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Abstract

This thesis is an investigation into implementing quantum computing in stoichiometric
rare-earth systems, with the crystal EuCls-6D,0 used as an example system.

In a stoichiometric satellite system, a crystal stoichiometric in one rare-earth
species is doped with a second rare-earth. The ions around a dopant experience shifts
in their optical and hyperfine transition frequencies uniquely determined by their
location relative to the dopant. This creates an ensemble of identical spin clusters
with strong and consistent local interactions between ions in spin clusters. Ensembles
of ions in the unique positions around the dopant can be used as qubits, enabling
the creation of small quantum systems of 5-10 high-quality qubits for use in a small
quantum processor.

This thesis investigates the conditions necessary for implementation of a quantum
processor in EuCl3-6D,0 and other stoichiometric rare-earth systems. The primary
factors explored in this thesis are the manipulation of system parameters and the
implementation and optimisation of quantum gates in EuCl3-6D,0 to minimise gate
erTor.

The quantum gate error of EuCl3-6D,0 with Gaussian pulse shapes was first
explored. It was determined that the oscillator strengths of EuCl3-6D,0 are too
unequal to be able to perform low error quantum operations at zero-field. The use of
applied magnetic fields to manipulate the oscillator strengths and hyperfine splittings
of EuCl3-6D,0 was explored. It was found that broad magnetic field regions exist in
which the parameters of EuClz-6D,0O can be manipulated to be closer to an ideal A
system. Through the application of an 8T field, it was found that a three-qubit bit-flip
error correction sequence could potentially be implemented with an error as low as
0.022.

The optimisation of the optical pulses used to perform quantum gates in EuClz-6D,0O
was investigated. It was determined that standard Gaussian pulses were sufficient to
perform gates of a sufficiently low error for quantum error correction. Simulations
of a NOT gate on an inhomogeneously broadened ensemble were performed with
both a compensated pulse sequence and direct rotations. It was determined that
compensated pulses do not reduce gate error over direct pulses in EuCl3-6D,0. The
use of arbitrary pulse shapes was investigated and it was determined that a reduction
of approximately 37% in gate error could be achieved by using optimised pulses of
arbitrary shape.

It was determined that the quantum gate error in europium systems is fundamentally
limited by the size of the europium hyperfine splittings relative to the optical coherence
time. The rare-earth species erbium and holmium were proposed for computing due
to their large hyperfine structure, and it was established that there is potential for up
to a 100-fold reduction in quantum gate error by moving to these host ions.
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Chapter 1

Introduction

Quantum mechanics began as a field in the late 19th century with work such as
Kirchoft’s 1859 description of the Blackbody effect [1], Boltzmann’s 1877 hypothesis
about discrete states of physical systems[2] and Hertz’s 1887 discovery of the photoelectric
effect [3]. In the early 20th century, the groundwork of quantum theory was laid with
results such as Planck’s 1900 quantum hypothesis [4], Einstein’s 1905 explanation of
the photoelectric effect [5] and de Broglie’s 1923 theory of wave-particle duality [6-8].
As the framework for quantum theory started to take shape, it became clear that
quantum systems exhibit unique phenomena that have no classical analogues: such
as quantum superposition where a system inhabits multiple states simultaneously, or
entanglement where system states can be correlated in ways that classical physics is
unable to explain.

In 1982, Richard Feynman first proposed the use of quantum mechanical effects to
perform computations that would be intractable on a classical computing architecture
[9]. In the paper, he discusses the idea of a universal quantum simulator that would
use quantum phenomena to simulate quantum systems. This idea remained an
interesting curiosity for several years, as it was thought that any non-trivial use of
quantum effects would require infeasibly low error rates. Quantum computing was
truly born as a field with the publication of two papers by Peter Shor. In 1994 he
showed that a quantum computer could efficiently find prime factors (with complexity
O((log N)?(loglog N) (logloglog N))), a problem that is intractable for large numbers
on a classical computer [10]. In 1995 he addressed the problem that had been thought
to render quantum computing impossible, showing that it was possible to create
quantum error-correcting codes, allowing for arbitrarily long quantum computations
[11]. In the time since these foundational papers, there have been several areas that
have been identified as benefiting from quantum information, such as provably secure
communication, finding prime factors [12, |13] and database searching [14].

Applying quantum computing to problems with practical application requires
large numbers of qubits, far beyond what has been demonstrated to date. In order
to scale quantum computing to the required numbers of qubits, it is necessary to
be able to reliably correct errors in the computing system. To date, there has been
no demonstration of full quantum error correction (QEC) and even small quantum
computing systems have high error rates [15, 16]. Reliable error correction will require
knowledge of the kinds of errors that occur to qubits. A small quantum processor
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2 Introduction

with a low error rate would be a useful tool for studying the effect of real-world errors
on error correction. These errors may be correlated between qubits, a circumstance
that current error correction implementations cannot account for. For the application
of studying the nature of system errors, such a system does not need to be scalable —
the primary concern with such a system is the error rate when performing quantum
operations.

Rare-earth ion systems are one potential candidate for the construction of such
a small quantum processor. The rare-earths have long coherence times, allowing
for the storage of quantum states for a long time and it is possible to perform low
error quantum operations [17-20]. These are both properties desirable for a small
quantum processor. In addition, rare-earth devices are compatible with existing
telecommunication technologies.

This thesis is a description of how quantum operations for quantum computing
could be performed on rare-earth systems and in particular EuCl3-6D,0. In particular,
the experimental parameters needed to perform controlled gates on two and three-qubit
rare-earth satellite systems are outlined, with a view towards the use of this system
for quantum error correction.

EuCl3-6D,0 was chosen as an example system due to its low inhomogeneous
linewidth and its large number of potentially addressable rare-earth ion qubits. This
material was previously characterised in [21]. The conclusions reached for EuClz-6D,0O
serve as a guide for the performance in rare-earth systems and the areas that should
be focused on to decrease error in these systems. To date, EuCl3-6D,0 is the only
stoichiometric rare-earth system in which implementing quantum gate operations has
been researched and it is possible that other crystals will be more suited for quantum
computing applications.

1.1 Quantum computing

As with classical computing, a quantum computer operates on a basis of states
{]0),|1)}. The fundamental difference between quantum and classical computing is
that the quantum unit of information (the qubit) is not restricted to being |0) or |1) but
can exist as a superposition A |0) + Be'? |1) of the two states, as displayed in Figure
Due to the existence of superposition states, an N-qubit quantum computer operates
on a 2N dimensional Hilbert space. Due to this, it quickly becomes intractable to
simulate quantum computing on a classical computer.
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1)

Figure 1.1: The Bloch sphere representation of a quantum state |¢) = A|0) +
Be'? 1) = cos(§)|0) + e¥sin(§)[1), where A, B and ¢ are real numbers with
|A||* + || B]|* = 1. The displayed Bloch vector representation of this state is obtained
by taking ¢ as the azimuthal angle for a spherical representation and 6 as the polar
angle, yielding Bloch vector (1, v, w) = (sin(6) cos(¢), sin(0) sin(¢), cos(0)).

The requirements for the construction of a quantum computer are given by the
DiVincenzo criteria, discussed in Chapter {3l Of relevance to the current discussion is
that a general-purpose quantum computer needs some way of scaling qubit number,
while still having the qubits behave in a predictable fashion. Without this property, the
error in a quantum computer quickly becomes too high to allow for useful calculations.

1.1.1 Contemporary implementations of quantum computing

There are several quantum computing systems currently in active development, with
examples including superconducting microwave systems, ion traps and spin qubits
in silicon. At the time of writing, the system with the most well-developed architecture
was superconducting microwave qubits, with quantum supremacy recently demonstrated
in a 54-qubit superconducting system [15]. Superconducting qubits consist of circuits
of type-II superconducting material, with the quantisation of magnetic flux used to
create qubits and qubit interactions mediated by microwave fields.

The microwave superconducting system is currently well-positioned to enter the
Noisy Intermediate Scale Computing (NISQ) regime [22], with low error single-qubit
and multi-qubit gates [23], well-characterised qubits and the ability to currently
scale to moderate numbers of qubits [15]. Small quantum algorithms [24, 25] have
been implemented in such systems along with basic error correction demonstrations
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[26-28].

Despite the success of superconducting computing systems for qubit numbers up
to O(50) qubits, scaling such systems past this has proven problematic to date. One
of the major issues preventing scaling of superconducting qubit systems is crosstalk
between qubits, where manipulating the state of one qubit inadvertently changes the
state of nearby qubits. For low qubit numbers, the effects of crosstalk can be mitigated
by characterising the dynamics of the entire system and tuning gates to minimise error.
This has allowed gate fidelities high enough to perform simple calculations in such
systems. As the qubit number is increased, the system errors can become sufficiently
complicated such that the system can not be fully characterised and the gate fidelities
decrease to an unacceptable level, which has prevented scaling of microwave systems
past 100 qubits to date. Error correction protocols in which correlated errors could
be accounted for would help to mitigate the effects of qubit crosstalk and potentially
allow microwave computing systems to be scaled to greater numbers of qubits.

1.2 Rare-earth quantum computing

Rare-earth ions in solids have long coherence times on both optical and spin levels at
cryogenic temperatures, with coherence times up to 6 hours having been previously
realised [29]. Rare-earth based systems are well established as quantum memories
[30] and quantum sources [31]. To date, there has been much less investigation of
their use as a computing platform.

This work concerns an ensemble rare-earth system, with properties uniquely suited
for the creation of a small quantum processor. The system is briefly described in Figure
The hyperfine qubit states can be addressed using an auxiliary optical transition,
allowing for read-in and read-out of optical photons in this system. Additionally,
ensemble rare-earth systems have a strong optical coupling due to the high optical
depth, making them exemplary systems for quantum memories.

As stated earlier, qubit-qubit crosstalk is a major problem in quantum computing
systems, causing decoherence and gate-errors. In a rare-earth satellite system, the
hyperfine transitions experience minimal perturbation due to excitation of surrounding
qubits [32], so unless performing a controlled gate, the state of one qubit has a minimal
effect on the behaviour of other qubits. Due to this, crosstalk between qubits is minimal.
Having an inherently low crosstalk system with a controllable interaction between
qubits allows for crosstalk to be induced between qubits to study error correction
algorithms under different regimes.

Despite these advantages over other computing systems, the ensemble rare-earth
satellite system is currently unsuitable as a general-purpose computing system as it is
limited to 5 — 10 qubits. Distinct qubits are created from the optical shifts of a dopant
ion, limiting the sites that can be addressed to the O(20) sites close to the dopant.
The need to perform spectral preparation on qubits then further reduces the number
of usable qubits to 5 — 10.

The potential for being able to perform high fidelity quantum gates in a quantum
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Figure 1.2: The rare-earth satellite system. A crystal stoichiometric with the computing
rare-earth element (dark blue) is dilutely doped with a second rare-earth (red). The
transitions of the ions around the dopant (light blue) are perturbed, allowing them to
be addressed separately from the bulk, as shown in the example spectrum. This is an
ensemble system, so every satellite qubit consists of multiple ions from different spin
clusters distributed across the crystal. Satellite ions have a consistent position in each
spin cluster and so the interaction strength between satellite ions is consistent across
the ensemble.

system with minimal crosstalk and a strong optical coupling makes this an attractive
system for tests of quantum protocols and use in quantum information networks,
despite this inherent lack of scalability. The attributes of this class of quantum systems
are given in greater detail in Section

Schemes for quantum computing in rare-earth materials date back to the early
2000s [33] with proposals for the use of doped systems. The most complete demonstration
of quantum computation in a rare-earth system was performed by Longdell in 2003
[34], where a two-qubit system was created and a low-fidelity CROT gate implemented.
There have been further proposals on the implementation of high fidelity gates in
such systems [35]. There are currently no demonstrations of quantum operations in a
rare-earth satellite system.

The optical frequency shifts on nearby satellite ions from optical excitation of
satellite sites in EuCl3-6D,O were measured in [21], allowing for the potential
implementation of controlled quantum gates in this system with an appropriate
experimental setup. In this work, I explore the experimental parameters needed to
implement quantum logic in a rare-earth satellite system and how error correction
could be implemented in such a system.
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1.3 Direction taken in this thesis

Efficient implementation of quantum operations, whether for quantum computing
or communication, requires that we have the ability to manipulate quantum states
with a low error rate. There are several factors that must be considered in order to
minimise gate error, which can be divided into the following groups:

Energy level structure:

Gates in this system are performed via an auxiliary optical transition, which has
a coherence time short (O(1ms)) compared to achievable hyperfine coherence times
(O(hours)). The short relative coherence time of the optical transition means that
gates must be performed rapidly enough that we do not see significant decoherence.
Balancing this consideration is that there are additional hyperfine levels near the levels
used as computing states, in order to minimise gate error excitation to both these
levels and the other hyperfine level must be minimised. This limits the maximum
Rabi frequencies that can be used when driving the system.

Inhomogeneities:

The rare-earth satellite system is an ensemble system and as with all ensemble
systems, inhomogeneities limit the system quality. There are two major sources
of inhomogeneity in this system: inhomogeneous broadening of the qubit optical
transitions and spatial inhomogeneity. The inhomogeneous broadening of the optical
transition causes each ion to be driven at a slightly different rate by applied pulses,
creating errors. The crystals used for these experiments are macroscopic, so ions at
different spatial positions will experience a different pulse intensity. Additionally,
the pulse will be absorbed as it propagates through the sample, decreasing the pulse
intensity.

Experimental considerations:

In constructing an experiment to implement quantum logic into these systems, the
practical realities of experimental setups must also be considered. We can subdivide
such considerations further into two categories, those affecting gate fidelity and
those affecting measurement fidelity. Gate fidelity is affected by errors in pulses
applied to the system. The ability to differentiate signals from our ensemble over
background noise limits the minimum signal from the ensemble. As the signal from
the ensemble decreases closer to the measurement floor of the detection scheme used,
the measurement fidelity will decrease. This limits the minimum ensemble sizes that
can be used.

In general, these considerations are conflicting. For example, a small ensemble size
will reduce the effect of inhomogeneities but must be balanced by the need for the
ensemble to be still detectable. To maximise the performance of a quantum system,
it is necessary to balance the relative errors due to all of the different parameters of
the system, while remaining in a regime that is feasible to prepare and read-out in a
realistic experimental setup.
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This thesis focuses on implementing quantum experiments in rare-earth satellite
systems, with EuCl3-6D,0 as an example system. Necessary parameter regimes in
order to implement high fidelity quantum operations are discussed, with the possible
applications for different levels of system quality discussed. This is considered in the
context of a quantum computer, where the initial quantum state is prepared in the
quantum system. The parameter regime required for a quantum computer is different
from that of a quantum memory, where the initial state is a weak optical pulse read
into the system. This thesis will not consider the parameters required for a quantum
memory.

1.4 Outline of the thesis

Chapter 2 first gives a brief introduction to the properties of the rare-earth materials
relevant to this thesis. It focuses on the factors affecting rare-earth coherence times,
level structure and inhomogeneous broadening. The specific properties of europium
and the crystal EuCl3-6D,0 are detailed. The chapter concludes with a discussion on
ensemble quantum systems and similar systems to rare-earth satellite systems.

Chapter 3 introduces the concepts relevant to quantum computing. The basic
properties of a quantum computer are detailed and the idea of a quantum gate is
introduced, with notable examples given. The chapter finishes with an introduction to
the concept of quantum error correction in single-instance and ensemble computing
schemes.

Chapter 4 is concerned with the implementation of quantum computing in
rare-earth systems and what has been achieved in previous work. The problems
inherent to quantum computing in the doped rare-earth systems and the rare-earth
satellite systems are detailed in this chapter.

In the remaining chapters, the optimisation of the EuCl;-6D,0 system and
rare-earth satellite systems, in general, are explored. The optimisation of the parameters
of the crystal system is first discussed, followed by optimisation of the optical pulses
used to implement gates.

Chapter 5 describes the manipulation of system parameters to improve the
performance of gates in rare-earth systems. The performance of EuCl;-6D,0 at
zero-field is first discussed, followed by the results of simulations at an applied field
to find points in which a lower gate error can be achieved. The nature of low error
regions in this system is then discussed. The chapter concludes with a discussion on
potential other rare-earth systems with more favourable parameters.

Chapter 6 explores the optimisation of the optical pulses used to perform gates in
rare-earth crystal systems. The factors affecting pulse performance are first discussed,
along with a comparison of the performance of pulse shapes commonly seen in the
literature. This is followed by an investigation into the use of arbitrary pulse shapes
and the regimes in which different forms of pulses are optimal.
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Chapter 2

Rare-earth ion ensembles

This chapter introduces the properties of the rare-earth materials relevant to this thesis
and the concept of ensemble quantum computing. The chemistry of the rare-earth ions,
along with the origin of their coherence times and level structure, is first discussed.
The concept of an ensemble quantum computer is then introduced and the properties
of the europium ion and the EuCl3-6D,0 system are described. The chapter concludes
with a comparison between rare-earth satellite systems, nitrogen-vacancy (NV) and
liquid-state nuclear magnetic resonance (NMR) systems as candidate technologies for
quantum computing.

2.1 Chemical Properties

The rare-earths are a group of elements consisting of the lanthanides, yttrium
and scandium. These elements are metals with a distinctive set of chemical and
physical properties, which make them particularly attractive for quantum information
applications. In solids, the rare-earths are strongly electro-positive and are generally
found in a 3+ oxidation state. The electronic configuration of the lanthanides is
[Xe]4f" where 0 < n < 14. The 5s and 5p shells extend further from the nucleus
than the 4f electrons, as shown in Figure shielding these electrons from the
surrounding environment. The electronic structure of the rare-earths is the origin
of the insensitivity to environmental noise in crystalline form and similar chemical
properties.

Although the 4f electrons are well shielded from the environment, they are not
well shielded from the nucleus. Due to this, there is a steady decrease in radius with
nuclear charge in the lanthanides, resulting in an approximately 20% decrease in
radius across the lanthanide series. The differences in rare-earth chemistry are largely
a result of this difference in bonding radius. We use this difference in rare-earth radius
to generate satellite lines by doping a stoichiometric rare-earth crystal with a second
rare-earth, thereby distorting the local crystalline structure, as detailed in Section
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Figure 2.1: Radial electron probability for Pr**. Figure reproduced from [36].

2.2 4f energy levels

For quantum information applications, the transitions of interest are those between
the 4f levels. Solving the Schrodinger equation for a multi-electron system is not
possible; however, due to the shielding from the 5s and 5p shells, the Hamiltonian
of 4f electrons in solids is very similar to the free-ion Hamiltonian. To approximate
the Hamiltonian of the 4f levels, the free-ion Hamiltonian is used to describe the
electron-nucleus, electron-electron and spin-orbit interactions and the remaining
effects due to the crystal field are treated as a perturbation to this Hamiltonian.

