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"ABSTRACT

Some cases of isospin mixing and isospin distortion in light
nuclei are consideféd in’wﬁich the exberimental information is
compared with calculated values. In addition to contributions
from' the internal Coulomb matrix element the éalculated,values
include external contributions obtained by.uéing the Bléch'
operator technique, which enables,the>usé of wavefunctions with
correct asymptotic forms. In this apbroach the calculated values
are functions of channel radius. The cases cénsidered are isospin
mixing and isospin distortion in the 3+.states of ®Be , isospin
mixing in the 7.12 MeV state QfA 180 and isospin distortion in
the low-lying states of *3C and !°N .

The first case involves.the»pair.of 3" states in ®Be at
abouﬁ 19 MeV excitation which are interpreted as a miiture of
stétes, one with isospiﬂ T=0 and the other with i==1 . The
experimental value.of the isospin mixing matrix elément is obtained
by fitting primarily the 7Li+p phése shifts and also various
reaction cross-sections involviné the 3# states of ®Be . The
calculated value of the isospin mixing matrik element is obtained

+

by using shell model basis states of Jﬁ =3 , T=0 .and-

J" e 3t ) T=1, and agréement is obtained with the experimental

- value for reasonable value of channel radius. Similar agreement

is obtained for isospin distortion effects, evidence for which
comes from the different level displacement energies of the

corresponding 3+, T=1 states in °®Be and °Li



iv

Isospin mixing in the 1~ , mainly T=0 state of !0
at 7.12 MéV is attributed to several higher lying 1  , T=1
states. The isospin mixing is calculated for various .shell
model interactions and‘compared»with the experimental value.
The results show appreciéble dependence on thelinteraction.

o Finally, the isospiﬁ distortion effects in the low-1lying
states éf 13¢ and !N have been considered. The asymmetries
shown by the difference in the excitation energies of the
corresponding 1évels and different strengths in some of the El
transitions in the mirror nuclei - '3C and 1V3N are effects of
isospin distortion. A consisfént account of the relevant
properties of the L5 %, and 9,7 ‘states is given
 together with an account of two notabie asymmétries, the 720 kev
difference in the first excited states and the very different El
~transition strengths of the 4" > 4 transitions in 1°C and
135N . The resultant parameters of the 4 , %+, Y- and ¥ states
obtained by fitting the experimental data and using standard
R-matrix theory, agree with fhose obtained by using the shell

model theory for reannable values of channel radius.
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CHAPTER I

INTRODUCTION

Isospin of a nucleon was introduced into nuclear physics to
writevthe nuclear Hamiltonian symmetrically ﬁith respect to the
change of proton and neutron co-ordinates. In isospin formalism the
generalized Pauli prinqiple is used to describe the wavefunctions
that are totally antisymmetric under the interchange of all co-
ordinates (space, spin and charge) of any two nucleons. Stxiét
charge independence of the forces between two nucleons would assume
~ the three resulting pﬁysical'systems neutron-neutron, neutron-proton
and broton-proton, had identical energies if they have'identical

descriptions in space and spin.

Isospin formalism brings aﬁ’eitra quantum number tb nucleons,
the isospin t of magnitﬁde % . This quantum number does not
correspond to ény physical angular moméntﬁm but it posseéses all
the algebraic properties (commutation relationsf combination rules
etc.) of the spin. Thus any state of a nucleus will be |
characterized bf the total isospin T. and MT (value of the
third component T3) in isospin space along-with total angular’
momentum J and M (value of the third component JS) in
ordinary.spaCé. The value of MT is %(N-Z) , where N is the
neutron numbef and Z is the profon number (Qhere NA+ Z=A,
is the mass number). MT is always a good‘quantum number.for our

purpose. Corresponding states which differ'only in their_'MT



values therefore belong to different systems of the same mass and
are said to form an isobaric multiplet. Since T behaves like

an angular momentum IMTI <T.

Isospin would be a good quantum number in nuclei if all forces
were charge independent. Strict charge independence implies

(Soper  1969)

é; Exact eﬁergy degeneracy of isobaric multiplets.

b. Pure isospin‘for‘all nuclear stationary states.

c. Identical space-spin wavefunctions for all
stateé of an isobaric:multiplet. This‘ig known

as dynamic validity of isospin.

Charge dependent interactions can caﬁse violation of one or more

of these properties. The property (a) is not necessarily related
to isosbin mixing."Violations of (b) and (c¢) are caused by mixing
between states of different isospin, and of (c¢) by charge dependent
mixing between states of the saﬁe isospin. The latter is called
the dynamicvdistortion (MacDonald 1960) or isospin distortioﬁ

(Adelberger 1974). We call this isospin distortion.

One source of‘charge dependence is the Coulomb interaction
between pairs of protons. Other chafge dependent effects like
electrbmagnetic spih-oybit interaction do not contribute greatly
to isospin mixing. The Coulomb interactién between two poinf
nucleons vanishes‘unless both the nucleons are protons. Such an
asymmetrical potential violates the condition for the total isospin

T to be a good quantum number (i.e. states having pure isospin).



The expression for the Coulomb interaction in the isospin formalism
is

HE = o% ] (ant (00) Ca-t (D)7

i< 13

where e 1is the charge of proton and rij is the relative
distance between the nucleons i and j .b"This form of H® can
be used to verify that H® does not commute with T . The
Coulomb interacfion ?erturbe§ and mixes states of different
isospin. In order to determine the extent to which the isospin
is a good quantum number,.if the nuclear force is charge
independent, one needs to determine the nature.and extént of
this perturbation. This is done more easily by'decomposing H®
into terms having_well defined transformation properties for
rotations of thé isospin sbace_(irreducible teﬁsors in isospin

space)

e = 10, (), (2)

where -

T(Q) - o2 z [%,u%t(i)-t(j)]r;;
1 e @)
7 L. Ltz F3W0 4Ty
1<) :
r e e ] Le () - g el gy

i<j



The term T(O) lis a scalar in isospin épace and commutes with
T2 E and this is included in the'charge independent‘part of the
interactioﬁ. The term T(l) 1is a vector and produces isospin
mixing and isospin distortion in nuclear statés, and the term

T(z) is a tensor whose effect is often neglected.

It may be mentioned that it is important to réalize that the
three conéequences (a), (b) aﬂd:(c) of charge inaependence
discussed above can be independent of each other. The energy
degenerécy can be upset by an effect which is charge dependent -
_but not spacé or spin dependent. The neutfon and proton maéé
.difference is'éuch an effect; it gives rise to no off-diagonal
matrix elements in the potential and merely causes a displacement

in the énérgy from state to state across the isobaric multiplet.

The second consequence of charge independehce.is’isospin
purity. The presence of charge dependént interaétions caﬁses
isospin mixing. The nuclear states will be eigenfunctions of .

.T2 for a chafgé independent interaction. Isospin mixing will be
appreéiable if H° has non-negligible matrix elements off-diagonal
in isospin between states not too far apart in energy. Théugh
magnetic interaction and some possible chargé dependent nuclear
fO{ces can. cause isospin mixing, we coﬁsider mixing by the Coulomb
interacfion‘only, beéause the effect of other charge dependéﬁt
interactions‘is too small to be significant compared to the Coulomb

interaction.

Radicati (1953) and MacDonald (1955, 1956) were the first to do
systematic calculations of isospin mixing. Many numerical estimates

of isospin mixing have used the statistical or Fermi gas model (see



Bertsch and Mekjian 1972). Although this model is only reliable for
the order of magnitude of effects, its simplicity makes it invaluable
for deriving the qualitative featnres of isospin mixing. However,
“this method does not take into account the shell effects or differences
in the probability distributions for individual nucleons. In particu-
lar, no account is taken of the Coulomb fields acting on particles
near_the nuclear surface and deep inside fhe nucleus. Furthermore,
realistic single-particle wavefunctions of the iast bound particles
are often peaked at the nuclear surface»where the Coulomb field is
stronger fhanlaverage. To meke a pfecise calculation of the isospin
mixing strength of the Coulomb interection we use the shell model
~descriptions of the states. Information on isospin mixing usually
comes from comparison of cross—Sectiens for reactions related through
rotations in isospin space and fnom violation of one of the isospin

selection rules on transition rates. .

The third consequence of charge independence, the validity
of isospin, refers to the equations describing the relations
between the states. of an isobaric multiplet. In charge independent

situations the isospin lowering and raising operators T, behave

+

in a similar fashion‘to those fer the ordinary angular momentum
lowering and raising operators. ‘Thus the single nucleon operafor
simply.changes proton into neutron or nice versa, the numerical
factor being unity. These opefators (ti) give. zero when applied
to tne "wrong particle'; this is a special case of an important
property possessed by a state of pure T with MT = T as

TJ_r Y(T,*T) = 0 . The isospin 16wering or raising operator relates

states of the charge independent Hamiltonian. The accuracy with

which these relations are satisfied for real nuclear states is



a measure for the.dynamic validity of the isospin. MacDonald
(1960) has pointed out thét it is possible to have systems. where
all the states hafe pure iéospin but thé simple.isospin lowering
and raising relations do not apply; This will occur if H° has
negligible matrix elements off~diagonai in isospin (bétween states
reasonably close in energy) but possess appreciable matrix elements
diagonal in isospin which dgpend‘on the third componént of T3
(i.e. varying from one member of isospin multiplet to the»other)
betweeﬁ fairly close-lying states. This is isospin distortibn.
Isospin distortion is thus associated with the properties of the
corresponding énergy levels of isobaric multiplets. Information

on isospin distortion usually comes from the positibns of the energy
levels of the isobaric multiplets, their widths and various transition

properties.

Theoretically, interpretations of isospinAmixing and isospin
distortion are hampered by the compleXity of the nuclear states.
Depending on the nucleus, the calculation of isospin mixing orv
isospin distoffion may be straightforward ér very complicated.

For light nuclei simple interpretations are possible if the

'states are described by simple shell model states. In cases

where thevinformation on.isospin mixing (and isospinldistortioﬁ)
from related experimental data differs considerably from the

isospin mixing (and isospin distortién) calculated from the Coulomb
intéraction, it Qould be useful to have better nuclear wavéfunctions

to understand how serious the discrepancies are. Since the form of



charge dependent nuclear interaction if it exists is not known
~with certainty,‘we have not considered any effects of charge
dependent nuclear interactions. However, for one case we have
considered charge éependent interactions; like the electroﬁagnetic
'spin-orbit interaction and other magnetic interactions, besides

the Coulomb interaction.

'We now mention the particular cases of isospin mixing and

isospin distortion that are considered in this work.

1. ISOSPIN MIXING AND ISOSPIN DISTORTION IN °®Be

Three pairs of levels in ®Be around 16 to 19 Mev of excitétion
are known to show considerable isospin mixing (Marion 1965, Paul 1966,
Barker 1966).. The charge dependént.matrix elements derived from |
~ fitting the experimental data on the 2% states at.16.63 and 16.93 Mev,
'1+ states at 17.64 and 18.15 MeV, and 3" states at 19;05 and 19;22 MeV,
are -149, -120, and -63 keV respectively (Barker 1966). Barker (1966)
attempted to célculate‘these matfix elementskusing‘Coulomb interaction
and harmonic osciliator wavefﬁﬁctions but obtained only about half of
the experimental values. Severai attempts had been made to ovefcome
these'discrepancies (see Barker 1978) but the problem for the 3"

states still remained.

The level parameters for the Sf states of ®Be are obtained

from a two level R-matrix fit to the Li+p , SPS'(25+1LJ)

phasé shifts, using the restrictions of a two-state isospin mixing

model. To check the consistency of these parameters, the predicted

cross-sections for the reactions 7Li(p,n) s 7Li(p,Y) , 19B(d,0)



and °Be(d,t) are calculated using the parameters obtained from the
fit and compared with th¢ experimental values. The isospin mixing
matrix élement for the 3' states is then éaiculated using the
level parameters obtained from the two level fit to ?Li-fp > 5P3
phase shifts. ' The energy difference of the 3" states of 8Be‘-and

®Li which is an effect of iéospin distortion is calculated assuming

that charge dependent interaction is purely Coulomb.

2. TISOSPIN MIXING IN 7.12 MeV STATE OF '°0 .

In %0 the 1~ state at 7.12 MeV is mainly a.T=0 state in
the lowest shell model configuratiOn, Eut_the observations show that
this state has some amount of T=1 admixture. This admixture is
assumed to arise from the five higher states of 1~ , T=1, having
the same configuration as‘the T=0 state. The amount of admixture
is calculated using various shell model interactions and compared

with the experimental value.

3. ISOSPIN DISTORTION IN LOW-LYING STATES OF, *3c AND '°N .

Isospin distortion ig found in the low-lying states of‘ 13¢
and '®N . If there is no bhéfge dependent interaction then the
benergies of the corresponding states in the mirror nuclei 13¢
and !3N would be eqﬁal. - The El1 transitionFStrengths between
the corresponding pairs of states would also be the same. Bﬁt,
some observed propefties of the states and theif El transition
strengths in these two nuclei show asymmétry. Among the

' asymmctries that have aroused interest in the past are the



marked difference in the excitation energies of the %+ first
excited states of '3C and 13y and the very different Strengthﬁ
of the El transitions from them to the '%- ground states. These
low-lying states have T =% and the lowest T = % state is at
about 15 MeV excitation; and the effecfs of isospin mixing of the
low-lying states is not believed to be important. Thus the
asymmetries in '3C and !°N séem to bé an effect of isospin

distortion.

In the present work an attempt is made to give a consistent
account of observed properties of therlow-IYingbstates of  13C
and 13N . In the first stage of the analysis, least square fits
to theAavailable data are made using‘the R-matrix formulae in the .
onc and two-level approximations; in the sccondbstage the resultant
parameter values are compared with shell model predictions.
Fitted properties include level widths, neutron scattering data,
El radiative widths and El capturé cross—sections. ~The R-matrix
formulae include external contributions to the El transition
matrix element§ calculated using the Qavefunctions with correct
asymptotic foims, as well as the»internal ﬁontributions. A
reasohable account is given of the two ndtablg asymmetries in

13¢ and !3N



10.

CHAPTER II

[sosPIN MiXING AND DISTORTION FORMULAE

We use the formulae and notation of Barker (1978) except
Qhen change is needed. Isospin mixing formulae derived by Barker
(1978) have given satisfactbry explénation of the isospin mixing
between pairs of ievels in °Be, '2C and '®0 . Here we have
dbtained a more general formulae which could be used where the
mixing involves more than two states as well as for two states.

Let us first consider isospin mixing formulae.

. Consider the eigenstates Wx of the Hamiltonian H defined

in the whole configuration space
HY, = B ¥, | | S (1

where WX are written in terms of basis states Y of good

Tk

isospin T

Yo=Y AL Yoo o (2)
A Tk ATk Tk |

The WTk are eigenstates of u°® , the chargé independent part of
the total Hamiltonian and satisfy

0 _ .o '
¥ = B Yy s | (3)



11.
then

H = H +H , | (4)

and H® is the charge dependent interaction. The wavefunctions

Wk and WTk are expressed in terms of single particle wavefunctions
such as harmonic oscillator wavefunctipns where there is no allowance
for the presence of nearby nucleon channels and»the.cbnSequent
differenée‘in the asymptotic forms of neutron and broton wavefunctions.
Solutioh of equation (1) using equation (2) involves changing the
order of .the derivative in the kinetic energy term of the Hamiltonian
and the summation of the infinite series (equation 2), which is
permissible only if.thé series is absolutely convergent. Thus the
Hamiltonian operafor iS'not realizable in this space; These problems
of wrong asymptotic behaviour and nonérealizability can be overcome
by the use of Bloch operatofs (Bloch 1957, Lane and Robson 1966)

defined by

a
4

L - Zlc) - 0(r )(ar Sy e, e

where |c) is the channél wavefunctioﬁ which is a function of
iﬁtrinsic and ahgular variables but ﬁot of radial distance T

~ S(c¢)” is a parameter the choice of which is discussed 1atér and

T, = ag is the channel radius. Thg:cﬁannel_radius a separates -
fhe”internal r;giqn T, < a.. ffom\thé external_région r. z_ac.

As in R-matrix theofyw(Laﬁe and ThoméS'iQSS)bthe’internal régidn is
. a regiomn df the configﬁration spacé“where all fhe.huéleons gfe close

together in a volume of nuclear dimension in physical space:. The
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external region, also known as the channel region, is a region of
the configuration space where all the nucleons are separated info
two groups (each group being bound and having certain quantum
states). Then H + J(S) is realizable. S can be chosen to
keep the continuity of the internal and external wavefunctions
With correct asymptotic form in each channel. The states WA

are now defined in the internal region, and they‘are made to

join smoothly onto the correct asymptotié wavefunctiéns.atvthe

surface of the internal region.

Since H + ji(sk) is realizable it is convenient to introduce

thé boundary condifion
.50¥, =0 . (6)

with SX “taken as the logarithmic derivative of the appropriate
external wavefunctions-in the channel c evaluated at the channel’

radius T, =2, ‘and the channel energy hkc = Ek - Eth,c , Wwhere

Eth c bis the threshold energy of the channel ¢ . Similarly the

correct asymptotic forms of kai are obtained by imposing the

boundary condition

where éTk(c) is similar to SA(C) except that for the mirror neutron
and proton channel it is evaluated at the average channel energy

L(E T and for average charges of the neutron and proton channels.

Tkn.F'Tkp)

The essential point is that STk(n) = STk(p) . The ;tates ka are
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normalized and orthogonal in T , but not in k , because STk

depends on k .

Since H + i(S)\) is realizable we can write -

(o]
1}

{11+ i(sk) -E}\}‘PA

= L Aot L0 By Wy

=L Mg B rHS e sy - ) Byl (8)

bwhich gives

. JNo) )
T,zk, Mo VBB S <Y ¥y >+

< S s - LG ) Y > =0, (9)

for any X and Tk . For the two state mixing modcl the states wTk are

orthogohal and equation (9) becomes equation (12) of Barker (1978).

- The last term.in equation (9) gives the isospin mixing matrix

element between the basis states WTk and WT'k‘ and can be written
as
A c A
= H L
Viere T Bnepee t Mpeper » (10
where

c . .
<Yy [H Yoy 0 > , . : (11)

It

c
HTkT’k'
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is the internal mixing matrix element and

" %kT;k' = <Vl &6 - LG g > (12)

is the external mixing matrix‘element; fhe calculation of L $kT'k'
depends on the description of the channel region and we shall discuss
them in detail for the problems Considered. We calculate.the internal
contribution to the mixing‘matrix elément by using standard shell
model techniques (Elliott.1953) and. assuming that H® is the two-Body
(point) Coulomb- interaction coupling pairslbf protons, that wTk is

a shell model state with harmonic oscillator single particle
wavefunctions and that the integration is extended over all space.
These approximations shbuld be accurate provided that the channel
radii ac"éan be chosen so that on the one hand they are sufficieﬁtly
small .that the harmonic oscillator wavefunctions adequately represent
the true wavefunctions for re <a_, and on the other haﬁd.they are
sufficiently large that the oscillator wavefunctions are small in the
additional region of integration. Agreement between calculated and
experimental values of isospin mixing matrix elements can therefore

be expected only for a small range of a. value.

We shall apply the isospin mixing formulae discussed above in
the problem of isospin mixing of the pair of 3" states in °Be

and in the isospin mixing of the 7.12 MeV state. of 160,

Now we shall discuss the isospin distortion formulae. For this
we consider the MT "dependence of the basis states,“PTk and

write
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Hy 3" =

My

i i '
(J )WMT(J ) o, | (13)

My

with

L {SMT(J“) NMT(J“) =0 | (14)

. . ﬂ ‘ . '
The eigenfunctions WMT(J ) are expanded in terms of states

i S . .
WTk(J s MT) ’of gogd isospin T as .

m _ m TN
ty U - TZkATk(J MY (TM) | (18

which satisfy
o m : o ,.T i ’ .
'. H \ka(J :MT) = ETk(J )\PTk(J :MT) R B ' (16)
. and
i{éTk(J")}wTk‘(J“,MT) -0 . | an

o v - .7 A ) e .
ETk(J ) and STk(J ) ar¢ independent of MT ,» So that the
gl . . :
dependence.gf WTk(J»’MT) on MT is ‘trivial, wherea§ the
dependence of WM (Jﬂ) on MT is éll,important. Proceeding in

T
the same manner as in equation (9) we obtain

LY " M) [HEQ, () - EMT(J") Fopps <8 G0N0 ¥, 070 >

M

+ < \ka(‘_]ﬂ’MT) IHC + {s (J")} - i{gT'k'(Jﬂ') }\yT|k'(Jﬂ’MT)‘> ) ‘O ‘

(18)
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In the absence of charge dependent effects WM (J“) would be one
T

f th :
o e Tpk (J MT) which is a particular value of WTk(J MT) .

