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Design of a Quantum Projection Filter
Qing Gao, Daoyi Dong, Senior Member, IEEE, Ian R. Petersen, Fellow, IEEE, and Steven X. Ding,

Abstract—This paper develops a quantum projection filtering
approach to approximating the quantum filter equation based
on Itô stochastic Taylor expansions and quantum information
geometric techniques. The proposed approximation scheme is
designed so that the truncated Taylor expansion of the difference
between the true quantum trajectory and its approximation
on a lower-dimensional differential submanifold is minimized
through an orthogonal projection operation in the quantum fisher
metric. In addition, a convenient design for a special class of
open quantum systems is formulated. Simulation results from a
numerical example demonstrate the approximation capability of
the proposed quantum projection filter.

Index Terms—Quantum filter; quantum projection filter;
quantum information geometry; Itô stochastic Taylor expansions.

I. INTRODUCTION

A quantum filter is a quantum stochastic differential equa-
tion that updates the posterior quantum density matrix based
on the measurement records [1], [2], which is fundamentally
useful in the implementation of many quantum technologies
where online tracking of the state of a quantum system
is essential [3]. Although the quantum filter has been suc-
cessful experimentally for low-dimensional quantum plants,
such as qubits and few-photon systems [4], as well as for
near Gaussian systems, such as optical phase estimation and
optomechanics [5], its implementation for general open quan-
tum systems with high dimensionality has been beset with
computation difficulties in practice. In general, for a quantum
system that has a Hilbert space with dimension n, the number
of elements of the quantum density matrix needed to be track
online becomes n2− 1. A high computational burden arises
when n is large. It is thus particularly useful to develop an
approximation model for the quantum filter equation which is
more computationally efficient.

In recent years, the problem of approximation or model re-
duction for the quantum filter has attracted great attention and
there have been some successful approaches in the literature;
to mention a few, see [6], [7], and [8]. A quantum version
of the extended Kalman filter was developed in [6], where
the system dynamics was linearized first and a Kalman filter
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was then designed for the linearized system. Like its classical
counterpart, the approach in [6] works well for nearly linear
quantum systems. An alternative approach was given in [7]
based on the Volterra filter, which is applicable to complex
nonlinear quantum systems, especially those with no simple
Markovian models. In addition, a numerical approximation
approach for online calculation of the quantum filter was
developed in [8], in order to design a more efficient two-
qubit feedback control scheme. It was demonstrated through
simulation that using a small number of integration steps a
high level of approximation accuracy can be achieved.

Among the existing results, one interesting approximation
scheme is the quantum projection filtering approach which is
motivated by the pioneering work on projection filtering for
classical stochastic systems by Brigo, Hanzon and LeGland
[9]. The basic idea of the projection filtering strategy is as
follows. First, one designs a finite-dimensional differential
submanifold embedded in the state space of the original filter
and endows this submanifold with a metric structure (the
Fisher metric is often used). Then, an orthogonal projection
operation is defined in this metric and is used to construct a
projected curve on the submanifold to approximate the original
filter. Through a coordinate chart of the submanifold, this
projected curve can be equivalently expressed as a set of
dynamical equations which is called the projection filter. The
first result on quantum projection filtering can be found in [10]
where a highly nonlinear quantum model of a strongly coupled
two-level atom in an optical cavity was considered. However,
exact prior knowledge of an invariant set of the solution
to the quantum filter equation was required in [10], which
makes the approach in [10] less applicable in more complex
cases. The work in [11] assumed no prior knowledge about
the quantum density matrix and proposed an unsupervised
learning identification algorithm to determine the structure
of the submanifold instead. Unfortunately, the identification
algorithm itself could be time consuming when dealing with
a more general and complex open quantum system. An ex-
ponential quantum projection filtering approach for general
open quantum systems can be found in recent work [12].
The quantum filter equation was converted into a Stratonovich
form first, in order to make the stochastic differential equation
compatible with the structure of differential manifolds. The
coefficient functions of the quantum filter were then treated
as tangent vectors along the quantum trajectory and were
approximated using an orthogonal projection operation defined
in the quantum Fisher metric.

In this paper, we propose a quantum projection filtering
approach using Itô stochastic Taylor expansions and quantum
information geometric techniques, motivated by the result in
[13]. The quantum projection filter is designed by minimizing
the truncated Taylor expansion of the difference between



PREPRINT SUBMITTED TO IEEE TRANSACTIONS ON AUTOMATIC CONTROL 2

the original quantum trajectory and its approximation on a
lower-dimensional submanifold in the mean square sense. In
particular, a convenient design of the quantum projection filter
is formulated for a special class of open quantum systems
and is illustrated using simulation results from a numerical
example.

Notation. i=
√
−1. Here we use the Roman type character

i to distinguish the imaginary unit from the index i. For any
two n−dimensional matrices A and B, A⊗B means the tensor
product or Kronecker product of A and B, [A,B] = AB−BA
is the commutator of A and B. λi(A), i = 1,2, ...,n, are the
eigenvalues of A, Tr(A) = ∑

n
i=1 λi(A) is the trace of A, A†

represents the complex conjugate transpose of A, and ‖A‖F =√
Tr(A†A) is the Hilbert-Schmidt norm of matrix A. Ip is the

identity matrix with the dimensionality p. Rn represents the
n-dimensional real vector space.

