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Abstract

Molecular dispersion spectroscopy for the optical detection, and characterization of anoma-

lous dispersion is a developing field for the interferometric measurement of trace gas con-

centrations. As a phase sensitive detection technique, it eliminates the need for baselining

or normalization of the spectroscopic signal which is typically required for absorption spec-

troscopy methods. Furthermore, dispersion sensitive methods excel at measuring through

high optical depth, where absorption techniques are limited by the exponential response

required by the Beer-Lambert Law.

This thesis presents novel architectures for dispersion spectroscopy using digital interfer-

ometry (DI), a laser metrology technique that enables range gated interferometric phase

measurements using the correlation of pseudo-random binary sequences (PRBS) modu-

lated onto the optical field. This enables rejection of unwanted scattered noise or other

cross-talk down to microradian phase sensitivities, as well as a reduction of optical com-

plexity and relaxation of electronic bandwidth requirements. Firstly, as a proof of con-

cept, a Sagnac architecture is used to demonstrate digital interferometric phase extraction,

achieving 2 × 10−7 rad/
√

Hz sensitivity. Following this, a vapor cell is inserted into the

sensing path, transforming the interferometer into a spectrometer. Using this instrument,

and leveraging the sub-microradian phase noise, a baseband dispersion readout with 77

ppb × m/
√

Hz concentration sensitivity is demonstrated. This sensitivity is possible due

to the inherently matched path lengths of the Sagnac interferometer.

Subsequently, a more flexible in-line technique using a re-entrant delay line is developed.

This creates a dispersion spectrometer which uses DI multiplexing to synthesize multi-

ple sets of matched path lengths and a noise-suppressed measurement, achieving a phase

sensitivity of 8 × 10−6 rad/
√

Hz, corresponding to a 159 ppb × m/
√

Hz concentration

sensitivity. This is a factor of two higher compared to the Sagnac architecture. How-

ever, the re-entrant optical architecture allows integrated wavelength tuning linearisation

as well as greater flexibility in the measurement of spectroscopic samples. Finally, the

thesis discusses ongoing work on extending the optical bandwidth of the re-entrant spec-

trometer, using an optical amplifier to generate a digitally addressable frequency comb.

This has applications in the interrogation of wider linewidth resonance features such as

metasurfaces.
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1
Introduction

The interaction of light with matter is the fundamental principle of spectroscopy. This

interaction can take many forms, including absorption, emission, scattering, and polar-

ization rotation, lending names to a wide variety of spectroscopic methods. Among these

methods, perhaps the most common for chemical and biological analysis is absorption

spectroscopy, due to its simplicity in implementation. In its most simple form, light is

passed through a spectroscopic sample, and then onto a dispersive element in front of a

camera. The resulting spectrum contains information about the absorption of the sample,

as wavelengths that are absorbed will result in fainter pixels on the camera. Plotting the

intensity of each pixel results in an absorption line. This technique was first developed for

atomic spectroscopy in the 1950s [1].

With the advent of the laser in the 1960s, the sensitivity of absorption spectroscopy

techniques was no longer limited by the resolution of the dispersive element, but by laser

linewidth. Furthermore, lasers allowed for higher sensitivity due to a lower shot noise

limit, as optical power is focused in a narrow wavelength band around the absorption line

of interest.

These properties of lasers, along with the ability to precisely control the wavelength, coher-

ence, timing, and intensity of light, has made laser spectroscopy one of the most powerful

tools in the analysis and elucidation of molecular structures. Within the research labora-

tory, this has seen applications in the development and analysis of new drugs, reagents,

and materials [2]. The more recent developments of ultrafast and attosecond lasers [3]

have also enabled the resolution of the dynamics of chemical reactions.

Concurrently, the development of portable, low cost, and widely tuneable semiconductor

lasers has paved the way for applications of molecular laser spectroscopy outside of the

laboratory— in industrial settings [4], as well as remote sensing and astrophysics [5]. In

particular, for remote sensing applications, direct laser absorption spectroscopy has seen

widespread use and development in recent years due to its flexibility and ability to perform

highly sensitive atmospheric measurements of trace and greenhouse gas concentrations

[6, 7]. This is due to its relatively high sensitivity and specificity, and its simple architecture

and setup, which does not require an optical cavity.

Although, broadly speaking laser absorption spectroscopy can be divided into cavity en-

hanced and direct laser absorption techniques, in this thesis, we will focus on a variant of

3



4 Introduction

direct absorption techniques, looking towards applications in remote sensing, as direct ab-

sorption techniques do not require the analyte of interest to be confined within an optical

cavity.

1.1 Dispersion Spectroscopy

Anomalous Dispersion and resonant absorption are intrinsically linked optical phenomena.

Resonant absorption occurs when photons of specific energies are absorbed by a medium,

reducing the intensity of transmitted light and providing information about molecular

composition. Anomalous dispersion, on the other hand, describes the variation of a ma-

terial’s refractive index with wavelength around an absorption line, which can be directly

derived from absorption data using the Kramers-Kronig relations. This relationship arises

because absorption implies energy dissipation, which in turn affects the phase velocity of

propagating light. Thus, by measuring dispersion, one can infer absorption properties,

and vice versa [8].

Anomalous dispersion is a fundamental property of all oscillators, and like most oscillators,

we can construct an analogy using the time-honored picture of pushing a child on a swing.

Every swing has a natural resonant frequency determined by the length of the chain. The

most efficient way to push the swing is to apply force when the swing returns to its highest

position, ie. at its resonant frequency, or alternatively, in phase with the oscillation. This

is when the system absorbs the most energy. We can think of this as the absorption peak

of a molecule.

Pushing the swing too soon (when it hasn’t reached its highest point), or too late is

less efficient, resulting in less energy being absorbed by the system, and less height on the

swing. By analogy with spectroscopy, this occurs on the wings of the absorption line, away

from the resonant frequency. In the phase picture, we can think of pushing the swing too

soon or too late as being out-of-phase with the natural oscillation of the swing. Hence,

we can see that absorption (amplitude) and anomalous dispersion (phase) are intrinsically

linked in any oscillator.

1.1.1 Why Dispersion?

Direct laser absorption spectroscopic methods fall into two main categories, the first of

which measures absorption - a change in field amplitude. A highly simplified model of this

technique for greenhouse gas detection can be described as a collimated laser beam passing

through a spectroscopic analyte to a photodetector. As the laser wavelength is tuned,

absorption lines are resolved as a change in the optical power reaching the photodetector,

and thus the sensor output voltage. These methods have long dominated due to their

simple optical setup and relatively high sensitivity, approaching parts per million in gas

concentration. Unfortunately, direct absorption spectroscopy suffers from some inherent

limitations associated with amplitude measurements.

Chief among these limitations is noise in the power incident on the photodetector. Absorp-

tion spectroscopy treats the instantaneous photodetector voltage as a proxy for absorption

strength, any amplitude noise is directly coupled as noise on the absorption signal. As

laser absorption spectroscopy typically requires the laser to be wavelength tuned over

a nanometer, this typically results in an associated residual amplitude modulation. Al-

though this effect is repeatable and can be calibrated out in a process known as baselining,
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it adds a layer of complexity to the technique. More pernicious is the effect of scattering

or thermal absorption by spurious particles in the beam path. This effect is stochastic and

thus cannot be baselined. These effects occur at relatively slow timescales below tens of

Hertz. Although it is possible to reduce this effect by frequency modulating the laser such

that the readout is moved away from lower frequencies where these noise sources occur, it

cannot be removed entirely.

Another limitation associated with absorption measurements is the exponential decay of

the measured intensity as concentration and/or sample length increases, as required by the

Beer-Lambert Law. At high concentrations, this means fewer photons detected, and lower

sensitivity to changes in concentration, thus reducing the dynamic range of measurement

[9] This instrument error is known as photometric error.

A third and final limitation of absorption spectroscopy is the physical breakdown of the

Beer Lambert law itself, which states that the absorbance is linear with concentration.

However, this is only valid approximations for low concentrations with correspondingly

small absorbance. For measurements where the absorbance is greater than ten percent, it

can be shown using the Lorentz oscillator model of absorption [10] that the Beer-Lambert

law is a first order approximation of a nonlinear function. This also poses a limitation

where high dynamic range is required, as sensitivity at high concentrations is reduced due

to flattening of linear relationship between concentration and absorbance. This further

reduces the sensitivity obtained by absorption spectroscopy at high concentrations, as the

absorbance curve itself flattens.

Alternatively, spectroscopic information can be obtained by measuring anomalous disper-

sion as the wavelength of a laser source is swept across a spectral line. This is because the

molecular resonances can also be modelled as harmonic oscillators, and so must obey the

Kramers-Kronig relations.

Heuristically, we model a simple molecule as two balls and a spring, forming a dipole.

When radiation is incident, this drives the spring system, causing the molecule to oscillate,

and the dipole to radiate. Absorption occurs due to destructive interference between the

dipole radiation and incident radiation [11]. Drawing upon the analogy of the swing, we

can see that changing the incident radiation to slightly below the resonant frequency will

lead to incomplete destructive interference (less absorption), and also a lag in phase. By

measuring this phase shift, the absorption (and thus concentration) can be obtained.

Crucially, since dispersion spectroscopy measures phase directly, it avoids the need to

calibrate acquired spectra for laser intensity fluctuations as the laser frequency is tuned.

The dispersion phase signal is also linearly proportional to concentration, in contrast to

the amplitude based absorption signal, which follows the exponential Beer-Lambert Law.

Finally, it has been proven that dispersion is highly linear with concentration, even for

optically thick samples, where the Beer Lambert Law begins to breakdown and ’satu-

rate’. This linearity has been shown to be preserved until the intensity of transmitted

light through the strongly absorbing sample falls below the shot noise limit [9]. Thus,

dispersion methods circumvent the sensitivity limits of amplitude methods when perform-

ing high concentration measurements, retaining linear sensitivity, and enabling a large

measurement dynamic range.
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A

B

Figure 1.1: In the top panel, a typical experimental setup for Hook Method spectroscopy is

reproduced [12]. A pumped dye laser is used as the light source. This is split by a beamsplitter

into a path labeled G (gas tube) which contains the analyte and a path labeled V (vacuum). The

two paths are recombined with a second beamsplitter, forming a Mach-Zehnder interferometer.

Following recombination, the beam is incident on a grating and viewed on a screen. In the bottom

panel, a spectrogram on a screen from a typical hook method interrogation of mercury vapor is

reproduced [13]. The two characteristic hooks are visible, but the fringes around the linecenter

are not resolved as the rate of phase change (fringe spacing) is greater than the spectrometer and

camera spatial resolution. However, since the spectrometer resolution is known (0.2 nm here), the

linewidth and strength can be determined. Reproduced from Kindel and Adler.
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1.1.2 Early Methods of Measuring Dispersion

The first spectroscopic method to exploit anomalous dispersion, developed in 1912 is called

the Hook Method. Here, a Mach Zehnder interferometer where one of the arms is filled

with an analyte gas is interrogated with a broadband source, and the light from one of

the outputs of the beamsplitter is dispersed by a grating and viewed on an observation

screen, forming a two dimensional interference pattern. At the location on the screen

corresponding to the absorption line wavelength, two characteristic hook shapes can be

seen in the fringe pattern, giving this technique its name. The hook shapes represent a high

rate of change of phase in the vicinity of the absorption line, as required by the Kramers

Kronig Relations. Thus, by measuring the hook separation on the screen, the absorption

strength can be calculated. An example of a hook method measurement is given in Figure

1.1 [12] [13]. Despite the development of lasers and precision spectrographs for use with the

hook method, these methods were still reserved to analyze oscillator strengths of atomic

vapor absorption and emission lines [1], as their precision was limited by spectrograph

bandwidths, and limitations in fringe resolution and counting in traditional interferometric

methods.

1.1.3 Laser Dispersion Spectroscopy

The development of the laser, with its high temporal coherence enabled interferometric

dispersion measurements where phase could be measured directly instead of inferred from

fringe counting. The first such measurement was done by Crance et al.in 1975 [14], using

a Michelson interferometer with one of the arms containing an atom vapor. The use of

a tunable dye laser along with a piezo-driven Michelson mirror allowed for a heterodyne

measurement where phase was measured directly from in-phase and quadrature signals

recorded on an oscilloscope. At the same time, work continued on laser based Hook

Method techniques using Fabry-Perot resonators to enhance the interaction length [15].

With equipment available at the time, these experiments were generally easier to setup

compared to the Michelson interferometer method developed by Crance et al. The first

demonstration of a dispersion spectroscopy technique sensitive enough to measure the

anomalous dispersion around ro-vibrational transitions of molecules was done in 2003 by

Marchetti et al [16]. This was done by counting fringes in the transmission spectrum of a

Fabry Perot cavity containing carbon dioxide. An inherent limitation of the fringe counting

method is a phase sensitivity on the order of radians, relying on the long interaction length

of the cavity instead to boost the dispersion signal.

Chirped Laser Dispersion Spectroscopy

The first family of methods developed to leverage modern interferometric techniques for

directly interrogating dispersion induced phase shifts was Chirped Laser Dispersion Spec-

troscopy (CLaDS) [17]. This technique makes use of a heterodyne interferometer with an

acousto-optic modulator (AOM) acting as an initial beamsplitter. The zeroth order and

the first order diffracted beams function as two interferometer arms. The two beams are

then recombined at a beamsplitter, and then passed through a vapor cell containing the

spectroscopic analyte (nitric oxide). A conceptual diagram of a minimal configuration for

the CLaDS interferometer is shown in Figure 1.2a.

The effect of the AOM shift is to produce sidebands that experience differing phase shifts

corresponding to the dispersion profile of a spectroscopic sample. The resulting differential
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signal is the first derivative of the dispersion curve around the transition of interest. The

amplitude of the signal scales with the magnitude of the AOM frequency shift, where the

optimal shift is on the order of the transition linewidth [18]. This phase shift is converted

to a frequency shift with an enhancement factor corresponding to the frequency chirp rate

of the laser source, and then frequency demodulated using standard RF demodulation

techniques. By encoding dispersion induced phase shifts as frequency instead of ampli-

tude modulation, this technique circumvents noise associated with amplitude fluctuations

either due to laser tuning or the environment. Additionally, the measured frequency shift

and thus signal amplitude is linear with concentration, allowing for greater measurement

dynamic range. In the first demonstration this technique achieved sub parts per million

meter sensitivity in the mid infrared, comparable to the best single pass absorption spec-

troscopy methods, and also demonstrated for the first time the advantages of dispersion

spectroscopy for molecular absorption lines.

Subsequent work on CLaDS has further enhanced the sensitivity by reduction of spurious

noise sources due to parasitic optical fringing [19], as well as by optimization of the chirp

rate [20], bringing the sensitivity to 0.1 parts per million. Spurious noise due to unwanted

molecular species can also be eliminated using Differential Optical Dispersion spectroscopy,

a differential CLaDs setup with a carefully prepared or calibrated vapor cell in the reference

arm [21]. Simultaneously, work has also been done to enhance the signal amplitude. This

is done by using single sideband modulators, which are able to synthesize multi GHz

frequency shifts, optimal for air-broadened molecular transitions. This was first done in

the near-infrared [22], for which single sideband modulators are easily available. Since

SSBs are not available in the mid-infrared, a non-linear difference frequency generation

scheme was used to convert SSB modulated near-infrared light to the mid-infrared [23],

achieving similar 0.1 parts per million concentration sensitivity.

Heterodyne Phase Sensitive Dispersion Spectroscopy

Heterodyne Phase Sensitive Dispersion Spectroscopy [24] was developed as an alternative

dispersion spectroscopy technique with a simpler optical configuration that removes the

need to frequency chirp the laser. In this technique, an intensity modulator is used in

line with a laser to add amplitude modulations sidebands before entering a vapor cell

containing the spectroscopic analyte. As in CLaDS, the sidebands and the carrier expe-

rience differential phase shifts corresponding to the dispersion curve around a molecular

transition. At the photodetector, the sidebands beat with the carrier, and the demodula-

tion of the beat note recovers the dispersion induced differential phase signal. A minimal

configuration for HPSDS is shown in Figure 1.2b below.

Differing from CLaDS, instead of encoding the dispersion induced phase shift onto a laser

frequency chirp, it is directly encoded as phase modulation on the beatnote between the

sideband pair and the carrier. Rather than chirping across the transition, the laser is

swept more slowly, serving only to scan across the transition, without providing a signal

enhancement factor. As with CLaDS, the signal size depends on the separation of the

sidebands, in this case depending on the intensity modulator drive frequency compared to

the width of the transition of interest, typically GHz.

By placing a second optical intensity modulator with a slightly offset drive frequency after

the vapor cell, it is possible to mix the GHz sidebands down to MHz, avoiding the GHz

bandwidth demodulation required in CLaDS without the sacrificing the signal amplitude.
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With this method, HPSDS achieved 10 ppm concentration sensitivity, comparable to that

of CLaDS. This is achieved without the need for GHz demodulation or a fast frequency

chirp. Similarly to CLaDS, this technique has been extended to the mid infrared [25]

using difference frequency generation methods. The availability of intensity modulators at

these wavelengths, along with not requiring fast laser frequency chirping has also allowed

for direct use of mid [26] and far-infrared sources [27], without constructing an in-house

difference frequency scheme.

Applications and Recent Developments

As both CLaDS and HPSDS techniques have matured, current research has focused on

applications of dispersion spectroscopy for open path measurements and environmental

monitoring. In particular, dispersion spectroscopy is well suited for flame and combustion

measurements due to intrinsic immunity to laser power fluctuations caused by thermal

radiation and scattering from soot particles [30]. Due to both techniques using FM modu-

lation and demodulation, frequency modulated continuous wave (FMCW) lidar techniques

have also been adapted into dispersion spectroscopy. This has allowed simultaneous path

length measurement and range detection [31] [32]. Concurrently, using widely tunable Ver-

tical cavity surface emitting lasers (VCSELs), multi-species measurement [26] is possible,

opening the door for dispersion spectroscopy for open path and remote sensing of green-

house gases, which have strong mid-infrared fundamental transitions. These techniques

have achieved single ppm sensitivity and sub meter distance precision in measurements

of methane plumes [33]. More recently, the technique has also been commercialized as

the core technology in a device used for real-time, continuous leak detection at methane

plants [34].

1.2 Digital Interferometry

Digital Interferometry (DI) [35] is a laser metrology technique originally developed at

the NASA Jet Propulsion Laboratory, but now widely used at the ANU. This technique

enables range gated interferometric phase measurements using the correlation of pseudo-

random binary sequences (PRBS) modulated onto the optical field. The deterministic

nature of PRBS codes allows these interferometric signals to be uniquely time stamped

within a single PRBS code length, isolating the desired range-gated signal from a chosen

target and enabling rejection of unwanted scattered noise or other cross-talk that leads

to signal corruption. This unique range gating and multiplexing capability on a single

modulated optical field has the effect of reducing optical complexity, and transferring it to

digital signal processing. This is a convenient and cost-effective tradeoff as the processing

power available, especially with dedicated FPGAs to perform modulation and demodula-

tion, have grown immensely over the past two decades [36], and is similar in philosophy

to techniques such as Deep Modulation Interferometry [37] and machine learning etalon

identification and removal [38].

DI was originally developed as a heterodyne technique requiring a local oscillator to recover

in-phase and quadrature components of the interference. However, a homodyne variant

was subsequently developed. This variant uses an electro-optic modulator along with a

quadrature phase shift keying scheme to scan the in-phase and quadrature components of

the interference fringe. In doing so, this further reduces optical and mechanical complexity

at the expense of more complicated digital signal processing[39].
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Figure 1.2: A comparison of Chirped laser dispersion spectroscopy and Heterodyne phase sensitive

dispersion spectroscopy. Both are minimal configurations, taken from the initial demonstration

of these techniques. In CLaDS, the laser is frequency chirped, and then frequency shifted and

diffracted by an AOM, forming a defacto beamsplitter. The zeroth order and first order paths

are then recombined at a true beamsplitter and then passed through a vapor cell containing the

analyte. The shifted and unshifted fields sample the dispersion at different frequencies, leading to

a phase shift, which is converted to a frequency shift signal by the laser chirp. The demodulation of

the signal is done at the AOM shift frequency. The minimal configuration of HPSDS has a simpler

setup. Here, the laser is not chirped, but merely scanned over the transition. The scanned laser is

passed through an intensity modulator, which adds frequency sidebands, analogous to the role of

the AOM in CLaDS. These sidebands probe the dispersion of the analyte at different frequencies,

and then beat with the carrier on the photodetector. By demodulating at the intensity modulator

drive frequency, the dispersion induced phase signal is recovered. We emphasize that this figure

makes a clear distinction between CLaDS and HPSDS for didactic purposes. Recent methods

have muddied the distinction and combined aspects of the two techniques. For example it is now

common for the sideband generation in CLaDs to be implemented with EOMS, simplifying the

optical setup [22]. Enhancement of the signal has also been achieved through the addition of a

heterodyne local oscillator path [28]. In parallel HPSDS schemes have also made use of additional

wavelength modulation of the laser [29].
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Previous implementations of digital interferometry have relied on its range gating proper-

ties to perform displacement measurements at the picometer scale [40], multiplexed phase

sensing for the control of optical phased arrays [41], and multi-target acoustic sensing [42].

DI has also been used to characterize phase noise due to optical path length drift [43],

Rayleigh backscatter [44, 45], and polarization wander [46] in fiber interferometers.

Of particular relevance to the work in this thesis is DI’s current state of development as

a well characterized phase extraction technique with the ability reach sub microradian

phase noise performance due to its scattering rejection properties. This is required as the

dispersion induced phase gas absorption lines in the near infrared is typically only tens of

milliradians in amplitude. Furthermore we explore the multiplexing capability of DI for

use with multiheterodyne comb based spectroscopic measurements.

1.3 Frequency Comb Spectroscopy

Developing in parallel with dispersion spectroscopy, frequency comb spectroscopy has been

an area of intense research interest since the Nobel Prize winning conception and realiza-

tion of the optical frequency comb [47]. Here, a laser is pulsed at a repetition rate frep,

which is equivalent to a set of discrete frequencies, or a comb in frequency domain. Thus,

by referencing the repetition rate of a mode locked laser to an atomic microwave transi-

tion, a set of mutually coherent phase locked comb ’teeth’ spanning tens of nanometers can

be generated. This allows for absorptive, as well as dispersive spectroscopy across broad

spectral bandwidths without moving mechanical components. In addition, the traceability

of frequency combs to atomic transitions enables the calibration of the spectra to within

the absolute accuracy of these standards [48].

The most straightforward application of optical frequency combs to spectroscopy is known

as direct frequency comb spectroscopy [49]. Here, a comb line is aligned with the molecular

transition of interest, and then the carrier frequency of the pulsed laser is swept across

a free spectral range of the comb. The resulting absorption envelope is recorded on a

photodetector. This method, however is limited to narrow transitions due to the tuning

range of the carrier frequency, and suffers from many of the same problems of absorption

spectroscopy.

Alternatively, a dispersive element along with a CCD array can be used to probe the

interaction between the comb and the molecular sample [50]. This allows for broader or

multiple transitions to be resolved. However, the technique is limited by the resolution of

the dispersive optics, as well as the detector array.

Currently, the state of the art and most widely researched technique for frequency comb

spectroscopy is dual comb spectroscopy [51]. This is a heterodyne interferometric tech-

nique, where a signal comb interrogates a sample, and a reference comb with an FSR

offset by a few KHz acts as a local oscillator. The detected interference signal is an RF

comb with KHz spacing where each of the RF comb teeth carries information about the

amplitude and phase of the molecular transition. Thus dual comb spectroscopy can be

used to probe both absorption and dispersion.

