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ABSTRACT

The application of the theory of discontinuous Markov processes
and stochastic population processes to problems in the field of transe
port theory is investigated.

In Chapter 1 it is shown how a scattering process (in which
there may, at each collision, be a constant probability that the
scattered particle is absorbed and lost to the system) can be chare
acterized by transition probabilities Pk(S;Ol,...,eklg;s) of a
transition @ + S in distance s with exactly k scatterings, the angles
o? scattering el,...,ek (in order of occurrence) being such that
el € el,...,ek € @k. Such a characterization is of importance when
there is a change of state of the particle at each collision and the
éorresponding transition probabilities depend on the angle of
deflection.

For one-dimensional processeé the problems simplify considerably
owing to the fact that the angular deflections, 61, can take qnly‘tﬁo
values, O or 7., A detailed investigation of one~-dimensional problems
in which the probébility of a collision in a small elementvof path-
lengﬁh 8s is A6s + o (8s) is made in Chapter 2. In order to apply ;he
theory to scattering in three dimensions an approximation is made in
which scattered particles are assumed to move in one of a set of 30
directions in space. This model is considered in detail ih Chapters
6 and 7.

Chapter 3 deals with a particular one-dimensional problem which
arises in the analysis of bubble chamber tracks and is concerned with

the stochastic population process generated by the distances
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travelled between successive collisions in a fixed length of track.
In Chapter 5 we consider one~dimensional processes in which the
distances travelled by a particle between successive collisions have
either a gamma distribution or a distribﬁtiqn which is a linear
combination of negative exponential distributions. Processes of
the latter kind can be used to improve the approximation (used by
Fermi and others) to the projection on a fixed axis of the three-
dimensional motion of a particle which is scattered isotropically.
Chapter 4 is concerned with multiplicative scattering processes
in one dimension. New results are derived for a model which has
previously been considered by Bellman, Kalaba and Wing and a more
complete analysis is given of a model in which, at each collision,

a random number of additional particle pairs is produced.



-3-
CHAPTER 1

PROBLEMS TO BE CONSIDERED

1, « Introduction,

The processes by which particles such as neutrons or photons are
transmitted and reflected by scattering media are essentially proba-
bilistic in nature so that the théory of stochastic processes is a
natural tool for their analysis., This has been recognized for some time;
analyses from a statistical viewpoint have been given by Sobolev [LO,4l],
Ueno [U43,44], Pal [35], and others. However, the techniques of stochas~
tic process theory have by no means been fully exploited, and it is the
purpose of this thesis to develop a theory which, by charécterizing the
history of a single particle in a very detailed manner, will lead to
direct solutions of many of the problems of transport theory. Theknew
formulation is based on the theory of discontinuous Markov processes as
given by Moyal [31].

The early development of the subject was stimulated by the interest
of astronomers in the transfer of radiation through stellar atmospheres;
however, with the advent of nuclear reactors, a great deal of attention
has since been devoted to the passage of neutrons and gamma radiation
through matter, The equations of transfer are essentially the same for
all these problems and many solutions can be translated from one field
to another., Radiative transfer theory has also been applied by a number
of authors to investigate the radiation from novae and the optical
properties of the earth's atmosphere and the sea. Extensive references
to the applications are given in the books by Chandrasekhar [17],

Kourganoff [27], and Sobolev [L0].
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For astrophysical and geophysical problems, the greatest interest
lies in scattering by a medium which is either

(1) stratified in plane parallel layers,
or

(2) spherically symmetric.,

Such systems are also of interest in reactor physics. We shall restrict
attention to problems of type (1), observing that in the diffusion
approximation (see Tait [42], p. 56)there is a close connection between
solutions for plane parallel systems and spherically symmetric systems,
Thus we shall be concerned exclusively with the scattering of particles
by a plane slab ggzasx<b} where a and be may be infinite.

A general stochastic formulation of the problem will be given in
Sections 2, 3, and 4. The notation is somewhat different frombthat used
in the classical approach to transport theory, which is thoroughly
discussed in the books by Chandrasekhar [17], Kourganoff [27], and
Sobolev [hO]. When numerical solutions are obtained, they will, where
possible, be compared with solutions already obtained by classical means.
Of course, many of our results, in particular those involving the number
of collisions and the angulaf deflections suffered by a particle, are
unobtainable from the classical formulation of the problem., Among the
problems considered will be those of determining

(1) the probability that a particle from the source at x(agx<b)

emerges from a particular face of the slab;

(2) the distribution of the number of collisions before emergence;

(3) the state distribution of emergent particles; and

(4) the angular distribution of emergent particles.
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Exact solutions of these problems are rare. The usual approach is to
consider the Boltzmann integro-differential equation for N(Xypsvyt)
where N(x,y,v,t)dxdpdv is the expected number of particlea'in an element
dxdpdv of phase space at time t. An explicit solution in the time=
independent case was obtained by Wiener and Hopf [(49] for the famous
Milne problem of isotropic séattering in a half-space. Chandrasekhar,
extending the invariance principles of Ambarzumian [1], found exact
solutions for a more general class of problems in terms of his
He, X=, and Y=functions, defined as solutions of certain integral
equations. (see [1L4], [15]).

For moét physical pfoblems in transport theory, some kind of ap=-
proximation is neéessary. A series of papers by Chandrasekhar (104000 413]
developed a method of approximation which replaced the integral in the

Boltzmann equation by a sum using Gaussian quadrature. This idea was

~ first put forward by Wick [48]. A second kind of approximation, in

which the solution of Boltzmann's equation was expanded in spherical
harmonics and the series truncated, was also used by Chandrasekhar (9]
and later by Marshak [30], Mark [29], and others, in neutron transport
theory. The close relationship between the Gaussian quadrature and
spherical harmonic methods was demonstrated by Wang and Guth (451,
Further developments of the spherical harmonic method have been made by
Yvon [53], and Wilson and Sen [50]. The method of successive colli=-
sions, in which the particle density is replaced by the density of once,
twice,c00o and n times scattered particles, has beeh‘found useful for
scattering by thin slabs (see Peebles and Plesset [36]). Monte Carlo

methods have also been used extensively; these are particularly useful
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for problems with complicated geometry. The method of Carlson [8],
which is well suited to large-scale computers, again reduces the integral
in the Boltzmann equation to a sum by introducing a finite set of per-
missible neutron velocities and by assuming a particular functional form
for the variation of neutron flux with direction,

Accounts of the various methods at present available for dealing
with problems in neutron transport theory are given in the books by
Davison [19], Weinberg and Wigner [46], Tait [42], and Woods [52].

The diffusion of gamma radiation is considered in detail in the book by
Leipunskii, Novozhilov, and Sakharov [28], and the article of Fano,
Spencer, and Berger [20]. Extensive numerical calculations of the re=-
flection functions for radiation scattered isotropically by slabs of
finite thickness have been carried out by Bellman, Kalaba, and
Prestrud [6]. There appear, however, to be no results_availéble at
present pertaining to the distribution of the number of collisions made
by a photon before emergence., This question is studied in detail later
in this thesis.

The fundamental equations for a general scattering process will be
derived in Sect, 4, It will be noticed that this new formulation in
terms of probabilities and generating functionals contains a great deal
more informétion about the history of individual particles than does the
usual formulation in terms of the function N(g,g,v,t) (or to use the
terminology of radiative transfer, in terms of the radiation field
intensity Iv(z,x,t) ). In particular, information is available regard-
ing the distribution of the number of collisions suffered by & particle

and also the angular deflections resulting from these collisions.
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This more detajiled information leads to a new and direct solution of
problems in which there is a change of state of the particle at each
collision, the corresponding transition probabilities depending on the
angle of deflection, One such example occurs when low energy gamma
radiation undergoes multiple Compton scattering. This problem is exam-
ined in Chapter T where a new analysis is given which eliminates certain
objections to the previous treatments of the problem by Chandrasekhar
[16], and O'Rourke [3k4].

Several chapters are devoted to one-dimensional processes.,
Complete and explicit solutions are obtained for the one-dimensional
problem in Chapter 2. Some of these results (the probabilities of emer-
gence at boundaries without regard to the number of collisions experi-
enced before emergence) were obtained by Fermi [21] who used this process
to approximate the projection%on the x-axis of a three-dimensional scat=
tering process in the slab {5:a5x§b} o All the other results of
Chapter 2, except where specifically mentioned, are believed to be new.
The projected motion 18 of considerable interest because it can be used
to find certain quantities such as the probabilities of emergence and
the distribution of the number of collisions before emergence for the
corresponding three-dimensional process. It is of interest to observe
that two of the earliest workers in the field of radiative transfer,
Schuster [38], and Schwarzschild [39], used a method which is equivalent
to the one-dimensional method of Fermi., Effectively they assumed that
the projections on the x-axis of the distances travelled by a photon
between collisions are independent and have a negative exponential dis-

tribution with mean equal to half the mean free path in three dimensions.
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Fermi made the same assumptions except for the value of the mean pro-
Jected interval between collisions which he chose as l/\fg'times the
mean free path in three dimensions. A far better approximation to the
exact distribution of projected intervals than either Fermi's or
Schuster's can be found using a linear combination of negative exponen=
tial distributions. Improved results using this new one-dimensional
approximation are derived in Chapter 5.

Chapter 3 deals with a special case of the one-dimensional process
of Chapter 2 which is of interest in the analysis of bubble chamber
experiments, Aspects of the process are examined which make possible
the estimation of the velocity of a particle by counting the number of
distances between bubbles which exceed a fixed value, d.

Chapter 4 treats some aspects of Qultiplicative transport proce
esses, including some new results for a process which has previously
been studied by Bellman, Kalaba, and Wing [h].

Chapters 6 and 7 deal with the application of the ideas of Sect. 4
to three=-dimensional processes with scattering and absorption in which
the angular, spatial, and state distributions of the scattered particles
are required, Special attention is given to the multiple Compton scat-

tering of low energy gamma radiation,

2, = Scattering processes.

Consider a particle whose state’g is specified by its position
vector, Xy its direction of motion,ls, and a further state variable, v,
which will usually be referred to as velocity (although it could equally

well, as in the case of photon scattering, refer to frequency or
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wavelength); w stands for the set of variables (xspsv). Further inter-

nal state variables such as rotations or vibrations could be included in

“ by an obvious generalization of the methods of this thesis.

A scattering process is a stochastic process characterized by the

properties that:

(a)

(v)

(e)

(a)

Only the position of the scattered particle changes between
collisions which the particle makes with the scattering
centers in the medium.

The probability that a pérticle makes a collision in any
element 88 of pathelength is given by A(w)és + o(8s), where
Agg) depends only on the iﬁstantaneous state, w, of the
particle.

The change of state of the particle at a collision is
instantaneous.

The probability (given»a cbllision) of a transition

(v,g) +V x L (where V is a séﬁ of velocities and L iéka set
of unit vectors) is given by a transition distribution

§ﬁv X L|vt5) dependent onlj on the velocity, v, and difeétion
of motion, U, immediately prior to the collision and indepen=
dent of the previous values of the state variables. For many
of the problems of écattering theory, the transition proba-
bilities § take the form

(2.1) ¢(au x dxlv%g) = ¢e(du|v)¢v(Q3|g) ’

where the probability wv(43L5) depends only on the initial

velocity, v, and the angle, 6, between‘E and v while the
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transition probabilities ¢e(du|v) for the velocities depend
only on u, v, and 6, It will generally be assumed in what
follows that @ is of the form (2.1) and furthermore that the
dependence of wv(dxlg) on‘v éan be neglected.

(e) Thé change of position of thé particle between collisions is
deterministic: if a particle initially at x with direction of
motion ¥ suffers no collisions in a length df path s, its

- position will then be X + ps.

With these assumptions it is clear that a scattering process is a
time~homogeneous discontinuous Markov process of the type whose theory
is given in Moyal [31]. The independent variable of the process may be
taken as eiﬁher the path-length, s, or the time, t; the connection be-
tween these two formulations following from the relation ds = v dt.

Thus if we use A(g) to denote the collision rate per unit path-length,
then the collision rate per unit time is vﬁ(g).

In general, it will be assumed (unless otherwisebspecified) that
the collision rate A is a function of‘é only. The absence of dependence
on v corresponds to the one velocity group theory of neutron traﬁéport
processes (see Davison [19]); by poétulating a finite set of permissible
velocities as in multi-group neutron transport theory, this limitation
could be overcome to some extent., In many cases, howeVer, the assumption
that A is independent of v is a reasonable one (see; for example,

Chapter T).
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3, = Note on absorption and multiplication.

In the most general transport processes a collision may have several
possible outcomes. The particle may be absorbed aﬁd lost to the system,
or may, as in neutron multiplication processes, give rise to several new
particles of the same type. |

Except whefe specifically indicated, this theais'will be'cpncerned
with pure scattering Pfocesses, sometimes known as conservative proc=-
esses, in which the p:obability, Pgs that a paiticle is scattered wheﬁﬂ

it makes a collision is uniﬁy, i.e., the integral over all directions v,

(3.1) ps‘= L%(dlglg) =1 .

The generalization to processes in which, at each collision,‘absorption

takes place with probability,
(.352) | Pa =1 -‘ ps »

is very simple and will be indicated in the relevant parts of the text,
Some attention will be given to multiplicative processes in one
dimension and to the question of criticality for some simple models.

This will be discussed in Chapter k4,

4, - Characterizétion of a scattering process,

Considered as a Markov process in the state variable‘g,ra>9catterf
ing process may be characterized:by the trénsition érbbability function
P(S[g;s), i.e., the probability of a transitioh 9 *JS in path-length S,

satisfying the Chapman-Kolmogorov'relation

(hol)’ P(SIB§51+32) =‘[TP(S|B;31)P(QDL8;SZ) . 5118, 20 .
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However, we shall seek a more detailed specification provided by the

probabilities Pk(s;el,ez,...,eklg;s) of a transition w + 8 in s with
exactly k scatterings, the angles of scattering el, 2,...,6 (in order

of occurrence) being such that 6, € el,,..,ek €0 In terms of these

1

functions the Chapman-Kolmogorov relation becomes

kﬂ

(k,2) Pk(S;Gl,.o.,leg;sl-'-aa) =

Z f J.’,l""!e In’s )P (dn, l’ooo,e I(IJ,

~ where ay denotes the set of all poséible States W, Ve also introduce

the sequence of probability distributions Qk(S e ,...,0 Im s) where Q

is the probability that the kth collision occurs in [0,s), the

angular defleétionsvbeing such that el € el’ooo’ek € Ok, and the state of 

th

the particle immediately after the k  collision belonging to the set S,

The relation between the probabilities P, and Qk:is

(h63) Pk(S;el,too,ekl@;s) =
s .
L#o [ne& PQ(SIB;S-T)Qk(dE;el’coe’eklg;d‘[) .

where conventionally
(b.4)  q(slgis) = 8(s|w) € () = 1(S|gss)

in equation (k4.,k4) G(SIQ) denotes the characteristic function of the
set S, i.e., G(SLS) =11if w €S, O otherwise; &(s) is the unit step
function, i.e., €(s8) =1 if s > 0, O otherwise. The probabilities Qk

are themselves connected by the recurrence relations
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(4.5) (830, peevsly |uss) =

]
f Ql(siekll‘,is")%-1(‘13391" ees® g lusar) o
T=0 ne .

Thus, given the functions P_ and Q, the relations (4.3) and (L.5)
determine all the probabilities Pk and Qk'

For any given S and w , the angular deflections 61,...;9k which the
particle experiénces in travelliﬁg a distance s, constitute a finite |
univariate population proéess as defined by Moyal [32];' Corresponding
to k angular deflections el,..,,ek we havg k individua;s with states
el,.,.,ek, each belonging to the individual‘state-apace [0,7]. ‘The'
generating functional for this_populationbprocess, i.e., the expectatioﬁ

55(61)....,6(9k), is given by G(S;E.(-)lg;s)P(SIg;s)‘l, where

(L.6) G(838(¢) |yss) =

P (8|wss) +-§:‘f _[ (61)...E(ek)Pk(S;dei,...,d9g|g5s) R
k=170, = : _

it is convenient also to introduce the functional

(4.7) H(S3E(¢) |wzs) =

© n T
. ZI j g(el)'°°£(ek)Q’k(S;dei"“’de,klﬂu};s) »
ek'-'-o Ol-'-'»o : ;

where &(6) is a complex-valued measurable function of 6 such that

Supo<e<“|€(9)|$l. The transition probability P(SL&;S) is obtained by
AN

setting

g(e) =1, O

/A
D

/A
=2

-

in G,
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The concept of population process will again be utilized in
Chapter 3 when we consider a one-dimensional scattering process in which
distances between successive collisions take the place of angular deflec-
tions as the individuals of the population. This will be discusééd more
fully in Chapter 3.

It follows from equation (4.3) that
- * - *
(4.8) G=P % (I+H) =P +P_ *H ,

where the symbol * denotes the type of composition appearing in the

right-hand side of (4.3). If we let

n
H=J
1 Jy

1

- §(0,)q (8300, |uzs)

defining the sequence {Hn} by the iteration relation

(k.9) Hn+l = Hn * Hl‘ ’

and the sequence {Gn} by

*
(L.10) G 1?o ,Hn R

then it is easily seen to follow from (4.3) and (4.5) that

: m m ‘ . .

U“oll) Hn(s;£(°)|’(‘ﬂl;8) =j onoJ E(el)ooog(en)Qn(S;del"”"’qenl}&;s)!
6n=o 91=0

and

\ ' m m o
(b,12) Gn(s;z(-)lg;s’) =J | f F,(el)...&;(Bn)Pn(S;del,“’.,denlg;s),
6n=o 61=o ’
and hence (setting Go = Po) that



(4,13} H= §: H and G = 2: G .
n=1 n=0 ©

It is now easily seen that G and H must satisfy the fundamental

integral equations

(k1) G = P,+G*H

(b,15) H=H +H*H .

The major part of this thesis will be concernod with finding solutions
of the fundamentaloequations (4,1%) and (k4,15).

The theory of discontinuous Markov processes in Moyal [31] is
easily generalized to show that the expressions (4.6) and (b4,7) for G
and H are respectively solutions of the integral equations (l4.1k) and
(4,15). These solutions are unique under certain not very stringent
conditions, which are fulfilled in the present case if the collision
rate A(,';."z) is a bounded function of w (this will be the case throughout
this thesis). All transition probabilities obtained from G satisfy the
relevant Chapman-Kolmogorov relation.

The foregoing theory applies to general scattering processes which
are homogeneous in path length (or ﬁime). It remains applicable under
the imposition of a variety of boundary conditions, such as absorbing or
reflecting boundaries 15 space, The effect of such boundary conditions
is incorporated in the integral equations (L,14) and (4.15) yvia the |
definition of the basic distributions,Po ond Ql and of the *-operation,
It then follows that the distributions Pk ond Qkiobtained by
*.iterations from PQ and Ql’ end hence the gonerating functionals G and

H, automatically satisfy the boundary conditions.



]6

5, = The backward Kolmogorov equations.

We now specialize the theory to processes which have the foilowing

properties:

(1) The collision rate A(w) per unit pathilength depends only on
the position of the particle and is written as ACE)’;'

(2) Given a collision, thé probability of a transition p + dy
(where dv denotes an element of solid angle surrounding the
unit vector V) is given by ¢(de3).

(3) 1r we(vlv) is the probability of a velocity transition v + V
‘conditional upon an angular deflection 6, then the function

we satisfies the commutativity condition

f Ve (V[w)vg (au|v) _=j Ve (Vlﬁ)we (au|v) ,

o 2 1 o 1 2

or, symbolically

(n)

We introduce the notation w for the sequence of diétribu—
tions defined by the iteration relation w(n) Vg °© wén-l),
With these postulates the theory simplifies considerably. Postu-
late (3) implies that the (absolute) veloéity distribution conditional
on deflections el,...,ek is wel«:-wea o...wek independently of the order
in which the deflections occur., In addition the assumptions (1) and
(2) imply that the process is still Markovian, and the theory of
Section (L) applles if we omit v and take the state of the particle to
be w = (Eﬂf)‘ ‘Let P, Q, G, H, etc., be the various functions defined in

Section 4 in terms of w = (Eﬁf)’ and let P', Q', G', H', etc., be the
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corresponding functions defined in terms of g' = (v,g,ﬁ). Then

(5.1)  G'(vxs;&(+)|g'ss) = P_(S|wss) 8(V[v)

o T m |
+ Z: seo (U, Poee®P. JE(B,)eeo&(0. )P, (S3d0. 4000440 Iw's),
k=1 ekzoJVe‘lgo el Bk 1 'S0 Sink s I 24V 105

(5.2) H'(VxS36(¢)[w'38) =
”[ﬂf’ﬂ' . )
X[ (W ©eoeohy E(B)00oE(0,)Q, (53d0, 40004540, |wss),
k=16 =0'6.=0 °1 % 1 k_Qk 17k

Thus we can develop the theory initially in terms of P, Q, G, H, etc,

(i.esy in terms of u and X 6nly), introducing the dependence on v later,
Consider now the unrestricted process (i.e., the process with no

boundaries)., The probability of no collisions in s is exp[-./ek(§+gt)dt];

with no collisions the position of the particle initially atiﬁ becomes

x + us. Hence

s
(5.3) PO(X,L|§,5;S) = G(X‘g + EF)G(LIB) exp[-dl Alx + bT)dT] ’
o)

(5.4) Hl(X,L;E(‘)lE’b;s) =

J

s T ,
£(6)¢(avip) j §(X|x + pt) exp[-f Ax + Elc)do]k(g-k}xlt)d'r .
L o .

o
where 0 is the angle between the vectors ¥ and M and L is a subset of
the space of all Ve

Substituting (5.3) and (S.4) in (4,15) we obtain the "backward"

equations for G and H, namely

(5.5) [g}v - 3-?; - k(g)] G(x,p38) = -A(E)Le(G)G(gex;sw(dglg) R
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(5.6) [}g,‘V - 33- - A(gg)] H(x,p38) =

s %A
-A(gs) f&(e) [H(gg,g;‘a) + 5(X|'§)6(L|_‘\3)] ¢(d3|3) .
Q .

where the arguments X,L of G and H have been suppressed and Q2 denotes the
space of all v . |

Consider now processes whose motion is restricted by the imposition
of boundary conditions such as absorbing or reflecting barriers. For
small s, the génerating,functiodals G and H for the restricted process
will differ only by terms of order o(s) from the corresponding function-
als for the unrestricted process. Hence G and H satisfy the seme "backe
ward" equations (5.5) and (5.6). Thus, contrary to what is the case for
purely discontinuous Markov processes (cf. Moyal [31]), the "backward"
equations do not have a unique solution and are not equivalent to the
basic integral equations of the process, However, solutions of (5.5)
and (5.6) which satisfy the required bouhdary conditions will also |
satisfy the integral equations appropriate to the process with these

boundary conditions and therefore give the unique solution of the problem.



CHAPTER 2

EXACT SOLUTIONS OF ONE-DIMENSIONAL SCATTERING PROBLEMS

l, =« Introduction.

One-dimensional processes of the type described in Ch#pter 1 have
been used in radiative transfer theory by Schuster [38] and Schwarz=-
schild [39], and in neutron transport theory by Fermi [21] and
Placzek [37]. A series of papers by Bellman, Kalaba, and Wing (see [4]
and the references gi?en there) has been devoted to the application of
invariance principles to a variety of problems in neutron transport
theory and in particular to one-dimensional fission processes. We shall
consider fission processes in Chapter &4,

A different type of one-dimensional scattering process in which
particles travel a fixed disﬁance vt between collisions, and for which
the direction of motion is reversed at a collision with probabilitj’p
and maintained with probability g, has been investigated by Goldstein
[24], Hg determined the characteristic function of the displacement
vvt of a particle after n collisions, and by letting tT -+ O, n + « in
such & way that nt = t,wt = y, found that the limiting distribution of
particles on (=-=,») obeyed the telegraph equation. Generalizations of
Goldstein's model have been investigated by Gupta [25] and Gillis [é3],'
and a further generalization will be derived in Chapter 5, wﬁere itiis
used to improve on‘Fermi's analysis 6f the scattering of thermal ﬁeutrons
by paraffin. | |

Mycielski and Paszowski [33] studied the behaviour of particleé on
a line, which move in such a way that, for any segment of meésure X,

there are probabilities pl(x), ql(x), and rl(x) of reflection,
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transmission, and absorption for leftward moving particles, and corre=-
sponding probabilities pr(x), qr(x), and rr(x) for particles moving to
the right. They showed by invariance arguments that these functions must
be of certain restricted types. We shall see later in this‘chaptef
(Sect. 6) that our results are consistent with theirs.

We consider a particle which is restricted to move along the x-axis
in the manner described in Chapter 1, Sect., 2, In the one-dimensional
case, the direction of motionlg clearly has only two possible valueé
which we shall denoté by a scalar, u, having the values +1 for motion to
the right and =1 for motion to the left, It will be assumed that:

(1) The collision rate A per unit path-length is constant.

(2) Given the occurrence of a collision, the probability of a

reversal is a constant, p, and that of a continuatibn‘is

q =1 - p: thus if we denote by ¢(v|u) the probability of a
change of direction u + v at a collision, then ¢(=u|u) = p
and ¢(uju) = q.

(3) 1Ifr ¢°(V|v) and w“(Vlv) are the probabilities of a transition
v >+ V at a collision conditional respectively on a continua-
tion (deflection through 0) or reversal (deflection through
m), then wo and wﬂ satisfy the commutativity condition of

Chapter 1, Sect., 5, i.e.,

r -

[¢]

v, (V|u)y (qu|v) = J;‘wo(vlu)w"(du|v),

or .symbolically ¢" ° wo = wo ° w". We introduce the notation
wﬁn), wgn) for the sequences of distribution defined
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(n-1)

respectively by the iteration relations w(n) =,

[
n wn.

and wén) = wgn'l) Y,
With these assumptions we shall show that it is possible to obtain

explicit solutions of the problems connected with one-dimensional

scattering. The extension of these results to processes with constant

non-zero absorption probability per collision is relatively simple, and

is considered in Sect. 9.

2, = Integral equations for the one-dimensional process.

The fuﬁdamental integral equations of Chapter 1, Sect. L, are
simplified in oné dimension since there are only two possible angular
deflections, O and T, correéponding to continuafions and reversals
respectively. The generating funcfionals G and H of Chapter 1 are there-

fore replaced by the generating functions

(2.1) G(S32,w|w;s) = DI P (8]wss),
r=o0 k=0
(2.2) H(S;z,v|w3s) = Y Lo EE Qrk(Slg;s) - I(5| w3s),
~ r=0 k=o

vhere Prk(Sl93s) is the probability of a transition w » S in distance s 7
involving exactly r reversals and k continuationsj similarly Qrk(Slg;s)
is the probability that the (r+k)t'h collision with r reversals and k
continuations occurs in s leaving the particle immediately after the
collision in a stgte belonging to the set S. Gn and Hn are now clearly

given by
) n

(2.3) 6 =0 29 dp ,

n J=o n=J,J



n
n=3 _J
(2.4). B, = }; z v Qn-J,J '

=0
As in Chapter 1, Sect., 4, the probabilities P, 8nd Qrk are related
by the equation
S
(2,5) P (8]uss) =Jf J( P (S|nss-1) @ (dnfwsar)
1=0 ne&d

r,k = 0,1,2,.09,

where, as before, o is the set of all states and

Quo(Bluss) = 8(sw) € (s) = T(S[wss) .

Denoting the type of composition in the right-hand side of (2.5)

3 *
symbolically as Poo Qrk’ it follows that

(2.6) G=P_ * (I+H) = P f P *H ,
= *
(2.7) B, =H *H ,
and -
= %*
(2.8) G, =P, *H .

With this definition of the ¥-operation, the fundamental integral

equations (L4,14) and (4.15) of Chapter 1 remain the same, i.e.,

*
(2.9) G=P +G*H ,

» .
(2.10) H Hl + H Hl o

3. = The "backward" equations.

Under the postulates 1), 2), and 3) of Sect. 1, the theory simplifies

as already indicated in Chapter 1, Sect. 5. First the (absolute)
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velocity distribution conditional on exactly r reversals and k continua-
tions is wﬁr) o ¢£k) independently of their order. It alsc follows that
the process is still Markovian and the theory of Sect., 2 still applies
if we omit v and take the state of the particle to be w = (Myx)e Let
Prk’ Qrk’ G, H, etc.,, be the various functions defined in Sect. 2 in
terms of w = (uyx), and let P;k' Q;k,G', H', be the corresponding
functions in terms of‘3 = (vyuysx). Then P;k, Q;k’ split into products

of independent distributions:

3.0z e ryx 6 o) gy ey x ) e )

rk rk
and hence
v r k (r) o ,(k)
G' = 2 kz.\o Z'w Prk X (\Pﬂ wo ) s
(3.2) . o
H' = E: E: zrwk Qrk X (Wir) ) ¢ék)) - I,

r=o0 k=0
Thus we can develop the theory initially in terms of u and x only and
introduce the dependence on v later. Secondly, we can omit the final
direction v from Prk(x,le,u;s), Qrk(X,va,u;s) etc., where X denotes .
a (measurable) subset of the real line, because v = W if r is even and

V=ay if r is 0dd (i.e., vanish if v = =y and P

Porx® Qonk 2r+l,k *
Q2r+1 g venish if v = ). It will be convenient to express the initial
9
) i ) (m) JO0) L) (W)
direction u as a superscript: thus, Prk ’ Qrk s G H s, H'"', etc,
Consider now the unrestricted process. With constant A, the prob

ability of no collisions in s is exp[=-As]; with no collisions, the

position of the particle initially at x becomes x + us, Hence
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Péu)(xlx;s) = §(X|x+us) exp[-rs],

S
(3.3) ﬁ Hiu‘(Xlx;s;z,w) = (PZ*QW)J; §(X|x+ut) expl-Atlrdr =

, 8
(pz+qw)J- PH(X|x;1)AdT,
\ °

and therefore

aH(u)

1 _
38 = X(pz+qw)P

(u)

o

This last relation together with (2.7) implies that

3H£21/35 = A(p2+qw)G§“), and hence that
(u)
(3:4) agsg‘ = l(pZ+qw)G(U) .

Thus, one need only calculate one of the generating functions G or H,
It turns out that H is the more important for our purpose, particularly
in the investigafion of limiting distributions as s + «; for this reason
we concentrate on H,

With only two possible directions of motion, the backward equation

for H [Chapter 1, eqo (5.6)] simplifies immediately to the equation

(3.5) {ji;-u ;; + A(l-qwﬁ i) = Asz('“) + A(pz+qw)8(X|x)

with initial conditions which from (3.3) are [H(u)]s=o =0, = i,

Introducing the Laplace transform

o

H(U) = J’ exp[pos]H(u)ds .

o

eq. (3,5) becomes
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(3.6) [o + A(1-qw) = u —f’—(—] B = apar®™) + 2 (parqu)s(x|x).

From (3.6) we obtain the 2nd order equation

2
(3.7) <;?' °2> B = o %;(pzw‘qw)[o + A(1l-qw+pz)]8(X[x) ,

where

(3.8) 0 = [0 + A(1-quw+pz) ][0 + A(1l-qw=pz)] ,

which is the transform of a nonhomogeneous telegraphist's equation with
leakage; an equation of the same type was obtained by Goldstein [24]..
Note that because of (3.4), G(u) satisfies the homogeneous part of (3.5),
and hence the homogenebus telegraphist's equation

52 52

(3.9) e 2+ 2A(1eqw) 2+ A%(1eqwipn) (L-qupz) | ¢ = 0,
o8 ax

It also follows from (3.4) that

(3010) A(pz-l-qw)G(H) = }\(pz+qw)J exp[_cs]G(u)ds =
[¢]

(u) -3
J exp[-os]aHas ds = oH(u) .
o

If the motion is restricted by the imposition of boundary condi-
tions such as absorbing or reflecting barriers, for example if there are
1ty
X € [a‘l, al], one can see that for small s the generating function H

two such barriers at a 19 a < a.l) then for an initial position
appropriate to this process will differ only by terms of order o(s) from
the one appropriate to the unrestricted process., Hence H will satisfy

the same "backward" equation (3.5). The solution of (3.5) which
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satisfies the required boundary conditions will also satisfy the integral
equation appropriate to the process with these boundary conditions, and
is hence the unique solution of the problem,

The general solution of (3.6) or (3.7) is

{A:(L;) exp[6x] 4 A(“) exp[ ox] x ¢ X,
() 50 =/ a3 explox] + alh) expl-0x] + 2 (parqw)

L elo + AM(l-gw-pz)1™t ,  xe X,
where the coefficients Ag_;) are related via eq. (3.6) by
(3.12) ApzAj(_sl) = [0 + A(1-qw) + ( 1)Je]A(l) , i,J = 1,2,

but are otherwise arbitrary functions of o, z, and w. The solution
satisfying required boundary conditions is obtained by appropriately

choosing these functions,

4, = The unrestricted process.

In the unrestricted case, it is convenient to express the solutions

in terms of cumulative distributions of displacement: i.e., we set

X = (==,y](*) in H, The appropriate boundary conditions for H(u) are

here that H(u) is a bounded function of x as x - I «: hence

. Aig) exp[=-6x] , X >y,
] A _
Aé_;) exp[6x] + = (pz+qw)¢ o, XY,

(*) [a,b] denotes a closed interval, (a,b] an interval open to the

left and closed to the right.
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where

(4,2) $ =0 + A(l-qw-pz) .
The two further conditions needed to determine,Aig), é;) are obtained
by requiring H" to be continuous at x = y: i.e., we set

r—— e—

3w =mt b1, -1,

Substituting (4.1) in (L4.3) and using (3.12), we find that

A—(p“g'o'('lﬁex [o(y-x)1(e™=¢"") , X2

(4,h) g1 :_ﬂ - A(p;:gw) expl 8 (xey) 1 (6~ 14672)

/A
]

+ %— (pz+q_w)¢-l , X .
\ ‘

(1) from (4.4) by using: (3.6) and G(u) = p 1, by using

we obtain H
(3:10), Thus (4.4) yields a complete and explicit solution (in Laplace

transform) of the one-dimensional scattering problem in the unrestricted

case,

We see from (L4.4) and (3.6) that H(v) is a continuoué function of
£ = y=x, and that its density, say h(u)(E) = BH(M)/ag‘is continuous
apart from a finite saltus at £ = 0; introducing the Fourier=Stieltjes
transform

¢‘“’(a>.=f expl1ag]nt) (ag) =

J’ lexpl1aglnt™) (5) + expl-1agn*)(-£)lac ,

(¢]

it is easily seen to follow from (4.4) that

()405) (l)( ) = _ (pZ+QW)[ ia + o + )\(l-QW"‘Pz)] .

62+a2 62+u2
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Clearly, ¢(")(a) is the Laplace transform of the Fourier-Stieltjes

transform

¢(u)(u) =_/- eXP[iaalH(u)(dE) o

Inverting (L.5) we find that

(1.6) ¢ (e) aAlptan)lian (1-quips)]
A%(1-qw)“+n

A(lqu)

-[l - exp[=A(l-qw)s]lcos ns = 5

expt-A(l—qw)s]sin ns]

+ 5122%231 exp[=A(1l-qw)s] sin ns,

where n2 = o - (Azp)z.
We now turn our attention to the limiting distributions as s - =
for the unrestricted process, it is easy to see that G(u) + 0; on the
other hand, lig Qr,n-r will yield the probability distribution of the
position at 3hich the n-th collision with r reyersals occurs, and hence
K(u) = lim H(u) will yield the generating function for these distribu-
tions, s;:om these distributions we can find in th; way. outlined above:

the joint distributions of the n-th collision position together with the

absolute velocity and direction of motion resulting from this collision.,

(n) )

Since K = lim ¢H'"’, we find from (4.4) that
o0
(4.7) k) = o %%(pz+qw)»exp[-wly-XI][v"l + ssn(y-X)Afl(l-qw-pz)]
where
2 2
(4.8) vy~ = AS(l-qw=pz)(l-qw+pz) .

Clearly, the Fourier-Stieltjes transform
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i} :

v (a) =f expliag X ™) (ag) = 1im ¢ (a)

w00 s—)@
and hence
2,=1
nJ

(5.9) v (a) = A(prraw) [ia*h (L-qurpg) [A2(1-qw)

Equation (4,9) is a special case of a more general result which is
derived in Chapter 5, Sect. 2,

Placzek [37] considers the unrestricted process in which p = q ='%
and derives an expression for wo(y,u), where wo(y,u)dydu is the number
of neutrons per unit time scattered into the position-lethargy element
dy x du, (Lethargy is defined as log Eo/E where E is the energy and Eo
the initial energy of the particle.) He assumes that the lethargy in-
creases by a fixed amount, c, per collision and that there is an
isotropic source at the origin emitting neutrons of lethargy O at the
rate of one per second.

wo(y,u) in this case can be deduced from eq. (4.4) as follqws:
assuming neutrons are emitted at the origin (i.e., x = 0) with equal
probabilities of moving initially to the right or left, it follows that
the generating function of the probability density fn(y) for the point

at which a neutron suffers its n-th collision is given by

-]

(1) -1 (1) T=(-1)
(4.10) 3 fn(y)zn Ll |34 +3H( )]__’ im & | 2B OH

= lim lim
n=1 v 2 | 3y oy .J . 2 | 9y oy
iaeo, ©
(4,11) Z \fn(.y)zn =2 exp[=- \/l—z‘Yl]
néd,, 2\/1l=z

(taking the mean free path as the unit of length).



Since the increase in lethargy per collision is constant for each

collision, it follows that
(b,12) wo(y,u) = G(upnc)fn(y), n = 1425000

From eq. (L,11) fn(y) can be expressed as a contour integral,

N R S =
(b.13) fn(y) ~J( 2zn\[i—;' exp[-\/l-zlyl]dz . n=1,25000

C -

where C is the contour illustrated in Fig. 1.

Changing the variable of integration to w, where

z =1+ w2, and using eq. (4.12), we obtain the

result

-

, 1 v
(bo1k) ¥ (you) = 6(u-nc) }‘L (ij:?.)n dw

Figs 1

which was originally obtained by Placzek. For a discussion of the

behaviour of the function wo(y,u) we refer the reader to [37].

5. = The process with absorbing boundaries,

Consider now the one-dimensional scattering process with absorbing
barriers at a_,, &, (a 1 < al)o As mentioned in Chapter 1, Sect. U,
these boundary conditions have to be incorporated inh the expressions for

the basic probability distributions Po’ Q Q .19 and the ¥*-operation.

10? o

In the present case, all distributions of interest may be derived from
the generating function H restricted by the condition that all colli=-
sions prior to the last one occur in the interval [a 10 al]o This

(W)
1

condition is satisfied if we choose H as in (3.3) and restrict

integration with respect to x in the ¥~operation to the interval
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Pl

(a .,a.]. As mentioned in Sect., 3 H(u) will then satisfy the "backward"
«1271 ’

eq. (3.6) for initial positions x ¢ [a_l,all° Take X = (a_l,y], where

a_q <y < ays then the boundary conditions that must be imposed on the

general solution (3.1l) are

CRVRN L N N P NN L W w1, -
H

It is convenient in this case to rewrite (3.,1l) in the form.

(u) (u)

sinh e(a -X) + B) 15

cosh e(al-x) s
a~l< y‘SX:sal)

(5.2) H(u) R (u)sinh e(y-x) + B(u)cosh 8 (y=-x)

A -1
+ < (pz+aw)y ’

where ¢ was defined in (4,2). Substituting (5.2) in (5,1) and using

(=1)

(3.6) to derive the relations between B( and B » we find the co-

iJ i
efficients ng) and hence
( A(pz+qw) sinh e(a -x)
0 - 1 -
o sinh 6% sinh e(a L) [6™ sinh 0f - a sinh (a)-y)
- B sinh 6(y-a_,)] , 8_j<ysxga,
1
(5.3) H( ) =j
A(pz+qw) 1
S sinh 6% [¢™" sinh 6% = o sinh e(al-x)
| - 8 sinh 6(x-a )] , a_j <XLy<ay,
where
(. _ -1 -1
L = al-a—l, = Apz¢ [6+0+A(l-qW)] ®
(5.4) T
B = o1 sinn B(al-y) - ¢-l cosh e(al-y) o
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Take X = (al,y], where a8y < y < =3 in this case the boundary condi-

tions are

——— ——

(5+5) [Hglh =-A£25igyl-[l-exp[-(o+A)(y-al)]], [H(“l)]x=a =0, |

x=al_ o (°+A ) -l

The first of these conditions results from the observation that if

initially u = 1, x = a, and if X = (a,,y] with y > a,, then the first

collision occurs outside [a_l,al]; hence H(l) = H§l), and therefore

® 8
H(l) = Hil) = (pz+qw)J’ exp[-os]dsJ' 6[(al,y]lal+1]exp[pkr]Adr =
) )
y=-a

1
' -3-;- (pz+qw)J expl-(o+r)slds .
)

Substituting the first expression of (3.11) in (5.5) and using (3.12)

we find Aiz), i =1,2, and hence

;TE} [o+A(1=-qw)] cosh e(x-a;l) + 0 sinh B(x-a_l)

- Apz+gw)

(5.6) o(A+a) [o+A(1-qw)] cosh 62 + 6 sinh 6%

« (1 - exp[- (c+A)(y-al)]) o

PR

(u)

The expression for H

(506)3

when X = [y.a_l) is obtained by symmetry from

(5.7) H(“)[[y.a_l)lx;c.al.a_l) = H(;“)((-a_l,-y]I-X;O.-a_l,-al) s

(u)

The expression for H when X = (=,y] is a linear combination of the

solutions (5.3), (5.6), and (5.7).

