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Abstract

In the last decade, environmental concerns and technological advance-
ment have led to a transition from centralised fossil fuel-based gen-
eration towards distributed energy resources (DER), such as rooftop
photovoltaic (PV) systems. This transition, however, has resulted in
new technical challenges, such as the over-voltage problem. Tradition-
ally, the distribution system operators (DSOs / DNSPs) periodically
manage slow-acting regulating devices such as on-load tap changers or
suggest a grid reinforcement plan to keep the networks secure. How-
ever, such approaches may no longer be reliable, as they are either too
costly or were designed to control fluctuations caused by slow changes
in demand. Fortunately, the utilisation of PV smart inverters presents
an alternative solution to the voltage rise problem.

An important question arises: how to coordinate voltage control
devices in PV-rich distribution systems to guarantee a safe and eco-
nomical operation for both the networks and consumers? This thesis
explores innovative technical solutions to answer this question. The
first step towards finding a solution is to establish whether the DSOs
can rely on existing communication-less control devices, or there is
an urgent need to invest in building a communication infrastructure
in the PV-rich distribution systems. Our analysis of various available
standards and innovative control schemes confirms the inadequacy of
existing communication-less schemes to deal with the voltage rise prob-
lem. Hence, with the uptake of PV systems in the distribution systems,
it is highly suggested that the DSOs invest in a communication infras-
tructure to coordinate the inverters with other existing voltage control
devices.

Assuming that communication infrastructure exists in distribution
systems, we study how to realise a control algorithm that coordinates
thousands of residential inverters. We propose two approaches based
on the application of affinely adjustable robust counterpart (AARC)
methodology that respond to changes in local real power (AARBP)
and voltage magnitude (AARBV), respectively. Through numerical
simulations, we show that our proposed approaches can keep the volt-
ages inside the accepted limits for a wider range of scenarios compared
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to alternative approaches in the literature while significantly decreasing
the reactive power usage, real power loss, and line congestion.

Next, we build upon our approach and extend its modelling in three
main ways. Firstly, we extend the modelling to three-phase unbalanced
distribution systems. Secondly, we allow the full control of both real
and reactive power output of the PV inverters. Finally, we incorpo-
rate the probability distribution function of uncertain parameters to
improve the performance of our approach in scenarios away from the
worst-case realisation of the uncertainty. Our simulations confirm that
our approach is robust against parameter uncertainty while decreasing
the real power curtailment up to 60% compared to the conventional
AARC approach.

Finally, we further extend our approach to incorporate soft con-
straints. We propose an adjustable scenario optimisation-based solu-
tion approach that maximises the usage of DER generation within the
operation horizon while providing the required level of network security.
Our modelling i) guarantees hard constraints satisfaction, ii) allows
fast-acting devices, e.g., inverters, to adjust in response to live realisa-
tions, and iii) enables the operators to maintain the soft constraints
with a pre-determined probability using a joint chance-constrained
(JCC) program. We show that our approach outperforms the con-
ventional scenario optimisation and adjustable robust approaches, re-
spectively, by 88% and 86% in our experiments.
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Chapter 1

Introduction

1.1 Introduction

With the growing concern about climate change in the last decades,
more attention is given to the importance of urgent action in response
to excessive carbon emissions. The International Renewable Energy
Agency, in its 2019 report [1] states that accelerated deployment of
renewables can achieve over 90% of the energy-related carbon dioxide
emission reductions needed to set the world on an energy pathway to-
wards meeting the Paris climate targets. Among low-carbon technology
options, solar Photovoltaic (PV) technology solely accounts for 21% of
the total emission reduction in the energy sector [1]. Government in-
centive policies and rapid decline in the price of PV panels in the past
decade have led to the massive installation of this technology in power
systems worldwide. Figures and show the global growth in
PV power generation and the reduction in the cost of PV installation
in different countries over the past decade. With these trends, it is es-
timated that solar power will be capable of generating more than 25%
of total electricity needs in 2050 [1].

Over one-third of new solar PV capacity installations worldwide are
rooftop attachments |3]. The high share of rooftop solar indicates that
the incentive policies and technological advances have indeed been suc-
cessful in presenting rooftop PV as an economically viable alternative
to the more traditional fossil fuel-based energy generating units. How-
ever, this transition from large centralised generation towards small-
scale distributed renewable energy generation opens a new paradigm
for the electricity distribution system operators (DSOs)]

We use the term DSO broadly to capture the entity that manages the distribution
network. This entity in Australia is known as the Distribution Network Service Provider
(DNSP). Throughout this thesis, we use these two terms interchangeably.



CHAPTER 1. INTRODUCTION 2

4000 p

3000 [ A
an)

= 2000 .
F

1000 - i

0 J—A_—_A_—_-_-_-_._I_._ll
2000 2005 2010 2015 2020 2025 2030
Year

Figure 1.1: Annual solar PV generation worldwide (2]
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Figure 1.2: Installation cost of solar PV systems [1]

Prior to the uptake of rooftop PVs, distribution networks typically
experienced one-way energy flows and relatively smooth aggregate fluc-
tuations in consumers’ demand due to low load factoif} Hence, the
DSOs could run the system using a fit-and-forget approach , which
was sufficient to ensure the safe operation of the system. They set the
settings of the legacy voltage regulating devices such as on-load tap
changers (OLTC), voltage regulators and capacitor banks and were
confident that these devices could keep the distribution system volt-

2Load factor is defined as the ratio of the average demand of any individual customer
or a group of customers over a period to the maximum demand over the same period .
In distribution systems, the load factor is often less than 0.4.
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ages within the standards [6]. However, studies have shown that the
coincidence of peak PV generation and low residential consumption,
commonly found during weekdays, will cause reverse power flows [7].
Moreover, unlike the demand, the rapid fluctuations in PV generation
are often synchronised, making their fluctuations change the system op-
erating point significantly in a short amount of time. Indeed, studies
have reported new technical challenges in PV-rich distribution systems
such as over-voltage [§], overloading [|9], power quality |10], protec-
tion |L1], stability [12] issues. Among those issues, the steady-state
over-voltage is considered as the most critical one [13] and is the focus
of this thesis.

To alleviate the voltage rise problem, traditional approaches sug-
gest grid reinforcement or the use of slow-acting legacy voltage reg-
ulating devices [14]. However, such approaches are either costly or
were designed to control voltage fluctuations caused by slow changes
in demand, and are not adequate to respond to the fast and often
synchronised variations of PV systems. Fortunately, the utilisation of
PV smart inverters present an alternative solution to the voltage rise
problem [15]. These resources are already available in LV systems,
which significantly reduces the investment cost for the DSO relative to
the grid reinforcement option. Moreover, the real power curtailment
and reactive power compensation capabilities of these inverters can ad-
just the output of the inverters promptly, which makes them a suitable
option to manage the fast changes in rooftop PV generation [16]. How-
ever, a challenge is that although the real power curtailment reduces
the PV real power injection to the network [6] and hence reduces the
voltage rise problem, it effectively throws away surplus renewable gen-
eration, reducing the value to PV owners [17]. On the other hand,
reactive power consumption can decrease the required real power cur-
tailment at the expense of increasing network losses [18]. Hence, these
resources should not be used without careful consideration.

This thesis explores innovative technical solutions to efficiently and
safely operate the available resources in PV-rich distribution systems.
It addresses the question:

How to coordinate wvoltage-control devices in PV-rich distribution
systems to guarantee safe and economic operation for both the network
operators and consumers?

In what follows, we look at the available solutions to the above ques-
tion in the literature and categorise them based on their assumption on
the existence of communication infrastructure in distribution systems.
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1.1.1 Operation of Existing Communication-Less Distribu-
tion Networks

Installed residential PV inverters need to be coordinated to get an
effective and flexible response at the network-wide level. Therefore,
various techniques have been developed to coordinate the real and re-
active power of multiple inverters with other voltage control devices in
distribution systems. These approaches are commonly referred to as
active network management (ANM) schemes. Based on their commu-
nication requirement, they are broadly classified as local, distributed,
decentralised and centralised [19], as shown in Fig. [1.3]

A local control approach only relies on local measurements avail-
able to each inverter, is responsive to real-time changes and does not
require communication infrastructure. Existing standards on the us-
age of inverters for voltage regulation [20-23] can all be categorised
as local control approaches. They suggest that the real and reactive
power of the small-scale residential / commercial inverters should be
a function of voltage magnitude or the available real power to the PV
systems. Similar functions have been used for decades in the wind and
solar farms at medium and high voltage levels to help with voltage and
frequency control. We raise the following important question about the
local voltage control approaches in distribution systems:

What are the implications of the DSOs solely relying on local voltage
control approaches to coordinate the residential / commercial inverters’
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outputs for voltage regulation in PV-rich distribution systems?

In answering this question, we will provide insights for the DSOs
to determine whether they need to invest in building a communication
infrastructure for the safe operation of PV-rich distribution systems,
or they can rely on the available resources to maintain the networks
within the operational limits. Our analysis will investigate the efficacy
of available standards and new innovative local control approaches in
dealing with the voltage rise problem and indicate their limitations.

We learn from our studies that since local control approaches lack a
system-wide perspective, their performance is often far from optimal.
Also, these approaches often will not be able to efficiently handle all
scenarios in our networks. The reason is that to guarantee network se-
curity in all scenarios, they have to curtail real power (or inject reactive
power) more than necessary, leading to an overly conservative outcome.
Hence, with the increasing uptake of PV systems in the distribution
systems, it is highly suggested that the DSOs invest in a communica-
tion infrastructure to coordinate inverters with other existing voltage
control devices.

1.1.2 Operation of Future Distribution Networks Equipped
with Communication Infrastructure

Assuming that communication infrastructure exists in distribution sys-
tems, the rest of the control architectures depicted in Fig. can be
realised. Centralised approaches bring the inverter / meter measure-
ments to a central location, make a control decision, and then relay
that information back to the inverters in the field. They have the po-
tential to make the best decisions due to their system-wide perspective.
However, they run into computation and communications problems in
highly volatile settings where the controllers need to be coordinated fre-
quently (usually in tens of seconds for reliable operation in distribution
systems) [24]. Also, the underlying assumption in these approaches is
that DSOs have access to the inverter controller of all the customers and
hence, can solve a central optimisation problem to coordinate the volt-
age control devices in the grid. Decentralised [25] and distributed [26]
approaches can mitigate the computational and single point of failure
problems of centralised approaches. They also can eliminate the need
for direct control of inverters by the DSOs. However, they typically
will have to forgo solution quality when implemented, and since their
convergence is highly dependent on the convexity of the problem, they
are less attractive in real-time voltage control applications [27].
Instead of a purely local or central approach, the possibility of a
combined central-local approach to coordinate inverter outputs is start-
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ing to be explored in the literature [27-30]. The idea is to benefit from
both the system-wide coordination of centralised approaches and the
fast response of local approaches. Hence, the focus of this thesis is to
answer the following key question:

How to design a combined central-local voltage control approach for
PV-rich distribution systems?
We identify the following main challenges in such designs:

e The optimisation in the central layer aims to coordinate thou-
sands of residential and commercial inverters along with other
installed voltage control devices. This is especially problematic
since the optimisation problem needs to be solved frequently (usu-
ally every 15 minutes). Hence, the proposed design must be suffi-
ciently scalable to solve such a large problem within the available
time. However, the power flow equations representing the flow of
electric power in an interconnected system are non-convex, mak-
ing the optimal power flow (OPF) problem intractable and diffi-
cult to solve for large distribution systems.

e The response time of voltage control devices ranges from a couple
of minutes, e.g. capacitor banks, to less than a second in resi-
dential inverters. Hence, any applicable proposed design should
factor in the time-scale difference in these devices and simultane-
ously coordinate their actions.

e The uncertain and volatile nature of the PV generation and de-
mand behaviour has increasingly made the decision-making for
control devices more difficult. Under such a highly volatile setting,
the deterministic approaches that neglect the uncertain nature of
the problem often fail to provide reliable control signals [31].

The main focus of this thesis is to design a combined central-local
voltage control approach that addresses the above challenges. In each
chapter, we gradually build up a model to satisfy every criterion.

1.2 Thesis Outline and Contributions

In this thesis, we first investigate the capability of local control ap-
proaches in dealing with the voltage rise problem in PV-rich distri-
bution systems (Chapter . Next, Chapter |3| introduces two-stage
combined central-local voltage control approach structures. It then de-
scribes how we can apply affinely adjustable robust counterpart (AARC)
methodology to realise such a two-stage scheme to coordinate inverter
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reactive powers in balanced distribution systems. Chapter 4] extends
the modelling to three-phase unbalanced distribution systems, coor-
dinating inverter real and reactive powers simultaneously, and incor-
porating historical data. Chapter 5| further extends the modelling to
distinguish between the hard and soft constraints, using a joint chance-
constrained program. Finally, Chapter [6] concludes the findings of this
thesis. In what follows, we provide a more detailed summary of our
main contributions in this thesis and outline how the thesis is organ-
ised.

e Chapter[2investigates the efficacy of different standards and avail-
able approaches in the literature to design local control algorithms
in dealing with voltage rise in PV-rich distribution systems. Also,
here we propose a novel local control approach, which prevents
overvoltage / undervoltage by determining dynamic set points of
PV inverters based on online measurements of connection point
voltage. We then show that, although our proposed approach
outperforms the alternative local control approaches, it still fails
to keep all the voltages within the desired band in all operating
scenarios. Hence, we argue the need for a communication infras-
tructure for voltage regulation in distribution systems.

e Chapter [3| details the structure of combined central-local volt-
age control approaches. It also presents our approach to model
uncertain parameters within an OPF problem. Since we are in-
terested in guaranteeing safe operation, this chapter focuses on
robust optimisation (RO), which allows the modeller to ensure
that all constraints are satisfied as long as uncertain parameters
are within a bounded interval. In this chapter, we also propose
two novel two-stage volt/var control schemes based on the AARC
methodology to mitigate the over-voltage issues while reducing
the over-conservatism of traditional RO. To cope with different
grid code requirements, our first approach formulates the unused
capacity of residential inverters to provide reactive power sup-
port based on real power deviation, while the second approach
formulates this capacity based on voltage magnitude deviation.
Although these approaches can alleviate the over-voltage issues,
there is only so much they can do before reaching the inverter lim-
its or causing other problems for the network through increased
currents. Moreover, the high resistance to reactance ratio in dis-
tribution systems’ lines further limits the reactive power-based
approaches ability to prevent voltage violations. Hence, in Chap-
ter [, we extend our modelling to include the real power curtail-
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ment functionality of the inverters.

Our main contribution in this chapter is the development of a
novel formulation of the volt/var problem that, unlike alternative
AARC-based approaches, allows us to directly include the voltage
and inverter limit constraints at the early stages of developing
the control algorithm. Our simulations show that our approach,
compared to the state of the art, leads to fewer voltage violations
and significantly decreases inverter reactive power usage, network
real-power loss, and line congestion.

e Chapter [ builds on our proposed modelling approach in Chap-
ter [3| and allows us to simultaneously control the real power cur-
tailment and reactive power compensation of inverters. Whereas
the models in Chapters |2 and [3| assume balanced load, the power
flow in three-phase distribution networks is intrinsically unbal-
anced, especially in networks with highly unbalanced DER pene-
tration. Hence, in this chapter, we extend our modelling approach
to capture the three-phase unbalanced energy flows. Moreover, we
show that if in AARC-based approaches, the controller parame-
ters are obtained based on the worst-case realisations, this may
lead to over-conservative results when uncertainty realises away
from the worst-case. To close this gap, we extend AARC to allow
exploiting probabilistic uncertainty information within the opti-
misation problem. This results in controller parameters that not
only secure the worst-case but also work better in expectation.
However, despite the improvement in the performance, since our
modelling requires a 100% guarantee that all the voltages are
within limits for all the possible realisations, even if it is highly
unlikely that they ever occur, the approach often leads to making
over-conservative decisions. Hence, in Chapter [, we build upon
our model in this chapter to alleviate this problem.

Our main contribution in this chapter is a novel extension to
the conventional AARC methodology that enables us to benefit
from available information about the distribution of uncertain
parameters. Through extensive numerical simulations, we show
that our approach improves the performance of the conventional

AARC up to 60%.

e Chapter 5| extends our model in Chapter |4 by distinguishing be-
tween hard and soft constraints in the optimisation stage. The
hard constraints should be satisfied for all possible realisations of
uncertainty. An example of such constraint is the voltage limit on
a critical node in the system where the disconnection of the node
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from the grid is too costly or consequential. Conversely, the soft
constraints allow some network limits to be violated in extreme
scenarios, if the benefit of allowing such violations for improbable
scenarios outweighs the decisions guaranteeing their satisfaction
for all the possible realisations. An example of such constraint is
the voltage limit on a common node in the grid. We show that
allowing a small probability of constraint violation can change
the problem solution significantly, and result in a significant im-
provement of the optimal value for those instances that remain
feasible.

Our main contribution in this chapter is a novel approach that
combines the application of adjustable robust optimisation and
scenario optimisation for coordinating the fast-acting and slow-
acting voltage control devices in three-phase distribution systems.
Through numerical simulations, we show that our approach by
combining the adjustable robust optimisation and scenario opti-
misation approaches outperforms them by 86% and 88%, respec-
tively.

e Chapter [6]concludes the findings of this thesis and discusses future
developments.