Of particular interest in dual comb spectroscopy is ensuring that the two combs possess

a high degree of mutual coherence. This can be done using active feedback, stabilizing
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the two combs to each other [52], or in feedforward correction of the RF interferograms

[53, 54].

1.4 Electro-Optic and Acousto Optic Combs

While frequency combs based on mode locked lasers are the most common, active research

is also being done on generation of combs using other techniques that offer inherent mutual

coherence between comb teeth. Electro-optic frequency combs are generated using direct

phase modulation of a CW laser using Mach Zehnder modulators. These were developed

[56] with the aim of offering better mutual coherence for dual comb spectroscopy, and also

to increase the flexibility and frequency agility of combs, as mode locked frequency combs

are limited in their free spectral range as well as center frequency tunability. Additionally,

many of these techniques trade off some absolute frequency accuracy for decreased optical

complexity and cost and increased robustness and flexibility, allowing for frequency combs

to be used in field-deployable spectroscopic devices [57]. Dual electro-optic comb systems

have also been used in a heterodyne interferometer to independently recover both am-

plitude and phase information for dispersion spectroscopy, as an extension of heterodyne

phase sensitive dispersion spectroscopy. In this scheme [24], two electro optic combs with

differing comb spacing are generated from a seed laser using an electro-optic modulator in

each arm of a Mach Zehnder interferometer. One of the combs are then frequency offset

using an acousto optic modulator and passed through a vapor cell before being recombined

with the reference comb arm. This results in a flexible, frequency agile comb that samples

the vapor cell over multi GHz, but is heterodyned down to MHz frequencies. By using a

lock in amplifier, the amplitude and the phase of each of mixed down comb teeth can be

recovered to synthesize the spectroscopic signal. This signal retains the parts per million

concentration sensitivity of heterodyne phase sensitive dispersion spectroscopy but has the

advantage of a much higher laser tuning free optical bandwidth, and the ability to make

a single shot spectroscopic measurement.

Although electro-optic frequency combs have become widely adopted for spectroscopy ,

compared to traditional combs [58], they possess smaller number of comb teeth generated,

as well as narrower optical bandwidth. This is due to modulation depth limitations in the

signal generators used to drive the electro-optic modulators. Progress has been made to

generate higher density electro-optic combs using non-linear supercontinuum generation

[59] and pseudo-random bit sequence modulation [55]. However, the bandwidth of the

comb is still limited by the bandwidth of the modulators and the signal generators. An

example of an electro-optic comb system is depicted in the middle panel of Figure 1.3.

To address this limitation, acousto-optic combs [60] were developed. Here, a comb is

generated by placing an acousto-optic modulator within a re-entrant frequency shifting

loop. Thus, the comb spacing is set by the acousto-optic frequency shift, and the optical

bandwidth is only limited by transits of the frequency shifting loop. This can be boosted

to hundreds of comb teeth by inserting an erbium doped fiber amplifier and carefully

tuning parameters such as the EDFA gain and loop coupling ratios. An example of an

acousto-optic comb system, compared to traditional combs and EOM combs is depicted

in the middle panel of Figure 1.3.

This method has been used for molecular gas spectroscopy in the near infrared in a dual

comb configuration, where a second comb with a slightly different FSR (on the order
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Figure 1.3: A minimal configuration for three types of comb absorption spectroscopy are com-

pared. The traditional comb uses a pulsed, mode locked laser to generate a train of pulses in

time domain. This is equivalent to a comb in frequency domain, with the spacing between each

of the comb teeth determined by the pulse, or repetition rate frep. When passed through a vapor

cell containing an analyte, the comb spectrum will be amplitude modulated by absorption line,

forming an envelope in the transmission spectrum. The Electro-optic (EOM) comb is formed by

phase modulating a seed laser, creating frequency sidebands and forming a comb. In recent work

[55], a pseudo-random noise (PRN) sequence has been used to achieve spectral flatnesss. Here, the

comb spacing is set by the modulation frequency. The Acousto-optic (AOM) comb is formed using

a re-entrant delay line containing an AOM. After the seed laser is coupled into the re-entrant delay

line, it is frequency shifted by an AOM, creating a frequency sideband. With each transit of the

delay line, an adjacent sideband is generated, forming a frequency comb. Here, the comb spacing

is set by the AOM frequency.
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of KHz) serves as a reference in a Mach-Zehnder Interferometer [60]. This allows the

amplitude and phase of the beatnote between the signal comb interrogating a gas cell

and the slightly offset reference comb to be read out with relatively modest electronic

bandwidth requirements, as the RF comb FSR is merely the KHz offset between the

optical combs. Unfortunately, although the two AOM combs are seeded by the same

laser, the optical path length in one of the combs will still drift compared to the other,

so active phase control within one loop is still required to maintain the mutual coherence

condition.

1.5 Thesis Objective and Roadmap

The work presented in this thesis aims to leverage recent developments in digital inter-

ferometric techniques for dispersion spectroscopy. As a robust phase sensing technique,

it is particularly suited to dispersion spectroscopy, which requires interferometric sensing

of milliradian phase signals. As a proof of concept of DI signal extraction and perfor-

mance, we first demonstrate digital interferometry on a Sagnac interferometer. This is

a good testbed for DI as the the inherently balanced arm lengths provide first order fre-

quency noise suppression, but remain sensitive to scattering driven noise. In this balanced

configuration, the interferometer achieves an optical phase noise floor of 0.2 µrad
√

Hz.

Taking advantage of the stability inherent to the Sagnac interferometer, we demonstrate

a digitally enhanced homodyne dispersion spectrometer where a vapor cell is inserted into

the Sagnac loop, and homodyne digital interferometry is used to extract a spectroscopic

signal. The insertion of the vapor cell increases the optical phase noise modestly to 0.8

µrad
√

Hz. However, this is still sufficient to achieve sub parts-per million concentration

sensitivity.

As a capstone experiment, we build a more flexible unidirectional system based around a

re-entrant delay line Mach Zehnder interferometer. Using digital interferometry, we track

the passes through the delay line and re-synthesize a balanced path length interferometer

where common frequency noise is subtracted from the spectroscopic signal. In doing so,

we achieve a phase sensitivity of 8 µrad/
√

Hz, which corresponds to a parts per million

concentration sensitivity.

At the time of the writing of this thesis, we use the multiplexing capability of DI to

recover up to thirty additional transits of this delay line, in effect forming an acousto-

optic frequency comb with thirty teeth. We characterize the RF spectrum of this frequency

comb, and recover the amplitude of each of the comb teeth, using an HCN vapor cell as

a calibration tool. Finally, we discuss some recent work in digital interferometry that

enables greater phase fidelity and lower crosstalk in highly multiplexed systems such as

the digital interferometric acousto-optic frequency comb.

1.6 Publications and Patents

Below is a list of peer-reviewed journal publications, conference proceedings and patents

resulting from the research undertaken during my PhD program
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2
Absorption and Dispersion

Any introduction to dispersion spectroscopy must first begin with a treatment of ab-

sorption. To that end, we first derive the Beer-Lambert Law. We then convert the

Beer-Lambert Law to a form commonly used for molecular spectroscopy, and identify

parameters of interest, notably concentration. In the following section of the chapter,

using the Kramers-Kronig relations, an absorption lineshape is converted to dispersion

(refractive index units). Here, we give a heuristic proof that dispersion scales linearly

with concentration. In the final section, the common lineshapes used to model absorption

lines are introduced. These absorption lineshapes are then converted to dispersion, and a

numeric demonstration of the linearity with concentration is provided.

2.1 Beer-Lambert Law and Absorption

A simple model for the absorption of light through a spectroscopic sample can be con-

structed by considering the linear change in the intensity of light as it passes through a

vapor cell,

−dIx
Ix

=
σ

dA
NgdAdx (2.1)

where I is the incident intensity along the x axis, σ is the absorption cross section, Ng

is concentration or number density in units of inverse meter cubed, and dA is the cross

sectional area of the sample illuminated. We interpret NgdAdx as the the number of

molecules seen by the light beam, and the term σ
dA as the probability that a photon will

be absorbed by one of the molecules. Therefore, the product gives the change in intensity

as light passes through a volume element of the sample. Integrating both sides, and

rearranging terms, we obtain

17
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∫ I

I0

−dIx
I

=

∫ x

0

σ

dA
NgdAdx (2.2)

ln
I

I0
= −σNgx (2.3)

I = I0e
−σNgx (2.4)

This is known as the Beer-Lambert Law. The amount of light absorbed is exponential

with the concentration and path length through the absorbing medium. Of course, the

absorption is also dependent on the frequency of the incident light. We have neglected this

dependence in our initial derivation but we reintroduce it by noting that the absorption

cross section term σ depends on the frequency of the incident light, as well as the pressure

and temperature of the absorbing medium. This defines a unitless lineshape function

ϕ(ν, P, T ). As the absorption strength of different absorption lines also vary depending on

the geometry of the gas molecules and the associated ro-vibrational modes, we also define

a line strength per molecule parameter S(T ) where

S(T ) =

∫ ∞

−∞
σ(ν, P, T )dν (2.5)

Combining these parameters, we obtain

σ(ν, P, T ) = S(T )ϕ(ν, P, T ) (2.6)

We note that this implies that the integral of the lineshape function ϕ(ν, P, T ) with respect

to frequency is normalized to unity. Thus, the linestrength is convolved with the lineshape

function to broaden out the absorption line, where the amount of broadening is determined

by the natural linewidth and the pressure and temperature of the gas molecules. To tease

out these parameters further, we use the ideal gas law to rewrite the number density Ng

as

Ng =
p

kBT
(2.7)

where p is the pressure, kB is the Boltzmann constant and T is the temperature. Putting

these parameters into the Beer-Lambert law defined in Equation 2.4 gives

I = I0e
−S(T )ϕ(ν,P,T ) P

kBT
x

(2.8)

To simplify this expression, it is common to define a parameter α

α(ν, P, T ) =
P0

kBT0
S(T )ϕ(ν, P, T ) (2.9)

where P0 and T0 are standard pressure (1 atm) and temperature (273 Kelvin). Using this

parameter, we redefine Equation 2.8 to the following:
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I = I0e
−α

kBT0
P0

P
kBT

x
(2.10)

= I0e
−αCx (2.11)

Where we have defined C, the concentration relative to standard temperature and pressure

in air as

C =
Ng

N0
=

kBT0

P0

P

kBT
(2.12)

Since concentration is dimensionless, we may define its units as parts-per-million, which

is the standard used for quantifying the amount of greenhouse or toxic gases in the at-

mosphere [61]. For in situ measurements of greenhouse gas concentrations, such as in a

vapor or flow cell, it is also customary to multiply through by the length of the gas cell

to quote a path length concentration in parts per million-meters. As an example calcu-

lation, consider a 25 cm gas cell filled with 10 torr of carbon dioxide gas. This gives a

parts per million meter figure of 3290 parts per million meter. Thus, by measuring the

linecenter depth for a given absorption line, and knowing the concentration, it is possible

to measure the maximum absorption coefficient α for each absorption line. Alternatively,

by retrieving the absorption coefficient from a spectroscopic database, with a known path

length, the gas concentration can be extracted.

From Equation 2.11, the absorption is exponential with concentration. This results in

non-linearity of the concentration measurement I
I0

. Additionally, any intensity fluctuation

will directly couple into the concentration readout as well.

2.2 Absorption to Refractive Index

2.2.1 Kramers Kronig Relations

Any absorption of laser light around a transition is also associated with a change in refrac-

tive index, in a phenomemon called anomalous dispersion. This is a general property of all

dissipative, resonant systems, and applies to the ro-vibrational resonance of molecules that

lead to bands of absorption lines [62]. The size and shape of the refractive index deviation

for any given absorption line can be calculated using the Kramers Kronig relations from

its absorption coefficient α(ν, P, T ). We begin by defining the Kramers Kronig relations

generally for an impulse response of a causal, linear system in the frequency domain H(ω):

H(ω) = H ′(ω) + H ′′(ω) (2.13)

where H ′(ω) and H ′′(ω) are the real and imaginary parts respectively of the complex

valued impulse response. The Kramers Kronig relations state that the real and imaginary

parts are related, and can be derived from one another:
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H ′(ω) =
2

π

∫ ∞

0

ΩH ′′(Ω)

ω2 − Ω2
dΩ (2.14)

H ′′(ω) = −2ω

π

∫ ∞

0

ΩH ′(Ω)

ω2 − Ω2
dΩ (2.15)

where Ω is a dummy integration variable. To relate this to a physical system, ie. the

interaction of coherent laser light with atoms or molecules, we begin by noting that the

electric susceptibility χe(ω) is the frequency domain impulse response of a molecular or

atomic resonance and can be written analogously to our general impulse function H(ω)

χ̃e(ω) = χ′
e(ω) + χ′′

e(ω)

We simply replace the Hω with the susceptibility χ′
e(ω) in the Kramers Kronig relations,

obtaining

χ′
e(ω) =

2

π

∫ ∞

0

Ωχ′′
e(ω)

ω2 − Ω2
dΩ

χ′′
e(ω) = −2ω

π

∫ ∞

0

Ωχ′
e(ω)

ω2 − Ω2
dΩ (2.16)

We can express these relations in terms of absorption and refractive index by relating the

complex refractive index ñ and susceptibility:

ñ = n0(ω) + iκ(ω) =
√

1 + χ̃e(ω) (2.17)

where κ(ω) is the extinction coefficient. This is a dimensionless quantity that is related

to the absorption coefficient α by the following:

κ =
αλ

4π
(2.18)

For gases, due to their low molecular density, the complex susceptibility is small( ˜χe(ω) ≪
1). We can therefore use the binomial expansion to approximate the square root:

√
1 + χ̃e(ω) ≊ 1 +

χ̃e(ω)

2
= 1 +

χ′
e(ω)

2
+ j

χ′′
e(ω)

2
(2.19)

Grouping the real and complex terms, we isolate the refractive index and the extinction

coefficient:
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n0(ω) = 1 +
χ′
e(ω)

2
(2.20)

κ(ω) =
χ′′
e(ω)

2
(2.21)

Substituting this into the Kramers Kronig relations for susceptibility given by Equation

2.16, we obtain the relation between refractive index and the extinction coefficient:

n0(ω) = 1 +
2

π

∫ ∞

0

Ωκ(Ω)

ω2 − Ω2
dΩ (2.22)

Finally, we make the substitution for the extinction coefficient κ(Ω) = c
2Ωα, and obtain

an equation that allows us to compute the refractive index profile given an absorption line

α(ω):

n0(ω) = 1 +
c

π

∫ ∞

0

α(Ω)

ω2 − Ω2
dΩ (2.23)

In general, the Kramers Kronig relations are difficult to use analytically, and are most

often computed numerically from absorption data. However, to develop some intuition,

we work an example, approximating an absorption line as a square well.

2.2.2 Simple Kramers Kronig Calculation

We define a square well as a linear combination of step functions Θ, with a height λ where

the steps occur at the sides of the well ω1 and ω2:

κ(Ω) = λΘ(Ω − ω1) − Θ(Ω − ω2) (2.24)

Inserting this expression into the Kramers Kronig relations given in Equation 2.21, we

obtain:

n(ω) = 1 +
2

π

∫ ∞

0

λ [Θ (Ω − ω1) − Θ (Ω − ω2)] Ω

Ω2 − ω2
dΩ

= 1 +
2λ

π

∫ ∞

ω1

Ω

Ω2 − ω2
dΩ − 2λ

π
P

∫ ∞

ω2

Ω

Ω2 − ω2
dΩ

(2.25)

where we have used the integration properties of step functions to simplify the integral

and redefine the integration limits. Taking the antiderivative of the integrand, we obtain:

n(ω) = 1 +
2λ

π

[
1

2
ln
(∣∣Ω2 − ω2

∣∣)]∞
ω1

− 2λ

π

[
1

2
ln
(∣∣Ω2 − ω2

∣∣)]∞
ω2

= 1 +
λ

π

[
ln
(∣∣ω2

2 − ω2
∣∣)− ln

(∣∣ω2
1 − ω2

∣∣)] (2.26)
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Plotting the square well and its Kramers-Kronig transform in Figure 2.1, we see the general

shape of anomalous dispersion for an absorption line. At frequencies below the absorption

linecenter, there is a sharp rise in the refractive index, indicating a phase lag between the

driving frequency and the resonance. At the center of the absorption line, the refractive

index is 1. Physically, this means that the resonance is completely in-phase with the

driver of the oscillation at the linecenter. At frequencies greater than the resonance, there

is a phase-advance compared to the resonance, resulting in a refractive index less than 1.

Implicit within this behavior is the causality of the resonant system.

Although the square well is a highly simplified model of an absorption line, the general

characteristics and shape of its Kramers-Kronig transform will apply for physical absorp-

tion lines as well.

Figure 2.1: A square well transmission spectrum and its associated phase response, calculated

analytically using the Kramers Kronig transform is plotted. The normalized depth of the absorption

line is 0.5, and the units of refractive index are plotted on the right axis.

2.2.3 Dispersion from the Hilbert Transform

Practically speaking, it is very difficult to calculate analytically the refractive index profile

from absorption line data. Typically, the calculation is done numerically on a computer via

the evaluation of the Kramers Kronig integral. This is computationally quite expensive,

as it requires piecewise evaluation of the integrand and summing of the integral. However,

a more recent method [63] uses the Hilbert Transform. Since the Hilbert Transform is

included in most numerical signal processing packages and leverages the Fast Fourier

transform, it allows a computational time saving of 4 orders of magnitude compared to

evaluating the Kramers Kronig integral directly. The Hilbert transform is defined as the

following:

Ĥ(ω) =
1

π

∫ ∞

−∞

H(Ω)

ω − Ω
dΩ (2.27)

At a glance, it is easy to see that this equation resembles the form of the Kramers Kronig

relations. In fact, it is an intermediate form in the derivation of the Kramers Kronig

relations, and it can be proven that real and imaginary parts of the complex susceptibility

χ′
e(ω) and χ′′

e(ω) are also Hilbert Transform pairs [63]. Thus, knowing the imaginary part
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of the complex susceptibility χ′′
e (found from absorption), the real component related to

dispersion can be found.

To convert absorption data to imaginary susceptibility, we make use of the definition

of the extinction coefficient given in Equation 2.18 κ(Ω) = αλ
4π , Equation 2.21 and the

Beer-Lambert law.

We begin by isolating the absorption strength concentration product αC from the Beer-

Lambert Law given in 2.11, where we have divided through by incident intensity to obtain

a normalized transmitted power, and defined the length L as the optical path length:

T (ω) =
I

I0
= e−αCL (2.28)

We proceed by taking the natural log of the transmitted power, and then dividing by

optical path length L:

αC =
lnT (ω)

L
(2.29)

Next, we divide both sides by the wavevector of the incident light k = 2π/λ, and then

make use of Equation 2.18 to obtain the extinction coefficient κ. Since concentration is a

dimensionless factor we have also absorbed the concentration C into the term, with the

subscript denoting that κC is an extensive variable dependent on concentration

κC(ω) =
lnT (ω)

2kL
(2.30)

Finally, from Equation 2.21, the extinction coefficient is related to the susceptibility by a

factor of 2:

χ′′
e = 2κC =

lnT (ω)

kL
(2.31)

Armed with the imaginary susceptibility, we then take the Hilbert transform to convert

to the real susceptibility:

χ′
e = Ĥχ′′

e (2.32)

Finally, we use Equation 2.17 to obtain the refractive index, pulling the concentration C

that we absorbed earlier back out of the real susceptibility:

n =
√

1 + Cχ′
e (2.33)

We can show heuristically from the above calculation that the refractive index is now

linear with concentration. This can be seen by the natural log operation in Equation 2.29

’undoing’ the exponential equation to retrieve imaginary susceptibility, a parameter that

is linear with concentration. Proceeding through the calculation, the Hilbert transform

is a linear operator. Thus, the real susceptibility is also linear with concentration. The
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square root term in Equation 2.33 is not a linear operation. However, using the dilute

media approximation (valid for organic molecules) [64], where the susceptibility is much

smaller than 1, we may use the binomial expansion to linearize the square root:

n ≈ 1 +
Cχ′

e

2
(2.34)

Therefore, the refractive index n is linear with concentration. Experimentally, this means

that measuring any change in the refractive index of an analyte yields a direct linear

relationship with the analyte concentration.

2.2.4 Spectral Lines and Broadening

Lorentzian Lines

The natural lineshape of an atomic or molecular transition is a Lorentzian. Thus, as

a first step towards modelling a spectral line and its dispersion, we examine Lorentzian

lines. This is a quantum mechanical effect, arising from the finite lifetime of excited states

due to spontaneous emission. From the Heisenberg uncertainty principle, we know that

∆E∆t ≥ h. Therefore, an uncertainty, or finite lifetime of an excited state will also give

rise to an uncertainty in energy, or a spread of frequencies over which absorption occurs.

This is the natural linewidth of atomic or molecular transitions.

This natural linewidth of molecular transitions can be approached via Doppler free spec-

troscopy. However, for the purposes of this thesis, which discusses the application of

spectroscopy to large ensembles of molecules at relatively high pressures, the linewidth is

dominated by pressure or collisional broadening.

Pressure broadening arises from the collision of molecules, causing perturbations in the

energy levels of the molecules. The collision mechanism reduces the lifetime (time uncer-

tainty) of the excited states, thus causing a larger spread of energies over which absorption

occurs. Thus, the amount of broadening increases with collision rate, which is in turn de-

pendent on the molecular cross section and the number density of molecules. For a sealed,

rigid walled vapor cell (fixed volume and moles), kept at a constant temperature (fixed

temperature), this implies through the ideal gas law that the broadened width is dependent

on the pressure inside the vapor cell.

Pressure broadening results in a Lorentzian spectral lineshape TL(ω) of the form:

TL(ω) = 1 − αmax
ωL

ω2
L + (ω − ωc)2

(2.35)

where αmax is the peak absorption fraction determined from the Beer-Lambert Law, ωL

is the Lorentzian half linewidth, and ωc is the center frequency of the transition. We have

also normalized the absorption lineshape to 1 and expressed it in the form of a transmission

spectrum. This allows us to directly insert the transmission spectrum into Equation 2.30

to immediately calculate the anomalous dispersion using the Hilbert Transform.

The key parameter for the Lorentzian lineshape is the half linewidth. Typically, for most

molecular absorption lines, it is difficult to calculate this analytically as the interaction
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Figure 2.2: The Lorentzian lineshape in transmission for an absorption line with a normalized

depth of 0.5 over 10 cm of optical path length and a linewidth of 1 GHz is plotted. The refractive

index variation is also computed using the Kramers Kronig relations.

cross section between molecules is affected by long range and second order dipole interac-

tions [65].

Instead, Lorentzian linewidth for molecules is usually determined via consulting a table of

pressure broadening coefficients for each absorption line [66], which are generally quoted

in MHz/Torr. For most molecules, this broadening coefficient is tens of MHz/torr. At

standard temperature and pressure, this results in linewidths on the order of several GHz.

As an example, in Figure 2.2 we plot a pressure broadened Lorentzian spectral line with

a width of 0.5 GHz and a peak absorption of 0.5. The dispersion profile associated with

the Lorentzian spectral line into its is also plotted in Figure 2.2. This was computed using

the Hilbert transform method described in the previous section.

The dispersion profile plotted in Figure 2.2 is qualitatively similar in shape to the pho-

tographic interferogram obtained by the hook method, reproduced in Chapter 1, Figure

1.1. The two characteristic hooks make up the wings of the dispersion profile. Around

the linecenter (-0.5 GHz to 0.5 GHz here), the dispersion profile is obscured in the hook

method, as the phase slope is greater than the diffraction grating spectral resolution or

CCD spatial resolution, hence the two hooks appear discontinuous.

