SOME CHARACTERISATIONS OF THE ELLIPSOID

AND THE MINKOWSKI THEORY OF REDUCTION

by

P.W. Aitchison

A thesis presented to the Australian National
University for the degree of Doctor of
Philosophy in the Department of Mathematics.

Canberra. October, 1968




STATEMENT

The results presented in this thesis are my own except
where otherwise stated.

P (./\/ lkhvfw.)m

P.W. Aitchison.




s s S E

PREFACE

The generous support of an Australian National University

research scholarship enabled me to write this thesis.

My sincere thanks go to Professor Kurt Mahler whose inspiration

and guidance helped me very much to form and develop my ideas.

Special thanks are also due to Professor A.C. Woods and
Doctor V. Dlab for reading parts of the thesis and for their
suggestions, to Mrs Wickland for her excellent typing, and to

my wife for her diligent proofreading.




CONTENTS
Introduction
Notation and Terminology
Addenda
Chapter 1. The Theory of Convex Bodies.
1 Convex Body.
2e Tac Planes of a Convex Body.
<3 The Tac Function of a Convex Body.

4. Equivalent Convex Bodies.

Chapter 2. Characterisations of the Ellipsoid.

Je Some Previous Characterisations of the Ellipsoid.

6. A New Characterisation of the Ellipsoid.

Toa Further Results on Ellipsoids.

Chapter 3. Two Finiteness Theorems of the Reduction
Theory.
8. Lattices.
9 The Theory of Reduction.

110 )85 The Two Finiteness Theorems.

References

iv

vii

viii

14
14
15

30

45
45
46

51

74




Introduction

The theory of reduction of convex bodies is concerned with
certain relations between a fixed symmetric convex body K
and a variable lattice L in n-dimensional Euclidean space
R, The fundamental concept in this theory is the K-

reduced basis of the lattice L. For the definition of such

a basis see [10]a, p.279.

In the special case when K 1is a Euclidean sphere (or more
generally an ellipsoid) in Rn, the reduction theory becomes
equivalent to what is known as the Minkowski reduction theory
of n-ary, positive definite, quadratic forms. For, a
significant equivalence exists in which each lattice basis
corresponds to a certain n-ary, positive definite, quadratic
form, and in particular, a K-reduced basis corresponds to a
reduced form (reduced in the sense of Minkowski). Many
properties of positive definite quadratic forms have been
found by the study of reduced forms, and van der Waerden in
[11] gives a good account of the present knowledge in this

field.

Minkowski proved two important finiteness theorems concerning

reduced quadratic forms. A geometric formulation of these

theorems is as follows: If K is an ellipsoid in R" with

its centre at the origin, then (i) finitely many of the
reduction inequalities determine all K-reduced bases of the

lattice L; and (ii) there are only finitely many,




unimodular transformations from one K-reduced basis to another
such basis (possibly the same). Minkowski in [7], p.193,

showed that if n = 2, then (i) also holds for an arbitrary
symmetric convex body K; it is known that if n = 2, then

(ii) holds for those symmetric K of which the frontier contains

no line segments.

The main results of this thesis, established in Theorems 9
and 10 of Chapter 3, assert that for n > 2, the properties
(i) and (ii) can hold only when K is an ellipsoid, in
contrast to the case n = 2. Thus, surprisingly, for n > 2
the reduction theory loses its finiteness properties when K

is not an ellipsoid.

In Chapter 2 several new characterisations of the ellipsoid
are proved, one of which is used to establish the results

mentioned above. The principal result of Chapter 2 is:

Let K be a convex body in R3, symmetric or not. If any

two parallel planes ''sufficiently close'" to a tac plane of K
intersect K in equivalent convex bodies, then K 1is an
ellipsoid. Here, two convex bodies are called equivalent

if for some Minkowski metric both have constant width.

This generalises some previously known results, for example:
(a) K 1is an ellipsoid if every plane intersects K 1in a
body of constant width; (b) K 4is an ellipsoid if any two

parallel planes intersect K in homothetic convex bodies.

The results (a) and (b) are mentioned in [2], p.1l42.




Notation and Terminology

In this thesis R denotes the n-dimensional Euclidean
space of all n-tuples of real numbers. These n-tuples are
called RQ%Q&E’ and a, X, 21, etc., and in particular 0,

are abbreviations for the points (al,az,...,an),
(Xl’XZ"°"xn)’ (cll’C12’°"’cln)’ etely "and“Ni(oLo, .5 %0)%
The scalar product is written a.b = .Elaibi and the
Euclidean metric is written |§J = (éjé)%. The notation w
will always be used for a point for which |EJ =il

integers, positive integers, n-tuples of integers, reals, and
positive reals are denoted respectively 1, I+, 3P R RE .
The usual notations [r,s] and (r,s) are used for closed

and open intervals of real numbers. The closed line segment

determined by a and b is denoted a b and its length by

E bl. A RE£%€£ in R® for o <p<n is a p-dimensional

n :
subspace of R or a translation of one. The o-, 1-,

(n-1)- flats are also called points, %}R%ﬁ’ QXE%ER%%Q%?
respectively. Two sets in R are called parallel if a
translation of one is contained in a dilation of the other.
Geometric entities other than points are regarded as sets and

are usually denoted by capital letters. The usual set theory

notation is used.




Addenda.

A number of mistakes were found by the examiners in the original

version of this thesis. Consequently pages 12, 16, 17, 21 - 27,
32, 38 - 41, 50, 59, and 65 - 67, have been revised in order to

rectify the errors, and pages 42 - 44 are now omitted from the

thesis. A number of minor errors on other pages were corrected.




CHAPTER 1.

The Theory of Convex Bodies.

il Convex Body.
% RUURSRRARRL SORVEE RO K Ap Ry for n22 isa
set of points of R" which is closed, bounded, convex, and

contains n-linearly independent points. Here convex means

that a b= K whenever a,b € K. The mm 3’€ K

written FrK, is the set of all boundary (or frontier points)
of the set K. The %E&E{%ﬂ{ 8€ 5, written IntK, is the

set of points of K which are not in FrK.

An n-dimensional convex body is transformed into an
n-dimensional convex body by an affine transformation of Rn,
so in fact a convex body is of a geometric nature. It is
clear that an n-dimensional convex body can be embedded in an
n-flat in any higher dimensional space so that it is meaningful
to talk of n-dimensional convex bodies in R" for m > n.

An n-dimensional convex body is called gympetyric if a € K

entails -a € K.

Further information on convex bodies may be found in

[2] p.2 ff..




2. Tac Planes of a Convex Body.

Let K be an n-dimensional convex body in R". Through
each point a € FrK there is at least one (n-1)-flat,
T say, which does not intersect IntK, and then T is

called a tac g&g&g of K at a (see also [2], p.6,

under the name ''Stiitzebene'). Some authors use the term

SUPPOXL R%ﬁﬁ% instead of tac plane.

A tac plane T of K, being an (n-1)-flat, divides R"

into two closed half spaces, each bounded by T, which
intersect only in T. It follows that a tac plane may be
regarded as an (n-1)-flat T which intersects K but

so that K 1is a subset of one of the closed half spaces
bounded by T. If the non-zero vector u is perpendicular
to T, and is directed away from the closed half space
bounded by T which contains K, then u is called an
Quter RQEQ@% of the tac plane T of K. Whenever we use
w or -w to denote an outer normal we will also assume

that IEJ = 1. There are two tac planes of K perpendicular

to any w € R"  (see [2] p.4) such that one has outer

normal w and the other has outer normal -w. It follows
that K is a subset of the closed set bounded by two such

tac planes.




A tac plane of K 1is called E%%%%%E if it has a single

point in common with K.

The notions discussed here are clearly of a geometric
nature and are not altered by affine transformations or
embedding in a higher dimensional space. Further

information on tac planes is given in [2].

3. The Tac Function of a Convex Body.

It is useful to have an analytic expression for convex bodies
since many proofs may be simplified by using methods of
analysis. One such expression for a convex body is the tac

function.

The tac function H of an n-dimensional convex body K

in R® 4is a function H : R™ > R defined by

H(u) = sup(u.x)
xeK

The following are properties of the tac function.

(1) H(u) # -H(-u) when u f o

(2) H(ju) = jH(u) for all j > 0, so that H is
positively homogenous.

H(u+v) < H(u) + H(v) so that H is a convex function.




These three properties are proved in [2], p.24. In

[2], p.24 and 26, it is shown that:

(4) Any function H : R" > R satisfying properties
(1), (2) and (3) is the tac function of just one
n-dimensional convex body K, defined by x € K if
and only if x.u < H(u) for all u € 2

The tac plane of K which has unit outer normal w

is given by {x|w.x = H(w)} or more simply by

W.X =|H(E)| (see [2]; p.23). It follows that:

(a) H(w) is the distance from o to the tac plane
of K with outer normal w.

(b) H(w) + H(-w) is the distance between the two
tac planes of K perpendicular to w; otherwise
known as the yidth of K in the direction w.

(¢c) 1If T dis the tac plane of K, u.x = H(u),
them: In 'R = {5|9_.§ = H(u) and x € K} and this

set is non-empty.

A most important and perhaps surprising result is:

(6) If T is the regular tac plane u.x = H(u) and

oH
Tn K = {a}, then the partial derivatives, . (w)
a

exist and are continuous, and




This result is essentially given in [2], p.24, 26. It
is easy to show that this differentiability property of H

is unaltered by affine transformations of the space 8™

Finally the following three results follow without
difficulty,
(7) H(u) > o if o € IntKk and u # o.

(8) K is symmetric if, and only if, H(u) = H(-u) for

all u e Rn.