Then in the flrst order we have

1 C

MT(J ) = ETpkp(J ) + vakapkp @M (19)
where
Ve = H° "M @M (20)
PR PTPKP Tpkapkp T Tpkapkp T
_with
e ng(Jﬂ’MT,) IHCWTPkp(J,ﬂ’M*)‘>' SRS

o
L J,M)
TPKPTPYP Hr

1]

Tpkp

= LT o
@, MT)la'i{SMT —i{sTka(J‘)Hprkp(q MY >, (22)

Equation (21) is similar to equation (11) eXcebt that equation (21)
gives the diagonal matrix elements of the Couldmb inferaction
whereas equation (11) gives the off—diagonal matrix elements.
Theuassumptione for calculating (21)are similaf to those for
equation (11). Likewiee the assumptions for calculéting (22)

are discussed separately for individual problems.
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CHAPTER 111

IsospIN MIXING AND ISOSPIN DISTORTION
+ ) 8
IN 3 STATES oF BE

A. 3° STATES OF ®Be

The most recent compilation of energy levels of ®Be
(Ajzenberg;S¢love~and Léuritsen 1979) gives a pair of 3% levels
at -19.07 + 0.02 MeV and 19.24 MeV, énd a possible 3" level at
21.5 MeV. Fig. i shows these levels together with dthér nearby

‘levels and the related levels of °®Li and ©B . bThe pair of
lIevels has been interpreted as an isospin-mixed doublet (Barker
11966); The observed properties of the 1eve1$ provide values for
the matrix. element of the charge-dependent interacfion causing
the isospin mixing, and the expectation energy of the pure T=1 ,
3" state of °Be . Fromfﬁhe 1after one may obtain the energy
'difference‘df the analogue 3+ stétes of °®Be 5 rélative to the
analogue 2" states. These values of the mixing matrix element
and of the energy difference have béen compéfed with éalculated‘
values (Barker 1978), and some disagreement was obfained with
valués célculated on the assumption that~the_charge—depéndent‘

interaction was purely Coulomb.

Here we investigate whether these discrepancies could be due
to inaccurate values for some of the measured properties of the

levels, in particular their energies and the ratios of neutron and



"Fig. 1 Energy level diagram for A =8 isobars.
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proton reduced widths. Population of the 19.07 and 19.24 MeV levels -
has been reported for many reactions (Ajzenberg-Selove and Lauritsen
1979), but most quantitative information has come from the three

resonance reactions 7Li(p,Y) s 7Li(p,n) and 7Li(p,p)

The 7Li(p,¥)' reaction to the'first‘excited'state of ®%Be
showed a resonance at Ep = 2.06 * 0.02 MeV (Riech 1963),
cdrresponding to EX = 19.06 * 0.02 MeV. Other groups hafe also
observed a peak at about 2.1 Mey, either in the. Yq transition
l(Fisher et al. 1976) or in th¢ sqmmedb‘yo + Yl transitions
(Newson.et al. 1957; Perry et al. 1963). It has been'assumed

that this peak is due to the lower 3" level.

Only the upper level appears to contribufe to the 7Li(pén)
~reaction, with the peak energy well determined as> E = 2.25 MeV,
giving Ex = 19.22 MeV (pfobably within about 0.01 Mer. The data
can be fitted with any value of the reduced width rafio Yi/y;

" between 3 and 10 (Macklin and Gibbons 1958).

Early measurements of the 7Li(p,p) excitation function at
8 ab = 164° showed a sharp peak at Ep = 2.06 MeV (Bashkin and
Richards‘1951). Later measurements at éeveral angles_suggested
the presence of two interfering levéls of ®Be in ihisienergy
region, one cqrresponding to the resonance seen in 7Li(p,y) K
the other to the resonance in 7Li(p,n) , But no pﬁrametfic fit
to the data was given (Malmberg 1956). These measurements showed
that the peak observed by Bashkin and Richards mo?ed to lower

energies at smaller angles. Recently Broﬁn et al. (1973) have

extracted phase shifts from 7Li(p,p) méasurements with both
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polarized and unpolarized protons. The imaginary parts of the
phase shifts were chosen to fit the 7Li(p,n) and other data.
They obtained trial values for their 5P3 phése-shift, which
contains information about the 3+ levels of ®Be , on the
assumption that two such levels occur in the region, but did

- not obtain values of the level parameters by fitting the

resultant phase shift.

Among the reactions that populate ®Be as a product nucleus,
rather than as'é compound nucleus, only 7Li(d,n)BBe has been
~reported to excite all three ofAﬁhe levels at-18.93, 19.05 and
19.24 MeV (Kerf 1967), but details of this Qork are unpublished.
The 18.9 MeV level is 2_,(Ajzenber§-8elov§ and Lauritsen 1979).'_
In 10B(d,d)eBe ., peaks observed at about 18.9 and 19.2 MeV wéré
~attributed to the 2~ 1level and the uéper 3t level (Callender gnd '
Browne 1970). In all other such reactioﬁs, only a single péak
appeared in the spectrum in this energy region; in the cases where
the resolution wés sufficient to separafe the levels, the peak
corresponded to a level at about 19.2 MeV in each of 9Ee(p,d)eBe
(Kull i967),‘ ®Be(d,t)®Be (Oothoudt and Garvey 1977), and |

°Be (®He,a) ®Be (Ajzenberg-Seiove et al. 1976).

25+1

Brown et al. (1973) have extracted Sp L 7Li-fp

; T,
ﬁhase shifts which give accurate information about the pair of‘3+
levels, but théy did'nbt obtain the level parameters for the pair
of levels. We have done a two-level fit to the phase shift data of
Brown et al. using the R-matrix theory and the th state isospin
mixing model to obtain the level parameters for the pair of levels.

It may be mentioned here that the reason for choosing the R-matrix

theory is that it enables the analysis to be made in terms of
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constant pafameters like eigenenergies and reduced widths. The
values of these parameters can then be compared with the calculated
values using nuclear shell modél. For example in our casé (for 3"
states of °®Be) we obtain values of certain parameters from the

two level fit of the 5P3 phase shifts obtained from ’Li(p,p)
measurements. Using these valués of the parameters we then obtain
experimental values of‘the isosbin mixing matrix element for the
pair of states:and the expection energy of tﬁe ITT=i s 3" state'

of °Be . These values are then compared with.those obtained from
the shell model calculations. Thus the’R—matrix treatment separates
the problem of relating the experimental data and models into two

parts. .
data < parameters, parameters < models.
p p _

In the following section we discuss thé two level fit to the
: 7Li-+p , SP3 phase shift andbthe éxtraction'of relevént
parameters. In section C we check if thesé parametefs are
consistent with the cross-sections observed in other reactions
involving the 3% levels. Then‘in section Dvwe usevsﬁell model
techniqﬁes to calculate the values of som¢ éf the parameters and
pompare tﬁem with their expefimentalvvalués. Finallf'in section
E we discuss the results of the present work together Qith'the

. . _ + "
results of previous analyses of isospin mixing of 3 states of

®Be



21.

PHASE SHIFTS

B. TWO LEVEL FIT TO ’Li+p , 5133

1. Isospin Mixing Formulae for 3° States of °Be

For the two levels a and b around 19 MeV in °Be

equation’ (2) becomes

= - ! 1
Wa ,aWO + BWlu , Wb e Wo + 5 Yl _

with ot +pl=1, a?s 8'2_ =1 E (23)

and a' # m‘ , B'"#B

Since the levels are nearby we can assume Wa and Wb to be

orthogonal to each other (Barker 1978):~ :

Ta = a?o + BWl , Y. =R8Y - oY

b 0. 1
: 9 ) (24)
with a” + B" =1
Wavefunctions given in equation (24) are particular cases of
~equation (2) where A=a and b’»Aaok = , Aalk = f  and‘.
Abok =8 and Ablk = -0, and o 1is known as the 1505p1§ mixing

-

coefficient. Since the mixing is between two states the label k

can be dropped. It may be meﬁtioned here that due to the closeness

ya _ b - v N . '
qf the levels V01 = VOl = V01 .- Then solving equation (9), by

using the two state mixing model (equation 24) we obtain an

expression for the isospin mixing matrix element

'Vol = —OLBv(Eb—Ea) . - , - V : (25)



The experimental value of the isospiﬁ mixing matrix element
'is obtained from equation (25) by using the observed level
energies (Ea,Eb) , together with the isospin mixing
coefficient o determined from the two level fit»to the
sP3 , 'Li+p phase shift, and iB =,/{:;§ . The energies

of the two 3' states of pure isospin T=0 and T=1 are

given by

o 2 - 2
EO = O Ea + R Eb
>
0 2 2
E1 = B-Ea.+ o Eb

which are also obtained by solving equation (9).

2. R-Matrix Fit to ’'Li+p , 5P3 Phase Shifts

The energy dependence of.thé cbmplex sP3 phase Shift
§ = 5R + iéI .is given by tﬁe formulae of R-matrix theory
(Laﬁe and Thomas 1958) in terms of the eigéﬁenergies’ EA‘
andvreducéd width amplitudes v, ~ for the level ’K. and
éhannel ¢ . With the ‘7Li-+p channei denoted by p ,
.we have | | |
248 NPT,

~2ifp .
= = A
ne. e [1+21 Pp gﬁ YAPYUP A

I

22.

(26)_"

(27)
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I

where n = e—26 is the absorption coefficient and the A)\U are

elements of a matrix in level space, defined by its inverse

' -1 . .0 ' ,
N P IS LTS z Le Ve (28)

Here Lz = So + iPC and Sg =S -B , where S

P and
c .

c c > c’ c
- wc are the shift factor, penetration factor and hard-sphere
phase shift,levaluated at the channel radius acb, and BC is

the boundary condition parameter.

In the.two-level approximation, the 1eve1‘1abels A and u
havefthe'values a for the lower level and b for the upper level
(to avoid confusionlﬁith isospin labels). The sum over kc in
eq. (28) is in principle over all chaﬁnels,’Openvand closed. 'We
approximate by neglecting all closed channels, and aléb the proton
channel to the first excited state of ’Li , which would require
f-wave protons. Then c¢ takes oﬁ the values p and n only,
corresponding respectively to the 7Li and ’Be ground state
channels with p-wave nucleons. Following equation (24) the

reduced width amplitudes are written as

1 1 ‘
57 _ 7% _
Yap - 2 (aYO + BYl) ] pr 2 (BYO aYl) ’ (29)
1 1 ' : — ’
o o=, T _
Yan = 2 TCOY * BY) Ypn = 2 “(-BY, owl)‘ R

where ,YT(T‘=0,1) is the reduced width amplitude for the pure T
state (excluding the isospin Clebsch-Gordan coefficient). The
relations. (29) restrict the valueé of the four quantities ch
by expressing them in terms of three independent parameters, say

Yo » Y and o . These, with Ea and Eb 3 provide five
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adjustable parameters, for given values of a_ and Bc .

As reasonable values of the channel radii, we take
a =a = 5.0 fm (Barker 1978). The effect of cﬁanging this
value is discussed‘later. Eqﬁally good fits to the"phase‘shift
can be‘obtained for any choice of the Bc pfovided that the .
values of the Ey and Yy @re freely adjustable (Barker 1972);
since ) yicv_remains invariant under such changes of .Bc,, and’
since tﬁé restriction implied by eéuations(ZQ) is that ; Yic should
be independent of ¢ , one can also get equally good fits for
any BC ‘with only five édjustablelparameters. For convenience,

we choose each BC equal to the averagé value of the shift factor

SC in the energy region fitted, giving Bp = -0.53 and Bn = -0.81.

‘phase shift- & = sR +
3 exp exp
iéixp have been given by Brown et al. (1973), and these values of
R
exp

Experimental values of the °P

§ and values of 1 = éxp(—ZGI ) are shown in Fig. 2 for .
: 7 exp " Texp

Ep > 1.5 MeV. A least squares fit to these is made by minimizing

the quantity
2 2
R | R - <R _ I
8oy (B3) -6 (B (E))-n(E,)

1 N ex nex
X = R I Z P R .t 2 P'I . . s (30)
i=1 € (Ei) o i=l £ (Ei) :

wheré the Ei are the energies at which‘measufements have been
made, and e and EI are the errors in the real bart of the phase
shift and in the absorption coeffiéient‘respectively. We fit the
real phase shift- for Ep > 1.5 MeV ;(NR~= 30) and the absorption

coefficient for Ep > 2.0 MeV (NI = 12) , since n 1is necessarily



Fig. 2

Real part of °P hase shift for ’Li+ elastic
P z P P

scattering and corresponding absorption - coefficient
as functions of proton energy. The experimental
points are from Browne et al. (1973) and the error
bars show the assumed errors. The curves are best
fits from é'two—lével R-matrix approximation with
parameters restricted by the two-state isospin

mixing model.
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unity below the neutron threshold at E_ = 1.881 MeV. We assign,

p
rather arbitrarily, equal errors ER = 5° and €I = 0.02 at

each of these energies.

The best fit is obtained with o = 0.53 (for B > 0) and is
illustrated in Fig. 2. If a is ghanged from this value and the
other parameter values are optimised, the fit to sk remains good
but the fit to n Qorsens, particulérly in the region of the
wings. Fits regardéd as acceptable are obtained for o between
about 0.4 and 0.7. The solid curves in Fig. 3 show these optimum
values of X', EK -and Yo as functiohs‘of 0 . Corresponding
values of various derived quantitiesrare shown by'the solid curves
Ain Fig. 4; of these, the values of Yin/yip are obtained ffom-eéuatioﬁs
(29). Widths of thé levels are‘caiculatéd in an approximate way
by using the parameter values EA éndb Yie in an independent
one-level approximatioh for each level, so thét the oBserved width

in thé Thomas approximatioh (Lane and Thomas 1958) is given by"

[t
~1
—
> O
(¢]
-

(31)

=
[

2 2 .
e = 27V pc/(1.+g Vier 48,4 /dE)"

evaluated at the peak energy. ,Thé energies E? of the states

of pure isospin T and the isospin mixing matrix element V01

are given by equations (26) and (25).

These parameter values all correspond to a particular choice of

BC values. The properties of the level A (A= aor b)  are.



Fig. 3

Minimum values of X ‘(eq. (30)) and corresponding values
of the level parameters ‘EA (A = a,b) and YT (T=0,1)

as functions of the isospin mixing parameter o . The

solid curves are for Bp = -0.53 and: Bn -0.81

The dashed curves are values of E(A) (A = a,b)

A
- - (A L (A -
corresponding to BC = BC = SC(EX ) (c = p,n)
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Fig. 4 Values of quantities derived from the parameter values

of Fig. 3 using eqs. (29), (31), (26) and (25).
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probably best described by the parameter values for B = S (EA)
we write these values as ng) and the corresponding parameter
values that give exactly the same fit to the data (Barker 1972)

E}E)\) and Y() , with u=ab and c=p,n. Values of

as
Ega) and Eé ) are shown by the dashed curves in Fig. 3. This
:proceduré is not quite consislent,‘since tha'values of yié) do
not satisfy exactly equations like (29), but they satisfy them
approx1mately with the original value of a . The dashed curves
in Fig. 4 show the correspond1ng values of (Y(k)/y(l))Z and

o ©

y o Ep and V01 obtained by us1ng values of E(A)' and

of T X

Ygé) in equations (31), (26) and (25).

C. PREDICTIONS OF CROSS SECTIONS FOR OTHER REACTIONS

Before comparing the derived values of V01 and E? with
shell model values,lwe‘calculaté the cross sections for vafious
reactions involving the 3" levels, using tﬁé aew values of the
level parameters obtainea from fitting the SP3 phase shift
iﬁ ‘Li+p scattering, to Checkcthataconsiatent fits are possible
and to see if the range of allowed values of a may be reduced.
For some reactions, values of additional parameters are requlred

and these ‘are obtalned from shell model calculatlons or from

isospin conservation.

1. 7Li(p,n)

The method used by Brown et al. (1973) to determine the imaginary
part of the SP3 phase shift ensures that the predicted 3t

contribution to the 7Li(p,n) cross section will be consistent
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with the measured values, that the values of va(or Eéb)) in

Fig. 3 and of Yén/Yﬁp in Fig. 4 will>agree with previous values,
and that ‘Yin/yip will be small, supporting the view fhat only
the upper 3% level contributes appreciably to the 7Li(p,n) CTross

section.

2. "Li(p,Y)

It is not iﬁmediately obvious why>£he 7Li(p,Y1) cross section
should have only a single peak in the energy region of the 3" levels,
~ as is observed, nor why this peakishould be attributed to the lpwer
level alone. One expects the 3+-contribution to the cross section.
to be incoherent with the backgréund,.since the former requires
chanﬁel spin 2 in the 7Li-+p chénnel,'ﬁhile the background should
be mainly channel spin 1 tthis assumes that the background is due
to direct capture of s- laﬁd a—Wavé protons with El radiation,
and that the ’Li ground staté and ®Be first excited state are

adequately described as the LS coupled states [3]%%P and

P22

(41D respectively Barker 1966).

2

Siﬁcé the angular distribution of the 3" contribution to the
7Li(p,Y1) trOSS section is unique for p-wave pfotons'
(=1~ %%;coszey)A, the shapes of.the excitation functions measured
at 6° aﬁd QOévmay be compared directly with the calculated

integrated cross section, which is given by

7m 3 2
o= PEC Yy, v A | (32)
B kaz P Y Al >\P Hy AU
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Here the Ml radiation width of the level u 1is taken as
ro=E Y,
wy Y WY

and A)\u is the same as in equation (27). From
the two-state isospin mixing model, the reduced width amplitudes

Yy 3re given by
Yay = ¢ Yoy f 8'YlY v Ty T g Yoy = %Y1y > (33)
where shell model values may be used for the YTYI' Since we do not.

consider absolute values of 0 , we require only values of the
ratio YOY/YlY , for which shell model caléulations give 0.057

(Cohen and Kurath 1965), 0.059 (Barker 1966) and 0.058 (Kumar 1974).

Fig; 5 shows caléﬁlated values of o , normélized td unity
at.the highest point, for FYOY/YIY = 0.058 andAfor threevvalues
of o , the optimum value of 0.53 and values of 0.4 and 0.7.
Even though both levels are cdntributihg appreciably, the cross -
section does not show two di;tinc£ peaks, owing‘to the constructive
interference in the region betweenAthe‘two levels (since. |
Yap/pr >0 and . YaY/YbY é 0) . The experimental points in
Fig. 5 are the‘0° and 90°‘excita£ion.functions of‘Newsop et al.
(1957) and the 90° excitatidnvfunction of Riech (1963), after
subtraction of linear backgrounds chosen to make the resonant
contribution resemble the calculated curves for Ep near 1.7 aﬁd
2.4 MeV and normalization to make the resonant contribution
approximately ﬁﬁity at the peak. From the scatter of points in.
the region of the tails, it is clear that there are problems with

this procedure; in fact Newson et al. comment on an interference

dip at Ep ~ 2.35 MeV. However, the ratio of the normalization



Fig. 5

Normalized contributioﬁ to 7Li(p,Y1) cross-section. due
to 3" levels of °Be as a function of proton énergy.
The-ekpérimental points are the 0° and 90° excitation
functions of Newson et al. (1957) and the 90° _excitation'
function of Riech (1963), wifh backgrounds subtracted |
(denoted by 0, X and A respectively). The curves are
calculated using parameter values obtained from fits to
the ’Li+p 5P3 phase shift and shell model values of

the <y-ray reduced width amplitudes, for three different

- values of ¢ (dotted curve, o = 0.4; solid curve a = 0.53;

dashed curve, o = 0.7).
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factors.required for the 0° and 90° excitation functions of
Newson et al. is 1.39, which agrees with the ratip of 28/19 = 1.47
expected for a pure 3" contributiﬁn. No aliowénce for experimental
energy resolution is necessary since target thicknesées of 5 keV

(Newson et al. 1957) and 20 keV (Riech 1963) were used.

It is seen that there is qualitative agréement between the
calculated and experimental resﬁlts ih,Fig. S; The maih‘discrepancy,.
independent of the value of a , is that”the.calculatéd cross-section
is too large on the low-energy side of.the peak. Changing the value
of YoY/Yly does not significantly affect this; in-féct'chénges of
tO.QS in Yoy/le can be almost exacply cqmpepsated by simultaheous.
changes of %0.02 'in o . The shape dfithe feak at higher energies

probably limits o to between about 0.4 and 0.65.

3. '°B(d,0)°’Be

For rgactioﬁs of.this_typé, in whiéh ®Be appears-as a product
nucleus, the dependenég of the cross-section on BBe. ex;itatidn
ehergy should be given by a formula similar to (32), but with tﬁe
reduced width amplitudes for the Yy channel rep1aced by feedingb
amplitudes, which are dependent on the particuiar reaction (Barker ,
1967) . ‘Moré precisely, the éontribution,of the 3* levels to the
crégs¥section.is taken to be‘
l2

O« z p-c| )\ZUYAC £ «Am , - (34)

where x specifies the producing reaction and the sum is over

both p and n channels, since the decay of the 8Be ,is_not
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observed. A possible weak dependence on the energy of the emitted
particle (the o-particle) has been omitted. The feeding amplitudes

gux are given by

gax = gox + B gix ? gbx = Bgox - o glx - (39)

in terms of the feeding amplitudes 81x for the pure T states.

For the lpB(d,u)eBév féaction, isospiﬁ conservation requires
that only the T=0 parts of the °%Be states are fed, so that
gl% = 0 . The calculated cross-section is shown by the curves
in Fig. 6 for the samé a valﬁes aé in Fig: 5. In fhis case
gax/gbi =a/B>0, ‘so that there is déstrUCfive intérferénée
in the region between thellévels, which thérefore appear as two
distinct peaks; bThé éxperimental points are from.Calléndef
and Browne (1970). No background has been Sﬁbtracted, because A'
the 3" contribution could be coherent with background contributions
coming from other levels of 8Be . Comparable normalization has
‘béen'uséd for the Caléulated aﬁd experimental values. The energy
résolution was about 14 keV. I£ éeems reasonable to interpret the
peak observed ét'lS.Q MeY és being due to the ilower 3+.1eve1 instead
of attributing it, as did Callender and Browne, to the 2~ level of
8pe known to exist at this energy.- The 2" level shbuld not be
populated if the 1%B8(d,a) reaction proceeds as a-direct traﬁsition
and the !°B ground state belongs to the lowest shell mo&el
-configuratioﬁ. The size of the 18.9 MeV peak is consistent with

o =0.5.