Doppler Broadening

At higher temperatures and low pressures, the Lorentzian lineshape produced by pressure

broadening is not sufficient to approximate a spectral line. This is due to the dominance

of an effect known as Doppler broadening [67]. Doppler broadening occurs due to the

Doppler shift in the frequency seen by the absorbing molecule. This is dependent on the

velocity distribution of the molecules in the ensemble given by the Maxwell Boltzmann

distribution:
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N(vz)dvz = NT

√
m

2πkBT
exp

{
− mv2z

2kBT

}
dvz (2.36)

where the expression gives the number of molecules with mass m and temperature T

distributed in the range [vz, vz + dvz]. We can relate the velocity of the molecules to the

Doppler shift using the standard Doppler shift equation:

ν − ν0
v0

= vz/c (2.37)

Inserting Eq. 2.37 into, the Maxwell Boltzmann distribution, we obtain a Gaussian line-

shape ϕ(ν, T ):

ϕ(ν, T ) ∝ exp

−
(
v − v0
σD

)2
 (2.38)

where we have assumed that the number of molecules between [vz, vz + dvz] corresponds

to the amount of light absorbed between [ν, ν + dν]. The Gaussian standard deviation σD
expanded is:

σD = ν0

√
2kBT

mc2
(2.39)

As the temperature of the molecules increase, the molecules will have a broader distribution

of speeds, and thus a wider spread of frequencies over which they absorb.

We can also relate the standard deviation to the Gaussian full width half maximum ωG:

ωG = 2σD
√

ln 2

= ν0

√
8kBT ln 2

mc2
(2.40)

In order to match the transmission equation and lineshape given in Equation 2.35, we also

normalize the depth of the Gaussian lineshape:

TG(ω) = 1 − αmax exp

−
(
ω − ωc

2πσD

)2
 (2.41)

To show the difference in the lineshape, we also plot the depth normalized Doppler and

pressure broadening transmission spectra in Figure 2.3.

As an example calculation to give a sense of the order of magnitude for Doppler broadening

of small molecules transitions at room temperature, we use a molecule of interest in this

thesis: HCN. With a molar mass of 27 g/mol, at 298 degrees kelvin, and around 1550 nm,



§2.2 Absorption to Refractive Index 27

Figure 2.3: The normalized Lorentzian and Gaussian lineshape in transmission for an absorption

line with a normalized depth of 0.5 over 10 cm of optical path length and a linewidth of 1 GHz is

plotted.

inserting this into Equation 2.40, and converting from molar mass to unit mass, gives a

Gaussian full width half maximum of 0.32 GHz.

Voigt Profile

When the Doppler broadening and collisional broadening linewidths are of the same order,

neither the Gaussian nor the Lorentzian lineshapes dominate. For most small molecules

at standard temperature, this regime occurs at low pressures(<100 torr), such as can be

found in a vapor cell. As an example, for Hydrogen Cyanide (HCN) at room tempera-

ture, the collisional broadening linewidth for the P branch lines are ≈ 800 MHz [66], and

the Doppler linewidth is 380 MHz, In this case, the Doppler broadening and collisional

broadening lineshapes must be convolved to produce what is known as the Voigt profile.

The convolution is used as the Doppler and collisional broadening processes are treated

as independent, to first order [68]. We can write an expression for the Voigt profile in

transmission as the convolution between the Gaussian and Lorentzian lineshapes defined

in Equations 2.41 and 2.35 :

TV (ω) = TL(ω) ⊛ TG(ω) (2.42)

=
[
1 − αmax

ω2
L

ω2
L + (ω − ωc)2

]
⊛

[
1 − αmax exp

{
−
(
ω − ωc

2πσD

)2
}]

(2.43)

where αmax is the maximum normalized depth of the absorption line. This lineshape is

plotted in Fig. 2.4 below:

. To illustrate the difference between the three line profiles, we have set the linewidth of

the collisional and Doppler broadened lines equal to 1 GHz and the Doppler and collisional
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Figure 2.4: The pressure and Doppler broadening linewidths are 1 GHz. For the Voigt profile,

the collisional and Doppler broadening contributions are both 0.5 GHz. The values were chosen

such that the Voigt profile linewidth is approximately equal to both the Doppler and collisional

broadening linewidths. This is to illustrate the qualitative differences between the three lineshapes.

components of the Voigt profile to be 0.5 GHz. We see that the Voigt profile has a lineshape

that is qualitatively intermediate between pressure and Doppler broadening lineshapes at

the wings of the line. Using the Hilbert transform recipe outlined in Section 2.2.3, where

T (ω) are the absorption lineshapes, we can finally, can generate a dispersion lineshape

associated with the Voigt line. Applying the same recipe for the Gaussian and Lorentzian

profiles separately, we plot the three dispersion lineshapes associated with the lineshapes

in Figure 2.5 below:
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Figure 2.5: The dispersion lines associated with the absorption lines shown in Figure 2.4 are

plotted here. The difference in amplitude of the refractive index deviation is due to the difference

in the wings of the Doppler and pressure lines. This is because the Kramers-Kronig transfrom

requires an integration of the absorption profile from negative infinity to infinity.

Area Normalized Profiles

In the above discussion of the three spectroscopic absorption lineshapes, and their disper-

sion equivalents, we have used a depth normalization scheme in order to better show the

qualitative differences between the lineshapes. In this scheme, the maximum absorption

αmax is held constant across the three lineshapes, However, the convention in spectroscopy

is to normalize the area underneath the absorption lines. By doing so, parameters intrinsic

to the line, such as concentration, and α are held constant. This is because the energy

associated with a particular transition is fixed, and the broadening mechanisms merely dis-

tribute this energy in different ways. However, by normalizing to the area, the line depth is

free to vary. This can be seen from equation 2.29, where T (ω) and C vary proportionally.

We now proceed with a derivation of the area normalized absorption line profiles. The

area normalized factors for the Lorentzian and Gaussian broadened lineshapes are given

below:

T norm
L (ω) = 1 − 1

2π

ωL

ω2
L + (ω − ωc)2

(2.44)

T norm
G (ω) = 1 − 1

σD
√

2π
exp

−
(
ω − ωc

2πσD

)2
 (2.45)

where we note that these are equations 2.35 and 2.41 multiplied by normalization factors.

These normalization factors ensure that integrals of the lineshapes from negative to posi-
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tive infinity equal to 1. The normalized Voigt lineshape is then obtained using the usual

method of convolving the Lorentzian and Gaussian profiles:

T norm
V (ω) = T norm

L (ω) ⊛ T norm
G (ω) (2.46)

Because the convolution of two area normalized functions is also normalized, this implies

that the resulting Voigt profile is normalized. The linewidth of the resulting Voigt line-

shape is approximated by a function of the Gaussian and Lorentzian linewidths [69]. Using

the Hilbert Transform recipe again, as outlined in Section 2.2.3, we can also obtain the

dispersion profiles associated with these absorption lines. These are plotted, along with

corresponding absorption profiles in Figure 2.6 below:

Figure 2.6: The normalized Lorentzian pressure broadening, Gaussian Doppler broadening, and

Voigt absorption lineshapes are plotted in the upper subbplot. Their corresponding dispersion

profiles are plotted in the lower subplot. The absorption lines all have a linewidth of 1 GHz. For

the Voigt line, the pressure and Doppler broadening contributions fL and fD have been chosen to

be equal. Using the approximation given by Kielkopf [69], we calculate that fL = fD = 611 MHz

ensures that the Voigt linewidth is also 1 GHz. The maximum absorption depth varies between

the three lineshapes, with the Lorentzian pressure broadening line being the shallowest. This is

because more of the transition energy has been distributed to the broad wings of the Lorentzian,

whereas the Gaussian Doppler broadening line has most of its energy distributed within 3σD.



§2.3 Summary 31

Numerical Demonstration of Concentration Linearity

Figure 2.7: The simulated transmission through a vapor cell is plotted for a range of αC. The

transmission through the vapor cell is decreases exponentially with increasing concentration, as

required by the Beer-Lambert Law. However, the refractive index variation remains linear as

concentration increases.

Using the Voigt line as a spectroscopic model, we numerically extract the spectroscopic

parameter most relevant to this thesis: concentration. Although we had earlier given a

heuristic proof of the linearity of dispersion with concentration, we can use the simulated

anomalous dispersion signal to provide a numerical demonstration. In Figure 2.7, we have

plotted on the left axis the Beer-Lambert law for the absorption peak, or transmission

minimum αmax = exp(−αCL) , and the maximum refractive index deviation on the right

axis. This was done for a range of αC, with the length L held constant. The refractive

index deviation is computed using the Hilbert transform of Voigt profiles calculated from

the range of αC values.

From Figure 2.7, we see that the refractive index variation is zero at zero concentration.

This leads to a zero-baseline signal, a key advantage of dispersion spectroscopy. By con-

trast, at zero concentration, the transmission is maximized, leading to a high baseline

signal that would have to be subtracted out.

2.3 Summary

This chapter has introduced the basic spectroscopic terminology required for understand-

ing dispersion spectroscopy, starting from a derivation of the Beer-Lambert law, and the

identification of the exponential dependence of absorption on the concentration. The

Kramers Kronig relations are also applied to derive anomalous dispersion from arbitrary

absorption lines. Finally, the linearity of an anomalous dispersion signal with concentra-

tion is shown both heuristically and using a numerical model. In the next chapter, we will

relate the anomalous dispersion to phase, and provide an introduction to the measurement

of this phase using interferometry.
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3
Phase Extraction

3.1 Introduction

In the previous chapter, we derived the anomalous dispersion lineshape for a molecular

absorption line. The size of the refractive index deviation is small, only 1×10−6 refractive

index units for an absorption line with a depth of 0.5. In order to detect such a small change

in refractive index, a phase sensitive measurement technique is required. For dispersion

spectroscopy, we obtain the phase shift from the refractive index using this Equation:

∆ϕ(ω) =
n(ω)ωL

c
(3.1)

where ω is the angular frequency, n(ω) is the refractive index, and L is the optical path

length. For a refractive index profile with a deviation on the order of 10−6 at 1550 nm,

through an optical path length L of 10 cm, this works out to a maximum phase shift of 0.2

radians. In this chapter, we discuss interferometry, a method for resolving these optical

phase shifts with sub-microradian precision. We also discuss several optical architectures

for interferometry, including the Sagnac interferometer, comparing its inherent stability

to that of a traditional two-beam interferometer. However, the stability of the Sagnac

interferometer also makes measuring dispersion challenging. We address this in subsequent

chapters.

Finally, we will introduce an interferometric method called digital interferometry that

underpins the phase extraction schemes used in this thesis, allowing for the multiplexed

spectroscopic measurements performed in Chapter 6. We end the chapter by motivat-

ing Digitally Enhanced Homodyne Interferometry, a more specialized form of DI that is

required by the Sagnac architecture.

3.2 Two Beam Interferometry

3.2.1 Homodyne Interferometer

Interferometry is the basis of the dispersion spectroscopy technique, as dispersion is ulti-

mately measured through optical phase. As the simplest configuration, let us first consider

33
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Analyte

Figure 3.1: The input field Ein = A exp(−iωt) is split into two paths by the input beamsplitter.

The reference (top) path picks up a phase ϕref. The bottom path goes through a vapor cell and

picks up a a phase ϕcell.

a two-beam interferometer. An input optical field can be expressed as the complex expo-

nential:

Ein = A exp(−iωt) (3.2)

where ω is the optical frequency and A is the amplitude. The field is split by a beamsplitter

into a reference path and a signal path, which we have denoted in Figure 3.1 below:

At the beamsplitter, the two fields interfere, yielding the superposition field at the pho-

todetector Epd:

Epd = Eref + Ecell (3.3)

=
A

2
exp(−iωt + iϕref) +

A

2
exp(−iωt + iϕcell) (3.4)

To calculate the power incident on the photodetector, we multiply Epd by its complex

conjugate:

P = EpdE
∗
pd (3.5)

=
A2

4
[1 + cos(ϕcell − ϕref)] (3.6)

=
Pin

4
[1 + cos(ϕcell − ϕref)] (3.7)

Thus, there is a DC term with optical power of Pin
4 and a term that depends on the

phase difference between the cell and reference path. We can insert Equation 3.1 into this

expression to obtain an expression for the minimal interferometer configuration to extract

a spectroscopic signal through measuring dispersion induced phase shift:
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P (ω) =
Pin

4

{
1 + cos

[n(ω)ωL

c

]}
(3.8)

Therefore, by sweeping the frequency of the incident optical field over the transition, a

change in optical power can be recorded at the photodetector. However, for a typical

dispersion signal on the order of 0.1 radian in phase, this only corresponds to a change in

optical power on the order of one percent.

3.2.2 Heterodyne Interferometry

Heterodyne interferometry offers a phase sensitive method to extract the dispersion in-

duced phase shift directly. In this scheme, an acousto-optic modulator, or alternate fre-

quency shifting method is used to shift the frequency of the optical field in one of the

interferometer arms:

AOM

Analyte

Figure 3.2: The input field Ein = A exp(−iωt) is split into two paths by the input beamsplitter.

The field in the reference (top) path picks up a phase ϕref and also a frequency shift ωh from the

acousto-optic modulator. The bottom path goes through a vapor cell and picks up a a phase ϕcell.

The field calculation for a heterodyne interferometer is similar to that of the homodyne

interferometer, modulo a frequency shift ωh in the optical fields of one of the arms (here

we have chosen the reference arm):

Epd = Eref + Ecell (3.9)

=
A

2
exp[−i(ω + ωh)t + iϕref] +

A

2
exp(−iωt + iϕcell) (3.10)

At the photodetector, the complex conjugate squared is taken, yielding again two terms:
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P (ω) = EpdE
∗
pd (3.11)

=
A2

4
[1 + cos(ωht + ϕcell − ϕref)] (3.12)

=
Pin

4
[1 + cos(ωht + ϕcell − ϕref)] (3.13)

=
Pin

4

{
1 + cos

[
ωht +

n(ω)ωL

c

]}
(3.14)

Here, we see that the dispersion induced phase is encoded on a carrier frequency, ωh.

In order to extract this phase, a method called lock in detection and IQ demodulation

is applied. Lock in detection is used in order to isolate only the phase of the carrier in

a narrow band around the heterodyne frequency, rejecting other frequency components

that may introduce perturbing sources of phase noise. The procedure for lock-in-detection

begins by multiplying the photodetector output with an in-phase (cosine) and quadrature

(sine) local oscillator at the heterodyne frequency:

Vmix,I ∝
Pin

4

{
1 + cos

[
ωht +

n(ω)ωL

c

]}
× cos(ωht) (3.15)

=
VPD

4
cos(ωht) +

VPD

8
cos
[
2ωht +

n(ω)ωL

c

]
+

VPD

8
cos

n(ω)ωL

c

Vmix,Q ∝ Pin

4

{
1 + cos

[
ωht +

n(ω)ωL

c

]}
× sin(ωht) (3.16)

=
VPD

4
sin(ωht) +

VPD

8
sin
[
2ωht +

n(ω)ωL

c

]
− VPD

8
sin

n(ω)ωL

c

where post-photodetection, the optical power has been converted to units of volts. After

mixing with the local oscillator, there are three frequencies present in both the in-phase

(I) and quadrature (Q) components: ωh, 2ωh, and zero(baseband). Since we are only

interested in the dispersion induced phase-shift n(ω)ωL/c, now at DC, we apply a low-

pass filter with a corner frequency fc << ωh to Vmix,I and Vmix,Q. This removes the non-dc

terms, and we are left with:

Vmix,I =
VPD

8
cos

n(ω)ωL

c
(3.17)

Vmix,Q =
VPD

8
sin

n(ω)ωL

c

Finally, we perform an arctangent operation to recover the dispersion induced phase:

∆ϕ = arctan

[
Vmix,Q

Vmix,I

]
=

n(ω)ωL

c
(3.18)
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This two-argument arctangent can be performed efficiently on digital signal processing

hardware using the CORDIC (coordinate rotation digital computer) algorithm, or in post

processing of the in phase and quadrature components. While this scheme may seem

more complicated, in addition to noise rejection, it offers two key advantages compared

to homodyne detection. Firstly, the phase is extracted without phase ambiguity, as the

four quadrant arctangent typically used for heterodyne interferometry accounts for all four

quadrants of the phase plane. This allows more robust tracking of large phase dynamics,

lowering the chance of cycle slips. In the case of homodyne interferometry, as phase is the

sole argument of the cosine function, a 2π phase ambiguity is possible, and either higher

bandwidth phase tracking, or post processing must be used to eliminate cycle slips.

Additionally, the small signal linearity of the interferometer response is dependent on the

bias point of the interferometer. Thus, in order to recover a linear dispersion induced phase

signal (which is typically small compared to 2π radians of phase), the interferometer would

have to be biased at the quadrature point via either arm locking or frequency stabilization

of the laser source.

3.2.3 Sagnac Interferometers

An alternative interferometer configuration that has found use in sensing applications is the

Sagnac interferometer, shown in Figure 3.3. In this configuration, the input beamspliter

divides the field into clockwise and counterclockwise paths around the interferometer,

forming a closed, bidirectional loop. A vapor cell is included in the loop, but since both

paths encounter the vapor cell and are phase shifted, there is zero sensitivity to dispersion

induced phase in this interferometer. At the beamsplitter, the interfering fields yield:

Esagnac =
A

2
exp(−iωt + iϕcw + iϕcell) +

A

2
exp(−iωt + iϕccw + iϕcell) (3.19)

where ϕccw and ϕcw are the phases picked up by the counterclockwise and clockwise paths.

Upon photodetection, we recover a voltage signal proportional to:

VPD ∝ cos(ϕccw − ϕcw) (3.20)

The phase shift ϕccw−ϕcw is known as the Sagnac phase and proportional to rotation rate

of the Sagnac loop, enabling Sagnac interferometers to be used as sensitive gyroscopes.

However, this readout is completely insensitive to dispersion induced phase, due to the

inherent reciprocity of the Sagnac interferometer. In Chapter 5, we will discuss a modifica-

tion that will allow a dispersion induced phase shift to be extracted. This also requires an

additional layer of digital modulation. On the other hand, the balanced path lengths give

the Sagnac interferometer excellent immunity to laser frequency and path length noise,

making this interferometer a worthwhile avenue to pursue.

3.3 Frequency and Phase Noise Coupling

To see how laser frequency noise couples into the the readout of a two beam interferometer,

consider the phase accrued by an optical field with an optical modulation depth of ωL
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Figure 3.3: The input field is split into clockwise and counterclockwise paths around a closed

loop. A vapor cell has been included for consistency. The fields interfere at the input beamsplitter

and are incident on a photodetector.

around its center frequency, oscillating at a Fourier frequency Ω. To calculate the phase

accrued, we integrate the time varying optical frequency over the time of flight of the field:

ϕsig = ωL

∫ τsig

0
exp(iΩt)dt

ϕref = ωL

∫ τref

0
exp(iΩt)dt (3.21)

where the two arms of the interferometer are denoted by signal and reference. Integrating,

we obtain the phase difference ∆ϕ:

∆ϕ = ϕsig − ϕref =
ωL

iΩ
[exp(iΩτref) − exp(iΩτsig)] (3.22)

The absolute magnitude of the phase difference is given by:

|∆ϕ| =
√

∆ϕ∆ϕ∗ (3.23)

=

√
2ω2

L

Ω2
(1 − cos Ω∆τ)

=

√√√√4ω2
L

Ω2
sin2

(
Ω∆τ

2

)

=
2ωL

Ω
sin
(Ω∆τ

2

)
(3.24)
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where ∆τ is the time of flight distance between the signal and reference path τsig − τref.

Dividing both sides by ωL, this equation gives us a transfer function between laser fre-

quency noise and phase. We plot this transfer function |∆ϕ|/ωL as a function of Ω, the

Fourier frequency, in Figure 3.4 below:

1/

Figure 3.4: Equation (3.24) is plotted as a function of Ω. The arm length difference is 5 kilometers,

equal to a time of flight difference ∆τ of 16 µs, and corresponding to the first null at 62.5 KHz.

The y-axis corresponds to the phase excursion per optical modulation depth ωL of 1 Hz.

We have chosen a long arm length mismatch of 5 km to illustrate the general shape of

the two beam interferometer transfer function, which has a null at the Fourier frequency

corresponding to the arm length difference. An interferometer with such a long arm

length mismatch serves as a good frequency noise sensor. For example, consider a typical

telecommunications grade distributed feedback (DFB) laser frequency noise spectrum [70]

plotted in Figure 3.5 below.
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Figure 3.5: A typical telecommunications grade DFB frequency noise is plotted. We have used a

1/f frequency noise model, which approximates well the frequency noise characteristics of a DFB

laser. The laser frequency noise rolls of to 1KHz/
√

Hz at beyond 1 KHz fourier frequencies.

DFB lasers generally have a 1/f rolloff of laser frequency noise, down to a noise floor. Mul-

tiplying the 5 km armlength mismatch transfer function by this frequency noise spectrum,

we obtain a phase spectral density, plotted in Figure 3.6:

Figure 3.6: Here, we multiply the laser frequency noise for a typical DFB laser shown in Figure

3.5 with the Mach-Zehnder interferometer transfer function for a 5 km armlength mismatch shown

in Figure 3.4.

As an interferometer used to measure frequency noise, this constitutes a large phase signal

(tens of radians at 1 Hz) that is relatively easy to track. However, in this thesis, we are
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concerned with interferometers that have a maximum of thirty meters in arm length differ-

ence. In this case, ∆τ is much smaller, on the order of 1−10nS. Here, the transfer function

roll off is at GHz Fourier frequencies, well beyond typical measurement bandwidths. This

transfer function is well-approximated as a DC value. For a 1 meter arm length difference,

we insert the time of flight equivalent into Equation 3.24 and obtain a DC level of 20 nrad

of phase. Multiplying this DC transfer function by the laser frequency noise trace plotted

in Figure 3.6, we obtain the phase noise spectral density for a two beam interferometer

with a 1 m arm length mismatch, plotted in Figure 3.7:

Figure 3.7: Here, we follow the same procedure to obtain a phase noise spectral density plot

driven by laser frequency noise as in Figure 3.6. We plot this for armlength differences of 1 meter

and 0.1 meter. Instead of trying to track laser frequency noise as in a frequency reference, we are

concerned with frequency noise entering a spectroscopic measurement as a spurious source of phase

noise. This phase noise is seen to be 0.7 mrad /
√

Hz at 10 Hz for 1 meter armlength difference

and 0.07 mrad /
√

Hz for the 1 cm armlength difference.

To see the implications of this phase noise level for a dispersion measuring interferometer,

consider a laser scan rate of 10 Hz across an absorption line. Previously, we calculated

that for an absorption line with a depth of 0.5 through a length of 10 cm, the dispersion

induced phase shift is 0.2 radians. Looking at the phase noise at a Fourier frequency of 10

Hz in Figure 3.7, this would imply a 0.7 millradian phase noise level, and a modest signal

to noise ratio of 285, in the absence of any other sources of noise, which is worse than

the SNR of absorption spectroscopy methods [71]. However, this is for an interferometer

with a 1 meter armlength difference. At 0.1 meter armlength difference, the phase noise

is an order of magnitude smaller. Thus, in order to extract the dispersion induced phase

at 10 Hz with an SNR>2000 so as to be comparable with absorption spectroscopy, the

path lengths must be matched to within 10 cm. This is not a trivial task in Mach Zehnder
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fiber interferometers. Alternatively, we can use inherently balanced interferometers such

as a Sagnac interferometer such that the phase noise contribution from this first order

frequency noise coupling is zero.