The generating function for the limiting distribution as g > w

B

(598) K(u) = 1lim H(u) = limoH(u)
§e g0
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follows directly from (5.3), (5.6) and (5.7) and yields the probability
distribution of the position at which the n-th collision occurs with the
previous n-1 all taking place in [a_l,al] (see the remarks following
L .
eq. (4.6)). If we write K(u) = Z K_(u), where K(u) = lim H(u), then
n n n
n=1 sro
the iteration relation (2.7) takes a simple form:
|x-a, |
u
(5.9) K,(l‘,:{(XIX;z,W) = {szI(l'")(Xlx *+ us3z,w) +
o

quiu) (X|x + us3z,w)} exp[-rslrds ;

the use of these iterations to calculate an explicit expression for

K(u) is not prohibitively complicated in this case.

6, = First passage distributions.

In the present Section, we wish to evaluate the probability of a
first passage at the barriers a ,, together with the velocity and direc-
tion of motion distribution at this passage. We can do this using the
method outlined at the beginning of Sect; 3 if we know the sequence of
probabilities Piﬁ)(ale;s) that a particle initially at x with direction
u effect a first passage at a, in a length of path <s aftgr suffering
exactly r reversals and k continuations in [a_l,al]° Writing as before
R; for gx), we can see. that Eéu)(ale;s) is the sum of two terms,
namely, the probabilities that in path length s the particle (initially
at x with direction u) effect a first passage at a, with no collisions,
and that it suffer its first collision in path length <s but after

having passed through a,s thus
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s
(6.1) Péu)(ale;s)'= 6[(av,vw)|x+us] expl[=is] +J; 6[(av,v«4|x+ﬁt]
exp[-)\‘t]kd‘r:(-]}‘;:—s*g Qiu)[(avaw)a9|x] .

Hence, taking Laplace transforms,

6.2) (e |xs0) = (1 . %) QM [(a,ve) 301 =

= (l + %) (pz+q.w)'-:L Hiu)[(av,\’“)lx;_ﬁ’uzow] .«

In accordance with the theory developed in Sect. 2 and eq. (2.7T), we see

that the generating function
6.3 oW o L L ) - pWaprg(v) -

r=0 k=0 ;
(=1 1 9\ (uw)
(pz+qw) (l ts 5-9 B0,

(w) is the generating function obtained in Sect, 5. Taking

where H

Laplace transforms, we find that
(6.4) G(u)(ale;o,z,w) = (pz+qw)™t (l + %) H(“)[(av,vw)lx;o,z,w] .

In this type of problem, one is mainly interested in the limiting first

passage distributions as s + =, Let M(u) = lim G(u) = lim aG‘v); then

s o*0
clearly
(6.5) M‘u)(ale;z,w) = (pz+qw)-1 K(u)[(av,vw)|x;z,w] .
where K(u) is the limiting generating function defined in (5.8).

Explicitly,
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t A(1-qw) sinh Y(x-a_l) + y cosh y (x-a_

(1) (0 ooy vy o 1)
M (allx,z,w) A(1-qw) sinh y& + y cosh y&

(6.6)

Apz sinh y(x-a_l)

A(l=qw) sinh y& + y cosh y& ?

| M('l)(allx;z,w) =

where 4 = a, - a_, and y vas defined in (4.8). The expressions for
M(u)(a_l) may be obtained by symmetry from (6.6), as in (5.7).

Letting z and w tend to 1 in (6.6), we obtain the probability
M(“)(al[x) that the particle first emerges from [a_l,al] at &, (regard-

less of the number of collisions which occur before emergence), Thus

(6.7) ut) (a)|x) = [1 + (x-a_,)Ap][1 + (al-g;l)lp]'l.

M(_l)(&llx) = (x—a_l)kp[l + (al-a_l)kp]'l.

We notice that these are consistent with the general results found by
Mycielski and Paszkowski [33] using invariance arguments.

Under postulate (3) of Sect. 1, i.e., that the velocity transition
probabilities satisfy the commutativity condition ¢“ ° wo = wo ° wﬂ N
we can use eq. (3.2) together with the first passage distributions given
by (6.6) to determine the distribution of the velocity with which the
particle first emerges from the interval [a-l'e'l]" |

The probability of emerging fifst at gv (after any humber'of pre-
vious collisions) is given by M(u)(ale). Hence, using (3.2), the
distribution of emergent velocity conditional on the initial state
(uyu,x) and first emergence at a, is given by |

(6.8) Fav(Vlu,u,x) = [M(“)(ale)]‘tggéo P§;)(av|x;w)¢ii) ° wgJ) .
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In principle eq. (6.8) gives the required distribution of emergent
velocity. For functions Wﬂ, wo of certain forms the equation simplifies

considerably,leading to more manageable solutions. We shall now give

two such examples.

Example 1, ,
1 v
‘Pﬂ(dvlu) == fp (a-)dv , Ogsvgu,
w(dv[u)=£f < )av Ogsvegu
) u g \u ’ o S0

In this case it is convenient to introduce the Mellin transforms

o=l .

" .

- 4

el L @E) .
u a=1

— vy (v dv

‘bo(a) =4[,=o fq (;) (-‘;) vy

u

u . Gml
?/8. (G[u,u.x) =f (1) Fa (dv|u,u,x)o
\Y V=0 v

Then, taking Mellin transforms in eq. (6.8) we have

el - -
(6.9) & (aluyux) = (s |01 1M (o IxiF, (@),7 (@)
v ;
where the generating functions M(u)(ale;z,w) are obtained from eq. (6.6).
The moments of the distribution of emergent velocity are eésily found
from eq. (6.9); for example, the n~th moment is given by

(6.20) & (Plugux) = vt (e |17 M(“)(ale;l-b-"(n+l),_d7o‘(n+l))o
v
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Example 2,
wﬂ(dvlu) = 8(v=c u)av , Oge, g1 ,
wo(dvlu) = G(V-czu)dv . . Osgc,g1 .

This is the case in which, as a result of a collision, the
logarithmic energy of the”particle decreases by a fixed amount depending
only on the angle of deflection. The emergent distribution, as distinct
from the previous example, is now discreté. If the particle, starting
with velocity u, makes i collisions with reversals and j collisions

without reversals, then the resulting velocity is given by

v = u,cicJ .
172

Taking Mellin transforms as in Example 1, again defining

1

Qm
?I (U.IU.,}J,X) =f < F (dvlunIJsX) ’
V=0

we find that

(6.11) ‘?:v(“lu'”’x) = [M(u)(ale)]-l M(u)(ale;c;-l, cg-l) o

To. = Higher-order passage distributions and further boundary conditions.

The results of Sect. 6 can be generalized to give passage distrlbu-
tions for any prescribed sequence of passages through points on (-w @),
Let us take two points aj, 8 5 (wmeo < ?—l 1
real line into three regions (-w,a_l), [a_l,al], (al,w) which we shall

< a, < »), These divide the:

denote by L-l’ Lo’ Ll’ respectively. An arbitrary sequence of passages

through the points a1y &_, can then be specified by a sequence of
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numbers'{yo,yl,...,yn} vhere Yy = -1, 0 or 1. This sequence indicates

that the particle starts in LY , makes a first passage from LY to LY .
o o 1

thence to LY , thence to LY and eventually to LY o Clearly
2 3 :

{Y se00sY,} must be a nearest neighbour sequence, i.e., IYJ-Yj-lI =1,
J » 1. For example, the sequence {0,1,0,1,0,~1,0} is of the required
type.
We introduce the following generalization of the function
(W) YoYyeeeY
M (ale;z,w) defined by equation (6.5). Let P

probability that a particle which starts at x with direction ¥

B(x,u) be the

(=2 < x < », y = ¥1) makes the sequence of first passages cdrrespond-’
ing to the sequenée {yo,.oa,yn} and experiences exactly r reversals

and k continuations before making the last of these from LY to LY .
, n-1 n
Then we define

(-] [d ‘
Y osoY ’
M(u) (x32,w) = E: }:: p_° n(x’u)zrwk s lzls1, vl .
Y eooY py rk

o - 'n r=o0 k=o ,

©

Clearly the passage L »+ L  must occur through a +
Yn-1 Yn Yne1"Yn
Furthermore

Mgti(x;z,w) = M(U)(al|x;z,w) .

(7.1)

Mﬁtzl(x;z,w) = M(u)(a_l|x§zyw) .

where the expressions on the right=-hand side are found directly from

eqs. (6.6). The functions Mig)o(x;z,w) can also be found from (6.6)
* M,

by letting &) > @ora_; > -=as required, Thus for example, letting

a_, tend to -« in the first of egs. (6.6) and then replacing a; by
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a_ys e find that
(7.2) M&Zo(x;zm) = exp[-y(a_;-x)] .

The higher order passage probabilities are then determined recur~-
sively from the relation

(7.3) wH) (x32,w) =

Yoooo‘Yn v

(¥, _1=Y,_5)
y P-i -2 (a 32,W) M

(x3z,w) &
Yn-1¥n Yn-l+Yn-2 Yoo Ypal

Suppose now that the particle moves in the‘interval (-m,a_l] and
that there is & reflecting barrier #t é-l’ i.e., when the particle
strikes the barrier at a_l its direction of mbtion is reversed (ref
flection is not counted as a colligion) and the process continues.
The argument we are about to use extends in an obvious way to the
Problem of scaftering with two reflecting barriers. Let X be a
subinterval of (-w,él] and let Rii)(xlx) be the probébility, condi-
tional on initial position and direction (x,u), that the particle
makes its (r+k)th collision (r of these being reversals and k being
continuations) in fhe interval X, Then the generating functién,
R(u)(xlx) = E: R(u)(XIx) zrwk,-is given by

r+k>1 rk

) R = kM)« Lol e Ixsz,w

n=o

P
Ki’l)(xla_l)[Mi-l)(a_lla_l;z,w)] .

where Kiu)(xlx) is the analogue for the half=line (—w,a_l) of the
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generating function defined by eq. (5.8) for the interval [a_l,al].

Thus
(7.5) Ki“)(xlx) = lim H(“)(xlx;o,a_l,-w) R
g0
where H(u) is defined by eqs. (5.6) and (5.7). Similarly

Miu)(a_llx;z,w) is obtained from (6.6) upon letting a_; tend to -=
and then replacing &y by a_qo ‘The nJC'h term on the right~hand side of
(T+4) corresponds to the particle being reflected (n-l) times at the
barrier before making its (r+k)th collision in X. EQuétion (Tok)

can be written more simply as

(1.6 rRMW(x|x) =
. o 1=1
Miu)(a_llx;z,w) Ki-l>(xla_l)[l-Mi-l)(a_lla_l;z,w)]

+~K£u)(X|x) o
We observe finally that the same argument can also be applied fo
scattering problems on a line which is made up of a number of adjae
cent homogeneous segments. At each passage through an interface the
particle, instead of being reflected, passes into a different segment -

in which it may have a different mean free path,



wlla

8. = The steady-state distribution of particles in a finite interval,

For an interval of length & we define the following probabilities:
p, = Prob {a particle incident at one end emerges for the
first time from the opposite end};
Pi = Prob {a particle incident at one end emerges for the
first time from the same end}.

From eq, (6.7) we have immediately that
o= -1 - -1
(8,1) p, = [1+2pe]™™ , py = Ap[l + Aps] o

Suppose that N particles per second are incident upon the left-
hand end of the interval [a,b] and suppose that the system is in a
steady state, Then the expected number of particles per second pass-

~ing to the right through any point x in the interval for the k-th time

is given by

(8.2) én ! ]k

= 1
kR pr-a[pb-xp X=g °
Hence the total expected number of particles per second passing to

the right through x,

=1
= = - \ ' R
(8.3) g,nR E: .gi pr—a[l pb-xpx-a]
Similarly the expected number of particles per second passing to the
left through x,
-1
]

g = ' -l '
(8.4) n = Np,_.pp [1-p) bt
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Substituting for p,, p'! from eq. (8.1) gives
L S

N(b=-x)Ap[1l + (b-a)kp]"l s

fl

&
(8.5) &

e

9, « The effect of absorption.

N(1 + (b=x)Apl(1 + (b-a)lp]-l

Consider now the effect of introducing a third possibie outcome
at each collisionj namely, thét the particle is absorbed. The prob-
| abilities of reversal and continuation will still be denoted by p and
q respectively; however, (p+q) is now less than 1. The probability
of absorption, given a collision, will be denoted by r where
r = l=p=Q.,

Once a particle is absorbed, its motion ceases completely. ~To
the set of all possiblé states J in the pure scattering process, we
must therefore adjoin the family of states Age), a particle being in
state A(,‘i’,) if it has been absorbed and if its state immediately before
absorption was @ where w € of . The enlarged state space we shall
denote by J x,

The transition probabilities Prk(sl'(\n,;s) and Qrk(S‘Ig;s) are then
defined exactly as in Sect. 2; it should be observed that Qrk(s*lg;s)
is zero for all sets S* exterior to of since it is impossible for the
particle to be absorbed at the (r+k)th collision if r of the collisions
were reversals and the remaining k were continuvations. We observe also
that [l - Iio Lqr,n_r(dnlg;w)] is the probability that a particle
initially in state w is absorbed before making n collisions.

The fundamental equations (2.9) and (2.10) are unchanged by the

possibility of absorption at a collision., In fact, the only results
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which are no longer valid are those in whose derivation the fact that
p+q = 1 has been used, | These are equations (4,11) to (4.14) which can
easily be modified if p+q < 1 (the density function fn(y) will then no

longer be normalized to unity) and equations (6.7) which become

( (1-q) sinh (x—a_l)A Vrs + \frs coshl(x-a_l)\/-ﬁ

(1-q) sinhit '/E + Jr_s" coshit \/?é ’

M(l)(a,llx) =

(1) p sinh (x—a_l)}\\/rs
M (allx) = :
L (1-q) sinhAt\ /rs #\/rs cosh tA\/ rs

where t. = 81=8_1» r = l=p=q, and s = l-q+po»

Equation (8.1) which was obtained directly from (6.7) must also be
changed and the results of Sect. 8 modified accordingly.

It will sometimes be of interest to know the probabilities
Pmk(sl,\‘f;’;s) and ka(slg;s) conditional upon no absorption in the first
(m+k) collisions. These conditional proba.bilities" are simply
P mk(.'l.-r)-mmk and ka(l-r)-m-k; the corresponding generating functions

are therefore obtained by replacing z by z/(l-r) and w by w/(l-r) in

the generating functions G and H respectively.
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CHAPTER 3
THE APPLICATION OF A SIMPLE ONE-DIMENSIONAL PROCESS
IN BUBBLE CHAMBER EXPERIMENTS

1, - Introduction.

The material of this chapter is concerned with the process of
Chapter 2 in-the special case where there is no absorption or reversal,
i,ecy p=r =0 and q =1, Nevertheless, this process is of considerable
interestlin physics partly because it occurs in the formation of bubble
chamber tracks; the theory of such processes can be used to estimate
the velocity of particles passing through the chamber.,

Consider a particle which moves along the half-line [0,»®) in such a
way that it has probability Aéu + o(éu) of forming a bubble in any small
element (u, u+du) of its track (A is constant). Following bubble forma-
tion, the particle continues moving in the same direction and generates
further bubbles in the same way. The particle is observed only in the
line segment 0 £ u £ x, and successive bubbles are formed at
X)9Xpp0009X (0 < X, <X, € X < x) where X 5000,X are random variables,
and the number, n, of bubbles in [0,x] is also random (having a Poisson
distribution)., The distances

Yl =X,

Ty =X - Xy

2g<ign ,
constitute a finite univariate population process as defined by Moyal [32],
the individuals being the distances Yi’ each with state space [O,x]o

These distances Yi between successive bubbles are used to estimate

the mean free path, A-l, and hence the velocity of the particle whose
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track is observed, Owing to the non-zero diameter, d, of the bubbles,
only those distances Yi which are greater than the bubble diameter are
observed., These are then used to estimate the mean free path by equat-
ing the total number of observed distances to the expected number. Such
a procedure requires knowledge of the distribution of the number of dis-
tances Yi which are greater than the bubble diameter 4.

It is the purpose of this chapter to give a complete description of
the population process generated by the Yi° We shall determine the
probability generating functional for the process and use this to find
explicit expressions for the kth order factorial moment densities and the

distribution of the number of distances Y, such that Yi > d,

i
We shall assume throughout that the mean free path A-l for bubble
formation is unity. This implies no loss of generality, being equivalent

to measuring all distances in units of AL,

2. The probability generating functional and factorial moment densities,

The process may be described as & population process in the follow=
ing way: the state space of each individual is [O,i] and corresponding
to n bubbles with succesgive mutusl distances_Yl,ooo,Yn we have n indi-
viduals with states Yl,oo,,Yn in [0,x]; the process may then be charac-
terized by the integral~valued random function N on a class of subsets
of [0,x], where N(AIYl,ono’Yn) is the number of individuals in the
subset A corresponding to a total of n individuals with states
YogeoesY 5 ioeo, N(AIYl,“o,Yn) = i <S(A|Yi) where §(AlY) = 1 if

i=1
Y e A and §(A]Y) =0 if Y & A.



We define the integral with respect to N of any measurable function

6 on the individual state space % (=[0,x]) to be the random variable

n
8(u) N(duIYl,“.,Yn) = Z f 8(u) 6(du[Yi)
z i=1l %

’ n
= 0oy

)e
=1

The probability generating functional for the process is defined, for

any bounded measurable function £ on % as the expectation

Gle] = SE(YIE(Y,)p000,E(Y )

= £ exp -[.log E(u) N(dulyl,ooa’Y Yo
H . % n

Consideration of the point at which the first bubble in [0,x] occurs

leads to the following equation for G:

x
(2.1) glg,x] = X 4 J E(y)G[E,x—y]e’ydyo
o.

Taking Laplace transforms with respect to x and defining

H[E’S] = J' e-su G[Egu]du ’

o

¢(s) = J’ e %% (u)au ,

(o}

we find from equation (2.1) that

(2.2)  H[E,s] = (s+1)71[1 = ¢(s+1)1™F
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It has been assumed here that £(u) is defined independently of x for
all non-negative values of u and in such a way that ¢(s) exists for some
s with positive real part. These restrictions are not severe; since for
a given x any bounded measurable function £ on [0,x] can be extended to
a function on [0,») having the required properties.
The Laplace transform H[£,s] of equation (2.2) can be inverted to

give the solution

Y ewg™1(x)

Glg,x] =
n=0o » ‘
® x u u, |
(203) = e—x l + Z f J .".J' E(un-un l)o-o »
n=l “u =0 “u .=0 “u,=0 -
n n-l 1
§(uy-u, )E(u  Jdu; .0 0duy .
where
£(x) = ™%,
g(x) = e™¥g(x),
. x
[ony] (x) =J ¢(x=y)v(y)dy,
(o]
e x) = [ee®™ 1), n=1.2,u..,
and

g(o)(x) = §(x), the Dirac delta functionm.,
The solution (2.3) clearly converges for all functions { which are

bounded and measurable on x.
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The kth order factorial moment distribution M(k)(Al,...,Ak;x) is

defined for any family of measurable disjoint subsets Al"”’Ak of the

individual state space .5 by

(28) M (A yeenahgx) = ENGAN(AY) oN(A )

It is shown by Moyal [32] that, provided the factorial moment distribu=-

tions exist, they are related to the probability generating functional

by
.. .k '
(2.5) ‘[' El(ul)...Ek(uk)M(k)(dul,dua,..o,duk,x) = lim sg DE q[n,x],
k , nrl 1l k
[/ ,
k th .
where 6E £ G[n] is the k=~ order variation of G defined by
looo k . )
. k
k
k )
§ G[n] = G[n + 5: A E}
€looo€k uakl..,akk i=1 i%i

xl=...=xk=o .

where sup |n(x)| < 1 and A seeos}, are complex variables.

X% k

The corresponding factorigl moment densities are defined by

(2,6) m(k)(u1’°°°’uk;x)du1°”'duk = M(k)(dul..ao,duk;x) o

Taking Laplace transforms of equation (2.5) with respect to x,

choosing
u exp[=p(x=u)l, x> LI
Ei(u) = .

0 sy X < ui,
nfu) = e¢<1 ,

and letting ¢ = 1, u » « we find that the Laplace transform of
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m(k)(ul,...,uk;x) is given by

«©

k
(2.7) J' m(k)(ul,o..,uk;x)e'sxdx = kL <} + 1) exp|=(s+l) Z: .
le]

Hence
k

2
(2.8) m(k)(ul,,ea,uk;x) = (k!)° exp{- gﬂ. i-o (k-l)l(l!) e

3, = The number of distances exceeding the bubble diameter, d.

Denote by N the number of individuals Y such that Y > 4 and let Py
be the probability that N = k, k = 1,2,... « Then the probability

generating function

(-]

, K '
(3.1) E(Zos) = §: Pk Z lzl 1,
k=0

is obtained from the generating functional G[£,x] upon defining £(u) as

zZ , u>4,
g(u) =~{

1 , ugd.

From equation (2.2) we find that the Laplace transform of g(z,x)

with respect to x is given by
, .
(302) h(vz’s) = [S + e-(s““l)d - ze-(S‘."l)d] °

This can be inverted to give

n
(3.3)  &(z,x) = ) () (xna)® ™,

ogngx/d

and hence
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k A ' n-k -nd
1|3 glz,x) E: (=) e n
k k! azk _&go ksnsx/d k! (n=k)!

°

The factorial moments of N are obtained immediately from

equation (3.3) using the relation

25g(z,8)
gN(N-l)}ooo(N"k""l) = g\Z,8

k o
az z=1

Thus EN(N=1)00. (N-kt1) = [ (x-kad)® e¥ , 1 ¢k ¢ x/4,

0 . k > x/d,

The first two moments agree well with a Monte Carlo computation which
was performed by Dr. L. G, Hyman of the Argonne National Laboratory
High Energy Physics Division, who raised this problem in connection

with its bubble chamber applications.
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CHAPTER L
MULTIPLICATIVE TRANSPORT PROCESSES IN ONE DIMENSION

l, = Introduction.

The following simple model for the multiplication of neutrons in a
one=dimensional rod has been studied by Bellman, Kalaba, and Wing [3,&,51]
in order to clarify the concepté of criticality and critical size. It is
assumed, as in the scattering model of Chapter 2, that a neutron travels
with constant direcﬁion between collisions, the probability of a colli-
sion in any small interval §s of path-léngth being A8s + o(8s). As a
result of a collision, the parent neutron is replaced by two neutrons
which leave the point of collision in opposite directions and continue
to move and multiplybin the same manner as the parent neutron. Bellman,
Kalaba, and Wing, using the principle of invariant imbedding (in which
the process is considered as a function of the length of the rod),
determine the expected number of transmitted and reflected neﬁtrons
generated over all time by a single incident neutron. They use as a
criterion for criticality the condition that these expected values be-
come infinite, in this way showing that the éritical length of the rdd

is given by m/2A. They also derive equations for the probabilities

(1.1) pn(t) = the probability that a single neutron incident on a
rod of thickness t eventually gives rise to a total
of n reflected neutrons,

and for the corresponding generating function,
(-]

(1.2)  u(t,s) = L p (¢)2®
n=o
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and make the following conjectures regarding the behaviour of the

probabilities p (t);

(1.3) Pn(t) < Pn_l(t) ’ %92p°°"

v

n
t 1]

(1.4) pn(t) is unimodal and has & maximum at t =y _, where
;& >y >y >0
2A n n=-l

m
and limn¢wy =y = critical length.

n

In this chapter we shall cbnsider a modified model in which a random
number, v, of neutron pairs emerges from a collision (v neutrons moving
in each direction) in addition to the parent neutron which continues to
move with its original direction of motion. We show that for this model
explicit solutions can be obtained for the probabilities’pn(t) and in
p:rticular we show that there is a certain length of rod, tc’ for:wh;ch |
) pn(t) <1 vhen t >t . This critical length, t_, is the same as is
gl:zained by epplying the condition that the mean number of particles
produced become infinite. However, the property that z: pn(t) < 1 for
lengths greater than tc is clearly a stfongef propertyn;g criticality
than is implied by the behaviour of the mean number of emergent
Particles, Following the detailed analysis of the ﬁodel Just descriged,
we shall return to the model of Bellman, Kalaba, and Wing, and show that
it also exhibits the property of criticality in this étronger senséo‘

In the particular case when the random variable v is equal to 1 with
probability 1, i.e., exactly two additional particles are produced at

each collision, the conjectures (1.3) and (1.4) of Bellman, Kalaba, and

Wing are established,



2, = The distribution of the number of emergent particles,

Consider a particle which originates at a point x in the rod
=8 € X £ a, Its initial direction of motion is u(u = 1 for motion to
the right and =1 for motion to the left). It moves in the manner de=
scribed in the introduction, i.e., the probability of a collision in a
small element of pathe=length és is Aés + o(Gs),and at each collision it
gives rise to v new particles (in addition to itself) moving in the same
direction and v new particles moving in the opposite direction; v is a
random variable taking the values 0,1,2,..., with associated probabilities
Moy aToseocs respectively. Without loss of generality we shall assume
throughout that the collision rate A is equal to 1. |

We introduce the probabilities Pn(u,#) thgt augingle particle
originating at x with direction u ultimately gives rise to a total of
. n particles emerging from the right-hand end of the rod. The corre-

sponding generating function is defined by

L]

(2.1) Glu,x) = P Pn(u.x)zn . lz| < 1,
n=o . o

Consideration of the point at which the first collisionvoccurs

gives the following integral equation for G(u,x):

8 - (He
(2.2) Gluyx) = z FoHe(Hx=a) +u\ G(u,y)z m G(u,y)" Gl-nyy)” H(xY)gy,
’ -X n=o0

Differentiating this equation with respect to x, we find that G(u,x)

must satisfy the differential equation

(-]

(2.3) 2= 0(ux) = wB(uyx) [1 - L m Gluyx)® Gleuyx)”
n=o

with boundary conditions
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§
(2.4) G(u,ua) = 2z 1, .

From equation (2,3) it follows that G(1,x)G(-1,x) is independent of x,

1oeo’

(2.5) G(1,x)G(=1,x) = K(z) ,
where K is a function of z with the properties

lK(z)l 1 lzl <1,
(2.6)
|k(z)| <1 , lz] < 1.
Substituting K(z) for G(1,x)G(-1,x) in equation (2.3) and using the

boundary conditions (2.4) we find that

(2,7) Glu,x) = 2 1M exp [(ux—a)(l - E: " K(z)n)] .
n=o0 *

where K(z) is a root of the equation

(2.8) 6 = 2 exp [-za(l.- % nnen)] .

n=o
having the properties (2.6).

By Lagrange's Theorem (Whittaker and Watson [54]), if |z| <1 equa~-
tion (2,8) has only one root 6 such that |6] < 1, From conditioﬁs (2.6)
this must therefore be the required root K(z) appearing in equaﬁion (2.7)e
Making use of Lagrange's expansion, an explicit solution will now be
derived for G(u,x).

We introduce functions f(e) and ¢(6), in which z, x, and a are
regarded as fixed, defined by the following equations:

s ®

(2.9)  £(0) =z 1" exp [(ux-a)(1 - L ne®)]
n=o
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(2.10)  ¢(8) = exp [-2a(1 - nnan)] .

n=o0
For |z| < 1 the generating function G(u,x) is obtained from £(6) upon
replacing © by the root K(z) of (2,8) in the interior of the unit circle.

By Lagrange's expansion therefore

©

-1
(2.11)  G(u,x) = £(0) + )} ?21:11' { & — [¢(e) f(e)]}
n=1‘ ae® =0

From equation (2,11) it can be shown directly that the coefficient of z®

in G(1,x), i.e., Pn(l,x), is given by

P (1,x) = exv[(x-a)(l-ﬂo)]

(2.,12)

| n-2
P (1,x) = &% expl (1-7 ) (x-2nata)] Jgom-a-uygn'?’w,,-a-l.
where i 2 2
(n) _ 54
Yo ’
(2,13) z ,
(n) }: (2na+a-x) ,
Y ' Me M, oco0oT . J 2 1
9 m=1 N i +,°°+im=3 112 im ’ -

the inner summation being over all sets of positive integers
(il,ie.oao,im) such that i +i *ooo+i -Jo
The probabilities Pn(-l,x) can be found immediately from (2.12)

using the relation

(2.1k) Pn(-l,x) = Pn+l(l,-x) s 1n=0,1,2,000,

which is a direct consequence of equation (2.7).
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The reflection probabilities pn(t) defined by (1.1) are obtained

from Pn(-l,x) on setting a = x = t/2, Thus

[ py(t) = & expla(l-m ) (n+1)t] *

b : [(n+1)t]" E:
n+ i n
(2015)< nn‘n + Jg.(n-d)ﬂx?hd n‘Z:l_ﬁT—— il+,.,+im=j ilooo im -9

ns2,

\ p (t) = expl-t(1-m )] p, () = tn) exp[-2t(l-n )] .

In the particular case when v = 1 with probability 1, i.e., if
(2,16) n_=6 . | N = 0,1,25000,

then pn(t) takes the very simple form,

)n-l

l tn exp[—(n"'l)t] F) n= 0.1,2.005 .

(n+1
(2.17)  pyle) = —
The maximum with respect to t of this function occurs when t = n/n+l and
it will be shown in Sect, 3 that the critical length for this particular

model is t = 1. This proves conjecture (l,4)., The proof of conjecture

(1,3) follows trivially from equation (2,17).

3, = Criticality in the model of Sect. 2,

The results of Sect., 2 may be summarized as follows: for |z| <1

the generating functions G(u,x) are defined by
6 (- -]
1 .
(3.1) Glu,x) = 2 —*¥ exp[(ux-a)(1 - )3 ﬂnK(Z)n)] R
n=o0
where K(z) is the unique root of the equation
(-]

(3.2) 8 = z exp[-2a(l = §: nnen)] .
n=o
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in the interior of the unit circle, |6| = l, We shall ndw examine the

limiting behaviour of G(u,x) as z tends to 1 and show that

(3.3) lim G(u,x) <1 if 2a > 1/, x # ya,

z*l

(3.4) limz*lG(u,x) =1 otherwise,

vhere V = §: nm_ is the mean number of additional particle pairs
n=o

emitted per collision, Thus there is a certain "critical" length of

rod, tc = 1/V, beyond which there is a non-zero probability

(1=lim_ _.G(u,x)) that a single initial particle at x with direction u

z>1
will eventualiy produce an infinite number of descendants. The critical
length is usually derived (see Bellman, Kalaba, and Wing (3 by con-

gsidering the equation for the mean number of particles produced (derived
on the assumption that 11m G(u,x) 1) and taking as the critical
length that length for which the solution first becomes infinite. As we
shall see, this procedure leads to the same value, 1/V, of tc° The fact
that the mean number of particles produced by a single ancestor is
infinite for rod-lengths greater than tc is clearly implied by'(303)
but not conversely.

To prove (3.3) and (3.4) we first observe that if x = upa then

G( uyx) = zGl’u so that lim, G(u,x) = 1 for all values of a. It will be
assumed in what follows that this trivial case is excluded, i.e.,
X # pa.

Now if 2a > 1/V, then by Lagrange's theorem, equation (3,2) has a

unique root 6 = y(z) such that |y(z)| < 1 for |z| § 1, By the uniqueness

of K(z) and y(z) we must have



(3.5) ¥(z) = K(z) for all z such that |z| < 1,

Hence lim_ _.K(z) = limz*lw(z) so that

2+l

(3.6) |1im _ K(z)| = |1im . w(z)| <1 .
Using this last result, it follows from equation (3.1) that

limz+lG(u,x) <1 if 2a > 1/,

This completes the proof of (3.3).
To prove (3.4) we observe from (2,5) that K(1) must be real and

less than or equal to 1; K(1) must also satisfy the equation

(3.7) K(1) = exp[-2a(l = 2: nnK(l)n)].
n=o
However, if 2a < 1/V the only reél root of this equation which is less

than or equal to 1 is K(1) = 1. Substituting in equation (3.1) gives
lim . G(uyx) = 1 if 2a < 1/vi .

thus completing the proof of the result (3.4).

Now let us consider the behaviour of the mean number, M(u,x), of
particles ultimately emerging from the right-hand end of fhe rod condi=~
tional upon a single particle originating»at x with directidh My and
conditional upon the total number of particles emerging from the righte
hand end of the rod being finiﬁe. In terms of the generating function
G(usx) we have

3.8 ) = {1olmI? Eota)

z=1l



Hence

(a=-x) 2 nﬂnyn
(3.9) M(u.X) = 51 + n s
! 1.2a ) nm Y

wvhere y = limz+lK(z). Setting vy = 1 in (3.9) we get

(a=x)v

(3.20)  M(uyx) =8, | +-355

which is the solution of the equation for the mean
d _ .

(3.11) 5= M(uyx) = =uv[M(=u,x) + M(u,x)] 5

with boundary conditions

(3.12) M(u,au) = 51, .

The reason for the discrepancy between (3.9) and (3,10) is that equa-
tion (3.,11) is obtained by differentiating (2.3) with respect»to‘z and‘
setting z = 1 and G(u;x) =1l, It tﬁerefore ceases to be valid in the
supercritical case when lim;$lG(u,x) < 1; this is indicated by the fact
that when 2a > 1/9, M(u,x) as given by (3010) becomes negative (for
further discussion see also Moyal [55]).

In the model of Bellman, Kalaba, and Wing [3] only two particles
emerge from each collision (one moving in each direction) and the eQua~
tion corresponding to (3.,1l) for the mean number of emergent particles

(vased on the assumption that limz+1G(u,x) = 1) is
.
(3013) E’;M(u’x) = -uM(-u.X) e

with the boundary conditions
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(3.14) M(u,ap) = sl’u .

The solution of equations (3.13) and (3.14) can be written

(3.15)  M(u,x) = & cos(a+x) , .  sin(atx)

1,0 cos 2a =l,u cos 2a

Bellman, Kalaba, and Wing took the critical length for their model to be
the smallest rod-length for which the‘mean number of particles pfoduced
by a single ancestor (calculaﬁed on the assumption that limz+lG(u,x)=l)
becomes infinite. Hence, from (3.15) this criterion gives a critical
length tc = n/25 Applying the same argument to the model considered
previously, we find from (3.10) that the critical length is tc;= 1/v.
Thus we arrive at the same value as was previously derived Ey‘consider-

ing the behaviour of lim

z_)lG(“’x) L

b, = Criticality in the model of Bellman, Kalaba, and Wing.

It has been shown that for the model of Sect. 2 there is a critical

length tc = 1/V such that
(L,1) limz+lG(u,x) <1 if 2a > tc s X # ua,
(k.2) limz?lG(u,x) =1 otherwise,

The same kind of behaviour will now be established for the model of
Bellman, Kalaba, and Wing in which, at each collision, the incidént
particle is lost and twq new particles emerge (one in each direction)
from the point of collision.

Instead of considering, as in Sect. 2, the probability Pn(u,x) that

a single particle originating at x (-a <x<a) with direction u ultimately
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generates n particleé emerging from the right-hand end of the rod, it
is more convenient now to consider the probability Q?(u,x) that the
total number of particles ultimately emerging from the rod is n. The

corresponding generating function is defined by

H(u,x) = Y. Q, (u,x) 2, lz| <1 o
’ n=o

©0 -]

Clearly ), P (u,x) = ), Q (u,x) = lim __H(u,x) so that it will be
n=o P n=o P z*1

sufficient to prove (4,1) and (4.2) with G replaced by H. In fact, we

shall prove the following:
{L4,3) limz+lH(u,x) <1 if 2a > n/2 , x # ua,
(Lok) lim . H(u,x) = 1 otherwise,

The critical length tc is thus n/2 as already found by Bellman, Kalaba,
and Wing from their study of the mean number of particles produced by a
single ancestor (see Sect., 3),

Proceeding as in Sect. 2, we find that the equations for the

generating functions H(u,x) are

(4.5) == H(wpx) = (k) [1 = B(-uyx)]

(4,6) H(u,ma) = 2z,

Introducing new functions u(x,z) and v(x,z) defined by

(4.7) u(x,z) = = [H(1l,x) + H(=1,x)] ’

O -

(4.8) v(x,2z) [H(1,x) = H(=1,x)] .
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we find from (4,5) that
d
(4.9) S=v ,

(4,10) %% qeu + v .

Inspection of equation (4.5) shows that

(bo11) log H(1,x) = H(1,x) + log H(-1,x) = H(~1,x) = x(z)

where x(z) is independent of x.

Suppése that H(1,0) = a(z). Then by symmetry H(-1,0) is also equal
to a(z), Since a particle which starts at x = a moving to the right can
have no collisions, we must have H(1l,a) = z, We denote by B(z) the
Acorresponding function H(=-l,a), For real values of z less than or equal

to 1, equation (4.5) shows that
(Lo.12) B(z) < H(=1,x) ¢ a(z) < H(1,x) < z for all x > 0,

Thus in order to prove (4,3), it will be sufficient (using (4.5) and

(4,12)) to show that
(4L.13) limz+la(z) <1 for 2a > n/2o

To prove (b.U4) it will be sufficient (using (4.5) and (4,12)) to show
that

(b,14) limz+la(z) =1 for 2a < n/2

Substituting the values of H(1,x) and H(=1,x) at x = 0 and x = a

in equation (L4,11) we find that
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(k,15) 2[log a(z) = a(z)] = log[zB(z)] = B(z) = z = x(z) .

Rewriting equation (4,11) in terms of u(x,z) and v(x,z) and using the

relation between a(z) and x(z) gives

(4,16) w2 = v2 = o2 e~2(a-u)

and hence from (4,9)

d 2 2 -2(a-
(h17) = \fu" - e (aeu)

the positive wvalue of the»équare root being appropriate if z is real,
positive, and less than or equal to 1, and if x > 0 .

Integra&ing equation (4,17) between the limits x = 0 and x = a
leads to the relationship

-é‘[z+B(Z)]

dy -(z+8) 2 =20
(4,18) a = where zBe =qa e .
o(z) \/yz - o2 Q2(y=a)

We shall now use equation (L.18) to deduce. the limiting behaviour of

a(z) as z tends to 1.

