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INTRODUCTION

This discussion divides into two quite separate parts, chapters
I - IV and chapter V. The first four chapters are concerned with a general-
ization of the partition properties Kk — ( )n and Kk — (n)<(ﬂ extensively
N4’ a<v v
studied by Erdds and his collaborators (see [5] and [6] for further references).
Chapter I is devoted to establishing notation, the definition of
these properties and immediate consequences of these definitions. A brief
mention of a few well known results concerning the Erdds cardinals is included.
Chapters II and IV are concerned with a generalization of the relation

K — (nZ)Z<V , a generalization obtained by considering not partitions of the
n-element subsets of k , but rather partitions of certain finite sequences of
n-element subsets. This is in fact a special case of the polarized partition
relation defined in [6, p.100]. Chapter II contains a general method for
obtaining positive relations from Erdds relations. An apparently different,
although in many cases equivalent, form of the definition is discussed.
Consideration is given to extending the generalization to cover partitions
of the infinite sequences of finite subsets of a given set. In the course
of this, the answer is provided to a problem of Moschovakis ([13, P2061]).
Chapter IV deals directly with the question of extending the methods and
results of [6] to the more general situation. Chapter III deals with an
analogous generalization of the property kK — (n)j(‘J .

In Chapter V, forcing (see [3]) is developed for classes of conditions
and theorems of Easton [4] and Jensen [9] are re-proved. The original intention
was to use similar methods to obtain corresponding results for cardinals

<
having the generalized form of the Ramsey property, K — (K) “, Subsequently,

it was found that no cardinals rejoice in these properties (see §III-2).



Since the development of the forcing method is done in a manner slightly
different to that in [4], and a couple of points of minor independent interest

appear, the chapter is included anyway.



CHAPTER I. INTRODUCTORY

§1. Notation

The set theory in which this thesis takes place is the system ZF
of Zermelo-Fraenkel, together with the axiom of choice, AC. (See, for example,
[12] or [19] for details.) The generalized continuum hypothesis is abbreviated
GCH.

Set inclusion is written < , with < denoting proper inclusion.
For a set. A and formula & of ZF , the set of those members of A which
have the property @ 1is denoted {x € A ; ®} . Sequences are written
(Xa ; o € A) , except that for finite n an ordered n-tuple is usually
written <X]""’Xn> . The concatenation of two sequences u and v is
represented as u®v . The domain, Dx , and the range, Rx , of X are
respectively (y ; 3z({y,z) € x)} and (z ; 3y({y,z) € x)} . The restriction,
AMB , of A to B is {(x,y) € A; x € B} . The set of all functions with
domain x and range contained in y is denoted xy . The cartesian product
of a family [xi ; 1 € I} is written H{xi ; i € I} . The powerset of x
is Px , and x-y denotes set-difference.

Ordinals are defined in some standard manner (e.g. [17]) so that if
o 1is an ordinal, a = {B ; B is an ordinal and B < a} . The initial ordinals,
i.e. ordinals having power larger than that of any of their members, are
identified with the cardinals. The sequence of infinite cardinals is
Wys Wi Wospeew o I shall usually write w 1in place of Wy - Ordinal sum

and ordinal product are denoted by + and * respectively. Cardinal sum

is <4, and cardinal product is indicated either by X

C or by juxtaposition.

C

Unless the contrary is stated, Kk means cardinal exponentiation and %

means the infinite sum of cardinal numbers. If B 1is a limit ordinal (in



particular, a cardinal) Cf(B) 1is defined, as in [1], to be the smallest
cardinal k such that B 1is the union of k smaller ordinals. This is
related to the cofinality index of [23]. For « a cardinal, K+ is the
cardinal next after k , and k  is the cardinal immediately before «k 1if
there is such a cardinal, whereas otherwise « = k . A cardinal « is
called regular if Cf(k) = k , and singular if not. regular. A cardinal «
is termed strongly inaccessible if «k 1is regular and A < Kk => 2% < K
It is measurable if the powerset of « supports a non-trivial, k-additive,
two-valued measure.

The cardinality of a set x 1is denoted |x]| . The set

{y € Px ; |y| = k} of exactly k-element subsets of x (for « a cardinal)

]<K ]éK

>
is denoted [x]K. Similarly, [x and [x] K stand for the

, I[x
sets of subsets of x which have cardinality less than x , at most k and
at least Kk . In particular, '[x]<°’ is the set of finite subsets of x .

X

The symbol y*x is used for (f ¢ ([y]<(n) $ Va,b € x(|f(a)| = [£(B)])} ,

the set of mappings from x to the finite subsets of y such that all
function values have the same cardinality.

A relation <. 1is said to be well founded when, if a 1is any set,
then a# 0 =>3x ¢ a Vy € a(y « x) . Definitions by transfinite recursion
over a well founded relation will frequently be used (see [14]). If A is
a set of ordinals, sup(A) , the strict supremum of A , is defined by:
sup(A) = U{atl 3 o € A} , and min(A) is the least member of A . For any
set x , the rank rk(x) of =x is defined inductively as:
rk(x) = sup{rk(y) ; y € x} .

The cardinal beths are denoted gch) , (where o is an ordinal

and Kk a cardinal), and are defined inductively by



ZO(K)
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2 (k) =2°¢ , a=Ua>0=2 (k) =U2.(k) ; B<a) .
a+] Q B

Beth ¢ , written .ga’, stands for gaﬁw)

If A 1is a set well ordered by a relation < , then the lexico-
graphic ordering << on PA (or on AZ ) is defined so that a << b 1iff
the first point, under < , where a and b differ is a member of b (or
is given the value 1 by b ).

Let £ be a first order language. Let <t be a formula (or term)
of £ and let A be a set or class of ZF . Then Ty ©OF (T)A denotes
the relativization of 7 to A, i.e. the result of replacing in 1 (or

in the definition of <t ) all occurrences of ¥ by ¥- € A and all occur-

rences of 3 by 3- ¢ A . If @(vo,.o.,vn) is a formula of £ with exactly
the free variables shown, if é is a model of £ and if a...,a are
points in the underlying set of A , then A |= @[ao,...,an] expresses

that the formula & is true in A at the point <ao’“'°’an> .
A partition A = {Aw s 4 <V} of a set A into V parts is a

decomposition A = U{AZ : 4 <V} where no A? is empty. Given such a -
partition, if a,b € A then a = b (mod A) indicates that there is some
class Aw which has both a and b as members. The partition is called
disjoint if the AZ are pairwise disjoint.

Finally, a word on the conventions concerning variables. Unless
the contrary is stated or implied, ¢ , kK , N denote infinite cardinals.
Other small Greek letters denote ordinals, as also frequently do 1i,j,k,% .
Natural numbers, usually non-zero, are represented by m,n . In the first
four chapters, p,q,r,s also represent arbitrary natural numbers. Logical
formulae are represented by & , ¥ and logical variables by u,v . For

partitions of some set, A , I' , A will be used. Capital Roman letters

and the remaining small Roman letters denote arbitrary sets.



§2. Definitiouns
A . n <w
The partition relations «k - (nz 5 £ < V) and « — (q)V ,
defined below, have been extensively studied in the literature, in

particular in [6].

2.1 DEFINITION K=~ (n, 35 4< v)" if for all partitions A = (8,3 £<V)

n . . .
of |[«] into Vv parts, there exist 4 <V and H c Kk having order type

n, (in the ordering <« amongst ordinals), such that [H]n'E:Az .
2.2 DEFINITION K — (n)‘j‘*’ “if for all partitions A = (4, ; £ <V} of
[K]< Y into W parts, there is a set H c k having order type 7 , which

is homogeneous for A , in the sense that for all n < w there is 4 <V
for which [H]n c Aﬂ .

The partition relations that I shall be considering are generaliz-
ations of these, obtained by considering not partitions of finite subsets,

but rather partitions of finite sequences of finite subsets.

2.3 DEFINITION K -~ m(nz : 4 <V)" if for all partitions A = (4,5 £<V)
of m([K]n) into Vv parts, there are 4 <V and a sequence H],..,.,Hm
(where each Hi < Kk and has order type up ), such that

n n
[H1] XX [Hm] cb, -

m < W . e s

2.4 DEFINITION K - (n)V if for all partitions A = [AZ s £ <V} of
K?km into V parts, there is a sequence H]"°°’Hm (where each Hi c K

and has order type 1n ), which is homogeneous for A , in the sense that

for all n < w there is 4 < v for which [H]]n Koo o X [Hm]n'ggéw



Thus the properties 2.1 and 2.2 correspond, respectively, to the
special cases of 2.3 and 2.4 for which m =1 . The special case of 2.3 in
which N, = for all £ <V will be written «k — m(n)s . The property
K — m(nﬂ ; A<V, ek ; k < u)n has its obvious meaning.

Property 2.3 itself is a special case of the general polarized
partition property defined, but not discussed, in [6]. This may be expressed

as follows.

2.5 DEFINITION n

L<v
n n

if for all partitions A = (A ; £ <V} of [k T xx [Km] ™ into Vv

£ 1

parts, there are 4 < Vv and a sequence H_,...,H (where for each i ,
1 m

]
0, n, A
Hi c Ky and has order type Nig ) such that [H1] Xo oo X [Hm] c .

Thus property 2.3 is that case of 2.5 in which n, = ... 0= o,

Ky = «oo =K =K and q = L. for each 4 < v . Reference
m 14

" Mmg T My
will rarely be made to the general property in the sequel, although some

of the results do extend to it, and a few of the proofs do actually establish
a stronger property of the general relation.

A symbol similar to that used in any of 2.1-2.5, but with -

replaced by 4 , indicates that the appropriate property fails to hold.

§3. Simple observations

Before a more detailed discussion of the various partition relations,

a few simple remarks are in order (see also [11]).



The use of the ordinal Vv to index the classes of the partition
A is not essential. Any set with the same power as VvV will serve equally
well, and the truth or falsity of the relation will remain unchanged. In

particular, the ordinals for 4 < ¥ in the relation Kk — m(nz ; &< V)n

My

may be permuted without effecting the relation.

If Kk has a partition property and A 1is any cardinal at least
as big as K , then A has that same property.

If Kk enjoys a partition property with v classes and p 1is any .
ordinal smaller than Vv , then the corresponding property with © classes
also holds for « , since a partition with a small number of classes can be
extended to a partition with a larger number of classes by adding superfluous
parts (of, for example, one element).

If k has a partition property in which the homogeneous sets have
order type U (or 71 ), then for any ordinals ez = Ny
(or n by 6 ) also holds

(or 8 =17 ) the
corresponding property with up replaced by ez
for «k .

If k-~ m(n)<(u , then also « — m(n)z for any n<w .

v

If k has a partition property involving sequences of length m ,
and if m' £ m , then « has the corresponding property for sequences of
length m' . (Given any partition involving sequences of length m' , choose
a partition of m-length sequences for which membership of any partition class
depends on only the first m' places of the sequences involved.)

In the case that all the N, of 2.3 are cardinal numbers (and
similarly for the n of 2.4), rather than requiring that the homogeneous
sets have order type exactly Ny it suffices to specify that their power
be Ny« Thus, when the Ny are cardinals, K — m(nz s b < ‘V)n if and

only if for all partitions m([K]n) = U[Aw s L <V} there are £ < VvV and



Ul

a sequence H_,...,H from [k] 4 such that [H ]n X...X [H ]n c A .
1 m 1 m- = 4

The "only if" is clear. And if H1,...,Hm € [K]ﬂg then by cutting down

H],.g.,Hm , i1f necessary, it may be assumed that each Hi has order type

exactly N, » SO the "if" part holds also. Frequent use of this equivalence

will be made in the following chapters, without further comment.

The relations 2.3 and 2.4 are of interest only if the following

conditions hold (see [6, p.98] for a discussion of the degenerate cases

mz1l, nz2l1l, 2sVsKk, wsnsK, n< up) £ K (for all £ <Vv) .

Thus, unless the contrary is stated, these conditions are assumed to be in

force.
The definitions 2.1-2.5 are expressed as properties of cardinal

numbers. They could equally well be expressed as properties of arbitrary

m( )<(A)

sets of the appropriate power. For example, « — My

is equivalent to
the following:
For any sequence of sets S],...,Sm where each Si has power « and is
well ordered by a relation < let there be given any partition
A= [Aﬂ s £ <V} of U{[Sl]n Koo X [Sm]n ; n <w} . Then there is a
sequence H],,.,,Hm where each Hi g__:Si and has order type 17 in <
such that for each n < w there is £ < v for which [H1]n Koo o X [Hm]n g:Aw .
There is an obvious extension of the relation 2.3 to the case
that n is an infinite cardinal. A well known example of Sierpinski [21]
shows that any such relation with infinite n 1is false. Similarly, there
are obvious extensions of 2.3 and 2.4 to the case that m is an infinite

ordinal. These will be discussed in §II.3, where it will be shown that

they, likewise, are false.



§4. Comments on the Erdds relations

In this section, I mention, very briefly, a few well known properties
of the relations 2.1 and 2.2. The properties are either for later use, or
to illustrate the surprising effects that partition cardinals can cause.

The first are Ramsey's theorems [16]:

4.1 THEOREM For all n,r € w , w — (w)? .

4.2 THEOREM For all 4,n,r € w there is k = k(4,n,r) € w such that
n

k -~ (1’,)r .

The next few results may all be found in [6].

4.3 THEOREM If v < Cf(k) , then K+-» (K)i .
- n
4.4 THEOREM If =2 0 and Vv < Cf(wa) , then ma+(n_1) (ma)v .
4,5 THEOREM If n2 3 and k is not inaccessible, then « 4 (k, n+'|)n .

Theorems 4.3-4.5 depend on the GCH. Without assuming the GCH ,

one can show (see, for example [15]):

4.6 THEOREM gn(K)+—- (f<+),r<l-l'1
Let us turn now to the property Kk — (n)ﬁtﬁ . 1t has long been

known that w 4 (m);(n . In fact (see [22, p.84]):
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4.7 THEOREM If n 1is a limit ordinal and «k is least such that

K — (n);(° , then k 1is strongly inaccessible.

Since it is consistent with ZF + AC to assume that there are no
inaccessible cardinals, it follows that the existence of a cardinal with the
property K — (ﬂ)jU) cannot be proved in ZF 4+ AC . Whenever I discuss
such cardinals, I shall tacitly assume that they do in fact exist.

A frequently used theorem of Rowbottom [18] states the following:

4.8 THEOREM Let n be a limit ordinal. Then if «k — (U)EUJ , also
K- MY .
2

In fact, Silver has shown [22, p.83] that if k is least such
that K - (n);u) for limit ordinal 1y , then « — (n)j(o for any Vv <« .

The existence of cardinals with these partition properties has a
remarkable bearing on the size of the constructible universe of Godel [7].
Work by Rowbottom, Gaifman and Silver has shown that if there is a cardinal
K with the property K — (w])§(u , then only a countable number of subsets
of w are constructible. (And much more. See [22] for full details.)
Silver shows that cardinals x with the property « — (w)EUJ , however,
are too small to have this effect - if their existence is consistent with
ZF + AC , then it is also consistent with ZF 4+ '"V = L" (where "V = L"
is G6del's axiom of constructibility).

Cardinals «k such that k — (K);uJ are called Ramsey cardinals.

It is well known:

4.9 THEOREM If « 1is Ramsey, then k 1is strongly inaccessible.
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In §III.2, it will be shown that the Ramsey cardinals are, in a sense, the
largest cardinals with any of the partition properties that are under
consideration. They are by no means the largest cardinals whose existence
has been postulated. If k is measurable, then &k« 1is Ramsey. And in fact,

from [18],

4,10 THEOREM If Kk 1is measurable, then there is a Ramsey cardinal A

such that A <k .

I conclude this section by mentioning a characterization of the

property K - (n);w in terms of models.

4,11 THEOREM  Let 7 be a limit ordinal. Then the property K — ()5 "
is equivalent to the followings |

Take any model A = (A,<,.°.) of a language having at most countably many
relation and function symbols, for which < well orders A . Then for any
A' € [A]K there is a set H c"A' , having order type 15 , which is homo-
geneous for é , in the sense that for any formula ®(vo,..,,vn) in the

language of A , given two increasing sequences a_ < ... < a and

= (o] n

b <... <b from H ,
o n

Al=ola,...;a ] <=> Al @b ,...,b ]
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CHAPTER IT. THE RELATION « = "(p, 3 £ <W©®

2

§1. Some positive and negative results

The following simple observation forms one of the most general

methods I have for obtaining positive relations.

1.1 THEOREM Let Vv be a cardinagl and for 4 < Vv let up) be ordinals.
Put q = sup{nz ; £ <V} . Suppose Kk 1is a cardinal such that « — (n*m)lsn .

Then K — m(nﬂ - <v)n'.

PROOF: Let A = {Aw ;4 <V} be any partition of m([K]n) . Choose
any partition T = [F£ ;s £ <V} of [K]mn which satisfies:

if o, < s <€ c0: < @ < K then for all 4 < v,
1 2 mn

[@]9a2’°°-’amn} e T <=> ({(1,.',..u,a,n],...,[a,

2 mn—n+'l"”’OL'mn}> €8, -

)

Since Kk — (n°m)$n , there is H c k having order type n*m such that

[H]mn g:Fﬂ for some £ < VvV . Divide H into m pieces, H1,...,Hm ,

each having order type n , such that sup(Hi) = min(Hi ) for each i .

+1
However, then [H]]n Koa o X [Hm]n'ggcw , and since N, £ 1n it follows that

K——m(nﬂ;ﬁ<V)n«

Coupled with the results mentioned in §I.4, this leads for example

to the following corollaries:

1.2 COROLLARY For all #,m,n,r € w ‘there is k = k(4,m,n,r) € w such

that k — m(z)z .
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1.3 COROLLARY If o2 0 and up < wa+1 for 14 < wa , then

m n
wq+mn - (n£ : 4 < wa) .
m n
In rticul - .
particular, W tmn (wa?wa

Corollary 1.3 assumes the GCH . Without the GCH , one has

1.4 COROLLARY If o2 0, for £ < W, and provided

Mg < Ot
+ m n
mn > 1 , then <gmn_1(wa) - (nz ; £ < wa) R

Theorem I.4.1 shows that there exist cardinals k with the property
K — m(K)E for m=1. When m> 1, this is not the case. The following

theorem shows that even the weakest such property fails to hold.
2 1
1.5 THEOREM For all «x , «k 4 (K)2 .

PROOF: Take any cardinal k , and define a partition A = [Ab’Ai} of

[K]] X [K]] as follows:
({a;(B}) e A <> asB ; ((a},(B}) er) <> Bsa .

Let Ho’ H. be any pair homogeneous for A . Suppose, say, that

1
[Ho]] X [H1]] E;Ab . If B = min(H1) and . ¢ € Ho then o =B . But
B €k, and so IHOI < K . Similarly, if [Ho]] X [H1]] Q:A1 then

H | <k . Thus no pair homogeneous for A can have |H | = |H.| =« .
1 o 1

This proves the theorem.

This same partition shows that there is little future in trying

to strengthen the property k — m(nz 3 4 < V)n by demanding that all the
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sets in a homogeneous sequence should be the same. For suppose H,H is a pair
homogeneous for A . Then for all o € H it must be that o« £ min(H) .

Hence |H| =1 .

m n

§2. The property « ¥ v

(n)

The proof of theorem 1.1 used a sequence of homogeneous sets in
which the supremum of one was no larger than the minimum of the next.

Provided that the partition has a sufficiently large number of classes,

this may always be assumed for the relation k -~ m(ﬂ): . I prove it only
in the case that 7 1is a limit ordinal.
2.1 THEOREM Let Kk — m(n);1 where V 1is infinite and 1 is a limit

ordinal. Then for any partition A = [Aﬂ 7 b <V} of m([K]n) there is

a sequence H °,Hm homogeneous for A (where each HiS; k and has

17

order type 17 ) for which there is a permutation ¢ of (1,...,m} such

that sup(HG(i)) £ min(H for each 1i .

G(i+1))

PROOF: If m

1l

1 there is nothing to show; so suppose m > 1 . Put

k = m! and let Gj for j < k enumerate all permutations of {1,...,m} .

Let a partition A = [AZ 3 4 <V} of m([K]n) be given. Define a partition

I = {Fz : 4 < Vv-k} of m([K]n) to refine A as followss

for j<k, 4 <V and ajseera € [K]n ,

(a],eo.sam) el <> (a1,uo.,am) € A, and

Ve i+l 2

Vi ¢ {2,,.,,m}[min(a0j(i_])) s min(an(i)ﬂ .



16.

Since VvV 2 w , it follows that |v+k| = |v| and so by the property

m

K — (n)s there are 4' < v-k and a sequence H .,Hm (each Hi €K

177

and having order type n ) such that [H]]n X oaX [Hm]n g:Ik, . Suppose

£' =v-j + 4 (where 0= £ < V). Then [H1]n Xo o o X [Hm]ngAz . Further,
-2

SUP(HGj(i-1)) s min(HUj(i)) for each i e {#,...,m} . For take a € ch(i-l)

, . . . n
and B € ch(i) . Since n is a limit ordinal, choose a ¢ [ch(i-l)] and

be [H i)]n such that o = min(a) and B = min(b) . Then it follows from

Uj(

the definition of I' , = T

y Ve i+ that o = min(a) £ min(b) = B . This suffices

to prove 2.1.

The property Kk — m('q)n

v is concerned with sequences of finite

subsets. Theorem 1.5 shows that this condition is too strong to allow for
a generalization of the property «k — (K)g . Consequently, let us consider

a weakening of «k — m(n)s which ignores the ordering in the sequence.

2.2 DEFINITION kX m(n): if for all partitions A = {Aw 3 £ <V} of
[[K]n]m into VvV parts, there are £ < Vv and a sequence H_I,,...,Hm (where

each H, c« and has order type n ) such that |U{Hi ; i<m}| 2 m and

, n L
(1) Vvie [1,.,..,m}(ai € [Hi] ) and I{a],...,am}| =m = {a1,.,.,am} € Aw .

(Such a sequence H],...,Hm will be called weakly homogeneous for A . The
requirement |U{Hi ; 1 <m}| 2m is to ensure that the condition (1) is
non-vacuous. )

That 2.2 is certainly no strengthening of the original property

is shown by the following theorem.
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m, .n wh, n

2.3 THEOREM If k - ('q)v then «k = (n)V .

PROOF: Take any partition A = {Ag ;s £ <V} of [[K]n]m . Choose any
partition T = [Fg ; £ <V} of m([K]n) such thats:

if a1,...,am € [K]n are all distinct, then for all 4 < Vv

(a],...,am) € Pg <#} {a1,...,am} € Aw-.

Then any sequence homogeneous for I' is weakly homogeneous for A . This

establishes 2.3.

The surprising fact about 2.2 is that when n > 1 and Vv is infinite,

then 2.2 is equivalent to « — m(n): . The following lemma is needed (the

analogue of 2.1).

2.4 LEMMA Let «k ¥ ™(7)? where 1 <n<n and Vv is infinite. Then
My M

for any partition A = [Aﬂ 3 L <V} of [[K]n]m there is a sequence

H]""’Hm (each Hi € k and having order type 7 ) weakly homogeneous for
A , for which there is a permutation ¢ of {1,...,m} such that

< mi i .
sup(HG(i)) < min(H for each 1

o (i+1))

PROOF: If m =1 there is nothing to be shownj so suppose m > 1

. n,m
Consider any set {{a],..,,an},..,,[am ..,amn}} e [[k]'] . We may

n-n+1’"

suppose that o, € «+.. < o a3 oa

< vew < Q and also that
mn- n-+1 mn

1

[a1,~-e,an} << vee << {a

mo-n+1°°"° " Gmn} , (where << 1is the lexicographic

ordering). Let Lj for j < k enumerate all possible arrangements of the
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ordering of the oy amongst themselves (for example,

a, = o1 2 %2n < Oong] 7t ®pnin < amn-n+1)' Then certainly k < w .

