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Abstract—This paper proposes a continuous-time distributed
algorithm for multi-agent networks to achieve a solution with
the minimum /; -norm to under-determined linear equations. The
proposed algorithm comes from a combination of the Filippov
set-valued map with the projection-consensus flow. Given the
underlying network is undirected and fixed, it is shown that
the proposed algorithm drives all agents’ individual states to
converge in finite time to a common value, which is the minimum
l1-norm solution.

Index Terms—Distributed Algorithms; Minimum /;-Norm So-
lutions; Finite-Time Convergence.

I. INTRODUCTION

Significant amount of effort in the control community

has recently been given to distributed algorithms for
solving linear equations over multi-agent networks, in which
each agent only knows part of an overall linear equation and
controls a state vector that can be looked at as an estimate
to the solution of the overall equation [1]-[5]. One key idea
of these algorithms is the so-called agreement principle [1],
in which, each agent updates its estimate subject to its own
equation and tries to reach a consensus with its nearby neigh-
bors’ estimates; the continuous-time version is also referred
as to the projection-consensus flow [6], [7]. These distributed
algorithms enable all agents in strongly-connected networks to
asymptotically reach the same solution to the overall equation
as long as solutions exist. When it comes to under-determined
linear equations, [ly-min solutions (i.e. solutions with the
minimum [/; norm) are often of particular interest especially
in image and signal processing [8]-[10], but unfortunately
these recently developed discrete-time distributed algorithms
[1]-[5] or continuous-time ones [6], [7] are not applicable.
While classical methods based on the idea of LASSO, such as
the Alternating Directions Method [11], Iterative Shrinkage-
thresholding Algorithm [12], Proximal Gradient Method [13],
and so on, could achieve [{-min solutions in a centralized
way, there has been little progress in the development of
distributed algorithms for [;-min solutions. Recognition of
this gap has motivated the objective of this paper to achieve
a distributed linear equation solver with the capability of
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achieving [1-min solutions. More specifically, we will perform
further improvement to the projection-consensus flow [6], [7]
through the concept of Filippov set-valued maps, which has
played a significant role in achieving finite-time consensus in
[14], with the goal of developing a continuous-time distributed
algorithm for /;-min solutions.

The organization of the paper is as follows: We formulate
the problem of interest in Section II and present a distributed
update in Section III. Finite convergence of the proposed
distributed update is established in Section IV with conclusion
in Section V. Proofs of lemmas and propositions are provided
in Section VI

Notation: For a positive integer r, let 1,. denote the vector
in R” with all entries equal to 1s; let I, denote the r X r
identity matrix; let col {A;, As,---, A} be a stack of ma-
trices A; possessing the same number of columns with the
index in a top-down ascending order, ¢ = 1,2,--- ,r. Let
diag {A1, Aa,--- , A} denote a block diagonal matrix with
A; the ith diagonal block entry, i = 1,2,--- ,r. Let ker M
and image M denote the kernel and image of a matrix M,
respectively. Let ® denote the Kronecker product. Let || - |1
denote the [; norm of a vector in R".

II. PROBLEM FORMULATION

Consider a network of m agents, ¢ = 1,2, ..., m; inside this
network, each agent can continuously access states of certain
other agents called its neighbors. Let N; denote the set of
agent ¢’s neighbors. We assume that the neighbor relation is
symmetric, that is, j € A if and only if ¢ € Nj. Then all
these neighbor relations can be described by an m-node-m-
edge undirected graph G (with /m the total number of edges),
such that there is an undirected edge connecting % and j if and
only if ¢ and j are neighbors. In this paper we suppose G is
connected, fixed and undirected.