II. PROBLEM FORMULATION

We first sketch the open quantum system model (see e.g.,
[1], [2] for more details). Let HQ be the Hilbert space of a
finite-dimensional quantum system Q and suppose dimHQ =
n < ∞. The quantum bath is modelled by a symmetric Fock
space E . Initially the composite quantum system consisting of
the quantum system and the quantum bath is prepared in the
state ρtotal = ρ0⊗ρvacuum, where ρ0 is a state on HQ and
ρvacuum is the vacuum state on the bath E . The composite
quantum system is supposed to be isolated and its temporal
Heisenberg-picture evolution can be described by a unitary
operator U(t) on the tensor product Hilbert space HQ ⊗ E ,
which satisfies the following Hudson-Parthasarathy equation1:

dU(t) =
{(
−iH− 1

2
L†L
)

dt +LdB†(t)−L†dB(t)
}

U(t) (1)

with the initial condition U(0) = I, where H is the system
Hamiltonian, L is the coupling operator and B(t) is the
annihilation operator on E .

A homodyne detector continuously monitors the field ob-
servable Yt =U†(t)(B(t)+B†(t))U(t) and generates a Wiener
type classical signal. The observation process Yt satisfies the
so-called self-nondemolition property, i.e., [Ys,Yt ] = 0 for all
s ≤ t. This enables us to interpret Yt as a classical signal
(photocurrent). Based on the Itô formula, Yt satisfies

dYt =U†(t)(L+L†)U(t)dt +d(B(t)+B†(t)). (2)

With the system-observation pair of our model, i.e., Equa-
tions (1) and (2) , one can use quantum filtering theory [1]
to optimally estimate the quantum state at time t using the
following Itô quantum stochastic differential equation:

dρt =L †
L,H(ρt)dt +(Lρt +ρtL†−ρt Tr(ρt(L+L†)))

×
(
dYt −Tr(ρt(L+L†)dt

)
, (3)

where L †
L,H(X) = −i[H,X ]+LXL†− 1

2 (L
†LX +XL†L) is the

adjoint Lindblad generator.
Equation (3) is known as the quantum filter or the quan-

tum stochastic master equation [1], and is a classical Itô

1We have assumed h̄=1 by using atomic units in this paper.

stochastic differential equation driven by the Wiener type
classical photocurrent signal Y (t). Its solution ρt represents
the best real time knowledge about the quantum state upon
continuous homodyne detection and is essential in the design
of state feedback quantum controller [3]. However, online
calculation of (3) is equivalent to solving a system of n2−1
recursive Itô stochastic differential equations and thus tends to
be computationally expensive, especially for high-dimensional
quantum systems. It is the goal of this paper to construct a
lower-dimensional approximation for the filter equation (3).

III. QUANTUM PROJECTION FILTER DESIGN

This section will present the design procedure of a quan-
tum projection filter that serves as an approximation for the
quantum filter equation (3) and provide numerical simulation
results to illustrate the approximation performance.

A. Basic idea

Instead of dealing with the nonlinear quantum filter equation
(3), in practice it is often much easier to manipulate the
following equivalent unnormalized linear form of (3):

dρ̄t = L †
L,H(ρ̄t)dt +D(ρ̄t)dYt , (4)

where D(X) = LX +XL†. The information state ρ̄t propagated
by (4) is the unnormalized quantum state corresponding to ρt ,
which satisfies ρt = ρ̄t/Tr(ρ̄t) and ρ̄0 = ρ0. The photocurrent
Yt is a Wiener process with bounded drift under some classical
probability measure P . Using Girsanov’s theorem, however,
an alternative measure P ′ equivalent to P can be always
constructed such that Yt becomes a Wiener process with zero
drift on a finite time interval [0,Tf ], where Tf > 0 is a
fixed time called the final time ( see page 458 in [3]). Let
(Ω,F ,P ′) be a complete classical probability space on which
we have a right continuous and complete filtration {Ft}t≥0 of
sub-σ fields of F . In the sequel, we use E{·} to denote the
mathematical expectation operator with respect to the given
probability measure P ′.

The state space of (4) is given by the following set of
nonnegative self-adjoint operators:

Q= {ρ̄|ρ̄ ≥ 0, ρ̄ = ρ̄
†}. (5)

Naturally, Q can be regarded as an n2−dimensional real
differential manifold and the solution ρ̄t to Equation (4) is
a curve on Q starting from time zero, see Fig. 1.

Now, we summarize the design procedure of the proposed
dimension reduction approximation strategy using Fig 1:

Step 1. To choose an m−dimensional differential sub-
manifold S = {ρ̄θ} embedded in Q such that the entire
submanifold S can be covered by a single coordinate chart
(S,θ = (θ1, ...,θm)

T ∈ Θ) and ρ0 ∈ S, where m < n2 is a
positive integer and Θ is an open subset of Rm containing
the origin.

Step 2. To endow S with a Riemannian metric structure 〈·, ·〉.
Step 3. To construct a real curve θt = (θ1(t),θ2(t), ...,θm(t))

on Rm such that its homeomorphic image on S through
the coordinate chart (S,θ), i.e., ρ̄θt , is as close to ρ̄t as
possible based on the Riemannian metric defined in Step 2.
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Fig. 1. Cartoon illustrating the basic setup of the optimal quantum projection
filtering strategy. The dark line represents ρ̄t , the dashed line is ρ̄θt and the
dotted line is θt .

For convenience of numerical implementation, θt is designed
to satisfy the following Itô stochastic differential equation:

dθt = f (θt)dt +g(θt)dYt , (6)

where f ,g : Rm→ Rm are two real vector valued functions to
be determined. Equation (6) is then the quantum projection
filter to be designed in this paper.