Let Hl’ H2 be tac functions of two n-dimensional

7 i n -
convex bodies in R . Then the function

hH + h)H, where h, 20,h 2 0, are real numbers

not both zero, defined by

(thl+h2H2)(E) = thl(E) + hZHZ(E)

is a tac function of an n-dimensional convex body.

Similarly the function HI defined by HI(E) = Hl(—g)

is a tac function of an n-dimensional convex body.

Lemma 1. Let H be the tac function of an n-dimensional

convex body K in R". Then,

(a) there is a positive constant j so that
n

|H@)| < j|u| for all use Ras

(b) H 1is absolutely continuous.




(a) H(u) = |u|H(u/|u]) by property (2). [H@)| is
bounded on |3| = 1 by property (5) (a) and because K
is bounded. Then,
j=suwp [H@]
lu|=1
has the required property.

(b) In view of property (3) and part (a) of the present

lemma,
m
izlln(gi> - H(v,)|
£ izl\H(gi-xi)!
= jizl|gi g AL

It follows immediately that H 1is absolutely continuous.
AN

The next result in Lemma 2 will be needed later. By "almost

everywhere'" we mean, "with the possible exception of a set of

Lebesgue measure zero'.

Lemma 2. Let J : R" > R be a function which is continuous
at o and absolutely continuous on any set which excludes 0.

If the partial derivatives %% (E)’ exist and are zero for
i
i=1,...,n almost everywhere, then J is a constant function

n
on. R




Proof
For n =1, by a standard theorem of analysis (see for

example [8], p.90), J is constant on any set which excludes

0. Then, by the continuity of J at o, J is a constant

function on R as required.

In the general case, for almost all (uz,...,un) we may

define a function on R by

u B J(ul,uz,...,un)

to which we may apply the one dimensional case. It then
follows by the continuity of J that J is independent of

Similarly, J is independent of u

u gl and so is
n

1° PIEE

a constant function.

4. Equivalent Convex Bodies.

s K be two n-dimensional convex bodies with tac
! 2

functions Hl’ HZ' Define

Let K

thl -t th2

for hl,hz‘z 0 and not both zero, to be the n-dimensional
convex body with tac function thl + hZHZ (see property

(9) of section 3). Similarly define

_Kl




to be the n-dimensional convex body with tac function Hl

Other authors have used K-K to mean K + (-K) and we will

use the same notation.

Let K be an n-dimensional convex body in R" with the tac
function H. The W%%%Q of K in the direction w is
defined as in the section 3, as H(w) + H(-w) = (H+H_)(y).

Then, H + H is known as the %&Q&Q Eggggégg ofgr Ka

n

Two n-dimensional convex bodies Kl, K2 in R will be

called %ggéxaésgg if for some positive constant j
(Kl—Kl)‘= J(KZ—KZ).
This will be written in symbols as K., Vv K or more

1 2~

exactly Kl A KZ’ and it is clearly an equivalence relation.

K have the tac functions H H then it follows

If K, K e s

that
Kl i KZ if and only if (Hl+H1) = J(H2+H2)
Hence, the condition K, v K is just that the width functions

i 2

of K1 and K2 are proportional. Evidently equivalence is

just a generalisation of K1 and K2 being two bodies of

constant width. In fact in the sense described in [6],

Kl n K2 means Kl and K2 have constant Minkowski breadth

with respect to some Minkowski metric.




Another characterisation of the above equivalence is now

proved in Theorem 1 for later use.

Theorem 1. Let Kl’ K2 be two n-dimensional convex bodies

in R"™ with tac functions Hl’ HZ' Let Ul be a tac

plane of K afzran

1 1 with outer normal u, and V a

ik

tac plane of Kl at 21 with outer normal -u. Let

UZ’ V2 be the parallel and similarly situated tac planes of

K at

) b, respectively (as in Diagram 1). Then

Bye 2y

K. K. 1fy and only {HE,

1 2 b is parallel to a,b

L g 252

i Dt <)

for any choice of u for which Ul’ Vs U., V.. dre all

regular (in this case 2 El’ a5, 22 are uniquely defined).

—parallel —

H, (W+H, (-u)

Diagram 1
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For simplicity write G, = Hy + H; fork jl=rlyBich The

tac planes Ul’ U2, Vl, V2 must all be regular for almost
all u (on this see [2], p.13 where a dual result is given).
We will consider only those u # o for which Ul’ U2, Vl, V2

are all regular.

By property (6) of section 3, the partial derivatives of

H H exist atfi,u and -u, ‘and for 4 = 1,...,n

1202

1l 1
Biy TRy 40 WINIENeee 5 W
3 i i
and similarly
(€D)
3G
2
agguetion =i, W
i
where 2 El’ 2y 22 are as in the hypothesis.

By property (5) (c) of section (3)
. d (= = H (=u) for J = 1,2
£,-2% Hj(g) an kj (~u) y L k| 5oy
so by addition
(a,=b.).u = G,(u). for j = 1,2. S (@)
A = g =

Now let us assume that aa, is parallel to 2122

whenever Ul’ UZ’ Vl’ V2 are regular tac planes. Then for




103 (5%

the regular cases there is a J : R" > R for which

(a;-b;) = J(u)(a,-b,) 4er 43

or in components, for i = 1,...,n

(a;;7b14) = JW(a,,-b
= i

i s (M s )

24

By equation (1) above this is equivalent to

3G1 BGZ
= (u) = J(u) o5l (a) cforidl=_il; veyhves 2uidql)

i i
However, from (3), it follows that
(a;-b;).u = J(w(a)-b,).u
so by equation (2) we have

Gl(g) = J(u) Gz(_g). eia e ()

It follows that the partial derivatives of J exist except

possibly at o, and for i =1,...,n,

oG G
i 2 9J
T () = J() o () + Bu,(E-) Gz(g)-
L 1 il
Comparing this with (4) shows that
aJ
u (E-) ks
and this is true for almost all u. Consider J(u) to be

defined for allu# Q by equation (5). Then J(u) is




1h208

absolutely continuous on any set excluding the origin since Gl and

G2 are absolutely continuous everywhere, by Lemma 1, and GZ(E) =0
only if u = o. Hence by the proof of Lemma 2, we see that J is a
constant function on any set excluding o. Since Gl(g) = Gz(g) =0,

it follows from (5) that it K, as required.

If on the other hand we assume Kl v KZ’ then for some j > o,

In the case of regular tac planes, the partial derivatives exist at

u and we have by differentiation for i =1,...,n

iﬁl ) - EEl (-u) = 3 Eﬁg (u) - iﬂg (—u)
R = au, == gu, = ou, —
1t i i 2

Now using property (6) of section 3 and combining the components of

a this gives that

255 3,, b and b

22 =] 2

Col i El P A (32—.]32)

izbz'

VAVAVI VAVAVAVAVL VAV

so that Elhl is parallel to

One further result on equivalent bodies, which is needed later, is now

proved in Lemma 3.

Lemma 3. Let Kl’ K2 be two 2-dimensional convex bodies with

d f K
Kl KZ. I Ul’ Vl are the two tac planes o

1
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perpendicular to w, then let hl(y) be the total length of

the two segments (either of which may be a single point) in

which U1 and Vl meet FrKl. In particular define
hl(y) = o 1if both Ul and Vl are regular. 10 hz(y) is
defined similarly for KZ’ then

hl(y) = j hZ(E) for all w.

This is a consequence of Theorem 1 and a result in [2], p.31.




CHAPTER 2.

Characterisations of the Ellipsoid

5. Some previous Characterisations of the Ellipsoid.

Two important known characterisations of the ellipsoid are
stated in this section. Here, an n-dimensional ellipsoid

will mean a convex body of the type

+

a < d, where a; € R &3

2
JX
s g

i=1
or an affine transformation of such a body. In the following
work we will often assume that o is in the interior of a
convex body, but this is no loss of generality since the

properties we are interested in are invariant under translations.

Theorem 2. Let K be an n-dimensional convex body in R
with o ¢ IntK. If every hyperplane through o intersects

K in an ellipsoid, then K 1is an ellipsoid.

A proof can be found in [9].

A 1-flat T is called a tac line of a convex body K if T
intersects K but not IntK. In B2, T da just the
ordinary tac plane of K, and in general T 1lies in a tac

plane of K.
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Theorem 3. Let K be an n-dimensional convex body in R"
where n > 3. Let T(w) be the union of all the tac lines

of K parallel to w and let

Cw) = T(w) n K.

If C(w) lies in a hyperplane for every w, then K is

an ellipsoid.

This is a result of Blaschke. A proof is given in
[3], p-93.
6. A New Characterisation of the Ellipsoid.

In this section a new characterisation of the ellipsoid is
established in Theorem 4. Further results on ellipsoids

which are consequences of Theorem 4 are given in section 8.

Theorem 4. Let K be a three-dimensional convex body in R3
with o e IntK, all of whose tac planes are regular. Let

j be a comstant with o < j < 1. 1f (Ulr\ K) ~ (U2 n K)
whenever Ul’ U2 are any two parallel planes both on the

same side of o which both intersect IntK but not Int(jK),

then K is an ellipsoid.

Proof.

The proof is long and is given in a series of lemmas, for each

of which the hypothesis of Theorem 4 is assumed to hold unless

otherwise stated.
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Lemma 4. If C(w) and T(w) are defined as in Theorem 3 of section
6, then
(a) any plane U parallel to the vector w which intersects
Int K will intersect C(w) in two distinct points, and
(b) C(w) 1is a simple closed curve in R} in the sense described
in [1] p.170. (see Diagram 2.)
Proof.
(a) T(w) 1is a convex cylinder since the projection of a convex body
is still a convex body (see [2] p.45). However U is parallel to the
generators of T(w) and U meets the interior of T(w), therefore
T(w)n U consists of two distinct generators of T(w). These two
generators are tac lines of K by definition of T(w), and so each
has a single point in common with K because of the regularity of the
tac planes of K. Hence C(w)Nn U = T(w)n Kn U consists of exactly
two points.
(b) Let Q be the line through o parallel to the vector w. From
part (a) of this lemma it is clear that any half-plane bounded by Q
intersects C(ﬂ) in one point, since o € Int K. Take one such half-
plane, designate it V(0), and let V(s) be the one of the half-planes
making an angle s with V(0), for 0 < s < 2r (The direction of
increasing s may be chosen arbitrarily.) Let a(s) be the unique

point of C(w) in V(s). Now

Cw) = {a(s) | 0 < s < 2r}.