Suppose that each agent i knows A; € R™*" and b; € R™
and controls a state vector y;(¢) € R™. Then all these 4; and
b; can be stacked into an overall equation Ax = b, where
A=col {A1,Ag, -, A}, b=col {by,ba, -, by}. Without
loss of generality, we assume A to have full row-rank, but not
necessarily be square as in [8]-[10]. Further assume Ax = b
has at least one solution. Let z* denote a [;-min solution to
Az = b, (i.e. solution with the minimum [/; norm), that is,

* . 1
" = arg min lz |1 (1)

The problem of interest in this paper is to develop a distributed
algorithm for each agent i to update its state vector y;(¢) by
only using its neighbors’ states such that all y;(¢) to converge
in finite time to a common [/;-min solution x*.



III. THE UPDATE

In this section we will develop a continuous-time distributed
update for /;-min solutions with finite-time convergence, for
which one needs the concept of Filippov set-valued maps. By
a Filippov set-valued map F[f] : R" — B C R" associated
with a function f : R™ — R" is meant

Ffl(z) 2 () ) ©{f(B(x,8))/S} 2)

§>0 1u(S)=0

Here B(z,d) stands for the open ball on R”, whose center
is at = and has a radius of J; p(S) denotes the Lebesgue
measure of S; and ¢o stands for the convex closure. Note that
the Filippov set-valued map has played a significant role in
achieving finite-time consensus in [14]. By using the Filippov
set-valued map of the sign function in a distributed linear
equation solver based on the projection-consensus flow in [7],
one expects a distributed linear equation solver with finite-time
convergence. Including one additional term for minimizing the
solution’s /1 -norm leads to the following distributed update for
agent ¢, 1 =1,2,....m:

¥; € —k(t)P;Flsgn |(y;) — P; Z Flsgn |(yi —y;) 3)
JEN;
with
Aiyi(0) = bi. “4)

Here, k(t) € R is measurable and locally bounded almost
everywhere for ¢t € [0,00), and further constraints will be
imposed subsequently; P; denotes the projection matrix to the
kernel of A;; sgn (z) : R®™ — R™ is the sign function. Thus
the kth entry, k = 1,2,...,n, of sgn (x) and its Filippov set-
valued map F[sgn |(z) are given as follows.

(sgn (x))k (F[sgn ](x)) &
(:E)k >0 1 1
(@e=0| 0 [-1.1]
(2)r <0 -1 -1

IV. ANALYSIS AND MAIN RESULT

In this section, we will analyze the system consisting of (3)
and present the main result of the paper.

Before proceeding on, we will record a compact form for
the distributed updates (3). Label all the nodes as 1,2,...,m
and all the edges as 1,2, ...,m for the m-node-m-edge graph
G. Assign an arbitrary direction to each edge in G. Then the
incidence matrix of G denoted by H = [h;k]mxm is defined
as follows (for undirected edge, any of its vertices can be the
head and the other one be the tail)

1, i is the head of the kth edge;
hip = —1, < is the tail of the kth edge; 5
0, otherwise.

Since G is connected, then ker H' is the span of 1,, [15]. It

follows that
Hy=0 ifandonlyif yi=yo= --=um (6)

where -
H=H®I, (7N

and y = col {y1, Y2, Y3, ..., Ym } Since the underlying network
G is undirected, one has, for a neighbor pair 7 and j, that
F[sgn |(y; — y;) appears in the update of y; if and only if
Flsgn |(y; — v;) appears in j’s update ;. From this, the fact
that

Flsgn |(yi —y;) = —Flsgn |(y; — vi) (8)

and the definition of incident matrix, one can write updates in
(3) in the following compact form:

j € —k(t)PF[sgn |(y) — PHF[sgn |(H'y) ©)

with

P:dlag {Pl,PQ,,Pm} (10)

A. Existence of a Filippov Solution

We first show the existence of a solution to distributed
updates in (3) or equivalently its compact form (9), for which
one needs the concept of Filippov solutions. By a Filippov
solution for & € F[f](x) is meant a solution x(t) such that
& € F[f](z) for almost all ¢, x(t) is absolutely continuous.
Here, since we consider the Filippov map of sgn function,
and 0 is always in the Filippov set valued map, we claim that
it is also a Caratheodory solution, thus it can be written in the
form of an indefinite integral [16]. The existence of a Filipov
solution can be guaranteed by the following lemma

