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(ii)
ABSTRACT

This study falls into two parts: in the first part (Chapters
2, 2A and 3) we examine the Chebyshev expansion for the distribution
function of normed sums of independent random variables and in the
second part (Chapters 4 and 5) we apply some convergence rate results
from independent random variable theory to two types of branching

process and we obtain some analogues of the classical limit laws.

In partiéular, in Chapter 2 we derive necessary and sufficient
conditions for certain series—type'convefgence rates for the rémainder
term Rk,n(x) in the Chebyshev approximation to the above mentioned
distribution function. These conditions turn out to be pure moment
conditions, in contrast to the‘case of 'order n' convergence ratés,
treated by I. A. Ibragimov, in which tail-conditions oﬁ moments are
involved. Chapter 2A shows that the results of Ibragimov may be
obtained under slightly weaker conditions and as a corollary to this

result, we show how to tie up some loose ends present in Chapter 2,

In Chapter 3, assuming certain moments exist, We'derivé very
precise estimates for the remainder term Rk,n(x) and we show that from
thesg estimates, well known results concerning Rk,n(x) can be easily
derived. Also, without demanding the existence of any moments whatever, .
we give a new estimate for the remainder term in the central‘limit »
theorem which extends a similar result of Osipov and Petrov. Further-
more, lwe generalise this extension and obtain an estimate for the
remainder term in the Qhebyshev approximation, again without requiring
the existence of any moments. Finally, we show that this latter
estimate has, in certain cases, asymptotic behaviour equivalent to that

of the remainder term itself.

Chapter 4 provides analogues of the iterated logarithm law in
“the context of Galton-Watson processes, with or without immigration.
Such results had earlier been given under rather severe moment restrictions.
In Chapter 4 we show how to remove these restrictions and replace them |
by a basic second moment condition. We also give a convergence rate
for the analogue of the central 1limit theorem. - This rate result plays
a vital role in the derivation of the results of Chapter L.

The final chapter gives both central limit and iterated logarithm
analogues for temporally homogeneous Markov branqhing processes and for the

associated increasing process consisting of the number of splits in the
original process up to time t.
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NOTATION AND ABBREVIATIONS

almost surely

Cramer's condition, see p.l.
characteristic function

c(n) is an increasing function of n
converges in distribution to

has the same distribution as
distribution function

if and only if

1lim sﬁ? _ |

lim inf

where f(t) is a characteristic function; we take
the principal value of log f(t) - see [F11] p.6k.

converges in probability to
random variable

Theory of Probability and its Applications

'tail conditions' on moments is used in a broad sense to include

[x 1]

conditions on r : <
: J u dF(u) and on J u dF(u) .
[u]|>z [u|<z v
Lemma 3.7 shows that certain conditions on the former

expression induce similar conditions on the latter.

often, for reasons of clarity, a dot is placed between
two expressions whose product is being taken.

integer‘part of x



CHAPTER 1

INTRODUCTION

1.1. INDEPENDENT SEQUENCES: LetE{Xi}be a sequence of iid rv's.

Throughout this section we shall assume, unless otherwise stated,

that EX, =0 and EX;® = 1.

HISTORICAL PERSPECTIVE; In 1901, Lyapounov published his theorem about

the convergence of the distribution functions of the normalised sums of
a sequence of iid rv's to the normal law. In that same article he
gafe én estimate of the speed of this convergénce. Indeed, upéh
assuming the existence of the 3rd moment, i.e. E[Xi|3 = 53 < o and .

| (X o+ X o
F(x) = P{ = LY x)

taking

ne showed that

log n

|Fa(x) - o(x)] < CB3 n %, C a universal constant.

' Some years later (1928) H. Cramér sharpened this result while
imposing the additional assumption that le lf(t)l < l where
£(t) = ge*t¥ (we denote this condition here and elsewhere by (”)lto

"obtain 83 N
|Fn(x) - o(x)| = C 7>, C auniversal constant.

Berry (1941) and Esseen (1942) independently obtained the same result

whilst avoiding the imposition of condition (C).

Ibragimov [22] (1966) relaxed the condition demanding the
existence of the 3rd moment and was still able to obtain estimates of
the same order as the Berry-Esseeﬁ result. ..Furthermore; he showed
that the cénditions were also necessary and in addition he gave

necessary and sufficient conditions for IFn(X) - @(x)l to be

o{n'd/e), 0<8<1.



_ His results are given in the followingbtheorém:

THEOREM 1,1 (Ibragimov). In order that [P (x) -o(x)]| = (n=8/2y,

0<686<1 1t 18 necessary and sufficient that

1) I xzdF(x) = 0(2—6). as z >

|x|>z

and 2) T x3dF(x) =0(1) as z >o if § =
: _1 .

We note that the O(n 2) rate is the best possible in view of the
follow1ng simple example in which this bound is actually attalned Let
the iid sequence {X } take the values ¥1, each with probability 3.

—-1 B
The distribution function of (Xi + 0ee + Xn)n 2 isa step function with
jumps of order of magnitude j%- while &(x) is of course continuous,

hence s%pan(x) - o(x)| = 0(n ?). Furthermore, all moments of X;

exist.

1.2, THE CHEBYSHEV EXPANSION FOR THE DISTRIBUTION FUNCTION F.(x).

With bounds obtained for the difference |F (x) - ¢(x)], interest
was next directed towards obtaining some kind of asymptotic expansion
for it. = The problem is the éame as that of finding an asymptotic
expansion for Fn(x),in which the first termbis o(x). Hisforically,
results of Chebyshev (1859) [5] were used to obtain the desired
expansion; Chebyshev had found an expansion for an arbitrary function
p(x) in terms of an orthogonal set of polynomials {Hk(x)} now known as

the Chebyshev-Hermite polynomials. Chevyshev proposed the following

expansion ‘o - : : ,
. 1 ak | -lx2 1 k, -3x2
p(x) ~ 5= Z,Ckaik (7)) = 5= T (-1)7cye™ H (x)
k=0 ‘ =0
where Cy = (—l)kj He (x)p(x)dx (the Fourier coefficients)

k 1
and H(x) = (-1)k e 2%% &5 -2x?

dxk . Ho(x) =1 .



. . . o _=3x%2 . TR .
Since the first term 1is én o8 %gv this suggested an expansion

for an arbitrary probability density>(with'all moment s existing)
pX(x) of a rv X with EX = 0 and EX2F= 1. We note that Ci

can be written as a linear combination of the first k moments of'X, i.e.

k
Cx = 2 Ve, o. = EX2,’ Vs constants.

i=0
It is not difficult to show that in our case Co = 1, Cl = 0 and
Co = 0 giving
1 -3x2
py(x) ~ 75w €73 (1 - C3iz(x) + C\jH (x) + o)
Integrating the above expansion, we obtain an expansion for an arbitrary

distribution function, all of whose moments exist, namely

L)

P (x) ~ 8(x) + C0 (3) () + CL¢( (x) + ...

3

where

p:4

k-1 7 o '

-C0

We are now very close to the desired expansion. If we consider

the rv

+ ... +X)

1
- -2
Y n (X1 + X2 0

n
vhere the {X,} are iid with EX; = 0 and EX,% = 1,

we have EY, = 0, EY,2 = 1 and

Fn(x) = FYn(x) ~ o(x) + C

3,n®(3)(x) + ch’naf“)(x) . (1)

where the Cj q 2re linear combinations of the first j moments of Yn'
b

Remembering that EXi = 0, it is not difficult to show that

j+2 -2i ' :
EYy = 6. . n where the 6. . are independent of n.
1 1,J

i=o ,J, . ) 9
We can now collect together terms in (1) having the same order of n,

which leads to the so-called 'Chebyshev Expansion'

_%xe .

Fo(x) ~ o(x) + S {QiiX) + Qgix? + ...}

where Qj(x) is a polynomial of degree 3j-1, independent of n and defined

\



L
in terms of the first j + 2 moments'of X; (& precise definition of

Qj(x) is given in Chapter 2).

At this point it is perhaps instructive to note that there is
a more direct apprdach to this expansion. Indeed, without intending .
this to be a formal derivation, let ué assume that the sequehce of
iid rv's {Xj} has finite kP moment. From Taylof's theorem we have

for ]tl small,

k-1 B ,
EeitXi» = £(t) = exp [-2t2 + z (1?)8 s+ o[]tlk)]
s=3
Furthermore, A | !k ’
. n . s K t .
peittn = [fﬂyﬁa] = exp [ 1t2 + 23(12? 2(552) + O{;%TE:ET})
k=3 ., \5+2 U Y L
= 1 (it) -

By expanding the second exponential term and collecting like powers

of n we can write

k-3
(l + Z P (lt) —T— + mk (t)}
s=1

_lt2
fplt) = e °

where the Pg(it) are polynomials of degree 3s in (it), depending on the
first s+2 cumulants of X; or, equivalently, on the first s+2 moments

of Xj. If we note

£(t) = I X arn(x)
e-%t?. - J 1txd¢(x)
and e Ht2 (533 = (1)) Ieitx aé(j)(;)
vhere (J)( ) = (‘1;1 J_l(x)e_.%x .
and thus 3s ) ) )
p(it) = ] a_(-1)) [e1t%30(3) (),

J'=l S’J



5 .

we can immediately extract the following representation:

k=3 | e sy
Falx) " e(x) + ] [ L e, s(-117 0 (J)(x)] n72e M ()

s=1 ‘l
~ o(x) + V%ﬁ‘ B2 ) [ I el -l)H (X)}n—?s + M (x)
s=1 \j=1 59 o0
1 2 B33 34 N
“oe(x) v gm e z n"2% QS(X) + Mk’n(X)

This representation being the first »k42 terms of the Chebyshev series.

1.3. RATE RESULTS FOR THE CHEBYSHEViEXPANSION.

The first convergence rate result for the Chebyshev approximation
to Fp(x) was obtained by Cramér (1928 [ 7 1) who showed that if the
k+2nd absolute moment (k >1) exists and if condition (C) is satisfied

‘ 1
then SEPIRk_l,n(X)] ;n-akM

where - 1 _1x2.k‘1 -ls
R p (%) = Fp(x) - 0(x) - 5p e le n = Qg(x)
and M depending only on k and the distribution fupctiOn of Xj.

Taking k=1 we obtain essentially the earlier mentioned result
of Cramér for |Fp(x) - @(x)|. Comparing this with Ibragimov's necessary
and sufficient conditicns for |Fp(x) - @(x)| to be O(n-%) suggests that
Cramér's Chebyshev expansion rate result could be obtained under more
relaxéd conditions. It is also possible that the new conditions would
be necessary. At this point we shall examine precisely what is meant
here by necessary ¢Onditions and we will show that this leads to a more
general consideration of the problem.

In the present framework, since Qj(x) is a funcﬁion of the first

j+2 moments, we must at the very least assume the existence of
2

lim J ket 2dF(x) as well as of the first k+1 moments in order to deflne
Zro

-2

all the Qj(x)'s (3=1, ...,Zk) appearing in R, (x). The problem would

kn _
. . k+2 Joo- R .
then read: assuming lim | x dF(x) and E|X|Y, j = 3,4,...,k+1 exist,

-2



6

find necessary and sufficient conditions for Rkn(x) to decrease at a
specified rate.

Suppose, however, instead of defining the Qj(x)'s in terms of
the momenfs’ His Wps coes uj+2, of Xi’ we prescribe an artibrary sequence
of real numbers al = 0, e, =1, q3, o) ;.. uk+2 and on the basis of it

we form polynomials Qj(x) in such a way that their coefficients are

in the same way as the classical

expressed in terms of Ggy Qs wevs Opyn

polynomials Qj(x) are expressed in terms of Mga My wees Mypo
Now set
J1x2

k 1
e -38
= + .
G, (%) o(x) + =75 Szl Qg(x)n
This construction, which henceforth we shall refer to as

the 'Ibragimov formulation', raises the following question: if
s%p|Fn(x) - Gkn(x)l decreases at a certain rate, can we make definite
statements about the existence of the moments of Xj and as to how these
moments relate to the numerical sequence O, 1, a3, o) . ak+2?

This problem is considerably more general than the one stated at the

end of the previous paragraph. The advantage here, however, is that

no moments higher than the second are required to exist in order to
formulate the question. Sufficient conditions for a particular convergence
rate for s%p]Fn(x) - Gk n(x)l can be readily found by requiring

9

aj = ExY for j*l, 2, +¢., k+2 and thereby reducing the problem to

finding sufficient conditions for convergence rates for S%lekn(x)
It is now ﬁatural to ask if these sufficient conditioﬁs are also necessary
conditions.

The solution to this enlarged problem was found by Ibragimov
(1967231 ) whose results we shall quote in some detail since frequent

reference will be made to them in later chapters. The first theorem

gives a small order result while the second gives a large order result.
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THEOREM 1.2  (Ibragimov). In order‘that‘sglek’n(x)lao(n'ék)
: . 2

for integer k > 1, it is necessary and, for distributions satisfying

A

condition (C), also sufficient that

k+2 <

1) B|x] © and o = Exg, J= 1,2, eu., k+2,

2) j |ulk+l dr(u) = o(z-l) for z + o,

[u]>z

o k+2

) Z
and 3) 1lim I uk+2 d¥(u) = a
Z

THEOREM 1.3  (Ibragimov). In order that °¥P|R_ n(x)|=0(n"2(k+6))
9
for integer k > 1, it is necessary and, for distributions satisfying
conditions (C), also sufficient that

+ j .
k2 e and a: = XY, §=1,2, ..., k2,

1) E|x;] 5

2) J [u]¥*2 aF(u) = 0(z™%), o0<s< 1

lu|>z

and 3)  1im J W3 ar(u) = 0(1) when § = 1.

Arasd
|u]<z

Theorem 1,3 generalises Theorem 1.1, although the latter does
require Cramer's condition (C). "  To examine condition 2) of these

theorems we require the following lemma:

Lenma 1.4 For any rv X,

1
BT <o <> 21 n2(r-2) P(|x] > /n} <=, r>o0,
n= :

The proof is elementary and depends on the fact that

E g2 {r-2) p(

n=1

X| >/n}) <= <=} k2T P(Vk < |X| < /KAL) <=
k=1
If now 2) of Theorem 1.2 holds, then

p(|x] > /n) £ a72E4D) J Ju¥ ar(u) = o(um2(8*2))
[u|>Vn



~whence

Jf 28 p(1x) 5> ) 2 cfa P00 <

o
for 0 <6 < 1. However, from the lemma),

1 .
E]X|k+l+6' <o <= znZ(k-l+6')P(|X| > /n} < o

k+1+8'

‘ )
thus, condition 2) of Theorem 1.2 => EIXI <o, 0<§ <1,

. : . K+2+6"
Similarly, if condition 2) of Theorem 1.3 holds, then E|X]| 2w

for all §"< §. So cbndition 2) of these theorems is not as strict

k+2

as the pure moment condition E|X] < » (Theorem 1.2) or E|X|

k+1+§"

k+2+¢$ < o

(Theorem 1.3), but is stricter than E|X| < o, 0< &< 1 (Theorem 1.2)
or E]X]k+2+6" 0 < &8"< & (Theorem 1.3).

Finally we examine the role of Cramer's condition:
li%:nglf(t)] <1 for a >0. Characteristic functions can be divided
into three disjoint classes: those satisfying (C), those of lattice rv's
and those neithér of lattice rv's nor satisfying (C). = Results of a
similar nature to Theorem 1.2 have beeu obtained for lattice rv's by
Osipov (see Petrov[ 32] p.211). As Fp(x) for & lattice rv has, in
general, jumps of order 7%, a discrete component in its corresponding
asymptotic expansibn had to be included. The construction of this
discrete componenf was facilitated by the regular positioning of the
saltus points of Fp(x). When we come to consider the last class of
characteristié functions - those neither of lattice rv's_nor satisfying
condition (C)‘— wve find we are dealing with (nonflattice) rv's ﬁhdse
distribution function F(x) has all of its variation concentrated on a
set of measure zero (Cramer [ 8 1 ). Construction of an expansion for
Fn(x) in tkis case would need to include a function having saltus points
co-incident with those of Fp(x). This would of necessity be a very
cumbersome expréssion to cbver the general case. Thus, ﬁhilst particular
cases could be analyseé, the general situation is very complex. .Iﬁ

conclusion, we give an example from Gnedenko and Kolmogorov [111 p.222

demonstrating that condition (C) cannot be removed fremw Theorems 1.2 and 1.3.



Let £, take only the values ¥ 1 and +/3, each with
probability %3 then its distribution is non-lattice and its chéracteristic
function is
£(t) = 3(cos t + cost v3)
which does not satisfy (C). It can be shown that for even n, Fp(x)
has a jump at x = 0, asymptotically equal to ?%-. , Although all moﬁents

of gk are finite, we clearly cannot write the expansion

Falx) = o(x) + Z5 |\ n +0 575

22 [le , %) ] ol

and hence condition (C) cannot be remqved from Theorem 1.2 and 1;3.

1.4, RESULTS CONCERNING INDEPENDENT rv's.

From Theorem 1.3 we note that conditions 1), 2) and 3) of that theorem
__+l +l
zn 1+ (k+8")

imply s%p]Rkn(x)l <® for»al»l §' such that 0 < &' < §.
In Chapter 2 we find necessary and sufficient»conditiqns for the
convergence of.this series. Thése conditions turn out to be 'ﬁure'
morient conditions as opposed to the 'tail' conditions on the moments
required for the 'order n' convergence rates. Our . results generalise
series results for |Fp(x) - @(x)| obtained by Heyde .

Chapter 2A is fairly short and is intended #s a supplenent
to Chapter 2. In it we show that Theoreﬁs 1.2 and 1.3 coﬁtinue to hold

if we replace the condition that n =1,2,3,... by n = ny, np,

ni+l

where n.,.
1+1

to show that'

>n. and +C for 1 £ £ < w. We then use this result

1

I 2 iR 0] < o= B[X? <o gor k2 1.
n=1 v |

We now move on to consider very precise bounds for R, (x) which

kn
are interesting in as much as some of the results we have already
discussed can very easily be derived from them. The case of.

Ron(x) = Fn(x) - ®(x) was examined by Osipov and Petrov [31l] from whose

tThis result closes a gap present in Chapter 2.
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work we can derive the following estimate

s%p]Fn(x) - o(x)] ;=nP[IX] > §1}4+ Ko{n‘%_j, u 3dF(u)

lu|<Tn

Vn| j udF(n)| + | J uedF(U.)} |
luge, luf>c

vhere K, is an absolute constant and {t,} is a sequence of pos‘itive real
num'bérs; Taking T, = Yn and using Lemma 3.7 of Chapterb?,, Wwe can readily
obtain the necessity part of Theoreﬁ 1.1 for 0 < § <> 1. Furthermore, the
necessity part of Theorem 2.1 for O < § < 1 can also be veasily derived
(seeb Heyde [ 171 ). |

It would seem iikely that a similar estimate could be fou‘nd
for Rkn(bx), -having the same desirabie apﬁlications. ~ Such bounds were
indeed found by Osipov [30] who gave not only bounds uniferm in x but
also bounds dependent on x. (For some background to non-uniform (in x)
convergence rates, the reader 1s referred to § 3.1),

These estimates, however, have some drawbacks; in particular

the case of =1 ibn both Theorems 1.1 and 1.3 céﬁmot be derived from then,

k+3

duc to the presence of J |l ar(u), (x >0).

A

en (%)

(Theorem 3.3) and its uniform counter-part (Theorem 3.4) which overcome

In Chapter 3, we present a non-uniform estimate of R

this problem and which lead on to estimates for Rkn(x) defined according
to the 'Ibragimov formulation'.

So far, R n(x) has been defined in terms of the moments of X

k

|6+ o

and so, finding bounds for it, involves first assuming ElXi and

VA
linm fuk*'g dF(u) = o
A

-Z

4D in order that it may be defined. On the other

hand, a bound for R*,m(x) (being Rkn(x)' defined according to the 'Ibragimov
formulation') will avoid presupposing the existence of these moments.
Before discussing this further, we mention a bound due to Osipov and

Petrov [ 311 in which no moments whatever are assumed to exist. Osipov



Sl

"and Petrov give a bound for P{C;;,Xgi ebnvétx] - 3(x)
L >

(see expression
(1) of Chapter 3 for the non-uniform case) where'{si} is a sequence of
independent rv's (none of whose moments, including the first, are assumed

to exist), {Cp} is a sequence of positive real numbers and {bn‘}a sequence

of real numbers. Heyde[lT] examined this bound taking Cp = vn op

2 _ 2 \2 L aaa
where o_ = u“dr(u) - udF (u) and b, = 0 with {£.} a
n )i : i
|u]<vn ‘Ju]<vn

sequence of 1id rv's and &; having expectation zero if E]g ] <, He

was ablebto show that the bound itself decreased at a rate of order

1
n"25,0<<s<1ifandon1yif

Ap(Vn op) = s%pIP(n—% 051 S £<x) - é(x)l = O(n—%a). A similar series
type convergence rate equi;alence was also established and so in these
two important cases, An(/hcn) and its bound have equivalent asymptotic
behaviour - a most desirable property.

We note, however, that again it‘was not possible to cover the
case of § =.1 for the order n rate. To'rectify this, ve give a new
uniform bouund for !P(Cn—l f £; = by §=x) - o(x)] (expression(2b)of Chapter 3)
which allows us to includelthe § = 1 case.

Returning now to the question of bounds_for R*kn(x), we go one
step further and find bounds for a generalisation of the OsiponPetrov
expression, némely for -

n -3X° .

|p(c,™t § £ - by 2x) - o(x) - = ; ; Qv(x)n—v/zl

the Qj(x)'s being defined in terms of some arbitrary 'moment' sequence
(0, 1, a3, al, «ex ak+2) and {Ei} being a sequence of iid rv's.

It is natural now to ask if this bound (in the uniform case) has the same
kind of asymptotic properties as of the bound for An(Cn). We find
(Thecrem 3.6) that for 'order n' convergence rates, providing we assume

Cramer's conditions (C), asymptotic equivalence is preserved.

1.5. DEPENDENT SEQUENCES.

The remaining two chapters (4 and 5) of the thesis are devoted to



12

- obtaining certain limit resultsifdr.fﬁo kinds of branching processes.
Although in both chapters,-convergénCe raﬁes play a vital role, it is fhev
limit results which are most interesting. Thebprocéss we Tirst deal
with is the Galton-Watson process and the second is its continuous

time analogue: the time homogeneous»Mafkov branching process.

The Galton-Watson process can be regafded as representing the
nunbers of individuals.in a population at successive generations. - At
the end of the lifetime of an individual from this population, a random
nunber, £ , of offspring are produced with'diétribution

P(E =k) =&, k=0,1, 2,

®

vhere ay > O and Z a2 = 1. All the offspring act independentiy of each
other and at the ind of their lifetime (the lifetime of all individuels
Eeing the same) each have offspring in accordance with the ébove
distribution. Taking Z, = 1, Z, is then the size of the population
at the nth generation arising from one indi&idual. ~In fact, from
now on we take Z5 = 1.

If the size of the nth generation is known, the probability
law governing later generationsrdoesbnot depeﬁd on the sizes»of
generations preceding the nth and hence Z,, Zj,... forms a Markov chain.
Furthermore, in view of the assumption that different individuals.

reproduce independently, if we are given that Zy, = &, Z is distributed

_ "o
s the sum of k iid rv's, each distriﬁuted like 27 (with Zy = 1). It
is this latter property of the Galton-Watson process that provides the
key to the results of Chapters 4 and 5. It allows us to overcome

the problems imposed by dependence.

It is well known (see Harris [ 12] Chapter 1) that if EZ] = m,
then EZ, = m? and that the behaviour of Z, as n + « depends on whether
mis <1 or >1. In particular, ifm < 1, then Zp > 0 a.s. and if
m>1l, 25> 0 or ou.with probability q and 1l-g respectively.wheré.q is

the unique non-negative solution (less than 1) of the équation,
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s = £f(s), f(s) = z &y sk (a; as defined earlier).
0 T
Further, if m > 1 and Ezi <o, W= n? Z, converges a.s. to a

non-degenerate rv W having E W = 1 and Var W = (m2 - m)-l +Var Z7 > O;
| The central limit theorem and‘the law of the iterated logarithm
may be regarded as convergence rate results for the‘strong law of large
numbers (see §4.1). Heydel[151 ,[[16] adopﬁed this interpretation with

regard to the relation W, > W a.s. and proved analogous convergence

rate theorems for this strong convergence result. Indeed he showed

that, conditional on Z, > df,
’

1 _ 21
(m2 - m)® o 1 Zn 2 mn(W - W,) and

mdZ ), (fixed j)

1 1 . 1 1
2 vz =1 -3] (J _qy°2 -2 .
(m m)® o m (m’ -1) % 2 (Zn+J n

ol

are both asymptotically normal N(0,1).
Furthermore, under the additional restriction, EZ13 < », g
convergence rate for this central limit analogue was provided and using

that rate result, the following analogue of the law of the iterated

logarithm was established: if EZl3 < o, conditional on Z, > O,

, 7 - - mfy
. n+r n _
lﬁg&sup — T = 1 a.s.
(207, Zy log n) '
L mW - 7
v.llg+§up = 1 a.s.