The largest contribution to the free-ion rare-earth Hamiltonian comes from the
electron-nucleus interaction and the central part of the electron-electron Coulomb
repulsion. Under the influence of just these terms, the n = 4 levels are degenerate.
The next most significant term in the rare-earth Hamiltonian is the non-central
electron-electron Coulomb repulsion, which lifts the n degeneracy. The spin-orbit
interaction removes some of the degeneracy of the 4f levels by mixing states of
different L and S quantum numbers. The perturbation to the free-ion Hamiltonian
from the crystal field contribution acts to further lift the 2] + 1 degeneracy left in the
free-ion Hamiltonian. The degree to which the remaining degeneracy is lifted depends
on the crystal site symmetry and whether the ion has an odd number of electrons
(a Kramers ion). For non-Kramers ions with sites of less than axial symmetry, the
electronic states are singlets. This is the case for Eu** in EuCl3-6H,O. In Kramers ions
such as erbium, the | levels remain at least two-fold degenerate after accounting for
the crystal field. The magnitudes of the contributions to the rare-earth Hamiltonian
are displayed in Table

The resulting energy level structure from the free ion and crystal field Hamiltonians
is shown in a Dieke diagram in Figure This diagram is for LaCls; however, the
structure is very similar in other crystal hosts.
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Table 2.1: Scale of the contribution to the Hamiltonian for rare-earth ions in crystal
hosts [37].

Interaction mechanism Energy splitting (cm™1)
Electron-nucleus and central electron-electron 10°
Non-central Coulomb 104
Spin-orbit interaction 10°

Crystal field 10?
Hyperfine splitting (nuclear spin) 1071 —-1073
Superhyperfine splitting (ion-host nuclear spin) 1072 —10*
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2.3 Rare-earth crystal Hamiltonian

There are a number of interactions that further split the crystal field levels into
hyperfine structure. For the purposes of describing rare-earth hyperfine structure, the
Hamiltonian of the rare-earth ions is usually written in the form of Equation

H = Hp; + Hcr + (Hur + Hg + H; + Hz), (2.1)

where Hry is the free ion Hamiltonian, Hcr the crystal field, Hyr is the hyperfine
interaction, Hg the nuclear electric quadrupole, H, is the nuclear Zeeman interaction
and Hy the electronic Zeeman interaction. The Hr; and Hcr Hamiltonians are used
to characterise the electronic levels, with the remaining four terms treated as a
perturbation on these levels.

To simplify analysis of the perturbation on the free-ion Hamiltonian, the mixing of
L and S by the spin-orbit interaction and the | mixing by the crystal field is assumed
to be small. Under this assumption, the energy levels are labelled using L, S and the
total angular momentum J.

2.4 Inhomogeneous broadening

In any rare-earth crystal, there will inevitably be imperfections in the crystal lattice,
resulting in variation in the strain, electric and magnetic fields experienced by a given
ion in the crystal. The homogeneous linewidths of rare-earth optical transitions and
hyperfine transitions can be sub-kilohertz at low enough temperatures. However,
variation in the local environment means that ensemble (inhomogeneous) linewidths
are much larger, with hyperfine linewidths of tens of kilohertz and optical linewidths
varying from 10 MHz to over 100 GHz in different materials. This process of
broadening due to crystal imperfections is shown in Figure

Ensemble absorption

Fre(iuency
Figure 2.3: Inhomogeneous absorption profile of an ensemble of rare-earth ions in a

crystal. The inhomogeneous line is the sum of the homogeneous profiles of rare-earth
ions with different local environments due to crystal imperfections.
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2.5 Satellite lines

Inhomogeneous broadening arises from the sum of frequency shifts from many defects
distant from the ion of interest. Defects close to ions create satellite lines: a close defect
causes a large local perturbation and shifts the site frequency outside of the main
inhomogeneous line. Rare-earth ions with the same relative position to an identical
defect contribute to the same satellite line, with each satellite line structure having
the same lineshape as the main inhomogeneous line. The presence of satellite lines
detuned by gigahertz to terahertz from the main inhomogeneous line is relatively
common in rare-earth crystals [39-42].

Figure 2.4]is an example of the satellite structure created by these close defects, in
the 7Fg —°Dy transition of Eu?*: Y,0s.
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Figure 2.4: Double resonance excitation spectrum of the ’Fy —°Dj transition of Eu*:
Y03 [42]. The dark lines correspond to resonances of crystal satellite lines. Reprinted
from Journal of Luminescence , Vol 87-89, M. Yamaguchi, K. Koyama & T. Suemoto.
Three-parameter mapping of site distribution by optical-RF double resonance in Eu®*:
Y,05 crystals, pp. 1099-1101. Copyright 2000, with permission from Elsevier.
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In general, there is not a fixed spatial relationship between ions in different satellite
lines as they may be generated from different defects. Additionally, for defects arising
from crystal impurities and lattice defects, the number of ions contributing to each
satellite line will vary between crystals. It is possible to induce consistent satellite
structure with a fixed spatial relationship between sites by lightly doping a rare-earth
crystal with a substitutional defect, such as a second rare-earth species. There is a size
mismatch between the dopant and host ions, causing distortion of the crystal field at
the nearby lattice sites and shifting their optical and hyperfine transition frequencies
outside of the main inhomogeneous line.

Many satellite lines are well resolved from both the main inhomogeneous line
and other satellite lines. This allows the optical and RF transitions of specific satellite
ions to be addressed. Due to this, the standard quantum operations performed on
the main inhomogeneous line can also be performed on specific satellite lines, thus
allowing their use as qubits. The ions around a dopant are an example of a spin cluster
system, in which the individually addressable spins are spatially distributed such that
quantum operations can be performed between them. Figure 2.5/ displays an example
of the satellite structure created by this light doping.

Emission (arb. units)

-10 -5 0 5 10 15
Optical frequency (+517148.5 GHz)

Figure 2.5: Satellite line structure in EuClz-6H,O caused by doping the crystal with 1%
La®>". The inset diagram shows the relationship between the spatial position relative
to the dopant ion and the satellite frequency for a select group of satellite lines.

In previous rare-earth crystal systems studied for quantum information, a crystal
stoichiometric in one rare-earth species is doped with a second rare-earth ion, with
the doped species then used as the quantum resource. The satellite system is the
opposite approach in a sense, with the crystal stoichiometric in the species to be used
for quantum operations and the dopant species used to create isolated clusters in
the crystal. Figure 2.6 gives an illustration of the differences between the traditional
doped rare-earth crystal system and a satellite spin-cluster system.
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Figure 2.6: The doped (a) and satellite (b) rare-earth systems. In a doped rare-earth
system, the rare-earth species of interest (in red) is doped into a crystal composed of a
second rare-earth species (blue). In a satellite rare-earth system, a crystal stoichiometric
in one rare-earth species (blue) is doped with a second rare-earth species (red),
perturbing the transition frequencies of the surrounding stoichiometric ions (light
blue), these can then be addressed separately from the stoichiometric bulk.

2.6 EuCl3°6D20

This thesis concerns the use of trivalent europium as the optically active species in the
crystal EuCl3-6D,0. In this system, quantum information is stored on the hyperfine
levels of the ground ”F state and the optical transition between the “Fy and °Dy levels
is used to perform gates. Europium has two stable isotopes, >'Eu®" and *Eu’®",
occurring in abundance 47.8% and 52.2% respectively. These isotopes have nuclear
spin | = 3 and large quadrupole moments. At zero-field, the Fy and °Dj states are
split into three doubly degenerate levels by the total quadrupole Hamiltonian, with
level splittings of O (40 MHz) for >'Eu®" and O(100 MHz) for 1°*Eu*. The energy
splittings of the “Fy and °Dy levels in EuClz-6H,O are displayed in Figure

The host system studied in this thesis is the hexahydrate crystal EuClz-6H,O with
the unit cell of this crystal displayed in Figure

EuCl3-6H,0 has the second-lowest known optical inhomogeneous linewidth of
any rare-earth solid with only isotopically pure Nd:Y’LiF; and Er:Y’LiF, crystals
known to have a lower linewidth [46]. The reported optical inhomogeneous linewidth
of the “Fy and °Dy transition of EuCls;-6H,O is 100 MHz in crystals with natural
isotopic abundance and 25 MHz when isotopically purified in *Cl . This
low inhomogeneous linewidth allows the hyperfine structure to be resolved and
substantially increases the spectral density of these crystals.

In this thesis, I consider the deuterated crystal EuCl3-6D,0, as this crystal has a
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Figure 2.7: Hyperfine structure of the optical ground (“Fy) and excited (°Dy) states
of the two Eu®* isotopes in EuClz-6H,0 at zero-field [43} 44]. The levels are labelled
using the m; labelling despite m; being a poor quantum number due to strong
wavefunction mixing. This labelling is used as “like-to-like” Am; = 0 still have the
highest relative oscillator strengths.

much longer optical lifetime of 2.6 ms than EuCl3-6H,O, which has an optical lifetime
of 115 us [48]]. The short relative lifetime of EuCls3-6H,O compared to EuClz-6D,O
is due to the high energy O-H bond [49-51]. This bond has a stretching mode with
frequency ~ 110 THz, which allows non-radiative decay in Eu3* from the Dy state to
the “Fg state in a four-phonon process. This short lifetime is improved substantially
in deuterated crystals, as the O-D bond has a lower phonon energy of ~ 80 THz [48)
52-54]. The less energetic O-D bond means that non-radiative decay from the Eu3*
D state to the “Fg state becomes a five-phonon process and we see a corresponding
increase in the optical lifetime of EuCl3-6D,0 to 2.6 ms [48].

In addition to the low linewidths, this system has long optical and spin coherence
times in deuterated crystals, with measured optical coherence times of O(700us) [21]
and hyperfine coherence times of ~ 40 ms [21]. This hyperfine coherence time has the
potential to be substantially extended to ~ 60s using zero first-order Zeeman (ZEFOZ)
techniques [44].

The number of spectrally distinct satellite sites is determined by the site symmetry
of the dopant site. The Eu>" site in EuCls-6H,O has site symmetry C, and as rare-earth
dopants substitute at the Eu®* site, they also have C; site symmetry. The Eu’T ions on
the dopant C; axis have a unique frequency shift, with each satellite line consisting of
ions from a unique site. Eu®" ions not on the dopant C, axis have the same frequency
shift as another Eu®>" ion and due to this, satellite lines at these frequency shifts
consist of ions from two sites. Figure 2.9|shows the nearest neighbour satellite lines
about a dopant.

The satellite line shift created by a rare-earth dopant scales with the amount of
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S
.

Figure 2.8: Unit cell of EuClz-6H,0 [45]. Europium atoms are coloured yellow,
chlorine green, oxygen red and hydrogen teal.

perturbation to the local crystalline environment, and therefore the dopant radius.
The rare-earths with the largest radius mismatch to europium are lanthanum and
lutetium, and as such, they give the largest satellite shifts of any rare-earth dopant in
EuCl3-6H,0. The specific dopant system considered in this work is La®t:EuCls-6D,0;
this was selected over Lu®t EuClz-6D,0 as the La3™ satellite lines are more spectrally
isolated from one another than the Lu* satellite lines.

To implement quantum gates in an EuClz-6H,O system, optical pulses between
the “Fy computing levels and one of the hyperfine states in the Dy optical level are
used. Performing gates via the optical transition gives less off-resonant excitation of
other qubits and the main inhomogeneous line than direct RF gates as qubits are more
well resolved in optical frequency. Conditional gates between qubits in this system
are performed by using the O(10MHz) optical shift from optical excitation of nearby
ions [55].

2.7 Rare-earth ion ensembles

The rare-earth ion system that this thesis concerns is an ensemble system, with a single
qubit corresponding to satellite ions from many different spin clusters distributed
across the crystal. This ensemble satellite line system is similar to the more commonly
seen doped rare-earth systems [33, 56, 57]. Figure gives an illustration of a
rare-earth ensemble system. This stands in contrast to the single instance systems
of contemporary interest for scalable quantum computing, in which each qubit is a
single quantum object occupying a fixed spatial position in the system.

Ensemble systems have the constituent qubits distributed in space, resulting in
the transition frequencies of these qubits being inhomogeneously broadened from
inhomogeneities in system parameters across the ensemble such as crystal strain or
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Figure 2.9: The nearest neighbour Eu®" ions around a dopant in EuClz-6H,O. Ions
have been labelled according to the distance from the central dopant ion and identical
crystal sites have been labelled with a dash.

applied magnetic field. Due to inhomogeneous broadening, any pulse applied will
be off-resonant for many of the ions and as a result, the operation applied to an
individual ion will depend on where it is in the inhomogeneous line. To reduce the
error when performing operations, a sub-ensemble is used for quantum operations. A
subset of the ensemble in a narrow frequency range is prepared such that it can be
separately addressed from the rest of the ensemble [56]. Working with a sub-ensemble
allows for a smaller frequency distribution to be addressed, reducing the error of
quantum operations such that quantum operations can be performed with reasonable
fidelity.

2.8 Other spin cluster systems

The EuCl3-6H,0 satellite system is not the only example of a spin cluster system,
with several other systems having been proposed and used for quantum information.
Notable examples of spin-cluster systems in which quantum computing has been
demonstrated are the nitrogen-vacancy (NV) centre system [58-60] and liquid state
nuclear magnetic resonance (NMR) [61-64]. In this section, I will explain the key
differences between the attributes of the EuCl3-6D,0 satellite system and the NV and
NMR systems.

2.8.1 Nitrogen-vacancy centres

The most prominent spin-cluster system in the quantum information field at the
time of writing is the NV centre system. An NV centre is a point-defect in diamond
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Figure 2.10: The rare-earth satellite system considered in this thesis is an ensemble,
with many copies of the satellite cluster around a dopant distributed across the crystal.
Each satellite line (e.g. the A and B lines) is composed of many ions distributed across
the crystal.

consisting of a nitrogen atom that replaces a carbon in the crystal and an adjacent
lattice vacancy. The nitrogen-vacancy centre and any nearby 13C atoms are spectrally
resolved from the '>C bulk and can be used as qubits for a quantum system [58-60],
Figure gives an illustration of an NV spin-cluster.

The qubits in an NV system are the I = ; nuclear spins of the 13C and either the
electron (S = %) or nuclear (I = 1) spin of the NV centre. To initialise an NV system,
the electron spin of the NV centre is used. The NV electron spin is first prepared in
the ms = 0 state using optical pumping, and this electron spin state is then swapped
with a nuclear spin state. This process of initialising the NV electron spin to ms = 0
and swapping it with another spin state is then repeated until all of the relevant spins
have been initialised.

Quantum operations are implemented using RF pulses on the nuclear and electron
spin states to manipulate the qubit states. Conditional logic is implemented using the
interaction between the NV electron spin and the qubit nuclear spins. The nuclear
spins experience a phase shift conditional on the electron spin state, allowing gates
conditional on the NV state. Conditional logic between 3C atoms is implemented
using the NV centre as an intermediate qubit. This is in contrast to the rare-earth
satellite system in which conditional logic can be implemented directly between
satellite qubits.

Readout in this system is accomplished using an optical readout of the electron
spin of the NV centre. The electron spin state is correlated with one of the nuclear
spin states using a CNOT gate; a projective single-shot measurement can then be
made to measure the nuclear spin state.

The coherence times of the nuclear spin qubits is O(10ms) at cryogenic temperatures
[65] and the electron spin coherence time is O(1ms). The NV coherence times are
sufficiently long to allow readout fidelities of > 0.9 of the nuclear spin states and gate
fidelities of > 0.99 [66]. The nuclear spin coherence times of rare-earth satellite systems
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Figure 2.11: A nitrogen-vacancy centre with three nearby 13C atoms. The >C atoms
between the '*C and the NV centre have been omitted to simplify the diagram.

have the potential to be O (minutes) [44] which is substantially longer than the NV
spin coherence times. However, gates are implemented via an optical transition with
a coherence time of O(700us) [21] as opposed to the direct RF gates used in the NV
system. The shorter coherence time of the NV system relative to the EuCl;-6H,O
system is counterbalanced by its O(GHz) [58] energy level splittings, compared to
the energy level splittings of O(40 MHz) in EuCls-6H,O. The comparable ratio of
coherence time to energy level splittings between NV and EuClz-6H,0O means that the
gate errors are likely to be of a similar order in these systems. However, for quantum
memory purposes, the long spin coherence times makes the rare-earth satellite system
more suitable.

The 3C atoms in a diamond are randomly distributed and a nitrogen-vacancy
site must be found with sufficient nearby 13C atoms to achieve the desired number of
qubits. This random distribution of 13C atoms limits the size of NV cluster systems to
at most a handful of qubits, with every NV cluster system having different attributes
due to the relative positioning of the atoms. In the rare-earth satellite system, the
number of satellites that can be addressed is limited by the strength of the perturbation
from the dopant ion rather than the distribution of ions in the crystal. Due to this,
tens of qubits can be resolved in these systems.

2.8.2 Nuclear magnetic resonance

The classic example of an ensemble spin-cluster system is liquid state NMR [61-63].
Liquid state NMR uses solutions of molecules, with several spin-half nuclei per
molecule. A static magnetic field is applied to lift the spin degeneracy, allowing the
spin states to be used as computing levels. In a given molecule, different nuclei will
have different resonant frequencies and interactions with surrounding nuclei; hence
they can be used as distinct qubits. Figure displays example molecules for NMR
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Figure 2.12: Examples of molecules used for liquid NMR computing, with qubits
numbered. The molecule to the left is fully labelled crotonic acid, which is a seven
qubit system with qubits given by the spin 3 component of the methyl group, the
spin of the Hydrogen adjacent the double bond and the spin of the four Carbon-13
nuclei . The molecule to the right is fully labelled crotonic acid, which is a three qubit
system with qubits given by the spins of the two Carbon-13 nuclei and the spin of the
Hydrogen.

computing.

The Zeeman splitting between qubit states is small compared to the thermal
energy for any practical temperature and due to this, it is not possible to initialise an
NMR system into a pure quantum state. NMR computing instead operate operates
on pseudo-pure states of form p = €1+ € |¢) (|, where 1 is an identity matrix,
|¢) (| is some pure state, 1 is the dimensionality of the vector space and € is a small
positive number [61]. The use of pseudo-pure states means that there is an exponential
decrease in ensemble size as the qubit number is increased, with € ~ ”}’VZ# [67]. In
order for any liquid state NMR system to scale to a useful number of spins, it would
be necessary to have some mechanism for initialising the system, such as optical
pumping. An additional problem that arises from the use of pseudo-pure states is the
lack of ability to re-initialise spins during a computing sequence, meaning that NMR
computing states can only use quantum error correction techniques a single time
per computation. The rare-earth satellite system has optical levels that the system
population can be driven to, allowing for ions to be optically pumped into specific
ground-state hyperfine levels. The ability to optically pump means that qubit resets
can be performed in this system and error correction techniques can be performed
multiple times.

Gates are implemented in the NMR system using RF pulses to drive qubits
between the Zeeman states. Conditional operations are implemented using the
spin-spin ] coupling between nuclei in the molecule to induce phase shifts. The qubits
in NMR systems have only two levels, with no additional auxiliary levels. Due to
this, the | coupling is always present between nuclei. In order to decouple nuclei
to perform gates on only single qubits, special decoupling sequences must be used.
In contrast, gates are performed via the optical transition in the rare-earth satellite
system, allowing isolated gates to be performed on a qubit without interaction from
other qubits.
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Readout of states in NMR computing schemes is accomplished using standard
NMR spectral techniques such as spin echoes. There are analogous photon-echo
schemes that can be used for the readout of rare-earth satellite systems.