Suppose that z is real and positive and z < 1 so that a(z) and B(z)

are both real and positive and @ < 1, B ¢ 1. Define y(z) to be the

unique real root of the equation

ye_(l+Y) - a2 o2

such that vy £ 1 for 2z < 1, It then follows from the relations

z e-(z+6) = a® e2* ana g(z) ¢ z

B

that z+8(z) < 1 + y(z),
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We wish to show that 1imz+la(z) < 1 if 2a > n/2 and that

1i

mz_)la(z) = 1 if 2a < n/2, Suppose first that limz_»la(z) = 1. Then

from equation (k4,18)

Hz+8(2)]
dy

21 J () ‘/yz - o2 e2(y-a)

lim

)
H

-;-[lﬂ(Z)]
dy

z>1 w(2) \/y2 _ Ot2‘e2(y-m)

lim

/A

rl-ts/fé‘ dv

-]+
80 s \/yz - (1-5)2 (2(y-1#8)

lim

L.

ra dv

,e/\/'z—\l_—_vg _ 2

]

lim §+0

Thus if limz_,la(z) =1 then a g /b, i.e., if 2a > /2, then

limz*la(z) < 1, Conversely, if lim__.a(z) = a(l) < 1, then

2+1
1
5[1+8(2)] ay ]
a8 = > -E-
a(1) \/y2 - ,a(1)2 ez[y-a(l)]

and hence limz_*la(z) =1 if 2a § n/2. This completes the proof of the

properties (b4,1) and (L.2) for the model of Bellman, Kalaba, and Wing.
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CHAPTER 5
GENERALIZED ONE-DIMENSIONAL SCATTERING PROCESSES
WITH APPLICATIONS IN THREE DIMENSIONS

l, = Introduction,

Consider a partiéle which moves along the x-axis starting from a
point x in the interval [a_l,al], It continues to move with constant
direction uﬁtil it makes a collision,as a result of which its direction
of motion is reversed with probability p and unchanged with probability q.
The probability that the particle is absorbed at any collision is
r = lep=q. The distances travelled between successive collisions ére
assumed to be independently‘distributed with density function f(x) and
characteristic function ¢(a) = JP f(x)exp(iax)dxo

Results for the special cas: where the distances between successive
collisions have a negative exponential distribution, i.e., f£(x) =
A exp(=Ax), ¢(a) = A(A-ia)-l, have alreﬁdy been derived in Chaﬁter 2,

It is the purpose of the present chapfer to extend these results to in-
clude more géneral distributions for the distances travelled between
collisions, In Sect. 2 we determine the characteristic function (for
arbitrary ¢(o) and no barriers) of the displacement of the particle at
its n-th collision, given that.it makes at least n collisions before
being absorbed. ‘In Sectsokh and 5 we generalize the results of Chapter 2

for scattering processes with absorbing boundaries at a_, and a, to-

1

processes where the distances between colliéions have probability
density functions belonging to one of the following two classes:

An n=1

(1) f(x) =‘—T§:ITT exp(-xx) .
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n
=1

As an application of these generalized results we shall discuss
the method used by Fermi [21] to study the scattering of thermal neu=
trons in a three-dimensional plane slab {ﬁ: a_ £ x £ al} of paraffin.,
Fermi supposed that the motion of the neutrons is as follows: between
collisions‘each neutron moves in a straight line and in any element §s
of its path it has probability Aés + o(8s) of making a collision,where
2L s its (constant) meanifree path; given that it makes a collision,
the neutron is absorbed with probability r and scattered isotropically
with probability l-r., Fermi obtained approximate results for this
process by suppésing that the projection of the motion on the x-axis is
a one-dimensional scattering process of the type studiéd in Chapter 2.
with collision rate A\fg-per,unit path length (as opposed to A for the
three-dimensional motion) ahd probabilities r, E%E R ;%s-of absorptidn,
reversal, and continuation irespectivelya

This is an approximate procedure because, as Fermi points out, the
projections of the distances travelled between collisions do not in
fact have a negative exponential distribution as do the distances‘
themselves.,

For a more precise study of the motion of the projection of the
particle on the x-axis,we shall determine in Sect. 6 the true character-
istic fﬁnction, ¢(a), of the projections of the distancés travelléd
between collisions,b In the absence of barriers we can then use the

results of Sect, 2 to derive the exact characteristic function of the

x=displacement at the n-th collision. When there are barriers present
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(at x = a_, and x = al) we shall use the generalized results of Sect., 5
to improve on Fermi's results for the scattering of particles by a slab
of finite thickness.
Fermi's method and the method to be described both apply only to
isotropic scattering. For anisotropic scattering, the projected\dis-

placements between successive collisions are no longer independent.

2, = The general one-dimensional process with no boundaries.

Consider the following generalization of the process studied in
Chapter 2, A particle starting from the origin moves in steps
Xi, i=1,2,0009 aloﬁg the x-axis where {IXiI} is a sequence of identi=
cally and independently distributed random variables with characteristic
function ¢(a). At the end of'each step the particle suffers a colli=-
sion, the probabilities of reversal, continuation and absorption at
each collision being P, @ and r respectively. For the moment we
assume that r=0 (we show at the end of this Section how to adapt the
results when r>0) and defermine the ‘characteristic function oiu)(u) of
the displacement at the n=th collisioh, given that the initial direction
of motion was u(u=+1 for motion to thé right and -1 for motion to the

left); thus
n

(2.1) oip)(a.) = g{exp[ia Z XJ]Iu}o
J=1

Given that m of the first n stePS'Xl,ogu,Xn have the sign of the

initial direction u,we have

(2.2)  oM(a) = [o(ua)® [o(ana) P
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Hence, defining

(2.3) P;z) = Prob {m of the first n steps have the sign of the
~initial direction, u},

(observing that these probabilities are independent of u) we have

) oM@ = 3 2 o T® [p(aua) PE

gt
)

ioeo,

(2.:5) o) @) = Lot B (o) 1lo(u)T ™) n 31,

n

where Pé“)(z) = 2: Piﬁ) 2" and Pég) is defined for convenience as
k=0
P-lG

o,n’
Consideration of the collision at which the first reversal
occurs yields the recurrence relation
m
; (w) _ k-1 (w) :
(2.6) Pmn = E;il'P) P P(n-m)(n-k) syl $mgn

from which it follows that if n > 1

n m
(2.7) Péu)(z) 20 E: §: p(l-p)k"l P P(v)

m=1 k=1 (n-m) (n-k)
n

= 2" E:‘.,p(l--p)k"'l p{H) (71 » n 21,
k=1 n-k

This equation can be written in the more convenient form

2.8) 2 (2) - 2(1p) B (2) = g™t M (a7

together with a second equation which is obtained from (2.8) on

replacing z by z‘l, namely
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2.9) Pty Loty = gt P Wy

Elimination of Pgu)(znl)lfrom (2.8) and (2,9) leads to a second-order

difference equation
(2.10) (“)(z) - (1= p)(1+z)P(“)(z) + z(l 2p)P(“)(z) =0

and introducing the generating function

(2,11) P(“)(zgw) - L Pr(ln)(z)wn s W] <1, lz| g1,
n=1

we find from (2,10) that

(2.12) P (z,w) = wz _1 - w(1-2p) 5
1=(1-p)(1+z)w + (1-2p)zw

Hence, from equation (2.5), we obtain for the generating function

oéﬂ)(a) .

(2.13) Z or(lu)(a)tn =

n=1

1-(1-2p)t ¢ (=pa)

t¢(a) - >
1-(1=p)[¢(na) + ¢(=pa)lt + (1=2p)¢(ua)d(=-na)t

Notice that if we replace ¢(a) byl[k-ia]fl then cﬁu)(a)‘ﬁecomes the

characteristic function of the displacément at the n-th collision for

the model considered in Chapter 2, The same generating functiog could

be obtained from equation (4,9), Chapter 2, by taking z=w=t and x=0,
If there is a positive probability (r>0) of absorption at each

collision then we define tgu)(a) to be the characteristic function of
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the displacement at the n=th collision,given that the particle makes at

least n collisions before being absorbed, Then the generating function
-]

E: tﬁu)(a)tn is obtained directly from (2.13) upon replacing p by
n=1 .

p* = p(l-r)’lo

3. = The one=dimensional first passage problem,

Suppose that the initial coordinate of the particle in the interval
[a_l,al] is x and that its initial direction of motion is w; u = +1 for
motion to the right and -1 for motion to the left. For distances be=
tween successive collisions having probability density function f(x) and
for probabilities p, q, r of reversal, continuation and absorption at

a collision we wish to find the probabilities P(u)(a [x) of first

emergence at a, . after exactly r reversals and k continuations,

+1
The solution when f(x) = Aexp(-Ax) is given in Chapter 2 as a
generating function,
) (e [xsze) = Z NI
- r+kZo
From the basic equation (4,14) of Chapter 1 or by a simple direct

argument it can be deduced that for arbitrary f(x) the generating

functionsM(U)(ava) (omitting explicit reference to z and w) satisfy

uco
(3.2) M(“)(ale) =us, I f(uy=-ux)dy
a
M

a
u
+uf f(uy-ux)[pzM('")(a\,ly)‘quM(u)(avly)]dy o
X

1 5, v=uyu
Gvu here denotes Kronecker's delta, i.e., Gvu = {
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A large number of distributions encountered in practige can be
closely approximated by a gamma distribution with suitably chosen param-
eters or by a linear combination of negative exponential distributionms.
If f(x) belongs to either of these two families, it is possible to .
solve equation (3.2). In Sect. 4 we solve (3.2) when f(x) is of the
form

n_nel
(3,3) f(x) =‘%;fi$7—exp(-kx) s O

< o

[17,Y
L]
o

and in Sect., 5 we do the same when f(x) is of the form
n

(3.4)  £0x) = Lpd; exp(-A;x) , O
i=1

BA

"
A
8

W

0

A
B
L)
-
°
™1
o]
it
[
-3

Both families include the negative exponential distribution as a
special case,

Although further generalizations of the results of Chapter 2 can
be derived in a similar manner, we shall resﬁrict ourselves to the

(V)(a

determination of M le) which is sufficient for the discussion of

Fermi's model in Sect. 6,

4, - First passage probabilities when the distances between collisions

have a gamma distribution,

When f(x) is given by equation (3.,3) the integral equation (3.2)

takes the form
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u“
(n) i J’ Anun'l(y-x)n'l ¥ _
(Lk,1) M (ale) u Guv X (ael)! exp{=Au(y=x)}dy
n

M .n nel n=1
+ jﬁ A (y=x) exp{-ku(y-X)}[PZM(-N)(avly)
. (n-1)!

+ qu(u)(avly)]dy

Using the symbol D to denote the operator g% , this equation can be

rewritten as

(4.2)  [QeuD)® = @] u®) P g 2o | =t

with boundary conditions
(n) -
(4,.3) M (avlau) = GVIJ ’
i,(w) = i =
(bok4) (A=pD)”™ M (ale)‘- S ou AT at x = 85 1=15000,n-1,
The general solution of the equations (L4.2) is
2n
(4,5) M(u)(a |x) = )} A(u) (z,w) exp(6,x )
v R vi i
i=1
where 61, i=l,...,2n, are the roots (assumed distinct) of the equation
(4.6)  [(A=0)® = qA®] [(A+0)® = qna®] + 2" p222 =0

The terms in the solution (4.5) corresponding to a k-tuple root 8 of (4.6)

are of course of the form [A(;) + A(u) +ooo+A(u) k- l] o exp (6x) »
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Equation (L.2) can be used to express Aizl) in terms of A(l)
i=1,.00,2n, and the 2n boundary conditions (4.3), (4.4) then determine
the coefficients Agg)(z,w) completely. |

Althoughvthis solves the first passage problem in principle it
will generally be difficult, especially for a gamma distribution with
large parameter n, to obtain an explicit solution in terms of z and w.

However the probabilities of emergence at either boundary,

wn P |x) = r?;éo e (a0 = W (e 0]

are easily found by setting z=w=1l in equations (4.2), (4.3), (4.4), and

solving numerically., Thus P(“)(av|x) satisfies

(4,8) [(A=pD)” = qxn]P(“)v, pA? pl=n)_ 0

with boundary conditions
(w) =
(-hog) P (avlau) - 6\)11 9
(4.10) (J\auD)i P(v)(a |x) = 6 Ai at x=a , i=1l,,00q4n=1
v ' uQ ® 1 °
The solution 6f these equations is given, for p+q < 1, by

(bo11) (u)(a |x) = 5: A(u) exp(6, x)
i=1 "V

9

where 0, i=1l,0..,2n are the roots of (h°6) with z=w=l, If p+q =

then 6 = 0 is a double root of (4.6) and the solution is of the form

2n
(k,12) (u)Ca |x) = A(u) + A(") x + 2: vi exp 6.X o
i=3

i
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The equations for the coefficients Agz) are obtained as above and can
be solved numerically. |

The moments of the joint distribution of the number of reversals
and continuations before emergence can be obtained by finding the
appropriate partial derivatives of (L.2), (ho3)‘ and (4.4) with respect
to z and w, setting z=w=1l and solving numerically. For example- the
mean number of reversals before emergence, conditional on emergence at

av, is given by

(4,13) m = [P(u)(ale)]°l [3%' M(u)(ale)] .

z=w=1

5. = Linear combinations of négative exponential distributions,

In this section we determine the generating functions M(u)(ale) for

density functions f(x) of the form

n n
(5.1)  £(x) = L p.A, exp(-A,x) , O£p, $1, Lp, =1 .
I A | i i |
i=1l i=1
For such a function f£(x) equation (3.2) becomes
e
(5.2) M(u)(A |x) = u & E: P. A, exp{A, p(x=y)l}dy
v Hv a  i=1 i"i i
u

a
H n
+ f L por, explh u(xy) o ™) (a [y yea* (o |y)lay
x i=l1
To solve (5.1) we first determine the constants C19Cps000C satisfying

the equations

(5.3) e Al e A?‘1+,oo+clxi +1=0, 1i=1,2,000,0
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With this set of constants c, we deduce from (5.2) that M(“)(ale)

satisfies the differential equation

(5.4) [cn(uD)n+cn_l(uD)n‘l+oo°+cluD+l+¢(uD)qw]M(u)+¢(uD)pzM('u) = 0

where D again denotes the operator §§' and

n

n gh=1
¢(6) = Clzl Piki >_' pi)\ '.'Z pi}\ 6|+,00%C El: iAi+°°°+z pi i

The boundary conditions to be satisfied by M(")(ale) are

(5.5) M"“)(avlau) =

v ?
W a frms T ado 3 (w)
JylH J-r u
6o o ams, T ade-L {00t e )

(=u) = =
+ pzM (ale)] 5: Aipi at x = 8, s 3=l 000 4n=1,

The general solution of equation (5.4) is given by

2n

(5.7) M(“)(ale) = Egi A&g)(Z,w) exp (0, x)

?
where 0,,000,0, are the roots (assumed distinct) of the equation
(5.8) [cn6n+ou°+cle+1+qw¢(6)][cn(—e)n+ooo+cl(-e)+l+qw¢(-6)]

-P z ¢(9)¢( 8) =

Multiple roots of equation (5.8) are treated in the same way as in

Sect., 4, From equation (5.4), A( ~1) can be expressed in terms of Ai})
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for each i and the 2n boundary conditions (5.5), (5.6) then determine
the coefficients Aég) completely.

As in Sect. 4 an explicit solution for M(u)(ale) in terms of z and
w will in general be extremely complicated; however +the probabilities
of emergence, P(u)(ale), and the moments of the joint distribution of
the numbers of reversals and continuations before emergence can easily
be found numerically as before.

An illustration of the use of equation (5.4) and its solution will
be given in Sect., T where we discuss Fermi's method for determining
the probabilities of reflection and transmission of thermal neutrons by

a slab of paraffin,

6, = Three-=dimensional scattering with no boundaries.

We now consider Fermi's model for three-dimensional scattering
which was described in the introduction. As indicated in Sect. 1,
Fermi's approximation for the projected motion of the particle on the
X=axis ;upposes that the projected displacements between successive
collisions are independently distributed with probability density

function

(6,1) fl(x) = JE-A exp(-\fikx), 0Sx<w

where A-l is the mean free path of the particle in three dimensions.

The characteristic function corresponding to fl(x) is

0

(6.2) ¢l(a) = J’ exp(iax)fl(x)dx = \[§ A(\J§A-ia)-l .
o
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The exact density function f(x) for the projected displacements
can in fact ©be found as follows. Suppose that the particle has just
suffered a collision and moves off in a direction whose angle with the
positive X-axis has cosine p, =1 = u £ 1, The probability that the

projection on the X-axis of the distance travelled to the next collision

lies in (x,x+6x) is TAT exp {— ?Jﬁ-}axﬁo(sx)o Since scattering is
M H

assumed to be isotropic lul is a random variable uniformly distributed

on [0,1]. Hence
1 .
(6:3) £(x) =] o7t Ax <
0 x) = exp (= 5= de , 02 x< = s

(o]

and the corresponding characteristic function is

(6.4)  ¢(a) = J exp(imx)f(x) = - &= log (1-2)
Q

Expending (6.2) and (6.4) in powers of ia, we see that the exact
distribution and Fermi's approximating distribution have the same mean
square but their means and all the other moments about the origin are
different., In fact for isotropié scattering, as we shall see later,
it is the mean square which determines the msymptotic behaviour of the
- particle after a large number of collisions,

When there are no boundaries the exact characteristic function
riu)(u) for the x-displacement at the n=th collisibn,given that the
particle experiences at least n collisions before being absorbed, can
be found immediately from equation (2.13)., Since we are assuming iso-
tropic scattering we replace p in equation (2.13) by p* = %u For an

isotropic source of particles at x = 0 the appropriate characteristic
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function is tn(a) = %=[r£l)(a) + ri'l)(a)] which is found to be (expand-

ing (2,13) as a power series in t)

. n
(6.5) o) = [2ia 1og i_:;'%] °

The corresponding Fermi approximation is obtained from (2.13) by
using, instead of the exact characteristic function ¢(a) given by (6.4),
the corresponding approximation ¢l(a) given by (6.2)., This leads to

the approximation of Tn(d) by the function

2 n
(606) T*(G) = [——‘3_}\_—] °
n 3A? + a2

The distributions corresponding to tn(a) and Tg(d) are compared
most conveniently by considering their moments. Thus if Sn is a random
variable with characteristic function tn(a) and Sn* is a random variable
with characteristic function T;(a), then

¢ {Sﬁkﬂ}

K+l |
, £ s;a }=o, k=0,1,2,000

=0
2 _2n ,=2 2 _2n ,=2
g{sn} - 3 A ’ g{sz} = 3 A ' $
gls" B - I Y VS BN T 4 e
n 3 15 » “n 3 3 ’
and for large n the moments differ only by terms which are O(nk -1 )s

iceo,

Z{SEk} _ 2x! (n >k + o(n®™hy, 5{3;21‘} 21" (3 > +0(nf™1)
n k! 2
3

A
k=l'2gooo o
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From equations (5.9) and (5,10) we see that the displacements s,
and S: are both distributed as sums of independent random variables,
We can therefore apply the central limit theorem to deduce that as
n -+ o« n"l/2 Sn and n‘l/as: are asymptotically normally distfibutedo
In fact the asymptotic distributions are identical, both having mean
zero and variance %!A'Qo This suggests that Fermi's approximation is a
good one when the number of collisions is large, The parameter A‘f§ of
his approximating negative exponential distribution is in fact deter-
mined uniquely by the condition that Sg/\fﬁ'and Sn/qfﬁ have the same

asymptotic behaviour.

To = Boundary,value problems in three dimensions.

Let us consider again the three-~dimensional model described in the

introduction; this time however with the planes x = a_q and x = &y

absorbing boundaries. The particle starts at a point with x-coordinate

as

X € [a_l,al] and continues to move as described in the introduction until
it is either absorbed at a collision or crosses one of the boundaries,
after which it is lost to the system., The problem is to determine the
probabilities that it eventually crosses one or another of the bound-
aries,and to investigate the diétribution of the number of collisions
made before doing so,

As in Sect, 6 we consider the projection of the motion on the
Xx-axisj this reduces the problem to thé one-dimensional first passage
problem of Sect, 3, in which the density function f(x) is given by

equation (6.3), i.e.,

1
(7.1) f(x) = Aj o=t exp(-xxe'l)de . OLgx<w™,

o

/A
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The solution of the basic equations (3,2} for this particular
density function is very difficult; the approach used by Fermi was to

replace f(x) by an approximating function
(7.2) £ (x) = V3 A exp(-\[3Ax) .

in which case the equations (3.2) are relatively simple to solve.
It is possible to improve on Fermi's procedure using the results

of Sect, 5, We seek an improved approximating function

n

(1.3) g0 = L Ay exp(agx)

for the exact density function f(x), choosing the p; and Ai by fitting
moments about the origin of fn(x) to those of f(x). Taking n=2 we can

fit the first three moments of f2(x) to those of f(x) by choosing

A

x<“9

1 "
(Tob) f2(x) =% exp(-Alx) + %-Az exp(-Aex) . 0

where A, = A(3 —\[3) and A, = A(3 +\[3).

Table 1 shows for comparison the first five moments of the
density functions f(x), fl(x) and f2(x) gbout the origin; Fig. 2 shows
the graphs of the density functions themselves, Better approximations
could be derived by taking n > 2, but even fz(x) gives substantially

better approximations than fl(x)o
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Table 1
th .
k k™ moment about the origin
£ f £ (x
(x) L(x) L)
1l . =1 1 -1 l (=1
L [ [ Lt | I
2 =2 2 (=2 2 =2
2 3 A 3 A 3 A
3 ,=3 2 =3 3,-3
3| 52 A 22
2l -l 8 .k 1h =
L = A §-l = A
5 | 20 A~? %"-‘\EA‘S 232)\'5

(U)(a

The generating functions M le;z,w) for the projected motion
on the x=-axis are given by equations (3.2) which become, upon replacing
the density function f(x) by the approximating function fa(x), equations
of the form (5.2) with n=2, p =p,=1/2, A1=35 J3 and A,=3+)/3, (The
mean free path for the three-~dimensional motion, i.e., A-l, has here
been used as the unit of length.)

As already shown in Sect. 5 the solution for M(u)(av|x;z,w) is of

the form
n
(7.5) M(")(aVIX) = igl Ai‘;)(zgw)e@(eix) .

(

where the functions ei(z,w) and AV:)(z,w) are to be determined from

equations (5.3), (5.4), (5.5) and (5.6).
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Substituting the above numerical values for A., A

10 Aoe Py and Py in

(5.3) and solving for c. and c,, e find

1

(7.6) €)==l ¢ =% °

elgooo’eh are therefore the roots of the equation

h

(7.7) - 302[8(1~ qw)+3(q _ p 22)] + 36[(1-qw) p 221 =0 .

Since scattering is assumed to be isotropic p = q = &%ﬁ where r is the

probability of absorption at a collision,
The coefficients A( » ( 1) are related by equation (5.4), which

in this case takes the form
(7.8)  [DP=D(6-3qw)+6(1-qw) ML) = 3pz[2-pm{~1) = 0

Thus

(1)

2
o(=1) _ 85=(6-3aw)e,+6(1-qw) (1) _ EROT AP T WO

(709) vi 3Pz(2-ei) \)1

(1)

The coefficients A,;’ are found from the boundary conditionms (5.5),

(5.6) which can now be written

/ )4 )
| (1) _
2;1 Aji’ exe(8ia)) = &),
(1) i}
E: kiA i gxp(e l 6-1v
(7°1o)ﬁ h
1) g
f;; (6 3 *3aw+3pzk,y ) A i exp(e ) =36,
L ,
(1) N
L 281 (-k 8, +3qwk, +3pz ) ALy exp(eia_l) = 36_1v .
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Equations (7?8). (7.9) and (7.10) provideva complete solution to
the first passage problem in generating function form, The probabilities
of emergence at the two boundaries reggrdless of the number of collisions
before emergence, i.e., P(u)(ale) =§:r+k§o Pﬁi)(ale), are obtained
when z and w are feplaced throughout by unity. Moments of the distribu-
tion of the number of reversals and continuations before emergence are

obtained by differentiating partially with respect to z and w and

setting z=w=l,

8, = The albedo for a semi-infinite slab.

To illustrate the application of these results we now consider a
stream of particles incident on the face x = 0 of the half-space
'{gs 0 fx ? w} . We shall use (7.5), (7.9) and the appropriate bound-
ary conditions to determine the albedo, i.e., the proportion of incident
particles which ultimately emerge again from the half-space, The bound-
ary conditions at ay will now be replaced by the condition that
P(")(ale) is bounded as x + ® ,

Denote by p(x) the probability that a particle from‘an isotropic
source with coordinate x(x > 0) emerges from the half-space without

being absorbed, i,e?,
p(x) = 2 (2 (0lx) + 2 olx)]

Then the probability that a particle incident on the half-space at an

angle 6 to the positive x-axis ultimately emerges again is giVen by

(8,1) B(8) = (l-r) J’ exp(-x secd) p(x) secod ax.
o



If there is a stream of particles incident on the half-space in such a

way that the angle of incidence 6 has probability density function ¢(8),

0293 n/2, then the albedo is given by
/2
(8,2) B =J B8(6)e(6)ae .

(o)

In the particular case ¢(6) = 2 cosb sinb, i.e,, for incident
particles obeying the cosine law, Wick [47] obtained an exact asymptotic

expression for B when r is small, namely,
(803) B=l--7hg-rl/2+ o003

Fermi [21], using the approximation fl(x) to derive p(x), evaluated the

integrals (8,1) and (8.2) to find

(8.4) B=1-(1+-2=)r24,,,
3

From the approximation f2(x), proceeding as in Sect. 7, we find

that

(8,5) p(x) = A exp(elx) + B exp(ezx) s

where

6, = -\]6(l+r+ l+r+r2)

62 = -\l6(l+r-\/ Il‘.-l»r-o--rz)r

' k,.(26,,+3+3r)=3+3r
A=- %‘l+k1) 2k k %e g )+3(1-r) (k. -K.) ’
1%2'%17Y% BREA L T

k, (260, +3+3r)=3+3r
B = %‘1+k2) oK.k (el 0 %+3(1 ) (k. -k, ) .
e - AR Tk BREALS " 3
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kl and k2 are defined by equation (7.9) with z=w=l,

From (8,1) we obtain
(8.6)  8(8) = (1-r) [A(1-0, cos 6)™ + B(1-0, cos 0)™]

and in the particular case ¢(6) = 2 cos 6 sin @ the integral (8.2) can

be evaluated explicitly to give

(8.7) B = -2(l-r)[Ae (e + log[l—e 1) + Be (e + log[l-e N1
iaeo,
(8.8) B=1= [Q\I_ =3 10g (142V3) + 13\[—- -] e

Comparing the coefficients of /2 in (8.3), (8.4) and (8.8), we
see that Fermi's approximation gives 2,1547, the improved approximation
gives 2,3106 and the exact value is 2.3094, This gives an idea of the
accuracy of the approximation. The same method of course can be
applied to determine the albedo and transmission probability for slabs

of finite thickness,

9., = Transmission of particles through slabs of finite thickness,

The following table gives the probabilities of transmission through
a slab of thickness t mean free paths and the mean number of collisions
experienced by transmitted particles when.the particles are incident
isotropically on one face of the slab, The results using both Fermi's
and the improved approximation are given., In Chapter T these résults
will be compared with those_obtained using a new method of solution
which also takes into éccount directions of motion in spacé and the

angular deflections experienced by scattered particles. The tabulated



results refer to the case of zero absorption, i.e., r=0; however corre-

sponding results could easily be obtained for any non-zero value of r.

Table 2
Thickness Probability of Mean number of
t transmission collisions
Fermi's app. | Improved app. | Fermi's app.| Improved app.

0.5 .69783 .62083 0.6016 0.9184
1.0 53590 47929 1.5000 1.9973
2,0 +36603 33743 L,0981 14,8266
hoo [ .22h01 » 21294 12,360 13.543

8,0 212613 12255 46,856 h3.1k2

When there is no absorption (i.e., r=0) the application of Fermi's
method (and the improved approximation) to the scattering of particles
in the interior of a thick slab can be justified asymptotically using
Wald's identity (Bartlett [2], p. 1T7). Suppose there is an isotropic
source of particles at x=0 and that s;attering is isotropic with no
absorption, i.e., for the projected motion on the X-axis r=0, p=¢%§ o
Let N be a random variable denoting the number of collisions made by the
particle before emerging from [-a,b], -=a £ 0 £ b, P_ and P, will denote
the probabilities of first departures from -a and b respectively.

The Fermi approximations to Pa’ P, and &N (the expected value of

b
N) can be deduced from equation (6.6) of Chapter 2. They are

’ | J3b+1 ' V3a+l
(9.1) P = ——=—> P, = —————
& [3(atb)+2 P \3(a+b)+2
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&y = V3(23-a363) - 3(20%-a%%)

2\/ 3% + 4

(9.2)

s Where & = a+b.

Now as we have already seen in the unrestricted case, the
x=displacement at the n-th collision is distributed as & sum of n inde-
pendent random variables, each with mean zero and variance %-. Using
Wald’s identity (Bartlett, p. 20), we can deduce from this that for

a and b large, Pa’ P, and &N are given asymptotically by

b
= B -
(903) Pa - a+b 9 Pb = a+b 9
(9.4) N = -g- ab.

Examination of (9.3) and (9.l4) shows that Fermi?sfappfoximgtions
are in fact asjmptotic to these values. The approiimétions we defived
earlier also héve this property.

We remark finally that for scattering by very thick slabs with
r > 0 the penetration of partiéles is largely determihed by the tail of
the exact density function f(x) and not by its second moment about the

origin.
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CHAPTER 6

A THREE~-DIMENSIONAL SCATTERING MODEL

l, = Introduction,

In Chapter 5 we developed a simple method for determining the probe
abilities of transmission and reflection, and the distribution of the
number of collisions experienced by a particle which undergoes scatter=-
ing in a three=-dimensional plane slab, Unfortunately, this procedure is
limited to problems with isotropic scattering and clearly gives no indi=-
cation of the direction of motion of emergent particles or the angular
deflections which they experience as a result of collisions in the
scattering material.

For a more general treatment of scattering processes we return to
the formulation of Chapter 1 in terms of the generating functionals
G(S;£(°)|3;s) and H(S;E(o)lg;s)° To solve the basic equations (4.1h)
and (4.,15) of Chapter 1 in closed‘form would be an extremely difficult,
if not impossible, task. However, by chéosing a certain finite set of
directions in which the particle is restricted to move, the backward
Kolmogorov equations (5.5) and (5.6) of Chapter 1 can be reduced as in
the one-=dimensional case to a>finite set of ordinary linear differential
equations.

It is desirable to choose a set of directions of motion with the
following property: if {gl,ga,ooo;gn}‘are unit vectors in the permis-
sible directions of motion, then the éet of scalar products
{88118, 8500004808 } is the same for each 1 (i=l,000.4n). This
means that for any direction of motion prior to a collision, the set

of all possible angular deflections resulting from the collision is the
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same independently of the initial direction of motion; that is to
say, we can define a single set of n possible angular deflections
'{el,ez,.o.,en} wvhich take an arbitrary initial direction of motion
into each member of the set; we also define a set of transition prob-
abilities'{pl,pz,,;.,pm} corresponding to the distinct angular de;
flections {91,62,...,6m} which constitute a subset of {sl,ez,...,en}.

Thus the probabilities p., i=1,...,m, replace the transition
function ¢(d3|3) of Chapter 1, Sect. 5. Similarly, the generating

functionals G and H are replaced by generating functions

il im il°°°im
(1.1) G(S;zl,...,zmlg;s) = il+Ja.+im30 2, 0002 P - (Slg;s) R
SR W S
(102) H(S;zl,.,.’zmlg;S) - ii+oco+imao zl °°Ozm Q (Sl"g;S)
- I(s|wss) ,
ilo'.i]h : .
where P (Slg;s) is the probability of a transition w + S in

distance s with exactly i deflectiéns through angle el,.u.,im deflec~

1 P

1leel
tions through 6 ; similarly Qt m(Sls;s) is the probability that the

first (il+...+im) collisions occur in distance s, that i, of these

k
k=l,...,m, and that the
o .

)

collisions result in deflections through Bk,

particle is left immediately after the (il+°°'+im collision in a
state belonging to the set S,
In two dimensions the obvious choice for the permissible direc~

tions of motion is the set ?Zh of directions making angles 2km/n,

k=0,1,.40,0=1, with the unit vector’é in the direction of the x-axis,
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The transition probabilities Pjys J=0,1,,..4n=1 are the probabilities
that the particle is deflected through an angle 2jn/n, given that it
makes a collision,

In three dimensions, suitable sets of directions can be chosen by
taking the lines Jjoining the center of a regular polyhedron to its
vertices, face=-centers, or edge-centers. The largest set obtainable in
this way is the set of 30 directions corresponding to mid-points of the
edges of a regular icdsahedron° In fact, each finite subgroup of the
three-dimensional real orthogonal gréup generates a suitablg sét ofi
directions of motion; consequently sets of at least 120 directions can
be constructed (the degenerate sets obtained from‘rotations about a
fixed axis are excluded), For the purpose of developing the theory,
we shall consider the sets of 30 directionsléorreSponding to the mid-
points of the edges of a regular icosahedron which, as we shall see,
leads to good numerical approximations. In Sect., 9 the construction
and use of a set of 120 directions will be described, The two=-
dimensional problem will not be examined in detail since it is of
limited interest and since the analysis is exactly parallel to the

three=dimensional case.

2, = Geometry of the icosahedron.

The cosines of the angles between the faces of a regular icosé-
hedron are %1, t%\/g; and i% (see for example Cundy and Rollett [18]).
From these we can readily determine the coordinates of the face centers.
An icosahedron of unit inradius can be oriented (Fig. 3) so that_they

are given by
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Fig. 3.

From these coordinates it is a matter of elementary algebra to

determine the vertices and the mid-points of the edges.

It is then

found that the cosines of the angles between the lines Jjoining the

center of the icosahedron to

ul,uz,u3,o .o ,ulo’ where

4

ulzl = .

Vs

2 TR =

(2.1)  Q wy=z =
5.1

Py TR =

the mid-points of its edges are

10
il
_u8
..u_{
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Throughout the remainder of this chapter we shall assume that the
icosahedron is oriented as in Fig. 4 with the 30 possible directions

of motion along the lines joining the center of the icosahedron to

the mid-points of its edges.

)

k

Fig. )"'0

In the notation of Sect. 1 the number of directions, n, is equal

to 30 and the unit vectors {a,,...4a..} are the unit vectors in the
~1? ~30

directions just indicated., The set of angular deflections {61""’630}
contains 9 distinct angles 61,62,..,,69 where
[ cos 61 = pl ’ cos 69 = “10 = -ul .
cos 62 = u2 N cos 88 = u9 = -u2 ’
(2.2) ¢ cos 63 =My cos 97 = Mg = =My
cos eh = Hy o cos 96 = uT = =)
| cos 65 = u5 ’

and the angles 62,63,...,68 each occur four times in the set
{51""’530}’ Assuming that the probability of a deflection through
angle 0 depends only on 6, we need therefore define only 9 distinct
transition probabilities {pl,hpz,...,hp8,p9} corresponding to angular
deflections {91,82,...,89}. Collisions which result in deflections

through 01,...,09 are said to be of types 1l,...,9 respectively.
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We can achieve a further simplification by grouping the directions
of motion into classes as follows, The number a, a=l,,..,10, will be
used to denote the set of all directions of motion whose cosine with
the positive x-axis is L) The definition must be modified slightly
for the directions 5 and 6 perpendicular to the x-axis. Direction 5
consists (Fig. ﬂ) of the two unit vectors ik and direction 6 consists
of the upit vectors %50 This splitting of the directions perpendicular |
to the x-axis is necessary for the process, when defined in terms of
the state variables (x,a) to be Markovian,

In practice, of course, the pafticles can move in any direction in
space, the pf&ﬁabiiities ¢(d3lg) ofm;‘change of direction y + glét a

collision being given by
(2,3)  ¢lavp) = o(8)ay ,

vhere 6 is the angle between ¥ and v, and dy is an element of solid
angle surrounding the unit vector v, The first step in any physical
problem is, therefore, to determine the .probabilities pl,ooospg corre=-

sponding to the continuous function o(6), These prqbabilities are

chosen so that
(20’") ) pi = kd(ei) 9 i=l’000999
the constant k being uniquely determined by the normalization condition
8
(2.5) p*‘*z P; + Py = 1l-r ,
1 4=t 79

where r is the probability of absorption at a collision.



3. = The general solution,

We shall be concerned primarily with first passage problems for a
scattered particle when it emerges from the slabv{E:O < x g tl, Onée
thg particle leaves the slab it continues to move in a straight line so
that it never returns. In the notation of Chapter 1, Sect. 4, we seek
the functional G(S;E(°)|g;w)'in which the initial state w is repre-
sented by an x-coordinate (0 ¢ x ¢ t) and a direction B(B=1,..0,10),
and the set S is the Cartesian product x° x 9 where X° is the exterior
of the slab and Q is a set of direétionso Since there are only a
finite number of directions of motion, it will suffice té find G when
S is of the form X° x {a}, 0=l,...,10. As already explained in Séct. 1,
the functional G reduces to a nultivariate generating function when the
set of directions of motion is finite.

It is convenient to introduce the notation,

Pz§00019(x) = Prob {the first passage of the particle from the slab
occurs after iJ collisions of type J, J=l,000,9, and
the direction of emergence is a, given that the
initial position was x and the initial direction of
motion was B} ,

Pop(®) = 1 +Z+i >0 Piéonig(")’

ptocetig>

The functional G(X° x {a};&(°)|x,B;=) then reduces to the generating

function

i 0001 i i
(3.1) G .(x) = E: p T 9(x) zllooozgg o
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.

We also define the column vectorsj%

i=-th components (i=l,...,10) are P

respectively.

be written

(3.2)

.

1
al

Ae(Zl,.n,Z9) "G’G(X) = 8 ]

where Ae(zl,...,z9) is the 10x10 matrix

(2)
(3)
(%)
(5)
(s)
(6)
(1)
(8)

Lf9)

u10+(l )-1 (2222)

(3333)

u8+(1234)-1 (2345)

(2345)
(2356)
(4466)
(33717)
(4578)
(5618)
(6789)
(8888)

(bikly)
(2356)

u39+(1267)-1 (2457)

(2457)
(2288)
(4466)
(3568)
(3489)
(5678)
(7777)

1), 6+(1368)-1
(3377)
(2288)
(2479)
(3568)
(4578)
(6666)

(55)  (55)
(u6)  (37)
(28)  (46)
(37)  (28)
(19)-1 (55)
(55)  (19)-1
(371)  (28)
(28)  (16)
(u6)  (37)
(55)  (55)

1 .'.i

%

(6666)
(4578)
(3568)
(2479)
(3377)
(2288)

(17771)
(5678)
(31489)
(3568)
(2288)
(}h66)

-ugﬁ(l368)-l (2457)

(2457)
(2356)
(Lbkk)

s oj_g
. (x), Gai(x)’ and Pu.i(x)

(8888)
(6789)
(5678)
(4578)
(L466)
(3377)"
(2356)

-u39+(1267)-1 (2345)

(2345)
(3333)

-u26+(123h)-1
(2222)

The symbol (il...in) is here used to denote the expression

(p

. 4,
11 l]_

+...+p, z. ) and 6 denotes the operator A’la/ax.
in 1n

The boundary conditions for equation (3.2) are

(3.3)

G

(0)

GQB(t)

GGB'

GaB’

w
|

w
n

= 7,8,9,10 ,

1,2,3,b

X), ga(x), and fa(x), whose

The backward Kolmogorov equation (eq. (5.5) of Chapter 1) can now

(9)
(8)
(1)
(6)
(5)
(5)
()
(3)
(2)

'"1e+(1)'];_

If the slab is semi-infinite, i.e., if t = », the second of these is

replaced by the condition that GaB(x) be a bounded function of x as x+ =,
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In solving equation (3.2) it will be assumed that the mean free
path 1'19 is unity. If X is any function of x the problem can be re-
duced to the case of unit A by the simple coordinate transformation

X
(30’4) x! = I A(.u)dUo

o]
It is apparent from equation (3.2) that Gas(x) and Ga6(x) can be
expressed as linear combinations of Gal(x),ooo,Gau(x),

GaT(x)sooo,Galo(x); equation (3.2) can therefore be rewritten in

the form

(3.5 &

S &,(%) = R(zl,ooa,z9{§a(X) ’

where R(zl,ooa,zg) is an easily determined 8x8 matrix and ga(x) is the
. . ~

column vector whose transpose is
N _ ‘
(306) ga(x) = [Gal(x)ooacah(X) GaT(X)onoGalo(X)] °
The solution of equation (3.5) is
(3.7) g, (x) = exp(xR)g (0)
vl ] ~0

where‘ga(o) is uniquely determined by the boundary conditions. In prin-
ciple this result completely solves the scattering problem for the icosa~
hedral model. The evaluation of the components of the matrix exp(xR) is
extremely difficult for arbitrary zl,.mo,zgg however, the angular dis=-
tribution, which is obtained when all the z; are set equal to 1, can be
determined numerically as will now be shown. The determination of the
moments of the distribution of the number of collisions of each type ex=-

perienced by the particle before emergence will be considered in Sect. b,
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The emergent angular distribution of particles for fixed initial
position x and direction B is given by PaB(x)’ “=1'°°f’1°; which is
obtained from GaB(x) when Zyseoosly BTE each replaced by unity. From

equation (3.7), defining’ga(x) = [5a(x)]z _1» Ve see immediately
N =

=000=2

that the solution for pa(x) is
~
(3.8) tga(x) = exp[xR(l,ooogl)]'ga(O) ’

where pa(o) is uniquely determined by the boundary conditions

1]
]

PQB(O) GdB s B = T,8,9,10 ,

(3.9)

P (t)

P B =1,2,3,4 .

GGB .