(202(m2 - m)_lZn log nJ% _

with corresponding 1lim inf results.

These latter.results were obtained using the Berry-Esseen bound
requiring the imposition of the condition EZi < g | The aim of Chapter L
is to show how the condition EZi < « can be replaced by the basic

condition EZi < o,

We proceed now to define the Galton-Watson process with
immigration for which equivalent resuits to those mentioned for the
standard Galton-Watson process are valid. Let {Xn}, XO'= 1 Be a
branching process in which individuals evolve as in‘a‘Galton—Watson

process and which is subject to an independent immigration component

at each generation. Thus, for n 2>1

T 2 _ 2 _
g= = Var Zp, o, = Var Zr‘
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X, = Zn+U( )+U(2) +Ur(ln),
where Zp is the number of direct descendants of the initial individual
and U(l) i=1,2, 3, ..; n is the number of descendants of the nth
generation from the immigration at the itﬂi 7e note that, according
to our assumptions, all the foregoing component variables of Xﬁ are
independent. Moreover, {Zp}, n > 1 is an ordinary Galton-Watson process

(initiated by a single ancestor). Taking

P(Number of offspring of an individual = k) = aj
and ‘

P(Number of new immigrants at any generstion = k) = by

then from Seneta [34 1 we have that if 1 <m = ) ka, < @,
0<A= ) Kby <®and }j log(j) aj < =, Vp = Xy m " converges a.s. to
a properk;g V with finite mean EV and such that P(V 0) = 0.

We now have a setting similar to that of the ordinary Galton-
Watson process for obtaining analogues of the centfél 1imit-the6rem
aséociated convergence rates and analogues of the iaw of the iteiated
' logarifhm.

Heyde and Seneta [ 21} under the assumption that BZ3 <

1
paralleled the results for the ordinéry Galton-Watson process quoted
above. A further aim of Chapter 4, therefore, is to remove the
restriction EZ% < o replacing it with the basic condition EZi'< ® as
was done for the ordinary Galton-Watson process.

The other branching process with which we shall be conéerned
is the time (temporally) homogeneous Markov branching procésé. This
process differs from the Galton-Watson process in that novlonger is
reproduction constfained to occur at fixed discrete times - reproduction
can occur continuously in time. We can regard this continuous time
process {X(t), t';:O} as the total numbervof individuals at time t

in a system where we start with X(0) = l,indiﬁiduals_ at t = 0. Each

individual lives an exponentially distributed length of time with

tOonce an immigrant is in the populatlon, its behaviour is indistinguishable
from non-immigrant members.
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mean 'a—l, C < a< o, azd on déathféplité into a randomvnumber of new
‘individuals whose probabilify generéting funcfion‘wé shall denote hy |
h(z). All individuals behavé indépendently of each other and
identically. The probability of an‘individual of -age T dying in the
age interval (t,t+ dt) is independent of t. : ;

Like the Galton-Watson process, the asymptotic behaviour of
X(t), t > =, depends on whether h'(1) £1 or >1. If h'(i)z1
X(t) >0 a.s. and if h'(1) > 1 and h"(1) < o, X(i‘:)e-kt + W a.s.
where W is a non-degenerate rv with EW =1 and Var W< «, and
A = a(h'(l) - 1) (see Harris [12] Chapter 5). , Oﬁce more we have the
setting for analogues of the central limit theorem and the law of the
iterated logarithm. In Chapter 5 such limit results are derived

for (x(t)e™ - W) and (x(eer)e (V)L

e-xtX(t)),- r > 0 under
the basic condition h"(1) < » or equivaientlj EX(1)2 < =,
From the homogeneous Markov branching process a newianeaSing process
W(t), t 2 0} can be derived which is not present (except in a trivial
sense) in the Galton-Watson process. We define N(t) to be the total
number of discontinuities in X(s) for s £t. If tp is the time of
occurrence of the nth change of state (split) of X(t) and if further

we rule out the possibility of X(t) replicating itself at a split by

taking P(X(ty + 0) - X(tp - 0) = 0} = 0, +then N(t) = n<=>1y £ t< 1t

n+l
Athreya and Karlin [1°] showed that if p = h'(1) > 1 and h"(1) < «

<AL
Mo W a.s. wvhere W= %ig X(t)e a.s. Moreover,

then %&Q'N(t) we
‘central limit and iterated logarithm analogues were obtained for
(%(t) - uN(t)}. We show in Chapter 5 that similar limit results hold

ME*2) | yie)e ™™ ana

also for uN(t)e_)‘t - W; N(t+r)e
X(t+r) - M Fun(t).

The key to ﬁhese results lies in the presénce of an imbedded
Galton-Watson process. In fact Harris;(Chapter 5(112]) X(na), for
n=0,1,2, and A any fixed positive real number, forms a supercritical

(if n'(1) > 1) Galton-Watson process. Hence most of the techniques

used in Chapter 4 can be successfully applied in this context.
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CHAPTER 2

A UNIFORM CONVERGENCE RATE RESULT

2.1. . INTRODUCTION: Let X;, i = 1,2,3,... be a sequence of iid rv's

with EX; = O and EXi2 = 1. Write F(x) for the distribution function and
f(t) for the characteristic function of X;, put S, = ‘E X; and‘set
Fh(x) = P{Sn < x/h}. o
In this chapter we shall obtain a convergence rate result, uniform ‘
in x, for a portion of the Chebyshev series expansion of Fh(x). Tbis
work corresponds to the Ibragimov [23]‘resu1tsTand is a generalisation of

a result of Spitzer[ 35] namely, that under the assumption EIXi|2 < o,
we have |Yn~1{P(s, < 0) - §}] < = .

Spitzer's
series was shown to be also absolutely convergent by Rosen[ 33],Baum &

Katz [2] generalised this by showing that if E|X;|2*S<w for 0 ¢ & < 1,

then
Jaml+8/2|p(s_ < 0) - 4] <= .

Noting that this series is a particular case of the series
Yn~1+8/2|P{s, < xv/n} - o(x)|

the problem arises as to whether this latter generalisation continues to
converge uniformly in x under the Baum & Katz. conditions. Heyde[131

completely solved this question with - the following theorem:

THEOREM 2.1. (Heyde [131)  Let {X;} be a sequence of iid rv's
with EX.= 0 and EX;2 = 1.  Then

T 14872 sup|Fy(o) - 0()| <= for 0 <1
iff a) E[Xi|2+6 <o for 0 <§ <1, and
b) E|X;|2 log(1l + lxil) < o for § = 0.

From this theorem we see that the Baum & Katz conditions were

necessary and sufficient for 0 < § < 1, however, when § = O, the stronger

.Elready referred to in Chapter 1.
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condition E|X;|2 log(l + |X;]) <:w ﬁas:requiréd.

| Comparing these results with‘thOSe of Tbragimov (Theorem 1+:2)

where necessary and sufficient conditions are given for
Ap = s%p]Fn(x) - 8(x)| to be 0(n‘5/2),> 0<§ g i, it is striking that
series con&itions on the Ap lead to 'pure' moment conditions, whereas
conditions on each Ap lead to 'tail conditions' on the moﬁents.
We now consider a generalisation of Theorem 2.1 in which we obtain
a corresponding series rate of éonvergence‘result for
Ayp = s§p|Rkn(x)|= sgp[Fn(x) - Gkﬁ(x)l

where

L -ix2 2,
Cpp(x) = 8(x) + ikl ix 21 Qg (x) 078/

is a given portion of the Chebyshev series defined accoxding to the
Ibragimov formulation described in Chapter 1. That is, so as to avoid

presupposing the existence of moments of higher order than the second

we prescribe an arbitrary numerical sequence yj = 0, y2 = 1, y35e..Yk42"
On the basis of this sequence we form polynomials Qs (x) in such a way
that their coefficients are expressed in terms of yl,...,yg,y in the
same.way as the coefficients of the classical polynomials Qs(x) are

expressed in terms of the cumulants KlsesessKgyD of Xj. Indeed

Y3 m]

1 2 |
Qs () = ~Jomr—r( 57 ((212) )" B3mgs.. .+ (s+2)ms-1(%)

..mg!
where the summation is over all non-negative solutions of mj+2mp+...

+smg = § and Hy(x) is the Hermite-Chebyshev polynomial

, 1.2 dr 1
Hp(x) = (F1)Te?X —m5m e72%

(Petrov [32 ). Throughout this chapter the Qs(x).will be interpreted
in this way.

Let a3 =0, agp =1, a3,04,... be thev'moment' sequence correspénding
to the 'cumulant' sequence y1 =0, Yo =1, Y3,Y45e003Y 40"

We establish the following results.-
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THEOREM 2. 2. In order that
z n~1+(k+8)/2 sup |Fp(x) - Gkn(x)l < ® ' v (1)
n=1 X ’ . '
where k is a non-negative integer and 0 < § < 1, it is necessary and

for k = 0 or for distributions satisfying (C) also sufficient that

EIXi|k+2+G < o and aj = EXi, 3=1,2,...,k+2. , ()

THEOREM 2. 3. In order that the,relatioh (1) hold, where
0 < § <1, it is necessary and for distributions satisfying (C) or for
k = 0 also sufficient that
k+2 . o o L
f(t) = exp { Z Ll%l— Yg |t|k+2‘Y(t)}' 3

S.

where for A > 0,

f (t) <™ (4)

Unfortunately it has not been possible to treat the case § = 0 in
general and then not without certain presuppositions on the existence of

+ . . ' .
moments. In this case we find the following result.

THEOREM 2.4.  Suppose E|Xi|¥*? < » and aj = EXi i= 1,2,...,k+2,
where k s a non-negative even integer or a non-negative odd integer with
F(x) such that P{X; <- B} = O for some finite positive constant B.  Then
for (1) to hold with § =0, it is necessary and ,7 for k =0 or
for distributions satisfying (C) also sufficient that E|xj|K+2 log(l-rtki[)<<».

Remark a) These results appeared in a joint papervbf Dr: C. C.‘Heyde
aﬁd the author [201 Some time after this paper had been submitted for
publication, an article of F. N. Galstian appeared in T.P.A. (1971, i6,

No.3, 528-533) giving similar necessary and sufficient conditions to those
above but only for symmetric rv's in the classical setting.

Remark b)  For the case k odd in Theorem 2.4., it was necessary

to consider only 'one-sided' distribution functions since we needed to

¥

In Chapter 2A this anomaly is removed.
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work with Im y(t). This function gives us no information in the general

case since it can then vanish identically.

2.2. PRELIMINARY LEMMAS.

LEMMA 2.5.  Suppose E|Xi{|T < » for some integer r > 2. . Then f(t)

18 representable in the form

s o
£(t) =exp { ] r— kg + |£|T y(®)} (5)

where y(t) = o(l) as t + 0 and kg denotes the s-th cumulant of X;.  Further-
more, there exists an e > O such that for 0 < t < e, Iy(£)| > 0 or

ly®] =0 If |y

0 for 0 < t < e, Xj has a normal distribution.
Proof. The representation in the form (5) with y(t) = o(l) as

t > 0 follows simply from a Taylor expanéion of logf (t) (é.g.Dj_J, p.64).
Next, suppose y(t) = O for all te { tk} where {ty} is a sequence of

non-zero real numbers convefgingrto zero. Then, ‘

exp{
s

. NS r
GR% o v Jefr @) = em { ]
. s=

I o111

2 (iizs <s} ’ - ®

for all te{ty} and applying Theorem 4.2.1 of Linnik [26]1, which in this

case states that if $(t) is regular for It] < R, (R > 0),has no zeres in

this circle and has the Hermitian property ¢(-t) = ¢(t) and if $1(t) is a
characteristic function such that |

$1(£) = ¢(t) |  (6a)
holds for t = ty(k=1,2,...) where'{tk} is a sequence of non-zero real
numbers converging to O, then (6a) is valid for |t! < R.. Setting ¢7 (t)
to be the L.H.S. of equation (6) and ¢(t) the R.H.S., we find (6) holds
for all real t. However, this is impossible unless r = 2 since the left
hand side of (6) représeﬁts a characteristic function and the right hand
side does not, in view of Marcinkiewicz's Theorem (e.g. Lukacs [281, p.213),
unless r = 2. Thus, if r > 2 we must be able to choose e > 0 so that

y(t) has no zeros in (0O,¢). If r = 2, on the other hand, either (6) holds
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0 and Xj has a normal distribution or

1]

for all t in which case y(t)
zero is not a limit point of a sequence’of zeros of y(t) and hence we

can choose an interval (0,e) containing no zeros of y(t).

LEMMA 2.6.  Suppose E|X;|T < = for some integer r > 2.  Then,

f(t) is representable in the form
- G .
£(t) = J=7—ug *+ [t[TB (D) (7
s=0 ~° : ‘

where B(t) = o(l) as t + O and ug denotes the s—th moment of Xi.

Furthermore, for any A > 0 and 0 < & < 1, the conditions

A A . .

[18(e) [t~ (A48 dt< w and |y (t) |t~ (1+8)dt < = are equivalent, y(t) being
0 0 .

given by (5) and these conditions are in turn equivalent to

E[X;|T* < w» 2f § > 0, E|Xj|Flog(l + |X{]|) < » Zf r s even and &

]
o
-

1]
(@

or risodd, § =0 and a fiﬁite B>0 existé such that P{Xi < =B}
Proof. Firstly, the representation of f£(t) in the form (7) with
B(t) = o(l) as t > O follows simply from a Taylor expansion of f£(t).

Also, from Lemma 3 of[23] we find that as t -+ O,

r . r . ‘
(it)s _ (it)s Ars1 .
].Og £(t) - Zz_——S! Kg = f(t) - z —'—!—‘ Hg + W(lt)f‘i‘l +0(tr+2) ’
where A4 1s a constant, so that

e[ = el78 (0 + 5y o™+ o(er) ®

and we readily deduce the equivalence of

A A
f|B(t)]t"(1+5)dt < o and fl}(t)lt—(1+6)dt <o, 0<6§<1.
0 : 0

Now suppose that
A
f]s(t)lt'(1+5)dt < w,
0]

This implies .

A
[IReg (t) |t~ (1+8)dt < =
0
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where Re.denotes the real'paFt and hence that
8
A+ Dge

< o,

A -—
‘j’Re B(E)t
0

It is with this last condition that we shall work. We have

‘ A v B r s
R 1
PR a| =[] oy ([ re(™™ - ) S w)ac]
ot T = s=0
: s
© A Re (eltx 2(1;:}:{) ) (9)
s=
= _fmdF(x)(j)' el dt‘

R Zs

A(cos tx - ézo( 1)S(E§;):)

£ r+5+l dtl

where R = [r/2], the integer part of r/2. But, after two integrations

by parts,
(cos tx - z (-1)8 (Egi)
é tr+6+1 de ‘
_( Ax — X -1 s(Ax) x(Ril(-l)s £é§lE;:i-- sinij
cosAx ) 29T ) e (2s+1)! |
= (r + cs)Ar”‘S (x+8) (r+6-1)AT*S7L

R-1 2s
( ZO(—I)S i%%%j? - costx)
s=

t r+6-1

2
X

+’(r+6)(r+6—1)

dt,

O~

so that, recalling that'E|Xi|r'< ® , we must have using (9),
R-1
s (tx)
cos tx - -1

tr+6-1

dt < ®

Continuing this reduction, we find ultimately that

o 2R cos tx-1)
X

Lcos tx -1 w
dF (x )I r+6+1 2R dej <

0

which transforms to give

“ Alx] | _
1™ (] st ao) a0 <=
-C0
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Thus, if r is even, R =.r/2 and

? || T+ AJI'X| ———i-°°su dul| dF . 10
) I Ty e (10

-
while if r is odd, R = (r - 1)/2 and

Alx

-
II |r+5[f l—ﬁ?ﬂdu]duxv o )
0 u '

(10) and (11) are clearly equivalent. to E|Xi[r+6 <ewif § > 0. On the

other hand, when § = O, we have for |x| >>1

R N TR
i cOS U 4y = | COS U qu + [ 4u_ J 222 L qualog) x|
o U 0 “ A" g |

as |x| > « so that (10) is equlvalent to the condition E|X1| log(1+IX |) <= when
8§ = 0. We have thus shown thathB(t)lt (1+6) dt < 1mp11es EIX |r+6 ®
if0<s§ <1, EIXi|rlog(l + lXiI) < o if r is even and 5 =

Clearly, taking 6§ = O in (11) only gives us EIXilr < ® which we ﬁéve

already assumed. We now examine the case of r odd and &= O when there

exists a constant B > O such that P{Xi < =B} = 0. Treating flImB(f)lt_l dt

in exactly the same way as we did o ReB(t) we obtain
A ‘ ® A '
f|§%§l|dt < o =3> f xT 1dF(x)'f(sin(tx) - tx)t 2dtI < ®
-B 0
0 Ax
Since 'fx dF (x) f (cos u - l)u du| < o we have
-B 0

L Ax -1
fxr dF(x)f (cos u - 1)u ~ du|] < =
0 0

This gives us E]Xilr log(1-+|X|) < ™,

r+8

Finally, suppose that Elxil < ©, § >0, or that ElXiirlog(1+|Xil)<oo
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Then,

Alg,, | A ro.s
f B(t) dt = Of‘f(t) _ 2(1t) " t.(}r+1+<S) d

o t11—6 §20 s! s
A © -, T
- 1 1tx (1tx)
=/ JRCEE) XF (x >|dc
Otr+1+és e s20 !
(12)
o A .
< f (fl{eltx X (1tx) Gex) "y -(r+1+8) dt}dF(x)
IR o S°
. T ,. \S
iu_ (iu) ,
© 4§ Alxl ¢ SZO s!
- EFL = du]dF(x)
v = ‘ 0 r+l+§
u .
But, using the inequalities
. . \S r+l
o1 szo(lzg < l(ﬂ_l): forl‘xlé 1,
ix L (in°S r
e - 2_}_}5‘__ < 1+ e)[x] for le;l,
s-2 :

(for the first of these see e.g. Lemma 1 of £23]1 while the second is

obtained by taking the modulus of each of the terms and bounding this)

we have

§ (iw)®

Al x| et ~s20 st |

I(le) - f r+l+§ du
u

for |x| ;A-l

fiA

1 A xl :

. 1 du } du. -1

L (r+1)! f:(5—+ (1+ e) ) Teg for |x|>A " .
0

Thus, I(‘x|);c1 if 6>0,I(|x|);c210g(|x| +1) if §=0, where c; and c, are

positive constants and using these results in (12) we have

A
fle(t)lt_(1+6)dt<m
0

if 6>0 or if r is even and §=0. This completes the proof of the lemma.



24

Remark c) Ve noté that in ﬁhe latter part of the aboVe.proof in
the particula; case of §=0 aﬁd‘whenvthe conditions on k and F(x) in
Theorem 2.4 are satisfied, the result holds. ~ However, if X is symmetric
and r is odd, we can show that E|X|% <= = f|6(t)|t dt <=, suggesting that
to treat the general case of k odd, we requlre a different criterion

A ,
from ”B(t)lt—ldt.+
0 .
LEMMA 2.7.  Suppose (1) holds and Elxilr <= for some integer
2 < <k+2. Then,’ o =EXi i=1,2,...,1,
Probfi The result of the lemma is true by specification for r=2
and we develop a proof by induction.
Suppose that E|Xils<m, éome s >2 and o =EX'2, j=1,s. Then, if
E|Xils+¥<w, let Q?(x), 1<j<s=1 be the classical Chebyshev polynomials

expressed in terms of the cumulants Kj, j=1,2,...,8+1 of Xi and write

(x) =0(x) +——1~ex/2 2

Q (%)
o h]

s-l n =1 nJ/

We have

% ‘ . *
.sgﬂlé—l,n(x)-Gs—l,n(x)lé?%piFn(x)_Gs—lgn(x)|+S§p|Fn(x)_Gs—l,n(x)|’ (13)
and from Theorem 1 of [231,

a2l 0] - o) o

as n— o, Also, from (1), since Zn_lf(n) <w => liminf £(n) =

(k+8)/2

’

liminf n sgpan(x)—Gkn(X)l==0
nHw :
so that
.y (s-1)/2 _ '
l;ftff'n sgp[Fn(X) Gs—l,n(x)l
liminf n(s—l
n-—>ow

=0 ' .

in

)/zsgpIFn<x)-Gkn(x)l+%§9&nf n(s_l)/2$%p|Gkn(x)-Gs_1;n(x)l (15)

since

- 1 -x2 jl2
G, (¥) —Gs_l,n(X) = /z_n /2328(2 (x)n 3

Consequently, using (14) and (15) in (13),

Tsee remark a) at the end of Chapter 24
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. . | : |
s&pIGS_l’n(x)—Gs_l,n(X)[==O. ' (16)
But, |

-2

x 1
s e 351 7 T

; ' , Y
since uj==EXi, j=1,2,...,s implies Qj(x)==Qj(x), 1<j<s-2. and hence (16) can

. * . .
only hold if Qs-l(x)'-Qs-l(x)° This gives Ks+1'-Bs+1 upon identifying
. . ' ' _pyStl .
coefficients and hence ocs+1--EXi as required.

2.3. PROOF OF THEOREMS. We start by proving Theorems 2.2 and 2.3
simﬁltaneously in the following three steps. = Firstly we note that the
equivalence of (2) and (3),(4) follows immediately from Lemmas 2;5 and
2.6. Next we shall show that (3),(4) ensures (1) under (C) or if k=0
and lastly that (1) ensures (2).

(3),(4) = (1) under (C) or if k=0.

Firstly we note ﬁhat Gkn(x) has a bounded first derivative; let
|G£n(x)t;3. Then, using a bound due to Esseen, [11] section 39, we have
for any T > O,

T fn(t) - gkn(t) B

|E_ (-G, _(x) I;—ﬁ-_fT . at+ecs an

where fn(t) and gkn(t) are the characteristic functions corresponding
to Fn(x) and Gkn(x) respectively and ¢ is a positive constant.

Now, using (3) we have

£(0) = {£0]"

k+2 s k+2
t Y {1t i t
= e { ) (;:) o7t el YR
. s=2 n
while from Lemma 5 of [23 1],
k+2 . .s '
t Yg.
B () = exe{ [ 4] 7z POt
s=2 n

where D(t) = O(In-£t|k+1) as t~>0 so that
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-5 0] <|e {kEZ(it)S , }. ol k+2 I
o't 7 &n = |&XP L (s-2)/2 Jexeiniool (b
. A (18)
k+2 o
(1t) Ys :
=} Z 5! (sez)/z}"gkn(t)

Now in view of Lemma 2.5 we may choose a,0<a<l, so small that ﬁafa Iy(t)lé}.
Then for |t|<a¢h, using the inequality lex-lléjxle!xl, the first term on

the right hand side of (18) is bounded by

(3 (k+2)] 2s k+2 : k+2
s t Y2s, |t] t | t]
ep{ ] DgyT - 1 S | Y6 | el
s=1 n . n
[1(k+2) ] 2s v k+2 k+2 .
t 2
cexp{n( | (D° ION —:?— )}n (19)
s=1 ‘'n
k+2
2 t t
< exp(-t7/8)n 7 Y(;;?
for n sufficiently large since Y2==1. Also, from Lemma.SOf [231]
the second term on the right hand side of (18) is bounded by
c 3(k+1) k+1, -t“/4 A
:(T<+—1')_/_2'(‘t‘ +‘t‘ e (20)

for |t|<b¢h when b is sufficiently small, c being a positive constant.

