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The dilute A , model, the E ; mass spectrum
and the tricritical Ising model &
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The exact perturbation approach is used to derive(¢sbgen elementary correla-

tion lengths and related mass gaps of the two-dimensional dilutatéice model in
regime 2 from the Bethe Ansatz solution. This model provides a realization of the
integrabled; ) perturbation of thee= 15 conformal field theory, which is known

to describe the off-critical thermal behavior of the tricritical Ising model. The
E; masses predicted from purely elastic scattering theory follow in the approach
to criticality. Universal amplitudes for the tricritical Ising model are
calculated. ©2002 American Institute of Physic§DOI: 10.1063/1.1465515

[. INTRODUCTION

The deep relationship between conformal field theory and criticality has provided a wealth of
detailed information on phase transitions and critical phenomena. Morgmréuybedconformal
field theory provides a description of thproachto criticality in certain model$.One of the
most striking examples is thé, » perturbation of the minimal unitary conformal field theory
M3 4 which is known to describe the scaling limit of the two-dimensional Ising modEkt; in
a magnetic field. In particular, Zamolodchikov’s construction of nontrivial local integrals of mo-
tion and thus an integrable quantum field theory led to the remarkable prediction of eight funda-
mental mass ratios for the magnetic Ising mddehe masses coincide with the components of the
Perron—Frobenius vector of the Cartan matrix of the Lie algehra E

In another development, the exactly solvable dilutgldstice model was discovergand (in
regime 2 of its four regimgsseen to be in the same universality class as the magnetic Ising model.
Most importantly the dilute A modef* admits an off-critical extension in which the Boltzmann
weights are parametrized in terms of elliptic theta functiohsthe dilute A, model the elliptic
nome plays the role of magnetic field. Its hiddeg $fructure has been revealed by a number of
studies> 3 The masses, obtained from the eigenspectrum, may be summarized by the fotfhula

mj~§ sin , (1)

am
g

where indey labels the eight particleg,= 30 is the Coxeter number fogEnd the set of allowed
a values is given in Table I.

In addition to the correspondence between the diluienfodel and kg, there are similar
correspondences between the dilutemdodel and E, and the dilute A4 model and k. In regime
2 these models are lattice realizations of thg ,) perturbation of theM, s and Mg ; minimal

3Expanded version of a talk presented at the International Workshop on Exactly Solvable Models of Statistical Mechanics
and Mathematical Physics, Asia-Pacific Center for Theoretical Physics, Seoul, Korea, 26—29 June 2000.
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TABLE I. The integers appearing if1) and(3) for L=3.

a

, 11

, 13

, 10, 12

, 10, 14

, 9,11, 13

, 8,12, 14

, 8,10, 12,14
,7,9,11, 13,15

O~NOOPRWNERE | —
GOrOWONNE

unitary conformal field theories, respectively, known to have connection to the other exceptional
Lie algebras* Some E-type structures have been observed for these dilute A ntod@ls.

Based on the results for the eigenspectrum of the dilufenddel® and general inversion
relations, we proposéfi*8that, in the thermodynamic limit and in the appropriate regime, the row
transfer matrix eigenvalue excitations

Aj(w)

Ro(w) @

ri(w)=lim

N— o

of the dilute A;, A, and A; models are given by the following general expression.
Proposition: The excitation spectrum of the dilutg,A\, and A; models in regime 2 is given

by

E(_X6salg/W,X125)E(_Xes(gfa)/glwyxlzz)
fj(W):E[ W B XEs Ty xTE) E(— X050 Aoy x15) - ()

Here the elliptic nome ip=e"¢, w=e 27V/¢, andx=e""re. Regime 2 is specified by the
range of the spectral parameter<Q<3\, and the value of the crossing parameter: s/r
wheres=L+2 andr=4(L+1). For the dilute A model the E Coxeter number ig=18, while
for the A; model the  Coxeter number igg=12. The standardconjugate modulyselliptic
function is defined by

o

Ezg)=]] (1-9" *2(1-q"z)(1-q").

n=1

The numbersa appearing in(3) are given in Tables I-Ill. The integers in these tables have
appeared in other contexts in relation to the E-algebt&s.

In this article we explicitly derive the elementary excitation spectrum of the dilytmaédel,
thereby confirming our Proposition in this case. The refRiltleads to the inverse correlation
lengths and mass gaps. Our input to these calculations are the string solutions to the Bethe
equations found by Grimm and Nienhdi¥?! As discussed later in Sec. IV, our results are

TABLE Il. The integers appearing it8) for L=4.

a

~NO O PR WNE | —
WANOAR O
Voo ~N®~
~ o ©
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TABLE Ill. The integers appearing if8) for L=6.

j a

1,1 4

2 1,5
3,3 3,5

4 2,4,6

applicable to the tricritical Ising model which is in the same universality class. In particular, the
elliptic nome appearing in the dilute,Aveights in regime 2 corresponds to the leading thermal
off-critical perturbation in the tricritical Ising model. This perturbation is identified M(@,Z)zz

and has been shown to exhibit Btructures*?*We are able to obtain exact results for some
universal amplitudes of the tricritical Ising model. These results are in agreement with those found
recently by other mearfé:?