NMR systems can have long coherence times for single-qubit states, on the order
of several seconds. However, multi-qubit states can be more strongly affected by
decoherence in such systems, giving them relatively short coherence times (O(100 ms))
[68] compared to the gate time (O (100 ms)) [67]. Single-qubit nuclear spin coherence
times in rare-earth satellite systems have the potential to be O (hours) and due to the
minimal perturbation from surrounding qubits [32] it is expected that multi-qubit
states will have comparable coherence times. Gates in rare-earth satellite systems can
be implemented on O(us) timescales which is much shorter than both the spin and
optical coherence times in these systems.

2.8.3 Summary

This chapter introduced the properties of the rare-earth materials relevant to this thesis
and the concept of ensemble quantum computing. The chapter began by discussing
the chemistry of the rare-earths along with the origin of their coherence times and
level structure. The 4f electron states in the rare-earth are shielded from external
environmental noise by the 5s and 5p shells giving these transitions long lifetimes and
coherence times. The radius of the rare-earth atoms increases with atomic number;
this forms the basis for stoichiometric satellite rare-earth computing, in which a
rare-earth crystal is lightly doped with a second rare-earth species.

The concept of an ensemble quantum computer was then introduced, in which
each logical qubit consists of many physical qubits. The europium “Fy —°Dy
optical transition used in this thesis were discussed along with the lifetimes and
inhomogeneous linewidths of the crystal host EuCl;-6D,0.

The chapter concluded with a comparison between rare-earth satellite systems and
the nitrogen-vacancy and liquid-state NMR systems. NV systems use a NV centre
along with any nearby >C atoms as a computing system, with nuclear coherence
times of O(10ms) and O(1ms). The random distribution of 3C limits the size of NV
computing systems to a handful of qubits, as an NV site must be found with sufficient
nearby '*C atoms. Liquid state NMR uses solutions of molecules as a quantum
system, and an applied magnetic field is used to separate the energies of the spin
states of the individual nuclei, allowing their use as computing levels. The lack of
an excited optical state means that it is not possible to initialise NMR systems and
instead, a pseudo-pure state must be used, severely limiting the ability of this system
to scale. The single-qubit coherence times of NMR systems can be O(s). However, the
coherence times of multi-qubit states are much shorter at O(100ms). Gate errors in
NMR systems are high due to this decreased coherence time and the slow speed of
NMR gates.



Chapter 3

Quantum Computing

This chapter introduces the concepts relevant for implementing quantum computing.
The requirements for the construction of a large scale quantum computer are first
detailed, with discussion as to the limiting factors in current quantum systems. This
is followed by an outline of the function of quantum gates, with the behaviour of
notable examples listed. The chapter concludes with a discussion of quantum error
correction and its implementation in single-instance and ensemble systems.

The execution of large quantum algorithms requires that the computing system
is both large enough to encode the problem and of a high enough quality that the
algorithm output is useful. The specific set of requirements for a large scale quantum
computer were summarised in 2004 by David DiVincenzo [69]:

1. A scalable physical system with well-characterised qubits.

2. The ability to initialise the state of the qubits to a simple fiducial state, such as
|000...).

3. Long relevant decoherence times, much longer than the gate operation time.
4. A "Universal" set of quantum gates.

5. A qubit-specific measurement capability.

There are an additional two criteria that were later proposed to address the
integration of a quantum computer into a quantum communication system:

6. The ability to interconvert stationary and flying qubits.

7. The ability to faithfully transmit flying qubits between specified locations.

For a computing system to be able to satisfy these criteria, it is necessary that
it is fault-tolerant, with the ability to correct for errors in the qubits and gates. A
system that is not fault-tolerant will fail to satisfy criteria 1 and 3 when scaled to a
large enough number of qubits or with a long enough algorithm due to the increasing
probability of an error on one of the qubits.

23
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It was initially believed that practical implementation of any physical quantum
computer would be infeasible due to the fragility of the quantum state, with errors
compounding so quickly that the quantum state would be completely corrupted [70].
In a classical computer, this issue can be solved by one of a variety of error correction
algorithms, all of which function by some variety of data duplication. On a quantum
computer, the no-cloning theorem [71] means that such an approach cannot be used.

In 1995 and 1996, there were several papers published proposing codes allowing
for error correction in quantum systems [11} 72H75]. With the discovery of such codes,
it became possible to create fault-tolerant quantum computers and interest in the field
has grown substantially since then.

Current quantum computing platforms have been able to separately satisfy
the DiVincenzo criteria, with demonstrations of scalability [15, 22], initialisation
[76], sufficient gate error rates [77-79], universal gate sets [23] and qubit specific
measurement [77]. The use of error correction in current quantum systems is discussed
later in this chapter.

Creating systems that satisfy all of these criteria concurrently has proven difficult.
As the number of qubits is increased, applying a gate to one qubit has increasingly
complicated effects on other qubits [80-82], quickly becoming complex enough that the
qubits can not be said to be "well-characterised". In addition, with increasing numbers
of qubits and a corresponding increase in the complexity of qubit interactions, current
error correction schemes become ineffective as they leave many potential noise channels
uncorrected (a noise channel is some system operator € with action e(p) = ¥ U plL).

To realise large-scale quantum computing, it will be necessary to carefully calibrate
the computing system to minimise errors and implement effective quantum error-correction
algorithms. The system calibration and error-correction schemes necessary for
large-scale quantum computing will require the ability to characterise system noise
for quantum systems and evaluate error correction protocols under different noise
regimes.

In Chapter 4| we evaluate the performance of the rare-earth satellite system this
thesis is concerned with under the DiVincenzo criteria. The rest of this chapter is
concerned with the fundamental operations of a general quantum computer.

3.1 Quantum gates

To perform error correction in a quantum system, it is necessary to apply quantum
gates during each round of correction. For a quantum error correction procedure to
be useful, the error involved in the correction process needs to be low with a minimal
number of gates used. This section explains the concept of a quantum gate and gives
examples of common gates that are used for implementing both quantum algorithms
and quantum error correction.

The fundamental building blocks of quantum computing are quantum logic gates,
as with digital computing and classical logic gates. A quantum logic gate is a basic
quantum circuit that has some reversible action on a small number of qubits, for
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example, the quantum X gate, which maps |0) states to |1) and vice versa.

Mathematically, quantum logic gates can be represented using unitary matrices. A
quantum logic gate acting on n qubits is written as a 2" X 2" unitary matrix, which
operates on the 2" complex vectors used to represent quantum states.

The action of any unitary operator on a quantum state can be implemented in
a quantum computer via some sequence of quantum logic gates. In practice, there
are standard gates that are commonly used for quantum computing due to their
simplification of quantum algorithms and ease of implementation in some systems.
In the following, I give examples of these common gates:

Identity:

The identity gate is the "Do Nothing" operation, mapping a state to itself. The
matrix form is:

I= [(1) (1)] 3.1)

Pauli-X gate:

The X gate is a single-qubit gate analogous to the NOT gate in classical computing.
It is equivalent to a rotation about the X axis of the Bloch sphere by 7. It maps |0) to
|1) and |1) to |0). The matrix form is:

01
X = [1 o} (3.2)

Pauli-Y gate:
The Y gate is a single-qubit gate equivalent to a rotation about the Y axis of the
Bloch sphere by 7. It maps |0) to i |1) and |1) to —i|0). The matrix form is:

0 —i
Y = [i 0 ] (3.3)
Pauli-Z gate:
The Z gate is a single-qubit gate equivalent to a rotation about the Z axis of the
Bloch sphere by 7. It maps |0) to |0) and |1) to — |1). The matrix form is:

1 0
2=y | G4

Phase shift (Ry) gates:

The Ry gates are a family of single-qubit gates which introduce a ¢ phase shift
between the |0) and |1) states. They map |0) to |0) and |1) to ¢¥. Specific examples
of phase shift gates are the T gate with ¢ = 7, S gate with ¢ = 7 and Z gate with
¢ = 7. The matrix form is:

s=|o o] (35)

Hadamard (H) gate:
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The Hadamard gate is a single-qubit gate often used to create superposition states.
It is equivalent to a rotation of 7t about axis x—\g on the Bloch sphere. It maps |0) to

1941 and |1) to %. The matrix form is:

V2
1 (1 1
no L] o

Controlled NOT (CNOT) gate:

The controlled NOT gate is a two-qubit gate, often used as one of the basic
conditional logic gates in quantum computing. It performs a NOT gate on the second
qubit if the first qubit is in state |1) and otherwise leaves it unchanged. For a two-qubit
basis {|00),]01),]10),|11)} the matrix form is:

1000
0100

CNOT=cX= |1 o o 1 (3.7)
0010

Toffoli (CCNOT) gate :

The Toffoli or controlled-controlled NOT gate is a three-qubit gate often used as a
way to implement non-reversible classical gates. It performs a NOT gate on the third
qubit only if the first two qubits are in state |1) and otherwise leaves it unchanged.
For three-qubit basis {|000), |001),|010),|011),]100),|101),|110),|111)} the matrix
form of a CCNOT is:

T = CCNOT = (3.8)

O O OO OO o
ol elNeNeoBeoN =
[N elNeNell >N

SO OO O Rk O OO
O O, O O oo

OO, OO O oo

_ O OO oo oo
_ o O O O O O

00 0 0

A universal set of quantum gates is a set of quantum gates such that any unitary
operation can be decomposed into just this set of gates. A common choice of universal
gate set is the Clifford +T gate set given by {X,Y,Z,CNOT, H, S, T}.

3.2 Errors in quantum systems

In a classical computing system, there is only one type of error that can occur: the
bit-flip error, which maps 0 — 1 and vice versa. In a quantum computing system,
there are an infinite number of possible qubit states and correspondingly an infinite
number of possible qubit errors.

Errors on a quantum system can be classed into two categories: coherent errors,
which preserve quantum information and incoherent errors resulting in a loss of
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information from the system.
First, consider the case of a coherent error on a single qubit, in which the error is a
unitary operator U(d6, d¢) with action on a single qubit given by:

u(se,6¢) |v) = COS<9+259> 0) + sin<(H_260>ei(4’+5¢) 11). (3.9)

Coherent errors are a continuum of rotations on the Bloch sphere characterised by
the rotation angles 66 and d¢. In order to correct for coherent errors we decompose
the errors into the Pauli basis {I, Xo, Zo, X0Zo }:

U((SQ, (54)) |l/)> =gl ’l/)> + ar Xp |lIJ> + w37 |l[]> + a4 XoZg |l[]> . (3.10)

In a multi-qubit system, it is possible to encode the qubit such that measurements
can be performed such that the system is collapsed into one of the four states: the
original state |¢), a bit-flip error Xy |¢), a phase-flip error Zy |p) or a combined bit-flip
and phase-flip error XoZy |). Such measurements are called syndrome measurements
and are explored later in this chapter. The values of syndrome measurements can then
be used to determine if an error has occurred and to apply the appropriate correction
operation.

The action of bit-flip, phase-flip and combined bit-flip, phase-flip errors on a
quantum state are as follows:

e Bit-flip: In a bit-flip error the |0) and |1) states are swapped, inverting the
quantum state, i.e. the state [¥) = A|0) + B|1) — A|1) + B|0). Bit-flip errors
are direct analogues of classical bit-flip errors.

* Phase-flip: In a phase-flip error a relative phase of 7t is introduced between the
|0) and |1) states, i.e. A|0)+ B|1) — A|0) — B|1). Phase flips are a type of
error with no analogue on a classical computer.

¢ Combined bit-flip and phase-flip: In a combined bit-flip and phase-flip error
there is both a swapping of the |0) and |1) states and an introduction of a 7
phase shift, i.e. A|00) + B|11) — A |10) — B |01).

A quantum error correction scheme that can correct for bit-flip, phase-flip and
combined bit-flip and phase-flip errors can therefore correct for any coherent error
on a single qubit. Similarly, it can be shown that unitary errors on more than a
single qubit can be decomposed into either bit-flip, phase-flip or combined bit-flip
and phase-flip errors on single qubits, hence to correct for an arbitrary unitary error,
it is sufficient to correct for these three types of error.

Incoherent errors result in a loss of coherence from the system, taking a pure state
p = |¢) (¢| to a probabilistic mixture of pure states (a mixed state) p = Y_ P; [¢); (¢];.

1
As a mixed state is simply a sum of pure states, any error correction protocol that
corrects for arbitrary unitary errors on pure states will also correct for incoherent
errors.
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In addition to single-qubit error channels, it is possible for quantum systems to
have correlated errors, with the probability of errors on other qubits in the quantum
system increasing or decreasing with errors on one of the qubits. Correlated errors can
arise from a noise source affecting multiple qubits, gate operations with unintended
effects on qubits or some combination of these effects. In basic error correction
schemes, it is assumed that qubit errors are uncorrelated, allowing error correction
using some variant of a majority vote scheme when the two-qubit error probability
is sufficiently low. In the case of only correlated errors, such a scheme will always
fail, as there will always be more than one qubit error. Physical systems will lie
somewhere on the spectrum between these uncorrelated and fully correlated regimes.
Characterisation of the correlation between qubit errors in a quantum system will
allow for system-specific error correction protocols to be created that minimise the
effect of both correlated and uncorrelated errors.

3.3 Error correction in single instance

In a classical computer, a state can be corrected by creating redundant copies of the
data, for example, by storing the state A as A ® A ® A. Errors in the computation can
then be corrected by comparing the values of the different copies of the data.

In a quantum computer, the no-cloning theorem prohibits simply storing redundant
copies of the data. Additionally, errors in a quantum computer are continuous rather
than discrete and the state of the system can not simply be measured to determine if
an error has occurred.

To correct for errors in a quantum system, the superposition state is distributed
across additional qubits, creating a logical qubit constructed out of several physical
qubits. Additional qubits are initialised to the |0) state for use as syndrome qubits in
the correction process. As stated in the previous section, continuous errors can be
decomposed into a finite number of error operators on the quantum state. Detection
of errors is accomplished by performing controlled gates onto the syndrome qubits
such that they store information about whether an error has occurred. Measurement
of the syndrome qubits partially collapses the system into a definitive error state and
controlled gates are applied to correct for errors based on the syndrome measurements.

States are prepared for quantum error correction by encoding in a basis such that a
syndrome measurement can be performed to indicate whether an error has occurred.
For example, consider the initial state A |0) + B |1) which we wish to protect against
bit-flip errors. In an analogue classical computer case we could use the repetition code
(A]0)+B|1))(A]0)+ B|1))(A|0) + B|1)). In a quantum computer, we can encode
the qubit using the logical qubit A |000) 4+ B [111). Under the assumption that only
one or zero bit-flips have occurred, there are then four possible bit-flip states: no error
or an error on any of the three qubits. To correct for these errors, we then perform
conditional operations on additional qubits known as ancilla qubits, based on the
values of the logical qubits. The values stored on the ancilla qubits are known as
error syndromes. Conditional gates are then applied based on the value of the ancilla
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qubits to correct the error.

Implementing quantum error correction requires additional system resources, with
a need for additional qubits for encoding and syndrome measurement and gates for
encoding, syndrome measurement and correction. Encoding a quantum state into a
logical qubit across several physical qubits exposes the state to potential multi-qubit
noise channels. No quantum gate is perfect and there will always be a difference
between the desired unitary operation and the physical gate applied to the system,
creating additional errors. The potential errors due to the use of additional qubits
and gates mean that implementing quantum error correction will not necessarily
reduce system error. The errors caused by the error correction resource overhead must
be significantly less than the expected system error for the implementation of error
correction to be worthwhile.

Error correction protocols have been successfully demonstrated in quantum
computing systems, with the first demonstration in a single-instance system in
2004 [83]. Several demonstrations of a reduction in state error when errors are
artificially induced have since been published [26| 27, 66, 83-86], with additional
papers demonstrating the operations for error correction but not showing a coherence
time extension [28, 87]].

3.3.1 Bit-flip code

As an instructive example of implementing a quantum error correction code, we
will consider the example of the bit-flip code [88]. The standard bit-flip code is a
three-qubit code used to correct for single bit-flip errors on a qubit.

Encoding:

The initial quantum state is of form |¢) = A|0) + B|1). To encode the state
in a three-qubit space, two additional qubits are first initialised to zero, giving
|p) = A]000) + B |100). A controlled-NOT (CNOT) gate is then performed on qubit
two with qubit one as the control giving the state |¢) = A|000) + B |110). The
initialisation finishes by performing a CNOT on qubit three with qubit one as the
control giving the state |¢) = A|000) + B |111).

Correction:

After a period of time, an error may have occurred. Under the assumption of one
or fewer errors the system is in the following set of states:

{A|000) + B |111) , A |100) + B |011), A |010) + B |101), A |001) + B |110) }.

Whether an error has occurred and if so on which qubit is determined by
measuring the syndromes ZoZ; and Z;Z, (Where the syndrome notation is such
that ZpZ1 =Z® Z® 1 and Z1Z;, = I@Z@Z)

The syndrome is measured by performing a CNOT gate on the first ancilla with
qubit one as the control, followed by a second CNOT on this qubit with qubit two as
the control. CNOT gates are then performed on a second ancilla with qubit two as a
control and qubit three as a control.
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The state of these ancilla qubits is then measured. If the first ancilla measurement
is true and the second is false, a NOT gate is applied to the first qubit. If both are true,
a NOT is applied to the second qubit and if the first is false and the second true, a
NOT is applied to the third qubit.