Then, choosing o = min(a,b) and using (18), (19) and (20), we have

_~140e8)/ 2 “jh fn(t)'gkn(t)|dt

He~18

.n=1 -avn t I
© _1m-s)/2 O3k K, -e2/%
2 [ e+ e De ™ ae (21)
n=1 -ovn
© av/n 26 7
—148/2 M —t9/8y k41t
+ Y n / [ e / 1t] Y¢759| dt
n=1 -avn
vo&+8)/2 ¢ kel ~nu?/8
z n j IuI ly(u)[e du,
n=l -0
A being a finite constant. Furthermore, using a standard Abelian theorem

(e.g. Feller [101Vol.II p.447), taking qn==n(k+6)/2

, p=(k+8)/2 + 1,
we use the pért of the theorem which states that if L(.) is slowly varying

at ®, 0<p <> and q, monotone, then
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1 p-1 _ _w n
q "~ (o) n L(n) <= 2 q,s v

n n=1

(I-s¢ L G5 s > 1

We therefore obtain

1in - ) ®FN/2y (E4D20_pei246)/2)
ttl n=1

so that for u £ 0 it is possible to choose # constant K, >0 such that

1

2 y
OZO (k+6)/2 _-nu’/8 <K - U8 - (k4248) /2

n=1

)

Also, |u] <a<1, so that
2
78 2 o 12

L- 6% )

> iu

and hence

] (+8)/2 -nu/8

- (k+2+6)
n=1 '

éKzl“'

for some K2 > 0. Consequently, noting that |y(t)| ‘is symmetric in t,

we have
o o _.2
z n(k+6)/2 _{Iu!k+1|Y(u)‘e'»nu/8 du
n=1 -
% 41 2 (k+8)/2 -nu¥/8 -
=2fu T |ly@]|{ )} n e } du (22)
0 n=1
Ty
vy (u
;‘21(2 I 145 du <
Ou

in view of (4).

(k+1)/2

Next write T = {t: a/n<|t| <on }, noting that T is empty

if k = 0. Then, using condition (C), lme |f(t)| =9 <1, so that for
t{>a

tin T ,
@ n
t n
|fn(t)| = lf(Vr—f) 26
and hence
k+1) /2
. f fn(t)‘ D/
: dt < 28 dt . .n
Ta = A T v 8 (k+1)log 'n
as n >« . Consequently,
v - £
J o 1+(k+8) /2 i n(t)

dt < o (23)

n=1 Tao
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Furthermore, by the rules for forming thevpolynomials Qi(x), see for

example Gnedenko and Kolmogorbv [11], Section 38,

S L3 PR SRR
gkn(t) = e (1 +.jzle(1t)Q ]

where Pj is a polynomial of degree 3j determined from the formal identity

Sy (ie)d ] - . =j/2
exp[ -2 =1 4 VP.(ib) )
| -.-233- LG-2)/2 J’Zl R

Thus, _1t2
2

3k F
PROIE [1 e 1l ]

-1
2

where the anj are polynomials in n ? which tend to zero as n—>« .

Consequently, we certainly have

. ) .
dt <Ke a'n/2 n?’k(k-"l)/2

/

Ta

8.0, (O)
t

for K a positive constant which gives

e ' g, (t)
2 o 1+(k+8) /2 f knt at < o, 24)
n=1 Ta ’
and from (23) and (24) we obtain
£ () -g () £ (t) g (t) ' ,
o - kn at < | ldt + —EBE—-mdt < (25)
Ta Ta Ta : .
The required result (1) then follows, using (17) with T = an%(k+1),

in view of (21), (22) and (25).
(1) = (2)
"Firstly we symmetrize the Xi's. Consider the sequence
Yi,,i=1,2,3,... of independent symmetrized random variables; each Yi
having the distribution of the difference between two independent Xi's.
Clearly the Yi have characteristic function If(t)l2 andvthe distrihgtion
-1
function of Zn =n 2 izlYi is Fn(x)* (1"Fn(-x-0)) = Fz(x).

. * : - -
Write Gkn(x) for the convolution Gkn(x)*(l Gkn( x)).  Then,
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v _-l+(k+8)/2 .
n-z—-ln - s%pIFI’;(X) G;.n(X)l )

= nZln‘1+(k+5)/2 Sgplf‘;(x)*(ll. -F_(-x-0)) ',Gkn(’_‘)*(l -6 ol @6
< nzlh-1+(k+6) /2 sup|F_(x)(1- F (-x-0)) - G ()% (1 - Fn(-g -0) |
. nzln 1+(k+8) /2 s§plckn(x)*(1 —Fn(-x-O)) - Gkn(x)*(lkan(-x))|< ®

in view of (1).
. . k+2
Next we shall show that (26) implies EI_YiI < = and hence
EIXi|k+2 <o (Loeve [2T] p.263). We note that .

n—1+ (k+8) /2

1 {I—Gltn(.xn)}<w

He~18

n

where X =.{(k+6-l_-1) logn}%, so that from (26),

o n
Zln-l+(k+5) /2 P(l .zlYil>n%Xn) <w (27)
n= i=

But, for symmetric random variables,

n

1Y

i=1

. _ . .
>n%xn) ;%P(lgﬁznlY'klxlzxn) . (28)

p(

(e.g.. [101 , Vol.II, p.149) and from Bonferroni's inequalities (e.g. [_10]

Vol.I, p.110) we have
' i 1 3
P (Y, [>n*x ) {1-}(@-1)P(|Y,|>n x )}

1
< P(lga%{_ IYk|>n%xn)f_=nP(|Yi|>n2xn),

]

i
while nP(lYi[>n§xn)—>O as n-»» since EY;?'_ 2EX§ <w, Consequently,

1 1
2 2 .
P(lga_}é['{k[xx x_) '\»nP(IYi|>n x ) (29)
as n>» and hence, from (27), (28) and (29), : '

n(k+<§) /2

Ho~18

P(lYi|>n%xn) <w _ (30)
n=1
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But
EIY Ik+2 fk+2

Y dP(lY |>x)

k+1

< (k+2)fx P(|Y1|>x)di
0

o Xn+1 (n+1) %

= (k+2) 2 [ Xk+l P(‘Yi!>x)dx
n=0 4 nﬁ% ’
<1 p(|v;|>ntx ){((n+1)x PEDI2 L () CD2y
n=0 ,
< eI 0% (tog ) ®*D /2 p(|y;pat ) < o

in view of (30), c being a positive constant., It then follows that for 6>0

EIXilk+2 <o and an appeal to Lemma?2l gives aj = Exi,fj=l,2,...,k+2.

Now we note that the characteristie¢ functions of Fi(X) and G;n(x)
are Ifn(t)l2 and ngn(t)l2 respectively. Then,»integrating by parts
in the equation

£ ® %= g 0]%= [ FaErm -ct @3,

-0

we obtain

—Gin(x)}dx;

2 2 =
£ - .
- | £a(0) | likn(t)l - {fltx{F:(X)

Also,

2 ® 2

.. ~tT/2 itx x -x/2

ite = e —= e d
— v2n s

and we obtain from Parseval's identity (see e.g. [2L] . p.398)

* 2 o )
TelE 0|2 e 021 T2 ae = VI [IFE ) - ¢F () dxe* /2 ax.
- B kn RARS kn

Thus from (26)

. 2/
2 1+(k+5)/2‘ f{lf (t)l _ lgk (t)l }e 2 dt|
n=
© © 2 R
< /7 § a2 e - o o™ e G

A

m :z: n"‘l+(k+5)/2 S%PiF:(x) '.'G;:n(x)l <o



a
Furthermore, we note that for 0‘<dﬁ<{,
§ -leaes) /2| T -2

RE e {If ®]%- |8 © 2|

n=1

na
© ‘ © 2/
;Zznu(kfa)/zfet 2 gt <o,
n=1 no
so that in view of (31)
—1+(k+8) /2| ™ -4/ 2 2 '
L g1+ Ges)/ fe {|f ®]%- g (t)|“tatk = . (32)
n=1 o n kn .

Now from Lemma 5 of [23 1, letting R =[ {(k +2)], we have for

t<c'v/n, c' some suitably small positive comstant,

tZSZK

R - ' 2
2 .8 2s c 3(k+1) k+l, =-t"/4
g 17 e 1 0 ——2 ] |~ P D
8kn N (2e)1a5- L) | = LD T2 .

(32a)
for some c¢>0 since aj = EXi,j=1,2,...;k+2 ensures Y5=Kj,j=l,2,.o.,k+25
Thus,

® a 2s 2
-1+ (k+8) /2 tT 2 2] -t/
] ot/ w&xp[iu)s —-’i)- g 1% 752 ar
n=1 0 s=1 s—l _
<f o1 (=8)/2 f -3t /4( 3(k+1) | )dt< .
n=1 0
Also, from Lemma 2.5,
. 2s 2k k+2
2 _ t _ s t 2s I‘
Ifn(t)I —lf( n —-exp[ z D (2s)! ns—l *+2 k/2 Re-YEVFJ]
and using this result in conjunction with (32) and (33),
z n—1+(k+6)/2
n=1
no 2/, R 2s 9 k+2
l s t 2s
. é e exp[szl( l) —(_2;)—!—:5?1-) [1 exp( k/2 Rey{T)]:l .‘<00.(33a)

Now Lemma 25 tells us that for n large enough, Rey(J%J will be of comstant

. o
sign for O<t<n” and hence
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°z° mL+(k+8) /2

n=1
n 2/ R 2s 2« k 2
-t 2 s t 2
o el e ot
so that
°2° L E+8)/2
n=1 .
1 25 2k 28 k+2
E’)'X'F{ 3t /2‘*'2 (_l) (28)' S_"""] ‘1'—e [ k/Z ReY(T))'
Whith joplies
o 1 k+2 .
-1+(k 2
Zn +(k+8) / fll—exp[Z t 2Rey(7tr—l-]}ldt<o§ .
n=1 n
However, as n—>« ,
k+2 1><+2>
_ t t _ 2|t| ty |,
ll exp[Z nk/2 ReY(Vr_{)} = ?7—2—— ReY(VH) (1L+0(1)),

so that ‘
"i -146/2 j k+2| o

n=1

(7tr_1) ‘dt <o,

and, upon making the transformation u=t/v/n, this yields

v (k+1+8)/2 1/yn k+2 | | |
) n f IRey(u)Idu<°° o (34)
n=1 .
1/v/x K+2
Now f IRey(u)]du is monotone decreasing as X increases so for X>1,

X 1/vx
_j'x(k+1+5)/2 { f k+ ZIReY (u) Idu] dx
1 |

1
(2] n+1 ((cr148) /2 1/Vx JeR2 g
Y z f [ f lReY (u)‘!du] dx
n=l n 1
[x1 1/v/n

< ) (n+l) (k+148)/2 f ut+2 !Rey(u)|du
" n=1 1
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1/v/n

[x1] |
<c z n(k+1+5)/2 f uk‘f'ZIReY(u) |du,
=1 1
c being a positive constant such that (n+1)(k+1+5)/2 <cn(k+1+6)/2 for all
positive integral n. Consequently, using (34), we have
) 1/Vx . ,
fx(k+l+5) /2[ f uk+2|ReY (w) Idu] dx < =, (35)
1 0 :
Now in view of (35) we must have
20 1/vx
.[x(k+1+6)/2( / uk+2|ReY(U)ldu]dX'*0
w
as w-—+« and
2w 1/vx
8
fx(k+1+ )/2( f uk+2|Rey(u)|du]dX’
w 0
W2
> w(k+3+5)/2 I uk+leeY(ll) [du;O,
so that, putting v=1/V2w, we conclude that
T
o (k+3+8) [ v “|Rey(u)|du~0 (36)

0

as v+ O, Then, upon making the transformation v = 1/vx, (35) becomes

1o :
[ [f W2 |Rey (u) | du) v k0 4y
(ORN0]

~(1+8) 4t < @ holds follows

: 1
and, in view of (36), the fact that flRey(t)[t
0

immediately from an integration by parts: Lemma 2,6 then enables us to

k+2+§ k+2+8

conclude that EIYiI <o from which we deduce that E[Xi‘
This completes the proof that (1) = (2) and hence the proof of
Theorems 2.2 and 2.3.

For the proof of Theorem 2.4 in the case when k is even, we note

firstly that the above proof that (3),(4) => (1) under (c) or if k=0
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k+2

together with Lemmas25 and 26show that ElXi[ ldg(lelxil) <o implies

(1) with § = O under (C) or if k = 0. On the other hand, the above

proof that (1) = (2) shows that (1) with § = Okimplies

1 -1 : :

”Rey(t)|t dt <= Thus, from Lemmas 1 and 2 we have

0 : ,
+2 ’ . . . :

E|Yi$ log(l + IYil) <o from which we deduce the required result that
k+2

E|X, | log(1+|X;[) <= .

To prove Theorem 2.4 in the case of k odd and F(x) such that there ;‘
exists a finite positive constant B with P{Xi-<—B} = 0, we note that

Lemmas 2.5 and 2.6 ‘give ‘us

]

f(t)

k+2 ,. s
oo, SRy« 1e1

Y(t)], y(t) >0 as t>0
s=2

b k+2
- e2k+1hk+|t| y(t)
Hd

. +2 A B -1
and E|x " 1og(1 + |x;]) <= < [|8(0)|¢ Tt <=
0

A
<= flIme(t)|t_1 dt <o ' (37)
0 .

I . . . .
where %, hy are functions of t and are respectively the real and imaginary

parts of

k+2 (it)s

57 Kgs
. .8=2 ¢
also we define
- e+

" k+2 + . :

t  Im B(t) = (f)bk+1(xt)dp(x)
where

n s uZs+1
b?_n(u) = sinu -~ z -1 '(_Z—EIT)_! .

s=0

The equivalence (37) follows from the fact that

A 0
~(k+3
ft ( ¥ ) I_fB bk+1

A
(xt)dF(x) | = [|8(t) - Im*(e) | ¢ at, o (38)

together with the fact that bZn(u) does not change sign for u>0 or for

u<0 (e.g. see Lemma 2 [ 23] ) and that
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2n+3

Cllul if |ul <1
by | < it
Czlul R ¥ [ul > 1

These give us the following bound for (38) (assume without loss of

: -1
generality B> A "),

0 B -(k+3) | k+4 k+4 0 4 >-1 k+2 :
C, f f t | x| t dt dF(x) + sz f"t | x| dt dF(x) « = ,
B 0 -B p-1

, 1 -
To establish that (1) = f Im+B (t) t 1 dt <= we use expression (31)
-0

and the subsequent work with fn(t) and gkn(t) in place of |5n,(t)|2 and
Ig,m(t)lz. We obtain, for O<a<1/6,

k+2

-3 - k no _2 . . .
Lo 2] e et e e ()Y <o
0 n .

n=1

implying that

QR

8

Y (;}:;) dt

-1

n 2 .
n 1 f ot /2+5Lk+1hk.tk+2
0

<o (As k)l)

n=1

t3 > ~-ct
We note that a<1/6, :/—t-l-<n for some €>0,

5 <2.k<0 for some.c >0,

3
e . . t” . ‘o a
cos (hk) 31 and. 151n(hk)l<C375 5 all these hold providing O<t €4 awnd w &»\,f,

Thus as |_a+i_b|3__'|b| 4

2
En—l ‘f e © {2 * ka'tk+2{cos (hk)-Imy(—;ﬁ) +sin(hk)-ReY (-}:E)}dt < ®

0

But, by the above estimates,

a
n e—c2/2+“k k+2

Zn_l ot +_ sin(hk)-Rey(VtH)‘dt <

0]

- -ne 2/
<Tnlec, Y &F L g < e
4 0 _

o
Thus: 29_1 nf e't2/2 + 2k, tk+2

< oo

cos (hk) » Tmy (%) «dt

0 | |
Tl = wx (G embuaied of €= b0) ) by Simidany definid,
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Also, by the proof of Lemma ‘2.6,"‘?e must therefore have

no 2 ‘
Zn—1| [ ot /2t %k, J+2
0

<

: t
cos‘(hk) Ims (7‘5) dt

. . . Xty -
However, using the estimates for bk+1,(:“) above and noting that IVEI <1,

n®

2 (6]
-t /942 1 (k+2) t
| foe kK cos (hk) n? _fBbk+l(3{—ﬁ).dF(x)dt [

na - 2 1 O
f e t /2 n2(k+2) f b
-B

0

1

= <Cn = .

o1 G dF (0 dt

Thus
12 _e2 |
- -t/ + | k+2 _ + -t
En e * cos (hk) t - Im 6(7;1-) dt

<

(o) =]

But Im+5(t) does not change sign in (0,%), and cos (hk) > 3

giving En'l_ } tk+2
0

Im+8(—;'-r;)|dt < o

By the last part of the proof of (1) => (2), we imply from our above series
1
 result, that flIm+B(t)|t 1dt< o, This together with (37) completes .

0 N
the proof of Theoren 2.k, (NB. Fasmn dhs frorf of ), (1) =5 () and foon (7).
e 4fane  EfxI®TE {,a, (+1x1) < e = (M),
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CHAPTER 2A

THE STRENGTHENING OF A RESULT OF IBRAGIMOV

2A.1. INTRODUCTION: It will be recalled that in the previous chapter
we were unable to treat the case of 6§ = O with the same generality as
for 0 < § < 1. In particﬁlar, we could not establish the existence of
E|X|k+2 from the conﬁergence of nzln—%kAk’ﬁ, k>1.

Inbaﬁ attempt to show this, we will modify a feéult of Ibragimov
(of some independent interest) and in the form of a corollary we will show

how this anomaly in Chapter 2 is removed. - Throughout this chapter we

use the notation of Chapter 2.

2A.2. RESULTS: The following theorem generalises Theorem 1.2 and 1.3

by showing these latter results continue to hold when we demand only the

nj+]

+ C

nj
(1 2 ¢ <=). The result is surprising in as much as it is possible to

existence of a sub-sequence {nj} with nj + ® as i » » and

take ni = [c'] where c can be greater than 1. Thus it is sufficient to

to know that the condition
~1 (k+§)
- = 2
sgpIFn(x) Gkn(x)| oh )

is satisfied at a set of geometrically increasing points to ensﬁre that
the condition must hold‘for all n.

As wouid bé expected, the proof of this result follows very closely
that of Ibragimov. Let X; be a sequence of iid rv's with zero means

and unit variances.

THEOREM 2A.1.  Theorems 1.2 and 1.3 continue to hold if the

condition
s ,
-1 k+ __lk
£, - 6| = 0@ ) (or 0™) for all n
18 replaced by the following condition: There exists an integer
, nis

sequence {nj}, nj41 > nj, nj > © as i » = and +c (1 £ c <=)such

1

that
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ani(X) - Gkni(x)l = O(ni-i(k+6)) (or O(niﬂék)) ' ()
where k s an integer > 1 and 0 < § < 1.

COROLLARY 24.2.  If o Y#¥[p_(x) - 6, )] < = then E|x;|¥*? < =

mdj=E@,j=1ﬂvn,h2ﬁrkmim%w;l.

PROOF OF THEOREM 2A.1: We need only prove the sufficiency of condition

(1) and this will be done by induction on k. Firstly, we prove the
following lemma which is, in fact, the above theorem for k = O in the

large order case.

LEMMA 2A.3.  With {n;} as in Theorem 24.1, if
|Fn; (x) - 2(x)| = O(ni_%a), 0<68<1 , 1 (2)
then o ‘

1) f w2F(u) = 0(n"%)
u|>z

and if § = 1, also

2) J u3dF (u) = 0(1)

lu|<z

PROOF OF LEMMA: = Since EX% = 1; we can write £(t) in the form

£(t) = exp{-3t?(1 + y(t))}
with %38 y(t) = 0 and such that |y(t)| # O for all t in some neighbourhood
of the origin (-e,e). Following Ibragimov and Linnik-[2h 1, pp 165-6,

we consider first the case f(t) symmetric. From (2) by Parseval's identity

we have
~142 ’ 142 -
Je 2t [fn,(t) - o2t ] dt = 0(ng %6)
1
Thus
log nj ) s
-t - —14+2,]_ ¢ = .72
e [l exp( it y[VEE}}]dt 0(nj ) -
-log nj

and as v(t) is real and does not change sign in O < t < ¢,
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[ b - et - ot

1/vni . .
- [ t2y(t)de = ofng 2(3*8)) | (3)
0

Now equation 3.4.11 of Ibragimov and Linnik [24] gives us

-1
ni 2 ) L '
[ ey ae - ng * J [S—-’ﬁ‘f‘—}—l - 1+-]6;u?-ni"1}dF(u) + o(n; >}
un, 2 E
0 — 1
Thus (3) =

0 . .—% 1 _ ‘ _ 6
B TR Yoty CIREI Ot

sin u u?

But _11——_1+T > 0 for all u, hence
: n-—% - - 1
[ [aemh L e e = ofy @)
i~z .
|u>en?
i
. . ’ u2n'-_1
‘Taking ¢ = 12, we can make the integrand not less than. 12 , thus
| J udF (x) = 0(n;~%%)
|ul>ens
} n
Take cnj® < z < cnj4+] -
2 _ 2 o=y o —sz ¥
u“dF (u) < J 1u dF(u) = O(n1 25) = O[Z : (_c_m)
|u]>z -~ |ul>enj? e
1
2

+ < some absolute constant by the assumption of

the lemma.
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Hence J ﬁzdF(u) = O(Z—'a)s 0538 2;1
|u]>z

for F(x) a symmetric distribution function.

Using the usual technique for transferring from symmetric rvs
over to the general case (see expression (28) of Chapter 2) we find that
in general (2) implies

w2aF(u) = 0(z" %), o0<s <1 (3a)

|u|>z
To complete the proof of tﬁe lemma it remains to consider the caée of
§ = 1 for non-symmetric distributions. We thus no longer regard X;
as being necessa-.rily‘ symmetric.
The proof follows its counterpart on p.565 of [ 22 1.  Firstly,

however, we need to prove that

X
OJ (x = £)t2 Im¥(t)dt = 0(x5) with x = n; ° (4)

From Lemma 2.4 of [ 22] we have T

1 |
l ft2 vy i - v)at| = o(ngm?)
nije
! |

As |a+ ibl 2 Ia[ or Ibl,

}g-telm Y[;f;)(l - t)dtl = 0(nj~2)

from which (4) follows.

Since the work on pp 565-566 of [ 221 does not require x to be

continuous, (indeed x continuous has been used purely for notational

BT
P

convenience) without loss of generality we can put x = nj 2.

ol

We can thus iminediately extract

J wdar(u) = 0(1) as i~

1 1
As before, take nij2 < z < nj412, then

e () ok Pt of 1261, ey = 008 Lyt mnt Reyto) =01



J u3aF(u) = [ u3dF(u) + I u3dr(u)
luf< = |u|<nf ni<lul<a
< 0(1) + 2 11126F(u)
fufond

1
= 0(1) + O(zni—a) (by first part of proof)

1 _1
= 0(1) + O(n]?_+l * n; 2)

= 0(1) + 0(1) by the definition of {nj}.
Lemma 2A.3. 1s now established.
Returning now to the proof of the large order case of the theorem;
since we know it is true for k = 0, we assume iﬁ»true for k and prove it tfue

for k + 1. Again, the proof is identical to that of Ibragimov [23]

POl
-

except we persist in taking x = nji The critical equation 3.9 of [ 231

becomes .
Y kth . 1 | k43 -3 (k+5)
S ;-2)S| aF(u) + i "mj '
I [exp(luni 2) - sgo“uﬁ Gu)2 (ct5) 1 (s = Ties)

- O(ni_%(k+5+6)].

For k even, using the method and the Ty defined on p.465 of [23], we obtain,

uk+2dF(u) - O(ni-%(l+5))
!u|>ni%Tk v
SN J uk+2dF(u) < j , uk+2dF(u) =0 z“(1+5)(E%;})%(1+6)]= o(é‘(1+5)),
| >z |u|>n;Tk *
where n%Tks_z g_n% Ty -
1 &= ="1+1

This relation is equation (3.12) of [23] and hence,

[

lu|>z

**3ar(u) = o(z7%)
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We similarly obtain T3 - Kk+3

J 1uk+hdF(u) = 0(1)

|u<n;

and when § = 1,

from which we can easily find for all z > O

.
+
| oFar) = o)
lul<z
Similarly, when k is odd, the results go through and so we have established
the theorem for the larger order case. The smallorder result follows in

an identical manner from the corresponding work in [ 23] . Thus, the

theorem is now complete.

PROOF OF COROLLARY 2A.2. From Heyde [17T 1 we know that if Zn (n) <

where g(n) is some positive function of n, then there exists a subsequence

ni+l
nj

{n;} such that g(nj) - O and 11m = 1.

1 -
Setting g(n) = n2k an(x) - Gkn(x)l’ we have )n lg(n) < » and so
1%
|F_ (%) -G _ (x)] =0(ni™®"). From Theorem 2A.1 we have
nl knl
. . .
1) i = BX), j=1,2,..., ktl and E|x; K <
r
k+1 L =1
2) J |x|™ aF(x) = o(z™)
|x|>z
_ z
and 3) k+2 - > @
J dr(x) k+2 as z ‘
-z
' ' K+2 .
From 3) it follows that if k is even, ElX] o, a5 desired. When k

>

is odd, we need to return to the Ibragimov article [23]1, this.time

using his equation (3.6) to prove thatT

Xn--l‘l'%k .

ne

14, ! '
J[l - exp{(it)k+2n"2kyk(319}](1 - t)dtt < w, (5)
O N
vhere from 1), 2) 3) and Theorem 9 of [231],

. (it)F2 ok Y( )]

£(t) = exp{ 2t2 + Z “Ezj;s

s=3

'Where shall be no confusion between Y and Y. (t). Also recall that the
. k k
Yj are the predetermined sequence and the Kj_are the cumulants of Xj.




h3_
lyk(t)l = 6U§ as t - 0 and (N.B. mistake in the English translation of
this article).