The outline of the article is as follows. The dilutg Aattice model is defined along with the
corresponding Bethe equations in Sec. Il. The bulk free energy and the eigenvalue expressions in
regime 2 forL=4 associated with the sevenr Ehasses are derived via the exact perturbation
approach in Sec. ll{continued in the Appendjx The article concludes in Sec. IV with a discus-
sion of the results and their relevance to universal behavior in the tricritical Ising model.

Il. THE DILUTE A, MODEL

We here give a short summary of facts about the dilutardel$52which are pertinent to
our calculations.

The dilute A model is an exactly solvablé-state restricted solid-on-solid model defined on
the square lattice. Its adjacency diagram is the Dynkin diagram _ofviéh the additional possi-
bility that a state may be adjacent to itself on the lattice. The model is solvable in four off-critical
regimes, with the elliptic nomé of its Boltzmann weights taking the model off-critical. At
criticality, the dilute A model can be constructédi from the dilute Of) loop modeF’?® In
regime 2 of the model the central charge is

6

=l i

In the majority of exactly solved models the elliptic nome plays the role of temper&time.
the dilute A model the interpretation of the elliptic nome differs according to whelthisreven
or odd. ForL odd the elliptic nome plays the role of a magnetic fielshdp>0 andp<0 are
related by simple label reversal of the heights. Eaven the nome plays a thermal role, and the
behavior of the model depends on whetper0 (regime 2°) or p<0 (regime 2°). More spe-
cifically, it was showf® that in regime 2 the nome corresponds to perturbation ofAthe, -,
minimal unitary conformal field theories by the operatff .

Using the conjugate variables introduced af@r and settingw; =e 2™j/¢ the eigenvalues
of the row transfer matrix of the dilute A mode(for a periodic strip of widthN where for
convenienceN has been taken as eyeran be written

E(x*/w,x?") E(x55/w,x?")
E(X4S,X2r)E(X65,X2r)

NN E(x®w/w; ,x*")

— 1-2s/r
Aw)=e 11:[1 Wi E(x*w; /w,x*")

X238 E(W,x%")E(x5/w,x?")
W E(XAS,er) E(Xes,er)

NN E(w/w; ,x")E(x®w; /w,x?")
=1 Wi E(x®w; w,x*") E(x*Sw; /w,x?")

E(w,x*")E(x®/w,x?")
E(X4S,X2r) E(XGS,er)

NN E(x%w; /w,x*")

2sl/r
11;[1 Wi E(x*w; fw,x%") @

2s

+ o Y x
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TABLE IV. String positionsu; and corresponding eigenvalue bands for the
seven elementary mass excitatioms of the dilute A, model in regime
2.2 The strings are in units of/20.

o
Q
>
(o8

i String positions

+2,10

*7

+6,10
+3,+9
+6,+8
+4,+8,10
+5+7,+9

w N NN

~NOoO O WN PR
W

£ s 8

kN

where w=exp(im//(L+1)) for /=1,...L, ands=L+2 andr=4(L+1) in regime 2. The
Bethe equations which give th¢ rootsu; have the form

E(XZS/W X2 N ﬁ oo EOCW; Tw XN E(x*w /wj , x*) 5
E(xzsw 2 | T Wk E(x®w, /wj , X2 E(x*w; /wy x*") - ®

In the limit |p| — 1 with u/€ fixed, or equivalentlk— 0, the excitations in the eigenspectrum
ri(w), defined in(2), break up into a number of distinct bands labeled by integer powews of
Numerical investigations of the eigenspectrin®?>1’have revealed eight and seven thermody-
namically significant excitations fdr=3 andL =4, respectively, and provided the data in Table
V.

We previously?*® applied the exact perturbation approach initiated by BaXter calculate
the excitations in the eigenspectrum for=3. This involved perturbing away from the strong
magnetic field limit atpp— 1; for L=4 this limit corresponds to moving far away from the critical
temperature. The calculations follow.

lll. MASS SPECTRUM

A. Preliminaries

To apply the perturbation technigifeto find the form of the excitation&), the string struc-
ture of the Bethe ansatz roots) is requwed input. The groundstate roots all hayepure
imaginary, so thatv;= =g 2mjle= a; for j=1,... N with |a]|— ; in this sense they all Ilve on a
unit circle. For each excitation certain roots acquire a real pantr/20, as shown in Table I\If
there aren; such roots, one says there is mpstring associated with the excitatiprizor these
rootsw;= bszm, so that the string entries can be thought of as living on circles of raditisvith
phaseb;, while the otheN—n; roots again lie on the unit circle.

The process of finding the excitations involves using the Bethe equdBpis set up recur-
rence relations for auxiliary functions of the unknown roais As the roots only enter the
eigenvalue expressioi@) through the auxiliary functions, it just remains to solve the recurrence
relations by iteration and to simplify the resulting expressions. The largest eigenvgluelative
to which excitations are measured, was calculated previously in this*ayall L.