Take any partition A = (AZ s 4 <V} of [[K]n]m . Define a

partition T = {Pﬁ s 4 < Vek} of [[K]n]m to refine A as follows:

for j<k, 4 <V and a500e58 € [K]n with |[a1,..,,am}] =m ,

{a],...,am} € Fv <=> {al,...,am} € A

< j+4 £

and the elements of a1,..,am , Wwritten out
in the order in which they occur, fall under

the ordering Lj .

- Moweuem) f I;.J“ =@ , exclude it Lrom I,

Since |v| 2 w , it follows that |v-k| = |v| . Hence there are ' < v-k
and a sequence H1’°'°’Hm (each H& € k and having order type 17 ) such
that

1 n = =
Vi € [1,...,m}(ai € [Hi] ) and I[a1,..°,am}l m => {a],...,am] € Pz,

Thus H1,...,Hm is weakly homogeneous for A , and further, if 4' = v-j + ¢
(where 0 = 4 < V) lthén the elements of any distinct sets a1,°.,,am (where
each a; € [Hi]n) are arranged in the order Lj . Since 7 > n, this can

happen only if there is a permutation ¢ of {1,...,m} such that for each i

if o € Hg(i) and B € Hg(i+]) then o < B . This establishes the result.

2.5 THEOREM Let n>1 and V2w . Thenif « ¥ "(p)7 , also
m, .n
K - ('q)v .
PROOF: Consider a sequence (a1,o.,,am) where ai,,..,am are distinct

elements from [K]n . Put k =m! and let Lj for j < k enumerate all

’
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possible arrangements of a ,a under the lexicographic ordering.

RRREEL

Let any partition A = [Aﬂ ;3 4 <V} of m([K]n) be given.

Define a partition T = {Pg s 4 < Vv'k} of [[K]n]m such that:

. n_, _
for j<k, 4 <V and 8,5cc05a € [k]" with |{a1,.,.,am]| =m ,

[a],...,am} e T <=> (a%,...,a&) en ,

Ve jt+e 2

where (a;,...,a;) is that sequence with

X:}

entries in the order Lj built from a],,.. o

By the property k ¥ m(n)s , there are j <k and 4 < V , together with

a sequence H .,Hm (each Hi c k and having order type 7y ) such that

1
. n n
for distinct sets a1 € [H]] seesa € [Hm] always {a],,..,am} € Fvoj+£ .

When n > n (and otherwise the theorem is trivial), by Lemma 2.4 it may be
assumed further that there is some permutation ¢ of {1,...,m} for which

n n
'S mi o isti oo .
SUP(Hg(i)) s mln(HU(i+])) Take distinct sets a, e [H1] seeesa € [Hm]

] ] ! ! >
Then always (a],...,am) € AI , Where (a],...,am) is a1,...,am arranged
in the lexicographic order Lj . By the additional property of H]""’Hm ,

these sets can be renamed H',...,Hé so that always if ai € [H]'i]n then

(a;,...,a;) is already in the order Lj . Thus the sequence H!

RSN U

is homogeneous for A . This proves 2.5.
Theorem 2.5 excludes the case n =1 . In this case, however:

2.6 THEOREM Let 7 be a limit ordinal, and suppose K — (n)$ . Then

wh, |1

K (n)V .



20.

PROOF': Identify k1" and [[K]]]m . Take any partition

A = {AZ : 4 <V} of [[K]]]m . Since K — (n)$ there is H ¢ Kk , having

order type 1n , homogeneous for A , as a partition of [/{]m . Enumerate
H in increasing order, H = [hOL ; a<n} . For i=1,...,m put

H = (h

i meqti-1 ; @ <n} . Then each Hi has order type 17 , and H1’°'°’H

m

is weakly homogeneous for A , as a partition of [[K]1]m . This establishes

the theorem.

Thus, by Theorem I.4.1, there are cardinals k for which
k¥ 2(K); , as opposed to the result of Theorem 1.5. The negative result

is not far off, however.
: 3 . W 2 2
2.7 THEOREM For no k 1is it true that « ¥ (K)2 .

PROOF: Given Kk , consider the disjoint partition A = {AB’A1} of

2.2
[[k]7] defined by

({asB),(7:8}} e, <> a<B<y<d .

Take Ho’ H. ¢ k , both having order type « . Then each is cofinal in the

1

other. Thus given @, € H0 , there are ¢,5 ¢ H such that o,B < 7,0

1
so that {{a,B},{7,5}} € Ab . Equally well, given ¢ € Ho there are

7,5 € H such that o < 7,® and then there is § ¢ H0 such that 9,5 <B .

1
Then {{o,B},{7,8}} € A1 . Thus A has no weakly homogeneous sequence

H , H. where both H0 and H

o 1 have order type Kk .

1

§3. The case m =uw

The definitions I.2.3 and I.2.4 have obvious extensions to the
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case of infinite m . In this section, it will be shown that all non-trivial
such relations are false, by establishing that for no k does Kk — w(Z);
hold. This supplies an answer to an open problem of Moschovakis [13, P2061],
who asks if wy =~ w(Z); . This same problem has been answered recently also
by Kunen, with a different example. The first result involving infinite m
was obtained by D.A. Martin, who showed that no k has the property

w1

K — (w])<w

2
K 4 w(2); certainly implies « 4 w(w)jw .

Martin's result follows from ours, for the relation

The extension of 2.2 to infinite m will be considered also.
Several lemmas are needed. The first is a theorem (unpublished)

of Galvin.

3.1 LEMMA For any infinite set S , there is a function f mapping
[S]w into 2¥ which has the following property:

for any t € 2* and any two sequences (ai s L<w), (bi 3 1L <w) of
disjoint finite subsets of S such that a; n bi =f and

IU{ai ub, ;i< w}| = w , there is a sequence (ci ;s i <w), where

c; € {ai,bi} , such that lU{Ci ; i<wl| =w and f(U{ci s i<w}) =t .

The next lemma gives a similar result for a mapping of the infinite
sequences of finite subsets. The proof is a trivial modification of Galvin's

proof of Lemma 3.1.

3.2 LEMMA For any infinite set S , there is a function f mapping
w([S]<(D) into 2” which has the following property:
for any t € 2% and any two sequences (ai ;s 1 <w), (bi ; 1 <w) of

finite subsets of S such that a; n bi =f and |U[ai U bi s i<wl =w,
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there is a sequence (ci ; 1 <w) , where c, € {ai,bi] , such that
IU(ci ; i <w}| =w and f((ci ;s L<w)) =t .

PROOF: If |S] s 2* , there are 2“ such pairs (ai ; 1<w),
(bi ; 1 <w) . Each pair gives rise to 2% suitable sequences

(ci 3 1 <w) , and it follows by a diagonalization argument that the

[

°

required function f can be defined. Hence the lemma holds if |[S| = 2
Now let S be arbitrary. For each A € [S]w , choose fA

. W <w . w . .
mapping  ([A] ) into 27 to satisfy the requirements of the lemma for

the set A . Let [S]QJ be well ordered, and for each A ¢ [S]w , let A'

be the first set in the well ordering for which |A n A'| = w . Take a

. w <w i .
sequence (ci s i<w)e ([8S1°7) . Put C = U[ci : i <w} . In the case
|c] = w , define

i<w)) .

we

£({e; 5 1 <w)) = £, ({e; n C'

If |C| < w , the value of f((ci ; 1 <w)) is immaterial. We show that
the function f so defined has the required property.

Take two sequences (ai 3 1i<w), (bi ;s 1 <w) of finite subsets
of S such that a; n bi =p and IU[ai ub, ;i< w}| = w . Put

= o i w (- '
A= U[ai u bi s i <w}, so Ae [S]T . Put a; =a; 0 A' and

b£=b,nA'° Then lU{a:'Lu b'i;i<w)|=|AnA'| w . Thus for any

i
t ¢ 2¥ , there is a sequence <di ; 1L <w) where di € [ai,bi} such that

|U[di s i<w)] =w and fA,((di 3 1 <w)) =t . Choose a sequence

{(c. ; 1 <w) such that ¢, ¢ {a,,b.} and if c! = c, n A' then c] = d,
i i i’7i i i i i

Then IU[ci ; i<w}l| =w, and fA,((c; 3 L <w)) =t . However,

(U[ci ; i<w}l)' =A", since |A' a U[ci s L<w}| = IU{ci s i<wl] =w
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and U{ci ; i <w) cA . Thus f((ci ;1 <w)) = fA,((c; ;i<w) =t .
This completes the proof of the lemma.

3.3 LEMMA For any set S , there is a function g mapping [Sf<w
into 2 which has the following property:

for any t € 2 and any sequence ({ai,Bi} s 1 < w) such that
{ai’Bi} € [S]2 and IU({ai,Bi} 3 i <w}| <w, there is a sequence

(7, 5 1 <w) such that 7, ¢ (o;,8,) and g({y, 5 i <w)) =t .

PROOF: Define g mapping [S]<°) into 2 Dby:
<w
for a € [S] , g(a) = |a| (mod 2) .

To show that g , so defined, has the required property, given any suitable
sequence ((ai,Bi} ; L <w) , it suffices to find sequences (7i 5 1< w)
and (81 ;s 1 <w) such that 7128 € (qi,Bi] and !(si 3 1i<w}| =
= {ly; s i<w} +1.

Since lU{(ai,Bi} : i <w}| <w , there must be some o, or ﬁi
occurring in more than one pair - say for instance o = o - For 1i>1,
choose gi € [ai’Bi} such that Ci # By - Define the sequences <7i ;s 1 < w)

and (61 ; 1L <w) as followss

Y. =a_ 5,0 =B 3 77 5% Ty 7y T8 S ¢, for i>1.

Then |{8i ; 1< w} I[yi ; i <w}|] + 1 The lemma is proved.

Ve

3.4 THEOREM For all k , «k 4 w(Z); )
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PROOF: Let k be given. Let £ be a function as provided by Lemma 3.2
for the set Kk , and let g be a function as provided by Lemma 3.3 for « .

W

Identify w([K]]) and "k . Let A= {Ab’Al} be that disjoint partition

of Yk defined by:

(@, 51<w) ed <> (o 5 i <o} =wand £({{a,} 5 1 <w)) =0)

or (J{a; 5 i <w} <wand g{a; 3 1<w}) =0) .

2
Consider any sequence (Hi ; 1 <w) where each H, e [k]™ , say

H, = [ai,Bi] . If |U[Hi ; i <w}| <w , by Lemma 3.3 there are

| ol

(7i 3 1<w), <6i ; L <w) e TI(Hi s i < w} such that g({yi ;s i<w}) =0

I

and g({d; 3 i <w)) =1. If |U(H 5 1<w}| =w, apply Lemma 3.2 to the
sequences ([ai} ; i <w) and ({Bi} ; i <w) to find (71 3 L <w),
(Si 3 1 <w) e U(Hi ; i < w} such that ’f(([yi} ; 1 <w)) =0 and

f(({ai] ;3 i <w)) =1 . Thus no such sequence <Hi ; 1 < w) can be homo-

geneous for A . The theorem follows.

Let us turn now to the case of weak homogeneity. The definition

reads:

3.5 DEFINITION Kk ¥ w(ﬂ)z if for all partitions A = {Aw s 4 <V} of .
[[k]™]Y into v parts, there are £ <V and a sequence (Hi ;1< w)
(where each Hi c k and has order type n ) such that IU[Hi s i<wl z2w
and

¥i ¢ w(ai € [Hi]n) and |{ai s i<cwl] =0 = [ai s 1i<wl e A .

4

A negative result comes from Galvin's theorem, 3.1.
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3.6 THEOREM For no Kk 1is it true that « ¥ “’(w); :

PROOF: Let Kk be given. Let f be a function mapping [K]w into
2% as given by Lemma 3.1 for the set « . Identify [[K]1]w and [K]w .

Let A = {Ab’AT} be that disjoint partition of [K]w defined by:
for A e [k]” , Aen, <=> £(&) =0.

Consider any sequence <Hi ; 1 <w) where each H, e 1® .
For each i < w , choose {ai,Bi} € [Hi - U{{aj,Bj} ;3 < i}]2 . Then
the sequences ([ai] ; 1 <w) and ({Bi} ; 1 < w) satisfy the conditions
imposed by Lemma 3.1, and so there are 71’81 € [ai,Bi} such that
|{7i s L<w}| = I[Bi ; 1 <w}| =w, for which f((yi ; L <w}) =0 and
f([ai s i <w}) #0 . Thus no such sequence <Hi ; 1L <w) can be weakly

homogeneous for A . This proves the proposition.
This leaves open the question:

3.7 PROBLEM Is there Kk such that « ¥ w(2); is true? 1In particular,

does W, have this property?
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CHAPTER III. THE RELATION x - "(n)S"

§1. Equivalent forms of the definition

Definition I.2.4 is restricted to a consideration of those sequences
of finite subsets of k for which all entries in the sequence have the same
power. Provided that 17 1is a limit ordinal, this restriction may be ignored.
Theorem 1.2 contains the result. 1Its proof depends, however, on the following

lemma (the analogue of Rowbottom's theorem, I.4.8).

1.1 LEMMA Let 7 be a limit ordinal, and suppose Kk — m(n)EU) . Then
m <w
K - (n)z‘*’

PROOF: Let «k — m(n)ju) for some limit ordinal 1y . Take any disjoint

wm

partition A = {Af ; £ e w2} of « . Choose some fixed enumeration of

w X w which has the property that if (p,q) 1is the n-th pair then always
P-4 S n . Select some partition T = (FO,F]} of K*m which satisfies, for
each n :

if ao(i) < e <an(i) <k for i=1,...,m, and if (p,q) is the n-th

pair of w X w in the chosen enumeration, then for j < 2

<[a0(1)’°'°:an(])}:°°°’{@o(m),°",C(:n(m)}> € PJ <=>

B lag (150 (D55 o (@) vsa (@))€ A and £(q) = §).
Take any sequence H],“.,Hm homogeneous for I , as given by the property
K — m(n)gcu . Then H]""’Hm is also homogeneous for A , as follows.

For each i , take any [ao(i),---,ocp(i)},{ﬁo(i),-«-,Bp(i)} cH ,

and it may as well be assumed that each set is listed in increasing order.
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Take any q < w , and let n be such that (p,q) 1is the n-th pair. Since
n is a limit ordinal, there are 7P_H(1) < oo < 7n(i) in Hi such that

aP(i),Bp(i) <y _,,(i) . Suppose ((ao(i),---,ocp(i)} 3 1= 1,...,m) €A,

and ({Bo(i),u.e,ﬁp(i)] ; L=1,...,m) ¢ Ag . (Since A 1is disjoint, f

p+1

and g are unique.) Then by the homogeneity of H]""’Hm for I' , when

i< 2 :

f(q) =i <= ([ao(i)’...’ap(i)")/p'l“l(i)’...’7[1(1)} HE -l,:f"’:m) € PJ

<= (B, (1), s B (D)hy g (D5 eeesy (D)) 5 8 = 1,00m) e T,

<=> g(q) =3 .

Thus £(q) = g(q) for all q<w , and so f =g . Hence H],...,Hm is
homogeneous for A . This proves the lemma.

_ . m, (<w
1.2 THEOREM Let 1 be a limit ordinal; let « — (n).V . Then for

any partition A = {A ; £ < v} of e [K]< w. {$}) there is a sequence

H],...,Hm where each Hi < Kk and has order type 7 , which is homogeneous

for A 1in the extended sense, i.e. for each sequence n sees where each

-l,
by P
n; > 0 , there is 4 < v for which [H]] Koo o X [Hm] SA,@ .

PROOF; Let a partition A = [Aﬂ s 4 <V} of m( [}<]<°u - {#}) be given.

For each n > 0 , put

Fn = (f ; f maps {1,...,m} into {T1,...,n}} .

For each f € Fn , define a partition TI(f) = [P,Z(f) s 4 <V} of m( [K]n)

by

if a,1(i) < aee <a,n(i) <K for i = 1,...,m then
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(lag(0)s-vmse (D)) 5 i = 1,..0,m) € T () <=>

({a:-l(i),"’"(lf(i)(i)} H i= ],oo-,IH) €A’g o

Then I = {Pﬂ(f) ; £ e U{Fn ; n<w}l and £ < vV} is a partition of P
Now IFnl <w for all n, and so || = w|v] . Since «k - m(n)EU) , also
k- TSP, - either trivially if |v| Z w , or by Lemma 1.1 if |V| <w .

w| V|

Thus there is a sequence H .,Hm (each Hi < k and having order type 1n )

17"

which is homogeneous for I' . This same sequence H .,Hm is also homo-

..
1"

geneous for A in the extended sense, as follows.

Take any sequence n SEL where each n, >0 . Let

17

n = max[n],.,.,nm} , and define f ¢ Fhv by f£(i) = n, - Fér each i , take

sets al(i) < iee < af(i)(i) and B](i) <.en < Bf(i)(i) from Hi .  Since

n 1is a limit ordinal, there are (i) < ... < 7n(i) in Hi with

TE(1)+1

af(i)(l),ﬁf(i)(l) < 7f(i)+1 But now for any 4 < v , by the homogeneity

of H1,...,Hm for T,

<{ao(i)"°”af(i)(i)} s i=1,...,m) € AE

<=> <{0“o(i)"'"af(i)(i)’7f(i)+](i)’“"7n(i)} 3 1 ]:"",m) € P,e(f)

<= ([Bo(i),...’Bf(i)(i)’yf(i)'ﬂ(i)’...’7n(i)} i= ],e-.,[Il) € Fﬂ(f)

[* XY

<=> (B, (1),eeesBpgy(D) 5 1 =1,.0um) €4

Thus H .,Hm is indeed homogeneous for A in the extended sense. This

1"

concludes the proof.

In analogy with Theorem I1.4.11, there is a formulation of the property

K — m(n)iu) in terms of models. This is as follows.
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1.3 THEOREM Let 7 be a limit ordinal. Then the property « — m(n)?‘”

is equivalent to the following:

Take any model A = (A, < ..,<m,...) of a language having at most countably

1"

many relation and function symbols, for which there are sets A ...,Aalg A

1’
such that A] Xeo o X A.m c A and Ai is well ordered by < for each i .

Take any sequence A',...,A; where A; € [Ai]K . Then there is a sequence

1

1 . . .
H1,...,Hm (where always Hi g:Ai and has order type 7 in <5 ), which is

homogeneous for A , in the sense that for any formula @(VO,...,vn) in the

language of A ., given for each i = 1,...,m sequences - ao(i) <Yy an(i)

and bo(l) <y bn(l) from Hi s

A |= ®[(a0(1),...,ao(m)),...,(an(l),...,an(m))]

<=> A | o[{b_(1),...5b_(m)),...;{b (1),...,b (m))] .

PROOF: The proof is a simple extension of the proof of Theorem 1.4.11,
so I shall mention it but briefly.
ERERD A.m and

A',...,A; be as called for by the theorem. We may as well suppose that

Suppose first that' Kk — m(n);u)’ and let é ,» A

A; = ... = A& = k . Define a function F with domain K™ by, if

a (i) <,...<, a (i) in A! for each i , then
) i i “n i

F(({ao(i),...,an(i)] ;i - 1,...,m))

= (@3 AF ol{a(D),...oa (m),....{a (1),...,a (m)].

m
Then F maps K into a set of power at most 2% , namely the set of all

sets of formulae of the language of A . Consider F as defining a
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partition of K*m . An application of Lemma 1.1 gives a sequence H.l,...,Hm
(each Hi c Ai and having order type n in <i) homogeneous for F . Then
H ...,Hm is also homogeneous for A .

-l’

Conversely, suppose the condition stated in the theorem holds.
Take any disjoint partition A = {Ab’A1} of K*m . For each n = 0 define

A(n) by, if ao(i) < e <an(i) <k for i=1,...,m then

((Qo(]):"',CLo(m)>"°°:<G,n(])"":0/n(m)>> € A(n)

<=> ([ab(1),...,ah(1)},...,[ab(m),...,ah(m)}) € AB .

Let £ be a language with binmary relations ¢ , ¢ and relations
A(1),0(2),... where A(n) is (n+l1)-ary. Form the model
A= {(k u mK, €, < A1), A(2),...) of £ . Then there is a sequence

H ...,Hm where each Hi < «k and has order type q (under < ), which

]’
is homogeneous for A . Then H1,...,Hm is also homogeneous for A .
This completes the proof.

m <w
There is also a characterization of the property «k — (n)2 s
where 7 is a limit ordinal, in terms of sequences H1""’Hm homogeneous

in the extended sense for particular types of models. This is a combination

of Theorems 1.2 and 1.3, and is sufficiently clear not to need stating.

§2. Some order properties

Let us first mention a negative result. It is immediate from

Theorem II.1.5 that if m > 1 then « 4 m(K)E(U . Thus there is no useful
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extension of the Ramsey property.
Along the lines of Theorem II.1.1, there is a method for obtaining

positive results of the form « ~ m(ﬂ)jtu . The proof is analogous to the

proof of Theorem II.T.1.

2.1 THEOREM Let v be a cardinal and 1 an ordinal. Suppose Kk 1is
. <Ww m <w
a cardinal such that k — (n m)v "« Then kg — (n)v .
Thus in particular, if « — (w])j‘n then «k — m(w)ju> for all
m . (See, however, the comments after Theorem I.4.7.) Also if «k 1is

Ramsey, i.e. if Kk — (K)E(D , then '« — m(n)gu) for all m and all n <k .
Having now seen that it is reasonable to assume that these cardinals

exist, let us examine the order in which they occur, and how they fit amongst

the cardinals with the properties « — (q)EU) . For simplicity, in the rest

of this section I shall consider only the case Vv = 2 , and write

K - m(n)<xu in place of « — m(n);w .

2.2 THEOREM Let { and n be infinite ordinals and suppose n-m < § .
Let k Dbe the least cardinal such that « — m(n)<(° , and let A be any
cardinal such that A — (§)<°) . Then x <A .

PROOF: Let k¥ and A be as mentioned in the theorem. By Theorem 2.1,

K £ N . Suppose that in fact « — (§)<U) , and seek a contradiction.
Now |B| <k for any B ¢ k , and so there is a partition

A(B) = {Ab(B)’ A](B)} of B*™ which has no homogeneous sequence H L H

17 m
where each Hi has order type at least 7 . Take any partition

]<w

r = {FO,P]] of [k which has the following property: for all n ,



if 61(1) < oo < Bn(l) < B](Z) < veo < ﬁn(Z) < e < B1(m) < oo < Bn(m) <

< B <K , then

(B;(1)5.sB (m),B) € T <=> ((By(i),..esB ()} 5 1= 1,.00,m) €D () -

By virtue of the assumption Kk — (§)<°) , there is H < k , having
order type { , which is homogeneous for I' . However, for .each a € H ,
let {a' € H; o' <o} be split into m sets H](a),...,Hm(a). all having
the same order type, such that SUP(Hi(a)) §‘min(Hi+](q)) . (Any elements
of {(a' € H; o' <a} left over may be ignored.) Then Hl(a)""’Hm(G) is

a sequence homogeneous for A(a) , and so each Hi(a) has order type less

than 7 . From this it follows that the order type of (o' ¢ H j o' < al
is smaller than n-.m . Hence the order type of H does not exceed n.m .
This contradicts the order type of H being ¢ . The proof is complete.

The following lemma is required in order to establish the effect

of changing the value of m .

