp+q

2
;m+ 1,m′ + 1, q + 1),

(15b)

where H(n,m) = (−1)m(n+m)!/[2mm!(n−m)!],100

δM =


1, if M is even

0, if M is odd,

(16)

and101

G(α, β;−n1,−n2,−n3; a1, a2, a3; c1, c2, c3) =

n1∑
j1=0

n2∑
j2=0

n3∑
j3=0

(−n1)j1(a1)j1
(c1)j1j1!

(−n2)j2(a2)j2
(c2)j2j2!

(−n3)j3
(c3)j3

× (a3)j3
j3!

((−1)2β+1 + 1)B(j1 + j2 + j3 + α, β)

2
,

(17)

with102

(a)j =


1, if j = 0

a(a+ 1)...(a+ j − 1), if j = 1, 2, ...,

(18)

and B(·) is the beta function.103
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Proof. By substituting Eq. (9b) into Eq. (11), Eq. (14) can be achieved with104

Pnmn′m′pq =

∫ 1

−1
Pnm(cos θ)P ′n′m′(cos θ)Ppq(cos θ)d cos θ, (19a)

Emm′q =

∫ 2π

0

e−imφeim
′φe−iqφdφ =


2π, if m′ −m− q = 0

0, otherwise.

(19b)

In order to calculate the integral of Eq. (19a), we begin with the Euler integral,105

∫ 1

0

(1− x)α−1xβ−1dx = B(α, β) (Re α > 0,Re β > 0). (20)

From Eq. (20), we can obtain106

∫ 1

−1
(1− t2)α−1t2β−1dt =

((−1)2β+1 + 1)B(α, β)

2
(Re α > 0,Re β > 0). (21)

Into Eq. (21) we add the product of three hypergeometric polynomials defined by107

F (−n, a; c;x) =
n∑
j=0

(−n)j(a)j
(c)jj!

xj, (22)

to obtain108 ∫ 1

−1
(1− t2)α−1t2β−1F (−n1, a1; c1; 1− t2)F (−n2, a2; c2; 1− t2)F (−n3, a3; c3; 1− t2)dt =

n1∑
j1=0

n2∑
j2=0

n3∑
j3=0

(−n1)j1(a1)j1
(c1)j1j1!

(−n2)j2(a2)j2
(c2)j2j2!

(−n3)j3(a3)j3
(c3)j3j3!

((−1)2β+1 + 1)B(j1 + j2 + j3 + α, β)

2
,

(23)

and then the relation between the associated Legendre function and the hypergeometric109

function can be given as16110

Pnm(t) =H(n,m)[δm+n(1− t2)m/2F (
m− n

2
,
1 +m+ n

2
;m+ 1; 1− t2)

+ δm+n+1(1− t2)m/2tF (
1 +m− n

2
,
2 +m+ n

2
;m+ 1; 1− t2)],

(24)

9



Spatial intensity in spherical harmonic domain

Substituting Eq. (24) into Eq. (19a) together with Eq. (23) completes the proof.111

Although the proofs of intensity coefficients in spherical domain are self-sufficient, we112

have verified the theory by simulations, but not present due to lack of available space.113

5. Truncation theorem114

The pressure representation Eq. (3) has an infinite number of modes, however, we can trun-115

cate this series expansion to a finite number within the region of interest due to the properties116

of spherical Bessel function. Therefore, Eq. (3) can be truncated to N = dkeR/2e17,18 terms117

as118

PN(x, k) =
N∑
n=0

n∑
m=−n

αnm(k)jn(kr)Ynm(θ, φ), (25)

where k is wave number and R is the radius of the region of interest.119

Likewise, it would be beneficial to truncate the intensity expression Eq. (2). To120

describe the spatial sound intensity vectors in the region of interest with radius R, the order121

of sound intensity expressions in r direction and φ direction is P = 2N because of the122

selection rule of Wigner 3-j symbols that W1 and W2 equal zero when p > n + n′. The123

expressions in r direction and φ direction can be rewritten as124

ID′(x, k) =
P∑
p=0

p∑
q=−p

S(D′)
pq (k, r)Ypq(θ, φ); D′ = {r, φ}. (26)

However, it is quite different and hard to identify the active modes directly for sound125

intensity expression in θ direction. In order to show the active modes, intuitively, we calculate126

the normalized truncation error in terms of intensity truncation order Pθ for five different127

pressure truncation orders N determined by different radii of the region of interest, which is128
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Fig. 1. (Color online) The relationship between normalized truncation error and intensity truncation

order Pθ for various pressure truncation orders N

shown in Fig. 1. Note that the normalized truncation error is measured by129

ε(k) =

∑
∀x

∣∣∣I(x, k)− Î(x, k)
∣∣∣2∑

∀x
|I(x, k)|2

, (27)

where Î(x, k) is reconstructed sound intensity at point x using Eq. (2) with given truncation130

orders. Observe that the intensity truncation error becomes less and falls to an acceptable131

value as intensity truncation order increases no matter what N is. Also, as N grows, it has132

less influence on intensity truncation error.133

6. Simulations134

As mentioned in Section 1, the theory of spatial sound intensity vectors in spherical harmonic135

domain can be largely useful in many applications including intensity measurement over con-136
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Fig. 2. Sound intensity on a sphere with radius of 0.05 m, generated by a plane wave from

(3π/4, 5π/6), with frequency 600 Hz. (a-c) Sound intensity in r, θ and φ direction, separately,

calculated using the proposed theory, (d-f) sound intensity in r, θ and φ direction, separately,

obtained from point by point measurement.

tinuous spatial regions, sound field reproduction, DOA estimation, etc. In this section we137

provide simulation results for the application of spatial intensity measurement, using pres-138

sure coefficients of a sound field (spherical harmonic domain). Figure 2 shows sound intensity139

on a sphere obtained from the proposed theory (note that the spherical pressure coefficients140

here were obtained using a spherical microphone array) against point by point measurement141

(note that point by point intensity was simulated using the theoretical expression for pres-142

sure due to a plane wave and the relationship in Eq. (1)). We observe that reconstructed143
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sound intensity vectors by using the proposed theory are similar to actual point by point144

measurements. Note that the performance of sound intensity in θ direction is slightly worse145

than the other two, which is caused by the truncation error discussed in Section 5.146

7. Conclusion147

In this paper, we have defined and formulated the theory of spatial sound intensity vectors in148

spherical harmonic domain that is applicable to a variety of acoustic scenarios. The complete149

sets of closed form intensity coefficients are derived, and finite modes of spherical harmonics150

are suggested for practical implementations.151
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