The relationship between the excitatiai@s, the correlation lengthg; and the mass spectrum
m; of the associated field theory is

& '=—logrj=m;, 6)

where we take the isotropic valwe=3\/2.
It is convenient to use the notation for products:
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©

(zpypdo= I1 (1=pit-pp2),

Nq,..N=

m
(211---Zm§p1,---vpk)w:j1;[l (Z;P1s- P e s

which satisfy many identities, the ones used repeatedly in what follows being

(Zp)
(2|0;10)oc_(1 2).
(Z;P,0)- —(zq)
(zZp;p,q)- @

(zdpip.9)- _ (2d/P;0)-
(Zp,0)e (Z:p)=

The standard elliptic function is thus rewritten as

E(z,q>=n[[1 (1-q" 2)(1-9"2)(1-q") =(2,0/2,9;0).. . (7)

It also proves convenient to use the shorthand notdii’ﬁlqajzAm.
For eachm;, if the associated string of excited roots has lengthwe define the required
auxiliary functions of the as-yet-unknown roots to be

N—n;
Fi(w)= H1 (w/aj ;x?").,
L

ani

Gi(1w)= H1 (x¥ay Iw;x2")., . (8)
&

In fact, we actually solve for combinations of these:
Fi(w)=F(w)/Fi(x*W) =F;(w)/F; (x*"~*w),
Gi(1w) =G;(1W)/G;(1x W) = G;(1W)/G;(1/x>" ~*Sw), 9

for i=2,4,5,6,7 (but for i=1,3 slightly different definitions are convenient and are given as
required.

So far as possible, we write factors and powers which are common to all eigenvaiues
indeed to all the eigenvalues for other odels in terms of the generic ands to distinguish
them from the particular integers which arise from the input strings. Of cours20Q ands=6
throughout. Once the particular string form for the roots has been applied, the calculations are
straightforward for all masses except andms. For this reason, we sketch below the details for
the first three masses. The other cases follow similar paths tor indeed to most of the masses
for the dilute A, model?® so we relegate them to the appendix. We make some comments con-
cerningm,, mg andmg later on.
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B. Mass m;,

We begin the perturbation argument with the structuye-a; for j=1,... N—3 with wy_,
=b,x 4, wy_,=b,x* andwy=b3x?°, so that the string length is;=3. From the Bethe equa-
tions(5) for j=N—2,j=N-—1 andj =N in the limitx— 0 we can show thdi;=b,=b;=Db. The
Bethe equation for the other rocig=a is then

N a2

— (AN 3 3b3) 3/5F

E(x%%a)

T AE(x%)

N-3

E(x*b/a)E(x**b/a)E(x*%/a) E(x*®a/a;)E(x*a;/a)

><E(x“a/b)E(xz“a/b)E(nga/b) ,1;[1 E(x*a;/a)E(x*ala;) - (10
In the x— 0 limit this gives the equation
1

a2+ —(An-gb*)¥Ib?=0, (1)

which is an equation of ordeN—2), so that there is a missing root on the unit circle, a “hole”
which we callay_,. Since this is an equation for the roots, its left hand side must be equivalent
to H}\‘;f(a—aj), and equating the constant terms from these two expressions we obtain

1
Z('A\N—sl-"s)s/SZ"'\N—zbzzAN—saN—zb2 (12)

(which we later apply to prefactors ;). The Bethe equations fdr, taken together in this limit
and combined with12), give

1 3
Z(ANsbg)SIS} =—Db%(AN_3)?=An_3(ay_0)°=—1.

We use this, together with the fact that each matincluding the hole, must satisfy1), to show
(an-2)"V 2= —An_say_r=(an-)"=1. (13
We define the following auxiliary functions of the rodtsee(8)]:

Fi(w) (x*w/b;x?").,

F,(x*w) (x*w/b;x*")..’

Fi(w)=

Gi(1w)  (x3%/w;x?").,
G (1MW) (x*plw;x?")..

G1(1lw) =

They must satisfy recurrence relations arising frdif):

) (x%%a;x?"),. [N (x*alay_,,x%Balay_ ;X% Fi(x*%a)
(@)= T Tax?).| (Calay , xCalay 5 x7). F(xX=a)’
(14
g (1/a) _ (X2r+23/a;X2r)x N (x36aN_2/a,x40aN_2/a;x2r)w gl(XZS/a)
1 (x%a:x?") .. | (x®ay_,/a,x*%ay_,la;x?").. Gi(x*a)’

Solving these we obtain
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(x*®alay_,;x?")., (xPFalay_,,x®alay_,;x15).,

Fi(a)=Fy(a) Talay X7, Xalay 5. X Zalay 5 x5, "

(15
(x*®ay_,/a;x%").,. (x%ay_,/a,x%*ay_,/a;x%).,

(x%ay_o/a;x?"), (x%%ay_,/a,x%ay_,/a;x®),,

Gi(1la)=Gy(1/a)

Here F, and G, arise from the square bracketed factors(i#) and give rise to the square
bracketed factor irf16). They are related to the groundstate eigenvalye they are common to
the calculation of each mass and we will suppress these factons,for.,m;. We now write the
eigenvalue expression in terms of the auxiliary functions, the first term being

A, W (X 85w, x2 =4S, x4/ w, X8 w: x27) N

3 an_» (X2r—6'5,)(2r—451)(451)(65;)(2r)Oc

(x®8wlay_,,xay_»/w;x%").,

(XBwlay 5%y L IWxX2 ), F1(x*w) Gy (1x*w). (16)

Substituting the solution€l5) gives an expression for the excitatiof(w) which may be written
in elliptic functions(7) as

Ay E(=xMw, ) E(—x ¥, x ) 1
Ao W E(—x*w, x®)E(—x*¥w,x1%)’ (17

where we have sedy_,= —1. (The other two terms in the eigenvalue always give identical
elliptic function expressions to the first, upon simplificatjon.