In circuit diagram notation, this sequence takes the following form:

Encoding Syndrome Measurement Recovery
Qubit A:[y)—g—9"  ——— D 3
Qubit B: |0)| —B——+ Epir [ H—P }
\ \

Qubit C: [0), - & : I i‘ |

) - \ — E:
Ancilla A:|0) ;O SY A H :
. \ \
Ancilla B: |0) L — SD, SD, gﬁ‘f@ ,,,,, 2

3.3.2 Phase-flip code

The phase-flip code [88] is implemented in a similar fashion to the bit-flip code, with
the difference that before and after the expected error, Hadamard gates are applied.
The encoded state takes the form:
[¥) = A(|0) + [1))([0) +[1))(]0) + [1)) + B(|0) — [1))([0) — [1))(]0) — [1)).
After some possible error has occurred to the encoded state, the syndromes X X;

and X1 X, are measured and correcting gates applied. In circuit diagram notation, this
sequence takes the following form:

_Encoding Syndrome Measurement _ _Recovery
, r ! r 17
Qubit A: |1/J>: H Fﬁ‘ @ HLZJ :
Qubit B: |0)1 —& @ Ephase @ :% 1Z] |
| | | |
. | ‘
Qubit C:[0) ——&—{HKL_ H{H] ﬁ 2
. ‘ ‘
Ancilla A:|0) : OO0 A H :
| |
Ancilla B: |0 } b5 /%%‘%OE'
|> L,,,,,,ijfitffJ ,,,,,,,

3.3.3 Shor code

The simplest error correction code that can correct for both bit-flip and phase-flip
errors is the Shor code [11], which is a nine qubit code constructed by concatenating
the bit-flip and phase-flip codes. The encoding sequence for this concatenated code is
displayed in the following circuit diagram:
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Correction of bit-flip errors:

Correcting for errors in this encoding is performed in two blocks. First, bit-flip
errors are corrected by measuring the syndromes {Z0Z;, Z1Z,, 2324, Z4Z5, Z6Z7, Z7Z3}
and applying correcting gates. This bit-flip correction sequence is shown in the
following:

Syndrome measurement Recovery

=

=

=

=

=

RGN =N

=

Correction of phase-flip errors:

Following the bit-flip correction procedure, any phase-flips in the system are
corrected. The syndromes for this correction are {XoX; X2 X3X4X5, X3X4X5X6 X7 X3}
The measurement and correction procedure for phase-flip errors are shown in the
following circuit diagram:
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3.3.4 Steane code

A slightly more complicated code allows for correction of both bit and phase-flip
errors with only seven qubits and six ancilla qubits. This is the seven qubit Steane
code [72], with the encoding sequence shown below:

0)
)
)

] BB

=

>

¥)
0)
0) S
0)

a
"y
a
"y
a
A\

Syndrome measurement:

There are 21 possible single-qubit errors that may occur to this code: a bit-flip error
on one of the qubits, a phase-flip error on one of the qubits or both bit and phase-flip
errors on a qubit. To correct for errors we first measure the six syndromes: Ny =
20242526, N1 = 21232526, Ny = 2737476, Mo = 202472526, M1 = 212325726, My =
Zy73747¢. The measurement sequence for these syndromes is shown in the following
circuit diagram:
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1 1
1Z] 1 X ]

0) —{H] No
0) _@ Ny
0) _@ N>
0) —{H] Mo
|0) _@ M,
|0) _@ M»

Error correction:

As with the other error correction codes, these syndromes are then used to
apply controlled gates. The N syndromes give information on bit-flip errors and the
M syndromes on phase-flip errors. The following circuit diagram is one possible
correction sequence for the errors that can occur to the seven qubit Steane code:

® 2]

3
1Z]

)
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>
1Z]

)
%

D
>

N

D
>

yan)
%
HN]

D
N

This correction sequence first corrects bit-flip errors using the N syndromes,
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followed by correction of the phase-flip errors using the M syndromes. Combined
bit-flip and phase-flip errors are operated on by both rounds of correction.

This explanation of the Steane and Shor codes is merely an illustration of the
operation of quantum codes, with more complicated codes being useful in many
contexts. In particular, it is possible to modify the Steane code and several other
quantum codes such that only two ancilla qubits are required [89} 90]

3.3.5 Status of error correction in single instance

To date, quantum error correction demonstrations have been limited in scope, with
the current state of the art superconducting microwave qubit systems not using
error correction protocols due to the marginal reduction in error compared to the
resource overhead. There has been only one demonstration to date in which quantum
error correction was shown to increase qubit coherence time under the influence of
un-induced noise in the system [91]].

The single-instance systems that quantum error correction have been demonstrated
in have a low degree of qubit connectivity, with superconducting microwave and
trapped ion systems primarily utilising nearest-neighbour interactions and NV systems
implementing controlled operations using the NV centre as an intermediary between
qubits. The superconducting microwave and trapped ion systems exhibit a large
amount of crosstalk between qubits, limiting current trapped ion systems to 14 qubits
[92], with the microwave systems encountering similar problems in the current O(50
qubits) regime.

Error correction in a quantum system will likely be most effective in systems with
a high potential for qubit interconnectivity while also having low crosstalk between
qubits. This is because high qubit interconnectivity will decrease the number of gates
that need to be applied during the error correction process and having low crosstalk
between qubits will reduce the potential for multi-qubit noise. In a system with high
interconnectivity and low crosstalk, there will be a smaller resource overhead when
implementing error correction, making error correction a more useful procedure.

3.4 Error correction in ensemble

In an ensemble system, the standard quantum error correction procedure requires
modification. In single-instance systems, errors are corrected by taking a weak-measurement
to determine if an error has occurred and, if so, correcting the error. This process is
shown in the following;:

In an ensemble system, there will be different error states on different members of
the ensemble and so such a procedure is not possible. Instead of using ancilla qubits
to store an error syndrome and then performing gates determined by measurement
of these ancilla qubits, "blind" error correction is used. In this scheme, a series of
conditional gates are applied to the entire ensemble, irrespective of whether an error
has occurred to that instance. In the case of an error, the data qubit is corrected to
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Figure 3.1: Error correction process for a single instance quantum computer

its original state and for no error, the net operation on the data qubit is an identity
operation. Figure 3.2| shows this blind correction process.
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Figure 3.2: Error correction process for an ensemble quantum computer

At the end of every correction sequence, the qubits other than the data qubit are
reset. For multiple rounds of correction to be feasible in an ensemble system, it is
necessary that the qubit coherence time is long compared to the qubit reset time.
Ensemble error correction requires that the constituent gates are of higher fidelity than
in the single-instance case, as gate operations are applied to the data qubit regardless
of whether an error has occurred to this qubit. The implementation of quantum error
correction in a rare-earth satellite ensemble is discussed in Chapter [4

As an example of the implementation of an ensemble error correction code, the
following circuit diagram is a correction sequence for the nine-qubit Shor code:
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¥) El o H]| P ¥)
0) &b <5 [Reset |
0) <5 ® [Reset |
0) —>——H] ¢—{H-b [ Reset |
10) < E—® [ Reset |
0) &b © [Reset |
0) &—{H] o—{H— [ Reset]
0) <5 ® [ Reset |
10) < < [Reset |

The ensemble error correction scheme can also be used in single instance error
systems, in what is commonly referred to as error correction without measurement. In
systems where the additional qubits needed for syndrome measurements are not
a limiting factor, the additional gates needed for correction without measurement
can be avoided, and as such, it is more common to use measurement-based error
correction.

3.5 Summary

This chapter introduced the concepts relevant for implementing quantum computing.
The DiVincenzo criteria for the creation of a scalable quantum computer were
introduced and the problem of increasing complexity in the noise channels as the
number of qubits was introduced and discussed. As the number of qubits in a
quantum computing system is increased, the noise channels become increasingly
complex, limiting the size of current quantum computing systems to O(50 qubits).
This problem is compounded by a high degree of crosstalk between qubits in the most
well-developed systems.

The concept of a quantum gate was then introduced, with examples of common
gates used to form a spanning set of operations given. The method by which errors
are corrected in a quantum system was then explained, with a discussion of the
current state of error correction demonstrations. There has been one demonstration
of a quantum error correction protocol extending the coherence time of a qubit with
system noise to date, with all other demonstrations showing only coherence time
improvement against induced errors. In all quantum computing systems, there is
some degree of correlation between errors on different qubits. The error correction
schemes that have been demonstrated thus far fail to account for correlations between
qubit errors.

The chapter concluded with a discussion on the differences between error correcting
a single instance and an ensemble system. In a single instance, system error correction
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is accomplished by taking a weak measurement of the encoded qubit state and then
conditionally applying gates. Ensemble error correction corrects for errors by applying
conditional gates such that any error is transferred to qubits other than the data qubit,
which are reset at the end of a correction sequence.
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Chapter 4

Quantum computing in rare-earth
ensembles

This chapter describes the implementation of quantum operations in a rare-earth
satellite system. The chapter begins with a historical perspective on the progress
to date on implementing quantum operations in rare-earth materials in both doped
and stoichiometric systems. The properties of stoichiometric satellite systems are
then detailed and the performance of these systems in relation to the DiVincenzo
criteria is discussed. The chapter concludes with an explanation of the procedures for
implementing quantum operations in a rare-earth satellite system. The performance
of the rare-earth satellite system is not explored in detail in this chapter, with it instead
giving an overview of the steps to perform the operations for quantum computing.
The quantum operations discussed in this chapter are a summary of the previous
work in doped systems from the Kroll [33] and Sellars [93] groups, along with the
theses of Longdell [34], Wesenberg [94] and Nilsson [95]. Quantum operations in
stoichiometric systems were previously explored by the Sellars group [96] and in the
thesis of Ahlefeldt [21].

4.1 Doped rare-earths

In a doped rare-earth system, a crystal stoichiometric in one rare-earth species is
doped with a second rare-earth species, with the dopant ions used as the qubits. As
discussed in earlier chapters, such systems are well developed for use as quantum
memories and quantum sources. There have been previous demonstrations of the
fundamental operations to implement quantum computing in such systems, with
demonstrations of single-qubit [93] and multi-qubit gates [56] in doped systems.

The first demonstration of single-qubit operations in a doped system was in
1999 by Pryde et al. [93]. An isolated feature narrow in frequency compared to the
experimental Rabi frequencies was prepared from the inhomogeneous line. It was
then demonstrated the qubit state could be manipulated via the application of optical
pulses.

In 2002 a full scheme for quantum computing in a doped rare-earth crystal was
published by the Kroll group [33]]. In this scheme, qubits are created from narrow

39
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spectral features in a broad optical inhomogeneous line. Two hyperfine levels along
with an auxiliary optical level were used for quantum gate operations. Controlled
gates were implemented using the differing electric dipole moment of the hyperfine
computing levels and the auxiliary optical level. Due to the difference in electric dipole
moment, optical excitation of ions causes frequency shifts in the optical frequency of
nearby ions allowing for controlled logic. The 2004 thesis of Wesenberg [94] further
explored the implementation of quantum computing in doped rare-earth crystals
with the introduction of phase-compensated pulses in such systems. The use of
doped rare-earth systems as a quantum memory in which quantum operations can be
performed was proposed in the 2005 thesis of Nilsson [95].

A modification of the Kroll scheme was demonstrated in the doctoral work
of Longdell, published in 2003 [34], with this work using a different scheme for
qubit preparation. In this work, narrow spectral features were prepared in a 0.1%
Eu’t:Y,SiO;5 crystal and optical pulses were used to implement both single-qubit
operations and a multi-qubit CROT gate.

There has since been research into the implementation of low error single-qubit
gates and initialisation procedures in rare-earth ensembles with spectral features
hundreds of kilohertz in width [35].

A major issue limiting the performance of rare-earth crystal systems is inhomogeneity.
In a doped rare-earth system, there are two types of inhomogeneity affecting the
ability to construct a good computing system: inhomogeneity in the ensemble
transition frequency and inhomogeneity in the qubit-qubit optical interaction strengths.
Inhomogeneity in the ensemble transition frequency causes different ions to experience
a different amount of rotation on the Bloch sphere with applied pulses. Similarly, an
inconsistent optical interaction strength between qubit features will cause a variable
amount of rotation when performing controlled gates, dependent on the degree of
optical interaction shift. Ideally, in a rare-earth system, the transition inhomogeneous
linewidth would be as narrow as possible such that ions experience a consistent Rabi
frequency and the optical interaction strength would also be as consistent as possible
such that multi-qubit gates operate with a low error.

In a doped rare-earth system, the ions constituting each qubit are randomly
distributed across the crystal, so there is a random distance between ions in qubit
ensembles and hence a continuum of optical interaction strengths as shown in Figure
To be able to perform multi-qubit gates, it is necessary to have a consistent optical
interaction strength across ions in the ensemble, otherwise, ions will experience a
variable amount of rotation during the gate. A consistent interaction strength is
achieved by selecting for a portion of the ensemble with a consistent interaction
strength, in a process known as qubit distillation. The distillation for a doped system
is discussed in detail in [34], with the implementation in a stoichiometric satellite
system detailed later in this chapter.

The distillation process for qubits in a doped system substantially reduces the
number of ions in the ensemble. In the demonstration by Longdell et al. of a CROT
gate [56], the measured gate fidelity was still low following a distillation process as
distillation to a level required for high fidelity gates would have left the ensemble
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Figure 4.1: Optical frequency shifts in a doped system. The system starts with narrow
features on both qubits in a). In b) the ions in the first feature are excited, causing a
frequency shift in the ions in the second feature proportional to the distance between
the second feature ion and the nearby feature one ions. Due to the random distribution
of ions in frequency and space, this causes a distribution of optical frequency shifts in
the second feature.

so small as to be undetectable with the fluorescence detection scheme used. The
continuum of interaction strengths in doped ensemble systems and the subsequent
need to highly distil the ensemble has limited the implementation of doped rare-earth
systems to date. In a satellite system, this distillation process is unnecessary as the
optical interaction strength is discrete rather than continuous.

4.2 Stoichiometric rare-earths

In a rare-earth satellite system, we take the opposite approach to doped rare-earth
crystal systems: a crystal stoichiometric in the rare-earth that we wish to use is doped
with a second rare-earth to create the qubit sites. The satellite lines created by the
dopant rare-earth are then used as qubits.
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Figure 4.2: On the left, the 12 closest Eu®* ions (in blue) surrounding a dopant
site (in red) in EuClsz-6H,0O (Figure modified from [97]). There are seven spectrally
distinct satellite sites in this figure, with the sites labelled by distance from the
dopant. The dashed sites have an identical frequency to their undashed counterparts,
which they are related to by a 180° rotation about the C, axis. The right figure is
a 1% La®*:EuCl3-6H,0 spectrum from [21] with the satellite sites labelled by the
corresponding satellite site position that was determined in [21].

In the EuCl3-6D,0 rare-earth satellite system, quantum information is stored across
two “Fy hyperfine levels, which are used as the |0) and |1) qubit states. Quantum
gates are implemented using pulses between the ground-state computing levels and
an auxiliary optical °Dy level.

There is an optical electronic ion-ion interaction between neighbouring Eu®" ions
in a EuCl3-6D,0 system. This interaction shifts the optical transition frequencies
of nearby Eu®' ions when a Eu®" is optically excited. This conditional shift in the
optical transition frequency is the mechanism through which multi-qubit gates are
implemented in rare-earth satellite systems. In a rare-earth satellite system, there is a
fixed spatial relationship between satellite ions and dopant ions. As a consequence of
the fixed spatial relationship between ions, the optical interaction strength between
qubit features is discrete: it is either a fixed value if both ions are present in a
spin-cluster, or zero if one of the ions is absent. Without the need to distil for
inter-qubit optical interaction strength, it is possible to create multi-qubit ensembles
in these systems in which high fidelity gates can be performed.

Research to date in implementing quantum operations in satellite systems has
been limited, with the 2013 measurement of satellite-satellite optical interaction shifts
by Ahlefeldt et al. [55] coming the closest to a demonstration of conditional quantum
logic.

It was shown in the work of Ahlefeldt et al. [55] that the optical qubit-qubit
interaction has an inhomogeneity of less than 7 kHz, with the potential for the
inhomogeneity to be much less than this as measurements were limited by the
laser linewidth. The optical interaction shifts were determined to be additive, with
excitation of two satellite ions causing an optical shift in neighbouring ions equal to
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the sum of the individual optical shifts. Although this work measured many of the
optical interaction shifts between satellites, the characterisation of optical interaction
frequencies was incomplete, with many interactions either too weak to be measured
or outside of the measurement range. Many of the satellite features with unmeasured
optical interaction frequencies have desirable properties for a quantum system and
it would be advantageous to measure these interactions before implementation of
quantum computing in this system. The choice of satellite features as qubits for an
EuCl3-6D,0 system is discussed in Chapter [6]

In order to understand the relative performance of the rare-earth satellite system
in comparison to other computing systems, we look to the DiVincenzo criteria as
outlined in Chapter 3| The processes for implementing qubit initialisation, operations
and readout is very similar to how these operations are implemented for doped
systems [33, 34}, 93], with a few differences.

The rare-earth satellite system satisfies most of the DiVincenzo criteria well. Qubits
can be prepared to a single hyperfine level, optical and hyperfine coherence times are
long for rare-earth qubits, a universal gate set can be implemented and individual
qubit states can be read out. The one criteria that the ensemble satellite system does
not currently satisfy well is scalability, with current materials only having the ability
to only scale to 5-10 qubits [96]. In the following, I give a more detailed evaluation of
the rare-earth satellite system under these criteria.

4.2.1  Qubit preparation and initialisation

The satellite system satisfies the second criteria of the DiVincenzo criteria well, with
the ability to prepare the entire computing ensemble in a single hyperfine level
through the use of optical pumping. There are two stages required to prepare a
satellite ensemble for quantum computing: feature preparation and qubit distillation.

The rare-earth satellite system is an ensemble system and hence is subject to
inhomogeneous broadening. To achieve low error gates, it is necessary for qubit
linewidths to be O(100 kHz) [34]. The lowest linewidth crystals of EuCls-6H,O
that have been grown are 25 MHz [47] in crystals isotopically pure in °Cl. Hence,
even with isotopic purification, the inhomogeneous linewidth is too large to perform
quantum gates. In the feature preparation stage, spectral holeburning is used to create
narrow spectral features isolated in frequency from the main inhomogeneous line.
Figure 4.3| demonstrates the process for spectrally holeburning narrow qubit features.
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Figure 4.3: Process for creating a narrow spectral feature in an inhomogeneous line.
In a) the line is initially inhomogeneously broadened. In b) optical holeburning is then
used to prepare spectral trenches. For a multi-qubit system, in addition to trenches
about the optical transition frequencies fy and f (for the |0) <> |e) and [1) > |e)
transitions respectively), it is necessary to prepare spectral trenches at the shifted
optical frequencies fo — Ay and f; — Ay, where Ay is the optical frequency shift when
qubit k is excited. Thus, in a two-qubit system, two additional trenches are needed, as
illustrated in this diagram. These additional trenches are necessary for the operation
of the multi-qubit gates described in In the process of preparing a spectral
trench side and anti-holes are created corresponding to combinations of the hyperfine
frequencies; these additional spectral features constrain the width of trenches that
may be burnt. In step c), the trench population begins in ground-state hyperfine
levels other than the |0) computing level. To prepare a narrow spectral feature, a
"burn-back” sequence is performed in which a narrow frequency range of ions are
optically pumped back into the |0) level.

Following the creation of narrow spectral features, a distillation step is needed
such that each ensemble spin-cluster has ions from each of the computing satellite
features present. The spectral holeburning stage removes ions from the ensemble. If



§4.2 Stoichiometric rare-earths 45

spin-cluster ions are not perfectly correlated in their position on the inhomogeneous
line, this feature preparation will result in spin-clusters in which not all of the qubit
site ions are part of the system ensemble. To determine the correlation between the
frequency shift in the inhomogeneous line for ions in the same spin cluster, I performed
a Monte Carlo simulation of optical shifts caused by nearby isotopic impurities using
the isotope shifts determined in [21]. From this simulation, I concluded that the
optical inhomogeneous line shift is only weakly correlated for different satellite ions
with the correlation between satellites shifts < 0.14. This low inhomogeneous shift
correlation means that additional qubit distillation must be performed following
spectral holeburning of each qubit feature.

Qubit distillation is performed between pairs of qubits. One of the pair is first
optically excited, shifting the optical excited levels of neighbouring satellite ions.
Spectral holeburning is then performed at the unshifted optical frequency of the
second qubit, removing ions that have not experienced an optical shift from the
excitation of the first qubit. This process is then performed with the qubits flipped,
initially exciting the second qubit. This distillation process can then be repeated
between one of these distilled ions and additional qubits to distil a larger quantum
system. Figure [4.4]illustrates this process with a pair of satellite ions.