Explicit numerical determinations of the probabi}ities Pas(x) are
most conveniently carried out by reducing R(1l,...,1) to canonical form,
i.e., by finding a matrix T such that O A, where A is the

canonical form of the matrix R. Then
(3,10) exp[xR(1,00051)] = T  exp(xA)T1,

Details of the numerical calculations are given in Appendix 1. It is
worth noticing that the solution for isotropic scattering is very much
simplified owing to the fact that the eigenvectors of the matrix R, and
hence the components of the matrix T, take‘a simple form, Thus the

eigenvalues Yi of R are the roots of the equation

(3,11) 98[13+2r]-96[156+99r]+eh[hh8+752ﬁ]Qea[32041600;]+960r =0

9

where r is the probability of absorption at a collision; the right eigen=-

vector of R corresponding to \f is simply



i ]
=1
(l'PlYi)
(l-th )
(3.12) e, = .
M (Lepy, )™t
T'i
000 l
(1-n) 074 )"

4, - Moments of the distribution of the number of collisions,

Let Ni’ i=l,.00,9, be the (random) number of collisions of type i
experienced by a particle which originates at x with direction B and
emerges from the slab {539 € x € t} in direction a. We seek the moments

of the distribution of the random variable

9

(b1) M= 2 aN
i=1

where al’ooo’ag is a set of arbitrary real constants. In particular we
shall consider the determination of the first two moments &N and 5N2,

third and higher order moments being found in the same way.

i °°°i
In terms of the probabilities P B 9(x) the mean &N can be
written
(4.2) en = [P (x)]™ M (x)
¢ aB aB ’
where
E: ilooolg
M&B(x) = (a ij*ecotagi ) P (x) ,
i +.00+i 0 979" o8
000 9,
ioeog
9
(h.3) M (x) = Z 8 5o G ([ :
l i Z2.%F500=2 =1
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In the notation of Sect. 3 we require to determine the vectors

9
5
M (x) =1 ) & == G (x)
AR P R A [P

1 9

From equation (3.2) the equation for ’\B}a(x) is
(bok) Ag(Lly000,1) M (x) +BE (x) =0
where AI}’q(x) is found as described in Sect, 3 and B is the matrix

9
]
(has) B = Z a, =
k=1 k 9z

A (2. 500092,) .
K 6’1 9

Z =000=z =l

1 9

It suffices to determine the vectors

9
_ 3
Ea(x) - Z 8 3z ga(x) ’
k=1 k Zl=o ° o=209=l

since the components MaS(x) and Mu6(x) of L/Iq(x) can be expressed, using
(4.4), as linear combinations of the components of ’gxa(x). Equation (L.u4)

can thus be rewritten
)
(L.6) 5;:,‘&1(") = R(1lg0009l) Ea(x) + Xu(x) ’

where R(zl’“"’zg) is the same matrix appearing in equation (3.5) and

9
3
V(x)= Z a. —R(Z 6009l ) P(x) °
e k=1 X %2 177797 S 2)=000=20=1

The solution of equation (L4.6) is given by
X

(4,7) ga(x) = exp[xR(1,000,51)] Ba(O) + j exp[(x-y)R(l,on,l)]xa(y)dy,
o

where m a(o) is uniquely determined by the boundary conditions
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|
(=]
-
™
!

= 19293’h ’

]
(o]

M _(t) =
(4.8) _{ aB
MGB(O)

The second moment §N2 is found in a similar manner, Thus

» B T9859,10.

oool
2 =1
ENE = [Paa(x)] . E: . (a111+a°°+a91 ) aB g(x) .
i, 4000+l 20
1 9
i.eoy
2 9
2 _ -1 2 9
(4.9) £V = [P (x)] sasgxn{l: e S |
k."l k Z"ooo""z -'l
1 9
where
T e
(L.10) S (x) = a (x) : o
ap J=1 k=1 J k azjaz GB 2150002 =1

Defining, as before, the vector’§a(x) and the corresponding eight=

component vector s (x) we find from (3.2) that the equation for S (x) is
~ Q0 [ A Q0L

(ho11) Ae(l,oco,l) §a(x) + 2B‘yh(x) =0

which can be réwritten

(4.12) =5 (x) = B(1,000,1) g (x) + ¥ (x),
where 9 9 2
) =1L L —2— &( ) p_(x)
,ya(x) - a8y azjaz R Z)se00sZg) Py (x
+ 2 E: R(z 2o 00aZg )m (x?} o
“k 3z, 1 zl=,,,=z9=l

The solution of (4.12) is given by

x
(bo13) s (x) = exp[xR(l,ao.,Iﬂga(O) fJ. exp[ (x=y)R(1,..0,1)J¥ _(y)dy ,
o ‘
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wherelsa(o) is uniquely determined by the boundary conditions

s _(0)
(4,14) {j o8
8,4(t)

o, B

7’8’9’10!

o, B = 1,2,3,b,
The only term in equation (L.9) not yet accounted for is the sum
9
2 9
a. — G _(x)
— "k 3z aB - ’
k=1 k Zl"‘o ° 0-29-1

which is simply Mas(x) with a new set of constants ai,oqo,ag

9

the constants al’ooo,ago (If each 8y is either 1 or 0, as will often be

replacing

the case, then a§=ai and no additional cémputation is required.)

The determination of each of the moments of N requires the solu-
tion of a two=point boundary value problem. However, it is sufficient
to solve the problem for a small number of slab thicknesses owing to an
iteration relation which holds for the generating functions Gaé(o),

This will be considered in Sect. 5.

5. = An iteration relation for the generating functions Gas(o),

Consider a particle which is incident on the left face of the slab
{x:0 < x ¢ t} in directionB (B=l,...,6), If t > O, the possible direc=-
tions of emergence, a, are 1,2,3,4, in which case the particle is
transmitted, or 7,8,9,10, in which case the particle is reflected.

We define the two 4x6 matrices of generating functions

(51)  Gh(6) = [0,,(0]  , i=lyeeyh, 31,0006,

(5.2) GE(t) = (G (0)] 5 i=1,000sk,  J=1,...,6,

(11-i)3

and the analogous uxl matrices GT(t) and GR(t) obtained by deleting the
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last two columns of G%(t) and G;(t) respectively. Clearly the matrices
G%(t), GT(t) refer to transmitted particles and Gﬁ(t), GR(t) to reflected
particles, The following theorem relates the transmission and reflection
matrices for slab thickness (tl+t2) to the corresponding matrices for
thicknesses tl and t2. Given the matrices G% and Gﬁ for a set of slab
thicknesses tl,ooo,tn, the result of the theorem can be used to generate
G% and G§ for any linear combination of the thicknesses tl'ooo’tn' with

positive integral coefficients, Corollaries 1, 2 and 3 show how the

results can also be applied to the matrices

* =
9
*
(5:0) Mgy = | Lo 5, %) \
...k =1 k Z. = =7 =]
. l 000 9
. E: E: 2
* *
(5.5) SR(1) = ~ 848 3z 3z, az 2z, CR(T) ,
\.J=l k=1 7= =7 =1
l Q¢ o 9
and thus to the determination of the moments of the distribution of the
: 9
random variable N = g;l aiNi defined in Sect, 4, Matrices PR(T)'

MR(T) and SR(T) are defined from Pﬁ(T)’ M§(T) and Sﬁ(T) as before, by
deleting the fifth and sixth columns.
Theorem,

Ir G%(t), GT(t), Gﬁ(t) and GR(t) are the transmission and reflec-
tion matrices defined above, then

(5.6) | G;(tl+t2) = GT(tz) [I—GR(tl)GR(tQ)]-l G%(tl),

(5.7)  GA(to+t,) = GR(t,) 4Gy ()G, (b,) [T=Go(t,)Gg(6)170 G(e,)



~10L-

Proof,
iloooig
Let ﬂaB be the probability of emergence in direction a from a

slab of thickness tl after ik collisions of type k, k=1,,..,9, condi=-

b I |
tional on incident direction 8 . Let waé 9 be the corresponding
i vai
probability for a slab of thickness t2, and let Paé 9 be the corre-

sponding probability for the slab of thickness (tl+t2) obtained by

placing the two smaller slabs together.

i 600
Then the transmission probabilities PaB 9, a=1l,0009l,
B=l,aoa,6, are given by
i N [ V I 10 L
1000
(508) PQB 9 - Eo m(l)* %m(en."e)-. Z.-looo Z—T Z —lcoe
RE0 My TeooTy Sy T Yot Yok
h m(2n+2)onam(2n+2) m(l)ooam(l)
Lo v 2 nt 7
_ oy, 000 y B Y
Y2n+lml en+l 1

where the k-th factor on the right-hand side (2 < k < 2n+l) is

~

pl2n+3=k) (2n+3-k)

a =y a 9 if k is odd,
Yon+3-kY2n+2-k
m§2n+3-k)ﬂ°nmé2n+3-k)v

dk =T if k is even,
Yon+3-k'2n+2-k

The n-th term in the outer summation arises from particles which make
(n+1) passages through the interface between the two slabs before emerg-
ing from the extreme righte~hand face., The second summation is over all

non-negative sets of integers nfh), J=1l,50099y h=1l,...,2n+2, such that

J
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2n+2
h .
z m( ) = 1 » j=l’aoo,90
h=1 J J
ilooo 19
Multiplying equation (5.8) by zy 29 and summing over all none
negative sets of integers 11;60,,19 we find immediately that
[--]

(5.9)  GX(t,+t)) = G(t,) &[G ()6, (t,)]™ GA(,) .
0 - TTYL T2 T "2 n=o R*1'"R' 72 T'"1

Since the sum of the moduli of the elements in any column bf the
matrix GR(tl)GR(tz) is strictly less than 1, it follows (cf,Frechet[22];
Po 105) thét the spectral radius of GR(tl)GR(tz) is also less than 1.

The summation in eq. (5.9) can therefore be replaced by [I-GR(tl)GR(t2)]-l’
thus establishing the result (5.6) for GE(t +t,).
Equation (5.7) for the reflection matrix Gﬁ(t1+t2) is established

in an exactly parallel manner.

Corollary 1.

Setting zl=oo,=z9=l in equations (5.6) and (5.7) we find imme-

diately that

(5.10) P;(tl+t2) _PT(ta) [I-PR(tl)PR(tz)]-l P;(tl) s

| -1
* * - *
(5.11)  PX(t,+t,) = PE(t)) + PT(t1>PR(t2) [I-Pp(t )P (t,) 17 RR(E, ) &
Corollary 2.
Defining M%(t) and Mﬁ(t) as in equation (5.4) it follows, on differ-

entiating (5.6) and (5.7) with respect to z,_, k=1,...,9, that

k’
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(5.12)  ME(t +t)) = M (8,070 PA(6)) + Py(t,) VWL PE(t))
+Pp(ty) VMAGE)
(5:13)  ME(t +t,) = ME(5)) + XV™N PE(s.) + Bo(t,)PL(t,) VWV BE(t,)

+ PT(tl)PR(tz) vi M;(tl) .

where V=1a PR(tl)PR(tz),

W

Mg (6 )P, (6,) + Bp (v M (5,),

and X = MT(tl)PR(te) + PT(tl)MR(tQ) o

Corollary 3.

Differentiating equations (5.6) and (5.7) twice in order to form

the derivatives appearing in equation (5.5) for S% and Sg, we find

that

(5.1k4) s¥(t,+t,) = 5,(t,) vl PA(t,) + Pp(t,) vt s¥(t,)
+ Polt,) V72t BA(s) + 2 M (s)) VWYY PR(t)
+ 2 Pp(t,) v-luvt ME(E)) + 2 M(t,) vt ME(t, )
+ 2 Pplt,) vttt PX(t,)

(5.15)  SE(t,+t,) = S2(t.) + YW PA(s.) + P(t )P () V™5 &(t,)
+2 xvt ME(t,) + 2 Po(t )P(%,) vttt PX(t,)
+2 PT(tl)éR(tz) vt (e )+ 2 XVt PR (e, )

“1,.-1
* Pty )P (t,) VToZVTT PA(L))
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where Y ST(tl)PR(t2) + 2 MT(tl)MR(tQ) + PT(tl)SR(tz) .

and Z

5 (8, )P (85) + 2 M (6 M (85) + P(s))S(8,)

The application of this theorem and its corollaries is very simple,

involving as it does only elementary operations on LxL and Lx6 matrices.

6. = The distribution of emergent velocity.

Consider again a slab [0,t] and a particle that originates at a
point x inside the slab moving in direction B, We wish to find the dis=
tribution of the particle's emergent velocity given that it emerges from
the slab in direction o, In the notation of the preceding sections
GaB(x)[PaB(x)]_l is the generating function for the joint distribution,
conditional on emergence in direction o, of the number of collisions of
each type before emergence.

Let wi(dvlu) be the transition probability for the absolute
velocities u and v before and after a collision of type i, If we

assume, as in Chapter 1. Sect, 5, that

(6.1) J'wi(dvlw)wJ(dwlu) = Jr% (dv[w)wi(dwlu) s 15J51,2,000,9
W W

then the probability FaB(Vlugx) that the emergent velocity belongs to

the set V, conditional on initial state (B,u,x) and emergent direction
i i
a, is given by Gas(x)[PaB(x)]'l with terms such as z. ...2 9 replaced by

. . 1 9
w(ll)ow(lz)o Ow(i9) The functions w(n) and Yo¢ are defined as
l 2 000 9 o

followss
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( w(n) =]¢(V|w)w(n_l)(dw|u) , n=1,2,...

l,ueVv,
(6.2) 9 o0 2 s(vlu) ={
o, ugv,

L VYo¢ _[;(VIW)¢(dwlu ) .

Further simplification occurs if we assume particular forms for
wi(dv[u) as in the following examples

Example 1.

v, (av|u) =

’ otherwise.,

It is convenient in this case to introduce the Mellin transforms

) u w=1
\l’i(w) =J £, G;-) (%) %" s
v=o0

(6.3) 3

w1

u .
{ %B(ml.u.x) =J;=o(¥l-> Fas(dvlu,x) .

from which, using the preceding remarks, we find

1,000l i
(6.)  Fglolux) = [P (x)17 L ey b

i +.0.+i_ 20

1 9

Clearly the right side of (6.4) is just [Pae(x)]-lGas(x) with z

replaced by Wk(w), k=ly0c049 &
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If u is the initial velocity of a particle and v is its emergent
velocity, then we denote by é;s[(v/u)nlu,x] the expectation of the
random variable (v/u)? conditional upon initial state (8,u,x) and
emergent direction a., To determine 5;3[(v/u)n|u,x) we put w=n+l in
§¥a6(w|u,x)o Pas(x) is determined as in Sect., 3 and GaB(x) is deter=-

mined from the equation
(6.5) Ae(wl(n*’l)ﬂws‘yg(n"‘l)),ga(x) = 9 ?-

with boundary conditions GGB(O)=GGB’ B =7,8,9,10, Gas(t)=6a8,
B=1,2,3,b4,
Example 2,

vy(av|u) = §(vec u)av 0

/A

Cis l, i=lgooo’9 °

This model corresponds to a physical situation in which the
logarithmic energy of the particle decreases by a fixed amount for each
particular angular deflection. In this case the distribution of emer-
gent velocity is discrete since a particle which starts with velocity u
and makes il collisions of type 1, 12 of type 2,..0., and 19 of type 9

has a resultant velocity
i i

If we again take Mellin transforms as in Example 1 we find that

i Oooi
_ -1 1 9
(6.6) 9Z8(wlu’x) = [PaB(x)] il+°§%+i9;0 Fap (x)
(w=1)i; (u-1)19
(o] 600C
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U
k k

To find moments of the distribution, say ége[(v/u)nlusx], we put

which is simply [Pae(x)]-lGaB(x) with 2z, replaced by c l, k=15:00490

w=n+l as before, determining Pae(x) as in Sect, 3 and GaB(x) from the

equation
(607) Ae(cggcoo,c;)ga(x) = 9 9

with boundary conditions Ga6(0)=6a8 o B=T7,8,9,10, Gas(t)=6a6,

B=1,2,3,k,

T. = The steady-state distribution of particles in a finite slab,

Suppose now that there is a steady stream of particles incident on
one face of the slab ﬁg:Os::st} and that the time-independent solution
for the méan number of particles per second crossing the plane x=§
in a given direction is requiredo |

The incident particles can be represented by a column vector
n = [ni] where n, is the number of particles incident per second in
direction i, i=1l,...,6. The particles crossing the plane x=f{ can be
vrepresented by two 4=component vectors, 5}, the vector of particies
crossing x=§ in directions 1,2,3,4, and BR, the vector of particles
crossing x=§ in directions 10,9,8,7. 'In terms of the matrices P%(t),
Pﬁ(t), PT(t), PR(t) defined by equation (5.3), the mean number of
particles per second crossing the plane x=f from the left for the

(k+1)th time is

(11)  m, = [Py(6) P(t-£)1" PR(E)R K=0,1,2,000

Hence the total number of particles per second crossing the plane x=§

from the left is given by
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[
1
™1s

(1.2)  » 5y = [T = Pp(6) P (£-5)170 PR(E) n &

k=0

Similarly the total number of particles per second crossing the plane

x = £ from the right is given by

(1.3 g = kgo By = [T = Pp(6=8) Po(6)]™ Po(t-6) PR(E) 3 o

We remark that the argument of this section can also be used when
there is a distribution of sources in the interior of the scattering

medium,

8. = The effect of absorption.

Consider now the modified process in which there is atrgach col-
lision a constant probability of absorptiong r = 1-pl-p9-h 2;2 pjo
The Kolmogorov egs. (3.2) for the generating functions GaB(i; remain
the same and so also do the boundary conditions. Thus the behavioﬁr
of the particles when there is absorption (i.e., r > 0) is determined
by exactly the same equations, the only difference being that the
probabilities Pys bpz,ooo,hPB,pg will no longer add to 1. All the
results of this chapter therefore apply without modification to the
process with absorption. The numerical calculations are in fact
simplified when there is a non-zero probability of absorption owing
to the fact that the matrix R(l;...,1) (see equation (3.5)) no longer

has zero as a double eigenvalue,
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9, = A model which uses 120 directions of mqtipn°

As already indicated in Sect, 1, it is possible to choose a set
of 120 unit vectors {31,000;9120} in three dimensions having the

property that the set of scalar products {31031.000%9 } is the

i°8120
same for each i, i=l;,,.,120. This can be done as follows: each
triangular face of the icosahedron is subdivided by its altitudes
into 6 congruent triangles. If we consider the sethf 120 triang}es
formed by subdividing each of the 20 faces in this wéy and consider
the unit vectors along the lines joiningvthe centre of the icosa-
hedron to a representative point on each smail triangle (for example

the centroid), we arrive at a set of 120 unit vectors a, having the

i
above property.,

A numerical study using the set of 120 directions obtained using
the centroids of the small triangles has been carried out by Brockwell
and Landwehr[T7]. The icosahedron is oriented as in Fig. 4, Sect, 2,
so that the directions of motion fall into classes l,,..4,30 where
class i consists of the 4 directions of motion making an angle with

the positive x-axis whose cosine is My The numerical values of By

are as follows:

Wy = 0.971400229 = =g
My = 0.906819049 = =u,,
My = 0.T94101899 = -u,q
H, = 0.TTT7656688 = “Hor
Mg = 0,689607354 = ~Hog
Mg = 0.664939538 = =y
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Mo = 0,61994432L4 = Mo,
u8 = Ooh9586381,4 = -u23
l-l9 = 00351,“55901‘ = -U22
ulo= 0,31348353L = '“21
Hip= 0.2868T4T24 = =g
u12= 0,281792875 = -u19
u13= 00208989089 = -u18
M= 0.,112717150 = -ul7
u15= 00:'.0)4)49,45)45 = -ul6

The set of angular deflections {el,ooo,e } for this model contains

120
76 distinct angles {61,0009676} (see Ref, [T]). The analogue of the

generating function GaB(x) of Sect. 3 is therefore of the form

i QOOi i i
(9.1) Gl (x)= Z p 17Oy 2 1.2 18, as1,...,30

0002
R B 1 76
B=l,ooog30

and the Kolmogorov equation (3.2) is replaced by
] t = ) '

(9.2) Ae(zl,oeo,z76)’ga(x) =0 |,

with boundary conditions

G&B(O) = aa B=16,.00530,

B 9
(9.3)

G&B(t) = GaB ® B=l,000915a
The matrix Aé(zl’ooo,276) is a 30 x 30 matrix as compared with the
10 x 10 matrix Ae(zl,.oo,zg) of Sect. 3, Equation (9.2) can be re-

written in the more convenient form
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(9°h) %gé(x) = R'(zlgooo,zr{6) ,g&(x) ®

and the analysis then proceeds exactly as for the case of 30 directions
already described., (Since there are no directions of motion perpen-
dicular to the x-axis, there is no analogue of the vectorlga(x)
introduced in Sect. 3.)

Numerical results derived for this model are given in detail in
Ref, [T]. For the purpose of this thesis we shall consider only the
model which employs 30 directions. 1In Chépter T some of the results
will be compared with the corresponding results obtained from the

1l20=-direction approximation.
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CHAPTER T
PHYSICAL APPLICATIONS OF THE THREE-DIMENSIONAL MODEL

l, = Introduction.

In this chaptef we shall examine a number of physical applications
of the three-dimensional model developed in Chapter 6. The earliest
problems to receive attention from astronomers were concerned with
scattering by a three-dimensional half-space (this being the idealiza=
tion of a stellar atmosphere). The Milne problem is concerned with the
determination of the angular distributién of emergent radiation from a
half-space when the source of radiation is a very large distance below
the surface. For isotropic scattering the exact solution of this prob-
lem was obtained by Wiener and Hopf [49] in closed form and is given in
the book by Hopf [26]. Explicit solutions of the problems of transport
theory , however, are very rare. Various approximate methods of
analysis have hbeen devised; for example the spherical harmopics method,
in which the distribution of particles is expanded in terms of Legendre
polynomials and the series truncated (see for example Chandrasekhar
[9]), and the Gaussian quadrature method devised by Wick [48] and exten-
sively developed by Chandrasekhar [10,...,13], in which the integral in
the transport equation is replaced by an approximating sum, Wang and
Guth [45] formulated the spherical harmonic method in such a ﬁay as to
demonstrate its close relationship with the Gaussian quadrature method.
Chandrasekhar(14,15]), making use of invariance principles introduced by
Ambarzumian [1], has found exact solutions to many of the problems of
radiative transfer by expressing the solutions in terms of his X=-; Y=

and H-functions, defined as solutions of certain integral equations,
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In Sect., 2 we apply the methods of Chapter 6 to the Milne problem
with isotropic scattering law and compare the results with the known
exact solutions as given by Chandrasekhar [17], p. 135, and with the
results of the standard approximation techniques. Scattering by slabs
of finite thickness is also considered and the matrices Pﬁ(T)’ Mﬁ(T) and
S§(T) of Chapter 6 are tabulated for several slab thicknesses t in the
special case where the coefficients as in the linear combination
N =»§: aiNi are all 1. From these matrices it is possible to deduce
the ;;in and variance of the total number of collisions experienced by
an incident particle before emerging from the slab. As an illusﬁration
'(and also for the sake of comparison with the one~dimensional method of
Chapter 5) we determine the probability of transmission and the mean
and variance of the number of cdllisions experienced by transmitted
particles whgn the particles are isotropically incident on one face of
the siaba

Analogous results are derived in Sect, 3 when the particles are
scattered according to Rayleigh's law, i.e., the probability, given a
collision, of being scattered through an angle & into the element of

solid angle dQ is given by
(1.1) - 0(8)aQ = == (1 + cos26) an
) m‘ °

In Sect., 4 we examine the multiple Compton scattering of low=-energy
gamma radiation applying the theory of Chapter 6 to determine the spec-
tral distribution of gamma radiation which is transmitted through'a

slab of scattering material. This problem has previously been studied
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by Chandrasekhar [16] and O'Rourke [34] using Gaussian quadrature;
however, as Chandrasekhar points out, their results, although derived
formally for a monochromatic source, are of physical significance only
when integrated with respect to a relatively smooth spectral intensity
of incident radiation. Another undesirable feature of their results is
the existeqce of a non-zero (though small) brobability of a negative
wave=length increment which for Compton scattering is physically
impossible. The form of the solution derived in Sect. 4 does not
exhibit tgfse features. Instead of the isotropic scattering law used
in [16] and [34] we use the more accurate Rayleigh law (l1.1l). As in the
previous treatments of the problem the effects of polarization and
photo=electric absorption have been neglected; however, cases in which
there is a constant probability of absorption at each collision could

be treated in exactly the same way (cf. Chapter 6, Sect. 8).

2., = Isotropic scattering in a plane slab,

We shall be concerned first with the Milne problem, i.e., with
isotropic scattering in the half-space [5:0.5x;5w], In particular, we
consider a particle which starts from & point with coordinate x
(0 gx< =) moviﬁg initially in direction B. The distribution of emergent
direction of such—g particle is given (in the icosahedral approximation
of Chapter 6) 5y the probabilitieg ?ge(x), 2=6,7,8,9,10. The Milne
problem is of céufée concerned with particles which can move in any
direction in space and which are scattered according to a continuous
scattering law. The first step therefore is to Sét up a discrete

scattering function to replace the continuous isotropic scattering law,
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i.,e., to determine the transition probabilities [pl,hpz,o.o,hps,pg]
defined in Chapter 6, Sect. 2, Now for isotropic scattering the pfob-
ability o(6)dQ of being scattered through an angle 6 into the element

dQ of solid angle is defined by the equation

(2.1) o(6) = (bm)~t 0

/A

CRREN o

Thé probabilities Py i=1,0004,9 are determined by requiring'them to be
proportional to c(ei), i=1,0.0,9, where 6, is the angular deflection
corresponding to a deflection of type i. This condition, together with

the condition that for pure scattering
8

(2.2) pp*pygth Lop=1

i=2
uniquely determines the probabilities Py Clearly for isotropic scat=-

tering

. 1 .
(203) pi = '3'6' ’ 1=l,o§o’9 °

The probabilities PaB(x) can now be found as described in Chapter 6,
Sect, 3. Since PQB(x) is bounded as x + «, the solution (3.8) of

Chapter 6 must be of the form

(2.4) 'ga(x) = ail) e:}cp(.y:Lx)'g,l +‘a§2),exp(y2x)32 + ai3) exp(y3xls3
)

a, exp(yhxlsh
where Yy i=l,.00.,4 are the non-positive roots of the characteristic
equation (3.11) of Chapter 6 and the eigenvectors &y i=l,.00 4l are

defined by equation (3.12). The constants aél),,oo,aih) are uniquely
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determined for each a by the boundary conditions

8 . 8=7,8,9,10.

(1) (%)

o #occs8y = we find that (for zero absorp=-

(2.5) PaB(o) = 60

Solving for YyseeeosY), and a

tion, i.e., r=0)

(v, = -2.852k22,
Y, = -1,665073,
| v, - -1.0l615,
- Y, = 0
and
- a.,({l) = ,099600, aéz) = .01861, d,((3) = .00166k, a,((l‘) = .11906,
ail) =-.osk102, aéa) = ,10555, aéB) - 004615, aéh) = .23289,

aél) =-,036417, aéz) ==-,10500, aé3) = ,0293k4k, aéh) = , L8106,

(%)
%10

(1)
%10

035621, 16790,

n

2
=-,008992, aio) =~,01916, aig)

We see at once from these results that for a particle which starts
from a point sevéral mean free paths within the scatﬁering material the
emergent angﬁlar distribution is very close to the emergent angular
distribution for a particle which starts at infinity. Probabilities of
the various emergent directions in this limiting caée are independent of

the initial direction of motion of the particle and are given by

(2.6) p (») = aﬁh) e ’

2 Sy
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i.e.,
P7B(~? +11906
Pas(w) 023289
(2.7) = for all B
Pgs(w) .48016
| P1og(™) | -16790]

In order to relate the discrete angular distribution obtaiﬁed in
this way to the continuous distribution which would be obtained if the
discrete set of transition probabiliﬁies {pl,hpz,o.o,hp8,p9} were replaced
by a uniform distribution over the whole of the unit sphere we proceed
as follows. Since the probabilities PTB’ P8B' P9B and PlOB of equation
(2,7) correspond té areas 8n/15, 8n/15, 8n/15 and 2n/15 respectively of
the unit sphere we can estimate the probability density per unit solid
angle of the emergent angular distribution (in directions whose angles

with the positive x~-axis have cosines u6, uT, Hgs u9 and ulo) by

’

"(u6) =0

< F(Na) = 15 PaB/aﬂ's 0=T,8,9,

n(ulo) = 15 PlOB/2n .

Hence if f(u) is the corresponding probability density normalized so

o
that J/- f(u)du = 1, then f(u6),,oa,f(ulo) are estimated by
-l o

,

f(u6) =0,
I £(n) = 3.75 P (B+PgHRosP )7, a=T,8,9,
- -1
f(ulo) = 15 PlO (PT+P8+P9+P10) .

{
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The results are tabulated below together with the exact solution

and the approximations given by Wang and Guth [L45] and Chandrasek-

har [9,17].

Table 3 o
Gaussian
Wang and Chandra=-
" Exact Izosigzg;:i q:adizzgre Guth's gekhar's
| solution ppt. PPTOX1= | 5 H, method| S,H, method
ion mation S _

n=h n=3 r odd n=3
1 2.5182 2,5185 2,5096 2.5128 2.4837
0.8090 | 1.7997 1.8006 1.7922 1,7948 1.7702
0,5000 0.8716 0.8733 0.8660 0,8680 0,8520
0,3090 | O.hik1 0,L4k465 0,4384 O.4h17 0,k4324

0 0 0 0 0 0

As can be seen from these figures the icosahedral approximation
is very good compared with the other standard approximations,
Densities at values of uw other than those given could be obtained
by interpolation.

For scatteriné by slabs of finite thickness, solutions are
obtained exactly as described in Chapter 6, Sect. 3. The nécesséry
calculations were carried out using a computer program which is de-
scribed in the Appendix. Numerical tabulations of the matrices
Pﬁ(T)’ ME(T) and,Sﬁ(T) are giwven iﬁ the Appendix for yarious values
of the slab‘thickness, t. The matrices Mﬁ(T) and S*(T) have been

R

tabulated only for one particular set of coefficients al,o.,,ag,

namely thet in which a,=1, i=l,...,9. When used in equations (h,2)

and (4,9) they therefore give the mean and mean square of the total




-122-

nunber of collisions experienced by a particle incident on the slab
in direction B and emergent in direction o, An application in which
the coefficients a; are not all unity is discussed in connection with
the multiple scattering of low energy gamma radiation in Sect., L,
For the sake of numerical comparison with the results of
Chapter 5 and with the higher order approximation using 120 direc-
tions instead of 30, the transmission probability and the mean and
variance of the number of‘collisions experienced by transmitted
particles are given in Table I for particles which are incident iso-
tropically on slabs of various thicknesses. In Table 5 the trans=-
mission probabilities are compared with those obtained in Chapter 5
using both Fermi®s method and its generalization and also with the
results of Brockwell and Landwehr [7] for the model with 120 direc-
tions. A similar comparison for the mean number of collisions

experienced by transmitted particles is made in Table 6,

Table b4
Thickness; ti Transmission | Mean n?mber of | Variance of number
probability collisions - of collisions
0.5 ,63011 0.8712 0,7167
1.0 .48638 1.9398 2,8628
2,0 33958 | 4,8106 14,486
k.0 21366 13;550 85,519
8.0 212290 43,121 631.65

Transmission of particles isotropically incident on a slab of

thickness t (mean free paths),
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Table 5,

fhickness, t 0.5 1.0 2,0 L.0 8.0
Fermi's approximation | .69783 [ .53590 |.36603 |[.22401 |,.12613
Method of Chapter 5 62083 | 47929 |.33743 °2129.1; 12255
30 direction approx. |.63011 | .48638 |[.33958 {.21366 |.12290
120 direction approx. | .62940 | ,48512 °3350& .21331 | ,12266

Comparison of transmission probabilities.
Table 6,

Thickness, t 0.5 lo0‘ 2,0 L,0 8;0“
Fermi's approximation | 0.6016 | 1,5000 |4.0981 |12.360 | 46.856
Method of Chapter 5 0,9184 | 1,9973: |L4,8266 |13.543 h3clhé
30 direction approx. | 0.8712 | 1.9398 |4.8106 |13,550 | 43,121
120 direction approx. | 0.8733 | 1,9394 |4,7901 |13.512 h3;06h

Comparison of mean numbers of collisions.

3. = Rayleigh scattering,

A major feature of the approach to scattering problems described

in Chapter 6 is the fact that the method of solution applies un=-

changed to a very general class of scattering laws,
we consider the same problems as in Sect, 2 except that the isotropic
scattering law is replaced by Rayleigh's law, i.e., the probability,

given a collision that the particle is scattered through an angle 6

In this section

into the element of solid angle dQ is given by o(6)dQ where

(3.1) a(e) = i%; (1 + cosze) o
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Using the argument of Sect., 2 to determine the discrete approxi=

mation to the continuous scattering function o(6) we find that

¢ 1

P, = Py = 35
=5 = —2 :

pp = g = 335011 +V5)

(3.2) ¢ py=0p; =-§E
= p, = ==(11 YE)
Py T Pe T 320" TV

=

| Ps g

When these probabilities are substituted in the fundamental
equation (3.2) of Chapter 6 the solution proceeds in exactly the
same way as for isotropic scattering, the only difference being that
the determination of the eigenva;ues and eigenvectors of the matrix
R(ly000,1) requires the use of a computer.

Table T shows the result of applying the icosahedral approxi=-
mation to the Milne problem ﬁith Rayleigh scattering, i.e., to the
determination of the angular distribution (f(u)) of emergent photons
originating at a large distance below the surface of a half-space.
The exact solgtion as given by Chandrasekhar [17] is compargd with
the icosahedral.approximation9 Chandrasekhar's Gaussian quadrature

approximation [11] and the approximation of Wilson and Sen [50],
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Table T.
p | et | Teommean | e oxination | and Sen
n=2 n§3 n=1
1 2,5292 2.5287 2,4962 2,5152 2,5376
0,8090 | 1.8036 1.80k42 17748 1.7910 1,8181
0.5000 | 0,8689 0.8706 0.8488 0.8593 0,8812
0.3090 | 0.khok 0,430 0.bk273 0,433k 0,LL68
0 0 0 0 0 0

The numerical results for Rayleigh scattefing by slabs of finite
thickness are again tabulated in the Appendix as the transmission and
reflection matrices, P;, Pﬁ, M%, Mﬁg Sg, S§, the latter four’being
calculated for the particular linear combination in which ai=l;
i=1;00099, These matrices were used to derive the transmission
probabilities and the mean and variance of the number of collisions
experienced by transmitted particles which are incident isotropically
on one face of the slab, A comparison is made in Table 8 of results
obtained using 30 directions of motion with the corresponding results
obtained using 120 directions., We observe that Fermi's method and
the improved method of CQapter 5 canﬁot be applied to this problem
since they are restricted to the case of isotropic scattéringo |
Figure 5 shows the angular distribution of particles (f(u)) trans-

mitted through slabs of various thicknesses when the particles are

dgain incident isotropically.
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L, The multiple Compton scattering of low energy gamma radiation,

The multiple Compton scattering of low energy (E<<0.5 Mev)
photons in slabs of finite thickness has been studied analytically
by Chandrasekhar [16] and O'Rourke [34] using the Gaussian quadra-
ture epproximation to Boltzmann's equation. Provided the momenta
of the scattering electrons and the energy of the scattered photons
are small the problem is somewhat simplified owing to the fact that
the Klein-Nishina differential cross=section (i.e., the cross-section
for scattering through a given angle per unit solid angle) is then
effectively energy independent and is given, in Thomson units per

electron, by:
(4.1) o(e) = i%;-(l + cosze) R

where 6 is the angle of deflection resulting from a collision and

8n e2 §
1 Thomson unit = =\ 3%) = 0.665 barns,
(o4

The mean free path d of the photons is related to o(6) by the

equation -
(4,2) at = n [ o(e)an

where N is the number of electrons per unit volume., Thus d is inde-
pendent of the»phofon energy and, by the transformation (3.4) of
Chapter 6, may be taken as unity. Assuming the momenta of the scatter-
ing electrons are sufficiently small for Compton's relation to be

applicable, then the wavelength of each scattered photon increases
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according to the equation:

(4.3) A" = X + 1 - cosb .

where A and \' are the wavelengths in Compton units (1 Compton unit =
h/me = 0,02426 K) before and after a collision and 6 is the angle of
scattering.

For scattering by plane slabs of finite thickness both Chandra-
sekhar and O’Rourke derive the spectral distribution of forward
scattered radiation integrated over all forward direétions of eﬁér-
gence., They consider only the isotropic approximation to (4.1l), i.e.,
ole) = 1/4w, 1In fhis section we shall make use of the more accurate
cross=section (4,1) (which is in fact the Rayleigh scattering law
considered in Sect. 3). The angular distribution of photong transe
mitted by a finite slab has already been determined in Sect. 3.

We shall now show how to derive the spectral distribution of the
emergent radiation for each angle of emergence,

Chandrasekhar's method for the Compton scattering problem
depends on the replacement of the radiation field intensity I(x,u,A')
by the first two terms of a power series in (A=) diceoy

ol
I(xsusx') = I(x.u,’\) + (A‘—A)ﬁ xgug}‘) o

The resulting approximation to the Boltzmann equation is then solved
by Gaussian quadrature., As a consequence of this power series expan-
sion Chandrasekhar's results (and also those of O'Rourke) are of
physical significance only when integrated with respect to a rela-

tively smooth spectral distribution of incident radiation. The method
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to be used does not suffer from this limitation. Assuming a mono=-
chromatic source of radiation of wavelength Ao we are led quite
naturally to determine the distribution function of the emergent
wavelength A as the sum of two components, an absolutely continuous
component due to the scattered radiation and a simple discontinuity
at Ao whose magnitude is equal to the probability ﬂo that an incident
photon passes through the slab without being scattered,

Like Chéndrasekhar and O'Rourke we shall neglect photoelectric
absorption and polarization; however if we assume a constant prob-
ability of absorption at any collision the problem can be solvéd in
exactly the same way as explained in Chapter 6, Sect, 8,

The discrete approximation to the continuous cross-section (L,1)
has already been derived in Sect. 3 and is given by equations (3.2),
In addition we must introduce the Compton increments Gi(i=l,ooo,9),
Gi being the increase in wavelength of a photon resulting from a

collision of type i, If ei is the angle of deflection resulting from

a collision of type i then

(U.h) 61 =1 = cosei o
Thué
(5. =0 5§, = 3 + /5)
1 ’ 6 ¥ ’
" ‘ = 3
52"17(3-/5) 0 57-29
=i =&

(4,5) ﬁ 53 =75 s 68 5(5 +/5)
=1 -
Gh—r(5-/§) ) 69‘20

L S5 =1 ,
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We now consider a photon which originates at & point x in the
slab [x:0 ¢ x € t] with initial direction 8 and initial wavelength Aoo
Let Q;B(Alx) denote the distribution of its increase in wavelength
due to multiple scattering when it emerges from the slab, given that

it emerges with direction o, The Mellin-Stieltjes transform

<o

(4,6) LB(SIX) = j A=t diaa(xlx)

(o]

is clearly given by

—

(51) Quglslx)

[P g ()™ K g (s,%)
where

i oooi ’

1 9 Sl

(4.8) K (s,x) = E: P (x) (1.6, +.0.+i 68.)
GB ’ il+o o o'.'igao QB l l 9 9

and 8 500046, are defined by eq. (4,5), If n is a positive integer

9
then-ize(n+l|X) is the n-th moment about the origin of the wavelength
increment A, These moments can be determined exactly as described in
Chapter 6, Sect. L.

For.radiation incident isotropically on the face x = 0 of the

slab, the direction of motion of an incident photon is a random

variable B which takes the values 1,2,3,L4,5,6 with associated prob-
= -]-'— r = —h— r = i r = _)i. and r =r = -—l—
1 15 * "2 15 * °3 15 ° 4 15 5 6 15 °

The mean and mean square of the increase in wavelength of the trans-

abilities r

mitted radiation are given by

L6
=2
(4,9) ER) = = El le?s Kyg(2:0)
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£(%) = & E: E: rg K,

(4.10)
Tl a=1 g=1

(3 0)

where m = E: E:
' o=1 B
is transmitted through the slab and the functions Kas(z,x) and

(0) is the probability that an incident photon

KaB(3’x) are found as described in Chapter 6, Sect. L.
Numerical determinations of m, &(A), éKAe) for the slab thicke

nesses t = 2/3, 4/3, and 2 leads to the following results:

Table 9.

t 2/3 4/3 2

m ,5T15 Jh2321 .33850
¢(2) | 1.0794 2,612k 4,6021
£032) | 41550 | 16.898 | uk,233

We shall use these moments together with certain exact param-
eters which will now be determined to estimate the transmitted
spectral intensity for the continuous model when particles are
incident isotropically on one face of a slab of thickness t,

It will be assumed that the incident radiation is monochromatic so
that the spectral intensity (rate of incidence of photons per unit

wavelength interval) is given by

(ko11)  I(A) = (A=A ) ;

where §(x) is the Dirac delta function and Ao is the incident wave=-
length,

If n(A) is the spectral intensity corresponding to a trahs=

mitted wavelength ()\+)\o)D i.e.y, if the rate of transmission of
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photons with wavelength in the small interval (AO+A,XO+A+6A) is

n(A)érx+o(81), then n(A) is clearly independent of Ao and can be

written:

(b,12) n(A) = 7 8(x) + y(A) , OgAc<e

~\

where L is the probability that an incident photon is transmitted
through the slab with no collisions and y(A) is the intensity of the
transmitted radiation which is scattered at least once in its passage
through the slab., It is worth noticing at this point that the
spectral intensities found by Chandrasekhar and O'Rourke (Fig. T)

are not of the form (4.12); in fact they differ in two respects,
first in the complete absence of a delta function component and
secondly in the existence of a non~zero probability of a negative
wavelength: increment which for Compton scattering is physically
impossible,

Making use of the moments derived above from the icosahedral
approximation it is possible; as we shall now show, to fit a trans-
mitted spectral distribution of the correct form as given by
eqo (h.12), |

We first observe that the values 7_ and v(0) appearing in (4.12)
can be determined exactly as follows, If-u is the cosine of the
angle made by an incident photon with the positive x-axis, then for
isotropically incident radiation u is a random variable uniformly

distributed on [0,1]. The probability LIS is therefore given by:
1

(4,13) T, = J’ exp(-tu'l)du .
o
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For a single collision the probability density f(A) corresponding to

an increase in wavelength A is readily found from equations (4.l) and

(4,3) to be

(b)) £(A) =2 (2-2 +28) 0

I/
>

/A
n
o

The only contribution to the intensity y(0) comes from photons which

are scattered exactly once., Hence
1
c-l -
(4,15) v(0) = -{3;] tu™t exp(=tu~t) au .
o .