_Fig. 6

Normélized contribution to 1°B(d,oc)8Be cross-section due
to 3+ levels of eBe. as a function of °Be excitation
energy. The expérimental points are from Callender and
Browne (1970) and include a background contribution (with

a cbnétant'value of 0}3 subtraéted from the ordinate). The

curves are calculated using parameter values obtained from

 fits to the 7Li+p sP3 phase shift and from isospin

conservation, for o .values as in Fig. 5.
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4. °Be(d,t)®Be

If the °Be(d,t) reaction préceeds by neutron pickup, then the
feeding amplitude B7x iS»proportionél to the spectroscopic
amplitude (including the isospin Clebsch-Gordan coefficient) of
’Be ground state-for the p;wave neutron channel with ®%Be in its
3" state.with isospin T . Shell model values of_thesevspectroscopic.
amplitﬁdes give gox/glx = -0.88 (Barkér.1966), -0.78 (Cohen and

Kurath 1967) and -0.95 (Kumar 1974).

?ig. 7 shows calculated Valﬁes‘of 9. for gox/glx = -0.9,
for the same three values of o . For o = 0.53"onevhés
gax/g};X ~ -0.3; this small negative‘value implies constructive -
interference between thé levels'and a single peak in the regioﬂ
of the upper level. The expefimental boints in fig. 7 are.from
Oothoudt and Garvey (1977), withoufleCkground subtraction because
of possible coherence, and with suitable normalization. Again there
is qualitative agreemeﬁt, but here the width of the calculated peak,
(= 150 keV)is less thanbthe measufed<width (® 200 keV), the |
difference being too great to attribute to_the.experimentalienergy
resolution (< 40 keV). Reasonable éhanges“in the value of |
:~gox/glx have 1itt1e effect on the shape of the.cross,éection. The
large width observed for the peak.favduré smaiier magnitudes of

g /g and also the smaller allowed values of a .
-®ox’ "1x ‘ »

5. °Be(p,d)®Be , *Be(’He,u)®Be

If these reactions also proceed by neutron pickup, then the

formulae and value of gox/glx are the same as for '9Be(d,t)



Fig; 7 Normalized contribution.fo 9Be(d,t)eBe cross-section
due to 3+ levels bf 8Be as a function of °®Be excitation
energy. The experimental points are from Oothoudt and
Garvey (1977) and include a background contributioﬁ. Thé
curves are calculated using parameter values obtained from

7

fits to the ’Li+p 5P3 phase shift and shell model values

of the feeding amplitudes, for o values as_in'Fig. 5.
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Thus the calculated curves of Fig. 7 should dlso be.valid for
these reactions. In the 9Be(p,d)' réaction, with E = 33.6 MeV
and an energy resolution in the deuteron spectrum of 100-130 keV,
Kull (1967) observed a single peak corresponding to a level at
19.21 MeV with a width of__ZOé * 30 keV. With Ep = 185 MeV ,.
Sundberg and Kallne (1969) observed a peék at 19.16 MeV with an
intrinsic width of 500 keV but their energy resolution was about
350 keV. Ajzenberg-Selove et al. (1976)'§tgdied the- °Be(°He,o) ®Be
reaction with a bombarding energy of,49.3vMeV andban energy

resolution of about 50 keV, and observed a peak at 19.22 *'0.03 MeV

with a width of 265 * 30 keV (Ajzenberg-Selove, private communication).

_vAs_for the 9Be(d,t) ieaction, these measuréd values of thé
width aré much greater than the célculgted value, although the
peak positions agree. Fits to the phase shift, in which the ievel
parameters.were restricted so that they would give a 1érgér width
for the 19.2 MeV peak in these cross-sections, were acceptable only

for widths ‘less than about 160 kéV.

6. ’Li(d,n)®Be

If the ?Li(d,n)eBe‘ reaction proceeds bf stripping, then the‘
feeding amplitgdes 8py are proportional fo»the reduced width
amplitudes Yo used as parameters in the phase shift fit. Thére-
fore additiénal parameters_arevnot reqﬁired in calculating.the
cross-section. Siﬁce the prdton décay channel gives thg main
contribution there is destructive interference in the region between
the levels, which.produce a‘peak'at about 18.93 MeV and -a weaker

peak at about 19.26 MeV. The former of these peaks would not be
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resolvable from a peak due to the 2= level of ®Be at 18.9 MeV,

so the origin of the peak reported by Kerr (1967) at 19;05 MeV-

is not apparent.

D. COMPARISON WITH VALUES FROM MODEL CALCULATIONS

In this section,'we'compare the parameter values obtained
from fits to the 5P3 phase shift, or quantities derived from

them, with values obtained from model calculations.

1. Reduced Width Amplitudes
The reduced width amplitudes IYT of the 3" states of °Be
for the A=7 gfound state channels may be written

Y= T [e(z)(lp) hz/mC ai]f2 - . | (36)

We take values of the spectroscopic amplitudes ;f:? from shell
model calculations, and calculate the single-particle dimensionless

reduced width

2 2 e | S
6_(1p) = (a/2)u"(a) /fo u”(r)dr < (37)

using radial wavefunctions u(r) in a Woods-Saxon potential ‘
(Barker 1978). With ‘éc = 5.0 fm, calculated Va1u¢s of Yoo Yq

(in MeV?) are 0.46, 0.40 (Barker 1966), 0.42, 0.42'téohen and
Kurath 1967) and 0.43, 0.40 tKumar 1974). To avoid the uncgrtainty

in the value of 92(1p) , we may consider only values of YO/Y1 s
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which are 1.16, 1.01 and 1.08 respectively.' Comparison with the

values of Yo and Yy in Fig. 3 favours the smaller allowed

values of o .

2. Experimeﬁtal Value of Isospin-Mixing Matrix Element and

Energy of Pure T=1 State

The value of E, (or Ega))i from Fig. 3 is about 18.94 MeV,
-which is 130 keV below the acceptéd_value.for the lower 3  level

»és given by Ajzenberg-Selove (1979). This changed value of -Ea

o

leads to considerably different values of E1 and V01 ‘from those
obtained or used previously, namely AE? = 19.07 MeV and V01 =-63 keV
(Barker 1966), and - E? = 19.09 * 0.03 MeV and V_; = -60 £ 12 keV

(Barker 1978). Since our calculated values for the cross-sectionsA
and YT‘ favoured values of o somewhat lower than the 0.53
obtained in the best fit to the phase shift; we take the acceptable

range of .o -as 0.4 to 0.6; then from Fig. 4 the range of E. is

o
1
18.99 to 19.05 MeV and the range of V01 is -115 to -145 keV.

3. Shell Model Value of Isoépin Mixing Matrix Element

For the two state mixing case the»isospin mixing matrix element
given in equation (10) can be written as
c A

VOl = Hol + L01 s . | (38)

where H;l is the internal mixing matrix element which is calculated
from equatibn (11) assuming that H® is the two-body Coulomb -

interdaction coupling the pairé of protons and WTk is the shell
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model state with harmonic oscillator single particle wavefunctions.
The detailed assumptions of the calculation are described in chapter
I. Taking the value of.the harmonic osciliator length paraméter as
1.65 fm (Barker 1978) the value of H obtained is -32 keV for

the interaction of Barker (1966), -30 keV for the interaction of
Cohen and Kufath (6-16 2BME, 1965) and -32 keV for tﬂe interaction

of Kumar (1974).

-Lgl in equation (38) gives the external contribution to the

isospin mixing matrix element and is given by .

= .
I

ol ~ <\¥Ol i(s) = i(sl)l‘yl >

he - . _
Z<:w0];)éﬁzaz- S(rc—ac){sl(c)—sk(c)}(C|W1 > (39).

We consider the contributions from the nucleon channels only, with

¢ = (E,mt) . .Then

(c|¥y > = upx () JP?E(%li-mtmtlTo) . | | (40)

where uTE(r)/r is the normalized radial wavefunction

a-~

! omdr =1, - e (41)

RS ' _
and JF;E is the spectroscopic amplitude, excluding the isospin
Clebsch-Gordan coefficient which is written explicitly in equation -

(40). T 1is the isospin of the residual“nucleus in the channel ¢ ,

which must be % in the present case. Equation (39) then becomes
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o o
Uz (auz(aa) f ox F1El8)(E29 -8, -0) - (42)

In order to obtain numerical values of Lé for given channel radii

1

ay , we take uTa(rc) as wavefunctions at the channel energy

= l/ L. . . - . . . - :
ETE Z(ETn-+ETp) in a Woods-Saxon potential with the depth adjusted
to make the logarithmic derivative equal to §T(E) at T, = ay . The

channel radius ay must be chosen so that there is no polarizing
interaction fof ré > ax 3 then the extérhal»radial wavefunctions are
Couloﬁb functidﬁs and SA(E’mt) are the shift fa;tors of R-matrix
theory (Lane and Thomas 1958). The j’?e"afe obtained from shell

model calculations. For the calculation of Lg we have included

1

the contributions from the channels ¢€ corresponding to the levels

. 1 - - - - - _% %
of 7Li and 7Be with g =Y, 5 TR RS L e,
where the * denotes higher levels with the same J" . Thus we can

~ ~ ~

write € = Js , where J is the spin of the T =% , A =7 level
and s 1is the channel spin. We have assumed all nucleons are p
wave. As the excitation energy increases, both uTE(aE)- and

N . R % .
{SA(C,%) - SA(C,—%)} decrease and .jo%z also tends to decrease.

This means that the corresponding; Lé tends to decrease so that.

1
contributions from higher unidentified levels become’negligible. As
mentioned earlier the levels (a,b) that we are conside:ing‘afe

nearby and so we can assume them to be degenerate to the extent that

oc 1c
S,(8%) - 8, (&,-%) = S (&%) -5 (&% . (43)
Then we have L% = Lb = L with ¥Y_ and VY, orthogonal as
ol ol ol a b

described by equation (23). The external contribution is then
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Lot = % L1 (©) c (44)

wifh contributions from different channel & , -for different values of -
channel radii aé - (assumed to be same for all chgnnels). The wéve-'
functions ﬁTE(r) are taken as 1p wavefunctions in a Woods-Saxon
potential with the standard parameter values ry = 1.25 fm, -

a-= 0.65 fm and a uniform charge distribution with r . = 1.25 fm.
Tablé 1 shows contributions to L01 s  for 3" states of °Be for

various values of the channel radii for the interaction of Barker (1966).

Table 1.
Contributions to LOl for 3+ states of °Be . The calculations
use the shell model wavefunctions of Barker (1966), and are for various

values of the channel radius ay

~ e ) g ax o , -
w9 Uo5 s mgg W) SEASER Lo1 ()
(fm) _ (keV) (keV)
4 3/2 0.349 1104 -0.2082 ' -80.3
7/2 0.741 541 ©-0.1253. -50.2
5/2 - 0.0499 430 ~0.1178 . - 2.5
5/2% -0.724 406 -0.0678 . 19.9
7/2% -0.313 338 -0.0484 | 5.1
3/2%* . -0.0631 o317 -0.0453 ' 0.9
| z | | Total -107.1
5 3/2 : 513 -0.2716 ~ -48.6
7/2 o 153 . -0.2006 | -22.7
5/2 . _ 107 -0.1840 - 1.0
5/2% ' .97 20.1178 8.3
7/2% 71 . -0.0895 » 2.0
3/2% o 65 -0.0848 , 0.3
' ' ‘ Total -61.7
6 3/2 : 282 -0.3076 - -30.3
7/2 | | 48 ~0.2796 - 9.9
5/2 ' .29 -0.2527 - 0.4
5/2% 26 ~0.1702 3.2
7/2% 16 -0.1324 0.7
3/2% : ' 14 -0.1259 0.1
’ 6

Total -36.




The calculated values of HC and Lo and the resultant

ol 1

values of V01 are shown in Table 2 for various interactions

(Barker (1966), Cohen and Kurath (1965),_Kumar (1974)).

Table 2.

. . . R o
Values of isospin mixing matrix elements for ' 3 'states

c : . _
ax Ho1 : Lo1 o Vo1
(fm) (keV) (keV) (keV)
4 B -32.0 - -107.1 -139.1
| K -31.7 - 97.2 -128.9
C -30.0 -101.7 -131.7
5 B~ -32.0 - 61.7 - 937
K -31.7 -57.2 - 88.9
C -30.0 -59.3 - 89.3
6 B -32.0 - 36.6 - 68.6
K -31.7 - 34.5 - 66.2
C -30.0 - 35.5 - 65.5

B interaction of Barker (1966)
K interaction of Kumar (1974)

C interaction of Cohen and Kurath (1965)

It may be noted here that the previous value of -32 keV for Vo1
(Barker 1966) is only the internal contribution and the external

contribution accounts for the larger part of »VO Fig. 8a

1 -
shows the comparison of the calculated and experimental values of
V01 and their variation with channel radius. The experimental
value obtained from fitted data discussed in the previous

'section is dénoted by the hatching; the calculated values are

based on three different shell model interactions that are

38,
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discussed in this séction. The agreement between the experimental
and calculated yalues of Vor is obtained for a channel radius of
about 4 fm. This‘value of channel radius is a reasonable value
when compared with the conventional value of the channel radius
1.45.(71/3 + 11/3) ~ 4,22 fm  and the channel radius required fér
pther levels of Bﬁé . For example for the 2" states of °®Be at
16.6 and 16.9 MeV, the expériméntai &élue of the isospin mixing
matrix eleméﬁt coupling the T=0 and T=1 states is about

-150 keV (Barker 1966,'Oothoudf and Garvey 1977). The calculated
values agree with this for a channel radius of about 5 fm (Barker
1978).A Thus fhe present analysis of the 3 statesvof ®Be shqws
an improvement overrfhe earlier analysis.(Bafker 1978), which |

req&ired a channel radius 2 6 fm.

4. Relative Energies of T=1 States in °®Be and °®Li and

Isospin Distortion.

.,Since the energy of the 3+, iV=1 state, in °Li is well known
it is interesting to compére the- energy difference of thé 3+, 'T;=1
states, in 8L,i and ®Be . For this purpose we ponsider the
relative energies of 3" and 27 states in °®Be .andb ®Li and
deféne a quantity Ax(3+) , which is the difference in the
separation energies between 3+_and 2" ,_1‘#1 , states in °Be and
BLi . This quantity AX(3+) would be zero‘if there is no isospin
distortion. - From ééuation (19) the obéerved energy of a level J"

of BBQ or °Li is given by

T, _ O ‘ﬂ c Ll ' ﬁ : '
B, (00 7 B (00 v g 05N Ly gy M) (45)



Fig. 8

mixing matrix element VO

Comparison of theofetical and e*perimental resulté fof
the variation with channel rédiué ax of the isospin
; for the 3+ levels of °®Be,

and of the‘excitation energy difference AX(3+) for

the 3+‘1evels of »eLi and ®Be. The experimental results
with estimated uncertainties as obtained in the present
work are denotgdvby the hatching. The calculated values
are for three different interactions (solid curvés, Barker

1966; dashed curves, Cohen and Kurath 1965; dotted

curves, Kumar 1974) .
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where we have used 11 for TPkY . MT =0 for °Be and 1 for
|®Li . Since here we consider states with TP = 1 only and also
one such state kP = 1 is considered in.each nucleus we can drop

the sﬁbscript 11 , then

T, . 0,7 c, T P ' _
By, ) E CORS NC ,MT) P LELMY (46)
where
KT M) = <y e ) >, )
 ‘and
T ' n?. 2 T | ™
LETMD) = =) g Wi Uha) J1e0)
c cc. v
{s, 0",& -5W0NOYr . | (48)

M

Equation (48) has been obtained in a similar ménner to equation
(425. The symbols appearing in equation (48).have the same
significance as those appéaring in equation (42) (except that
here in (48) we have included J" " for the identification of the
1evels.consider6d Y. Contributions to L(Jﬂ,MT) come from the.b

T = %— and T = 25 channels. For °®Be , both ’Li+p and 'Be+n

channels contribute and SO(Jﬂ,E) is the average shift factor for

~

“'the proton and neutron channels. For °Li the T = %ﬁ channels

are purely ‘Li +n , -while T = channels include both 7He-Pp

N} o

and ‘Li+n , and Sl(J“,E) is a weighted average.of the shift
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factors for the proton and neutron channels. In.calculating
L(Jﬂ,MT) we have also included the contributions from unidentified
channels of A=7 .. The unidentified channels aré simulated by a
fictitious level (labelled J in Table 3) with spectroscopic factors

that exhaust the sum rule

a2~

1 1 ) . ‘
3 % _ o
fT'c fTE - 4<ST'T (49)

and situated 14 MeV above the lowest %==% level (approximately
the weighted mean energy of such levels from shell model calculations).

The quantity Ax(3+] is defined by

P ‘ U + + +
A (37) = HE_(37) -E (2 )_}A- {E1F3i) -E; (201
- HAC(3") + AL(3T) - (CEY + @M, (50)
where
meE™ = e - ey L, 6D
SR N A LI NS LIS S B 6D

The numérical values of HC(JW,MT) and ,L(Jw,MT) needed to
calculate AX(S +) are obtained assuming-the same intefactions and

the same assumptions as those for ~Ho

1 and L01 respectively'(except

that for 'HC(J ,MT) the tensor tomponent of the Coulomb interaction |
' : . L m
- contributes and is included). Table 3 shows cpntrlbutlons to AL(J)

calculated using the interaction of Barker (1966) for a channel radius

. of 5 fm.
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Table 3.
| Contributions to AL(J”) .. Calculations use the shell model
interaction of Barker (1966) and are for ay = 5.0 fm
T ~ : ~ T o ‘ T~
J - J ) ;FIJS(J ) AL(J",¢)
s (keV)
R
2 . 3/2 1.016 : -73
' 1/2 0.231 ' -14
7/2 0.224 ' o -4
5/2 0.032 . ’ 0
5/2* 0.703 , . -8
7/2% 0.256 : -2
: 3/2% 0.060 0
3/2 (T=3/2) 1.059 , : -6
S d 0.419 R -1
Total -108 -
3" . 3/2 0.300 o =35
: 7/2 1,143 - ' - =37
5/2 0.155. ’ -2
5/2% 0.646 " -12
7/2* 0.241 - _ -3
, 3/2% 0.087 -
3/2 (T=3/2) 1.007 - _ =9
J 0.421 ‘ -2
Total -101

Valqes‘of VAX(3+) (keV) .for'vafioﬁs channel .radii are given in‘
‘Table 4. Figure 8b shows the calculated and eﬁperimental vaiues
of .Ax(3+i' The experimental value is obtained from the'fittéd
data of section 2 and is shown with the estimatéd ﬁhcertainty
dehoted by hatching. The calculated Values'are‘for three
differentjshell mode 1 interactions and afé shown by three'
different curves as functions of channél radiﬁs. The

agreement between the calculated and experimental valhes

is obtained for a value of channel radius of aC > 4 fm ,
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Table 4.

Contributions to Ax(3+) (keV) for ay = 5 fm

a NN aLsh o mfeh  aeh Ax(3+)
. (fm) (keV) (keV) (keV) (keV) (keV)
4 . ) R o :
B 1546 £225 1586 -221 -44
K 1546 . -227 1584 223 42
C 1544 ~230 1588 - -218 -56

5 . ,
B 1546 - .101 1586 - -108 -33
K 1546 -102 1584 -110 =30
C 1544 - -104. 1588 2107 41

6 . :

B 1546 . - 48 : ‘1586 - 56 -32
K - 1546 - 49 1584 - 56 -31

€ 1544 --50 1588 - 55 _ -39 -

interaction of Barker (1966);
K interaction of Kumar (1974).

interaction of Cohen and Kurath (1965).

which is consistent with thaf obtaingd from the ‘analysis of
the‘isospin mixing'matrix element V01 for the 3+ states.

This also shows an improvement over the previous énalysis whére the
agreement‘betwegn the calculated and‘experimental values of" Ax(3+)
.was not obtained (Barkef 1978) . The previous discrepancy in |

‘Ag(3+) has now been removed without the requirement of a charge

dependent interaction other than the Coulomb interaction.
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E. DISCUSSION

Tﬁe method of obtaining the level parameters from the two level
fit assuming a two-state isospin mixing seems to be satisfactory.
The values of the level parameters obtained from the fits are in
good agreement with those obtained frqm the shell model calcﬁlations.
The value of the mixing coefficient d‘ has been obtained by a
‘differént me;hod than that previouéiy employed (Oothoudt and
Garvey 1977). The energy Eé of the lbwer level is apprecigbly
less than the previously accépted value. These new values of o
and Ea give experimenfal values of V01 and AX(3+)Y which agree

with the calculated values for reéasonable values of the channel

radius.

The discrepancy between the calculated andréxperimeﬁtal value
of V01 has been of interest to many authors. The problem was
first discussed by Barker (1966), where the calculated value of
-32 keV, obtained by using shéil model Wavefunctions, was}much
smaller than the‘experimental value of -63 keV. Anderson and
‘Goldhammerb(197i) and Anderson et al. (1972) used Correlated
wavéfuﬁctions to calculate the isospin mixing matrix'element for the
3t sfates in ®Be. and obtained gpod agreement;with the experimental
value. Later McCarthy and Walker-(1974) repeatedkthe'calculation
ofmAndersonlet ai.‘usiﬁg Hamada Johﬁston potential and including
the Pauli corrections which Anderson et al. omitted. However the

‘result they obtained was about 10% smaller than that obtained by
using the oscillator wavefunctioﬁS'by Barker (1966). _A.further"
calculation was done by GoldhammerA(1975) using the Sussex
harmonic oscillator two—body matrix elements and agreement was

: thainéd with the expérimental'value. Then Oothoudt and Garvey
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(1977) suggested that the discrepancy between the calculatea and
experimental values of the isospin mixing matrix elements could
. be due to an uncertainty in thellevel parametersA (Yi,yg) which
gives the value of the isospin mixing coefficient o . TFrom the ratio
of the cross-section for the reactions. °Be(d,t)®Be ‘and
?Be(d,aﬁe)eBe , which is éonnected to the isospin Clebsch-Gordon
’coefficiehts of the sfates,(they obtéined_a rangelof values of

0. which is consistent with the Value‘obtained by Barker (1966).