Chapter 2

Local Active Network
Management

The main goal of this chapter is to provide the background material
that sets the context and motivation for our problem. This chapter fo-
cuses on local active network management schemes, and their strengths
and limitations in dealing with the voltage rise problem. It also answers
one of our preliminary questions in this thesis of whether DSOs should
solely rely on local voltage control approaches for voltage regulation in
PV-rich distribution systems or not.

First, in Section we explain why the uptake of rooftop PV pan-
els into distribution systems has led to a voltage rise problem, and how
the utilisation of PV inverters might present a solution to this prob-
lem. Then, in Section [2.2] we present some of the available standards
and innovative approaches in the literature that use PV inverters to
deal with the voltage rise problem. Next, in Section [2.3] we present
a novel heuristic approach for local voltage control. For a point of
comparison, Section introduces a centralised solution to the volt-
age regulation problem, assuming that communication infrastructure
exists in distribution systems. Section reports simulation results
showing the performance of our approach relative to the alternative
approaches. Finally, Section concludes this chapter.

This chapter presents an edited and extended version of our work
[32], published as a conference paper and presented at the 2019 IEEE
Milan PowerTech Conference.

2.1 Voltage Rise Problem in Distribution Systems

The overvoltage problem caused by high PV penetration in distribution
systems can be explained through a simple two-node system, shown in

10
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I'" PV System

Figure 2.1: Diagram of a single-phase two-node distribution feeder

Fig.[2.1. This system consists of a node with grid connected PV system
and electrical demand, a line connecting the two nodes, and a slack
node with constant voltage. In Fig.[2.1] r and x are the grid resistance
and reactance seen from the point of common coupling (PCC), and V,,
and V; are the voltages at the PCC and the slack node. Also, p? and pr®
denote the demand and PV real power generation while p, =pP* — p?
denotes the injected real power from node n into the grid. Similarly,
q? and ¢?¥ denote the reactive power demand and PV reactive power
generation while ¢, =¢*” — ¢ denotes the injected reactive power from
node n into the grid.

The sensitivity of the PCC voltage of a PV system for either real
power or reactive power can be derived theoretically. The voltage de-
viation along the feeder due to the current injected from the PCC into
the grid is:

AV =V, = V= (r+ jx)l,, (2.1)

where [,, is the injected current from the PCC into the grid and is
calculated using the complex power equation at the PCC as follows:

I, = p”‘_/—;q”. (2.2¢)

Substituting (2.2¢)) in (2.1]), the voltage deviation can be written as:

TPn + Tdn .LPn — Tqn
AV = . 2.3
0 +i—x (2.3)

n

Considering V,, as the reference angle, i.e. V,, = |V,,|£0, the voltage at
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Figure 2.2: Voltage profile along a distribution feeder assuming unity power
factor at the load. This figure is sourced from [14].

the grid side can be expressed as follows:

TP + Tqn

VAREAEA A (24)

Since, in short distribution systems, the imaginary part of V; is much
smaller than its real part, substituting (2.4) into (2.1), the voltage
deviation along the feeder can be approximated as follows:

TP + ZTqn

|Val

(2.5)

During PV peak generation, assuming unity power factor at the
load, when PV generation is typically more than the demand [33], the
direction of the real power flow will be from the PCC to the grid, i.e.
pn > 0, which will increase the voltage at the PCC. On the other hand,
in the peak load period when the amount of load usually is greater
than the PV generation, the direction of power flow is toward the PCC,
and the voltage at PCC will decrease. The voltage profile along the
distribution system is shown in Fig. 2.2, The nodal voltage magnitudes
along a feeder must always remain within [V, , Vinaz), which we refer
to as the safe operating region. If the voltage magnitude at a node goes
beyond the safe operating region, it can cause malfunction of household
and network devices, and may result in the node being disconnected
from the grid.
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Figure 2.3: Residential PV power output in a cloudy day

The voltage rise problem has become a critical challenge in the op-
eration of distribution systems due to the synchronised behaviour and
sudden changes in PV generation in multiple houses. To illustrate,
let us use the following example. Fig. 2.3 shows the generation of a
5-kW PV system on a cloudy day [34]. We can see that at midday,
the PV generation can change by more than 55% in one minute. Since
the solar panels in the same feeder exhibit similar fluctuations in their
generation, their collective generation significantly changes the system
operating point. This is in contrast with the behaviour of distribution
system demand. Fig. 2.4la shows the fluctuation in demand at three
randomly chosen nodes out of the 55 nodes with consumption from
the data of the European test feeder [35], and Fig. 2.4b shows the
aggregated demand of all the 55 nodes. We can see that although the
changes in demand of an individual house can be up to 80% from one
minute to the next, as their fluctuation is not synchronised, their ag-
gregated fluctuation in one minute is less than 15%. Hence, the system
operators could use the mechanically switched devices, such as OLTC,
a few times a day (typically four times per day [36]) to keep the system
voltage within a safe operating region. However, these devices are not
designed to keep the system safe in the case of intermittent and syn-
chronised PV generation, as their continuous actions can significantly
reduce their life expectancy [36].

Fortunately, based on , we can see that the voltage rise / drop
along the feeder can be controlled by controlling the real and reactive
power injected into the grid via the real power curtailment and re-
active power compensation capabilities of PV inverters. The following
sections discuss how these resources can be utilised in a communication-
less distribution system.
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Figure 2.4: Electrical demand extracted from the European test feeder [35].
(a) shows the fluctuation in demand at 3 randomly chosen nodes. (b) shows
the aggregated demand of all the 55 nodes with electrical consumption.

2.2 Local Voltage Control Approaches

PV systems are interfaced with LV grids through power electronic in-
verters. An inverter can be controlled to inject / absorb active and
reactive power into / from the grid [37]. In local voltage control ap-
proaches, the decision of how much real and reactive power compensa-
tion is needed from each inverter is taken using only the locally avail-
able information. Indeed, these approaches can be classified into two
groups based on what information they use as shown in Fig. [2.5 The
first group uses behind-the-meter real power information (p*) such as
the amount of demand and available energy for generation via the so-
lar panel as the input to the controller, while the second group uses
voltage magnitude at the PCC as the input. Then, based on certain
pre-specified rules, they calculate how much real and reactive power
should be injected into the grid at any point in time. In what follows,
we present some of the available standards and innovative local voltage
control approaches available in the literature.

2.2.1 Available Standards for Local Voltage Control Using
Inverters

Various standards in different countries exist that promote the use
of inverters to assist in regulating voltage in distribution systems by
adapting their real and reactive output powers [20-22]. Despite their
differences, their modes of operation can be broadly categorised as
voltage-reactive power mode, real-reactive power mode and voltage-
real power mode. In the following, we present a summary of these
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Figure 2.5: Schematic of different control local voltage control schemes in

residential PV inverters.
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Figure 2.6: An example of a standard piecewise linear volt/var curve .

modes of operations.

e Voltage-Reactive Power Mode (volt/var): When in this
mode, the inverter shall actively control its reactive power output
as a function of locally measured voltage magnitude following
a voltage-reactive power piecewise linear function. An example
of such a piecewise linear function is shown in Fig. 2.6 and its
parameters are shown in Table This mode of operation is
commonly referred to as volt/var, and is described in [20-22].
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e Voltage-Real Power Mode (volt/watt): When in this mode,
the inverter shall actively limit the PV panel real power gener-
ation as a function of the locally measured voltage following a
voltage-real power piecewise linear function. An example of such a
piecewise linear function is shown in Fig. . Unlike volt /var, the
default setting in most inverters disables the volt/watt function.
This is the case since the volt/watt function effectively throws
away surplus renewable generation that reduces the value to the
PV owners.

e Real-Reactive Power Mode (watt/var): When in this mode,
the inverter shall actively control the reactive power output as a
function of the real power output following a target piecewise lin-
ear real power-reactive power function. An example of such a
piecewise linear function is shown in Fig. 2.8/ Similarly to the
volt /var operation mode, the settings should be designed con-
sidering the connection voltage level and grid code requirements.
Notice that the left-hand side of Fig. only applies to devices
capable of absorbing real power, e.g., a battery storage system
installed with the PV system. Hence, in our studies, we only
care about the right-hand side of this curve. Table shows
the IEEE 1547 standard suggested parameters for the watt/var
droop, where P/, , and P,,.q denote the maximum real power a
DER can absorb and inject, respectively.

e Voltage-Reactive-Real Power Mode (volt/var/watt):

When in this mode, the inverter shall actively control the reac-
tive power of the inverter and limit the PV panel’s real power
generation, both as a function of the locally measured voltage.
Activating this mode is the same as considering the volt-watt and
volt-var functions are simultaneously enabled. Thus, the reactive
and real power output of the inverters should follow the piece-
wise linear functions in Figures and [2.7] respectively. Also,
the parameters of these functions are the same as the ones used
in the volt-watt and volt-var functions, which are reported in Ta-
ble 2.1, The parameters in this standard are chosen so that the
PV inverters give priority to real power generation.
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Table 2.1: Parameters suggested by the Australian standard on the grid
connection of energy systems via inverters [20] for volt/var and volt/watt
controllers. The reactive power values are the percentage of the installed
inverter rated capacity.

| v [ W [ B[ Vi [@Q [ @]
volt/var | 207 V | 220 V | 240 V | 258 V | 44% | 66%
volt/watt | - — 23V 260V | - -

Table 2.2: Parameters suggested by the IEEE standard 1547 [20] for
watt/var controllers. The reactive power values are the percentage of the
installed inverter rated capacity.

| | e | ps | pa [ Q] Q]
| watt/var | P/, ., | 0.5P! i | 0.5Prated | Pratea | 44% | 44% |
Real Power
P,
Pyt >
\}3 \}4 \I]H Voltage

Figure 2.7: An example of a standard piecewise linear volt/watt curve |21].

2.2.2 Innovative Approaches in the Literature for Local Volt-
age Control Using Inverters

The above standards propose a characteristic curve to support voltage
profiles via a PV system’s real and reactive powers. However, their
suggested curves do not change with time and are obtained irrespective
of network characteristics. Hence, the control actions in each inverter
are determined according to an identical characteristic for each PV
system, independently of its location in the grid and the overall state
of the network.

Our numerical simulations in Section indicate that usage of the
standard static characteristic curves in some scenarios leads to unnec-
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Figure 2.8: An example of a standard piecewise linear watt/var curve [21].

essary reactive power consumption / absorption by PV systems and
unnecessary real power curtailment. Considering the large number of
PV systems in grids, their excessive collective reactive power usage in-
creases the total line losses. Also, real power curtailment is not desired
by the PV owners as it leads to a loss of potential revenue for the
owners. In other scenarios, using the static characteristic curves lead
to overvoltage / undervoltage in the system, while the inverters could
have kept the system safe if their actions were better coordinated.

To overcome the above shortcomings, the available literature on the
voltage regulation problem focuses on developing methods that can pro-
vide a coordinated, systematic characteristic for each PV system along
a feeder coherent with each network specification. The literature, how-
ever, mostly assumes that there is communication infrastructure in
distribution systems. Much of the literature assumes that there is an
underlying communication infrastructure that can coordinate inverters
— a setting that we cover in Chapters BHol It also assumes the ex-
istence of an accurate distribution network model down to residential
customers, which is not available in practice. Here we focus on the
model-free works that do not require communications and thus, can be
more readily implemented for a large range of network settings at a
lower deployment cost.

The use of rule-based algorithms to efficiently utilise piecewise lin-
ear curves is investigated in [13,/16,38-43]. A frequently used approach
in these works is the use of the voltage sensitivity to real and reactive
nodal injectiond!} For example, the authors in [13] calculate volt/watt
droop parameters based on a voltage sensitivity matrix, approximated
about a particular operating point, to coordinate multiple PV systems.

!The voltage sensitivity can be obtained using the Jacobian matrix inverse from a
solved power flow case, which provides an accurate way to calculate droop slopes [39].
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However, this fails to accurately account for the sensitivities when the
operating point is far away from the assumed operating point. To over-
come this, authors in [39] propose a fitting function-based sensitivity
approach that develops a nonlinear function to describe dependencies
between the voltage of a node and its PV real and reactive power in-
jections and then calculates the slopes based on the function. Their
approach requires about 135000 scenarios which are often not avail-
able in practice, and their suggested function should be altered for any
changes in the network configuration.

In addition to the above shortcomings, the authors in [37,42,44}45]
identify another significant concern about the operation of multiple
volt/watt and volt/var control approaches. They have reported an
undesired oscillatory behaviour in the response of these inverters to
operating point deviations. Thus, authors in [44] propose two incre-
mental local volt/var control schemes based on the sub-gradient and
pseudo-gradient algorithms, respectively. In their approaches, instead
of sudden changes in reactive power output in response to voltage de-
viations, reactive power is gradually adjusted based on the changes
made at previous times. They show that in doing so, their approaches
prevent the undesired oscillatory behaviour and achieve better dynam-
ical properties. Similar approaches have been suggested by the authors
in [42] based on the Gradient Projection algorithm to further improve
the dynamic response of the volt/var control approaches. However, al-
though these approaches can mitigate the oscillatory behaviours, they
still converge to the same solutionE] as a simple volt /var droop, shown in
Fig.[2.6] Hence, they will not improve the steady-state performance of
such control designs and will still face similar problems as the existing
standards.

To overcome the above shortcomings, in the following section, we
propose a local rule-based control approach to coordinate residential
inverters’ real and reactive power to mitigate the voltage rise problem
in PV-rich distribution systems. Our proposed approach is based on
an incremental procedure where the real and reactive power of the in-
verters are updated gradually over time. Therefore, the voltages grad-
ually converge towards the desired region through each control action.
Hence, our proposed approach enjoys similar dynamical properties as
those in [42] and [44]. Furthermore, our numerical simulations, in Sec-
tion show that our control proposal keeps the voltages inside the
desired region in a wider range of scenarios in comparison with alter-

’In Appendix we provide a detailed analysis on why and when volt/var and volt/watt
control approaches will cause oscillations in the network voltages. Also, we discuss the
trajectories of the gradient projection algorithm and its steady-state solution relative to
the simpler droop approach.
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native approaches.

2.3 Proposed Local Voltage Control Approach

In this section, we provide details of our proposed approach. The
proposed approach consists of three modes of operation. At any point
in time, based on the measured connection point voltage, one of the
modes of the controller will be activated. Then, in each control mode,
the real and reactive powers of the PV inverter are determined based
on the online local voltage measurements and a set of control rules.
Also, similarly to the IEEE volt/var/watt standard, here prioritise the
use of reactive power over real power curtailment by defining a time
delay in the response of the inverters. Mode 1 is activated when the
connection point voltage exceeds the upper voltage limit. In this mode,
reactive power consumption and real power curtailment are utilised to
bring the connection point voltage back to the desired region. Mode
2 is activated when the connection point voltage is below the lower
voltage limit. In this mode, reactive power injection is utilised to push
the voltages to the desired region. Finally, Mode 3 is activated when
the voltage is within the desired region. This mode is responsible for
normal operation and restoration of the real and reactive powers. The
details of each mode of operation are presented in the following sections.

2.3.1 Mode 1: Overvoltage

When the connection point voltage exceeds the upper desired limit

(V3), the inverter reactive power consumption increasingly adjusts as

a function of its connection point voltage, as shown in Fig. 2.9 a, until

either it reaches its maximum amount, limited by the apparent power

of the inverter, or the voltage is mitigated. Thus, the reactive power
at node n and time ¢ is:

Tn

Q1) = |a(t = 1) + Ag (1) (2.62)

qn

ml(Vn(t) - VS) if Vn(t) >V

, (2.6b)
0 if 1, <V, <Vs

Agh'(t) = {

where AgP’(t) denotes the change in the reactive power output of the
inverter connected to node n at time ¢. m; is the rate of change of the
reactive power, and is obtained from the slope of the curve in Fig. [2.9]a.
In Fig. 2.9] V; and V} are parameters of our design which are used to
adjust the rate of change of the real and reactive powers. Also, operator
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Figure 2.9: The schematics of local real and reactive powers management in
the overvoltage and undervoltage modes of operation; (a) change in reactive
power of the inverter; (b) change in PV real power curtailment.

[.] denotes the mapping of the reactive power in each time-step to the
range [Gn, gn|, which enforces the inverter capacity limit. g, and g, are
the maximum and minimum reactive power available at each node and
time-step, which are limited by the inverter size and the real output
power of the PV.