3.4 Digital Interferometry

Digital interferometry is a set of optical phase extraction techniques that form the basis of

interferometric dispersion measurements in this thesis. At its core, digital interferometry

is built on the phase modulation of optical fields with pseudo-random sequences. These

pseudo-random sequences have well-defined autocorrelation properties, such that demod-

ulation of the optical carrier by a local sequence with a controllable electronic delay allows

selective signal isolation based on optical delay.

3.5 Elements of Digital Interferometry

Chip 
Code

Figure 3.8: A sample 4 bit, 15 length code is displayed. We have chosen the time base of our code

to be in seconds. One chip represents one element of the code, which in this case is one second.

This also defines our chip frequency of 1 Hz. The code frequency is therefore 1/15 Hz.

The first generation of digital interferometry techniques used the Maximal-length sequence

as the modulation code, and to date, they remain the most widely used DI sequence

due to the periodicity of their autocorrelation properties and their ease of generation.

M-sequences also benefit from being well characterized through decades of use in the

telecommunications industry [72]. The Maximal-length, or m sequence is a type of pseudo-

random bit sequence (PRBS), which toggles between 1 and 0, or alternatively 1 and

-1. M sequences are generated using linear feedback shift registers, which are recursive

state machines that calculate an input bit using an XOR operation on the bits currently

within the shift register, and then shift (output) the rightmost register bit.The maximum

periodicity, or length of the sequence is set by the bitwidth of the shift register. The bits

on which the XOR operates are called taps, and these are specifically chosen to maximize

the periodicity of the sequence. For an N-bit LFSR, the m-sequence periodicity, or length

is given by

L = 2N − 1 (3.25)
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where N is the number of bits held in the shift register. In Figure 3.8, a sample 4 bit

(N=4) DI code with 15 elements is plotted. In the terminology of digital interferometry,

we define a chip as one element of the code. As we have chosen a chip length of 1 second,

we can also define a chip frequency, of 1 Hz. Since the code length is 15, this also defines

a code frequency of 1/15 Hz.

3.5.1 Digitally Enhanced Heterodyne Interferometry

So far, we have only discussed the m-sequence code with reference to binary values 1 and

0. In a heterodyne digital interferometry scheme, this code is modulated onto the phase

of the optical carrier, with a modulation depth of π. This means that the optical carrier

phase is inverted when the code value is equal to 1. We illustrate a simple heterodyne DI

system with this modulation scheme in Figure 3.9 below:

AOM

1

0
code

Figure 3.9: A heterodyne interferometer with an m-sequence modulated onto the optical carrier

using the acousto-optic modulator. This is done by phase modulating the heterodyne frequency ωh

at π depth. Mathematically, this is represented by adding the iπϕcode phase term to the complex

exponential, where ϕcode pseudorandomly toggles between 1 and 0.

Here, for clarity, we have written the DI modulation code as an exponential phase

exp[iπϕcode(t − τ)], where τ is the code delay. However, the exponential phase term

can be simplified as C(n − τ) where C(n − τ) represents a single element of the bipolar

code and takes the value of 1 or -1. Hence we write the modulated field Emod:

Emod = exp[−i(ω + ωh)t + iϕref + iπϕcode(t− τ)] (3.26)

= C(n− τ) exp[−i(ω + ωh)t + iϕref] (3.27)
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The effect of the modulation on the carrier is to pseudorandomly invert the phase of the

heterodyne beat note. We plot a time domain representation of a carrier modulated by a

4 bit code in Figure 3.10 below.

Chip

4 bit Code

Figure 3.10: A 40 MHz carrier phase modulated by a 4 bit code with a 20 MHz chip frequency is

plotted. The modulating code, offset for clarity is also plotted. Since the 20 MHz chip frequency

is half that of the carrier frequency, a single chip period, as indicated in the Figure consists of two

periods of the carrier wave. At the chip transitions, the π phase flip is visible as a discontinuity in

the carrier phase.

The frequency domain representation of the resulting beat note at the photodetector is

plotted in Figure 3.11 below.

The effect of the digital interferometric code is to suppress the beatnote at 40 MHz, and

spread the beatnote power to a comb of frequencies. The nulls of the comb envelope are

set by the chip frequency fchip and the spacing between each of the teeth are set by the

code frequency fcode.

DI modulation can also be viewed as a controlled broadening of the optical source. Con-

sider a beatnote in standard heterodyne interferometry. A narrow-linewidth source (<

1 KHz) can be treated as a narrow spike around the heterodyne frequency, with width

equal to the linewidth of the source. When DI phase modulation is applied, the chip fre-

quency determines the new broadened linewidth. Associated with a linewidth, is also the

coherence length of the modulation broadened source, which we call the digital coherence

length:

LDI =
c

nfchip
(3.28)

where c is the speed of light in vacuum, n the refractive index of the medium of propagation

and fchip the chip frequency. Indeed, the essence of digital interferometry lies in the ability

to control coherence since the codes are pseudorandom. At photodetection, we can “undo”
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Figure 3.11: Simulated normalized radio frequency (RF) spectrum of a 4 bit modulation sequence

at 20 MHz on a 40 MHz carrier. This is the frequency domain representation of the modulated

carrier plotted in Figure 3.10. The unmodulated carrier at 40 MHz is also plotted in blue as a sharp

peak. We see the spread-spectrum envelope can be broadened by increasing the chip frequency,

which corresponds to the first null of the spectrum, currently at (40+20 = 60 MHz). Looking within

the envelope, we see the spread-spectrum consists of 15 individual harmonics, corresponding to the

code length, the spacing of which is determined by the code frequency. These need to be resolved in

order to achieve robust, error-free decoding. We also note that the spectrum is symmetric around

40 MHz, but have chosen not to plot it here, as the FFT routine used to generate the spectrum

introduces distortions as the frequency approaches DC (zero frequencies)

the phase scrambling by performing an autocorrelation with a locally delayed copy of the

code:

A(τ) =
L∑

n=1

C(n)C(n− τ) (3.29)

where τ is the code delay, and L is the code length. C(n) represents one element of the code,

and takes the values of 1 or -1. M-sequences are designed such that their autocorrelation

have the following properties:

A(τ) =

{
L, if τ = mL where m∃Z.
−1, otherwise.

(3.30)

This autocorrelation function for a 5 bit code with LDI = 31 is plotted in Figure 3.12

below:
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Figure 3.12: Here, we plot the autocorrelation of a five bit code (LDI = 31). At zero delay, the

code correlation is equal to the code length (31). Since the code repeats every code length, the

code correlation is also 31 at every integer multiple of the code length. At all other delays, the

correlation is -1.

We see that the autocorrelation reaches a peak value equal to the code length of 31 at

zero delay, and at every integer multiple of the code length. In other words, coherence of

the carrier is only recovered when the code is correlated with itself. Let us extend digital

interferometry to the heterodyne interferometer model to see how this control of coherence

allows us to range gate. Consider the reference and vapor cell fields in Figure 3.9. At the

photodetector, their interference yields:

Pmod =
Pin

4
[1 + cos(ωht + ϕcell − ϕref + πϕcode(t− τ))] (3.31)

=
Pin

4
[1 + C(n− τ) cos(ωht + ϕcell − ϕref)]

At demodulation, the signal at the photodetector is multiplied by a local copy of the code

C(n− τdecode):

Vdecode =
Vin

4
[C(n− τdecode)C(n− τ) cos(ωht + ϕcell − ϕref)] (3.32)

where we have only kept the interference term for clarity, and converted power to units

of voltage. Since the code C(n) only takes values of 1 or -1, multiplying by the correctly

delayed code reverses the inversion of the phase, recovering a pure heterodyne tone. For

the heterodyne interferometer pictured in 3.9, this means choosing τdecode = τ , where

τ is the optical time of flight between the modulation of the code at the AOM, and the

photodetector, in addition to any electronic delays. When τdecode ̸= τ , the multiplication of

the unmatched codes yield a third code, leaving the phase of the resulting signal scrambled.

The results of correct and incorrect decoding are plotted in Figure 3.13 below:
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Figure 3.13: In the top subplot, we have plotted the photodetector voltage before decoding.

The signal is a 40 MHz carrier phase modulated by a 4 bit code with a 20 MHz chip frequency.

In the second subplot, the photodetector signal has been multiplied by a correctly delayed code,

recovering a coherent heterodyne tone at 40 MHz. In the bottom subplot, the photodetector signal

is multiplied by a copy of the code that is delayed by 2 chips. The result is a phase that remains

scrambled and incoherent. In the Fourier domain, the signal is still spread spectrum, and can be

rejected using appropriate low-pass filtering.

Thus far, we have not performed an autocorrelation, only an element wise multiplication

of the two codes that demonstrates coherent vs incoherent phase recovery. However,

the demodulation process requires an autocorrelation to be applied. The first step in

heterodyne DI demodulation proceeds through the IQ mixdown procedure outlined in the

previous section, where we have omitted the DC term at the photodetector for simplicity:

Vmix,I =
VPD

8
C(n− τdecode)C(n− τ) cos

[
2ωht + ∆ϕ

]
+

VPD

8
C(n− τdecode)C(n− τ) cos ∆ϕ

Vmix,Q =
VPD

8
C(n− τdecode)C(n− τ) sin

[
2ωht + ∆ϕ

]
− VPD

8
C(n− τdecode)C(n− τ) sin ∆ϕ

(3.33)
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Following IQ mixing, the autocorrelation is taken by summing over a codelength, as given

in Equation 3.29 noting that the baseband and 2ωh terms are also summed over:

Vmix,I =
L∑

n=1

VPD

8
C(n−τdecode)C(n−τ) cos

[
2ωht+∆ϕ

]
+

L∑
n=1

VPD

8
C(n−τdecode)C(n−τ) cos ∆ϕ

Applying the autocorrelation properties of m-sequences in Equation 3.30, we obtain the

following for the in phase component of the signal:

Vmix,I =


VPD
8 L

∑tcode
t=0 cos

[
2ωht + ∆ϕ

]
+ VPD

8 L
∑tcode

t=0 cos ∆ϕ, if τ = τdecode.

VPD
8

∑tcode
t=0 cos

[
2ωht + ∆ϕ

]
+ VPD

8

∑tcode
t=0 cos ∆ϕ, if τ ̸= τdecode.

(3.34)

where the autocorrelation properties of the codes yield the correlation constant L (code

length), when τ = τdecode, and 1 otherwise.

Since the autocorrelation is taken by summing over one complete codelength, we rewrite

the limits of the sum in units of time, where the upper limit is the code time tcode. This

is equivalent to a simple windowed averaging filter on the baseband and 2ωh terms. Since

the average is taken over the code time, the corner frequency of this filter is equivalent to

the its inverse, the code frequency. From Figure 3.11, we can see that the code frequency

is much smaller than the heterodyne frequency. Therefore, the code summation operation

fulfills the function of the final low pass filter stage in the IQ mixdown operation, removing

the 2ωh term. This results in the filtered expression for the in-phase signal:

Vmix,I =

{
VPD
8

∑tcode
t=0 cos ∆ϕ, if τ = τdecode.

VPD
8

1
L

∑tcode
t=0 cos ∆ϕ, if τ ̸= τdecode.

(3.35)

where we have divided through by the codelength L to normalize the averaging filter. We

have also kept the summation to show that cos ∆ϕ has been downsampled to the code

frequency. The same IQ demodulation and filtering process is applied to the quadrature

signal:

Vmix,Q =

{
−VPD

8

∑tcode
t=0 sin ∆ϕ, if τ = τdecode.

−VPD
8

1
L

∑tcode
t=0 sin ∆ϕ, if τ ̸= τdecode.

(3.36)

From the decoding process, we can see that incorrectly decoded signals are suppressed by

a factor of the code length L. Choosing a longer code length allows for greater suppression,

but at the tradeoff of lower signal bandwidth.

By careful choice of τdecode to match optical time of flights of interest, we can isolate and

track multiple paths in an interferometer. Conversely, scattering fields will be suppressed

by the code length, as they will have time of flights different from the primary interfering

fields. The resolution of this range gating is set by the physical chip length, as the

autocorrelation rapidly falls from its peak value when τdecode is detuned by just one chip.
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In other words, we can multiplex two or more signals as long as their time of flights

differ by at least one physical chip length. This capability will be explored in Chapter 6,

where the phase accrued over three optical paths will be coherently decoded using digital

heterodyne interferometry.

3.5.2 From Digital Heterodyne to Digital Homodyne Interferometry

Historically, digital heterodyne interferometry was developed first, as linear phase extrac-

tion is in general, easier using heterodyne interferometry. From Equation 3.8, we can see

that the dispersion induced phase shift is encoded onto the optical power received via the

cosine term. Thus to recover the phase, a nonlinear phase extraction scheme is required,

on top of resolving phase ambiguities due to the discontinuous inverse cosine function. In

contrast, traditional heterodyne interferometry yields a continuous, unwrappable phase

readout.

In heterodyne interferometry, the signal field (arm with the vapor cell) is frequency offset

from the reference field (arm with the frequency shift), as seen in in Figure 3.2. The

frequency offset causes a linearly ramping phase shift between the two fields, with the

slope being the heterodyne frequency. The phase ramp, in effect samples the in-phase and

quadrature components of the complex plane, reconstructing the interference fringe. Thus,

direct phase extraction can be done without digital interferometric modulation. Digitally

Enhanced Homodyne Interferometry [39, 73], by contrast, accomplishes this sampling of

the in-phase and quadrature components with a four-level phase-stepping algorithm. This

can be applied either using an electro-optic phase modulator, or by phase modulating the

frequency shift of an acousto-optic modulator. This allows the modulation to sweep all

four quadratures of the phase plane, eliminating the need for the heterodyne tone and

further reducing the physical complexity of the system. However, we note that in this

scheme, digital interferometric modulation is an in-built and necessary requirement for

phase extraction. These differences are highlighted Figure 3.14 below, where we show

heterodyne and homodyne phase scanning of an IQ plane.

In the next chapter, we will provide a mathematical expression for this modulation scheme,

showing that the four-level-phase stepping algorithm can be expressed as the sum of a

modulation code that toggles between in-phase components, and an orthogonal code that

toggles between the quadrature components of the interference fringe.
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Figure 3.14: In heterodyne digital interferometry, the phasor (interference fringe) rotates around

the IQ plane, sampling all four quadrants equally. By contrast, homodyne digital interferometry

evenly samples the IQ plane using a four level phase stepping algorithm, forming a four point

constellation with of ±π/4, and ± 3π/4. We note that despite this scanning of the four quadrants

of the IQ plane, digital homodyne interferometry is named as such because a frequency shift is not

required.

3.6 Summary

In the first broad section of this chapter, we introduced two beam interferometry, which

is the core sensing technique used in this thesis to extract dispersion induced phase shifts.

We introduced heterodyne and homodyne interferometry, two common readout schemes

for interferometers, showing that it is possible to extract a dispersion induced phase shift

in the signal arm of a two-beam Mach-Zehnder interferometer. An alternative two beam

homodyne interferometer, the Sagnac was also introduced as an inherently balanced sens-

ing configuration that offers suppression of laser frequency noise, compared to standard

two beam interferometers.

Digital Interferometry was then introduced as a phase extraction scheme used throughout

this thesis. We outlined the basic terminology and concepts used for describing DI systems

and proceeded through the derivation of modulation and decoding process for a Digitally

Enhanced Heterodyne Interferometry phase signal. This illustrated the key concepts of

DI: controllable coherence enabling signal multiplexing and range gating of interferometric

signals.
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Digitally Enhanced Sagnac Interferometer

In this chapter, we introduce the Sagnac interferometer as a proving ground for the per-

formance of digital interferometry in fiber interferometers. This is due to its inherently

matched path lengths, removing the effect of first order frequency noise coupling in the

phase measurement. For the same reason, the Sagnac interferometer is also a good candi-

date as an interferometer used for dispersion spectroscopy, where dispersion induced phase

shifts are only on the order of 10−2 radians.

Traditionally, Sagnac interferometers are used to measure rotation rate, and have found

use as fiber optic gyroscopes [74]. For that application, white light sources such as super-

luminescent diodes with > 40 nm of optical bandwidth are used. This is to mitigate the

effect of Rayleigh and polarization scattering, as scattering perturbations on the phase

readout are rendered incoherent [75] due to the extremely short coherence length of the

sources. However, measurements of dispersion induced phase requires a coherent and tun-

able light source. In order to use the Sagnac interferometer for dispersion spectroscopy,

we modify the architecture of a traditional Sagnac interferometer and introduce the use of

digital interferometry. This allows us to overcome the problem of scattering when using a

laser diode, while still preserving the path length stability of a Sagnac interferometer.

4.1 Introduction

Digital Interferometry (DI) was developed originally for highly coherent, narrow linewidth

optical sources [35], achieving phase sensitivities of ∼ 10 µrad/
√

Hz with a continuous,

unwrapped phase readout [40, 76]. The technique works by introducing a pseudo-random

phase modulation which results in an optical spread-spectrum in frequency domain. This

enables gating of spurious interference, similar to white-light interferometry used for op-

tical coherence tomography [77] and fiber optic gyroscopes. Upon demodulation of the

code for the chosen macroscopic optical path length, coherence is recovered.

This allows for a tunable, high coherence source such as a Distributed Fiber Bragg (DFB)

laser to be used in a Sagnac interferometer, as a DI modulated laser behaves like a low

coherence length source while propagating through the Sagnac loop. However, upon de-

modulation, coherence is selectively recovered for the path length of interest (clockwise

and counterclockwise paths), while spurious scattering path lengths remain incoherent

and are strongly rejected. This is the main motivation in using digital interferometry for

51
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a laser interrogated Sagnac interferometer– we reap the benefits of coherent sources for

interferometry, while mitigating coherent scattering.

In the previous chapter, we bridged the gap from Digital Heterodyne Interferometry to

Digital Homodyne Interferometry. This variant is the modulation scheme used in the

Sagnac interferometer, which, due to its reciprocity, requires a homodyne phase readout,

as any ’heterodyne’ frequency shift seen in one of its arms will also be seen by the other.

This architecture and modulation scheme retains the sub-microradian phase sensitivity

offered by Digital Heterodyne Interferometry while enabling a continuous, high dynamic

range readout free of active phase control.

4.2 Digitally Enhanced Sagnac Modulation Scheme

Introduced in the previous chapter, Digital Heterodyne Interferometry uses pseudo-

random phase modulation to encode the optical phase. This allows for the propagation

time of the code through an optical system to be identified by the delay of the code’s

auto-correlation in demodulation. Critically, this auto-correlation is low-valued for all

time delays except for when it is an integer multiple of the code period. However, DE-

HoI differs from Digital Heterodyne Interfometry in that two pseudo-random binary codes

are used to create a 4-level phase constellation, akin to Quadrature Phase Shift Keying

(QPSK) modulation. These 4 levels allow for discrete sampling of each quadrature of the

IQ plane, with each code corresponding to a specific quadrature, as shown in Figure 3.14

from the previous chapter. The effect of this modulation is to pseudo-randomly toggle

across all four quadratures of the IQ plane, forming a pseudorandom, four-level phase

modulation signal. A snippet of this signal is shown in the QPSK Phase Modulator box

in Figure 4.1.

We can describe such a QPSK phase modulated electric field in terms of its constituent

pseudo-random binary codes using the following expression:

E(t) = Ẽ(t)M(t)eiωt+iϕ(t) (4.1)

M(t) ≡ CI(t) + iCQ(t) (4.2)

where CI(t) and CQ(t) are mappings of the I and Q binary codes to ±1. We write

this in compact form as M(t), noting that this forms a constellation of four modulation

points in the complex plane. Ẽ(t) represents the time varying amplitude of the field,

ω the optical carrier frequency and ϕ(t) a time varying phase. The code delay, τ is

determined by the propagation time from the point of modulation to the point of decoding

in signal processing. This is typically dominated by the time-of-flight through the optical

system. When implemented in a two beam interferometer this results in two optical fields

superposed at the photodetector, each encoded with a uniquely delayed QPSK code.

To implement a digital interferometric readout for a Sagnac interferometer, we require

phase modulation to be encoded on both the clockwise (CW) and counterclockwise (CCW)

metrology fields. Due to the symmetric nature of the Sagnac interferometer, any modu-

lation that is encoded outside the interferometer is common, and does not manifest itself

in the measurement. While this reciprocity condition is advantageous for suppressing

laser frequency noise and other common noise sources, it also requires any modulation for

readout purposes to be applied within the sensing coil.
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For phase modulation, we use an acousto-optic modulator. When placed asymmetrically

in a coil of length L, following propagation through the sensing coil in both the CW

and CCW directions, we see in Fig. 4.1 that the CCW path is modulated first, which

introduces a τ delay to the CCW code relative to the CW path, where τ = nL/c is the

coil transit time. Crucially, upon recombination at the coupler, both CW and CCW fields

are frequency shifted, such that a homodyne readout is required.

3 dB time delay (τ)

prompt code (CW)

delayed code (CCW)

QPSK Phase Modulator

Figure 4.1: By using an asymmetrically placed acousto-optic phase modulator, the QPSK mod-

ulation results in two codes with a relative delay of τ encoded on the fields interfering on the

photodetector. Using DEHoI to decode them then recovers the interference between the CW and

CCW fields, enabling a measurement of the Sagnac phase.

We can write the CW and CCW fields using this formalism as follows:

ECW(t) = Ẽ(t)M(t)eiωt+iϕCW(t) (4.3)

ECCW(t) = Ẽ(t)M(t− τ)eiωt+iϕCCW(t) (4.4)

We note that although there is a frequency shift due to the acousto-optic modulator, the

shift is experienced by both CW and CCW paths, and the interference occurs at baseband.

Thus, without loss of generality, we can write the frequency of the CW and CCW fields

as ω. The superposition of the two returning fields at the 3dB coupler results is the sum

of the clockswise and counterclockwise fields:

ED = ECW(t) + ECCW(t) (4.5)

= Ẽ(t)M(t)eiωt+iϕCW(t) + Ẽ(t)M(t− τ)eiωt+iϕCCW(t) (4.6)

At the photodetector, we take the complex conjugate squared of this superposition field

and re-expand the modulation term M(t) into its constituent I and Q codes to obtain a

DC term, and four encoded interference terms, along with their complex conjugates, at

the photodetector:
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PD = PsigCI(t)CI(t− τ)ei∆ϕ

+ PsigCQ(t)CQ(t− τ)ei∆ϕ

− iPsigCQ(t)CI(t− τ)ei∆ϕ

+ iPsigCI(t)CQ(t− τ)ei∆ϕ

+ C.C.

+ 4Psig

(4.7)

where Psig ≃ |Ẽcw(t) ˜Eccw(t)| is the signal power on the detector assuming the Rayleigh

scattered power is small, and C.C. stands for the complex conjugate of each of the terms.

We have also rewritten the phase difference between clockwise and counterclockwise paths

as ∆ϕ(t) = ϕCW (t)− ϕCCW (t). Finally, using the Euler identity, we simplify the complex

exponential terms:

PD = PsigCI(t)CI(t− τ) cos(∆ϕ(t)) (ICW & ICCW )

+PsigCI(t)CQ(t− τ) sin(∆ϕ(t)) (ICW & QCCW )

−PsigCQ(t)CI(t− τ) sin(∆ϕ(t)) (QCW & ICCW )

+PsigCQ(t)CQ(t− τ) cos(∆ϕ(t)) (QCW & QCCW )

(4.8)

Each of the terms in Equation 4.8 is encoded with the phase difference between the two

paths ∆ϕ. For a rotation sensing Sagnac interferometer, this phase is the Sagnac phase

and proportional to the rotation rate of the fiber loop. In this testbed system, the phase is

an additional phase term injected by the acousto-optic modulator that is used to verify the

digital interferometric readout. From Equation 4.8, by assuming that the chip frequency

(on the order of MHz), is much faster than dynamics of the phase signal, we can also see

that the detected power consists of only three discrete levels, Psig, −Psig, and 0. This is

because the interference term created by homodyne DI is constructed from the difference

between two four level codes.