2.3 LEMMA Let «k — m(n)ju) ‘where 1 is a limit ordinal. Then for any

partition A = {Aw ; 4 <V} of K™  there is a sequence H ,Hm homo-

17
geneous for A , (where each Hi c k and has order type 17 ), for which

. . < i
there is a permutation o of (1,...,m} such that SUP(HU(i)) = mln(Hg(i+1))

for each 1 .

The proof is analogous to that of Theorem II.2.1, using Lemma 1.]

in the case that v is finite.
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2.4 THEOREM Let n be a limit ordinal. Suppose k 1is the least

cardinal such that « — m(n)q0 and let A be any cardinal with the

+
property A — " .l(n)<°J . Then kx <A .
PROOF: Let «k "and A be as mentioned in the theorem. Clearly « = A .
Suppose that « does have also the property « — m+1(n)<(u , and seek a
contradiction.

As in the proof of 2.2, for each B < k there is a partition

A(B) = [Ab(B)’ A1(B)] of B*m which has no homogeneous sequence H1,...,Hm

where each Hi has order type at least 7 . Choose a partition I = [FO,F1}
Femt1 _. s s ™ . e

of « which satisfies the following condition:

if B](i) < e < Bn(i) for i =1,...,m+ , and there is some 'j for which

B (3) > max(B (i) 3 i€ (1,...,mH) - (j]) , then

(B (D)oo esB (D)) 5 i€ (1,..0,mH1}) € T

<= (B (D),-esB (D) 3 1€ (T,ee,mH) - () € A (B,(5)

Let H],...,Hm+‘be any sequence homogeneous for I' , where each

H.i c k and has order type n . By Lemma 2.3, it may be assumed further
that in some reordering the Hi are increasing - suppose in fact that always
17 is an enumeration of Hm+1 in

increasing order, it follows that if a](i) < ves < an(i) are arbitrary

< min(H .
sup(Hi) < min( i Then if o a

+1)

from Hi (for each i), then

(laqg(D)seeo (D) 51 = T,euym) € A (o)

<= (lag(@),eee0 (D)) 5 1= ],...,m)n<[qb,...,ah_]}> el .
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Hence the sequence H],...,Hm is homogeneous for A(ab) , and each Hi c o
and has order type 17 . However, this contradicts the choice of the parti-

tion A(ao) . The theorem is thus proved.

Theorems 2.2 and 2.4 suffice to determine completely the ordering
of:the smallest cardinals with the properties k — m(n)<(g for n an
ordinal power of ww . The least cardinals with the following properties
form a strictly increasing sequence:
f= @Y, k=2, k=2 L k- @0, k= R
K — 3(m-w)<0) yeses K — (m1)<to s K — 2((;01)<0J s K — 3(w1)<w yeaes
K= ()<Y .

In the case that 1 1is not a power of w , some questions remain.

The first such questions are the following:

2.5 PROBLEM Let k be the least cardinal with the property Kk — (m-2)<“)

let A be the least cardinal with the property A — 2(w)<“’ and let
. . 3 <w
be the least cardinal with the property ( - “(w)

Is it true that A <k ? Or that kK <t ?

§3. An inaccessibility result

In this section, it will be established that the least cardinal

. W . . . . N
k for which «k — m(n)< , where 7 1is a cardinal, is strongly inaccessible.

This result follows from Theorems 3.1 and 3.2 below. Their proofs follow

the corresponding proofs in [15] for the case m = 1

3.1 THEOREM Let 7 be a cardinal, and let « be the least cardinal for

which «k — m(n)<u) . Then x 1is regular.

¥

H
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PROOF: The proof is sufficiently well illustrated by the case m = 2 .
So let k be least such that x - z(n)<uj , and suppose that in fact «k 1is
singular. Hence there are pairwise disjoint sets Ai € [K]<K for ieI,
where |I] < k , such that g = U{Ai ;3 i e I} . Since «k 1is least such

2
that K — (n)<°) , for all i,j € I there are disjoint partitions

AL, )
A(L)

A (3)
A

none of

if a,b

(a,b)

m

(a:b>

m

<a,b>

m

(a,b)

m

H,K (where H,K c «k with

the extended sense.

ho, h]

which possess a homogeneous pair Ho’ H

c Hn A, .
i

(85 (1, 305 &(1,3)) of [A 1% x [4,1°7,

]

@,(D), A1) of [A1%¥x [1]°Y,

]

(8535 81D} of [II™x A1, and

(@, &3 of [I1%¥x [11%Y ;

] vith |H0| = ]H]l z q.

Define a partition I' = {PO,...,F7} of [K]<0)X [K]<UJ as follows:

€ [K]<°) and a,b #0 then for g = 0,1

r <=> 3i,j € Il[a g:Ai and b g:Aj and (a,b) ¢ Aw(i,j)] s

y/
<= = s .
F2+ﬁ > [|b] 1 or Aj € I(bgAj)] and 3i € I[.agAi and
(a, (JeTsbah #0}) e @],
<= = i i
Iz+ﬂ > [|a] 1 or i € I(a g:Ai)] and 3j € I[b g_:A__,| and
([i el ;y an Ai # p}9b> € Aje(.])] )
r6+£ <= [la] =1 or Ai € I(agAi)] and [|b|] = 1 or BAj € I(bgAj)]_
and{{i eI 3 an A, £0), {(jel;ban Aj £ D)) e A, -
Because K — 2(n)<w, by Lemma 1.1 and Theorem 1.2, there is a pair

|H| = |[K| = n ) which is homogeneous for I in

Suppose that for some i € I there are distinct elements

Choose any k € K. Then for arbitrary h € H - {ho,h1} s
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([hosh]}’{k}> = ({ho,h}’[k]> (mod P) .

By the definition of Fz , if ({ho,h]},{k}) € Fg then £ £ 3, and so
{h ,h} c A,, for some i' ¢ I . Since h € A, and the A, are pair-
o = i o i i
wise disjoint, i' =i and so h € Ai . Thus Hc Ai v Similarly, if for

some j € I there are distinct -elements ko’k1

€ Kn Aj , then it follows

that K c Aj

There are now four cases to consider.
1. There are i,j € H for which |H n Ail-% 2 and |Kn Ajl z 2 .

In this case Hc Ai , Kc Aj and H-, K is homogeneous for A(i,j) .

2, There is i € I for ‘which |H Ai'l zZ 2 and yet |Kn Ajl <1
for all j e I . Here Hc A, , |[jeI;KnAj#l)}|=|K| and

Hy,{(j eI ;Kn Aj # P} is a pair homogeneous for A(i) .

3. There is j € I for which |K n Ajl 2 2 and yet |H n Ai| s 1
for all i e I . Then KgAj, |(ieI;HnAi#0}‘|=IH| and
(ielj;Hn Ai # 0} , K is a homogeneous pair for A'(j) .

4., |H n Ail <1 and |Kn Ai] £ 1 for all i e I . In this case,

[(ieI;HnA £0}]=]H], [(3eTsKnaA #0}] =K and

(ieI;:Hn Ai FDP},(j el ;Kn Aj # 0} 1is a pair homogeneous for A .

By the choice of the.various partitions, each of the cases 1-4 leads to the
conclusion |H|,|K| <n . This contradicts that |H| = |K| =n . This

contradiction establishes the result.

3.2 THEOREM Let n be a cardinal, and suppose K-;Lm(n)<w . Then

also 2 4 (<Y
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PROOF: Suppose Kk + m(n)<°) . By Lemma 1.1, it suffices to show that
K m <Ww
2" 4 G
Let A = [Ab,A]} be a partition of k*™ which has no homogeneous

],...,Hm where each Hi e [k]" . Let N {A; ; £ < w} be

a partition of U[m(nK) ; 1 £ n< w}l which refines A, in the sense that if

sequence H

]
1
]

((a1<1),...,an(1)> ;1= T,e.m) = ((B(8),...,B () 5 1= 1,...,m) (mod A%y,

then also

Il
il

1,...,m)

({a1(i),-.-,an(i)} ;1 ((B](i),-~-,ﬁn(i)} 3 1=1,...,m) (mod A).

Let N have the further property that if

i}

(ap(1)sesa (D) 5 1= T,000,m) = (B, (D), .,B (1)) 5 & = 1,...,m) (mod A%y,

then for each 1 , the ordering arrangement of a](i),...,an(i) is the same
as that of B](i),...,Bn(i)

Let << be the lexicographic ordering of Ko, For. distinct
elements X,y € Ko , define &(x,y) to be the least o < k for which

x(a) £ y(a) . For x,y,z € ) , the following simple properties hold:

(1) if x <<y <<z then 5(x,y) # 8(y,2) and d(x,z) = min{d(x,y),3(y,2)} ,

(2) if x <<y << z and 3(x,y) < &(y,z) then B&(x,y) = 8(x,2)

(3) if X <<y << z and 3(x,y) > &(y,z) then 6(x;z) o(y,2z)
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Choose a partition T = {I', 5 £ < w} of (KZ)*m which satisfies:

if x (i) << ... <<x (i) for i =1,...,m then for each £ < w
o n

([xo(i),a..,xn(i)} ; L=1,...,m) € Fg

<= ((8(xo(i),x](i)),..,0,8(xn_](i),xn(i))) :i=1,...,m) ¢ A; .

Let H],...,Hm be homogeneous for [ (each H.i g:KZ ). For each i , take

xo(i) << x1(1) << xz(i) and yo(i) <<‘y1(1) <K y,(1) from H . Then

([xo(i),x1(i),x2(i)} s i=1,...,m) = ((yo(i),y](i),yz(i)} ;5 i=1,...,m)
(mod I'),

and so

((8(}{0(1),}(](i)),B(X](i),Xz(i))) ;L= 1,'°',m> =

(83 (1),77(1)),8(y1(1),3,(D))) 5 & = 1,...,m) (mod &%),

Hence by the choice of N » and in virtue of (1):

for each i either

(4) for all xo(i) << xl(i) << x,(1) in H B(XO(i),x](i)) < 8(x1(i),x2(i)),

or

\Y

(5) for all x (i) << x,(1) << x,(i) 1in Hy » a(x (1),x,(1)) 8(x,(1),%,(1)).

Thus by (2) or (3), for each i either

(6) for all xo(i) << x1(i) << xz(i) in Hi s 8(xo(i),x](i)) 6(x0(i),xz(i)),

or
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(7) for all xo(i) << x](i) << xy (1) in H 5(xo(i),x2(i)) = 8(x](i),x2(i))~

For i =1,...,m put
Ki = {S(XO(i),x1(i)) H xo(i),xl(i) € Hi and xo(i) << X1(i)} .

Then by (6) and (7), there is a one:one correspondence between Hi and Ki ,
Y IHil = IKil . Further, the sequence K1,...,Km is homogeneous for A .
This may be seen as follows.

Take 6(x00(1),x01(1)) < eee < 8(xn0(1),xn1(1)) from Ki , where

for j = 0,...,0 Wwe may assume that xjo(i) << x,. (i) . Then if (4) holds,

il
(8) xoo(i) L e L xno(i) << Xn1(i) ,
and if (5) holds,
9) xno(i) << xn](i) << ... <L xo'l(i)

For suppose, say, (4) holds and yet x]o(i) << xoo(i) . Then
6(x]o(1),xoo(1)) < 6(x00(1),x01(1)) ; however 6(x]0(1),x00(1))==6(x10(1),x11(1)),
contradicting that 6(x00(1),x01(1)),< 5(x]0(1),x1](1)) .

Thus if (4) holds, by (6) and (8)

(S(XOO(i),xo1(i)),6(x]o(1),x1](i)),---,6(xn0(i),xn1(i)))

= (8(x_ (1),x, (1)),8(x, (1),%, (1)),..0,B(x__(1),x_ (D)),

1

and if (5) holds, by (7) and (9),
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(B x, (1),x (1),80x 1 (1,5 1 (1)),0en,5(x (1),% (D))

= (3(x (1), 1 (1)),8(x [ (D),x__; (1),e.,80x, (1),x, (1))

Let s (8(x (i) X (1))5een ,6(xno(i),xn](i))) be
(S(XOO(i),xo1(i)),...,5(xno(i),xn1(i))) if (4) holds, or
(6(xno(i),xn1(i)),...,8(x00(i),x01(i))) if (5) holds. Then by (8) or (9),

there are xo(i) <L voe <L X (i) in Hi such that

n+1

Si(B(Xoo(i)’xo1(i))"°"S(Xno(i)’xnl(i))) = (8(xo(i)’x1(i))s"°’6(xn<i)sxn+](i))>'

Thus, for all 4 <w,

(s, (BCx, (1),% 1 (1))500n5(x (1),x (D)) 5 1= T,...,m) ¢ &7

<=> ((xo(i),...,xn+1(i)} s i=1,...,m) € Fz .

yeeesH for T , it now follows that all such

From the homogeneity of ‘H1 -

sequences <Si(8(xoo(l),xo](1)),...,B(Xno(l),xn](l))) $1=1,...,m) are in
the same class of A* , and so since A* refines A , all sequences .

<[6(Xoo(i)’xo1(i))"'"a(xno(i)’xn](i))} 3 L=1,...,m) where

{S(XOO(i),x01(i)),.,.,6(xno(i),xn](i))}»e [Ki]n+1 are in the same class

of A . Thus the sequence K °,Km is indeed homogeneous for A .

170"

This means, from the choice of A , that lKiI <n for some 1i .
Then IHi| <mn , and so it follows that I' is a partition of K2 which

has no homogeneous sequence H "Hm where each ]Hil =1 . Thus

17"

2k A m(n)i(u , and the proof is complete.
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The main obstacle in establishing Theorems 3.1 and 3.2 for the

more general case that 7 1is a limit ordinal (as has been done for the

case m =1 - see Theorem I.4.7) seems to lie in answering the following
question.

3.3 PROBLEM Let 7 be a limit ordinal, let m > 1 and let «k be
the least cardinal such that k — m(n)<u) . Take any VvV <k . Is it true

that « ~ "(3" 2

As mentioned in §I.4, Silver has given a positive answer in the

case m=1 .

§4. The constructible universe

This section is devoted to showing that the methods used by Silver

[22, pp.87-90] admit an obvious extension leading to the following theorem.

4.1 THEOREM Let 7 be a constructibly countable ordinal and suppose
m <w . . .
that ZF + 3k (k - (1) ) 1is a consistent theory. Then so also is

ZF + "V = 1" + 3k (k — m(n)<w)

The case when Kk has the property « — m(n)<(ﬂ in virtue of
having the property k — (n-m)<(u is already covered by Silver's result.

<w is possibly a weaker property than Kk — (n~m)<uj

However, since Kk - m(n)
(see Problem 2.5), the theorem retains some value. The proof comes immediately

from Theorem 4.3 below. The following definitions and lemma will be needed.



. PROOF: Suppose a sequence H

42.

Let n be an ordinal, let £ be a bijection from w to nq ,
and suppose Kk 1is a cardinal with A = [Ab’Al} a partition of K*m

Define

TmﬂA,f) = {(k1,...,km) : 3n<w Vi e {1,...,m}
(ki is an order preserving map from {£f(p) ; p <n} to «k )

and Rk1,...,ka is a homogeneous sequence for A } .

For <h1"°"hm> and <k1""’km> from Tm‘A,f) , define
(h1,...,hm) < (k],...,km) <=> Vi ¢ {1,..,,m}(kichi) .
4.2 LEMMA There is a sequence H1,..°,Hm (where each Hi < Kk and

has order type 7 ) which is homogeneous for A if and only if < 1is not

well founded.

17 .,,Hm where each Hi < K and has order
type n , is homogeneous for 'A‘. Enumerate Hi in increasing order by
the function hi==[(a , hi(a)) ; a<n} . For each n<w, put
b, = hy M {(£(p) ; p < n} . Then the sequence <<h1n’°'°’hmn> ;0 <w)
forms an infinite descending <-chain, and so < 1is not well founded.

On the other hand, suppose ((h1n,...,hmn) ; n <w) forms an
infinite descending <-chain. Then for each i , it follows that
hi = U{hin ; n < w}  1is a function, and since there are infinitely many
sets {f(p) ; p < n} contained in Dhi , it must be that Dhi =n . Thus

since hi remains order preserving, Rhi has order type 7 . However,

Rh],...,Rhm is a sequence homogeneous for A . This proves the lemma.
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4.3 THEOREM Let (M,e) be a transitive model of ZF , let n € M

be an ordinal such that M (n is countable), and let k be a cardinal

<w <w

in M such that « — n1(7]) . Then in fact M F (k — m(n) ) .
PROOF: Since 7 € M 1is countable in M , there is a function f ¢ M
such that M F (f maps w onto p) . Then indeed, f maps w onto 7 .

m

Take any A € M for which M F (A = {Ao’Al} is a partition of K" ).

Since m < w , it follows that (K*m)M = K*m , and so A really is a partition
of K*m .

Form T (A,f) . Observe that T (A,f) = (T (A, f)). , so that

m m m M

Tm(A, f) €e M. Hence since M 1is transitive, < = (<)M , so that also

. m <w .
<€ M. Since K- () , there is a sequence H1,...,Hm homogeneous
for A , where each Hi c « and has order type n . Thus < is not well

founded. However, ''nmot well founded" is absolute for M  (see [22, p.89]),
and so since <& M, also M | (< 1is not well founded) . Hence by

Lemma 4.2, applied inside M , it follows that M k (there is a sequence
H],...,Hm homogeneous for A , where each Hi c k and has order type n ).

Thus M E (k - m(n)<w ). This concludes the proof.




CHAPTER IV. MORE ON THE RELATION x — "(y PR A W

§1. The ramification lemma

Corollary II.1.3 gives the result that provided all Ny < W+

m n
—_ ° ) . i i 1 .
then W tmn (nz s 4 <(%3 ’ This can hardly be the best possible. 1In
the present chapter, the methods of [6] will be extended to the case

K — m(ﬂz 3 £ < V)n in an attempt to improve this result. In most cases,
the improvements gained are but marginal. It is clear that a new, more

powerful, method is required before significant further progress can be

made.

The following notation will be in force throughout this chapter.
The class of all functions with domain ¢ and taking ordinal values will
be denoted by SEQG . If X e SEQU for a non-limit ordinal ¢ , say |
cg=1+1, then X M1 will be abbreviated to X . Thus

X

X v [(T,X(T))} . The GCH will be assumed wherever it leads to a
simplification in the result. Theorems reached with its aid will be

marked (%) .
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Many of the positive results obtained in [6] depend on the following

lemma, the Ramification Lemma.

1.1 LEMMA Let p >0 be a limit ordinal. For all sequences X ¢ SEQU

and Y ¢ SEQG+] where o < p let there be given sets S(Y) , F(X) and

an ordinal n(X) . Let a set S = S(#) be given. Put

N=(XeSEQ ;o0sp and ¥r <o(X(r) <aX NESDR IS

and for X ¢ SEQ(T define
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S'X) =S an{SEX M1 +1); 1T<0a} .

Suppose that whenever o < p and X € N n SEQU then

(a) S'(X) = F(X) v U(S(Y) ; Y ¢ SEQ_,, and Y =X and Y(0) < n(X)} ,

o .

(b) F(X) n U(S(Y) ; Y e SEQ_,; and Y = X and Y(0) < n(X))
Under these conditions,

(1) T<o<pandXeNaSKQ = F(X) n F(X M1) = 0,
(ii) 8 = U[F(X) ; 30 <p(X e N ASEQ)} u U(S'(X) ; XeNa SEQp} ,

(iii) Suppose w = k = |S| , |p| < Cf(k) and |F(X)| < k whenever X € N .

For o < p let there be given cardinals %G such that %'GI

- < Cf(k) ,

and suppose that

T<o<pandXeNn SEQ_ = IH(X[‘THé?\U»

Then there is X € N a SEQp for which S'(X) 4is non-empty.
(iv) Suppose «k 1is strongly inaccessible. Let |S| 2k, |p| <« and

assume that for o<p,
XeNn SEQG = |F(X)| <k and |nX)| <« -

Then there is X € N n SEQp for which S'(X) 1is non-empty.

The proof is in [6], pp.103-105.
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The system R of sets N, F(X) and S(X) 1is called a ramification
system on S of length p . In all references to the Ramification Lemma,
the symbols p , N, S(X) , .-+ are to have the significance ascribed to
them in that lemma. In applications, the ramification system R will be
constructed inductively. To do this, it is sufficient to assume for any
o < p that S'(X) has already been defined for some fixed X € SEQG , and
to define n(X) , F(X) and each S(Y) for Y ¢ SEQG_H such that Y = X

and Y(o) < n(X) .

As a first application of this principle, the following theorem

will be established.

1.2 THEOREM Let %] 2 w and Az be cardinals such that
A1 - (nzaz s £ < V)] and xz - 2(9k ; k< u)] . Suppose Kk 1is a regular
cardinal such that KT ’ %2 £ K, and | < A] => (Ileé)L < K . Then

2 1
K — (Gk s k<, Ny 3 L < V) .
PROOF: Consider first the case where the up) are all cardinals. Suppose
K X K 1s partitioned,

KXk = U@ 3 k<u)oUull, 3 £<V).

It may be assumed for all Ho’H c k with IH0|’|H1| E that

1
H0 X H] é:U{Ak s k <« u} , since otherwise the theorem follows from the

property kz - 2(ek : k < p)] . Thus it suffices to find £ < Vv and

H ,H <k such that H_, H. have power and H XH cT .
o o £ o -

1 1 £

Define a ramification system R on « of length p = %1 as

follows. Take o < p and X ¢ SEQU . Suppose S'(X) has already been

1

defined, and consider two cases.
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Case 1: o even
If for no x € S'(X) 1is it the case that (x,x) ¢ U[Ak s k < 1},
choose x € S'(X) and put F(X) = {x} . Otherwise, choose F(X) < S'(X)
maximal with the property F(X) X F(X) c U[Ak s k <p} . In either case,
lF(X)| < AZ . Choose Q(X) ¢ S'(X) maximal such that F(X) < Q(X) and
Q(X) X F(X) g:U{Ak ; k < u} , except that if there is no x € S'(X) with
(x,x) € U[Ak ; k < p} then the requirement F(X) < Q(X) 1is to be ignored.
Then if y ¢ S'(X) - Q(X) , there is x ¢ F(X) such that
(y,%) ¢ U[Ak ; k < p} , by the maximality of Q(X) . Thﬁs there is a

decomposition

S'(X) - (QX) v F(X)) = U{S(Y) ; Y =X and Y(0) < n'(X)} ,

where given Y ¢ SEQU+] such that Y = X , for some x(Y) € F(X) and
L) < v,

y e S(Y) <= (y: X(Y)> € F,@(Y)

Further, |n'(X)]| = |v| Xe |F(X)| §v|V|A; . Finally, if N(S(Y) ; Y = X and
Y(o) <« n'"(X)} - F(X) = S'(X) - F(X) , put n(X) = n'(X) ; otherwise

n(X) =n'"(X) +1 and SX v {{(o,n'(X))}) = QX)) - F(X)

Case 2: g odd, say o =¢ + 1

If X() <n'(X) , put F(X) =H, nX) =1 and
S(X v {({0,0)}) =8"(X) . If X(¢) =n"(X), still put F(X) =9 . However,
in this case S'(X) g:Q(i) - F(i) . Hence by the maximality of F(i) , for
any y € S'(X) either (y,y) ¢ U{Ak : k < u} or there is x e F(X) such

that (x,y) ¢ U[Ak 3 k < u} . Thus there is a decomposition
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S'(X) = U(S(Y) ; ¥ =X and Y(0) <n' (0},
where given Y such that Y =X , for some x(Y) € F(}-() and 4(Y) < v,

y e S(Y) <= (x(Y),y) € Fﬂ(Y) or {y,y) ¢ Fz(Y) .