If the reactive power consumption cannot alleviate the overvoltage,
the output real power is curtailed as a function of its connection point
voltage. However, since normally the voltage deviation is larger for
nodes located at the end of the feeder, according to , the rate of
increase in reactive power consumption in these nodes is larger. There-
fore, they often reach their limits sooner than the other nodes, and
hence, they start to curtail real power sooner than the rest. To use
the full potential of other nodes and avoid unnecessary real power cur-
tailment at nodes located at the end of the feeder, another starting
criterion (C7ritgq,,) is defined. For each node, the starting criterion is
true when the voltage exceeds the upper desired limit for a predefined
number of consecutive time steps. The number of consecutive time
steps is tuned based on the trial and error methodﬂ. Thus, the real PV

3The trial and error experiments are done to heuristically find the time delay that is
smaller than the guidelines for the sustained over-voltage, where the inverters need to be
disconnected from the grid, and is long enough to see the impact of reactive power of
compensation of other inverters.
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power generation at node n and time ¢ is controlled as follows:

A1) = (D) — 91 (2.7a)
p(t) = [ = 1)+ dp] (2.7h)

ma(Va(t) = Va) if Vo(t) > V3 and ¢'(t—1) =7,
and Critstart = True

APCUT (t) —

n

0 if  Otherwise.
(2.7¢)

where pc"(t) and pP¥(t) denote the inverter real power curtailment and

available real power for generation at node n and time ¢, respectively.
Also, msy is the rate of change of the real power curtailment and is
obtained from the slope of the curve in Fig. 2.9]b.

2.3.2 Mode 2: Undervoltage

When the connection point voltage is smaller than the lower desired
limit (V3), the inverter reactive power injection increasingly adjusts
as a function of its connection point voltage until either it reaches its
maximum amount, limited by the apparent power of the inverter, or
the undervoltage is mitigated. Thus, we define the following control
rule:

(0 = [t =1+ agr 0] (2.80)

mg(Va(t) — Vo) if  V,(t) < V4

2.8b
0 i v <y, 28

Agh'(t) = {

mg is the rate of change of the reactive power, and is obtained from
the slope of the curve in Fig. 2.9 a.

2.3.3 Mode 3: Restoration

When the connection point voltage is within the desired region, we
check whether curtailment has been applied in previous times in order
to avoid unnecessary curtailment and harvest as much energy as possi-
ble from the PV. If so, the curve in Fig. 2.10]b is used to decrease the
unnecessary real power curtailment at each node. Also, to prevent volt-
age oscillation around the upper desired limit, we define a deadband
controlled by V4. Similarly to V; in Fig. 2.9 V4’ is defined to adjust
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Figure 2.10: The schematics of local real and reactive powers management
in the restoration mode; (a) change in reactive power of the inverter; (b)
change in PV real power curtailment.

the rate of decrease in real power curtailment. Hence, the potential
extra PV real power gradually augments as a function of the connec-
tion point voltage, as shown in Fig. 2.10, The process of real power
restoration continues until the real power curtailment is decreased to
zero or the voltage reaches the upper desired limit. This control rule
for the real power curtailment restoration is defined as follows:

PA) = P (1) — (1) (2.90)
() = [t =1+ o) (2.90)

ms(Va(t)=V5) if Vo(1) < Vy

2.
0 if Otherwise. (2:9¢)

Apy"(t) = {
If the real power generation reaches the available power time ¢, i.e.,
pP?(t), and the voltage is still smaller than Vi, then to avoid unneces-
sary reactive power consumption, the extra reactive power is gradually
decreased according to the following:

a0 = a2t =)+ ag)]” (2.10a)
(2.10D)

Similarly, another curve is defined to prevent unnecessary reactive
power injection when moving from the undervoltage mode to restora-
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tion mode, i.e., when the voltage becomes greater than V, after being
lower than V, (details omitted to avoid repetition).

2.4 Centralised Solution Using Optimal Power Flow

Assuming that communication infrastructure exists in distribution sys-
tems, and computation time and communication delay are not an issue,
a centralised approach can be realised, which provides the optimum so-
lution to the voltage regulation problem [46]. This approach provides
a perfect but unachievable baseline in which an optimal power flow
(OPF) problem is solved to coordinate the real and reactive power of
multiple PV systems connected to the grid. Although unachievable
due to excessive computational requirements, the OPF still provides
insight into the performance of different voltage control schemes.

We use the Distflow model to represent the power flow equations, as
the Distflow formulation is well-suited for radial distribution systems
with a tree structure, as shown in [47]. In the Distflow formulation, a
power network is represented by a connected graph G = (V, BB), where
V = {0,...,n} denotes the set of nodes with cardinality |V| = n + 1
and B C V x V denotes the set of branches. For every node i € V,
let v; denote the squared voltage magnitude, p; =p?" —pS*" —pP be the
real power injected into the grid at node i, and ¢; = ¢" —¢” be the
reactive power injected into the grid at node i. Also, let S; denote the
inverter capacity connected at node i. For every branch (i,7) € B, let
2 ="1;i;+Jjx;; denote the complex impedance of the line, and /;; denote
the squared current magnitude between node ¢ and node j. Also, let
P;; and @);; denote the real and reactive powers sending from node 4
to node j. It is also assumed that the substation voltage (slack node)
set-point vy is given. Moreover, the inverter capacity and voltage limit
constraints are incorporated in the Distflow model. What follows is
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the OPF formulation:

min Z Tijli; + chm (2.11a)

(3,5)eB ey

= > P — 74;l5;) VjeV (2.11D)

k:j—k
G= > Qit—(Qiy—ily) Vj eV (2.11¢)

kij—k
0 =0;—2(ri; Pj4a:;Qu) + (i +ai)li; — V(i,j) € B (2.11d)
llw > P+ Q;; V(i,j)eB  (2.11e)
=" —p —p? Vjep (2.11f)
g = qﬁw — qj VjeV (2.11g)
(P — pSm)? 4 g7 < 82 Vjiey (2.11h)
o <y < O Viey, (2.11i)

where objective is minimising total real power loss in a dis-
tribution system that includes the power loss due to the real power
curtailment and line losses (because of the current flowing through
lines). In other words, we wish to maximise the power throughput of
the grid and harvest as much PV generation as possible. Please note
that if we only focus on the latter, we end up with the solution of in-
jecting massive amount of reactive power, and thus excessive current,
into the grid, which, aside from creating high losses in the lines, creates
additional problems, such as line overheating, and transformer conges-
tion. Furthermore, it will lead to complications for the transmission
system operators as the injected reactive power is sent through the
transmission system that needs to be absorbed by the generators or
reactors, and it might lead to overvoltage problems as the transmission
system commonly have much higher reactance to resistance ration than

distribution systems. In (2.11]), constraints (2.11b)-(2.11g) denote the
(2.11 )

Distflow equations, (2.11h|) enforces the inverter capacity constraint,
and denotes the voltage limitations. Note that is a conic
relaxed version of the original quadratic equality constraint. This is a
tight relaxation as the objective function includes l;;, which prevents
excessive deviation from the equality (our simulations show that relax-
ing this constraint introduces less than 0.5% error in the constraint).
Please note that in this chapter, we assume a balanced three-phase
network and solve OPF (2.11)) problem for the single-phase equivalent
model. We build on this modelling in Chapters [4] and [5] by removing
this assumption and modelling a three-phase unbalanced distribution
system.
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Figure 2.11: Diagram of a single-phase two-node distribution feeder

2.5 Results and Discussion

2.5.1 Case Study

We test the performance of our proposed method using simulations on
a real 30-node modern underground LV feeder with R/X ~2, located
in Hobart, Australia, and shown in Fig. 2.12] We use the Australia
New Zealand Standard: Grid connection of energy systems via invert-
ers, Inverter requirements, AS/NZS, 4777.2 [20] to specify the nominal
voltage and voltage limits in our study. Thus, we consider the nominal
voltage of the feeders 230V and the base power 1kW. We also assume
the inverters can remain connected to the grid as long as the voltages
are within 216V to 253V.

Our simulations assume a balanced loading condition and a high
PV penetration scenario by pairing each load with a 10 kVA PV sys-
temfl Each of the 30 different residential customers has a different load
pattern, and the rooftop PV systems are assumed to have a correlated
solar input. We extract from [34] PV generation and load consumption
data for five consecutive days at the resolution of one step change per
minute. We arbitrarily select 15-19 January and consider houses to
have 4-6 residents. The often large instantaneous transitions between
minutes provide a good way to test the response of our control approach
and allow us to observe the settling time and behaviour (we consider
the controller voltage sampling rate to be one second). The controller
and simulation parameters are summarised in Table [2.3] Notice that

4The Australian energy council in [48] report a rapid increase in solar panel installations
and their average system from July 2013 to December 2021 in Australia. Their data (please
see figure 1 in [48]) shows that the average PV system size has increased from 4 kW to
almost 9 kW during this period. Also, the International Renewable Energy Agency, in
its 2019 report, anticipated that the increase in PV system installation will continue to
grow until at least 2050. Thus, although the current grid code in some states prevents
higher PV capacity installations, the 10 kW PV system installation that we consider in
our study will likely happen in the future.
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Table 2.3: Controller and Simulation Parameters

Parameter ‘ Value (pu) ‘ Parameter ‘ Value (pu) ‘

Vi 0.5 % 0.92
Vs 0.9 vy 0.96
Vs 1.1 A 1.08
Vi 15 % 1.02

6 29 30 10 11 12
——

BSP 1 2 3 4 5 15
gy [ hn8 9 13 14, 5
= PP | p——
11/0.4 kV 18 19 20 22—+ 23 16 17
| | | 124
| B — 1
26, 27, 28 ——| 25

Figure 2.12: 30-node low-voltage feeder.

the upper and lower voltage limits are 0.94 pu and 1.1 pu in our stud-
ies. All the experiments are carried out using Python scripts. Also,
the optimisation model is developed using the Pyomo package [49] ]

2.5.2 Detailed Results for Some Scenarios

This section demonstrates the detailed performance of our approach
in dealing with overvoltage / undervoltage scenarios in a couple of
scenarios. Average results over the five days are later reported in Sec-
tion 2.5.3] Fig. shows the real and reactive power and the voltage
profile at Node 15 which is located at the end of the feeder, with and
without voltage management at minute 600. We can see that when
the voltage at this node exceeds 1.1pu, Mode 1 of its controller is ac-
tivated. Hence, the reactive power is increasingly consumed based on
(2.6) until it brings the voltage to the desired region after 45s. Also,
we can see that since the reactive power compensation is enough to

®We use an exact power flow model to calculate the voltage magnitudes, using the
Backward-Forward technique [50]. We also use the OpenDSS simulation environment
[51], an electric power distribution system simulator, to verify our implementation of the
Backward-Forward technique.
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Figure 2.13: Detailed performance of the proposed approach at Node 15
in minute 600. The overvoltage at this minute is mitigated using only the
reactive power consumption of the inverter.

bring the voltage back to the region, the real power generation of the
PV does not change in this scenario.

Fig. 2.14] shows the results at minute 690. Similarly to minute 600,
the inverter increasingly consumes reactive power to bring the voltage
to the desired limit. However, because only a limited capacity of the
inverter remains unused (the rest of the capacity is used to generate
9.86 kW real power), it cannot bring the voltage to the safe limit, and
the overvoltage persists. At this stage, as described in Section [2.3.1]
the controller waits to see the impact of other nodes for 26 seconds, and
then starts to curtail the real power output and increase the reactive
power consumption.

Fig. shows the results at minute 725, where a sudden decrease
in the real power generation of the PV systems leads to a drop in the
voltage magnitudes. Thus, Mode 3 of the operation of the controller
is activated at Node 15. Based on , the controller gradually de-
creases the reactive power consumption until it reaches the upper volt-
age limit in the restoration mode (V3). Similarly, in scenarios with
high demand, the controller gradually increases the reactive power in-
jection to prevent undervoltage, which we do not include here to avoid
repetition.

2.5.3 Average Results Over Multiple Scenarios

This section compares, over five days, the performance of our pro-
posed approach with the standard volt/var, volt/watt and watt/var
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Figure 2.14: Detailed performance of the proposed approach at Node 15 in
minute 690. The overvoltage at this minute is mitigated using a combination
of the reactive power consumption and the real power curtailment of the
inverter.
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Figure 2.15: Detailed performance of the proposed approach at Node 15
in minute 725. The unnecessary reactive power consumption is decreased to
prevent excessive line losses.

control approaches described in Section We also implement a
case where the inverters do not use any control approach, i.e., they
work with unity power and do not curtail real power. In addition, we
implement the optimal power flow method described in Section [2.4] as
a perfect but unachievable baseline. This method assumes that com-
putation and communication time are not an issue, and we can collect
the demand and generation data, solve an OPF problem and send the
control actions to the inverters every minute. In our experiments, we
assume that when a sustained overvoltage / undervoltage occurs in a
scenario at a node, the inverter connected to that node will be dis-
connected during that scenario. Also, we consider the voltage limits
to be 0.94pu and 1.1pu, and consider 60 seconds as the duration for

SWe provide a detailed discussion on how these approaches can be implemented in a
distribution system, and their potential instability problem in Appendix El



CHAPTER 2. LOCAL ACTIVE NETWORK ... 30

Table 2.4: Summary of the simulation results. NVV denotes the number of
voltage violations, and EL denotes the energy loss.

| | EL (kWh) [ NVV |

No control 860.35 3562
volt /var 538.1 1347
volt/watt 488.2 836
watt /var 432.3 740
volt /var /watt 331.9 81
Proposed 181.2 5
OPF 27.8 0

a sustained overvoltage / undervoltage scenario. We then report how
much real power is lost due to the inverter disconnection, line losses
and inverter-controlled real power curtailment. We also report how
many voltage violations occur in the experiments.

Table [2.4] shows the simulation results over the five days. When
none of the inverters uses any control approach, the network faces 3562
overvoltage cases, which means that in only five days, the inverters in
our experiment will get disconnected from the grid 3562 times. Their
disconnection will lead to a significant loss of energy, and the sudden
change in their output to the grid could result in stability issues in
networks [52]. However, activating any of the local control approaches
will decrease the number of voltage violations and the amount of energy
losses. Moreover, we can see that our proposed approach outperforms
the alternative standard approaches by decreasing the number of volt-
age violations and real power loss compared to the best alternative
(volt/watt/var) by more than 95% and 45%, respectively.

An important observation of Table[2.4]is that although our approach
manages to decrease the number of voltage violations and real power
loss compared to alternative approaches, there is still a significant dif-
ference between its performance and the optimal baseline. Indeed,
because the local control approaches lack a system-wide perspective,
their decisions are made blindly regarding the grid as a whole. Hence,
with more and more uptake of PV systems in the distribution systems,
it is necessary to invest in communication infrastructure to coordinate
multiple control devices in the grid. The advantage of such communi-
cation infrastructure will be for both the DSOs to more reliably operate
the network and the consumers to increase their revenue by preventing
repeated inverter disconnections from the grid.



CHAPTER 2. LOCAL ACTIVE NETWORK ... 31

2.6 Summary

This chapter presents an analysis of how the uptake of PV systems in
distribution systems can cause the voltage rise problem and discusses
how the smart inverters have the potential to mitigate this problem. It
also provides a comprehensive literature review on the state-of-the-art
and established standards for control approaches in a communication-
less grid.

Moreover, in this chapter, a novel decentralized rule-based control
approach is proposed to mitigate overvoltage/undervoltage in a high
PV penetrated distribution network using residential inverters. Based
on online measured connection point voltage, dynamic setpoints of PV
smart inverters are determined, and the voltage gradually converges
toward the desired region. The proposed approach consists of three
modes of operation, overvoltage, undervoltage and restoration modes,
and each mode is responsible for a range of connection point voltages.

To assess the performance of the local control approaches in man-
aging the voltages, we conducted numerical experiments on a real 30-
node high PV penetrated LV distribution network in Hobart, Australia.
The results highlight that although our proposed approach acts closer
to the optimal, without the need for communication, full network ob-
servability and heavy offline computations; there is still a considerable
difference between the local control approaches and the optimal. Thus,
in the next chapters, we investigate how communication infrastructure
can reduce this gap.



Chapter 3

Robust Central-Local
Volt /Var Control

3.1 Introduction and Literature Review

In Chapter [2] we discussed how the massive uptake of residential pho-
tovoltaic (PV) panels has led to overvoltage problems in operating
distribution systems. We also explained how using smart inverter ca-
pabilities to provide reactive power support and real power curtailment
presents a low-cost solution to this problem. Moreover, we showed that
using local control approaches, which allow the inverters to determine
their real and reactive power contributions to the voltage regulation
problem based on only locally available information, is inadequate.
Hence, we argued the necessity of a communication infrastructure for
the coordination of these devices. This chapter explores the use of com-
munication infrastructure in coordinating the reactive power output of
smart inverters to mitigate the overvoltage / undervoltage problem.
Later on, in Chapters [4] and [5], we extend our work to simultaneously
coordinate the real and reactive power of PV inverters.

As introduced in Chapter [I the coordination techniques for the
installed residential inverters in the literature, based on their com-
munication requirements, can be broadly classified as centralised, de-
centralised, and local [53]. Centralised approaches bring the inverter /
meter measurements to a central location, make a control decision, and
then relay that information back to the inverters in the field. They have
the potential to make the best decisions, due to their system-wide per-
spective, but they run into computation and communications problems
in highly volatile settings where the controllers need to be coordinated
very frequently (in a matter of seconds) [24]. By foregoing some solu-
tion quality, decentralised approaches can mitigate the computational

32
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and single point of failure problems that a centralised approach has.
However, the convergence of such approaches is highly dependant on
the convexity of the problem, making them less attractive in real-time
voltage control applications [27]. Unlike centralised and decentralised
approaches, a local control approach only relies on local measurements
available to the inverter. However, because a local controller lacks a
system-wide perspective, its actions can be far from optimal [28].