We need to explain Step 3 further. To make the difference
between two dynamical processes ρ̄t and ρ̄θt as small as
possible, the first requirement is that ρ̄0 = ρ̄θ0 = ρ0. Next,
we need to minimize the following function of error named
the subspace approximation error [14]:

et = E
∥∥∥dρ̄t −dρ̄θt |ρ̄t=ρ̄θt

∥∥∥2

F
, (7)

with e0 = 0. Then by integrating along time t, one can
determine that the difference ρ̄t− ρ̄θt is minimized in the mean
square sense. However, to minimize et in (7) is a mathemati-
cally tough task and we only provide an approximate solution
in this paper.

Let t0 and t be two stopping times satisfying

0≤ t0(ω)≤ t(ω)≤ T,ω ∈Ω (8)

with probability 1 and let k be a nonnegative integer. We will
show later in Section IV-B that the quantum operator valued
function ρ̄θ of θ has the following k−order Itô stochastic
Taylor expansion with respect to (6):

ρ̄θt = ϒ̂
k
t0,t(ρ̄θ )︸ ︷︷ ︸

k−order truncation

+O
(
(2(t− t0))

k+1
2

)
(9)

with ϒ̂0
t0,t(ρ̄θ ) = ρ̄θt0

. Similarly, ρ̄t admits the following Itô
stochastic Taylor expansion with respect to (4)

ρ̄t = ϒ̃
k
t0,t(ρ̄)︸ ︷︷ ︸

k−order truncation

+O
(
(2(t− t0))

k+1
2

)
(10)

with ϒ̃0
t0,t(ρ̄) = ρ̄t0 .

It then follows from (9) and (10) that, for an positive integer
k ≥ 1 and a small time perturbation 0 < σ � 1, the error
function et in (7) satisfies

et = E
∥∥∥ρ̄t+σ − ρ̄θt+σ

|ρ̄t=ρ̄θt

∥∥∥2

F
≤ 2E

∥∥∥ϒ̃
k
t,t+σ (ρ̄)− ϒ̂

k
t,t+σ (ρ̄θ )

∥∥∥2

F
(11)

to a k−order approximation.
Therefore, the quantum projection filter equation in (6), or

equivalently its two coefficient functions f and g at time t,
can be then determined by solving the following optimization
problem for k = 1 and k = 2:

Problem 3.1: min
f ,g

E
∥∥∥ϒ̂k

t,t+δ
(ρ̄θ )− ϒ̃k

t,t+δ
(ρ̄)
∥∥∥2

F
.

Remark 3.1. By the quantum projection filtering strategy,
one can minimize the truncated Taylor expansion of the
difference between ρ̄t and ρ̄θt up to order 2 in the mean
square sense. This is because only two independent functions,
i.e., f and g are used to solve Problem 3.1. Using a quantum
projection filter with more complex formulation than that of
(6) might lead to higher approximation accuracy.

B. Quantum projection filter

In this paper, the submanifold S, which can be covered
by a single coordinate chart (S,θ = (θ1, ...,θm)

T ∈ Θ), is
designed to be an m−dimensional smooth differential manifold
consisting of an exponential family of unnormalized quantum
density operators:

S= {ρ̄θ}=
{

e
1
2 ∑

m
i=1 θiAiρ0e

1
2 ∑

m
i=1 θiAi

}
, (12)

where the submanifold operators Ai ∈ A, i ∈ {1,2, ...,m} are
pre-designed and mutually commutating.

By using this submanifold, an explicit design of the quantum
projection filter (6) can be obtained.

Theorem 3.1. The solution to Problem 3.1 for k = 1 is

g(θt) = R(θt)
−1

Γ(θt), (13)

where Γ(θt) is an m−dimensional column vector of real
functions on θt and the jth element is given by

Γ j(θt) = Tr(ρ̄θt (A jL+L†A j)), j ∈ {1,2, ...,m}. (14)

By choosing the coefficient function g as in (13), then Problem
3.1 for k = 2 is solved if

f (θt) = R(θt)
−1

Ξ(θt), (15)

where Ξ(θt) is an m−dimensional column vector of real
functions on θt and the jth element is given by

Ξ j(θt) = Tr(ρ̄θt (LL,H(A j))−
1
2

g(θt)
T

∆ jg(θt), (16)

for j∈{1,2, ...,m}. Here ∆ j is an m×m matrix of real function
on θt and ∆ j(p,q) = Tr(ρ̄θt ApAqA j), p,q ∈ {1,2, ...,m}.

In fact, letting the submanifold operators Ai in (12) be mutu-
ally commutating leads to further simplification of the design
scheme. On the finite dimensional Hilbert space HQ, one can
always find a unitary operator Ū by which the set of self-
adjoint operators {Ai} can be simultaneously diagonalized.
That is, Ai = Ū†Diag(λ1(Ai),λ2(Ai), ...,λm(Ai))Ū . Let θ̄ be
a linear transformation of θ :

θ̄ =


θ̄1
θ̄2
...

θ̄m

=


λ1(A1) λ1(A2) . . . λ1(Am)
λ2(A1) λ2(A2) . . . λ2(Am)

...
...

. . .
...

λm(A1) λm(A2) . . . λm(Am)

θ , (17)



PREPRINT SUBMITTED TO IEEE TRANSACTIONS ON AUTOMATIC CONTROL 4

and let Āi = Ū†Diag{δ1i, ..,δni}Ū , i = 1,2, ...,m be a set of
projection operators.