In order to recover this phase, we construct codes with the appropriate delays, selectively

ensuring that the code correlation is high for only the desired signals. We can construct

these codes as follows:

IIdecode = CI(t)CI(t− τdecode)

IQdecode = CI(t)CQ(t− τdecode)

QIdecode = CQ(t)CI(t− τdecode)

QQdecode = CQ(t)CQ(t− τdecode)

(4.9)

To decode correctly, we set the correct decoding delay τdecode = τ equal to the transit

time of the Sagnac coil. By multiplying each of the terms in Equation 4.8, with the

appropriately delayed decoding terms in Equation 4.9, and following integration over a
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code length, we are left with the four differential phase terms arising from Equation 4.8,

each multiplied by a correlation constant of order unity.

Following demodulation we can then use a linear combination of these four measurements

to construct an IQ projection for the actual measurement phasor:

s(t) = (II + QQ)︸ ︷︷ ︸
In-Phase (I)

+ i(IQ−QI)︸ ︷︷ ︸
Quadrature (Q)

= 2Psig cos(∆ϕ) + 2iPsig sin(∆ϕ)

The phase difference ∆ϕ(t) is then given by:

∆ϕ(t) = tan−1

(
Q

I

)

where I and Q are the phasor components obtained from the DEHoI readout. Using

this method we are able to reconstruct the phase with a continuous, high dynamic range

readout. This correctly decoded phase represents the interference between clockwise and

counterclockwise modulated fields.

To see how scattered fields are rejected through this decoding process, consider a singly

scattered field which experience a time delay τs ̸= τdecode, and thus an interference term

with a code term C(t−τs). When correlated against a code with the correct decoding delay

C(t − τdecode), the correlation constant is suppressed by a factor equivalent to the code

length. This is effectively range-gating to suppress spurious interference due to residual

scattering interactions, allowing a coherent source such as a laser to be used.

Additionally, by using an acousto-optic modulator, we further minimize the amount of

coherent scattering effects from the interferometer, as scattered fields are either doubly

frequency shifted, or not shifted at al

4.3 Experimental Demonstration

We use a JDSU (JDS Uniphase) diode laser with a linewidth of 1 MHz centered around

1550 nm. The fiber coupled output of this source is sent through a circulator and 3 dB

splitter into the arms of the Sagnac interferometer as shown in Fig. 4.2.

Our DEHoI scheme uses an acousto-optic modulator to phase encode the two interferome-

ter fields with a 4-level QPSK code. The use of an AOM enables polarization independent

phase modulation, eliminating the need for polarization management within the Sagnac

fiber coil.

For the modulation, we use an 11 bit m-sequence to generate the QPSK modulation, using

two differently seeded linear feedback shift registers to generate orthogonal code pairs. The

use of m-sequences as the generator codes therefore results in a QPSK modulation with a

code length of 2047 chips (symbols). This is modulated onto the CW and CCW fields at

a 2 MHz chip frequency, corresponding to a physical chip length in optical fiber of 100 m.

Since the DeHoI readout requires averaging over a code length to recover the necessary
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Figure 4.2: The experimental setup consists of a single acousto-optic modulator (AOM) asym-

metrically placed in the Sagnac interferometer with a 300 m sensing coil of SMF-28e fiber. We use

the AOM to modulate the QPSK code and provide a frequency shift of approximately +40 MHz

to the optical fields. Both the modulation signal and the RF drive frequency are generated on an

FPGA. In addition, we use the AOM to introduce a 12 Hz signal tone to demonstrate dynamic

signal response. Photodetection was carried out using an Insight BPD1 balanced detector, and

the signal was run into an ADC synchronous with the DAC. Following digitization by the ADC,

the QPSK binning is used to demodulate the photodetected signal with prompt and coil delayed

QPSK codes before averaging obtains the code correlation and output IQ data. The output data

was converted into optical phase by computing the arctangent on a computer in post-processing.

autocorrelation, the final decimated sampling frequency of 977 Hz determines the phase

readout bandwidth

The generation of the QPSK code and the 40 MHz AOM drive frequency are handled

in parallel on a field programmable gate array (FPGA), with the AOM drive frequency

being encoded digitally prior to conversion to the analog domain. In addition to the code,

the FPGA adds flexibility to include phase and frequency modulation on top of the AOM

drive frequency for calibration purposes.

We use a National Instruments, Virtex 5, 7965R FPGA with the analog interface provided

by a NI 5781 transceiver. The transceiver operates at 100 MS/s on both the two input

ADCs and 2 output DACs. This provides the I/O card with an effective 40 MHz band-

width, capable of generating the necessary modulation of the AOM. After being output

from the DAC, the signal is amplified using a Mini-Circuits ZHL-32A RF amplifier and

sent to the AOM (IntraAction 40 MHz FCM-401E5A) placed at the start of the CCW

arm.

The asymmetric placement of the modulator allows the modulation of the QPSK code

at the start of the CCW direction of the fiber coil, and therefore at the end of the CW

direction of the fiber coil. This means we are able to modulate the counter-propagating
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beams with a differentially delayed QPSK code. For the CW beam, the code is therefore

delayed by τ , where τ is the coil transit time, with respect to the CCW path. At the

coupler, the two fields (and codes) interfere. An oscilloscope trace of the photodetector

output demonstrating the code interference is shown here:

0.5 µs / 2 MHz

Figure 4.3: An oscilloscope trace of the DI Sagnac photodetector output with a 2 MHz chip

frequency is shown. Excluding the ringing around chip transitions, we can see that there are 3

levels, at roughly 0, 400 mV, and 800 mV, corresponding to the interference of two four level codes.
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The phase difference between the CW and CCW paths was then coherently extracted

from a raw detected signal shown in Figure 4.3 by decoding for the CW-CCW code delay

combinations shown in Equation 4.8.

The preliminary measurement of the Sagnac interferometer was to confirm the phase

calibration of the readout. To do this, we tune the AOM RF frequency shift by the free

spectral range (FSR) of the interferometer, which can be determined by the inverse of

the Sagnac coil transit time of 1.5 µs, equivalent to 667 KHz Tuning the AOM frequency

changes the differential optical phase accrued between the two counter-propagating beams,

with a full FSR frequency shift (666 KHz) corresponding with a 2π phase change. By

repeatedly scanning at the FSR depth sinusoidally, we see in Fig. 4.4 that the readout

tracks over the expected 2π phase shift. This ensures that our digital interferometric

readout outputs a correctly calibrated phase.

0 5 10 15

-

- /2

0

/2

Figure 4.4: A time domain measurement showing the sinusoidal frequency modulation of the

AOM RF drive frequency. This results in a phase scan in the readout with an expected magnitude

of 2π. This was used to confirm the calibration of the DEHoI phase readout.
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4.4 Noise Floor Analysis

Figure 4.5: A frequency domain measurement of the noise floor of the DI Sagnac interferometer.

The noise floor level is 0.2 µrad/
√

Hz. The two dominant sources of noise, ADC and shot noise,

and their quadrature sum are also plotted.

Following calibration, we proceed to characterize the phase noise performance of the read-

out. In Fig. 4.5, we plot the amplitude spectral density computed from a time series

measurement, showing the phase sensitivity of the Sagnac interferometer phase readout of

0.2 µrad/
√

Hz above approximately 10 Hz. In order to determine that we are not limited

by noise due to the digital interferometric phase extraction scheme, we perform a noise

budget analysis. We begin with shot noise, a fundamental noise source due to discrete

arrival times of photons on the photodetector. The voltage noise due to shot noise out of

the photodetector, and as seen by the ADC is obtained by the following [78]:

∆Vshot = α
√

2eηPTG

= 0.14
√

2(1.6 × 10−19 C)(1.176 A/W)(7 × 10−4 W) (5000 V/W)

= 13.2 nV/
√

Hz

(4.10)

where e denotes the electron charge, α denotes the unitless electronic attenuation factor of

0.14 required to step the photodetector voltage output down to match the 1 V ADC input

voltage range, η denotes the quantum efficiency of InGaAs at 1550 nm of approximately

1.176 amp per watt, P denotes the total optical power on the detector of 700 microwatts,

and TG denotes the transimpedance gain of the Insight Balanced Photodetector, which is

5 volts per milliwatt.

A second source of noise in photodetection is dark noise, which is inherent to the p-i-n

type photodiodes used here. In these photodiodes, a photocurrent is generated when an

photon is incident on the depletion layer of a p-n junction [79]. However, even when there

are no incident photons (dark), a small dark current is generated due to leakage of charge
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carriers across the junction. The dark current is usually quoted in spectral density units

of noise-equivalent power (NEP), or W/
√

Hz, as this reflects the detection of ’phantom’

photons.

We can convert noise-equivalent power to voltage noise spectral density in order to match

the units of shot noise given in 4.10. This is done by multiplying the NEP by the pho-

todetector transimpedance gain. Thus, the voltage noise contribution from dark noise as

seen at the ADC is calculated as follows:

∆Vdark = αNEPInsightTG

= (0.14)(4 × 10−12 W/
√

Hz)(5000 V/W)

= 2.8 nV/
√

Hz

(4.11)

where NEPInsight is the noise equivalent power or dark noise of the Insight Balanced

Photodetector of 4 × 10−12 W/
√

Hz, as quoted on the specifications [80]. The dark noise

contribution works out to be quite small, as it is also electronically attenuated by a factor

of α.

Finally, the 5781 ADC front end voltage noise ∆VADC is estimated from the specification

sheet as 25 nV/
√

Hz [81]. This is a form of quantization noise that reflects the bitwidth

limited precision in the conversion from analog to digital signals. Since all three noise

sources are uncorrelated, we add them in quadrature to find the total voltage noise on the

signal:

∆Vtotal =
√

∆V 2
shot + ∆V 2

Dark + ∆V 2
ADC = 28.4 nV/

√
Hz (4.12)

To calibrate this total voltage noise to phase noise in radians per root hertz, we multiply

by a calibration factor of 2π rad/V, since we assume that the 1 V dynamic range of the

ADC is mapped to a full 2π radians in phase - in other words we have full optical fringe

visibility. In this case, one period of an interference fringe with a peak-to-peak amplitude

of 1 volt corresponds to 2π radians in phase. We thus obtain for a phase noise estimate:

∆ϕ = ∆Vtotal(2π) = (27.3 nV/
√

Hz) (2π rad/V) = 1.78 × 10−7 rad/
√

Hz (4.13)

Our current noise floor of 2 × 10−7 rad/
√

Hz is superimposed with these noise estimates

in Figure 4.5 below. In this figure, we have taken the individual ADC, shot noise, and

dark noise estimates in units of nV/
√

Hz and converted them to units of rad/
√

Hz using

the 2π rad/V calibration factor.

From Figure 4.5, the predicted shot noise limited phase sensitivity for this measurement

is 0.1 µrad/
√

Hz, a factor of four below our experimentally obtained results. Analog front

end electronic noise currently dominates our experimental sensitivity at approximately 0.4

µrad/
√

Hz. The broad noise features around 10 Hz are due to optical table mechanical res-

onances. At frequencies below approximately 5 Hz, the noise floor is seen to roll up caused

by the AOM thermal phase noise coupling into the Sagnac phase due to its asymmetric

position within the interferometer.
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From an accounting of the these noise sources, we have demonstrated that the noise floor

of the digital homodyne phase extraction scheme is limited by ADC noise and shot noise,

and not by the phase extraction scheme itself, or noise driven by scattering, as commonly

seen in fiber optic gyroscopes.

4.5 Conclusion

In this chapter, we introduced a Sagnac interferometer with a DeHoI readout, a variant

of Digital Heterodyne interferometry. Using this readout scheme, we are able to suppress

phase noise due to spurious scattering effects within the interferometer. We have also

demonstrated shot noise and ADC noise limited performance of digital interferometry in

the Sagnac interferometer. This allows us to reach a phase noise floor of 2×10−7 rad/
√

Hz,

serving as a good proof of concept for a digitally enhanced Sagnac interferometer. By

adding a calibration tone to the acousto-optic modulator frequency, we also demonstrated

that we could recover a signal injected inside the loop. From here, we consider placing a

spectroscopic analyte within the loop, with the dispersion induced phase shift serving as

the phase signal. In the next chapter, by integrating a fiber coupled vapor cell into the

loop, we demonstrate the recovery of an analyte induced phase shift.
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5
Dispersion Spectroscopy with a Sagnac Interferometer

This chapter is based on work published in Optics Letters titled “Digitally enhanced

molecular dispersion spectroscopy” [82].

In the previous chapter, we introduced the Sagnac interferometer architecture as an ideal

proving ground for digital interferometry, due to its balanced arm lengths leading to

excellent stability, and first order immunity to frequency and path length noise. This

resulted in a phase noise floor of 2× 10−7 rad/
√

Hz, purely limited by front end electronic

and shot noise. In this chapter, we leverage this proven phase extraction method, along

with the low-noise Sagnac interferometer architecture to extract dispersion induced phase

shifts. As our test analyte, we use Hydrogen Cyanide (HCN), a commonly reference used

to evaluate the performance of techniques in near-infrared laser spectroscopy.

This is a field that has seen widespread use and development in recent years due to its

ability to perform highly sensitive atmospheric and in-situ measurements of trace gas

concentrations [6, 7]. Here, we briefly review the two differing approaches to laser spec-

troscopy of molecules: absorption which measures a change in field amplitude, as the laser

is swept across the absorption line, and dispersion, which measures a change in the phase

of the field. As shown in Chapter 3, this phase shift is proportional to the refractive index

change, or anomalous dispersion around an absorption line. By measuring dispersion in-

stead of absorption, dispersion spectroscopy avoids the need to calibrate acquired spectra

for power fluctuations as the laser frequency is tuned.

From Chapter 2, we provided a heuristic proof that dispersion is linearly proportional

to concentration, in contrast to absorption, which follows the exponential Beer-Lambert

Law. Dispersion methods therefore circumvent the sensitivity limits of amplitude meth-

ods when performing high concentration measurements, enabling a large measurement

dynamic range [83], with zero baseline, as the signal rises from zero, with increasing con-

centration. However, phase shifts measured in dispersion spectroscopy are relatively small.

Thus, highly stabilized and isolated components are required to extract these phase shifts,

adding hardware complexity to the interferometric system. Existing methods for disper-

sion spectroscopy, such as Chirped Laser Dispersion Spectroscopy (CLaDS) [17, 84] and

Heterodyne Phase Sensitive Dispersion Spectroscopy (HPSDS) [85, 86] rely on optical

heterodyning to achieve this, and typically yield phase sensitivities on the order of a milli-

radian. In this chapter, we present a new homodyne dispersion spectroscopy method using

63
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Digitally Enhanced Homodyne Interferometry (DEHoI) as a phase extraction technique

with better than µrad phase sensitivity.

This is accomplished by integrating a vapor cell containing our analyte (HCN) into the

Sagnac interferometer, and interrogating it using Digitally Enhanced Homodyne Interfer-

ometry. The architecture benefits from first order immunity to laser frequency noise due

to matched optical path lengths within the Sagnac interferometer, enabling a frequency

agile dispersion spectroscopy system that requires no active stabilization. In addition,

utilising a balanced photo-detector subtracting the optical power of the symmetric and

anti-symmetric outputs of the Sagnac interferometer provides a high degree of relative

intensity noise immunity. The combined suppression of both frequency and relative inten-

sity noise in our readout relaxes the stability requirements on the laser to achieve a highly

sensitive noise immune phase readout enabling the use of a free running diode laser with

a linewidth of approximately 10 MHz.

5.1 Experimental Concept

A conceptual diagram of our dispersion spectrometer, along with a sketch of an idealized

dispersion profile near a molecular transition is shown in Fig. 5.1.
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Figure 5.1: An optical tone of frequency ωL with linewidth much narrower than a HCN molecular

transition is split by a 3 dB coupler and injected into a loop in clockwise and counterclockwise

directions. The clockwise path enters an AOM and is frequency shifted by ωs before entering a

vapor cell containing HCN with a molecular transition at a center frequency ωc. The counterclock-

wise path immediately enters the vapor cell unshifted. The two frequencies propagating within

the loop interrogate the dispersion n(ω) of the molecular transition at different frequencies. The

clockwise and counterclockwise fields thus experience different phase shifts. When recombined at

the coupler, the two fields interfere, and the resulting signal is recorded by a photodetector (PD).

In this configuration, a single optical tone is split into clockwise and counterclockwise

paths around a common path closed loop Sagnac interferometer. The clockwise path ex-

periences a frequency shift induced by an acousto-optic modulator (AOM) before entering
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a Hydrogen Cyanide (HCN) vapor cell. The counterclockwise path immediately enters

the vapor cell unshifted and is only frequency shifted after it exits the vapor cell. The

vapor cell is thus interrogated by two optical frequencies, each experiencing a different

phase shift corresponding to the dispersion profile of the molecular transition of inter-

est. The two fields exit the loop however, at the same shifted optical frequency. Thus,

when the two counterpropagating fields are recombined at the coupler and observed with

a photodetector, their interference results in a baseband signal whose phase is equal to

the differential dispersion experienced by the two fields. As the laser frequency is swept

across the molecular transition, this differential phase shift can be extracted using interfer-

ometric methods, allowing the dispersion profile corresponding to the molecular transition

to be reconstructed. Importantly, since the clockwise and counterclockwise paths in the

interferometer are necessarily length matched, the differential phase signal will be immune

to laser frequency noise.

We also distinguish this differential dispersion signal from that obtained with Differential

Optical Dispersion Spectroscopy [21], where a second vapor cell is placed in the reference

arm of a CLADs Mach Zehnder Interferometer setup, serving as a spectroscopic reference.

In this configuration, both the signal and reference vapor cells are sampled at the same

optical frequency, with one interferometer arm frequency shifted by an AOM afterwards

to form a heterodyne readout. By contrast, for the Sagnac setup presented here, a vapor

cell is sampled at two different frequencies, but interfere at the same frequency, forming

a homodyne readout.

5.2 Differential Phase Signal

As the laser center frequency ωl is swept across the transition, the counterclockwise and

clockwise fields in the loop interferometer experience differing phase shifts given respec-

tively by Equation 5.1 and Equation 5.2:

ϕCCW =
ωln(ωl)lcell

c
(5.1)

ϕCW =
(ωl + ωs)n(ωl + ωs)lcell

c
(5.2)

where ωl is the center frequency of the laser, ωs is the frequency shift induced by the

AOM, n is the frequency dependent refractive index of the HCN sample, and lcell is the

length of the vapor cell. The counterclockwise and clockwise fields, when recombined at

the coupler, can then be expressed by the following:

ECCW =
E

2
α(ωl) exp [i(ωl + ωs)t + iϕCCW ] (5.3)

ECW =
E

2
α(ωl + ωs) exp [i(ωl + ωs)t + iϕCW ] (5.4)

where ϕccw(ω) and ϕcw(ω) are the optical phase shifts induced by the vapor cell at the

laser frequency and the shifted frequency, and α(ω) are the frequency dependent absorption

coefficients experienced by the counter-propagating fields that modulate their amplitude
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E. The sum of these fields incident on a square law photodetector is then converted into

a voltage signal P with three terms:

P =
E2

4
α2(ωl + ωs) +

E2

4
α2(ωl) +

E2

4
α(ωl + ωs)α(ωl) cos(∆ϕ) (5.5)

where ∆ϕ = ϕCCW −ϕCW has been defined as the differential phase between the frequency

shifted and unshifted fields.

The first two terms of Equation 5.5 are terms at DC resulting from the frequency de-

pendent absorption. The third term carries the interference between the clockwise and

counterclockwise fields due to the differential dispersion induced phase shift ∆ϕ experi-

enced by the counterpropagating paths. An expression for this phase shift can be derived

by combining Eqns. 5.1, and 5.2:

∆ϕ =
lcell
c

[(ωl + ωs)n(ωl + ωs) − ωln(ωl)] (5.6)

≊
ωllcell
c

[n(ωl + ωs) − n(ωl)] (5.7)

where we have made the approximation ωs << ωl, as the radio frequency AOM shift MHz

is much smaller than the optical frequency. As the laser frequency ωl is swept across the

molecular transition, the phase shift (Equation 5.7) encodes the dispersion profile of the

transition. This phase shift for a frequency shift of 40 MHz and a linewidth of 1 GHz,

is plotted in Figure 5.2 below. Qualitatively, for this set of parameters, we see that the

signal corresponds approximately to the derivative of the dispersion profile. This is clear

when we consider that the phase shift in Equation 5.7 results from sampling the dispersion

curve at two points, and taking their difference.

Using a phase sensitive detection method like DeHoI, the interferometric phase shift can

be recovered as a phase signal. The phase signal amplitude will also increase as a function

of the AOM frequency shift ωs up to approximately the half width half maximum of the

spectral feature. At this maximum phase point, the laser frequency and its shifted com-

ponent line up exactly with the frequency spacing between the maximum and minimum

of the dispersion profile. Beyond this point, the amplitude of the phase signal drops off,

corresponding to the tails of the anomalous dispersion curve. This effect is explained in

more detail and modelled in a later section of this chapter. We also note that since the

refractive index variation scales proportionally to species concentration, by the linearity

of Equation 5.7, the phase shift will also scale linearly with concentration.

The interferometric phase shift is extracted using digitally enhanced homodyne interfer-

ometry (DeHoI) [39]. In the implementation of DeHoI used here, similar to our testbed

system introduced in the previous chapter, the frequency shifting AOM is also used to en-

code the optical fields with two orthogonal PRBS codes at a modulation frequency which

is known as the chip frequency. This phase modulation is in addition to the frequency

shift imparted onto the clockwise (CW) and counterclockwise (CCW) optical fields. The

orthogonality of the PRBS codes form an orthonormal basis on the complex phase plane

on which the in-phase and quadrature components of the fields are projected. This four

level phase shift is known as Quadrature Phase Shift Keying (QPSK) and takes on the
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Figure 5.2: The dispersion induced phase signal for a Lorentzian absorption line with a full width

half maximum of 1 GHz, an AOM shift of 40 MHz, and a vapor cell length of 16.5 cm. The curve

is obtained by plugging these parameters into Equation 5.7

function of a heterodyne frequency scanning four quadratures of the phase plane. We

insert this modulation into the field calculation as follows:

ECW(t) = Ẽ(t)M(t) exp[i(ωL + ωs)t + iϕCW(ωL)] (5.8)

ECCW(t) = Ẽ(t)M(t− τ) exp[i(ωL + ωs)t + iϕCCW(ωL + ωs)] (5.9)

where we have adopted the same convention introduced in the previous chapter, with

M(t) being a compound code formed from the sum of two orthogonal PRBS sequences.

The clockwise field is immediately encoded with the code, but the counterclockwise field

passes first through the vapor cell and the Sagnac loop, introducing a relative delay in

the QPSK modulation between the two paths. Upon interference at the photodetector,

the resulting signal must be demodulated with the appropriately time delayed compound

codes. Doing so recovers the in-phase and quadrature components of the interference,

allowing the dispersion induced phase shift between the interfering CW and CCW fields

to be extracted at a sample rate equal to the repetition frequency of both PRBS codes.

The explicit calculation of the demodulation process is given in the previous chapter.