- Ys oo,
1,2 (it)J J
t(1 - t) exp{et? - j§3 lj!-‘ n%(j"z)} , t e [0,1]

(
A(t) = (
(

0, otherwise

From (5) and the fact that |y(t)] = o(l). |

1 .
1
As |a + ibl > |a] or |v]
1 T 3%
pa-ltix J 20 ey, () (1-t)at| < =
. n2 '
O .

and by expression (3.8) of [231 plus an integration by parts we find

© 2(k+3) '
Z ~l+§(h+h)‘ I cos huzu) y (“l)s(n"%u)ES}dF(u) < (6)
~00 . s=0 FQ_SS? N

Ol

Since the integrard in (6) (call i% by (un )—59 is of constant sign,
k 2 .

we have, with Ty defined on p.465 of [ 231,

T4+l k 1 Al
) 12 (k+h) I bk(un“z)df(;) < w
1
ul>n2 X "
k+3
and as by (u) > ;?k+3)' for |u] > Ty 5
Zn—-% J Iulk"'l
|u'>/nTk
‘ l v
Now EIXi|k+2 < o <= Xnng{lX | > n°} <o (Lemma 1.4)
but ;
o> Jn j Jular(w) 5 Ja¥* [ ar (u)
lu|>n2 |t>n2
Thus E[X |k+2 @ ., Since both odd and even k have now been established,

the corollary is proved.
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Remark a) In Rerark c) at the erd of the proof of Lemma 2.6

k+2

it is noted that if Xj is symmefric and if E|Xg| < (i,e, § =0)

for k a positive odd integer, then equation (7) of Chapter 2 holds
A : '

with I |+ (¢) s < @, Furthermore, from the proof in Chapter 2 that
A
0

! -1
conditions (3) and (4) => (1) under (C) we have that j|y(t)|t it < » = (1).
k+2 0 ) .
From corollary 2A.2 we know that (1) = E|X| < w, Hence, vhen k is an

odd integer and § = 0, no general result can be obtained, that is,

|k+2

in scme cases (l)‘will be equivalent to E|X log (1 + |X]|) < » whilst

k+2 <

in others it will be equivalent to E|X]|
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CHAPTER 3

NON-UNIFORM AND UNIFORM BOUNDS FOR Ryp(x)

3.1. INTRODUCTION: Unless otherwise stated, we take X, 1 =1,2,..0,

to be a sequence of iid rv's with EXj =0 and EX% =1. We define Rkn(x)
as in Chapter 1, i.e.

iy P T T - B
R R 2 A v

And again, unless we state otherwise, the Qg(x) will be defined in terms
of the moments of Xj and not according to the Ibfagimov formulatibn.
We shall denote by C(k) with or without subscripts, a positive constant
\depending only on k.
'~ So far we have been concerned with convergence rate results
for Rkn(x) that are independent of x, and indeed in general we have a
fairly good idea of how Rkn(x) depends on n. The question naturally
arises therefore as to how Rkn(x) depends on x. Some idea of what happens
in the case of EX2 < » is given by the following simple example:
taking EX2v= 1, we have En-l(X1 +oaot Xn)2 = 1 and so, by Chebyshev's inequal-
ity 1 - Fn(x) < x—z for x:>0‘ and Fn(x) < x-2 for x < 0.
These are also valid for F,(x) replaced by &(x), thus for large x,
IFn(X) - @(x)l < foz .
It is clear therefore that for large values of X, uniform estimates
ignore a considerable amount of information. One of the first non-uniform

estimates for |Fn(x) - @(x)[ was found by Esseen (1945) Bﬂ . His

estimate is in terms of An = sgpan(x) - @(x)l and takes the following

form -1
An log An
[P (%) - ¢(x)| < C ———— .
n = 2 .
1 +x -
. _- 3 + -1
Taking 83 = EIX |-<co , from Chapter 1 An é=C83n and thus we have

directly from this bound

+The Berry-Esseen result.
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' -}
_ ~n “logn
IF () - o] < c‘———--—(1 )

The development of this topic follows much the same lines as that
of the uniform case although no real progress was made until about 1965
when S. V., Nagaev [é9] showed that with the same conditions prevailing
as for the above bound,

CB3

@+ |3

an(x) -o(x)]| <

Before moving to estimates of thg general remainder termkan(x)
we conclude the treatment of k = O by giving a bound, due to Osipov
and Petrov [Bll , Which does not assume the existence of any moments
whatsoever. Bounds can be derived from it for Ron(x) but, as we assuﬁed
that EXi=O and EXi<«>when we defined'Ron(x), this bound is of a much
more general nature than simply a bound for Ron(x). For convenience
we will give thé bound for a sequence'{Xi}1bf iid‘rv's rather than

just independent rv. For any a > 0, b and x,

1 n
P{z ) Xj—b<x] - ¥(x)

=
j=1
M N, = =3
0 p-t -3 R - |
< AlnP{[x;|>7 ) + + 5+ =3 3 | (1
1+ x|l @+ xh° ata@«x])

where A is a positive constant, Tox is a sequence of positive real
nimbers
x’

X,

) [xj, if x| <,
J

0, otherwise,

= =2 - 2y
M = nEX; and N = n(EX] - (EX))") .
This is a very good bound in so far as most results of interest concerning
IFn(x) - &(x)| can be obtained from it (see Heyde [17] where the non-
uniform counterpart of this bound is discussed - the techniques used

there can be applied here if we take Tox = /Szl-+lxl)).'

Here, no moments of X; are assumed to exist.
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The general remainder term Rkn(x) was considered by Survila [36};
he showed that if Cramer's condition (C) holds and if Elxlk+2< « , then

k+1

xR @] = 0@ ™P,

uniformly in x. Bikialis improved this in the case k =1, showingin-lh ]

that for X, non-lattice and Elxgl < w,
a+[xp? R, 0] = oGhH
_ 1,n n.Je-

Osipov, 1967, [3d] considerably extended these results by pfoducing
some precise estimates for Rkn(x) from which the previous results
(assuming (C) Bolds) readily fiow. We shall restate Osipov's results
in some detail since his work forms the basis of this chapter.

Theorem 3.1 below, is a slightly improved version of Theorem 2 of [30]
This version is quoted from V. V. Petrov's : book;[32] in which the

theorem is proved in its entirety (see Theorem 1, Chaptér 5, p.197 [35]).

THEOREM 3. 1. (Osipov [3d] ) Let EX? =1 and‘EIXi‘k+2 <@

for integer k > 1, then for all x and n,

IR ()| <C (k)[ 2K (1 4 |x]) &2 lu|¥*2aF (u) +
Iul>/h(1+|x|)

n'— (k+1)/ 2 (1 + lXD- (k+3) lu |k+3
lul 2/m{1+]x|)

dF(u) +

|52 £+ L7 L D (g, |X|)-(k+3)] )

1

shere 8 = —L1
where 12E|Xi|3 .

Remark a) Setting EX]-_2 = g2 (as in Petrov l32] ) and substituting

. . Xi .
in the variables = ve easily recover the dependence on 02.

In the original paper, Osipov obtained corresponding uniform
bounds for Ryp(x). These can be obtained directly from Theorem 3.1

with the exception of the final term. We need only note that



lu|¥*3aF () = I | **3aF ) + I o] **3dF (u) .

|u| <vn{1+}x]) lu]<va ’/q;hﬂ</n@+lx[) |

The latter integral is bounded by /h(l+le) f Iu[zg%(u) and now
. ul>vn

taking x =0 (being that value of x for which the R;H.S. of the expression

in Theorem 3.1 - with the above adjustment - is a maximum) we have

THEOREM 3.2.  (0sipov [30] ) If EXi =1 and Elxilk+2 <

for some integer k > 1, then for all n,

sup | Ry () |

A

C?_(k)[n_%k J |u|k+2dF(u) +
|u|>vn

+ o3 GkD) Ilu|k+3

dF (u) + (]tsup | £(t) | +i11-{)n(1.+ 1ogn)]
|u] <vn :

|28

where § = (12E|X§|)-1.
Remark b)  Assuming (), and using Lemma 3.7 with r=k+2, §=0
and 2 = k+3, it easily follows that

s(/n(li—lxl))
K21+ | x|)k+2

and s;lekn(x)I = o(h-%k), where e(t) is

R ()] =

a bounded positive function such that e(t) - 0 as t » o,

The above remark, combined with the fact that in both these fheorems
the estimates depend only on 'tail conditions' of the moments, suggest
that similar estimates may hold under the milder IbragimQV'[Qil_nmnmnt
conditions. One of the aims of this chapter will be to obtain these
estimates and to examine their ramifications. Our results are set out
in Theorems 3.3 and 3.4 and some subsequeﬁt remarks. Essentially we
obtain Osipov's results whilst demanding the existenée éf the k + 1lst
moment and that the k + 2nd moment exist in principal value only.

Unfortunately the estimates we obtain do not allow us to derive

results as general as the Ibragimov[le results since we have had to
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assume E|Xi|k+1 < = and aj = EX%,'j = 1,2,;..,k+2, before we can evén
write down the bounds. To obtain these general results, an estimate is
ngeded for ]Rkn(x)l which does not aséume the existénce of any momernts
other than the second. We naturally think in terms of a generalisation
of the Osipov-Petrov bound (1), combined with»Rkn(x) defined accordiﬁg

to the Ibragimov formulation. 1Indeed, we generalise this setting further
by not assuming the existence of any moments and we use it in Theorem 3.5
to give a generalisation of the Osipov-Petrov boﬁnd,> We provide

bounds for

. n '
A (C,b %) = |p -01; -21 X; - by < x] - U (0] 2)
i= .

where Cn:>0,'{bn} are sequences of real numbers and Uy (x) (= Gkn(x) of
Chapter 2) is the first k+3 terms of the Chebyshev expansion defined in
termé of some arbitrary 'moment'-sequence O,i,a3,au,..., and of course
U (x) only depends on 0,1,a3,ah,...,ak+2. The terms in‘the bound we
give are fairly general; however, in a series of remarks following the
theorem we show héw these can be evaluated. |
Finally, in the last theorem of the chapter we show that the

uniform version Qf this bound -Alike the Osipov-Petrov bound - has, in

certain important cases, asymptotic behaviour equivalent to the quantity

it bounds.

3.2, RESULTS : Theorems 3.3 and 3.4 give us essentially Theorems

3.1 and 3.2 under milder assumptidns.' Unfortunately, we have had to

insist that n be large enough to ensure that

rr»%(k"'l) f |u|k+1dF(1i) <l
luldva |

In most cases, however, this should be no restriction.

We take {X;} to be a sequence of iid rv's with EX; = 0 and EX% = 1.
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' : o ) 4
mmEoREM 3.5, If E|% |1 ana BB S JPar@ -
‘ -z . :

k+2

are finite for integer k » 1, then for all x and sufficiently large n,

len(x)I < C3(k) [n‘%(k-l) (l+ le)"(k'l'].) lulk+1 dF(u) +
[ul o1+ x])

+ n_k/'2 (l + IXI)—(k+2)

f* uk+2dF(u)
ul>/a(1+]x])

-+

+ n‘%(k+1) (I + IXI)—(k+3) | IulAk+3
lu] <va{1+]x])

dF(u) +

+ (liTzslf(t)l + E%)n o1 (k+2) (k+3) (1+ lxl)-(k+3)]

where & = (12E|%;|3)™Y if k>1 and 6 =p, o<p<1 if k=1 with p a constant

depending on the distribution of X;, and

* z b
[ denoting lim J - J
2>
|u|>b -z -b

The next theorem gives the uniform counterparts of Theorem 3.3.

 THEOREM 3.4.  Under the conditions of Theorem 3.3 for all x and

sufficiently large n,

. : *
S;Plen(X) | < C, (k) [n-% (k=1) f |“|k+1 dF(u) + nf_%k‘ uk+2 dF(u) | +
lul>/n | >vn

+ n_%(k+1) { l’ulk+3dF(U) + ( sup |£(D)] +?1_)n(1+1°gn) o
t]>s "
|u|</n

where § is as defined in Theorem 3.3.

Remark c) In Theorems 3.1-3.4, under condition (C) for n
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sufficiently large, ( sup If(t)l + éL) < 1.
|t]|>6 oon

k+ .
| 2 < ©, the term in

Remark d)  Since we have not assumed E|Xj
Osipov's results involving [u|k+’2

|u|>/n(1+[>x|)

d F(u) appears in our results

as the composite term

n—% (k-1) (1 + lxl)_(kﬂ') |ulk+1 dF(u) +
[ul>va (1+]])
. f* uk+2dF(u) .

+ n‘%k 1+ lX "(k+2)'
e Ju]>va (14} xl)

k+2 ., P s ’ ,
If E]Xll is assumed finite, this composite term reduces to that of

Osipov.

Remark e) Throughout this remark we assume (C) holds.

i) If | J lu|¥*Y aF(u) = o(z"Y) then

|ul>2

: h ‘ e(/n(l+ |x|))
s%p[Rkn(x)[ = o(n ) and len(x)l =:}W

where e(t) > 0 as t » =

17) If f |u|k+1dF(u) =O(z—1) then

lu|>z

-3k ' 1
s .. (x)] =0(@m *") and ()=0[ — ]
‘}%Ple_l,n %) | | Ry 0 | KT ()2

i) 1f E|x,|**? < » and f lu/**2ar(w) =0(z"%, 0<s<1

|u]>z

' ' v -1 (k+§ . 1
then sgp R (x) =0n HD) ana R 1 = O(h%(k+6)(1-+IXI]k+2+6].

These follow easily using Lemma 3.7 below.

In each of the cases 1), 12) and Z277), if we apply
theorems 1.3 &1.bye find that in the uniform case, the imposed conditions

are both necessary and sufficient for their respective order n convergence
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rates. Thus, in a certain sense, Theorems 3.3 and 3.4 provide optimal
estimates for ‘Rkn(x) |.  Of course 77%) can also be obtained from

Osipov's theorems.

Remark f) If (C) holds, taking E]Xi|k+2+6 <o, 0<§<1, and

E[Xi]k+2 log (1+ [xl] < o for § = 0,

z n"'].'f‘% (k+6) S%P‘Rkn(x)l < o,

The results of Theorems 2.2 and 2.3 show that these conditions are also'
necessary for the series to conQerge providing 0<5<i-

We shall establish the convergence of only the first term on the
R.H.S. of the bound in Theorem 3.4 as the same technique is used for
establishing the convergence of the remaining termé.

Firstly, we note from Lemma 1.k
that for 0 < § < 1,

)
. z n%(k‘*ﬁ) P (Ixil > ‘/n) < P E‘X|k+2+6 <

and that the first term on the R.H.S.of the bound in Theorem 3.4 is less

than (using integration by parts)

©

)
C(nP(IXi| > /n) + —-1(-]%;_1_—13— f ukP (‘Xll >u)du].

n2
Yn
The second term above can be rewritten as
o  VItL
-1 - .
cn2 (7D ) o€ p (1x1] > uv)du

which is ;-Cn-%(k—l) 2 j%(k_l)P (lX:.I > /j).
3=

Thus o+ (k+6)"1‘('1](;_'_—i‘;)— J |u|k+1 dF(u) ;zn% (k+6) p (|X1l>/n) *
Tk
n |u|>vn

+c) 26Dy 20D p (1% 1 >3}
n=1 j=n

.

[+ - ] 1 6_
<C+ Cjz_-_lj%(k Dy (Ixil >‘/jt)1£ln5( 1)

< o
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To treat the case § = O, we note that if E]X[k+2 1og (1 + [Xi]} < ©

E|x, % 106 (1 + |%,]) = J & (% 10 (1+w) P (|| > u}du‘
| 0

. Yo+l
= ) J %\I [uk"'? log(1l+u)) P (]Xi| > u)du
n=1 , o
n
n+l
Z P (%] > /_1)u log(1+u)
n

>c Y n%k log(n) P (lXi[ > /nTl)
n=1 '

> z n§k log(n) P (!Xil > /n].
] _3k log n P(]X.| > /n) < . Treating the terms on the R,H.S. of
So n 1

n=1
the bound in Theorem 3.4 as was done for the case 0 < § < 1, and using

“this result, we establish the assertion of the remark.

We now turn to estimating Agp(ep, by, x) as defined by Expression
(2). The following theorem generalises the Osipov-Petrov bdund (1)

above, whose notation we preserve.
THEOREM 3.5. Let X; be a sequence of iid rv's, then for

any integer k > 1,

1
IP(Q

He~—18

Xj-bpx} - U(x)| < nP(]X5] > ) +

] 1
c(k)[( l+[x[] (k+3) ‘2(k+l?{0—§(k+l)(k+2)[J' Ilulk+2 dF(u)]'l+E .

* n
luj<c,
% nx, _
+ ;(k+3) j k+ 3dF( )|} + l+| ') -(k+Lk) ;(k+h) ~3(k+2) j |u[k+hdF(u) +
lu l<Tnx : ' lu|<'cnx
o) o)

n 1 V .
. [] opp, 1] - 22 (%] > 7 ) }2"5} n§<k+3)(kfu)(hlxol},_(m)] .

+ ]Uk,n(xo) - U, (x)[ + [U (x) - U (x)[

= 9 (C

k,n Pp> x)

n?’
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_ 2 = 3y-1 | L C C b - nEX:
where § = ¢ (96 EIX‘] ) X = DPx + = 0 =-an 1
| n ol 1 > Fo € P E Ay @ /hop

2= ¥, and 'S b ;
o = var ¥;, Uk,n(x) is the first k + 1 terms of the Chebyshev

expansion def"medr in terms of E(Xi - Efi)‘], J=1,2, «c., k+ 2,

Remark g) . From the proof of Theorem 3.3 it is easy to show that

U, 0G0 = G a1 < oG - o] +

3k+6 3k+6y %2 - x2| = 1x2
+C () |xmx | (14 |x] + x| 3*0e | x5 - x| SR
- =1 (k+2 : k+2
where Lk+2,,nkf n(noy,) 2 (k+2) f |ul dF(n).
lu] <tny
Remark h)  From Petrov (p.201,[32]- )
k+2 —1y e—%xz '
SN ORI CO IR \)Zl n e [0y (0 - Q]
- ki—Z e"%xz z H\)+23—1(x) i’ [ﬁ?_}sl { Yo+l ]sl-l
val Y2 $10.0.syl(1DS1 . (v1)5Y =1 a2 a2 ) X
s s
y {(Y£+2}S!L _ (_Y£+2,n ]SR’} ( Y£+3,n ];Q.+1 [ Y\,v+2,n ] v
I J_ l oo o l L]
n2 2: onu+2%122 0;2:"‘3)“2 (21"'1) Un(\)+2)n2\)
where Hm(x) is the mth Chebyshev-Hermite polynomial:"
B
2 pykar2k
H (x) = m! X =
k=0 k! (m2k)!2
o, = var ij’ Vg is the sth 'cumulant' associated with the 'moment'

sequence defining U, , and Ys n

’

” is the sth cumulant of the rv ('fi-Efi).
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The final theorem’of the'chapter shows that in certain cases

Ak,n(cn) = sup Ak,n 0’ =0, x) and 0 k,n(cn) = sup O (C_, b, = 0,x)

k,n 'n> "0~
hav%qasymptotic behaviour. We have taken bpy= O since we consider
a sequence {X;} of iid rv's with EX; = 0 if EIXi|<m . Also we
take Tog = vyn. Firstly, however, we need to suitably define 0. (C

k,n

for k = 0. The usual Osipov-Petrov (uniform) bound, as it appears for

n)

example in Heyde [17] , is not Satisfaqtory since it involves a term

in Elii[3. The bound is too rough if we are imposing the conditions
thet the third moment exists in principal value only and that

j uedF(u) = O(z_l) (Lemma 3.7 gives us no information. in this case.)

lu|>z . |
It was for this reason that the case 6 = 1 in Theorem 3 of

Heyde Etﬂ could not be considered.
The term in E]iﬁls appears in the estimate of

y (Xi - EXj)

P
g l [l_ On

< x] - ®(x)|; we therefore require an estimate that

avoids the use of this absolute moment. = The following bound has this
desired property:

n0X; _ EX;3 _1 _ 1
s%pIP[g(—i7HE;—i) g,x} - o(x)] ;;C[n 2|a3,n] +n lah’n + n 4 1] (2a)

where a = BEY
r,n n

and 4, is such that

Tt e B | oo
|ut|>1 lut | <1 [ut]<1

We will derive this bound in the proof of the next theorem but in the

meantime we define
-3 -1 -3, -1
Bo’n(Cn) = nP(le| > Tn) + C{n |a3’n| +n ah 0 +n "4, "+

2 -1 2)} (2b]

+ /no IEX | + |1 - C 2no ]max(l cn o,

with C an absolute constant and {t} - 8 sequence of positive constants

We are now in a position to state our last theorem.
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THEOREM 3.6, * Let {X.;} be a sequence of iid rv's such that EX;j = 0
if E|X;|<» . If Cramér's condition (C) holds for k>l and if 0<é<l, then

for any integer k>0 the following four conditions are equivalent:

k+2 -3 i .
<o, 0_2=EX].2‘, a. =0 J EX]:] for = 0,1, ...,k+2,

(i) E[x] 5

|J |U|k+2dF(u) = O(z_aj as z >
ul|>z :

and as well for & =1, f uk+3dF(u) = 0(1) .
[u] <z
(i) inf A (C) = 0@ 2*)) 55 0 > e,
n

(iii) Akn(/Jnon) = O(n—%(kw)] as n > ®

(iv) .Okn(/n o) = O(n-%(k+6)) as n > (Tnx = Tn‘ = /n).

where 0121 = var X, .

Since neither Petrov's book [32] nor Osipov's article [3@] is
available in English, much more detail has been given than would otherwise
have been necessary. To establish these‘theorems we require most of
the lemmas used in Petrov [32] to prove Theorem 3.1. Some of these
lemmas we quote without alteration whilst others have been .éhangea to

suit our purposes.

3.3. SOME LEMMAS. The first lemma is used to derive the uniform bound

from its non—-uniform counterpart. Its proof is elementary and appears
on p.208 of [32] .

LEMMA 3.7. If

J lul*dF (u) = 0(7-6), rz2, §20,
ful>y
then for 2>r+3§,
f lulg'dF(u) = O(Zﬂ-r_a)

lu|<z

The corresponding large order result is also valid.




o7

(p.173 [32] ).

LEMMA 3. 8. Let X peue X be independent rv's,
EXj = 0 and EX§=UJ%<°° (j=1,...,n); Set
. n -1 n
B = o2 and L, = ank 7 E|x.|K
j=1 3 j=1 J
for k>3. If 3< m< kthen L (m-2) 1/(k-2)
= = = mn ="kn
LEMMA 3.9.  (p.174, [32]) Let the function y = y(x) have
derivatives of order v>1. Then
v
d n
= y"(x) =
dxV 4
. min(v,n) ! =k Voo 1 q® K
= v, — i st | o cuepare—
k=1 @B 7 @ =1 m* (m! dx™ Y(X)] ’

' . . . .
where 2 denotes summation over all non-negative integer solutions of

the following system of equations:

k

1+2k2-!~ ...+vkv=v,
k1 + k2 eee + kv = k.
LEMMA 3.10. (p.175 [32] ). Let X be a random variable and £(t)
its characteristic function. Let EX = 0, EX? = o2 >0, E|x|® = By <
. K t y.,n
for some integer s >3. Set fn(t) = {f_(B—];)} .
Then, in the interval
s -2y-1
] < @)
S
we have
m - v2 =3 -1
’_Cl_ [f (£) - e it {L+ ) B (it) n 2\)}] <
dt n v =1 -
< c(s) s lt[s—m . |t|3(s-—l)+m e—t2/12
= oSni (s-2) ’

for m=0,1,...,s~1, Here the P\)(it)’ already
and well known in asymptotic expansion theory

in terms of the moments of X.

introduced in Section 2.3

, are polynomials defined
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remi 3.1 (p.183, [32] ). LetX be a rv with EX = 0,
0 <EX? = 02<w and P(X<x) = F(x).  Let
[X, if |X|<oV/m,
n =

0, otherwise,

(X, if |X| <ovn(1 +|x]),
Ynx=[ o

0, otherwise,

and set - Z =X-Y .
nx nx

If E|X|k<°° for any integer k >2, then
|F*n(xc Yn) - ViR (xo /n)l <

(k2 k+2
Elz_ CElY__|° *
éc(k)( 3 ’

T — +
Okni(k. 2) (1+ lxl)k Gk+2n%k(l+lxl)k+2 ]

k
| - E[Y_|

for any n and x.