To overcome the shortcomings of these approaches, we propose to
use a combined local and centralised approach. The idea is to benefit
from both the system-wide coordination of centralised approaches and
the fast response of local approaches. We use a timescale decomposition
technique [29] to combine the two approaches and form a two-timescale
scheme. This should be intuitive as there exist slow-acting and fast-
acting voltage control devices working together in distribution systems.
In these approaches, a discrete controller periodically takes measure-
ments throughout the network and sends corrective adjustments to the
local layer. Then in real-time, the local controller takes recourse actions
after the uncertainty is realised [27-30]. Using such a scheme, we can
extend the period between two consecutive updates of the centralised
layer, making it practical for use in large distribution systems.

Moreover, we make use of the affinely adjustable robust counterpart
(AAR C) methodology introduced in [54] to ensure that the voltage lim-
its are not violated between two consecutive updates. This is achieved
by factoring in the impact of uncertainty in the centralised layer when
the controller parameters are calculated and communicated to the local
layer. In AARC, similarly to a linear feedback controller, the output of
the controllers can be constantly updated as the uncertain parameters
are revealed. In our context, such an AARC approach is in the spirit of
a combined centralised and local control approach, where the system-
wide decisions (known as “here-and-now” values) are made through a
centralised optimisation, while the “wait-and-see” control action are
made locally to tune the “here-and-now” values.

The application of AARC, or equivalently, linear decision rules
(LDR) in voltage control has been investigated in the literature [55],
[30], [27]. In [55], the coordination of residential battery energy stor-
age systems is formulated as an AARC problem and solved using a
distributed optimisation algorithm. A linear decision rule is assigned
to each battery relating uncertain household real power consumption
to battery charge / discharge response. [30] proposed using LDR for
adjusting the reactive power of multiple inverters in response to local
changes in real power injection. The parameters in the decision rules
are obtained based on linearised power flow equations. This work is
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extended in [27] by presenting a closed-form solution to the AARC of
volt /var problem.

Note that the above literature designs the decision rules without
actually incorporating the voltage limits in their model. The decision
rules in [27] and [30] are designed to keep the voltages close to (ideally
the same as) the voltage references. Thus, there is no guarantee that
their results lie within the voltage safe limits. Also, [27] and [30] use as
much reactive power as they can to keep the voltages the same as the
reference value. This not only leads to over-consumption of reactive
power, which can potentially lead to an increase of real power losses,
but also (as we show in Section can increase line congestion in the
distribution system.

To address these shortcomings, in this chapter, we propose two novel
volt /var control schemes based on AARC to keep voltages within pre-
defined limits using residential inverters. To cope with different grid
code requirements, our first approach formulates the reactive power
of inverters based on their real power deviation, while the second ap-
proach formulates them based on voltage magnitude deviation. In the
first stage of both schemes, we propose to decouple the AARC of the
volt/var problem into convex quadratically constrained programming
(QCP) and linear programming (LP) sub-problems. The QCP sub-
problem is a centralised optimal power flow with the objective of min-
imum real power loss subject to voltage limit constraints. The LP
sub-problem is used to optimise the linear relation between the invert-
ers’ reactive power and real power deviation in the first scheme, and
voltage magnitude deviation in the second scheme. The second stage is
a local feedback controller that determines the inverter reactive power,
using the provided linear functions and local measurements.

Numerical analysis is used to compare our proposed methods with
the existing volt/var control techniques in the literature, including two
purely local control approaches, i.e., fixed droop based volt/var con-
trol suggested by IEEE standard 1547 [21], and the incremental droop
control presented in Chapter ; also, the state of the art in volt/var
control based on AARC proposed in |27], and the optimal solution that
has knowledge of the eventual realisation of uncertainty. Our analysis
shows that factoring the actual network voltage limits into the decision-
making process will significantly decrease excess reactive power usage
and real power loss in the system. It should be noted that with in-
creasing voltage issues in distribution systems, it is predicted that new
ancillary service markets will emerge to incentivise consumers to pro-
vide reactive power support [56]. In such a situation, the excessive
use of reactive power puts an unnecessary economic burden on the dis-
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tribution system operator. Another strength of our approach is that
the two AARC formulations facilitate the integration of such control
approaches with existing regulations and grid code requirements. For
example, the German grid code mandates that the reactive power of
residential inverters be a function of real power [22], and the Australian
grid code mandates that the reactive power of residential inverters be
a function of voltage magnitude [57]. The major contributions of this
chapter are:

e an AARC of volt/var problem that formulates the inverters’ real-
time reactive power response as a linear function of voltage mag-
nitude;

e anovel formulation that improves the state-of-the-art solution |27]
to the volt/var problem, which uses AARC to formulate the in-
verters’ real-time reactive power response as a linear function of
their real power deviation. We modify the formulation by in-
corporating the voltage and inverter limit constraints directly in
the formulation at the early stages of developing the linear func-
tion. Our simulations show that our approach, compared to [27],
leads to fewer voltage violations and significantly decreases the
inverter’s reactive power usage, network real-power loss, and line
congestion;

e a Monte-Carlo-based comparison between our proposed approaches
and 4 alternative volt/var techniques in small and large scale dis-
tribution systems. Our experiments demonstrate that not only
our approaches can keep the voltages inside the accepted limits
for a wider range of scenarios, but also significantly decrease the
reactive power usage, real power loss, and line congestion com-
pared to the alternative approaches.

The rest of this chapter is organised as follows. In Section a
short summary of the AARC technique is presented. In Section [3.3our
proposed methods are introduced. A short summary of other volt/var
techniques are presented in Section [3.4], and simulation results are re-
ported in Section Scalability to large distribution systems is inves-
tigated in Section [3.6] Finally, Section concludes this chapter.

This chapter presents an edited and extended version of our work
[46], published as a journal paper in IEEE Transactions on Power Sys-
tems.
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3.2 AARC Methodology

Ben-Tal and et al. originally designed adjustable robust counterpart al-
gorithm in [54] to deal with uncertainty in real-time. For this purpose,
they introduced an affinely adjustable robust counterpart (AARC) vari-
ant in which the variables are modelled as linear functions of the un-
certain parameters. They showed that the AARC approach is not only
computationally tractable, but also that it is significantly less conserva-
tive compared to conventional Robust Counterpart approaches. Their
affine function can be written as follows:

X(e) := p + ae, (3.1)

where X (¢€) is the control variable, comprising a non-adjustable part 3
and an adjustable part ae. € is the uncertain parameter in the orig-
inal problem, while § and « are the decision variables in the robust
counterpart problem. Fixing # and « in real-time operation allows
the variable X to affinely tune itself to the volatility of the uncertain
parameter €. In other words, similarly to a linear feedback controller,
the value of X can be constantly updated as uncertain parameters are
revealed. In what follows, we present the AARC methodology on a
general adjustable robust linear optimisation problem to provide the
required setup on which we build our approachﬂ in Section , whose
result is published in [46]

Let € be a random vector with convex polyhedral sample space
E:={ecR™: We < h}, where W € R”™ and h € R are known
parameters of the polyhedron. Also, let f: & — R™ be a function
whose range are the variables of an optimisation problem that can take
recourse actions in response to the uncertainty realisation. We also
define f € F, where F is the set of all possible/acceptable functions
mapping the sample space £ to R™. Consider a general adjustable
robust linear optimisation problem as:

?g]lrl cf(e) (3.2a)
Af(e) < Be+d Vecf, (3.2b)

where ce R", A€ RY*" B cRY*™ and d € RY are parameters of the
optimisation.

As discussed in [54], solving problem , and finding function f
for a general case is computationally intractable. Also in practice, we

!Throughout Chapters [3| to |5} we repeatedly use linear programming, duality theory
and their applications in obtaining the robust counterpart of an optimisation problem.
Hence, to make it easier to follow for the reader, we provide a brief overview of these
topics in Appendix@
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might want to restrict f to belong to a particular family of functions
for simplicity or stability reasons. If we restrict F to be the set of
affine functions from £ to R”, we can solve the optimisation problem
offline, and then just have to evaluate a simple affine function in
real-time. We can apply this affine restriction directly to f:

fle) = B+ ae, (3.3)

where 3 €R"™ and a« € R™*™ are the decision variables of the offline op-
timisation, and parameters of the affine function. We then, substitute
the affine function , which we will refer to as LDR, in the optimi-
sation model . Notice that the objective function contains
uncertain parameters. The common technique in robust optimisation
to deal with an uncertain objective is to evaluate the objective func-
tion at the worst-case by writing the equivalent epigraph model with
certain objective [54]. To do so, we introduce auxiliary variables (x,),
and then shift the uncertain parameters from the objective to multiple
additional constraints as follows:

mLiaH Tq (3.4a)
c'(B+ ae) <z, Vee & (3.4Db)
A(B+ ae) < Be+d Ve € €, (3.4c)

Introducing vector 3, =[z,, 37T and collecting constraints ([3.4b)) and
(3.4c) in a set of constraints, we obtain:

ﬁmin cl B, (3.5a)
A(B; + ae) < Bie+ d; Ve € &, (3.5b)

where ¢;, Ay, B, and d; are known matrices with appropriate sizes.
Notice that the constraints in need to be satisfied for any re-
alisation of uncertainty within the sample space £, which leads to an
infinite number of constraints. To overcome this, the maz protection
function is used to robustify against the worst uncertainty real-
isation within & as follows:

meagx{(Ala — Bl)ﬁ} S _A1;81 -+ dl. (36)

We then use the duality technique to replace (3.6 with a finite set of
linear inequality constraints:

dA:hTA S _AIIB1 + dl, WTX Z Ala — Bl, (37)
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where A € RY, is the vector of dual variables associated with the
bounding constraints in the sample space £. Hereinafter, we refer to
the optimisation problem with objective subject to constraint
as the conventional AARC model, which is a linear programming
problem and can be solved efficiently using solvers such as Gurobi [58].

3.3 Proposed Combined Central-Local Volt/Var
Control Approach

In this section, we propose an affinely adjustable robust counterpart of
the volt/var problem based on real powers (AARBP) and an affinely
adjustable robust counterpart of the volt/var problem based on volt-
age magnitude (AA RBV). Fig. shows an overview of our proposed
two-stage process. The two stages in our proposed approach are dif-
ferentiated from each other using the black-dotted line, and the data
required to initialize the first stage is shown in the ovals on top. In the
first stage of our control approaches, we obtain the inverter parameters,
which are then communicated to the inverters through a communica-
tion channel. Since both of our proposed approaches are linear, they
remain computationally tractable for networks with large numbers of
PV inverters. We assume we have a reliable communication infrastruc-
ture that allows us to send the smart inverter parameters at regular
intervals. Such communication infrastructure is an essential feature of
smart grids, and various research and standards have been published
to help realise it [59]. In the second stage, using the updated parame-
ters and local measurements, the inverter reactive power set-points are
calculated. The real power set-points are obtained using the maximum
power point tracker (MPPT) included in the PV system to maximise
power extraction under all conditions (note that the MPPT functional-
ity is not the focus of our work). A regular inverter feedback controller
is then used to achieve and maintain these set points on the AC side.
Also, note that our approaches only require the inverters to measure
the connection to the grid voltages, which the already installed invert-
ers can measure in real-time. Thus, there is no need for a hardware
upgrade in the PV / inverter systems. However, the inverters require
a firmware update so that they follow our suggested control strategy.

Our first stage optimisation is done periodically in the background
(in our simulation, we solve the optimisation problem every 5 minutes),
while the local controllers in the second stage work in real-time. We
update the controller parameters when we have a new output from our
optimisation problem. The two blocks in Fig. are detailed in the
following subsections.
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Figure 3.1: High-level structure of our proposed central-local control system.

3.3.1 AARC of the Volt/Var Problem Based on Real Power
(AARBP)

In line with the German grid codeﬂ coordination of the reactive power
contribution of PV inverters can be achieved using a linear relation
between their real and reactive powers. To do this, we consider that
measurements are made periodically throughout the network. Then,
using these measurements, an optimal power flow (OPF) with the ob-
jective of minimizing real power loss is solved to obtain the ideal reac-
tive power contribution of each inverter. Finally, to deal with operating
point deviations in each period, we suggest to use a linear relation be-
tween the change in reactive power contribution and the real power
deviation from the value measured at the start of the period by each
inverter as follows:

" (ApY) = ¢ + cw APl (3.8)

where ¢" is the inverter reactive power connected to node i, ¢** is
the optimal reactive power obtained from the OPF at the beginning
of each period, Ap; is the real power deviation from the measurement,

2The German grid code mandates the grid-connected inverters to provide reactive
power support to keep the voltages within acceptable limits in cases of slow changes in
connection voltage magnitudes. It suggests a linear relationship between the power factor
and PV generation, which mathematically can be mapped to a linear relationship between
the reactive and real power generation. Please note that a similar strategy is also proposed
in the Australian standard 20|, where a relationship between the real and reactive power
is suggested. We have covered this in Section [2:2.1] under the name “Real-Reactive Power
Mode (watt/var)”. Also, note that the difference between the Australian and the German
grid code is the addition of the dead-band in the Australian standard.
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and «; is the slope of the linear decision rule. The affine function
includes a bi-linear term «;Ap”, and thus the resulting AARC
problem would be difficult (if at all possible) to solve. However, the
uncertain parameter Ap!” has a bounded polyhedral uncertainty set
and provided that the rest of the problem is linear, we can use duality
theory to obtain a linear AARC model. Unfortunately, this is not the
case in our problem as our approach features a nonlinear OPF model.
To resolve this, we decoupled the problem into two subproblems. In
the first one, we use a convex conic relaxed OPF model to calculate the
values of ¢;*". i In the second one, we linearise the power flow equations
about the OPF solution of the first stage. This two-stage approach has
the benefit of both accounting for the nonlinear power flow equations,
and a tractable AARC model.

How to obtain the Non-Adjustable Parts of the Decision Variables

As in Chapter 2] we use the Distflow model to represent the power
flow equations. To facilitate the task of the reader in keeping track
of the equations we used, we repeat the model here. Recall that the
VY and B are the set of nodes and branches, respectively. For every
node i € V, v; denotes the squared voltage magnitude, also, p? and p!"
denote the real power demand and PV generation. For every branch
(i,k) € B, zjp =rix+jxir denotes the complex impedance of the line,
and [;; denotes the squared current magnitude between node ¢ and
node k. Also, P;; and ();; denote the real and reactive powers sending
from node 7 to node j. Thus, the Distflow model is written as follows:

min Z rijlij (39&)

(i,5)eB
pi= Y Pi—(Py—rily) Viev (3.9b)
k:j—k
G =Y Qir—(Qy—ily) Viey (3.9¢)
k:j—k
v =v;—2(ry P +2i;Qu) + (Tz'zj‘i‘x?j)lij V(i,j) €B (3.9d)
vilij > P+ Q; Y(i,j) € B (3.9¢)
p;i =0 —p¥ Vjevy (3.9f)
G=¢" —q’ Vjev (3.92)
p’?” + qP” < S Vjey (3.9h)
)

U?”" <wv; < v]m“x VieV. (3.9i
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Solving the optimisation problem , we obtain the optimal value for
the reactive power of each inverter, i.e., ¢;" which is the non-adjustable
part of the reactive power in our design, and is equivalent to the ¢/
in the decision rule .

How to obtain the Adjustable Parts of the Decision Variables

The variable «; is used to deal with voltage deviations due to the uncer-
tainties in inverter real powers. A linear relation between the voltage
deviation, and deviations in real and reactive power of inverters can
be obtained by linearising the power flow equation about an operating
point [39] as follows:

AV, = KEAPY + KA VieN (3.10a)
k=1
oV, oV;

Kt = ; (3.10b)

Wa ik — quﬂ
where N'=V—{0} denotes the set of all nodes expect the slack node.
Substituting Ag;’ = apApy’ from (3.8) into ([3.10a), we can obtain the

voltage deviations in terms of the uncertain parameter, i.e., real power
of the inverter, as follows:

AV, = (K5 + ap K5 ApL. (3.11)
k=1

Remember that our goal here is to deal with uncertainties to prevent
voltage violation. This can be formulated as follows:

ymin LY, L ymae (3.12)

For any small changes around the operating point we can write the two
equivalent linear equations:

V;opt + A‘/z < Vmam, ‘/iopt T A‘/z > me7 (313&)

where V% " is the voltage magnitude obtained from the centralised OPF
at the beginning of each interval at node i. Considering the linear
decision rules, the voltage deviation term can be replaced with (3.11))
as follows:

VY (KD 4 a K ) App < Ve (3.14a)
k=1

VY (K 4 oK) A > v, (3.14b)
k=1
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We use a polyhedral uncertainty set to model the deviation of PV
power from a forecast:

Apy” € U = [Ap[™, Ap}] (3.15a)

7

ApM™ <0 < Ape. (3.15b)
Such an uncertainty set notifies that the PV power can deviate from
its forecast in either a positive or negative direction, which is repre-
sentative of how PV power behaves in practice. We only consider the
uncertainty in PV generation. This is in line with the state of the
art [27] to enable us to compare our approach with the recent related
works. Regarding the uncertainty of loads, since we run our optimisa-
tion model and obtain the AARC control parameters every 5 minutes,
at every run, we take the latest (most accurate) load forecast into ac-
count.