Remark 3.2. It is noted that since (17) does not necessarily
suggest a homeomorphic mapping, thus the new vector θ̄ is not
necessarily a coordinate system of the submanifold S either.

Suppose that Tr(ρ0Ā j) 6= 0, i = 1,2, ...,m. With the linear
transformation (17), the submanifold (12) can be rewritten as

S= {ρ̄θ} :=
{

e
1
2 ∑

m
i=1 θ̄iĀiρ0e

1
2 ∑

m
i=1 θ̄iĀi

}
, (18)

and the quantum projection filter constructed in Theorem 3.1
yields the following simplified decoupled system of stochastic
differential equations:

dθ̄ j(t) =

Tr(ρ̄θt LH,L(Ā j))

eθ̄ j(t) Tr(ρ0Ā j)
− 1

2

(
Tr(ρ̄θt (Ā jL+L†Ā j)

eθ̄ j(t) Tr(ρ0Ā j)

)2
dt

+
Tr(ρ̄θt (Ā jL+L†Ā j)

eθ̄ j(t) Tr(ρ0Ā j)
dY (t), j = 1,2, ...,m. (19)

This motivates a convenient design guideline for the sub-
manifold. That is, the submanifold operators Ai could be cho-
sen as a set of projectors satisfying AiA j = δi jPj. In particular,
this design leads to a significantly simplified optimal quantum
projection filter, for a special class of open quantum systems
where the following assumption holds:

Assumption 3.1. The coupling operator L is self-adjoint,
that is, L = L†.

This assumption is practically reasonable in many experi-
mental settings; e.g., trapping a cold atomic ensemble in an
optical cavity [2]. Since L is self-adjoint, it admits a spectral
decomposition L = ∑

n0
i=1 λiPLi , where n0 ≤ n is the number

of nonzero eigenvalues of L, the set {λi} contains all of
the nonzero real eigenvalues of L, and {PLi} is a set of
projection operators that satisfies PLiPL j = δi jPL j . Then one
has the following result:

Theorem 3.2. Suppose that Tr(ρ0PLi) 6= 0, i = 1,2, ...,m. By
designing the submanifold (12) according to{

m = n0,

Ai = PLi ,
(20)

the optimal quantum projection filter designed in Theorem 3.1
becomes

dθ j(t) =

(
i
Tr(ρ̄θt [H,A j])

eθ̄ j(t) Tr(ρ0A j)
−2λ

2
j

)
dt +2λ jdY (t), (21)

for j ∈{1,2, ...,m}. Moreover, the order 1 Itô stochastic Taylor
expansion for ρ̄t − ρ̄θt is identically zero for all t ≥ 0.

Proof. Theorem 3.2 can be derived from Theorem 3.1 and
the proof is omitted. �

The following model reduction result is a corollary of
Theorem 3.2.

Corollary 3.1. For open quantum systems with a self-
adjoint coupling operator, if the system Hamiltonian H = 0,
then ρ̄θt ≡ ρ̄t by designing the submanifold according to (20).

C. A numerical example

A numerical example is given in this subsection to demon-
strate the approximation performance of the proposed quan-
tum projection filtering approach. The evolution of the open
quantum system is given as in (1) with

H = Huut =


0 − j 0 0
j 0 0 0
0 0 0 − j
0 0 j 0

ut

and

L = Diag{1,−1,1,−1},

where ut is an external signal applied to the quantum system
through the channel Hu. One example in practice is that ut is
the control input and Hu is the control channel. Initially the
quantum state is given by ρ0 = Diag{1,2,3,4}/10.

Therefore the system is defined in the Hilbert space HQ =
C4 and generally 15 stochastic differential equations need to be
solved online in order to solve the quantum filter equation (6)
in time. However, since the coupling operator L is self-adjoint,
it follows from Theorem 3.2 that one can design a differential
submanifold according to (20) such that the quantum state can
be approximately obtained by solving 4 stochastic differential
equations. To be specific, the four submanifold operators can
be given by

A1 = PL1 = Diag{1,0,0,0},A2 = PL2 = Diag{0,1,0,0}
A3 = PL3 = Diag{0,0,1,0},A4 = PL4 = Diag{0,0,0,1}

respectively, where PLi , i = 1,2,3,4 are four projection op-
erators of the coupling operator L corresponding to four
eigenvalues λ1 = 1,λ2 =−1,λ3 = 1 and λ4 =−1, respectively,
through spectral decomposition.

In real experiments, the photocurrent Yt is a classical sig-
nal generated by a homodyne detector and can be used to
drive both the quantum filter equation (3) and the quantum
projection filter equation (21). In order to simulate Yt in
our case, we replace the term dYt −Tr(ρt(L+ L†)dt by the
instantaneous increment of a Wiener process dW (t), based
on the result on page 36 in [1]. Then the quantum filter (3)
is calculated first and the photocurrent Yt is simulated from
dY (t) = Tr(ρt(L+ L†))dt + dW (t). The external signal ut is
chosen to be ut = 5e−tsin(2t) as shown in Fig. 2. Monte Carlo
simulations have been conducted by using the discretization
approach as in [17], in order to sovle the stochastic differential
equations involved. The simulation parameters used are as
follows: the simulation interval t ∈ [0,T ] with T = 3, the
normally distributed variance is δ t = T/212 with N0 = 212,
and the step size is chosen to be ∆t = δ t.