A possiblevsolutioh of the probleﬁ seeﬁed to be the idea of

Dalton and Robson t1966) whoisuégested that the mixing matrix
element consists of an internal contribution énd an external
contribution. It wa; also suggésted by Dalton‘and Roﬁson that
the 1arge éxperimental value of theAisospin.mixing matrix element
is mainly due to the external contribution; and then it became
appérent that the mixing matrix element cbnsidered so far waé.oﬁiy
fheAintgrnal mixing-matrix element. Barker (1978) took up this
idéaband extended the method of Daltoﬁ and Robéén (1966) to

include the.effects of many chaﬁnel contribution§ to the external
mixing matrix eiemént. Applying:thisiméthod Bafker calculated

the mixing matrix element which‘sﬁggestéd a channel radius of

more than 6 fm to account for the experimental value. It may be
mentioned here that the. conventional éhannel'radius of nucleon
channels in eBe:_i_s‘4.22 fm and a similgr analeis'applied to

the 1" andv2+ stéféé;ﬁf EBe' sﬂowé,agreement~between the
caiculatgd and %He‘éﬁperiméhtai values of the isospin mixing mafrix

elements for channel radii smaller than 6 fm.

‘Though some authors (Lind et al. 1977)r5uggéstedfthat such

discrepancy between the,caiéulated and experimental values of
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isospin mixing matrix elements could bevattributed to some nuclear
charge‘dependent‘interactién; we have been able to give a reasdnable
ACCount of the problem without assuming any charge dependent
interaction other than the Coulomb intera;tion. .Morebver, the para-
meters for the 3* doublet obtained from the two level fit to the
7Li+p , 5P3 phase shift séems to be more acéurate than previous
values.v This has the effect of allowing‘qualitative agreement

to be obtained With the measured cross—éections for the ‘7Li(p,Yl) s
1°B(d,a)BBe and °Be(d,t)®Be 'réactiéns; involving re-interpretétibn
of one of the peaks seen in the (d,q) reéction. ‘It also impfoves
the agreement with caléulated values of the excitation energy

difference for the 3+, T=1 1levels of 8Li and °®Be

The fits and predictions ére by no méans peffect. The
discfepancy in the 7Li(p,Y) cross-section can be reduced by using a
smaller chgnnel radius, say a, = 4.0 fm, vwhich increases the energy
of the lower level, but ﬁhe'effeét is too small to remove the
discrepancy altogether. This change in the channel radiﬁs does not

produce significant changeé in the fits to the phase shift, the

o
1

V01 . Part of the discrepancies may be due to the data, and part

. cross-sections for the other reactions, and the values of E and

may be attributed to the use of the two-level apﬁfoximétion and of

the two—stéte isospin mixing model for describing the 3" doublet,
thus.ignoring effects of other 3 1évels;‘ If the restrictions of -

this model as embodied in equation (29) .were not imposed, then one
»cbuld probably improve the agreement in most quantitiés by reducing

the width of the lower level and increasing the width of the upper
level. Without this model, however, we could not havebcalculated the
various reactibn crosé-sections since the Y—réy reduced width amplitudes

and the feeding amplitudes would not be obtainable in a simple way.
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CHAPTER IV

[sosPIN MIXING IN THE
7.12 MeV StaTe oF 160

A. THE 7.12 MeV STATE OF !®0

: The>l— state of 160 at f;iZ MeV is mainly a T=0 state of
the lowest shell model‘configurétioﬁ, with one hole in the 1p shell
and one particle in the 2s or 1d shell. But the heasured lifef |
“time (Ajzenberg-Selove 1977)'and more recently‘the destructive
interference in the experimentalAelecfro—excitatioh of the 7.12 Mev
state (Miska et al. 1975) show that it has some T=1 admixture.

. This adﬁixturé is assumed to arise from the five higher 1", T=1
states of the,loweét configuratidn; We do not COhsidef the
17, T=1 states of higher configurations sinée these‘dovﬁot have

large radiation widths.

’ Ellioftband‘Flowers (1957) cqnsidered the isospin admixtures
to the 7.12 MeV state due to thé Coulomb~iﬁter;£tion, calculating
the Coulomb mixing matrix elements of the five 1 , T=1 states
witﬂ'the lowest 'l; , T=0 state. In these mixing matrix elements
the particle hole contribution was calculated using harmonic
vosCillator single particie WéVefunctions and the rest was treated
empirically by lumping‘together the Coulomb closed shell parts and
the Thomaé shift effects. They obtained the mixing coefficients

using first order perturbation theory assuming that the mixing
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coefficients are small. They also obtained the electric dipole
transition width T = 0.1 eV for 1 (7.12 MeV) +v0+ (ground state)
which gives a mean iifetime T of 7 fs; which is in good agreement
with the then available experimental value ofb 3 fs < T, S 13 fs

and the present value of 12 # 1.2'fsv (Ajzenberg-Selovev19f7).
G}ockner and Lawson (1975) treated tﬁe problem with a slightly
different interaction than Eliiott and Flowers (1§57) and obtained
T, = 15 fs. Arima‘et ai. (1975) étﬁdied the influence of different
radial dependence of the single partiéle wavefunctions on the
isospin mixing of the 7.12 MeV state. They found that the use of
harmonic osciliator wavefunctions gave the corréct sign of the |
relative phase of the amplitudes of Té 0 énd T=1 parté of'the
state,rwhereas-the use Of‘Woods-Saxon‘wavefunctions gave an opposite
sign to the sign determined by electron SCatteringAexperiment. It
has been suggested'by Barker (1976) that better agreement with Woods-
Saxon wavefunctions could be obtaiﬁed if a diffefent criterion were
badopted for ;hoosing‘the potentiai depth. Heil and,Stock.(1976)
investigated the problem using the continuum shell model and stated
that any reliable explanation of the properties of the 7;12 MeV state

in '%0 has to take the continuum into account properly.

‘Ohe way to take pfoper account of the continuum is to use the
Bloch‘operatér'technique (Lane and Robson 1966) which has been applied o
to isospin mixing of pairs 6f states (Barker 19785. This technique
accounts for the isospin mixing, considering both internal and
external mixing, where the internai mixing arises from the Coulomb

interaction of all the pairs of protons and the external mixing
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arises from contributions from nearby '°0 + n and !°N + P
channels. We have extended this method (chapter II) to account
for the mixing which involves more than two states and applied it

to the mixing of T=1 states in the 7.12 MeV state of 160 .

B. EXPERIMENTAL DATA

The méasured valué of the lifetime of.the'7.12 MeV - state gives
information about the intehéity of the T=1 part of the state and
thé’electron scattering about fhe values of both the T=0 and
T=1 amplitudes. The experimental data weré represented convenienfly

by Miska et al. (1975) in terms of parameters AO ; A, and ¢ ,

1
~ which are the magnitudes of the coefficients of the amplitudes of
the T=0 and T=1 parts.Of the form factor and their relative
sign respectivély. The values obtained by Miska et al. by fitting

the electron scattering and lifetime data are Ao = 1.97 £.0.04,

AL = (1.05 % 0.05) x 107% and ¢ = -1 .

C. ISOSPIN MIXING FORMULAE

For the 7.12 MeV state, the five ’T=v1? states are far away
(the nearest Being at 13.1 MeV) and their effects can be treated

as perturbations, so we write

fa © llJolf ) 4 Yo o , . (53)



50.

which is a particular case of equatioh (2) where X =a ,

Aaok‘= Sk v Ay - o and the Y. are the 1~ states df
good isospin of T=0 and 1 , belonging to the lowest shell
model configuration. The o aré isospin mixing coefficients
(accounting for the amount of T=1 a&mixture to the 7.12 MeV
state) which are small enoughAso_fhat first order perturbation
—fheory éan be appiied to éalculate'them. Using equation (53) and
applying first order perturbation tovequation (9), we obtain a éet

-of equations for o -

Vorrkr = L (BB < ¥y Y0 > K= L5 . (54)

Here Ea is taken as 7.12 MeV, and E?k (k = 1,5) are the energies

of the five T=1 states that wé'consider.b Following equation (10), o

the mixing matrix element is written as
a c a

Vollk‘ - Hollk' * Lollk' s . ' , - (55)

where the internal and external mixing matrix elements Hgllk;
and Liilk' can be written from equations (11) and (12) as ’

C - c - . o . | o |
Hoppe =< Yol MYy > . (s6)

a _ ) _ o ‘ _ ‘
L011,1(‘ = < \Boli i(sa) -& (Slk') l\ylk' > o (57)

Using steps similar to those described in chapter III for obtaining

Loi , equation (57) can be.written



S1.

ollk' ~ Zmmay & ureladuye(al) j’olE £ ik

:
Dels, (e -5 (e, 03] e

A similar procedure gives, for k # k',

<y ¥, > 2}225 (E;ik}éc{k"). .é'uiké(ag)ulk,-a(?c3 f?ke Pz
",[Sl_k(E)f’-slk'(E)] N )

while
<Y lY >t f | ‘ | » o 0y

iD. CALCULATION OF ISOSPIN MIXING MATRIX ELEMENTS

The internal mixing matrix elements ~ given by

Hotae

‘equation (56) are calculated using harmonic oscillator radial
wavefunctions and Standard shell modei teéhniques applied for
the Coulomb interaction. Details. of the calculatioﬁ are

described in chapter Ii. ‘Table 5bshow5 the values of the

intérnal mixing ﬁatrix elements befweeh the 7.12 MeV T=0

and five higﬁer T‘Ql states for different‘ihteractions.

The harmonic osciliator iength parameter is taken to.be

b = 1.833 fm which yields a ground state.radius of %0 of

2.718 fm (Miska et al. 1975).
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Table 5.

Values of internal mixing matrix elements for different

interactions
. _ _ c
Interaction Hollk,(keV) |
' k'=1 23 4 5
Elliott and
Flowers -64.3 19.6 -60.0 4.7 - -8.7
Gillett and - ‘ S o
Vinh Mau - -87.7 . 20.5 -19.7 14 .4 -8.3
Harms C : ' :
(Green potential) -85.5 -15.7 32.6 0.8 . 0.6

. a .
For calculation of Lollk' and <:w1k|wlk'>> given by

equations (58) énd (59) fespectively it is convenient to use the
channei labels such as ‘E = 325 , ‘Where - % énd ‘J "are orbital
and total angular momentum éf the nucieon in the channel. The
labels J include posifive and negative parity levelsAof mass

15 nuclei, i.e. lp'-2h ?andA l1h states. The 1h states are the
L~ ground states and the ¥, éfates at v 6 MeV excitation.

The spectroscqbic amplitudes _j‘51~?kE for fhese»sxateé.are obtained'r
from the same shell model wévefunctioﬁsbwhich>are used in caiculating
the internal mixing_matrix elemgnts Hgllk' . Among the positive
parity 1ev¢15 we consider only the Lt and 3§+ states at abouf

5 MeV éxcitation, since the dominant‘contribution;comes from the

%" ground state. For the % and % stafes we approximate

them by assuming that their only A = 14 parent state is the

lowest J=0 , T=1 state. Details of this approximatioh and the

evaluation of spectroscopic amplitudes are discussed in Barker (1978).



In the calculation of U (ag) , the chaﬁhel energies depend
on both k and & . We have used the wavefunctionsvobtained for
a Woods—Saxonvpotential with standard parameters'(see Chapter TII)
and with depths adjusted to make the logarithmic derivative equal

to §Tk(c) at r, = aE . Table 6 shows the various contributions

illk*. for a channel radius of 4 fm. The spectroscopic

to L
amplitudes are calculated using the wavefunctions of Elliott and

a -
ollk'

channel radii for the same interactions that were used in Table 5.

~Flowers (1957). Table 7 shows values of V for.différentr

To obtain the values of <:Wlk|wlk‘

quantities involved which are similar to those in equation (58)

> given by equation (59), the

are calculated in the same manner as described above, while the

)
1

the energies of the T=1 states.

values of (E k—Egk,) are taken from the calculated values of

In order to solve the equations (54) for o we still require

o —
1k

E, .. We have taken_Eg1 = 13.1 MeV from

o =.
- E11 (k =-2,4) from

the values of E

, experiment and the energy differences Eik

the calculated values, since the experimental energies of the higher

T=1 states are not known accurately. The values of the Oy

a

o11k' 2and

depend on the channel radius due to the dependence of L

<:W1klwlk'>> on the channel radius.

53.
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Table 6.

Contributions ‘to Lgllk' for channcl radii 4 fm. Calculations use the shell model

wavefunctions of Elliott and Flowers (1957).

: — _
kgL Zflzlé ?k'E ﬁ: ERFICHEFCRIEEN GO RN CRD RO
J C(keV) : (keV)

1 Yoo 0.7509 1331 - -0.2142 -214.14
RV .0.0041 744 20.1592 0.48
o 0.3100 455 -0.1377 - 19.41
% 1 0.0010 ‘ v . ' 0.06
% 0. -0.0918 914 -0.1333 . ] 11.19°
¥ 2 0.0235 514 : -0.1099 - 1.33

| | Total -223.15

2 Y,oo -0.0410 1487 , _ 13.06
o2 -0.2174 929 - ’ : 32.15
! -0.0187 546 . - o 1.40
AR 0.0043 EL 3 | . - 0.32
%0 -0.0380 - 1043 . - 5.28
% 2 0.1190 585 | - 7.65

. Total 43.92

3 Hhoo 0.1111 . 1424 ' ' © -.33.89
o 2 0.0173 1072 , - 2.95
%o 0.0659 687 " S 6.23
AR 0.0040 o o - 0.38
% 0 0.4740 1200 - 76.39
% 2 0.0103 661 o - 7.48

f " " Total -127.32

PR A 0.0976 1342 o - 28.05
uoo2 -0.0696 ' 1162 - ‘ 12.87
VAN 0.0466 - 788 R e - 5.05
st -0.0105 oo ' | ' 1.4
%0 0.1415 1269 , - 23.94
Y2 ©-0.2386 747 ' 19.58

o - ’ Total - 23.45

5 %o -0.0103 1217 l 2.68
Vo2 0.0796 . 1261 ‘ - 15.97
VAR -0.0080 880 T ' ' 0.97
%51 0.0016 0 | o - - 0.19
Yo 0 -0.0884 1245 - 14.67
2 0.0953 . 854 ; ' ’ , - 8.94

' Total - 6.81
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Table 7.
Values of Vé?lk,(keV) for the different shell model interactions
. . ' a
aE(fm) Inteéraction , Vollk,(keV)
' k'=1 2 3 4 5
-4 Elliott & Flowers -287.5: 63.5 -187.3 -18.7 -15.5
: Gillet & Vinh Mau -366.4 57.9 - 53.4 13.4  -20.2
Harms -(Green pot.) -356.5 -54.1 54.7 -27.3 -15.4
5 Elliott § Flowers -174.6  43.3  -126.8  -14.3 -10.4
Gillet & Vinh Mau -223.5 "39.8 - 33.6 8.3 -14.2
Harms (Green pot.) -217.3 -36.7 36.7 -16.3  -11.9
6 Elliott & Flowers -113.7 - 31.0 - 88.8 - 3.8 -9.4
Gillet § Vinh Mau- -148.0 29.6 - 25.0 11.4 -10.8
0 33.1 - 6.8 -4.7

Harms (Green pot.) -144.0 -25.

E.” COMPARISON WITH EXPERIMENTAL VALUES

In order to obtain results that can be compared with those of
Miska et al. (1975) we need expressions for AO and A1 in terms
of the isospin mixing coefficients o, . Miska et al. fitted their

data with a form factor for the transition between the 7.12 MeV

state and the ground state of ;50._'

[F@ ] = |1a,a°b°/4v10+¢A, V2qb(1-q7b78) Jexp(-qb%/4) 1], (61)

obtained by assuming harmonic oscillator single particle wavefunctions.

Here q is the momentum transfer and b is the harmonic oscillator
~length parameter. To obtain a comparable expression for the form

factor in terms of our parameters Oy we write

F@) = (¥ lolv) o RN (73]
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where Wo , the ground state of 189 belongs to the closed shell
configuration, Wa is given by equation (53) and O 1is the
electromagnetic interaction operator causing the transition, which

is defined as
A B
0= ) €.e , , (63)

with  €i as the charge of nucleon in units of proton charge. We
assume harmonic oscillator single particie wavefunctions as did
Miska et al.- (1975) and expand the basis states in the LS coupled

representation

Tk

v = 1 obkasvensn) i N (D)
. 2SL _

where % is the orbital angular momentum of the last particle
assumed to be either 0 or 2 and S and L are the total
spin and orbital angular momenta of the 1” states. With .Wa

given by equati@n (53), equation (62) becomes

5 . ' :
SORT IR S ®
k=1 :
wheré'
»’ ig°b> .1 2 .1 2.2 | NP
M01 = -27g~'[b0(001) + ;g-bo(ZOI)]exp(-q,b /4) | (66)

since the state wol is assumed to be non-spurious, and

My =.;%%§.[(1-q2b2/4)5§(ool)+/S(1-q2b2/10)b?(201)]exp(;q2b2/4) . (67)
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By comparing these equations with equation (61) and dropping terms

of higher order in o, we obtain

k
) 5 K K _ - :
oA, =7%'k21 o [by (001)+/5 by (201)] . | (69)

Thus the coefficients A, and ¢A1 are expressed in terms of the
o and b?(QSL) , both of which - depend on the shell model

interaction assumed.

- The value of AO'.given by equation (68), calculated using the

1p - 1h wavefunctions of Elliott and Flowers (1957) with WO as.

1
the lowest nqn—spuripus étate for a Rosenfeld intéraction with
Vc>= 44 .5 MQV and with b = 1.833 fm as used by Miska et al. (1975),
is A = 0.942, which is much‘smallér'than the experimental yalUé'

of 1.97 £ 0.04 . Other interactions of Gillet and Vinh'Maui(1964)
and Harms (1968) give‘stili‘smaller‘valués ofI.AO' as shown in Table
8. Although Elliott and Flowers (1957) wavefunctions were 6btained
by elimination of the 1~ , T=0 spurious state, other authors
did not éliminate spurious state, so we have uééd fheir published
eigenenergies and eigenfunctions to eliminate the spuiibus state,

and_take Wol as the lowest non—spurious'state.

"~ Table 8.

Values of A0 for various interactions

' . Elliott & Gillet §& "Harms . a)
. tal
_ Interaction Flowers Vinh Mau (Green Pot.) Experimen a.‘
A, . 0.942 0.826 0.846 1.97 *+ 0.04

a) Miska et al. (1975).



58.

Values of ¢Al given by equation (69) are also calculated
using the same interactions that were used .to calculate A0 . Since

the ak'-dépend on the channel radius A, also depends on the channel

1
radius. We find ¢ = -1 which agrees with the experimental value,
Values of A bfor Elliott and Flower; (1957) (EF) interaction
together with these for Gille; and-Vinthau (1964) (GVM) interaction
afe shown by solid curves in Fig. 9, as functions of channel fadius.
 Values for the interéction'bf Harms (1968) lie betweeﬁ these two
curves. The dashed curves in Fig. 9.represenf‘fhe values of _A1
calculated assuming that Wlk are’orthogondl. It can be seen that
this approximation becomes'more accurate for the larger channel
radii, which is to be expéctéd. Theihatching.in Fig. 9 represeﬁt;
the experimental value of Al. withkgstimated uncertainty. The

best value of. A, for Elliott and Flowers (1957) interaction is

1
obtained for a channel radius of 4 fm as‘0.65 X‘10;2which is

-about 56% of the experimental value. Valﬁes of A1 obtained for
the ihteraétion of Gillet'and Vinh Mau (1964) seem to agree betfer
with the experimental value; for a channel radiﬁs 6f,4 fm

.A1 =,1;0,x 10f2, which is inVVery good agreement wifh ;hé
experimental Valué. This shows. the dépendepce'of- A1 on the choice

of interaction.

F. DISCUSSION

Values of - AO obtained for various interactions are about
half of the experimental value {Tabié 8). This prbblem has been
discussed by Arima et al. (1975) who suggested that a’posSible

explanation may be obtained by including 3hw components in the



Fig. 9

by assuming the approximation that the WT

Values of 1000 Ai Aas a function of channel radius a .

Solid curves give calculated values obtained by solving‘

equation (54), and the dashed curves givé values obtained

are
k

orthogonal. The experimental value of- A, with estimated

1

uncertainties is denoted by hatching.
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7.12 MeV state. Heil and Stock (1976) have supported this suggestion.

To investigate the dependence of A1 " on fhe interaction we .
consider the contributions of various terms in the expression for
Al (equation 69). Table 9 shows these for two different interactions,
Elliott and Flowers (1957) (EF) and Gillet and Vinh Mau (1964) (GVM)

. aﬁd for a channel radius of 4 fm.

Table 9.