4.2.2 Quantum gates

In order to satisfy the universal gate set DiVincenzo criteria, it is necessary to
implement high fidelity multi-qubit gates in rare-earth satellite systems. In the
following, the implementation of single-qubit and multi-qubit gates in rare-earth
satellite systems is detailed.

4.2.2.1  Single-qubit gates

Single-qubit gates are implemented by moving population between the computing
hyperfine levels via pulses applied to an auxiliary optical level. As the satellite features
have a difference in optical transition frequency of order gigahertz, optical pulses
applied to one qubit will have a negligible effect on other qubits.

To implement a single-qubit NOT gate in this system, we use the procedure in

Figure

4.2.2.2 Multi-qubit gates

Multi-qubit gates in satellite systems are implemented by making use of the optical
frequency shift of other qubits in the spin cluster when one qubit is optically excited.
In a multi-qubit gate, we wish to perform a single-qubit operation on one qubit,
conditional on the states of one or more additional qubits.

In this thesis, I consider the specific example of a multi-qubit blockade gate, in
which one or more qubits is optically excited in order to bring other qubits out of
resonance with applied pulses. A 7t pulse is first applied to the control qubit(s) on the
|0) — |e) transition. If a control qubit is in the |0) state, it will be optically excited
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Figure 4.4: The procedure for distilling spin-cluster pairs. Initially, there are three
possible cases for the ions in an individual spin-cluster: Case A, in which both the
tirst and second ions are in the ensemble; case B, in which only the first ion is in the
ensemble and case C, in which only the second ion is in the ensemble. To perform
quantum computation, all ions in the ensemble qubit must be in case A. a) The ions in
feature one are driven to the excited optical level, thereby shifting the optical excited
levels of neighbouring satellite ions. b) The unshifted optical frequency of the second
qubit is driven, burning away all ions that have not been shifted by exciting feature
one. c) At this stage, feature one is at the original ensemble size and feature two has a
reduced ensemble size, in which all of the feature two ions have a partner in feature
one. At this stage, all sites of case C have been eliminated. d) In order to remove the
case B sites, in which there is feature one population but no feature two population,
this procedure is performed with the qubits reversed, initially exciting feature two
and then burning away the unshifted feature one ions.
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Figure 4.5: Implementation of a NOT gate in a satellite system. Consider a qubit
initially in the state A |0) + B |1). An optical 7 pulse is first applied to the |0) > |e)
transition, such that the qubit is in state A |e) + B |1). Applying a |1) <> |e) 7T pulse
then inverts the population of the |1) and |e) levels, giving A |1) 4+ B |e). Finally a
second |0) <> |e) 7T pulse is applied, leaving the qubit in the inverted state A |1) + B |0).

and shift the optical frequency of the target qubit. The desired single-qubit gate is
then performed using the unshifted optically transition frequencies. Finally, a pulse is
performed on the control qubit, which will return it to the optical ground level if it
was initially excited. As an example of this implementation scheme for multi-qubit
gates, Figure 4.6 displays the applied pulses and population movement for a CNOT
gate.

As previously stated in this chapter, the shift in optical interaction frequencies by
excitation of ions in a spin cluster is additive, with the optical frequency shift created
by exciting two ions simply the sum of the two interaction shifts. It is possible to
create gates controlled by more than a single qubit using this additive frequency shift,
such as the Toffoli (CCNOT) gate.

If high fidelity multi-qubit gates can be implemented in rare-earth satellite systems,
then these systems are also able to satisfy the universal gate set DiVincenzo criteria.
High fidelity multi-qubit gates are still yet to be demonstrated, however with the
increased homogeneity of the satellite system compared to a doped system; it is
expected that the gate fidelity demonstrated in [56] will see substantial improvement.

4.2.3 Readout

There are several potential methods that can be used to read out a stoichiometric
ensemble, which can be classed into two groups: coherent and incoherent. Both of
these readout schemes allow for the readout of specific qubit states, satisfying the
qubit-specific readout DiVincenzo criteria. The choice of whether to use a coherent or
incoherent scheme requires balancing several factors.

Coherent readout schemes measure a coherent transient emission from the ensemble
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Figure 4.6: Implementation of a CNOT gate in a satellite system. There are two cases
that must be considered, case a) in which the control qubit population is initially in
the |0) state and case b) in which the control qubit is initially in the |1) state. At the
start of the sequence, a 7t pulse is applied to the control qubit |0) <+ |e) transition. If
the control qubit was in the |0) state, the optical transition frequencies of the target
qubit will be shifted by this excitation. A NOT gate sequence is then applied to the
target qubit. If the control qubit is initially in |0), these pulses are not resonant as the
transition frequencies have changed, so this gate will have no effect. For the control
qubit initially in the |1) state, the initial 7r pulse will have done nothing as it was
non-resonant. The 7t pulses applied to the target qubit are resonant in this case and
the NOT gate sequence succeeds. To finish the sequence, a 7t pulse is applied to the
|0) <+ |e) transition, returning the control qubit to the optical ground level if it was
excited by the initial pulse.
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and use this to infer information about the quantum state of the ensemble. Examples
of coherent readout schemes are measuring a photon echo or free induction decay.
The use of a coherent readout scheme allows for a full measurement of the qubit
state. Coherent readout schemes have the benefit that very sensitive measurements
can potentially be achieved through the use of heterodyne detection and optical
cavities. With such schemes, there is the potential for the entire quantum state to be
measured in each experimental repetition. A difficulty in the use of coherent schemes
is the high sensitivity to noise. There are several potential noise sources for coherent
measurements, such as vacuum noise, laser intensity, phase fluctuation and noise
on the detection electronics. Additional complications with the use of a coherent
detection scheme are that not all of the ensemble will emit for a measurement and
that for small numbers of ions, the coherent emission is less spatially and temporally
constrained.

Incoherent readout schemes measure an incoherent emission from the ensemble
to infer the quantum state of the ensemble. Incoherent readout schemes all use
some variant of photon-counting on the emission from an ensemble. Unlike with
coherent schemes, only the Z component of the qubit state on the Bloch sphere can
be measured in incoherent schemes. To reconstruct the full quantum state in an
incoherent scheme, multiple measurements of projections onto the Bloch sphere are
taken. Gate operations are applied to the quantum state to perform rotations before
the incoherent measurement is taken, thus allowing for different projections of the
Bloch sphere to be measured when the incoherent readout of the Z component is
taken. In addition to the need for multiple types of measurements for incoherent
readouts, when the ensemble is small, measurements must be performed several
times to have sufficient statistics for the true value of the Bloch sphere projection.
As detailed earlier in this chapter, satellite ensembles must be distilled for both the

linewidth of individual computing features and ions occupying the same satellite site.

. . r, \" .
This process leads to an ensemble size of Neysemple = Noriginal r—"h) (Where T}, is
m

the satellite inhomogeneous optical linewidth and I'; is the feature linewidth). In the
case of a large ratio of feature linewidth to inhomogeneous optical linewidth, the
system preparation process quickly leads to small ensemble sizes, which will require
many repetitions of each measurement on the ensemble to gather sufficient statistics.

Due to incoherent readouts measuring spontaneous emission from the ensemble,
which is dependent on the optical lifetime and the need to repeat measurements many
times for small ensembles, incoherent schemes are much slower than using a coherent
readout. On the other hand, incoherent detection schemes have fewer potential noise
sources than coherent schemes. In the past, photon-counting was limited by the
non-negligible dark counts of detectors, limiting the time that photon emission could
be measured before the probability of registering a dark count exceeded the probability
of detecting an emitted photon. In recent years detectors with zero dark counts have
been demonstrated [98], meaning that, in principle, an incoherent measurement can
take an arbitrarily long time. Incoherent schemes are not sensitive to vacuum noise
and are less susceptible to noise on the laser and detection apparatus. The remaining
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source of noise is from the detection of photons not from the computing ensemble.
There is less frequency selectivity when performing photon counting measurements;
hence this noise source is more problematic in incoherent measurements.

Incoherent fluorescence readout has a reduced complexity compared to coherent
schemes and has been successfully used for ensemble rare-earth computing [56,
99-101]. Due to this, the use of this readout scheme was assumed in this work
for evaluation of the EuCl3-6D,0 system. Fluorescence readout is accomplished by
applying a 7t pulse between one of the computing levels and the auxiliary optical level.
The qubit ensemble is then allowed to decay, producing fluorescence. Comparing
the amount of fluorescence with the measured fluorescence when all of the qubit
population is in the optical excited-state allows for the projection of the qubit state
onto the Z axis of the Bloch sphere to be determined.

4.2.4 Scalability

The only DiVincenzo criterion that the rare-earth satellite system is not currently
well-positioned to satisfy is criterion one: "a scalable physical system with well-characterised
qubits.". The number of independently addressable qubits in a satellite system is
limited by the number of resolved satellite lines and the optical inhomogeneous
linewidth. The number of satellite lines that can be independently addressed is
dependent on how widely spaced in optical transition frequency the satellite lines
are. In prior spectroscopy on rare-earth crystals, measurement of 30 or more resolved
satellite lines has been common [97,[102]. As explained in Sectionafter distillation
the number of ions in a satellite computing ensemble is Nyyigina1 (%) n. The number
of qubits that can be used in a satellite system before the ensemble size is too small to
measure is, therefore, limited by the optical inhomogeneous linewidth of satellite lines.
In EuCl3-6H,0 crystals that have been grown to date, a large amount of distillation
must be performed and consequently, the qubit number is limited to only 5 — 10
qubits [21]. The growth of crystals with a narrower optical linewidth will allow for the
use of larger ensemble sizes after distillation and the subsequent creation of higher
qubit number systems.

4.2.5 Quantum networks

Compatibility with a quantum network is not necessary for the construction of a
quantum computing system and is not the primary focus of this thesis. Nonetheless,
the sixth and seven criteria DiVincenzo (pertaining to compatibility with a quantum
network) can be satisfied by EuCl3-6D,0 as optical photons can be read in and read
out using the “Fy —°Dy transition.

Although this system is compatible with visible wavelength quantum networks, it
would be preferable if it was also compatible with 1550 nm Telecom band networks
due to the very low attenuation (= 0.2 dB/km [103]) of fibre optic cable in this band.
Through the use of erbium as the dopant species, it is possible for this system to be
compatible with the 1550 nm networks. The dopant erbium ion would be used as
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a "quantum bus": a SWAP gate is performed between the erbium dopant and the
qubit to be measured, transferring the qubit state to the erbium. Performing a readout
on the erbium ion then allows the qubit state to be read out at telecom wavelengths.
Read-in at telecom wavelengths can be accomplished using the reverse of this process:
a quantum state is first read in onto the dopant erbium and then SWAP gates are
performed to transfer this state to the relevant qubits. This quantum bus technique
features prominently in NV systems, with the NV centre used to address the quantum
system [58-60]. Additionally, this quantum bus approach has been proposed for the
readout of single rare-earth ions [99, 104-106] and ensemble rare-earth systems [107].

4.2.6 Criteria for a small quantum processor

DiVincenzo’s criteria pertain to constructing a large quantum computer, however, there
are several applications for which large-scale quantum computing is not necessary
and a small quantum system of high quality is useful. Examples of such applications
are as a testbed for quantum error correction and performing linear quantum optics
on a quantum memory. In light of this, we define the following criteria for a small
quantum processor:

1. A system with well-characterised qubits which can be scaled to a moderate
number.

2. The ability to initialise the state of the qubits to a simple fiducial state, such as
1000...).

3. Long relevant decoherence times, much longer than the gate operation time.
4. A "universal" set of quantum gates.

5. A qubit-specific measurement capability.

6. Low crosstalk between qubits.

7. High qubit interconnectivity.

For a small quantum processor, it is desirable to have low qubit crosstalk such
that operations in this system can be implemented with minimal system corruption.
High qubit interconnectivity allows operations on the moderate number of qubits to
be performed with a minimal number of gates and for applications such as tests of
error correction protocols to be explored in many different regimes.

The satellite system is very well suited for application as a small quantum processor
for the purpose of tests of error correction protocols. Full scalability is not necessary
for such an application and the potential for 5 — 10 qubits is sufficient to make this a
useful system for error correction tests. This system has low crosstalk between qubits
as the hyperfine transitions experience minimal perturbation due to excitation of
surrounding ions [32]. The minimal perturbation in the hyperfine frequencies means
that performing quantum gates has a negligible effect on uninvolved qubits.
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The qubits in this system are highly interconnected, with O(MHz) interaction
shifts between each satellite and at least the surrounding shell of nearby ions. In
addition, the additive interaction shifts between qubits mean that many-qubit gates
such as the Toffoli (CCNOT) gate can be implemented with fewer pulses, reducing
the error when performing these gates.

4.2.7 Summary

This chapter described the implementation of quantum operations in both doped
and stoichiometric satellite systems. In a doped system, there is a broad continuum
of optical interaction strengths, meaning that sub-ensembles must be prepared with
more consistent optical interaction strengths — the need to distil for optical interaction
strength results in very small ensembles in doped systems. Stoichiometric satellite
systems have a consistent optical interaction strength between ions in the same spin
cluster and require less spectral preparation, resulting in larger ensemble sizes. Qubits
are prepared in a stoichiometric satellite system using spectral hole-burning on each
qubit followed by a distillation process to remove spin clusters that do not have
population at all of the qubit sites in the system ensemb]e.

Quantum gates are implemented in satellite rare-earth systems using optical
pulses between two hyperfine transitions via an auxiliary optical level. There is
an optical interaction shift from excitation of satellite ions within the same cluster
allowing for controlled gates. Read-out of the satellite system can be accomplished
via either coherent or incoherent measurements. An incoherent fluorescence readout
was considered in this thesis as its performance could be quantified with fewer
assumptions than in a coherent readout.

The example EuCl3-6D,0 system that we are considering in this thesis has the
potential to satisfy all of the DiVincenzo criteria other than the ability to scale, as the
need to perform large amounts of distillation limits the number of possible qubits.
There are potential applications where the need to scale to large qubit numbers is not
necessary. For these applications, a set of criteria for small quantum processors was
proposed. The small quantum processor criteria modifies the first DiVincenzo criteria
to require only a moderate number of qubits and adds the requirements that qubits
have low crosstalk and are highly interconnected. The rare-earth satellite systems are
well suited for application as small quantum processors.



Chapter 5

System manipulation

This chapter details how applied magnetic fields can be used to reduce the gate error
in rare-earth crystal systems. The effect of an applied magnetic field on the rare-earth
energy levels is described by the final four terms of equation (the hyperfine,
nuclear electric quadrupole, nuclear Zeeman and electronic Zeeman interactions). The
application of a magnetic field allows the system hyperfine splittings and mixing of
the hyperfine states to be manipulated, which in turn changes the relative oscillator
strengths for transitions. By applying specific magnetic fields, the hyperfine splittings
and relative oscillator strengths can be altered to values more favourable to performing
low-error quantum gates.

The objective of applying a magnetic field is to reduce off-resonant excitation
to both neighbouring hyperfine levels and the other computing level. Off-resonant
excitation is a function of two system parameters, the energy splittings between
hyperfine levels and the oscillator strengths between the excited optical levels and
ground-state hyperfine levels. To minimise off-resonant excitation, the splittings
between hyperfine levels should be as large as possible, with, in the worst-case
off-resonant excitation scaling with the square of hyperfine splitting [108]. The
oscillator strengths affect off-resonant excitation in two ways, with both the absolute
oscillator strength of auxiliary optical to ground-state multiplet transitions and relative
oscillator strengths needing to be considered. In order for large Rabi frequencies
to be achievable, it is desirable for the absolute oscillator strengths to be as large
as possible. Ideally the relative oscillator strengths would be such that we have an
"ideal" A system, with equal oscillator strengths between the |0) — |e) and |1) — |e)
transitions and zero oscillator strength to the other hyperfine levels. At zero-field,
it is not common to find rare-earth systems with both the desired large hyperfine
splittings and oscillator strength structure. Through the use of applied magnetic
fields, rare-earth systems can be manipulated to improve these system parameters for
quantum gates [109, |110].

53
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5.1 Measuring gate performance

5.1.1 Performance metric

To evaluate the suitability of a quantum system for performing quantum gates, it is
necessary to define a suitable metric. The metric chosen for the following analysis is
the quantum gate error (QGE), defined as:

E= ;mpax UpU' —v(p)|, (5.1)

where p is the density matrix describing the ensemble qubit state, U is a unitary
operator representing the ideal gate, and v(p) is the physically realised ensemble state
after the operation.

It is common to see the quantum gate fidelity (QGF) used as a metric for the
performance of quantum operations. The QGF was not used in this analysis as it is
insensitive to certain forms of error [[111} [112]. There are two additional reasons to
use QGE over QGF: it obeys the triangle inequality, so the error of applying n gates is
bounded by the sum of the error of those gates, and it directly bounds the probability
that the quantum error correction process has failed |Pg,;| < 2E. The QGE is greater
than or equal to the infidelity 1 — F, with 1 — E < F < /1 — E2 [113].

The QGE allows us to establish an upper bound for the error when performing a
quantum gate. In particular, we are interested in using rare-earth satellite systems
for tests of error correction algorithms. The three-qubit bit-flip sequence introduced
in Chapter [3|is used as our metric of performance. An optimised pulse sequence to
implement this bit-flip protocol is displayed in Figure Section [6.4] details how this
pulse sequence was optimised to reduce the number of pulses.

This sequence is a series of seventeen 7t pulses about the £ axis: eight on |0)
le) transitions and nine on |1) < |e) transitions, applied across the three system
qubits, as shown in Figure The large inter-qubit interaction strength means that
the dominant error mechanism in any pulse sequence is the error on single-qubit
gates, which is later established in Chapter [} Therefore a pulse sequence composed
of seventeen 7 pulses also provides a representative demonstration of the system
performance.

To determine the necessary QGE for this correction sequence to be useful, the
threshold error value for an improvement in coherence time can be calculated. To
estimate this threshold value, we assume that the only spontaneous error in the
system is a pure bit-flip. It is important to note that this is not a physical error in
a rare-earth ion crystal: pure phase errors (due to dephasing) and arbitrary errors
(due to spin-phonon interactions) are natural errors in spin systems like rare-earth
ions, but not pure bit-flip errors. It is further assumed that the error correction either
restores the original state or takes the system to an orthogonal, unrecoverable state
with a probability of €, the sequence error of the previous section. Then, there are
two possible states we need to consider for each qubit: the original state py and the
orthogonal flipped state p;. The probabilities of the qubit occupying those two states
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Figure 5.1: Pulse sequence to implement the three-qubit bit-flip error correction
protocol. Qubit A is the data qubit and Qubits B and C are the ancilla qubits. Overset
letters are used to indicate shifted transitions. For example, a |1) & le) pulse on
qubit B means the |1) <+ |e) transition driven at the resonant frequency when qubit A
is excited.

with time are:
1 _t
polt) = 5 (1+e TE) (5.2)
1 _t
pr(t) =5 (1-e7), (5.3)

where Tg is the time constant describing the bit-flip error. If the error correction
sequence is applied, the state is first encoded across three qubits and the probability
that the system is in a correctable state (zero or one error) is:

Pe(t) = pg + 3pps- (5.4)

For an error correction sequence applied at time At, a lower bound for the
probability that the state is corrected is then given by (1 — €)P.(At). From this
equation, we can determine an approximate effective coherence time for the corrected
system Tosy:

T ns —At
SF 7 In(2(1 — e)P(Af) — 1)

Solving this equation numerically for the correction time At gives that the coherence
time is improved only when € < 0.11.