The Bethe equations involving and the “hole” equation, which i$10) with a=ay_,, can
also be expressed in terms of the auxiliary functions. Application of identities and simplification
gives

E(Xlzb/aN,z ,er_4s) — E(XlzaN,zlb,er_As),

E(XlZaN_z,XlZS)E(X48/aN_2,Xlzs) N_ N
Exay o X D) E(x*ay_,,x%) =(an-2)"-

Clearly ay_,=b=—1 (identified initially from numerical studigssatisfy these conditions; the
second reduces td.3) in the x—0 limit, and note the similarities witkl7).

C. Mass m,

We begin the perturbation argument with the structuye-a; for j=1,... N—2 with wy_,
=b,x~ *andwy=b,x* so thatn,=2. From the Bethe equations fpe=N—1 andj=N we can
show thatb;=b,=Db. The Bethe equation for the other roats=a is then
E(x2%a) N2

N a® E(x'%/a)E(x*b/a) E(x*®a/a;)E(x*a;/a)
a—"75
E(x*%a)

_ 2\3/5 I I
(An-2b") 52 B 1037b) E(xarb) -5 E(xa, Ja)E(x"ala))
(18)

—w

In the x— 0 limit this gives the equation
N-2 1 2\3/5/ 2
a4+ w(AN—zb )*Ib*=0,

which has the same order as the number of unknown rd¥ts2) so that there is no hole.
Equating this withlT}=*(a—a;) we obtain
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1
;(AN—zbz)%: An-2b?

(which we later apply to prefactors ifv,). From the other Bethe equations in this limit,

2 (A ob??

1
= (Ay- b))% =5

=pN=1. (19

Treating the Bethe equatidii8) as before gives, in terms of the functions defined8nand
(9), the recurrences

_ (x*%alb,x*a/b;x?").. Fp(x*a)
— (x¥a/b,xMa/b;x?"),. Fr(x*®a)’

Fa(a)

(x%8/a,x>la;x?").,. G,(x*S/a)

G2(118) = 507 xrax? )., G,(%Ta) |

Solving these we obtain

(xa/b,x*alb;x*").. (x*®a/b,x*®a/b,x*®a/b,x%%a/b;x'%>).,
(x*a/b,x?®a/b:x?").. (x%a/b,x*%a/b,x%%al/b,x“a/b;x*%)..’

Fr(a)=

(x®bla,x/a;x*")., (x**bla,x*%/a,x®%/a,x%/a;x'%).,

Go(1la)= (x*0/a,x%/a;x*").. (x> p/a,x%b/a,x%/a,x%%b/a;x*>).,,

We now substitute these into the eigenvalue expression, the first term of which is

Ay W (x*w/b,x*wib, x?blw,x b/ w;x?")..
3 b? (x2w/b,x™w/b,x%0/w,x3/w;x%).,

Fo(X25W) Go( 1Ix%w).

This gives an expression for the excitation in elliptic functigssttingb= —1):

Ay JE(=XPIw ) E(—x w2 E(— x3Bw,x %) E(—x*W,x'%)
Ag Y B W X E(— XWX E(— X, X B E(— x5 w, x15) -

(20

If the product of the six Bethe equations involvibgis expressed in terms of the auxiliary
functions, the equation fob [generalizingb®M=1 seen in thex—0 limit in (19)] is clearly
satisfied byb=—1:

E(x%b,x*®)E(x %, x ) E(x3¥b,x*®)E(x*Yb,x*%) [N
E(x?/b,x¥®)E(x*¥b,x'3)E(x®p,x %) E(x*%,x'%)

=b?\.

Compare the pattern of powers>fn this equation with those if20); this equation has a precise
analog for each massy,,...,m;, which will not be given.

D. Mass mj,

We begin the perturbation argument with the string structre a; for j=1,... N—3 with
Wy_p=b1x 12 wy_;=b,x'? andwy=byx?°. From the Bethe equations fpr=-N—2 andj=N
—1 we can show thdt; =b,= «, but the Bethe equation fgr=N does not linkb;=b to « in the
x—0 limit. (This feature was observed also in the-3 case, for a string of odd lengtf). The
Bethe equation for the other roadg=a is then
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E(x?%/a) N_ A 2035 a® E(x*b/a)E(x®b/a)

T A ERT) | T AN D) B alh) E(xPalb)
E(x2a/a)E(xa/a)E(x3ala) "> E(x%a/a))E(x*a;/a) o1
E(x"a/a)E(x™%a/@)E(x*%ala) =1 E(x*a;/a)E(x*al/a)) 21

In the x— 0 limit this gives the equation
Nog_ L 21135/ 12
a - Z(AN_:;CY b) / ab*=0.
Equating this as usual witl}"*(a—a;), we obtain
1
;(AN_3a2b)3/5=AN_3ab2
(which we later apply to prefactors ifi;). From the other Bethe equations in this limit,
1 3 (Ay_zab?)?
—(An—3a’0)®®| =——r——=b"=1.
In this case it is convenient to define
Fa(w)  (x"w/a;x*")
Fa(w)= T 7 2
Fa(x*w) (x*w/a;x?")
(22
Ga(1w)  (xZalw;x?")
Gs(1hw) =

Ga(1x¥w) (x%alw;x*")’

because this choice will make it clear thais a spectator in the solution to the recurrence relation;
it does not appear in the eigenvalue expression.
Treating the Bethe equatid21) as before gives the recurrences

~ (x¥a/b,x*%a/b;x*").. F5(x*°a)
~ (x*a/b,x8a/b;x?"),, Fa(x*a)’