Again, [n'X)] = |v| X, IF(X)| = |v|7\; . Put nX) = n'(X)

This completes the definition of the ramification system R .
Further, Lemma 1.7(iii) applies to R . Hence there is a sequence
Xe Nn SEQp for which S'(X) # ¥ . Choose such a sequence X . For
each o < p , put x_ = x(X Mo+ 1) whenever x(X o+ 1) is defined.

By Lemma 1.1(i), if 7 + 1 < o then x_ # X Now it follows

(1) ©<o<pandX(2-7) #0'(X | 2-7) = (K950 %ozl € Bpxtaepan)

for Xy, € FEPM2o)cs'XPM20) csX 2.7 +1) . Also

- - | . —
(2) 7T <o <pand X(2:7) =n'(X [ 2-7) = <x2-'r+1’ X2'0+1> € A],(Xr2-1+2) ,

' . 1 . . :
for xz.o__l__leF(X[‘2o‘)_<;S(Xl\2cr)gS(X|‘21+2)
For 7 <p , either X(2:7) =n'(X N2'7) or X(2:7) #n'(X [12-7)
Hence there is H c p with |H| = p such that either
(3) 7e¢H = X(2'7) #£n'X PZ-T) , or
(4) TeH = X(2'7) =n'X[2:7)

Let H be partitioned, H = y{&, ; £ < vV} where
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AZ ={telH; X DM2.7+1) =4}
if (3) holds, or if (4) holds
AZ = {teH; 24X [M27+2) =y}

“e

Since by assumption %] - (nﬂ'Z b < v)] and |H| = p = K] ,
there are I c H and 4 <V such that I has order type nz-Z and
Ic Aﬁ . Enumerate I as (71(a) ; a < nﬂ-Z} , in increasing order. If

(3) holds, put

H -2}, H

= ” S = e
o [xz-r(a) PNy =<, 1 [xz-T(o,) s <myl,

whereas if (4) holds, put

H0 = (XZ'T(&)+] ; a < nz} , H1 = {X2°T(a)+1 5Ny, S a< nﬂ-Z} .

‘both have po&er nﬁ , and it follows from (1) and (2) that

This proves the theorem when the n, are all cardinals. A slight
modification of the argument above allows the X to be chosen so that

T+l <o = X < X . The general case then follows.

1.3 COROLLARY (%) Let o 2 0, V< Cf(wa) and ", < Cf(ma) for L <V .
2 1

Then W] (wa+] > Ny 3 L < V)

PROOF: Put %] = Cf(wa) and %2 = W4 Then %] is regular, so that

1 . . . 1 .
K] - (7\.[)V and hence, in particular, K1 - (nz 2 3 4 <v¥) . Since
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AN, 2w , if <A, then
1 a 1

"y L L _ Lo
(VI " = (CEw) X 0 )" = (0)" =w <w .

Further A, — 2(% )] . Thus Theorem 1.2 applies with &k = w . This
2 271 at1

yields the result.
A similar result can be reached for inaccessible cardinals.

1.4 THEOREM (%) Let Kk be strongly inaccessible. Take V < k and

for each 4 < v let up <K . Then Kk — 2(K, nﬂ ;7 £ < V)]

PROOF: The proof is very similar to that of Theorem 1.2. Put %2 =K , so

2 1
Ay = (KD

Put K] = (X [|n£|+ ; L < V})+ , SO K] < K . Then
K1 - (|n£|+ s b < V)] , 80 certainly A1 - (nﬂ-Z s L < v)] .
Suppose K X K 1is partitioned, kK X K = A u U{Fﬂ s 4 <V} . The

proof now becomes almost identical to that of Theorem 1.2, except that the

application of Lemma 1.1(iii) is replaced by an appeal to Lemma 1.1(iv).

As another application of the ramification method3 I shall establish
a theorem of which the case m =1 1is the Stepping-up Lemma of [6, p.107].
The conclusion obtained for m > 1 has not, however, the strength of the
case m = 1 . This means that the most powerful method in [6] of generating
new relations from known relations loses much of its force in the course of
this generalization.

1.5 THEOREM Let m,n .o 2 1 . Let A be a cardinal such that

17" m
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n., s, 0l
A Mg 1 m
(1) S I
A yl
mb e ,

and suppose Kk 1is such that |v|% < C£(k) . Then

K Mg + 1 1 m
: R M2y
K Nmg

PROOF: The method is sufficiently well illustrated by the case m = 2 .

So suppose

with n,p2 1 , and take k so that Ivlk < Cf(k) .

Let any disjoint partition A = [AZ s 4 <V} of [K]n+1

; X [K]p

be given. Define inductively a ramification system R on «k of length

p = N2, together with elements =x(X) for certain X € SEQG with o<p .
Then p < Cf(k) - Let o < p and suppose S'(X) has already been defined
for some X ¢ SEQ_ . If [s'(X)| <k, put F(X) = S'(X) and n(X) =0 .
Otherwise, choose x(X) € S'(X) such that 7 <o =>xX [ 1) < x(X) , and

put F(X) = {x(X)} . Place G(X) =U{FX MN1) 35 <

A

o} - Define a parti-

tion I'(X) of S'(X) - F(X) as follows:

y =z (mod I'(X)) <=

]

VYa € [G(X)]n ¥b € [G(X)]P((a v (v}, b) (av {2z}, b) (mod A)) .
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Put n(X) = |I'(X)| , and let S(Y) , for Y ¢ SEQG+1 such that Y = X

and Y(o) < n(X) , range over the classes of I'(X) . This defines R .

n
For o <p , put %U = |v|" where p = |o+ llﬁ%%r. Then
ln(X M)l = %G whenever X ¢ SEQG and T <0 <p . Moreover, from the
choice of « it follows that %ﬁcl
1.1(iii) applies to R , and so there is X € Nn SEQb for which S'(X) # 9 .

< Cf(k) when o < p . Hence Lemma

Choose such a sequence X . Then for no o < p can it be that |S%XRﬂ| < K .

Put xg =x(X Po) . Then 1 <o sp=> xT < xc . Further, for any 1 <p,

if y,z e $'(X M1) then

y =z (mod I'(X M) <=

Va € [{Xa s a £ 'r}]n v¥b ¢ [(Xa ; o £ T}]p((a v {y},b) = {au (2},b) (mod &))

Now if © <o =p then x_e F(X Po)cs'XMPo)yecs@ Tr+1),

and so for T] < oes < Tn <t <p and o, <€ ..o < GP < T,

1

5 5000y = seaesy R s e oy TAN
({X,L_ ’ ’XT ’XT} {XO' XO' }> <(XT XT Xp] {XO' XO' } > (mod &)
1 n 1 P 1 n 1 P

Put K, = [xcr s N2 0 < N2} and K, = [XG ; 0 <A . Then

= |K2| =\ . Moreover, [K ]n X [KZ]P = U{Ai 3 £ <V} where for

1

Ay = ({a,b) e [K]]n X [1<2]p s (av (x),b) eay) .

By the relation (1), there are 4 <V and H]_g:K

the order type of H2 is

H, <K

10 By ) such that

the order type of H, 1is

1 Mg and

N2y
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n P ' n+1 P 3

H . B H .

[ ]] X [HZ] g:Aw ut then [1 v {xp}] X [HZ] S:AZ This proves
1.5.

1.6 COROLLARY (%) Suppose « m(”,e s 4 <wW' . Then

m n+1

wqﬁQm - (nﬁ +1 35 £ <V) .

PROOF: Since w, = m(nﬂ ;3 £ < V)n , certainly |v]| = W, - Take any

B2 a . Then, by virtue of the GCH , it follows that

)
< w P w < Cf(w

. B+1 . Thus Theorem 1.5 may be applied m

B+2)

successive times to prove the corollary.

In the case m = 1, the proof of Theorem 1.5 leads to the better

X . n . n+1
conclusion that from W, (nﬂ 3 4 < V) follows O R (nz + 1 L <V

’

(see [5, p.468]).

§2. Negative relations

In this section, some cases where a partition property fails to
hold will be discussed. 1In particular, a method will be given whereby a
negative relation for a cardinal « may be extended to a negative relation
for 2k,

2
Theorem II.1.5, that «k 4 (K); is the first negative result.
. +, 2, + 1
2.1 THEOREM (%) Provided k > w , then k + “(k ,k) .

This follows from Theorem 43 of [6]. The proof will not be given

here.
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As in §ITI.3, let << be the lexicographic ordering of o)

b

and for x #y 1in Ko , define &(x,y) to be the least o < k for which
x(a) # y(a)
2.2 THEOREM Suppose A < Kk => ZA < K . Then
) *
2 2« :
. s s L Koq2 Ko 42
PROOF : Define a disjoint partition [2] X [2] = Ab!J A1 by

({xo,x1},[yo,y]}) €A <= B(x %) = 8(y .Y,

Take any yo,y1 € Ko with yo # y] . Then a(yo,y]) < K . However, if

K .
<
xo,x] € "2 are such that S(XO,X1) < 8(yo,y1) , then X and X, differ

no later than at 8(yo,y1) . Hence if H g;KZ has the property

{xo’x-l} € [H]Z == B(XO’X]) = a(yosy1) ’

|8(y_,y,)+1]
then |H| = 2 o 71 < K . Thus there are no H0 € [K2]K , Hl € [K2]2

such that [Ho-]2 X H1 g:Ab . Similarly, there are no Ho € [K2]2 s

Hoe 21 such that H_x [1,1° ca

1 This proves Theorem 2.2.

1

- 2
2.3 COROLLARY (*) If kK =&k , then K+-# 2(K)2 .

A similar construction may be used to show:



2.4 THEOREM Suppose A < K = 2?\ < K . Then

GG

55.

Let X be a set and < a binary relation on X . In the notation

of [6], if X seeesX € X then '{xo,...,xn}< denotes the set {xo,...,xn}

and, in addition, expresses that xo < x1 < 0. < xn .

Choose a well ordering < of K2 which has order type 2 . For

the rest of this section, let n 2 3 be fixed. We shall need the following

sets:
K01 = [{x1,...,xn}<g K2 3 Xy << X, and X, >> x3} ,
K]o = [{x1,...,xn}<_<__—. K2 3oxg S>> %, and X, << x3} ,
LO ={{x],...,xn]<gK2;x1 <L ee <<xn} ,
L, =[[x1,...,xn:,‘<_gK2;x1 >>...>>xn} s
L =1Lul,
Po = {[x1,..o,xn}<§ L ; 8(x1,x2) < oo < 8(xn_],xn)} .
The next three lemmas occur in §13 of [6].
2.5 LEMMA let Xc’2. Then if [X]"c L, either [X[ cL  or
X" c L,
PROOF: The lemma is trivial if |X| s n , so assﬁme IX| 2 n+1.

Suppose there are a,b € [X]n such that a ¢ Lo and b £ L] . Choose

xe€ X - a, and let {x}u aub=[x],...,xp}<, so pZn+1. Since
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n -
[X]" ¢ L always (Xr+]’°°"xr+n} ¢ L for r+n<p . Thus

oo o x oo fo +n s d so it
Xr+] << << Xr+n r -+ >> >> xr+n r r nsp, and so i

follows that x] L v KL xP or x1 S> ... S>> xP . Hence:  a,b € LO or

a,b e L.l , contrary to the initial assumption. ‘This proves 2.5.

2.6 LEMMA Let X ¢ [KZ]A for some A 2 w , and suppose [X]n'n K01 =9
or [X]nt\ K10 = . Then there is X' € [X]% such that [X'][1 _g:Lo or
[x'1" ¢ L,

>
2.7 LEMMA Let X ¢ [K2]')\‘for some regular cardinal A , and suppose

K] c L or [X]c L, . Then there is X' ¢ [X]" with [X']"c P .

o]

1

The proofs of Lemmas 2.6 and 2.7 may be found in §§13.7 and 13.8

of [6].
Knq1Z2 W . W
2.8 LEMMA Let X e [72] . Then there is Y e [X] such that
n -
SE=0
, . o 2
PROOF: Let X be given, and define a partition [X] = Ach A.1 by
[x,y}< € Ao <=> X <K Y3 ‘{x,y}< € A1 <= x>>y o,
. 2 . 1 w ' 2
Since w — (w)2 , there is X' e [X] such that [X'] g:Ab or
[X']2 g:A1 . Thus if X' = [xr : r <w} , listed in increasing <-order,

either x0 <L x1 <L x2 << ... OF xo >>x, >> X, >> ... . Hence

1 2
< <r<w = d(x ,x ié d(x ,x
P q ( q) ( q r)
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Define a partition [X']3 = Fo U l"1 by

{x,y,z}< € FO <=> S(X:Y) < S(Y,Z) H {X,Y,Z}< € F] <=> 3(x,y) > 8(y,2)

Since w — (w)g , there is Y ¢ [X']w such that [Y]3 g:PO or [Y]3 g:F]

Thus if Y = [yr ; ¥ < w}, listed in increasing <-order, either

5(}70,}71) < S(Y],yz) < 8(}72,}'3) < «.. OF 8(}70’}71) > 5(}’1:)’2) > 8(}72,373) > ...

However, the second possibility gives an infinite descending sequence of
ordinals. Thus &(y_,¥;) <8(y;»¥,) < ... , and so v1" < P, . This

establishes the lemma.

2.9 THEOREM Let nz 3 . Let up for £ < VvV be cardinals such that
NoM4 Z w and U is regular. If k 1is a cardinal such that

K#m(n£;£<V)n_1 , then 2K,L“‘(n£;z<v)“.

PROOF'; The result is trivial if any up < n , so suppose all up Zn .
The method of proof is sufficiently illustrated by the case m =2 . So

choose a disjoint partition

n-1

™ x k™! = v, 2 <)

n
where for each £ < Vv there are no HO,H e [k] 4 such that

1
n-1

1] X [H1]n_] cA, . Put

£

] —_ »
A, = {({x],---,xn}< ) {y1,---,yn}<) € P XP ;

((8(x %y 5008 (x 15X )1, (8(y 55,500 -58(y _15Y))) € 4]
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Define a disjoint partition T = [Fg ;3 4 <V} of [KZ]rl X [K2]rl as follows:

=
]

(K

1
01><1?0)U(P0XK01)UA ?

1

T =A2 for 2 s 4 <V.

K. No n n
Let X,Y e [ 2] be such that [X] X [Y] g T . By Lemma 2.8,
there is y € [Y]" for which y € P0 . Since [X]" X (vl c l"o , it must
Ny
be that [X]"n K, =9 . Thus from Lemma 2.6, there is X' e [X] ° such

that [X']n c Lo or [X! ]n c L. . But then, in virtue of Lemma 2.7, there is

1

n
X" e [X] ®  such that [X"]rl c Po . Similarly, [Y]nn K0 = ¢ , and there

1
is Y" € [Y]no such that [Y"]n_c_: Po. Thus

1 nqn = t
[X"]" x [Y"] g(PoxPo)nI'o Ao

n .
Now let X,Y ¢ [KZ] 1 be such that [X][1 X [Y]n_c_: T

1" Then
[X]n c Ko'l v Po , and so [X]‘[1 n K]o = f . Hence by Lemma 2.6, there is
X' e [X]TH such that [X']ngL0 or [X']ng L] .  Thus [X']ng Po .

Similarly, there is' Y' e [Y]n] such that [Y']n c P0 . Hence

x'1% x [¥'1" < (B_XP)aTl = &

Thus, to prove the theorem, it suffices to show, for any £ < V :

If X,Y¢ K2 are such that [X]n X [Y]rl c A,.@

n and X , Y have the same order type 7 under

< , where 7 1is a limit ordinal, then 7 < My -
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3

Take such sets X , Y and let X = {xcr ;3 0<n} , ¥= {yc ; 0<n} , listed

in increasing <-order. Put C = {5(xg,x ) 3 o0<n} and

o+1

D = (&(y ) 3 o< n} . Since [X]n,[Y]n _C_:Po , it follows that

o’ Y o+

8(x_,x_q) < 8(x 0% o) and B(y Y 1) <B(Y_,qs for o <n

o+2)
Hence C and D both have order type q ’

Take c¢ ¢ [C]n-] and d e [D]n--l . It follows as in the proof of

Theorem III.3.2 that there are op < e <& o < and g < e < T, <7
such that c¢ = {S(XG X ),---,8(X0, ,XG_)} and
1 2 n-1 n
d=(8(y ,¥),...,8(y ,Y )} . Hence, by the definition of A' , it
TR "a-1 "n 4
follows that (c,d) € Awﬁ. Thus [C]n-1 X [D]n-1 E?Ay , and so, since C

and D have the same power, |C| < n, - Thus 17 < N, - This proves (1),

and completes the proof of the theorem.

2
Theorem II.1.5 yields that «k + (K); (for any k), and so certainly
K & 2(K)§ . Thus by Theorem 2.9, K+ + 2(K)§ . If Kk =k , applying

Theorem 2.9 to Corollary 2.3(*) leads to the stronger result that

2 2
K++-# (K)z . Likewise, Theorem 2.1 gives that K+-# (K+,K)1 , so that
-+
"

K+-# 2(K+,K)2 . Then 2.9 yields that « 2(K+,K)3 .

§3. The special case n = 1

In the case n =1, some particular constructions are available
which lead to positive relations. The results in this and the following

sections have their genesis in part II of [6] , where relations of the form

are discussed extensively.
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3.1 LEMMA Let p <w , and suppose

) p . 1,1
¢ () - (1)
K+ ¢

L L <V

Then the following relation holds:

() -GG )7

PROOF: Use induction on p . If p =0 the lemma is trivial. Assume
the result true for some ¢q < w . Take a disjoint partition
+
K X K =AuU{A£;£<V},

+
1S K  having

order types n, and C;g respectively, for which HO X H1 c A,g . By the

+
inductive hypothesis, there must then be sets S ¢ [K]K and T ¢ [k ]q

and suppose that for 4 « v there are no sets H0 c kK, H

such that S X Tc A .

For B < K+ , put Q(B) = {a € Kk ; {a,B) € A} . If there is
B € K+— T such that |Sn Q(B)| =k , then (S n Q(R)) X (Tv(B}) <A,
and the result follows. So suppose that |[Sm Q(B)| < k for all

B e K+ - T . We shall show that a contradiction results.

(B € K+— T ;3 |Sn QB)| =«'"} . There

+ . R .
K . Write S as a disjoint union,

For k' <k , put T(k")

must be some A < k with |[T(A)]

S = U[SP- ;3 K <7\+} , where each |Sul =g . If B e T(N , then
IS n Q(B)] =A< At , and hence there is R(B) < AT for which

_ . + - 4+ 1 Pas
SH(B) n Q(B) D . Since « (k )K , there are Y ¢ [T(N)] and
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peo< K+ such that B € Y => pu(B) = u . Then SH nQ(R) =P for all BeY.

Hence S“ X Yc U[AI ; £ <V} . Now lSHI =k and |Y| = kT . Thus by

the relation (1), for some /4 < V there are ﬁo g:SM and H, < Y , having

1

order types up and Cﬁ respectively, for which Ho X H g;Aw . This

1
contradicts the assumed property of the partition.

Thus the induction step is completed, and the lemma proved.

3.2 LEMMA(%) Let «k be a singular cardinal with the property
« 1,1
(M ( > - (”z)
kT ¢
£ 4 <V

For some [ = g let there be given a partition
+
L X K = AuU[A£;£<v}

+ .
such that for no £ < V are there sets Ho ct and H, < Kk , having order

1

types ﬂﬂ and Cﬂ respectively, for which Ho X H g:Aw . Let A be any

1
regular cardinal with Cf(k) <« A<k . Let A ¢ [L]K and B g:K+ . Then

*
there is a set A” g:[A]% with |A"|

A

Kk and there is a map f from A*
to the subsets of B such that a ¢ A* =>a X f(a) ¢ A, and

IB - U(f(a) ; a c A"}| =« .

PROOF: Take A € [L]K and B g:K+ . For B < K+ put

I

Yol
~
™
~
Il

{a <t 3 {a,B) e A} . Let B1 (BeBj; |AnQR]| <A and

B2 =B - B1 . Lemma 3.1 applied to the relation (1) yields in particular
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1,1
)= G(e) )

Now A X B1 cAwv U[Az ;s L <V} . Thus if |B]l = K+ ., either there is

B e B1 such that |An Q(B)|'= Kk (contrary to the definition of B1),
or there are 4 < vV and Kb c A, K1 _g:B1 such that the order type of
1 1 € Aﬂ (contrary to

the choice of the partition). Hence it must be the case that |B]| £ K.

K 1is Ny > the order type of K

o is Qﬂ and KOXK

Choose cardinals Ks < Kk for o < Cf(k) -such that

K 2 [KO_ ;5 0 < Cf(k)} . There is a disjoint partition

= 2 = * = ?\ 2
A= U[Acr ; 0 < Cf(k)} where IAO_I Ko - Put A u( [Acr] o< Cf(k)} ,

b
% A ' % .
so |A"] = ¥ {K(I ; 0 <Cf(k)} £k . For ace€ A , define
f(a) = {B ¢ B2 ; acAn Q) , so ax f(a) cA and f maps A* into

PB . Further, for each B ¢ B2

since otherwise lAcr n QB <« N for all o < Cf(k) , and so by the

%
there is a ¢ A for which B € f(a) ,

regularity of A and the definition of B2 ,

A= JanQ@] = Z (A nAP]; o< CHO) < A

Hence B2 = U{f(a) ; a ¢ A*} . This leads to the required result.

The following theorem is Corollary 17 of [6]. For later reference,

I include the proof.
. ee s + 2 1
3.3 THEOREM (%) For all infinite «k , Kk - (K)2 .

PROOF: Let a partition /<+ X K+ = AO v A, be given. Assume for all

1
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+
Ho’H e [k ]K that Ho X H1 i:A1 , and seek Ho’H € [K+]K such that

1 1

o 1= "0 °

For a,B < K+ define
P(a) =(Bek ; (wB)eal; QB =(aek s (0,B) ea)
fo) } b o’ o 3 2 o'

Then if A ¢ [K+]K and B cC K+ , since A X (B - U{Po(a,) ; o € A}) _c_:A1
it follows that |B - U[Po(a) s a € A}| <k . Similarly, if B ¢ [K+]K»

and A_gK+, then |A - U[QO(B) ; Be B} <« .

Suppose first that k 1is regular. Define a ramification system

=

on K+ of length p = k as follows. Take o <k and X ¢ SEQU .
Suppose S'(X) has already been defined. If |[S'(X)| = k , put F(X) = S$'(X)

and n(X) =0 . If |S'(X)| = K+ , put n(X) = k and consider two cases.

Case 1: o is even

Choose R(X) e [8'(X)]° . and for Y ¢ SEQ_,, such that ¥ =x

and Y(o) <k , let o(Y) be the Y(g)-th element of R(X) . Put

F(X) = R(X)u (8'(X) - U{PO(Q(Y)) : Y =X and Y(0) < k}) -

Then S'(X) - F(X) = U{S(Y) ; Y =X and Y(0) < k} , where for Y such that

Y=X and Y(o) < Kk ,

S(1) = (8'(X) o P (a(D)) - FX)

Case 2: o is odd

Choose R(X) € [S'(X)]K and for Y such that Y = X and

Y(o) <k , let B(Y) be the Y(o)-th element of R(X) . Define
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F(X) = R v (8'(X) - U(Q (B(Y)) 3 ¥ =X and ¥(o) < «}) .