Lemma 1: ( Theorem 8 in page 85 of [16] ) Let a vector-
valued f(¢,x) be defined almost-everywhere in the domain
G of time space (t,x). With f(¢,2) measurable and locally
bounded almost-everywhere in an open domain G, let F'[f](x)
be given as in (2) Then for any point (tg, zg) C G, there exists
a Filippov solution of & € F[f](t,z) with z(to) = zo.

Since sgn (y), k(t) and PHF[sgn |(H'y) in (9) are mea-
surable and locally bounded almost everywhere, by Lemma 1
there exists a Filippov solution to system (9) for any given
y(0) satisfying (4), which we denote by y(t). Further more,
since the right side of (9) has a global bound, the existence
interval of y(¢) would be ¢ € [0, o).

B. Key Lemmas and Proposition

In order to establish finite-time convergence of the Filipov
solution y(t), we introduce some key lemmas.

First, we investigate some sets regarding to Fillipov set-
valued maps. For any positive semi-definite matrix M € R"*",
one defines

(M) ={q € R"| 3¢ € Flsgn](q), Mp(q) =0}  (11)
and its complement
®.(M) ={q e R"| V¢ € Flsgn](q), M¢(q) # 0}

and

12)

A(M) ={¢|¢ € Flsgn](q),q € ®(M)}

Now F'[sgn ](q) is a closed set for any fixed ¢; also note that
Flsgn |(¢) can only be one of a finite number of different
sets; hence it is easy to check for a given M whether ®.(M)
is nonempty, (and in a later use of the result, it proves easy
to check). It further follows that A(M) is also a closed set.

13)



Consequently, the continuous function ¢’ M ¢ has a nonzero
minimum on A(M) with respect to ¢, for which we denote

AM) = min ¢'M¢.

dEA(M)
From the definition of ®.(A) and A(M ), one has A(M) > 0.
To summarize, one has the following lemma:

Lemma 2: For any nonnegative-definite matrix M, let
O (M), A(M) and A\(M) be defined as above. Suppose that
®.(M) is nonempty. Then A\(M) is a positive constant.

Second, in order to study systems involving functions which
are not differentiable everywhere such as ||z||;, one needs
more general concepts of derivatives. For a locally Lipschitz
function w : R™ — R, the generalized gradient [17] of w is
defined as

(14)

ow(z) & co{ lim Vw(z;) : 2y — 2,2 ¢ SUQ,}  (15)
1—> 00

where § C R” is an arbitrarily chosen set of measure zero,

., denotes the set of points at which w is not differentiable,

and co denotes convex hull. Specially, for the function ||z||,

one has

Flsgn |(z) = 9llz|x (16)

For a set-valued map F : R” — B(R"), the generalized Lie
derivative of w is defined as

Lrw(z) = {q € R : there exists a € F(x)

such that V8 € dw(z),q = o} (17)

Lemma 3: (Proposition 10 in [18] and Proof of Lemma 1
in [19]) Let z : [0,00] — R" be a solution for & € F(z(t)),
where F is a set-valued map. Let w(x) : R” — R be locally
Lipschitz and regular'. Then there exists a set Z = [0, 00) \ T
with 7 of Lebesgue measure 0 such that such that w(x(t))
is differentiable for t € Z; The derivative of w(x(t)) satisfies
% € Lrw(x(t)) for almost all ¢ € Z; and

dw(x(t) .
o = A
where § is any vector in Jw(x).

Third, recall that we restrict our attention to the case when
A has full row rank, for which the following lemma holds.