The auto-correlation properties of PRBS sequences also ensure that spurious scattered

fields with different time delays are rejected during demodulation, resulting in the sup-

pression of both coherent phase noise due to fiber backscattering as well as etalon effects

in the vapor cell.
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5.3 Experimental Implementation

A schematic of the initial experimental demonstration is shown in Fig. 5.3. A tunable

JDSU DFB laser diode with 10 MHz linewidth is used to interrogate the 1550.515 nm P11

Hydrogen Cyanide vibrational absorption line. For this, we use a fiber coupled H13CN

vapor cell with a pressure of 25 Torr at room temperature, and a path length of 16.5 cm

produced by Wavelength References. The vapor cell is housed within a Sagnac interferom-

eter with an anti-symmetrically placed, polarization-insensitive acousto-optic modulator

(AOM). Here, the clockwise (CW) path immediately enters the vapor cell unshifted while

the counter-clockwise (CCW) path first passes through an AOM and experiences a 120

MHz frequency shift. This ensures that the CW and CCW paths through the vapour

cell have different frequencies, and produce a differential phase shift at the interferome-

ter output. In addition, we use the AOM to apply the DEHoI phase modulation with a

chip frequency of 2 MHz. The AOM drive, consisting of the RF carrier and the DEHoI

phase modulation are both generated on a NI 7954 FPGA and output using a NI 5781

transceiver.
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Figure 5.3: A 1550 nm tunable DFB laser diode output is used to interrogate a Sagnac interferom-

eter containing an anti-symmetrically placed HCN vapour cell and AOM. The modulator applies

a frequency shift to the CCW path relative to the CW path as they interrogate the vapour cell,

allowing the HCN dispersion profile to be interrogated at two optical frequencies. Both paths also

experience DEHoI phase modulation which enables measurement of the differential phase caused

by the HCN dispersion profile. The length of fiber was used to add a relative delay between the

CW and CCW DEHoI modulation to ensure complete and correct decoding. To scan the disper-

sion profile, the laser wavelength is swept across the HCN transition by modulating the injection

current of the laser diode. Note that all optical components downstream from the laser diode

output used were polarization independent including optical fiber – SMF28e, optical circulator,

the 3dB coupler, the AOM and HCN cell.
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Following recombination at the 3dB coupler, an Insight Balanced photodetector with 400

MHz bandwidth, in conjunction with an optical circulator subtracts the symmetric and

anti-symmetric Sagnac outputs to provide relative intensity noise suppression. The pho-

todetector measures the spread-spectrum DEHoI modulation containing the differential

phase information from the HCN dispersion profile, which is digitized using the NI 5781

transceiver card, and demodulated on the FPGA. The demodulation decodes the DEHoI

modulation based on the code time-of-flight of the CW and CCW paths with respect to

the AOM. Due to the asymmetric positioning of the AOM within the Sagnac interferom-

eter, the code time-of-flight is given by the transit time of the Sagnac coil. Provided the

transit time exceeds the DEHoI chip period, it can be resolved and correctly decoded.

Therefore, increasing the DEHoI modulation frequency, and thereby reducing the symbol

period thus decreases the necessary transit time for correct decoding and can enable the

use of a shorter Sagnac coil.

To interrogate the full width of the dispersion profile, the laser frequency is swept using

the current modulation port of an ILX Lightwave 3724B Laser Diode Controller driven

by a triangle wave generated on the FPGA and output through a second DAC. While

scanning the laser frequency over the HCN transition, the output of the Insight Balanced

photodetector is read into an ADC on the FPGA where the appropriately delayed codes are

used to demodulate and recover the phase signal modelled by Equation 5.7. To frequency

tune across the transition, we use a slow sub-hertz scan frequency. This is possible due

to the common path configuration of the Sagnac interferometer, conferring immunity of

the readout to laser frequency noise during the scan. In doings so, the readout can be

averaged to improve the spectroscopic sensitivity.

5.4 Spectroscopic Signal

A spectroscopic measurement of the P11 in the 2ν3 rotational-vibration band of H13C14N

is made with a 200 ms averaging window. Using measurements made by Swann and

Gilbert on the pressure broadening coefficient of the HCN P and R branch lines [66], a

theoretical ab initio phase signal for the HCN vapor cell under experimental temperature

and pressure conditions is also computed from the model described by Equation 5.7, where

a Voigt lineshape is used to numerically compute the dispersion profile n(ω) [87]. At 25

torr, the resulting 2.3 GHz Voigt linewidth of the transition is dominated by pressure

broadening, with only a small contribution due to Doppler broadening. With this Voigt

lineshape as the model, the experimental vs. theoretical phase signal are overlaid in Fig.

5.4.

From Fig. 5.4a, the measured dispersion displays good agreement with the ab initio disper-

sion data over the absorption line. However, we see a linear phase ramp of approximately

2 mrad across the 10 GHz laser frequency scan range in the experimental data. This leads

to a systematic downward sloping residual visible in the absorption line tails, as shown in

Fig. 5.4b:
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Figure 5.4: The experimental phase signal, and the theoretical phase signal generated from the

model using experimental pressure and temperature conditions are plotted in subplot Fig. 5.4a.

The x-axis is shifted such that the phase signal is centered at the linecenter of the P11 transition.

The residuals are plotted in subplot Fig. 5.4b.

5.5 Fiber Dispersion

To investigate the cause of this residual, we begin by verifying that this systematic phase

error is not driven by chromatic dispersion in the 300 m long fiber spool. Such an error

would cause an additive parasitic signal on top of the vapor cell induced signal.

Dispersion spectroscopy introduces a nonreciprocal phase shift into a Sagnac fiber coil in

order to measure the differential dispersion of a spectroscopic sample. However, this also

results in a differential measurement of the chromatic dispersion of the fiber Sagnac coil.

If the dispersion had a constant slope (only group delay), the differential phase shift as the

laser frequency is scanned would be constant, resulting in only a DC phase on top of the

spectroscopic phase. However, if the dispersion slope changes (this is called group velocity

dispersion or second order dispersion) [88], there will be an additional varying phase shift
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on top of the spectroscopic phase due to the fiber loop, as the curvature of the dispersion

varies across the scanning range of the laser. In other words, if the frequency dependent

refractive index of fiber has some nonlinear behavior like a molecular dispersion profile,

there will be a spurious phase shift, because the derivative is non-zero.

Here, we calculate the expected phase shift contribution for a given length of fiber from

its group velocity dispersion coefficient D, commonly given in units of ps nm−1 km−1. For

this thesis, we use SMF28 fiber, which has the following wavelength dependent dispersion

coefficient [89]:

D(λ) =
S0

4

[
λ− λ4

0

λ3

]
(5.10)

where

S0 ≤ 0.092 ps nm−2 km−1 (5.11)

λ0 = 1310 nm. (5.12)

λ = 1550 nm. (5.13)

We first convert both parameters S0 and λ0 to SI units, using SI units throughout. In

addition, to make calculations easier, we convert Equation 5.10 such that it is frequency

instead of wavelength dependent:

D(f) =
S0

4

[
c

f
− cf3

f4
0

]
(5.14)

As the dispersion coefficient is frequency dependent, the dispersion coefficients at the

shifted and unshifted frequencies will be different. To quantify this difference, we convert

the wavelength of the unshifted and shifted fields to units of frequency:

f =
c

λ
. (5.15)

fs = f + 120MHz. (5.16)

(5.17)

We then evaluate the dispersion coefficient D at the unshifted frequency f , and the shifted

frequency fs:

D = D(f).

Ds = D(fs).
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We can convert D and Ds into group delay dispersion per unit length ∂2k
∂ω2 with the following

relation [90]:

∂2k

∂ω2

∣∣∣unshifted =
Dλ2

2πc
(5.18)

∂2k

∂ω2

∣∣∣shifted =
Dsλ

2

2πc
(5.19)

where k is the wavenumber of light propagating through the fiber.

We take the difference between Equations 5.18 and 5.19 to obtain the difference in group

delay dispersion per unit length across the AOM frequency shift

Multiplying by the length of the coil L of 300 meters, we obtain the difference in group

delay dispersion ∆D2:

∆D2 =
∂2ϕ

∂ω2
= L

[
∂2k

∂ω2

∣∣∣unshifted − ∂2k

∂ω2

∣∣∣shifted] (5.20)

To obtain the differential phase shift, we integrate Equation 5.20 twice, yielding:

∆ϕ =
∆D2

2
∆ω2 (5.21)

where ∆ω is the angular frequency over which the laser is swept

∆ω = 2π × 10 GHz (5.22)

Combining Equations 5.21 and 5.22, along with the constants S0, and λ0 we finally obtain

a phase shift:

∆ϕ = 10 nrad (5.23)

as the laser frequency is swept along the dispersion profile of the 300 m long SMF28 fiber

spool. We note that this is the “worst case” phase shift assuming the zero dispersion slope

S0 in Equation 5.11 is its maximum value of 0.092 ps nm−2 km−1.

Given that the residual observed in the spectroscopic measurement is on the order of

milliradians, we can rule out chromatic dispersion of the fiber as the cause. Instead, we

hypothesize that the phase residual is driven by the nonlinearity of the frequency scan

as the laser frequency is scanned. However, as this effect induces a deterministic phase

ramp in the spectroscopic readout it can be readily calibrated out in post-processing. In

the work presented in the subsequent chapter, we also demonstrate a real time method of

tracking and linearizing the frequency scan.
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5.6 Concentration Sensitivity

To determine the sensitivity of the spectroscopic phase measurement, a ten minute off

resonance measurement is taken where the laser diode is temperature tuned away from

the transition, measuring solely the intrinsic noise of the phase measurement. This is

equivalent to the noise measurement performed in the DI testbed system from the previous

chapter. From this, we compute the DEHoI noise floor as determined by the off resonance

phase spectral density, shown in Fig. 5.5. This shows a minimum readout noise floor of

0.8 µrad/
√

Hz.

Figure 5.5: The sensitivity of the spectroscopic measurement is given by the DEHoI readout

phase spectral density. This is measured by tuning the laser diode off resonance such that the

characteristic phase signal is not obtained and only phase excursion due to noise is measured. This

phase noise floor is seen to reach a minimum of 0.8 µrad/
√

Hz.

To determine the concentration sensitivity of digitally enhanced dispersion spectroscopy,

the phase noise value must be converted to units of parts per million, or billion. We use

as the starting point the phase noise spectral density of the off-transition data, as shown

in Fig. 5.5, where the phase sensitivity above 30 Hz was measured to be 0.8 µrad/
√

Hz.

In order to determine the concentration sensitivity, we recall the Equation to obtain spec-

troscopic concentration in derived in Chapter 2:

C =
Ng

N0
=

kBT0

P0

P

kBT
(5.24)

where T0 and P0 are standard temperature and pressure. Substituting the parameters of

the vapor cell used here (25 Torr), at 293 Kelvin, we obtain a value of 0.03, or 30,000

parts per million. Since we measure through a column of gas in a vapor cell, and not a

point source, we then proceed to multiply by the length of the vapor cell (16.5 cm) to

obtain a path integrated concentration of 5463 ppm meter. From Fig. 5.4a, we see that

this concentration yields a spectroscopic phase signal of 60 mrad.



74 Dispersion Spectroscopy with a Sagnac Interferometer

This sets a calibration factor of 91 ppm-meter per mrad for a dispersion signal. Since the

spectroscopic phase signal scales linearly with concentration as demonstrated in Equation

5.7, we convert our phase noise spectral density to units of mrad/
√

Hz, scale by the

calibration factor, and then multiply by one thousand, to give a detection sensitivity

scaled to units of ppb × m/
√

Hz. In performing this calibration, we arrive at a noise

equivalent detection limit of 77 ppb × m/
√

Hz.

5.7 Sensitivity Dependence on Frequency Shift

As discussed earlier, it is possible to increase the detection sensitivity limit further by

increasing the AOM frequency shift, or by cascading multiple AOMS, such that the phase

signal is maximized for a fixed phase sensitivity limit, increasing the SNR of the spectrom-

eter. This occurs when the frequency shift is optimized to the linewidth of the desired

absorption line. Since the phase signal is a differential dispersion readout, the amplitude

of the phase signal increases with frequency shift until this shift becomes larger than the

width between the peak and the trough of the dispersion profile. In the following Figure

5.6, we have described these two cases as the optimal frequency shift, and the “overshot

frequency shift”.

ωL+ωs  

ωc

n(ω)

ωL

ω

ωL+ωs  
ωc

n(ω)
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ω
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Overshot 
Frequency 
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Figure 5.6: Two cases for the AOM frequency shift that demonstrate the optimal or maximized

phase signal, and an “overshot” frequency shift. In the optimal case, the signal is maximimized, as

the laser frequency, and its shifted frequency sample the peak and trough of the dispersion feature.

In the overshot case, the shifted frequency has gone beyond the trough.

We can express this dependence analytically from the equation for the dispersion phase

signal:
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∆ϕ(ωs) ∝ 2
ωclcell

c
[n(ωc + ωs) − n(ωc)] (5.25)

Here, we have rewritten ∆ϕ as a function of the shift frequency ωs, and fixed ωc to be the

center frequency of the absorption line.

This dependence is numerically calculated and plotted as a function of the ratio between

AOM frequency shift and the transition linewidth (2.23 GHz) in Fig. 5.8A. To verify this

dependence, we reduce the AOM frequency shift to 40 MHz and record a phase signal,

measuring its amplitude as 20 mrad. This is plotted in Figure 5.7 below:

Figure 5.7: A plot of the phase signal recorded with a 40 MHz AOM frequency shift is shown.

The peak to peak phase deviation is 20 milliradians, as opposed to 60 milliradians for the 120 MHz

AOM frequency shift, shown in Figure 5.4.
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With the amplitude of the phase signals measured using 40 and 120 MHz frequency shifts,

the two frequency shift, amplitude pairs are plotted in Figure 5.8A on top of the signal

magnitude model given by Equation 5.25:

A

B

Figure 5.8: The predicted peak to peak amplitude of the the phase signal as a function of

AOM frequency shift is plotted in Figure 5.8a. This curve is derived from Equation 5.25. The

corresponding predicted detection sensitivity curve calibrated from the phase sensitivity is also

plotted in Figure 5.8b. The measured phase amplitudes and detection sensitivities for 40 and 120

MHz frequency shifts are overlaid in their respective subplots.

We can determine the maximum possible concentration sensitivity given an optimal AOM

frequency shift. In Fig. 5.8B, the phase sensitivity of the system as shown in Fig. 5.5

is used to calibrate the phase amplitude axis to units of detection sensitivity where the

corresponding detection sensitivities for the 40 and 120 MHz frequency shifts are also

plotted. This was done using the calibration factor of 91 ppm per mrad calculated in the

previous section of this chapter. From this, we can predict that with an optimal AOM

frequency shift of around thirty percent of the transition FWHM, a detection limit of 22.5

ppb × m/
√

Hz can be achieved with our current optical phase sensitivity.
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5.8 Conclusion

In this chapter, a noise immune digitally enhanced dispersion spectroscopy technique

has been presented and experimentally validated using a HCN sample. By measuring

dispersion induced phase shifts instead of absorption, dispersion spectroscopy can provide

a sensitive calibrated measurement with a linear dependence on sample concentration. The

dispersion induced phase shift is measured interferometrically in a Sagnac configuration

with a frequency shifting AOM such that an HCN vapor cell is interrogated with two

frequencies. However, because both paths around Sagnac interferometer are frequency

shifted, this results in a relative phase shift at baseband between two common paths that

interfere on a balanced photodetector. This combination of balanced path lengths and

balanced detection yields a frequency and intensity noise immune interferometric readout

with 0.8µrad/
√

Hz phase sensitivity.

Extraction of the baseband phase signal is performed using Digitally Enhanced Homodyne

Interferometry. This method offloads the optical complexity required for phase extraction

onto digital signal processing on a FPGA, and also suppresses etalon and backscattering

effects in the interferometer. The obtained phase signal compares favorably to a theoretical

phase signal computed using a analytical model under experimental temperature and pres-

sure conditions, indicating that the phase readout can be used to extract key spectroscopic

parameters. By tuning off transition, a noise analysis of the system is conducted to yield

a noise equivalent detection limit of 77 ppb×m/
√

Hz. With an optimized AOM frequency

shift of 330 MHz, we further project a detection limit down to 22.5 ppb × m/
√

Hz.
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6
Molecular Dispersion Spectroscopy with Code Division

Multiplexing

This chapter is based on work published in Physical Review Applied titled “Molecular

Dispersion Spectroscopy Using a Code-Division-Multiplexed Optical Carrier” [91].

6.1 Introduction

In the previous chapter, we introduced a Sagnac-dispersion spectrometer which utilizes a

balanced homodyne detection scheme within a common-path interferometer. This archi-

tecture inherently suppresses laser frequency and intensity noise, achieving a phase sensi-

tivity of 0.8 µrad /Hz with a free-running diode laser. By interrogating dispersion-induced

phase shifts with differential measurements, this method offers robust noise immunity and

a detection limit of 22.5 ppb × m/
√

Hz given an optimal optical frequency shift.

Although the Sagnac architecture confers first order frequency noise immunity, the topol-

ogy is not as flexible as a standard Mach Zehnder interferometer. This is due to the

integration of the vapor cell into the Sagnac loop, requiring bidirectional coupling of light

through the analyte. The Sagnac configuration is also a double edged sword where the bal-

anced path lengths provide stability, but do not allow for a simultaneously interferometric

measurement of the laser frequency.

In contrast, the re-entrant dispersion spectroscopy technique employs a code-division mul-

tiplexed optical carrier in a single optical path. This approach also uses pseudo-random

noise (PRN) modulation to synthesize interferometric measurements, allowing for multi-

plexing as well as noise suppression through digital signal processing. Despite requiring a

slightly more complex electronic framework, it offers increased flexibility in sample interro-

gation and adaptability to various configurations, such as reflection-based measurements.

In this implementation of digital interferometry, the deterministic properties of the pseudo-

random modulation allow us to synthesize complex interferometric measurements on sim-

ple optical hardware, using code correlation properties to distinguish different optical

paths. Our previous implementations of this technique in the Sagnac configuration dis-

cussed in the previous chapter, relied on the common-path interferometer to achieve noise

immunity, and thus required the sample-under-test to be integrated tightly within the

measurement optics [82]. Digital interferometry was used in that application to reject

79
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spurious non-common scattering paths within a common path Sagnac loop. Here, we

differ by utilizing Digital Interferometry to independently recover measurements from

multiple transits of a re-entrant optical delay-line, inherently an uncommon path length

interferometer. With this simplified optical setup, we retain the ability to suppress both

laser frequency noise and delay-line path length noise, which appear as common noise

sources in successive round-trips of the delay-line, in effect re-synthesizing a common path

interferometer with a phase noise floor of 8 µrad /Hz . Furthermore, this allows precise

interferometric measurements using a single optical path, which adds the flexibility to

interrogate the measurement sample either in transmission or reflection and obviates the

need for a separate optical reference or local oscillator.

In this manner, we experimentally demonstrate molecular dispersion spectroscopy via

a single optical path transmitted through a gas cell and achieve a molecular detection

sensitivity of 159 ppb × m/
√

Hz, which is within a factor of two of our noise-immune

Sagnac interferometer architecture [82]. Having decoupled the sideband generation and

demodulation from the gas sensing optics, this optical topology can achieve a higher degree

of flexibility, and enable the optics for the sample-under-test to be independently modified

to fit design requirements of target applications.

6.2 Code Division Multiplexed Re-entrant Interferometer
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Figure 6.1: In a), we present a conceptual diagram demonstrating the basic optical architecture

of our spectrometer. An optical source, with frequency ωl with linewidth much narrower than

a H13C14N molecular transition is split by a 3 dB coupler and seeded into a frequency shifting

re-entrant delay line loop. An acousto-optic modulator (AOM) with frequency shift ωs is used

to provide this frequency shift. There is prompt transmission through the coupler bypassing the

loop. This field will have the unshifted frequency ωl. Successive passes through the loop will be

frequency shifted to ωl + qωs, where q is the number of loop transits. The three fields illustrated

exit the re-entrant loop and enter a vapor cell containing hydrogen cyanide (H13C14N), where they

experience differential phase shifts corresponding to the anomalous dispersion around an H13C14N

transition, as shown in b).

The foundational technique used in this architecture is Digitally Enhanced Heterodyne

Interferometry (DeHeI) which has been used extensively in many other ranging, and mul-

tiplexing interferometric applications [35, 92]. This is the base form of Digital Interfer-

ometry we described in Chapter 3, which we briefly review here. In this application of

DI, as per the conceptual diagram shown in Figure 6.1a, a laser of frequency ωL is phase

modulated with a DeHeI binary pseudo-random noise (PRN) sequence by an electro-optic
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modulator (EOM) at a modulation depth of π radians. The resultant phase modulation

has the effect of pseudo-randomly inverting and thus scrambling the optical phase. After

propagating through an optical system, the modulated optical signal is correlated with

a delayed local copy of the pseudo-random sequence. By choosing a delay equal to the

transit time of the optical system, DeHeI uses the correlation of the code to recover the

signal of interest. Other signals with different delays will be strongly suppressed by the

auto-correlation of the PRN sequence, effectively creating a range gate. This allows for

multiple optical signals to be multiplexed within a single interferometer, differentiated by

their code time-of-flight.

In this architecture, the modulated DeHeI field is seeded into a re-entrant delay-line loop

using a 3 dB coupler, as seen in Figure 6.1a. An acousto-optic modulator (AOM) is placed

within the loop such that successive passes of the delay-line are frequency shifted by integer

multiples of the AOM frequency ωs. In addition, each successive pass around the loop

delays the pseudo-random sequence by the transit time of the loop allowing pseudo-random

code separability of each frequency term. Note, there will also be an unshifted zero-pass

field that bypasses the delay-line altogether. In this analysis, we will only consider the

zero (ωl), first (ωl +ωs), and second passes (ωl + 2ωs) of the delay-line. This restriction is

reasonable as the cumulative losses through the AOM and lack of amplification within the

delay-line mean that subsequent transits contribute negligible optical power to the final

readout.