Then S'(X) - F(X) = U{S(Y) ; ¥ =X and Y(0) < k), where for Y such that

Y =Xand Y() <k ,

S() = (5'(X) a Q_(B(V))) - F(X)

By definition, |R(X)| = k . From an earlier remark, it thus
follows that |F(X)| = k . Hence the Ramification Lemma, 1.1(iii), applies
to R. This yields a sequence X ¢ N.n~SEQK where each X(o¢) < Kk , such
that S'(X) # . Choose and fix such a sequence X . Put oy = aX Mo+ 1),
BG =B(X Mo+ 1) for o < k . Then either ac or Bg is defined for all
o <K .
Put H_ = {QZQG‘; o < Kk} and H] = {B2~c+1 ;3 0 <K} . Since
aX Pt +1) e F(X P1) and the F(X | 1) are pairwise disjoint (by Lemma
1.1(i)), it follows that |H°| = g . Similarly, |H1| = K . Moreover,
H0 X H] E;Ab . For let o be even, T be odd . It suffices to show that

A . S . Th
(aG,BT) € uppose O < T en

B, = BX Pt +1) eREPD)CSSEP)SE Mo+ 1)
Thus (aO_,BT) € {a} X S(X Po+1)c (@} X P (a) A . Similarly,

(qU,BT) € AB if 7 <o . This proves the theorem if « 1is regular.

For the case of singular Kk , put p = Cf(x) and choose regular

cardinals KU for o < p such that p < K <Ky <Ky oeeo and

1
K= 2 {Kc s 0 < p} . Note that trivially
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+ b
K K

and so Lemma 3.2 may be applied to the partition K+ X K+ = Ab 7] A1
Define a ramification system R on K+ of iength p as follows.

Take o< p and X ¢ SEQCr . Suppose S'(X) has already been defined. If

|S'(X)| sk, put F(X) = S'(X) and n(X) =0 . If [S'(X)| =« , put

n(X) = kK and consider two cases.

Case 1: o is even

Choose R(X) e [S'(X)1° . Apply Lemma 3.2 with A = R(X) ,
B=5S"X) , A= Ko and A = Ab to obtain a set A*(X) and a map fX
with the properties stated in the lemma. Write A*(X) = {a(Y) ; Y = X and

Y(o) < k} . Define
F(X) = RX) v (8$'(X) - U[fx(a(Y)) : Y =X and Y(0) < «})

Then S'(X) - F(X) = U{S(Y) ; Y = X and Y(0) < k} , where for Y such

that Y =X and Y(o) < K ,

S(D = £ (a(D) - FX)

Case 2: o is odd
Choose R(X) ¢ [S'(X)]K . A symmetrical argument shows that there
% KG * %
is B (X) ¢ [R(X)] with |B"(X)| = k and there is a map 8y from B"(X)

to the subsets of S'(X) such that b e B'(X) => g (b) X b 4, and

1A

[8'(X) - ulgg(b) 5 b e B*(X)}l

and define

K . Write B*(X) = (b(Y) ; ¥ = X and Y(0) < «},
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F(X) = R(X) v (8'(X) - Ulge(b(M)) 5 ¥ =X and ¥(0) < «))

Then S'(X) - F(X) = u{S(Y) ; Y = X and Y(0) < k} , where for Y such that

Y=X and Y(o) < Kk ,

S(D) = g, (b(D) - F(X
This completes the definition of R .

Then, as in the regular case, there is a sequence X € N n SEQ_

where each X(o) < k , such that S'(X) # 9 . Put a_ = a(X Mo +1) and

| 0 b

bcr =b(X Po+1) f:f <X . Put H = U[az.c ;3 0 <K} and

H] = U{b2'0+1 ; 0 <K} . Then IHOI = ]H]l = Kk . Thus, to prove the theorem,
it suffices to show that Ho X H.Tg:A.0 . Let ¢ be even, T be odd. We
shall show that aG X br Q;Ab . Suppose g < T . Then

= '
b'r’ b(X[‘T+1)£R(X[‘T)QS(XPT)QS(XPG+1)§erU(aU)
Thus a Xb ca X £ (a) cA . Similarly, also if T < o then
[og T— O XFO' o’ = o

a X bT S;Ab . This completes the proof for singular «k , and concludes the

proof of 3.3.

The following lemma could appropriately be called the Stepping-out

Lemma. Working from Theorem 3.3, it yields a result for m > 2 .

2 1
% = -
3.4 LEMMA (%) Let m=2 1 and suppose W (wa)V . Then
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PROOF: By induction on m . The case m =1 1is true by assumption.
The method of the inductive step is shown sufficiently well for m = 2 .
_ . _ 3, ++
Put w, = Kk . Take any partition A = [Aw 3 L <V} of T(k )
. .o . 3, ++ +
Define a ramification system R on (k') of length p = Kk as follows.
Take o0 < K+ and X ¢ SEQcr . Suppose S'(X) has already been defined.
If S'X) =9, put F(X) =9 and n(X) =0 . Otherwise, choose

(x(X),y(X),2z(X)) € S'(X) and put F(X) = {((x(X),y(X),z(X))} . Place

-H.
G(X) = {xek 3 Irsox=x [1)orx=y&X M1)orx=2zX 1))} .
Define a partition TI'(X) of S'(X) - F(X) by:

Vu,v € G(X)((x],u,v) = (xz,u,v) (mod A) and

(uay1,V> = (U,YZ,V> (mod A) and (u,v,z1) = (u,v,zz) (mod A))

Put n(X) = |I'(X)] . For Y ¢ SEQG+] such that Y = X and Y(o) < n(X) ,
let S(Y) range over the classes of I'(X) . This defines R .
_ lo|+w
For o < p , put AG = |v| . Then |nX 1) = AG whenever

X e SEQ(I and T < o< p . Moreover, if o < p then

+ K
K

A o] £ |V|K s (k) = K+ < Cf(K+*3 , for certainly |Vv]| = K+ . Hence

(o)
Lemma 1.1(iii) applies to R and so there is X ¢ N n SEQp for which

S'(X) #0 . Choose such a sequence X . Then S'(X ' o) # § for all

0 < p . Thus we may define xG =xX o), yU = y(X o) and z_ = z(X > o)

+
= . L C1(d
for o <p =« Then by Lemma 1.1(i), (xg,yg,zg) # (xT,yT,zT) for any
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+ + K+ 2
o< T <K . Hence there is H e [k ] such that {o,7} ¢ [H]  => X # X

or {o,t} € [H]2 => Yo # y. » or {o,1} € [H]2 => z # z -

Suppose in fact that {o,7} € [H]2 => X # X (The situation is
analogous in the other cases.) Take p,0 <7t < p , and put { = max{p,oc} + 1 .

Then

(XT,YT,ZT> eFE M) cs8'E M1)csx MO

Thus (xT,yT,zT) and (xp,yp,zp) are in the same class S(X [N ¢) of

(X Met-1. Hence (xT,xH,xU) = (xp,xu,xc> (mod A)

Define a partition A = {AZ s L <V} of HXH by, for £ <V,

3 H = b} A <= ) A °
X X € > (<Xu xc) €4, > <Xp’xu xc) € g)

) + + 2
Since |H| =k and k - (K)] there are £ <V and H_,H, € [H]K

v 1’72
such that H1 X H.2 g;Aw .  Further, there is Ho € [H]K such that if
x € H and x € H,L v H them pw <t . Thenm H X H, XH, <A, . This
T o v 1 2 o 1 2= "7

completes the proof of 3.4.

% > - ;
3.5 COROLLARY (*¥). If m=z 1 then Wyt (wa)2

Theorem II.1.71 applied to the best possible relation

w o= (

ot )g yields that wqﬁm - m(wa); . Hence 3.5 is a slight strengthen-

wa+1
ing of this result. I have been unsuccessful in improving 3.5 further. Since
W, + m(wa); for m > 1, the most simple open questions are seen to be:

3.6 PROBLEM (%) Is K+.» 3(K); true? Is K++-* 4(K); true?
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The method of Lemma 3.4 shows that a positive answer to the second
question is implied by a positive answer to the first.

The question of extending 3.3 to partitions involving more than two
classes is also unsolved in general. Inspection of the proof leads to the

following observation.

3.7 THEOREM (%) Suppose the relation

K /<]’1
o () - ()
K K7V
+ 2 1
to hold. Then «k - (/<)]+v .
PROOF: Take a partition

(2) «Fox ok = AvUB, ;s E<V),

1
. +.K
We must find Ho’Hl e [k ] such that H0 X H

and assume for all H ,H. ¢ [K+]K that H0 X H] é;Aw for any £ <V .
o

1 c A

+
For a,B < k define

P(a) = (B ek s (wB) €Al s QB) = (o ekt s (p) cA) .

Note that if A ¢ [K+]K and B g:K+ then

A X (B

U(P(a) 3 a € A}) < U4, ; £ <V} .

Thus if |B - U{P(a) ; o € A}| = K+ , by the relation (1) there are £ < V¥

.

and Ho € [A]K , H

m

1 [B - U{P(a) 5 @ € A}]K such that HO X H] E:AZ .
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This contradicts the choice of the partition (2), and so

|B - U{P(a) ; @ € A}| = k . Similarly, if A K+ and B ¢ [K+]K then

|A - U{Q(B) ; B € B}| = k. The proof of 3.7 for regular k now proceeds
as did the proof of 3.3.
In the event that x 1is singular, the proof goes as before, by

applying Lemma 3.2 to the relation (1) and partition (2). Thus Theorem 3.7

is established.

The relation (1) above is proved in [6], Theorem 42(%*), for the
case V =2 and Cf(k) = w . In the following section, this result will
be extended to cover the situation Vv < w and Cf(xk) = w . To the best of

my knowledge, when Cf(k) > w the truth of the relation (1) is still open.

§4. Results for cardinals cofinal with w

The following sequence of lemmas is required in order to discuss
the relation (1) of the previous theorem for the case Cf(k) = w . The

main result of this section is expressed in Theorem 4.11 below.

4.1 LEMMA Let Kk 2w and Cf(A) >k . Let p € w and suppose
1,1
K b
(1) ( >»<“z>
A Cﬂ L <V

Then it follows that

(- (G )"
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PROOF: By induction on p . The case p =0 1is trivial. Assume (2)

holds with p = q . Take a disjoint partition
KXAN = AuU[A£;£<V},

and suppose that for £ < V there are no sets H.o c K, H.1 < A having

1SAZ . By the

inductive hypothesis, there must then be sets S ¢ [K]q and T ¢ [K]x

order types Ny > Qﬁ respectively, for which H0 X H

such that S X TcA.

Put ‘P(a) = (B e N; {a,B) € A} . Then
(k = 8) X (T - U{P(@) ; o € kK- 8S}) < U{A£;£<V}.

Now |k - S| = k , and so by the relation (1) and the choice of the partition,
IT - U{P(a) ; « € Kk - S}| <N . Hence |Tn U{P(a) 3 @€ k- S} =A.

Since Cf(A\) > k , there must be @ € kK - S for which |T n P(a)| = A . But
(Svu (a}]) X (T nPlaw) c A,

and so since |S u {a}| = q + 1, the induction step is complete. This

establishes Lemma 4.1.

The following two lemmas are quoted without proof. They follow

from [6], Lemma 8(*) and Lemma 3A(%*), respectively.

4.2  LEMMA(¥*) Let k and ‘A be infinite cardinals with Cf(k) # CEf(N)
Let |A| =k, |B| = K+ and for each b € B let there be given a set

z ) . Kt \
Ab e [A] Then there is B' ¢ [B] such that !ﬂ{Ab ; beB'} =z



4.3  LEMMA(%) Let k be singular, and let the cardinals Kcr for
g < Cf(k) be such that o < 7 < Cf(k) => KO_ < KT < K , and

K =2 {KO_ ; 0 <Cf(k)} . Let Vv <k and suppose a disjoint partition
is given, K X Kk = U{Aﬁ, s £ < v} . Then there are sets A(T R Bo‘ and
ordinals h(o,t) < v such that

72.

K K
o L3 g . = = = 3
AO_€[K] 3 BO_G[K] i T Fo >A0’nAT BanT p
, cf => A B
ot < CE(k) = 5 % TgAh(O',T)
4.4 LEMMA(%) Let «k be infinite, and suppose
K 1,1
(1) ( +> - (”z >
K 078 < v
Then for any A < k ,
1,1
) <K+> - <x+<n£> >
K Ko7 < v
PROOF: The case Kk = w 1is immediate from Lemma 4.7, so suppose K > W .

Define  as follows: if Cf(k) = k then ¢ = A ; otherwise
7\+ +C (Cf(K))+ . In either case, A<t <k and Cf(L) # C£(k)

Take any partition, K X K+ =Auvu U{A)@ ;3 4 < v} . To establish

L =

+
(2), we must find sets H0 € [K]7\ , H. € [K+]K such that H0 XH cA,

1 1

+
or else 4 < Vv and sets H0 c Kk, H, <k , having order types

1 Ny » Sy

respectively, such that Ho X H1 c A£ .
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Put T = (B ekt ; [QA] 2}, where Q(B) = (a € k ;3 (w,B) € A} .

+
Suppose |T| = K+ . Then by Lemma 4.2, there is T' ¢ [T]X  such that
IN{Q(R) ; Be T'}z ¢ . Since N(Q(R) ; Pe T'} XT' <A, there is nothing
, + + +
more to be shown. So consider the case when |T| <k . Then |k - T| =«

Since L+ £ Kk , there is a disjoint partition « = U{S“ 3 < L+} where

ISH] = k for each u < L+ . However, [Q(B)] <t for B e kT - T . Hence
for each B ¢ Kt -t , there is p(B) < vt for which SH(B) n QR =9p.

+
Moreover, there must be p < L+ and T, ¢ [K+ - T]K for which

1
i . Now Su n QB =P for P e T] and so
£ <V} . Since lSHI = Kk and |T1| = «t , the result

B e T] => u(B)

ﬂlx'r glﬂaw

“o

1

follows from the relation (1). This concludes the proof.

4.5 THEOREM(%*). If Cf(k) =w , then for any p < w ,

() - ()"

PROOF: By induction on p . The case p =0 1is trivial. Assume the
result is true for some q < w . Take a partition
k Xkt = AvUla, ; £=q),

+
- +
and suppose that there are no sets H0 € [K]K , H] e [k 1¥  with

K +.w .

H0 X H1 c A, nor sets Ho e [k] , H1 e [k ] with Ho X H] QAE for
. K +.w .

any £ € {1,...,q} . We must find sets HO e [k]1", H1 € [k'] with

H XH, cA .
o 1= "o
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Write k =2, [Kr ; T <w} where k. <k for r <w. Define
+ K+ K
inductively sets D , B ¢ [k'] , A e [k] and y_ ¢ B for r <w
T r r r r
as follows:

By Lemma 4.4 and the inductive hypothesis, choose

Ko +.kt
D e [k] and B € [k ] such that D X B c A .
o o ) o o

By Lemma 3.1 and the inductive hypothesis, choose
K
Ao ¢ [k]" and v, € Bo such that Ab X {yo} g:Ab .

Generally, by Lemma 4.4 and the inductive hypothesis, choose

K

T
D € [Ar—1]

+
. K
. and B« [Br—1 [yr_1}] such that Dr X B E:Ab .

By Lemma 3.1 and the inductive hypothesis, choose

K
Ar € [Ar—1] and v, € Br such that Ar X {yr} _c;:Ab .

Put H_ = U{Dr ; ¥ <w}l and Hy = {yr ; r <w} . Then |Ho| =K

and |H1|=m. Note that if r £ s , then Drx{ys}gDprSc:D XB c A .

= r r= o
And if r > s , then Dr X [ys} g:AS X [ys} ca, - Hence Ho X H] S:Ab ,

and the induction step is complete. This proves Theorem 4.5,

4.6 vCOROLLARY(*). If Cf(xk) = w , then for any p,q <w and any A <K ,

()= (0D ()"
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Perusal of the proofs of the preceding results shows that the

GCH 1is not required for the special case k = w . Thus we obtain

4.7 COROLLARY For any p<uw ,
1,1
()=o)
o Wy w/p

4.8 LEMMA(%) Let k2w and p <w . Take any partition
KX K = AuU(Aﬂ;£<p}.

If there are no sets HO,H € [K]K with H0 X H. < A, then for some

1 1
4 < p there are H ¢ [K]K and g € k such that either H X (a} € A

£
or else (a} X Hea,
PROOF: By an obvious induction. The case p =1 comes as a special
case of Theorem 38(*) of [6].
4.9 THEOREM(%) Suppose Kk 1is singular; let AN <k and p <w . Then
K p 1,1
K AN/p
PROOF: By induction on p . The case p =1 1is trivial, so suppose

the result is true for some q with 1 =2q<w .
We may suppose that Cf(xk) < A <Kk , and that A 1is regular. Put

p = Cf(k) . Choose cardinals KU for o < p such that «k =7, {KU 3 o < P}



and A\ < Kc~< KT < K when o <1 < p . Take any disjoint partition

(2) /<><K+=U[A£;Z§q],

and suppose that whenever 1 5 4 < q then there are no sets H0 e [«1©

and H_ € [K+]%‘ for which Hb X H ]K and

1

H e [«t1"  such that H X H

c A . We must find Ho e [k

1 )/

1 g:_:A.0 .

Suppose that | 1is.regular with p <t <k . Take any
+
A e [K]K and B ¢ [K+]K . Then by Lemma 3.2, there are A¥ g:[A]L

X *
with |A"| £ k and a map £ from A" to the subsets of B such that
H

(3) a e A¥ => a x f(a) QAAb ; |B - U{f(a) ; a € A*}l =K .

. +
Define inductively a ramification system R on Kk of length

p as follows. Take o< p and X ¢ SEQU .  Suppose that S'(X) has

already been defined. If |S'(X)| =k , put F(X) =8'(X) and n(X) =0

If |S'(X)]| = Pl , put n(X) = ¢k and choose R(X) ¢ [S'(X)]K .  Then by
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by applying (3) with A=k, B =8'"(X) - R(X) and = Ky » one can find

K
a set A*(X) c [«] O with |A*(X)| <k , and a map f_, from A*(X) to

X
PB , which together satisfy the appropriate form of (3). Write
A*(X) =(a(Y) ; Y=Xand Y(o) <k} . For Ye SEQG+] such that Y = X

and Y(o) <k , put S(Y) = fX(a(Y)). Define
F(X) = R(X) u (8'(X) - U(S(Y) 3 Y =X and Y(0) <«k}) .

This defines R . Further
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[F| = IR| +, [(8' - R) - U(S(V) 3 Y = X and Y(0) < «}|
*
= |R| 4, |B - Ul{f(a) ; a e A}],
and so |F| =k , by (3). Hence Lemma 1.1(iii) applies to R , so choose

a sequence X € N n SEQp such that S'(X) # 9 . Then for each o< p,

it must be that |S'(X M o) = K+ , and so always R(X ] ¢g) is defined.
Ko Ko
Choose a bijection gX[‘cr from [«] onto [R(X M o)] . Put
g(0) = gy (aX Mo+ 1) ;

K
then always g(o) € [R(X M o)] . Put A= U(aX Po+1) ;3 0 <p} and
B=uU(g(c) 3 c<p} . Then Ace [«]€ and B« [K+]K . Moreover, if

og<T<p then

g(t) cRE M) ccsS'"X M) cSEX Mo+ 1)

However, a(X P o+ 1) XSEX Mo+ 1) g:Ab by (3), and so
(4) c<T<p = a(X[‘cr+1)><g(r)_ng.

The partition (2) restricts to a partition of A X B . Hence by
Ko Ko
Lemma 4.3, there are sets AG e [A] R -BU e [B] and numbers h(o,T) £ q

such that if o<1 <p then A nA =B A B =0, and also
o T o T

= B .
(5) 0T <P = Acr>< T"C':Ah(O"T)

For £ =q, put Ay = {{o,7) € pXp; h(oyr) =£) . Thus

pXp = U[Aﬁ 3 £ £ q} . Apply Lemma 4.8 to this partition of p X p .
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There are three cases to consider.
Case 1: There are H ¢ [p]p , T<p and £ with 1 s £ £ q such that
h(o,t) = £ for all o e H. Put A' = U{AG ; o€ H ; then |[A']| =k,

Y/
the partition (2).

and A' X BT c A, by (5). Since A< KT , this contradicts the choice of

Case 2: There are H ¢ [p]p s, o< p and ¢ with 1 £ £ £ q such that
h(o,7) = £ for all 1 e H. Put B' = U[BT ; T € H} ; then |B'| =« ,

and Acr X B' gAz by (5). Choose q e‘Ag. Then {a} X B' gAz . Further,
there is op <P such that o ¢ a(X | o + 1) . Hence it follows from (4)

that B' < U{g(t) ; T = 0]} . However, this yields the contradiction

wo

k=18"1= Z(le(lsts0)= 2Lk 5ts0)<k.
Case 3: This case must prevail. There are Ko’K1 € [p]p such that
h(og,7) =0 for o€ K and T e¢K, . Put H =yU{A ; ce¢K} and
o 1 o o [

— ° K
H, = u[BT s T € Kl] . Then H_ e [k]™, H

+.K
1 1E[K] , and HOXH]gAO

by (5). Since AN < k , the induction step is complete. This proves

Theorem 4.9.
4.10 LEMMA(%) Let Kk be uncountable with Cf(x) = w . Take p,q < w
with q 2 1 . Suppose for all | « k that

(2)- ()"

Then for all A <k ,
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() -,

PROOF: Let A < k be given. Choose cardinals K. <K for r<w
such that « = 2, {Kr ; T <wl and A< Ko <Ky <oenw Take any partition
(3) kx kT o= U, s L<p T} LU s k<a- ),

and suppose that for all g <« p there are no sets Ho € [K]K , H1 € [K+]K

with H0 X H E:AZ , and also that for all k < q - 1 there are no sets

1

Ho € [K]K , H1 € [K+]% with Ho X H1 Q:Pk . To establish (2) we must find

sets H0 € [K]K , H., ¢ [K+]K such that Ho x H

1 g:Ap

1

From the relation (1), it follows that

COEX@IRCOID I

and so by Lemma 4.4, we obtain, for any <K ,

() - ), (L)

K +K+
Take any r < w and any sets A ¢ [k] and B e [k] . By

(4) and the choice of the partition (3), there are A' , B' such that

K +
(5) A' ¢ [A] Y, B' e [B] , A X B A

Since Kr < K , by (1) and the choice of the partition (3), there are

A" |, B" such that



e e
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" K " Kr 1" Al
(6) A" e [A]" , B" e [B] , A" X B €4,

. . . * K
Use induction over r < w to define the sets Ar e [k],

+
BY ¢ [K+]K , A and B as follows. Put AF = k and B* = K+ . Suppose
r T T o o
* K % + K+
Ar e [«] and Br e [k'] have already been defined for some r < w . By

*
(5), choose Ar and Br+1 so that
K +
. r * *.K . %*
A e [AT] , Br_He [Br] o, Aprr_HgAp.

%
By (6), choose Ar+ and Br so that

1

% %K
Ar+1 € [Ar] s B e [B

Then for all r < w , the following hold:

% % * % * _ *  _ + _ _
Ar+1‘gAr ’ Br+1'gBr ’ IArI =Ko IBrI =K IAr| T Ko IE'r| Ke -
Put A = U{Ar ;3 Y <w} and B = U(Br s T <w) . Then A ¢ [K]K

‘Thus to prove the lemma, it suffices to show
(7) ’ AXB c AP

Take r,s < w. We must show that Ar X BS c A . However, if r £ s then

*
BsngHgBrH , and so ArXBSgArXBr_HgAP. If r > s then

%*
A cA cA , and so A X B C A* X B <A . This establishes (7),
r= 1= s+l r s— s s— p

and completes the proof.



4.11 THEOREM(*) Suppose Cf(k) = w . Then for any p < w
1,1
K K
(o) - ()
kt K /p
PROOF: The case Kk = w 1is a consequence of Corollary 4.7, so suppose

K > w . Then by Theorem 4.9, for all A <k,
1,1
(o) = ()
Kt AP
Repeated applications of Lemma 4.10 now yield the result.