The performance of the proposed approximation filtering
scheme is demonstrated by comparing the photocurrent sim-
ulated from dY (t) = Tr(ρt(L+ L†))dt + dW (t) with the one

simulated from dỸ (t) = Tr(ρ̄θt (L+L†))

Tr(ρ̄θt )
dt + dW (t). Simulation

results from one particular experiment is presented in Fig. 3.
It is also verified by a number of simulations that Y (t)≡ Ỹ (t)
when ut ≡ 0, which coincides with Corollary 3.1.
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Fig. 2. The input signal ut .
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Fig. 3. Approximation performance of the quantum projection filter.

IV. DERIVATION OF THEOREM 3.1

This section will show the detailed derivation procedure of
Theorem 3.1 following the basic idea sketched in Section III-
A. After introducing two key technical tools in Sections IV-A
and IV-B, the proof of Theorem 3.1 will be given in Section
IV-C.

A. An orthogonal projection

We start from the geometric structure of the differential
manifold S formulated in (12) using quantum information
geometry theory [16]. Let Tρ̄θ

(S) denote the tangent vector
space of the manifold S at the point ρ̄θ . The mixture rep-
resentation (m−representation) of the natural basis vector of
Tρ̄θ

(S) can be obtained through a direct calculation as

∂̄i :=
∂ ρ̄θ

∂θi
=

1
2
(Aiρ̄θ + ρ̄θ Ai). (22)

Assume that {∂̄i} are linearly independent. Then

Tρ̄θ
(S) = Span{∂̄i}. (23)

Now we endow S with a Riemannian metric. The sym-
metrized inner product is employed to define the inner product
{�,�ρ̄θ

, ρ̄θ ∈ S} on Tρ̄θ
(S):

� A,B�ρ̄θ
=

1
2

Tr(ρ̄θ AB+ ρ̄θ BA),∀A,B ∈Tρ̄θ
(S). (24)

Based on this inner product, we define another useful rep-
resentation called the e− representation of a tangent vector
X ∈Tρ̄θ

(S) as the self-adjoint operator X (e) satisfying

� X (e),A�ρ̄θ
= Tr

(
X (m)A

)
,∀A ∈Tρ̄θ

(S), (25)

which implies that ∂̄
(e)
i = Ai. Using this e−representation, we

define an inner product 〈,〉 on Tρ̄θ
(S) by

〈X ,Y 〉
ρ̄θ

=� X (e),Y (e)�ρ̄θ

= Tr
(

X (m)Y (e)
)
,∀X ,Y ∈Tρ̄θ

(S). (26)

Then r = 〈,〉 forms a Riemmanian metric on S which may
be regarded as a quantum version of the Fisher metric [18].
Each component of the quantum Fisher metric is given by a
real-valued function of θ :

ri j(θ) =
〈
∂̄i, ∂̄ j

〉
ρ̄θ

=� ∂̄
(e)
i , ∂̄

(e)
j �ρ̄θ

= Tr(ρ̄θ AiA j). (27)

The quantum Fisher information matrix is an m×m dimen-
sional real matrix given by R(θ) = (ri j(θ)).

Let Tρ̄t (Q) denote the tangent space of the higher dimen-
sional differential manifold Q at each point ρ̄t . Apparently,
Tρ̄t (Q) is identified with the following set of all self-adjoint
operators on the Hilbert space HQ:

A= {A|A = A†}. (28)

Then an orthogonal projection operation Πρ̄θ
from vectors in

A to vectors in Tρ̄θ
(S) can be defined as follows:

Πρ̄θ
: A −→Tρ̄θ

(S)

ν 7−→
m

∑
i=1

m

∑
j=1

ri j(θ)
〈
ν , ∂̄ j

〉
ρ̄θ

∂̄i, (29)

where the matrix
(
ri j(θ)

)
is the inverse of the quantum

information matrix R(θ).
This projection operation Πρ̄θ

in (29) maps any vector in
A to their corresponding best approximation in Tρ̄θ

(S) and is
one of two key technical tools in our approach.

B. Itô stochastic Taylor expansions for quantum operator
valued functions

In this subsection, we formulate Itô stochastic Taylor ex-
pansions for two quantum operator valued functions ρ̄θt and
ρ̄t , which serve as the other key technical tool in our ap-
proach. The basic idea and notation used follow from those
of [15] where classical stochastic differential equations are
considered.

The following finite list

α = ( j1, j2, ..., jl), (30)

is named a multi-index of length l, where l is a positive integer
and ji ∈ {0,1} for i∈ {1,2, ..., l}. For completeness, we denote
the empty list, or equivalently, the multi-index of length zero,
by (). In addition, we write l(α), the length of α and z(α) the
number of zeros in α , respectively. The set of all multi-indices
is denoted by M .

Given a multi-index α ∈M with l(α)≥ 1, we define: −α

to be the multi-index obtained by removing the first element of
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α; α− the multi-index obtained by removing the last element
of α; α1 the first element of α; and α−1 the last element of
α . Finally, for any two multi-indices α = ( j1, j2, ..., jl) and
β = ( j̄1, j̄2, ..., j̄k), we define the concatenation operation ∗ on
M by

α ∗β = ( j1, j2, ..., jl , j̄1, j̄2, ..., j̄k). (31)

The multi-indices introduced above can be used to enumer-
ate stochastic integrals with respect to the Wiener process Yt in
(2) and time t. For any time t, we define Y 1

t :=Yt and Y 0
t := t.