1677

Also a(s) # a(t) if s # t, except that a(0) = a(2m). It

remains to show that a(s) is a continuous function of s. C(w)

is a closed set since C(w) = T(w)N K, where T(w) and K are
closed. Consider a sequence {g(si)} where s, > s. This sequence
has a limit point in C(w) since C(w) is bounded and closed.

However any such limit point must clearly lie in V(s) and so must be

a(s). Hence lim g(si) exists and it is a(s).

8,78
s
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Lemma 5. Let Ul’ U2 be any two parallel planes both

parallel to the vector w which intersect IntK and

satisty
(Uln K) w (U2 n K)

If U1 intersects C(w) in 4 21 and U2 intersects

C (K) in _éz 9 Ez 3 _l_l

then a.b is parallel to 3222,

(see Diagram 3).

Proof.

Diagram 3
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b b

Let = L = 1,2, i
[ Ci Ui(\ K Eorgad 122 Since 25 bys 2y, b,

are in C(w), there are tac lines of K parallel to the
vector w at each of these points. These four tac lines
lie in U1 or U2 and so are also tac lines of Cl or C2

as the case may be. Since C1 v C2 it follows that 5121

is parallel to 3222 by Theorem 1 of section 4.

VAV VA VA VAV VA VA VAV

In order to simply the following proofs we will now construct
a new representation of C(w). By an orthogonal linear
transformation of Rn, any w may be given the form
(0505 1) Then C(w) consists of the points of contact of those
tac planes of K which have outer normals of the type
(vl,vz,o). Hence, 1f H dis the! tac, function of K, .dt
follows by (6) of section 3 and the regularity of the tac
planes of K that

Cw) = {x|x, = a4 Gr), for 4 = 1,2,3, where

= Ul Bvi =

vy =o0 and |v| = 1}.

Using (2) of section 3, this may be written

Cw) = {£()|£; (x) = %% (eos: ts5.ein.xs) 0,
i

for 4 = 1,2,3 Bnd o < ¥ < enk,




20,

in which case r is the angle which the tac plane of K at
f(r) makes with the tac plane of K at £00). The function
f 1is continuous by property (6) of section 3. f is one-
to-one except when f(r) 1is one of at most countably many
points of C(w) where there is more than one tac plane of K.
This one-to-one property is a consequence of a result in [2],
Piad-Ss C(w) will now be considered exclusively in terms of

the function £,

If I< (0,21), then £(I) will denote

{ftx)|r € IJ.

The function f induces the ordering of (o0,2m) in C(w)
so that we may speak of neighbourhoods on C(w) so long as
the point f(o) is excluded from the neighbourhood. Lt
is no loss of generality to assume f is one-to-one at

r = 0o and this will be assumed to be so.

Chords of C(w) are of special significance because of
Lemma 5, and so we now give them a special notation.

By Lemma 4 and the properties of f, any plane parallel

to the vector w, which is also perpendicular to the vector
(cos r, sin r, o) for some r with o < r < 2m, will cut

C(w) not at all, or in one of the points ARG RE D)
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where 0 <r + m < 2m, or in two points f(s), £(t) say. In the last
case f(s)f(t) is called an r-chord. There is clearly a unique r-chord

VAVAVAVAVL VAV

through each point of C(w) other than f(r) and f(r + 7).

Lemma 6. (a) Let E?ESEIFT be an r-chord, where 0 <r <m, and s < t.
Then edther’ s’ € "% £ forl "Bi<'p +a'<8g Bbut not"bothk
(b) If r is defined as a function of s and t in the cases
f(s) # £(t), by EKESEIET being an r-chord with s < r < t,
then it is a continuous function. If s 1s fixed then r is
a monotonic increasing function of t.
(c) If f(t) is defined as a function of r and s by

f(s)f(t) being an r-chord, then it is also a continuous function.

Proof.

(a) Let T, and T2 be the tac planes of K perpendicular to

(cos r, sin r, 0), through f(r) and £f(r+m) and let U be the parallel
plane through the r-chord ERESE}ES: Then U separates Tl and T2 and

it divides C(w) into

By tele) | &« <% 5 tF, and

P, = {£(&x) | T2 x s ar B2 ™20}
(with £f(s) and f(t) common). Hence, just one of gjr),fjr+n) lies
in P and it is distinct from f(s) and £(t). The result follows.

1
(b) The chord f£(s)f(t) varies continuously with s and t, since

f 1is a continuous function, and therefore so does the plane U defined
in the proof of part (a). However U makes an angle r with some

fixed plane, U;, parallel to w. Hence the function r must vary
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continuously with s and t, provided there is not a jump discontinuity
fromysse ttol fnit T However from the proof of part (a) this can only

happen at s or t = 0, in which case there is a discontinuity in s or t.

If s 1is fixed and t decreases monotonically, then the plane U must
rotate monotonically and in the direction of decreasing r (for otherwise
r would not stay in the interval (s,t)). Hence, r 1is a monotonic

increasing function of t.

(c) The plane U through f(s) making an angle r with U1 must vary
continuously with r and s. Hence i(t), the second point of intersection
of U «wilth C(ﬂ), varies continuously with r and s.
LAVAVAVAVA VI VAV VAVAY
Lemma 7. Let 0 < r < 2m, There exists an open neighbourhood (p,q) of
r, designated N(r), satisfying the following:
(a) f(p) # £(q), and f(r) 4is in the interior of the interval

{£x) | p<x<q}=£®0()) on CW,

(b) if s and s, e N(r), and if fﬂsl)gftl) and £(s2)£(t2)

il 2

are both r-chords, then they are parallel (see Diagram 4).

e _f_(N(I')) -

e - ~ ~ N
Proof. /.” £(s.) £(x) \
§ _)"/A \ -
/ = R et

—£(t;) \\

l S o £t )]
\ —
/,7 o

! parallel r-chords o

Diagram 4
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Let the tac plane T of jK with outer normal (cos r, sin r, 0)
intersect C(w) in f£f(p) and £f(q), with p < q. Since 4§ < 1,

it follows that £(p), £(q), and £(r) are all distinct.

If p <& < apd S1s S5 € (p,q), then let i(tl) and i(tz) be
the respective second points of intersection, with C(w) of the planes

U and U

U and U2 parallel to T through £f(s 2). 1 )

1 and f(s

1)
must lie between T and f£(r), so they cannot intersect jK. Lemma 5

and the hypothesis of Theorem 4 show that i(sl)i(tl) and £(sz)£(t2)

are parallel r-chords. Hence the result follows with N(r) = (p,q).

If 0<r <p or q<r < 2m, then choose p' and q' as follows:

if Tl 1s the: tac plane of K at fi(r),  parallel to; T, /then

£(0) ¢ Tl since T is regular and £(0) # £(r). Hence there is a

i
plane U parallel to T separating £(0) and f£(r). If U intersects
Cw) in f£(p') and f(q') with p'< q', then, as in the proof of

Lemma 6(a), p' <r <q'. The result now follows as above with

N(=)= (pyq )5

QAVAVAVAVI VAV VAV VAV
Lemma 8. There exist non-empty subintervals of (0,27), I1 = (s,t)

and 12 = (sl,tl), so that

(a) I. &

1€ 5, and i(sl) #_f_(tl),

(b) N(r), for T € Il, can be defined in accordance with

Lemma 7, so that r € Il implies N(r) 212.
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Proof.
Let an N(r) be chosen for each r € (0,27) as in Lemma 7. For

each r ¢ (0,2m), if N(r) = (p,q), then define
D(r) = min ([£(r) - £®) ], [£(r) - £(@)]). xas o Gl
By Lemma 7(a), D is a strictly positive function. Hence,
_ T 8 1
(0,2m) = l;g S where Sm = {r|D(x) 5 m}

The Baire Category Theorem (see [5], p.31l) shows that there is an m
for which the closure of Sm has an interior point. Hence, for this

m, there exists an open interval I and a set J dense in I, where

J = {r|D(x) > %- and r £ 1}. s oan G2

If: Ii= 4algt!), and «f£(s')r¥) £(&1), Nthen letiniy = = (s,t), where

L
(s,t) is a subinterval of (s',t') satisfying, £(s) # £(t) and

, whenever x and y e (s,t),

=N

max. |f(x) - £(y)]| <

On the other hand, if f(s') = f(t'), then take Il =g = (g L eY), .and

define I, = (s Y withfugy < slasandibte > &' by

2 L 1 1
1
|£0s;) - £(a")| = [£(t,) = £(e")| = 2, and
|£ﬁx) - £(s')| < % whenever s; <X < ty.

In both cases, (a) is satisfied since fﬂsl) # gﬂtl), and it follows on

considering (1) and (2) that if Jp=Jdn 1, then Iy is demse in I,

and

TEE Jl implies N(r) 2_12. ¢ 2613)

To establish (b) we show that Jl can be replaced by Il i (3,

Tiet = & Il. I N(r) 12 then we show that N'(r) = N(r)u I2 still

satisfies Lemma 7. We must show that if jﬁsl)jﬁtl) and i(sz)i(tz)
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are r-chords with s and s

1 then they are parallel. Since

2612,
J; is dense in I there is a sequence {ri} with r, € J

that r,>r as 1> If, for each 1, ﬁ(sl)i(tli) and

1» S°
ﬁjsz)gftZi) are 1, chords, then they are parallel since N(ri) 2_12.
By Lemma 6(c), E(tli) > éﬁtl) and i(tZi) > fftz) agp vle-r o ga 1t 18
clear that Eﬂsl)fjtl) and i(sz)éjtz) are also parallel. Now (b)
follows with the original N(r) replaced by N'(r) for each r ¢ Il.
UVAVAVLVAVAVAVL VAV V)

Lemma 9. There exists an interval (al,az) < (0,2n), with i(al) # ﬁ(az),

on which C(w) 1is a plane curve.