(5.5)

5.1.2 Gate simulation

To determine the performance of La®*:EuCl3-6D,0 for different choices of computing
and auxiliary levels and driving Rabi frequencies, pulses were modelled in an
inhomogeneously broadened ensemble of satellite ions in La®":EuCl;-6D,0. The
model used was based on the optical Bloch equations with decoherence.
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From the optical Bloch equations, the Hamiltonian of an n-level atom interacting
with an electromagnetic field of frequency w [114] is:

wo QOleiwt .. Qoneiwt
* ,—iwt * ,—iwt
O, w1 07,
H=Hy+H = - - . , (5.6)
* ,—iwt * ,—iwt
y,.e 0O7,¢e e W

where w; is the transition of the i-th level, and ();; is the Rabi frequency driving
the transition between the i-th and j-th levels.

In order to model an ensemble, we use the density matrix formalism. The ensemble
density matrix p is a weighted sum of pure states, with i = }_; p; ‘1/1]'} <l[)j‘ where p; is
the probability of an ion in the ensemble being in that pure state.

The evolution of the density matrix is given by g—f = —i[H, p]. To reduce simulation
complexity, we work in the interaction picture, with time-dependent factor o' (where
wy is the difference in frequency between the lowest energy ground-state level and
the lowest energy excited-state level).

In this basis, the evolution of the qubit density matrix p; is given by:

0 Qmei(wfwﬁwo)t L Qonei(wfwwrwg)t
3P1 B Qéle*i(w*wﬁrwﬂ)t 0 Qifnefi(wfwn+w1)t
o = ! : - : L
Qéne*i(“’*wnerO)t QTnefi(wfwnerl)t L 0

(5.7)
where ();; is the coupling constant between levels i and j and wj; is the difference in
frequency between levels i and j.

When applying an optical pulse between the ground-state hyperfine levels and
excited optical levels, the coupling constants (2 for ground-ground and excited-excited
transitions are set to zero due to the negligible amount of population that will be
driven between these levels. Similarly, when applying an RF pulse, the () between
states in different multiplets are set to zero.

To model the effects of decoherence and dephasing in this system, we use the
Lindblad master equation [114], with density matrix evolution given by Equation
In a system with M decoherence sources the density matrix time evolution is given by
the Lindblad equation:

0 , : M 1 1
% = —i[H,p1] + L (p1) = —i[H, p1] + ) (LkszI — 5 LiLgpr — ZPILzJiLk) , (58)
k=1

where the L’s are the Lindblad operators.

There are two relevant Lindblad operators used for this system. The relaxation
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operator is given by:
Lyetaxation = V' TmnCp,

where m and n are ground or excited-state levels with m > n and I'y;, = 1/T;. The
second Lindblad operator is the dephasing operator which is given by:

L o rf’ll’l z
dephasing — T‘Tmn/
1 1

where m and 7 are ground or excited-state levels with m > n and 1"(51,1 =%~

In this model, the six ground-state and six excited-state levels of Eu>* under
applied magnetic field are considered, as off-resonant excitation is a major source of
error in this system.

The sample was assumed to be optically thin, with no spatial variation in Rabi
frequency accounted for in simulations.

As the QGE obeys the triangle inequality, the error of the full 17 7t pulse sequence
can be bounded using the error of the 7t pulses on the |0) <> |e) transitions and
|1) <> |e) transitions so it suffices to calculate these errors to bound the total QGE.

The pulses considered in calculating QGE were only basic square and Gaussian
shapes. Gaussian pulses were found to have consistently lower QGE due to a reduction
in off-resonant excitation and so were used in the following analysis of the system
performance at zero-field and applied field.

5.2 Zero-field

Prior to analysis of the effect of an applied field, it is instructive to analyse the system
performance at zero-field in order to illustrate why an applied field is necessary.

At zero-field, EuCl3-6H,O has three ground and three excited-states, of which
we are free to choose two ground-states and one excited-state for our computing
system. At zero-field, the splittings between neighbouring hyperfine levels are all of a
similar magnitude; hence the main consideration for QGE is that the relative oscillator
strengths of the |0) <+ |e) and |1) < |e) transitions are as close to 0.5 as possible.

The zero-field hyperfine structure of EuClz-6H,O was previously introduced in
Figure The oscillator strengths for EuClz-6H,O at zero-field are displayed in Table
61

At zero-field the optimal A system is the +1 and +3 ground-state levels used for
the computing levels |0) and |1) respectively, and the excited-state 1 level used as
the auxiliary optical state |e).

To determine the error rate of this choice of A system with different Rabi
frequencies and linewidths of the ensemble features, simulations were performed
with a 500 ion ensemble with a tophat feature lineshape. A 500 ion ensemble was
used for this simulation to strike a balance between capturing the ensemble behaviour
due to frequency inhomogeneity and the simulation completing in a tractable length
of time.
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Table 5.1: Relative optical oscillator strengths at zero-field for both Eu isotopes in
EuCl3-6H,0. The row labels indicate ground-state levels, the columns excited-state
levels. The absolute oscillator strength of the EuCl;-6H,O "Fyg —°Dy transition is
~ 1.9 x 1077 [21].

| |[£5/2) |£3/2) |+1/2) |
|+£5/2) | 0.94 0.06 0
|+3/2) | 0.05 0.88 0.07
|+1/2) | 0.01 0.06 0.93

For this choice of A system, Figure |5.2|shows the error rates of individual 7t pulses
on the two optical transitions |0) <+ |e) and |1) <> |e) respectively, as a function of
Rabi frequency and the linewidth of the ensemble features, when simulating a 500
atom ensemble with a tophat feature lineshape.
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& 0.0008 + . 3
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Figure 5.2: QGE in zero-field for !Eu (red family of solid lines) and **Eu (blue
family of dashed lines) as a function of Rabi frequency, for different choices of the
ensemble inhomogeneous width (marked on figure). a) For the |0) < |e) transition,
b) for the |1) <+ |e) transition. For each choice of isotope and ensemble width, the
QGE goes through a minimum with Rabi frequency, marked by the filled circles.

To interpret the behaviour we see when driving this system, we consider the
initial population in either in |0) or |1), and the Gaussian 7 pulse aims to drive it
into |e). When the Rabi frequency is low, the 7= pulse has to be long, and dephasing
during the pulse dominates the error. This error decreases with increasing Rabi
frequency, but at the same time, off-resonant excitation of other transitions increases,
which soon dominates the QGE. This leads to a minimum error at a Rabi frequency
determined by the hyperfine splitting of the |0) and |1) levels. Since ®*Eu has larger
hyperfine splittings than >'Eu, the off-resonant excitation is lower and so is the QGE.
Reducing the ensemble width also reduces the error, as ions at the edge of the spectral
feature are excited off-resonantly, so the 77 pulse does not drive them entirely into the
excited-state.

The error is much lower when driving the |0) <+ |e) transition (Figure than
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the |1) <+ |e) transition, and the Rabi frequency that gives the minimum error is two
orders of magnitude higher. The reason is the relative oscillator strengths of the driven
transition, the other computing transition, and other transitions in the system. The
|0) > |e) transition is strong, whereas the surrounding transitions that can contribute
to the error are all weak. The situation is reversed for when driving the |1) < |e)
transition: both the |0) <> |e) and the transition from |1) to the second excited-state
|j:%> are strong and near in frequency, so off-resonant excitation of these transitions
causes errors at even low Rabi frequencies.

The error on the |1) <> |e) transition is larger than the minimum error required
to usefully implement an error correction sequence, even with a 10 kHz linewidth
ensemble. Driving the |1) <+ |e) transition is unavoidable in any error correction
protocol. The poor oscillator strength of this transition in zero-field renders this
regime unsuitable for error correction. No other choice of computing states gives any
substantial improvement in the error because the oscillator strength is so strongly
concentrated in Am; = 0 transitions. In the next section, we show that the oscillator
strength of this transition can be improved by applying a magnetic field.

5.3 Applied field

The system performance at zero-field demonstrates that the mixing between hyperfine
levels is insufficient to allow for low error quantum gates, with there being a high
error between levels with different m; values. Application of a magnetic field can
be used to induce further mixing of the hyperfine levels, allowing for reduced QGE.
The use of applied magnetic fields to manipulate system parameters for quantum
computing applications has also been explored in [109, 110, 115]

The energy levels of a rare-earth crystal can be described by Equation from
Chapter

H = Hr; + Hcr + (Hur + Hg + H; + Hz).

This Hamiltonian describes the behaviour of the entire 4f configuration. In this
instance, we are only considering the hyperfine structure of a single optical transition,
and as such, a spin Hamiltonian acting in the reduced space of the nuclear spin can be
used to model the ground and excited-states. In this model, electronic contributions
to the hyperfine structure are parametrised, leading to a Hamiltonian of the form:

H=(B-Z-B)E+B-M-I1+1-Q-1, (5.9)

where B is the magnetic field, Z the quadratic Zeeman tensor, M the enhanced
nuclear Zeeman tensor, [ the nuclear spin operator, E the identity operator and Q the
effective quadrupole tensor.

The crystal tensors take the following forms in EuCls-6H,O:
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(5.12)

where R(a, B, y) is a rotation matrix defined by three Euler angles of the form:

cos(a) —sin(a) 0 cos(pB)
R(a,B,v) = |sin(a) cos(a) 0] x 0
0 0 1

—sin(B) 0 cos(B)

1

0 sin(ﬁ)] |:COS(’)/)

0 sin(1y)

0

—sin(7y)
cos(7)

0

(5.13)

The parameters for the EuClz-6H,0O spin Hamiltonian were fitted in [44] for both
the 1°'Eu and 1>*Eu isotopes, they are reproduced in Table 5.2/and Table

Table 5.2: Ground-state “Fy spin Hamiltonian parameters for EuCl;-6H,0.

Ground-State “F

Fitted parameters '>'Eu’* 158F3+

(%) 0.0=08 0.0+£038

B(°) 62+ 14 62414

(%) 6731+ 0.07 6731+ 0.07

Y0(°) 87.07 +0.13 87.07 +0.13

gx (MHz/T) F1.504 £ 0.004 F0.673 £ 0.002

gy (MHz/T) +4.029 £+ 0.004 +1.794 £+ 0.002

g (MHz/T) 3.006 £ 0.008 1.35970 £+ 0.04

E (MHz) —5.29026 + 0.00002 13.66093270 £ 0.00008
D (MHz) 0.35692 £+ 0.00003 0.79181570 + 000014
7. (MHz/T?) 1345F 05 1345 F 0.5

Z, (MHz/T?) —50.66 £ 0.2 —50.66 +0.2

7. (MHz/T?) _57.87+0.2 _57.87+0.2

0
0f.
1
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Table 5.3: Excited-state D spin Hamiltonian parameters for EuCl;-6H,O.

Excited-State °Dy
Fitted parameters >'Eu’* 1533+
a(o) 0.0+0.8 0.0£0.8
B(o) 62+1.4 62+14
(o) —31+07 —31407
Yo(0) —13.22 +0.03 —13.22 +£0.03
gx (MHz/T) 9.666 £ 0.006 4.269 £+ 0.003
gy (MHz/T) 9.293 £ 0.006 4.105 £+ 0.003
g (MHz/T) 10.025 £ 0.014 4.428 4+ 0.007
E (MHz) 9.0859570 + 00003  23.21 +0.02
D (MHz) —1.8586870 £ 00005 —4.8+0.02
Zx (MHz/T?) 0 0
Z, (MHz/T?) 0 0
Z, (MHz/T?) 0 0

Through the calculation of eigenvalues of this reduced spin Hamiltonian, the
hyperfine splittings of the ground and optical excited-state multiplets can be calculated.
The relative oscillator strengths of optical transitions are calculated from the state
overlap of the ground and excited-state wavefunctions, for example:
I

o Ll
N
[(agl0)|

The EuCl3-6H,0 spin Hamiltonian describes a 14-dimensional space with 336
possible A systems. This parameter space is too large to perform an analytical analysis
of field values which give desirable A systems. In order to obtain a complete picture of
magnetic field values that yield favourable system parameters, numerical simulations
were performed. Analysis of field values that give favourable oscillator strength ratios
was performed for a specific choice of computing levels in [110].

In an ideal system, the excited level only has strong transitions to the computing
states and the computing transitions have equal oscillator strengths. In addition,
there need to be a large splitting between the computing levels, excluding many field
regions where the oscillator strengths are otherwise favourable.

A simulated annealing algorithm was used to minimise QGE starting from a grid
of initial magnetic field points. The system simulated was a 500 ion ensemble with a
50 kHz tophat lineshape. The QGE model is computationally expensive due to the
number of possible field values and A systems, so error minimisation was performed
using a two-step optimisation routine:

(5.14)

* At a given field value, “promising” A systems with relative oscillator strengths
greater than 0.25 and separations from other transitions greater than 30 MHz
were identified.
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¢ A NOT gate was then simulated for each of these A systems and the lowest
QGE for any of these systems was taken as the error at that field value.

The minimum error at each field value was calculated using a rudimentary
optimisation of the Rabi frequency for the relevant A system. The Rabi frequency was
optimised using the following procedure:

¢ Calculate the error value for two possible values of the Rabi frequency, ()g and
0.

¢ The secant method was then used to select the value (), to evaluate the error

for, O = Q1 — E(Qu1) g 5 rlas 3+

¢ Ten evaluations of the error function were then performed.

¢ If the minimum error value was below 0.1, a further ten evaluations of the Rabi
frequency were performed.

o If after the additional ten function evaluations the error was below 0.05, a further
ten evaluations of the Rabi frequency were performed.

A ball of error values was calculated by performing simulated annealing at each
point on a spherical grid of points about zero-field. Figure |5.3|displays the QGE on
this ball of field values. When the initial grid point had no A system with oscillator
strength > 0.05 or splitting > 10 MHz, only the error value at the initial field point
was calculated. Simulating the QGE at such points is very computationally expensive
and hence we sought to evaluate the error at as few of these points as possible.

Regions with low error correspond to regions where the |0) and |1) states are
well-mixed (far from the m, eigenstates), and the spectral resolution of the optical
transitions is high. For !Eu, there are ~ 5 regions where the error is below 0.1
between 1 and 10 T. The error tends to be lower at higher fields, as the spectral
resolution of the transitions improves with increasing field. Below 10 T, the lowest
error obtained for a 50 kHz ensemble was 0.022 at point (1.4975, —6.7127,3.9684)T,
with a magnitude of 7.67T. At lower fields, large regions where the error is fairly
low (< 0.05) exist, spanning more than 0.2 Tesla in every direction. The lowest error
obtainable below 2T is 0.065 at (—1.6097, —0.4587, —0.3916)T. The error of a disk
containing the
(1.4975, —6.7127,3.9684) T point and perpendicular to the C, axis is shown in Figure
G.A

153Eu has smaller Zeeman coefficients than °'Eu and so larger fields are required
to obtain well-mixed states that give good oscillator strength ratios. Due to the poor
mixing, no low error points exist below 1.5T and for field values below ~ 15T, '3Eu
has a higher error than >'Eu. For fields greater than ~ 15T, 3Eu gives lower error
values than *'Eu due to its larger hyperfine splittings.
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Figure 5.3: QGE for fields with a magnitude below 8T with SRy,

5.4 ZEFOZ

The primary objective of this chapter is to illustrate the use of magnetic fields to reduce
QGE. Applied magnetic fields can also be used to increase hyperfine coherence times
by applying a zero first-order Zeeman (ZEFOZ) magnetic field, where a particular
transition of the rare-earth ion is insensitive to magnetic fluctuations to first-order
[29]. It would be desirable to be able to apply fields that are both ZEFOZ points and
have a low QGE.

ZEFOZ points for a transition occur when the gradient S; of the transition
frequency f with respect to magnetic field B vanishes, namely that:

2 2 2
S1= (E)a];(x) + (aagy) + (;é:) =0. (5.15)
Through the use of Equation the ZEFOZ points of EuClz-6H,O can be
calculated. To determine if any hyperfine ZEFOZ points coincided with regions
of low error, the hyperfine ZEFOZ points below 20 T were first calculated. Simulations
of QGE were then performed with the “Fy ZEFOZ levels as the system |0) and |1)
levels and choices of excited-state such that the A system met the earlier criteria for a
promising point. From these simulations, I determined that there were several ZEFOZ
points coinciding with regions of low error. Figure |5.6/displays the hyperfine ZEFOZ
points of EuCl3-6H,0O with the field values existing in low error regions circled.
The identified field values correspond to ZEFOZ transitions between different
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Figure 5.4: Hyperfine structure at field point (1.4975, —6.7127,3.9684)T. At this field
value the A system with the |¢1¢) and |¢g) as the ground-state computing levels
and |¢y.) as the optical excited level gives a QGE of 0.065.

ground-state hyperfine levels. The level structure of the A and B ZEFOZ points from
Figure are displayed in Figure with the ZEFOZ computing levels and the
auxiliary optical level labelled.

At the A point, there is a ZEFOZ transition between the |(f1,) and |ips,) levels;
with the |¢.) level used as the auxiliary optical state this system has a QGE of 0.0371
for the three-qubit bit-flip sequence. At the B point the |(5,) and |5, ) levels have a
ZEFOZ transition; using the |§4.) level as the auxiliary optical state gives a QGE of
0.0416.

The field values at the A and B points are (0.2742,8.7432, —0.0298) and
(1.0033, —2.3311, —0.109) respectively. Figure displays the error in a sphere about
these ZEFOZ points.

5.5 Other rare-earths

Although the use of specific magnetic fields can be used to improve the properties of
the example EuCl3-6D,0O system, there is a limit to how much this system can
be improved through this or any other technique. The EuCl3-6D,0 system is
fundamentally limited by the size of the hyperfine splittings in the “Fy and °Dy levels,
relative to the optical coherence time of this system. The limitations of EuCl3-6D,0 for
performing quantum operations are discussed further in Chapter [ This is not an issue
unique to EuCl3-6H,O but to europium systems as a whole. The suitability of other
europium crystal systems is unlikely to be substantially different from EuCl3-6H,O,
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Figure 5.5: QGE in a 2T disk, offset by (0.5,0,0) T. Regions with error below 5% are
dark blue, between 5% and 10% teal, and above 10% grey.

with the hyperfine splittings [116, |117] and optical coherence times [118] similar in
previously studied systems. Europium is not unique amongst the rare-earth ions in
being limited by the hyperfine splitting to optical coherence time ratio,

Although europium is limited by its hyperfine splitting to optical coherence time
ratio, it still compares favourably to some of the other rare-earth ions in this regard.
In particular, praseodymium systems are likely to have significantly higher QGE due
to their O(100us) optical coherence times and O(10MHz) hyperfine splittings [119].