Now we can rewrite as the following optimisation problem.
We consider the objective to be equal to the minimum of aggregated
values of |a;]. The idea is to obtain the minimum aggregate change
from the optimal reactive power values in all the nodes that can keep
the voltages in the accepted limits, for all operating point deviations.
Also, to obtain practical values for a; we consider the inverter capacity
constraint.

min Z af® (3.16a)

i=1
(B14a), (3.14h) Vie N (3.16b)
g <87 Vie N (3.16¢)
™ >y, > Vie N, (3.16d)

where (3.16d]) is used to linearise the absolute value of «; in the ob-
jective function. To avoid repetition, these two constraints are not
included in the formulations in the rest of this chapter, instead only
the absolute value over «; is used. is a circle in (pt, ¢"") co-
ordinates, which can be linearised using a set of linear equalities as
follows:

(cos(@) + sin(@))q +(cos(p) — sin(p))pr’ <V2S; Vie N,V (63 ./147,)

where A = {0,7/m,27/m,...,(2m — 1)m/m}, and m is an arbitrary
integer number. Considering the same box uncertainty set (3.15)), and
partitioning the real power of the inverter pt” = pP™® + Ap!” we can
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obtain the AARC of (3.16]), using the duality technique used in [30] as
follows:

min Z |y | (3.18a)
i=1

VI V>N L App -+ O Appt (3.18h)
k=1
O+ 0, = (Kl + anK) (3.18¢)
0, >0, 6,<0 (3.18d)
V=V > N L AR 4 A Appit (3.18e)
k=1
N+ Mg = — (KD + o KL (3.18f)
A >0, A <0 (3.18g)
(cos(¢) + sin(¢))ai™ + (cos(¢) — sin(¢))p}"”
+ % AP + Y AP < V28, (3.18h)
Yio T s = (c0s(9) — sin()) + a;(cos(¢) + sin(¢)) (3.181)
Yo =0, Vi <0 (3.18))
)

hkeEN, oeA, (3.18k

7/ !/

where 0,, 0., Xy, M, v, and ;. are dual variables. The convex
quadratic problem (3.9) and linear problem (3.18)) can be solved in
polynomial time [58]. We used the Gurobi solver in our experiments.

3.3.2 AARC of the Volt/Var Problem Based on Voltage Mag-
nitude (AARBYV)

In this section, we propose an AARC formulation of the volt/var prob-
lem, which is in line with the IEEE 1547 standard and the Australian
grid code. Similarly to the approach described in section [3.3.1, we
consider a two-stage approach with periodic measurement throughout
the network. In the first stage, after solving OPF (3.9), the following
linear decision rule based on the voltage magnitude is used to deal with
operating point deviations in each period:

¢"(AV)) = ¢ + G, AV, (3.19)

Substituting Ag¢i"™ = a; AV; from (3.19)) to ([3.10a]), and considering the
same objective as (|3.16[), we obtain the following optimisation problem:
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B10), (316a), (B.16d), B.17) (3.20a)
A¢Y = AV (3.20b)

Constraint (3.20b]) has a bilinear term, which makes (3.20)) non-convex.
Note that in (3.8)), Ap?” is an uncertain parameter while AV; in ([3.19)

is a variable of the optimisation problem. Thus, unlike in , the
duality technique described in section |3.3.1] cannot be used directly to
linearise problem . Also, other relaxation techniques for bilin-
ear terms, e.g., McCormick’s relaxation [60], depend heavily on having
tight variable bounds [61]. In fact, general relaxation of bilinear terms
is an ongoing research topic in the field of optimisation. In our case,
since tight bounds on «; is not available prior to solving , us-
ing McCormick’s relaxation may produce poor results, which would
degrade performance of the controller in the second layer. As an al-
ternative, to solve problem ([3.20]), we propose approximating voltage
deviation (3.11) with only the deviation in real power, i.e. ignoring
how reactive power changes voltage in the network in the LDR phase.
Then, the impact of reactive power on voltage is factored back in at
the local control phase, by using to change the reactive power
at discrete points in time rather than continuously updating it. This
is in this sense that the inverter reactive powers are controlled to pre-
vent voltage violation due to changes in real powers. This creates a
time difference between the effects of real and reactive power changes
in voltage deviation. The idea is to take benefit from the time differ-
ence to decouple the voltage deviation caused by changes in inverter
reactive powers, from the deviations caused by real powers. The moti-
vation behind this will be further explained later in this section, after
introducing the modified discrete version of the voltage-base linear de-
cision rule (equation ((3.24])). Applying this approximation, we obtain
the following optimisation problem:

(.164), (3.16d), (3.17) (3.21a)
D (KLADY + an K5y D KBApY) < vmer — vt (3.21D)
k=1 j=1

D (KRARY + ap K& Y~ KBAPE) > Vi — Ve, (3.21c)

k=1 Jj=1
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Simplifying (3.21)) results in:

smin Z || (3.22a)
=1
> (K + Z a; K KG)Apy < vmer — yiert (3.22b)
k=1
Kb+ Z a; KEKE)ApY > vmin — yov! (3.22¢)

(005(¢) + Sm(ﬁb))fﬁm + (cos(¢) — sin(¢))pi™ "+
(cos(9) — sin(9)) Ap" + (cos() + sin(d))ei }_ KGAP" < V257",

(3.22d)

Considering the same box uncertainty set (3.15)), and the same duality
technique as used in (3.18) we can obtain the following AARC for
(13.22]):

(3.184)), (3.130), (B.13d), (3.18¢), (B.18g), (B.180), (B.18))  (3.23a)

O + 0 = (Kl + > o KEED) Vi,k € N (3.23b)
7=1
ik + Mg = — (K, +Z%KQ K", Vi k € N (3.23¢)

Yijo T Vije = O‘i(COS(Qb) +sin(9) Kl +
(cos(¢) — sin(¢)) K}, Vi=jeN,Vpe A (3.23d)
'y;-m + fy;;-d, = ai(cos(¢) + sin(p)) K, Vi#jeN,Voe A (3.23¢)

Solving optimisation problem yields values for ;. Now we in-
troduce the discrete version of the voltage-base linear decision rule as
follows:

qzzm; n+1 _ q;,m; n + ai(‘/inqtl,a _ Vn,b)7 (324)

(2

where n is an index for each discrete change in reactive power, and a
and b represent voltage measurements made just before and after the
n-th reactive power adjustment, as shown in Figure[3.2 An example is
presented here to demonstrate, how based on the reactive pow-
ers in each instance are calculated. To calculate the reactive powers at
instance n = 2, the voltage is measured at n =2,a. Then, it is com-
pared with the voltage magnitude at n =1,b, and based on (3.24) a
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Level one period

n=l,a n=1b n=2.a n=2,b  Level two period }

|
| T | |
=1 n=2 n=N n=1

Voltage measurement

Figure 3.2: A sample of the discrete time definition used in (3.24)). The level
one period is the time between two consecutive centralised adjustments, and
the level two period is the time between two consecutive discrete decisions.

new value for reactive power is obtained. After applying the calculated
reactive powers, at n =2, b the voltage magnitudes are measured and
stored to be used in the next instance. This process should be intuitive
as it means the calculated values for reactive power at decision time n
will not change at decision time n + 1, if the operating point has not
changed since the actions made at n. Under such a scheme, the voltage
deviation caused by changes in inverter reactive powers is decoupled
from the deviations caused by real powers, which makes the approx-
imation used in possible. Note that this approach is practical
under the assumption that changes in network operating point occur
more slowly than the time required for the inverter to inject / absorb
the calculated value, and measure the new voltage profile. This is a
justifiable assumption as the time required for the inverters to do the
above mentioned actions is in the order of hundreds of milliseconds,
and the PV and load variations are generally in the order of tens of
seconds [62].

In order to implement the AARBV approach on the PV inverters,
the inverters require a firmware update so that they can follow our sug-
gested control strategy. They need to periodically measure the voltage
at the connection point and store the voltage magnitude value until a
new a measurement is made. Then following the decision rule ,
they generate the inverter reactive power set-point. The parameters of
the inverter controllers also need to be updated periodically by solving

the optimisation problems (3.9) and ([3.23)) as described above.

3.3.3 Use of Auxiliary Variables

In general the volt /var problem with hard voltage and inverter capacity
constraints may not always have a feasible solution regardless of the
approach. In these circumstances we would still like to take an action
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that reduces the voltage violation by as much as possible. To achieve
this, we convert these to soft constraints by introducing auxiliary vari-
ables for the voltage limit constraints ((3.18D]) and (3.18¢)), and the
inverter capacity constraints ((3.18h])). These auxiliary variables are
then included in the objective function with large penalty coefficients.

3.4 Alternative Solutions to the Volt/Var Prob-
lem

In this section, the three alternative techniques for volt/var contro]ﬁ,
introduced in section are briefly summarised. These techniques
along with the two proposed techniques, AARBP and AARBV, and
the optimal solution considering perfect realisation of uncertainty will
be compared in section [3.5]

3.4.1 Fixed Droop-Based Volt/Var Control

This approach is suggested by IEEE standard 1547, where the reactive
power of each inverter is calculated as follows:

ma.

[ Vnom _ 5>>]ZTM: ‘/z < ‘/inom _ 52
qgw =0 Vnom _ 5@ < V; < V;nom + 5@ (325)
[ Vnom + 5 ))} o V; > ‘/inom + 5i7

where V"™ is the nominal voltage value, usually considered equal to
one per-unit. 2¢; is the dead-band size, and «; is the slope of the droop.
Operator [.]... enforces the inverter reactive power capacity limit.

3Please note that this chapter focuses on using only reactive power to deal with the
electrical distribution systems’ over/under voltage problem. This is a more acceptable
solution for the PV owners as it will not curtail their PV generation, i.e., monetarily
penalise them for the grid limitation.
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3.4.2 Incremental Droop Based Volt/Var Control

In this approachﬂ the reactive power of each inverter is calculated as
follows:

(1) = | =D+ A ()] (3.262)
mi(Vo(t) = V) if Viu(t) > Vs

3.26b
0 if Va<V,<Vi (3:260)

Agit(t) = {
where m, is the rate of change of the reactive power, V5 and V3 are the
lower and upper desired voltage limits, and t € T = {0,1,..,T} de-
notes the number of discrete time steps. This approach acts similar to
an integral feedback controller, where the reactive power at each time
step is a summation of the reactive power at previous time step and
the deviation from a reference value. Please note that this approach is
not a standard PV inverter control strategy. However, it can be easily
implemented using the available technology as it only requires mea-
suring the voltage magnitude at the inverter connection point to the
grid. Thus, implementing this approach does not require a hardware
upgrade. However, since this approach is not an already built-in func-
tionality of the inverters, a firmware update is required for the inverters
to follow this approach’s control rule.

3.4.3 State-of-the-Art Linear Decision Rules Based on Real
Powers in the Literature

In this LDR approach, proposed by R.A. Jabr in |27] (which we will
refer to as AARC-J. hereinafter), the reactive power of each inverter is
obtained using the following linear rule:

& = ¢+ A (3.27)
Note that although both (3.27) and AARBP use the same linear de-

cision rule, the optimisation algorithm used to obtain the value of «;
is different. The main difference is that in [27] «; is determined in a
way to minimise the voltage deviation irrespective of the voltage limits.
However, AARBP aims to determine «; to keep the voltage inside the
voltage limits. Through numerical simulations, we will show that this
change will result in a significant improvement in the performance of
the decision rule both in terms of reducing reactive power usage and
decreasing scenarios with voltage violations.

4This approach is derived from our proposed approach in Chapter [2f which is described
in detail in Section The only difference is that here we are only using its capability
to provide reactive power support to have a fair comparison with other approaches.
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3.5 Numerical Results and Discussion

We test the performance of the different methods using simulation on
a real 27-node underground LV feeder with R/ X ~2 located in Hobart,
Australia [32] (the details of the network data and how we assume to
have a balanced network are explained in Section [2.5.1]and are repeated
here to avoid repetition). Three cases with different system operating
points are considered for the comparison. In Case 1 the voltage profile
is well-below the voltage limits, and even in the worst case condition
the voltage limits will not be breached. In Case 2 all the voltages
at the measurement time are below the limits. However, under the
worst case condition the voltage limits will be breached. In Case 3 the
network is operating at the limit, which means that there is at least
one node whose voltage magnitude is equal to the voltage limit at the
measurement time. Therefore, any increase in real power injections
would result in voltage violation.

We assume that measurements are made throughout the network
every 5 minutes, and the resolution of load consumption and PV gen-
eration data is one minute. Similarly to Chapter [2, the load data is
extracted from [34], where the load consumption varies between 0-5
kW, assuming the houses have 4-6 residents. In all of the cases, PV
generation with uniform distribution between 0-4 kW is randomly as-
signed to each node (the different values associated to PV generation
in each node is because of randomly sampling solar system capacity,
orientation, soiling, and irradiance all at the same time). In subsec-
tion a detailed result for one scenario, i.e., measurement followed
by a change in the operating point, is presented for each case. In sub-
section [B.5.3] a Monte Carlo simulation is carried out. 250 scenarios are
generated between the three cases. Then, each scenario is simulated
for 4 minutes, with the decision rules / droops acting every one minute,
resulting in a total of 1000 random operating points.

3.5.1 Detailed Results for One Scenario

Fig.[3.3|shows the voltage profile and reactive power usage of the invert-
ers at each node in the three cases using the different volt/var control
schemes.

In Case 1 since (even in the worst condition) the voltage limits
will not be violated, ideally it is expected that control schemes make a
slight change in response to the operating point deviation, to keep the
real power loss at minimum possible. In both AARBP and AARBV
approaches, the value that we obtained for « is equal to zero in all
the nodes. The reason is that the operating point deviation does not
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lead to any voltage violation and thus, there is no need to any change
in reactive powers in real-time to guarantee that voltages are within
the limits. We can see in Fig. [3.3]d that the results of AARBP and
AARBYV is almost equal to the optimal solution. On the other hand,
the AARC approach of [27] overuses the reactive power resources to
keep all voltages at the measurement value (i.e., overusing the reactive
power for an unnecessary requirement). Moreover, since the Inc. droop
approach keeps all the voltages below 1.02 p.u., as plotted, it over-
absorbs more reactive power than necessary.

In Case 2 the measured values for PV generation indicate that none
of the voltages are initially beyond their limits. However, since in some
possible realisations of uncertainty over the next 4 minutes the voltage
limits can be breached, @ in AARBP and AARBYV have negative values
to absorb reactive power if real power injection increases. It can be seen
in Fig. [3.3le that AARBYV has a better performance compared to other
techniques and uses much less reactive power while keeping the voltage
magnitudes inside the limit.

In Case 3 the initial values for PV generation is in a way that

Inc. Droop ‘

A s NS
/ \VAZER

‘ —— AARC-J. —— AARBP —— AARBV Optimal Fixed Droop

(d)

W

()

Voltage (pu)

W

ReactivIe power (kVAR)
(=)

(=)

. . . . . -10 , . ; . .
5 10 15 20 25 5 10 15 20 25

Bus number Bus number

Figure 3.3: Voltage magnitude and reactive power of nodes in the three
cases, under different volt/var control. (a), (b) and (c) show the voltage
magnitude in Case 1, Case 2 and Case 3, respectively. Also, (d), (e) and (f)
show the reactive power in Case 1, Case 2 and Case 3, respectively. Note
that as described in text (a) and (d) AARBP and AARBYV lie completely
on top of each other. Also, in (c) and (d) and AARC [27] are almost on top
of each other.
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at least in one node voltage magnitude is beyond its predefined limit.
Interestingly, we see that the results from AARC-J. and AARBP act
very similarly, unlike in the previous cases. This happens in almost all
the other random scenarios that we generated for case 3. This can be
explained by observing . Since there is at least one node whose
voltage magnitude is equal to the limit, the value of V™ — V% is
equal to zero for that node. So in turn the solver in tries to
minimise the voltage deviation in that node to prevent the big penalty
of having non-zero values for the soft voltage constraints. Therefore,
the objective function of AARBP and AARC [27] will be close to each
other. Moreover, we can see that in both schemes voltage violation
occurs. In general for the extreme Case 3 there are some scenarios
where AARBYV fails to keep the voltages inside the limits. We suggest
an extension to AARBP and AARBYV to deal with extreme Case 3,
which will be introduced in subsection 3.5.21

3.5.2 Further Improvement in AARBP and AARBYV to Han-
dle Extreme Cases

We propose a further improvement to AARBP and AARBV by lim-
iting the reactive power only to negative values, i.e. absorption when
extreme operating conditions occur, such as Case 3. It is possible to
automatically distinguish these extreme conditions from the other cases
prior to running the AARC step by comparing the value of V" from
solving the OPF with the voltage limits. Note that positive values for
reactive power in some nodes can help to decrease total real power loss.
This is because the reactive power consumption of lines and loads can
be sourced locally from inverters rather than needing to come from the
upstream network, reducing current flow throughout the entire system.
By applying this improvement, we are foregoing the ability to reduce
losses in extreme cases to keep voltages within the limits in more sce-
narios. Fig. [3.4 shows the voltage profile and the reactive power usage
under AARBP and AARBYV in the same operating point as chosen in
Fig. 3.3lf. It can be seen that the voltages are brought to the limits
under both schemes using their improved Versionsﬂ

5We use an exact power flow model to calculate the voltage magnitudes, using the
Backward-Forward technique [50], in the real-time operation rather than the linearised
approximated model. In doing so, we ensure that our experiments are realistic and that
the linear power flow model approximation does not affect the number of voltage violations
happening in the grid.
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Figure 3.4: Voltage profile and reactive power of nodes under improved
versions of AARBP and AARBYV in Case 3.