Proof.

Let Il = (s,t), I2 = (sl,tl) and N be defined as in Lemma 8. We

choose an r € Il and an r-chord fﬂal)_ﬂbl) with
£(r) £b,)

£(b,)

£(b))

£(a,)
2(33)
|
i(al) |
+ c,~chords !
t 2 p J
RLRgERR 2 '
al £ 12. For convenience assume al o 15 o al € x < r and

£Zbl)£(x) is a c-chord, then, by Lemma 6(b), we have c¢ > r as

X > 8. Hence there is an a with E(az) # £(r) and fﬁaz) # i(al),

2’
so that c € Il whenever a; <ac<a, (since «r € Il, and I1 is

open). We now show that there exists an r-chord £(33)£(b3) with a; < a, < a,,




so that £(a3)£(bl) is parallel to £(a2)§ﬁb3) (see Diagram 5).

Let _g(az)g(bl) be a cl—chord.

Consider ay as a variable increasing from a; to a. Then

£(a3)£(bl) changes continuously and monotonically from an r-chord
to' cl~chord (by Lemma ﬁ(b)) and similarly f(az)é(b3) from a
cl—chord to an r-chord. Hence there is a c, € (r,cl), so that

we have c, € I and

both are cz-chords. Since" g, < a, < a 2 1

1 3 2"

consequently the two c —-chords are parallel. Assume a is now fixed

2 3

with this property.

It follows that jﬁal),ﬁjaz), and £(a3) all lie in the plane U

through i(al) parallel to the r-chords and c.,-chords in question.

2

By repeating this process we find a, and ag with a; < a, <ag,

and a3 < 35 < a,

indefinitely, we define inductively a sequence {ai} so that fﬁai) & 1

so that i(al),...,i(as) e U, and by repeating it

for all d. We next show that the points ﬁjai) are dense in

{£(x) | a, < = i_az}, in which case it follows by the continuity of f,

il

that C(w) is plane on (al,az), which proves the result.

Let a € (al,az) so that a # aj for any j. Define inductively

the subsequences {alj} and {aZl} of {ai}, with a5 < ayy» a8

follows: a;; =3 and ay; = ay; icE alj and a2j are defined

i t
(with a ¢ (alj’aZj))’ then let a € (alj’aZj) be the one of the
a; which is defined in the j'th subdivision of the process used to

define the ai; now define ( )to be whichever of (alj,ak)

a9 141752 441

) contains a, LEy for each ]} £(azj)£(blj) (see Diag. 6)

or (ak’aZj

is a cj-chord, then we next show that Cj +'F a8 B m




Let f*(a) be the projection of f(a) on the plane Xq = 0, and

let dl be the minimum length of the projections of the r-chords
2?;7£T§T in Xy = 0, where x € (al,az). It is easy to show that

dl S ROV The angle between a projected r-chord and cj—chord is (cj—r),
so the perpendicular distance between the projected r-chords through
g}(alj) and E#(azj) is no less than dl tan (cj—r) (see Diagram 6).
A simple induction on j shows that the perpendicular distance, d2

say, between the projected r-chords through gﬁ(all) and £ﬁ(a21)

satisfies

d, > Zj_ld tan(cj-r), or dz/ZJ_ld

ot 1 > tan(cj—r).

1

as ' j = ™. Then, by Lemma 6(c),

|£(alj) R £(azj)| >0 as j > », so

f(al,) + f(a) asii % =, This proves the required density property
=\ L5

and the result follows.

;}prOJected
r-chords

projected
cj—chord
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Lemma 10. C(w) 1is a plane curve.

By Lemma 9, C(w) has 'a plane plece for every w. Let w
be fixed and let (p,q) = (0,2m) be a maximal interval on which
C(w) 1is a plane curve. We will assume p # o and then obtain

a contradiction. Reference should be made to Diagram 7.

For each t with o< t < 2r let T(t) be the tac plane
of jK (where j is given in the hypothesis of Theorem 4)

with the same outer normal as the tac plane of K at f(t).

£(t)

£(x)

t-chords f(s)

| £(q)

C(w) 7

Diagram 7
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Let T(t) intersect C(w) in the two points f(s), f(s'),
so that E?Ejf?ETY is a t-chord. It is clear that

the two points £f(s), f(s') of C(w) vary continuously
with t, where t is taken module 2m. It follows from
this continuity property that we can choose t with

t e (p,q) with f£f(t) * £(p) or £(q), 8o that s and s’
satisfy either (i) s' ¢ [p,q) and s ¢ [p,q}, or if (i)

is impossible, then (ii) s' ¢ [p,q] and s ¢ {p,q].

In case (i), f(s') # £(p) or £f(q) because of the

maximality of (p,q) and the fact that f is one-to-omne at

0. By Lemma 5 and the hypothesis of Theorem 4, all of the
t-chords Ei;SE?;TS- for t < r < s, are parallel to each other,
since they are cut-off from C(w) by parallel planes which

do not intersect Int(jK). However, for r sufficiently

close to t, both r and r' e (p,q) and yet f(r) # £(r').
Hence all of the t-chords ET?SE?FTT for: £ < @ <'s

are parallel to the plane in which £((p,q)) lies. Yet these
t-chords have the one end f(r) in iﬁb,qﬁ, so that f(r'")

for t <r <s also lies in the plane of £([p,q}). This

contradicts the maximality of (p,q), so that p = 0.

In case (ii), if £(q)f(q") 4is the t-chord through £(q),

then by choosing t sufficiently close to p with
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f(t) # £(p), we can ensure that q' ¢ [p,q]. The case (ii)

then reduces to case (i) with q taking the place of s.

Hence, in both cases (i) and (ii) we find p = o. Similarly,

q = 2r, so that C(w) 1is a plane curve as required.

U VAVAVA VA VAV VAVA VAT

Theorem 4 now follows immediately from Lemma 10 and Theorem

3 of section 6.

AN

T Further Results on Ellipsoids.

The result in section 6, namely Theorem 4, will now be
generalised in a number of ways which may be of interest.
Corollary 4 will be used later in the proofs of the major

theorems on reduction theory in section 10.

The generalisation of Theorem 4 from R3 to R" is without

difficulty and is now proved in Corollary 1.

Corollary 1. Let K be an n-dimensional convex body in
Rn, for n > 3, all of whose tac planes are regular, with

o € IntK. Let j be a constant with o < j < 1. Iif

(Ul n K) v (U2 n K)




Sl

whenever Ul’ U2 are any two parallel hyperplanes both on
the same side of o intersecting IntK but not Int (jK),

then K 1is an ellipsoid.

Proof.

In the case n = 3 this is just Theorem 4. The proof uses
induction on n. Assume that the result is true for dimension
(n-1) and that K is an n-dimensional convex body in Rn

which satisfies the hypothesis.

Consider any hyperplane U in R" which contains 0. U
may be identified with Rn-l in a well-known way, and then
Un K is an (n-1)-dimensional convex body in Rn_l where
the new origin is the same point o. Then it is easy to
show that any hyperplane in Rn-l is the intersection of a
hyperplane of R" with U. It follows easily that the
hypothesis of this Corollary 1 applies to Un K in Rn_l,
so that U K 1is an ellipsoid.

The above proof applies to any hyperplane U of Rn_l
containing o, so by Theorem 2 of section 5, K 1is an

ellipsoid. Hence Corollary 1 follows for all n > 3 by

the induction principl€.

AVAVAVA VL VAV VAV
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Corollary 1, and so Theorem 4, still remains true when the
condition that the tac planes be regular is deleted, as we shall

now show.

Corollary 2. Let K be an n-dimensional convex body in
R" for n > 3 with o € Int K. Let j be a constant with

Q=L LE
(Uln K) (U2 n K)

whenever U1 and U2 are any two parallel hyperplanes both on
the same side of o intersecting Int K but not Int(jK), then

every tac plane of K is regular.

We will establish Corollary 2 for n = 3. The result for n > 3
then follows by a simple induction proof using the fact that, if an
n-dimensional convex body satisfies the hypothesis, then so does

the (n-1)-dimensional intersection of K with a hyperplane through o.

Let T be a tac plane of K and let Ul and U2 be planes parallel

to T on the same side of o as T @s described in the hypothesis.
If Tn K is a segment, then the ratio of the minimum width to

the maximum width of U, n K must approach zero as U

2 2

approaches T. Hence we can find a U2 not intersecting jK
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so that (Ulr\ K) cannot be equivalent to (Uzn k). + Hence
T n K must be a two-dimensional convex body, or in other

words a plane face of K, or a single point.