In light of this inherent limitation of europium satellite systems, it is worth
exploring if lower QGE can be achieved with other rare-earth hosts. In addition to
a favourable ratio of hyperfine splittings to optical coherence time, there are several
other properties necessary for any candidate system to be suitable for quantum
computing. For the purposes of qubit initialisation and manipulation, a low optical
inhomogeneous linewidth and long hyperfine coherence times are also requirements.
Additionally, for addressing and reading out qubits to be feasible, the quantum
efficiency and optical oscillator strengths must be sufficiently large. Two potential
rare-earth species that may merit exploration in future work are the Kramers ion
erbium and the non-Kramers ion holmium. These ions both have large magnetic
moments and resultantly large hyperfine splittings. Erbium and holmium are not
an exhaustive list of rare-earth ions with potential for quantum computing and it is
possible that other rare-earth ions, such as neodymium, are well-suited for low-error
quantum gates.
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Figure 5.6: Hyperfine ZEFOZ points below 20T for EuCl3-6H,O, with ZEFOZ points
that coincide with regions of low error circled. The low error ZEFOZ point with the
lowest curvature is labelled A and the low error ZEFOZ point at the lowest magnetic
field magnitude is labelled B.

Of the Kramers ions, erbium is of particular interest due to its narrow optical
inhomogeneous linewidths, with one of the narrowest measured optical inhomogeneous
lines 16 MHz in PEr:”LiYF, [120]. An additional consideration for the use of erbium
satellite systems is the compatibility with existing telecom wavelength technologies.
Erbium has hyperfine splittings of O(GHz) [121] and optical oscillator strengths of
O(1 x107%) [122]. In doped Er:YSO systems, optical coherence times of 4.4 ms [123]]
and hyperfine coherence of 1.3 s [121] times have been achieved by applying magnetic
tields up to 7 T and cooling the sample to sub 1.5 K. In doped crystals the properties
of erbium make it well-positioned for performing low error gates, however in order to
create a satellite system it is necessary to move to a stoichiometric crystal. Although
there is little existing literature on stoichiometric erbium systems, it is known that
Er:LiF, has well-resolved satellite lines and measured optical lifetimes of O(ms) [124].

Holmium is a non-Kramers ion with very large hyperfine splittings due to its large
magnetic moment. The hyperfine splittings of holmium are commonly of O(GHz)
[125-129], which is ~ 100 times larger than the splittings found in EuCls-6H,0.
Holmium has optical coherence times of O(ys)[130] and hyperfine coherence times of
O(ms) [131] in doped materials. The optical oscillator strengths are 0(107°) [132],
which is ~ 100 greater than those of europium systems and there is good mixing
between hyperfine levels. In order to use holmium as a computing species for a
rare-earth satellite system, it will be necessary to extend the coherence times past
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Figure 5.7: Level structure of the A and B ZEFOZ points with the computing levels
and auxiliary optical level labelled. The A point has a ZEFOZ transition between the
|14) and |2 ) “Fo levels and the B point has a ZEFOZ transition between the [¢ng)
and ’l[)5g> Fy levels.

was has been reported in the literature. It is possible that techniques similar to those
used in erbium [121} 123] could give substantial increases in the coherence times of
holmium materials.

The hyperfine splittings of both erbium and holmium ions are O(GHz), which
is ~ 100 times larger than those in europium materials. Correspondingly, there is
potential for up to a 100-fold decrease in QGE moving to such rare-earth materials.

There are two major open questions that must be addressed regarding computing
in rare-earth satellite materials. The first question is whether rare-earth species other
than europium have suitable coherence properties in stoichiometric materials. To date,
the only measured optical or hyperfine spin coherence times in stoichiometric systems
have been in EuClz-6H,0. Further investigation is needed to determine the coherence
properties of other rare-earth ions in stoichiometric crystals.

The second question is whether dephasing due to magnetic coupling with the
surrounding spin-bath can be reduced. In both erbium and holmium materials, there
is a large magnetic moment. In erbium, this is due to the electron spin state, whereas
in holmium it is due to the nuclear spin state. As a result of this magnetic moment,
there is a large magnetic coupling between these ions and the surrounding spin bath
[133]. In erbium materials, this coupling causes rapid flipping of the electron spins,
leading to very short transition lifetimes and coherence times. In [121] a 7 T field was
used to polarise the erbium spins, creating a ‘frozen core” about each erbium ion —
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Figure 5.8: QGE in a ball of radius 0.025 T about the A and B ZEFOZ points. There are
large regions in which it is possible to be both in the vicinity of a hyperfine ZEFOZ
point and to have low QGE when these transitions are used in a quantum computing
system. Within 0.025 T from the A ZEFOZ point, the QGE is below 0.0371 and within
0.025 T of the B ZEFOZ point, the QGE is below 0.0420.
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with the electron spins frozen, the nuclear spins could then be used as a quantum
resource. In stoichiometric materials, a large magnetic field can not be used to create
a frozen core, as each ion in the stoichiometric bulk is identical. It may be possible
to create a frozen core in stoichiometric materials by using a dopant with a small
magnetic moment. The difference in the magnetic moment between the dopant and
stoichiometric ion will create a large magnetic field gradient, which may be sufficient
to create a frozen core.

5.6 Summary

This chapter discussed the application of magnetic fields to manipulate the properties
of rare-earth satellite systems in order to reduce the QGE. Applied magnetic fields
can be used to increase the hyperfine spacing between levels and bring the relative
oscillator strengths closer to a A system in order to reduce QGE.

Regions of low QGE were identified using a simulated annealing algorithm and
it was found that there are several regions in which a QGE of less than 5% for a
seventeen pulse bit-flip correction sequence can be achieved. The low error regions are
wide, with some of these regions forming balls of radius greater than 0.1T. For field
values less than 15T, °1Eu" gives lower error values than »Eu®* due to the larger
Zeeman coefficients with the increased hyperfine splittings of > Eu* not yielding
lower error rates until the applied field is greater than 15T.

The error in regions surrounding hyperfine ZEFOZ points was simulated and it
was found that there are several ZEFOZ points that exist in low error regions. The
QGE at the low error ZEFOZ point with the smallest field magnitude was calculated
to be 0.0355 and the QGE at the low error ZEFOZ point with the smallest curvature
was calculated to be 0.0262.

To conclude the chapter, the potential for the use of other rare-earth species was
discussed. The QGE in europium systems is fundamentally limited by the size of
the europium hyperfine splitting relative to the optical coherence time. The potential
for computing in erbium and holmium was explored due to their larger hyperfine
structure and it was established that there is potential for up to a 100-fold reduction
in gate-error by moving to these host ions. Stoichiometric erbium and holmium
systems have yet to be investigated and much further research is needed to determine
if satellite quantum computing can be performed using these rare-earth ions.

The results in this chapter inform the regimes in which it is feasible to perform
quantum operations using a stoichiometric EuCl3-6D,0 system. The high error rate
when performing gate operations at zero-field necessitates the use of an applied field
when implementing computing in this system. Low error operation can be achieved
through the use of an 8T magnetic field to favourably manipulate the oscillator
strengths. If the maximum magnetic field that can be applied is less than ~ 12T then
the 'Eu?* transitions are preferable for quantum operations due to their lower error
in this regime.
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Chapter 6

Pulse optimisation

This chapter explores the optimisation of the optical pulses used to perform gates
in rare-earth crystal systems. There are three inhibiting factors that need to be
considered when performing pulses on a rare-earth ensemble system: off-resonant
excitation to neighbouring hyperfine levels, decoherence over the course of the pulse
and inhomogeneous driving of the ensemble. Minimising the error in performing a
pulse requires optimisation of both the Rabi frequencies and frequency profile so as
to minimise the sum of these error sources.

The chapter begins with a comparison of the performance of pulse shapes
commonly seen in the literature and an evaluation of their relative performance
at both zero-field and the low error regions identified in Chapter 5| This is followed
by an investigation into the use of arbitrary pulse shapes and the regimes in which
different forms of pulses are optimal. The chapter concludes with a discussion of how
quantum gates can be modified to reduce the number of constituent optical pulses
and make use of favourable properties of rare-earth crystal systems.

6.1 Standard pulse types

In the quantum computing literature, there are standard pulse types that are commonly
used to drive quantum systems. The most common pulse shapes seen are square,
Gaussian and hyperbolic secant (Sech). These pulse shapes have unique characteristics
that make them advantageous in different situations. Square pulses are the narrowest
pulses in the time domain; however, they have a broad frequency distribution in the
form of a sinc function. Gaussian pulses are longer in the time domain than square
pulses, which is counterbalanced by their narrower frequency distribution. Sech
pulses take slightly longer to perform than Gaussian pulses, with a correspondingly
narrower frequency distribution. Sech pulses are of additional interest because they
provide exact solutions to the optical Bloch equations and do not experience pulse
deformation as they pass through an optically thick medium [134]. These standard
pulse shapes are displayed in Figure

In order to determine how to optimally drive the EuCl3-6D,0 system using the
standard pulse shapes, simulations of a NOT gate were performed at both zero-field
and the 8T field value identified in Chapter 5| The simulations modelled the effect on

71
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Figure 6.1: Standard pulse shapes commonly used to drive quantum systems.

an inhomogeneously broadened ensemble of 500 ions using an optical Bloch equation
model of the full 12 level system with Lindbladian operators to model decoherence.
500 was chosen as the size of the ion ensemble as a compromise between capturing the
frequency inhomogeneity of the ensemble and simulations completing in a feasible
length of time. Table displays these optimised values. To decrease optimisation
time, each pulse in the NOT gate sequence was assumed to have an area of 7r. The

Sech pulses were parametrised by:
QSech(t) = Qpeuk [seCh(Qpeakt)](l+iy)/

the square pulses by:

t

QSquare (t) = Q;aeakl_[ ( Tkﬂ
pea

),

where I1(t) is the rectangular function and the Gaussian pulses by:

(Qpeakt)2> )

OGaussian (t) = Qpeuk exp <_ T

6.1)

(6.2)

(6.3)
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Table 6.1: Optimised parameters and corresponding error values for standard pulse
shapes at both zero-field point and the 8T point identified in Chapter|5| The 0 and
1 subscripts denote the optimised parameter for a pulse driving the |0) <> |e) and
|1) > |e) transitions respectively. The Rabi frequencies in this table are given relative
to a resonant transition with a unit relative oscillator strength, the transition specific
Rabi frequency can be found by multiplying this value by the relative oscillator

strength of the transition.

Field Point

Sech

Gaussian

Square

E =059
Qo peak = 16.43 MHz

E =058
Qg peak = 14.74 MHz

E =066
Qo peak = 11.20 MHz

Qg peak = 57.03 MHz

Qo peak = 55.96 MHz

Zero-Field | Oy pok = 149.9 MHZ | Q) ot = 149.9 MHz | Q) g = 112.5 MHz
1o = 0.1465
11 = 0.04390
E = 0.0039 E = 0.0037 E = 0.0060

Qg peak = 25.57 MHz

8T point | Oy pegk = 34.83 MHz | O gt = 29.42 MHz | Q) o = 22.07 MHz
1o = 0.0014
11 = 0.000

At zero-field, the error of all of the standard pulses is much too high to be useful
as a computing system, as previously determined in Section At the 8T point,
Gaussian pulses outperform both Square and Sech pulses, with a 38% and 5% lower
error, respectively.

6.2 Pulses in an ensemble

In addition to the effects of off-resonant excitation and decoherence, pulses in an
ensemble are limited by their ability to address the entire ensemble when it is
inhomogeneously broadened. To reduce the effect of off-resonant driving in an
inhomogeneously broadened ensemble composite pulses can be used. In place of a
single pulse to rotate the state of an ensemble, composite pulses use multiple pulses
applied at different angles to drive the ensemble state. For ensembles with a frequency
distribution, composite pulse schemes can be used to drive the ensemble to a more
consistent state than direct pulses. There are several composite pulse schemes in the
NMR literature that have demonstrated this increased tolerance of ensemble frequency
detuning [135]. Figure[6.2|shows the action of a 905,.180;.905,. pulse sequence (Where
the angles denote the pulse area and the subscript angle denotes the phase relative to
the & axis) on an ensemble, displayed on the Bloch Sphere.
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=

A

Figure 6.2: Action of a 905,.1803.905,. composite pulse on the Bloch sphere, performing
a 7t rotation about the £ axis. During the 90° rotation in A, the ions in the ensemble
dephase due to the inhomogeneous broadening. The 180° rotation in B reverses the
direction of this dephasing, causing the ions to rephase. In C, a second 90° rotation
is applied to the ensemble; during this pulse, the ions are still rephasing with this
pulse timed such that the ions finish rephasing when the pulse completes. Using this
multi-axis pulse allows for the inhomogeneously broadened ensemble to be driven
more uniformly than a direct rotation.

Implementing composite pulses in a rare-earth system is complicated by the need
to not excite levels neighbouring the computing levels. Composite pulse sequences for
an arbitrary initial state use square pulses, some of which are narrow in time. Narrow
square pulses create a large amount of off-resonant excitation to both
neighbouring hyperfine levels and ions outside of the hole-burnt features, making
them unsuitable for ensemble rare-earth systems. A method for the use of composite
pulse sequences more suitable for rare-earth systems was proposed by Roos and
Molmer in 2004 [136]. In this scheme, both of the ground optical state to excited
optical state computing transitions are driven simultaneously. The pulse scheme
begins with choosing the relative phase ¢ of the driving fields are chosen such that
there is an orthonormal basis:

1

0) = —=(10) —e7*[1)) (6-4)

S

2
(10) +e 1)), (6.5)

|~

’1> - \/E
in this basis |1) is driven to the |e) excited-state and |0) is a dark-state which is
unaffected by the driving fields. Applying a second pulse where both driving fields
have a phase shift of 7 + 6 drives the |e) state to ¢/ |1). This dark state scheme
transforms a pulse sequence that provides a compensated rotation between the poles
of the Bloch sphere into a sequence that can provide an arbitrary rotation. The
paper demonstrated that a multi-pulse Gaussian sequence could be used to achieve
a more accurate gate operation on a 1 MHz ensemble than is possible with either a



§6.2 Pulses in an ensemble 75

compensated 90g,.1803.905,. sequence of square pulses or direct rotations.

To investigate whether using this dark-state scheme instead of direct pulses is
advantageous in this system, simulations of a NOT gate were performed at the 8T
field point, using the dark-state scheme with six dual-frequency Gaussian pulses and
direct NOT gates with three Gaussian pulses or three Sech pulses. These simulations
were performed using an inhomogeneously broadened ensemble of 500 ions, with all
12 hyperfine levels and decoherence included in the model. It was assumed that the
applied pulses did not have any errors in amplitude or phase. In the 2004 Roos and
Melmer paper, it was found an exact 90g,,1805.905,. sequence did not give the lowest
error. To minimise QGE, the phase, area and Rabi frequency of the pulses in both the
compensated and direct sequences were optimised. The simulations were repeated at
different qubit linewidths to investigate the relationship between qubit linewidth and
QGE for the compensated and direct pulse schemes. Figure |6.3|displays the error of
the compensated sequence compared to the error of a NOT gates implemented with
direct rotations using Gaussian or Sech pulses.
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Figure 6.3: QGE as a function of linewidth for implementation of a NOT gate with
direct Gaussian or Sech pulses and error compensated pulses.

For the ensemble linewidths considered, both direct Gaussian and Sech pulses
substantially outperform the compensated pulses, with Gaussian pulses having a
marginally lower QGE than Sech pulses and the QGE of the compensated sequences
~ 3 times larger than both direct pulse types. The compensated pulses appear to scale
slower with an increase in linewidth compared to the direct pulses; however, this is
insufficient to yield a lower error even with a feature width of 250 kHz. The Gaussian
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and Sech sequences outperforms the compensated sequence due to the shorter amount
of time spent in the optical excited-state, which results in less decoherence and fewer
pulses applied to the ensemble, thereby resulting in less off-resonant excitation.

For a compensated pulse sequence to have a lower QGE than direct rotations,
the dominant source of error would need to be the inhomogeneous broadening of
the qubit feature, as opposed to optical decoherence and off-resonant excitation of
hyperfine levels. In a EuCl3-6D,0 system, the qubit widths would have to be O(MHz)
to be in this regime; this would result in very high QGE and is not a relevant regime for
quantum computing in this system. In systems with broader optical inhomogeneous
linewidth, the use of compensated pulses may lead to a lower error than direct pulses.
In such a system, where it is necessary to use O(MHz) width computing features,
off-resonant driving of the ensemble would be the primary source of error.

6.3 Arbitrary pulse shapes

In addition to the standard pulse shapes seen in the literature, customised pulse
shapes can be used to account for the properties of the specific computing system.
The optimal pulse shape depends on the states which need to be driven and the
relative effect of off-resonant excitation and decoherence on the QGE. Population
transfer with no off-resonant excitation can be accomplished using adiabatic pulses;
however, these are very slow and lead to a large amount of decoherence. Shortcut
to adiabaticity (STA) pulses are a method for achieving the same net effect as an
adiabatic pulse in a much shorter time window. STA pulses have been shown to allow
for even driving of a 1 MHz wide rare-earth ensemble [35]. Although STA pulses are
able to achieve very low error rates, they are unsuitable for implementing quantum
gates as they only have this behaviour for rotations beginning from known states, for
example, during qubit initialisation. Outside of the adiabatic regime, there is a large
potential solution space for optimal pulses. For example, in the limit of widely spaced
levels with a short coherence time, direct square pulses may be optimal, whereas for
very closely spaced levels, simultaneous driving of multiple transitions may yield the
best performance.

As the landscape of potential pulse solutions is so large, it is unlikely that an
optimal gate sequence will be found through analytical methods. To minimise QGE,
an arbitrary pulse sequence can instead be used, with the amplitude and phase at
evenly spaced points in a time window being optimised to reduce QGE. Optimising a
pulse sequence in such a manner allows for pulses to take an arbitrary shape and to
drive multiple transitions.

In order to estimate the level of improvement that can be obtained through the use
of an arbitrary pulse sequence, a NOT gate was optimised at the 8T point using the
Krotov method [137]. The Krotov method is a non-local gradient optimisation method
with monotonic convergence to an optimal sequence. This optimisation method
was presented instead of other methods such as Gradient Ascent Pulse Engineering
(GRAPE) as it converged to an optimal solution with fewer iterations.
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The operation of a NOT gate was optimised in a 20us window, discretised into
6000 time segments. The optimisation was performed in the interaction picture, with
the |0) <> |e) transition used as the oscillation frequency. The initial conditions for
the driving field were defined by a random driving field of maximum amplitude
10 MHz (Relative to a transition with unit relative oscillator strength), given by a
spline interpolation on 20 random Rabi frequency values. This starting condition was
chosen to avoid erroneous solutions discussed later in this section. Over the course of
the optimisation, the step-size for the change in the driving field was automatically
reduced to ensure monotonic convergence to an optimal solution.