Contributions to 'Al

EF o GVM
K e 5(0ol)+v56K(201)]  (1000A.) o, [(bX(001)+75bX(201)] (1000A.)
k. oy b 04 I 1 0A,)
1| 0.0475  0.310 - 6.01 | 0.0614 0.431 10.80
21-0.0083 0.313 -1.06 | -0.0070 0.252 2 0.72
3| 0.0140 0.121 0.69 | 0.0053 0.353 0.76
4| 0.0019 2.00 1.55 | -0.0003 2,02 - 0.25
5| 0.0012 o1.33 -0.65 | 0.0011  -1.25 - 0.56
Total 6.54 S Total 10.03

It is clear from the above table that the main contribution to A1

is from the lowest T=1 state at about 13.1 MeV. This ‘is partly
.due to the dependence of o; on the interaction dnd partly due to

the dependénce of [bi(ool)+/§b}(201)] . &1 is larger for the GVM

interaction than for the EF interaction since both Hc “and La
. E S olll olll

and hence Villl (equations 56, 57 and 54) are larger for GVM than

for EF and this is due to the expansion coefficient  bé(o11)-

which is larger for GVM (0.555) than for EF (0.330). Similarly
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[bi(ool)+/5b1(201)] is larger for GVM than for EF and this is

- mainly due to the larger value of bi(ool) for GVM (0.596) than

for EF (6.419). Thus it seems that fitting of the experimental

data availa@le for the T=1 state at 13.1 MeV should give some
information about the suitability of the interaction for.thé present
problem. By fitting the observed radiative_Width of F?z'l(El) = 35 eV
(Ajzenberg—Selove 1976) for this state to the ground state_of 69 ,
and allowing for the appreciable isospin’mixing in the pair of 17
states at 12,4.and'13.i MeV , we obtain a value of

[bi(ool)+¢$bi(201)] = 20.28 . This is closer to the value of

[bi(ool)+¢§bi(201)] for EF interaction than for GVM interaction

' " (Table 6). This suggests that the intéraction of Elliott and

Flowers (1957) is more appropriate than that of Gillet and Vinh
Mau (1964), but it is not clear why the former interaction cannot

account for the experimental value of A, whereas the latter

1.

interaction could.
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CHAPTER V

IsospiN DisToRTION IN Low-LYING STATES OF

‘_ 3¢ anp 12N

A. LOW-LYING STATES OF '3C AND 3N

Fig. 10 shows the low-lying sfates Of, 3¢ and _13N that we
have considered here. Nearly 30 years ago, Thomas (1952) summarized
the then-known properties of the low-lying %, %¥, %~ and 3&+
levels of the mirror nuclei IISC and !3®N , and used the nuclear
reaction theories of Wigner‘and 6thers to give a consistent account
of them. Since that time, more experimental data conéerning these
1evels and detailed shell'model descriptions of them have become
available. Some of this new information is not consistent with
-Thomas's #ssumptions or predictions;b it fhus seems éppropfiate
to re-analyse the available data and compare:the resuitant parameter

values with shell model calculations, to see if a consistent overall

description is possiblé.

~The data fitted by Thomas (1952) included level energy
diéplacements and widths, and nucleon scattefihg and captufe CYOSsS-
sectiOns.:,Thomas (mainly) used a one-channel approximation, describing
the '3C and !°N levels as a single neutron or-pfotbh outside a
12¢ ground-state core. Except for the %+ levels; he aléo psed a
one—levei approximation. The one—ieﬁel approximation was not

sufficient to describe the data on the %+ 1eveis,'and Thomas



Fig. 10 Low-lying energy levels of 3¢ and '°N and El

transitions between them.
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included the effect of higher 5" levels by'hsing the representation

of Feshbach et al. (1947) for the 1ogarithmic derivative function.

We prefei to use the formalism of standard R-matrix theory
(Lane and Thomas 1958) rather than that of Feshbach et al. This
enables the description to be made in terms of constant parameters
v](eigenenergies EA and reduced width amplitudes Yic)' instead
of an energy dependent quantity ~Z(E) , which is enly restricted
to be a monotonic increasing‘functien of E -alfhough it is
anticipated fo have a fairly smooth energy dependence. The values
of these and other constant parameters '(;Ltif , the internal
transition moments between states i and f) fequired to fit
ethe experimental data can‘then be eompared with Velues calculated
from tﬁe nuclear shell ‘model. Thus as in chapter IiI the R-matrix
treatmenf separates the problem of relating experimental daﬁa and
models into two parts, data to parameters and>pafameters to models.

In practice the separation may not be complete, since restrictions
on the number of parameters used to fit the data may be based on
model arguments, or the values ef some_parameters that are not well.

determined by the data may be taken from model calculations.

.In Thomas's best fit to the available dafa, the reduced width
for fhe channel 12C ground state + p-wave nucleon was greater
bywa factor of aboutrtwo in the excited %  states of the A=13
nuclei thah\in the %  ground states. Recent'e*perimental'values,A
however, as well as shell model calculatiens; suggest that the
facter sheuld be about 1/3. ‘Also,the width of the %+ fi}st
excited state of !°C has recently been measured éndvis.about
l/4»of the value predicted by Thomas's parameters. - This small

+ - i s .
width makes the strength of the % - % El transition in 13¢
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less than one half of the corresponding strengthvin 13N , although
charge—symmetric forces would require such strengths in mirror’nuciei
to be‘equal. Shell mooel descriptions do not support the one-channel .
approximation‘for some of the low—lying levels of '3C and !®N s
and‘it seems that a more general description is needed to explain

-the different strengths of the 5" >4 transitionms.

Another obvious evidence of depaitnre from charge symmetry is
the 720 keV difference in energies of the %f first excited states
of '3¢ and !°N, the~originaliand most pronounced'exampie Of,‘
the Thomaé—Ehrman shift,. Thomas calcuiated only -two contributions
to such-level displacements, from-the different external wavefunctions
in the mirror nuclei and from the electromagnetic spin-orbit
interaction; we'include many other contributiona and also do not make ~

the one—channel approximation. Thomas used his fits to the level
displacements in obtaining beat values ofAthe level parameters; we
obtain the level parameters by fitting other data and use them to
»predict the level displacements. We do not attempt to fit the
- level displacements exaclty sinoe‘we do not include tne effects of

any charge-symmetry-breaking potential in the nuclear forces.

Theiexperiméntal data that aré fittéd in order to determine
valuea of the parameters. EA > Ve ‘and,bLif are~given'in the nent
section. Not included are other data that do not.yield direct
information about thése paraméters, such as Mi matrik‘elements and
log ft valnés, which are discussed‘by Cohen and Kurath‘(1965); The
relevant R-matrix formulae and fits to tno’data are made in sectiont
C. Intsection D,thé'resultant'parametef values are compared with

shell model values and with values deduced from other expefimental
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data. Coulomb displacement energies are calculated and compared
with experimental values in section E. A discussion of these
results and comments on earlier partial fits to the data are

given in section F,

B. EXPERIMENTAL‘DATA

Experimental values of quantitieé relating to the.lowést four
levels in each of !3C and !N ére taken ffom Ajzenberg-Selove
(1976), unless anofher reference is given. The relevant part of the
energy-level diagrams of 13C and -1?N is given in Fig. 10. ‘This
shows the energies of the levels and the El transitioﬁs that we

consider.

Values of‘the fitted quantities are,éollected_in Table 10.
These are-grouped acCording to the J" values of the levels
involved. Colgﬁn A gives the values that Thomésk(1952)vused, column
A Bbfhe presenfly édopted-values and ‘column C the values thaiﬁed in our
best fits. -Of the qﬁantities fitted, Eb and E? are the‘energies
of the '3C and 1-3N"/;,+‘1evels,'measured from the threshold of the
izC ground;state channel. The Scattering 1engfh ag and
effective range T -

0

neutrons on ‘2C . The T° and F$ are total and radiative’

are obtained from the scattering of slow

widths in the c.m. system (the significance of the superscript,
o , denoting observed width, is discussed in section C); The
GHY' and GPY are integrated cross-sections for the reactions -
12 'y 13 12 13y

C(n,y) "°C and C(p,Y) "°N . We comment here only on the

adopted values that are not given in Ajzenberg-Selove (1976).
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Values of quantities related to lowest levels of 3¢ ‘and 3N

Relevant-J7T

*

Exact fit.

value Quantity - A B C‘
Lt ' - : *
4 E, (MeV) -1.85  -1.858%0.001  -1.858

*
E_(MeV) 0.42 .0.421%0.001  0.421
. . %
a_(£m) 6.11 ©6.142%0.0012 6.142
- ‘
T, (£m) 12.9-3.6 3.42%0.1 3.42
T(13N) (keV) 35 3342 33

15> (%0 (eV) 0.43+0.04 0.472

onY(thermal)(mbj ©1.8-3.5 2.31%0.21 2.36
0y (Bp) (D) ' 125%15 102+8 97.1
Oby(Ep=120 keV) (nb)  0.61%0.09 0.61%0.09 0.607
o (E_=604 keV) (ub) o 2.17¢0.19  2.03 -

pY P | I

3 r(13N) (keV) 70%10 60%5

3jm ey Lt 0,13 '

s (70 (meV) 3.1+0.3 3.11
OnY(thermal) {mb) 1.09%0.10 1.09
ri(laN) (eV) 0.054%0.014  0.0512

. *

s rO(13N) (keV) 40 5246 52

Sy }F$(13C) (meV) 0.019:0.001  0.019"

A -Thomas (1952).

B Adopted value. _ 7

C Best fits for a channel radius a=5 fm.
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The adopted value of a  comes from the measurement of Koester

and Nistler (1975), who gave a = 6.6572 * 0.0013 fm. In a summary

coh

of previous measurements (but not including Koester and Nistler),
Lachkar (1977) gave for the total elastic scatteringvcross-section

for neutrons on ‘?C the value

o, = (4.725-3.251 E + 1.316 E%-0.227 E9b

where E is the neutron laboratory energy in MeV. From this one

obtains a_ = 6.132 fm and the adopted value of r The uncertainty

0"
attributed to T, is based on the observation that Heaton et al. (1975) -

gave 1, = 3.33 fm. The thermél—neutron cross-sections are obtained
from the values of 3.4 x 0.3 mb forfthe total capture cross-section and
68 * 1% for the ground—stafe‘brénching ratio. Absolhté.valueS'of the :
12C(p{Y) peak cross-section havébbeen giyen as OPY(Er).é 120 ub

(Fowler et al. 1948), 127 pb (Seagrave 1951, 1952) and 125 15 ub

(Rolfs and Azuma 1974). Usingvthé one-level approximation, Riess et

+ -

+%7) = 0.45 + 0.05 eV; taken with the

al. (1968) gave r$(13N,'%

total width value of T°(°N, 5y

33 keV , this gives

OpY(Er) = 92 +* 10 yb. Rolfs and Azumq>quot¢d Yog1>(1963) as giving

a value of 130 # 4 b , :but Vogl's error is a relative error only,
andwhe normalized his cross-section to Seagrave's absolute value. By
averaging the values of Rolfs and Azumg.and of Riess et al., we get
the adbpted value given in Table 10.  We also fit the 12C(p,y) Cross-
section at Ep = 120 keV, which Thomas-éook asibeing»representative‘
of early iow—energy meaSurements. VCross—section measurements at
higher energies by Vogl (1963) and by Rolfs and Azuma (1974) agree
»with‘éach'other (see Fig. 13). We fit Vogl‘s tabulated value at

Ep = 604 keV, renormalized to a peak cross-section of 102 ub.
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Many meaSuremenfg have .been madevof the total width of the
ﬂ{ ‘level of '®N . The adopted value is oBtainéd from én avérage»of
these values, converted ﬁhere.necessary to the c.m. system:
68 * 8 keV (Van Patter 1949), 65 * 9 keV (Seagrave 1951), 53 kev |
(Jackson and Galonsky 1953); 60 keV+ (Armstrong et al. 1966),
60 + 2.5 kev* (Andreev et al. 1973), 54.8 * 11.5 keV (Blatt et al.
i974) and 60 £ 3 keV "(Rolfs and Azuﬁa 1974). In order to obtain the
radiative width for the %6'+'%+ trénsition in '3C ‘we use the most
recent branching ratio of 0.75 * 0.04% tWarburtoh et al. 1980). The
earlier branChing ratios available:are 0.65 +* 0.1% (Kane et al. 1960)
and 1.6 * 0.3% (Tryti et al. 1975). For the xédiative width for the
5§'+ %f trénsition in 3N, we use measured values of the peak
cross-section. GpYO(Ep = 1.7 MeV) bf.35 ub (Seagréve 1952) and
37.5 +7.5 yb (Young et al. 1963), and of the Yy > 1 branching
ratio of 8 * 1% (Rolfs and Azuma 1974). vAn eariier value of the

branching ratio is 5+ 1% (Woodbury et al. 1954). It may be noted

These two values of the}ébserved width TI° fare’derived‘from the
published values of the formal width T of 55 and 63 keV respectively,

usingjthe relation (81).

This value is based on the assumption that the published value of

65 % 2.7 keV is a lab. value.
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that the value of 0.04 eV for T$(13N, Y% 4"y given by Ajzenberg-
Selove (1976) is based on the assumption by Young et al. (1963) of a
total width of the % level ofr51;5 keV (labj, corresponding to a

~c.m. value of 47.5 keV.

Ajzenberg-SeIove'(1976) gives for‘the total width of the A
level of 1‘3N,A1“0(13N,'»"5/2-1-) = 47 * 7'keV, which comes‘entireiy from thé
mgasurement of Blatt et al. (1974).,'Armstrong et al. (1966) gaﬁef
f = 74 keV, but actually used.R-matrix,formulae and varied the
~ reduced width ‘(Yza) in fitting their phase shifts. From their
valuesv Yza = 3,55 i,O.iS»MeV fm and a = 4.77 fm,‘we find a formal
Cwidth T = 2py% = 68 * 3.4 keV vand‘anbobserved width I° = 54 + 2.7 keV.
Thus, their value of 74 keV is presumably a value 6f’the fbrmal width. .
Similarly, the parameters of Jackson and Galonsky.(1953)'give r° = 46 kev..

Our adopted value is an average of these.

It is of interest to compare the strengths of corresponding El
transitions in '3C and 3N . The strengths from the adopted values in

Table 10 are given as experimental values in Table 11. 1In this regard,

the value of Op (Er, EPAIN %") corresponds to T$(13N, %+ +L57) =
0.50 £ 0.04 eV.. For charge-symmetric forces, one expects strengths

of corresponding El transitions in mirror nuclei to be equal. It is
'seengfrom Table il that the experimental vélues:of transition*stfengths
in 'C and !N are differentf' These asymmetries are due to the
effect of isospin distortion of the correspondihg states. Several
attempts havejbeen made in the past to explain the asymmetry in the

+ - . . - +
% > % transition. Here we have attempted to explain the % > 1

asymmetry as well as the Lo 1T asymmetry. The calculated values in

Table 11 correspond to our best fits (for 5 fm).
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C. R-MATRIX ANALYSIS AND FITS TO '3c AND !N DATA

The general form of the results of R-matrix theory is based on
physical»principles but not on any'spéciai information or asSumptions
of quantum‘mechanical derivation. As meﬁtioned'éarlier, this enébles
ysvto interpret the parameters such as Yie which are givén a preéise
meaniﬁg as certain types of matriX'elemeﬁts. Thué one cannot only
fit the necessary experimental data in terms of the pafameters of
R-matrix tﬁeory but also can calculate values and properties of these
pafaméters on the basis of some theofy 6f nuclear forces and nuclear
structure. For.this purposé in our work we use nuclear shell ﬁodel

theory.

"1, ’Formulae for Level Parameters

Formulae and notatioﬁ are taken from the paper on the,R-matfix‘
theorybof nuclear reactions‘by Lane apd Thomas (1958) , unless
ofherwise noted. Only those formulae requirgd»for fitting the
present data.ére given, - -

We are dealing with an energy region where there is for each
J" value at most one open channel, the 12¢ ground-state channel.‘
In extracting values of the paramgters ’EA-’ YA; and Jtif from
expefimental daté werassume, as did Thomas (1952), a one—channel
approximation, neglecting the contfibution of all other (élosed)

channels (except in fitting the width of the % level of !3N).

We do not make a similar approximation in relating these parameter
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values to shell model values.. The channel rédius a separates

the internal region (r <a) from the external 6r channel region

(r>a) . Properties of the interﬁal region afe described by an
R-function which, for given J" , is written Rn(J“,E) or ‘RP(JH,E) ,
where the suffices n and p refer to the '3C and '°N system
 respectively, and E is the channel energy. For simplicity Qé drop '
the label J" wunless this could cause gonfusion, and we assume that
a, = ap =a for all J" . Quagtitieé measured experimeﬁtaliy are
exbfessed in terms of the R-functions and certain Coulomb functions
eﬁaluétcd at the channel radius (the penetration facfor P, fhe‘
:4éhift factor S and the hard-sPheré phase shift '—ﬂ), in addifion.‘.
to the boundary-condition parameterlB. .In principle equally good

fits to'the experimental data can be obtained for any.choice‘of B

and for any choice of a (provided it is g:eater than the fange of
_the nuclear interaction). In practice, where a one- or two-level
approximationlis made, some choiéeé of a may be better than ﬁthersj
the quaIity of fit is still independent of’the choice of B, althOugh';

‘the resultant parameter values will depend on B (Barker 1972).

PR - + ' »
For each of J =% , % and %  we assume a one-level

_approximation-
R_(E) R /(E. -E) CR(E) - 2 J(E. -E) . f70)
Ry(E) = ‘YIn E1n 2 p( ) = Yip/ Byp8) ~

We use B = S_(E. ) and B_ =S (E, ) so that E._ and E, are
n n- In P P 1p _ :

In 1p

just the observed enefgies of the levels as obtained from Fig. 10.
The Yin and Ylp are treated as adjustable parameters in fitting

the El transition probabilities.
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i + s . .
For J =% , a one-level approximation is not sufficiently

accurate, as Thomas (1952). pointed out, and we assume a two-level

approximation
2 2 2 2
Y Y ' Y Y
In 2n - 1p 2p
R (E) = + > R(E) = g—f * 57— (71)
n Eln-E Ezn—E P Elp E | EZP-E

The level 1 is associated with the low-1lying %+ level (ét 3.088 MeV
in  '3C and 2.365 MeV in 13y, while_the level 2 represents a

background due to all other % levels. .

The energy Er of the %+ level of 3N is taken as the energy

at which the resonant nuclear phase Shift'for_scattering of s-wave

protbns on !%C passes through g~ . From

' R_P .
= - p . ;
GP (E) = arctag T—E;@%:B?_ - ﬂp s : . (72)

we therefore obtain

. 1 ,
R(E) = —rrcr . : : (73)
pr) T S E B - |

Similafly from the formula for the manyélevel density of states

function (Barker 1967) applied to the %  states of *3C, the

energy E_ of the bound ' state of 3C is given by
RE) = (74)
n- b 'Sn(Eb)—Bn

. The effective range expansion of the phase shift for scattering

of s-wave neutrons on ‘2C is
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k cot Sn(E) =-al 4T K™+ e, | - (75)
where k is the wave number (k2 ='2ME/h2 , where ‘M is the
reduced mass). Taken together with the R-function expression for

the phase shift

..kaRn
dn(E) = arctan TTRE ka , (76)
n n :
this gives
‘a -1 ‘_- : | ‘ :
Rn(O) = ( a2 Bn) s 7 (77) .
s o o
aza2 | 2 T -
LRty =M sopl2ay 2y Oy (78
dE n *“ ) 2 2 a - 2 a
‘ E=0 h* (a-as) : s a_

The left hand side of equation (78) is just the zero-energy value
of the quantity [—Yi(E)]-l , defined in equation (IV.2.8) of Lane

and Thomas (1958)

dR(E) ;-1

C2 2
YI®) = REE) [

, | o 79)

which is independent of the value of B .

" The observed width of the %' 1level of 13N can be simply
éxpressed in terms of Yﬁ(Er)" by assuming that Pp and ,¢p are.
consfaﬁt over the width of the level and Sp is a’linear'function‘
of E ; then if the obéerved width I° is defined as the diffgrence

greater than or less than the

in the energies at which 6 (B) is %

resonance value, one has
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L o dS_(E) 2P (E)
R Y AE) Pr __P T (3

- P r . (o)
B<E_ ‘_ dE r

Ht
"

! 2 . : 2 , '
We note that E is the value of corresponding to B =S .
. Vo ( r} °of vy ponding p = SpEL)
With this choice .of Bb , equation (80) can be written
0 T

0= — , | ¢ B
1+Y], S (E )/dE . :

where T = ZYip p (E ) is the formal width. .It is the observed width

rather than the formal width that approx1mates the full w1dth at half
maximum of a resonance peak, which is usually quoted as the experimental

width of a level.

Restrictions on the %+ level parameters are then obtained by
substituting from equatibn (71) -into the equations (73), (74), (77),
(78) and (80), and fitting the experiméntal data .on the %' levels in

Table 10.

2. Formulae- for Capture Cross-Sections. and El RadiatiVe Widths

In order to discuss the transition probabilitieé, wevnow
_éonsider formulae for the cépture ﬁross-sections and El radiative
Widths. In,their'seqtion‘XIII.S,.Lané>and Thomas (1958) dealt with
the inclusion of photon channels in the R-matrix theory and showed
that photohs play a role in nuclear reactions similar to that of .
‘heavy particles. One difference is that the external region may
contribute to the electromagnétic transition matrix elements;
Thomas (1952) showed the importance of such contributions in the

case of E1 transitions in !3%¢ and !3N . Thomas used a one—channel
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approximation to described the internal as well as the external region.
Lane and Thomas argued thét even in many-channel casés; the externalv
transitions are significant only in channels in which there are
incident waves. We also assume this, limiting external contributions
to the !'2C ground-state channci alone, with the extension‘that for
transitions between bpund states, we also.include contributions from
this channel only.‘ In cases of rédiative transitioﬁs in which a one-
lével approximation is assumed for_the initial‘state, or tﬁe initial
state i; bound, we consider'fdrmulaebfor the radiative width; in

other cases for the capture cross-section.