Let T, T' be a pair of distinct parallel tac planes of K,

sopthatudfe Dy =Tk andseDls= T oK, athemaDieds 4

plane face of K, as in Diagram 8. D' may be a single point.
Let 2,3, be any chord of D. The argument is now divided
into two cases: (i) every tac plane of K parallel to

2,3, intersects either D or D'; (ii) there is a tac
plane U of K parallel to a3, which does not intersect

Dy soxt D s

In case (i) we can clearly find a tac plane U parallel to
3,3, which intersects both D and D'. Then Un K must

contain a segment which does not "lie in D or D'. Then by

the first part of :this proof Un K contains a plane face

of K parallel to a3,

Diagram 8
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In case (ii) let Ul be the tac plane of jK with the

same outer normal as U. By a simple continuity argument
we can show that U may be chosen still distinct from D

and D' but so that Ul intersects IntD. (D is here

considered as a two-dimensional convex body.) In this

case there is another hyperplane, U, say, between U

2 1}

and U distinct from U which does not intersect D or
D It is then clear that U; and U, satisfy the
hypothesis of this corollary so that (Ul n K) ~ (U2 o KL

However, Fr(Ul(\ K) contains a segment parallel to

a3, since Ul intersects IntD. Hence, by Lemma 3 of
section 4, Fr(Uzr\ K) also contains such a straight
segment which does not lie in D or D', and by the first

part of this proof, this segment must lie in a plane face of

K distinct from D and D'.

In both cases (i) and (ii), we deduce that there is a

plane face, Fl say, of K parallel to 2,3, and distinct

from D and D'. For another chord 9192 of D which

is not parallel to a,a,, we find another such plane face,

F2 say. However F1 is distinct from F2 since the only

plane faces of K, which can contain chords parallel to both

3,3, and b;b,, are D and D'. It follows that there

are uncountably many different plane faces of K, because
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there are uncountably many, mutually non-parallel chords of
D. However K cannot have uncountably many different plane

faces, and so K cannot have a non-regular tac plane.

UAVAVAVAVA VAV VAV VAV

By taking j = o in Corollary 2 and Corollary 3, we obtain

the simple result of Corollary 3.

Corollary 3. Let K be an n-dimensional convex body for

2l wiithialol 'e IintK. It
(Uln K) ~ (Uzn K)

whenever Ul and U2 are any two parallel hyperplanes

intersecting IntK, then K 1is an ellipsoid.

Since the hypothesis of this corollary is the same as that
of Corollaries 2 and 3 with j = o, it is clear that K
must satisfy the hypotheses of Corollaries 2 and 3 with any

JEPr on
VAN

Corollary 3 generalises many previously-known characterisations

of the ellipsoid. For instance, by specialising 'equivalence"
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we find the result in R3: if K is a three-dimensional
convex body whose cross-section by any plane is a body of
constant width, then K 1is an ellipsoid. Similarly,

if K 1is a three-dimensional convex body and any two
parallel cross-sections of K are homothetic, then K is
an ellipsoid. These two results are mentioned in [2],

p.142.

Another possible generalisation of Theorem 4 would be to
relax the conditions on j. Namely, we would consider a
convex body K satisfying the following condition,

which will be referred to as gondition  (¥).

K is an n-dimensional convex body for n > 3 with o e IntK.
There is for each w a j(w) with o < j(w) < 1. Let
T(w) be the tac plane of K with outer normal w.

Then
(Ulh K) ~ (Uzn K)

for each w, whenever Ul and U2 are any two hyperplanes
both being parallel to and on the same side of o as

T(w) and intersecting IntK, but not Int(j(w)K).

When (*) holds, rather surprisingly, K need not be an
ellipsoid, as will be shown in the example below. Lemma 9

still holds when K satisfies condition (*). In view of
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Lemma 9 and Theorem 3, it seems quite probable that if K
satisfies = (*), then K must be composed of pieces of
ellipsoids and possibly pieces of other second order surfaces,

I have not been able to prove this result.

Example. Let K be the union of a half-ellipsoid Kl

and a hemisphere KZ’ where Kl and K2 are the set of

points X of R3 satisfying

o oo 2 2
Kl - le + x2 + x3 <alin and xl =105
2 + x2 2 <
K2 Xl x2 + x3 L end Xl <0
C 1s the circular disc:
- 2 8
xl o and x3 + x2 i

K is clearly a three-dimensional convex body.

Let U be a tac plane of K at a which has outer
normal w with w, # o, so that a ¢ C. Ellipsoids have
the property that any two parallel cross-sections are similar.

Hence, if U and U, are any two planes parallel to, and

il 2
on the same side of o as U and which do not cross C,

then (Ulfw K) ~ (U2 N

Let U be a tac plane of K at 8, which has outer normal

w with w; = 0, so that a e C. If U1 is a plane parallel
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to U which intersects K, then U,n K and U.n K are

1 1 1 2
a half ellipse and a half-disc with a common diameter. If U2
is another plane parallel to Ul’ then it follows that (Ulr\ K)

is similar to (U2/1 K) and so (Ulr\ K) ~ (U2 n K).

It is clear therefore that K satisfies (*) for some appropriate
jw). However K does not satisfy the hypothesis of Theorem 4

since as w

17 0, with w, # 0 we must have j(w) > 1, to

1

ensure that the hyperplanes Ul and U2 defined above do not

intersect C.

R VAV VA VAV VA VAV VAV
In the next Corollary we prove a result which is specifically
intended to be used in the proofs of Theorems 9 and 10 of section
10. The hypothesis of this Corollary is in some ways weaker

and other ways stronger than condition (*).

Corollary 4. Let K be a three-dimensional convex body in R3
which satisfies (*) not in its entirety, but only for each

w which is the outer normal of a regular tac plane of K. Assume
in addition that: no tac plane of K intersects K in just a
segment; for each w which is an outer normal of a regular tac

plane,
(Uln K) ~ (Uon K)

whenever Uo and Ul are two planes both perpendicular to w,
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so that o € Uo’ and Ul is as described in (*). Then every

tac plane of K is regular.

Proof.
The proof is in many ways similar to the proof of the three-dimensional

case of Corollary 2 and many details are referred to that proof.

By hypothesis a tac plane can intersect K in a single point or a

plane face but not a segment. Ag) in Corollary 2,3let D and D'

be the intersections of two parallel tac planes with K, where D

is a plane face and D' may be a single point. Let 2,3, be any
chord of D, then there are two cases: (i) every tac plane of

K parallel to intersects D or D'; (ii) there is a tac

55

plane, U, of K parallel to 2,8, which does not intersect D

ot Dis

In case (i) we deduce, exactly as in Corollary 2, that there is a
plane face of K parallel to 2,2, and distinct from the planes
of D amd D',

In case (ii), let UO be the hyperplane through o parallel
to U. A simple continuity argument shows that U may be chosen
so that it does not intersect D or D' but Uo intersects

Int D, or Int D' 1if TInt D' exists (D and D' are considered
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as two-dimensional convex bodies). Assume that U has been
chosen so that UO intersects Int D. If U 1is not regular
we can immediately reach the conclusion of case (i), so assume U

is regular. It follows that we can choose a plane Ul parallel

to U and sufficiently close to U that Ul does not intersect

Diagram 9
U AN

D, D', or Int(j(w)K, where w is the outer normal of U.

Then by hypothesis,
U n K) v U n K.

By Lemma 3, page 12, it follows that Fr(Uln K) contains a straight

segment parallel to a,a,, since Fr(Uo‘n K) contains such a

segment. Hence there is a plane face of K, distinct from D

or D' and parallel to 2,35, containing this segment in

Fr (Uln K=
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Now from the conclusions of cases (i) and (ii), it follows

exactly as in Corollary 2, that every tac plane of K is regular.

VAV VA VA VL VA VAV, VAV

We prove one more almost trivial Corollary.

Corollary 5. Let K satisfy condition (*) and let j(w) be

a continuous function of w. Then K is an ellipsoid.

Proof.

The function j is continuous on a closed set, and j(w) # 1

for any w. It follows that there is a constant j with j <1
so that j(w) < j for all w. With this j, K satisfies the

hypotheses of Theorem 4 and Corollaries 1,2, and 3, so the result
follows.

VAV VI VL VAV VL VA VA V)
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CHAPTER 3

Two Finiteness Theorems for the

Reduction Theory

8 Lattices.

53 -»a ~are n-linearly independent points in R"

3y

then the set of points

L={ € I for each i}

i

i1

" piiilpi

n

is called an p-dimensional lattice in R ', and the set

{a "én} is called a basis of L. The lattice L is

Eqi3 e
understood to be a set of points which is not associated with
any particular basis, so that L can have more than one
basis. A subset {21""’Ek} of L for k <n is called
R&%m%&%xg %Qmm% if it can be extended to form a basis of L.

If L and M are two n-dimensional lattices with respective
bases {gl,...,gn} and {91,...,§n}, then there is a

linear transformation from L to M of the form
n
Eeed withgspacialehaee <01 L, . A4
=] 1=1 ij

where the coefficients fij £ R, In this case, L =M if,

and only if, the transformation is unimodular, or in other words
the fij are integers and the determinant of the fij L=
Proofs of these results are in [4], p.9ff.
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In Lemma 11 we give a useful result on primitive sets. A
proof may be found in [4], p.l4, or [11], p.271, 272. The
abbreviation, g.c.d. (pj,...,pn), will mean the greatest
common divisor of pj,...,p

e

Lemma 11. Let . da

_l,...,én} be a basis of a lattice L.

A necessary and sufficient condition that

{21""’§j—l’(p131 + ... + pnén)}

be primitive in L when 1 < j < n 1is that not all of the
integers p;, are zero and g.c.d. (pj,...,pn) = le, (When

j = 1, it is understood that the set in question is

{(pl_gl + .. + pngn)}.)

QAVAVL VAV VA VAV VA VA

9  The Theory of Reduction.

The theory of reduction of symmetric convex bodies
is concerned with the relation of a fixed symmetric convex

body K with an arbitrary lattice L. More exactly, the

theory is concerned with special bases of L, called K-reduced

bases, which are, in a sense to be made precise below, the

closest bases of L to o. The definitions here follow

those of Weyl in [10](a), p.279.