Following the re-entrant delay-line, the three fields we consider enter an H13C14N vapor

cell, where they experience different phase shifts corresponding to the anomalous dispersion

around an H13C14N molecular transition. This is depicted in Figure 6.1b. Thus when the

three fields are incident on the photodetector, the differential dispersion between the three

fields will be carried on the phase of the heterodyne beatnotes at ωs and 2ωs. As the laser

frequency ωl is tuned across the transition, which can be achieved using thermal tuning

of the laser, we can write the frequency dependent phase shifts experienced by each of the

fields as per Equations 6.1-6.3:

ϕ0 =
ωln(ωl)Lcell

c
+ ϕlaser(t− τ0) (6.1)

+ m(t− τ0),

ϕ1 =

[
(ωl + ωs)n(ωl + ωs)Lcell

c
+ ϕlaser(t− τ1)

]
(6.2)

+ m(t− τ1),

ϕ2 =

[
(ωl + 2ωs)n(ωl + 2ωs)Lcell

c
+ 2ϕlaser(t− τ1)

]
(6.3)

+ m(t− 2τ2),

m(t) ∈ [0, π],

where ϕlaser is the differential path length phase noise induced by the laser frequency

noise, ωl is the center frequency of the laser, ωs is the frequency shift induced by the

AOM, n(ω) is the frequency dependent refractive index of the H13C14N sample, and Lcell
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is the length of the vapor cell. We write the DI phase modulation as m(t), which pseudo-

randomly toggles between 0 and π and is time shifted corresponding to the delays τ0, τ1, τ2
experienced by the three optical fields respectively. We also note that the phase noise

scales as the integer multiple of the loop passes, hence the factor of 2 in front of the phase

noise term in Equation 6.3. At the photodetector, the three fields, with their respective

phase shifts can be written as per Equations. 6.4-6.6:

E0 =
E

2
α(ωl) exp [iωlt + iϕ0] (6.4)

× P (t− τ0),

E1 =
E

4
α(ωl + ωs) exp [i(ωl + ωs)t + iϕ1] (6.5)

× P (t− τ1),

E2 =
E

8
α(ωl + 2ωs) exp [i(ωl + 2ωs)t + iϕ2] (6.6)

× P (t− τ2),

P (t) ∈ [1,−1],

where α(ω) is the frequency dependent absorption coefficient. The DeHeI phase modula-

tion term m(t) in Equations 6.1-6.3 is mathematically equivalent to multiplying the field

by 1 or -1. Thus, we factor the DeHeI modulation out of the phase term and rewrite the

modulation as a bipolar sequence: P (t). The sum of these fields incident on a square law

photodetector results in a signal with 6 terms: three DC terms, two terms with heterodyne

frequency equal to the AOM frequency: ωs, and one term with a heterodyne frequency

double the AOM frequency: 2ωs. We first write the three DC terms, IDC , in compact

form:
2∑

n=0

E2
i P

2(t− τi), (6.7)

The two interference terms between E0 and E1, and E1 and E2 are written respectively

as Iω,1 and Iω,2:

Iω,1 ∝
E2

4
α(ω)α(ωl + ωs) cos(ωst + ϕ1 − ϕ0)

× P (t− τ0)P (t− τ1), (6.8)

Iω,2 ∝
E2

16
α(ωl + ωs)α(ωl + 2ωs) cos(ωst + ϕ2 − ϕ1)

× P (t− τ1)P (t− τ2), (6.9)

and finally, the I2ω term:

I2ω ∝ E2

8
α(ωl)α(ωl + 2ωs) cos(2ωst + ϕ2 − ϕ0)

× P (t− τ0)P (t− τ2) (6.10)
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For the spectroscopic readout described here, we isolate the two interference terms (Equa-

tions. 6.8-6.9). Since these two terms have the same heterodyne frequency, conventionally,

it would not be possible to separately extract the phase carried on each of these heterodyne

terms. However, since they have been tagged with DeHeI phase modulation, by correlating

with the appropriately delayed code pairs: P (t− τ0)P (t− τ1) and P (t− τ1)P (t− τ2), we

can isolate these terms in two separate channels.

We then proceed with the standard method of IQ demodulation in heterodyne interfer-

ometry as described in Chapter 3, demodulating Equations 6.8-6.9 by mixing down the

photodetector voltage signal with a local oscillator phase locked to the AOM frequency

ωs, low pass filtering, and then calculating the arctangent to recover the phase angle.

We thus extract the differential phases Φ1 = ϕ1 − ϕ0 and Φ2 = ϕ2 − ϕ1, noting that

these phases will still include the laser phase noise term ϕlaser. However, by taking the

difference between these two expressions, we can form the combination ϕsig that allows the

cancellation of the common laser phase noise, leaving only laser phase noise ϕlaser(t− τ0)

carried on the unshifted pass:

ϕsig = (ϕ2 − ϕ1) − (ϕ1 − ϕ0) (6.11)

=
Lcell

c
[(ωl + 2ωs)n(ωl + 2ωs) − 2(ωl + ωs)n(ωl + ωs)

+ ωln(ωl) + ϕlaser(t− τ0)]

≈ ωlLcell

c
[n(ωl + 2ωs) − 2n(ωl + ωs) + n(ωl)] + ϕlaser(t− τ0)

Noting that the AOM frequency shift of 200 MHz is six orders of magnitude smaller than

the optical frequency of the laser (193 THz) ωs ≪ ωl, we have simplified and collected

the ωl frequency term. The form of this expression is equivalent to the definition of the

second derivative of the refractive index. Intuitively, we can infer this as ϕsig is formed by

taking the difference between two phase differences.

The uncancelled residual phase noise term ϕlaser(t − τ0) depends on the intrinsic laser

phase noise. This can be minimized by using single-frequency fiber lasers, which have < 1

KHz/
√

Hz frequency noise at spectroscopic signal detection bandwidths of 10-100 Hz [93].

Inserting a typical frequency noise trace for one of these lasers into the frequency noise

calculation shown in Chapter 3, we arrive at a phase noise of just under 2 µrad/
√

Hz for

a 1 meter armlength difference at 10 Hz, falling to 0.4 µrad/
√

Hz per meter at 100 Hz.

Thus, by using a single frequency fiber laser, and shortening fiber pigtails such that the

zero pass path length is under 1 m, the laser phase noise contribution can be minimized

such that this technique retains sub-microradian phase sensitivity.

6.3 Experimental Implementation

The experimental demonstration, shown in Figure 6.2, uses a Koheras X15 fiber laser

with 100 Hz linewidth. To interrogate the full width of the dispersion profile, the laser

frequency is thermally tuned using the X15 control software. The laser output is phase

modulated with a binary pseudo-random noise modulation (PRN) using an iXBlue MPX-

LN0.1 electro-optic modulator (EOM). The PRN modulation generates an optical spread-
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Figure 6.2: The output of a 1550 nm fiber laser is phase modulated by an EOM to encode a

PRN sequence. This is seeded into a re-entrant frequency shifting loop consisting of a 30 m long

fiber coil and a 200 MHz AOM. There is a prompt path through the loop coupler bypassing the

loop that does not experience a frequency shift, a single pass around the loop that experiences

a 200 MHz shift, as well as a double pass that experiences a 400 MHz shift. The three fields

experience differential phase shifts as they interrogate the dispersion profile of an H13C14N vapor

cell, and a photodetector records the resulting interference. To scan the dispersion profile, the

laser wavelength is swept across the H13C14N transition by thermal tuning.

spectrum, centered around the laser frequency, with characteristic nulls at the PRN symbol

(chip) frequency of 16 MHz.

The spread-spectrum optical field is coupled into a fiber re-entrant delay-line using a 3

dB coupler. The delay-line consists of a 30 m potted fiber coil and a fiber coupled, Gooch

& Housego FiberQ AOM. This is used to frequency shift successive round-trips of the

re-entrant delay-line by the AOM drive frequency of 200 MHz. The output of the re-

entrant delay line is connected to a fiber coupled vapor cell containing pure H13C14N gas

manufactured by Wavelength References (Model Number: HCN-13-C-10). The cell has a

pressure of 10 Torr at room temperature, and a path length of 16.5 cm. After interacting

with the vapor cell, the resulting interference signal is incident on a fiber coupled New

Focus 1611 photodetector with 1 GHz bandwidth.

Digital Signal processing for the system is handled using a National Instruments plat-

form consisting of a Virtex-5 field programmable gate array (FPGA) coupled with an

NI5781 transceiver module, consisting of two differential output digital-to-analog convert-

ers (DACs) at 100 MS/s and two differential input analog-to-digital converters (ADCs)

at 100 MS/s. The analog front-end of the ADCs additionally has a 7th order elliptical

low-pass anti-aliasing filter with a 3 dB corner frequency at 40 MHz.

The FPGA system is firstly used for the generation of the PRN modulation. This is output

from the DAC at the 16 MHz symbol frequency to drive the EOM. The modulation is

also digitally delayed internally on-FPGA and used for demodulation of the three optical

delays from the system. These delays correspond to the prompt (τ0), first (τ1), and second

(τ2) round trip through the re-entrant delay line.

The AOM is driven at 200 MHz using a Liquid Instruments Moku:Pro signal generator

which is phase locked to the National Instruments FPGA system. The frequency offset

from the AOM center frequency (200 MHz) is to tune the DEHeI heterodyne frequency

for optimal cross-talk rejection [94].

The voltage signal from the New Focus 1611 photodetector is first mixed down by a 180

MHz tone phase locked to the 200 MHz tone used to drive the AOM. The downmixing is
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performed with a Minicircuits ZP-3MH+ mixer in order to meet the 40 MHz bandwidth

requirement of the ADC on the FPGA. We choose a local-oscillator frequency of 180

MHz, which is mixed with the heterodyne beat note at 200 MHz, thus placing the 20 MHz

mixed down output squarely in the middle of the ADC bandwidth. The resulting 20 MHz

intermediate-frequency is digitized by the ADC on the FPGA and then correlated with

the appropriately delayed codes.

Following code correlation, the two demultiplexed channels corresponding to Equations

6.8 and 6.9 are mixed with a numerically controlled oscillator (NCO) at 20 MHz and

low pass filtered to recover the in-phase and quadrature projections relative to the NCO.

These two IQ pairs are low pass filtered and decimated to 8 KHz to remove high frequency

upshifted components and then streamed onto a host PC, where an arctangent is performed

to recover the phases of the two channels. Finally, the recovered differential phases are

subtracted to obtain the double derivative spectroscopic readout.

6.4 Self-calibration & Sensitivity

The individual phases of the two measurement channels can be used to perform a cali-

bration of the wavelength scan. As the laser is thermally tuned across the transition, the

re-entrant delay line causes each channel to accumulate a phase shift at a rate propor-

tional to the rate of frequency tuning. Since 2π radians of phase corresponds to one free

spectral range (FSR) of the re-entrant delay line, by measuring the FSR, we can calibrate

the accumulated phase to laser frequency detuning relative to the absorption line. The

calibration curve is then used to re-parameterize the time axis into units of frequency, thus

removing the tuning nonlinearity from our measurement. Here, we give the equation used

for this calibration:

fcal(t)[Hz] =
ϕsig(t)

2π
× c

nL
(6.12)

The first term converts the phase accrued over one pass of the re-entrant loop into cycles.

The second term is the FSR of the re-entrant loop in units of frequency. This is equivalent

to 1/τ , where τ is the loop transit time. Thus, the product yields the frequency of the

laser as function of time f(t). By inverting the function f−1
cal (t) = t(f), the timebase of

a spectroscopic measurement can be converted to frequency units. In our spectroscopic

measurement, the laser is freely thermally tuned over > 9 GHz in order to capture the

wings of a 1 GHz FWHM absorption line. This calibration method allows us to compensate

for any nonlinearity in the thermal tuning that would otherwise distort the lineshape of

the spectroscopic measurement.

We have performed this calibration procedure on the absorption profile of the H13C14N

transition, calibrating a time domain trace of the absorption line into frequency. To begin,

we plot the raw demodulated readout for the two channels Iω,1 and Iω,2, in Figure 6.3.

This is composed of two measurements. The first is amplitude (absorption) in Figure

6.3A, which is the quadrature sum of in-phase and quadrature components. The second,

shown in Figure 6.3B is the two-argument arctangent phase:
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B

A

Figure 6.3: The top panel shows the amplitude response of the Iω,1 and Iω,2 terms as the laser is

freely thermally tuned over the transition. The two traces are overlaid as to be indistinguishable,

as they separated only by the optical transit time of the 30 meter coil. The bottom panel shows

the phase excursion (Φ1 and Φ2) corresponding to the amplitude traces (also overlaid as to be

indistinguishable). In the phase readout, there is a slight concave nonlinearity visible, due to laser

tuning. This is what we aim to calibrate out.

From the raw phase readout in Figure 6.3B, we use Equation 6.12 to convert the phase

into a frequency deviation. Since the center frequency of the P10 absorption line is known

a priori, we are free to center the absorption peak around zero detuning. We have plotted

this frequency calibration in Figure 6.4B below:
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A

B

Figure 6.4: The curve in B shows the frequency calibration of the raw phase readout plotted in

Figure 6.3B. In A, this frequency calibration is used to remap the measured absorption from time

to frequency. The frequency plotted in the x-axis in A. therefore corresponds with the y-axis in

B. Crucially, the slight concave nonlinearity visible in the laser tuning frequency has now been

calibrated for in the absorption readout.

The relationship between frequency and time in Figure 6.4B now allows us to remap the

time axis of the absorption line in Figure 6.3A to frequency, yielding Figure 6.4A. For the

sake of clarity, this calibration process was illustrated for absorption, as the absorption

signal is large compared to the double derivative dispersion signal. However, once the time

to frequency calibration trace is obtained, the dispersion signal can be calibrated using

the same procedure.

6.5 Phase Sensitivity

To determine the sensitivity of the spectroscopic phase measurement, a ten minute off res-

onance measurement is taken where the laser is thermally tuned away from the transition,

measuring solely the intrinsic noise of the phase measurement. From this, we compute the

noise floor as determined by the off resonance phase spectral density of the two channels,

and their subtraction which forms the spectroscopic readout. The two individual chan-

nels as well as their subtraction (Equation 6.11) are shown in Figure 6.5. The subtracted

readout shows a minimum noise floor of 8 µrad/
√

Hz, along with a shelf below 10 Hz,

while the phase noise of the individual channels display a 1/f rollup below 10 Hz. At 10

mHz, this results in 5 orders of magnitude of suppression in phase noise, indicating that
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the subtraction strongly suppresses laser phase noise, which is correlated between the two

channels.

Figure 6.5: The phase readouts from the two individual channels, and their subtraction are

plotted. The subtraction, which forms the spectroscopic readout demonstrates strong suppression

of up to five orders of magnitude for 1/f phase noise below 10 Hz. The low frequency noise shelf

in the subtracted measurement is due to code noise [44].

The noise shelf is caused by digital interferometric code noise, as seen in previous imple-

mentations of re-entrant delay lines [44]. Code noise is the result of residual crosstalk

between the pseudo-random codes modulated onto each pass of the re-entrant delay line.

This can be addressed in future implementations using two strategies. Previous work on

DI has demonstrated code noise suppression using an additional laser frequency ramp

with modulation depth equal to the delay line free spectral range. This has the effect of

ramping the code noise to beyond the measurement bandwidth [44]. Alternatively, zero-

crosstalk DI modulation codes [95] have been identified as a potential solution. This will

be discussed further in the next Chapter.

6.6 Spectroscopic Measurement

To validate the measurement scheme, we perform a spectroscopic measurement of the P10

line in the 2ν3 rotational-vibration band of H13C14N, a common wavelength reference for

1550 nm. Instead of P11 used in the previous chapter, this particular line was chosen

as the fiber laser we used was factory calibrated against it. The measured spectroscopic

signal is shown in Figure 6.6a. This is taken by subtracting the two phase traces displayed

in 6.4B, and remapping the time axis to frequency using the calibration method outlined
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above. Since the phase signal is roughly a tenth of a radian, it is not visible in the raw

phase readout, but only when the two channels are subtracted, removing phase ramp

driven by frequency tuning. Indeed, we can think of this subtraction as suppressing very

low frequency (sub Hz) noise. This suppression was shown in Figure 6.5 to be greater

than 5 orders of magnitude at 0.01 Hz, on the same order as the 40 second laser tuning

window.

The 16.5 cm gas cell used for the measurement contains pure H13C14N gas at a calibrated

pressure of 10 Torr and was interrogated by freely thermally tuning the X15 laser over

the transition. With these vapor cell parameters, the peak absorption fraction of the

P10 transition in the vapor cell was calculated to be 0.7 using data from the GEISA2003

spectroscopic database [96]. The double-differential readout was calibrated from time to

relative optical frequency using a single round trip measurement to remove non-linearities

in the thermal tuning rate, as described in the previous section. In order to aid fitting, the

resulting calibrated double differential readout was then low-pass filtered from a readout

rate of 7.8 KHz to 10 Hz to remove high frequency technical noise from the measurement.

Figure 6.6: The experimental phase signal, and the theoretical phase signal generated from the

model using experimental pressure and temperature conditions are plotted in the top panel of

Figure 6.6. The x-axis is shifted such that the phase signal is centered at the linecenter of the P10

transition. In the bottom panel we plot the residuals between the measurement and fit.

Using the known pressure, temperature, and concentration of the cell, we compute a

theoretical Voigt lineshape with a linecenter defined at zero detuning. We then compute

the dispersion by performing a numerical Hilbert transform [63], using the method outlined

in chapter 2, yielding a refractive index curve n(ω). This refractive index curve is then
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entered into the Equation 6.11 as the fitting function, where Lcell, and ωs are known

parameters.

With the model parameters fully defined we plot the expected double-differential readout,

which is then overlaid on the experimental data in Figure 6.6a. The modeled signal shows

good agreement with the experimentally obtained signal, with the residuals plotted in

Figure 6.6b. We also note that the slope of the residual is small compared to the the

Sagnac dispersion phase signal in Figure 5.7b. This demonstrates that the self-calibration

has removed the effect of laser tuning nonlinearity on the phase signal. The remaining

residual is then dominated by a fitting error, which arises from the Hilbert Transform

generation of the fit function, as described in Section 2.3.2. Since the Hilbert Transform

operates over the whole real domain, we suspect that the fit error can be minimized through

smooth zero-padding of the transmission spectrum used to compute the fit function.

To determine the concentration sensitivity of this technique, we refer back to the phase

noise spectral density shown in Figure 6.5, where the phase sensitivity above 30 Hz was

measured to be 8 µrad/
√

Hz. This phase sensitivity can be calibrated to concentration

in units of parts per billion meters (ppb×m) by noting that the peak phase excursion of

110 mrad measured in Figure 6.6 occurs at a vapor cell concentration of 2185 ppm-meter,

as calculated using Equation 2.12 derived in Chapter 2. We note that this is a lower

concentration than for the Sagnac spectrometer, which used a 25 Torr cell, as here we

use a 10 Torr vapor cell of the same physical dimensions (Wavelength References 16.5 cm

cell).

Dividing the concentration by the phase amplitude sets a calibration factor of 19.9 ppm-

meter per mrad. Since the spectroscopic phase signal scales linearly with concentration,

we can readily convert our phase noise spectral density by this calibration to give a con-

centration sensitivity in units of ppb × m/
√

Hz. In performing this calibration, we arrive

at a noise equivalent detection limit of 159 ppb × m/
√

Hz, which exceeds FM and WM

spectroscopy sensitivity in the near infrared with single pass gas cells by a factor of 3 [97],

and is comparable to the concentration sensitivity achieved by CLaDS and HPSDS [86].

This is equivalent to a fractional absorption absorption sensitivity of 4.9 × 10−5/
√

Hz.

The detection limit is a factor of two less sensitive to that achieved by our previous work in

dispersion spectroscopy using a Sagnac interferometer. We sacrifice the inherent stability

of the Sagnac interferometer, in return gaining access to a measurement of relative laser

frequency that can be used for real-time calibration. The method described in this chapter

also affords greater flexibility in that the spectroscopic sample is placed uni-directionally,

in line with the fiber delay loop, instead of embedded within a bidirectional Sagnac loop.

As such, this single pass approach allows easier alignment for spectroscopic measurements

using free space cells. We also highlight the ability (with the addition of a circulator)

to obtain a dispersion signal in reflection in addition to transmission. With this slight

modification in the setup layout, this architecture can thus be used as an optical network

analyzer to characterize a wide array of photonic components such as Fiber Bragg gratings,

filters, and dichroic mirrors. In the final chapter, we will also discuss potential applications

to using this setup to interrogate metasurfaces, which operate both under reflection and

transmission.
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6.7 Conclusion

In this chapter, we have presented and experimentally verified an alternative molecular

dispersion spectroscopy technique that retains the sub microradian phase sensitivity and

sub parts per million concentration detection limit of Sagnac dispersion spectroscopy.

In the Sagnac interferometer, homodyne digital interferometry was used as a phase sens-

ing technique with enhanced noise rejection properties. In this implementation, digital

interferometry is used to track and demodulate multiple passes of optical fields travel-

ing in a re-entrant delay line in order to synthesize a common path interferometer. The

resulting spectroscopic signal is proportional to the second derivative of the refractive in-

dex, as opposed to the first derivative for Sagnac dispersion spectroscopy. Taking this

into account in the fitting routine, we demonstrate good agreement between experimental

measurements and a theoretical phase signal computed using a analytical model. Utilizing

the raw phase output corresponding to interference between successive delay line transits

we also remove laser tuning nonlinearity. This was a systematic error source in Sagnac

dispersion spectroscopy, causing a non-zero slope in the fitting residual.

By subtracting these individual wavelength tuning calibration channels, we synthesize

common-mode suppression of laser and path length phase noise down to 8 µrad /
√

Hz.

At suppression factors of up to 5-orders of magnitude, the system demonstrated a noise

equivalent concentration detection limit of 159 ppb × m/
√

Hz. This is only a factor of

2 higher than the concentration sensitivity of the Sagnac dispersion spectrometer, which

benefits from inherent common path frequency noise suppression. Given that this tech-

nique retains sub-ppm detection limit, the architecture offers a robust, optically simple,

and flexible metrology scheme which can be readily adapted to the requirements of differ-

ent sensing configurations.
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7
Conclusion and Future Work

The research presented in this thesis has leveraged digital interferometric techniques to

enhance dispersion spectroscopy. Digital interferometry, with its robust phase sensing

capabilities, has been demonstrated as a highly effective tool for measuring milliradian

phase signals, crucial for precise dispersion measurements.

A key milestone was the successful implementation of digital interferometry within a

Sagnac interferometer, which provided an optimal testbed due to its inherently balanced

arm lengths and first-order frequency noise suppression. However, the symmetry of the

Sagnac interferometer made traditional interferometric phase extraction techniques diffi-

cult. Hence, we proposed digital interferometry as an alternate phase extraction technique

for the Sagnac interferometer. This configuration enabled us to evaluate the fidelity of

digital interferometric phase extraction. Here, digital interferometry demonstrated sup-

pression of scattering-induced noise while maintaining high phase sensitivity, down to

2× 10−7 rad/
√

Hz, only limited by shot noise and ADC noise. Building upon this founda-

tion, we developed a digitally enhanced homodyne dispersion spectrometer by incorporat-

ing a vapor cell into the Sagnac loop, achieving 77ppb×m/
√

Hz concentration sensitivity

through homodyne digital interferometry, and the stability of the interferometer architec-

ture.

Expanding on these developments, we introduced a more flexible unidirectional sensing

system based on a re-entrant delay line Mach-Zehnder interferometer. By tracking mul-

tiple passes through the delay line, we synthesized a balanced path-length interferometer

capable of subtracting common frequency noise, leading to spectroscopic sensitivity of 159

ppb×m/
√

Hz, comparable to that of the Sagnac configuration. The delay line configura-

tion also allowed us to obtain a real time measurement of the laser detuning with respect

to the linecenter of the measured transition. By using the relative frequency measurement,

we were able to calibrate for laser tuning nonlinearity, which was a source of systematic

error in the Sagnac spectrometer.

The work in this thesis is to date, the first demonstration of digital interferometry for spec-

troscopy, paving the way for future applications of digital interferometry for phase-based

spectroscopic sensing. Ongoing work on digital interferometric algorithms [95] should allow

for higher fidelity phase recovery and thus lower phase noise floors, especially in differential

measurements, where common mode noise rejection is critical, further enhancing the con-

centration sensitivity of the techniques described in this thesis. In the following section,

93
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we focus on current and future work applying these newer DI algorithms to dispersion

spectroscopy systems requiring large optical bandwidths.

7.1 Future Directions

Building on the work presented, ongoing research involves two complementary streams.

The first is the development of digital interferometric techniques for dispersion sensing

of wide spectral features, without needing laser tuning. The second stream explores ap-

plications of dispersion spectroscopy to metasurface sensing, which are wide in optical

bandwidth compared to molecular transitions, and thus would benefit from broadband

dispersion sensing.

7.1.1 Digitally Addressable Optical Frequency Comb

As an extension of re-entrant dispersion spectroscopy, we harness the multiplexing po-

tential of digital interferometry to recover up to twenty transits through the delay line,

effectively forming an acousto-optic frequency comb enhanced by Digital Heterodyne In-

terferometry.