LEMMA 3.12.  (p.190, [32] ) Let G(x) be a function of bounded
vartation on the real line and let g(t) be its Fourier-Stieltjes transform.

Let 1lim. G(x) = 0 and
|| .

f lem ldG(x)| < ©

- for some integer m>1.
Then the function X' G(x) is of bounded variation on the real line and

we have

o]

' . m BV
(-it)mJ i " cw) = m! vzo cL 55 &),

-0

LEMMA 3.13. (p.193, [32:] ).7 Let F(x) be ;znon—decreasiﬁg
function, let G(x) be a differentiable function of bounded variation
with F(=») = G(~») and F(+=) = G(+=) and let £(t) and g(t) be the
respectiveFourier-Stieltjes transforms. Let |

J |x|° [a(F) - 6)] <=

-0

and |G'"(x)| < k(1 + [x!)—s (e < x < @)

tThis lemma is proved below.
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for any integer s > 2, where K is a constant. Then
' T

P -6 | 2o (e x®( [ [EOZED o
| [

T
5 (E)
+ flst |dt+-1%]
=T

for any x and T>1l. Here

[+

§ (t) = f eltxd{xS(F(x)"G(X))],

S .
and c(s) is a positive constant depending only on s.

Proof of Lemma 3.11. The proof is almost identical to ‘that of
the corresponding lemma in Petrov‘[_-32] . We will quote some relevant‘

results from his proof and show how these can be used to obtain our

lemma.
Set
a =P(ovn < |X] <ovn(l+ <)),
‘ A 0, if y < O,
N =V (y) - 2Dy, D(y) = [1’ ify > 0,
and Mn(y) = P(Ynx <y).

From p.184 of 1'_—32] we have
f ly|® Id(NZQ(YU*’n) - V:R(Yc/ﬁ)[ < c(mna_,

for 2 =1,...,n and any m2>0. Setting 2 =n and m=k+2

(instead of k+1, as taken byb[32:| ), we obtain for any x < 0O

X
lN:?l_(xc/n) "v:“(xo/g).| = | J d(N:;n(y.c/n)—V:n(y.d/n').)l

A

A

(@ 1)7E ey

(o]

d [Nzn (yovn) - V:n (yc/n)]

c@na_(1 + |x|)7* P | | 3

i
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Also, inequality (2.25) on §;187 of [32] states:

m -2

f |Y|m\’d(M:2(y0/n‘) - N:Q(yo/n)) < c(m)o 'n

n,m
for ¢ =1,...yn and m=2,3,..., where a '=E|Y Im-E|Y Im.
n,m n,x n
So, in the same way as above, we find
*n - (k+2) -}k | ' - (k+2)
M;_’in(xo/n) - N (xovn) | < c(k)o n? an,k+2(l + [xl) (4)
for x < 0. From p.190 of [32] we have
% % -k =1 (k- = :
IF n(xcn/n) - Mnn(xm/n)l 20 an(k 2) (1 + [xl) k E‘Z Ik (5)

n,x

for any ‘n and x. Noting that a_ < (c/n)—(k+2)a

a S n,k+2 and collecting

together (3), (4) and (5) we establish the assertion of the lemma for x<O.

If we now consider the rv =X we have the lemma true for x > O.

3.4, PROOFS OF THEOREMS. The proof of Theorem 3.3 follows very closely

that of Theorem 3.1 on pp. 197-207 of [32] . For convenience, wherever
possible, we will preserve the notation of [32:1 . To be consistent with
the results of Chapter 2, we have taken k>1 in contrast ﬁo Petfov
where k > 3. Alsp, Petrov's Qj(x) equals (21r)-%-e_%x2 times our

Qj (x) and Petrov's Uk(x) is U (x) according to our definition.

k-2
We shall need some further notation and auxiliary results.

We recall that we are dealing with a sequence {Xi} of iid rv's
having zero means and unit variances. Let X be a rv with distribution

that of Xl' For n>1, set

X, if |X| <n,
r, - | -

n’ .
0, otherwise,

- 2 _ - 2 N - -
Zn =X - Yn’ Vn(x) = P(Yn < X), o = E(Yn EYn) , Wn(x) = P(Yn EYn<x)

3 itx
and wn(t) = f e dwn(x).

(o]



61
Let further

Gn(x) = W:n (xcnfﬁ) and gn(t) = wﬁ&iiﬁﬂ.

We define Q (x) 1in terms of the cumulants v. of the rv Y_ -EY_.
v,n jn n n

In fact . »
' \Y ¥ "1k
1 m+2,n m
x) =-)H x) I ‘ 2
: Qv,n( ) 2 v+Zs—1( ),m;l km!‘[(m+2)!ﬁ?+2] ’

where the summation is over all non-negative integer solutions of the

equations
kl + 2k2 + 00 + vkv = v
k) +ky + .00 4 kv- = s
We set
—%xz k
U (x) = 8(x) += Y Q (x)n—%v
k : var v=1 v
' e-%X2 % -1y
U () = e(x) + T Y Qv,n(x)n , & =0,1,...
v=1
-] o
itx _ itx
uk(t) = J e dUk(x) and uz’n(t) = f e dUz,n(X)'
Finally we define
1 -2 ’
L, =0 207 gy |V ©=1,2,...,),
H
-1 (y=2 :
A, ,=n 2(v-2) E|zn|“ (v = 1,2,...,k+1),
bl
P, = 0;1,7 and q = -0;1 EY /n |

Our first task is to show that for all n satisfying Ak+1 a < i,
bl

and for all x

*
. ik
- 2
UG = Uy px a2 e@® iy + o J Ay +
|u|>¢n
142
+ Lk+3,n)e ix (6)
. |
The condition Ak+1,n < i means that
L - .
ElZn|k+1 < 12D (6a)
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From the definition of o, it.'fol_lows that

2 1 - 52? - w2,
o, =1 EZ (EY,) %
Since
. . . —l - .
E221< n i(k 1) EIZ Ik+1 < %
o= n .
and
E k+l L
ILYHI [E2, | EIZ | T vn Mvion
we have
11 2 : |
-1—6- < On ; 1 - | (7)
and
- L ‘ - Ak.‘l'l n [ l -5- ‘
1 _ ~0n = 2(1 on) s 2_—L'(l+ on) (1 +n,Ak+1,n}; Z ,Q,Ak+1 0 (8)
for 2 =1,2... .
1.2 -1
Further IEYnl ;VIIEZn <n
ElYﬁlv < ol (v-z)EYn <n 2(\:—2) o= 2.3 o
Thus
|E(Y_ - EY WV o- Ele = | § v'(—1)" (EY )2 EY\)—‘Q‘]
7 _________\" v=-2 v-1
Z LT (v-2) ! (EY ) Y‘l’l + (EYn) <
=1
< |EY_| vil vt D (mem2) | D)
< n Lot (v-)! ‘ <
=1
o U E[Z T 0t r—nT D +n <
-0 LI CaN _ <
=1 (=
s 2O mpg I v = 1,2,...,ke2,
Using the relation
EX’ = EY® + EZ_°
n n
we have |
1 ymle—
N n2(\) k 1) EIZ |k+1 for \)<k+2,
|EX” - EY:)1| = |E2)| <
lEan+2| for v = k+2
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and hence

Elzn[k+1, for v < k+2,

|y, - EY )Y - EX"| < - |
1 )
2k+2n2E|Zn[k+1 + lEZI::ZI , for v=k+2,

(2%1)nt VE7D)

(10)

From (6a),(7) and (9) it follows that

‘ v - 1 (=
ElYn _ EYnl\) < 2\)‘E|Yn|\) < (2_]_._6_) Gv,n%(v 2) < 3\)0_:)1 nz(\) 2)

) (1)

for v =1,2,..., k+2 and
‘ SR
elx[V = B[y |¥ + E|z_|” < 222D | (12)
for v =1,...,k+l.

From (7), (8), (10) and (11) we have

-1 - -
n V|6 VE(Y_ - EY.)" - EX’| <n %UIE(Y - EY )Y - EX’| +
n n n = n n

+ n_%v[l - oxlElYn - EYnIv

=1
c(v)n Ak+1,n y for v <k + 2

b

-1 -1 (k+2) k+2 _
c(k)n Ak+1,n + n !EZn i for v = k + 2,

Also for any real a and b and any integer n >1,
|a™ = b < mla - blmax(|a]™ 1, [b] ™)

Therefore

=lv_ v 2|<

I(c;\’n_£"E (Yn—EYn)V]Z - (o ?EX)

_ -1 .
c(k)Ak+1,nn | if 2,v <k+2

<
- -1 -1k, K42,y . '
c(k)n (Ak+1,n +n ? |EZn l] if v=k+2 and 2 =1 (13)

From the well known relation expressing cumulants in terms of moments,

.we have on setting o = EXV, v =1,...,k+2 and «a =E(Y - EY )Y
v n,v n n

b b

v =1,2,..; .
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( YV L _ Y\) } _, v! 2 ‘ (-1)3-1 (s=1)! v (0.1 ’n]s.,-]_
1 1 - ¢ ’ ) | . L)
oanv n?V : sll.,.sv!(ll)sl...(v!)sv &=1 ‘on®
S
(0‘9,-1 n ]Sz-l 5 [0"9, n]sﬂ, _ (“2]5 . [ %041 ]Sz+1 (“v] v
L N ) - 1 - 1 LN N ) ,
o 1 1G-D) ,Gnnia R RIEDY ‘;¥G

where summation is over all non-negative solutions of the set of equations

and s; * 5, * ... Q S.

Since for each v, s, can only be O or 1,>we need only treat the case

v=k+ 2, & =1, in inequality (13). If 2 had been > 1 for v =%k +1,
. ‘ . =ik k42 L.

we could not have written the constant c(k), since n IEZn ‘ is not less

than some absolute constant.

From the above relation and expressions (11)-(13),

c(k) _ -
Y\) n Y\) n Ak+1’n, (V - 1’0..,k+ l)
———'——’ -
o-\) 3 \Y ZI\) ;
nn n c (k) + n—%kIEz k+2| for v = k492
n Ak+1 gl n ’ .

It follows that

Yo.n Y& (Yu)% |
{vom |50 [y c (k) . o
(O’n\)n%\)] [ i\)] l -—<—‘ n Ak"’]_ ’n . fOI‘ 2,’\) gessey n‘

From the definitions of Qv(x) and Qv n(x) together with the definition
’ >

of Hm(x) in Remark h), for v <k and all x,

2

- 2 - B - 4
g 0 - g @] -

(x)
S

2' Hv+25—1
T.es T(ADSLL DY
Vv

S

2 S1 )
T (v5) Vorl %1 | (Ye+2)%0 _ [Yax2,n ) Si| |
n O'n n

Y2+3,n S+l Y\)+2,n 5y
X RS AARt Set —
2+3 5 (2+1)
o, n Op




1 %2
c(k)Ak+1 e ., for v <k,
2

<
= 1 %2 -1 -1x2

c(RIr 4 e ‘¥ 4 2k]Ean+2{e =, for v =k

g 1 ~ix2
Thus |Uk(x)-Uk’ x| = vzl ks IQv(x) -Qv’n(x)|
< c(k) (A, - |Ez ¥*2)) 2
Ak+1,n

for all x.

Next, we bound

Now
-1 - 2 2
~3v ~ix _ mix
n e Toq) (x) me T (]
1y 2 —1y2 1 1y =12
. é Ie %XO - e 2 X ln ‘2_\)| \) n(xo)l + n %\)e 72X I n(XO) - Qv
also

ehmo” — b R el L

Using (7) and (8),

2 - -
lxoz - x2|»= |(§Xn!§] - 20n2 EYn/hic + (cn2 - 1)x2|
o
n
(16), -2 _ \.2
’;'[ﬁ]Akﬂ,n(Akﬂ,n +2]xl) + (on" - 1"
As 6—2 - 1 is less than both — > and therefore
n T 9 T “Meei,n
“ix2 -2 1_7/13 x°
le I é=CAk+1,ne !
Ys,n

. V .1. .
Also, using Lemma 3.8 and the fact that ;g‘;gT;:g) s c(s) Ls,n

-(v+2)n

a el |

-1 -1
0 2VlQ, G | < e (1 %] 37h)

Thus
1 ~1, 2 1,2 _%XZ

=g, Gl 2 e, o

Lk’n(xo)_— Uk,n(x)| wberer X, = P X + q, -

TSee bottom of p.78

(14)

,n(x)|

(15)
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We have also

-1 . : v o
o i\)lQ\),n(xo) - Qv,n(x)l =11 (vazs-l(xo) - H\)’-I-Zs—l(x)] T

m=1km'

k

Ym+2 ,n m
* -2_3m l
: (m+2)!0hm* n

and [m/z:]lem-Zj _ Xm—2jI
lH_(x,) - H ()]

m!

A

j=o  j'(m-2j)!2J

< cm|xg-x[ (1 + %™+ [x]™ 1)

5|x|+4 A ;

Hence as,‘Xo"x‘ < TV11 k+l,n

2 _-1 ' 42) - v i
" zle (xo) B Q (X)| = c(\))Ak+1 n® Un(v )EIYn'— EYnlv “orr
Eer‘ EYn[\)+2
But from (11) Vv < c(v), v=0,1,2, ..., which gives us
n
L - . -1x2
Tow e n le,n(XO) Qv’n(x)| é=c(v)Ak+1,ne

for v =1,2, ..., k.

Combining all these results, we obtain for v = 1,2,...,k

“ly. =lyg 2 —142 142
2V|,"2%0 - .T2X ;X +
n |e Qv’n(xo) e Qv,n(x)l S-C(V)Ak+1,ne 7 .

Thus

-142

-— ' 4
lUk,n(xo) Uk,n(x)l é=c(k)Ak+1’ne
From (15) we have that

-4 -1 L —12
(k+1)l o Qk+1 n(xo)[ c(K)n 2(k+1)0n (k+3) k+3e A X"

fia

By, |

-1 27
c(k) Ly, e s X
b}

Continuing now with the proof of the theorem, we note that

Vzn(x yn) = w;q‘(x‘/n - nEY,) = Go(ppX + qp)

tThis completes the proof of inequality (€).
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and so

|F_ () -Uk(x)l < |F*2(x va) - Vin(x vn)| + |6, (%) - Ukﬂ’n(xo)l'; |

10 a0 - @ (16)
Further+

Ak+1,n = n_%(k—l)‘ f |u|k+1 d F(u) ;

|u|>/n

< (1) (n-l o3 drCu +
vn<|u|</n(1+|x|)

|uk+11dF(u)]‘ (17)
Jul>va (1] x]) |
From (6), (17) and Lemma 3.11, it follows that the first and third parts

of inequality (16) do not exceed the bound in Theorem 3.3. It remains,

therefore, to estimate

l6 (o x + q) - Ugs1,n®PpX * qn)l-

In Lemma 3.13 we can set

G(X) = Uk+l’n(}§0) ’ F(X) Gn(xo) > s =k+ 3, T = Tn
where
_ok+s -1 _ v =02 Ly eV _ .
T, =3 B pedB =0 n E[Y -EY]" , (v =1,2,...5)

,n n
-(k+3
From (11), Bv,n < 3 and so Tn > 1; also |Uk+1’n(x)| <K(1-+|x|) (k+ ),

for K a constant depending only on k.

Setting

(-]

s,(0) = [ "™ atdt(o(x) - Uk;l,n(x))} (2=0,1, ...),

-Q0

we obtain from Lemma 3.13

.. . . . -3 k+2 |
A similar split-up is valid for |n 2k J u’ “aF(u)|.
|u|>vn
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| In s (£),
) (k) [ 0
16, (x6) = Upyy (x6)] é=(1.+|xb')k+3 Beh,n _jn t l o
s (v) ' '
. [ I k+3 , dt] (18)
| t o
_Tn

At this point we note that if we are only interested in uniform.
bounds, we could use directly the Esseen bound for Gn(xo) - Uk+l,n(x°) .

namely

s, (6) B ok

]

n

We estimate the final integral in (18). = From Lemma 3.12 it is
sufficient to estimate the integrals

T

. a¥ v-k-k
I = I o (gn(t) - uk+l’n(t)) [t] at
n

for v =0, 1, eoey k+3. From Lemma 310 it follows that

L\l (g () - (t)) ltlv"k'hdt <c(k)B
-1/(x+2) | at¥ ®n k+l,n ' - k+,n
|+l <Bk+1+,n
The same bound holds for
v
J | = (t)l ||V gt
"1/(k+2) |t|<T ?
k+h, =1
Therefore
a¥ v-k-l
I, 2 clk) sl ¥ J Y gn(t)l t] dt, (20)
-1/(k+2)
Bk+h ,n =<=| t l <Tn

From Lemma 3.9,



min(v,n)b '_nl o nT
[E=T 0‘779 x

(21)

to '
+ eee =
rl + 2r2 vrv v
and rl + r2 + ocee T rv =71
The result

v

Ji—'g (t)| for the case of k > 1

We now bound
at’
we obtain could have been extracted directly from the work on pp.20L4-207
inite For

of [32] since this bound depends only on E|X13 being finite.

the sake of completeness, however, we shall reproduce that work here.

Using (10) and the inequalities

‘ [Yn-EY (exp (it _7_—} i l]]l

| & iR ¢h}i = *on?
t
é:?ﬁ s
and
vy (2 )<-l-B (v = 2,3,00.)
_7_ =15 “v,n 93900e /y
we obtain '
N ] n-min(v,n) _
— g, (t)| < cv)(1+]t]V) v (== (v =1,2,e.0).
dt | | o |
Also _ _
Y -EY ) Yn—EYn g EE
= 2n °

and so for ltl < /n, Iwn(aﬁagalg:%u

2GR 2

Eaas



| T
and for v = 0, 1, «.., k+3,

n-min(v,n)
t . : ? k+3
sup W ﬁ—) ] L2 [ su ( ]
{ |tl>Y/n n(crn n ! |t|>yy/n
-1 .
Now, as B >n ° we have for v = 0, 1, ..., k+3,
3,n - .
| el
-1
BB’n<|t|5’I‘n
t n , k-l
< C(k)t Sup__:L {Wn(m) ] J (l+lt|\)]ltl\) it <
t ;BS n :
b

-1
B3 n¢ It|<Ty

< c(k) a ‘n%(k+2)(k+3) (T” 2 “é(kﬂ). (22)
= n
where a, = sup |w (t).l .
" lel2logdny )
From (7) it follows that
1 | 3. 16 3 3
r.:;n/nBB’n = 0—112 E|Y, - BY |” <33 «8E[Y |7 < 12E |x]
Also, since Mesq g < :
v _(+)] = |gettn| = I J e ar(x) + [ aF(x)| <
|x|</n | x|>Vn
< lf(vt)l +2 [ dF(x) < If(t)l + E ,
|x|>vn
it follows that
1
L sup _ |f(t)l + == (23)
|t]>(12E|x]3) 7t en » -
We now show that |gn(t)] < e8/6  tor lt] < B;ln .
°

Let Z and Z' be iid as the rv (Y- EYn). Then the c.f. of Z-2'

is |wn(t)l2. Also
log lwn(t)|2 =log [l+ [|wn(t)]2 - l)}
(- [ ()13 -2 - g (0) |3 ...

< -1(1- Jup(e)]2)




LTl

(_1_.”2 = t2 - f(eltu -1 - itu - (112:1!1) )d ‘l’n(u)

P{Z - Z' < opx}. Therefore

5
1]
2]
1]
&
[o]
£
]

®

S/-\
ct

~
|

o . N
exp{nlog|w, ((—J—r?-n-) |}
2 . .
;exp{—L+§f[eltu—l—itu (1tu ) av (u)}
2

_1.2 o, L
xp{ -2t® + 35E

7-7"!
On

3
). (oo il Pl

ﬂ/\

. 3
< exp { -3t2 + %E I—%-l 1 |t]3}
. On

i

exp (- 12(1-5¢3; )}

exp {—%te} if |t] < B;ln . o (24)

fia

From Lemma 3.8 we have

-1
—(k+2) —_-1
. Bk+1+,n -5—‘-B3,n

Thus from (21)%

v=k-U4 ' _
Bk"'hsn ;I t I <.B3 5!
And so
T,
() 1
__k_t?)__ n 3(k+2)(k+3)
J ‘ t l a2 c(k)[Bk+l+,n tayn
' .Tn 8 (
follows from (20) and (22). We now estimate j Qtt)l at,

-T
n
since this is relevant in the uniform case. From the above work(and in
particular Lemma 3.10 and (24)) we can readily extract that

8, (t) g, (t)
t ldt elBepnt J l a
=T -1
n
B3’n<ltl_i_Tn
2
LB, 0<h(t)<ce™0 TN

1 e J h(t)at < l c(%)k+2-e-“lt2tndt
- . Q ’
a<|t]<8 a< [T

—5: Ca—(k+2)
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and that (see (22))

J gn(t) at < c(k) a .T%T at
=1 < B'l <|t]<m
< elk) az log n.
Hence, from (18) we find »
_clx) n _3(k+2) (k+3)
| Gnlx0) = Upyy n(xo)ls K3 {ktl,n T 2 P (25)
(2+]x,] )
and from (19)
n
lGn(Xo) - k+l n()(o)l = ( Kl ,n + anb log n) (26)
From the definitions of %y and using (7)%
L+ xo] 2 %+ [x]. o (27)
Also, as IYn[ < vn
| (seb) S3(e2) kel
Byel,n = %n n E|Yy - EYy| <
K+l 16,57 1 (e2) k+h g+l -3 (k+1) k+3
2 () e =]y, | n E|Y,| (28)

From these estimates together with (16), (17), (23), (25) 2nd (26), we
obtain Theorems 3.3 and 3.4 for k>1. '

To prove the theorems for k=1, we must suitably bound

Vv
L gn(6) ][

b

for yv=0, 1, ..., k4.

Fron *he derivation of (22) we can write

f

yV/n< lt IéTn

v
4 gn(t)l€|t|\)—5 dt ';c[ Isup

)

Wn(

n
)

atV t|>yv/n Opv/n

where O<y<l and ¢ is an absolute constant. (yis independent of n).

TTaklng |x]>x; and remembering that IEY ]/n<u, l+|xO] l+o [x—/nEYn]>
;l+|x—/nEYn]_>__l+|x]—/n EYrJ E+lx] . Also 1+ b{ol>1

Hence  1+|xq|> 34| for all x.
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so, from (7),and from the derivation of (23),

S G

J ldt" gn(t)lltlv Sdt < c[ sup ‘f(t)
yo<|t| <1, lt]>y

For the uniform case, it is easily seen that

|

yV/n< It [ <Tp

gn(t) 1) |
T ‘dt ;c(k)[ltT:QY _lf(t)l +§'£] log n (30)

It therefore remains to bound lgn(t)[ for |t| <y/n as was done in the

case k > 1. Again we use the rv Z-2%' and we have
log |wy(£)]% < ~(1 - |wn(£)]?3)
and

2! n

= 't.2 - j{cos tu -1+ (tu)ﬂ d ‘i’n(u)
2

1- lwn(';_n]‘le = t2 - f[eitu -1 = itu - -(—i—tu—)e-]vd‘i’(u) .

Iy

2
£2 - | cos tu—l—ﬁ%Ll d¥(u) -
n
lut|<l

'3

2 .
- |cos(ut) -1 ——(-%—)-—I ay (u)
. n
lut |21

[ b
62 - | Lot gy ) - J 3uPt?d ¥rfu)
|ut | <1 [ut |21 '

lIv:

But, setting R,(z) = f uzd\yn(u), we note that Rn(z) + 0

|ul>z
as z 4 o and
) lel™
tJ ud‘i‘(u)<R(|—-])+2tJ uR (w) du
lut|<1 0'_§ |7t
< Rn(_(l-_“) +2t2f | uR (Wdu+2t2 | u Ry(u)du

[t]”

= n(ltl) + 2]t + Rn(ltl 2)
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Thus

t2 J uAde(u)'+ 3 J uzdwn(u) é:ltl + cRn(|t|-i)
|ut|<1 |ut]>1 :

with ¢ an absolute constant. If we can show that

sup Rn(z) +0 as z >

we can then choose y, 0 < y < 1, independent of n such that for ltl <y

t2 J ubdy, (u) + 3 I udy_(u) < 4,
[ut]<1 fut]>1

uniformly in n.