For simplicity we first assume the one-channel approximation
for both the.internal‘aﬁd external regiéns. The El capture cross-
section in either iaC or !°N ,- from én initial éontinuum state
i to .a final bound state f , each witﬁ definite J7T .Valﬁes;
cah be written tRolfs 1973)7

ey _ _2TM z | N2, 2 ey
UY(; £) = h2k§ (ZJifl)fifI {)rui(?)uf(r)drl / {iuf(r)dr , (82)

where

e2 EL3
= —_— 1 . B bl/‘
£ ¢ 13 e G (21100|£f0) U (10 2550.0) (83)

[N RS

1

Here - Jq and lq (q=i,f) are the total and orbital angular

“momenta of the state q and uq(r)/r is its radial wavefunction.

The long: wavelength approximation for the El operator is assumed,
and the spin part of the El opérator is neglected (Blatt and Weisskopf

1952). The normalization of the continuum state is such that
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u, (x) = Fy (r)coss, + Gg.(r)sinéi | , (r>a) - (84)
i i

where -FQ " and G2 are the regular and irregular,Couldmb functions
i B | - N ‘
and S, is the nuclear phase shift for the state i , which is

given by a formula such as (72) ori(76), in terms of R-functions.

In order to obtain a formula for the radiative -width of the
transition i > f , 'we then use the one-level approximation (70) for
the R-function and équate the resulting expression for OY with the

one-level form of the cross-section

' L2 .'
2J.+1 C(2yiP) T (i)
. i . :
o, (i6) = 5 — e (85)
2 2 T 2 . T »
where Y stands for Yln(Jil) or Ylp(Jil) as appropriate, and
m Ll ; i '

P. stands for P (J.l) or P (J.l) ,- etc.
i n i : pi

Holt (1978) et al. have éhown thaf‘the elements of the collision
matrix can be separatéd iﬁto.internal and channel contributions while:
the channel contributibnvmay again be separated into resbnant and
non;resonant-parts; and only the iﬁternai contribution.and the
resonanf part of the channel contribution should be considered
when equating wifh;the one level formula (equation 85) to obtain .
TY(}+f)-. For this one has.to take u, of thé form of an outgoing

wave such that

ng(a)cosdiaeGl.(a)sin6i

: _ i A . |
U3 (), = NORERMO) (6, (I*1Fy O]

(x>a) ,  (86)
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The form of equation (86) makes it obvious that ui(a) is the

same as in equation (84). By using the relation

2 u

2
R, w@o -
Ma v f u?(r)dr’ ‘
o & .
Qe obtain
EGoD) = £l x| Y R e v (88)
Y ©Uif 0 i £ r: 0 i 0 £ .

This is a formula for the formal radiative width, since the shift
factor ‘Si is included explicitly in equation (85). The observed
rédiative width is given by (cf, eqﬁation (81))

T (i>f)

r$(1+f).= (89)

1+Y§d51/dﬁ

‘For an El radiative transition between two bound states, one

has (Blatt aﬁq Weisskopf 1952)
ro(isf) = £, | fmr w. (t)u (r)drlz/[fwuz(r)dr'fpuz(r)dr] 00y
y A AR ,Uilper ) e (1)drl,

which can be written in the form of equationsk(88) and (89), Since’

) 2 2 ‘
[ u(r)dr = (1+y° dS/dE) [ u“(r)dr o o (91)
0 ' 0 o ’

for a bound state (Lané and Thomas 1958).
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A formula for the cross-section for El'capture from one
continuum state to another continuum state has-been given b} Rolfs
and Azuma -(1974). When one notes that the quantity [ entering
their expression (16) for the cross—éeetiqn is the observed width
of the final state, and if one makes a one—level-approximation for
“the initial state, one finds that the formal radlatlve width is of

- the form (88) except that f (r)dr is replaced by

O -
(1+Yf ds /dE) f u (r)dr (for a bound state f , these are
0 o]
identical because of equatlon (91)) and f T U, (r)uf(r)dr is
0
replaced by f T u, (r)uf(r)dr . Thus an expression for the

0 : :
observed radlatlve width, valid for the states i and f being

either bound or continuum states, is
. * 2
| |/ x v, (Dug(r)dr] |
ro3inf) = £, . — S — . ()
Y if 2 2 a, a,
(1+y] dS,/dE) (1+Y§ de/dE]{}ui(r)dr{)uf(r)er

Some authors (Christy and Dﬁek 1961; Tombrello and Parker 1963) have
o ' .

Teplaced. {)ug(r)dr in equation (82) by faui(i)dr , which is

equivalent to omitting the factor >1'*Y§ d;;/dE in equation (92).

»The normaiization giﬁen in equation (82) isialso used by Thoﬁas

(1952) and Lane and Thomas (1958), although we.ﬁote tﬁat in his

actual fitting of the data, Thpmas replaced his factor N by 1 ,

thus effectively using the normalization of Christy and Duck.

As in Thomas (1952), we separate the radial-integrels
occurring in equation (82) into internal and external parté, by
introducing the dimensionless internal transition moment jiifr-and ,

other dimensionless quantities
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a C
o gi(r)uf(r)df

M1 0
) 1 a

if o a A, N 2 ” (93a)
[[ ui(r)drf ui(r)dr)?
0 1 0 £ |
0 . [ /fa 2 'Vd ]% o ey
q - uq(a) ,Za ()uq(r),r S | | B (93b)
Jig = ;%'far Wy W), w (1) = u () /g (2) . 059
and
Nq =1 + Yq dSq/dE - - , (934)_

Then, by making use of equation (91), equétion (82) can be written

32 :
' 2mM a'u;(a) w“
o (i~f) = (27, +1) £, |Ji +26,0 | 9
e 25 if T2 2Nf6 fJ £

The additionai factor of 2 in the §xterna1 contribution in (94)
relative to Thomas's formuia (40c) is due to the additional factor

of % in the definition‘of Bq‘_in eqhation’(QSb).A'This is int%oduced
in order fo retain the usual relationship between the."eq .énd the

reduced width amplitude Yqv (Lane and Thomas 1958)

. (h?/Ma?y? 0, - S - (95)

In a similar way, equation (92) can be written

2 | L
r, o) = £y N N, IJA zeiefJif‘z - N CO)
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Now we drop the assumption that the internal region éan be
described in the one-channel approximation.  Since wé still assume
~ that the éxternal contribufions come fromvthe 12g ground-state
channel élone, the form of equations (94) and (96) is unchanged,
‘but the definitions (93a,b) of .bLif and eqf 'a;e changed. Shell

model formulae for 'LLif and eq are given in section D.

In’fitting tﬁe-experimenfal'data on capture ;ross-Sections aﬁd
radiative widths by meansvof equation,(94) and‘(96), we treat the
'Quéntitiés ,LLif ané eq a5‘paramet§rs, pthef quantities being
calculable in terms of the known asyﬁptotic.fbrms of the radial
wavefunctions. Among the latter quaAtities are the>radial integrais'

J.. . The u.(r) for r > a , which occur in J. 7, are eithef
if q — . ' if

bound-state wavefunctions, determined by the binding energy of the
state, or continuum wavefunctions given by equation (84) or'equation
(86) initerms of the nuclear phase shift »6q . This phase shift

is required only for J" =yt

or % (see Fig. 10); for the %
case Sq is needed only on resonance, Whgre it has the value

g—— ¢q , while fof the %+_case‘ 64 is given by eﬁuation (72) or
(76) in terms of the level parameters of the %+ 1eveis.“The
integratioh in Jif can be pgifdrmed analytically for the 13C
cases and numeriéaily for the !°N. cases. For the 3% -1
trénsitioﬁ in 1-3N , there is the pfoblem that both the states -
i and f beiong fo the continuum,.sd'thét the integral cannot

be evaluated in a straightforward manner. Faessler (1965) and Rolfs

‘and Azuma (1974) have shown how the_Ehrenfést theoremf;an be used to
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evaluate .the integral+ in such a case wﬁen the limits of integration

are 0 and <« . The method involvés use of the Schrodinger

equation for the initial and final radial wavefqnctions, infegration

by parts, the assumption that the'integratéd parts vanish both at the
upper and lower limits, and Zf =-£i't.l which holds_fof‘El transitions.
We have used the same method to gvaluate the integrai from a to =
that occurs in Jig s the only_differencé is that the integrated-

parts do not now vanish at the lower limit. We find

. 0o

‘J? f rwi(r)w§(r)dr ;=
a a o
2 e w(muE) p2 ul(a)ub*(a)
5 o U P - W mee
ME ©  a ujlajugla u; (@)ug(a
- L2 ul(a) ul*(a)
a : h* i £
+ § [EY+{Ri(2i+1)-£f(Zf+1)} o ]_[}ui(a) Iy
- L[E(i)-E(f)-2H (a)-{ziczi+1)+zf(2f+1)} — 1}, (97)
: . ‘ 2Ma

where Hc(r)- is the Coulomb potentiél, E(q) ié the energy of the
state 'q and EY'= E(i) - E() :' The right hand side of equétidn
(97) depends only on uq(r)‘ for r>a. >Since' HC'(r) « 72 ,
the iﬁtegral on the right hand side of (97) can be evaluated

numeérically.

This method works only for the integralb fr ui(r)uE(r)dr‘, which is
obtained after the long wavelength approximation has been assumed,
and justification of this approximation is difficult for an integral

that is not convergent.



3. Fits to Data

The R-matrix formulae discussed so far are now used to fit
the experimental data of Table 10 in order to derive values of
the parameters ‘EA , XAC (or yq) and'-ALif . _Written more

_ . » LT i : (il R |

fully, the;e ari Ekn(J ) or ZEAp(J_)."YAn(J ) or YXp(J')

and .}L(Jil - Jff) . 'We assume that the JLif depend only on
. il ‘ ' :

i

Ji. and Jf ", and do not depend on the particular energies

of the states i and f or on whether the transition is in

13¢ or e\ Then for 3¢, we note .that JA(%% + %) =
JL(/ 3& . In some cases .we consider Gé rather than 'Yq ,

since these are related by equation (95).

a. Detefmination of %+ level parameters;

For the 4 levels‘of 13¢ and !®N  there are five pieces
of data given in'Table 10, buﬁ therformUIae (71) for thé R—functions"
contain eight unknowns. We therefére réduce'the,number of backgrpund
parameters,vwhich we cannot expect to be well determined by thé
data, by assuming that E b~ Elp i’Eén - Eln -and: that ng = Yo, »

2
provided that Bp = Bn = B, say (thisvmakes the'quality‘pf‘fit

dependent on the choice of B, since Yip #'Yin , but this
dependence is not-significant for reasonable values of B) . We.

also téke E2n = 10 MeV; varying this value does not change
significantly any of the résults, except the value of an . Thus
for”giveh values of a and B , the remaining five adjustable

parameters E R

2 : .
In and You ca@ be determined.

Table -12 shows the values of the five parameters obtained by fitting
the best experimental values given in column B of Table 10 (called

the standard set). These five parameters are obtained for a choice
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of B=2S8 (Eb) ;  this choice.is‘not most appropriate for the
velues ef Elﬁ and Yip for which B = Sp(Er) is more
appropriate. Changes in data allowed by_the'experimental
errors do not change fhe parameter‘values appreciably; a change
of E, to 20 MeV doubles the values of yg (see Teble 12) .

‘Fig.~ll.shows the values of Yiﬁ for B =S (E and Yip for

B
=*Sp(Er) as functions of a . As a decreases, the values of

an decrease and become ,negative,fof a<4,2 fm so that the.

solutioné are inadmissible; for a = 4 2 fm, a one- 1eve1

. . ‘ + L '
approximation for the %  states therefore gives an acceptable

fit to the data.

-Table 12.

Values of % level parameters (in MeV) for a=5 fm and B = S (Eb)

.,

. Parameter Set | Eln - Y1in Elp : Ylp : Yon
Standard - . -1.858 . 0.802 1.053  1.115 - 0.915
Modified

r, = 3.33 fm © -1.858. 0.899 1.039  1.063 1;440
CTO(*3N) = 31 kev -1.858  0.802 0.981 0.987 0.915
- B, =20 MeV -1.858 0.816 1.048 1.095 1.986

b. Fits to El transitions
The formulae (94) and (96)'for the El :capture cross-sections and
.

. . . ‘ ) - - ; +
radiative widths involve parameters for the % , %, %  and s&

. . e +
levels and internal transition moments Jiif . Values of the %



Fig. 11  Values of the reduced widths Yin and Yip’ for the %+
: 1evels as furctions of the channel radius a , obtained

by fitting data. in Table 10. -
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level parameters are known from the above fits. Thus in formula

: . . . + - - .
(94), which is required for % to % or to % transitions,

84.

the value of ei is obfained from equations -(95), (79) and (71),

while ui(a) is'obtained from equation (84) or (86) with Gi

| given by (72) or (76) together with (71). For the levels with
J" # LY the levelvenergies afe known, s0 one is left with the
‘adjustable pa?ameters ‘Yq = Yké '(or,exc) for these levels aﬁd

the ,LLif-. Because of the scarcity of data we take 6, ~and

elp as being related but not necessarilyvequal. We use the

shell model expression for the 6 (equation (104) below) and

Ac

. 9k ':p% : , t6
assume JPln =T p but allow uy (1) anq ulp(r) to be

different by taking them as-Woods—Saxon>wavefunctions with

appropriate boundary conditions. Then. elp

sufficient accuracy as a multiple of eln by -

&P = 1.0270 - 0.02817a + 0.01017a” , for & states,
In - ’ _

-0

6 | o |
1P = 1.1109 - 0.08950a + 0.02265a° , for ¥ states,
1n K ' . - ’

and only Gih -and Jiif are adjusted. Thgy are chosen to

minimize the quantity

R | . 2
VC_alC (1) —Vex’p (1)

: N

1
X = 53 .Z
1:

1

where Vcaic(i) , V (1) and €(i) are the calculétgd and

exp

experimental values and the error df_the quantity i , and. N

may be expressed with

(98)

(99)

: (100)'

data
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are fitted.

+

=
Ny

> % transition

Let us first consider the 5ty ‘transition. The experimental
data available are the radiative width F$(13C) , thermal neutron
;Cross—section GnY . thé resonance c?éss-section QpY(Er) and the
b"cross section; OPY at Ep‘=‘120 and 604 keV, For these five pieces . -
of data in Table 10 involving transitions between-the %+A and %
levels, the best fit vaiues of Gln(%—) > ‘JL(%+.+-%_)' and ‘xmin
‘are shownbin Fig. 12 as functions-of  3 . It is seen that the best
fits occur for the smaller valﬁes of‘ é , those for a 5‘6 fm
being regarded as accgptable. Vglues'for.'aA='5 fm are given in
column C of Table 10 and in Table 11. Reééohab1e1Changes in the
data in Table 10 involving the 1* levels and the %+ + 1
transitions havellittle effect on either'the values of‘thé‘parameters

or theiquality of_fit,'except that smaller values of Xoin 2re

6btained if F$(13C, %+ + %) is increased or GPY(Er) is decreased.-
Table 13 shows the values of jti,' 6 and Xmin obtained by fitting
the best experihental values given in column B of Table 10 (called

+

‘the standard set) together with varibus‘change§ in the % and

(%+ + %) transition data for a channel radius of 5 fm.

The values eln(%;) and JU{%+>% %‘) in Fig. 12 do not
agree with the values Thomas (1952) obfained,:which correspond to
region I of his Fig, 6, but do ‘agree with his altérnatiye solution
in region II  (see Barker 1961). Thomas's preference for region I

was based mainly on his study of the displaceméntswof éprrespondingl
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Fig. 12 Values of /i_eln(% ), ME + %) and X ., as

functions of the channel radius a ,. obtained by least

squares fitting of data in Table 10.
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levels in 13¢ and 3N (see section E). It is our_inclusion*
. . B L S . :
of the radiative width of the % state of !3C in the fit that

excludes parameter values corresponding to region I,

Amoné the fitted data are the IBC(p,YO)laN cross-séttion at
three energie; (Ep = 120, 456 and‘604 keV). From the paramefer .
" values we can calculate the cross-section at other energies. ‘fig.:
13 shows the calculated cidssésegtion for a =75 fm , 5t0gether;
withvthe renormaiized experimentéllboints‘of Vogi (1963) and of.
Rolfs and Azuma (1974). (The R01f$ and Azuma Values were deduced
from the S-factors given in ?ig. 5 of Rolfs and Azumarand Fig. 4
of Fox et al. (1975), since accurate»vaiués could not be obtained
from.the 0° and 90° éXéitation functioﬁs plotted by Rolfs and

Azuma). The agreement seems.to be reasonable.

The 12C(p,YO)”N reactién is the first member in the CNO 
cycle and its cross;section is therefore of interest at stellar
energies (Ep ~ 20-50 keV). The»usual astrophysicél S-factor is
deduced frbm the experimental cross-section through the relation )
(Burbidge et al. 19575 | |

S = Bc;m}g'exp‘(21rn)‘ ‘» »’ | (1Ql)

iwhére n is the Coulomb parameter and Ec.m is the projectile .
‘energy in the c.m. system. The value of S at Ec n = 25 kev
has been given as S = 1.33 £ 0.15 keV.b . (Hebbard and Vogl 1960)

and 1.45 + 0.20 keV.b (Rolfs and Azuma 1974). Since their
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Fig. 14 Values of Gln(35') , % > %) and X in @S

functions of the channel radius a , obtained by

least squares fitting of data in Table 10.
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Table 14.

Values of (%+ < %7 trahsitionvparameters for a=5 fm

Parameter Set : - - M 6 xmin'
Standard 0.101 0.178 - 0.042°
Modified r, = 3.33 fm ~ 0.098  0.178  0.054
(" data) . TO('°N) = 31 keV 0.101 ~  0.178 0.120

E, =20.0Mev  0.101 - 0.177 . 0.045
Modified - F$(13C) = 3.4 meV ©0.110 . 0.179 0.000
(Y5 34" data) 0, (thermal) = 1.19 mb  0.098 0.184 0.003

F$(13N) = 0.040 v 0.101.  0.176 0.591
iii. %'+ %~ transition

+ g - .. '
+~ ¥  transition data.

Finally we discuss the fitting of thé %2
The' experimental data available are the width of the %,  1level in 3N
and the radiative width of the t;énsition (9&+ > %) in 13C .
- We have assumed oné—level, onefchannel approximations to fit the
observed width of the §§+ level in !°N and %his gives-Aelp(7§+)
as a fuﬁction ofb a . From thiS‘va}ues‘of BlnCWEf) are obtained.
and”ﬁsing the values of. Gln(ik') from the previous fits the

méésured value of F$(§b+ +~ %) in 13C is fitted by adjusting the

parameter ,LL(3§+ +~ ¥%7) . Fig. 15 shows the values of an(75+) and



Fig. 15 Values of eln(5/2+) and /u,(s/;-»' 3/2') as functions of
the channel radius a , obtained by fitting data in

Table 10.
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- B
the two solutions for j%(%& -> i@ ) as functions of a . The two
solutions arise since we find the amplitudes M > %y from

the intensity r$(5§-+ %)

c. Fits to % data

In the above fits to data,.thé observed width of the %
second excited state of 13N“was not fitted,>due £o the expected
importance of 12¢ éxcited-state chénnels. In the one-level,

many-channel approximation, the observed width is given by

o 2 . 2 :
T° 2 g Pg/[l-f zzch ds /dE] (102)
where
2
2 u_(a) . :
2 _h c . ' :
Yic © 7ma fzc a > (103)
, ~ 2
f uc(r)dr
0" o
and jFlC‘ is_the spectroscopic factor (see section D). ° The

"~ subscript c =g indicates the.,lzc- ground—state~chénnel,‘which,
is thé only 6ne'open,»and the sum over c¢ -includés all open and
closed channels. For c¢ # g, we usé vglues éf Yic obtained
from calculated Value§ of Jplc (for the POT interaction of
Cohén and Kurath 1965). Then the value of. Yig‘_in equatidn (102)
is adjusted fdr each value of a in ordér to fit the measufed ,
value 'fo(l3N, ?{) = 6d +5 keV_(see Table 10). Table 15 gives
the shgll moael valueslof jPlC for the mbre'important excited-
state.channeis, and the corresponding yalﬁes ofb Yic dSC/dE for

. . . . . 1 - 1
a few values of a . The resultant values of _f fg = [;Plg(a& K
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Table 15.
‘Calculated quantities entering the expression (102) for the

observed width.of the 3%  state of !3N

. . ~ds
| Channel c¢ "jic Yic'7ﬁ§ k

E_(MeV) JT ' a=4 fm  a=5 fm a=6 fm

4.44 20 1.143  0.250  0.093  0.036

12.71 10 0.206 ~ 0.015 0.003 0.001

15.11 11 0.803  0.046 ~  0.009 - 0.00l

16.11 21 0.120  0.006 © 0.001 0.000

are shown as a function of a by the dashed curve in Fig. 16,
the uncertainty being of the order of 5% due to the experimental
error in I° . There is good agreement between the value of

3

1 ' . L
jplg obtained in this way and that obtained from fittihg the

% © 4% transition data (see Fig. 16 below).

id. Isospiﬁ distortion in 'léc and 13N tranéitibns
‘Frbm the least square fits aiscussed so far we can find various

transitioh'strengths for 3¢ and 13N, ‘Table 11 shows the
asymmetry between the Elrtransifions in- 3¢ and 3N obtained

from the fits of the properfies iﬁvdlving »%%, %_ and %"

jstates; These asymmetries are due to the isospin distdrtion

effects of these states. Values‘giveﬁrin Table 11 are in Weisskopf
~units (1 W.u. = 6.376 Ei eV,‘with E.Y in MeY}. - The agreement
between the observed and calculated values is reasonable. We shall
discuss these asymmetries in detail toéethcr with ‘the explanations

given by various authors in section F.
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D. LEVEL PARAMETERS FROM SHELL MODEL CALCULATIONS AND FROM

OTHER EXPERIMENTAL DATA

We now compare the pafameter values obtained from fitting the .
experimental data with those obtained by using shell model |
calculations. Among‘the parameters for which we have obtéined values
are the reduqéd widths an and Yip for thé %+ states, diménsionless
reduced width amplitudes 'elh for the % 72-band .3&% states and
the internal transition moments ,th%+ -5, ji(%+ + ¥%7) and .