Lemma 4: Suppose A has full row rank and G is connected.
Then

(18)

image HnkerP=0 (19)

and
image H' N ®(H'PH) =0 (20)
The proof of Lemma 4 will be given in the Appendix.
Based on the above lemmas, one can prove in the Appendix
the following proposition, which will serve as the foundation
to establish finite-time convergence of distributed updates (3).
Proposition 1: Given a system

& € —M Fsgn |(x) (21)

A function is termed regular if and only if it is analytic and single-valued
throughout a region R [20].

with any positive semi-definite matrix M € R"™" and any
given z(0) € R". Then there exists a Filippov solution to (21)
denoted by z(t) for ¢ € [0, c0). Moreover,

(a.) there exists a set Z = [0,00) \ 7 with 7 of Lebesgue
measure 0 such that

% exists for all t € 7 (22)
and
Al <o ter 23)
(b.) there exists a finite time 7" such that
z(T) € ®(M); (24)
(c.) if
7d”“’g)”1 —0, te[l,00)\T, (25)

one has z(t) = z(T), Vt € [T, c0).

(d.) if Az(0) =b and M is the projection matrix to ker A,
then x(¢) converges in finite time to be a constant z*, which
is the [;-min solution to Az = b.

Remark 1: Convergence of the system (21) with M positive-
definite has been studied in [21], but the approach is not
applicable here, because we require M to be a projection
matrix, which is necessarily singular. Proposition 1 considers
the case when M in (21) is positive semi-definite. Then if M
is a projection matrix to ker A, the right-hand side of (21) is
the gradient flow of a potential function ||z(¢)||; subject to
Ax = b. It is standard that the gradient law of a real analytic
function with a lower bound converges to a single point which
is both a local minimum and a critical point of the potential
function [22]. However, if the real analytic property does not
hold, the convergence result may fail. Indeed, the function
|z (t)||1 here is obviously not real analytic?, and one cannot
immediately assert that (21) will drive ||z(¢)]|; to its minimum,
not to mention the finite-time convergence. When the number
of agents m = 1, the proposed distributed update (3) naturally
becomes a centralized update y € PF[sgn |(y) with P the
projection matrix to ker A and k(t) = 1, convergence of which
could be directly established by Proposition 1.

C. Main Result

Theorem 1: Given G is fixed, undirected and connected.
Suppose A has full row rank; Az = b has solutions; and k()
is such that

mm@:&‘/k@ﬁ:m, (26)
0

t—o00

with § a sufficiently small nonnegative scalar. Then under the
update (3) with initializations (4), one has there exists a finite
time 7" such that

Yi1(t) = ya(t) = - = ym(t) = 27,

where x* is a constant [;-min solution to Az = b.
Proof of Theorem 1: To prove Theorem 1, it is sufficient to
prove the followings:

te[l,00) (27)

2A real analytic function is a real function, the values of which can be
obtained locally from a convergent power series.



o Claim 1. There exists a finite time 75 and a vector g(t)
such that

y1(t) =y2(t) = = ym(t) = G(t), t € [Tz, 00). (28)
e Claim 2. There exists a finite time 7" such that
y(t) =7,

First, we prove Claim 1, which by (6) is equivalent to
showing

€ [T, 0). (29)

z(t) =0,
= H'y(t). Multiplying both sides of (9) by H’, one

t e [T27 OO) (30)

with z(t)
has

2 € —k(t)H'PF[sgn |(y) — H' PHF[sgn ](2) 31

By Lemma 3, there exists a set Z = [0,00) \ 7 with T of
Lebesgue measure 0 such that

df[z(t) [l
dt =54,

where /5 can be any vector in J|/z||;. Note that J|z||; =
F[sgn ](z). Then

dl=0) _
dt

where 7 € F[sgn |(y), v € F[sgn |(z) and j is chosen to be
equal to . Since 2(t) € image H’, then by Lemma 4, if also
2(t) € ®(H'PH), one will have z(t) = 0. Thus

tel

~k(t)YH' Pyp—~'H'PHy, teZI (32

2(t) € ®.(H'PH) as long as ||z(t)|1 # 0. (33)
Now by the definition of \(H’'PH) and Lemma 2, one has
v'H'PH~ > X as long as ||z(t)|1 # 0 (34)

where A is a positive constant. Let x denote an upper bound
on |y'H'Pn|. Choose § sufficiently small such that