The result of Theorem 4.71 is clearly the best possible, for if

Cf(k) = w then it is easy to see that
K < 1,1
() ()
K+ 17w

There is the following corollary to Theorem 4.11. (Compare with

Corollary 3.5.)

4,12 COROLLARY (%) Suppose Cf(k) = w . Then K+-» 2(K); for any p<w .

+ o+

Thus for partitions of K X Kk , the most simple open questions

are seen to be:

4.13 PROBLEM(%*) Is K+-» 2(K); true if Cf(k) >w ? Is Kk — (K);

true if Cf(k) = w ?

81.
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I cannot answer this problem even for « = w, or K = wy

I conclude this section with a further application of the

relation (1) of Theorem 4.11.

4.14 THEOREM(¥*) Suppose either one of the following conditions is
satisfied:

2
(m K= (K, »

’ 1,1
@ () - (%)
kt K /v

Then the following relation holds.
++ 2,1
b
K K
K K7V

PROOF: For the purposes of this proof, if < 1is an-ordinal number, let

7* represent the ordinal sum 2, (B ; B < v} , with the convention that
0" =0 .

Take any partition [K++]2 x k1t = u(a

£
inductively a ramification system R on K++ of length p = k

s £ <V} . Define

+ , together

with elements x(X),y(X) ¢ K++ ; the latter whenever X ¢ SEQ(I for o such

%
that there is 7y < K+ with ¢ =2y or ¢

*
2-y + 1 , respectively.

n

Choose x(P) € K++ and put F(P) {(x(P)} . Put n(P) = v and
for o < Vv define S({{0,a)}) = K F(P) . For X ¢ SEQ] , choose
y(X) € $"(X) . Put F(X) = {y(X)} and n(X) =v . For o < Vv define

S(X v {({(1,a)}) = S'(X) - F(X) .




Suppose 1 < g < kT , take X ¢ SEQ(T and suppose S'(X) has

already been defined. If S'(X) =P, put F(X) =9 and n(X) =0 .

Otherwise, let ¢' be such that either ¢ =2-¢' or o =2-¢' +1 . Let
v be least such that (7+1)* > ¢g' . Then there is ¢ < y for which

* 3
o' =y +¢ . Consider two cases.

Case 1: ¢ = 2.¢'

83.

If ¢ =0, choose x(X) € S'(X) and put F(X) = (x(X)} ; other-

wise F(X) =P . 1In either event, put n(X) = v and for Y ¢ SEQ0+1 such

that Y =X and Y(o) < Vv, put

S() = (28T ® - F® 5 ((zx P20y P2t + 1) ey )

Case 2: o =2-¢' + 1
If ¢ =0, choose y(X) € S'(X) and put F(X) = {(y(X)} ;
otherwise F(X) =9 . 1In either event, put n(X) = v . TFor Y ¢ SEQO_+1

such that ¥ =X and Y(o) <V, put
S(Y) = {ze8'X) - FX ; ((x(X FZ'C*),X(X I‘Z"'y_*)},Z) € AY(U)} .

Since clearly VvV <k , Lemma 1.1(iii) applies to R . Choose
a sequence X € N n SEQp such that S8'"(X) #90 . For o< K+ , put
%* *
X = x(X M 2-0") and Vo = y(X N 2:¢ + 1) , noting that X and Vs

are always defined. Moreover,

+
(4) H<o<T <K = <{XH’XG}’YT> € AX(Z'(U*+H)+1) ’
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(5) T < <oKL K+ => ({XH’XO'}’yT> € A)((Z'(H*ﬂ))

For suppose L <O < T < kt . Then

y, € FE P20 + Do s'(X M2:7¥ + 1) ¢ SKX N2o(o* ) +2)

and so (4) follows. Similarly, if 1 <p < o <kt , then
x_ € F(X M2oo*y cs@X P2+ 4+,

and so (5) follows.

Suppose relation (1) holds. Define a partition [K]2 = U{r £ <V}

by, for £ <V,

(hol_er, <= X(2-(6F + ) +1) =4 .
Then there is H ¢ [K]K such that for some £ < Vv ,

- 2 %

{u,c}< e [H]” = X2'(c +w) +1) =4 .

Put Ho = {xg ; o € H and H] = [yT s K £ 7T < k*2} . Then by Lemma 1.1(i),

IHO] = |H1| =g , and it follows from (4) that [Ho]2 X H,1 g:Aw . Thus the

relation (3) holds.

On the other hand, suppose relation (2) is satisfied. Define a

partition (K+ -K) XKk =U{~A 3 £ <V} by, for L <V,

(,7) € A, <= X(2- (0" + 1)) = 4
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Then there are K0 e [kt - K]K and K] € [K]K such that K0 X K] E:AY
for some £ < VvV . Put Ho = [xp ; B € KO] and H] = {yT ;3 T € K]} . Then
|Ho| = |H1] = Kk , and it follows from (5) that [HO]2 X H.l g4, . Thus the

relation (3) again holds. This completes the proof.

In the case that relation (2) holds, an alternative proof, similar
to that of the Stepping-out Lemma, 3.4, may be given.

In view of Theorem 4.11, from Theorem 4.14 comes:

4.15 COROLLARY (%) If Cf(k) = w , then the relation (3) of Theorem 4.14

holds for any Vv <uw .

+

Since, assuming the GCH , for any VvV < k' the relation.

KIII - (K+)3 holds, the method of Theorem II.1.7 shows that, for V = K

+H 2,1
® () = ()]
KT K /v

Thus, for a few special cases, a better result is at hand. I do not know if

b

(6) always holds with Pl replaced by K++ .
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CHAPTER V. FORCING WITH A CLASS OF CONDITIONS

This chapter is devoted to a discussion of the forcing technique
of Cohen [3], as applied to the case when the collection of forcing conditions
is a proper class in the ground model. The present formulation was inspired
by a construction used by Shoenfield [20] for a set of conditions. (A related
exposition occurs in Chapter 9 of his book [19].) The resulting construction
is rather different from that of the standard approach (for example [4]) or
from the development through Boolean valued models. The advantages are,
perhaps, not very great (apart from the interest of seeing that it can be
done at all). A few minor simplifications result. The construction will be

used to re-prove, in a common setting, theorems of Easton and Jensen.

§1. The basic construction

Let M be a countable, transitive, standard model of ZF + AC

b

(a CIM. for short). By a class in M is meant a subset X of M such that

for some formula @(v,v],...,vn) of ZF 4+ AC with at most the free variables
shown, and for some a1,...,an e M,
X = {aeM; M| @[a,a],...,an]} .
Let C be any class in M such that ¢ C . Henceforth, the
letters p,q,r,s will denote members of C . They are to be called conditions,

and if p D q then we say that p extends q . Write p ¢ q , and say that
p and q are compatible, if there is r such that r>p and r>Dq .

For a condition p and an ordinal o , put

(), = (xep; rkx) <a} .
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We shall assume that C 1is closed under the operations (°)a , and that
if rk(q) £ o and (p)clg,q then there is r ¢ C such that puqcr .

The following simple properties of (-)a are all that will be required:

(1) P2 (P,

(ii) P29 = O® 2@,
(iii) @ ¢ (@ = po(d
(iv) asp=> ()= UR =®
(v) rk(p) s = () =p ,
(vi) psp=(@}eM .

" 1]

The use of set inclusion to define "p extends q'" and the use
of the rank function in defining the operations (-)OL are both in the
interests of simplicity. The following construction is valid for any pre-
ordered class (with greatest element) of M , provided that suitable
operations (')CL are available. l

Note that although possibly C ¢ M, for all p it is the case

that {qe C; pDq} e M.

Make the definition, for each set x ,
y(x) = sup(rk(y) ; y € Rx} .

For x,y € M and p € C , define a relation ep by:

xe ¥ <=> rk(p) < y(y) and Vq 2 p(rk(q) < y(y) => (x,q) € y) .




Thus if x ep y , then (x,p) € y . And if x €p y and q D p , then

provided rk(q) < y(y) also x eq y . Further, if 9(y) £ « then by

virtue of (v) above, x ep y = X e(P) y . Observe that if x ep y
a

then rk(x) < rk(y) , and so ep is a well founded relation. .

For any non-empty set G c C (where G need not necessarily
be a class in M ), define a relation € by:

X €n y <= 3p € G(x ep y) .

Then again s is rank decreasing, and so well founded.

Collapse the structure (M,eG) to a transitive structure by a

collapsing map 7G , defined by induction on eG : for x e M,

-G -G
x = [y ;5¢, x} .

-G
Put M[G]) = (k¥ ; x € M) , and consider the structure (M[G],e) .

1.1 LEMMA

(a) M[G] 1is tranmsitive.

(b) If pe G, then Mc M[G] .

(e) If pe G, then M and M[G] have the same ordinals.
(d) If Vpe G¥qc p(q € G) , then G 1is a class in M[G]
PROOF:

(a) By the definition of M[G] .

(b) For x € M, define by ¢-induction inside M ,

2 = (s vyex} x{{p; rk(p) = yx)} ,
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so that % € M. Use e-induction to show that % = x . (When there can

:G

be no confusion, I write * for «) So suppose for all y ¢ x that

y=y . Now % =(z 3z € %} = (2 ; 3p € G(z Gp %)} . But if
3p € G(z ep %) , there is p such that (z,p) e 8 and so z =§ for

some y € X . And if y € x, then § € DR and so for any q , it follows
that (¥,q) € 8 provided only that rk(q) = 7(x) . In particular, ¥ eﬁ'ﬁ s
so since P € G the condition 3p € G(¥% ep %) 1is satisfied. Thus

X . Hence % =x for all x € M, and

Mo
Il
~—
<1
e
«
m
b
hand
It
~—~
«
«
m
"
A
Il

thus M c M[G] .

(c) Use eG-indﬁction to show that rk(X) = rk(x) . Now

rk(%) = sup{rk(§) ; y €, x} = sup(rk(y) ;5 y ¢, x} = rk(x) , since
if y € ¥ then rk(y) < rk(x) . Hence if o 1is an ordinal in MI[G] ,
say o =X , then o = rk(x) and rk(x) e M, so a € M. And by (b),
if o is an ordinal in M , then certainly o« € M[G] . Thus, since
"ordinal" is absolute for transitive sets, the ordinals of M and of

M[G] are the same.

(d) For each ordinal o € M[G] , put G(a) = {w € G ; rk(w) <a} .
We show that each G(a) ¢ M[G] . Given o , put
x = {({P»q) 3 ¢ > p and rk(q) <a} , so x € M. Then

V(Xa) = sup{rk(q) ; rk(q) < a} £ o . Hence

z e, x <= 3p e G(rk(p) <o and ¥q 2 p(rk(q) <a => (z,q) € x))

<=> 3Jp € G(rk(p) < o and ¥q 2 p(rk(q) <o =>3r(q D r and z = T)))

It

<=> 3p

m

G(rk(p) <o and Ir(p>Dr and z = T))

<=> 3r € G(rk(r) <o and z =T) .
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The last equivalence uses the condition assumed satisfied by G . Thus

x = {23z € xd} = {% ;3 £ € G and rk(r) < o}

we

= {r ; r e Gand rk(r) <a} .

Hence ia G(a) , and so G(a) € M[G] . It is now immediate that G is

a class in M[G] , since
pe G <> Ju( o is an ordinal and p € G(a) ) .

This completes the proof of Lemma 1.7.

1.2 DEFINITION A non-empty subset G of C 1is called C-generic over M
if

(1) p2qandpe G => qeG,

(2) pP,bq€ G => 3Ir e G(rDpand r>Dq) ,

(3) If X 1is a class in M such that ¥p 3¢ D p(q € X) , then Gn X # 0 .

A class X with the property ¥p 3q D p(q € X) will be called a

dense class.

It is easily seen that (3) of Definition 1.2 is equivalent to:

For all classes X in M there is p € G such that
(3"
peX or Vgop(qé£X) .

This leads to:
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1.3 THEOREM For any p € C , there is a class G c C which is C-generic

over M and has p as a member.

PROOF ¢ Since M 1is countable and the language is countable, the classes
in M can be enumerated, [Xn s n € w} say. Define a sequence of conditions
<pn ; 0 € w) so that P, =P and

. X .
n+1 =P, pn+1 € Xn or ¥q 2 pn_'_](q £ n)

Since either 3q §>pn(q € Xn) or V¥q ;)pn(q £ Xn) , such a p can always

n+1
be found. Put G = {q ; Zn € w(pn'g q)} . Then G 1is generic over M —
conditions (1) and (2) of the definition are immediate, and the p ~were

chosen so as to make condition (3') hold. This proves 1.3.

A class X in M 1is called dense below p , for some p e C,

if ¥q2 p 3r D q(r € X) . Frequent use will later be made of:

1.4 LEMMA Let G be C-generic over M, let p e€ G and let X be

a class in M dense below p . Then Xn G # 9 .

PROOF : The class X' =X v (C- {qe Cj; q¢ p}) is in M, and it is
easily seen that X' 1is dense. Hence G n X' # P , by (3) of Definition 1.2.
From (2) of that definition, it follows that Gc< {q € C; q ¢ p} , and so

GnIX4#9, as asserted.

§2. The forcing relation defined

2.1 DEFINITION The forcing language iM over M - consists of:
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the usual language of set theory (using, say, the logical symbols § , — ,
3, € , = for and , not , there exists , belongs to , equals) together with
constants m for each m € M and bounded quantifiers 3-¢ m for each
meM.

Let C be a class of conditions in M , and let Gc C . Form

an interpretation of iM in M[G] as follows: € is interpreted as ¢

3

= as = 3

=]

as m and Fvem as Ixk(x emand *) . If © is a
sentence of iM , write M[G] } ® if ® 1is true in M[G] under this
interpretation. If & is a sentence of set theory, M[G] | @& 1is to
mean that ® is true in the structure (M[G],e) .

For ® a formula of iM , write &' for that formula of set theory
which results from & by carrying out this interpretation in M[G] . Then
if ®(v) 1is a formula of iM wifh one free variable,
M[G] | ¢'[a] <= M[G] |= (b(g_))' . Hence MI[G] | 3v(d(v)) <=
3aM[e] F ©'[a]) <=> 3a e M(M[G] F (2(a))') <=> 3a e M(M[G] } ®(a)) ,
and likewise M[G] } 3v € a(e(v)) <= M[G] E 3vea@d@'(v)) <=

Ix € a(M[G] F o'[®]) <=> 3x € a(M[G] | o(x)) .
Henceforth, the letters a , b, ¢ will be used to range over M .
A formula ¢ of 'iM will be called bounded if it contains no

occurrences of the unbounded quantifiers 3 or ¥ .

2.2 DEFINITION If & 1is a bounded sentence of iM , define 04(9%) ,
the order of & , by

0d(®) = wz-a + w'B + vy , where

v 1is the number of occurrences of =, § and the bounded quantifiers

3.€

14

in @,
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o is max({rk(a) + 1 ; a occurs as a constant in & }

v {rk(a) ; 3-€¢ g occurs in @ }) ,

1 if subformulae a € b or ga=b or b =a occur in @ with

o = rk(a) + 1,
0 otherwise .

(All logical symbols in ¢ are to be considered as defined in terms of =,
& , and 3-e a for ae€ M. Both € and = are to be taken as primitive.

2 s
Here w is ordinal exponentiatiou.)

2.3 DEFINITION For a condition p , define O0d(p) , the order of p ,
to be
2
0d(p) = w - rk(p) .
2.4 DEFINITION If ® 1is a bounded sentence of- iM and - p e C,

define p | ® , p_forces ® , by induction on max{0d(p),0d(®)} + 0d(®) ,

in the following manner:

(1) plFach <> p|f Ivebdiv=29,

(2) plr a=p <= plll— (Vv e a(veb) § Vebvea),
(3) p | 3v e a®w)) <=> 3b 3qc pb € @ and p |F ®(b)) ,
(4) P -® <=> V¥q ¢ p(0d(q) £ 0d(®) => not(q [ @)) ,
(5) plf 24 ¥ <=> p| ®andp |} ¥

-
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Godel number the language iM in some reasonable manner. Then
the set of (Gdédel numbers of) constants of iM is a class in M , the set
of (Gédel numbers of) formulae of iM is a class in M, and so on. Then
for bounded sentences & of iM , the relation 0d(®) = 3 can be expressed
inside M . Further, ({p,®) ; max{0d(p),0d(d)} + 0d(®) < 8} 1is a set in
M . Thus the whole Definition‘2.4 can be given inside M . Hence there is
a formula H(vo,v]) "of set theory. such that, for bounded sentences & of
L and p e C ,

M
plF o <> Npo <= T(p,0)

For a more detailed discussion on this point, see for example [8].

2.5 LEMMA If ® 1is a bounded sentence of iM‘, then
plf andq2p => q | @ .

PROOF: By induction on max{0d(p),0d(®)} + 0d(d) , as in Definition 2.4.

All cases are clear.

2.6 LEMMA If ® 1is a bounded sentence of £M with 0d4(®) < wzo(a+1) ,

then

plIF @ <= (P)a F o .

PROOF: By induction, as in Definition 2.4. Cases (1), (2) and (5)

are immediate. Case (4) is also simple: if 0d(md) <« wzo(a+1) then
also 04(9) < wz-(a+1) . Thus if 0d4(q) = 0d(®) , then rk(q) £ o and so
in view of properties (i), (iii) and (v) of (~)a , it follows that

qop <> qo (P)a . Case (4) is now obvious.
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Suppose ® is 3v € a(¥(v)) . Then wz-rk(a) £ 0d(?) < wz-(aﬁq) s
so that rk(a) £ o and hence y(a) £ o . Thus if b eq a , also
b e(q) a . Together with properties (i) and (ii) of (-)a and the
a

inductive hypothesis, this yields the equivalences:

plF ® <> 3b3q(p>q and b eq a and p | ¥(Db))

<=> EIb'EIq((p)a'E}(q)OL and b € a and (p)OL IF ¥(b))

(q),
<=> o .
@ I
This completes the proof of 2.6.
2.7 LEMMA If ® 1is a bounded sentence of iM , then

plf & <=> ¥q 2 p(not(q I @))

PROOF: Suppose first that ¥q D p(not(q | ®)) . Take any q ' compatible
with p , so there is r which extends both p and q . Since r extends
P, then r does not force & . However, if g w ® then by Lemma 2.5,
also r || ® . Thus no q compatible with p can force & . Hence, it
follows that p |f 2 0 .

. On the other hand, let 0d4(®) = wz-a + w'B + ¥ , and suppose
plf ™ @®. Since Od((qhg éu?'a,é 0d4(®) , it follows from (4) of
Definition 2.4 that ¥q ¢ p(not((q)CL F ) . Then Lemma 2.6 yields
that ¥q ¢ p(not(q | ®)) , and so in particular, ¥q 2 p(not(q - 2»

This proves 2.7.
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The definition of forcing has now to be extended to cover also
unbounded sentences @ of iM . A finite number of applications of the

following rules reduce p || & to q |f ¥ where ¥ 1is a bounded formula:

(3") p | 3veal@®w) <= 3Ib3qc p €q @ and p | o(b)) ,

(4") Pl ~® <= ¥q2p(not(q [ 2)) 5
(5") Pl & ¢ <> p| ¢ andp|- 9,
(6") Pl 3v(@(v)) <=> 3b(p | o)) .
Take p |- ® to be that formula which results after the successive

reductions have been carried out. Then for any fixed unbounded sentence @

of iM , there is a formula H®(vo) of set theory such that, for p e C ,
<= = I .
PlF o <> T <> @),
2.8 LEMMA For all sentences & of iM ,

p|F andq2p => ql| 0.

PROOF: It is clear that the lemma holds over the reductions in rules
(3'")-(6"'") . Once a bounded formula is reached, Lemma 2.5 applies to give
the result.

2.9 LEMMA For all p and @ , not both p |- ® and p | =& hold.

PROOF: Immediate from rule (4') and Lemma 2.7.
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2.10 LEMMA Let ® be a sentence of iM , and let G be C-generic

over M . Then there is p ¢ G such that either p |} & or p | -~ 0.

PROOF ¢ By property (3) of Definition 1.2, it suffices to show that
D={peC;pl| ®©orpl- =0} is a dense class in .M . Certainly D

is a class in M . And if q € C , then by whichever of Lemma 2.7 or

rule (4') applies, either q | = & or there is p D q 'such that p | @ .
In either case, there is p > q with p e D, so that D 1is dense.

Lemma 2.10 follows.

The forcing relation may be used to discover properties of the

set M[G] . The following theorem, the Cohen Truth Lemma, shows how.

2.11 THEOREM Let M bea CIM, let C be a class of forcing condi-

tions and let G be C-generic over M . Then, for all sentences @ of

iM R
M[G] F @ <=> 3peG(p | O .
PROOF: By induction on 0d(®) if @ 1is bounded, and if & is unbounded

by induction on the number of applications of rules (3')-(6') required to
reach a bounded formula. Cases 3 and 6 below depend on remarks made at the

beginning of this sectiom.

Case 1: M[G] F ‘aeb <=> M[G] |- ac b <=> M[G] F 3x € b(x = a)
(since M[G] is transitive), <=> M[G] } 3v € b(v = a)
<=> 3p € G(p |F 3Iv € b(v = g)) (by the inductive hypothesis),

<=> 3peG(p| aebh) .
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Case 2: M[G] }F a=Db <= 3peG(p|- a=b>b), similarly.

Case 3: M[G] | 3v e a(0(v)) <= 3x € a(M[G] F &(x))
<=> 3x 3q € G 3r € G(x €q @ and r | ®(x)) (by the inductive hypothesis),
<=> 3dp € G 3x 3q(p 2 q and x €, 8 and p |[F (%)) (using (1) and (2) of

Definition 1.2 and Lemma 2.8), <=> 3p € G(p |- 3v € a(e(v))) .

Case 4: M[G] |- = ® <=> not(M[G] | @) <=>Vp € G(not(p || ©)) (by the
inductive hypothesis). However, if ¥p € G(not(p | @)) then

3¢ € G(q || = @) by Lemma 2.10. And if 3q € G(q | =1 @) then

¥p € G(not(p |F ®)) , for otherwise, in view of Lemma 2.8 and Definition 1.2(2),
there is r € G such that r | ¢ and r | =0, in cpntradiction to

Lemma 2.9. Thus M[G] f = & <=> 3q € G(q W -1 ®) , as required.

Case 5: M[G] } ® & ¥ <=> M[G] |- ® and M[G] } V¥
<=> 3peG(p|f @ and 3q € G(q |F ¥) <=> 3r e G(r | ® and r || ¥)

(using Lemma 2.8 and Definition 1.2(2)) , <=> 3r e G(r f ? & Y¥)

Case 6: M[G] } 3v(e(v)) <=> 3IbM[G] } @(b)) <= 3b 3p e G(p || 2(b))
<=> 3p e G(p |- 3Iv(a(W)))

This completes the proof of Theorem 2.11.

§3. The axioms of set theory in M[G]

In this section, it will be shown that, under certain hypotheses,
the set M[G] for a generic class G forms a model of ZF + AC . This
cannot be shown in general, but certain further restrictions have to be
imposed on the class of conditions. A little further progress can be made

before this becomes necessary, however.
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So let M bea CIM, let C be a class of forcing conditions

as in §1 , and let G be C-generic over M . For this section, let also

X,y , 2 aswell as a, b, ¢ ,... range over M. Then X, a ,...

range over M[G] .

Since M[G] 1is transitive, the axiom of extensionality is
satisfied in M[G] . Since M[G] 1is a set, it is well founded and so
the axiom of regularity is true in M[G] . The axiom of infinity holds

since w € M[G] , for w e M and Mc M[G] .

3.1 THEOREM If ®(v) 1is a bounded formula of" iM , then the subset

axiom corresponding to &'(v) is wvalid in M[G] .