Fs(a)

(x*%0/a,x®%/a;x?")., G5(x*5/a)
(x%ola,x*la;x?"),, Gy(x*/a)

Gs(1/a)=

Solving these we obtain

(x%a/b;x?"),. (x*a/b,x*°a/b,x*alb,x%%a/b;x*%).,

Fa(a)= (x?%a/b;x?").. (x*a/b,x®a/b,x*®a/b,x%%/b;x'%)., ’

(x*bla;x?").. (x%®bla,x*D/a,x*%/a,x%b/a;x*%).,

Ga(La)= (x®%/a;x*").. (x*%b/a,x%¥b/a,x%%/a,x b/a;x'>).,"

We now substitute these into the eigenvalue expression, the first term of which is, in terms of the
functions(22),
Az w? (x*3w/b,x®b/w;x?").,
3 b2 (x®w/b,xp/w;x%).,

Fa(X25W) G5(1X%5w).

With b= —1 this gives the expression in elliptic functions
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Az S E(=xXw, ) E(—x w, X Z)E(— x*w,x ) E(— x>, w,x%)

Ao Y E (WX E(— X, x B E(— X, x B E(— x5, x15)

(23

The Bethe equations involving andb, also expressed in terms of the auxiliary functions, give
E(x %/ a,x?" ™ 4%) = E(x*2alb,x* %),

E(x8b,x*%)E(x0,x*)E(x*/b,x*®)E(x5%b,x'%) N

N
E(x8/b,x*®)E(x*%b,x*®) E(x*b,x*®) E(x>%b,x%) b=

Notice thatb= — 1 satisfies this second equation, and (& far missinglink betweena andb is
provided by the first.

E. Comments on the “odd” strings

To close this rather technical section of the article, we wish to briefly comment on the strings
of odd length(see Table V.

For this model strings of odd length appear for the first, third and sixth masses. In the first
case, the odd string of excited roots is accompanied by a “hole” among the roots on the unit
circle; it is only this holeay_, which appears in the eigenvalue expression. In the case of the third
mass, the phade of the string entrym=10 appears alone in the eigenvalue expression, and the
other entries of the string seem to have a spectator (Bla. the sixth mass, there was nothing
special about the calculatiorin the calculations for dilute A(Ref. 13 odd strings were involved
for masses 4 and 6, where again the calculation of the associated excitation was less straightfor-
ward than for even strings. In one case, both the coefficient of the “odd” esiya hole
appeared in the eigenvalue, while the other calculation resembles tmad of this article. In
general the string entries come in pairsn, except form=r/2, which stands alone if it occurs,
due to the period of the original elliptic functions in. This is the only source of strings of odd
length; we can only conclude that when such an entry occurs, it in some sense dominates calcu-
lations following the exact perturbation technique. For strings of even length, all the excited roots
seem to contribute in a more equal fashion to the calculation and to the resulting eigenvalue
expression.

IV. DISCUSSION

In this article we have made use of the Bethe Ansatz string solutions found by Grimm and
Nienhuis to derive the excitation spectrum of the dilutg odel via the exact perturbation
approach. Our expressions for the seven thermodynamically significant excitations for the dilute
A, eigenspectrum in regime 2are given in(17), (20), (23), (A2), (A4), (A6) and (A7). In this
way we have verified for a second case the Proposition give3hy

It is perhaps unsatisfying that an elegant closed form expression su@ las been con-
firmed in the A case by relying on numerical data for the stritigable 1V). Indeed, as described
for the A case in Ref. 13, and in the detailed study of Ref. 10, tracing the strings grot
(criticality) to the position they take in the scaliimassive limit reveals complicated structure
(reported with one difference by two groups of autRdPs Fortunately,(3) was conjectured8
on the basis of general properties of the dilute A models and of the E-type algebras, known to be
linked by their common connection to thi, , perturbation of the minimal unitary series; the
(scaling limit string data used here has not contradicted it, @uiittedly limited numerical
studies agreed with the lower eigenvaldés forthcoming papet! should shed some new light,
from the perspective of Coxeter geometry, on the excitati@8hsnd, hence, among other things,
on the string conjectures to which they are related as demonstrated herelir thease.

Recall that the central charge for dilutg i regime 2 isc= ;. There are several other known
manifestations of the= 7 theory. The Blume—Capel mod&lis related to the Blume—Emery—
Griffiths model®® a classical spin-1 Ising model with lattice Hamiltonian
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TABLE V. The four perturbations of the tricritical Ising model, and the objects from statistical mechanics to which they are
related in the scaling limit.

Perturbation Field Weight IRF model Hges
Leading magnetic D22 % Not integrable H
Leading thermal b(1.2) ﬁ) Dilute A4, regime 2 14
Subleading magnetic P21 % Dilute A3, regime 1 Hs
Subleading thermal b3 3 ABF A,, regime I D

_ 2
Hoeo=~32, §S-D2 (1-S)~H2 S-He2 SS(S+S), (24)
1, i i i,j

whereJ is the nearest-neighbor interactidh,is a crystal fieldH a magnetic field term, and 5

is a staggered magnetic field. The phase diagrams of these models exhibit a tricritical point, as had
been observed in physical systefidlhe critical exponents, known from renormalization group
studies, are related to the Kac table of the 5 conformal field theory.