A
J< =, (35)
K
Then there must exist a finite time 77 such that
| = k(t)yH'Pn| < p, t€[T1,00). (36)

where we have p = k6 < A. From (32), (34) and (36), one

has
dllz(t)]lx
dt

as long as ||z(¢)||1 # 0, ¢t € [T1,00) \ 7. Thus there must
exist a finite time 75 > T} such that

<-(A=p)<0 (37)

2(Ty) = 0. (38)

Next, to complete the proof of Claim 1, we prove z(t) =
0, t € [Ty, 00) in (30) by contradiction. Suppose (30) is not
true. Then there exists a time Tb > Tb such that z(Ty) #
0. Then |[z(T3)|y > 0. Since ||z(t)||; is continuous, there
exists a time T3 such that ||z(7%5)||; takes its maximum value
for t € [Ty, Ty). Again, since ||z(t)||; is continuous, there
exists a sufficiently small but positive € such that ||z(t)||; >

0 is differentiable for ¢t € [Ty — €, T5]. Because ||z(t)]|; is
differentiable almost everywhere, we know that

% dl=(®)lh
2(T5 :/
== [

Because ||z(t)||y > 0 in [Ty
have

12(T3) ] < —elp—p2) +112(T3 — €)1 < [[2(T3 —€)[1 (40)
This contradicts the fact that ||z(7%)]|; is the maximum value

on [Ty, T3]. Thus (30) is true. So Claim 1 is true.

Second, we prove Claim 2. From (28) and A;y;(t) = b;
for i = 1,2,...,m, one has Ay(T) = b. Let P denote the
projection matrix to the kernel of A. Then PP; = P for i =
1,2, ...,m. Multiplying both sides of (3) by P, one has

) =P F

JEN;

—dt+ (T3 =9l (39

—€,Ty], by (37) and (39) we

Ui € —k(t)PF[sgn ](y [sgn](yi —y;). (4D
Since G is undirected, then F'sgn |(y; — y,) appears in the
update ¢ if and only if F'[sgn |(y; —v;) appears in its neighbor
7’s update. By adding the updates in (41) for ¢ = 1,2,....m
and recalling F'[sgn |(y; — y;) = —F[sgn |(y; — v;) for any
two neighbors ¢ and j in (8), one has

m

Zyze —k(t PZFsgn Yi) (42)
which and (28) lead to
Z,L/ € *k(t)PF[Sgn ](g)v € [T27OO) (43)
Let 7 = fT s)ds. From
dy _dy dt
dr dt dr
and (43), one has
dy _
E € —PF[sgn ](y)a € [0700) (44)

with Ag(7) = b for 7 = 0. By Proposition 1. d, one has there
exists a finite time I such that

g(r)=2z*, 7€l 00),

This equation and the relation between 7 and ¢ imply Claim
2 is true. This completes our proof.

Remark 2: If the matrix A does not have full row rank,
simulations suggests the proposed update (3) still enables all
agents to achieve the same [;-min solution. Second, if Az = b
has no feasible solution, there does not exist a vector for all y;
to reach a consensus, for which one may refer to distributed
algorithms for least square solution in [23].

Remark 3: Note that k(t) in (26) is not a diminishing step
size since the § is not necessary to be zero. As indicated by
(35), § relies on both properties of the underlying network [
and properties of the linear equation P. By maximizing the
smallest eigenvalue of H’PH, the algorithm may allow choos-
ing a bigger §, which usually leads to a faster convergence as
will be seen later in an numerical example.