Jl(§§+ ~ ¥%7) . Values of ‘exé ~are also available from single partiéle

transfer reactions, which are not considered in our earlier fits.

‘1. Description of the States and Spectfoscopic.Amplitudes

General formulae for calculating the reduced width amplitudes

for a level A and channel ¢ are given by Lane (1960)}

> ¢

‘eAc = 1

a | ,
y 2 > g
cu (@l {) us(r)drl® , . (104)

where GAC is the<dimensionless.reduced width amplitude (defined
. ) _ _ :

in equation 93b for one channel), and »j’fé is the spectroscopic

amplitude. Thé négétive and positive parity states are treated

separately.

a. Negative.parity states
'_»For the hegétive (normal) parity A=13  states, we use the
L-S coupling representation in the lowest (ls4 1p9) configuration

v (M) = ] a([MTSLI) ¥(1st1p? [AJTSL M), (105)
ATsL S T o
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or -4 for '3c and '°N respectively,

_j’Z
I

+
Ny

J=% or %, and [A] is the orbital symmetfy. For describing
the channels consisting of an A=12 nucleus plus a nucleon, we |
need the A=12 wavefuncfioné;’which we take to be nofmal—parity
states of the lowest configuration |

y a([A]TEEJ) W(ls lp [A] Téi MT . (106)
J

Fdfrthe present purpose, this description is required only for the
12¢ ground and first excited states (T==NH,=0 , J=0or 2) ,
but a more general formalism is needed for use in section E. The

spectroscopic amplitudes are given by

2 = fR0M, I

=Y a(ANsLY) a(nﬁsm)j”f([msLMTJ,tX]TsiMTJj)‘,'
[AISLIAISL- v

(107)
where

‘,_f;%[XﬁSM%JJXNSM%JD

- TIEMTMT MTITMT) < 1p [A]TSL{llp [X]TSL lp >

' _ N SLJ
[(2J+1) (2j+1) (2S+1) (2L+1)1* L1 , (108)
SLJ
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involving a Clebsch-Gordan coefficient, a fractional parentage

coefficient and a 9-j symbol. The label j 1is here the angular
. 1

momentum of the odd 1p nucleon. At present jpfc is required

only for the !?C ground-state channel, for which j=J .

~b.  Positive pari£y stafes

For the.positive (non-normél) parity | A=13 states we use the
jj  coupling representatlon where the states are obtained by
coupllng a 2s or ld nucleon to a ‘core which is either the 0"
ground or 2+‘ first excited state of ,12C and then

antisymmetrizing (Barker 1961). The states are written as

¥y (") = _Z b(133) ‘P((JJ)mrJ) | O (109)
. Jj , -

wheré T and MT are as before and J=% or 5@ ; The J in
Y ,fefreseﬁts the core states le(ooj)' of equation (106) Qith
»3=O or 2 only, and j is aﬁ_abbreviation for n&j , with
nt=2s or 1d . We omit other basis states that are included.
“in some of the more elaborate shell model calculations for the
A=13 positive—parify states'(e.g. Jﬁger et al. 1971); Fof

simplicity we take WIZ(OOJ)' to be the LS coupled stafe with

S=0 and L=J . The spéctroscopic amplitudes are given by

Jf " MT,JTMTJ) b(ﬁJJJ)G(T O)a(MT 0 . (110)
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2. Values of the Spectroscopic Amplitudes
a. Experimental values
We consider ché spectroscopic amplitudes ’jy?g for the level

labelled A=1 and for the 12Cvfground-'state channel labelled
Vc= g . The experimental values ofv jp?g, for the vdrious values of

J" are obtained by making use'of equations (95) and (104). The
wavefunction ug(r) (uc(r) of equation (104)) is taken as a
wavefunction in'a'Woods-Saxcn potential with conventional parameter _5
lvalues To = 1.25 fm and a =‘0.65>fm', and a uniform charge
distribucion with radius 1.25 fm ,‘thebdepth in ecch case Being

chosen to fit tﬁe observed separation energy for a wavefunction

with the correct £ value and the appropriatc number of nodes. We
.also assume that f’?g > 0 and ug(a) >0 which is cdnsistent’w;th
“the poéitive values of GA;"aésumcd in section C.3.

b. ‘CAICUlated values

The calculated values of j’?g are obtained from equations

(107), (108) and (110). The assumptions j’?g >0 and ug(a) >0
imply a certain sign convenfion for the shell model states which

must be retained in calculating the valucs of 4lLif ‘(sub-section 3).
For the hegative parity stdtesishell model -values cf -flg are

given by Cohenrand Kurath (1967) and by Varma and Coidhammer (1969)5
For the positive parity levcls'we give‘only two sets‘of values; ‘thcse
~of Barker (1961) represent weak-coupling calculations, while those of"
‘Jééer et al. (1971)‘afe from complete calcﬁlations_within the space cf
all 1hw excitations. These values are givén in‘Fig; 16 and in Table

16. Other calculated values are not essentially different from these.



Fig. 16

: : 1
Values of the spectroscopic amplitudes fﬁfg as functions

‘of the channel radius "a , for levels with the J"  values

indicated and for the '2%¢C grouhd-state channel. The
solid curves are experimental values aeriVed from the fits
shown in Figs. 11, 12, 14, and 15. The dashed curve is
obtained by fitting F°(13N,7ﬁ_). ﬁsing equation (102).
Calculated shell modei values are indicated aléng the
drdiﬁate axis, with labels C (Cohen and Kurath 1967),
V  (Varma and Goldhammer 1969), B (Barker 1961) and

J (Jiger et al. 1971).
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c. Comparison between experimental and calculated values
1
of Jffg
The curves in Fig. 16 show the: exper1mental values of jﬂlg
plotted as functions of a | wh11e ‘the calculated values which
are iﬁdependent of a, afe indicated on the left. There is
reasonable agreement between the calculated and ekperimental

values.

+ . ' 1 L
For the ) case, the experimental value of prg obtained

from the best '13N(proton) data is'sdmeﬁhat different from that
obtained frem 13C(neutron) data, but equal values can be
‘achieved for a < 6 fm when allowance is made for the experlmental

uncertainties in ro and F (13N 5t )

The experimentaldvalue for the %&~ case agrees better with
j the shell model value of Varma and Gbidhemmer.(1969) than with

v thet of Cohen. and Kurath (1967),‘suggesting that'the former
gives a better description of the %" states. It may:be
mentioned here that assuming theainterection>of.Goldﬁammer et al.
(1968) which 1nc1udes two body and three body matrix elements

we were unable to reproduce some of thelr values for the eigenenergies.
We have also calculated the spectroscoplc amplitude Jpl ( % )
using ‘Goldhammer' sllnteractlon and it does not agree»wlth the
values given by Varma and Goldhammer‘(1969), and it is even
higher thanithe values given by_Cohen and Kurath (1967). ‘However,'
the valdes of j’%g(%@T) ,ebtained by fitfing the observed Qidth

(section C) agrees reasonébly'with the experimental values.
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d. Values from DWBA calculations
Analysis of single-nucleoﬁ_transfer reactions by DWBA or an

equivalent formalism provi&eé values of the spectroscopic factor
j’lg . Some of these values are collectéd in Table 16. It is
seen that they vary widely, particularly for the excited 13¢c
and '®N states, and in general their agreemént‘with the
£heoretical values is much poorer than that indicated in Fig. 16.
It is interesting to note that the récent work of Franey et al.
t1979) on the 12C(17O,150)13C reaction, élthough it does not
quote a value of jplg(%_) as suéh, bbtains results in éxcellent '
agreement with the 12¢(13¢; 13y 12¢ ~ study by Gubler et al. (1977)
whose valuevof fzg(%_) in Table 16 whibh COrreSponds to

;f ?g(%—)l= 0.90 is in good agreément with the éxperimgnfal-

~ values in Fig. 16.

3. E1l Transition Moments

Now we require a shell model formula for JLi which appears

£
in equations (94) and (96). Theuradiative width for an El transition
from a positive-parity bound state i given by equation (109) to a

negative-parity bound étate‘ f given by equation (105),is(B1att ,

and Weisskopf 1952)

Tf;(i+f) = %Tl (%) |<Ji||Q1HJf>|2 o (111)
where‘
R ' . »
Qyop 5-.2 S - T30 1) Yy (9) . (112)

i=1



" Table 16.

Spectroscopic factors of

and '°N low-1lying levels
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e TR Hh O L0 O

Glover and Jones (1966)
Schiffer et al. (1967)-
Pearson et al. (1972)
Darden et al. (1973)
Taketani et al. (1968)

. Fortune et al. (1969)

bR aO” o B 3 =R

Gubler et al.
‘Nair et al.

DeVries {1973)
Von Oertzen and Bohlen (1975)
Bennett (1976)

(1977)
(1975).

for '2C -ground-state channels
jV R . A
1g eaction Reference
L 5 % %
Calculated
0.61" , ' 0.19 a
0.56 . ° ‘ 0.10 b
0.97 0.81 c
0.89 0.81 d
Experimental : . :
0.8 0.9  0.26 0.8 12C(d,p)”c e
1.16 : 0.22 : f
0.58%0.15 0.36%0.02 S - " g
1.1,1.4 1.1,1.2  0.10,0.20 1.1,1.4 12C(d,p)”c h
0.53+0.12 2c(d, n) g
. 0.82 : , 13 C(g i
0.7-1.48 0.25 ~0.02 ~0.14 - 12c( He d)‘3N j
0.68 ' : k.
0.52° - ‘13C(d, )‘2c 1
0.80 0.44  0.17 0.74 ‘ZC( L1,5L1)13C m
0.72 . S o 2c(7Li,He)? 3N m
0.25,0.40 - 0.38,0.61 0.23,0.37 2c(!°B,%Be)?? n
. 0.66 . 12C(13C 12C)13C o
0.81 ‘ " P
0.59+0.12 i q
0.81+0.04 2c(13¢,130)%c 1
0.72 . ) 0.57 1ZC(1“ J13N) 3¢ s
40.62 0.09 - 0.49 L2g 14y, 13C)”N s
AReference:
Cohen and Kurath (1965) Karban et al. (1976)
Varma and Goldhammer (1969). Ludwig et al. (1974)
Barker (1961) Zeller et al. (1979)
Jager et al. (1971) Nair et al. (1974)
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Substituting from equations (105) and (109), and making use of the

formulae (107), (108), (110), we obtain

g llellag> = ey (—MT) L. (2;100]10)U(11 %2 JfJU(lafJ 33339 ¢)

1Jf{
f T u (r) JJ (r)dr ,
LM IDNE A Epih S E— E , (113)
1f u 53 (r)dr j u- (r)dr]2 -
0 i

. ) o ) B
where fz(JﬂMr,JOOj) “has been written f 2(J",3j) . With eq
given by equation‘(104)-ﬁe find that equation (111) is of the form (96)

provided that

N

| P2 .
u : o ] uOJ_(r)dr / UoJf(r)drk
(zgloollo)U(llJi%ingf? {)ugJ (r)dr f uOJ (r)dr

.._‘ -]/‘. . " . _..
szjf (gilool10)U(11Ji;,213f)U(13fJiJ,JiJf)

T usz. (1) usg (f)dr
% 350 Wi

, (114)
a @,

fu uj. (r)dr f u (r)dr]

0 ‘31 f

5t 35 PRI L

Thén (114) is the shell model generalization of the one-channel

formula (93a).
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vIn evaluating lLif from equatidn"(114); we make thg
approximatipns that the ujj(r) are haxmonic oscillator single-
~particle wavefunctions unz(rj and that the upper limits of the
integrals in (114) can be extended from a to (cf. similar.
~approximations. in  Chapter II; and assume that the same formula

can be applied to transitions involving continuum states. Then

uo._ 1

- ,. .1/_ . . . —... ‘
Y (zilooi10)U(113f,zijf)U(1JfJiJ,JiJf)

if . . s
(RgIOOIlQ)U(llJié,Qng) Jiig

33,350 £RI,35 .0 X i Lo (115)

A IR A PR Oy noeo o Y

wherg
1. . : '

Sy - S - 16
I, = b, Iy- (iq,b. , 7‘ : (116)

and b is the harmonic oscillator length parameterT.

For consistency with our convention that uc(a)‘> 0 for the
12¢ ‘ground-state channel, we have to choose the sign of uZS(r)
opposite to that in Barker (1961); otherwise our sign conventions .

are the same regarding the order of coupling of angular momenta.
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+ 1~ transition
For this transition equation (115) becomes
- b + bl V_ .
M4y =2 [/(1 09 170,09

f R S R TAR /——_ 730729 2T 2] . ()

/T6

: Lo o R |
Values of f %(J7,Jj) for the POT interaction of Cohen and Kurath (1965)

oL ~ L . » . ‘
and f‘z(J+,Jj) from Jager et al. (1971) are given in Table 17.

Table 17.

. o ' , o
~ Shell model values of spectroscopic amplitudes f’z(Jﬂ,Jj)

J = 0 2

i= % s Yo 5 ¥ %2
JTT
5 0.783 -1.059
Yo~ 10.433 0.910° ~ 0.561
Y 0.943 0.120 0.270
¥y 10.899 0.149  -0.095 -0.373

Using.theseVValues of spectrdscopic_amplitudes and b =

from electron scattering on

obtain -

13¢ (Ajzenberg-Selove 1979), we

1.666 fm,

(118) -
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This value of J@I%+->%—) is plotted as .a dashed curve in
Fig. 17a as a function of a , wh11e the solid curve gives

the best fit velue from section C.

It is seen that there is aéreemenf betﬁeen calculated and

~ experimental values of ;IL(%+ > 47 ,er a~5.5 fm, buﬁ thie
partieular value is probably ﬁot'very significant. The calculated
values are very sensitive to'the»yalues_of 7p%(%+,3j) ; for
exémple they are increased by a factqr'of:l.é if these- qualues
are taken from Barker (196i), and Sy a'factor Qf‘2.3Aif the one~‘:
“channel approximation is used for the %+ level ()p (/ 0%) = 1).
Thus, agreement could be obtained for smaller values of a ; which’

Lo+
é(% ,O%) were

are favoured from the flts in section C 3, if jV
somewhat smaller than the value of Jiager et al. . Additional ‘support ‘
" for this comes from Fig. 16.

+
b, %

> ¥~ transition
From equation (115) we obtain the formula for the %

transition as

M(I/Z*+3/z')=§[f’/2(1 09 f’(%., 3/2)-—— Foe 2%) £ AR, 2

1
2(]/2+

L gt %)f 2 -
5

N 2% L% .2%)] -
v /3 |

(119)

Using spectroscopic amplitudes from Table 17 together with

b = 1.666 fm equation (119) becomes



. Fig. 17 Values of the El interﬁél transition moments XL as functions
| of the channel radius a. , for the transitions indicated.
bThe solid curves are experimental values derived from the
‘fifs shown in Figs. 12, 14 and 15, using the upper solution
in the % + % . case since this gives better agreement.

Thé dashed curves give the calculated shell model values.
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Mt >%T) = 0.288/a | . (120)

Fig. 17b shows the calculated value$ of }L(%+-*%ﬁ-) (dashed curve)’
'together with the‘experimentai values.(solid curve). The small
calculated value of Ji(%+-*3&') lis duefto cancellation‘between

the terms'havingi 12¢ ground-sfafe;as pareﬁt»and those having

12 excited states as parent, being only about 40% of the value

in the one-channel approximation.

- + - .
c. % = % transition
o ' ‘ + ' e e . ..
The formula for the ¥, - 7&‘ transition is obtained in a similar
manner to that discussed earlier. Thus

_b /10
a

W%y = 2028 30 2 7 Ch 0% - L6 29 SR 2

S Lpent e 0« B Sk 202
L R, 2% PR + B PR £
| (121)

giving
M(S/z %) =0.310/a, a2

The small calculated value of JL(?;-*f%f) is again due to the

cancellation between the ground-state and excited state channel
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contributions. Fig. 17c shows the calculated and experimental

values of j,(,(s/z'y > %)

E. LEVEL DISPLACEMENTS OF !3c AND !3N

In Fig. 10 the level energies of *°C and !°N are
adjusted'to make the ground-state energies the same. The actual
binding-energy difference between énaiogue states of the same

J" , known as the Couiomb'displacement energy, is defined by

S N 13y 1Ty _ mel3c 17 ' ‘ '
AEC(J ) M("°N,J ) - M("°C,J }~+'6ﬁp, 5 : (123)

whéfe.'énp: is the neutron—proﬁon mass differenée and all masses

are atomic masses. 6np. haé a value of 782 keV. The .experimental
values of AECA fdf the 4%, %+, ¥," and %" states shown in

Fig. 10 are 3003, 2280, 2330 and 2696 keV fespe;tively (Ajzenberg-
Selove 1§76). The Coﬁlomb displécement energies can be att;ibﬁted

. to ;he electfb—magnetic interaction if we assume charge symmetry

of the specifically nucleér forces i.e.'néutrén;neutron interaction ‘
equalé proton—protoh iﬁteraction‘for the same space séin state.
AEC(JN) would be‘zero if there were no isospin mixing or distorﬁion

of the states involved.
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Thomas (1952) attempted to fit the net displacements of these

s

levels, i.e. the differences of the Coulomb displacement energy fof
each pair of excited states'from that for the.ground-states. _These
are the energy differences apparent in Fig. 10; Thomas considered

" three contributions to the pet displacements, due to the internal
Coulomb interaction, the electromagnétic spin-orbit interaction and
“the different external wavéfunctions in ‘13C ~and 13N .. The last
contribUtién he also called the»boundary—éoﬁdition.ievel displacement.
‘The internal C@ulomb energies were not calculated but were estimated
to vary by nof more than *200 keV in thé différent states. The ofher
fwo contributions were calculated éssuming that each state could be
represented as a single nucleon outside aﬁ inert !%C grouhd—state
core. The depression of the '%+ staté in  !3N relative to that in
iaC Qas attributed mainiy fo-the boﬁndary-condition contribution,

the Thomas-Ehrman effect.

Coulomb displaéément energies‘have been studied in other mirror
systems, and many different cqntributions to them have been considered.
In'a fecent review article, Sﬁiomo (1978) lists and discusses these
contiibutions, in particular for systems with one parficle or one
hole outside closed shells.:. He finds that, in first—or&er perturbafion:
theer, the iﬁclusion‘of varidus:cbrrection térmé»(see'Table 6 of
Shlomo 1978) does not femove'the discrepancy between calculated and
' expérimeﬁtal Céulomb displacement energiesvthat'éxists for the point
'Coulomb interaction alone - this is the Okamoto - Nolen - Schiffer

anomaly (Okamoto 1964, Nolen and Schiffer 1969). Shlomorconsiders
»a139ihigher—orde{ perturbation effects, such as isospin mixing in
the core, and suggests thaf the discrepancy of about 7% still

remaining may, for the lighter mirror nuclei, be attribufed_largely -

to.chargeasymmetryfbreaking nuclear poténfials.
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We calculaté the Coulomb displacement energies for the
13y - 13¢ pairs of states including thé point Coulomb contribhtion,
boundary condition contribution andbcontributions from various
correction terms in the first order perturbation theory.  The
Coulomb contribution to the Coulomb displacement energy is calculated
by assuming the point Coulomb interaction between'protons, while the
boundary condition contribution is assumed to afise from the nearby
nucleon channels. We have neglécted‘higher-order perturbation
effects and the effécts of charge;symmetrY—breaking ﬁuclear potentiéls.
Thus we do ﬁot expect to obtain QUantitativé agfeement With-fhe
experimental values of the levei displacements as Shlomo did. We
have used the>sheli‘mode1 wavefunctions éf Cohen and Kurath (1965) for
the POT'interaction for the negative parity states and of Jager
et al. (1971) for the posifive parity étates, including oﬁly the
12C, o and 27 T=0 states és'coreAstates. »Thé harmonic.
oscillator 1engfh parameter is taken to be b = 1.666 fm as before.
Because of the §Omp1exity of the Wavefunction$>the‘calcqlation of
~ some of the coﬂtribptions is more complicated,than'in the cases
considered by Shlomo. In particular, the boundary ébndition
contribution, which Shlomo (1978) obtained byAtaking the difference
of matrix‘éiements of tﬁe Coulomb interaétion'calculétéd with
harmonié pscillator and Woods-Saxon potentials, is»hére'calculated

uéing the Bloch operator (Bloch 1957, Lané and Robson 1966) .

1. 1Isospin Distortion Formulae for Level Displacement Energies -

The energy of level J" to the first order in the chafge—

C

dependent effects (H- and S, - S )., 1is giveh.by_équation

Mp  pPxP
(19)
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EMT(J“) = Ezl(Jﬂ) + v,le,/zl(J",MT) : (124)

Since all the levels we consider have Tp==% and only one such
level is considered for each J" , i.e. XP ;1', we can drop the

1

subscript %" , as in chapter iII. ‘Then

EMTcJ“) =0T+ Ve . - (125)
The Coulomb displacement energy is given by the ehergy difference

between the cbrresponding levels of_13N and '3C with My = -4

and MT = %_ respectively

1

E (M) 2B, - B WD

i}

(126)

MC™ + L™ ,
where
W™ =<y, - [HE| YT, s> < v S YT, m> 2

is the internal contribution to AEC and

1
2

L™ = <y ",- | L1s. @M} - LEEMHYAE", %> -

<v ("9 | #ls, GIAEETIYGET > 129)

is the boundary condition contribution to ‘AEC .