3.5.3 Average Results Over Multiple Operating Points

Fig. shows the average of real power loss and reactive power usage
relative differences between the optimal solution and other approaches,
over the thousand operating points. It can be seen that AARBP and
AARBYV significantly use less reactive power compared to the other
techniques. This can be economically beneficial from the distribution
system operator’s perspective, as discussed in section|3.1l Furthermore,
while the improved AARBP and AARBYV approaches managed to keep
the voltage within the safe limits in almost all scenarios, AARC-J. failed
to do so in 213 out of 1000 operating points. We exclude these infeasible
results from the average results shown in Fig. [3.5] When

Fig. [3.6] shows the maximum difference in line loading between
different control schemes and the optimal scheme. To conduct the
comparison, first we calculate the loading on each line (the line current
as a percentage of the line rating). Then, we obtain the maximum
difference between the loadings for each technique and the optimal
approach. We can see that on average AARBP and AARBYV act closer
to the optimal approach. Incremental droop-based control increases
the line currents more than other techniques, with droop-based control
and AARC-J. behind it.

From the reported simulations we can conclude that even though
purely local approaches (i.e., droop-based and incremental droop-based
controls) eliminate the need for communication, they significantly in-
crease the reactive power usage as well as the real power losses, and
may create line congestion in heavily loaded lines. Other approaches
investigated in this paper require a communication infrastructure and
system configuration information. In particular, AARC-J. leads to an
excessive use of reactive power which not only might not be able to
keep the voltage within the safe limits, but also might create line con-
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Figure 3.5: Average relative difference in real power loss and inverter reac-
tive power usage (absorption or injection) between different voltage control
schemes and the optimal scheme over 1000 operating points in the 27-node

system.
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Figure 3.6: Distribution of the maximum line current differences in the 27-
node system, using different approaches with the optimal scheme. On each
box, the central mark indicates the median, and the bottom and top edges
of the box indicate the 25th and 75th percentiles, respectively.

Table 3.1: Summary of the simulation results in the 27-node system

Control Agg. real power | Agg. reactive power | No. voltage
technique loss (MW) usage (MVAR) violation
AARC-J. 1.286 30.876 213
AARBP 1.254 7.834 1
AARBV 1.237 2.284 0

Fixed droop 1.481 13.116 4

Inc. droop 1.843 20.728 0
Optimal 1.263 1.943 0

gestion. On the other hand, AARBP and AARBV could keep the

voltage within the safe limits in almost all the investigated operating
points, with AARBV having the best performance (almost similar to
the optimum yet an unachievable case). A summary of the simulation
results is reported in Table [3.1]
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3.6 Scaling to Large LV Systems

We implement our models on a modified version of the IEEE Euro-
pean low voltage test feeder [35], which consists of 906 nodes and 55
residential loads. We model a balanced per-phase version of the net-
work by connecting all residential loads to phase A, and a high PV
penetration scenario by pairing each load with a 6 kW PV system. To
generate load patterns, we first randomly choose 55 load shapes from
the IEEE 906-node 1-min resolution data. Then, we select 50 random
minutes (the same minutes for every household) between 10 AM and 2
PM. Each selected minute is simulated for 20 scenarios where in each
scenario, we randomly set the PV output to a value in the range 0 to
6 kW.

Fig. shows the average relative difference in real power loss and
reactive power usage between the optimal solution and the other ap-
proaches, over the combined thousand scenarios. We can see that simi-
larly to the results that we obtained for the smaller 27-node system, our
proposed approaches use significantly less reactive power and manage
to decrease real power loss compared to the other techniques. The sim-
ulation results are summarised in Table B.2l Note that due to the lim-
ited available reactive power (inverter size is assumed to be 10 KVA),
in three scenarios, voltage violation happens in the optimal approach,
indicating that the volt/var problem in these scenarios has no solu-
tion. Also, we can see that the Inc. droop approach manages to keep
the voltage inside the limit in few more scenarios than AARBP and
AARBYV, but at the cost of a significant increase in real power loss and
reactive power usage.

The maximum difference in line loading between different control
schemes and the optimal are shown in Fig. [3.8] The results agree with
the previous section, indicating that, on average, AARBP and AARBV
leads to line loadings that are closer to the optimal. Note that since the
IEEE 906-node test system does not provide details about the ampacity
of the lines, we used the following approach to obtain a sensible value
for each line. First, we calculate the maximum line loading of each line
over the whole day; and then we assume each line’s ampacity to be
three times this amount.

Furthermore, to investigate the scalability of the control schemes,
we checked the connection of 10, 25, and 55 loads to the system. Table
shows the computing time for solving AARC in the three schemes
using Gurobi [5§]. The simulations are carried out on a Dell Latitude
7490 having 1.9 GHz Intel Core i5 processor with a memory of 8 GB.
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Figure 3.7: Average relative difference in real power loss and inverter reac-
tive power usage (absorption or injection) between different voltage control

schemes and the optimal scheme over 1000 operating points in the 906-node
system.
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Figure 3.8: Distribution of the maximum line current differences in the 906-
node IEEE system, using different approaches with the optimal scheme.

Table 3.2: Summary of the simulation results in the 906-node system

Control Agg. real power | Agg. reactive power [ No. voltage
technique loss (MW) usage (MVAR) violation
AARC-J. 0.346 35841 84
AARBP 0.340 6510 8
AARBV 0.274 2132 6
Fixed droop 0.693 7612 11
Inc. droop 1.269 11614 )
Optimal 0.171 225 3

3.7 Summary

We proposed two affinely adjustable robust counterparts, that respond
to changes in local real power (AARBP) and voltage magnitude (AARBV),
respectively. In these approaches we directly incorporated the voltage
limit constraints into a AARC of the volt/var problem. Through nu-
merical simulations we show that our proposed approaches can keep
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Table 3.3: Computing time in the 906-node test system

Time(s)
Number of Loads
AARC-J. | AARBP | AARBV
10 0.442 0.661 1.331
25 1.613 2.038 5.269
55 7.640 4.225 24.663

56

the voltages inside the accepted limits for a wider range of scenarios
compared to alternative approaches, while significantly decreasing the
reactive power usage, real power loss, and line congestion. Moreover
since these functions are developed in accordance with different grid
codes, they are practical to implement for a wide range of operating
distribution systems.

We have identified three main shortcomings of our work in this
chapter: i) in this chapter, we assumed that the distribution system
is balanced, and hence, we developed our models on a single-phase
equivalent system. However, the power flow in distribution networks
is intrinsically unbalanced, especially in networks with highly unbal-
anced DER penetration); 4) in our modelling, we neglect the real
power curtailment capability of PV inverters. However, as we show
in our numerical results, there are situations in which, due to limited
reactive power available, it is not possible to keep the voltages inside
the limits using only reactive power of the residential inverters; i)
in our modelling, we make decisions based on the worst-case realisa-
tion of uncertainty. However, with more and more available data of
PV generation and demand, it might be possible to construct accurate
probability distribution functions of these uncertain parameters, and
make decisions that not only secure the worst-case but also work better
in expectation. In the following chapters, we will explore solutions to
address these shortcomings.



Chapter 4

Data-Driven Adjustable
Robust Solution to Voltage
Regulation Problem

4.1 Introduction and Literature Review

In the previous chapters, we discussed the new technical challenges
caused by the uptake of residential photovoltaic (PV) panels in distri-
bution systems. Then, in Chapter |3| we designed a combined central-
local approach based on the application of AARC methodology to co-
ordinate the reactive power of inverters to prevent voltage violations
in balanced distribution systems. In this chapter, we will build upon
our work on Chapter |3 and address its three main shortcomings iden-
tified in the Summary section of chapter four . In what follows,
we provide a literature review of other existing solutions to address the
shortcoming and what are the limitations of these solutions.

As we showed in Section [3.6] when we are only using the reactive
power of inverters for voltage regulation, there are several scenarios
where voltage violation cannot be avoided. This happens as limited
reactive power resources are available to deal with the over-voltage
(the inverter size limits reactive power). Studies have shown that the
real power curtailment (RPC) capability of inverters, along with their
potential to provide reactive power compensation, can better mitigate
voltage issues in LV networks [63]. Also, these resources are already
available in LV systems; thus, there is no need for an additional in-
vestment cost for the DSO [64]. Existing standards [21},22}/65] suggest
that the real and reactive power of inverters should be a function of
voltage magnitude or real power available to the PV. These functions
do not change with time and are obtained irrespective of different net-

57
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work characteristics. Such static functions will not be able to efficiently
handle all scenarios in our networks. The reason is that to guarantee
network security in all scenarios; they have to curtail real power (or
inject reactive power) more than necessary, leading to an overly con-
servative outcome. However, designing criteria for inverter controller
parameters specific to each network is complicated due to inherent un-
certainties and highly volatile PV generation and demand behaviour.
This chapter coordinates multiple PV inverters to prevent voltage viola-
tions in three-phase distribution systems while preventing unnecessary
RPC and reactive power usage. We focus on the uncertain nature of
the problem, and the communication and computation limitations in
the operation of distribution systems.

Similarly to our work in Chapter [3| here we use (AARC) method-
ology to develop controller functions that simultaneously coordinate
the real and reactive power of inverters. The AARC method used in
the literature, similarly to our work in Chapter [3| only requires the
uncertain parameters to belong to a polyhedral uncertainty set. This
is useful when no information about the distribution of uncertain pa-
rameters is available. However, in many real-world problems, some in-
formation does exist, which could be leveraged to achieve statistically
better decisions. To enable this, distributionally robust optimisation
(DRO) has been introduced in the literature [66-68]. In these works,
the modeller uses a chance-constraint formulation to limit the probabil-
ity of constraint violation instead of guaranteeing a safe operation for
all realisations. To accurately capture the underlying distribution of
uncertain parameters, DRO requires to use of many samples. However,
the authors in [69] have shown that the number of constraints of the
DRO problem increases with the number of samples, leading to compu-
tationally challenging problems. This is especially problematic in the
distribution system operation problem, where a large problem needs
to be solved frequently (usually every 15 minutes), and the required
control decisions are to be delivered to multiple devices. Plus, these
works either overlook DER recourse capability or limit the recourse to
affine adjustments only, i.e., underestimating DER flexibility.

To overcome these limitations, we propose DARC — a data-driven
adjustable robust counterpart method that extends the conventional
AARC method in two main ways: firstly, in DARC, we partition the
uncertainty set into a user-defined number of segments along each di-
mension, and assign a probability to each segment. Secondly, rather
than optimising for an affine function, as in AARC, we optimise to
find parameters of a piecewise affine function, with each piece associ-
ated with one segment. This allows additional probabilistic information
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about the uncertain parameters to be exploited, so that better deci-
sions can be made away from just the worst-case scenarios. As we
show in Section [£.7] optimising according to the worst-case may fail to
find the desired controller parameters for the segments away from the
worst-case realisation. Thus, in live operation, when uncertainty real-
isation is often milder than the worst-case, the controllers’ responses
might lead to over-conservative results.

Moreover, in the above literature, the application of AARC is nei-
ther assessed in three-phase networks (while the power flow in dis-
tribution networks is intrinsically unbalanced, especially in networks
with highly unbalanced DER penetration) nor extended to the inverter
dispatch problem, i.e., simultaneously coordinating real and reactive
power output of inverters. To close the gap in the literature, this chap-
ter proposes a two-stage combined central-local approach to coordinate
multiple residential inverters’ output to prevent voltage violations in
three-phase distribution systems. Fig. shows the high-level struc-
ture of our proposed solution approach. In the first / central stage, we
periodically (every 15 minutes) collect the most accurate forecast of
PV generation and demand from a forecasting agency and households,
respectively. Then, depending on the number of segments (designed by
the modeller), collected forecasts and their historical data, we construct
a segmented uncertainty set (described in Section . Then, through
solving an optimal power flow problem, parameters of piecewise affine
(PWA) functions are obtained that take the local PV generation and
demand as input, and output the control signals for real and reactive
power of the corresponding inverter. In the second / local stage, within
each period, the local controllers use the provided functions and real-
time local measurements to determine their output until an updated
function is sent.

We use Monte-Carlo simulations to assess the performance of our
method by implementing our approach on both IEEE 37-bus MV and
906-bus LV networks. We compare our approach with the optimal so-
lution that has knowledge of the eventual realisation of uncertainty,
and three alternative optimisation-based approaches. Our experiments
show that our approach can successfully keep the voltages within a
desired band in all scenarios, while decreasing RPC compared to the
other approaches and performing near-optimally. We also show that
our approach is superior to the conventional AARC method in per-
formance without significantly increasing the computing time, and is
robust to errors in identifying the distributions underlying the uncer-
tain parameters.
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Figure 4.1: High-level structure of our proposed solution approach in the
voltage regulation problem.

The main contributions of this chapter are:

e A novel extension to the conventional AARC methodology that
enables us to benefit from available information about the distri-
bution of uncertain parameters. Unlike [46]54,[70-72] that opti-
mise for an affine function based on the worst-case realisation of
uncertainty, our approach optimises to find parameters of a piece-
wise affine function, with each piece associated with one segment
in the uncertainty set. Also, instead of optimising based on the
worst-case realisation, our approach optimises for the expected
realisation over each segment of the uncertainty set. Thus in live
operation, when uncertainty realisation is often milder than the
worst-case, our controllers’ responses prevent over-conservative
results and reduce real power curtailment. Through extensive
numerical simulations, we show that our approach improves the
performance of the conventional AARC up to 60%.

e An adjustable robust counterpart of the voltage regulation prob-
lem in three-phase distribution systems, which formulates the in-
verters’ output as a piecewise affine function of the available PV
and demand. Contrary to [30}55,73,(74] that assume a balanced
distribution system, our formulation considers unbalanced three-
phase distribution systems and models the effect of lines’ mutual
impedances on the voltage magnitudes.

e Discussions and numerical experiments on the trade-off between
the exactness and computational burden of modelling approaches
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to deal with equality constraints in the voltage regulation problem
that contain uncertain parameters. Our discussion provides in-
sight into the advantages and disadvantages of two popular linear
three-phase power flow models in uncertain OPF-based studies.

The rest of this chapter is organised as follows: Section for-
mulates a three-phase power flow model as well as the deterministic
voltage regulation problem. A summary of the conventional AARC
approach is presented in Section to provide the required setup to
build our DARC methodology in Section [4.4. We then investigate
the application of DARC on the voltage regulation problem in Section
[4.5] Alternative approaches and an illustrative example are given in
Sections and [1.7], respectively. Section reports the simulation
results, and Section 4.9 presents a discussion on the important consid-
erations in implementing our approach on real-world networks. Finally,
Section [4.10| concludes the chapter.

This chapter presents an edited version of our work |75], published
as a journal paper in the International Journal of Electrical Power &
Energy Systems.

4.2 Problem Formulation

In this section, we first introduce our three-phase distribution system
mathematical modelling. Then, we present the deterministic model of
the voltage regulation problem.

4.2.1 Modelling Notation

A three-phase distribution network can be represented by a connected
graph G=(V,E), where V={0, ..., 14, j, k, ..., N } denotes the set of nodes,
while ECV %V denotes the set of edges where (i, j) represents an edge
from node i to node j. Node 0 is considered as the slack node, and it
is connected to the upstream network. Let ¢ € &, where ® ={a, b, c},
denote the phase of each edge and each node in a three-phase network.
For node ¢ and phase ¢, the complex line to neutral voltage is denoted
by V2. Vector V; = [V, VP, VT denotes the complex voltages on all
phases of node 7. Let sf = pf + jqf’ denote the net complex power

injection at node i. Vector s; = [s%, s?, s¢]T denotes net complex power

on all phases of node i. For every edge (i,j), let S;? = ngthfj
denote the complex power from node ¢ to node j on phase ¢, and
vector S;; =[S, 8%, 5] collect the line currents in all phases. Let

o¢' :r;@qﬁ/ + jxf’d’/ denote the complex impedance between phases ¢ and

“ij j
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¢’ of that edge, and Z;; denotes the 3 x3 impedance matrix between
nodes ¢ and j.

4.2.2 Power Flow Model

We use the linear power flow model introduced in [76] to approximate
the power flow equations in a three-phase network as follows:

Sij = Z Sjk — Sj (41b)
k:j—k
Rij +j5(1] = (wwH)T ®© Zij (41(3)
w = [1e/0, 1e7727/3 1e727/3)T, (4.1d)
where U; = [U#,UP, Uf]" denotes the vector of squared voltage mag-

nitude at node 7 in all phases, and matrices f{zj and Xij are defined
to approximate the power flow equations (for more details on the as-
sumptions and derivation process of model (4.1)), please refer to [76]).
Operators (.)%, ()T and ® denote conjugate transpose, transpose and
element-wise multiplication, respectively. As shown in |77], the linear
power flow model has a superior performance for capturing volt-
ages in unbalanced systems, which is the focus of our work, compared
to the SOC relaxation of the power flow constraints. Plus, the linear
approximation allows us to cast the problem as a linear programming
problem.