PROOF: We need to show:

Va 3z ¥®x(X ¢ z <=> x € a and M[G] |= @'[x])
Given a , let § be least such that
w D =2 max[wz-y(a), sup(0d(®(x)) ; x € Da}} .

Then & € M, since both a and Da are in M . Put

N
Il

({x,p) 5 3acp(xe a) and rk(p) =5 and p [t 2(®)] .

Then z € M . It suffices to show that z is the required set.

Suppose X € z 3 to show % ¢ a2 and M[G] | &'[x] . It is

sufficient to show that if x e,z , then x €, a and M[G] } o(x) .
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, SO in particular

If x €c 2 > there is p € G such that x ep z

(x,p) € z . Thus p | &(x) and x €q @ for some q < p . But then
also q € G . Hence x €; @ and, in virtue of Theorem 2.11, also
M[G] | 2(%)

Now let % ¢ a and M[G] F &'[X] , so we may suppose that
X eG a and M[G] | @(g) . Thus there is p € G such that x ep a
and, again by Theorem 2.11, there is q € G such that q | @(x) . Take
r € G such that r extends both p and q , and comsider r' = (r)6 .
By Lemma 2.8, r | &(x) . Now since x ep a it follows that x ¢ Da , -
and so 0d4(®(x)) < wz-(6+1) . Hence r' | @(x) , by Lemma 2.6. More-
over, rk(p) <® since x ep a and y(a) £5 . Sincg r>p, it follows
that r' = (r)6 _:_3(p)6 =p . Thus r' | &(x) , rk(r') =% and

dJpcr'(x ep a) ; in other words, (x,r') e z .

Further, if s D r' with rk(s) < y(z) then also s D p and
s | @(x) . Since 9(z) = &+l , also rk(s) =& , so that (x,8) € z .
Hence x €, z . Since r e G and r>r', also r' ¢ G . Thus
X €.z, 80 X € z as reéuired. This completes the proof.

3.2 THEOREM The axioms of pair set and union set hold in M[G] .

PROOF: To establish the pair set axiom, let x and y be given. We

must show that (%,y} € M[G] . Define

a = (x,y} x {#},

so aeM. However, a = {x,y} , for
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Zeca <=> z € @ <=> 3p e G(z ep a) <= z e (x,5} ,

using that P ¢ G . Hence (X%,y} ¢ M[G] .

For the union set axiom, in view of Theorem 3.1, it suffices to

show:

va 3b Vx(3y € a(xey) => X e b) .

Given a , suppose X is such that 3y € a(Xx € §) . Then we may as well
suppose 3y o a(x S y) , and so 3y 3p € G 3q ¢ G(x ep y and y eq a) .
Hence x €D(UDa). Put

b = D(UDa) X (H} ;

then b € M. Moreover, b has the required property, for

X e b <= x € D(UDa) .

This completes the proof.

3.3 THEOREM Suppose that the replacement schema holds in M[G] . Then

also the axiom of choice is valid in MI[G] .

PROOF: It was shown in Lemma 1.1 that G is a class in M[G] . Thus,
using the replacement schema, a :C may be defined inside M[G] much as
before:

if u,v € M[G] and p ¢ C , define in M[G]

-
ue v <=> rk(p) < y()) and ¥q D p(rk(q) < y(v) => (u,q) € v) ,
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u €G v <=> 3dp e G(u ep v) ,

v o= (u ;u € v} .

Then if v ¢ M, this gives the same result as before, since if v e M
and u eG v then u e Dv, so that ue M.
Now take a € M[G] . Every member of a is X for some

x € Da . However, Da 1is well ordered in M Dbecause the axiom of

choice holds in M . Since M c M[G] , this well ordering in fact lies
in M[G] , so Da 1is well ordered in M[G] . Thus & can be well ordered
in M[G] , since a 1is contained in the image of Da under o , and *

can be defined in M[G] . This establishes Theorem 3.3.

In order to establish the truth of the power set axiom and the
replacement schema in M[G] , further restrictions have to be imposed on
the class C of conditions. The remainder of this chapter owes much to

lectures by C.C. Chang [2].
Henceforth, let C have the following properties (a)-(d)

(a) For all ordinals v in M , there are operations -« 7|v and

-Jdv on C which are M definable, and satisfy
(1) p=pdveriv; plvapiv=20,

(ii) p=Ulp; ; 1eI} => plv=uUlp,7lv; ieT} and

pJV=U{piJV;i€I} ,




(iii)

(iv)

(v)

(vi)

(b)

(e)

ver = (pdr)Jv=pJdvand (pIV) lr =p 7,
V<t = plvg plrandplrcpiv,

if (pT ;3 T <o)y 1is a sequence from C such that

v<r<c=>pT2pv’lv, then U(p,Tv; v<oa}eC ,

Iq(qJv>opTv) .

For all g e M, {(pJdla; peC} eM.

There is a function class F definable in M which maps the
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ordinals of M into the infinite cardinals of M , and has the properties:

(1)

(ii)

(iii)

(a)

a £ F(a) 3 a<B =>F) <F(@PB) ;

a=Ux >0 =>F(a) = 2 (F(B) ;

if bc (p 1o ; pe C} is a paimise}rﬁompatible set having,

in M , power at most F(a) , then Ub € C,

if o 1is not a limit ordinal greater than 0 , then

{pda ; p € C} satisfies,in M , the F(a)t-chain
n

condition, i.e. every set of pairwise/Fompatible ele- .

ments from {p Ja ; p € C} has cardinality strictly

less than F(q,)+ .

If two conditions p and q are compatible, or if p =1p Jo:.

and q=q18 where o <B , then pug¢€C.




The p7lv and pJv divide each condition p into diéjoint
sections, the 'part above V" and the ''part below V' . Property (a)
is of local nature. It provides that the sections should fit together
smoothly. Property (c), on the other hand, imposes global restrictions

on the sections.

The result of imposing these added properties on the class C
of conditions must now be investigated, unfortunately at some length.

The following definitions are needed.

3.4 DEFINITION For pe C and ® a sentence of iM , say p

decides @ , and write p || ® , if either p | & or p b = O .

3.5 DEFINITION For any condition p , any subset A of C and
any set  of sentences of iM , say p and A Eredecide‘ Q , and

write p:A|F Q , if

Vg2 pVdeQ3reAl(r 6 q and r v p| @

Thus for any ® € © , if for some rq® 2 p it is the case that
dg | ® then there is r, € A such that rj v p decides @ in the

same way as q® . Note that since r ¢ q and q2>p, also r ¢ p so

that by (d) above, r v pe C .

For any Bc C, put Bl a={pd o« ; p € B} and

Bl a={p7] as; peB}.

104.
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The next three lemmas take place inside M .

3.6 LEMMA For o mnot an infinite limit ordinal, p a condition and

® a sentence of :ﬁM , there are ¢ D> p and ac CJa such that

lal] = F(a) 3 qda=pda ; qia|= (2} .

PROOF: Take b < C maximal with respect to the properties:
(1) reb => r| o
2 \
(2) {r,s} € [b]” = (ra>sNaor sJa>rJa) and not(r Ja ¢ s Ja) .

Since C Ja satisfies the F(a)+4chain condition, it follows from (2)
that |b| £ F(a) . Since B la is pairwise compatible, U(bJa) € C
by property (c,ii). Take qq € C 1o = such that 9q 2 U(bla) , as given
by (a,vi). Put q =pu 9 » 80 g Ja, = pJa . The result will follow

if it can be shown that q: b Jo |F (0} .

Take any r 2 q and seek s € b Jo such that s ¢ r and

svugql ®. Wemay assume r | & , for always there is r' 2 r such that

r' || &, and if s' € b Ja 1is such that s' ¢ r' and s'u q | @, also
L]

s' ¢ r. Note that r7]o £ b7le , since r'loa;:‘q’]cx_;}q1 and q1 was

chosen so that q, > q' for all q' ¢ b7a .

If r o € bla then putting s = r Ja gives the result. For
then certainly s ¢ r . And there is q' ¢ b such that r Ja = q' Jo ,

so since qJa © q'“Ja it follows that s v q D q' ; yet since q' € b
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then q' || ® in virtue of (1). Thus s v q | @ , as required.

On the other hand, suppose r Ja ¢ bla . As above,
rla>tJo for any t € b . Since r ¢ b, by the maximality of b

there must be s' € b for which ra ¢ s' Ja . Then r ¢ s' Ja .

Further, s' | ® because s' ¢ b , and so since

s' Ja vugqg2s'Ja v q, 2 s' , in fact (s'Ja vq) || @ . Hence taking

s = s' Ja satisfies the requirements. This completes the proof.

3.7 LEMMA For ¢ mnot an infinite limit ordinal, p a condition and
8 a set of power at most F(a) of sentences of £ , there are q D p

and ac Ca such that

la] £ Fla) 3 qda=pda 3 qraf o .
PROOF ¢ Well order Q as [<I>V s V< F(a)} . Use transfinite
induction to find for each V¥ < F(q) a condition q, DO p and a set

a, & CJa with Iav| £ F(a) , which together satisfy

qVJa = pda q,ta,, I {q’v} 5 TEVE=4q,249 -

T

we

To find 4, and a s apply Lemma 3.6 to p and <I>0 .
Suppose q, and a have been suitably defined. Apply Lemma 3.6 to

q_ and CDT to find q' 249 and a' ¢ C o with |a'| s F(a)

+1
1 - = Uon!
such that q' Ja q. de=pda and q':a' |F {@T_H] . Thus take

and a =a' .

Qo T 4 T+1
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If 7t =Ut >0 where qa and a have already been defined
for all o<1 , put r = U[nga s 0 <71} . By property (c,ii) of C ,
it follows that r ¢ C . Apply Lemma 3.6 to pJo ur and (D'r , to
produce q' 2 pJa ur and a' c CJa with |a'| £ F(a) such that
q'Jo = (pla vr) Ja =pJa and q':a' | {(DT} . Moreover, if o< 1
then q¢'2pJa vr2pdla u qo_’la.= a4, and so we may take q. = q'

and a_ = a' . This completes the definition.

Now put s = U[qvﬂa s Vv < F(a)} , so again by (c,ii), s e C.
Define q =pJa vus and a = U{av 3 V<F(a)} ; then q and a have
the required properties. Clearly ac CJa , and also |a| = F(a) . If
V< F(a) , then g2 pJa v qv’la =q,2p, and qle =pda . And if
r o q then for any CDV R sincevalso r24q, there is s' ¢ a, such
that r ¢ s and s'wu q, I o, . But s'ugos'vu q, and so also
'

s'u q| ®, . Thus there is s' € a such that r ¢ s' and s'uq[]@v.

Heunce qsa “= Q@ . This concludes the proof of Lemma 3.7.

3.8 LEMMA For o a non-zero limit ordinal, p a condition and @
a set of power at most F(a) of sentences of ;CM , there are q D p

and ac CJa such that

la] = F(a) 3 q:a |F Q.

PROOF ¢ By virtue of property (c,i) of F , write Q = U[Qv s V< al
where |QV| s F(v) for each VvV <o . Transfinite induction will be

used to find for each VvV < o a condition q, and a set a, & CJv+1

with q_ 2p and Iavl < F(Vv+1) , which satisfy
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quV c pJdo uU{qT’lT s T <V},
T<V 2> q,2q 0,

q,:a,, = e, -

To find q and a s apply Lemma 3.7 to p and Qo . Suppose
q; and - a. have already been suitably defined. Apply Lemma 3.7 to q,
and Q"L"’H to obtain q' D q, and a' ¢ C 7+ with |a'| £ F(t+1) such

that q' Jt+1 = qT‘ITH and q':a' |F QT-H . But now by properties (a,i,iii),

qg' Jr+1 = (qT/IT)JT+1 unJT c pdo uU[qU’Icr; o< TH} .
And if o < 141 then q' D qT o qo_']d , using (a,i) when o =7 . Hence
. . r = 1 = 1] .
it suffices to define qT_H qg' and a1 a

If 7 =Ut > 0 where q(T and a have already been defined

for all o <1, put

%
q'r = pdo uU[qc’]c s 0 < T} .

Then qj € C, by propertie‘s (agv) agd (d). Apply Lemma 3.7 to qi

and Q'r , noting that |QT| S F(t) < F(t+1) . This yields q' 2 q’;

and ac CJt+l with |a| = F(t+1) , such that q"\lT+'I =’qi_€~l'c+1» and

q':a' = 9_ . But then q'J7 = qt\lf c qt =pdo v U[qg’lcr‘; ¢ <1} -

And if o<1 then q' 2D q’;g qo_’lcr , by the definition of qi . Thus
' '

qT = q  and aT = a is a suitable definition.

By another application of (a,v), if
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%
¢ = pJovulg,Tv; v<al,

% %
then q¢ € C. Also ¢ ngquoﬂong0up'10=p. Further,

. 5 .
if VvV <qa then ¢ 24, , since

fia]
Il

v qV’Iquv\]V c pJOuU[qTIIT;Tév] c q .

U[av s V<al , so a*gCJa and

|a¥] = ¥ (F(v+1)

. *
Define a

vV <a} = F(a) . Finally, we show q*:a* H= Q.

wo

Take rDq° and ® e © , and seek s ¢ a* such that s ¢ r
and s v q* || ® . There is VvV <o with o € Qv . Since r > q* , also
r2gq, . Because q,:a, IF Q, » there is s ¢ a  such that r ¢ s and

*

suvgq, || ®. But them also s v q* | ® . Thus the choice q = q° and

v

a = a* suffices to establish Lemma 3.8.
These lemmas combine to yield:

3.9 THEOREM Let G be C-generic over M for a class C satisfying
the conditions (a)-(d). For any set Q ¢ M of power (in M) at most
F(a) of sentences of ifM , there are p e G and acg CJla with

lal] £ F(a) such that p:a |F Q.

PROOF ¢ Lemmas 3.7 and 3.8 imply that
{q 3 3ac Cla(lal s F(a) and q:a [F @}

is a dense class. It is definable in M , so the theorem follows from

property (3) of a generic class.
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This theorem is fundamental to the next two lemmas, which are

aimed directly towards establishing the replacement schema.

3.10 LEMMA Let G be C-generic over M for a class C satisfying

the properties (a)-(d). For any formula &(v,v °’Vn) of £ and any

1°°° M

a € M, there is b € M such that

M[G] | Vv V€ g(Ev(@(v,vl,.,.,vn)) <=> 3v ¢ b(@(v,vl,,,u,vn))) .

1"

PROOF: Only the implication from left to right need be established. Let

a and & be given. Put

Q = ("3v(®(v,§1,...,§n))“ 3 XiseresX € Da} ,

-I,
where "¥" is (the Godel number of) the formula ¥ , considered as an
object in M. Then Q € M, so by Theorem 3.9 there are p € G and
Ac C, with Ae M, such that p:A [ Q.

For x X € Da and r € A, make the definition:

1
FQ(X],..a,xn,r) is the least B for which there
is x with rk(x) = B such that rv p | ®(§,§1,.@,,§n) s
provided rv pe C and rup | 3v(®(v,§],...,gn)) :

otherwise F®(x1,...,xn,r) =0 .

Since if q | 3v(@(v)) , then q |} ®(b) for some b , it

follows that Fp 1is well defined. Put
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5 = sup[Fq)(xl,...,xn,r) I STRRTTE S Da and r ¢ A} ;
then it follows that & € M . Define also
b = ({x; rk(x) < 8} x {p} .

Then b € M. If for some KiseeesX € Da and some r € A,

rvp | EIv((D(v,g_c],...,gn)) then rou p |- ®(§’§1"’”’§n) for some

x € Db . Moreover, if x € Db then x el) b, and rup>2p so 'vthat

in this case rwuv p H— v e Q(@(v,gl,...,}én)) . Thus . b has the property:

for all x],...,xneDa and all r ¢ A,

rupeCandrvoplf 3v(®(v,§],...,§n))
= ruopl EIveQ((I)(v,gg],... x)) .
..,%_ ¢ a are such that Eli(M[G] = o'[%,%

s P E D

Suppose X
where we may as well assume that xl,.,.,xn € Da . By Theorem 2.11, there
is q € G for which q |f EIV(CI)(V,;__{],...,gn)), and we may suppose that

qg2Dp . It is sufficient to show
(1 vr 2 q[oot(r [F 2(3v € b(O(v,x,5--455 )],

for then there must be r € G with r D q such that
r | 3ve B(®(V,%;5---,))) - But then 3% ¢ b(M[G] k LANE S SRR N

and this leads to the desired result.

To show (1), take r D> q . Then r D p , so since p:A | Q

and "3Iv(®(v,x ,e.o,gn))" is in Q , there is s ¢ A such that r ¢ s

1
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and s u p ” 3v(®(v,§1,...,§n)) . Now q ¢ s since r ¢ s and r>2q,
and so q ¢ (s v p) . However, q |- 3v(®(v,§1,,..,§n)) , and so by
Lemmas 2.8 and 2.9, it cannot be the case that

svplf 'ﬂ(3v(®(v,§],...,§n))) ; hence s v p |- 3v(®(v,§1,...,gn)) . By
virtue of the property enjoyed by b , this means that

svpl|F 3ve p(@(v,g],...,gn)) . Since also r ¢ (s v p) it follows
that it cannot be the case that r | —(3v ¢ p(@(v,§1,...,§n)) . This

proves (1), and completes the proof of Lemma 3.10.

3.11 LEMMA Let C have the properties (a)-(d); let G be C-generic
over M . For any formula ®(v1,...,vn) of iM and any a € M there

is a bounded formula ®o(v1""’vn) such that

oas ‘oo => .o .
M[G] } VV1, V€ Q(Q(V1, ’Vn) < @o(V1, ’Vn))
PROOF: By induction on the complexity of ® . Only the case when @
is 3v(¥Y) requires comment. However, given a € M, use Lemma 3.10 to
find b e M such that

M[G] F Vv],...,vn € g(@(v],...,vn) <=> 3v ¢ p(T(v,v],,.,,vn))) .

Choose ¢ € M such that ¢ = au b . By the inductive hypothesis applied

to Y(v,v1,,,.;vn) , there is a bounded formula To(v,v .,vn) -such that

17"

M[G] [ Vv,v],...,vn € g(Y(V5v1,...,vn) <=> Yo(v,v1,.eu,vn)) .

In particular, for all i]""’in € a,

-
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M[G] O [&y,enesk ] <> 3Eoe b(M[G] E w'[i,i1,e.,,in])
- % b [ S

<=> 3% ¢ b(M[G] E Yo[x,x1,...,xn])

Hence 3v € p(To(v,v1,...,vn)) is a formula with the desired property.

This proves 3.11.

3.12 THEOREM Let C rejoice in the properties (a)-(d) ; let G be
C-generic over M . Then the replacement schema holds in M[G] .
PROOF ¢ Let &®(u,v) be any formula of set theory. It suffices to show:

va[vk € a 3¢ Vy(@

e ® >V €D

= 3b Vy(3k € a(®M[G](i,y)) <= yeb].

Let a be given, and suppose ®(u,v) 1is such that
¥X € a 3¢ V&(@M[G](i,§) => 9y ec) . By Lemma 3.10, choose 2z with the

property

Nt

¥ ¢ al[3c V&(@M[G](i,y) =y ec) <> IJce V§(®M[G](i,§) =7yec] .

Thus we have V% € a 3¢ € z V&(@M[G](2,§) = Yy ec). Inview of Theorem 3.2,
there is b' € M such that b' = Uz . Hence for all y , it follows that

3% e a(d (%,5)) => 75 e b' .

M[G]

By Lemma 3.11, there is a bounded formula V¥(v) for which

- T - - - - — - )
V¥ € b'(3% € a(@M[G](X,Y)) <=> YM[G](y)) . Apply the bounded subset

schema, Theorem 3.1, to V¥(v) and the set b' to obtain a set b such

that
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Vy(y e b <=> J e b' and ‘YM[G](SI)) .

This b is the set required, for if ¥y € b then YM[G](ﬁ) and § € b' ,
so that 3x € a(@M[G](x,y)) ; on the other hand, if 3% ¢ a(@M[G](x,y))
then ¥ € b' , and so YM[G](§) , with the result that y € b . This

completes the proof of Theorem 3.12.

3.13 THEOREM Let C enjoy the properties (a)-(d); let G be C-generic
over M . Then the power set axiom is true in M[G] .
PROOF: Let a be given. We must find b for which

Xca => Xeb.

Put w={yeM; rk(y) <rk(a)} , so w e M and hence also 'w € M[G] .
For each x , put Q= ("z e ¥"' ; z € w} , so always Qx e M. By
Theorem 3.9, there are p_¢ G and A e M for which p_: A [ Q_ .

X X x X x
Further, there is B € M such that always A c C JB. Put A=CJ B

by virtue of property (b) of C , then A e M. Moreover, p_: A lE a

for all x .
Make the definition

K(u,x) <=> dpeGp|- xcaandp: Al Qx and

u={{r,z) e AXw;ruvpl

N

€ x}) .

Then if X c a , there is u e M such that K(u,x) . For if xc a
by Theorem 2.11 there is q € G such that q |- g < g , and q may be

chosen so that ¢ ggpx . Put u = [(r,z) e AXwjirvug w 2 €

W
—




them ue M and K(u,x) .

Also, if K(u,x) and K(u,y) then Xxca and x =7y . For
if K(u,x) and K(u,y) , there are p,q € G with the appropriate prop-
erties for x and y , respectively. Then p |- x<ca, and so Xca .
Take z € X . Then z € a3 3 hence 2z € Da and so rk(z) < rk(a). Choose

r € G such that

r2pq 3 tlzex 3 rfzey.

Since rDp and p : A |E 0, » there is s ¢ A such that s ¢ r and

supl| zex. Hence s up| zex, and so (s,z) € u . But since

P

m

K(u,y) , it follows that s v qyﬂ- zey. Now r| zey, sosince

r ¢ s vq it must be the case that r w ze€y. Thus 2z ey, and so

M1
M1

cy . Similarly, y c x . Hence =y as claimed.
Let k be defined by
k = {x; Ju(u e PM(A X w) and K(u,x))} .

Since G 1is a class in M[G] , it follows that K(u,x) can be defined. in

M[G] . Further, PM(AX w) ¢ Mc M[G] ; (P

M is the power set operation

in M). Hence, it follows from the replacement schema in M[G] that
k € M[G] . However, from the remarks above, we have that if X g a then

% € k . Hence the power set axiom holds in M[G] .

Thus, whenever the class of forcing conditions satisfies the
properties (a)-(d), M[G] for any C-generic class G over M 1is a
model of ZF + AC . The assumptions (a)-(d) have further consequences

in such a generic model, as the following two lemmas show.
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3.14 LEMMA Let C have the properties (a)-(d); let G be C-generic
over M . For all limit ordinals o e M, if (Cf(cr))M > F(a) then also

(C£(0)) > F(a) .

M[G]
PROOF : Suppose (Cf(c))M > F(a)) , and let f be a function in M[G]
mapping F(o) into o . We must show that URE # o .

Let f e M be such that f = £ . By Theorem 2.11, there is
p' € G such that p' |} (f is a function mapping Fzg) into g ) .
(Of course, here and henceforth, this means p' |- ¥ , where V¥ is the

appropriate formal sentence of £ .) Put

=

9 = ("WeER =" ;e FO),

so eM and M E (|Q] = F(a)). Hence by Theorem 3.9, there is p € G

and ac C with |a| £ F(a) in M, such that p:a [F @ .

For r € a and ¢ € F(a) , define a function g by

least ¥V < o such that r u p ”— f(i) =% , if there is

such a V j;

g(r,7) =

0 otherwise .