The multi-integral for any function a of time associated with
a multi-index α is defined by

Iα
t1,t2(a) =


a(t2) α = ()∫ t2

t1
Iα−
t1,s (a)dY α−1

s otherwise
(32)

where t1 ≤ t2 are two time points.
Now we are ready to present the Itô stochastic Taylor

expansions for ρ̄θt and ρ̄t , respectively.
First, consider the self-adjoint operator valued function ρ̄θt :

Rm→Q, where Q is the quantum state space defined in (5).
Let Dθ ρ̄θ be the derivative of ρ̄θ with respect to the vector
θ , which is given by

Dθ ρ̄θ =

(
∂ ρ̄θ

∂θ1
,

∂ ρ̄θ

∂θ2
, ...,

∂ ρ̄θ

∂θm

)T

. (33)

Structure of higher order derivatives is thereby uniquely de-
fined as

D i
θ i ρ̄θ = Dθ (Dθ (...(Dθ ρ̄θ )...))︸ ︷︷ ︸

i successive derivative operations

. (34)

A differential operator for ρ̄θt associated with a multi-index
α is defined as

Lα(ρ̄θ ) =

{
ρ̄θ α = ()

Lα1(L−α(ρ̄θ )) otherwise
(35)

where

L0(ρ̄θ ) = ( f T ⊗ In)Dθ ρ̄θ +
1
2
(
(g⊗g)T ⊗ InD

2
θ 2 ρ̄θ

)
,

L1(ρ̄θ ) = (gT ⊗ In)Dθ ρ̄θ . (36)

Applying Itô formula to (6), one has

dρ̄θt = L0(ρ̄θt )dt +L1(ρ̄θt )dYt . (37)

Next, consider the self-adjoint operator valued function ρ̄t :
R→Q. Like in (35), we define a differential operator for ρ̄t
associated with a multi index α as

Dα(ρ̄) =

{
ρ̄ α = ()

Dα1(D−α(ρ̄)) otherwise
(38)

with D0 = L †
L,H and D1 = D as defined below (3) and (4),

respectively.
Remark 4.1. One observes that both the differential oper-

ators Lα and Dα contain a total of l(α)+ z(α) derivatives.
For any nonnegative integer k, we define a subset Λk ⊂M

to be

Λk = {α ∈M : l(α)+ z(α)≤ k}. (39)

Then we have the following result.
Theorem 4.1. Let t0 and t be two stopping times with

0≤ t0(ω)≤ t(ω)≤ T,ω ∈Ω (40)

with probability 1. For any multi-index α ∈M , suppose that
E‖Lα(ρ̄θt )‖2

F and E‖Dα(ρ̄t)‖2
F are both bounded for all time

t. Then for any nonnegative integer k, the Itô stochastic Taylor
expansion of the function ρ̄θt at time t0 is given by (9) with

ϒ̂
k
t0,t(ρ̄θ ) = ∑

α∈Λk

Iα
t0,t(1)(Lα(ρ̄θ )|t=t0); (41)

the Itô stochastic Taylor expansion of the function ρ̄t at time
t0 is given by (10) with

ϒ̃
k
t0,t(ρ̄) = ∑

α∈Λk

Iα
t0,t(1)(Dα(ρ̄)|t=t0). (42)

Proof. See Appendix.

C. Proof of Theorem 3.1

This subsection proves Theorem 3.1 based on the orthogonal
projection operation defined in (29) and Theorem 4.1.

Since ρ̄θt is independent of the increment Yt+δ − Yt , it
follows from Theorem 4.1 that for k = 1

E
∥∥∥ϒ̂

k
t,t+δ

(ρ̄θ )− ϒ̃
k
t,t+δ

(ρ̄)
∥∥∥2

F

=E

∥∥∥∥∥ ∑
α∈Λ1\{()}

Iα

t,t+δ
(1)(Lα(ρ̄θt )−Dα(ρ̄θt ))

∥∥∥∥∥
2

F

=E
∥∥L(1)(ρ̄θt )−D(1)(ρ̄θt )

∥∥2
F E
(

I(1)t,t+δ
(1)
)2

=E
∥∥L1(ρ̄θt )−D1(ρ̄θt )

∥∥2
F δ . (43)

Based on the orthogonal projection operation Πρ̄θ
in (29),

Problem 3.1 with k = 1 is solved if

L1(ρ̄θt ) = (gT ⊗ In)Dθ ρ̄θt

=Πρ̄θ
(D1(ρ̄θt ))

=
m

∑
i=1

m

∑
j=1

ri j(θ)
〈
D1(ρ̄θt ), ∂̄ j

〉
ρ̄θ

∂̄i

=
m

∑
i=1

m

∑
j=1

ri j(θ)Tr(ρ̄θt (A jL+L†A j))∂̄i

=




∑
m
j=1 r1 j(θ)Tr(ρ̄θt (A jL+L†A j)

∑
m
j=1 r2 j(θ)Tr(ρ̄θt (A jL+L†A j)

...
∑

m
j=1 rm j(θ)Tr(ρ̄θt (A jL+L†A j)

⊗ In


T

Dθ ρ̄θt ,

(44)

which yields (13).
Now let k = 2 and suppose that g is already designed

as in (13). A simple calculation shows that δ ,Yt+δ −Yt and
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(Yt+δ−Yt )
2−δ

2 are orthogonal with respect to the expectation
operation E. We have

E

∥∥∥∥∥ ∑
α∈Λ2\{()}

Iα

t,t+δ
(1)(Lα(ρ̄θt )−Dα(ρ̄θt ))

∥∥∥∥∥
2

F

=E

∥∥∥∥∥ ∑
α∈{(0),(1),(1,1)}

Iα

t,t+δ
(1)(Lα(ρ̄θt )−Dα(ρ̄θt ))

∥∥∥∥∥
2

F

(45)