After the Ising critical point, the universality class of the tricritical Ising model corresponds to
the second simplest unitary conformal field theory in two dimensions. It is also the first of the
super-conformal minimal models. It can be perturbed by its four relevant scaling fields, shown in
Table V ordered according to the associated conformal weight. The leading magnetic perturbation
is believed to be nonintegrabféand each of the other three perturbations give integrable quan-
tum field theories. In the scaling limit these can each be associated with a solvable interaction
round a facgIRF) model[or to the terms in24)]. The ABF A, model in regime 11#>*¢realizes
the subleading thermal perturbation. A lattice realization of the subleading magnetic perturbation
is given by the dilute A model in regime £/ and the scaling limit of the leading thermal
perturbation corresponds to the dilutg Aodel as considered in this article.

The leading thermal perturbation is known to be integrable and massive, the masses being
described by E Toda field theory*?® Numerical results from a finite-size analysis in the spin-
chain formulatiort® and from field theory via the truncated conformal space appféatgmon-
strated the first few masses.

These are

m1= 1 Odd,

S5
m,=2 cos-—= =1.285575... even,

18
T
my=2 cos§=1.879385... odd,
a
my=2 cosﬁzl.%g 615... even, (25)

=4 ” 57T—2532088
Ms=4 COS5COSTo =2 ... even,

T 2
mg=4 COSg COS5~= 2.879385... odd,

=4 ” 7—3 701 666
My =4 cosgcosg =3. ... even.
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The mass spectrum can be classftfedto even and odd statéas indicated in(25)] corre-
sponding to theZ, symmetry of the affine EDynkin diagram. Each of the above seven masses
appears in the high-temperature phase of the tricritical Ising model. However, only the even subset
appears in the low-temperature phase. This is consistent with the numerical observations on the
eigenspectrum of the dilute ,Amodel?>*” For regime 2, in a study of the low-lying excitations,
the first and third were absent. As we have demonstrated, all seven excitations are present in
regime 2~ which (through a quirk in labellingcorresponds td >T, .

Our expressiort3) gives the correlation lengths and related magggsxpressed in terms of
standard elliptic functions and the original nompgas

94(aml36+ w4 ,p®°)

-
m;=¢; 2; 109 5, (@nT36= m/a po%) (26)
In the critical limit p— 0 the leading order behavior is
am
__Qqpnb/9 kel
m;~8p Ea: sin 8 (27)

Substituting the integers of Table Il, applying trigonometric identities and taking mass ratios it was
demonstrated that the E mass spectrun25) is recovered.

The ground states of the tricritical Ising modéh zero magnetic field have been
identified®>2?? For T<T,, the system is in a two-phase region of spontaneously broken spin
reversal symmetry, with two degenerate ground states in the thermodynamic limiT.>Fbg
there is one ground state. This ground state picture is also consistent with that of the dilute A
modef® as |p|—1. In regime 2 there are two possible ferromagnetic ground states, while in
regime 2 there is a single disordered ground stélieis the presence of such disordered states for
L even which complicates the calculation of order parameters for this half of the dijute A
hierarchy)

Very recently, an array of universal ratios for the critical amplitudes of the tricritical Ising
model have been calculaféd® by field theoretic methods. Not all of these quantities appear to be
accessible via the dilute Amodel. However, one such ratio involves the correlation length pref-
actors ¢, , above and below the critical temperature. Our results and observations on the
eigenspectrum of dilute Agive this same value:

& & 5
& & 18°
We previously’ derived the amplitude

1
fgi=———————=0.09420.., (28
8v3 coq2/9)

wherefis the singular part of the free energy. This agrees with the determination of this quantity
for the ¢ (4 ) perturbation of the = + field theory?® A related universal quantity is the amplitude
ratio associated with the correlation lenitjth

Rgt :Al/Zgg ,

where Al « is the amplitude of the specific heat amdis the related critical exponent. Our
expressions for these quantities are

1/2
=0.101678..,

10
9%v3 cog27/9)

+_
R, =
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1/2
=0.083889..,

5
R; = _
2292v3 coq 57/18)sin(5/9)

which agree with the numerical values of Ref. @Blowing for a difference in definition by a
factor «*?). As remarked*?® such values may be observed in experimental systems within the
tricritical Ising universality class.
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APPENDIX: FURTHER MASS CALCULATIONS

1. Mass my,

We begin the perturbation argument with the structuye-a; for j=1,... N—4 with wy_3
=b;x 18, wy_,=bx*® wy_;=byx"® and wy=b,x®. From the Bethe equations fgr=N
—3,....N we can show thab,=b,=bz;=b,=b. The Bethe equation for the other roots is

EOCTR)[N_ gl EOCB/R)E(CDI) Nl:[“ E(x?°a/aj)E(x*a /a)
~ 9 ExTa) =(An-4b") ™z E(x?a/b)E(x%a/b) j=1 E(x*a;/a)E(x*a/a))

(A1)

In the x— 0 limit this gives the equation
1
aVN—4+ Z(AN_4b4)3/5/b4: 0,

so that as usual we find an expression involving the prefactors

1 /

—(An—abh)¥P=Ay_4b"%

w
Using this with the other Bethe equations in the-0 limit we obtain

4:(AN—4b4)4

1
E(AN74b4)3/5 b4N $b4N: 1.

From (A1) come the recurrences

(/b x*a/b;x").. F4(x*°a)
~ (x?alb,x%a/b;x?"),. F(x*a)’

Fa(@)

(x3%/a,x?%/a;x?"),, G4(x?Sa)

Ga(1la)= (X58b/a,X62b/a;X2r)oo g4(X4S/a)'

The solutions are

~ (x*%a/b,x*a/b,x*%a/b,x>*a/b;x*").. (x**a/b,x*a/b,x*a/b,x*’a/b;x'®)..
~ (x?al/b,x%al/b,x*a/b,x*a/b:x?")., (x"%a/b,x"a/b,x®%lb,x%a/b;x'%).,’

Fa(a)
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(x%%/a,x*/a,x*p/a,x*la;x?").. (x*bl/a,x%b/a,x%%/a,x*%/a;x'%).,.