If a solution to Az = b is needed instead of a minimum
[1-norm solution, one could simply chooses k(t) = 0 in (3).



Corollary 1: Suppose A has full row rank and G is fixed,
undirected and connected. Under the distributed update

i € =P Y Flsen](yi —y))
JEN;

(45)

with initializations A;y;(0) = b;, all y;(t) converge in finite
time to be the same solution to Az = b.
The proof of Corollary 1 is provided in the Appendix.

D. A Numerical Example

We also present a numerical simulation of the proposed
distributed update (3) in MATLAB. A widely used Runge-
Kutta method with adaptive time step-sizes known as ODE45
is employed to approximate the solution to the continuous-
time update (3). Since Erdos-Rényi random graphs are usually
utilized in modeling complex networks and testing algorithms
in practical networks [24], we perform simulations in a 20-
node Erdds-Rényi random graph, for which any two vertices
are connected with probability p = 0.7. Let each agent ¢
knows A; € R'™?3 and b; € R with entries randomly
selected from the interval [0,1]. Let z* denote a [;-min
solution to linear equations A;x = b;, i = 1,2,---,20. Let
y = col {y1(t),y2(¢), -+ ,y20(t)} be the stack vector of all
agents’ states. Then ||y(t) —1,, ®z*||; measures the closeness
between all agents’ states to x*. As shown in Figure 1, the
distributed update (3) with k(t) = H% + ¢ drives all y;(?)
to reach [1-min solution z* in finite time for different values
of §. Moreover, by increasing the value of ¢ in k(t), which
satisfies equation (35), one achieves a faster convergence.

lly(t) = L @ 2* |y
10 ey

“o =4 N w & o o ~N ®
T T T

Fig. 1. Finite-time convergence of the distributed update (3) with different
values of § (6 < 0.0143 by (35)). The time ¢ is in seconds, scaled by log.

V. CONCLUSION

For a fixed and undirected multi-agent network, we have
developed a continuous-time distributed algorithm for achiev-
ing minimum [;-norm solutions to underdetermined linear
equations Ax = b in finite time. The algorithm results from
combination of the projection-consensus flow proposed in [7]
and the finite-time gradient flow for consensus devised in [14].
In future, we will focus on choosing a larger 6 based on
information locally available to each agent in order to achieve
faster convergence of the proposed update.

VI. APPENDIX

Proof of Lemma 4: For any v € image H N ker P, one has
Py = 0 and there exists a vector u such that v = Hu.
To prove (19), it is sufficient to show v = 0. Let A =
diag {A;, As, ..., A}, which is full row rank since A has
full row rank. Then P = I — A'(AA’)~1A. It follows from
PHu = 0 that

Hu = A'(AA)"'AHu (46)
Multiplying both sides of the above equation by 1/, ® I,,, one
has 0 = (1,, ® I,,)’ A’(AA") " AHu. Since (1,,®1I/)A" = A’,
we obtain

0=A(AA)'AHu 47
Since A’ is full column rank, one has
0= (AA'AHu (48)

and then multiplying by A’ implies the right side of (46) is
zero, i.e. Hu = 0. Thus v = 0 and (19) is true.

For any q € image H' N ®(H'PH), there exists a vector p
such that

q=H'p (49)

and a vector ¢ € F[sgn |(¢) such that H’PH¢ = 0. Note that
P is a projection matrix; then PH¢ = 0, which with (19)
imply

H¢=0. (50)
From the definition of F[sgn |(x), one can verify that
¢’z =|z|1, V¢ € Flsgn](w). (51)

From ¢ € F[sgn|(¢) and (51), one has ||¢||1 = ¢'¢ which
together with (49) and (50) implies ||¢||1 = 0. Then one has
g = 0 and (20) is true. W

Proof of Proposition 1: The existence of a Filippov solution
to (21) can be guaranteed by Lemma 1. The existence interval
is t € [0,00) because of the global bound on the right-hand
side to (21). Let x(¢) denote such a Filippov solution for any
given z(0).