2. Calculation of Point Coulomb. and Boundary Condition

Contribution to Level Displacement Enérgies

The main contribution to AEC (equation 126) is the
éontribution from the point Coulomb interaction. Detaiis of
the calculation of the matrix elements betWeeﬁ two shell model
basis stateé for the point Coulomb.intéraction is given in
chapter II. Using.harmonic:osciilatbrllength péraméters

‘B = 1,666 fm We calculate the values of‘thé.contribution due .
to the point Couloﬁb_intéraction for the Jn> stateé'we_have
considered. Thesetﬁalues are shown in Table 18 together with

other contributions.

Table 18.
Contributions (in keV) to Coulomb displacement energies

for 13C and 13N 1levels .
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Contribution S JT= 15 ¥ 7,
Point Coulomb - 2023 2835 2936 2713
Boundary condition (a =5 fm)  -130 -626 =215 -215
Centre-of-mass-motion . -84 -67 . -82 =75
Finite size of nucleon 59 - -39 54 ’ 51
‘Magnetic interactions , 48 16 61 -54°
Vacﬁum polarization o 17 13 16 15
p-n mass difference 26 . 36, 26 36
Short-range correlation 59 24 52 30
Total (calculated) 2018 2270 2848 2501
Experimental | 3003 2280 2830 2696

‘Discrepancy 85 10 . -18 ., 195
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For AL(Jﬂ) (equation 128) we ingiude the contributions from
nucleon channels ¢ = Emt , where m_= -% for a proton and % for

neutron. Then
Y™ M> = ul(@"r) £ 2 ™) F s v]» 129
|y Mp> = ue(,r) 20 (TMe-mem, [y - (129)

AThe symbols appearing in equatlon (129) have the same significance
as those’ appearlng in equatlon (39) except that the labels J and MT

. are given exp11c1t1y. Proceeding in the same manner as in equation

(42) we obtain

2 m e Ll
pLE™ = g 2m = vEUTag L™
2 |
~ on— ~ ~ . :
I}[(T%-%—mtmt!%—%) E(J ,cmt);—,(T%%-mtmtI% 192 s, (J ,&m) 1 . (130)
t

Terms in AL(J“) containing §(Jﬂ) cancel. We iﬁclude ;ontributionsﬂ
to. AL»’from th¢~channels involving'.A:=12 lévéls identified as beiong—
'ing to the ibwest shéll‘modei configuration (Coheh and’Kurath 1965),
i.e. the lowest d+,’2+,.and 1* s T=0 state§ of fZC .at 0.0,
4.44 and 12.71 MeV and theflowegtktwo T=1 _s?ates (1" and 2+j of
the 12 12C .and 2N triad (at 15.11 and 16.11 Meviin 120y

The calculatiOﬁ.bf 'AL(Jﬁj is similar tobthe calculation of
Lo1 for ®Be and Lgllk fdr» 16g , aS described in chapters

III and IV. Table (18a) Shows,the contflbutlons‘tob AL(J,) for the

various channels considered aﬁd for channel radii  of 4,5 and 6 fm.
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~Table 18a.
Boundary condition'contributions to AEc (in keV)  for various

values of the channel radius

ay Channel | JTr==’/2~ - 3t Yo~ %2
(fm)
4 0", T=0 -171 2909 -169 =323
2", T=0 -148 -6 "_230 - 31
1%, T=0 - 35 0 - 13 0
1%, T=1 | 19 0 19 0
2", T=1 30 0 2 0
Total -305 915 - -391 -354
N ) - 80  -623 -111 -201
2%, T=0 - 52 . - 3 -105 - 14
+
1", T=0 - 8 0 - 4 0
17 =1 4 0 4 0
2% T=1 6 0 1 0
Total -130 -626 =215 -215
6 0", T=0 - 35 -398 - 73 -120
' 2% T=0 - 17 -1 - 44 - 5
1", T=0 2 0 1 0
1%, T=1 1 0 1 0
2", T=1 1 0 0 0

"»The total boundary condition contributions for.a channel fadius of
5 fm:are also shown in Table 18.' Theléum‘qf_the pbint Coulomb and
boundary‘condition contributions is called AEg, 'which giﬁes fﬁe
main contribution to AEC . Contributions to ’AEC from the

correction terms are discussed in the next section.
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3. Correction Terms to the Level Displacement Energies

Contributions of various'corregfion terms to AEC for
different mirror nuclei have been discussed by mény authors.
Among them, recently Shlqmo (1978) has discussed the Coulomb
energy differences of the T=X% mirfor states of A?=3, 15, 17,
39 and 41 i.e. nuclei with-llp or: 1h outside a closed shell, and
the T=1 ground-states of A=18 and 42 nuciei which are nuclei
with 2p outside a closed shell. ~in this section Wé have
estimated the cdntfibutions of. the correctiqh ﬁerms to AEC of
the low-lying T=1X% mirror states in A =13, which are.not
described: as single'pérticle or hole states felative to closed

shells. '

As in Shlomo (1978) the éoirectibns due to_centre—df-mass motion
and the finite size of the proton and neutron chérge distributions
- are made by changing b , the harmonié,osciilator 1ength‘parameter.
Thé finite nucleon siie also gives an additional cbntribution due to .
the changedAintéractibn betwéen nucleons. - We have therefore cofrected for
~the approximatién that the_eléctfomégnetic interaétion is given by
_ fhe point~CQuloﬁb interaction H® - by taking into acﬁéunt the effect
of the fiﬁite size.of the nucieoﬁ and adding @hé magnetic and vaéuum
polérization terms; We have:also taken into accouﬁt the dypamical
effect of the neutron-proton mass diffefenég,'and’the two-body short -
range cdrfelations.._SOﬁe of the matrix eiementé for various
coriections have been calculated with harmonic oscillator radial
wavéfunctions and some‘of'them have been estimated as peréentages of

the point Coulomb contributions or AEz .
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a. Ceptre-df;mass motion
In evaluating the harmonic oécillator length parameter b ,
for the sheli ﬁodel charge distribution bSM(r) we assuméd that .
the centre of mass of the nucleus (in particular the centre of
mass of the prdtons).cdincides with the centre of mass of the
single particle potential well.-:We used a value of b = 1.666 fm
fdbtained from (Elton 19615

29 _ 2-2 3,2 _ 13,2 | |
Sxivges B e wpt - 2wt (131)

where '<:r2 >’EM '1is‘the TOoOt mean squaré‘(r.m‘s)_radius for'the‘~‘
harmonic oscillator potential well.which we equate to thé
iexperimental r.m.é chafge‘radius <:r2 >'? = 2,45 fm obtainéd'
from 13C(e,e)”C (Ajzenberg-Selove 1976). To take into account '
the effect of the centre of_mass motion of,théfprotons one should

instead use

_ 24 _ _ 2 13 .2 |
<r >I- <r >.SM Y 7 b | o , (132)
With A=13 this gives b = 1.711 fm. The effect of the centre of
‘mass motion is therefore taken to be a decrease of AEz by 3.0%

and this is shown in Table 18.

b. Finite.size—effec£s 6f the proton and neutrbnrcharge 

In calculatihg the confributions due to the point»Coulomb
interaction we have assumed an interaction between point profons.
But cxperiments of‘electfon scattering onbprotoﬁs show thaﬁthe proton

charge distribution is given by (Elton 1961)
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1 -r/a L
P = ——e , with a = a_/v12 , (133)
PC gra’ o P

where a_ = 0.80 fm is the r.m.s radius,i.e. a2 = <:r2 >
P ‘ P pc
This charge distribution of protons affects the calculation ofk'

AEC in two ways.

(i) in the size of the potential well
(ii) in the modification of the interaction between

_two protons at short distances (r < 2 fm) .

Shlomo (1978) has shown that to take account of the charge
distribution of protons the formula for the r.m.s radius

should be replaced by
2. 2 s | | - L
<r >C_ <r >SM+ <r" > . | | - (134)

Lhing,.<:r2:>’f = 2.45 fm as before,equation (134) gives a value
of b= 1.573 fm . As a result of fhis, the effect of the finite
size of the proton is to increase the point Coulombiconfribﬁtion
by 5.7%. Similarly fér thé'finite éize of the neutron the R.H.S

of eqﬁation (134) is replaced by
L2y 2% o2 N 2o 5
= < =<
<»r >C <r >'SM+ T >pc+Z‘ T >nc s ‘(135)

With <r’> = 0.12 fn’ we obtain b = 1.598 fm . Thus the"
effect of the finite size Qf neutrons is to decrease the point
Coulomb interactioﬁlby 1.2%. Column A of_Tablg (18b) shows the
values of the COntributiqns to AEC' due to the effect of”the‘finite

nucleon size on the size of the potential well.
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" In additién to its effects on the size of the potenfial»well,
thé nucleon charge distributién élso modifies the intgraction
betwéen two nucleons. Using equétions (4.12) and‘(4.15) of Shlomo.
we obtain qontributions to AEC due to proton-proton (besides the
péint Coulomb interaction) and neutron-neutron interactions. It may
-be mentionéd hefe that since in '3C and 3N there are equal
,numberé of neutron-proton pairs there is no contribution to AEC due
to fhe neutron-proton interaction. Columﬁ B of Table 1§B shows
contributions to AEé due to the modified proton-proton and ngutron-

neutron interactions. In Table 18 the combined effects due to the

Table 18b.
Contributions to AEC (in keV) .of finite size effects of the

proton and neutron charge

A : ' » B

Level Size of the potential weli Interaction Combined
. Proton Neutron , Proton ‘Neutron A and B
3" C166 . 34 .58 .15 59
o 161 -33 72 17 39
Y~ 166 -34 -62 -6 54

. ,

¥ ' 154 . -31 - -58 -14 51

modification in thc_siie of the potential well and the modification

due to the interaction are. shown.
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(c¢) Magnetic interaction

Now we shall discuss the contribution of the nagnétic
interactions (also known as the relativiSfic elecfromégnetic terms)
to AEc . The contributions from various’terms are Calculated.using
equations (4.19, a—dj of Shldno (1978) and applying standard
shell mndei_techniqués (Elliott 1953). Calculation of these térms
is similar‘to'thé calculation 6vaoulpmb matrin eleménts descfibed
in chapter II, éxcept that the terns containing spin operators -are
more complicated. Table 18c shows~the‘contributions of various
terms to AEC ~due to‘the-magnétic'interactions. Tne tensor term
in-Table 18c for positive parity states vanishes due to the-assumptinn'

" that the core has S=0 .

Table 18c.

Contributions to -AEC (in keV) due to magnetic interactions

Interaction J" =T Py y," 5, *
Orbit-orbit .45 18.9 3.9 . 4.6
Spin-orbit 7 56  -63
Tensor 1.5 ‘ o 0.5 ' 0
pp(r) term | 0.3 3.2 o8 4.3

Total 48 16 - ' 61 -54

In Table 18 the total contributions due to the magnetic interaction

are given.
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~d. Vacuum Pdlariza£ion
Vacuﬁm’polarization is another correction to the elettromagnetic
‘interaction between two protons. - The virﬁual eﬁisSion and absorption
of electrbn-posiﬁron;pairs calculated to lowest order in the fine
struéture ;onstant gives an.additional'repulsivé potential., The
.effect of this is to increase AEz by 0.6% (Shlomo 1978). The
contributions to AEC due to.vacﬁum polafization for different

states are shown in Table 18.

e. Dynamical effect of neutronsprbtﬁn mass difference

In evaluating _AEE we- have assumed the proton mass is equal to
the‘neutron mass. We now corfect this ‘assumption sincé the neutron
-mass is 0.14% greater than the protoh mass.'.Aécording to Shlomo‘
3(1978) this‘chaﬁges the point Coulomb contribution by 0.Q7% and the‘

.confributions‘for various states are shown in Table 18.

f. Short-range tWo—body.corrélﬁtions’

Shlomo (1978) has shown that the main effecf of the $hort-range
correlations is to modify the £=0 matrix elements. In.particular
the ls correlated matrix elements.arebaﬁdﬁt 12% larger thaﬁ the =
correspoﬁding harmonic oécillator’values.‘ With this we obtain the

contributions to AEC as shown in Table 18.



117.

4. Comparison with Thomas's Calculations.

Some comments may be made on the values in Table 18 in relation
to the calculations of Thomas (1952). .Although Thomas did.not‘cqnéider.
many of the terms that give large éontributions to the Coulomb
displacement energies, he did include thoée‘that contribute most t6
the net displacements. He inclﬁdéd the boundary condition contribution
6ﬁ1y for the '2C ground-state channels, obtaining values close to those
in Table 18 except'for‘thé' 23 Stétes.l For fHese, in order to obtain'
a better fit to the net displacement for the B levels, he preferred
‘a solution with a sméll.reduced width of the L~ states (éorIQSpbnding..
~ to ﬁis region I)‘raﬁhér-than the Solutioh wifh larger reduced widfh
(}egion I1I), and so obfained é contribﬁtion»bf ohly -27 keV.. Such‘a
small reduced wi&th is,»howevef,:in conflict with more recent experimeﬂtalv
and calculated.values (see section C.3 and Fig. 16) .- The spin-orbit
contributions in Table 18cvagree reasonably withithe'values obtained '
by Thomas, éXCept for the %@—"states for thch his value was -20 keV.
This disagreement indicates theAdeficiency of Thomas's modél for the

%Q‘_ states of a- p%@ nucleon outside a spin-zero core.

5. Nolen-Schiffer Anomaly

- ..The tdtal contributions to AEC. are'given<at the bottom of
Table 18 for each J" value. The discrepancies between the
calculated and experimental values of Coulomb displacementbehérgies
shown ét the bottoﬁ of Tablé_lS are examples of.the Noleﬁ-Schiffer

anomaly. However it seems that these discrepancies which range from
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-0.6% to 7% of the tot31 va1ues are somewhat less systematic than
the 3% to 9% deviation obtained by Shlomo (1978) for other mirror
systems (see Shlomo'S‘Table 6). A change of #2% in the value of

the harmonic oscillator length parémeter b, thch is allowed

‘by the experimental error in'the 3¢ r.m.s radius, would_change
the-discrepancies by about #2%. There is also a $ensitive dependénce
of our calculated values on the choice of channel radius, since one
of the maih.coﬁtributions‘to'fhé caiculated value is‘the boundary
condition contributioh and this depends sensitively on the‘channel
radius (Table 18a);' If the chénnel r&digs isbchangedvfromrs to

4.5 fm, the discrepancies in Table 18 are changed to 167, 166, 66
“and 267 keV for %, %+, v and:7; states respectively, which afe'
2% to 11% of the total values. - In this regard it may:be méntioned ;
here that thdugh the dependehte of"AL (finally AE ) on channel
radius arises due to thefuse of'BIoch operators, Onekof the main
advantages of fhis method is thaf it allows the use of correct
asymptotic forms of the neutron énd prdtoh wavefunctions. This is
important because of the 1ong-range.§haracfer of tﬁé Couloﬁb forces,
thch give'the main contribution’to’ AEC . Moreo#ér, it has been
obﬁerved‘in the R-matrix anaiysi; (secfion C) that a ﬁalué of
channel radius of about 4 fo 5 fm is feaSonable.f The sensitive -
dependence of AEci on channel rédius in oﬁr calculation is not
apparent in Shlomo's calculatioh where'therboundary condition

. contribution is calculatea in a differént‘way. If,wé'use our
approach.for the .A= 17 céses considered by.Shlomo with his simple
wavefunctions, then we get aéreement with his Béundary—cbndition

¢ontributions of about -100 and -570 keV for: 7z+ and %+ 'states,
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for channel radii of 5.2 fm and 4.6 fm respectively. It may be
mentioned that .these are not valﬁes of Shlomo's Coulomb

perturbation effect, which he refers to as the Thomas-Ehrman effect.

Thus it seems that for reasonable values of the channel radius,
the discrepencies between the Calculated end eXperimental values of
the Coulomb displacement energies for fhese pairs ef states in.’13C
and 3N are not inconsistent with tﬁose found by Shlomo in ofher
light nuclei, and presumably they can likewise be atfributed,to a -

charge4symmetry—breaking part of the nuclear potential.

F. DISCUSSION

We'have attempted to fit: the pfoperties‘of the low-lying‘stetes of
13¢ and. 3N using the R-matrix fhepry of nuclear reactions; Among
the pioperties of these states which show an effect of isospin
~distortion are the marked diffefence in eéxcitation energies of the
l%+ first excited states (Fig. 10) and the very different strengths
of the E1 transition between these 2+ states and the % and- 7?—

statee (Table ll). These differences would not exist if there were

exact charge symmetry of all nucleariforces.

We ﬁave attempted to fit theee.and other‘properties of the %+
and.l/z~ states in a consistent R-matrix description with a two-level
approximation for the %+ ‘levels and a one-level approximainn fer |
the 4 levele, and to relate the resultant level paremeters with
those obteined from shell model caleulations. ’Departures froﬁ.chafge

symmetry were obtained by including effects of the'Coulomb and other
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electromagnetic interactions and of binding,energy differences. An
eXact fit to the % excitation enefgy'difference was nét sought;
since we‘did not include the effects of a charge-symmetry-breaking
“nuclear potential, which is belieﬁeé to contribute to Coulomb
displacement energies in other cases of light mirror nuclei (Shiomo
1978) ; ‘névertheless, the ‘main part of the énergy difference appears
to be attributable to the boundary c&ndition contribution (Thomas-’

" Ehrman effect), as found previously'(Thémas 1952) .

A least-squares fit of all the properties involving the %+ and

L~ states gives a good account of the different El strengths of the

+
1
¢

> %-, transitions (Table 11), with leveliparameters agreeing
reasonably‘With_sheil hodel vaiues (Figs.»IG, 17)._.In pfevious
discussions of the diffefent El strengths; it was initially sﬁggesfed
(Robinson et al. 1968; Warburton and Weneser 1969) that.the asymmetry
was due to differences in the external radial wavefunctions for thé |
»%+ states; which are indicafed by the large Thomas-Ehrman shiff.
However Marrs et al. (1975), using a simpie bneébody‘modelsfor the
1/2+> aﬁd L gtates, with quds—Saxonvwells generating the»radi31 
wavefunctions, found no difference in the strengths of the two -
transitions. . They concluded that simple:binding energy effects'of
this kind cquid-not_explain the laige asymmetff, and that charge-
" dependent configuration mixing was required. Kurath (1975) fook.up this
suggestion and assumed that the expansion coefficients in the description
(105) of the %+ states were different for '3C  and 13N_; the
diffefence being due to their different binding energies. Kﬁrath,l
however, used inconsiétent definitions ofk BtElj in deriving his calcu-
lated and expérimentai‘yalues, The experimentai Values‘he Quotes are ih

units of fm2 . For consistency the factor e2' in his equation (2)
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should then be replaced by (6/13)2 . Fitting the experimental
values then requires o, = 0.99, o4 =0.15 for '°C and
a = 0.99, ay = -0.11 for !°N, and Kurath's argument does not

explain the difference in sign of the o, values. According to

d
Kurath (private éommunication) this difficulty can be overcome by
extending'thé weak coupling model for the . %+» states by a third
cdmponenf{ a d%Q nucleon couple& to the lowest Zf Tf=1 state.

- It is not clear why the expansion coefficients are assumed to be
sensitive té binding energy effects whereas thé radial wavefunctions
are not. Fox et al. (1975) used a coupled-éhannel approaéh, but‘-~
‘this work is still unpublished;‘ In:the preséﬁt treatment, the
source of the different-;trengths is best d15cu$sed in terms of
.equation‘(96), appliéd to the 5 5 transitions in '3 and

13y . .The factor 'fif gives no différeﬁce in the strengths,~which
3' by Ei . »Thé internal_transitign

moment 'Léif is assumed to be the same for each transition, also.

are obtained by dividing T
the factors N and éf for the % state and 6, for the 15
state are approximately the same. The difference comes from the
factors Ni (for'the %+ state)';and‘ Jif ..~ For example, - for

- ' . 13y / 130y o o 13 13, oy e
a =5 fm, one has _Ni( N)/(Ni( C) = 0.66 - and Jif( N)/Jif( C).=2.25.
In order to fit the observed asymmetry, oﬁebthén needs the internal
contributions to be small compared with the»channelﬂcontributions. This .
is as expected from the shell model calculations of Cohen and Kurath
(1965) and Jdger et al. (1971), which predict a small value of iLif

due to the terms involving '?C excited state as parent largely

cancelling the term involving 12¢ ground-state (see equation (117)).



Similarly for the % to % transition the asymmetry
between the transitions in 13C and iéN \could’Be explained -
in terms éf equation (96) applied to the ¥~ to transition.
For this transition‘ N, and 6, for the ¥~ state and o for
the % state are approximately the same and the difference comes
from Nf and Jif . .For examplé, for a>;hanne1 radius of 5 fm..'
Nf(”N)/Nf(”c)='q'.~66 and Jif(laN)’/Jif(léC) = 1.60 - 2.61i.
The observed aéymmetry requires smail-iﬁternal contfibﬁtions‘

which is what the shell model calculations predict.v

In summary, acceptable fits have been obtained to observed
propertiés of low-lying stétes of '3 and !’N, includiﬁg the
asymmetries in the‘excifation energies of the %f states and
in the Elystrengths of the % tolk and ?&{ transitions,
which are indications of isospin distértion in the statés.

 The resultant parameter values agree reasonably.With shell model

predictions.

122.
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