Ga(1/a)= (x5%/a,x%%/a,xp/a,x"®la;x*).. (x®b/a,x%%/a,x"%/a,x*bla;x'®),

In terms of these functions the eigenvalue may be represented as

Ay w2 (Xw/b,x*W/b, x %/ w,x*DIw;x")..
3 b2 (x3%W/b,x%w/b,x3%/w,xBo/w;x?")..

Fa(x%5W) Ga( LIX>SW).

Thus, application of the perturbation argument yields the excitation to be

Ay SE(—XMUw X E(—xMw,x M) E(— x O, x ) E(— x>, x'%)
A_O_W E(—x*w,x*)E(—x*w, x5 E( — x*w,x*3)E(—x>%Yw,x1%)

(A2)

where we have pub= —1.

2. Mass mg

We begin the perturbation argument wity=a; for j=1,...N—4 and wy_z=b;x *°,
W= b,x wy_1=bgx 12 wy=b,x'2 We can show that thie, are equal, and we call them
The Bethe equation for the other roots is

E(x*/a)|N a* E(x®b/a)E?(x'%/a)
—w|la——ps— :(A 3 b4)3/5_
E(x*a) N-4 b* E(x®a/b)E?(x*?alb)
N-4

><E(xlﬁb/a) 0 E(x%a/a))E(x*a;/a)
E(x™a/b) j=1 E(x**aj/a)E(x*ala;) "

(A3)
In the x— 0 limit this gives the equation

N—4 1 4\ 3/5/ W4

a +Z(AN_4b ) /b :0,

which leads in the usual way to a prefactor expression

1

—(An-4bhH)¥=Ay_4b*.

w
From this and the other Bethe equations

4:(AN—4b4)4

1
Z(AN74b4)3/5 b5N ibSNzl.

RearrangingA3), the auxiliary functions obey the recurrences

(x**a/b,x?®alb,x?®a/b,x%%alb;x?")., Fs(x*a)
(x%a/b,x*a/b,x %a/b,x*®a/b;x?")., Fs(x*®a)’

Fs(a)=

(x3/a,x%%/a,x3%/a,x*D/a;x?¥)., Gs(x*%/a)
(x®p/a,x*/a,x*/a,x%/a;x*).. Gs(x*/a) "

Gs(1/a) =

The solutions are

(x¥a/b,x*alb,x*al/b;x?").. (x*a/b,xCa/b,x*%a/b,x*a/b,x*a/b,x>Ca/b;x*%).,

Fs(a)= (x*a/b,xa/b,x**alb;x?").. (xBa/b,x*a/b,x*%a/b,x®alb,x %alb,x Ca/b;x*%).,, ’
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a)— (x*%/a,x3%/a,x*®/a;x*").. (x*%/a,x*%/a,x*b/a,x/a,x%b/a,x%%/a;x'%).,
Gs(1/a)= (x*%0/a,x®/a,x%®/a;x*").. (x>?b/a,x®%/a,x®b/a,x®p/a,x"%/a,x¥/a;x*%)..

which we next substitute into the eigenvalue expression

As  w® (x®Ww/b,x*w/b,x*Wwib, x*blw,x ?b/w,x %/ w;x*)., 250 Gl LS
3 b3 (x*wlb,xPwlb, x¥w/b,xiw,x2B/w, x3%/w; xZ) . Fs(xw) Gs(1Aw),

3
to obtain(with b= —1) an expression in elliptic functions of nomé?,
As  JE(—xW)E(—x"w)E(—x"Iw)E(—x*W)E(—x*W)E(—x°W)
No " E(— X W)E(—XTW) E( - XIW)E(— VW) E(—xTwWE(—xTw) AV
3. Mass mg

We begin the perturbation argument witkj=a; for j=1,...N—5 and Wy 4=bx%,
Wi 3=hox" %6 wy_,=bsx* wy_;=bsx"8 wy=bsx®. We can show that thie; are equal, and

we call themb. The Bethe equation for the other roots is

N a® E(x*b/a)E(x®b/a)

E(x?%a) -
=(An-sD”) s E(x*a/b)E2(x%a/b)

w{ a E(x*%a)

" E(x*%/a)E(x*p/a) "> E(x*a/a))E(x*a;/a) A5
E(x*a/b)E(x™%a/b) j=1 E(x*%a;/a)E(x**a/a;) (AS)

In the x— 0 limit this gives the equation

1
aN—5_ Z(AN,5b5)3/5/b5: 0’

which leads in the usual way to the expression

1
;(AN,5b5)3/5= ANf5b5-

From this and the other Bethe equations

5 (Ay_sp%)°

poN =bN=1.