Two cases were considered, a maximum Rabi frequency of 10 MHz and an
arbitrarily large Rabi frequency. Due to a slow convergence rate, pulses were optimised
in a three-step process. Initially, pulses were optimised in a single-instance system,
which gave the solution displayed in Figure|6.4{ for the case limited to 10 MHz Rabi
frequency and the solution in Figure [6.5|for the unconstrained case.
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Figure 6.4: Optimised pulse solution for performing a NOT gate in a 20us window
with Rabi frequency constrained to 10 MHz. Simulation was performed in a single
instance system at the 8T field value. The Rabi frequency displayed is relative to a
transition with a unit relative oscillator strength.

In the single-instance case both the constrained and unconstrained optimised
solutions have three distinct pulses, evenly spaced in time. The unconstrained case
simultaneously drives the |0) <> |e) and |1) <> |e) transitions of the A system
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Figure 6.5: Optimised pulse solution with unconstrained Rabi frequency for
performing a NOT gate in a 20us window. Simulation was performed in a single
instance system at the 8T field value. The Rabi frequency displayed is relative to a
resonant transition with a unit relative oscillator strength.

identified in Section 5.3 with frequencies 46.37 MHz and 0 MHz. The constrained case
alternates driving the |0) <+ |e) transition with frequency 46.37 MHz and the |1) < |e)
transition with frequency 0 MHz, as in the pulse scheme proposed in Section

This difference in pulse character between the constrained and unconstrained
cases is due to the increased time that bicolour pulses take to implement. With the
Rabi frequency constrained to 10 MHz, the additional error due to decoherence is
larger than the decrease in off-resonant excitation for bicolour pulses. Due to this
increased decoherence, pulses driving alternating computing frequencies give a lower
error for the constrained case.

The frequencies present in the optimised single-instance solutions centre about
the 0 MHz |1) <> |e) and 46.37 MHz |0) < |e) transitions, with no peaks in Fourier
transform power about other frequencies. The concentration of drive field power
about the computing transitions and the lack of power about other transitions suggests
that in this system, there is no benefit to driving transitions other than the computing
transitions for the purposes of performing quantum gates.

Following this single-instance optimisation, an optimisation was performed with
an ensemble of 500 ions with 100 kHz of optical inhomogeneous broadening using
the single-instance solution as a starting value.
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The Krotov method operates over a fixed number of time segments with constant
duration. Due to this, if the chosen time window for the pulse is longer than is
necessary to minimise gate error, the optimised solution will have blank time windows
in which the qubits are not being acted on. These unused time windows increase the
apparent gate error as they do not contribute to the operation of the gate and allow
the qubits to decohere, hence they should be removed in the final pulse sequence. The
pulse solutions obtained for single instance systems also had these unnecessary time
windows; however, these windows were not removed until the ensemble optimisation
to allow for a potential broadening of pulses in the time-domain. The optimised
solutions with the unused time removed are displayed in Figure |6.6| for the 10 MHz
maximum Rabi frequency case and Figure 6.7| for the unconstrained case.
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Figure 6.6: Optimised pulse solution for performing a NOT gate with Rabi frequency
constrained to 10 MHz. Simulation was performed in a 100 kHz ensemble system at
the 8T field value. This optimised sequence gave an error value of 0.00235. The Rabi
frequency displayed is relative to a resonant transition with a unit relative oscillator
strength.

The final optimised pulses in the ensemble system are very similar to those seen
in the single-instance optimisation. As with the single-instance case, the pulses have a
width between a hyperbolic secant and Gaussian pulse in both the time and frequency
domains. These pulses also drive only the |0) <+ |e) and |1) <+ |e) computing
transitions as in the single-instance case.
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Figure 6.7: Optimised pulse solution with unconstrained Rabi frequency for
performing a NOT gate in a 100 kHz ensemble system at the 8T field value. This
optimised sequence gave an error value of 0.00091. The Rabi frequency displayed is
relative to a resonant transition with a unit relative oscillator strength. Large Rabi
frequencies can be used in this solution without driving neighbouring hyperfine levels
due to small relative oscillator strengths for non-computing levels and hyperfine
spacings of tens of MHz. This results in transitions other than the computing
transitions experiencing small generalised Rabi frequencies.

Following the full optimisation sequence, the QGE of the unconstrained arbitrary
pulse was 0.00235, which is 37% lower than the error of 0.0037 achieved using an
optimised Gaussian pulse. For the purpose of comparison, a two-colour Gaussian
pulse implementing the same gate operation was optimised. This pulse sequence was
found to have a minimum QGE of 0.0029, 23% higher than the arbitrary sequence. The
shape of two-colour Gaussian pulses is very similar to this optimised solution, with
the optimised pulses slightly narrower in the time domain. The narrower time-domain
profile slightly reduces the QGE due to decoherence while increasing the QGE due to
off-resonant excitation of other hyperfine levels. In this specific case, this results in a
net decrease in QGE.

In the case of a pulse constrained to a Rabi frequency of 10 MHz, the optimised
error value was 0.014. This optimised pulse is displayed in Figure The error of
this constrained pulse is higher than the error for a Gaussian pulse displayed in Table
as the Rabi frequency of those pulses was unconstrained, with the Gaussian pulse
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example using Rabi frequencies of 47.4 MHz and 28.7 MHz for the |0) < |e) and
|1) > |e) transitions respectively. The amplitude and phase noise on these optimised
sequences is visibly much lower than in the single-instance pulses. The remaining
oscillation that can be seen on the phase noise is due to the time discretisation of
these optimised pulses and driving the EuCl3-6D,0O system in this manner is not
advantageous.

The convergence of the Krotov optimisation was dependent on the initial guess
solution. For initial guesses that were insufficiently smooth, the optimisation failed
to converge to the discrete pulses seen in Figures and converging instead
on solutions with oscillation over the entire time window. These apparent solutions
were found to be a consequence of the way that the optimisation was discretised.
Discretisation was identified as the source of these erroneous solutions by doubling
the simulation time step and interpolating the driving field over this new interval -
with this smaller time step, the QGE increased by orders of magnitude.

Figure shows an example of these erroneous solutions. In order to avoid
these erroneous solutions, a spline interpolation was used to define a smooth starting
condition. Twenty random Rabi frequencies with a maximum frequency of 10 MHz
were generated at an evenly spaced time interval in the 20us window and a spline
interpolation was then used to define the initial driving field.
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Figure 6.8: Example of erroneous solutions that arise when the initial conditions of
the Krotov optimisation are rapidly varying.
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The modest reduction in QGE of the optimised pulse sequence as compared
to both regular Gaussian pulses (0.0037) and two-colour Gaussian pulses (0.0029)
indicates that the potential benefit from implementing sophisticated pulse schemes in
this system is limited. In EuCl3-6D,0, QGE is primarily limited by optical decoherence
over the course of the pulse rather than the properties of the specific pulses used to
drive the system. Substantial decreases in error in rare-earth satellite systems are
likely to come from identifying systems with more favourable properties instead of
optimising the operation of current systems.

6.4 Gate modifications

In addition to optimising the performance of the constituent pulses used to perform
quantum gates, the sequence of pulses itself can be modified to account for system
properties. A quantum gate dictates an action on a quantum state and does not specify
how the action is implemented. To implement a quantum gate, a sequence of more
basic system operations are applied to the system. In a naive implementation of a
quantum circuit, the action of each gate is considered separately from the rest of the
circuit, with all of the underlying operations for each gate applied. Applying each gate
without consideration for the rest of the circuit could result in potentially suboptimal
operation because there may be redundant operations, or operations may be able to
run in parallel. The optimisation of quantum gate sequences so as to minimise the
size of the quantum circuit is a well-studied area [138-142], with demonstrations of
the implementation of these compiled sequences [143| [144].

As an example of pulse optimisation in a rare-earth system, we will consider the
ensemble three-qubit bit-flip correction sequence, introduced in Chapter 3| A direct
implementation of this sequence requires 27 pulses, with eleven on the data qubit and
eight on each of the ancilla qubits. The circuit diagram for this three-qubit code is
given in the following circuit diagram:

Qubit A: [¢) D %)
Qubit B: |0) —& | (Reset—= |0)
Qubit C: |0) d - (Reset—  [0)

If the three-qubit code is decomposed into the applied 7t pulses, we arrive at the
pulse sequence given in Figure
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Figure 6.9: Pulse sequence to implement the three-qubit bit-flip protocol. Qubit A is
the memory qubit and Qubits B and C are the ancilla qubits. Overset letters are used

to indicate shifted transitions. For example, a |1) N le) pulse on qubit B means the
|1) <> |e) transition driven at the resonant frequency when qubit A is excited.

The first optimisation that can be made in this pulse sequence is to reduce the
number of pulses used for the controlled gates on the ancilla qubits. At the beginning
of this sequence, the ancilla qubits are in the |0) state and, hence, in the initial CNOT

gates on Qubits B and C, only the |0) & le),|1) N le) pulses are needed. These two
CNOT gates can be modified further by combining them to remove the two pulses
that return the data qubit to the ground-state and then immediately excite it again. A
similar analysis allows for a reduction in the number of pulses needed in the decoding
stage of the algorithm. The final modification that we can make is removing the
|0) < |e) pulses applied to the ancilla qubits during the correction phase, as these
qubits will be reset following the conclusion of this sequence. The resulting 17 pulse
sequence, which was first introduced in Chapter 5, is displayed again in Figure
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Figure 6.10: Three-qubit bit-flip protocol with the number of pulses applied to qubits
minimised. Qubit A is the memory qubit and Qubits B and C are the ancilla qubits.
Figure reproduced from [96].

This simple example provides only a demonstration of the optimisations that
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can be performed for a rare-earth system. The choice for the satellite feature that
corresponds to each qubit in the quantum circuit will also make a difference to the
error in this system. The implementation of controlled gates in the EuClz-6D,0 relies
on a shift in optical transition frequency from optical excitation of nearby qubits. The
size of this optical qubit shift depends on the position of the ion relative to the excited
qubit. To minimise error, it is desirable to choose qubits such that qubit pairs that
have a controlled gate applied to them have a large optical shift that is not close in
frequency to any of the other hyperfine levels in either ion.

To demonstrate the effect of qubit choice, the error due to exciting off-resonant
qubit states when performing the 17 7 pulse bit-flip sequence was simulated for the
known satellite lines [97]. It was found that systems using the D satellite as the data
qubit with I, | satellites as the ancillas and | as the data qubit with B, D as the ancillas
had the lowest error, with errors of 1.7 x 1072 and 1.5 x 1073 respectively. The error
due to exciting states that are not resonant is significantly lower for this correction
sequence than the single-qubit error rates of 3.7 x 1072 and 2.4 x 1073 seen in the
Gaussian and optimised cases, respectively. This indicates that the single-qubit error
rate is the dominant source of error in this system. Figure displays the error due
to off-resonant excitation of qubit transitions for different possible satellite detunings.

There are other potential considerations for the assignment of system qubits and
the applied optical pulses. One such consideration is whether multi-qubit systems
exhibit an increased decoherence rate, as is commonly seen in the NMR literature [145].
Additionally, it has not been confirmed that satellite lines all have the same coherence
time. To determine whether there are additional multi-qubit decay processes and if
satellites exhibit different coherence times will require additional characterisation of
this system, with no such measurements having been taken to date.

In addition to the optical inhomogeneous broadening on system qubits, there
is O(5kHz) of broadening on the hyperfine transitions [21]. The broadening of the
hyperfine transitions will lead to ions in the system qubits dephasing over time. In
order to perform quantum operations, the superposition state must be the same across
the ensemble, so the ensemble must be rephased prior to performing gate operations.
Rephasing pulses do not require conditional logic, so they may be performed via
a direct RF pulse. In systems with more than a single qubit, the constituent ions
of multiple qubits must be rephased. The hyperfine frequencies of satellite qubits
differ by ©(0.5 MHz) which precludes using a single frequency RF pulse to rephase
all qubits simultaneously, as such a pulse would have to have a O(20 MHz) Rabi
frequency, which would cause significant off-resonant excitation to other hyperfine
levels. Rephasing of multiple qubits could be achieved by two methods, either
sequential rephasing of qubits or the use of a spectrally tailored pulse optimised to
drive every qubit equally. In a sequential rephasing scheme, rephasing pulses would
be applied sequentially to each of the relevant satellite site hyperfine transitions.
The pulses in such a scheme would have a low Rabi frequency (50 KHz or less)
so as to avoid driving of other satellite sites. In a spectrally tailored pulse scheme,
a single pulse would be applied with frequency components targeting all relevant
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Figure 6.11: Error due to off-resonant excitation of ancilla qubits when performing
controlled gates in the 177 pulse error correction sequence. The error when
performing a CNOT gate is high for optical interaction shifts that are small or
close to other hyperfine transitions due to off-resonant excitation. The satellite line
combinations with the four lowest errors are displayed as dots.

hyperfine frequencies. The magnitudes of the frequency components of such a pulse
would be selected so as to equally drive all of the relevant transitions. The Rabi
frequencies needed for such a pulse scheme will ultimately depend on the number of
satellite qubits and the hyperfine structure, however would still be at most O(100KHz).
Use of a multi-frequency tailored pulse has the potential to enable more complete
rephasing of the multi-qubit system, as the qubits do not have time to independently
dephase between pulses, however this comes at the expense of increased complexity.
One potential avenue for finding such a tailored optical pulse may be the use of
neural network techniques similar to those used in for the initialisation of a
magneto-optical trap.

6.5 Summary

This chapter discussed the manipulation of the optical driving fields and pulse
sequences so as to minimise the error of quantum processes in this system. Of the
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standard pulse types used to drive this system, it was found that Gaussian pulses gave
the lowest error for implementation of a NOT gate, with a QGE of 0.58 at zero-field
and 0.0037 at the 8T point.

The use of compensated pulses to evenly drive an ensemble was then investigated
and simulations were performed comparing the performance of a compensated pulse
under the Roos and Melmer dark-state scheme to direct Gaussian pulses. It was
found that this scheme does not give an advantage over direct Gaussian pulses for
the ensemble widths that were considered (< 250 kHz), with the compensated pulse
giving an approximately three times greater error even with an ensemble width of
250 kHz.

The use of arbitrary pulse shapes in this system was investigated and it was
found that a QGE of 2.4 x 102 could be achieved at the 8T point using an optimised
sequence. This is approximately 37% lower than the error that can be obtained with
an optimised Gaussian pulse and indicates that the use of optimised pulse shapes is
of moderate importance when performing quantum computing.

This was followed by a discussion of the ways that the pulse sequences used to
implement quantum circuits can be modified to reduce the number of pulses and total
execution time. The importance of considering qubit-qubit interaction strengths in
satellite systems was then discussed, with a demonstration of error rates for different
qubit interaction shifts when implementing a bit-flip code. The chapter concluded
with a discussion on the need to perform RF rephasing pulses in this system due to
the hyperfine broadening and potential routes for optimisation of these pulses.

This chapter has implications for how to efficiently drive a EuCl3-6D,0 system
for quantum computing demonstrations. A low QGE can be accomplished using
purely Gaussian pulse shapes, although there is some benefit to using optimised
pulse sequences. There appears to be no benefit to driving transitions other than the
|0) <> |e) and |1) > |e) transitions for the purposes of performing quantum gates.
Lower QGE is possible using very high Rabi frequencies, with acceptable performance
using Rabi frequencies accessible using standard dye lasers. Broadening on the
hyperfine transition causes dephasing between members of the ensemble between
pulses and during storage of quantum states. Due to this, it will be necessary to apply
RF rephasing pulses before every application of an optical gate. The choice of satellite
lines in a computing system is also important to consider, with satellites needing to be
chosen such that the optical transition shift used during a controlled gate is not close
to any of the hyperfine levels. Only a small number of satellite interactions have been
measured to date and more measurements of the satellite interactions will need to
be obtained before definitive statements can be made as to the best choice of satellite
lines.



Chapter 7

Conclusion

Quantum computing has the potential to make the solution of several classes of
problems possible, which have been intractable on classical computers. An essential
component of any future large quantum computing system will be the ability to
perform reliable error correction during computation and storage. Implementation of
reliable error correction requires knowledge of the kinds of errors that can occur to a
computing system. One potential tool for studying real-world errors in a quantum
system is a small quantum processor with a low error rate. Stoichiometric rare-earth
ion systems are one potential candidate for the construction of such a small quantum
processor.

This thesis investigated the implementation of quantum computing in stoichiometric
rare-earth systems, using EuCl3-6D,0 as an example system. The manipulation of
system parameters and implementation of quantum operations were examined in
order to develop a guide to the regimes necessary for the implementation of quantum
computing in EuCl3-6D,0 and other stoichiometric rare-earth systems.

At zero-field, the oscillator strengths of EuClz-6D,0O are too unequal to be able
to perform low error quantum operations, with one of the transitions between the
ground hyperfine and excited optical state necessarily having a very high error. The
oscillator strengths and hyperfine splittings of EuCl3-6D,0 can be manipulated to
be closer to an ideal A system through the application of magnetic fields. Through
the use of an 8T magnetic field, a bit-flip error correction sequence can potentially
be implemented with an error as low as 0.022. However, fields as low as 2T can
also be utilised to substantially improve the computing system, with an error of
0.065 the lowest possible sequence error below 2T. For applied fields of <~ 15T
the >!Eu isotope is preferable for computing applications as it has larger Zeeman
coefficients and, hence, the potential for better state mixing. For fields >~ 15T, the
larger hyperfine splittings of 1>>Eu lead to lower QGE.

It was established that standard Gaussian pulses are sufficient to perform low
error quantum gates. The QGE can be reduced by ~ 37% through the use of optimised
pulses of an arbitrary shape. There appears to be no benefit of driving transitions
other than the |0) <+ |e) and |1) > |e) transitions, with the optimised sequences
driving only these frequencies.

There is O(5kHz) broadening on the hyperfine transitions in EuClz-6D,0O which
will lead to dephasing of members of the ensemble; as such, it is advisable that RF
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rephasing gates are applied before application of any optical gate to this system. This
will require individually driving the unique RF transitions between the computing
levels for each of the satellite lines in this system. In addition to the need to rephase
individual satellite RF transitions, the choice of satellite lines can have a large effect
on the system error. As demonstrated in Section qubits must be chosen such
that satellite line shifts do not overlap with resonant qubit transitions; otherwise,
qubit states that were supposed to be non-resonant will be driven, greatly increasing
the error when quantum gates are applied. The current measurements of satellite
interactions in EuCl3-6D,0 are incomplete, and further research will need to be
undertaken before a definitive choice of satellite lines with the lowest error can be
made.

It was determined that the QGE in europium systems is fundamentally limited by
the size of the europium hyperfine splitting relative to the optical coherence time. The
rare-earth species erbium and holmium were proposed for computing due to their
large hyperfine structure, and it was established that there is potential for up to a
100-fold reduction in QGE by moving to these host ions. These materials have largely
not been studied at stoichiometric concentrations, and so much further research is
needed to determine if satellite quantum computing can be performed using these
rare-earth ions.

This thesis has shown that stoichiometric EuCl3-6D,0 has potential as a testbed
system for implementing quantum logic in a rare-earth system. The rare-earths have
traditionally been seen as a system for purely quantum memory applications, with
quantum computing the domain of single-instance systems such as superconducting
microwave qubits. It is hoped that this thesis will begin to change the conventional
wisdom of what is possible in rare-earth systems.
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