For any given slab thickness, 7 and v(0) are easily found from equaw
tions (4.14) and (4.15) using tables of the exponential integral.

Thus for thicknesses t = 2/3, 4/3 and 2 they are given by the follow-

ing table:
Table 10,
t - 2/3 L/3 2
" 2478 .0920L .03753

o

v(0) | 1992 | .1287 .07335

From these exact values of Tos v(0) and from the icosahedral
approximations to m, £(A) and éﬁlz) we now fit a spectral intensity
function having the required form (4.12). Expressing &(\) and gcxz)

in terms of the transmitted spectral intensity n(A) we have

[ . «©

(L.16) &) = %- ( An(A)da = %-J’ Ay(A)arx
“o o)
(4.17) £0%) =2 AZnar =2 J A2y(A)ar .

o o
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There are two further conditions to be satisfied by y(A), namely

(4.18) J' y(A)ar = 7 - LS

o

and
1

(4o19) vy(0) = %-J’ tu’l exp(-tu'l)du .
o

Using the numerically determined values of s y(0), my, Z(A)
and ZKAZ) the parameters a, b, a, B were obtained by fitting a curve

of the form

(4,20) y¥(A) = a exp(=ad) + bA exp(=BA)

to the scattered component y(A) of the transmitted spectral intensity.
The parameters a, o, b and B are given, for each slab thickness, in
the table below, Figure 6 shows the graphs of the fitted functions

Y*(1).

t 2/3 4/3 | 2

a | 0,1992 0,1287 0,07335
a | 1.2931 1.1269 0.8790
b | 0.07886 | 0.0LO53 | 0.0192k

B | 0.6817 03h322 0,297k

We remark finally that the assumption of an isotropically inci-
dent stream of radiation is not necessary for the analysis. Any
incident angular distribution which can be reasonably well approxi-
mated by a distribution on the set of 30 directions in space which we
have used can be dealt with in the same way. Furthermore, although

we have here considered only the overall emergent spectral
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distribution for transmitted radiation the same method can be used to
determine the spectral distribution for particular directions of

emergence.,

0.25 ;

0.20

0.05

Increase in wavelength

Fig. 6

The spectral intensity of scattered radiation transmitted through
a slab of thickness 2. In addition the intensity of the trans~
mitted radiation will have a component nod()\) due to unscattered
photons. The wavelength increase is measured in Compton units.
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0.5

Increase in wavelength

Fig. T.

The results of Chandrasekhar and O'Rourke showing the spectral
intensity of emergent radiation measured in units of the inte-
grated incident intensity. The wavelength increments are again
measured in Compton units.
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APPENDIX
NUMERICAL CALCULATIONS

l, = Introduction.

In this appendix we shall first outline the method used to solve
equations (3.2), (b.4) and (4.11) of Chapter 6 for Pas(x), MaB(x) and
SaB(x) respectively. The resuits are printed out by a computer pro-
gram as the matrices P¥, PX, M¥, M¥, 5% and S% defined in Chapter 6
by equations (5.3), (5.4) and (5.5), A brief description is gi?en in
Sect. 3 of a second program which uses the matrices for thickness t
to generate the corresponding matrices for thicknesses 2nt, n=l,24600 o
In Sect., 4 the matrices are then tabulated for a number of slab thick-
nesses and several scattering cross-sections. For all the tabulated
Aresults the coefficients a, in the linear combination, N = ZaiNi, are

i

taken as unity.

2, = Program Transport.

Program Transport makes use of the backward Kolmogorov equation
Ae(zl,ooo,zg) ga(x) =0,

with boundary conditions

GaB(O) = GaB’ B = T7,8,9,10,
GaB(t) = GaB’ B =1,2,3,4,
to solve for
Paglx) = 10,01, _ Ly o s
9
Mag(x) = z x _2— GaB(x) Z2.%000=2,=1

k=1 k 1 9 ’
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and s (x) = E: 2: a -——-—-— G .(x) o
S R Jkaj x *B 2)=0 0 om2ge1

As already described in Chapter 6, Sects. 3 and 4, this requires the
solution of three tﬁo-pbint boundary value problems.

The input data consists of the discrete approximation (pl,ooo’pg}
to the scattering function, 0(6), and the coefficients {al’ooo'ag} of
the particular linear combination under consideration. The proba-

bility of absorption at each collision is given by
r= l-pl-pg-h D p; o
i=2

The first step in the program is to determine the matrices B and
R(ly500,1) (denoted for simplicity by R), which have already been de=-
fined in Chapter 6, Sects. 3 and 4. The eigenvalues Al,.oo,k8 of R

(assumed to be ordered so that A) < Ay < Ay < Ay LAy < Ag < Ay < Ag)

and the corresponding eigenvectors §190009Sg aTE then determined.

We observe that the eigenvalues have the property Ai = -19_1,

i=1,,,.,4, and that A) = AS = 0 if there is zero probebility of

absorption at each collision. Let T = [t t o.ots] be a matrix such
that T-lRT is in Jordan canonical form, If all the eigenvalues of R

are distinct then such a matrix is obtained by choosing Ei =L

i=1,,..,8; if, on the other hand, the probability of absorption, r,

is zero then Ah = As = 0 and we obtain a suitable matrix T by

choosing 25 such that 335 =g, and the remaininglei such that

BT e 1 E S
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If A = T"IRT then exp(xR] = T exp[xA]T"l° The evaluation of
exp[xA] is trivial. Thus if the eigenvalues of R are all distinct
then exp[xA] is a diagonal matrix whose i-th diagonal element is

exp[kix]; if r = 0, implying that A) = A, = O then exp[xA] is the

>
same as before except for an additional element x immediately above
the 5th diagonal element,

From equation (3.8), Chapter 6,'ga(x) can be written in one of

the forms:

8 .
- (k) o
A%(X) kl;l p, = explA x] ifr#0 ,
8
K .
k#5
where (k) _ h
Ba T Couby o K F 45, and
(b) _ (5) _
M Cuuly o By T CGSE5 ifr#0,
(3) _ (5) _ -
Ba ' % Cabfy * Custs 0 By T Coshy T T =0

The unknown constants €K’

conditions (3.9) of Chapter 6.

k=l,..0,8, are determined by the boundary

The 10-component vectors P (x) corresponding to the 8-component
vectors pa(x) are easily determined using eq. (3.2), Chapterv6, to
find the additional components PaS(X) and Pa6(x)“ Proceeding in this

way we can express the vectors Ea(x) as follows:
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8

Alju(x) = §1 Alf(gk) exp[Akx] ifr#0,
8

‘Ea(x) = ;z;fgék) exp[ka] + §§£5) ifr=0,
k#5

The next step is to form the vectors B’B(Ek),, k=1,,..,8, and
thence (from eq. (4.4), Chapter 6) to determine the 8-component

vector y,a(x) of eq, (4.6), Chapter 6, in the form

8 ‘
xa(x) = Z Xék) exp[Akx] ifr#0,
k=1

8
Ja(i) = kz=:l ,yik) exp[)\kx] + xXiS) ifr=0
k#5

o

t
The integral, J; exp[-yR] Xu(y )dy, is evaluated analytically by

expanding the integrand as a sum of the form

8 8
I, (y) = E__l JZ=1 exp[(AJ-Ai)y] ,\I,ii") ifr#0,

8 8
(1J)
I,y = 1§=:1 ng expl (A=A, )y1T,
i#5 3#5

[o o]

+ Z y[exp(-liy),‘lgii'j) - eXP(Aiy)Aljisi)]-yz,\;[iss)
i=1 ' ‘

ifr=0 ,

The boundary conditions (4.8) of Chapter 6 define four components

of each of the vectors Ba(t) and ga(o)., The remaining eight unknown
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components are determined from the equation
t
exp[-tR]m (t) = m (0) +J' exp[-yR]Y (y)dy ,
. o

which is a direct consequence of (4.7), Chapter 6.

Having found m (0) it is now possible to expand B, (x) as follows:

Yo
8 8
m (x) = k; eXP[Akx] + kzl (k+8) exp[} x]
ifr # 0,
8 8
Eu(X) = kZl ik) exP[Akx] + kgl yik+8)xexp[lkx]
K#5 ‘ k#l,5
e a5, g12).2 , (13) 3
~vo T aa o .
ifr=0,

Equation (4.4), Chapter 6, is then used to determine Mus(x) and

a6(x) thus giving the lO-component vectors M( k) such that

8
/l:}'la'(x) = kZl Mik) exp[Akx] + kz=:l Al\}ik+8)x exp[Akx]
ifr #0,
8 _ 8
M (x) = kgl vi & explA x] + k§=:l ~M§;R+8)"é"p[)‘kx]

k#5 k#l4,5

e x4 322 4 y(33)3
ifr=0,

The determination of the vectors Ea(x) proceeds in much the same
vay as the determinatioq of M (x). Thus we begin (see Chapter 6,
eqo (4.11)) by forming the vectors 2By£k), k=1,..0,16, and thence
(from eq. (4.11), Chapter 6) we derive the 8-component vector y/a(x)

of eq, (4.,12), Chapter 6, in the form

8 8 ‘
l’fa(‘X) = kgl Eik) exp[)\kx] + k};l /H((;,k+8)x exp[kkx]

ifr#0,
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8 8
Eﬁ(x) = 221 Eék) exp[Akx] + 2;1 Eék*a)x exp[lkx]
k#5 k#b 45

eyl 4 g320,2 4 01,3
ifr=0,

The integral, exp[=yR] W (y)dy, is again evaluated analyti=
o) a0

cally by expanding the integrand as a sum of the form

8 (8 8
1) = & {;l expl (3,2 Dy () + L y'exp[(kj-xi)y]5£i03+8)}

J=1
if r # 0,
‘ 8 8 8 .
L) = 121 ng exp[ (A=} izt . le y expl (A=) )y]I(i’J+8)
i#5 | 3#5 ' J#l,5
+y eXP(-Aiy)T(iS) + y% exp( Aiy)I(ilz)
8
+ y?’ eXP(-Xiy)},in?’)} le y exp(ljy)g(sa)
J#5
8
}gﬁ Y exp(AJy)I(S’J+8)
J#b,5
- 2 3&55,) -y I(s 12) _ b Eis'n)
ifr=0,

The boundary conditions (4.14) of Chapter 6 define four come
ponents of each, of the vectors ga(t) and Ea(o)° The remaining eight

unknown components are determined from the equation
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t
exp(=tR] ga(t) = 3a(0) + Jf exP[-YR],Eu(y)dY ’
' ) o

which is a direct consequence of eq., (4.13), Chapter 6.
It would be possible now to proceed in the same way as before,

obtaining an expansion for‘ga(x) analogous to the one above for

(x), and proceeding to find third and higher order moments of

9 , .

= Zj aiNio However the program, as written, stops at the deter-
i=1l

mination °f,§a(0) and.ga(t) which are easily found from{gq(O), Eu(t)

m
~a
N

and equation (4.11) of Chapter 6.
The output of Program Transport consists of the matrices P@,
* Mk ME. O * i ;
PX, MY, M%, Sk and S} defined in Chapter 6. A block diagram of the

program is given on the next page.
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Read Pys8s3 i=1,.44,9 ]

Ajseeeadg,

Find

EpseeeaSpe

no

Find %, :Rt,

5~ &

LSet i = £ 171,000,8 HT-[EI...%]H Sety =g, i#S]

Print T7IRT

k
Find‘gé ), k=lyeeey8; 0=1,,4.,8

i

Find 2%, k=1,...,8; a=1,...,8

* %
Print P, P

&

rina 820 4 (®), ka1, 0008
Evaluate j: eVRy, (v)ay

i

Find mq(t),mq(0),M,5(0) M ((0)

no

Find my™", k=l,0009165 a=1,,44,8

!

Find yﬁk), k=1,...,16; a=1,...,8

a=a + l}

Find 21334’(&“),&(,1‘); k=1,...,16

Evaluate fo “ TRy (y)ay

!

Find As',‘,l(t).,ta,.,,(O).5‘»,,5(0).%6(0)

no

Print S*

*
T+ SR
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3. = Program Iterate.,

The evaluation of the integrals JCt exp[-yR]yg(y)dy and
Jct exp[-yR]E&(y)dy becomes numerically unstable for large values
of t since sums of large positive and négative numbers are involved,
This difficulty can be overcome by using the method of iteration de-
scribed in Chapter 6, Sect., 5, to determine the matrices P%(R)’ M%(R)
and S%(R) for thicker slabs.

Program Iterate uses as input data the six matrices Pg(ﬁ)Cﬁ),
M;(R)(t) and S%(R)(t)5 these are then used to generate the cOfre=
sponding matrices for thicknesses 2t,ht,a,.,2nt by a direct gpplica-
tion of equations (5.10),.00,(5.,15) of Chapter 6. Each new matrix
element is found as & sum of positive terms so that the question of
instability does not arise. The only errors are rounding errors‘and
those introduced in the inversion of the 4 x 4 matrix (I - Pg) (éee
Sect, 5, Chapter 6). | |

In Sect. 4 transmission and reflection matrices are tabulated
for isotropic and Rayleigh scattering laws with absorption proba-
bilities 0 and 0,05. Program Transpért was used to derive the results
for thickness t = 0.5 and Program Iterate was then used to generate
the corresponding results for thicknesses 1, 2, 4, 8 and 16, Only

the results for t = 0,5, t = 2 and t = 16 are tabulated,

i, = Numerical results.

We recall from Chapter 6 that the 4 x 6 matrices G# and G} are

defined as follows: denoting the (i,j)th element of G% by {G;}iJ

we have
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(eghy, = Gy, (0)

(G = Ggp4),(0) -

The matrices P;(T)’ Mﬁ(T) and Sﬁ(T) are defined in terms of Gﬁ(T) by
equations (5.3), (5.4) and (5.5) of Chapter 6.

Consider a particle incident on the face x = 0 of the slab
{x 2 0 ¢ x g t} with direction J, J=1,...,6, and suppose that it
makes a random number, N, of c;llisions of type k (k=1,...,9) before
emerging from the slab, Let N denote the random variable,

N = a N Then the (i,j)th element of PX, {(P%} denotes the

= k k° i3?
probability that the particle emerges from the slab with direction i,
and {Pﬁ}ij denotes the probability that it emerges with direction
- i * # : -
(l1=i). Similarly {MT}iJ//{PT}iJ is the expectation, &N, condi
. % " .
tional on emergent direction i, and {MR}iJ//{PR}i.il is the expectation,
&N, conditional on emergent direction (11-i). In the same way
* M#* * * M* *
({58} + {MT}iJ]//{PT}id and [{sR}i‘1 + {MR}U]/{PR}ij are the
expectations, £N2, conditional on emergent directions i and (1ll-i)
respectively; the matrix'ﬁ%(R) is defined as the matrix M§(R) in
which the set of constants {al,oo.,ag} is replaced by a new set
2 2
{al’o 00 ’ag} °
The tabulated results which follow were all obtained with
al = 82=ooo=39 = 1, Isotropic and Rayleigh cross-sec?ioné were used
with absorption probabilities QO and 0,05, Although numerical results
were obtained for thicknesses t = 0.5, 1, 2, 4, 8 and 16, only the

results for t = 0,5, 2 and 16 are listed.

0
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In addition to the results tabulated below; the matrices PR(T)’
* -
MR(T)’ MR(T) and S (1) have been calculated using the Rayleigh cross
section with np absorption, thicknesses t = 2/3, 4/3 and 2 and
al,aoo’ag as defined by equation (L4,5), Chapter 7. These results

were used to derive the results in Chapter T, Sect, L.
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1. - Isotropic scattering with no absorption.

P, =P, = ...

%

=

n

a = LN
2

Py = 1/30,

a = 1,

9

Slab thickness, t = 0.5.

F1
.624971202
069674307
058385273
044950676

*
PR

.018972398
.072161387
.061761133
. 049123625

M*
T

. 033597669
127066392
. 106798611
.082580476

1R
.034261009
.130168268
.111008650
087783554

57
.055124232
208788637
.176286951
.137205020

S*
R

055452441
.210323270
.178369091
139775918

.021530545
.620288379
067943288
.052103831

.022299095
.084879214
.072821568
.058134080

.039265675
. 148423161
. 124535456
.096040264

. 040224207
.152905408
.130619063
.103558996

. 064519237
. 244333843
. 206193473
160355595

- 064993465
. 246551232
.209201972
. 164070357

.029192636
.109934548
. 459027078
.069014631

.030880567
.117827773
.101862115
. 082260652

.053399305
.201502601
. 168149797
.128579648

.055504325
. 211346083
.181510550
. 145093846

. 088143475
. 333628046
.281092772
. 218062877

.089184546
.338495902

. 287697534
. 226218696

.036365861
. 136409600
.111668018
281150850

.039741847
.152196999
.133100531
.109366294

.066809008
.251436676
. 208046242
.157002910

.071018387
.271120970
. 234766775
.190038472

.111001193
. 419816398
.352833147
. 272686762

.113081093
429541772

366029539
.288985008

.037435668
. 136007862
. 100497647
. 063616459

. 053486863
.211222205
.203573000
. 194160297

.069021679

. 254336616

.197102076
.135290982

. 088686714

. 346474010

323299392
294898374

- 115574636
- 434601039
.358962704
. 270849898

. 124479998
. 476299508
- 415910339
. 342352184

.037435668
.136007862
. 100497647
.063616459

.053486863
.211222205
203573000
.194160297

069021679
. 254336616
197102076
135290982

.088686714
. 346474010

. 323299392
.294898374

.115574636
. 434601039
. 358962704
.270849898

. 124479998
. 476299508
.415910339
342352184



.182533895
.156038837
.092968816
.051399578

.061232207
.213617037
. 147254225
- 094955406

. 229110606
. 767790594
473211471
. 269150636

M*

R
.256283092
.879094132

577430438
351635379

S*
T

1,69650142
5.72617742
3.59289713
2.07541657

S*
R

1.74830214
5.93787167
3.78917579
2.22769265

=p =... =

2

=g =

2
thickness,

.048218653
. 242881246
.092931936
.050570370

. 066011295
.231500226
16186712
.106019151

. 237260342
.793301634
. 486040430
. 274870942

. 271655027
.934218640
.618106529
-379583031

1,76948614
5,96892124
3.73928259
2.15665893

1.83490326
6.23628139
3.98725114
2.34915856
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n

p_ = 1/30,

9

a =1,

9
t = 2.0,

. 046484408
.150367030
.102830694
. 044186939

.073627113
. 261906509
.190372710
.130224597

. 236605735
. 786429935
LW74586170
. 264745702

.288715219
1.00011737

.675611118

.425336881

1.79644856
6.05028631
3.77477410
2.16877764

1.89458789

6. 45150786
L,14738962
2.45881880

.041583132
132394947
.071495969
.037773969

076820537
.277561741
210707824
151661882

. 217747438
. 719621467
428367545
. 236461389

. 284478997
993761247
688209531
. 447140810

1.67904727
5.64620638
3.50915594
2.00939255

1.80224121
6.15017696
3.97845239
2.37667599

.027987641
. 086869682
. 0Ll692431
.022366334

- 074117999
. 280672729
.246117110
. 217176074

. 147507458
. 483511277
. 283460038
- 155555877

. 225354617
.808140967
.611102018
456736942

1.14798532
3.85332034
2.38506939
1.36177330

1.26728572
k4,34376273
2.85156319
1.74384455

.027987641
.086869682
.OLL692431
.022366334

. 074117999
.280672729
.246117110
. 217176074

147507458
483511277
. 283460038
155555877

.225354617
.808140967
611102018
.U56736942

1.14798532
3.85332034
2.38506939
1.36177330

1.26728572
4, 34376273
2.85156319
1.74384455
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a

1=32=.l.

-150=-

Py = 1/30,

a9 = 1,

Slab thickness, t = 16.0.

*
PT

.016184136
. 046281973
.022447817
.011475702

P*
R

. 124772705
«399371441
.238233952
141232281

M*
T

2,38504214
- 6.86780372
3.35744147
1.72127709

Mk
R

3.93394810
11.5969003
5.88680523
3. 08464200

S*
T

503.700965
1454, 25775

713.185020
366.,062486

*
SR

565.954882
1640.55289

808.886554

416.137997

.014301916
.040899556
.019837207
.010141113

.123412562
399410458
. 244137865
. 147859328

2.12226806
6.11084845
2.98723065
1.53144963

3.58363928
10, 5888147
5.40161686
2.84184613

49, 390360
1297.42335

636.252984
326.571377

506.958724
1469,80370

724,910482

372.996308

.011223908
.032097275
.015567904
.007958574

.119116976
.395023363
.255612214
.163399789

1.67872073
k. 83344071
2.36263779
1.21121600

2.94340261
8.73999966
k, 51024442
2.39885312

356.592509
1029, 47895

504.836185
259.115351

4ok, 143276
1172,92980
578.790112
297.906623

.009284038
. 026549779
.012877243
.006583063

.114259316
. 387100745
. 264386412
.178959408

1.39254241
4,00938718
1.95978865
1.00468583

2.49552779
7. 44004973
3.88142587
2,09034099

296.150771
854, 974962
419, 2574l
215,189642

336.662711
976.517008
482,023041
248.159777

. 005977830
. 017094939
.008291432
. 004238719

.098151082
.350981143
. 280568459
. 234696399

0.89763469
2,58L43682
1.26326203
0. 64760940

1. 65264459
4,96929966
2,67219260
1.51729596

190.989806
551.377205
270.379604
138.775777

217.3647u4
630.563617
311.356868
160.359416

.005977830
.017094939
.008291432
.004238719

.098151082
. 350981143
.280568459
. 234696399

0.89763469
2.58443682
1.26326203
0. 64760940

1,65264459
4,96929966
2.67219260
1.51729596

190,989806
551.377205
270, 379604
138.775777

217,364744
630. 563617
311.356868
160. 359416



II. - Isotropic scattering with

=151~

absorption probability, r = 0.05.

623357516
.063571715
.053257027
.0409863914

P*
R

.017325951
. 065905595
.056424956
.044902363

M*
T

.029451676
111372691
.093572972
.072314733

M*
R

.030066545
114247913
097475418
077137774

S*
T

.0L44112951
. 167072820
©.141040152
109744100

S*
R

. 044398400
.168407520
. 142851046
.111980130

=p2= e e

=a =.00
2

.019644740
.613160627
.061964102
.OL7L9U34s

.020365949
.077530087
.066541917
.0531532k5

.034416054
.130071846
.109085708
. 084066728

035304547
. 134226582
. 114724847
.091036300

.051628341

195502300
. 16494814k
.128237586

.052040786
.197430809
167564722
. 131468495

i}

a. = 1,

thickness, t = 0.5.

.026628514
.100260024
. 450957072
.062847411

.028212478
.107667084
.093132226
.075277793

. 046786486
. 176504384
147171328
.112401084

. 048737709
185628701
159556059
.127709256

.070520076
. 266891704
. 224783677
. 174285182

071425523
271125415
.230528079
.181378765

19/600,

.033158689
.124341809
.101689248
273627944

036326775
139157001
.121802027
100211734

.058503848
.220089552
.181868775
.136966180

.062405770
.238336128
.206637917
. 167589946

.088784842
335730360
.281999348
. 217751047

090593829
. 344188989
. 293477007
.231926937

.034123322
.123812613
.091073045
.057176410

.049202268
. 194471610
.187908899
. 179828236

.060403168
222195131
.171219991
116451926

.078669227
.307779052
. 288448861
. 264740567

. 092375744
. 347119955
.286083333
.215184289

.100138342
. 383468149
.335727918
.277529121

034123322
.123812613
091073045
057176410

.049202268
. 194471610
.187908899
179828236

.060403168
.222195131
.171219991
.116451926

. 078669227
. 307779052
. 288448861
. 264740567

. 092375744
347119955
. 286083333
.215184289

,100138342
383468149
.335727918
.277529121



Slab

. 172873753
.123707126
.073105770
.040133792

.050275177
175972454
. 122414200

.079746959

. 154667978
.516914912
. 316410015
. 178884575

.178190478
.613288624
406733241
. 250504024

S*
T

0.92855470
3.13040022
1.95811601
1.12782010

Sk
R

0.96907587
3.29601750
2.11174861
1.24712932

1

=p = . -

2

a = =

2

-152-

Pg

a = 1.

9

thickness, t = 2.0,

. 038227604
. 209528084
.072579679
.039102485

.054378479
.191419877
.135207162
.089545217

159735492
532286385
323305174
.181412115

.189516607
. 654329707
437795224
. 272366017

0.96734687
3.25836440
2.03353517
1.16867426

1,01852542
3.46755718
2.22765656
1.31953104

.036552885
.117436387
.083082127
.033233242

.061207100
.218769784
.161017179
.111587315

.158205007
.523118762
311455822
171603552

.203366620
.708367552
. 485935880
.311318477

0.97905800
3.29032902
2.04143172
1.16673434

1.05587430

3. 60442404

2.33332197
1.39423690

19/600,

.032468919
102371636
053772515
.028062499

. 064516645
. 234432421
.180552067
.131854809

. 144720661
. 474943083
. 277660380
.150826830

. 202662013
. 713063490
.503723878
.334689988

0.91242562
3.05962894
1.88781583
1.07372716

1.00894882
3. 45457712
2.25592270
1.36233890

.021823581
. 066755686
.033026752
.016016808

. 064204194
. 244913655
. 218627627
.196225630

. 097700550
.317139810
.181625698
.097902521

. 166354148
.603737583
. 472120395
. 366968349

10,62207256

2.08047911
1.27613440
0.72287358

0.71627266
2.46799901
1.64579969
1.02742527

.021823581
. 066755686
.033026752
.016016808

. 064204194
. 244913655
. 218627627
.196225630

. 097700550
.317139810
.181625698
.097902521

. 166354148
.603737583
. 472120395
. 366968349

0.62207256
2.08047911
1.27613440
0.72287358

0.71627266
2.46799901

1.64579969
1.02742527



Py
2

- —
-

p2 = esoe

=a2-...-

=153=

Py
%9

1.

Slab thickness, t = 16,0,

o
.000352489
.000953282
.000435279
.000217916

P*
R

.068348175
. 228257927
. 146960186
.091847680

M*
T

.016690976
.0L6244693
.021627365
.010912131

M*
R

449191468
1.41304778

.803382851

453125827

Sp
.954305460
2.68289891
1.27483325
.646755216

Sk
7.39116311
22.2925142

11. 6730064
6.19013270

.000294581
.000796840
000363833
.000182147

.070535578
.238218095
.157195256
.100381155

.014290396
.039571355
.018496268
.009330687

436655775
1.38381535

.799353759

. 456921879

.829061352
2.32956135
1.10630696

. 561148114

6.88876570
20.8385857
10.9711391

.000217640
.000588695
.000268797
.000134569

.073480093
254347267
177743842
.119828281

.010813682

.029927590
.013981129

007051755

. 401691425
1.29338155

775167154

. 458690937

.637416624

1.79004227
.849571438

430835652

5.83650318
17.7516760
9. 44786135

= 19/600,

.000176298
. 000476868
.000217737
.000109006

074306334
262801275
.193886231
.138425033

.008828099
. 024428056
011409979
005754610

. 366586494
1.19623701

. 742177527

. 456062003

523235959
1.46910484

. 697106729
353492686

5.00792254
15.2857691
8.20072810

.000112643
.000304685
.000139119
.000069648

.070402839
. 262871689
227066734
.200384209

.005655648
. 015648687
.007308839
.003686135

. 271662790
914030340
625140068
. 4822905

.335881048
. 942995655
. 4l7428178
. 226878520

3.30089043
10.1136002
5.48582918

5,83864423 5.06832869 4.43053729 3.00875903

.000112643
.000304685
.000139119
000069648

.070402839
. 262871689
. 227066734
. 200384209

. 005655648
. 015648687
.007308839
.003686135

271662790
.914030340
. 625140068
44822905

335881048
942995655
447428178
. 226878520

3.30089043
10.1136002

5,48582918

3.00875903



15k-

IITI. - Rayleigh scattering with no absorption.
Py =P = 1/20, p, = pg = (11445)/320, Py =P
P, = Pg = (11-45)/320, ps = 1/40.
al = a2 = ... = a9 =1,

Slab thickness, t = 0.5,

) = 1/32,

*
PT

.628839256 ,023313157 .027204354 .031966379 031504321 031643801
L075442962 623433936 .104846582 132072485 122962859 132556464
054408709 ,064798752 ,L66708908 ,110531046 ,115773526 094070843
039512618 ,050447201 ,068311943 .290203564 064176301 .073333858

*
PR

.023019048 ,024192050 028751844 ,034776891 ,043928168 044110552 .
.078287118 ,088274313 .112239761 ,147061788 ,187055815 204412807
.057503689 ,069367987 .110792733 .131293547 .242703358 184058654
.042986601 .056172605 .081143874 122094299 .191895653 .235813021

M*
T

.035290514 ,039219186 .049882204 .061261607 .061901956 062359886
.126915952 147786304 .195256791 .249281046 242791171 .254417984
099764409 ,120675334 .1794446Ls 213446857 ,219694112 ,197341164
.075723511 .095216887 .131917412 174024434 ,141907055 152742600

Y
.036090400 .040242835 .051783488 ,064817286 .077572637 .078131901
.130228550 ,152393169 .204506915 .268233412 ,323974012 344110413

.103566975 .126392225 194313639 .240133695 .374424135 ,313539202
.080118572 ,102456046 .148410785 ,212145018 ,304241373 352436565

S

T
LOL7L72230 058423158 ,083683403 .108472520 112767757 114082862
.189061310 .233270538 .334238356 .434065765 446871097 453760025
.167366806 206570665 .297749970 .383051197 .390398091 391178280
134079408 ,165798369 .236738659 .306321941 .299650004 304991678

*
SR

.047698798 ,058790694 .084582949 ,110369368 .120924668 ,122396592
.190250683 .235210600 ,338967155 . 4441h6661 489873693 498516106
.169165897 .209493223 ,305113978 .398163823 .459713977 457404570
L136424041 169648929 246078775 .326502044 386791765 .397979061



Py
P4=P6=

8.1=a2=

=p =1/20,
Py /20, p

2 Ps

(11- ¥3)/320, p, = 1/0.

ees = a_ =1,

9

=155=

= (11+./5)/320, p_ = P, = 1/32,

Slab thickness, t = 2.0.

b
T
. 185347454
.158900909
.090528688
. 049359706

P*
R
.066675461

.220557592
.141012133
.087618056

M*
T

.223034918
751477978
165666590
. 265672333

M*
R

. 250866389
.861214779
.563020978
.341533676

ST
1.62326857
5.58753505
3.57508992
2.08076008

Sk
1.66787254
5.78010448
3.76289603
2.23098504

.049103081
. 244122232
.091754865
.050187386

. 068156044
.235153902
.157563728
.103958762

.232219466
.786151675
. 486689053
.276963558

. 266130003
.925818070
.615233401
. 381364067

1.72664329
5.93957313
3.79319853
2.20353629.

1.78615051
6.19705269
L, 04457523
2.40529020

. 0L52643440
. 148462489
.105000536
. 0LA344936

.070506066
. 254043468
. 201741448
.129736714

.232833294
787479427
485552021
.270726534

. 281510488
- 995468551
.701196613
. 436832831

1.78754495
6.13752412
3.90186348
2.25567720

1.88144801
6. 54426017
4,30217360
2.57618795

3

.039932841
.131392281
.071751614
.038125194

070884496
. 272167572
209918413
165827586

214933432
725100007
438044734
. 242647034

. 276306547
.998424088
.706810369
479451630

1.68337027
5.76893289
3.64976238
2.10140622

1,80490481
6.29713149
4,16835967
2.52308095

. 026453279
. 084405453
. 045382007
.022148287

.064303610
. 256305107
. 285758245
.215244012

144482909
. 1482530631
288523014
.157871042

.212728592
. 787752357
. 668732288
- 470719725

1.14307281
3.90819546
2, 46134042
1.41206184

1.25979775
4, 41806084

2.98235185
1.84932619

.026288698
.085234421
. 043750845
.021978473

. 064281503
. 272980699
. 226544019
. 258941341

. 143537509
. 480725528
. 284801641
.156598109

.212233589
804298659
. 605242448
. 517629469

1.13600273
3.88373601
2.4440422]1
1.40232263

1.25399306
4.40161895
2.96346318
1.85104840



o)

[
]
Re]
n

.016315134
. 046560424
.022468122
.011430680

R
1130573011
406997323
231983739
133671567

M
2.40007734
6.90180011
3.35977506
1.71467967

M*
R

3.94029950
11.6111445

5.87358182

3.06402789

S*
T

506.961234
1462.09322

714, 225504
364,981839

Sk
569.113015
1648, 58616
810.096174
415,021173

1/20, P, = Pg = (11+ J5)/320, Py =P

(11- 4/5)/320

=156

, p. = 1/40,

5

o=a =10

9

.014387962
. 041060834
.019814236
.010080512

.125769089
.403529316
. 239787862
. 145570188

2.13277352
6.13277273
2.98521907
1.52348719

3.58804096
10.6079656

5.39932121

2.83386954

451,811653
1303.00103

636. 487001
325.251775

509, 441140
1476,05939

725,580585
371.799001

thickness, t = 16.0.

011234061
.032060108
.015470865
.007870818

. 115991869
.387984911
. 266758038
. 162629331

1.67988752
4,83018590
2.35098978
1.19978031

2.93679090
8.73628520
4.52595981
2.39717871

357.112750
1029.85760

503,041095

257.055404

405, 048085
1174,01404

577.472126

296.022766

.009247615
026391124
.012735251
006479071

.108142569
.381107701
. 263139785
192756883

1.38720499
3.98854123
1.94128531
0.99068640

2.47885062
7.41916674
3.87871663
2.10494661

295.276509
851,520198
415,924381
212.537275

335.759180
973.382419
478.974896
245.,610967

, = 1/32,

.005878870
.016777297
.008096021
.004118859

. 087932043
.325379384
. 319499983
. 232317544

0.88306728
2,53900091

1.23575720
0.63063518

1.61741491
L4,88252363
2.69140948
1.50720793

188,074101
542,366085
264,916461
135.371911

214,138260
620.894459
305.655392
156.809575

.005845583
016682301
.008050180
.004095537

.087756838
. 341603419
. 260063383
. 275902758

0.87793563
2.52424915
1.22857893
0.62697223

1.60832342
L. 87395997
2.61548952
1. 54774627

186.970578
539,184069
263.362400
134,577823

212.867032
617.211892
303.835537
155.889062



=157~

IV, - Rayleigh scattering with absorption probability, r = 0,05,

Py = Py = 19/M00, p, = pg = 19(11+45)/6400, py = p, = 19/640,
Py = Pg = 19(11~ 4/5) /6400, P, = 19/800.

a =a =...

1 2

Slab thickness, t = 0.5.

P*
T

.627131693
.069323971
. 049621219
.035887219

P*
R

.021271771
.072003964
.052528290
.039144341

*
MT

.031404727
.112125072
.087302968
. 065952197

R
.032154070
. 115216670
.090831659
.070018373

57
037900257
1150830293
- 133419439
.106819724

Sk
R

.038096731
.151861337
134978712
.108851454

.021422285
616324426
.059012709
. 045885164

.022250448
.080936853
.063299703
.051253358

. 034648553
129979190
105419291
.083055242

.035603909
. 134265399
.110714311
.089753208

. 046609124
. 186024415
. 164617596
.132081518

.0L6927734
.187705987
. 167149954
.135418589

.024810609
. 095484568

. 458093755
.061999858

.026264145
.102421072
.101443212
.074018637

043651484
.170571996
.157178846
114758937

045415829
.179139517
.170961510
.129992976

. 066709719
. 266356864
.237302605
.188419815

.067489356
. 270454307
. 243688380
.196510739

.029033370
.120128917
.100317878
. 281869476

.031668437
.134183034
. 119764671
.111879070

.053356448
L 217441446
.185683862
. 151659544

. 056646053
. 234976949
.210333053

.186934676

. 086418972
. 345793903
. 304869665
. 243672009

. 088062677
354530468
.317961055
. 261164054

. 028544426
.111358904
.105256502
.057439367

. 040194806
. 171445785
. 220535412
177149538

.053774072
210717630
.191307754
.121485839

.068281112
. 285837679
.335069210
. 271643259

.089803552
355513233
.310104242
.236891781

.096888425
.392854874
.370384720
.312558998

028662577
120379468
. 084672193
. 066061604

.040350988
.187806427
.168931810
. 218670863

054150921
. 221453424
.170049327
.131538235

. 068746958
. 304575426

277352730
.316912389

.090832157
361081681
310294644
. 241255685

.098051801
399963021
367765258
.322095374




Py =Py = 19/k00, p, = pg = 19(11+ J3) /6400, Py =
= 19(11- 4/5)/6400, Pg = 19/800.

Py = Pg

a =a =.C.

1 2

= a

9

=1,

-158-~

Slab thickness, t = 2.0,

P*
T

.175910654
.127227495
.071016927
.038269185

R
.055900165
. 183626456
.116856109
.072913250

M}
.151764230
.507105019
310265998
.175601437

M*
R

.176235603
602857995
. 394465620
.241038697

*
ST

0.88403769
3.03838314
1.93748229
1.12412987

S*
R

0.91877040
3.18827045
2.08366991
1. 24114608

.039315458
.211083656
.071419085
.038659426

. 056743695
. 195438345
.131099829
.087450921

. 156704068
.527187616
322336016
.181918365

. 186293365
.648510155
. 433360788
.272191214

0.93891202
3.22415145
2.05045720
1.18647933

0.98522975
3. 42454084
2.24613580
1.34371012

.035508463
.115558506
. 084828796
.033177981

. 058428054
212123979
.171263982
. 110646040

.155132998
.521550628
317635437
174376942

.197232809
.701192481
504822390
.318021549

0.96874114
3.31770943
2.09636261
1.20453628

1.04183495
3. 63432406
2.40838166
1. 45451609

.030960421
.101211691
.053683101
.028195110

.058988058
. 228949483
.179029054
- 144559727

. 142064546
476268463
.282147819
.153633229

.195004401
.712605849
. 514569675
« 359949904

0.90944016
3.10624321
1.94898065
1.11337867

1.00410826
3.51787876
2.35345647
1.44310118

7

.020432986
. 064389615
.033536991
.015731471

.055010305
.221636712
.255525624
.193708298

. 095124702
. 314628439
.183958929
.098480153

. 154785787
.581986195
.522003202
.376209511

0.61593975
2.09665032
1.30698416
0.74280430

0.70759005
2.49734128
1.71853798
1.08980695

p. = 19/640,

.020308163
. 065282868
.032073780
.015614910

.055006941
. 237468695
. 199464989
.235063768

. 094490623
.313826210
.181063451
.097637096

.154523771
.598256317
462438899
420612655

0.61201829
2,08311696
1,29732328
0.73732286

0,70465258
2.49033049
1.70646500
1,09403818



Pg

a- =a =...

1 2

.000364025
. 000977401
.000441206
.000219340

P*
R

. 074298286
. 236456565
141457674
. 084960979

.017033474
. 046961146
.021770974
.010917233

"R
147105739
1.40254241

.790370182
442370198

ST
.967187137

2.70934202

1.27829933
. 644901772

Sk
7.32483786
22.1628356
11.6251545
6.15614877

= a

.000302034
.000811136
.000366142
.000182022

.073069097
. 242519798
.153071786
.098201306

.014511792
.039982124
.018523197
.009286634

433409438
1.37832101
. 794391090
. 455600938

.837232720
2.34381957
1.10507807

.557380338

6.8u4869281
20.7996755
10.9836232
5, 84308588

=159~

=1,

thickness, t =16.0.