4.2.3 Deterministic Voltage Regulation Problem

The voltage regulation problem can be formulated as the following
deterministic optimisation:

min Y pfy +elgly) (4.2a)
(i,¢)EVG

s.t. power flow model (4.1)) (4.2b)
Pl =l — phy — 1Y (4.2¢)
@ = —q, (4.2d)
0<pig <pig (4.2¢)

v v cur —2
@+ (P — Py < Sy (4.2f)
)

Q? < Uf < U?, (4.2g
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where the set Vg denotes the nodes and phases with PV generation.
The parameters pf¢ and qi’f’(b denote the real and reactive demand at
node i and phase ¢, respectively. p;y, pi%y and g;, denote the available
solar power for generation, the real power curtailment and the reactive
power generation at node ¢ and phase ¢, respectively. gz}(b denotes
the inverter capacity at node ¢ and phase ¢. Parameter € is a small

coefficient used to prioritise the reactive power usage over the RPC.

Also, U f’ and Uf denote the lower and upper limits on the squared
voltage magnitude. We assume our PV systems and loads have single
phase connections, and neutral conductor is treated implicitly in our
model.

4.3 A Review of the AARC Formulation

In what follows, we present a summary of the AARC approach on
a general adjustable robust linear optimisation problem to point out
its limitations and provide the required setup on which we build our
DARC approach.

Consider a general adjustable robust linear optimisation problem
as:

1}11€ijr?1 E(c"f(€)) (4.3a)
Af(e) < Be+d Veecf, (4.3b)

where operator E denotes the expected value, € is an m-dimensional
random vector with values € € £ CR™, and convex polyhedral sample
space £ :={e € R™: We < h}, and and A € R**", B € R**™ and
d € R" are parameters of the optimisation. Recall that in Chapter [3]
we defined f:£ —R"™ as a function whose range are the variables of an
optimisation problem that can take recourse actions in response to the
uncertainty realisation. We also defined f € F, where F is the set of
all possible/acceptable functions mapping the sample space £ to R™.

We then took the following two steps: ) restrict F to be the set of
affine functions from £ to R™ and define

fle) = B+ ae, (4.4)

replace f(.) in (4.3)); %) shift the uncertain parameters from the objec-
tive function through writing the epigraph model with certain objective
which is equivalent to evaluating the objective function at the worst-
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case scenario. Thus, we obtained:

mén T (4.5a)
c'(B+ ae) <z, Vee & (4.5Db)
A(B+ ae) < Be+d Ve € €&, (4.5¢)

We then use the duality techniqudj_-] to obtain a linear optimisation
problem that outputs B3 and a such that the problem’s constraints
hold for any realisation of € € £. Hereinafter, we refer to this approach
as the conventional AARC. In the next section, we will revisit our
two steps above and show how they may result in over-conservative
decisions, and propose our DARC approach to address them.

4.3.1 Equality Constraints in Robust Optimisation

Similarly to (4.2)), an optimisation problem may have equality con-
straints. As discussed in [7§], the equality constraints containing un-
certain parameters often restrict the feasible region drastically, and
therefore should be transformed into inequality constraints. We can
use the following two approaches to deal with equality constraints; i)
Elimination and Substitution (E€4S): eliminate the equality constraints
by substituting the variables in the inequality constraints, and i) Re-
laxzation: relax the equality constraint into an inequality constraint (in
Section we explain how these approaches can be used in our prob-
lem, and in section [4.8] we provide a numerical comparison between
them). Regardless of which approach is selected, we can obtain all the
constraints in the general form ([4.5)), and use the maz protection func-
tion to robustify the constraints against the uncertainty realisation.

4.4 Data-Driven Adjustable Robust Counterpart
(DARC)

In many real-world problems, information about the distribution of
uncertain parameters can be derived from the historical data. Such
information can be incorporated into the sample space £ to obtain more
informed decisions. Here, we modify the AARC formulation to benefit
from the probabilistic information around the uncertain parameters’
distribution.

Unlike the AARC formulation, where F is restricted to be the set
of affine functions from & to R", here we bring more flexibility to the

1For more details, please refer to
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decision rules by allowing F to be a set of piecewise affine functions.
To do so, we partition the uncertainty set into L consecutive segments
and define our piecewise variables to have L pieces, each associated
with one segment in the sample space. Next, rather than optimising
according to the worst-case in the sample space, as in AARC, we utilise
the occurrence likelihood of each segment in the sample space to opti-
mise for the slope of every affine piece within our piecewise functions.
Our approach fine-tunes the decisions based on the available probabilis-
tic information and reduces the overconservativeness of the worst-case
based AARC. In what follows, we first present the probabilistic infor-
mation, and then provide details of our proposed model.

4.4.1 Probability Information

Let €; denote the i-th element in vector €, and € and ¢, denote the
maximum and minimum values of ¢; in the set &, respectively. As-
suming that the interval [e;, €] consists of L segments, we define &
as the sample space for [-th segment of the uncertain parameter ¢;,
and Py = P(¢; € &) as the marginal probability of a particular i-th
element of the random vector being in the I-th segment. Based on his-
torical /forecasted data, let us assume we have access to the marginal
probability of the uncertain parameters with the following relation:

L
> Pu=1  Vie{l,..m}. (4.6)
=1

Remark: To obtain the marginal probability P;;, we need the prob-
ability density function (PDF) of the random variables. There are
different techniques in the literature to obtain the PDF of DER output
and demand in power systems [79]. Notice that obtaining an accurate
PDF for the uncertain parameters is not the focus of this chapter, and
we simply assume that such information is available. However, we in-
vestigate the impact of using an incorrect estimation of PDF on DARC
outcome and compare it with a case when the exact PDF is available
in section (4.8

4.4.2 Proposed DARC Model

Let vector &= f(e) €R"™ denote the adjustable variables of the optimi-
sation problem. Also, let N'={1,...,n} and M ={1,...,m} denote the
sets of number of the decision and random variables, respectively. A
piecewise affine function mapping different segments in € to « can be
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Figure 4.2: Proposed partitioning of the sample space along one dimension.

obtained using the following mixed-integer linear constraints [80]:

m  L+1
2= tadh Vk e N (4.7a)
i=1 1=1
L+1
=1
L+1 L
dtu=1,Y xu=1 Vie M (4.7¢)
=1 =1
tir < Xits tipv1 < XL Vie M (4.7d)
tilSXil+Xi,l—1 ViGM,VZ€{2,...,L}, (476)

where i‘fl and ¢; denote “x-axis” and “e-axis” breakpoints for each
variable and uncertain parameter in the e —z plane (our goal is to
optimise 2% while we consider é; are known). t; €0, 1] and y; € {0,1}
are variables used to encode the position of x and € in the sample space.

Next, we incorporate (@ into , and similarly to , ro-
bustify the resulting constraint against uncertainty realisation using a
mazx protection function as follows:

max {Ax — Be} <d. (4.8)
(e,@)E@ET),ecE

Equation represents an MILP problem and thus it is not possi-
ble to directly use duality theory and reformulate it, and therefore, a
similar approach as in will not work here. Notice that if we re-
lax the binaries, the solution will be greater than or equal to the LHS
of . This means that if we utilise the binary relaxed formulation
in order to obtain the dual, our solution will still be robust. We also
transform the definition z* and ¢; in and to the following
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form where we use the central tendency and deviation from the central
tendency to present the uncertain parameters (one can show the bijec-
tion between the following model and , when the binary variables
are relaxed in (4.7)). The resulting formulation is simpler to relate to
in practical power systems applications, as in most cases the forecast
/ measurement data can be used as the central tendency of the un-
certain parameters. To this end, let us define uncertain parameter ¢;
which denotes the uncertainty of realisation ¢-th uncertain parameter
in [-th segment. We also define decision variables 3% and af which are
parameters of an affine function that maps uncertain parameter ¢; to
decision variable z*. Hence, the following relations are defined:

m L
zF = ﬂk+z Zafle,-l VkeN (4.9a)
=1 [=1
L
€ ‘= €jp + Z €l Vi EM, (49b)
=1

where €, denotes the central tendency of the i-th uncertain parameter.
An example of such a design is shown in Fig. Notice that choosing
L =1 leads to the same formulation as the conventional AARC formula-
tion. Incorporating into , results in a set of linear inequality
constraints which we then robustify for all realisations of ¢; € &;, using
the same duality technique as used in Section

Next, we modify the objective so that it can utilise the seg-
mented probability information P;;. Remember that we define P;; as
the marginal probability of a particular i-th element of the random
vector being in the [-th segment. We evaluate the objective at multiple
points, one per segment of the elements in the random vector.

mfin gck<§:ipilfk(€il)>- (4.10)

i=1 [=1

Also, inspired by the epigraph form of the objective in (4.3|), where the
objective is assessed for the worst-case in the sample space, we evaluate
the objective at the extreme distance of the central tendency in each
segment. More specifically, using definition , objective can
be written as follows:

n m L
Brilink ch <5k -I—Zzpilaflr(e”))’ (4.11)
Yl =1 i=1 I=1

where I'(€;;) denotes the maximum distance of ¢; from the central ten-
dency of i-th uncertain variable (€;).
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4.5 DARC Implementation on the Voltage Regu-
lation Problem

In this section, we model the voltage regulation problem based on the
DARC methodology presented in Section [£.4l In what follows, the
details of the implementation process are described.

4.5.1 Uncertainty Modelling

We begin by presenting a detailed formulation of the sample space &,
where we consider the random variables to be the available PV for
generation and demand. Similarly to (4.9bf), we first introduce the
central tendency and deviation from central tendency of the random
variables. Let pﬁo and pf(; denote the central tendency of the PV
generation and demand, respectively. These values in practice are the
measurement made and provided to the central solver at the beginning
of each time interval. Also, let Apl;, and Apf}, denote the deviation
from the central tendency, and be random variables corresponding to
[-th segment in available PV and demand at node i and phase ¢. We
consider the extremes of the solar and demand random parameters are
independent, i.e., our sample space is a hypercube. Hence, we define
Aplhys Aphy, Apf, and Apf}, as constants, denoting the bounds of the

hypercube. Thus, we define the following:

L
Pio = ZAM L Phy =Dl — ZApﬁl (4.12a)

=1

Aply < Aplly < Apfy Apl < Apl < Apl,. (4.12b)

Similarly to (4.9a), the RPC of each inverter at each node is written
as a piecewise affine function of the uncertain parameters that can be
measured at that node:

i (Avigy, Apigy) = By + Z i APl + asin Apgy (4.13)
where 5770, afig, and a5y are parameters of the function. In the first
stage, we optimise the parameters of the functions, given the uncer-
tain parameters Apf;’l and Api%l. In the second stage, the parameters
of the functions are fixed at the obtained values, and the functions
output the suitable recourse in response to the uncertainty realisation.
Unlike RPC, for simplicity, we do not replace the reactive power gener-
ation of inverters (q;,;,) with a piecewise affine function. Yet, the same
technique can be applied to the reactive power as well.
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4.5.2 Equality Constraints

We use the constraint-wise robust counterpart construction technique,
described in Section , to robustify our deterministic problem (4.2)
against the uncertainty. To do so, we first deal with the equality con-
straints using EéS and Relaxation techniques. In the next two subsec-
tions, we provide the details on how these approaches can be applied
in our problem.

Elimination and Substitution

In this approach, we eliminate the analysis variables in the equality
constraints and substitute them in other inequality constraints. More
specifically, we eliminate the real and reactive power injection variables,
ie., pf and qf , in the constraints and , respectively. We
then use the physical tree structure of the distribution systems, to
express Uf’ directly by the decision variables and uncertain parameters.

Let vectors p; = [p&, %, p¢]" and q; = [¢%, ¢4, ¢5]" denote the real
and reactive power injection at all the phases of node i, respectively.
Let p=[p],...,pN]" and g=[q], ..., q§]" be 3N x1 vectors denoting the
injected real and reactive powers at every node and phase, respectively.
Also, let U°=[U], ..., U]]" be a 3N x1 vector, where Uy is a 3x1 vector
denoting the squared voltage at the slack node. We then write the
relation between the injected real and reactive powers and the nodal
squared voltage magnitudes as follows:

U=Rp+ Xq+U°, (4.14)

where, R and X are 3N x3/N matrices, and their elements denote the
sensitivity of squared voltage magnitude at node ¢ and phase ¢ to real
and reactive power changes at node j and phase ¢, respectively. We
obtain their elements as follows:

o _OUL e OUY
Rj,w - 8pf ’ Je aq}ﬁ :

Applying the voltage limit constraint (4.2g]) to (4.14]), which is now ex-

pressed in terms of the decision variables and uncertain parameters, we
can transform all the equality constraints to the inequality constraints

in the form of (4.5)).

(4.15)

Relaxation

In this approach, where possible, we relax the equality constraints to
inequality constraints. Given that in our problem we focus on over-
voltage scenarios, we can relax the injection at each node, i.e. the LHS
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of , to be greater than or equal to the true injection at the node,
i.e., the RHS of (4.2)). Since more real power injection will often make
the voltage limit constraints more binding, we expect our relaxation to
tightly represent the equality constraint .

> ol —phy — 1. (4.16)

Now that all constraints that include uncertain parameters are repre-
sented as inequality constraintsﬂ, we can go ahead and use the LDR
definition (4.13) and the uncertainty model to rewrite problem
in the general form . In section , we provide a comparison
on the the above approaches, and present a discussion on the compu-
tational burden of using the EéS approach and the tightness of the
Relazation approach.

4.5.3 Detailed Formulation

In what follows, we derive the detailed formulation for the voltage reg-
ulation problem, where the Relaxation approach is used. A similar pro-
cess can be used to develop the formulation using the FéS approach,
which is not included to avoid repetition. We first begin by incorpo-
rating the LDR definition and the uncertainty model in
constraint , and obtain

! >l — by — B+

L
Z ((1 — Oéi%l)Apf;l -1+ a;%l)Apﬁl)_ (4.17)
I=1
Similarly, constraint (4.2¢]) is reformulated as follows:
L
i Z afin Aply + asig Apy) (4.18a)
Pl —Bid 2 Z O (L~ AP+ aSHAPD,.  (4.18D)

Next, we linearise the inverter limit thermal constraint (4.2f]) as follows
[46]:

(cos® +sinB)qly + (cosd — sin @) (pf, — C"T)<\/_Sl¢ V@(e@,)
4.19

*Notice that since the rest of the equality constraints in (#.2)) do not contain uncertain
parameters, they can remain as they are in the robust reformulation.
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where © = {0, 7/v,27/v,...,(2v — 1)n/v}, and v > 2 is an arbitrary
integer number. Then, similarly to (4.17)), the LDR and uncertainty
definitions are incorporated in (4.19)) as follows:

(cos O-+sin 0)¢2", + (cos f—sin 0) (pfj;)o g
L

> o1 - i) Aply — a5 A ) VS (4.20)

=1

Now that all the uncertainty-affected constraints in are refor-
mulated as an inequality constraint, we can robustify them against the
parameter uncertainty, using the duality technique described in Sec-
tion We did not include the detailed formulation in the chapter to
avoid repetition.

We next update the objective (4.2al), based on (4.11)) as:

min Z ( +elqi gl

cur cur
BEUT Ut g

(‘¢)€VG
Z Pliasial(Apty) + PRosml(ApD) ), (4.21)

where ¢ ¢ and P 101> Similar to the marginal probability in , denote
the probability of PV and demand realisation, at node ¢ and phase o,
in the [-th segment of their uncertainty interval. Also, T'(Ap},;) and

I'(App),), similarly to [(e;) in (4.11), denote the maximum distance

of random variable from their Central tendency, ie. pp and p? ¢>7 re-
spectively. The objective function (4 consists of two parts the first
part is the cost of recourse control actlons, ie., B4 and |qi7 ¢|, where
they will be used continually in real-time irrespective of uncertainty
realisation. Hence, their coefficients are equal to unity in the objective
function (the probability of these actions being active is one). The sec-
ond part is the cost of adjustable control actions, i.e., Pj; afit T'(Apyy;)
and P, ¢la§%lP(APz’D¢l)> where they model the expected cost of real power
curtailment through recourse decisions. These terms model how much
the inverter connected to node ¢ and phase ¢ will change its real power
curtailment if their uncertain parameters PV generation and demand
realise in their associated [-th segment. Also, notice that the coeffi-
cients of these recourse decisions are equal to the probability of the re-
alisation of the uncertain parameters in their corresponding segments,
ie., Py and Pwﬂ

To summarise, we implement the DARC methodology on the volt-
age regulation problem and obtain a linear optimisation problem with
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objective (4.21]) subject to constraints (4.2b)), (4.2d)), (4.2g) and the
robust counterpart of constraints (4.17)), (4.18al), (4.18b)) and (4.20).

4.6 Alternative Approaches

We compare the performance of our approach with 5 alternative ap-
proaches. These approaches provide affine or piecewise affine policies to
adjust the controllable variables in real-time to deviations in uncertain
parameters. In what follows, we briefly summarise these approaches.