(a.) Note that the function ||z||; is Lipschitz and regular
[20]. Then by Lemma 3, there exists a set Z = [0,00) \ T
with 7 of Lebesgue measure O such that (22) holds, and

dlz®)ll _ .

dt - 5 x?

holds for all f € O|x(t)]:. It follows from % €

—MPF[sgn](z) in (21) that at each ¢ there exists a v(t) €
F[sgn |(x) such that

teT (52)

(53)
Since 3 can be chosen as any vector in d||z(t)]]1, v(¢) €
Flsgn |(z) and 9||z|y = Fl[sgn](z) from (16), one can
choose 8 = «(t) in (52), which together with (53) leads to

% = () M~(1),

Note that M is positive semi-definite. Thus (23) is true.
(b.) We use the method of contradiction to prove that there

& =—Mn(1)

tel (54)



exists a finite time 7" such that z(T') € ®(M), T € Z. Sup-

pose such a finite time does not exist. One has z(t) € ®.(M),
d||x(t

for t € Z. Then =l < —A(M), for t € Z, where A\(M)

is as defined in (14). It follows that

le@llx < [l2(0)]x = A(M)t,  t €0, 00).

This contradicts the fact that ||z(t)||]; > 0,¢ € [0,00) since
A(M) is a positive constant by Lemma 2. Thus there exists a
finite time 7' such that z(T) € ®(M).

(c.) From the assumption (25), the fact that M is semipos-
itive definite and (54), one has

M~(t)=0, te[T,00)\T. (55)
It follows from this and (53) that
z(t)=0, te[T,00)\T.

By integration of #(¢) from T to oo, one has z(t) =

x(T), t€[T,00). This completes the proof.
(d.) Since a projection matrix is positive semi-definite,then
d||z(t
7”95;)”1 <0teT; (56)

and there exists a finite time 7' € Z such that z(T") € ®(P).
Then there exists a vector ¢ € F[sgn |(«(T)) such that P¢ =
0. This and (51) imply

¢'x(T) = [Jz(T)Ih (57)
Moreover, let Z denote any solution to Az = b. Then
¢'T < ||z (58)

Since ¢ € ker P, one has ¢ € image A’. This implies that
there exists a vector g such that

q/A — d)/
From Az(T) = b = Az and (57)-(59), one has
(D)l = ¢'x(T) = ¢'Ax(T) = ¢’ Az = ¢'z < ||z (60)

where Z is any solution to Az = b. Thus z(T) is a min-
imum [y norm solution to Ax = b. This and (56) implies
||z(t)||1 reaches its minimum value subject to Ax(t) = b for
t € [T,00)\ T. Thus
dllz@) |2

i
which satisfies the assumption (25) in Proposition 1 again.
Then x(t) = «(T), t € [T, 00). W

Proof of Corollary 1: Since A;y;(0) = b; and ¢; is in the
kernel of A;, one has A;y;(t) = b; for all t € [0, 00). To prove
Corollary 1, it is sufficient to show that all y; reach consensus
in finite time, in other words to prove z(t) = H'y(t) converges
to 0 in finite time. Multiplying both sides of (9) on the left by

H' with, k(t) = 0, one has
2 € —H'PHF[sgn](2)

(59)

te[T,00)\ T 61)

(62)

which by Proposition 1 implies there exists a set Z = [0, 00) \
T with T of Lebesgue measure 0 such that

dllz()]x

<0,t eI
dt -

(63)

and there exists a finite time 7" € 7 such that

2(T) € ®(H'PH). (64)

From z(T) € image H’, (20) in Lemma 4 and (64), one has
z(T) = 0. This together with (63) implies ||z(¢)||1 = 0, t €
[T,00). That is, 2(t) =0, t € [T,00). R
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