Suppose sup R, (2) -++'0 as z = o, then there exists an € > 0

such that

sup Rn(z) >e>0 gs zZ &> o,

Since Rp(z) 1is monotonic decreasing in z and 0 % Ry(z) 22 for each n,

the above relation implies the existence of some n such that

J uzdwn(u) > e for all =z.
|u|>z
(-]
But I uden(u) = 2 for all n and for the limiting case of n =+ = as well.
-0

Thus we have an immediate contradiction.

Using the above mentioned Yy, we can now write for Itl < y/n

)

2 2 2
2 _t°
2t 2

1- 2

}

and so Ign(t)l = exp {n log |Wn( ;:n )

fia

exp{jg(l - |wngiﬁkﬁl,)}

~1¢2
e it

iA

This bound corresponds with (24) and can be used in exactly the same way

to show that for v =0, ..., 4 , (also we need (28))
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N

aﬂ|q“%c;c;&uJ4.
By n <ltl<r/n |

This result combined with‘(29) and (30) gives us

T, | |
§,(t) -
J 4 ldt;_ c(nlE[Ynl4+‘azn6
and
, T
§ (t) _ - E :
J l dt < c(n 1 E|Yn|4 + az log n)

So, from (18), (19), (27) and (28) we find

|6_(x5) = Uy n(xg)| & ——— E|Y, by aR b
n'"o 2,n\%o (1_*le)4 ( l n )

and

A

-1
[6n(x6) = Up n(x0) | c(n EIYnI4 + aﬁ log n)

as desired.

Finally, let us see what happens when Ak+1,n >4
2 - 2
-ixc _-iv iv vi2  -1x2 -1x
e n Q)| L e n Y B[R]V e s eI+ A, e
-1x2

and IFn(x) - ¢(x)| ;zc(k)(l + le)-(k+1) by Lemma 5, page 181 of

Petrov [32].

However, when we come to bound Qk(x) we find (see the estimate for

Qk+l,n(x) in the proof of Theorem 3.5, pp 78, 79)

o b

-4 - - (k+1) /k
R P e e P T ]

In

—142
c(k)[ k+2| + (1 + Ak+1 n)(k+1)/k]e ix

A

- 142
c(k)[n %klEX§+2| + (SA )(k+1)/k}eix

k+1,n
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This is clearly not the form requi:edbby Theorem 3.3 and for this reason

we have to demand Ak+1,n < i,
This now completes the proof of Theorems 3.3 and 3.4.

Proof of THEOREM 3.5% The L.H.S. of the inequality in Theorem 3.5

3.5
can be split up as follows:

|P{g; ZXi - bn < x} - Uk(x)l
< xH +

X: - b
2

1 1
< |P{'ql‘ LX; = by < x} ‘P{Egz i~ by
+ | E;in b, £ x Uk+1,n(xo)[ + S le+1’n(xo)| +

* lUk,n(XO) - Uk,n(‘x)I * IUk,n(x) - Uk(x)I ;

To estimate the first term on the R.H.S. we use the following well known

result expressed here as a lemma,

Let {Y;} be a sequence of rv's, not necessarily

Lemma &.14.
independent and let {2} and {\;} be sequences of real numbers with

i=1,2,... Set

£i < Ai,
Y, if Ly < Y; <Ay,
Yi=
0 otherwise.
Then
n n _
[P{] v, =<x}-P{] Y 2x} 2
i=1 1=1

n .

< 1 1e(yy <o) +e(Y; 23]}
i=1
- n

The event Z Y. < x implies the event

i=1

AJeeu(y, 2 July 2a),

Proof of Lemma 3.14.

n
(3 Fenuly ol 2
1=1
n —
and furthermore, the event z Yi < x 1implies the event
i=1
. B. Xo and ¢y in this section are different from those in previous section,

See F.H- ,F-,—r dcfn:fmn:,




7T

[iglyi < ;&] u (Y ;zl)u (pzr)ee U (Fnt)uly, 2 gn)_

The result of the lemma now follows.

From this lemma, ﬁsing the truncated rv's X; defined in (1),

< nP[lXil > Tnx]

we have,

l [EIL? i bn;x]—P[Ci-:Z_lii—bn;x]

Secondly, we note that for k > 1,

17 | |
‘ [Cn : % - bn éx] = Ugea,n{%o)

n (xl - EXl)
) IP( §_ /oy = XO] k+l n(xo)

2 — —
where o =~ = var Xi’ and if we use the fact that EIXiIk% < o .. from-

Theorem 3.1 we find

n X. - EX, , | ]
H §_1755n_ ;"0] Ugs1,n' %o ;cm[n Ber2) (4 |y |) ()

O_I—I(k'l')-l') I k +k4

EIX

+ ( sup |f ()] +2) " n%(k+3)(k+h)(l+lxo”-(kfh)]

|t|>6
rwhere
di = [12E|5(_i - E§i|3]—_lcn3; [96E|'}Zi |»3)'10n3,
o = varX;,
and  |T(t)| = |Eexpit(E; - EX)o 1|

1tug
e

o -1
IEexpitXiGnll = | J n dF(u) +P (|%5] > Tnx)'

Jul <,

fiA

t
If(g;)| + 2P(| ¥4 | > )
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. This we do in two

To complete the theorem we must bound IQk+l n(xo)
‘ - R

stages: firstly we estimate ka_"_?) n| and then we use this in estimating
) o
Q’k+1 1’l(xo). From the well known expression for cumulants in terms of moments
) ) : o

we have

o) o o) T(<1)%(s-1)! H(+3-25) k;3 1 [ '“r,n)' }zr

+ [ Y £ -
k+3,n r=1 Yt ,2(7-2 )

where summation is over all non-negative integer solutions of

. K+3

2 + 28 + ...+ (k¥3)2,

. ' - (30a)
R TR

and v and o _ are the rth cumulant and moment respectively of c;l()—(i—E}—(i) .
2 ) .

k+3

When %, #0, I = o*, thus
r=1
‘ - k+3 o L
-1 (k+1) (1-s) 1 - r,n |'r
nm2(E Lo 715 (sm1) tn N P
k+3,n r=2 2’1" hé(r—z)r!
la | k+2 B %
< 1Zpx3,nl 7 , (1-s) 1 1 r,n r
= k+1 S-l).n T I 1 T 1
L2 (D) 0l g LT E(r-2)r
o l ' k+2 B
k+3.n ~(s-1) or r,n
< —2 =
= 3(k+1) * ZC(k)n . H Lr,n ? Lr,'n (r-2)
n r=3 , . n
sz ol k+2
k+3,n -(s-1) k-1(r-2)%
< Tyt c(k)n I L r , (by Lemma 3.8)
= n 3 k+1 z =3 k+2,n ’ Y
o | -
k+3,n -(s-1) [k~1(k+3-2s)
b n§1(k+l) + Ye(k)n™ Lx+2,n ) by (30a)):
and as . s22 and Bk+2 oz 1,
o
1 1 : 1
-3 (k+1) -2 (k+1) -3
n lYk+3,n| <n ]ak+3,nl + c(k)n Lk+2,n .
;
-3r
Also n hr+2,nl < c(k) Lr+2,n for r<k

We now examine Qk+l n(x).
b

because o = 0.
l.n
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e+l oy b
_g (k+1) - L |z 1
IQk+1 n(x)! 2 Hk+28(x) ?1 m! [ (m+2)!n%m]

where summation is over the same non-negative integer solutions as above
except that k+3 is replaced by k+l. From the definition of H (x)

appearing in Remark h), we find

- 3k+2y [ -1 (k+1 -1 ‘
n %(k+l)|Qk+l,n(X)! ;c(k)(1+ || * ][n 2 (et )Iak+3’nl +n 21"k+2,n *

k
+ I Llniz ]
m=1 5T
k2 K |
m (mep) /k
also I L +2,n < II Lk+2,n , (by Lemma 3.8)
m=1 - m=l
L(k+1)/k
= Tk+2,n
: 3k+2y -} (ktl) -1 (k+1)/k
Hence le-!-l,n(x)l ;c(k)(l+|x| ](n Iak+3,nl +n Lk+2 +Lk+2 )
3k+2y [~} (k+1) L (1) /K
<1+ |3 (@ o ol + 151/
Theorem 3.5 is now complete.
3.6 Proof of THEOREM 3.6. First we must establish inequality (2a).

From Lemma 3. 10,+

_ _1e2 T R T 4 9y -t2/12
F () - ot } ;c[n Hay Mel® e o o (e o )%yt ]

for |t | < l/n(cn4 ) 2 We show that this inequality continues to hold
for ah 7”“ n with dn as defined in expressioﬁ (Za). Since
- -2
t2 > no, " in this interval, we need only show that lf (t) - e it |<c:t2 t /12‘.
’
- X, - EX _

Now setting Y, =————, var Y =1 and so

CH n ,

f(t) = EeitYn = exp [—%tz(l + vyn(t)))

where y n(t) >0 as t =+ 0,

n
(=)

Here, f,(t) is the characteristic function of 21 oy /n e
i=

1..
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For [t] <1, |E() - 1] ¢ 4t2 so if |¢] < d_ (<1),

log f(t)

log [1 -"[1_ ;E(t))]:

. Thus

- e
ol % [Fe -1 )4 2

2 Fey - Ll B
=7 lf(t) L5+ 5

0. .
— 2 ; 2
But F(t) - 1+ 50 =) [1t0 _ 5 4. Lt
2
(o]

2)
‘21 ]»dF’(u)

‘where F(u) = P(Y, < u)

Hence _

2 242 343
= t4| _ itu . t it
f(t) 1+ —2—’ = l I [ -1- 1tu+-———2 + 3T

Jut]<1

i 242
+ J (eltu-l—itu+t2u

)dﬁku)
,utl;} )

4 _ 3 _
< 77 f utdF (u) + —'-E!—- ' J W dF (u)

lut|<1 Iut|<1

From the definition of d we have now

n
Iy ()] < —57+1§2-

o

which, for |t] < dpYn, gives

2
n

Ly Pﬁ

n »n

2
2 L)
it IY (7 )I < _§'9XP{ It 2 45 6]
as required.

3
FF()-

..[1 SEO 4 4 - ET0)? ¢ 1 - Ty ) e J

fe) -1 - §(1 - E(r))? [1 + %—(1 - £(r)) + ]

PN ’_;m]z 3+ 262p)]

J u df(u) +
lut,<1

t2 J uzdf(u).

Jut|>1

£2

- e“%tzl (now using [ex—lléjx[elx[)

‘12
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It should be noted that d, can always be chosen such that
dp g{ 5E|Yn|3]—1. In view of this, (except for some absolute constants)
the Osipov-Petrov bound can be derived from ﬁ@on(Cn) when T, is taken
to be vn. So, in the case T,z Yn, eon is sharper than the Osipov-Petrov
bound, and thus Heyde's results [17] concerning the Osipov-Petrov bound
carry over directly to eon (Cn). In particular, for k = 0 and O < 6 < 1,
Theorem 3.6 is valid. To complete the k = O case, we need to establish
the theorem for § = 1. |

It is clear that for k = 0, § = 1, (iv)==>(iii)=> (ii)=> (by Thm., 3.2
Ibragimov [22])(1). So we have only to show (i)=> (iv) to complete the
theorem for k = O. This will follow from Lemma 3.7 providing we can
establish the existence of a d > O such that for all large n, dn’;:d. To

this end we examine J . uzdf(u), remembering that oi > 1 and so for

2 lut|22
n>N, o > }.
n

J  u2dF(u) = ‘ uzdP[c:ll x; - E")ZiJ < u]
|ut|>1 . |ut]>1

= 7 —-——J——(U_i? 2 4p Xi 2w
lu-E%y [>]e| o, m

HES

2 (uz-ZuEii + (EE;)Z)dP(ii u)

lu-E%; [2.(/2] ]y

A

Also |EXp]| < J JuldPx; < u) _<_—LJ uzdP(Xl_i_u) _<_=cn-_1
'u|>/n S |u’>/n
¢ depending only on the distribution of X1.
Thus, by taking N sufficiently large with tt]<1 (as d, < 1) we have
J uzdf(u) < CJ uzdP(Xi < u)

lut |21 o ut]ze

< € J u?dP (Xi< u)

Iut|;=c

i

c|t]
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again c depending only on the distribution of X;.

By Lemma 3.7 and (i) we obtain immediately that

t2 J utdF (u) < clt]
lut|<1

and with a little manipulation, that ltll J u3df(u) < clt] when ¢

|ut1<1

depends only on the distribution of X

These results ensure the existence of a d > 0 such that dn > d for‘ali
sufficiently large n, thereby completiﬁg Theorem 3.6 for k = 0.

We can now use induction to establish the theorem for general k.

The k = O case gives us the finiteness of the variance and hence, by our

assumptions, EXi = 0. Further, without loss of generality we take

EX2 to be 1.

By observation (iv) => (iii) => (ii). If we can show that
. (ii) => (i) and (i) => (iv), the theorem will be proved. Thus our first

task will be to prove that (ii) => (1). Let us assume the theorem true

for k-1 and prove true for k (k>1).

Suppose that the sequence of positive real numbersA{Bh} is such

it i = - b (k+8),

that lélxnf Akn(Cn) = Akn(Bn)' Then Akn(Bn) = 0(n )

. | 1 -px2 G &)

= otk

Hence

‘e P 19

%2f Ak—l,n(cn) = 0(n (31)
and so from the induction aséumptions, E|Xi]k+1 < o, aj = EX%,
j—=09 ._1"'9 k+l-s |

J la|¥* ar(u) = 0(z7Y) as z »w | " (32)

Tul> 2
and zZ

J F2ar @) = 0q1) .

-2
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By Lemma 2.2 of Ibragimov [ 22] we can express Cnbiﬁ the form

_ n
Cn ~/ 1+e
n

where € = 0(1). For the case k = 0, Ibragimov(l 221 Pp.567-9) showed that
-1 : -

(ii) =>¢_ = 0(n 26). We now use induction on k to show that en==0(n i(k+6));

Indeed we could have included the following condition in part (i) of the

~ statement of the theorem,

= o(n 72 0*0)y,

€
n
Hence, from (31)
’ ' -1k
e = 0(a"H¥)
and so
la+e )2 - 1] = o n %y, s ' 33

We are now in a position to employ the technique used by Ibragimov in[ 22]
to show (ii) => (i) when'k = 0. For } <z < 2, set

k+2 /. 9
- 142 - (it)s
b - | 0T U L N ey
z 0 otherwise

} for te [O z]

where the Ai's are the 'cumulants' corresponding to the'moment'sequence

{0,1,a3,a4,...yt It is well knOWn that (see e. 5(1 [ 22]].

[}

J |X(x)|dx < =

-~ 00

where X(x) is the Fourier transform of Az(t). Hence, using Parseval's

identity,

Aé(t) dt

<A C) JlA(Xde

it

z
H hn(t) - uk(t)
o

<ca(c) = ot

where hn(t) =(f(€L))n, f(t) is the characteristic function of Xj and-uk(t) is
o v
the character fn. of Up(x). Furthermore, from Lemma 5 off23] for |t|<n!n

where n is suitably small, : T

tThese A;'s are the Yi's of Chapter 2. To avoid confusion between Y

and  v(t) the yi's have been changed to Aj's.
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k+2 ,. .s ' H
(ie)°xag ) _ c 3(k+1) k+1) -1¢2
| Lderty] -0 s ey (17 17
whence
. |
J [h (t) - exp Z ﬁ%ﬁzﬁ-] (i) la, (t)ae = o(a 1 (K*0)y (34)
0

From Theorem 4 of Ibragimov [23] and (32)

krl (it)s A ' iy F*2
hn(t) = exp[n z ——;T—--—Eé + ny = )(C ], y(t) = 0(1) as t»0
S=2 ¢ Cn n n .

kilut)s (1+en) /2

= (1t) 1(k+2) [t
'exp[ ST (077 Mg ‘T_(“en) Y('E;)] (33)

We can now write (34) as

K Gos k2 .
J[exp{sz (123 ;(S 7y ((1+e )S/2 - 1) + 515%17_'[(1'*€n)%(k+2)Y(éi) _

=2 n
A2 —4 (k+6)
- T ] -1 x (z-t)dt = O(n ).

Using (33) and recalling that k > 1, we obtain

[

k+2 . A '
_(_191__[ 1+en)%(k+2\)(att:) - s ]l(z—t)dt = o(n 2 (k+8))

. a (k+2)!
that is,
Lo k2 ~
4 t) A -

. En 2((izt)\k s | -} (k+6
_2—+'£t (’:112“) [(1 + € ]%(Hz) (Cn) - (k]ig! (1-;)dt=0[n (et ))
Furthermore,
1
. izt k = Ak+2 ) (k+2) _ -k
JtZ(}zf} (k+;): [(1 + En) - 1](1-—t)dt = 0(n )
0 n

and as y(t) = 0(1l) for small t
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1 : _ ,
€ . . \k( A o : -
24 J tz[ICZt] [Y%t{)' (112"‘3)':}(1 - e = o(ntE*9) (36)
0 n . |
Define

1 ;
: A
_ arityk( ety o Tke2 _
p(n) = J t (;;) [Y(n ) TE;ESTJ(I t)dt
0

-1 ’ -
then, upon taking z = (1 + ep) ? and (2(1 + en)) % successively, we find

that
@ = ofa ) | (362)
and
, ;2-+Vp(2n) = ofa 2+

Hence |p(2n) - p(n)l = O(n_%(k+6)), and as p(n) - O asrn.+ ©

p2he ] le@™h 2D
r=j

< cz-%j (k+6)

for all sufficiently large j.

-i(k+5))

We now have p(n) ='O(n and from (3€a),

en = 0(n72 ()

.  We are now in a position to examine the function p(n).
From (35) we note that we could have written (it)k+1yk(t) where yk(t) = 0(t)

as t - O in place of (it)k+27(t), so that

¥ tZ[(%)“k(;;) 69 iy o - oae

-p() =
0
- - L.k
n 4 o1 . 1 Ak+2 
=nZ | (it t) (n %-t)at + —p——
n (J) (it) Yk( ) nzk(kﬂ-&)!.

From this last expression we can deduce that in general

X

[ (xet) (1eykHL %0002 ket K4+
| 8) Gy (o)ae - g R T = o(x )
) | |

as x > 0. This is just expression (3.7) of Ibragimov [23]so we can directly

deduce that (1) holds.
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It remains to show (i) = (iv). We recall that.'rnx = /n and that

here Xg = X ~ n%é% , we have
|x, - x| <'£E |u]dF (u) -~ b as n > «
(o] ==gn ‘ *

|u|>Vn

;cn—%k J |u|k+2dF(u)
lu|>Vn
So, from Remarks g) and h)'together with pertinent results in the proof
of Theorems 3.3 and 3.4, we have
) b (kHs)
[0 n (o) = U (@] = O ).

and

IUk,n(x) - Uk(x)l = O(n-%(k+6))

Also

nP[lXi| > /h] = n J dF (u)

|u]>vn

;=n—£k J |u|k+2dF(u)
~ ul>va

= O[n—i(k+6)]
| — 31 : -1
Next, for all sufficiently large n, 8 = (IOOEIXiIB}“ onz > i[lOOEIXi|3)

which is independent of n and hence with Cramer's condition (c), the term

involving f£(t) decreases geometrically. Finally, an application of Lemma 3.7

completes the theorem.
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CHAPTER &'

SOME CLASSICAL LIMIT ANALOGUES

FOR GALTON-WATSON PROCESSES

4.1, INTRODUCTION: In the previous chapters we considered
sequences of independent random variables. In this chapter we consider
a particular class of dependent sequences, fhe super—critical Galton-
Watson process, and show how some of the results of independent random
variable theory can be used to obtain analogues of the classical limit
theorems as well as convergence rate results for this process. The
chapter is divided into two parts; the first part dealing with the super-
critical Galtoq—Watson process without immigration and the second, with
immigration.

Let Zo = 1,Zl,22,... denote a super-critical Galton-Watson process
as defined in Chapter 1 with 1<<EZ1 = m and O < var Zi = 62<<w .
As mentioned in Chapter 1, there exists a non-degenerate random variable
W such that %ig Wn==W almost surely, where Wh = nlezn; Furthermore, a

central limit analogue was established in this context by Heyde [ 151 ,

He showed that, conditional on Z, > O,

2 -mt ot zn'% o (W= W) 2 neo,1).

Although this does not appear to be the classical setting of a
central limit theorem, if we note that the usual central limit theorem
can be régarded as a convergence rate result for the strong law of large

-1 1 -
numbers (indeed ¢ 1nz(u--n 1

Sn) R N(0,1) for a sum Sn of iid rv's with
mean p and variance 02), the analogy between the Heyde result and the
central limit theorem becomes clear.

W, J. Bﬁhler. [k learlier obtained a similar limit result for

R P .. '
n+j m Zn’ namely, that conditional on Zn > 0,

2 bl o g [, —ndg ) D
(m“-m)?c m (m” - 1) Zn Zn+j Zn > N(O,1).

+The work of this chapter was carried out jointly with Dr, C. C. Heyde and
appears in [19],
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Rates of convergence for these central limit analogues under the
further restriction that E213'<m, were obtained by Heyde and Brown [18]

The proofs hinged on a result of Heyde [15 lwhich states that conditional

-1 -1 :
on Zn> 0, ngn 2(W--wn) and Zn *(z -ern) have the same distribution as

'

r+n
the sum of Zn (conditional on Zn:>0) iid rv's which are independent of Zn
and normed by Zj . The restriction EZ£3<G> allowed the use of the Berry-
Esseen bound on the iid rv's. These rate results were then used by
Heyde. [16] to obtain almost:sure convergence results for the Galton-Watson
process which are analogues of the law of the iterated logarithm for
independent random variables. In this chapter we show how the restriction
EZ1 < may be removed. In Section 4.2 we shall obtain convergence rates
for the central limit analogues and also iterated logarithm analogues
under the basic condition that EZ§<:m.
In Section 4.4 we shall consider the Galton~Watson process with
immigration. The development of the corresponding limit results in this
case has followed the pattern described previously for the case withoﬁt
immigration. Indeed, as in Chapter 1, let'{Xn} be the Galton-Watson
process whose offspring distribution has the distribution of Z1 with

1.<EZl==m and O <var Zi== 02 <o and those immigration distribution has a

finite mean, We know from Chapter 1 that under the present conditions
mann converges almost surely to é proper random variable V with finite
mean EV and such that P(V=0) =0. Heyde and Senetal 211 obtained central
limit results under EZf < for V-mfnxn and X .- m'X, as well as rate
results and iterated analogues under EZ£3<<m. Again the key to the latter
fesults were the representations for Xn-mnV and Xm_r--mrXn as sums of
independent random variables. As in Section 4,2 we shall show how to

dispense with the moment restriction and will obtain the rate results

and iterated logarithm analogues under Ezf <o,
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4.2,  THE PROCESS WITHOUT IMMIGRATION., We shall establish the following

theorems: Theorem 4.1, providing convergence rate results, and Theorem 4.2,
iterated logarithm analogues.

THEOREM 4.1. Let 1 <m=EZ, and O <var Z, = o2 <. Then

1
sup P'(mzA-m)% o—lu_l Z—% m (W-Wy) <x ‘ Z,>0| -0 (x)| <c
and
sup (P 071 v--l Z—%-‘Z -mz < x| Z >0l-0(x)|<d
X r Z, “n {"n4r “nj= n ="n?

where {Cp}, {4} are certain sequences of positive constants satisfying

Y cn<e and zdn<w. Here
n=1 n=1

o =varZ, = “nt (mf - 1) (m‘z-m)_l,

r any fixed integer,

u_ = xzdP[c;—'1 (m2 -m)% W-1) ;x] '

" lelo/n

K3 J || Wi [ézl[zr i mr] ;x]

and %(x) is the distribution function of N(0,1).

Explicit forms for ¢, and dp can be found by applying the lemma

below. We note also that upb 4+ 1 and vy ¢+ 1 as n->,

THEOREM 4.2,  Suppose that 1 <m=EZ; and 0 < var Z,= 62 < @,

Then, on the non-extinction set {W>0} we have almost surely

Z -mt Z. yA -mfZ,
. n+r n . s n+r =
11%—@“1) : =1, lim inf "= -1,

2627 1o : e 202 7 log n|?
n gn v Grnogn
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mW-Z wW-Z |
lim sup =1, liminf - = -1,

e (202 (m2 - m)-l Zn logn ]% e (202(m2 - m)_1 Zn log n] :

where r <is any fixed positive integer.