=E
∥∥(L0(ρ̄θt )−D0(ρ̄θt ))δ +(L1(ρ̄θt )−D1(ρ̄θt ))(Yt+δ −Yt)

+(L1(L1(ρ̄θt ))−D1(D1(ρ̄θt )))
(Yt+δ −Yt)

2−δ

2

∥∥∥∥2

F

=E
∥∥∥∥( f T ⊗ In)Dθ ρ̄θt +

1
2
((g⊗g)T ⊗ InD

2
θ 2 ρ̄θt )−D0(ρ̄θt ))

∥∥∥∥2

F
δ

+R(θt), (46)

where R(θt) = E
∥∥(L1L1(ρ̄θt )−D1D1(ρ̄θt ))

∥∥2
F

δ 2

2 +

E
∥∥(L1(ρ̄θt )−D1(ρ̄θt ))

∥∥2
F δ . Since R(θt) is independent

of the coefficient function f , the solution to Problem 3.1 with
k = 2 is determined by

( f T ⊗ In)Dθ ρ̄θ = Πρ̄θ
(ϒ(ρ̄θt ))

=




∑
m
j=1 r1 j(θ)

〈
ϒ(ρ̄θt ), ∂̄ j

〉
ρ̄θ

∑
m
j=1 r2 j(θ)

〈
ϒ(ρ̄θt ), ∂̄ j

〉
ρ̄θ

...
∑

m
j=1 rm j(θ)

〈
ϒ(ρ̄θt ), ∂̄ j

〉
ρ̄θ

⊗ In


T

Dθ ρ̄θt (47)

where ϒ(ρ̄θt ) = D0(ρ̄θt ))− 1
2 ((g⊗ g)T ⊗ In)D2

θ 2 ρ̄θt ), which
yields (15).

The proof of Theorem 3.1 is thus completed. �

V. CONCLUSION

A quantum projection filter is designed by minimizing the
order 1 and order 2 Itô stochastic Taylor expansion of the
difference between the true quantum trajectory and the approx-
imation quantum density matrix on a lower-dimensional differ-
ential submanifold, using an orthogonal projection operation
in the quantum Fisher metric. Simulations from a numerical
example demonstrate the approximation performance of the
designed quantum projection filter.

APPENDIX

Proof of Theorem 4.1. We use three steps to prove that ρ̄θt

has Itô stochastic Taylor expansion satisfying (9) and (41).
The part about the function ρ̄t in Theorem 4.1 can be derived
following a similar procedure and the corresponding proof is
omitted.

Step 1. We show that

ρ̄θt = ϒ̂k
t0,t(ρ̄θ )+ ∑

α∈R(Λk)

Iα
t0,t(Lα(ρ̄θ ))︸ ︷︷ ︸

Truncation error

, (48)

where ϒ̂k
t0,t(ρ̄θ ) is the k−order truncation term given by (41),

and the remainder set R(Λk) of Λk is defined by

R(Λk) = {β ∈M \Λk :−β ∈ Λk}
={β ∈M \Λk : β = (0)∗α or (1)∗α,α ∈ Λk}. (49)

The proof is given by induction on the integer k. For the
case that k = 0, or equivalently, Λk = {()} with the remainder
set R(Λk) = {(0),(1)}, (41) becomes

ρ̄θt = ρ̄θ0 +
∫ t

t0
L0(ρ̄θs)ds+

∫ t

t0
L1(ρ̄θs)dYs, (50)

which is exactly the Itô formula in (37).
Based on the definitions in (39) and (49), one has that for

any integer j ≥ 1,

Λ j+1\Λ j = {β ∈M : l(β )+n(β ) = j+1}
= {β ∈M \Λ j : l(−β )+n(−β ) = j, or j−1}
⊂ {β ∈M \Λ j : l(−β )+n(−β )≤ j}
= {β ∈M \Λ j :−β ∈ Λ j}R(Λ j). (51)

Using the induction hypothesis that (41) holds for the case
that k = j ≥ 1, and based on the Itô formula, we have

ρ̄θt = ∑
α∈Λ j

Iα
t0,t(1)(Lα(ρ̄θ )|t=t0)+ ∑

α∈R(Λ j)

Iα
t0,t(Lα(ρ̄θ ))

= ∑
α∈Λ j

Iα
t0,t(1)(Lα(ρ̄θ )|t=t0)+ ∑

α∈R(Λ j)\(Λ j+1\Λ j)

Iα
t0,t(Lα(ρ̄θ ))

+ ∑
α∈Λ j+1\Λ j

Iα
t0,t(Lα(ρ̄θ ))

= ∑
α∈Λ j

Iα
t0,t(1)(Lα(ρ̄θ )|t=t0)+ ∑

α∈R(Λ j)\(Λ j+1\Λ j)

Iα
t0,t(Lα(ρ̄θ ))

+ ∑
α∈Λ j+1\Λ j

(
Iα
t0,t(Lα(ρ̄θ )|t=t0)+

1

∑
z=0

I(z)∗αt0,t (L(z)∗α(ρ̄θ ))

)
= ∑

α∈Λ j+1

Iα
t0,t(1)(Lα(ρ̄θ )|t=t0)+ ∑

α∈R̄
Iα
t0,t(Lα(ρ̄θ )) (52)

where

R̄ = [R(Λ j)\(Λ j+1\Λ j)]
⋃[ 1⋃

z=0

{(z)∗α : α ∈ Λ j+1\Λ j}

]
=
[
{β ∈M \Λ j :−β ∈ Λ j}\{β ∈M \Λ j : β ∈ Λ j+1}}

]⋃
{β ∈M :−β ∈ Λ j+1\Λ j}

= {β ∈M \Λ j+1 :−β ∈ Λ j}⋃
{β ∈M \Λ j+1 :−β ∈ Λ j+1\Λ j}

= {β ∈M \Λ j+1 :−β ∈ Λ j+1}
= R(Λ j+1). (53)

Then (41) holds for the case that k = j+ 1 by combining
(52) and (53). Eq. (48) can be obtained by mathematical
induction.