Let K be an n-dimensional symmetric convex body in R" and
: ; . ; n
L an n-dimensional lattice in R . Define a basis

{a

—l"°°’§n} of L and the positive numbers Bpseees8

n

inductively as follows:

(i) a € Fr(glK) and no point of L lies in Int(glK);

(ii) 1let Byseens and Bysees for j < n be

’gj_l

defined. Define

e
a,
a

and By 80 that {31,...,§j} is
primitive in L and éj € Fr(ng), but if also
{a

l""’éj-l’E} is primitive in L, then b ¢ Int(ng).

In this case, {é-”"’én} is called a [Koreduced basis of

L. We will often speak of a K-reduced basis without
mentioning the lattice L, but this is permissible since a
basis determines a unique lattice. Neither the K-reduced
basis nor the g; are uniquely determined but it is easy to
show, using Lemma Il and some simple properties of K and L,

that a K-reduced basis of L exists for each lattice L.

The definition of a K-reduced basis may be expressed very
neatly in terms of the so-called distance function of K.
The Q&g&ggg& fupction is a homogeneous (of degree one) function

F defined on R" by

K= {x|F(x) < 1}.
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The properties of this function are discussed in detail in
[4]wehptd TDDsNandsalsosdna2lispe2l. In particular F has
the following properties. F 1is absolutely continuous;
IntK = {EJF(E) <l FrK = {EJF(§)=JJ;

gk = {x|F(x) < g}; F is homogeneous so that

F(tx) = ER(Z)e HESSt=ENoge F 8 convex so that

F(xty) < F(x) + F(y); K 1is symmetric if and only if

F(x) = F(-x) for all x e i

Let K have the distance function F, and let L have the
basis {a,,...,a }. Then it follows from the properties
=il -
of F that {gl,...,gﬂ} is a K-reduced basis of L if
3 min. SRR 3 :
(1) F(a,) = F(a), a0 (ii) for each j with
21) = ger, T BFE
o I '3
Luedus i, F(éj) < F(b) whenever 1é1"’°’§j—l’9) is

primitive in L.

Finally, by Lemma 11 we can write this definition in an even
simplier ‘fotmy . The 'basis’ {a. ;«asganludef '°L s a
=ik =n

K-reduced basis of L if, for each j with 1 < j <n, we

< Jagds g = 1.
have F(éj)-— F(plél + <t pnén) whenever g.c.d (pj’ pn)

It is useful now to relate the reduction theory. of a convex body
K to the Minkowski reduction theory for quadratic forms. The
Minkowski reduction theory of quadratic forms is a special

case in which the convex body K 4is a sphere (or more generally
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an ellipsoid). In this case, many results on the minimum
values of quadratic forms at integral points have been
obtained. The connection with quadratic forms may be seen
briefly as follows.

n
Let K be the unit sphere ) x2 <1 in R", so that
i=1 RY
the distance function F is given by F(x) = { z X;J .

n i=1
The value of F, at a point Z Ve ot a
. de.
i=1 n 3
lattice. 1. ‘with.basls (& j..ack.n ds F[ Z y,a_J for
=i =1 jo1 1

integers Yyseees¥ye If we write

Feonie)
G = F .a. 'y
62) izlylgl J

then G(y) is clearly the square root of a positive definite,
quadratic form in the n-variables, YysceesV - It is easy
to show (see [11], p.272, 273) that any positive definite,
quadratic form of n—variablés may be obtained in this way
from some lattice L in R by choosing a;,...,a
appropriately. A form which corresponds in this way to a
K-reduced basis is called a E%Q%&%% {g{m (that is, reduced in
the Minkowski sense), and two forms which correspond to
different bases of the same lattice are called %%%%xg%ggg.

It now follows that any property of a K-reduced basis of a
lattice corresponds to a property of the corresponding

reduced, positive definite, quadratic form and vice versa.
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In this way we see a connection with the values of positive definite,
quadratic forms at integral points. The theory concerning
reduction of quadratic forms is very extensive and goes much

further than is indicated here. Van der Waerden in [11] gives

a good account of the present state of the theory of reduction of

positive definite, quadratic forms.

It is interesting to reconsider the K-reduced basis. An
Redinensionat Minkeweki seesg is R° with a metric D given

by D(x,y) = F(x-y) where F is the distance function of a
symmetric n-dimensional convex body. In particular,

F(x) = D(x,0). A K-reduced basis of a lattice is therefore

define in the Minkowski space in terms of the distances, D(x,0),

of lattice points from o. In the case when K 1is the sphere we
are in ordinary Euclidean space and when K is not a sphere we have

generalised the definition of reduced basis to a Minkowski space.
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10. The Two Fniteness Theorems.

Some results concerning reduced quadratic forms or in other
words, concerning K-reduced bases when K is the sphere, are
known to hold when K 1is any symmetric convex body (see [10
Cadisdi(b) e )il ). However two important finiteness theorems
discovered by Minkowski for quadratic forms have not apparently
been investigated in the general situation, except in RZ.

In this section we investigate these finiteness theorems.

The first of the finiteness theorems states that all reduced
positive definite quadratic forms are determined by a finite
number of inequalities of a certain type. The second theorem
states that there are only finitely many different unimodular
transformations which transform a reduced quadratic form again
into a reduced quadratic form. Weyl in [10] (a), (b), discusses
these results under the names first and second finiteness
theorems, and he simplifies parts of Minkowski's proof. Van
der Waerden gives complete proofs in [11]. For reference we
state these two results in their geometric formulation in

Theorems 5 and 6.

Theorem 5. Let K be a symmetric n-dimensional ellipsoid in

Rn with distance function F. There exists a finite set

P <= In, so that if 2ysec.53 are linearly independent points

which satisfy for J = l,...,n,

| A

FQ%) F(pl_zil e SE pudl )

mrn
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whenever p € P and g.c.d. (pj,...,p ) =1, then

{a ,a } is a K-reduced basis.
= ~n

'ERRE
LAV VLV V.V VLV VY
Theorem 6. Let K be an n-dimensional ellipsoid in R".

Considering all K-reduced bases of all n-dimensional

’ : n b e
lattices in R, there are only finitely many, different
unimodular transformations which transform a K-reduced basis

again into a K-reduced basis.

VAV VAV VAV VA VA VAV

Minkowski in [7], p.193, has shown that Theorem 5 also
holds in R? for all symmetric convex bodies. For

completeness we reproduce Minkowski's result in Theorem 7.

Theorem 7. Let K be a symmetric two-dimensional convex

body in R with distance function F. TE a and a, are

linearly independent, then {31,32} is a K-reduced basis if

and only if
F(a,+a,) > F(a,)
F(E]_—Ez & F(EZ)
F(a,) > Fay).
Proof.

Any K-reduced basis {31’22} must satisfy the three conditions

by definition.
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By symmetry F(x) = F(-x) for all x ¢ Rn, SO we can assume

in the following that P, 2805 Assume that the conditions

of the hypothesis hold for the linearly independent pair 24

and a,. Then using the convexity, homogeneity and symmetry
of F, together with the three conditions of the hypothesis,

we have when P >0 and P, > 03

- < > - 3 - -
foF By = oy PlUEa, + 2om) 2 EECs ) = Gryop, A,

| v

p,F(a,);
for P; = Py F(—plgl + ngz) = pZF(tgl+§2) > F(gz);

for Py < Py F(iplgl-+ Pzgz)

| v

p,F(£a;+a,) - (p,-p;)F(a;)

| v

PlF(gl) y

We have from the above inequalities, using the symmetry of K,

that
F(pja; +p,a,) > F(a;) and
F(p,2, +3,) 2 F(a,)

for all non-zero integers, Py and Py Hence, by the

definition, {21,32} is a K-reduced basis.

VA VAVAVAVA VI VAV VAV

Theorem 6 surprisingly does not hold in RZ for all convex
bodies, but only for those bodies which have no straight

pieces on their frontier, as we now show in Theorem 8.
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Theorem 8. Let K be a symmetric two-dimensional convex body

in R? with distance function F. There are finitely many unimodular
transformations which transform a K-reduced basis again into

a K-reduced basis if, and only if, every tac plane of K is

regular.

Proof.
Let every tac plane of K be regular and {21,32} be a
K-reduced basis of a lattice L. As in the proof of Theorem 7,

we obtain when P > o0 and p, > o:

for p; > pys F(*pya; + pya;) > p F(¥a,+a,) - (p;-p,)F(a,)
> PyF(a,); plandl)

for p; =p,, F(*pja; +p,ya;) > F(*a;+a,)); awar 08

for P; < Py F(fplél -+ ngz) = pZF(:§1+32) = (pZ-Pl)F(gl)

> plF(gl)c f1etad3)

In addition, for Py < p, we find using the convexity,
homogeneity and symmetry of F, together with the reduction

conditions, that

F(*pja; + pya,) 2 p,F(a,)) - pyF(a))

i (pz_pl)F(iz) ss e (4)

From (1), it follows that F(iplil + ngz) > F(gz) unless
both p, = 1 and F(iélfgz) - F(§2)° From (2), we find

that F(iplg_l + ngz) > KEQ) unless Py =P, = 11




I

From (3), F(iplil S5 pzéz) > F(gl) unless pil= 15 and
when P = 15 by (4) F(*il.l + p2§2) > F(EQ) unless

P, <2 It follows from these results and the definition of
K-reduced basis that the only possible candidates for a K-

reduced basis of L are

By "8y %8y * 235y Ags S, and
P13 * 2,5, where Py > 2.
In the last case we also found that F(gz) = F(f§1+32),

and since we also have F(iz) = F(fplg_l * 32) (for appropriate

choice of signs), there are three linearly dependent points
on FrK. This means that K has a non-regular tac plane, so

this last case must be excluded.