Theorems 4.1 and 4.2 extend the scope of results given in Heyde &
Brown (18 ] and in Heydel 16] respectively under the additional cdndition
that EZi<<w. The form df the bounds’obtained in Theorem 4.1 is however,
of hecessity, much more complicated in this general case. The samé
situation prevails in the independence case (see [1h] ). Our Theorem 4.2
preserves exactly the form of the Theorem of [16] under the more‘general
conditions,

In érder to establish the above results, we need the following -
important lemma. The result of the lemma is given in two parts; the
first is needed in the present section and thé second to obtain corresponding

results for the process with immigration in Section 4.4.

LEMMA 4.3, Let Ess i=1,2,3,... be independent and identically
distributed random variables with E(gl) =0 and varg1==a2 < o, Let Yn
be a positive integer—valued random variable which is independent of

the'{ai}. Then,

(1)

where A, B are positive constants and

o
[

3 (-1 -1,
Palite ), v lele(a ],
i j|x|<Vh| ' . |x|2/n

(e}
]

E(c;llgll>/n], dn2 = xzdP{a_ltEl;X].

f|x|</n
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If n with Eln | <= Zs a random variable which is independent of

the {g } and of Np, then for any sequence {e } of pomtzve eonstants with

en—>0 as n->o

~1
sup [ 1d1 2(g1+...+g +T\]_<_x]— o (x) (2)
X N, =
AE | N2 R (5 S P (P +<>T1'E|n[E'%'1 rie.
= n aNn n N n Npj n) 28
Proof of lemma.,  Let
2 2. (=1 ' -1 2
e” =J X dP[a gléx] - U de[a gléxn .
n |x|</n |x|</n E
and set
i S and ¥! = elvd_ ¥ .
¥y = o dy N (g+e..et n) Ny | SN N N
n
We have
sup P[‘PNH;X l Nn=k) - 9(x)
. _1 ‘. )
. ' _
< sup (\PNn;x Nn=k) - o(x)| + syup 3 (x) @(ekdk x) (3)
Also, using the mean value theorem,
su @(x)-@(e —1x) <cl-e d-l)
xP k dk 1= k %k
- 2
SR R GEE)
= od (e + )7 xaefcl ey 23] @)
B Cdk ek dk lxl>‘/k . o 1= v
2
< Clbkiclbk ,

c, ¢ being positive constants. Furthermore, from (22) of Heyde [ 1b]

we find thé.t
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sgp P[Wb;n;x | Ny=k) - <1>.(Vx) __<=Ak_% ak+Bllébk+kck , (5)
so that using (3), (4) and (5),
sup P(WN <X | Nn=k]--cl>(x) _<_=Ak_% ak+Bk%bk+kck . (6)
n .

The result (i) follows readily from (6) and the fact that as the Ei are

independent of N

ch Py, <x)*P(N_=k) = ch P(yexx | Ny =K) -2y =k) = P(¥y <),

and EN—n a.Nk = 2 k_15 akP(Nn=k) .

Inequality (2) is obtained from the well known résult‘}'below. Indéed

. T S =1 .
setting Nn o dN Nn n, we note that since the gi and n are

“n

independent of each other and of Nn’

Qo

=syp EJP(Wk +Ark <x) - <I>(x)] ;P(Nn =k) l

su
up

P(‘PN + T

RS ;x) - &(x)

©

bl Z P(‘Pk _;x] - o(x)
k=1

&

+P(|Tk| > €n) +%&]P(Nn=k) E
By the above part of the lemma,

©

) sup

k=1

P(Nn=k] ;AE[N_n% ay ) + BE (N% b ) +E (Mpey )

P(‘Pk;}{) - o(x) _ n N'n
n : n

Also, since Elnnl <o, by Markov's inequality

-1

DOl

. _1
P(II‘kI_> En) <a e;{Elnn|-k2

Substituting these estimates into the above inequality, we obtain (2)

thereby completing the proof of the lemma.

TIf X and Y are independent then (see [ 21]) for any >0

sgplP(X+Y_i_x)—-<b(x)l < s&p]P(X;x)—@(x)f + P([Y|>e) + 3¢ o
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4.3. PROOF OF THEOREMS.

Proof of Theorem 41 Suppose that Z has the distribution
of Z conditional on Z >0. We firstly note that (see 151, [18])
conditional on Z >0, m“z;% (W-Wp) has the same distribution as
(Z ] [U +...+0g ], where the Ui are independent of Z: and are
independent and identically distributed, each ﬁith the distribution of
W-1, AAlso, conditional on Z, >0, Z;% [Zn+r4-mrzn] has the same
dist%ibﬁti’on as (zﬁ]'%[vl + e +VZ§] where the V. are independent of 123
and are independent and identically distributed, each with the distribution
of Z,-m'. We can thus apply the lemma in both cases and obtain bounds
which we call c,, dy respectively. It remains to show that °§1 c <,
o o n=

dn<°° We shall indicate the proof for z cy; that for

n=1 n=1

No~18e

d follows similarly.
n
n=1

. C .
What we have to demonstrate is that Z E{(Z;] : az*] < o,
n=1 n’ -

) E[[Zz) %‘bzﬁ] < and ) E[ZI’: CZ*] < w where aj, by, c, are defined
=1 n n=1 n v

in the lemma with £s having the distribution of' W-1. The proofs of
f:he convergence of these three series are . similar in form. They‘
depend on results of [L4 ] where it is, in essence, shown in the proof
of Theorem 4 that under the conditions of the theorem and if

ne, k=1,2,3,... 1is a sequence of integers with ny n Kc2k as k>
(XK>0, ¢>1), then

w0
Z‘ h—’/i-a' <

“
nay )

‘ o .
-l
, 2 K ®
and _kzl nkank; 1<%

Me

wWhh < o

h

"
<

Ne~8

'{i © )
b, <Ky<w, ] mey tKy<e
klnknk , k=1 © Tk 3

for certain Kl’ K,» K3 independent of K.

For u>0, let

a =f |x|3dP[c-1(m2-m)%(W-1)é x]
" | x| <Vu _
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First we deal with the case P(Zj 0) = o. ‘What we have to show is

VB

(o] - .
L E(Zy aZn) <@
n=1 '

l\)l—l

i.e. E 2 < o

Now 2 ;:Zk for all k and

k+1
@ -3/2 * Zk+1 -3/2
(»>) In an 2 ) ! = &n
n=1 k=0 n=Zk+1
Zk+1
(vhere the sum Y is understood as being zero if Zy4) = Zg)
n=Zp+l

v ,-3/2
= Z 2oy (Pyan ~ ) agy

since ap * as n 4 and hence

-3/2,, |
z E[ -y k+l - Zk)azk] < o ,
The required result then follows if we can show that
-3/2 %
E[Zk+1 (z k+1 Zk)lﬁl (7)
for some ¢ > 0, Xxx being the o-field generated by Zx, Zg=1,+++521.

In order to show (7), we rneed

2
. 72 Zﬁ/ S >0 :
7z g3/2 Y =°
“k+1 k+1
which holds if
1 _ )
2 3/2
E ko kﬁ >c¢ >0 ‘ . (8)
Sé . q3/2 - X
k “k ‘
( 5 X
for a2ll k > 1, where S, = Z S ‘k), the 2. 3) 1g being
_ = b4 1 1 1 .

independent and identically distributed, each with the distribution of Zq,

But, using Schwarz's inequality,



1 1
3 S 5 2
E[l-—'q—k—]2 = E—lnli—gk..r(l_.k;_
°k k¥ gb Sk
. k-
1 1 ) 1
(2 v 2 2
;E{—%]E[‘—_r(l—l‘—)]
k2 q2 k
k
while 1.0
st Y[ Sy
E |—r < E E; = m
k2
thus
. 1.n. »
K2 v )| E |1 ‘k]22
E——-r[l-s—] > P -5 (9)
"k k , n?
Furtherriore,
k
0£l-g-21,
so that

1
P - )

ok k
B {l,-- ‘é‘lz} >21 -E[—‘Lﬁ‘} .

Using the harmonic mean-arithmetic mean inequalityt

kg k 1L 1) - g2
b “FBormp = Bx {zl et z,l]»f E{zl}
. o1
and since EZ; > 1 = P(Zl =1) <1, E EI’ = y<1 )
thus E{l-—lg—lz] >1-v2c¢c>0. (10)

and hence the desired result follows.

low we can consider the case P(Z; = 0) > 0. As in the Heyde
and Brown paper [18] we introduce = related Galton-Vatson process {Y,}
such that P(Y, = 0) = O for each n. Set

F (s) = OZO P(Zn=1}.)sk
k=0 |

+For convenience, the superscripts on the Zl(l)'s have been dropped.
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end let g be the proba»ility of ultimate extinction of the Z, process.

We define the process {Yp} by

Hp(s) = ] P(Yp = x)s¥ = (1 - Q)—I[Fn(s(l - q) *IQ) - q)s
=1 . .

and note that upon expanding out,
k-1 ) oy J=k
P(Y, = k) = (1 - ) ] (9)r(z, = j)d (11)

What we need to show in this case 1is

T pfax

z E[Z; az*) < o

n=1l n

that is

s P(z = §) < | (12)

1o~ 8
MB

n=1 j=1

Using the same reasoning as was used to prove that

EX

< m‘=§2n ga < », we can show that in 3/2 <o for any fixed r >O.

%rn
Using this relation in the previous work instead of the particular

case r = 1 considered above, we easily derive that
) EZ "% ap, <<« for any fixed r > O, when P(Z, = 0) =

Hence, for any fixed r > O, we have
o © 1 )

I Tfary P(Yp =) <

n=l j=1 '

and hence, using (11)

o5 T T ke - o ] ()rez, = HaiE
n=1l k=1 J=k
= (l-—q)"l Y ) P(Zp = 3) % %ark (1 - q)k J-k . (13)

n=1 j=1

But, if Q_ has a binomial distribution b(n,p,q) where p = 1 - g, we have

for any O < € < p,




i3 . K 5k 1
L e (@ - 0% 07 = 287 nag)

v

T
E{Qj°aer{Qj ;=JP(1 - e)})

v
Nl

7% arjp(1-e)P(Y 2 in(1-e))

Taking r = ET%:ET and noting that P{Qj ;:jp(l—s)}'S ¢ >0 for

all j we obtain the desired result.

To deal with z E(Z, ®3 bZ %¥) and z E(Z ¥ cyx) We essentially
n=1 - pn=1 n

use the above technique noting that we must first prove that

.
2 2
1 By :
E| %~ = Xe| 2 ¢ >0 for all k (1)
k 72 ‘
k+1
and
! |
3 = -1 | x, | 2¢c>0  for all k. (15)
Zy k | =

Relation (14) is equivalent to showing that for all k

T 1
nNow 1 1 3
L S 1
k ]d} k Sy [ kk] -1y 2 E k2
E{1l - — Bys- E— |1 - =—|< {EZ E - =t
Thus

rol—

1

1
-1
WE{(I ] —m(l—EZl}>c>O

=
ﬁ‘)l—'[ ’r‘u‘m

I
W(r{)?—-l p:.:l—l

Relation (15) is equivalent to showing that for all k.

wlfm
=

™
et

t
)
v

>c>0.

But

=
5]
ol
"
jeal
[AN]
]
=

> 1.
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Hence (14) and (15) are valid. It remains to treat the analogues of
(13). Ve use a slightly different technique; we note that as cp +

when nt,
E(anQn} > cpB(Qy) = pnep,

while by, + when n 4 so
2 o | :
E[Qn an} > by B(Q %)

ES bnE[Qi(Qn > np(l—e))]

11 1 : 1
g:bnnzp‘(l—e)eP[QnVéAnp(;-e)) > cbyn® .

4

Proof of Theorem 4.2. This follcws the same lines as the proof
of the theorem of [ 16] . Lowever, there is a slight.difference in that
we éstablish first the results for Zn+r - ern and then shcw that they
are sufficient to establish those for miW - Z,, whereas [ 161 proves part

of the miW - Z, result from first principles.

P,T.O.
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To begin, we establish that the limsup (for convenience we will
write this as 11 . -m" is
te t m) result for Zo4r~MmZn 1s at most 1 a.s.

That is,

2 e i ‘
P[Zn+r_mrzn> (1+8) (20r Zn log n)i infinitely often (i.o.) for any 6>0]= 0.

By the Borel-Cantelli Lemma (Loeve, p.228 [271) this will be

true if
°z° 152 - o'z g-(1+6)(2022 lo n)% <
n=1 n+r n r“n"°8

l .
Since Z [1— <I>((1+<S) (2 log n)i)] < o , from Theorem 4.1

;

r 2 2
R P(Znﬂ:-m Zn > (1-!-6)(20r VZn Zn log n)%] < o ,

This is not quite what we desired, due to the presence of the v2

z "
However, reversing the above procedure, we can extract the followi‘ng
result,
‘ r
—r n+r-m Zn
lim ) <1 a.s.
} =
(20r v, nZn log n)
Now since v2 4.S.1as n »» we have
Z]__l —_
- Zn+r -’ Zn
1im <1 a.s. (16)

(Zci Zn log n) :

as required.
To obtain the other half of this lim result we establish it for

r = 1 and then prove it true for general r. We need to show that

- - 2 3. -
P[Zm’1 mZn> 1 c‘S)(Zql anog n)? i.o. for any §>0| = 1.

This is done via the extended Borel-Cantelli lemma; namely, if Gn is an

increasing sequence of o-fields and if AneGn, then P(An i.o.) =1 if
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and only if
(o]
=0 6
%P(An =170 G ] a.s. (L6061 p.28).
Setting

- - - 2 3
A4 = [Zn+1 ann > (1 6)(201 Zn log n) ]

and

G = F[znﬂ, Zs vees Zys zll s

(F(...) denoting the o-field generated by the variables sPecified) and
noting from the proof of Theorem 4.1 that, conditional on Zn:>0, we have

the representation for each n

-1 -1
2 - = 72
Zn Kzn+l mZn) Z *W

0 1+...+V

7 )
n

where V. are independently and identically distributed as (Zl-m) and

independently of Zn’ we must show that
Of P|Z -mZ > (1L-§) (202 Z log n)% Z| = | (17)‘
nel n+l n 1" n n| '

From expression (6) in the proof of the lemma

.

1 -1 i
2. (1 - a1 - 8) (2 Logn) 2}} - AZ? 2 " BZrszzn - chzrl (28)

Nl

1 Z

P(V 404V, > (1-6) (205 Z_log n)
n .

. 1 '
But z {l-—@kl-—d)(Z logn)zﬂ = » and, from the proof of Theorem 4.1,

Nl

- 1
172 .
ZEZn azn, ZEanZn and ZEZnCZn all converge. These latter results

Noir=

1
: ‘ - 52
imply the a.s. convergence of }:Zn aznf Z.anzn and EchZn.

Thus we have from (18) the required divergent series (IT)
Combining this result and (16)we have

Z -mZ
lim n+l L =1, a.s.

T
(ZciZ:nlogn)2
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. v
We now treat the case r>1, Write Zn for Zrn’ n=0,1,2,..."

L3 . . 3 : * - 3 . 3 ‘0 .
It is not difficult to check that {Zn} 1s agaln a super—critical Galton-
Watson process with offspring distribution that of Z,. Applying the

. k]
limsup result above for r=1 to the process {Zn}, we have a.s.,

' 2" T,
Tim n+l. o n
n-)OO 2 * l - 1, a.S.
(20%Zy log n)?
that is
T
Tim an+r o %
N> 5 T = 1, a.s.
(20anr lognr)
But r
-mZ Z -er .
T.—- n+r n > T— nr+r nr _ 1
lim ; 5 T >z lim 5 T = 5, a.S.
( chn logn) (ZO'anr lognr)

since the set {n+r} contains the set {nr+r}, n=1.2....

Combining this result with (16) we obtain the -desire& result, The liminf
case is treated in exactly the same way. We hz;ve thus established the
first part of Theorem 4.2,

We now show that thé results for Zn+r-mrzn are sufficient to

éstablish those for mW- Zn'

-r
. mW - Z _ o'W -m 2 or
lim S| ] < lim RS - ] +
(201 (m~-m) Zﬁ logn) »(Zol(m -m) anog n)
— m—r(znﬂ: - mrzn)
+ lim =1 ] a.s.
(201 (m"-m) anog n)
n+r
m W= 2Z , g
_— + : .
= r1/2 lim 55 - orr %* 3 r_l T e 1. asss (19)
- - 2
m (201(m m) Zn+r log n) Gl(m -m) ‘m

in view of the already established first part of Theorem 4.2 and the fact

Z n+r

n m
that -E . 7
m n+r

=1 a.s.

¥
==
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Inequality (19) gives us, for all

+
r
ol
1 - m W Zn Gr —T %
(1_——1‘72—) lim ) ] T < 7 -1 T = (1"111 ) d.S.
m (201(m ~1m) Z; log n] z ol(m -m) ’m

2
> 1 for all r and +~ 1 as n = o,
1—m—r/2

W - Z
n

lim <1 a.s
2, 2 ~1 i =
(201 (m"-m) Zn log n)
Zn - m™W
Similarly lim rs 1 a.s. (20)
(202 (mz—m)—1 Z_ log n) 2
1 n-
Conversely
—— n+r_mrzn
1 =1im 5 T a.s.
2 R
(20an logn)
So, a.s.,
‘ n+r n
-ry}  ——  -1/2 fogr~m W -— ww-Z,
(l—m ) < lim m T + lim
a (202 (m2 - m)_1 Z_  _log n) z
1 n+r -

(20% 2 z

-m ! 2
(m"~m) anogn)
that is, by (20),

m'“w-zn el 12
: r 2(1-m )* - m a.s., for all r.
T8 G2 - Lz togn)? -
0lm n g
mnW'--zn
So lim

- > 1, and with (20), this completes the
2, 2 -1 I =
(Zol(m - m) Zn logn)

proof of Theorem 4.2.

TNote that oi = oimr(mr - 1)(m® -m

)-—l
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4.4.  THE PROCESS WITH IMMIGRATION. Using the notation of section 4.1,

we shall establish the following theorems: (Theorem 4.4 correspondS to
Theorem 4.2 in providing convergence rate results and Theorem 4.5

correspond s to Theorem 4.3 and provides iterated logarithm analogues )

THEOREM 4.4, Let 1<m=EZ, and O<varZ, = o2 <,

L
Then : ‘
2 34 -1-1=4{n_ _ J_
s;p P((m m) o an n mV Xn ;xl Xn>0 3 (x) e
sup|Plotvel X dx  -n'x | <x | x »0l-0()| <8
X r Xn n | n+r nj = n ="n °?

where {un}, {Bn} are certain sequences of positive constants satisfying

nzl a < and nzlsn <o , Here 0. W, V_ are as defzngd in the

statement of Theorem 4.1.

Explicit forms for a and Bn can be found By applying the

lemma.

THEOREM 4.5.  Suppose that 1l<m= EZ) and 0 < var Zy = 02 <o,

Then, with probability one,

. n+r man .. Xer mrXn
limsup T =1, liminf 5 ! = -1,
o (20 X logn} N0 [20 X logn}
rn r
'mnV—Xn' ‘ : vmnV-Xn.
limsup . — = 1, liminf = -1,
2,2 «~1 3 n>w -
e (20 (m - m] X log n] : % [202 (m -m] X log n}%

where r 1s any fixed positive integer.

Theorems 4.4 and 4.5 extend the scope of results given in Theorems
2 and 3 [ 21l under the additional condition that EZ:13 <o, Theorem 4.5
preserves exactly the form of Theorem 3 of [ 21] under the more general

conditions.
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The proofs of Theorems 4.4 ‘and 4.5 follow the same lines as those

of Theorems 4.1 and 4.2, again using the lemma and (6). We make use of

the following representations from![ 21]

mnV - Xn = (w(l) < 1) + eee + (W(Xn] - 1] + I(n) afis.i‘.

where. the (W(l) - 1] are iid as W=-1, are independent of I(n) and all

are independent of X, and

X -mxX = (Z(l)— mr] e 4 [Z(Xn)-mr] + Y
“n+r n r A r r,n

where (Z(L)— mr] are iid as (Z -mr], independently of Y and all are
r r : rn

independent of Xn' The only real point of difference in the proofs

involves showing that we can choose a sequence {en} with en+0 as n->o -

o] -]

such that . Z € <o and z e_lE[}E% W—l |X >0] <« where w_ 1s either
n=1 n n=1 n n Xp n n

up or Vv,.

We know that up + 1, wvp 4+ 1 so thatwha 4+ 1 as n->e, Thus,

conditional on X, > O, VX, 2 V1 and hence

Iho~18

(o)
-1 (-4 -1 -1 -1 -1
L sn E[nwxn [ Xn>0} __<=w1 Z € E[Xn l Xn>0]

© . 1
~1 -1 =1 - all?
EA Zl € [E(Xn | Xﬁ>0”~ .

Now, using Lemma 2.3 of [ 21] we take ¢

n - 6" with O0<y<@8<1,
hence

® ) - ! o |
Ll 1) s Lo
n=1

Thus, with this choice of €, 2 e, <@ and

-1 [~} -1 ]
nzl €, L[an vy I X > O] < w, as required.
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CHAPTER 5

SOME LIMIT THEOREMS

FOR MARKOV BRANCHING PROCESSES v

5.1, INTRODUCTION: Chapter 4 dealt with discrete time bfanching

processes, or in other words, braﬁchiﬁg processes in which the generation
times are fixed. | Whilst some phenomena fit this situation, the most
natural reproductive processes occur continuously in time. For this
reason, a continuous time version of branching processes is of some
considerable interest.

The Galton-Watson process of the previous chapter is, in fact, a
Markov chain in which the transition probabilities are statibnary and the
number of off-spring of an individual is independent of the other objects
present. In this chapter we consider the continuous time extension of
the Galton-Watson process: the time homogeneous Markov branching
process, This process which we will denote by {X(t.)‘, t >0}, éan be
regarded as the total number of individuals at time ¢t 1in a system where.
we start with X(0) =1, individuals at t =0. Eaéh individual lives an
exponentially distributed length of time with mean a-l (say), O<a<e,
and on death, splits into a random number of new individuals whose
generating function we shall denote by h(z). All individuals behave
independently of each other and identically. The probébility that an
individual of age 1, dies in the age interval (t, t+dT1) is‘independent
of the age T.

From Chaptér 1 we know that if h"(1) <» and h'(l) >1,

. -\t _ : '
%ig X(t)e =W a.s. (1)

where W 1s a non-degenerate random variable with EW=1,

"
pg? - B

) - h'"(1) +1
h' (1) -1 .
and

r=a(b'(1) - 1)
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This result provides us with a setvti‘ng similar to that of the previous
chapter, for analogues of the classical limit theorems. = Part of the aim
of this chapter is to obtain these limit results for

X(t + 1) - e X(t), r>0

and

X(t) - ety

these being the continuous counterparts of the results obtained for the
Galton—Wétso-n process. e |

We now introduce the pfocess {N(t), t>0} defined to be the number
of discontinuirties of X(s) for s<t. In the remainder of this sectién
Qe will examine some possible limit laws for this process. and for
combinations of it with X(t). To do this, we need a little more notat_ion:.
let T, be the time of the occurrence of the nth split (change of state)
of X(t) for n>1. We define &, to be X(T +0) - X(1, - 0) and since all
individuals behave lndependently of each other and 1dent1cally, the g, are
iid rv's. Putting p; = Pr{§, =i-1}, i=0,1,2,..., without 1oss of
generality (see the remarks at the end of the chapter) we set py =0 so as
to exclﬁde the case of an individual replicating itself at a split.
N(t) now becomes the ﬁumber of splits of X(s), s<t. For convenience
we take the state space of X(t) to be the positive integers instead of
the.non—negativ.e i_nt_egers so as to exclude the possibility of extinction
( po is then forced to be zero). Finally, if u(z).‘ is the infinitesimal
generating function-]- B o . associated with X(t),
then u(z) = (h(z)-z) and h(z)-z P; zl, 2 P; =1. Setting
p=h"(1)-1 and xr=u'(l) (>0), we fxave u-ka"l.

In the Galton-Watson context, N(n) becomes the number of
discontinuities in Zj, j<n and so N(n) <n. If, as is the case
here, po=pj=0, then N(n) =n, since Zp ‘is a strictly increasing

sequence.

tThe infinjtesimal generating fn. )3°O° ulzi is the gen.fn. for the coalf‘fts
of At in P[X(tﬂ\t) - X(t) = i- l) i=0,1 «e3 l.e. vy = ap; for i # 1

]

L
and u; = -a since P(X(t+4t) - X(t) = } = - alAt + azﬁtpi =1 - alAt.
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In the present context, we have from Theorem 4 of Athreya and

Karlin [ 1] that if h"(1) <=, then -
lim uN(t)e At =y a.s. (2)
o .

where W = %ig X(t)e_)‘t and since py,=0, W>O0 a.s.