.000220603
.000592430
.000267420
.000132944

.070728837
. 247675353
.187891326
.118773356

.010885487
.029971162
.013876101
.006955342

.395185088
1,28535178

793015350

464116654

.639149655
1.78805387

842413462

424789723

5.81257717
17.7718756
9.51086570

.000177450
. 000476540
.000215108
.000106938

. 068734869
. 257094356
.192179327
.150990571

.008832227
.024312724
.011253979
. 005640634

. 357885005
1.19277874

.750956521

. 479640966

.521736488
1. 45924066

.687324210

346555779

4,98042893

15.2973974
8.26544693

.000111722
.000300028
.000135431
.000067328

.061103446
.239221454
263739323
.197725456

.005580197
015359457
.007109052
.003563049

.258187190
.886672955
. 671868200
.452055755

.330465115
.924184736
435259144
. 219454255

3.24780942
10.0211894

5.49283749

5.10832713 4,48232416 3,02945340

%=BMQ%=%=EQHGWWL%=%=BW&
= 19(11-~ 4/5) /6400, P = 19/800.

.000111236
.000298723
.000134842
.000067035

.061059065
. 254932306
. 207620769
. 239052906

.005552731
. 015284070
.007074258
.003545626

. 2572214783
900865141
.611275434
495939247

. 328723986
.919327834
.432978035
.218305224

3.22827590
9.96482783
5.45589242
3.02088738
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Summary. — A one-dimensional model for particle scattering which has
been applied by Fermi to neutron transport theory is examined using the -
theory of discontinuous Markov processes. The process is characterized
by the transition probabilities P,.(S|w; s) that a transition from a state w
to a state belonging to the set § occurs in path length s accompanied
by » collisions with reversals and % collisions without reversals. Assuming
constant mean free path the behaviour of the particle, whose state is
specifiel by a position co-ordinate x, a direction of motion x and an
absolute velocity v, is determiined completely and exphcﬂ:ly under a
variety of boundary conditions.

1. — Introduction.

We consider a particle. whose state w is specified by its position wvector m, -
its direction of motion p (w is a unit vector) and its absolute velocity v: thus w
stands for the set of variables (@, u, v); the results we obtain can be generalized
in an obvious way to the case whére w includes further internal state variables
of the particle, such as rotations or vibrations. A scattering process is a sto-
chastic process characterized by the fact that only the position of the scattered
particle changes between collisions of the particle with, the scattering centres
of the medium, the collision rate A(w) depends only on the instantaneous state w
of the particle, the change of state of the particle at each collision is instan-
“taneous and the probability given that a collision has oceurred at  of a tran-
sition (v, u) -V XL (where V is a set of velocities and L a set of directions of.
motion) is given by a distribution @(V X L|v, u; ). conditional only on the
velocity v and direction of motion x immediately prior to the collision and-
independent of previous values of the state variables. The change of position

4058



2 - LXACT SOLUTIONS OF ONE-DIMENSIONAL SCATTERING PROBLEMS [777]

between collisions is deterministic: if the particle initially at « with direction
of motion u suffers no collisions in a length of path s, its position will be x4 us.
With, these assumptions, it is clear that a scattering process is a time-homo-
geneous discontinuous Markov process of the type whose theory is given in
MovYAL (1). The independent variable of the process may be taken ‘s either
the path length s or the time ¢, the connection between these two formulations
follows from the relation ds=wvd¢; thus if we use 2 to denote the collision
rate per unit path-length s (¢.e., A is the inverse of the mean free path), then
the collision rate per unit time is Av. _

If the scattering medium is homogeneous, then A is independent of # and
U, @ is independent of # and depends on the change in u. If furthermore the
collision rate depends only on the density of the scatterer, then the inverse
mean free path A is a constant. We shall make these two assumptions in the -
present paper, which is devoted to the study of one-dimensional scattering
processes, where the position « is a point on the line, and px has only two pos-
sible values: +1 for motion to the right, —1 for motion to the left. Thus
we assume that:

1) The collision rate per unit path-length A is constant.

2) Given a collision, the probability of a reversal of direction is a cons-
tant p (0<p<1) and that of a continuation is hence ¢=1—p: thus if we de-
note by ¢(v|u) the probability of a transition x—v in a collision, then
p(—ulu)=p and ¢(u|p)=1q.

Because of these agsumptions, it is convenient to choose the path-length s
as independent variable. Let v (7 |v), y,(V|v) be the probabilities of a tran-
sition » -V in a collision conditional respectively on a reversal or a conti-
nuation (thus @(V x{u}|v, u) = qu (V |v) and ¢(V x{— pu}|v, u)=py,(V |v)). We
shall make the further assumption that vy, and y, commute in the following
sense:

3) f (V) wo(dulv) = f o (V 1u) p,(duw|v), or symbolically, v, o v, =1, 0 7.
0

0
We introduce- the notation yi”, 9" for the sequences of distributions defined

respectively by the. iteration relations ¢! ==y"Voy, and 9" =i Voy,.

With these assumptions, we shall show that it is possible to obtain explicit
solutions of the problems connected with one-dimensional scattering. An ex-
tension of the methods developed here to more general scattering 4processes~
wl form the subject of a separate publication.

(1) T. E. Movar: Acta Math., 98, 221 (1957).
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One-dimensional scattering problems have been studied by a number of
authors. GOLDSTEIN (2) considered particles which travel a fixed distance v
“between collisions and for which ‘the direction of motion is reversed at a col-
lision with probability p and maintained with probability ¢. He determined
the characteristic function for the displacement »vr of a particle after n col-
lisions and letting v — 0, n —oco in such a way that nr =1, vwwr=1y, found
that the limiting distribution of perticles on (— oo, co) obeyed the telegraph
equation. Generalizations of Goldstein’s model have been investigated by
GupTA (3) and GTLLIS (*). MYCIELSKI and PASZKOWSKI (°) studied the case of
a particle moving on a line in such a way that for any segment of measure «
there are probabilities p(x), q(z) and r(x) of transmission, absorption and re-
flection for leftward moving particles and corresponding probabilities P(x), Q(x)
and R(x) for particles moving to the right. They found that these functions
must be of certain restricted types. A series of papers by BELLMAN, KALABA
and WiNG (including ©), (7), (%) and (*)) deals with problems in neutron trans- .
port theory using the principle of invariant imbedding in which the process
is considered as a function of the boundaries. The emphasis in these papers
is on fission problems and the methods used are fundamentally different from
ours which are based on the theory of discontinuous Markov processes. The
unrestricted model which we shall consider in Sect. 4 was first' used in the
study of neutron transport theory by FERMI (°) and later by PLACZEK (*).

2. — Equations for the transition probabilities.

Considered as a Markov process in the state variables w, a scattering process
is completely characterized by the transition probability function P(S|w; s)
(the .probability of a transition w — 8 in path-length s) satisfying the Chap-
man-Kolmogorov relation ' '

@.1) P(8]w3 5,1 5= [ P(8]n; ) P(dn]oo; ) (50 820),

v

S. GOLDSTEIN: Quart Journ. Mech. and App. Math., 2, 129 (1951).

H. C. Gupra: Sankhya, 20, 295 (1958).

J. GiLLis: Proc. Camb. Phil. Soc., 51, 639 (1955).

J. Mycienskr and S. Paszxowskl: Studia MMath., 15, 188 (1956).

R. BELiman, R. Karasa and G. M. WiNG: Journ. Math. Mech., T, 149 (1958). .
R. Brriman, R. Kavrasa and G. M. WinG: Jowrn. Math. Mech., T, 741 (1958).
R. Beriman, R. Karasa and G. M. WiNG: Journ. Math. Mech., 8, 249 (1959).
R
E
G

(
. BELLmaN, R. KaraBa and G. M. Wina: Journ, Math. Mech., 8, 575 (1959).
. FERMI: Ric. Scient., T (2), 13 (1936).
. Praczex: Manhattan Project Report, A-25.
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or, symbolically, P(s,+8,) = P(s;)oP(s,). However, we shall require a more
detailed specification provided by the transition probabilities P, (S|w; s), pro-
babilities of a transition w — 8 in s involving exactly r reversals and % con-
tinuations. These functions characterize a Markov process in the state va-
riables and numbers of reversals and continuations, the Chapman-Kolmogorov
relatlon taking the form ,

r k
(2.2) Pu(Slo; i+ 8) =3 EJ.PH.H (8|5 81) Py (dn] s 80) (51, 8230) .

i=0 j=0

We also introduce the sequence of probability distributions Q,k(_S,slw),_the
probability that the (r--k)-th collision with r reversals of a particle initially
in state w occurs in s leaving the particle (immediately after the collision)
in a state belonging to the set S. The relation between the P, and the
Q. 18

(2.3) ' P,,C(S |w; 8) -=ffPoo(S|n; § — 7) Que(dn, dv|w)  (r, k=0, ‘1, ) y
0 Q

“where conventionally Qo(S, s|w)=0(S|w)e(s) =I(8, s|w); here 5(8’]«) is the
characteristic function of § (0 =1 if we S and 6 =0 if w ¢8) and &(s) is the
unit step function (e(s)=0 if s<0, &(s)=1 if s>0). :

We express symbolically the type of composition in the right-hand side
of (2.3) as follows: P, = Py, *Q,. The @, form a double Markov chain go-
verned by the iteration relation '

(2-4) i erc = Qr1x *Qu+ Qr k—1 *Qm i (77 k=1, 2’.-")~

Thus given Py, @, and @, the relations (2. 3) a,nd‘ (2.4) determine all the
‘P,k' and Q.. We also introduce the probabilities P,= 3 P, ;; and Q,=

n. i=0

‘ = Qu-i4, With Py= Py, [where of course n is the number of colhsmns, ir-
=0

‘respective of whether they are reversals or contlnuatlons] We now deﬁne the

genera.tmg function

(2.5) G(Slw; 8y 2y W) = % %z'w"Pm(Slw; s),
- (2.6) H(S, s|w; 2, w) = 2 Ezw Q.x(8, sjw) — I(8, s|w).

where 2, w are complex variables of modulus <1.

1089
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The transition probability P(S|w; 8) is obtained by setting 2=w=1in G. It
follows from ( 3) that

(2.7) G = Po*(I-f-H) Po-}-P «H.
If we let H, =éQu;+ wWQoy, deﬁni’ng the sequence {H ,,} by the iteration relation
(2.8) "\ Han=H,+H, : n=1,2,..)

and the sequence {@,} by G, —PO*H,,, then it is easily seen to follow from
(2. 3) and (2.4) that

(2.9) Hy=3 e wiQuy;, Gun= e wP,,;,  (n=1,2..),

=0 =0
and hence that (setting G, = P,)

@ © .

(2.10) H=YH,, G=0Ga,.

n=1 n=0

It is now easy to: see that G and H must sa’cisf’y the fundamental integral
equations: :

(2.11) ' G = P+ G+H,,

(2.12) H—=H,+ HsH,.

The theory of discontinuous Markov processes in MoOYAL (%) is easily gen-
eralized to show that the expressions (2.5) and (2.6) for G and H are respec-
tively solutions of the integral eqs. (2.11) and (2.12). These solutions are unique
qunder certain not very stringent conditions, which are fulfilled in the present
case if the collision rate A is a bounded function (and hence a fortior: if A is
constant). All transition probabilities obtained from G satlsfy the relevant
Chapman-Kolmogorov relation.

The foregoing theory applies to general one-dimensional scattering pro-
cesses (homogeneous in path-length or time). It remains applicable under the
imposition of a variety of boundary conditions, such as absorbing or reflecting
boundaries in space. The effect of such boundary conditions is incorporated
in the integral eqs. (2.11), (2.12) via the definition of the basic distributions
P,, @, and @Q,, and of the *x-operation. It then follows that the distributions
P,., Q., obtained by x-iterations from P,, @,, and @,;, and hence the gene-
rating functions G and H, automatically satisfy the boundary conditions.

4060+
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3. — The « backward » equations.

‘We now specialize the theory to one-dimensional processes satisfying postu-
lates 1), 2) and 3) of Sect. 1. Because of these postulates, the theory simplifies
considerably. Firstly, the (absolute) velocity distribution conditional on exactly
7 reversals and & continuations is 9oy independently of their order. This
implies that the process is still Markovian and the theory of Sect. 2 still ap-
plies if we omit v and take the state of the particle to be w=(u,x). Let
P, @i, G, H etc., be the various functions deflned in Sect. 2 in terms of
o= (u, ), and let P, Q.,, G, H' etc., the corresponding functions in terms
of w=(v, u, ). Then P, Q. splitinto products of independent distributions:

(3.1) i P:‘k =P, X ("/’;’) ° Q/’;k) Q:'k =@ X ("»";»') ° w;k))

and hence

(8:2) &'=3 FrwPux ey, H'=3 32w Qux vy opy)—

r=0 k=0 r=0 k=0

Thus we can develop the theory initially in terms of x4 and « only and intro-
duceé the dependence on v later. Secondly, we can omit the final direction »
from P (X, |, u; 8), Qu(X,, s|z, u) ete., where X denotes a (measurable)
subset of the real line, because y =y if » is even and v=—py if r is odd
(4.6ey Poryy Qorr vanish if v=—py and Pyriypy Qortrp Vanish if v=p). It will
be convenient to express the initial direction u as a superscript: thus, P¥,
Q¥, G*, H* ete.

Consider now the unrestricted process. With constant A, the probability
of no collisions in s is exp[—As]; with no collisions, the position of the par-
ticle initially at « becomes x+us. Hence

[ P{(X |2, 8) = 0(X |x - ps) exp[— 4],

HP(X,s)a; 2, w) = (pz+ qw)ja(Xlw + ut) exp[— Ar]Adr =
(3.3) : 0

(pz+qwa (X[w t)ld‘r,

and therefore

aH w»
© 0s

= A(pz + qu) P .

4061
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This last relation together with (2.8) implies that 8H""/83—1(pz+qw)G‘f" and
hence that

am™

()
(3.4) 5 AMpz 4+ qu)G® .

Thus, one need only calculate one of the genei'a,ting functions G or H. It turns
out that H is the more important for our purpose, particularly in the inves-
tigation of limiting distributions as s —>oco; for this reason we concentrate

on H. , : o
Substituting (3.3) in (2.12), we obtain the « backward » equation for H:

(3.5) [a% —u a% + Al — qw)] Hw = JpzH® + Apz + qu) (X | ),

with initial conditions which from (3.3) are [H(”)],-o=,‘0‘, ;{A= :}:1 Introduc-
ing the Laplace transform ‘

CHw =fexp [— os]H®@ ds ,
eq. (3.3) becomes
l " | a =y __ A
(3.6) [o‘ + M1 — quw) — ‘u%] H®w = ApzH-» +; (pz + qw)6(X |x) .

From (3.6) we obtain the 2nd order equation

3.7 . (%—GE)H‘“’= ———(pz+ qo)[o + A1 — qw + p2)]6(X [2) ,
where
(3.8) 0 = [0+ A(L— qu -+ p2)][0 + A1 — qu — p2)]

which is the transform of a mnonhomogeneous telegraphist’s equation with
leakage; an equation of the same type was obtained by GOLDSTEIN in (?). Note
that because of (3.4), G satisfies the homogeneous part of (3. 5), and hence
the. homogeneous telegraphist’s equation

o o° 0 :
(3.9) [&; g T 2ML — qw) 7o + 21— qw + pa)(1 — qw — pz)] Gw=0.
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It also follows from (3.4) that

(3.10) ~ Apz + qu)Gw = A(pz + qw)fexp [—os]Gmwds =

(1

3 w :
=fexp [— as]% ds = gH® .
' 0

Consider now processes whose motion is restricted by the imposition of
boundary conditions such as absorbing or reflecting barriers. Suppose we have
two such barriers at a—, @, (a—;<<@a,): then for an initial position ze[a_,, a,],
one can see that for small s the generating function H appropriate to this
process will differ only by terms of order o(s) from the one appropriate to the
unrestricted process. Hence H will satisfy the same « backward » equation (3.5).
Thus, contrary to what is the case for purely discontinuous Markov processes
(cf. MovAL (1)) the « backward » equation does not have a unique solution
and is not equivalent to the basic integral equation for the process. However,
a solution of (3.5) which satisfies the required boundary conditions will also
satisfy the integral equation appi'opriate to the process with these boundary
conditions, and is hence the unique solution of the problem.

The general solution of (3.6) or (3.7) is

[A;';’ exp[6z] + A% exp[—02), v¢ X,
. 2 , .
(3.11) Hw =y A exp[0a] + A exp[— 62] 4 —(p2 + qu) -

1 o+ Al—qu—pa)?, oeX,
where the coefficients AY) are related via eq. (3.6) by

(3.12) Apz AP = [0+ AL — qu) + (—1)0]4L, ii=1,2,
but are otherwise arbitrary functions of ¢, # and w. The solution satisfying
required boundary conditions is obtained by appropriately choosing these
functions. ‘

4. — The unrestricted process.
In the unrestricted dase, it‘. is convenient to expresé the solutions in terms

of cumulative distributions of displacement: i.e., we set X = (—oo, y] (*) in H.

(*) [a, b] denotes a closed interval, (a, b] an interval open to the left and closed to
the right. .
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The appropriate boundary conditions for H® are here that H™ is a bounded
function of # as 2 — 4+ co; hence - '

A3 exp[— 0], 2>y,
4.1 H® = A
(D A% exp[0w] + = (b2 + qu)g™ r<y,
wHere '
(4.2) p=0+A1—qw—p2).

The two further conditions needed to determine A%, AY a.re_'obta,ined by
requiring H” to becontinuous at z=y: i.e., we set

(4'3) ‘ . [m—)]z-y— = [m—)]w-v-i- ’ 14 =1’ —1
Subs:tituting (4.1) in (4.3) and using (3.12), we find that
1 .
I — —(pz;‘- aw) exp[0(y — x)] (6~ — @), >y,

(4.4) HO=

A
l - ﬂ%_qw) exp[f(xz — )] (0~ + ¢™*) —|——‘;(pz +qwlg™, 2<y;

we obtain H"D from (4.4) by using (3.6) and G¥, u=+1 by using (3.10).
Thus (4.4) yields a complete and explicit solution (in Laplace transform) of the
one-dimensional scattering problem in the unrestricted case.

We see from (4.4) and (3.6) that H® is a continuous function of & =y —,

and that its densivy, say h%(&)=0H™[0f is continuous apart from a finite
saltus at £=0; introducing the Fourier-Stieltjes transform

79() = [exp i€ H08) = [ [exp Line]1(6) + exp [ ixElw(— &)] dé

it is easily seen to follow from (4.4) that

+

T o

o+ A1 —quw+ pz)]

— A Bo
(4.5) 99( )(05) = (pz + qw) [02 + a2 02 + o2

Clearly, pm(«) is the Laplace tra,nsform» of the Fourier-Stieltjes transform

¢'¥(«) = | exp [iag] H'»(d§) .

-0
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10 ‘ EXACT SOLUTIONS' OF ONE-DIMENSIONAL SCATTERING PROBLEMS [785]
Inverting (4.5) we find that

l(:oz—i—qw ) [ + AL — qw + p2)] -
(1 — qu)* +n?

(4.6) V() =

. [1 —exp[— A1 — qw)s] cos ns — &Q—%—Q@ exp[— A(1 —"qw)s] sin ns] +

4_

M—pg—;—kﬂ—) exp[— A1 — qw)s] sin s,

where 12 = «?— (Jzp)®.

We now turn our attention to the 111mt1ng d1str1but10ns as 8 —oo: for
the unrestricted process, it is easy to see that G’ —0; on the other ha.nd
lim @, »-, will yield the probability distribution of the position at which tke
n-th collision with r reversals occurs, and hence K = lim H* will yield the
generating function for these distributions. From these distributions we can
find in the way outlined above the joint distributions of the n-th collision
position together with the absolute velocity and direction of motion resulting

from this collision. Since K™= lim cH™, we find from (4.4) that

(4.7) KV =—}Apz+ quw) exp[—y|y — x[][y* + sgn (y — &) 1741 — qw — p2)]
where

(4.8) 1 —qo— )l —qw + p2).

Clearly, the Fourier-Stieltjes transform

() = [exp [iné] K0(28) ~lim )

‘and. hence‘
(49)  p@) = Ape -+ qo)[icc + ML— g + pI[22(1L — qu)t + 77 .

Equation (4.9) is a special case of a more general result which is denved in
Appendix I. ‘

PrACZEK (1!) considers the unrestricted process in which p=¢q¢=1%} and
derives an expression for y,(y, #), where y,(y, #)dydu is the number of neu-
trons per unit times scattered into the position-lethargy element dy x du.
(Lethargy is defined as log H,/E where K is the energy and FE, the initial
energy of the particle.) He assumes that the lethargy increases by a fixed
amount, ¢, per collision and that there is an isotropic source at the origin
emitting neutrons of lethargy 0 at the rate of one per second.

Po(y, ) in this case can be deduced from eq. (4.4) as follows: assuming
neutrons are emitted at the origin (i.e., #=0) with equal probabilities of
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moving initially to the right or left it follows that the generating function of

the probability density f,(y) for the pomt at which a neutron suffers its n-th
collision is given by :

1) (=1 JHM 1
(4.10) zfﬂ(Jz—llm [aH +aH_]=y_I§§[£ ﬂ],

=t ay % o oy
i.e. |
(411) S fup)er = PV, gt 1 \/l—z'IyI]

n=1 \/1

(taking the mean free path as the unit of length).
Since the increase in lethargy per collision is constant for each colhsmn
it follows that

(4.12) ' Yoy, u) = 0(u —ne)fu(y), . n=1,2,...

From. eq. (4.11) f,(y) can be expressed as a contour integral,

(4.13) fa(y) fz \/_eXp[ V1—z|y|] dz, n=1, g,...,

where C is the contour illustrated in Fig. 1. Oha,nging
~ the variable of integration to w, where z=1+w?
and using eq. (4.12) we obtain the result

cos yw
1+ w2)r

410yl 0) = du—ne) f duw

which was originally obtained by PLAZOEK. For a
discussion of the behaviour of the function y,(y, )
we refer the reader to (). , . Fig. 1.

5. — The process with absorbing boundaries.

Consider now the one-dimensional scattering process with absorbing bar-
riers at a—, @, (a-,<a,). As mentioned in Sect. 2, these boundary conditions
have to be incorporated in the expressions for the basic probability distribu-
tions Py, Qi Qo and the x-operation. In the present case, all distributions
of interest may be derived from the generating function H restricted by the
condition that all collisions prior to the last one occur in the interval [a_,, a,].
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12 EXACT SOLUTIONS OF ONE-DIMENSIONAL SCATTERING PROBLEMS - [787]

This condition is satisfied if we choose HY as in (3.3) and restrict integration
with respect to « in the =*-operation to the interval [a_;, a,]. As mentioned
in Sect. 8, H™ will then satisfy the « backward » eq. (3.6) for initial positions
X €[ Ay, a,]. Take X = (a—,,y], where a_,<y<a,; then the boundary condi-
‘tions that must be imposed on the general solution (3.11) are

(5.1) (HP],.,, =05  [H®),, =[H®),., ; p=1, —1.
It is convenient in this case to rewrite (3.11) in the form
B sinh O(a, — x) -+ B cosh f(a, — x) , <Y< T Oy,

(5.2) Hw={ B sinh 6(y — x) + B% cosh 6(y — xz) + % (pz + qu)p~*
| | U <O<Y< Ay,
where ¢ was defined in (4.2). Substituting (5.2) in (5.1) and using (3.6) to

derive the relations between B and B(®, we find the coefficients B and .
hence ‘

Afyp:i“l;q;;’) :ﬁlﬂ; gzzi - :; [~ sinh 07 — o sinh 0(a; — y) —
(5.3) T _ oot ) — B sinh 6(y — a_,)], O, <Y<T< A,
o sinh 61 {¢~! sinh 6] — o sinh 6(a, — z) — B sinh @ —a-)],
here : \ isfsysty
:;4) l =a;—a; = Az [0+ o + M1 — qu']?,
f = 0 sinh 0(a, — y) — ¢~ cosh O(a,—y) .

Take X = (a4, y], where a,< y < oco; in this case the boundary conditions

are .

6.5)  [HOh— 2T D0) ool (o4 Ny —a)]], A ), =0.
' alo+ 4). 4

The first of these conditions results from the observation that if initially =1,

x=a, and if X = (a,,y] with y> a,, then the first collision occurs outside

[@-y, a;]; hence H® = H", and therefore

@

HY = HP = (pz+ qw fexp[—— 0‘8] ds 5[ Oy y:”al—l' r]exp[— Ar]ddr =

0 .0 v—ay

=—&‘(pz + qw fexp [— (o + A)s]ds.

0
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Substituting the first expression of (3. 11) in (5.5) and usmg (3.12) we ﬁnd AW
i=1, 2, and hence

Alpz + qw) [o + A1 — qw)] cosh 6(x — a_,) + 0 sinh B(w — a_l)
(A + o) [a+ll—qw]cosh61+esmhel

“(I—exp[—(o+ Oy —a)]) -

(65.6) . H®M=

The expression for H® when X = [y, a_,) is obtained by symmetry from (5.6):
(5.7) H‘)‘_’[[y, a1)|@; 0y 4y, ay) = HP((— a—y, —y]|—a; 0y —ay, —a—y) .

The expression for H® when X = (—oo, y] is a linear combination of the so-
lutions (5.3), (5.6) and (5.7).
The generating function for the limiting distribution as s —oco

§—>w®

(5.8) E® — lim H% — lim cH®

follows directly from (5.3), (5.6) and (5.7) and yields the probability distri-
bution of the position at which the n-th collision occurs with the previous
n—1 all taking place in [a—, a,] (see the remarks at the and of Sect. 4). If

we write K% = K, where K = lim HY, then the iteration relation (2.8)
n=1

takes a simple form:
la—ap! .
(5.9) ﬁ,‘iﬁl(Xlw 2, w) -—f{szi,"“(X[w + us; 2, w) + qwK-

0

(X |2+ ps; 2, w)} exp[— As]Ads;

the use of these iterations to calculate an explicit expression for K is not
prohibitively complicated in this case.

6. — First passage distributions.

In the present Section, we wish to evaluate the probability of a 1st pas-
sage at the barriers a,, together with the velocity and direction of motion
distribution at this passage. We can do this using the method outlined at
the beginning of Sect. 8 if we know the sequence of probabilities Py (a,,|z; s)
that a particle initially at & with direction u effect a 1st passage at a,, in a
length of path <s after suffering. exactly » reversals and k continuations in
[a—, a,]. Writing as before P, for P, we can see that P{’(a,,|z;s)is the
sum of two terms, namely, the probabilities that in path length <s the par-
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14 EXACT SOLUTIONS OF ONE-DIMENSIONAL SCATTERING PROBLEMS [789]
ticle (initially at « with direction u) effect a 1st passage at a,, with no collisions,

and that it suffer its 1st collision in path length <s but outside the interval
[a—, a,]; thus

(6.1) ,Pt(ym(“ﬂlw; §) = 5[(a¢17 + o0) |"L' + ps] exp[— 5] +f6[(a:t1’ F00)-

. 19 .
“|@ + pt] exp[— Ar]Adr = (76—&—[— 1) Q¥ [(as1y + o0), s|@] .

Hence, taking Laplace transforms,
(62)  PP(aule;0)= (1 + %) 0P [(@sy & 00)|w50] =
g : — .
= (1 +7) (pz + qu)™ H¥[(a41, £ o0)|@; 0,2, w] .

In accordance with the theory developed in Sect. 2 and eq. (2.7), we see that
the generating function

03) @w=3F 3w P = PO 41+ H@] = (pr 4 qu) (14 %a%) H,

r=0%k=0

where H® is the generating function obtained in Sect. 5. Taking Laplace
transforms, we find that

(6.4) G (a,,|@; 0,2, w) = (pz -+ qu)™ (1 4= %)‘W)[(aﬂ, + oo)|z; 0, é, w] .

In this type of problem, one is mainly interested in the limiting 1st passage
distributions as s —>oco. Let M* = lim G* = lim 6G"; then clearly -

(6.5) M(”)(“illw; 2, w) = (pz + qw)_lKW[(“ﬂa +oo)|z; 2, w],

where K is the limiting generating function defined in (5.8). Explicitly,

A1 — qw) sinh y(x — a_,) + y cosh y(z — a—,)

(1) H =
o MD (ay|@; 2, w) A1 — qw) sinh 1 + y cosh I
(6.6) Apz sinh y(# — a_,)

(—1){ . =
M (al |~'1/', 2, w) A(1 — gw) sinh yl + y cosh vl ’

where | =a,—a_; and y was defined in (4.8). The expressions’for M?(a.;)
may be obtained by symmetry from (6.6), as in (5.7).
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" Letting # and w tend to 1 in (6.6) we obtain the probability M‘”’(allw)
that the particle first emerges from [a_,, a,] at a, (regardless of the number
of collisions- which occur before emergence). Thus

MP(a,|2) =[1+ (#—a_)ip][1+ (alf a-)Apl—,

(6.7) 4
M(_n(allw) = (#—a—)p[1 -+ (a,—a-)Ap] ™.

We notice that these are consistent with, the general results found by My-

CIELSKI and PASZKOWSKI (°) using invariance arguments.

Under postulate (3) of Sect. 1, ¢.¢., that the velocity transition probabilities
satisfy the commutativity condition ,op,=v,o9,, Wwe can use eq. (3.2) to-
gether with the first passage distributions given by (6.6) to determine the
distribution of the velocity. with which the partlcle first emerges from the
1nterva1 [a—y, a].

The probability of emerging first at a,, (after any number of previous col-
lisions) is given by M“(a.,|x). Hence, using (3.2), the distribution of emer-
gent velocity conditional on the initial state (u, u, v) and first emergence at
a., is given by ' :

6.8) P, (V|up o) = [M‘”’(ai,|w)]‘1i+122 P ay, |w; co)ypPop®.
. 20

In principle eq. (6.8) gives the required distribution of emergent velocity.
. For functions v,, vy, of certain forms the equation simplifies considerably
leading to more manageable solutions. We shall now give two such examples.

" Example 1. : _
1
(d”l“)—afm( )dv, O<v<u,

1 v
Yo(dv | u) =Efq (ﬁ) do, o<o<u.

In this case it is convenient to introduce the Mellin transforms

pio=1.; 90
=)
(] ¥, u, @) —f() Fosr(dv|u, p,.2) .
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16 EXACT SOLUTIONS OF ONE-DIMENSIONAL SCATTERING PROBLEMS [791}
Then, taking Mellin transforms in eq. (6.8) we have
(6.9) F (|, My ) = [M%(ay,|2)]7 M (a5 Fole), Fole) 5

where the generating functions M“(a,,|z; 2, w) are obtained from eq. (6.6).
The moments of the distribution of emergent velocity are easily found from
eq. (6.9); for example the n-th moment is given by

(6.10) é:il(vﬂu, My w) = u"[MW(a’il Iw)]_l M""(ail |3 "/’ﬂ(’_n +1), po(n +1)) .

Example 2. p,(dv|u) = d(v — eyu) dv , 0<a<l,
po(dv|u) = 8(v — c,u) db, 0<e,<1.

This is the case in which, as a result of a collision, the logarithmic energy
of the particle decreases by a fixed amount depending only on the angle of
deflection. The emergent distribution, as distinct from the previous example, -
is now discrete. If the particle, starting with velocity u, makes ¢ collisions
with reversal and j collisions without reversals then the resulting velocity is
given by

— weid!
V= uc0; .

Taking Mellin transforms as in Example 1, again defining

- p) a1
‘Zil(“lu’ My w) =1\ Fail(dvlu” My w) y
U .
=0 .

we find that

(6.11) g‘in(“[“’ 12) “’) = [M (”)(“11197)]_1 M(H)(a:u |5 €57 63 7Y) .

7. — Higher-order passage distributions and further boundary eonditions.

The results of Sect. 6 can be generalized to give passage distributions for
any prescribed sequence of passages through points on (—oo, c0). Let us
take two points a,, a-; (—oo<a_,< a;<o0). These divide the real line into
three regions (—oo, a-,), [a—, a,], (¢;, co) which we shall denote by L_,, L,, L,,
respectively. An arbitrary sequence of passages through the points a,, a_,
can then be specified by a sequence of numbers {y,, y1, ..., yn} Where y,=—1,
0 or 1. This sequence indicates that the particle starts in L,, makes a first
- Dassage from L, to L,, thence to L, , thence to L, and eventually to L,,.
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Clearly {y,, ..., y.} must be a nearest neighbour sequence, i.e., |y;—¥;—|=1,
j>1. For example the sequence {0, 1, 0, 1, 0, —1, 0} is of the required type.

‘The generating function for the passage probabilities at the last passage
(i.e., from L, to L,) will be denoted by M :,’:f._yn(w; 2, w). We see at once that
M;ff_‘yn must correspond to a passage through @, . . We observe also that
M;’f{(w; zw) = Mm)(“ll"”? 2, W),

(7.1)
M;ﬁ‘ll(d?; 2, W) = M(m(a—‘llw; 2 w) )

where the right-hand side expressions are found using eqs. (6.6). M ‘j’;"l,o(m; 2, W)
can also be found from (6.6) by letting a,-—>oco or a_; —>—oo as required.
For example from the first of eqs. (6.6) we find that

(7.2) MY (@5 2, w) = exp[— pla_— )] -

The higher-order passage. probabilities can then be defermined recursively
from the relation

(7.3) MY (@5 2y w) = MTmrvnr(q, (@; 2, w) .

. (7]
Yoouu¥n Ya-1¥n 3? &) w) MVw

}’n—;"’)’n- «Yn-y

Now suppose that the particle moves in the interval (—oo, a—,] and that
there is a reflecting barrier at a_,, ¢.e;, when the particle strikes the barrier
at a_; its direction of motion is reversed (reflection is not counted as a col-
lision) and the process continues. The argument we use can be extended in
an obvious way to the problem of scattering with two reflecting barriers.

If X< (—oo, a,] and R{(X|z) is the probability, conditional on initial
position and direction (xz, u) that the (¢+j)-th collision occurs in X with ¢ of
these collisions being reversals, then the generating function

(7.4) . RP(X|z;z,w)= 3 R¥(X|z)ew

i+i=1

is given by

(15)  R¥(X|w; 2 w) = K¥(X|2; 2, w) + > MP(a,|z; 2, w)-

n=0

'-Kf:ll)(X Ia/—l,; k2) w) [M(—D(a—l [a—l; ?y w)]n’

where K%)(X |«; 2z, w) is the analogue for the interval (—oo, a_,) of the gene-
rating function K defined by eq. (5.8) for the interval [a_,, a,]. It is found
from K% Dby letting a—, tend to —oco and then replacing a, by a-,. We
notice that the »-th term on the right-hand side of (7.5) corresponds to (n—1)
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18 EXACT SOLUTIONS OF ONE-DIMENSIONAL SCATTERING PROBLEMS [793])

previous reflections at the barrier. Equation (7.5) can be written more simply

(7.6)  R™(X|x; 2 w) = MP(a|z; 2 w) KX |a; 2, w)
= M (| an; 2, w)][ T+ K9(X |25 2,w)
'We observe that the same method can also be applied to scattering on a
line which is made up of a number of adjacent homogeneous strata. At each

passage through an interface the particle, instead of being reflected, passes
into a new stratum in which it may have a different mean free path.

8. — The steady-state distribution of particles in a finite interval.

For an interval of length I we define the following probabilities:
" p, = Prob {a particle incident at one end emerges for the first time from
the opposite end};
p, = Prob {a particle incident at one end emerges for the first time from
the same end}.
From eq. (6.7) we have immediately that

(8.1) o p=[1+4Apl},  p,= ApI[1-+ Apl].

Suppose that N particles per second are incident upon the left-hand end
of the interval [a, b] and suppose that the system is in a steady state. Then
the expected number of particles per second passing to the right through any
point  in the interval for the %-th time is given by '

(8.2) Eng = Np, [p, 0o ]

Hence the total expected number of particles per second passing to the right
through =, '

(_8°3) g/nﬁ = E éankk = 'sz-a[l - p;—zpa,c—a _1 ¢

k=1

Similarly the expected number of particles per second passing to the left
through =,

(8'4) éonz = 'Np:c—apl,a—zrl - pllt—a:p:::—a .
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Substituting for p,, p, from eq. (8.1) gives

{ én,= N(b—x)ip[l + (b — a)ip]?,
(8.5)

En, = N[1+4 (b— w)ip][l + (b—a Ap]‘l

AprPENDIX I

There is an alternative method in the unrestricted case (Sect. 4) which can
be used to determine the Fourier-Stieltjes transform of the distribution of
displacement at the n-th collision when the distances travelled by the particle
between successive collisions are independently distributed with characteristic
function <p(oz) We have assumed so far that ¢(«) = A[4 —ix]~1. The argument
to be used is essentially a generalization of that used by GOLDSTEIN (2) to
deal with a process of diffusion by discrete movements in which the magnitude
of each step (or distance between successive collisions) is fixed.

We suppose that the particle starts at the origin and moves in steps X;,
i=1,2, ..., where {|X,|} is a sequence of identically and independently distri-
buted random variables with characteristic function ¢(«). The probabilities
of reversal and continuation at a collision are assumed as before to be p and ¢
(=1—p), respectively. We define

P =Prob {m of the first n steps are posmve, given tha,t the initial
direction of motion was u
and
o) = &fexp [ia 3 X, |ul},
Cod=1
i.e., 6v(x) is the characteristic function of the displacement at the n-th col-

llslon conditional on initial direction .
Given that m of the steps Xj, ..., X, are positive we have

&, {explicS X;|ul} = [p(@) I[G ()]
i=1
Hence

cv(oc)] n>1,

(A1) o) = 3 PRI )= e 2 [ 2]

n .
where P%(2) = ZP,‘c’;’z" and Py, is defined for convenience as p~24,,. We need

only determine “’(oc) owing to the fact that ¢5 ™" (x) can easily be derived from
it by considering the whole process to be reflected in the origin.
Consideration of the collision at which the first reversal occurs yields the

recurrence relation

(A.2) : P = 2 A—=p) P Py m<n, n>0,

r=1
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20 EXACT SOLUTIONS OF ONE-DIMENSIONAL SCATTERING PROBLEMS [795]

_from which it follows that

n m

(A3) PP =23 X p—pyem P

(n—m)n—r) —
m=0 r=1

= > p(l—p) PP (&), n>1l.

n—r
r=]

This equation can be written in the more convenient form
(A4) PO, — 21— p) PX() = pa" PO

together with a second equatlon which is obtained from (A.4) on replacmg 2
by 271, namely _
(A.5) P — 2 (1—p) P2(27Y) = pr "t P0(2) .

Elimination of P, (2~!) from (A.4) and (A.5) leads to a second-order difference
equation

(A6) PO,(2) — (L— p)(1+ #) P2(e) + #(1— 2p) P¥e) = 0,

and introducing the generating function

(A7) | P, w) zpw o w|<1, |2|<]1,
n=1
we find from (A.6) that

1 — w(l— 2p)
1—1—p)A+ 2w+ (1—2p)zw?

(A.8) POz, w) = wz

Hence from eq. (A.1) we obtain for the generating function of o%(«),

o 1—(1—2p)ig(e) -
(4.9) ZG = T pie @ + el (1~ 2l @G

If in this equation we replace g(x) by A[A—ix]! then o’(x) becomes. the
characteristic function .of displacement at the n-th collision for the system
considered in Sect. 4. The same generating function can be obtamed from -
eq. {4.9) taking x =0 and putting z=w =". '

From eq (A.9) it is a simple matter to derive the-moments of the d1str1-

bution of ZX, For example if &|X;|=m, §X2=s* we find that

s {3 X1 = =2y,

(2p — 1)m? — 2p -
|1 _—1—-2 - 2p)® 2
{ng } a1 p]l—n[s-l— > ]

(A.10)
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and these results reduce to those obtained by Go DSTEIN for the case of
constant | X;]|. '

ArPExDIX II

Consider now the model studied in Sects. 1-3 with the following modifi-
cation. Instead of having only two possibilities at each collision, i.e., reversal
and continuation, we introduce a nonzero probability of absorption. Thus at
each collision we have probabilities p, ¢, r of reversal, continuation and ab-
sorption respectively where p 4+ ¢-+r=1. The only difference between the
analysis of this process and the pure scattering process which we have consi-
dered so far is that p and ¢ no longer add to 1. The basic equations and the
boundary conditions are unchanged. Thus the general solution (3.11) remains
valid and so also does the relation (3.4) expressing G in terms of H*.,

The only results of Sects. 1-8 which must be modified for the process with
absorption are those in whose derivation the relation p 4 ¢ =1 is used. These
are the results for isotropic scattering at the end of Sect. 4 which are easily
modified and the egs, (6.7) which for scattering with absorption become

(1 — q)Asinh Az — a_y) \/T5s + A+/7S cosh A& — a,) /7S

6.7") M a]o) = (1 — g)Asinh Aly/7s + A+/7S cosh Al4/7§
' ' pAsinh A — a_y) /75
M(ay|2) =

(1 = q)Asinh Aly/75 +A+/75 cosh Aly/rs? S =1 a+D

From (6.7') one can readily deduce the results of FErMI (1), eq. (37). Equa-
tion (8.1) which was derived from (6.7) must also be changed and the results
of Sect. 8 modified accordingly.