We are now left with only a finite number of possibilities

for points of other K-reduced bases, namely

+

t a ta

Eg S 28 ars a,-

T dga Ty 2°

There can only be finitely many transformations between bases
composed from these points, regardless of the choice of 3

and a This completes the first part of the proof.

2
Now let us assume that K has a non-regular tac plane so there

is a segment a b in FrKk. Choose a sequence of lattices Lm

with respective bases {gﬁ,gg} as follows:
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m m m
a~= =
-2 - E m§l+iz
K m
2
Diagram 10
) R m_
3, = —(({a), a,-=a.

We now show using Theorem 7 that {§$,§3} is a K-reduced

basis for all m sufficiently large. We have first of all
F(a) >-£F(b—a)
Sl N

for all m sufficiently large, say m 2m. Hence by the

homogeneity of F, we have when m > m
F(a)) > F(a)).

Secondly by the convexity, homogeneity and symmetry of F, we

have
M. i m+1 L
Elay=gs) = B Jé-— s
—m+lJF(a) o 1SR (B
m v m

Since F(a) = F(b) = F(gz) = 1, we therefore find for all m,

m m m
F(a;-a,) > F(a,).




Dk

ac kras = a b %(bji) € ab, so that

m T Mg A m
F(gl +_§2) =8l = F(EQ)'

Hence, the three conditions of Theorem 7 are satisfied and

{§$,§§} is a K-reduced basis of L when m > m .
m =T

Similarly, {EE’E) is a K-reduced basis of L~ when m >m .
The transformation from the basis {gﬁ,gg} to the basis

{EE’E} has the matrix

Infinitely many of these transformations are different for
m>m . Hence when FrK contains a segment, there are
infinitely many unimodular transformations which transform

a K-reduced basis into a K-reduced basis.

RVAVAVA VAV VAVAVAVAY

For n > 2, the generalisations of Theorems 5 and 6 have not
apparently been investigated for general convex bodies. In

fact, as we show in Theorems 9 and 10, the position for n > 2

is quite different from when n = 2, and neither of the finiteness

theorems holds for a convex body other than an ellipsoid.
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In Theorem 9 the width of a convex body in a direction u

is defined as in section 4. The maximum and minimum width

of a convex body K for all directions u are called

respectively the %égggggg and %h%%k%%iﬁ ot K.

Theorem 9. For n > 3 let K be an n-dimensional,
symmetric (about g), convex body which has the distance
function F. Let there be a finite set P In, so

that if a -»,a ~ are linearly independent points satisfying,

107"

F(gj) s F(plg_l + 1 At pnén) st danld)

whenever p € P and g.c.d. (pj,...,pn) =1, then
{gl,...,gn} is a K-reduced basis. Then K 1s an ellipsoid.
We first prove the theorem for n = 3. The method of proof
in this case is to construct a sequence of lattice bases
related to K. We show that unless K satisfies conditions
which characterise it as an ellipsoid, some of the lattice
bases satisfy all of the finite set of inequalities of the

hypothesis, yet are not K-reduced.

Let U and Uo be two parallel planes where U is a fixed

regular tac plane of K with outer normal w and o € Uo'




by,

et D = Uon K. Let h>» 0 be so that: if U' 1is the tac
plane of hK with outer normal w, then the diameter of U'a K
is equal to %— of the thickness of Do' This condition in fact
defines h wuniquely with h < 1, since the diameter of U'aq K
must decrease monotonically and continuously to zero as the

distance between U' and U decreases to zero. Now define
. 2 g
@) =max (h,3), so j < 1.

It is not hard to show that j is a continuous function of w

(for those w for which it exists).

Let U, be any plane parallel to U not intersecting Int (j W)K),

l;
and let Dl = Uln K. Let Vl and V2 be two distinct parallel tac
planes of DO (in Uo) at the points hl and 22. Let Wy and W,
be distinct tac planes of Dl (in Ul) at < and S5 which are

both parallel to V., and V2 and similarly situated with respect

1L
to Dl and Do' (See Diagram 11.)
If 2122 is parallel to (SRS for every choice of Vis Vs Wy

and w2 when all four are regular tac planes, then D0 v Dl by

Theorem 1. It is this result we will eventually obtain.

vV W and W

2 W 2’ all regular, we

Assume for some choice of Vl’
have 3122 is not parallel to 18, We now choose a

: m m m
sequence of lattices Lm with respective bases {al,az,a3}
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Notice that 21 =-§2, and any result concerning the plane Ul

also applies to the plane (—l)Ul, by the symmetry of K.

Let Cq be the point of W,, so that €185 is parallel to

bb,.

c, ¢ K. We define (independently of m)

By assumption, €3 = <, and by the regularity of wz,

m
8, = k(cy=eg), e il

W
Wl
i
!
Diagram 11
where k is chosen (independently of m) to satisfy:
(i) % S O G ) < + 22 ¢ K. Condition (ii)

may be satisfied by choosing k sufficiently close to 1,
i n = =
since cg, ¢ K and < + a, kg3 + gl(l k) > cy as k > 1,

Define gg = (again independent of m) and

m_ ko _
a; = ey,
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We will now show that all but a finite number of the inequalities

(A) of the hypothesis are satisfied by the linearly independent

! m m
points a

a5, 2, and g? when m is large.

3

First consider 32. Every point of Lm, which is not a
multiple of 2? lies on a line parallel to Vl’ through
one of the points ngg + p3§§ where the integers Py and
p, are not both zero. Since 32 and 32 are defined
independent of m, these lines have a minimum distance from
o independent of m. Hence for some q > o

3
F( )

m
p;a;) > g,
i

1
whenever P, and py are not both zero. On the other hand,

F(g?) = %F(EB-EZ) +"0, ‘ag W > =,

Hence there is an mo so that the inequalities (A) hold

for 2?,

when m Z_mo namely :

m m m m
Blagh S SRy * byl vy,

for -all p e 13, whenever m 3_m0.

Consider now the inequalities (A) for 33. We have
m
légl o lk(23'£1)| < 'EB_Eil’ since k < 1.

By our assumption on the widths of Do and Dl’




|£3-£]_l L /A
Hence F(am) < l-F(b ) and since F(b,) =1
=27 = 2 =272 —2 ’

m 1

It follows that we need only investigate points P

i=1

K.  However Ul does not intersect Int(j(w)K)

- L 15 m
where j(w) > 3’ SO° F(a) > 3> F(a,) when ace¢ D, .
Hence we can restrict our attention to DO. We cons
: m m . :
points (plé1 +.52), since Py =0 in Uo’ and the
inequalities (A) only apply to 33 when g.c.d.
(pz,p3) = 1. We know, by the choice of C3» that £

q>o0
= gk(cy-¢y) = c@_t;, so
m m
= qa, and qa, € V2.

By similarity, q(pl§$ bz 33) e V,. Since F(a) > 1

ace V2,

F(q(plgg -+ 53)) > 1 and so

1
F(pl§$ 2 é?) 3_a-= F(gg).

We have shown that the inequalities (A) hold for g?

all m, namely: whenever g.c.d. (p2,p3) =1,

m m m m
F(a,) < F(pi8) + P8, + Pya,).

m .
a; in
s gt

ider

Oor some

when

2 and for
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We now consider the inequalities (A) for i‘g' In this

case the conditions Py = 1, together with F(gr;) = 1, restricts

our attention to IntDle Let W be the line through EI; + _af;l

parallel to wl. All points of Lmn Ul lie on lines parallel

to Wl through the points

m m _ "
33 + Pya, = El - pzk(c C. ) where Py e I

When P, = 0, this line is W through c¢.; when P = 1,

1 1
it is W through 52\4-&!2 and when Py ™ 1/k (not an integer),
it ds w2 through Cqe Since by the construction of k
1/k < 2, the only such line which intersects IntDl is W.

Therefore we need consider only points of (Dln W)= (Wnk).

Since a2 + a gk, let <, be the nearest point of (W n K) to
3‘2 +§_r;. The distance between successive lattice points on W
. m ; ; m m
is ,Ell , so the number of lattice points between a, + aj and
<, is at least
m, m
|_4 a+a l _m}ga,a +a3! S i
= 1 = = ) -

t 1is independent of m since 312 and gr; are independent of m

and £ > 0. Hence, all lattice points of Lm in Wn Dl

must be of the form

m m m
pia; +a,+aj, where lpll > mt.
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We have shown therefore that

m m m m

for all integers Py and P,, except when T 1 and

’pl > mt.

Collecting all the results we have shown that for each m with

m>m and for 9§ =1,2,3,
m m m
Wiy 2 Hieaey FHa ¥ vay)

whenever p € 12 . and  g.c.ds (pj,...,pn) = 1, except when
Py By = 1 and Ipll > mt. By choosing m large enough, say
m Z-ml z mo’ weé can ensure that none of the p, for which
the above inequalities fail, lie in the finite set P of the

: : m m m
hypothesis. Hence for m > my, the basis {21,22,33}
satisfies all of the finite set of the inequalities (A). How-
ever {§$’53’§2} is not K-reduced for m > mg, since

the point

=imas +Vas e haae =Ne S k(Ez'Sl) for %-< R <!

i

lies in IntK, so that

m

ik m m
F(§3) > F&mgi + 45 +.§3)'

Hence we have a contradiction of the initial assumption that

2122 is not parallel to 18, As previously indicated, this

leads us to D ~ D..
o il
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We have shown, for each initial choice of the tac plane U, that
D v Dy whenever U, does not intersect Int(j(w)K). 1In order
to apply Corollary 4 (page 38), we next show that no tac plane

intersects K 1in just a segment.