N(t) is thus exponential in nature, in contrast to the Galton-
Watson case. Iﬁ the latter, all individuals must reproduce at fixed
times whereas in this continuous extension, reproduction is spread out
and indeed the probability of 2 or more individuals feproducing
in (t, t+6t) is o(8t).

The 1iﬁit result (2) provides for N(t) a setting for the classical
limit analogﬁeé in the same way as (1) did for the process X(t). A
further aiﬁ of this chapter is to obtain classical limit analogués for

A

N(t+r) - e r N(t), r>0,

and

uN(t) - eAtW.

Finally, Athreya and Karlin established classical limit analogues

for X(t) - uN(t). We shall extend these results by obtaining limit

results for

A

X(t + 1) - e"TuN(t), r>o.

The key to establishing these results is the presencé of &n
imbedded Galtoﬁ-Watson pfocess. This process has already been mentioned
in Chapte]_: 1, briefly though, for ahy fixed »A>O and fixed t__>=0;~
Z, = X(t+ nd) forms a Galton-Watson process with Zy = X(t) and if
h" (1) <, iim Z,mD =W a.s. where m = eXA. For each of the five

n>w \ :
random variables under consideration we obtain representatioms, similar
to those of the previous chapter, as sums of iid rv's with the ﬁossible
-addition of a further independent but not identically distributed random

variable. - The presence of the imbedded Galton-Watson process provides

the necessary bridge between the continuous case and the discrete case



108

and using the representatibps‘mentioned, the proofs reduce to essentially

those of the previous chapter.

5.2, RESULTS. . The following two theorems give us analogues of(the‘

central limit theorem and of the iterated 1ogarithm law. Similar results
were obtained by Heyde@5,l6]and in the previous chapter, for the case in
which X(n) is a super—critical Galton-Watson process. There is, of course,
no real analogue of the split;time process in that context. Also, for
the sake of completeness, two results obtained by‘Athreya aﬁd Karlin [1]
have been included here. _

Theorem 5.1.  If EX(1)2 < », then each of the following proéesses
(i) (X(t + 1) - eATX(t)) (o%X(t))—%, | (r # 0,
(ii)  (X(t) - ertw) (ciX(t)-%),
(1ii) (uN(It+r) - eATyN(t)) (d'zN(t))-%, (r #0),
(iv)  (wN(p) - e)\tW) (d%N(t)]_%, | |
(v) (X(t + 1) - eATuN(t)) [diN(t))“i"

cdnverges in distribution to N(0,1) as t - »,  Here

02 = var(g), Oi = (02/u) + u, 0 "0 e“(@"r - 1),

a% = uol + o2, di = oz + ez)‘roz: ;2 = di + 02(2 - 3eT)

and r 18 a non-negative integer,

Théorem 5.2, If EX2(1) < = .. -, then each of the following
processes
' -1
() (Xt + 1) =eATR(D)) (207K(t) logt) 2, (r #0),

(ii)  (X(t) - ertw) (202X(t) logt)~?,

(i) (uN(e+1) - eAnm(e)) (2d"2N(t) log )72,  (r #0),
(iv)  (uN(t) - ertw) (2d2N(t) logt) :,
(

(v) X(t +1) - e)‘ruN(t)) (ZdrN(t) log t)_%

has a limsupof +1 and a liminf of -1, both with probability one as t-,

r being a non-negative integer.
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Remark a) Since %ig.uN(t)e‘At =W a.s., it is easily seen

that 1lim (1oglogN(t))[log t)-l =1 a.s.
-0

Remark b) The limit results for process (v) of Theorem 5.1
and for process (v) of Theorem 5.2 both with r=0 are quoted directly

from Athreya and Karlin, [ 1] Theorem 4

5.3. PROOF OF THEOREMS.

Proof of Theorem 65.1. The proofs of the five results in this
theorem are almost identical, hence we shall establish the result for
process (v) in detaii, the remaining proofs being identical in form.

Firstly, however, we require the following lemma. We take r >0 throughout

the remainder of this chapter.

LEMMA 5. 3.
(a) (X(t-+r) - eArX(t)) =Up,y * Ur,2+ ere * Up x(t) a.s.
(b) X(t) = eAtW =Ty + Uy + .0 + U (¢) a.S8.,
() (uN(t+r) -gkrum(t)) = Ve, 1+ Vg, * eee + Vpyep) * Yy acse,
(d) uN(t) - My - Vi U, et VN(t) + Y a.5.,
(e) (X(t-%r) - ekruN(t)) = Zr,l + Zr,Z + eee + Zr,N(t) + Y; a.s.,

where for (a) and (b), the terms on the right—hand side are iid, independent

of X(t), and U

Ed

and Uj have distributions the same as (X(r) - elr)

and 1-W respectively; and for (c), (d) and (e), the first N(t) terms

are iid, independent of N(t) and of the last term; Vr,i has distribution

the same as [uN(l)(r) ; uN(z)(r) + oeee + uN(g)(r)) - p(e}‘r -1), the ¢

(see introduction) being independent of the N(i)(r) all of which are iid

as N(xr), similarly.Z%ghas distribution the same as [X(l)(r) + X(z)(r)

S X(g)(r) - uexrjt finally, the last terms (Yr’ Y and Y;) are

independent of N(t), Yy s distributed as wN(r), Y as -W and YL as X(r).
Remark ¢) Since o2 = h"(1) - h'(1) + 1 - y and p=h"(1) - 1 by

a result of p.103 of [2] , var(X(r)] = c% and exploiting Representation (D)

T v,_ has the same disknfution ws ’k-—- (Wa)‘«kw(ﬂ—(— L +V\/(g)),
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2

below, we find var(uN(r)) ='[di +»u(-,e)‘r - 1)—;)(elr - 1)°.
2

Remark d) var (Ur i) v

’

2
var(Zr’i) = dr and var(Vr,i)

]

2 - 2
oLs var(Ui) = O var(Vi) = d

[}

2
d.'r .

Proof of Lemma. These results appear as simple  combinations of
the following representations.
(A) We know that for t and A fixed and t > 0 and A > 0, X(t +4n) with
n=0,1,2, ... forms a Galton-Watson process. Thus

x(t+1) =xP@ +xP @+ o+ xED gy a5 3

where X(i)(r), i=1,2,..., X(t), are iid as X(r) and independently
of X(t). |
(B) Taking limits as r -+« while multiplying both sides of (3) by ef}r

we obtain
Aty = W(l) + w(z) + eee +’W(X(t)> a.s.

(9 In view of the Markov property we know that given N(t) and X(t)
the distribution of N(t +r), the number of splits up to time t+r,
depends on the number of objects present at time t (i.e., X(t)), on the
number of splits up to time t (i.e., N(t)), on r and on the fact that
the splitting process.of any of the X(t) objects from time t to t+r is
independent of any of the other splitting processes. Hence we can
write

N(t+r) = N(l) (r) + N(z) (r) v+ cee + N(X(t))(r)‘:l‘+--N(t) a,s.
where the N(i)(r), i=1,2,...,X(t), are iid as N(r) and indépendently
of X(t) and N(t).
(D) From [ 1] we.have

X(£) =1+ &) + & + o00 + gN(t) a.s,

where the gi, i=1,2,...,N(t), are iid as £ and independently of N(t). .
The results of the lemma can now easily be obtained.

Continuing with the proof of Theorem 5.1, we establish the

desired limiting distribution of process (V). From the lemma we have
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E exp :i.v[x(t + ;) - e:ruN(t)]f = E exp iv(zr,l * z1',2 T+ ?r,N(t) * Yp ] ,
(drN(t)) [d%N(t))i
and as
Y;: | e‘-)\fY' ( ekt ]% v 1
= Y o .
(dzN(t)) : RIC N(t) (a2e~22T) I
r r

also e_ArY; and eAtN(t)-.1 both converge a.s. ( [l , Theorem 4),

D=

thus | Y{,(diN(t))' >0

in probability as t -+ «. Hence

+* e +Z
k]

X(t+r) - eAruN(t) r,2
(a2 (0))*

(@ (p) )

Z +Z
. . _ lim ; . r,l r,N(t)
%1111 E exp 1v( } £ Eexp 1v(

-1 ;
\ . e lim 2 3 1 + 1 ! . . . .
Nq%1c1ng that ety (dyn) (Zr,l Zr’z-b...i-zr,n) converges in distribution

to N(0,1) for Z; i iid and having the same distribution as 'Zr ; So we
] b

have for ¢ > O

. ' ) L2
‘[E(exp iv Zr(din) %)]n - e 2V

for all n > N, N sufficiently large; here Z; has distribution the same

1
as Z . and hence Z .. Thus
r,i r,i

. -1
110 E exp iv{(X(t+r) - TN (D) (aN () 2]

. N ‘ -1 : —l. 2 V1 )
S jZo[(Eexp Wvzp(@r)™H)? = &7 ]P(N“.’ i)
“um | R B v I
e 121 1 ((E exp (ivz, (dp) H)7 - e P(N(t) =) +e .
N+ :

But the first two terms on the right-hand side are bounded by

ZE’(N(t) ;:N) + ¢, and as N(t) - » a.s. the desired result follows.

Proof of Theorem 5.2,  The proofs of the limit results for

processes (i), (iii) and (v) of Theorem 5.2 are almost identical so we
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shall establish the results for (v) in detail and indicate the minor
alterations required for the remalnlng two proofs. Finally, we shall
show that the limit results for hrocesses (i) and (1ii) are sufficient
to establish those for the processes (ii) and (iv) respectively.  These
proofs follow very closely those éf similar results in Chapter L,

To begin, we establish thatithe>1im sup for process (V)Vis at

least 1 a.s. for the‘cése r =1. We do this by proving that
’ A 7 2 % > = -—
P|X(n+l) - &"uN(n) > (1 - 5)(2le(n) log n] l.c. for any 6 > O] =1  (4)

We use the extended Borel-Cantelli lemma elready introduced in Section 4.3
and we shall preserve the notation given in that section.

Putting

Ay {X(n+l) - Mun(n) > (1 - 6)(2d§N(n) log n) }

and

.G

2 = #0002, 1(e, e, (), nw),

also we have from the lemma
;\ = L
X(n+l) - e ul(n) = 2z + 7 + ...+ Zl,N(n) + 1!

and hence (4) is equivalent to

XP[Zl,l + Z1,2 + o, Zl,N(n) + Y

> (1 - 6)(2diN(n) log n)%

X(n),N(n)J = » g,s.

;
i = -2
Taking Qn = (d BN(n)) + 7

. B . .
1,7(n) + Yi}, ( n deflﬁed in (6))

[21,1 YL,k
spp [P(o, < x | X(n),N(m) - a(x)] < | s
< g P (o) < x, ¥(n) > 0 [-X(n),N(n)} - e(x)-P(u(n) > 0)]+

= n

+ sup |P(6n < x,N(n) = 0 | X(n),i(n)} - @(x)°P(N(n) = O}l

=s¥mﬁg;x]x( ),¥(n),N(n) >0) - o(x)|P(N(n) > 0) +

+ sup ]P(en < x|X(n),N(n) =

P(N(n) = 0)

s | Plo) < x | X(n),N(n),N(n) > 0} - o(x)]| + 2e"
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since P(N(n) =0) = P(X(n) =1) = &

From expression (2) of Lemma 4.3, we find

s%plP(GnizIX(n),N(n),N(n)>0} - o(x)| ;;AN”%(n) fy(n) * B2 (n) Dy(n) *

G RS PSS W -1
+ a7 e THE[e™Yy, D2 (n)e Hm) * e (6)

where €p, A, B, dp, by, ¢y as defined in Lemma 4.3 and B, is taken to

be the dn of the same lemma.

As in Chapter 4, we show that
! sup|P(e_<n|X(n),N(n), N(n)>0) - o(x)| < = a.s.

by establishing the convergence of
Y E(N_%(n) aN(n)IN(n)>o), ZE(N%(n) bN(n)]N(n) >0)
and’ ZE(N(n) cN(n)‘N(n) > O}.

To do this, we use esséntially the methods of the previous chapter.

Lowever, the proof is not obvious and therefore we will establish the

1
convergence of ZE(N 2(n) aN(n)|N(n) > O) in some detail; the convergence

of the remaining series following easily.

From Chapter L4 we have

) n—3/2 a, = K < o
n=1
o N(k+1l) _3/2 .
Thus, K = % n an (the second summation
k=0 n=N(k)+1 * ‘

being zero if N(k+1) = N(k)) vhich is

> E N‘3/2(k+1)(N(k+1) - N(k))aN(k)

k=1
giving
5] w200 (1(ke1) - N(R))ayy <K
k=1
that is

e Bl

v3/2 (k1) (M (e41) - N(k))aN(k)[N(r)>o,N(r-1)=dI;
r=1 ‘k=1 - :

-p(N(r)>0,N(r~1)=0)
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; 5( E N"3/2(k+1)(m(k+1) - N(k))aN(k)]N(r)>O,N(r~l)=O]P(N(r)>O,N(r—1)=O)
r=1 k=r *

(o]

U

Z E( ~3/2(k41) fi(xr1) - N()) gy 0y [H(x)>0,(x-1)=0)
k=1 r=1 ”
= «P(N(r)>0,N(r-1)=0)

§ E(N‘3/2(k+1)(N(k+1) = N(K) )y |N(x) > 0)

k=1

~3/2 3

It remains to show that E(N k+1) (N(k+1)-N (%)) ¥ (k) | N(k))>c,> O

1

= 1
for then K > c. ) E(N ?(x)a.,. \|N(k)>0) as required.
lk=l N(k)

Take N(k) = j, thenby Schwartz inequality,

- r . 12 1 . 3 .
2 N(k+1))? j 2 J (7)
[EE " W), kin} ] éE["T ] ‘E[mﬂ)) ‘[1 - N(M]

‘ e :
{IE Ei%i;l) ] ézE[E£§i;l) =1 + ng) EN(1) (by representation (G)

of Lemma 5.3).

From representation (D), EX(k) = E(1 + glf...+Ej) =1 + ju
which gives
]
2
(5] b

—l(k+l)|N(k) = j,X(k)]

< 02 for all j (8>
Also, E [N“l(k+1)]N(k) = j] = E E{N

vhilst (™ (kr1) |N(k) = §,X(k))

= E mwlP(j + N(l)(l) .+ N(X(k))(l)v = mIN(k) = j,X(k))
m=j |

o min(m"ax(x))
- )

m“lP[j ) 4 nEED (g
m=j r=0

= m|N(k) = j,X(k),

i ) ‘
and exactly r of the N(‘)(l) are > O]ﬂ P [exactly r of the
' (1) _ .
/(1) are > O|X(k),N(k) = j

X(k) o« [Xf«k)] qx(k>-rm,1P[J e v (e e 51 = m|X(k)'N'(k)=j

and M(U(l) >

e
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-a

(3 .. .
(because N‘l)(l) are iid as N(1) and are independent of X(k)) where
=1 - e )

p=1-q-=>p(EQ1) > 0 = P(x(1) > 1)

. X(k) o ‘ S
= 7 [X(k)}prqx(k) r-E[( + N(l)(l)+...+ N(r)(l))“llm(k)=a,
r=0 .
x(),m (1) > 0 for i = l,r]
/
and by the harmonic mean, arithmetic mean inequality
= l,r}

E[(j + N(l)(l)+ o N(r)(l))“l|n(k) = j,N(j)(l) > 0 for i

J-

1

lj_l + rE(N (1) |3(1) > 0)

by (I‘+l)2
. X(k) '

Thus E[N“l(k+1)|N(k)

Y1 E(v (1) |n(1) > o).

Using the fact that

-r 1
rz—o (;1) prqn r‘(r+l ) 2

and that
n r
L ()" a"™" (w102 < ()7t p7
r=0

we have

< 2(n1)7t (ne2)7 p”

E(N’l(k+1)|N(k) =3.%X(x)) ;=2x'2(k)(1 -

2

e—a52 j—l
(9)

F ) (1 - ey

|

2z

E LL '_iﬂﬁ%?fj}é

1 - E{N(k"'l)] ; 1 - C3 >0 for all Je
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Thus from (7) and (8)
; 3 - I-C3 | . .
ESGen)) (P M) jZ T, T O for atlld
| as desired.
. “lo =3, .-l
As in Chapter k4, the convergence of Xen E{N (n)BN(n)IN(n) > 0} and ZEH

1
depénds on the existence of a y,0<y<l such that E{N-?(n)lN(n)>O}= o(y™).

Such a Yy is easily found using the above techniques; briefly, from

representation (A) and the harmonic mean inequality,

EX " (n+1) ;:Ex‘l(l)Ex"l(n) é=(EX-l(l))n = yln, 0<y <1 (10)

and

E(N Y (n+1) |N(n+1) > 0) = P(N(n) > 0)-E(N 1 (n+1)|N(n) > 0)

N
+ .Elj'lP(N(n+1) = j,N(n) = 0) . ‘(1i)
5= o
From represenfation (c)s
P@@ﬂj=i,N@)=O)=P@h)+Nuhl)h.&NMn“D==ﬂNM)=d
| -P(N(n) = 0)

=P (N(1) = j)+P(X(1) = 1) as {N(n) = O} = {X(n) = 1}

Hence

i

3 57t = 3, 5a) = 0)
J=1

From (9),

e'an-E(Nfl(lle(1)> o} -

E(N T (n+1) |N(n) > 0)< 2(1 - e *1PE(X 2 (n) N1 (n)}|N(n) > 0) +

+ (1 - e'af%x'l(n)E(N'l(l)|N(1)>o)
Hence, from (10) and (11)

E( T (0+1) |N(n+1)>0) < ¢(EX"H(n) + ™) =0(v")for some 0 < vy < 1.
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Continuing with the proof of the theorem we must now have

©

T applelo, > et - (= o)l <o

NI=

Taking x = (1 - 8)(2 log n)® and noting that
® ' 1
741 - o((1 - 8)(2 1og n)?)} = =
n=2 :

we find, since BN(n) -1 as n > o,

.

T (x(e+1) - Mun(t)) (2d§N(t) log t)'% 21  a.s. (12)

To deal with the case r > 1, we use the fact that the process X¥(t)=X(rt)
is again a temporally homogeneous Markov branching process with mean

life length for an individﬁal of (ar)—l. Hence, the associated
infinitesimal generating function is uo(z) = ar(h(z)_- z). Putting

Ay = uo(l) (= rA) we obtain from (12)

Ar 2.7, : -3
T (Xt + r) - e N(rt)) (2aZH(rt) log rt)7% > 1 a.s.

But

Ar . Ar
) X(t + ) - e uJ(E) > Tim X(tr + r) - e uNgrt)

] L = 2l .
(2diN(t) log t )2 (2a°m(tr) log rt)?

Thus, the first part of the proof is finished.

To complete the proof it remains to show

1

(Xt + ) - e“uN(t)}(zaiN(t) log )72 <1 a.s.

This will be true if P(Cn i.o.) = 0 where

: ’ 1
Cn = {X(t+r) - eAruN(t) > (l+6)(2d§N(t) log t)2 for at least one te(n,n+l]}

We have
P(c,) < P{n<§§1+l X(t + 1) - Mun(t) > (1 + §)(2 log n diN(t))% }
= P{ (df.N(un))l'%[X(t(n)w) - e“uw<t<n>)]>(1+s)<e 1og w1,
where t(n) represents the time of occurrence of the sup for n<t(n)<n+l.

From the lemma



118

1

AT
t+ - N = . .S,
X(t+r1r) — e "uN(t) Zr,l + Zr,2 + + Zr,N(t) + Yr a.s.,

so, using the usual Borel-Cantelli lemmas, we need only establish the

convergence of

e~18

. -1
P{(diN(t(n))) Z(Zr 1+-Zr g teest Zr N(t(n))'kY;] > (1-+6)(210gn)%}
1 b > b

i
Once more, referring to Expression (2) of the Lemma 4.3 and noting that

N(n+1) > N(t(n)) > N(n), we find'
-1 . ‘
SUP|P{(diN(t(n))] Z(Zr’l FZoot et ey Yr] >x} - (1-9(x))] @3)

-1 ‘ 1
é=AE(N é(n)aN(nﬂ)]-rBE[N2§Hn+1)bN(n+1)] +E[N(n-+1)cN(n+l)]

-1 - . -1
+ d 1en1E|wr(0)]E[N Z(n)B

T N(n)) * %Sn'

In view of the first part of the proof, it is clear that the sum over n

of all but the first term on the right-hand side of(13) converges. But

uN(n-+1)e—A(n+1)]%

-} . et
E(N (n)aN(n+l)) EN (n+1)aN(n+l)e { uN(n)e'—m

and
...)\ 1
lim (pN(n-+1)e (n+l)]i =1 a.s
n->» -An tee
Thus as uN(n)e
-1
ZEN 2(n)a'N(n) < @,
we have .
AT 2 -1
Tro(X(e+1) - eMN()) (24N() logt) * < 1 a.s,

Combining (12) and (13), the desired result is obtained. A similar proof

establishes the liminf result.

tFor convenience we have ignored the 'conditional on N(n) » O' require-
ment; however, using exactly the same technique as was used in (5), we

can deal with the possibility of N(n) = O.
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We establish the limit results for (i) and (iii) in exactly the
same way using the representations appearing in the Lemma 5.3 and in the
case of (1) using Expression (1) of the Lemma 4.3 in place of Expression
(2). |

Next we show that the limit results for process (i) are sufficient

to establish those for (ii).

We have
At -Ar -\t o\ At
I Xét) e™ W -<Tiz X(t% e "TX(t +lr) L T & 2X(t+ r) el W
(ZO*X(t) log t) 2 (ZO’*X(C) log t) 2 [ZO*X(t) log t} z
A(t+T) ‘
1 L =l e -
=(l-e )\r)2+e AT T30 X(t+x) —e ¥ a.s.

Nl—

(20§X(t +r)log(t + r))
. AT -1 : AT, 3 _ .
since e X(t) (X(t+r)) + 1 a.s., and the (1-e" )% follows from (i).

Thus
AL

=

TIm(x(e) - M) (202%() logt) ™} < (1 - e M)ba-e A7

I

(1 + 2(e%>\r - 1)_1).2 a.s;

H

for all r. So we have

Nl

Tﬁ(x(t) - -e)‘tW) (ZOiX(t) log t}_ <1l a.s.

Similarly
—_— -1
1im(e>‘tw - X(t)) (203‘, X(t) log t] 2 <1 a.s. (11“).
Conversely,
— -1
1= 1im(X(t)e)\r - X(t+r)) [20§e)‘r(e)\r— 1)X(t) log t] 2 a.s.
S0 .
A(t+1) o At
- i — -1 - —— X(t) - W
1-e Ar)z < lime 2Mr 2e Ll X(t+r)l + lim 2( )-e T asS:
(ZG*X(t +r)log(t + r))"' [ZG*X(t) 1ogt)2
From (14) we have
— -1 -Ar. -Iar
1im(X(t) - e)‘tw] (20§X(t) log t) > (1-e )\r)z -e? a.s.

for all r and the desired result follows.

=2Ar -1

- -iar -1 IAr
Upon noting that 1<e d]'szd%Z(l -e 2)\]:) < 1+2(e*-1)

for all r and using an argument identical to that of the previous proof

.
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we obtain immediately the desired limit results for (iv) from the limit

results for process (iii). The proofs are now complete.

Remark e) It is perhaps worth noting that
2. -3 AT . . . .
(crN(t)) [pN(t-kr) - e X(t)) converges in distribution to N(0,1) and a
corresponding law of the iterated logarithm holds where
2 2 2, 2\r AT
- ¢ (e + e

¢ =d
T T

( - 2).

Remark f) The constraint p; = O is applied without loss of
generality in so far as every Markov branching process {X(t),t >0} having
Pp # 0 and mean life length of a_l, can be associated with a Markov
branching process'{XO(t),t;;O} having p'l = 0 and mean life length
[a(l-pi))—l and such that Xo(t) and No(t) have the same probabilistic
behaviour as X(t) and N(t) respectively. Thus many results concerning

Xo(t) and No(t) hold also for X(t) and N(t). Indeed, we need only form

* % %
1’T2’T3’.'.

%
where Tj = time of that split (of X(t)) in which X(t+0) > X(1) for the -

a new process Xo(t) = X(t), t>0, having split~times T

* *

jth time. The rv's T can easily be shown to be iid as

Tj+1 -
exponential variables of parameter a(l - pl).
Remark g) We can extract from inequality (6) the following

convergence rate result

sup 'P[(X(n+l)lf exuN(n))(2di éN(n)N(n) log n)'%<x|X(n),N(n);N(n)>O]

- &(x) oy

[ee]

where Z 0p < ® a,s.
n=1

Furthermore, similar convergence rates hold for the four other rv's

considered.
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