Step 2. For any two multi-indices α,β ∈ M , let
E‖Lβ (ρ̄θt )‖2

F ≤ R for a constant R and we have

E
∥∥Iα

t0,t(Lβ (ρ̄θ ))
∥∥2

F ≤ R(t− t0)l(α)+z(α). (54)

The proof is given by induction on l(α)≥ 1. Let t0 < t1 <
t2... < tp < t be a partition of the time interval [t0, t] and let
the positive integer p be large enough.
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First, consider the case that l(α) = 1 with α = (0). Then
based on the Hölder inequality, one has

E
∥∥Iα

t0,t(Lβ (ρ̄θ ))
∥∥2

F

=E
∥∥∥∥∫ t

t0
Lβ (ρ̄θs)ds

∥∥∥∥2

F
= E

∥∥∥∥∥ lim
p→∞

p

∑
i=0

Lβ (ρ̄θti
)(ti+1− ti)

∥∥∥∥∥
2

F

≤E

{
lim
p→∞

p

∑
i=0
‖Lβ (ρ̄θti

)‖F(ti+1− ti)

}2

=E
{∫ t

t0
‖Lβ (ρ̄θs)‖F ds

}2

≤ (t− t0)E
{∫ t

t0
‖Lβ (ρ̄θs)‖

2
F ds
}

=R(t− t0)2 = R(t− t0)l(α)+z(α). (55)

On the other hand, considering the case that l(α) = 1 with
α = (1), we have

E‖Iα
t0,t(Lβ (ρ̄θ ))‖2

F

=E
∥∥∥∥∫ t

t0
Lβ (ρ̄θs)dYs

∥∥∥∥2

F
= E

∥∥∥∥∥ lim
p→∞

p

∑
i=0

Lβ (ρ̄θti
)(Yti+1 −Yti)

∥∥∥∥∥
2

F

=E

{
lim
p→∞

p

∑
i=0
‖Lβ (ρ̄θti

)‖2
F

}
E(Yti+1 −Yti)

2

≤ lim
p→∞

p

∑
i=0

E
{
‖Lβ (ρ̄θti

)‖2
F

}
(ti+1− ti)

=E
{∫ t

t0
‖Lβ (ρ̄θs)‖

2
F ds
}

≤R(t− t0) = R(t− t0)l(α)+z(α). (56)

Suppose that (54) holds for the case that l(α) = j≥ 1. Now
let l(α) = j+1 with α−1 = 0. Then l(α)+ z(α)≥ 2z(α)≥ 2,
and l(α−)+n(α−) = l(α)+z(α)−2. By using the inductive
hypothesis, one has

E‖Iα
t0,t(Lβ (ρ̄θ ))‖2

F = E
∥∥∥∥∫ t

t0
Iα−
t0,s (Lβ (ρ̄θs))ds

∥∥∥∥2

F

≤(t− t0)
∫ t

t0
E
∥∥Iα−

t0,s (Lβ (ρ̄θs))
∥∥2

F ds

≤(t− t0)
∫ t

t0
R(s− t0)l(α)+z(α)−2ds

≤R(t− t0)l(α)+z(α)

l(α)+ z(α)−1
≤ R(t− t0)l(α)+z(α). (57)

On the other hand, let α−1 = 1. Then l(α) + z(α) ≥
l(α) ≥ 1, and l(α−) + n(α−) = l(α) + z(α)− 1. By using
the inductive assumption, one has

E‖Iα
t0,t(Lβ (ρ̄θt ))‖

2
F

=E
∥∥∥∥∫ t

t0
Iα−
t0,s (Lβ (ρ̄θs))dYs

∥∥∥∥2

F
≤ E

{∫ t

t0
‖Iα−

t0,s (Lβ (ρ̄θs))‖
2
F ds
}

≤
∫ t

t0
R(s− t0)l(α)+z(α)−1ds

≤R(t− t0)l(α)+z(α)

l(α)+ z(α)
≤ R(t− t0)l(α)+z(α). (58)

Then (54) holds for the case that l(α) = j+1 by combining
(57) and (58), and can be verified by mathematical induction.

Step 3. In the final step, we derive an upper bound of the
truncation error term in (48).

For any multi-index α ∈R(Λk), it can be shown that

l(α)+ z(α) ∈ {k+1,k+2}. (59)

In addition, the number of multi-indices belonging to R(Λk)
is 2k+1. When the time t is within a small neighbourhood of
t0, it follows from Step 2 in this proof that an upper bound
on the truncation error term in (48) can be determined as

E

∥∥∥∥∥ ∑
α∈R(Λk)

Iα
t0,t(Lα(ρ̄θ ))

∥∥∥∥∥
2

F

≤ ∑
α∈R(Λk)

E
∥∥Iα

t0,t(Lα(ρ̄θ ))
∥∥2

F

≤ ∑
α∈R(Λk)

R(t− t0)l(α)+z(α) ≤ R(2(t− t0))k+1. (60)

The proof is then completed. �
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