The digital interferometric frequency comb attempts to address two fundamental limi-

tations of the dispersion techniques presented in the previous chapters. The first being

the requirement for the laser to tune across the transition. This was the cause of the

sloped residuals in Sagnac dispersion spectroscopy introduced in chapter 4. Although

calibrated out in the re-entrant dispersion spectroscopy technique, it nevertheless intro-

duces an opto-electronic constraint to dispersion spectroscopy techniques, especially when

wide and fast tuning across transition(s) is required. The digital interferometric frequency

comb addresses this limitation by synthesizing a single shot measurement across the tran-

sition of interest without laser tuning. By varying the EDFA gain and changing the AOM

frequency, it is possible to tailor the comb span to the linewidth of a transition of interest.

The second limitation that the digital interferometric frequency comb aims to address is

the dependence of signal amplitude and thus concentration sensitivity on the acousto-

optic frequency shift. In traditional dispersion spectroscopy techniques, a frequency shift

on the order of half the transition linewidth is required to optimize the maximize the

signal size. We demonstrated this effect in Chapter 4. For wide transitions, greater than 5

GHz, this would require shifts greater than 2 GHz. To the best of the author’s knowledge

there currently exist no acousto-optic modulators that meet this requirement. Using a

re-entrant delay line with an line frequency shifter and EDFA allows such larger frequency

shifts to be synthesized.
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This work derived as a natural extension to re-entrant delay line spectroscopy, where

we have added optical gain using an Erbium Doped fiber amplifier (EDFA) within the

re-entrant delay line loop. This boosts the field amplitude of each pass around the loop,

allowing for multiple transits of the loop (more than 3) to be simultaneously demodulated.

In Figure 7.1, we show a conceptual diagram of the experimental setup:
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Figure 7.1: A laser of frequency ωl is split by a 3 dB coupler into a re-entrant delay loop.

The re-entrant loop contains an AOM, which induces an ωs frequency shift, and an EDFA which

compensates for power loss. Each successive pass through the loop induces a frequency shift of

ωl+nωs, where n is the number of transits. The output is split into signal and baseline paths, where

the signal path interrogates a HCN vapour cell. The absorption profile is constructed by decoding

the intra-comb beat amplitudes in digital signal processing (DSP). Baselining is performed by

dividing the signal output by the baseline output, generating the final absorption profile.

The generation and digital interferometric tagging of the multiple loop transit fields follows

in exactly the fashion as the re-entrant line dispersion spectroscopy technique presented in

the previous chapter. Using an AOM driven at a radio frequency of 38 MHz, the resulting

RF comb is first characterized on a spectrum analyzer in Figure 7.2 below:
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X 266

Y 0.00291356

X 304

Y 0.000788943

Figure 7.2: The comb spectrum with an AOM drive frequency of 38 MHz is plotted. We have

labelled two of the comb teeth (266 MHz and 304 MHz) to illustrate the 38 MHz tooth spacing.

The spectrum rolls off at frequencies greater than 600 MHz due to the 1 GHz bandwidth of the

photodetector used.

From the spectrum analyzer trace, there is ≤ 3 dB loss over 400 MHz bandwidth, demon-

strating the ability to generate a comb with at least 10 teeth; the bandwidth only being

limited by the photodetector and spectrum analyzer bandwidth of 1 GHz. To remove

the effect of this spectral rolloff, the comb is split into two paths by a 3 dB coupler, one

interrogating the vapor cell, and the other acting as a baseline. By dividing the demod-

ulated amplitude of the two combs, it is thus possible to remove the comb envelope from

an amplitude measurement.

A key feature of the digital interferometric frequency comb is self-baselining and RF mix-

down. As in reentrant dispersion spectroscopy presented in the previous chapter, each

tooth is interfered with the previous tooth, and hence the interference occurs at a het-

erodyne frequency equal to the AOM shift, which is at most, tens to hundreds of MHz.

Thus spectroscopic information is compressed to within the acousto-optic shift frequency,

removing the need for high speed RF electronics needed to demodulate multi-GHz signals.

This further enhances the suitability for using this technique to interrogate wide transi-

tions. At the time of the writing of this thesis, a paper has been submitted for review,

using this technique to measure the absorption across a 1 GHz HCN transition without

laser wavelength tuning.

Future work on the comb will focus on obtaining a phase readout from each of the comb

channels, in addition to absorption, allowing for a tuning free reconstruction of the disper-
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sion profile. This is challenging, as amplified stimulated emission (ASE) noise amplifies

the digital interferometric code noise associated with each pass of the delay line. Stan-

dard digital interferometry as described in this thesis offers 1/N suppression of this noise,

with N being the code length. This is the fundamental autocorrelation property of the

m-sequences used for DI. For a system with a handful of multiplexed signals, such as re-

entrant dispersion spectroscopy with three, a code length of 2047 (11 bits) is sufficient to

achieve microradian phase noise floors. However, in the digital interferometric comb, at

least twenty multiplexed channels are required to encompass the broad wings of a pressure-

broadened 1 GHz transition. This leads to a compounding of phase noise associated with

the higher order comb teeth, and rapidly deteriorating phase and concentration sensitivity

by the tenth tooth. We can also think of this effect as cross-talk between the DI codes

attached to each pass of the delay line. With twenty passes, the RF spectrum becomes

extremely congested with cross talk between the DI modulated comb teeth.

This can be overcome by resorting to extremely long code lengths, but at the expense

of throttling the measurement bandwidth. Alternatively, current work on digital inter-

ferometric algorithms focuses on developing low crosstalk DI codes [95], demonstrating

crosstalk 40 dB lower than in standard DI. By implementing this new algorithm, we hope

to reduce the impact of EDFA amplified code noise. We hope to simultaneously recovering

the phase of more than twenty teeth with microradian phase sensitivity, which will allow

for a tuning free reconstruction of the dispersion profile, along with absorption.

7.1.2 Dispersion Spectroscopy for Metasurface Sensing

Simultaneously, work is ongoing on applying dispersion spectroscopy techniques to meta-

surface sensing. Metasurfaces, two-dimensional arrays of subwavelength nanostructures,

have emerged as powerful tools for sensing applications due to their ability to be en-

gineered to manipulate electromagnetic waves with high precision. By tailoring their

geometrical and material properties, metasurfaces can exhibit optical responses such as

resonance shifts [98], polarization rotation [99], and phase modulation [100], making them

highly sensitive to environmental changes. Notably, the magnitude of these optical effects,

as well as the wavelength at which that they occur can be tailored. Here, we focus on

resonance shift-based sensing, as our work on dispersion spectroscopy detects phase shifts

around resonances.

One of the most prominent mechanisms for metasurface-based sensing is the shift in res-

onance frequency upon interaction with external analytes. Metasurfaces are typically

designed to support plasmonic or Mie resonances, which are highly dependent on the re-

fractive index of the surrounding medium. When a target analyte such as an antibody, or

other complex molecule is introduced, its presence alters the local refractive index, leading

to a measurable shift in the resonance wavelength or frequency.

The mechanism behind resonance shift-based sensing relies on the Mie oscillations of cir-

cular displacement currents in the dielectric medium that metasurface nanostructures sup-

port [101]. These resonances are dictated by the effective refractive index of the metasur-

face system, which consists of both the structured material and the surrounding medium.

When an analyte binds to the metasurface or alters the surrounding refractive index, the

effective refractive index changes, leading to a shift in the resonance condition. In general,

this resonance shift is linearly proportional with the number of analyte molecules present.
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Analogous to molecular resonances, a dispersion induced phase shift is also associated with

each resonance.

In the work here, we focus on dielectric metasurfaces. These structures are composed

of grids of nanoscale high-refractive-index materials such as silicon or titanium dioxide.

These structures leverage Mie resonances, which are highly sensitive to refractive index

variations. Compared to plasmonic metasurfaces, they have lower absorption loss from

Ohmic heating and vibrational modes, and thus exhibit higher Q, sharper resonances. At

the same time, the resonance shift per analyte molecule remains just as high as plasmonic

metasurfaces, rendering dielectric metasurfaces equivalent in sensitivity [102].

Traditionally, metasurfaces are characterized, and their resonance shifts read out using

intensity based techniques . These techniques include spectrometers, hyperspectral imag-

ing, and microscopy. However, like absorption spectroscopy, these techniques suffer from

source intensity fluctuations, and require baselining. Additionally, metasurfaces tend to

have sharper dispersion profile compared to its transmission [103], allowing for higher sen-

sitivity with dispersion based measurements. Thus, recent work has been done on phase

sensing techniques for metasurfaces, including ellipsometery, and lateral shearing interfer-

ometry, which generate spatial interferograms [104]. In our work, we introduce dispersion

spectroscopy as an alternative phase sensitive technique.

To characterize the dispersion properties of the metasurface resonance, we constructed a

Mach Zehnder interferometer, shown in Figure 7.3. The in-line Mach Zehdner configu-

ration was chosen here, instead of the Sagnac to simplify the free-space optics used to

interrogate the metasurface.

Laser 3 dB
AOM

3 dB

Metasurface

1

2

Figure 7.3: The incident laser field is split by a 3 dB coupler into a shifted path through a 200

MHz AOM and an unshifted path, forming a carrier and sideband. The fields are then recombined

at a 3 dB coupler and split again by a second 3 dB coupler. The shifted and unshifted fields sample

the metasurface dispersion curve at two frequencies, giving a phase readout equal to the derivative

of the dispersion curve. The second port of the 3 dB coupler output is used to form a baseline

phase readout. This is used to subtract path length noise accrued in the AOM interferometer. The

purple shaded box shows the free space optics used to couple light from fiber to the metasurface.

This setup is shown in Figure 7.4 below.

Here, the incident laser field is split by a 3 dB coupler, with one of the paths shifted by

an acousto-optic modulator, forming a carrier and a sideband, in frequency domain. The

two fields are recombined via a second 3 dB coupler and then interfered on a metasurface.

The carrier and sideband sample the metasurface dispersion at two different frequencies,

which is the same principle throughout the other work presented in this thesis. At the

photodetector, the result is a heterodyne frequency, with phase of the resulting readout
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equal to the local derivative of the dispersion curve. The intensity measured by the

photodetector is given in Equation 7.1 below:

P ∝ cos[ωst + ϕmeta(ωL + ωs) − ϕmeta(ωL)] (7.1)

where ωs is the AOM shift frequency ωL is the laser frequency, and ϕmeta, is the dispersion

response of the metasurface.

Figure 7.4: Free space optics corresponding to the purple box in Figure 7.31. An input fiber

collimator (1) is used to launch the output of the 3 dB coupler into free space. An aperture (2)

is used to restrict the beam size to the size of the metasurface substrate. The apodized beam is

focused by a lens (3) onto a microscope slide (4) containing the metasurface. The slide is mounted

to a translation stage (6) for alignment. The output beam phase modulated by the metasurface is

directed to a microscope objective (5) to prevent the beam from diverging, and then directed to

a mirror (7), providing a 90 degree dogleg, and thus a more compact optical arrangement. A flip

mirror (8) is used to toggle between two paths, an alignment path, and the primary phase readout

path. In the alignment path, there is a neutral density filter (9) and a camera (10). This is used in

conjunction with the translation stage (6) to ensure alignment of the beam onto the micron scale

surface area of the metasurface array. In the primary phase readout path, a third lens (3) is used

to focus the beam onto a photodetector (11).
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Post heterodyne mixdown of the photodetector signal, the readout of this interferometer

is similar to that of Sagnac dispersion spectroscopy, which also yields a derivative of the

dispersion. The subtraction of the phase readout from the two photodetectors was inspired

by the work done on re-entrant dispersion spectroscopy. This subtraction aims to remove

interferometric path length noise in the up-front AOM interferometer used to generate the

probing sideband.

Upon tuning the laser over the metasurface resonance, the signal shape should be similar

to that of Sagnac dispersion spectroscopy. Unfortunately, at the time of the writing of

this thesis, we were unable to recover the dispersion profile of the metasurface. This is

due to the metasurface having a FWHM of 125 GHz (100 pm). Recalling that the Sagnac

dispersion signal is maximized with an AOM shift frequency on the order of half the

resonance FWHM, it follows that since the shift is less than 1 percent of the FWHM, the

signal is extremely weak.

At present, we address this limitation from two directions: firstly, we are having a meta-

surface with a narrower resonance (10-20 GHz) fabricated. Secondly, we are planning

to interrogate the metasurface with the digital interferometric frequency comb. With an

AOM frequency shift of 200 MHz and 30 teeth, the comb should span 6 GHz. This is

ideally suited to interrogate a metasurface with a FWHM of 10 GHz. We also note that

the uni-directional configuration of the digital interferometric comb also allows for easier

free-space interrogation of the metasurface

7.2 Epilogue

Absorption and dispersion, or amplitude and phase, are intrinsically linked quantities for

any resonance. Any absorption line will have an associated dispersion profile that can be

calculated using the Kramers Kronig relations. In absorption, we measure the decrease in

amplitude of an optical field due to an absorbing molecular transition. This is relatively

easy to do, as we simply measure the decrease in power on a photodetector. However,

this also means that amplitude fluctuations directly couple into the readout. Additionally,

absorbance does not scale linearly with concentration, making large dynamic range mea-

surements challenging. Alternatively, measuring dispersion induced phase shifts allows for

a readout linear with concentration and to first order, immune to amplitude fluctuations,

but measuring dispersion induced phase shifts with high precision is challenging. For

molecular transitions in the near-infrared, dispersion induced phase shifts are fractions of

a radian in magnitude, requiring sensitive interferometric methods to extract with good

signal to noise ratio.

This thesis has aimed to apply recent developments in digital interferometric techniques to

dispersion spectroscopy. As a measurement of phase, dispersion spectroscopy has always

drawn from a rich history of interferometric techniques. The past century has seen the

application of photographic fringe counting (hook method), photoelectric fringe count-

ing (laser interferometry), and recently, direct phase readout (heterodyne phase sensitive

interferometry) to dispersion techniques. With each generation, the concentration sensi-

tivity of dispersion methods has increased. The work presented here aims to continue this

tradition by applying digital interferometry to dispersion spectroscopy.

We demonstrated two methods, both relying on frequency noise suppression, to enhance

the concentration sensitivity of dispersion interferometers. These are the use of a balanced
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path length interferometer with a digital interferometric readout, or the digital synthesis

of an equivalent balanced interferometer. We first present a balanced path length Sagnac

interferometer as a testbed for digital interferometry. We introduced a modified technique

for digital interferometry, called homodyne digital interferometry that is compatible with

the Sagnac interferometer. The common path configuration of the Sagnac interferometer

provided inherent frequency and path length noise suppression. We conducted a noise

floor measurement, analyzing and accounting for noise sources, finding that the phase

sensitivity of the interferometer was only limited by electronic noise and shot noise to

the 2 × 10−7 rad/
√

Hz level. This demonstrates the range gating ability of DI to reject

scattering fields present in the traditional Sagnac interferometer.

Building on the DI testbed system developed in Chapter 4, Chapter 5 detailed the im-

plementation of a Sagnac-based spectrometer for molecular gas sensing, where a vapor

cell is integrated into the Sagnac loop. This is a novel interferometer architecture for

dispersion spectroscopy, owing to the traditional difficulty in implementing phase recovery

for a Sagnac interferometer. Using the Digital Homodyne interferometric readout intro-

duced in Chapter 4, we successfully recovered a dispersion induced phase signal, and also

derived the theoretical phase signal expected from the readout, showing that the phase

signal is proportional to the derivative of anomalous dispersion. Experimental results

demonstrated excellent agreement with this theoretical dispersion profile, validating the

spectroscopic measurement. An off-transition measurement of the phase noise demon-

strated a 0.8 µrad/
√

Hz noise floor for this technique, showing this is equivalent to 159

ppb × m/
√

Hz concentration sensitivity, comparable to existing dispersion spectroscopy

techniques such as CLADs and HPSDS. We also discussed systematic errors that may

arise from this technique, including a the impact of fiber dispersion, and laser tuning

nonlinearity.

The final experimental chapter built on digital interferometric phase extraction techniques

from previous dispersion spectroscopy work. However, instead of a Sagnac interferome-

ter, we introduced re-entrant delay-line spectroscopy, a novel approach leveraging digital

interferometric code-division multiplexing. This technique enables simultaneous interro-

gation of multiple optical paths traveling in a re-entrant delay line. Here, the phase signal

is formed from the subtraction of phases accrued through two consecutive passes of the

re-entrant delay line. This yields a phase signal proportional to the second derivative of

dispersion, and allows for subtraction of frequency and path length noise accrued dur-

ing the loop transits. This is functionally equivalent to digitally synthesizing a common

path interferometer, like the Sagnac. Despite its slightly higher demodulation complexity

compared to the Sagnac system, the re-entrant approach offered greater configurational

flexibility, owing to its unidirectional topology.

Experimental results also demonstrated good agreement with a theoretical dispersion pro-

file, which in contrast to the Sagnac spectrometer first derivative signal, was the second

derivative of dispersion. The interferometer configuration also allowed for linearization

of laser thermal tuning over the transition, addressing laser tuning nonlinearity seen in

the Sagnac readout. This removed another source of systematic error that would other-

wise have to be baselined out. With this synthesized common path interferometer, we

reached a noise floor of 2 µrad/
√

Hz and a converted concentration detection limit of 159

ppb × m/
√

Hz. This was only a factor of two lower than the concentration sensitivity

of the Sagnac dispersion spectrometer. However, this is still within the range of existing
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dispersion spectroscopy methods. Given the configurational flexibility offered by this ar-

chitecture, as well as the ability to perform tuning nonlinearity correction, we believe that

this is a worthwhile tradeoff in sensitivity.

As we close this thesis, we look ahead to recent and future developments in dispersion

spectroscopy that have opened the door for further configurational flexibility. It is the

ethos of digital interferometry to simplify optical complexity, offloading it to digital signal

processing. We have done this in moving from the Sagnac configuration with the vapor cell

somewhat awkwardly placed within the sensing loop, to a digitally synthesized balanced

interferometer interrogating an inline vapor cell. In recently published work on the digital

interferometric comb, we further remove a layer of optical complexity by doing away with

laser tuning. Here, we harness the powerful multiplexing capability of DI to simultaneously

demodulate the amplitude of up to twenty comb teeth, spanning across the full width

half maximum of a 1 GHz absorption line. More sophisticated digital signal processing

schemes and algorithms developed for DI will also enable the phase of these comb teeth to

be recovered with high fidelity, paving the way for a broadband dispersion measurement,

in addition to absorption. We hope this will unlock dispersion techniques for metasurface

sensing, which span multiple GHz in linewidth, opening the door for dispersion-enabled

sensing of complex biomolecules.
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[74] Hervé C. Lefèvre. The fiber-optic gyroscope, a century after sagnac’s experiment:

The ultimate rotation-sensing technology? Comptes Rendus Physique, 15(10):851–

858, 2014. The Sagnac effect: 100 years later / L’effet Sagnac : 100 ans après.

[75] Jacob Nemr Chamoun and Michel J. F. Digonnet. Noise and bias error due to

polarization coupling in a fiber optic gyroscope. Journal of Lightwave Technology,

33(13):2839–2847, 2015.

[76] Danielle M. R. Wuchenich, Timothy T.-Y. Lam, Jong H. Chow, David E. McClel-

land, and Daniel A. Shaddock. Laser frequency noise immunity in multiplexed

displacement sensing. Opt. Lett., 36(5):672–674, Mar 2011.

[77] Dan Popescu, Lin-P’ing Choo-Smith, Costel Flueraru, Youxin Mao, Shoude Chang,

John Disano, Shehab Sherif, and Michael Sowa. Optical coherence tomography:

Fundamental principles, instrumental designs and biomedical applications. Bio-

physical Reviews, 3:155–169, 09 2011.

[78] Lionel Jacubowiez, Jean-Francois Roch, Jean-Philippe Poizat, and Philippe Grang-

ier. Teaching about photodetection noise sources in the laboratory. In Christiaan

H. F. Velzel, editor, Fifth International Topical Meeting on Education and Train-

ing in Optics, volume 3190, pages 166 – 178. International Society for Optics and

Photonics, SPIE, 1997.

[79] Kwok K. Ng. pin Photodiode, pages 431–437. 2002.

[80] sweptlaser.com. https://www.sweptlaser.com/sites/default/files/files/

photodetector_guide.pdf. [Accessed 21-02-2025].

[81] National Instruments. NI 5781R User Guide and Specifications, 2 2023.

[82] Justin Wong, Chathura P. Bandutunga, Ya Zhang, Malcolm B. Gray, and

Jong H. Chow. Digitally enhanced molecular dispersion spectroscopy. Opt. Lett.,

45(22):6290–6293, Nov 2020.

[83] Michal Nikodem and Gerard Wysocki. Molecular dispersion spectroscopy - new

capabilities in laser chemical sensing: Molecular dispersion spectroscopy. Annals of

the New York Academy of Sciences, 1260(1):101–111, Jul 2012.

[84] Genevieve Plant, Michal Nikodem, David Sonnenfroh, and Gerard Wysocki. In

CLEO: 2013, page JW2A.79. Optical Society of America, 2013.

https://www.sweptlaser.com/sites/default/files/files/photodetector_guide.pdf
https://www.sweptlaser.com/sites/default/files/files/photodetector_guide.pdf


§7.2 Epilogue 109

[85] Pedro Mart́ın-Mateos, Borja Jerez, and P. Acedo. Heterodyne architecture for tun-

able laser chirped dispersion spectroscopy using optical processing. Optics letters,

39:2611–2613, 05 2014.

[86] Pedro Mart́ın-Mateos and Pablo Acedo. Heterodyne phase-sensitive detection for

calibration-free molecular dispersion spectroscopy. Opt. Express, 22(12):15143–

15153, Jun 2014.

[87] Genevieve Plant. Chirped Laser Dispersion Spectroscopy: Fundamentals and Appli-

cations. PhD thesis, Princeton University, 2016.

[88] Gowind P. Agrawal. Fiber-Optic Communication Systems. John Wiley & Sons, 3rd

edition, 2002.

[89] Corning. Corning SMF28 Optical Fiber Product Information, 4 2002.

[90] Rajiv Ramaswami and Kumar N. Sivarajan. Optical networks: a practical perspec-

tive. Morgan Kaufmann Publishers Inc., San Francisco, CA, USA, 1998.

[91] Justin Wong, Chathura Bandutunga, Priya Singh, Malcolm Gray, and Jong Chow.

Molecular dispersion spectroscopy using a code-division-multiplexed optical carrier.

Physical Review Applied, 19, 04 2023.

[92] Ya Zhang, Chathura P. Bandutunga, Malcolm B. Gray, and Jong H. Chow. Multi-

target cw interferometric acoustic measurements on a single optical beam. Optics

Express, 27:18477, 06 2019.

[93] Fang Wei, Fei Yang, Xi Zhang, Dan Xu, Meng Ding, Li Zhang, Dijun Chen, Haiwen

Cai, Zujie Fang, and Gu Xijia. Subkilohertz linewidth reduction of a dfb diode

laser using self-injection locking with a fiber bragg grating fabry-perot cavity. Opt.

Express, 24(15):17406–17415, Jul 2016.

[94] Paul Sibley, Robert Ward, Lyle Roberts, Daniel Shaddock, and Samuel Francis.

Crosstalk reduction for multi-channel optical phase metrology. Optics Express, 28,

03 2020.

[95] Anneshwa Dey, Ya Zhang, Justin Wong, Paul G. Sibley, Chathura P. Bandutunga,

Malcolm B. Gray, and Jong H. Chow. Algebraic cancellation of inter-channel cross

talk in multiplexed heterodyne interferometry. Opt. Lett., 46(23):5830–5833, Dec

2021.

[96] T. Delahaye, R. Armante, N.A. Scott, N. Jacquinet-Husson, A. Chédin, L. Crépeau,
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