Then ge M. Since M F (|la X F(a)| = F(a) and C£f(0) > F(a)) , if
® 1is defined by

8 = U(g(r,1) 3 r e aand 1 € Fla)} ,

then ® € M and in fact & < o . We shall show
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(1) V1 ¢ F(a) ¥V(d = v <o => M[G] E £(1) # V) ; :

from this it follows that M[G] F URf # ¢ , and the lemma will be proved.

Suppose there is 7 € F(o) and VvV with 3 £ Vv < ¢ such that
M[G] |= £(7) = v . Then there must be q ¢ G for which q |} £(§) =7,
and we may suppose that q 2 p',p . Thus also q |t (£ is a function).
Since p:a |F Q , there is r € a such that r ¢ q and
rvpl 3ved@®E =v) . Now q | £(3) =9, and Ve, T, so that
q |F 3v e G(£(%) = v) . However, q 1is compatible with r v p , and so
ruvpl| 3vedg#®E) =v) . Thus by Definition 2.4, r v p |f f(ﬁ) =9
for some V < o . Hence by the definition of % , there is 7y <& such
that r v p [} ﬁ(i) =% . But now, ruv q| (ﬁ(i) =9 and f(f) =7
and f is a function), since q D p . Hence if H 1is any generic class

with ruvuqeH,

-H o H -;H
M[H] |= (f(t) = v and £(7r) =y and f is a function)
Thus v = y . This is impossible, however, since Y <® and 5 = V<o .

Thus (1) must hold; and the proof is completé.

3.15 LEMMA Let C rejoice in properties (a)-(d) , let G be C-generic

°

F(a)
over M . Then (IPF(a)I)M[G] s (JCda X Fla)| )M
PROOF ¢ Given o , put w = {x € M ; rk(x) s rk(CJa. X F(a) X F(a))} ,
so w € M by virtue of property (b) of C . Thus also w € M[G] .

For pe€ C and uc C, for each x define
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gx(p,u) ={(r,r)euxF(a);rupeCandrupH—"E‘e;é],
so if u e M then always gx(p,u) e M. Put also
o, = ("ex";1eF)},

so @ €M and M E |9X| = F(a) . Define

K(x,y) <=> 3IpeGIugCla(uew and p:u . and y = gx(p,u)

and 3f € w (£ 1is an injection from u to F(a))) -

Then if X c F(a) , there is y e w with yc Cla. X F(a)
such that K(x,y) and M F |y| £ F(a) . For, by Theorem 3.9, there
is pe G and ac CJ o with |a| 2 F(a) in M for which pra | Q-
But then if y = gx(p,a) , it follows that K(x,y) and y has the other
properties mentioned.

Further, if X,%' ¢ F(a) are such that K(x,y) "and K(x',y) ,
then X = X' . For suppose K(x,y) and K(x',y) , so there are appropriate
p,p' € G and u,u’ ¢ Cd @ for x and x' , respectively. Let T € X .

Choose q € G such that

a2pp 3 affTex 5 afTex .
Since q 2> p and p:iu ”: QX , there is r € u such that q ¢ r and
purl| Te€x. Because q ¢ pur and q F 7 e x, it must be that
purl| Tex, and so (r,7) €y . But then rup' | T ex', since
also y = gx,(p',u') . However, q ¢ r u p' and q was chosen so that
]

q]l T ex'". Hence q|f Tex', and so 7 e k' . Thus Xxcx', and

similarly %' < x .




Now define

k = {{(x,v) ; X< F(a) and vc Cla. X F(a) and K(x,v)
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and 3f € w(f 1is an injection from v to F(a))} .

Since w ¢ M[G] and G 1is a class in M[G] , it follows that k can be

defined in M[G] . Since M[G] | k ¢ PF(a) X P(CJa. X F(a)) , in fact
k € M[G] . Moreover, Dk = PM[G]F(Q) . Also k 1is a one:one relation,
by the one:one property of K(x,y) established above. Since

Rk ¢ ({y  Cda X F(a) ; |yl s Fl@)y »

MIG] F [PFa)]| = [(ly g Cda X F(a) 5 |y| = F(a)})y |
F(a) .
Hence (|PF(a)|)M[G] < (|CJda X F(a)] )M . This proves Lemma 3.15.
The results of this section are summarized by the theorem:

3.16 THEOREM Let M bea CIM. Let C be aclass in M with

{(x € ps: rk(x) <a} €6 C whenever p € C, and assume C "enjoys the
properties (a)-(d) . Let G be a C-generic class over M . Then M[G]
is a CIM , extending M and having the same ordinals as M , such that
the following further properties hold:

(1) (CE0)y > Fl@) => (C£(0))yy

(2) (IPF@) Dy = (ICd e x F@) | Ty

> F(q) , for all limit ordinals g e M,
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§4. Applications

The machinery developed in the earlier sections of this chapter
will now be used to establish the theorems of Easton and Jensen, mentioned

above.

4.1 THEOREM (Easton [4]) Let M be a CIM in which the GCH is

true. Let K be a function class in M , mapping the ordinals into the

ordinals, with the properties (in M):
(M a<B = K KB ,

(2) asp = Cf(wa) < Cf(w

K(p)’

Then there is a CIM , N , which is an extension of M and has the same

ordinals and cardinals as M , such that

w
(3) N E Va(w& is regular => 2 ¢ = wK(a)) .
Note 1 Easton proved this theorem for M a model of Gﬁdel-Bernays

set theory. In his context, K could be any class in the Gddel sense,
rather than only a definable class, as is the meaning of the word in ZF

set theory.

Note 2 Provided that the definition of K 1is of the appropriate form, -
Theorem 4.1 leads to a relative consistency result. If K 1is absolute
from M to N (in particular, if K 1is absolute for all transitive
models of ZF) then, in view of the well known results of Cohen [3] ,

it follows that:




If the theory ZF 1is consistent, then so is the theory
w
, _ a _
ZF + AC + Va(wOL is regular => 2 wK(a)) .
Theorem 4.1 will be proved by counstructing a suitable set of
forcing conditions, and considering the generic extension which results.

So let M be a CIM 1in which the GCH is true.

Define, in M , a class C by:

p € C if and only if the following four conditions are met.

(o) P 1s a set of quadruples (i,g,a,n) where i€ 2, o 1is an
ordinal, ¢ < wa' and 17 < wK(Q) s
(B) (i’§’a3n> € p = (1'1,E,,(1,T]) é P »
(7 W is regular => |p n (2 X we, X {a} X wK(a))I <w, s
1 1 = n 2 =
(®) w, ~1is singular => p n (2 X W X {a} X wK(a)) i)

Thus if p e C, then {x € p ; rk(xX) <a} ¢ C for all o .

If p,qe C and p,q are compatible, then certainly pwuv q € C .

For each p € C and each ordinal Vv , define

pdv ({i,t,a,n) € P 3 a =V} ,

p’]V [(i’g’@"ﬂ> EP; a> v} .

Define a function class F in M, by

Fla) = w .
fo)

Then all the properties (a)-(d) are satisfied. Only property
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(c,iii) requires comment. So suppose V 1is not a non-zero limit ordinal,
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and take B g:C.JV such that B is pairwise incompatible. We seek to show

that |B] £ w, in M . The following proof takes place in M .

v

Define a mapping f into B as follows: for each p e CJvVv,
if there is p' € B with p' D p , let £f(p) be such a p' ; otherwise

p¢éDf. For pe C, put

Ep = {{i,a,n) ¢ p ;3 Fe({i,t,0m) € P)} .

Define a sequence B for B < wv by:

P

BB+1 = B[3 v (f(p) ; Ep c U(Ep' ; p' € BB}} ,

B=UB>0 => BB=U[B7;7<B} .
Then the equality B = U[BB s B < wv} holds. Clearly

U(BB ;s B < wv} c B, so take p € B and try to show that

P € U{BB ;s B < wv} . Define

P* = {<i’§’7’ﬂ> € P <i,7,n> € U{Ep' H P. € U{BB s B < wV}}) .

Note that

(4) pecClv = |pl <o, ,

for if pe CJ0 , then |p| < wy 3 otherwise |p| = ¥ [wa s a <Vl < w, >

*
since here VvV is a non-limit ordinal. Thus, in particular, |Ep | < w

»

L%
% . .
Hence there is B < w,, such that Ep < U{Ep' ; p' € BB} , since w, 1is
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regular. Because p ggp* and p e B, it follows that p* € Df and hence

£(p7) € Byyj - But then

£ 2 pF 2 ({Lhe,7mn) € p 3 (i,7,m) € EE(PD)

since f(p*) € B . Hence f(p*) and  p agree where they are both

B+1
defined, and so f(p*) v peC. Further, f(p*) u p extends both f(p*)
and p , so that f(p*) and p are compatible. However, both f(p*)

and p are'in B, and B is pairwise incompatible. Hence f(p*) =p,

and so p € U[.BB ; B < wv] . Thus indeed, B = U{BB : B < wv} .

By employing the GCH , induction will be used to show:

B<uw

v

=> IBBI W, -

The successor case alone is non-trivial, so take vy < w,, and suppose

|B7| = W, . It follows from (4) that |U{Ep' ; p' e B7}| = W, > and hence
w
. T, 1 V'V=

|(Ep ; Ep c U{Ep' ; p' ¢ By}}l < w,, w,, - Put

D,p = (¢ ; 3,a,m({i,t,a,n) € P)} , then Dyp € W, for p e C.Jv . Hence
w
o

|{D2P ; PeCJvl = w,, w, Thus

. | I, 1 -
l{pecCdv; Epc U(EP' 5 p eB7}}|éwva w, . Hence |B7+]| w, .

This completes the inductive argument.

It now follows that |B| = 2. [IBB| s B < wv} SO This

establishes that C (Vv satisfies the wv+1chain condition.

Take a C-generic class G over M . Then Theorem 3.16 applies,

and so M[G] is a CIM extending M , with the same ordinals as M , and
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such that the properties (1) and (2) of Theorem 3.16 hold. Use induction

to show that the cardinals of M and M[G] are the same, i.e. for all « ,

(w@)M = (wa)M[G]‘

Certainly w 1is the first cardinal of both. The induction step for a

a limit ordinal is clear. So suppose (wB)M = (wB)M[G] « Now

(Cf((wﬁ_l_q)M))M > (wB)M = F(B) , and so

(Cf((wB+])M))M[G] > F(B) = (wB)M'= (wﬁ)M[G] . From this it is immediate
that (wB_H)M = (wB+1)M[G] . Thus the cardinals of M and M[G] are
the same.

Theorem 4.1 will thus be proved if (3) can be verified for M[G] .
So let wa be regular in M[G] . (No ambiguity results from using wa to

denote the o-th cardinal of either M or M[G] .) By (2) of Theorem 3.16,

w

g (Jcdaxw | %, .
(o8}

O R (1Pa_[) "

M[G]

However, |C Jo| can be estimated in M . Since clearly if p € C Ja
then |p| = W, s it follows in view of property (2) of K and the GCH
that, in M,
2w =W =W
=S P2 a + a a =
|cdal |P2 x [wa] X o] X [wK(a)] | wa+1wK(a)

However, from property (2) it follows that o+l = K(a) , so |C Jal| = (@)

Again using (2) and the GCH , this gives

e

(6) HCJathlcﬁM s (w
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Hence, combining (5) and (6), (IPma|)M[G] < wK(a)

Finally, to obtain the equality (|Pwal) demanded

M[6] ~ “R(a)
, h P z . H , the choi
by (3), we must show (] wai)M[G] g (q) | owever, the choice of C

causes there to be at least w subsets of w in M[G] . For
a

K(a)
N <O define

aT] = {i H 3P € G(<]:§,G”T]> € P)] °

Then for all nq , it follows that an € M[G] and an g:wa . Moreover,

¢ # n = ag‘# an R
for given { <1 < “R(e) put
D = {peC; 3((0,t,0,6) € p and (1,&,a,n) € P)} .

Then D 1is a dense class in M . (Given q € C , since

| {({e,m) 5 3i({iE,05m) € D} < W, there is B < W such that for

i=20,1 2

(i,B,CI,C) é q 3 <i)B:Q,n> é q -

But then if p =q v {(O,B,a,g) s (I,B,q,n)} then p>q and peD.)

Thus DN G # P , and hence aC # aﬂ . This establishes that
P =
Py Dypey 2 g(q)

Thus (3) has been shown to hold in M[G] , and the proof of

Theorem 4.1 is complete.
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4,2 THEOREM (Jensen [9]) et M bea CIM . There isa CIM, N,
which is an extension of M , which has the same ordinals as M and in
which the GCH 1is true, such that every measurable cardinal of M 1is still

a measurable cardinal in N .

Note This leads to .the following. relative consistency result:
If the theory ZF + AC + 3k (k 1is a measurable cardinal). is consistent,

then so is the theory ZF + AC + GCH + 3k (k 1is a measurable cardinal) .

Let M be a CIM . The extension N of Theorem 4.2 will again

be constructed as a generic extension for a suitable class of conditions.

Let the class C be defined in M by:

p € C if and only if the following three requirements are satisfied..

(a) p 1is a set of triples (g,a,n) where ¢ is an ordinal,
+
£ <_ga and 7 <.Za+1 p
+
) pa @ x(adx2 Dl 5 2,
() (€;aom) € p and (E,a,n') e p => n =1q' .

For each p € C and each ordinal v , define

]

PJV {<§s@b’-n) €P;5 a <V} ’

p v

I

[<§,Ot,n> EP; a2 v} .

Define a function class F in M by

Il
[\
N

F(a)
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Then the conditions (a)-(d) are fulfilled by C and F .
Again, only property (c,iii) deserves mention. This is established in
the same manner as it was for the forcing conditions of Theorem 4@1; In
fact, if w 1is replaced by 2 throughout, the various definitions phrased
for triples rather than for quadruples, and the exponentiation of beths
appealed to in place of the GCH , then the earlier proof requires no

further change.

Take a C-generic class G over M . Then Theorem 3.16 applies,

and so M[G] is a CIM , extending M and with the same ordinals as M .

Furthermore, the GCH 1is true in M[G] . For the course of this

verification, go s g] s 22 »ess is the sequence of beths in M , and

wo s w1 R wz ,o.o 1s the sequence of infinite cardinals in M[G] . Trans-
finite induction will be used to show

(7) (Iz,al)M[G] = w .

a

Again, only the successor case requires comment. So suppose (Igﬁ‘)M[G] = wﬁ .

Now (gE)M §.gB+1 , so certainly (|(2 In fact

-

+
= 2
for {(g,n) s dp € G((Q,B,n) € p)} 1is a surjection in M[G] from (2;)M
onto gﬁ+1 ~ it is a function by property (y) of C , because any two

elements of G are compatible; it has domain (gg)M and range ZB+]

since both {p € C ;3 3n({&,B,n) € p)} for fixed ¢ e (2

;)M and
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(peCj; 3t((e,Bon) € p))} for fixed n ¢ 2 are dense classes in M ,

B+1
and so meet G .

Now (Cf((g;)M))M >‘QB = F(B) , and so by (1) of Theorem 3.16,

+ + +
2 . = . But i i
(Cf((gB)M))M[G] >__B Hence (I(gB)Ml)M[G] ([3B| )M[G] ut in view
of the inductive hypothesis, (|2B|+)M[G] = (w;)M[G] = wB+] » Thus
(lgB+1|)M[G] = wB+1 , us%Pg (8) . This completes the inductive step.
Thus (7) is established.
w
It is now easy to show that always 2 & = W 1 in M[G] .
Observe that
+ éga 52@ éga
(lC\Ial)M = (|[2.a]| X [e] X [2,&+1] |)M = 'g(:lff']
By Theorem 3.16(2) ,
ga
(122 Dyrey = Uedax2 |5y
Yo
Hence (IBzmI)M[G] % (lga+]|)M[G] =0 and so (2 )M[G] S

Thus M[G] FE 2wa = © 4 ; and the GCH 1is indeed true in M[G]

Only the fate of a measurable cardinal remains to be discussed.
So let k be a measurable cardinal in M .  Thus there is, in M , a non-
principal, k-complete ultrafilter D on Pk , and D may be chosen to be
normal (see, for example, [10, §1]). (That D is k-complete means if
X ¢ [PK]<K and UX € D then some x € X is in D . To say that D is
normal means for any f mapping Kk to k such that |

{aw € Kk 3 f(a) <a} € D, there is VvV < k such that (o € Kk ; f(a) = vV} € D .)
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Since K measurable implies that «k is a limit beth (in fact,

Kk 1is inaccessible), it follows that « 1is still a cardinal in MI[G] .

Define in MI[G] :

D* = {fuck; 3xeDrxcul .

*
We shall show that D is a non-principal «-complete ultrafilter in

M[G] . This will prove Theorem 4.2.

Clearly D* is a filter, with D g:D* and P ¢ D* . Suppose

D* has been shown to be k-complete, i.e.
%
(9) o< kand Kk =U(z(V) 3 vV<o} = 3IVv<oa(z(v) eD) .

*
Since é.D* , it follows from (9) that D~ is prime. It is now immediate

*

b

that D* is non-principal, i.e. that nD* ¢ D* , for kK - MM c Kk - MD
and so k - NMD* ¢ D* since k - M € D . Thus only the verification of (9

remains.

Suppose there is o < k such that M[G] [ (x = U{z(V) 3 Vv < o})
for some function 2z € M[G] which maps o into Pk . Let z € M be such
that %z =z . Then, in particular, M[G] E not(not(¥x ¢ ? dy € é(x € é(y)))) .

By Theorem 2.11, there must be p € G such that

(10) PJF " Wu e R 3Ive g(uce z(v)) .

Apply Definition 2.4 and Lemma 2.7 to (10). For any p , observe that
3q < p(b € 3d) if and only if b =7¢ for some c ¢ a . Thus it follows

that (10) is equivalent to:
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(1 Vp' 2 pVaekIVeoI'2p' (P | (@ e M)
Take any q D p . We shall seek r D q such that
(12) WeoIxeDVaex(r|f 7@ e z(3))

For (12) is equivalent to

rb 3ued 3ve Dveiw) ,

fiend

and so {r j r | Jue § Iv e ﬁ(v_ z(u))} 1is dense below p . Hence,

in view of Lemmas 1.4 and 2.11,

M[G] F 3ve o 3Ixedxcz(v)) ,

and so it follows from the definition of D" that
%*
v e o(z(Vv) € DY)
This will justify (9).
The remainder of the argument takes place in M .

Use induction to construct a sequence (qcJL s a < k) of conditions’

and a sequence (V 3 a < k) of ordinals less than o such that
o

¢ Dq 3 B<a=>q 2q. 1B 3 4q |F "2 @c¢€z(¥)) .
a B o o

Suppose ¥ < Kk 1is given such that qB and VB have already been defined
for all B < y . By properties (a,v) and (d) of C , it follows that

qu U[qB'IB s B<vy} 1is a condition. Since q 2D p , (11) may be applied




131.

with p' =qu U{qB’]B ; B<y} and o =7y . This yields suitable 1,

and VvV .
A

Define f mapping Kk X Kk into « as follows:

0, if there is no V £ @,B such that qa\]V = C[BJV 5
£(a,B) = { '

greatest V £ o,B such that q (v = qBJv , otherwise .
a

Note that when Vv is a limit ordinal, if pJJt = p'Jv for all T <V,
then pJv =p'Jv. Thus f£f(a,B) is well defined.
From the fact that D is normal, it follows (non-trivially)

that there is x ¢ D such that either

(13) 3p < kK Ya,B € x(£(a,B) = p) , or

(14) Yo,B € x(f(a,B) = min(asﬁ}) °

Suppose (13) holds, so whenever p <o < B <k and a,B € x then
anp+l # qBJp+'I . Thus |CJp+1| 2 k , since if x € D then |[x| =« .
However, as calculated earlier, |C Jp+1]| = gp+2 . Since k 1is inaccessible

g <K , 8O |cJp+1| < k . This contra-

and p < Kk , it follows that —2'p+

diction shows that (14) must hold.

Thus if ¢@,B € x then o < p => ana = qBJoc o From this it
follows that U{ana s o € X} 1s a condition. Furthermore, by the choice

of the conditions qGL also U{qa’la s g € X} 1is a condition. Hence if

r = U{qua;aex}uU{qa']a;aex} = U[qa;aex} s
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then r € C . Moreover, if o € x then r ;)qa and so

r | '“’1(§ € é(6~)) . Define, for V<o,

a(v) = (aexjir|f m(@ezd) .

Then certainly x = U{a(V) : v<o} . Now xe€D, o<k and D is
K-complete. Hence there is V' < o such that a(v') e D . Since r >Dgq ,
it follows that the choice Vv = V' and =x = a(VvV') suffices to satisfy

(12). This completes the proof of Theorem 4.2.

Note 1 The weak forcing relation p ”? ® , defined by

pH-*CD <> p|f =0 ,

(which was in fact used in the last section of the proof above) has the
*
desirable property that if & <=>Y , then p |f & <=> p[ﬁ Y , for all p .
% %
In particular, pl|f ® <= p |- m—® . This not true in general for the

relation p |} @ .

Note 2 Jensen has established the following further properties of the
-model M|[G] constructed during the proof of Theorem 4.2:
@)) If k 1is a Ramsey cardinal in M , then «k is still a Ramsey
cardinal in MI[G] .
(2) If n 1is a limit ordinal and
) » <w ‘
iTﬁ;l E (k 1is the least cardinal such that « — (n)2 ), then

also M[G] F «k — (ﬂ)§m°

Note 3 Silver has obtained the relative consistency result which stems

from Theorem 4.2 by a completely different method. He shows that if D is



a normal, k-complete, non-principal ultrafilter for a cardinal « , then
L(D) , the universe of sets constructible from D , is a model of

ZF 4+ AC + GCH in which « remains measurable.
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‘Cardinal numbers with partition properties.

" ‘Corrigenda,

p 16. Definition 2.2.
The requirement IU{Hi ; i <m}| 2 m does not achieve

its stated aim. It should be replaced by:
vie {1,...,m} jngHi(]{al,...,am}[ =m) .

A similar change should be made to Definition 3.5 on p 24.

p 51. Proof of Theorem 1.5.

The element xp occurring on p 52, £ 8 has not been
defined. Clearly, one must choose xpGES'(X) . However,
there is then no guarantee that x, < xp for T <p . This
can be ensured by modifying the definition of F(X) when
constructing the ramification system R - Consequently,rthe
definition on p 51 should be changed to read:

If S'"(X) =¢ , put F(X) = ¢ and n(X) =0 .

Otherwise, choose =%(X)€ES*(X) and put F(X) = {x€8'(X) ; x < x(X)} .

Place G(xX) = {x(x[1) ; T =0} .




p 121. Proof of Theorem 4.1.

The class C of conditions defined here fails to
satisfy property (a,v) of p 103 if W is inaccessible.
This may be overcome as follows.

Notice that Theorems 3.12 and 3.13 may be proved
on the strength of Lemma 3.7, without appeal to Lemma 3.8.
Hence if a class C of forcing conditions satisfies the
properties (a) - (d), with the exception of (a,v) , and
if G 1is C-generic over M , then M[G] is still a model
of ZF + AC . Furthermore, Theorems 3.14 and 3.15 may be
proved for all o to which Lemma 3.7 applies. Hence fop_
this particular choice of C , Theorem 3.16 i; valid when
the properties (1) and (2) are restricted to hold only when
w, is regular aﬁd accessible. This suffices to prove (3)
of Theorem 4.1 whenever W, is regular and accessible.

To obtain Theorem 4.1 as stated, a different choice
of C 1is required. Modify the definition by replacing
clause (y) by
(v") 0, is regular = |ptﬁ(2 X,md X»(u + 1) x wK(d))l < wd .
Property (a,v) still fails; however now CJd satisfiés

the F(a)'-chain condition whenever W, is regular. This




means that Lemma 3.7 holds whenever W, is regular, and

as above, this yields Theorem L4.1.