The result (A.9) of Appendix I remains valid provided p is replaced by
p(l — r)~ and o (a) is interpreted as the characteristic function of the displace-
ment at the n-th collision conditional on the occurrence of at least n colli-
sions before absorption.

RIASSUNTO ()

Facendo uso della teoria dei processi markoviani discontinui, i esamina un modello
unidimensionale dello scattering delle particelle che & stato .applicato da Fermi alla
teoria del trasporto dei neutroni. Il processo & caratterizzato dalle probabilita di tran-
sizione P,.(S|w,s) che una transizione dallo stato o ad uno stato appartenente alla
classe § subisce in un percorso di lunghezza s in cui avvengono » collisioni con inver-
sione e k collisioni senza inversione. Supponendo che il cammino libero medio sia costante
il comportamento della particella, il cui stato & precisato dalla coordinata di posizione x,
dalla direzione di moto x e dalla velocitd assoluta v, & determinato completamente ed
esplicitamente per varie condizioni limite.

(*) Traduzione a cura della Redazione.
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Summary. — Results which have been obtained by BROCKWELL and
MovyaL (1) for one-dimensional scattering processes, in which the distances
between successive collisions bave a negative exponential distribution,
are generalized to include processes where the distribution is either a
y-distribution or a linear combination of negative exponential distri-
butions. The results are applied to the scattering of particles in three
dimensions leading to an improvement on the results of FERMI (2).

1. — Introduction.

Consider a particle which moves along the X-axis starting from a point =
in the interval [a_,, a,]. It continues to move with constant velocity until it
makes a collision as a result of which its direction of motion is reversed with
probability p and unchanged with probability q. The probability that the
particle is absorbed at any collision iy r=1—p—¢q. The distances travelled
between successive collisions are assumed to be independently distributed with
probability density function f(x) and characteristic function

pla) = f f(@) exp [iaz]dz .

The characteristic function of the displacement of the particle at it nth
collision, given that it makes at least » collisions before being absorbed, has

(1) P. J. BrockwerL and J. E. MovaL: Nuovo Cimento, 33, 776 (1964).
(3) E. FErRMI: Ric. Scient., 7 (2), 13 (1936).
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2 GENERALIZED ONE-DIMENSIONAL SCATTERING PROCESSES ETC. [371]

already been found by BrockwkLL and MovAL (1) for arbitrary ¢(«) and no
barriers. However the process with absorbing barriers at a_, and a, has been
studied only when the distances between successive collisions have a negative
exponential distribution, 4.c., f(x) =2 exp[— Azx], @(or) = A(A—7do)7?

It is the purpose of this paper to generalize the results of (!) for scattering
processes with boundaries at a_, and a, to processes where the distances between
collisions have probability density function belonging to one of the following
two classes:

M fle) = () = gy oDl Aal,
(I1) f(x)=fpiﬂiexp[—lix], 0<p.<1, }n:p,.=1.

As an application of these generalized results we shall discuss the method
used by Fermx (2) to study the scattering of thermal neutrons in a three-
dimensional plane slab {x.a_,<®<a,} of paraffin. FErMI supposed that the
motion of the neutrons is as follows: between collisions each neutron moves
in a straight line and in any element 3s of its path it has probability
23s+0(3s) of making a collision where A~! is its (constant) mean free path;
given that it makes a collision, the neutron is absorbed with probability r
and scattered isotropically with probability 1—». FErMI obtained approxi-
mate results for this process by supposing that the projection of the motion
on the X-axis is a one-dimensional scattering process in which the projected
distances between collisions have a negative exponential distribution with
parameter /31 (as opposed to A for the three-dimensional motion) and prob-
abilities », (1—7)/2, (L—7)/2 of absorption, reversal and continuation re-
spectively.

This is an approximate procedure because, as Fermi points out, the pro-
jections of the distances travelled between collisions are not in fact negative
exponential variates as are the distacnes themselves.

For a more precise study of the motion of the projection of the particle
on the X-axis we shall first determine the true characteristic function, ¢(x), of
the projections of the distances travelled between collisions. In the absence
of barriers we can then use the results of BROCKWELL and MovAL (!) to derive
the exact characteristic function of the displacement at the n-th collision.
‘When there are barriers present (at v=a, and 2= a_;) we shall use the gen-
eralized results of Sect. 4 to improve on Fermi’s results for the scattering of
particles by a slab.of finite thickness.

Fermi’s method and the method to be described both apply only to iso-
tropic scattering. For anisotropic scattering the projected dlsplacements be-
tween successive collisions are no longer independent.
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2. — Integral equations for the first-passage probabilities.

Suppose that the initial co-ordinate of the particle in the interval [a_,, a,]
is # and that its initial direction of motion is x; x=-41 for motion to the
right:a.nd —1 for motion to the left. For distances between successive col-
lisions having probability density function f(x) and for probabilities p, ¢, 7
of reversal, continuation and absorption at a collision we wish to find the prob-
abilities P%(a.,|z) of first emergence at a., afte rexactly » reversal and k
continuations.

The solution when f(z) =Aexp[— Az], is given by BROCKWELL and Mo-
YAL (1) as a generating function,

2.1) M@ (a,|z; 2w) = 3 P¥(a,|z)z"w" .

T+E20

From the basic eqs. (2.11) and (2.12) of (*) or by a simple direct argument it
.can be deduced that for arbitrary f(z) the generating functions M“(a, |2) (omit-
‘ting explicit reference to z and w) satisfy

”Q
(2.2)  MW(a,|r) = pdy, f fpy — w) dy —+
ap

Gu
+u [ Hoay — ) [pe My |y) - g (a,]y)] dy .

Lv=p,
0, v#u.

A large number of distributions encountered in practice can be closley
approximated by a yp-distribution with suitably chosen parameters or by a
linear combination of negative exponential distributions. If f(x) belongs to
either of these two families it is possible to solve eq. (2.2). In Sect. 3 we solve
(2.2) when f(z) is of the form

d,, here denotes Kronecker’s delta, i.c. d,, = {

ln n~1
ad ; exp[— Az], I<z<oo,

(2.3) f(®) = =1

and in Sect. 4 we do the same when f(z) is of the form

(2.4) f) =3 pAsexp[—Ax], O<w<oo, O<pi<l, Xp.=1.

i=1 =1

Both families inclued the negative exponential dist_l"ibution as a special case.




4 ' GENERALIZED ONE-DIMENSIONAL SCATTERING PROCESSES ETC. - [373]

Although further generalization of the results of (!) can be derived in a
similar manner we shall restrict ourselves to the determination of M“(a,|x)
which is sufficient for the discussion of Fermi’s model in Sect. 6.

3. — First-passage probabilities when the distances between collisions have a gamma
distribution.

When f(z) is given by eq. (2.3) the integral eq. (2.2) takes the form

ln n—1 . n—1
@.1)  Mw(a,|x) = ud,, ——-(—(%1)—?)— exp[— Au(y— @)]dy +

d‘u

+ f M(Z(ﬁﬁ)‘l exp [— Au(y — @)] [peM(a,|y) + qod(a,]y)] dy .

Using the symbol D to denote the operator d/0x this equation can be rewritten
as

(3.2) [(2— puD)» — qui*] MY — Jrpz M =0, p=%1,
with boundary conditions

(3.3) _ M, la,) =9,,,

(3.4) (A— uD) M (a,|x) =6, = at x=a, i=1,..,n—1

The general solution of the egs. (3.2) is
(8.5) M (a,|x) = ZA"" 2, w) exp[0.2] ,

where 0,,i=1,..., 2n, are the roots (assumed distinct) of the equation

(3.6) [(A—0)"— qwA*] [(A + 0)" — quwA*] + Ap22 =0 .

The terms in the solution (3.5) corresponding to a k-ple root 6 of (3.6) are of
course of the form [A¥+APpt-...+ A P2*] exp [Oa].
Equation (3.2) can be used to express Ay;" in terms of AP i=1, ..., 2n,




[374] P. J. BROCKWELL 5

and the 2n boundary conditions (3.3), (3.4) then determine the coefficients
A¥(2, w) completely.

Although this solves the first-passage problem in principle, it will generally
be difficult, especially for a y-distribution with large parameter », to obtain
an explicit solution in terms of 2z and w. However the probabilities of emer-
gence at either boundary,

(3.7) - P¥a,]0) = ¥ PR(a,|o) = [M¥(a,|2)], >

T+E20

are easily found by setting z=w=1 in eqs. (3.2), (3.3), (3.4) and solving
numerically. Thus P*(a,|z) satisfies

(3.8) [(A— uD)"— qir] P — pir PP = 0
with boundary conditions
(39 P (a,la,)=0,,,

(3.10) (A — uD) P¥(a,|a) = 8, 4" at w=a,, i=1,.., n—L

The solution of these equations is given, for p+¢q<1, by

' 2n
(3.11) P¥(a,|o) =3 AW exp[04],
=1
where 0;, ¢=1, ..., 2n, are the roots of (3.6) with z=w=1. If p4-¢=1 then

6=01is a double root of (3.6) and the solution is of the form

2n
(3.12) PP(a,|x) = AW 4 AWz 3 AW exp O] .

=3

The equations for the coefficients A% are obtained as above and can be solved
numerically.

The moments of the joint distribution of the number of reversals and con- -
tinuations before emergence can be obtained by finding the appropriate partial
derivatives of (3.2), (3.3) and (3.4) with respect to 2z and w,setting z=w=1
and solving numerically. For example the mean number of reversals before
emergence, conditional on emergence at a,, is given by

(3.13) = [P®¥(a,|®)]" [ Mw a,,]w)]

z=w=1
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4. — Linear combinations of negative exponential distributions.

In this Section we determine the generating functions M*“(a,|x) for den-
sity functions f(«#) of the form

n

(4.1) flx) = zpi)‘i exp[— 2], 0<pi<1, 21’(=1 .
=1 =1
For such a function f(z) eq. (2.2) becomes

pueo

(4.2)  MP(a,|w)=ud,,|> pii exp[iulc— y)]dy +
=1

Yu

Sp
+u ‘lei A exp [Au(@— y)][pe M (a,|y) + quM®(a,|y)]dy .

z

To solve (4.2) we first determine the constants a,, a,,..., a, satisfying the
equations

(4.3) a i+ a, ANt ad,+1=0, i=1,2,.., n.

Wit,h:t,his set of constants a, we deduce from (4.2) that M‘“(a, |z) satisfies the
differential equation :

(44)  [0uuD)* + GuauD)= 4 ook @D + 1+ p(uD)qu] M
+ g(uD)pe M =0,

where D again denotes the operator o/cx and

9(0) = a3 pidi+ @[3 P42 + S 9] + oo aa[S p A A+ X PO
1 1 1 1 1

The boundary conditions to be satisfied by M“(a,|x) are

(4.5) M*(a, ]a”) = 6”‘ ,

(16) (DY H(a,]0) = 8,3 Xp,— 3 {(uDY~r [qud“(a,]a) +

=1

+ peM*(a,|0)] 3 l:pt} at v=a,, j=1,.., n—1.
i=1
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The general solution of eq. (4.2) is given by

. 2n
.7 - MP(a,|x) =3 A% (2, w) exp[0a],

i=1

where 0,, ..., 0,, are the roots (assumed distinct) of the equation

(£.8)  [@0% + o - @0 + L quep(0)]-
[an= 0) -+ wve - @y(— 0) + 1+ quogp(— 0)] — p22p(0) p(—0) = 0 .

Multiple roots of eq. (4.8) are treated in the same way as in Sect. 3. From
eq. (4.4) ASY can be expressed in terms of A!) for each ¢ and the 2n boundary
conditions (4.5), (4.6) then determine the coefficients A; completely.

As in Sect. 3 an explicit solution for M (a,|x) in terms of z and w will
in general be extremely complicated; however the probabilities of emergence,
P®(a,|z), and the moments of the joint distribution of the numbers of re-
versals and continuations before emergence can easily be found numerically
as before.

An illustration of the use of eq. (4.4) and its solution will be gwen in
Sect. 8 where we discuss Fermi’s method for determining the probablhtles of
reflection and transmission of thermal neutrons by a slab of paraffin.

5. — Three-dimensional scattering with no boundaries.

We now consider Fermi’s model for three-dimensional scattering which was
described in the Introduction. As indicated in Sect. 1 Fermi’s approximation
for the projected motion of the particle on the X-axis supposes that the pro-
jected displacements between successive collisions are independently distrib-
uted with probability density function

(5.1) @) =+v3Aexp[—V3ix], 0 << oo,

where A is the mean free path of the particle in three dimensions. The
characteristic function corresponding to f*(x) is™

[ee]

(5.2) @* (@) = | exp [fow] f*(ax) dw = V3 A(V3 A — dar)~

0

The exact density function f(z) for the projected displacements can in fact
be found as follows. Suppose that the particle has just suffered a collision and
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moves off in a direction whose angle with the positive X-axis has cosine pu,
—1<u<1. The probability that the projection on the X-axis of the distance
travelled to the next collision lies in (», #-4-8z) is

ﬁ);—l exp [— li;‘l] dx +o (oz) .

Since scattering is assumed to be isotropic, |x| is a random variable uniformly
distributed on [0,1]. Hence

1

(5.3)  flx) = 2[6-1 exp [— %x] a6, I<r< oo,

0

and the corresponding characteristic function is

©

(5.4) (@) = [ exp [iaw] f(2) dz = — % log (1 _ %) .

0

Expanding (5.2) and (5.4) in powers of 1o we see that the exact distribution
and Fermi’s approximating distribution have the same mean square but their
means and all the other moments about the origin are different. In fact for
isotropic scattering, as we shall see later, it is the mean square which deter-
mines the asymptotic behaviour of the particle after a large number of col-
lisions. However using the distributions considered in Sect. 4 it is possible
to find much better approximations to the exact density function (5.4). For
example the probability density ' '

(5.5) 9(@) = 32, exp[— W] -+ $4, exp [— 4], 0<z<oo,

where A, =A(3 —+/3), 2,=2(3+V3), has exactly the same first three mo-
ments about the origin as f(x) as well as having all its higher moments much
closer to the true values than those of Fermi’s approximating distribution.
Even better fits can of course be obtained by allowing linear combinations of
more than two negative exponential distributions. We shall use the function
g(z) in Sect. 6 to obtain improved solutions for scattering problems with
boundaries. -

For scattering with no boundaries exact solutions can be derived using the
results of BROCKWELL and MoOYAL (). Denote by t¥(«) the characteristic
function of the w-displacement, S,, at the n-th collision given that the particle
experiences at least n collisions before absorption and that the initial direction
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of motion was u. If p, ¢, r are the i)robabilities (for the projected motion) of
reversal, continuation and absorption at a collision, then the generating func-

tion, G¥(a;t Zr“" )i, is obtained from eq. (A.9) of () on replacing p by

n=1

p*=p@—r)~t. For an isotropic source of particles at x =0 the appropriate
generating function is clearly '

(5.6) Go; 1) =[GV (o5 8) + F V(58]

i.e., from eq. (A.9) of (%),

b ple) 50— 21— 2t ple) 905
GO D =51 T peTlpte) + Pt + (1~ 2 Ig(o) 70

For isotropic scattering p* =4 and ¢(«) is given by eq. (5.4). Hence, sub-
stituting in (5.7) we obtain the result

A log (4 + i)/ (A — ia))

t
(5.8) Glas t) = 55— (t2/2) log (2 + da) /(A — i)’

which generalizes the results of (1) and (%) for one-dimensional scattering pro-
cesses to three-dimensional processes without boundaries.

It is a simple matter to expand (5.8) in powers of ¢ giving
; A+ ia]”
(5.9) To(x) = [2%‘ lo ] .

1 — i

Denoting the - displacement“a,t‘the n-th collision obtained from Fermi’s ap-
proximation by S and the corresponding cha,ractenstm function by z)(x) we
find, from (5.2) and (5.7), that

(5.10) () = [3—1—%2—5‘—2]

The distributions corresponding to 7.(x) and 7)(x) are compared most con-
veniently by considering their moments. Thus

e{8i =0, E{811 =0, ' k=0,1,2,..,
sy =3 ssr =2,

F)
s{sy = [%i + 22 ”] i, E{S1 = [4?” 1 4“] i,

®) G. Praczex: Manhattan Project Report, A-25.
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and for large n the moments differ only by terms which are O(n*™), i.c.,

&{83'} = kv (3,12) + 0, E{8™) = kr (3/12) +Om), k=1,2,...

From eqs. (5.9) and (5.10) we see that the displacements S, and S are
both distributed as sums of independent random variables. We can therefore
apply the central limit theorem to deduce that as m —oo, #n7*8, and »*8}
are asymptotically normally distributed. In fact the asymptotic distributions
are identical, both having mean zero and variance $4~2. This suggests that
Fermi’s approximation is a good one when the number of collisions is large.
The parameter A4/3 of his appproximating negative exponential distribution is
in fact determined uniquely by the condition that S)/v7 and S,,/\/n have
the same asymptotic behaviour.

6. — Scattering by a slab of finite thickness.

We have already mentioned in Sect. 5 that the distribution of the projected
displacements between successive collisions in a three-dimensional seattering
process can be closely approximated by a linear combination of negative ex-
ponential distmbutlons The following Table indicates the accuracy of the

approximation g(x (deﬁned by (5. 5 ) as compared with Fermi’s approxima-
tion f*(x).

TaBLE I. — Moments of the exact and approximzting distributions. By taking linear
combinations of more than two negative exponential distributions it is possible to fit
still higher-order moments exactly but the algebra then becomes more complicated.

-th moment about the orl;n_ N ]
f(x) f*(=) g(x)
1 (1/2) 21 (1/3)y/34-1 (1/2) A=Y
2 (2/3) A2 (2/3) A2 (2/3) A2
3 (3/2) A3 (2/3)4/34-3 (3/2)y A2 !
4 (24/5) A (8/3) A (14/3) A~ 1
5 20 1-5 (40/9)\/34-5 (55/3) 45 |

Consider now the problem of scattering in the slab {x:a_,<2<a,}. With
f*(z) as an approximation to f(x) Ferna derived the first-passage probabilities
Using g(x) as an approximation to f(x) and applyihg the results

Pe(a,|2).
of Sect. 4 we shall improve on his results.

to obtain the generating functions M“(a,|z; 2, w) explicitly.

-

In fact it is possible to use Sect. 4
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The solution of eqs. (4.3), (4.4), (4.5) for M“(a,|z) is given by
(6.1) MP(a,|2) = iAﬁf;’(z, w) exp[f] ,'
a5
where the functions 0,(z, w), A% (2, w) are to be found as described in Sect. 4.

Using the particular density function g(x) and taking A-* as the unit of
length we have, in the notation of Sect. 4,

P=p=1},
- A =3-—-v3,
2 =3+43.
Substituting in (4.3) and solving for a,, 42 we find
(6.2) a,=—1, Gy =% .

0y, ..., 0, are therefore the roots of the equation
(6.3) 0t — 302 [8(1 — quw) 4 3(q*w? — p2e?)] + 36 [(L— qu)* — p*2*] = 0 .

Since scattering is assumed to be isotropic p=g=(1—r)/2, where r is the
probability of absorption at a collision. ‘ '

The coefficients A%, A" are related by eq. (4.4) which in this case takes
the form ‘

(6.4) [D*— D(6 — 3qw) + 6(1— qu)] M® — 3pz[2 — D] M= 0.

Thus

07— (6— 3quw)b; + 6(1— qu)

=D —
6.5 A5 s 6)

(6] . . 1) ;o ;
A” = Lf(z, %)A:“' ’ 1= 1, eeey ’.L .

The coefficients 4!, are found from the boundary conditions (4.5), (4.6) which
can now be written

4

> AY exp[fia,] = 9,,,

i=1

4
Z kA% exp[0.a,]=6_,,,
(6.6) =

4

> (0.4 3qw + 3pzk,) ALY exp[0,a,] = 36, ,

g=1

4

> (— kb, + 3quk,+ 3p2) A exp[6,a,]=30_,, .

=1
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12 GENERALIZED ONE-DIMENSIONAL SCATTERING PROCESSES ETC. [381]

Equations (6.1), (6.5) and (6.6) provide a complete solution to the first-
passage problem in generating function form. The probabilities of emergence
at the two boundaries regardless of the number of collisions before emergence,
i.., P“(a,|2) =2 P/(a,|z), are obtained when z and w are replaced through-

r+k=0
out by unity. Moments of the distribution of the number of reversals and con-

tinuations before emergence are obtained by differentiating partially with
respect to 2z and w and setting z=w=1.

To illustrate the application of these results we now consider a stream of
particles incident on the face #=0 of the half-space {x:0<# <oo}. We shall
use (6.1), (6.5) and the appropriate boundary conditions to determine the
albedo, i.e., the proportion of incident particles which ultimately emerge again
from the half-space. The boundary conditions at @, will now be replaced by
the condition that P*(a,|x) is bounded as  —oco.

Denote by p(z) the probability that a particle from an isotropic source with
co-ordinate z (v>0) emerges from the half-space without being absorbed.
Then the probability that a particle incident on the half-space at an angle 6
to the positive X-axis ultimately emerges again is clearly given by

(6.7) pO) = (1— r)jexp [— # secO]p(z) secHdx .
J ‘
If there is a stream of particles incident on the half-space in such a way that

the angle of incidence 6 has probability density function ¢(0), 0 <0 <=/2, then
the albedo is given by . _

nl2

(6.8) p= f B(6)9(6) a8

0

In the particular case ¢(0)=2 cosfsinb, i.e., for incident particles obeying
the cosine law, Wick (*) obtained an exact asymptotic expression for f when r
is small, namely

FERMI (2), using the approximation f*(x) to derive p(x) evaluated the integrals
(6.7) and (6.8) to find

(6.10) B = ( \/3) r*—i—

(4) G. C. Wick: Rend. Lincei, 23, 774 (1936).
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From the approximation g(x) as described above we find that

(6.11) p(x) = A exp[6,7] + B exp[62],

" where

=— V(L +r+V14rFr),
Oy =— V6L +r—1+7r1r),
ky(265 4+ 3 4 3r) — 3 + 3r
ey ky(By— 0y) + 3(1— 7)(ky— ko)’

(6,
%i(26,--3 +3r)— 34 3r
21 g (01— 05) + 3(1— 7) (ks — k)’

1
A=—-2—(1-|—7)

B = (1+k2)

%k, and k, are defined by eq. (6.5) with z=w=1. From (6.7) we obtain
(6.12) B0y = (L—r)[A(1— 0, cos )14 B(1— 0, cos 0)7]

and in the particular case () =2 cosfsinf the integral (6.8) can be eva-
luated explicitly to give

(6.13) B =—2(1—r)[467%(0, + log[1— 6,]) + B6;*(0,+ log[1—6,])],

o

1.6y

(6.14) f=1— [2—‘—/3

log (1+2v/3) + 3 VB~ 5| -+ .

Comparing the coefficients of ! in (6.9), (6.10) and (6.14) we see that Fermi’s
approximation gives 2.1547, the improved approximation gives 2.3106 and
the exact value is 2.3094. This gives an idea of the accuracy of the approxi-
mation. The same method of course can be applied to determine the albedo
and transmission probability for slabs of finite thickness.

The following Table gives the probabilities of transmission through a slab

TaBLE II. — Probability of transmission by a slab of thickness a.

r=0 r=%
a :
f*() 9(x) f*(x) g(w)

0 1.0000 1.0000 1.0000 1.0000
3 0.6978 0.6208 0.5783 0.4721
1 0.5359 0.4793 0.3472 0.2801
2 0.3660 0.3374 0.1258 0.1125
4 0.2240 0.2129 0.0170 0.0190
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of thickness a (with the mean free path again used as the unit of length) ob-
tained using Fermi’s approximation f*(x) and the improved approximation g(z
of eq. (5.5). It is assumed that the particles are incident isotropically on one
face of the slab.

When there is no absorption (i.e., #=0) the application of Fermi’s meth-
od (and the improved approximation) to the scattering of particles in the
interior of a thick slab can be justified asymptotically using Wald’s identity
(BARTLETT (*), p. 17). Suppose there is an isotropic source of particles at
=0 and that scattering is isotropic with no absorption, 4.., for the projected
motion on the X-axis r=0, p=¢q=14%4. Let N be a random variable denoting
the number of collisions made by the particle before emerging from [—a, b],
—a<0<b. P, and P, will denote the probabilities of first departures from
—a and b, respectively.

The Fermi approximation to P,, P, and &N (the expected value of N)
can be deduced from eq. (6.6) of (*). They are

(6.15) o Vel _ VBat1
. T VBa+b)+2’ b \/§(a+b)+2’
(616) ey VIE—a@—B)—S@E—a—b) o .

2\/'3Z—{—4

Now as we have already seen in the unrestricted case the x-displacement
at the n-th collision is distributed as a sum of » independent random variables,
each with mean zero and variance §. Using Wald’s identity (BARTLETT (°), p.
20) we can deduce from this that for a and b large, P,, P, and &N are given
asymptotically. by

. b a
(6.17) sz= at-b’ P, = &:i_‘b ’
(6.10) &N = 3ab.

Examination of (6.15) and (6.16) shows that Fermi’s approximations are
in fact asymptotic to these values. The approximations we derived earlier
also have this property.

We remark finally that for scattering by very thick slabs with >0 the
penetration of particles is largely determined by the tail of the exact density
function f(x) and not by its second moment about the origin.

(°) M. S. BarTrLETT: Stochastic Processes (London, 1955).
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L S

I am pleased to acknowledge my indebtedness to Mr. J. E. MoYAL for a
number of stimulating and valuable discussions in connection with this work.

RIASSUNTO (9

Si generalizzano j risultati, ottenuti da BrockwrLL e MovaL (1) per processi di
scattering unidimensionali, in cui le distanze fra le collisioni successive hanno una
distribuzione esponenziale negativa, ad includere processi in cui la distribuzione &
‘una distribuzione y o una combinazione lineare di distribuzioni esponenziali negative.
Si applicano i risultati allo scattering di particelle in tre dimensioni, giungendo ad un
miglioramento dei risultati ottenuti da FErMI (3).

(*) Traduzione a cura della Redazione.
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Summary. — A three-dimensional scattering process is studied using
the theory of discontinuous Markov processes, extending results previously
obtained in one dimension by Brockwell and Moyal. The scattered
particles are assumed to move in one of a set of thirty directions in space.
Constant mean free path is assumed, scattering is axially symmetric
and velocity transition probabilities we(dv|u) are defined for each col-
lision depending on the angular deflection, 0. It is shown how the results
obtained for the discrete set of directions can be used to approximate
the physically more realistic continuous case; a numerical comparison
with exact results is given for the well-known Milne problem with iso-
tropic scattering. I'or a steady stream of particles incident on one face
of a slab {x: a <@ < b} it is shown how to determine the time-independent
solution for the mean number of particles per second crossing a plane x=¢
in any given direction. The distribution of velocity and direction with
which particles emerge from a slab is also determined assuming the proba-
bilities yy(dv|u) satisfy a certain commutativity condition. If there is
a constant (nonzero) probability of absorpticn at a collision no essential
modification of the analysis is required.

1. — Introduction.

It is the purpose of this paper to extend the results obtained by Brock-
WELL and MovaL (!) for particle scattering in one dimension to scattering in
two and three dimensions. We consider a particle which moves through a
(two- or three-dimensional) slab of scattering material {x: a<w<b} in the
following manner: between successive collisions the particle moves in a straight
line with constant velocity. The probability that a collision occurs in any
element ds of path-length is given by A8s—+ o(3s) where A~ is the mean free

(1) P. J. BRockweLL and J. E. MovaL: Nuovo Cimento, 33, 776 (1964).
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path of the particle. Given that a collision occurs there is a transition prob-
ability g(dv|w) for the unit vectors w, v in the incident and emergent direc-
tions of motion, respectively. It will be assumed that scattering is axially
symmetric, i.e. o(dv|p) is a function of v-g only, and there is also defined a
set of transition probabilities y,(dv|u) for the velocities v and v before and
after a collision, where 0 is the angle through which the particle is deflected
as a result of the collision.

Such a model arises in a variety of problems, among them the theory of
radiative transfer, the multiple scattering of neutrons and the multiple scat-
tering of charged particles. The statistical problem is to determine the spatial,
angular and energy distributions of the scattered radiation or particles. The
usual approach to this problem (see for example DAVISON (%)) is to consider
the Boltzmann integro-differential equation for N(x, w, v, t) where N(x, w, v, )
-dxdpdo is the expected number of particles at time ¢ in the element dx dy. dv
of phase-space. It is usually not possible to find an exact solution of this
equation in closed form. One exception is the time-independent solution
obtained by WIENER and HorF (*) for isotropic scattering in a half-space.
This is the classical Milne problem. of radiative transfer in stellar atmospheres.

Various approximate methods for solving the Boltzmann equation have
been devised. The method of spherical harmonics, in which the distribution
is expanded in terms of Legendre polynomials, has been applied to problems
with isotropic and anisotropic scattering (see for example CHANDRASEKHAR (¢))
and in particular to various problems of neutron transport theory by MAR-
SHAK (°), MARK (°) and others. A second method of approximation developed
by Wick (") uses Gaussian quadrature to replace the integral in the Boltzmann
equation by an approximating sum. WanNG and GuTi (®) have formulated
the spherical harmonic method in such a way as to demonstrate its close
relationship with the Gaussian quadrature method. Good accounts of the
methods available for dealing with problems in neutron transport theory are
given in the books by DAvVIsSON (2) and WEINBERG and WIGNER (°). A very
general probabilistic theory of the processes occurring in nuclear reactors has
been given by PAL (10).

B. Davison: Neutron Transport Theory (London, 1957).

N. Wiener and E. Hoprr: Berlin Ber. Math. Phys. Klasse, 696 (1931).
S. CHANDRASEKNAR: Astrophys. Journ., 99, 180 (1944).

R. E. MarsHAK: Phys. Rev., 71, 443 (1947).

C. Mark: National Research Council of Canada Report MT-97 (1945).

(®) A. M. WriNBERG and E. P. WiaNEr: The Physical Theory of Neutron Chain
Reactors (Chicago, 1958). .
(19) L. PAL: Suppl. Nuovo Cimento, T, 25 (1958).
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‘The method we shall use is a direct generalization of that used by Brock-
WELL and MoYAL (!) in one dimension. We recall that solutions were .obtained
in that case for the generating functions

G2, Z|p, x) = z P2, 2w, x)z'w’

Hi=0

H(Q, X |p, x) = 3 Qi(2, X|p., x)z’w’

i+5=1

where P,,(Q2,2|w, x)= Pr (the first passage of the particle through the
boundary X' occurs after exactly ¢ collisions with reversals and j collisions
without reversals and the direction of motion at the first passage  belongs to
the set £, given that the initial position of the particle was  and its initial
direction p) and Q;,(2, X |w, x) = Pr (the (i+ j)-th collision occurs in 2xX
and 4 of the first (¢4 §) collisions are reversals, given that the initial position
of the particle was » and its initial direction of motion w).

The functions ¢ and H were determined from pairs of linear differential
equations with boundary conditions depending on the particular sets 2, X
and 2 in question. It was also shown how these generating functions can be
used, assuming the transition probabilities for the velocities before and after
a collision satisfy a certain commutativity condition, to determine the dis- .
tribution of emergent velocity of the particle from a rod. We shall now show
how these ideas can be extended to scattering in two and three dimensions.

In one dimension the problem -is simplified, first because there are only
two possible directions of motion and secondly because the position of the
particle is specified by a scalar. In the present paper we are concerned with
axially symmetric scattering in a homogeneous infinite slab; {x: a<wx<b}.
‘We are interested only in the z-co-ordinate of the particle so position is again
specified by a scalar. However the direction of motion g belongs to a con-
tinuously infinite set of possible directions so that it is not possible as in the
one-dimensional case to write down pairs of linear differential equations for G
and H. However if we restrict the particle to move in one of a set of » pos-
sible directions corresponding to n points uniformly spaced on the unit circle
in two dimensions or the unit sphere in three dimensions then we are again
led to a finite system of linear differential equations for the two- and three-
dimensional analogues of & and H. As we shall see later such a discrete system
¢an be used to obtain approximate solutions for the continuous case. Together
with ‘the set of n possible directions we introduce » transition probabilities
for the directions of motion before and after a collision, these probabilities
depending only on the angle between the initial and final directions of motion.
It will be assumed throughout that the mean free path, A-1, is mdepnndent
of the velocity of the particle.

4373



4 . "+ P. J. BROCKWELL [1094}

In two dimensions n may be chosen arbitrarily large, the corresponding
set .#, of directions consisting of those making angles 2kn/n, k=0, 1, ..., n—1,
with the unit vector i in the direction of the w-axis. We also introduce proba- .
bilities p;, j=0,1, ..., n—1, that the particle is deflected through an angle

“2jm/n, given that it makes a collision. Clearly the set of directions .#, is closed
with respect to these deflections, closed in this sense meaning that if a par-
ticle originally moves in a direction belonging to the set .#, and suffers
deflections only through angles 2jz/n then its direction of motion remains in .7, .

In three dimensions n cannot be chosen arbitrarily large, in fact the max-
imum number of uniformly spaced points on the unit sphere is thirty corre-
sponding to the mid-points of the edges of a regular icosahedron. We shall
examine in.detail a three-dimensional system with thirty such equally spaced
directions oriented relative to the slab as follows. Consider a regular icosa-
hedron placed so that the line joining its centre to the mid-point of one edge
lies along the w-axis. The thirty possible directions of motion are then along
the lines joining the centre to the mid-points of all the edges. This is discussed
more fully in Sect. 2.

We shall consider only the three-dimensional case in detail since this is
of greatest practical interest and since the analysis in two dimensions is
exactly parallel. Numerical results are given for the emergent angular dis-
tribution of particles originating from a point below the surface of a half-
space of scatlering material when the scattering is isotropic. As the distance
of the source below the surface becomes very large a limiting distribution is
approached. From this limiting distribution in the discrete case we derive
an approximation to the corresponding distribution for a continuously isotropic
séattering function. The approximation is compared with the exact solution
of HoPF (1) and with the Gaussian quadrature and spherical harmonic approxi-
mations described by CHANDRASEKHAR (12) and WANG and GuUTH (8)). The
comparison is quite favourable and moreover the method is equally applicable
to the case of anisotropic scattering in finite or infinite slabs. Furthermore
for certain velocity transition probabilities y,(dv|w) which satisfy the com-
mutativity assumption made in one dimension, it is possible to find expres-
sions for the joint distribution of emergent direction and energy for particles
originating at a point in the slab.

It is to be noted that good approximations to the continuous case will be
obtained only if the distribution o(dv|p) can be reasonably well approximated
by a discrete distribution on the set of thirty directions. If for example the
angle of scattering is less than a few degrees with probability 1 then the
icosahedral approximation is not appropriate.

(11) E.- HopF: Mathematical Problems of Radiative Equilibrium (Cambridge, 1934).
(*2) S. CHANDRASEKHAR: Radiative Transfer (London, 1950).
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‘2

- Geometry of the icosahedron.

The cosines of the angles between the faces of a regular icosahedron are

+1, +34/6 and +3 (see for example CUNDY and ROLLETT (1%)). From these
we can readily determine the co-ordinates of the face centres. An icosahedron
of unit inradius can be oriented (Fig. 1) so that they are given by

+[1,0,0],
V5 2 V5 1vE] [V 1 V3]
i-—g"’g’o], ﬂ:l:?’ "g; T:I’ :E[?y—gy_‘g—Jy ‘
1 V5 V3 1 3-V3 V15 +V3 1 3+vV5 VI5—V3
i-‘?_’,"é“,? y £ §7 6 ’ 6 y £ ’3‘v_, 6 ’ | 6 ’
(1 34+VE  V15—V3 13-v5  ViB+V3
+ 3,_ 6 y T 6 9 + g’ 6 y 6 ’
[1 V5 x/_
+ _5’?’ —'3—
Fig. 1.

From these co-ordinates it is a matter of elementary algebra to determine

the vertices and the mid-points of the edges. It is then found that the cosines

of
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the angles between the lines joining the centre of the icosahedron to the -

mid-points of its edges are +-pn, fpay sy £, s Where

=1,
VE+1

1) MUs=1%,
Vs —1
He = 1 ’

Us =0

Throughout the remainder of this papeéer we shall assume that the icosa-

(13) H. M. Cuxpy and A. P. RorLETT: Mathematical Models (Oxford, 1952).
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hedron is oriented as in Fig. 2 with the thirty possible directions of motion

along the lines joining the centre of the icosahedron to the mid-points of its

edges. The directions of motion will be numbered 0, 1,

i 2,3,4,5,6,7 8, 9 according as the cosine of the

l 'angle made with the unit vector i (along the x-axis)

k0 is equal $0 gy, pay My Mas Hes Hsy — Hay — Hay — Moy

— ;. We distinguish between the directions 4 (repre-

Fig. 2. sented in Fig. 2 by the unit vectors 4k) and the direc-

tions 5 (represented by 4 j) even though they are both

perpendicular to the x-axis. The remaining directions fall into groups of four
W1th the exception of 0 and 9 which occur only once.

3. — The general solution.

As described in the preceding Section we assign numbers 0,1, ..., 9 to the
directions of motion depending upon the cosine of the angle made with the
positive z-axis. In the same way we refer to collisions as being of type
1,2,...,9 according as the cosine of the angle of deflection is equal to y,, ...,

May Psy = Hay eoey — g
We introduce the following definitions:

A~1=mean free path, ¢.e., the probability of a collision in any element ds of
path length is given by 43ds 4 o(3s),

D1y 4Dsy 45 ..., 4Ds, Py are the probabilities that a collision is of types 1, 2?.
3, ..oy 8, 9 respectively.

.
For pure scattering p,+ p,+ 4 > p;=1.
2

P‘l""'(Q,Z |B, #) = Pr (the 1-st passage through the surface X occurs after
i, collisions of type j, j=1,...,9, and the direction of motion at the
1-st passage belongs to the set £, given that the initial position of the
particle was x and its initial direction f),

Q" (R, X |B, ) = Pr (the (i,-+ ...+ 4)-th collision oceurs in QxX and 4,
of the first (4,4 ...+ 4,) collisions are of type j, j=1, ..., 9, given that
the initial position of the particle was a and its initial direction of
motion f).

The corresponding generating functions are defined as
G, Z|py2)= 3 PvQ,Z|B,w)e... 2y,

(3.1) iyt g =0

HQQ,X|gx)=" > Q" X|Bw)el...2p.

Gt eetig=1"
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It is convenient to introduce a more concise notation for the case when 2

consists of a single direction, {«}. We shall drop explicit mention of 2’ and X
a8 these can be specified as required. Thus we are led to define

P:‘:‘lﬂ..-‘u(w) —_— Pﬁ-..lo({a}, Zlﬂ, w) , . %, ﬂ — 0"17.."’ 9,

Gacﬂ(w) = G({“}v 2B, w),
Py = > P?E"'(“") ’
- ety =0
[ Pohia)| 6,0(@)]
(3.2) T ' )
Ppi(w) = : ’ G, () = : ’
| P (@) | |G ao(®))
Px) = 3 Pra).
fybe by =0

'

Analogous notation is used for the corresponding ¢’s and H’s.
The backward Kolmogorov equations for the generating functions G,,(x)
can now be written

(3.3) : A2y ooy 2) G (2) =0, - x=0,..,9,

where A(2y, ..., 2,) is a 10x10 matrix. If I is the 10 x10 unit matrix then
A —1 is equal to '

r-,‘.e—u) —(2222) —(3333) — (4444) —(55) —(58) — (6666) — (7777) — (8888) —(9) T
—-@ — 8 —(1234) —(2345) - (2356) —(46) —(37) —(4578) — (5678) — (6789)" —@®)
—-®) — (2345) — a0 — (1267) — (2457) —(28) —(46), —(3568) — (3489) — (5678) -
—) —(2356) —(2457) . —m0—(1368) —(37) —(28) — (2479) — (3568) — (4578) —(6)
- — (4466) — (2288) — (3317) —(19) —(35) —(3377) — (2288) — (4466) —5)
—(5) —(3377) — (4466) —(2288) . —(55) —(19) —(2288) — (4468) —(3377) —(5)
—(8) — (4578) — (3568) —(2479) —(87) —(28)  p,0—(1368) — (2457) - (2356) —()
—(7) — (5678) — (3489) — (3568) —(28) —(46) — (2457) a0 — (1267) —(2345) —@.
—(8) — (6789) —(5678) — (4578) —(46) —(37) —(2356) — (2345) 10— (1234) —(2)
| —(9 —(8888) —(7977) — (6666)° — (55) —(55) — (4444) —(3333) — (2222) mh—@ |

)

The symbol (4, ... 4,) is used to denote the expression (p,2; + ... + 9,2,
and 0 denotes the operator (1/2)(d/0x).
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The solution of eq. (3.3) is of the form
(B4)  Gyo) =

4
= > [ Blg(2yy s 25) XD [ 0025 ey 2)] + k42,5 +ovy 2) €XD [— 420, (21, .- 2,)]],

k=1 :

where- £+04(2,, ..., 25); k=1, ..., 4, are the roots (assumed distinet) of the deter-
minantal equation

(3.5) ' | A (21 orry 29) [= 0 -

regarded as an eighth degree equation in §. In a given problem the func-
tions Bjg(2yy ..oy %) and Cps(2;, ...y 2,) are determined by the relations between
them arising from the original eq. (3.3) and by the boundary conditions.