1
- 5\3/5
—(An-sb®)

After rearranging(A5), the auxiliary functions obey the recurrences

) (x**a/b,x?%a/b,x%%a/b,x3a/b;x?")., Fs(x*a)
o(a)= (x*a/b,x%al/b,xa/b,x™®a/b;x?")., Fe(x*3a)’

U (x%0/a,x%%la,x3%b/a,x*%b/a;x*").. Gs(x>/a)
Ge(1/a) = (x*®/a,x>%b/a,x%/a,x%/a;x?").. Gs(x*/a)"

The solutions are
) (x%8a/b,x*a/b;x?").. (x*%al/b,x%%a/b,x*°a/b,x*a/b,x*®a/b,x%%a/b; x'>).,
o(a)= (x*%a/b,x?%a/b;x*").. (x*a/b,x®alb,x'%a/b,x*®a/b,x%%a/b,x"%b/a;x'%®)., ’
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(x®/a,x*pla;x?").. (x*/a,x%%bl/a,x*®b/a,x*%b/a,x%b/a,x%b/a;x'%).,

Go(1a)= (x%%/a,x%/a;x?").. (x°%/a,x%%/a,x%b/a,x%%/a,x"*b/a,x ®/a;x'>).,"’

which we next substitute into the eigenvalue expression

Ag W3 (x%8w/b,x%w/b,x8b/w,x b/w;x?").,

3 = D7 (Owib XD xoiwxPhiw) T 80 WG (LXEW),

to obtain(with b= —1) an expression in elliptic functions of normxé®,

Ag  SE(=XBIW)E(—xwW)E(—x W) E(—x* W) E(—x*W)E(—x°W)

Ao W B W) E(— XW) E(— x5W) E(— X*IW) E(— X*FwW)E(— x5Iw) °

(AB)

4. Mass m,

We begin with wy=a; for j=1,...N—6 and wy_s=b;x" % wy_,=bx'8 wy_;
=bax % wy_p,=bux¥ wy_;=bsx 1% wy=bgx%. Once again thé,(=b) are all equal. The
Bethe equation for the other roots is

E(x%%/a)
TEZa)

N_(A b6)3/5a_6 E(x°b/a)E?(x'%/a)
CN-e b® E(x®a/b)E?(x*%l/b)

—w

E2(xMb/a)E(x%/a) ° E(x®ala)E(x*a;/a)
><Ez(xl“a/b)E(xlsa/b) =1 E(x**a;/a)E(x*®ala;)

In the x— 0 limit this gives
6, 1 63/5/ 16
aN7 +$(AN*6b ) /b :0.,
which leads to the expression in the various coefficients
1
Z(AN—ebG)%:AN—Gb61
and from the six Bethe equations involvihg

©_ (Ay-eb®)°

1
{Z(ANGbG)E}/S b4N :>b4N:1.

The recurrences to be solved for the auxiliary functions are

(x*?alb ,x?%a/b ,x?%a/b ,x*°a/b ,x*a/b ,x**a/b ;x*").. F.(x*%a)
(x®a/b,x¥a/b ,x%a/b ,x**a/b ,x**a/b ,xBa/b :x*").. F,(x*a)’

Fr(a)=

(x*b/a,x**bl/a,x*bla,x®b/a,x3*b/a,x*?bla;x*")., G,(x*5/a)

G(La)= (x*b/a,x*b/a,x*’b/a,x>*bla,x>*bla ,x*bl/a;x*").. G,(x**/a)’

which have solution
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(x3*alb,x%8a/b ,x*alb ,x*®alb;x?)..

Fa(a)= (xPa/b ,x*a/b ,x*®a/b,x**alb;x*)..
(x®*a/b,x**a/b ,x>®alb,x*alb ,x*?a/b ,x*®a/b ,x*°a/b ,x**a/b ;x*%).,
(x®a/b ,xPa/b ,x*a/b ,x*®a/b ,x®a/b ,xCa/b ,x*a/b ,x"8a/b ;x*®)., ’
(x3*b/a,x*®bl/a ,x*bla,x*®bla;x?).,
G:(lla)=

(x*®b/a,x%b/a ,x%®b/a ,x%bla;x*").,

(x¥*b/a,x**b/a,x%8bl/a,x*?bla,x*b/a ,x**b/a ,x*8b/a ,x1%?b/a ; x'>).,
(x>*b/a,x*®b/a ,x%?b/a ,x®b/a,x®b/a ,xb/a ,x"*bl/a ,x"®bla;x*%),.

Substitution into

Az wh (x®w/b,x?®w/b,x*W/b, x> W/ b,x°b/w,x %/ w,x biw, x ¥/ w;x?")..
3 b* (x%w/b,xBW/b,x™ /b, x3B8w/b,xZb/w,x2%/w, x3/w,x3%b/w; x)..

X F7(X?5W) Go(1/x?Sw)

yields the resultwith b=—1 and elliptic nomex'%)
A7 JE(—=xAW)E(—xIwW)E(—x W) E(—xFw)
A_O_W E(—x%w)E(—x*%W)E(—x W) E(—x%w)
E(—x*wW)E(—x*W)E(— x*W)E(—x>w)

E(—x*Iw)E(—x*w)E(—x*Yw)E(—x>¥w)

(A7)

!See, e.g., M. HenkelConformal Invariance and Critical Phenomer(8pringer, Heidelberg, 199%nd references
therein.
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