Assume that a tac plane T with outer normal w intersects K in

just a segment d.d (gl # gz). Let - Uf, Bi =(2535Ma., be

—1=2 i
planes parallelto D at a perpendicular distance of 1/i from T.
We next define points and planes related to each Ui in the same
way as we defined points and planes related to Ul at the beginning
of this proof. Let Uo be the plane parallel to T with

oye Uise D = oA Ky cand, X and V., be parallel tac planes

- o o o 1 2
of D (e ST B For each 1, let D.= U..n K, . and let W..

o) o il i 1i
and WZi be tac planes of Di parallel to Vl and V2 and
respectively, similarly situated about Di' Let d and di be
the respective perpendicular distances between, V1 and V2, and
wli and w21. If V1 is parallel to 9192’ then clearly di =20
as 1 > =, Hence if we choose Vl sufficiently close in direction
to QLQZ’ yet not parallel to 9132’ then we can find an i so
that di i_%d SGEN L. io. We now take this to be the case and
further assume that wli’ WZi’ Vl’ and V2 are all regular,

which we can do since at most countably many tac planes of Di

are not regular. Let {'(':"li}: Wi;A Dy z221:§= Woy 0 Dy

{Ei§= Via D, and {E£§= V,n D . Finally in addition to the above

bb

b;b, 1is not parallel to

conditions, we can clearly assume that

|




66.

2192' Vl and V2 are now fixed.

2
Note that Uin Int(gK) is empty for i > io. Each Di’ with
- io, now satisfies conditions by which we can show (with jw) = —§')

that €148 1s parallel to 31_132, in exactly the same way as we

previously showed that the chord 8, of Dy (in the previous notation)

is parallel to 2132 in DO. (Even though j(w) here does not satisfy

the complete condition satisfied by j(w) (page 59) in the previous

proof, the condition di < %dl is sufficient to follow through the proof

for the particular choice of Vl and VZ')

The sequence {Eli} clearly has a limit point d where d e Tp K = 4,4,

and we show that d = gl or 9_2. Project all of the sets in question

from o onto T, and denote the projected sets by an asterisk. Then

* * * i oo *
clearly Df2D52 ... 2 glgz, and [ P d'¥ &g * I p.aS  Now Wi

cannot intersect the interior of the segment 9192 since D; =] 9192’

and consequently d =d. or d say d =4d Similarly c,. > d

il 2 1 258 —2
as 1 > =, Hence the direction of 1184 approaches that of g_liz
ga 4 = o5 yet L1458, 1s parallel to 3122 for 1 > i and 9-122
is not parallel to g—léz This is a contradiction. Hence T n K is

not just a segment.

Now we can apply Corollary 4 to show all tac planes of K are regular.
Then j(w), as defined on page 59 is continuous for all w, and
j@w) < 1, so by Corollary 5 (page 41), K is an ellipsoid. This

completes the three-dimensional case.

For n > 3 we proceed by induction on n. Assume that the
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theorem is true for dimension (n-1) and that K is an n-dimensional
convex body satisfying the hypothesis. Let U be any hyperplane through
o, and let J =Kqn U. Clearly U can by identified with Rn_l so

that J 1is an (n-1)-dimensional convex body. Let

P' = {(pl,...,pn_l) | (pl,...,pn_l,O) € P}.

We now show that J satisfies the hypothesis of this theorem with P

replaced by P'

Let 2 be linearly independent points in U satisfying

ESREER

tar =2 s eani=ls

F(gj) = F(plél Honew, F D ) SR )

n—lén-l

whenever (pl,...,pn_l) e P' and g.c.d. (pj,...,pn_l) =1,

We must show that Byt o g8l is a J-reduced basis.
=, =n-1

Choose a hyperplane V in Rn, parallel to U, which does not
intersect the set F(x) < F(éi) foranXxs E Rn, ands 41 =1 Lgnis sn=1.
Define a € V by
=7
F(a ) = min F(a),
= i
aeV
By the construction of V, none of the planes parallel to V,

through points pa , for p € I, can intersect the sets

F(x) < F(éi) For' 1= 1. ni—1s Hence, for J = l,:.-,n,

| A

F(gj) F(plg1 TR C pnén) el ()
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foneall  (ps,esesp.) with p_ # o. From equations (1)
1 n n

and: (2)wmesfindy sforeciiis L. caym,
F(gj) < Flpya; + ... +pa)

forall p € P, with g.e.d. (pj,.c.,pn) = 1. Since K
satisfies the hypothesis of this theorem, it follows that

{a ,gn} is a K-reduced basis. Hence we have, in

100
particular, by the definition of a K-reduced basis, for

i=olpm. O,07 1

F(%);F(plgl*r--- +p )

n—lén—l

whenever g.c.d. (pj,,..,pn_l) — This shows that

tgl,nn,,én_l} is a J-reduced basis.

We have now shown that J satisfies the hypothesis of this
theorem, and so by the induction argument, J is an ellipsoid.
This result is true for each choice of the hyperplane U

through o, so by Theorem 2 of section 5, K is an ellipsoid.

Hence the theorem follows for all n by the induction principle.

VAV VAV VA R VAV VLY

Theorem 10. For n >3 let K be an n-dimensional,
symmetric (about o), convex body in R". If all K-reduced
bases of all n-dimensional lattices in R are considered,
then let there be only finitely many, unimodular transformations
which transform a K-reduced basis again into a K-reduced

basis. Then K 1is an ellipsoid.
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Proof.
The proof of this theorem is very similar to the proof of
Theorem 9, and many of the details of this proof are referred

to Theorem 9. We first consider the case where n = 3.

Let U be a regular tac plane of K and let Uo’ i), Ul’
Do, Dl’ wl, WZ’ Vl’ VZ’ El’ 22’ g8 and S5 be defined as

in Theorem 9 (see Diagram 12). We assume that, as in

Theorem 9, for some choice of V W. and w2, all

1l VZ’ 1

regular, we have < # C3-  We mow define a sequence of

" ‘ : m m m
lattices L~ with respective bases {21’22’53}'

W,

L

iy
X3
vl

Define Diagram 12
o= l( -c.) Nale ot o)’ and as = ¢
T ne g TS Y o

The only difference between the situation here and that of
Theorem 9 is that the line W defined in Theorem 9 has now

become wz. Hence we can show, as in Theorem 9 (but without
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the exceptional points on the line W), that for m > m and
= o

for j = 1,2,34
m m m m
F(E.J) = F(plf_l 7 pzéz * pﬁ3)

whenever g.c.d. (pj,...,p3) = 1. Hence {gﬁ,gg,ég} is a
K-reduced basis of L when m > m . However, c¢, e L ,
m — 0 =2 m

. m m m m
since ¢, =ma, +a, +a,, and {21,53,52} is a basis of 1,

7M™ T TE Y

by L 11 = S = m _m .

y Lemma Yet F(gz) F(33) 1, so {31,32,52} is

also a K-reduced basis of Lm, for m i_mo. The transform-
i : m m m . cm m

ation from the basis {a;,a,,a;} to the basis {a;,a;,c,}

has the matrix

Hence infinitely many of these transformations are different
for m >m. This contradicts the hypothesis, so in fact we

must have e, = &3¢ As in Theorem 9 we deduce e D, and

that K dis an ellipsoid provided no tac plane intersects K

in a segment.

Assume therefore that the tac plane U of K intersects K

in a segment 9192' We define Uo, DO, Vl’ V2, Rl and EZ

with Vl and V2

(see Diagram 13). We define a sequence of lattices L with

regular, as in the first part of this proof

TR 1 m
{a,

respective bases 128583}




s

Diagram 13

Define

m 1 m m
= — d - = =
a; = (&4, a,=b), and a;=4d,.

It is easy to show, as in the first part of the proof of this

g,gg} is a K-reduced basis

m
theorem, that for some m_ > {gl,a

afet L dafor . s m Similarly {aT,a%,d.} is a K-reduced
m — o] —1°=2°=2

m m

basis of L forrme m., Aand dy =maskas. The
m =10 = ==

2

z 2 m m :
transformation from the basis {31,23,33} to the basis

{§$,§3,g2} has the matrix

Infinitely many of these transformations are different for

m>mo. This contradicts the hypothesis.
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Hence U cannot intersect K 1in a segment. As previously
noted, this result together with the preceeding results leads
us to the conclusion that K is an ellipsoid. This

completes the discussion of the three-dimensional case.

We now prove the theorem for n > 3 by an induction proof.
Assume that the theorem holds for dimension (n-1), and

let K be an n-dimensional convex body satisfying the
hypothesis of the theorem. Let U be a hyperplane through
o and let. . J = Ua K. We now show that the (n-1)-
dimensional convex body J satisfies the hypothesis of this

theorem.

Let {a } be any two J-reduced

—1""’§n—l} and {b. ,b

177 2n-1

bases of some lattice L. Let the unimodular transformation

from the first basis to the second one have coefficients fij'

We choose a hyperplane V in R" which does not intersect the

sets F(x) < F(gn_l) and F(x) j_F(gn_l) Foe % le Ry

and define a_ by
=N

F(a ) = min F(a).
o aeV K

Then, as in the previous proof of Theorem 9, [21""’2n}

and {b,,...,b .,a } are both K-reduced bases. The
=1 =n= *=n

transformation from the first basis to the second has the

matrix
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fll I fl,n—l o
fn—l,l e fn,n o
o o 1

However, since K satisfies the hypothesis of this theorem,
there can only be finitely many of these transformations which
are different. Hence only finitely many of the original
transformations with the coefficients fij are different.
Therefore J satisfies the hypothesis of this theorem, and

so J must be an ellipsoid by the induction argument. L€
follows from Theorem 2 of section 5 that K is an ellipsoid,
and so the theorem is proved for all n by the induction

principle.
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