For a given set of boundary conditions the complete solution for G,4()
as a function of z,, ..., 2, is generally too complicated to determine explicitly.
However it is a relatively straightforward numerical procedure to determine
moments of the corresponding joint distribution. For example suppose we
have particles starting with direction g at a point z in the slab a <2 <?d
and we wish to find the expected number m}, of collisions of type k¥ for the
particles emerging from the slab in direction «. In this case we take X to
consist of the two planes {x:z=a}, {x:x=>b} and obtain

(8.6) ‘ Mp() = 1%“+m+'.20ikP;',§'"(w) .

Now

(3.7) E (@) = [Gy(@)], - —sm1

and

(3.8) o S PEh(e) = [ai G.p(2) .
{yFetiy=0 T Zymenmzg=l

Both these quantities can be determined numerically from the equations

ARy oy 2) Go(0) = 0,

(3.9) [ 0 Gul@) + Al .., %) [a% Ga@)] =0

m ARy ooy %)

azk

with 2,,...,2, replaced by 1 throughout. 9A4/dz here denotes the matrix
[(9/cz)a,;] where a,; are the elements of A. The appropriate boundary con-
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ditions are
Pos(a) = Oap o =6,7,8,9,
Pub) = b, | | =0,1,2,3
(3.10) ﬁ( B 9 o ﬁ y Ly 4y 9y
2y PA—— r=b, £=0,1,2,3.

We shall show in Sect. 4 how, under certain assumptions regarding the
transition ‘probability densities g,(v|u) for the velocities before and after a
“collision, the same kind of argument can be used to find the distribution of
emergent velocity at various angles. 3

4. — Isotropic scattering in a half-space.

In this Section we shall illustrate the application of the foregoing results
to the well-known Milne problem of isotropic scattering in a half-space. In
particular we shall derive the distribution .of emergent angle for particles
originating at a point « in the half-space [0, co) and use the results for thirty
equally spaced directions to derive an approximation for the case of a con-
tinuously isotropic scattering function. The exact solution as # — co is given
by Horr (1) and approximate methods have been devised by CHANDRA-
SEKHAR (*?), WANG and GUTH (}) and others. Very close agreement is found
between the limit of our solution as # — oo and the corresponding exact
solution as obtained by Hopr. A table of numerical results is given to show
the comparison. o ‘

We consider the half-space 0<x << co and take for X' the surface = 0.
We shall determine the distribution of emergent angle P (x), «=6,7,8,9,
for a particle which starts at #, 0 <@ < co, moviug in direction f. As we have
already seen in Sect. 2 the vectors P, (x) satisfy the equation
(4.1) A, ., 1) P (x)=0.

The roots of the determinantal equation |A(1,...,1)|= 0, regarded as an
equation ‘n 6'are 4-6,, +6,, +0;, +6,, where

0, = 1.044615 ,
(4.2)
0, = 1.665073 ,

0, = 2.852422 .
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Since the elements of P, (x), being probabilities, are bounded as x — oo, the
required solution of (4.1) is of the form

(4.3) P,(x) = A, + B, exp[— 20,x] + C, exp [— A0,2] + D, exp [— 10,x]

where A4, B,, C,, D, are to be determined from the boundary conditions
at £=0. These are ‘

(4.4) - P 0)=05,, B=6,1,89.
Also from eqgs. (4.1) we have the relations
A1+ ) = oo = A (1 + pay) =

= A“4 = AM = A“G(l —_ /“461) = e = Aao(]“ "“‘ulel) )

Bao(l + ,uiez) == Bas 1+ /1462) =

(4:5) = Bo= By = By(l— i) = o= Byl — ),
O+ i) = =0Cp=0C,= = Ol —p05)
D, + w0 = ... =D,= D_acs = o =D, (1 —pmb,),
where o
m=1,
VB +1
Mo = i ’
(4.6) M=%,
| VB—1
Mo = 1z !’
H; =0

These relations, together with the boundary conditions, completely determine

the vectors 4,, B,, C,, D, leading to the solution

_ - -
1.10813
1.34310
1.54567
2.04462
2.04462
3.01924
4.28020

13.2005
— 45.8280

@7)  Pfo)=a,| - |+ b, exp[— A6,5]

T el e e el e e
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1.13549 | 116470
1.45431 1.58783
1.75966 ' 2.04758 |
: 2.665 07 ~ 3.85242
+ o, exp [— A0;2] 2.66507 + d, exp[— 20,2] 3.85242 |’
5.48974 32.4954
15.9144 .| —9.08877
— 7.67873 —2.94608
— 4.00719 —2.07967

where

a,= 011906, a,= 0.23289, a,—= 0.48016, a,= 0.16790 ,
|0, =10.000814, b,= 0.002257, b= 0.014352, b,= 0.017422,
¢y = 0.006984, ¢, = 0.039606, ¢, =—0.039400, ¢, —=— 0.007190,
d,= 0.025854, d,——0.014067, d,=—0.009453, d,=— 0.002334. |

(4.8)

We see at once from these results that for a particle which originates from

a point several mean free paths within the slab of scattering material the = .

distribution of emergent angle is very close to the distribution of emergent
angle for a particle which starts at infinity. Probabilities of the various
emergent directions in this limiting case are independent of the initial direction
of motion of the particle and are given by ’

P, = 0.11906 ,

P,=0.23289,
(4.9)

P,— 0.48016 ,

P, = 0.16790 .

From these results we can derive an approximation to the solution in the
physically more realistic continuous case by estimating the probability den-
sity f(u) corresponding to the direction whose angle with the positive x-axis

1 .
bas cosine u. f(u) is normalized so that f f(u)du =1 and estimates are made
0

for the directions 5, 6, 7, 8, 9, @.e. for u= u,, — pay — May — Hay — H1y DY
supposing the probabilities P, P,, Py, P, to be distributed over %, 7%, %
and 35 respectively of the unit sphere.

The results are tabulated below together with the exact solution and the
approximations given by WANG and GUTH (%) and CHANDRASEKHAR ('?).
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Gaussian Wang and Chandra-
u Exact | Icosahedral | quadrature Guth’s sekhar’s
solution |approximation|/approximation| S.H. method | S.H. method

o n=4 . n=3 r odd n=3

1 2.5184 2.5185 2.5096 - 2.5128 2.4837
0.8090 1.7998 '1.8006 ‘ 1.7922 1.7948 1.7702
0.5000 0.8716 0.8733 0.8660 0.8680 0.8520
0.3090 0.4441 0.4465 0.4384 0.4417 0.4324

0 . . 0 0 0 0 0

As can be seen from these figures the icosahedral approximation is very
good compared with the other standard approximations. Densities at values
of x4 other than those given could be obtained by interpolation.

Another feature of the jcosahedral method is that it provides information
about the dependence of the emergent distribution on 2 which is not available
from the other methods. . : :

The icosahedral method can also be used to study (for finite ) the number
of collisions of each type before emergence at any given angle.

5. — The stationary distribution of particles in a finite slab.

Suppose now that there is a steady stream of particles incident on one
face of the slab {x:0<w<b}. It will be shown in this Section how the time-
independent solution for the mean number of particles per second crossing
a plane x=£ in any given direction can be determined.

Consider a plane slab of scattering material of thickness I and define P,
as the probability that a particle incident on the slab in direction f emerges
from the slab in direction «. Define a forward transfer matrix, P,, and a
reverse transfer matrix, P;, for the slab as follows:

' ‘_PooPo1PozP031‘v [ Pyg Pys Pyy Py |
(5.1) B=|" """ =" o,

Py . . Py Py . . Pyl

-PBOPGI-PBGPS-'J -P09P08P07P067
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Suppose we have a number of particles incident on the slab, say =, in
direction 0, %, in direction 1, n, in direction 2 and =, in direction 3. These
particles can be represented by a vector

Ny
My
ny |’
Ny

Of these incident particles m,, n,, n,, n, will eventually emerge from the
opposite face of the slab moving in directions 0,1,2,3 respectively and
Ngy -y My Will eventually be reflected from the incident face emerging in
directions 9, 8, 7, 6 respectively. The transmitted and reflected particles are
represented by the vectors

(5.3) n'= P,n and n'=Pn.

(learly the foiward and reverse transfer matrices for a homogeneous isotropic
medium do not depend on the face at which the particles are incident.

Now let us examine the density of particles at points inside a slab (0, b)
assuming the system to be in a steady state. Suppose n particles per second
are incident on the left face of the slab. If the system is in equilibrium the
mean number of particles per second crossing the plane z =& from the left
for the (k4 1)th time is

(5.4) n’=[P.P,,] Bn, k=0,1,2,...

Hence the total number of particles per second crossing the plane x =& from
the left is given by

(5.5) > nf=[I— PP, ,J'En,

k=0

where I is the 4 X4 unit matrix. Similarly the total number of particles per
second crossing the plane @ = & from the right is given by

(5.6) S nf=[I—P, PP, ;Bn.

k=0

The probabilities P,, which appear in the transfer matrixes P, and P,
are determined by the same method as was used in Sect. 3, i.e., by solving
the equation '

(5.7) CAM 1, ., 1) P@) =0
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subject to the boundary conditions

Pa,s(o):‘sap’ p=6,1,8,9,
Pl) = 6,,, B=0,1,2,3.

(5.8)

The transfer matrices given by (5.1), (5.2) are then- determined from the
relations

Paﬂ=Po;,8(0)7 f=0,1,2,3
«=20,1,2,3.
P¢p= ap(l)y ﬁ=6’7’8a9

(6.9)

The solution P, () of (5.7) subject to the conditions (5.8) is given (for
isotropic scattering) by

1 () (I—p0) L+ mb)™ (L —pmb)t @+ pb) @—pmf)? A+ 007
1 (et (=) (L4 )7 . . . . 4. 7
1 (A + ) . . . . . . B,
1 (Ae 4+ pa) . . . . . . T AD
, 1A 1 " 1 1 1 1 AP 640
(5.10) Pea=), 4, 1 1 1 1 1 1 45, gt
1 (o—pm) . o . L . . 450 6470
1 (Ar—u) . . . . . . 40
1 (Az—p) (14 Bt (1 — ) ) . . . . LA;—dy i |
1 Ge—pm) (0 mB0 (1= w07 L+ mb) (L= 1+ m0)7 (=m0

’

Py ooy Hay Ogy <oy 6, have the numerical values given in Sect. 4 and A4,, B,,
AP, ..., ASY are found, for any given thickness I, from the equations

4—,“1735"' E (X py x)—l‘im'l" Z (.1—/‘1 )“’4"—6,(“,_”, i=1,2,3,4,

(5.11)

A, + (Al ) B, + 2 (1—;4,0 YIAL exp[AB]+ 3 (14 g4 ,‘)“A"" exp[— A6,] = 0., §=1,2,3,4.

k=—2,=3, =4

6. — The distribution of emergent velocity.

Consider a slab [a, b] and a particle that originates at a point z inside
the slab moving in direction f. We wish to find the distribution of the par-
ticle’s emergent velocity given that it emerges from the slab in direction «.
If as before X is taken to consist of the two surfaces {x:x=a} and {x:0= b}
then G 4(#)[P,(w)]"* is the generating function for the joint distribution,
conditional on emergence in direction «, of the number of collisions of each
type before emergence.
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Let pi(dv|u) be the transition probability for the absolute velocities w
and v before and after a collisions of type 7. If we assume, as in the one-
dimensional case (), that

6.1) [0 ) y.(@w]w) =f (dolw) pdwlw),  hi=1,2,..,9,

then the probability F,,(V|u,«) that the emergent velocity belongs to the
set V, conditional on initial state (8, u, #) and emergent direction «, is given by
G 5(@)[P,(2)]™* with terms such as 2§ ... " replaced by ¢ opivo...opl. The
functions ™ and p o ¢ are defined as follows

P = | p(V |w) p=—(dw|u) , n=12...,
6.2 © — §(7 (1, ueV,
(6.2) Yy V19 =10, uev,

pog= [ p(V|w)p(dw|u) .

Further simplification occurs if we assume particular forms for w,(dv]u)
.in the following examples ,

Ewample 1

SR

v
o= dv o<y
) =] 510 200 00
' 0, ~ otherwise .

It is convenient in this case to introduce the Mellin transforms
a)—ld/v
= f ft )( ) —
F (00| 1, @) —j< ) F.p(dv|u, ) ,

from which, using the preceding remarks, we find

(64)  Fylolu o) =[Pyl S Pho@ P .. To).

ik o +ip20

Clearly the right side of (6.4) is just [ P,4(2)]*G,4(@) With 2, 1eplaced by ¥y(w),
k=1,..,9.
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To find moments of the emergent velocity distribution, for exémple,
E,4((v/u)" |u, z), we put @ =n+1 in F4(w|u,x). P,y(») is determined as
in Sect. 3 and G,,(«) is determined from the equation

(6.5) ‘ AWPin+1),..,P(n+1)Gx) =0

with boundary conditions G,;(a) = 0,5, =6,7,8,9, G4b)=0,,=0,1,2,3.
Example 2 .
p{dv|u) = 6(v — c,u)dv , 0<e;<1, 1=1,..,9.

This model corresponds to the physical situation in which the logarithmic -
energy of the particle decreases by a fixed amount for each particular angular
deflection. In this case the distribution of emergent velocity is discrete since
a particle which starts with velocity # and makes 4, collisions of type 1,
i, of type 2, ..., and 4, of type 9 has a resultant velocity

V= UcP...cf.
If we again take Mellin transforms as in example 1 we find that

(6.6) Fg(w |u, @) == [P, 4(2)] > P;;;i""'(m) AoTVh L el
_ . gt e Hig2 0

which is simply [P,4(«)]'G,4(2) with 2, replaced by ¢27 k=1, ..., 9.
To find moments of the distribution, say E,((v/u)"|u, z), we put o =n+1
as before, determining P, 4(z) as in Sect. 8 and G 4(x) from the equation

(6.7) A€y ey §) G, (@) = 0

with boundary conditions G (a)= 0,5, =6,7,8,9, Guyb) = 0,4, =0,1,2,3.

7. — The effect of absorption.

Consider now the modified process in which there is at each collision a

8 .
constant probability of absorption, r=1—p,—p,—4 Y p,. The Kolmogorov
o4 :

eqs. (3.3)’for the generating functions G,4(«) remain the same and so also do
the boundary conditions. Thus the behaviour of the particles when there is
absorption (i.e., > 0) is determined by exactly the same equations, the only
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difference being that the probabilities p,, 4p,, ..., 4ps, Ps Will no longer add
to 1. All the results of this paper therefore, except for those of Sect. 4 and
egs. (5.10) and (5.11) which were derived for a particular set of probabilities p,,
apply without modification to the process with absorption.

* ok *k

In conclusion I would like to thank Mr. J. E. MoyAL for a number of very
helpful discussions during the course of this work.

RIASSUNTO (%)

Per mezzo della teoria dei processi markoviani discontinui si studia un processo
di scattering tridimensionale, estendendo i risultati ottenuti in precedenza per una
dimensione da Brockwell e Moyal. Si suppone che le particelle diffuse si muovano
in una di un gruppo di trenta direzioni nello spazio. Si suppone che il cammino libero
medio sia costante, lo scattering ha simmettria assiale e le probabilitd di transizione
della velocitd yg(dv|u) sono definite per ciascuna collisione in dipendenza della deflesi
sione angolare 6. Si dimostra come i risultati ottenuti per il gruppo discreto di direzion-
possono essere usati per approssimare il caso continuo fisicamente pilu realistico; si fa
un confronto con i risultati esatti per il ben noto problema di Milne con scattering iso-
tropico. Si mostra come determinare, per un flusso continuo di particelle incidenti su
una faccia di una lastra {x: a<w<b}, la soluzione indipendente dal tempo per il
numero medio di particelle per secondo che attraversano un piano z=¢ in ogni data
direzione. Si determina anche la distribuzione della velocitd e della direzione con cui
le particelle emergono da una lastra, nell’ipotesi che le probabilitd pe(dv|u) soddisfac-
ciano una certa condizione di commutativitd. Se si ha una probabi'td di assorbimento
costante (non nulla) in una collisione, non ¢ richiesta alcuna sostanziale modificazione
dell’analisi. :

(*) Traduzione a cura della Redazione.
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ABSTRACT

The emergent angular and spectral distributions of low energy gamma
radiation after multiple Compton scattering by a homogeneous plane slab
are determined by a method which is based on the theory of Markov processes
and the replacement of the set of all possible directions of motion in space
by a finite set of directions corresponding to thirty points uniformly spaced
on the unit sphere.

§ 1. INTRODUCTION

Tae multiple Compton scattering of low energy (& <0-5Mev) photons
has been studied analytically by Chandrasekhar (1948) and O’Rourke
(1952, 1953) using the Gaussian quadrature and spherical harmonic
approximations to Boltzmann’s equation. The problem is somewhat
simplified at low photon eneigies because the Klein—Nishina differential
cross section (i.e. the cross section for scattering through a given angle per
unit solid angle) is then effectively energy-independent and is given, in
Thomson units per electron, by :

o(0)= — (1+cos?0). . . . . . . . (1)
167
where 0 is the angle of deflection resulting from a collision and

] 87w [ 2 \?2
1 Thomson unit= — (m_ =10:665 barns.

3 c?
The mean free path d of the photons is related to ¢(§) by the equation :
d-1=Nfo'(9) aQ, B 4

where N is the number of electrons per unit volume. We shall use d as the
- unit of length throughout. Given that a collision occurs, the probability

that a photon is scattered through an angle § into the element d<2 of solid
angle is given by

3
2
o (1 +cos260)dQ.

If we make the assumption that the momenta of the scattei‘ing electrons
are small so that Compton’s relation is applicable, then the wavelength

+ Present address: Applied Mathematics Division, Argonne National

- Laboratory, Argonne Illinois.
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of each scattered photon increases according to the equation :
AN=A+1l-cos8, . . . . . . . . (8

where A and X’ are the wavelengths in Compton units (1 Compton unit=

h/mc=0-02426 X) before and after a collision and @ is the angle of scattering.

For scattering by plane infinite slabs both Chandrasekhar and O’Rourke
derive the spectral distribution of forward scattered radiation integrated
over all forward directions of emergence. They consider only the isotropic
approximation to (1), i.e. o() = (1/4=), but O’'Rourke (1953) indicates how
the method can also be applied when the more accurate cross section (1)
is used.

In the present paper we shall assume that o(6) is given by eqn. (1) and
show how the method of Brockwell (1964), in which the set of all directions
in space is approximated by a set of 30 directions corresponding to 30
points uniformly spaced on the unit sphere, can be used to derive the
angular distribution of the photons emerging from the slab as well as the
spectral distribution of the radiation at each angle of emergence. This
method has already been applied in the above-mentioned paper to the
well-known Milne problem of isotropic scattering in a half-space and the
agreement with the exact solution was found to be very good.

Chandrasekhar’s method for the Compton scattering problem depends
on the replacement of the radiation field intensity I(z,u,A’) by the first
two terms of a power series in (A" —2), i.e.

- oI
T(a, Ny =T )+ (N =) 5 a1, ).

The resulting approximation to the Boltzmann equation is then solved
by Gaussian quadrature. This power series approximation is of course
invalid for a monochromatic source of radiation and, as Chandrasekhar
(1948) points out, his results (and also those of O’Rourke (1952)) which
are derived formally for a monochromatic source are of physical significance
only when integrated with respect to a relatively smooth spectral distribu-
tion of incident radiation.

The method to be used in the present paper does not suffer from this
limitation. Assuming a monochromatic source of radiation of wave-
length A, we are led quite naturally to determine the distribution function
of the emergent wavelength A as the sum of two components, an absolutely
continuous component due to the scattered radiation and a simple dis-
continuity at A, whose magnitude is equal to the probability =, that an
incident photon passes through the slab without being scattered.

For monochromatic radiation incident isotropically on one face of
a slab of thickness ! we determine in §3 the angular distribution of the
transmitted radiation and the proportion of incident radiation transmitted
by the slab. In §4 we determine the proportion 7, of incident radiation
transmitted with no scattering and the probability density {(A) (normalized

so that f N {(A)dA=1) of the increase in wavelength of the transmitted
0

. radiation which is scattered at least once.
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Like Chandrasekhar and O’Rourke we shall neglect photoelectric
absorption ; however if we assume a constant probability of absorption
at any collision the problem can be solved in exactly the same way as
explained in Brockwell (1964), §7. A further advantage of the method
to be described is that it can be used to determine not only the overall
emergent spectral intensities but also the intensities in particular directions
of emergence.

- § 2. APPLICATION OF THE ICOSAHEDRAL APPROXIMATION

Using the method of Brockwell (1964) we replace the set of all directions
in space by 30 directions corresponding to points uniformly spaced on the
unit sphere. For a detailed description of this procedure the reader is
referred to the above paper. The directions of motion then fall into

classes numbered 1, 2, , 10 such that the angles they make with the
positive X -axis have cosines M1 hoy -+ - + 5 Myg TESPectively, where

=1, Mg = Mg )

5+1
He= v z M7= = Fa
M3=‘%’ .Ms=—'[-bs, P )]
V51 _
Ba=—71> Po= — [ -
ps=0, H107= — My

The directions perpendicular to the X -axis have been split into two classes
(5 and 6) for the purpose of deriving the eqns. (13) below. Combining these
directions into a single class would destroy the Markovian nature of the
process. In the same way collisions are said to be of types 1, ..., 9

according as the angle of deflection has cosine py, . . ., gy, s, —pigs - -+ » — g

The probablhtles that collisions are of types 1, , 9 will be denoted by

P1; 4P, « - -, 4Pg, Py Tespectively. For pure scattermg, i.e. no absorption,
8

Py1+py+4 k; pe=Ll . ... (5)

To determine the discrete approximation to the continuous differential
cross section :

3
o(0)= —(1+coszﬂ), I ()|
it is assumed that the probabilities p,, . . . , p; are in the ratio
T4 p? T4 pe? i T pg? T pg? 14 g

The normalization condition (5) and the symmetry condition, p;=p;, ;,



518 : P. J. Brockwell on the

- then determine the probabilities p; uniquely. We find in this way that

1 ) : '

P1=Ps= 55> c
1

P2=Ps= 335 (11+4/5),

1 .
= = e— ) . . . . o ! 7
P3=p 32 (7)

.p4 p6_ 320 V5)’

1
. P =10 | ‘
The wavelength increments §; for collisions of type ¢, i=1, ..., 9 are
given by Compton’s equation as:
§=1—cosb, . . . . . . . . (8
where 6, is the angle of deflection for a collision of type ¢. Thus:
8;,=0,
8,=1(8—/5), 84=1(3+4/5),
83=1, 8;=%, B ()]
3s=1(B—/5), =105+ vb), ' -
§5=1, 8y=2.

Consider now a photon which originates at a point with coordinate
« in the slab (x:a <z <b). Supposing the photon to be restricted to move
in one of the above set of 30 directions we define the probabilities :

P gvsb(x)=Pr (the first departure of the particle from the slab
oceurs after exactly 3, collisions of typej,j=1, ..., 9, and the direc-
tion of motion at departure is «, given that the 1mt1al position of the
particle is x and its initial direction of motion §).

The corresponding generating functions are given by : :
G p(@) = > P g @) zit.zgh . . (10)
Cad L rRZ0 :
It is convenient also to define the column vectors P jh:-i(z), G (),
whose ith components (i =1, ..., 10) are P /*---#(x) and G () respectively.

We then write : :
P 4x)= > Prdx), - .. . . (11)
it =0
P (x)= > Pi-b(x), . . . . . (12)
irt ... =0 )
observing that P (x) is obtained from G () onreplacing each of 2, ...,2,by
unity.

As described in Brockwell (1964) the generating functmns G“B(m) are
found from the backward Kolmogorov equatlons _
Az ..0529) G (2)=0, . . . ... . . (13)
with boundary conditions: ‘
Gpla)=8,,, B=17,8,9,10, }

G“ﬂ(b)-_—'saﬂ’ B= 13 29 3: 4:. ° (14)
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The solution of eqns. (13) and (14) is:

8 ' . )
Cusl)= 3 Aug®yoz)exp) - . . . (19
where 0,, ..., 0, are the roots of the determinantal equation :
|A9(zl,...,29)l=0, . . . . . . (16)

a fourth degree equation in 62. The coefficients 4 ,,® (z,, .. .,2,) are com-
pletely determined by eqn. (13) and the boundary conditions but the
explicit solution for @, 5(x) in terms of z;, . . . , 2y is very cumbersome. For
most purposes it suffices to determine the moments of the corresponding
joint distribution and this can easily be done numerically.

The emergent angular distribution for given « and 8 is given by P 4(x)
which is obtained from G 4(z) on letting 2y, . . . , z9 all tend to 1. Alterna-
tively P,(x) can be found directly from eqns. (13) and (14) on setting
2y= ... =24=1 throughout. The solution is found to be of the form:

8
Px)=4,5+A4,,@x+ > A4 ,Pexp(Ox), . . . (17)
k=3

the first two terms arising from the double root 8 =0 of the equation :
[4,1,...,1]=0, . . . . . . . (18)

and the remaining terms from the other six roots 6;, . . . , f5. The con-
stants 4,,® are determined uniquely by (13) and the boundary conditions:

P 4a)=8,5 B=1,8,9,10, }

Py0)=8., B=1,2,3,4. (19)

Numerical solutions of these equations will be given in § 3.

Now we consider the spectral distribution of the emergent photons.
Let @ ,,4(A | %) denote the distribution function of the increase in wavelength
due to multiple scattering of a photon which starts from « with direction 8
and emerges from the slab with direction «. The Mellin—Stieltjes trans-
form

<I>aﬁ(s|x)=f NLdd M z) . . . .. (20)
o ,
is clearly given by :
D, (s |2) =[P @) K pls,), . . . . . (21)
where :
K, 4(s,%) = > P g io(@) (638, 4 . . . +5g0,)5 2
' it =0 ‘

and 8y,...,8, are defined by eqn. (9). If z is a positive integer then
® 4(n+1]x) is the nth moment about the origin of the wavelength
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increment A. These moments can be determined by expressing K , ,(n + 1 ) )
in terms of derivatives of Ga s(@)atz;=...=24=1. Thus, for example:

K, { 2 8 _Gaﬁ(w)}

Z1= ... =gy=1

and ‘ _
K $ % 5t @ 3 522 G
«a(3, %)= = @ @)+ — G, x} .
o%:2) {p=1 =1 qazpb‘zq f por D0z T L =z=1
It follows from eqn. (13) that K, ;(2,x) satisfies the equation :

_ A1,..., DK (2,2)+BP (2)=0, . . . . . (22)
where B is the matrix:

04,
' { 2 31;6 }z;=...=z.=1

and the boundary conditions for K, (2,x) are:

K ,(2,6)=0, B=1,2,3,4,
K ,(2,0)=0, B=1,8,9,10,

Further differentiation of eqn. (13) gives equations for K ,4(n,z), n>2
which, together with the boundary conditions

Kaﬁ(n’ b)=0’ /3= 1,2,3,4,
Kaﬁ(n’a) =0, ﬁ= 7,8,9,10,

completely determine the higher order moments @ ,,(n |z), n > 2.

~ In §4 we shall determine numerically the first two moments of the wave-
length increase for radiation transmitted through slabs of various thick-
nesses. These moments will then be used to estimate the spectral distri-
bution of the transmitted radiation.

(23)

§ 3. THE ANGULAR DISTRIBUTION OF EMERGENT RADIATION
As already described in §2, the distribution of emergent direction for a
photon which starts from a point (e < « < b) moving in direction 8 is found
from the equations :
A,1,..., )P (2)=0, . . . . . . . (24)
with boundary conditions (19). :
It is convenient to write the solution (17) of these equations in the form :

. . 8 .
P (x)=C_+B ®+B @4 kzs B ®exp(f,x), . . . (25)

where f,...,05(0;5<0,... <b;)are the non-zero roots of (18), 6, =6, =0 and
C, is the column vector whose ith component is u, B, ®, i=1, . .., 10.
From eqn (24) it then follows that the vectors B * satisfy the relatmns

AL DBB=0. . . . ... (20)
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For each value of k£ eqn. (26) can be used to determine the constants

P®), such that . w )
=B O [B "], =1,...,10

| SZ’B af [ ad ] ]p;:l’.“: 8: } L (27)
and thus to express B, ,® in terms of B ;® for every k and 8. From the
boundary conditions (19) it then follows that the matrix whose sth row is:

[B159 Byg® B3s® By Bys® Bys® By By 5], i=1,...,8,

is the inverse of the matrix whose ¢th rowis:
[EO6®. (4 1) @ . exp (01) ® . exp (04]) ... 0. exp (BD)], i=1,...,4,

[ o® i oPpgyn P a® Py o® ce iy e® 1 i= 5, ... 8.
We have supposed here that ¢ =0 and b=1, i.e. [ is the thickness of the slab.
~ Having determined the constants B, the probabilities P, ,(x) are given
explicitly by eqns. (25) and (27).

For scattering in the semi-infinite slab {x:0 <z < o} the eqns. (24) to
(27) are still valid but the modified boundary conditions (i.e. that P, ,(x)
be a bounded function of x as z— oo) require that

C.=B®=BO®=BM=B®=0. . . . . . (28)
The boundary conditions in this case lead to the result:
By Bgy® Bgs®  Byos® P P ® Y® ]
B 75(3) B 85(3) B 95(3) B 105(3) — 5[’8(1) 9[,8(3) ¢8(4) ¢8(5) (2 9)
Bys® Bg® By® Byps® Po® Y@ D h® ’
B 75(5) B 85<5) B 95(5) B 105(5) ¢10(1) '11‘10(3) l/’10(4) ¢10(5)

where the constants ¢ ® are defined exactly as before. The probabilities
P 4(x) are again found explicitly from eqns. (25) and (27).

In order to relate the discrete angular distributions obtained in this way
to the continuous distributions which would be obtained from the exact
differential cross section (1) we proceed as in Brockwell (1954) supposing the
discrete probabilities to be distributed over the appropriate regions of the
unit sphere. Thus if P,, P,, P,, P, are the probabilities of emergence in
directions 1, 2, 3, 4 for the discrete model and f(u) is the probability density

(normalized so that f f(p)du=1) of the cosine of the angle between the

emergent direction and the X-axis in the continuous model, then Bi(TAR
1=1,2, 3,4, bisestimated by :

15P,

mm=a+m+&+&’
15P, - ... (30)
= ) =2,3,4,
i) 1P, 1P, 1 P4 Py " _

flps)=0.
. Numerical calculations of f(u) were carried out for the photons trans-
mitted through a slab of given thickness when the photons are incident
isotropically on one face of the slab. The results are shown in fig. 1 for
- several values of slab thickness.
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The proportions of incident photons transmitted through the slab for
thicknesses I= %, 4, 2 were found to be 0-5715, 0-4232 and 0-3385 respec-

tively.

2.0

© 0.5

0.0

Fig. 1

0.2 0.4

0.6

1.0

“

The angular distribution of emergent photons transmitted through a slab of
thickness /.

The accuracy of this procedure is indicated in the following table which
shows the emergent angular distribution (f(x)) in the special case of photons
originating at a large distance below the surface of a half-space. The exact
solution as given by Chandrasekhar (1960) is compared with the icosahedral
approximation, Chandrasekhar’s Gaussian quadrature approximation
(1944), and the approximation of Wilson and Sen (1964).

Table 1
. Exa,ot Icosal'le dro,li Chandrasekhar’s method :1‘1%.1%%1:1
so}utmn approximation A n=3 nel
1-0000 2:5292 2-5287 2.4962 2-5152 2:56376
0-8090 1-8036 1-8042 1-7748 1.7910 1-8181
0-5000 0:8689 0-8706 0-8488 0-8593 0-8812
0-3090 0-4404 0-4430 0-4273 0:4334. 0-4468 |
0-0000 0.-0000 0:0000 0-0000 0-0000 0-:0000
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§ 4. THE SPECTRAL DISTRIBUTION OF TRANSMITTED RADIATION

We again consider a monochromatic stream of photonsincident 1sotroplc-
ally on the face =0 of the slab {x:0=2 =<I). The spectral intensity (rate
of incidence of photons per unit wavelength interval) of the incident
radiation is given by :

: IN)=086(A-2y), . . . . . . . . (31
where 8(x) is the Dirac delta function and J, is the incident wavelength.
It is the purpose of this section to examine the spectral intensity of the
radiation emerging from the face x=1.

Suppose 7(A) is the spectral intensity corresponding to an emergent
wavelength (A+2,), i.e. the rate of emergence of photons with wavelength
in the small interval (Ay-+A, XAy+A+0A) is 7(A)0A+0(5A). Then 5(}) is
clearly independent of A, and can be written:

PA)=my8(A)+y@A), 0SA<o0, . . . . . (32)
where 7, is the probability that an incident photon is transmitted through
the slab with no collisions and y(A) is the intensity of the emergent radiation
which is scattered at least once in its passage through the slab. It is worth
noticing at this point that the spectral intensities found by Chandrasekhar
and O’Rourke (fig. 3) are not of the form (32); in fact they differ in two
respects, first in the complete absence of a delta function component and

Fig. 2

0.25

o.10

0.05

Increase in wavelength

The spectral mtens1ty of scattered radiation transmitted through a slab of
thickness 7. In addition the intensity of the transmitted radiation
will have a component m,8(A) due to unscattered photons. The wave-
length increase is measured in Compton units.
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Fig. 3

o5 -

Increase in wavelength

O’Rourke’s curves showing the spectral intensity of emergent radiation measured
in units of the integrated incident intensity. The wavelength increments
are again measured in Compton units.

" secondly in the existence of anon-zero probability of a negative wavelength
increment which for Compton scattering-is physically impossible. As
Chandrasekhar points out, his results are physically significant only when
integrated with respect to a smooth spectral dlstrlbutlon of incident radia-
tion.

Making use of the icosahedral approximation described in the preceding
paragraphs it is possible, as we shall now show, to determine the moments
of the distribution of emergent Wavelength and to fit an emergent spectral
distribution of the correct form as given by eqn. (32). We first evaluate
7, and y(0) exactly and then use the icosahedral approximation as described
in § 2 to determine the first two moments of the increase in wavelength of the
transmitted radiation.

If P is the cosine of the angle made by an incident photon with the positive
X-axis, then for isotropically incident radiation y is a random variable
uniformly distributed on [0, 1]. The probability , is therefore given by :

. 1 :
ﬂo=f exp (— Zprl)dy . (33)
. J 0 s
For a smgle colhswn the probablhty densxty f(A) corresponding to an
increase in Wavelength_)\_ is readily found from eqns. (1).and (3) to be:
Cfy=3E-2A+2), 0=Aas2. .. . . . (34)
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The only contribution to the intensity ¢(0) comes from photons which are
scattered exactly once. Hence:

1
y(0)=%f0 lutexp(—lpdp. . . . . . (35)

For any given slab thickness, =, and y(0) are easily found from eqns.
(33) and (35) using tables of the exponential 1ntegral

We now return to the icosahedral model of §2 in order to d.lscuss the
moments of the emergent spectral distribution. For radiation incident
isotropically on the face x =0, the direction of motion of an incident photon
is a random variable 8 which takes the values 1, 2, 3, 4, 5, 6 with associated
probabilities r, =1/15, ry=4/15, r;=4[15, r,=4[15 and ry;=r¢=1/15. The
mean and mean square of the increase in wavelength of the transmitted
radiation are given by :

4 6

é’(A)=}T s zrﬁxaﬁ(.‘z,o{l, L (39)
a=1 B=1
6

,\2__ S S rK.G 0)] .37
a=1 g=1

where m=32%_, >¢_, 7, P ,4(0) is the probability that an incident photon is
transmitted through the slab and the functions K ,4(2, x) and K ,4(3, z) are
found as described in §2.

Expressing &(A) and &(A?) in terms of the spectral intensity () we have :

1 @ . [co]
&M= 2 f Mydr= f MW, . . . . (39)
TJo 7Jo
_1 f Ny dh= 2 f Xy)dh . . . . (39) -
7Jo mJo
There are two further conditions to be satisfied by y(A), namely :
fy(h)d)\=7r—7ro L. o)
0 ,
and ‘
1
=gf lutexp (—lw Y du. . . . . . (41)
0
Table 2
! 2/3 43 | 2

m | 02478 | 009204 | 0-03753
»0) | 01992 | 01287 | 0-07335
A 0-5715 | 04232 | 0-3385
N | 10794 | 26124 | 46021
&N | 41550 | 16-898 | 44233

a 01992 | 01287 | 0-07335
‘;cc 12931 | 11269 | 0-8790
b 0-07886 | 0-04053 | 0-01924
B | 06817 | 04322 | 02974
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The results of numerical calculations of =y, ¢(0), 7, &(A) and &(A2) are
shown in table 2 for various slab thicknesses. The parameters a, b, «, B
were obtained by fitting a curve of the form:

y*(A)=aexp(—ad)+bAexp(—BA) . . . . (42)
to the scattered component y(A) of the transmitted spectral intensity ;
the form of the second term on the right-hand side of (42) was chosen to give
a sufficiently slow rate of decay with increasing A and the parameters a, o,
b and B were determined from the four conditions (38), (39), (40) and (41).

Figure 2 shows the graphs of the fitted functions y*(A). The probability
density {(}) of the increase in wavelength of scattered radiation (normalized

so that f ” {(A)dA=1)isrelated to y()) by the equation :
0.

W =—m) ) . L (48)
and is approximated by {*(A) = (w —m,) Ly *(A).

We remark finally that the assumption of an isotropically incident stream
of radiation is not necessary for the analysis. Any incident angular
distribution which can be reasonably well approximated by a distribution
on the set of 30 directions in space which we have used can be dealt with in
the same way. Furthermore, although we have here considered only the
. overall emergent spectral distribution for transmitted radiation the same
method can be used to determine the spectral distribution for particular
directions of emergence.

§ 5. A SERIES SOoLUTION FOR THIN SLABS

The fundamental eqns. (13) lead directly to a series solution for the
generating functions G, 4(x) which is useful when dealing with thin slabs.
As distinet from the usual thin slab approximations (which are based on the
assumption of not more than some small number of collisions) the present
method expresses G, 5() as a power series in  which can be truncated when
the slab thickness [ is sufficiently small.

It is apparent from eqns. (13) that ¢ ;(x) and G 4(z) can be expressed as

linear combinations of G (%), . . . , G 4(2), G 7(T), . . . , G 130(%) ; the equations
can then be re-written in the form:
0
a—xga(x)=R(z1’~~:29)8a(-’1’), e e (44)
where B (zq, ..., 2,),1s an easily determined 8 x 8 matrix and
Gal(x) ]
_ | Gu@
g a(x) - Goﬂ(x)
L Galo(x) J
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The solution of this set of differential equations is:

g.(x)=exp(xR)g,0), . . . . . . . (45)
where g ,(0) is determined by the boundary conditions:

Gop0)=8.5 B=7,8,9,10, . .-. . . . (46)

Qo) =8,5 B=1,2,3,4. . . . . . . (47)

In principle this result completely solves the scattering problem for the
icosahedral approximation, however, the evaluation of the components of
the matrix exp (zR) is extremely difficult for arbitrary z,,...,2,. Now
the power series expansion'

-0 R k
exp (zR) = E @ )

is convergent for all z and provided z is suﬂic1ently small the exponential
function can be replaced by the first few terms of the series. Hence if the
slab thickness [ is small (implying that x is small since 0<2<!) an
approximation to g () is given by :

g.(x)= [2 xR):Iga(O), o<z<l, . . . . (49)

and g(0) can be determined from the boundary conditions (46) and (47).
In particular this method reduces the determination of the transmission
probabilities P ,3( 0),8=1,2,...,6,to the numerical inversion of a single

_matrix.

(48)
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