4.6.1 AARC

Using the methodology described in section [£.3] we define the RPC
policy based on the AARC approach as follows:

P = B+ oS AP + a5 ApP,. (4.22)

4.6.2 Limit on Power Generation (LPG)

In the LPG approach [81], we use the following decision rule:
pi(t) = min (pf(t), py(to) — pig (o)), (4.23)

where p] ,(t) denotes the PV generation at ¢-th period, pj4(t) denotes
the available PV in period ¢, and pj(to) denotes the available PV
at the beginning of period ¢, i.e., the measurement sent from each
household to be used in the optimisation . In other words, decision
rule dictates that PV generation at each household and at each
period should be less than or equal to the optimal PV generation which
is sent from the central stage, i.e., the solution to problem (4.2)).

4.6.3 Limit on Power Injection to the Grid (LPI)

Our simulations show that implementing the LPG approach does not
prevent voltage violation and consequently may lead to inverter trip-
ping off. This is an expected result as the decision rule does not
account for the uncertainty in demand. Therefore, in scenarios where
the demand decreases from the measurement value, it is possible that
some of the nodes would face voltage violation. We modify as
follows to prevent the voltage violation problem:

P 4(t) = min (pf'(t),
pry(to) — pi + min(pp,(t) — piy(to), 0)), (4.24)
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where p)”(to) denotes the demand at the beginning of the period. The
added part in the decision rule (4.24]) ensures that the injected power at
each node will not be more than the optimum injected power obtained
in the central stage in each period.

4.6.4 Robust Optimisation-Based Approach (RO)

We also compare our approach with the conventional robust counter-
part of (4.2]) using the constraint wise construction technique described
in [54], while assuming that the uncertain parameters belong to uncer-

tainty set (4.12)).

4.6.5 Optimal Solution

Finally, we compare our approach with the optimal solution (we will
refer to this approach as Opt) assuming perfect knowledge over the
uncertain parameters, i.e., solve (4.2)) for every scenario.

4.7 An Illustrative Case Study

In this section, we develop an illustrative example to demonstrate the
performance of our proposed method against the conventional AARC
and robust approaches.

Consider a single-phase two-bus distribution feeder, shown in Fig. [4.3]
Let us assume that inverters are working at the unity power factor.
Also, let us assume the voltage magnitude at the head of the feeder,
|Vol, is 1pu and the maximum allowed voltage is 1.05pu. Let us also
assume that the demand is equal to zero, and the PV generation at the
time of measurement is equal to 4pu and can vary between 2pu to 6pu.
In other words:

PP = P+ ApPY = dpu % 2pu. (4.25)

Our objective is to minimise the RPC required to keep the voltages
within the acceptable limit in all possible scenarios.

Fig. shows the policies we obtain when we use RO, AARC, and
our proposed method with L =2, L =4 and L =8. Considering the

(0.01025 + 0.01j)pu
Vo o——\W—/T000 ‘—28 3V

Figure 4.3: Diagram of a single-phase two-bus distribution feeder



CHAPTER 4. DATA-DRIVEN ADJUSTABLE ... 74

1.5

‘;RO —AARC 12 -4 -- ﬁ:s\

1 L 4
=
e
o 05¢ X i
3@ worst-case

0

_05 I I I I I |
2 3 4 5 6 7

p™ (pu)

Figure 4.4: Different policies obtained from solving the RPC problem using
RO, AARC, and our proposed method with L=2, L=4 and L=8.

power flow model (1), we can see that the real power injection at Bus
1 should not exceed 5pu:

1pu 0.01025pu
P NG
U=Uy +2( r Xp1) < 1.1025pu — p; < 5pu. (4.26)

Therefore, when dealing with this problem using the classical robust
optimisation approach, the solution is that RPC at this bus should be
equal to lpu (since the maximum value of pP’ is 6pu), regardless of
uncertainty realisation. By allowing the RPC to adjust itself linearly
with the uncertainty, we can improve the performance and prevent
unnecessary real power curtailment, shown with a red line as AARC in
Fig. [4.4L However, since the RPC should always remain positive, the
solution is forced to have a non-zero curtailment, even at the measured
value (i.e., at p"" =4pu we will curtail 0.5pu while the voltage limit will
not be violated for any injection less than 5pu). We can alleviate this
problem by allowing the RPC to be a piecewise affine function of the
uncertainty. We can see that by adding more segments to the piecewise
affine function, we prevent unnecessary RPC in more possible scenarios
through the flexibility provided by the piecewise affine function.
Interestingly, we see that regardless of the chosen approach, the
RPC is the same at the worst-case scenario. This is an important
observation as it indicates that if we choose to minimise the RPC at
the worst-case, the objective will be the same irrespective of whether
we allow our decision variables to be affine/piecewise affine function of
the uncertainty or not. Hence, the parameters that we will obtain by
solving the optimisation problem, with flexible piecewise affine control
variables, will not necessarily reflect our expectation shown in Fig. [4.4]
if we optimise for the worst-case scenario. By employing our proposed
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objective function , we guide the optimisation problem toward
choosing parameters that work better in expectation rather than just
for the worst-case.

Furthermore, if we increase the number of partitions from L =4
to L = 8, we will see no improvement in the result. This indicates
that adding more and more flexibility to the decision variables will not
always be beneficial. This is evident in this simple example, as we best
decision here is to curtail all the PV generation above 5pu, and do not
curtail any below that. Since both L =4 and L =8 will produce this
result, there is no advantage in adding more flexibility to the decision
variables. Indeed, the results of our simulations in realistically sized
networks agree with our discussion here.

4.8 Numerical Results and Discussion

We test the performance of our proposed method on the IEEE 37-bus
MV and the IEEE 906-bus LV test systems [35]. In our simulations, to
imitate the real-world situation, we assume that when an over-voltage
occurs at a node, the inverter connected to that node will be discon-
nected for the rest of the period’] We experiment on three different
distributions for the uncertain parameters, but in each case, we solve
the DARC assuming a normal distribution. This enables us to evalu-
ate the performance, when there is a mismatch in identifying the true
underlying distribution. Also, we conduct an experiment, assuming
we have access to the “true distribution” of the uncertain parameters,
when solving the DARC, and show the benefits of having a more accu-
rate PDF on the performance of the DARC.

4.8.1 Experiments on the IEEE 37-Bus MV Network
Simulation Data

We perform three experiments: using 1-minute data generated from a
solar/demand model, using a normal distribution to model the uncer-
tainty in a period, and finally, using a uniform distribution to model
uncertainty.

3This is inline with the the Australian/New Zealand Standard [20] which states that
the inverters should be disconnected from the grid if the connection point voltages go
beyond a certain point. Also, based on this standard, the inverters can reconnect to the
grid only after the connection voltage has been maintained within the acceptable range for
60 seconds. However, since we consider the resolution one minute, the system operating
condition will change before the inverter reconnection can happen. A future extension of
our work can be to consider a time series analysis over a long period where if the system
operating condition does not change, the inverters can reconnect to the grid.
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Figure 4.5: (a) and (b) show the PV generation and demand in the first
day, respectively. (c¢) and (d) show the histogram of the PV generation
and demand deviations from their measurement values during the week,
respectively.

In the first experiment, we use a modified demand profile provided
in the IEEE 37-bus datasheet. However, since the demand data is
limited to a single operating point, we extend it to a 1-minute resolution
data over a day, using the IEEE 906-bus demand data. To generate load
coefficients for each of the 32 loads in the 37-bus network, we randomly
select 20 load shapes from the available 100 load shapes in the 906-bus
system datasheet, and then aggregate and per-unitise them to have a
better estimate of an MV load shape. To generate 1-minute resolution
PV generation data in a PV-rich system, we assign a PV system to each
node, thrice their maximum demand. Then, we use [34] to generate a
shape coefficient over a day to obtain 1-minute resolution PV data. We
repeat the same process to obtain the 1-minute resolution PV and load
data over a week. We also consider a 15-minute period between two
consecutive measurements and simulate the LDR functions obtained
at the beginning of each period over the next 15 minutes. A sample of
the real data used in the simulation is presented in Fig. 4.5|

In the second experiment, we use the demand and PV power of 200
random minutes, sampled from 9 AM to 4 PM from the data that we
obtained in the first experiment. Then for each minute, we generate 15
random values for PV generation and demand with a normal distribu-
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Table 4.1: Comparison between the Relazation (R) and E&S approaches
in terms of their number of variables (NoV), number of non-zeros (NoN)
in the Jacobian matrix, average solve time (Avg.T.) and average objec-
tive (Avg.O.) of solving the optimisation repeatedly for different operating
points.

| | NoV | NoN | Avg. T. (ms) [ Avg. O. [ RPC (MW) |
E&S | 30604 | 106041 1024 3.983 17.223
R | 3814 [ 9811 129 3.957 17.208

tion which has a mean equal to the sampled value, and three standard
deviations equal to 50% of the sampled value. In the last experiment,
we use a similar approach, except that we use a uniform distribution
with [-50%, 50%] deviation from the sampled value at each node.

Simulation Results

We implement DARC with L = 2 once using F¢S and then using
the Relazxation approach, described in section We compare the
performance of each technique in dealing with equality constraints on
the IEEE 37-bus test system using the real-data. A summary of the
simulation results has been reported in Table|4.1], where we compare the
two approaches in terms of the number of variables (NoV), number of
non-zeros (NoN) in the Jacobian matrix, average solve time (Ave.T.),
average objective of solving the optimisation repeatedly for different
operating points within the week (Avg.O.), and the RPC obtained
by simulating the obtained LDRs from the optimisation in each 15-
minute interval. As can be seen, using the EéS approach will result
in very “dense” constraints, which for the optimisation leads to a large
number of non-zeros in the Jacobian matrix. This happens because we
have eliminated several useful variables which could account for sub-
expressions which now have to be repeated many times. This, in turn,
along with a higher number of variables, has increased the solve-time
significantly. We can see that, on average, the Relaxation approach
decreases the number of non-zeros in the Jacobian matrix by more
than 90% while it introduces less than 0.7% error in the objective and
less than 0.09% error in the RPC. Hence, in the rest of the manuscript,
we use the Relazation approach.

Table. 1.2l shows the simulation results on the IEEE 37-bus network
using different approaches (NVV denotes the number of voltage viola-
tions). We can see that our DARC method reduces RPC compared to
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Table 4.2: Summary of the Results in the 37-Bus Network (RPC is in MW)

Approach Real data Normal Dist. | Uniform Dist.

RPC | NVV | RPC | NVV | RPC | NVV

LPG 415.360 85 | 85.130 50 | 831.930 126
LPI 43.541 0 | 28.180 0 51.482 0
RO 28.435 0 | 26.252 0 26.252 0
AARC 25.427 0 | 18415 0 19.361 0
L=2 17.208 0 8.280 0 10.756 0
L=4 16.831 0 7.569 0 10.529 0
L=6 16.759 0 7.345 0 10.488 0
L= 16.763 0 7.308 0 10.476 0
Opt 9.022 0 5.296 0 5.835 0

all alternative approaches and acts closer to the optimum yet an un-
achievable solution. We can also see that the DARC method decreases
RPC irrespective of the data distribution. This is an interesting result,
as it shows that even if the data distribution is different from what we
expect, at least in these experiments, the objective is not harmed by
the DARC approach, and we actually manage to improve it relative
to the standard AARC. Another interesting observation is that our
results here agree with our discussion in Section indicating that
increasing the flexibility of the control variables continually will not
always improve the performance. Also, the simulation results indicate
that our proposed approach can successfully keep the voltages in the
accepted limits in the experiments while decreasing RPC compared to
the conventional AARC by 32%-60% over the experiments.

To illustrate the effectiveness of different approaches in dealing with
the voltage rise problem, we have added Fig.[4.6] This figure represents
the maximum voltage magnitude of the nodes in the 37-bus feeder when
we simulate the real data from hours 7 to 18. We can see that all control
approaches, except LPG, manage to bring the voltages back to the
desired region. However, as shown in Table .2 our DARC method
uses 32%-60% less real power curtailment than the best alternative
approach (AARC) and acts closer to the optimum yet unachievable
solution.

Next, we perform a similar experiment with the real data in the
IEEE 37-bus network, except when solving the DARC, we assume to
have access to the true distribution of the uncertain parameters. We
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Figure 4.6: (a) Maximum voltage magnitude of the nodes in the 37-bus
feeder from hours 7 to 18, using the real data. Also, (b) and (c) zoomed in
on the simulation results in hours 11-12 and 15-16, respectively.

Table 4.3: Comparison between the RPC of the conventional AARC and
the DARC approaches with different number of segments, when using the
real data PDF.

| |AARC|[ L=2[L=4[L=6]L=8]
| RPC (MW) | 25.427 | 15.143 | 15.138 | 15.003 | 14.983 |

report the results in Table [£.3] Comparing the results in Tables
and [4.3] we can see that by using more accurate probability information
of the uncertain parameters we manage to further improve the DARC
performance.

4.8.2 Experiments on the IEEE 906-Bus Network
Simulation Data

We assume a high PV penetration scenario by pairing each load with
a 10 kVA PV system. In the first experiment, we randomly select 55
out of the 100 1-minute resolution load shapes for the 55 houses in the
network and use a similar approach as the previous section to generate
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I-minute PV generation data. In the other two experiments, we repeat
the same approach as the previous subsection to generate random PV
and demand power data with normal and uniform distributions at each
node, respectively.

Simulation Results

Table shows the RPC, using different approaches in the 906-bus
network. As can be seen, our simulation results in this section agree
with the results in the previous section, showing that our proposed
approach can successfully keep the voltages inside the limit in all the
scenarios while decreasing the RPC relative to the other approaches.
More specifically, it decreases RPC relative to the conventional AARC
by 37% to 45% over the experiments.

Table shows the average computing time in our approach. The
simulations are carried out on a Dell Latitude 7490, having a 1.9 GHz
Intel Core i5 processor with 8 GB memory. We can see that increasing
the number of segments does not significantly increase the computing
time relative to AARC. Also, from these results, we can conclude that
increasing the number of segments more than two in the voltage regula-
tion problem is not recommended since it leads to less than 1% benefit
at the cost of the extra computation and complexity in the modelling.
Note that as discussed in Section [£.7] the benefit obtained from the ex-
tra number of segments is related to each specific problem, and hence,
a similar study is required to determine the “best” number of segments
for a given a problem.

4.9 On the Implementation of DARC on Real-
World Networks

This section discusses the key considerations in implementing DARC
on real-world networks. In particular, it discusses the computational
burden and convergence, communication infrastructure and delays, and
synchronised measurement. In the following paragraphs, we separately
provide insight on each topic / issue.

Computational burden and convergence: our proposed con-
trol scheme is composed of two stages, an optimisation stage that oc-
curs every 15 minuted]in the background, and a controller action stage
that operates continually in real-time. The controller action time is the
time required for the inverter to adjust their real and reactive power

4The optimisation can occur in longer or shorter intervals depending on the operators’
need.
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Table 4.4: Summary of the results in the 906-bus network (RPC is in kW).
It shows that our proposed approaches decrease RPC compared to the con-
ventional AARC by 37%45% over the experiments on the real, normal
distribution and uniform distribution data.

Approach Real data Normal Dist. Uniform Dist.

RPC | NVV | RPC | NVV | RPC | NVV

LPG 150.323 149 | 185.940 91 | 190.689 188
LPI 102.730 0 99.573 0 | 108.958 0
RO 65.592 0 62.068 0 62.068 0
AARC 55.516 0 52.075 0 52.894 0
L= 35.290 0 29.019 0 31.958 0
L=4 35.001 0 28.625 0 31.839 0
L= 34.890 0 28.478 0 31.792 0
L= 34.940 0 28.414 0 31.800 0
Opt 14.550 0 12.381 0 13.116 0

Table 4.5: Average computing time in the 906-bus test system for different
approaches

| | Opt [ RO | AARC [ L=2 | L=4 [ L=6 | L=8 |
| Time (ms) | 236 [ 263 | 330 | 353 | 395 [ 421 | 439 |

outputs based on their piecewise affine functions, which given the fast-
responding inverter-based technologies, is in the order of hundreds of
milliseconds. The optimisation time, however, is the time taken to
solve the optimisation problem detailed in Section [4.5.3] Note that we
only need to solve the optimisation problem once to update the local
controllers’ parameters at each 15-minute interval. Also, with the re-
cent advances in computation, linear problems can be solved efficiently
using available solvers in polynomial time [82]. For example, as shown
in Table [4.5 the solve time of the proposed schemes are in the order
of milliseconds— well below the 15 minutes available— for our 906-bus
test system on a core i5 laptop computer. Moreover, because our opti-
misation approach casts the problem as a linear program, it enjoys the
guaranteed convergence to its optimal solution |83|. Hence, we expect
the proposed approach to be computationally viable for the real-world
implementation.
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Communication infrastructure and delays: our design as-
sumes the existence of a reliable two-way communication system be-
tween a central entity (responsible for updating the control parameters)
and consumers that allows sending the smart inverter parameters at
regular intervals. Such a communication infrastructure is an essential
feature of smart grids, and various research and standards are being de-
veloped to help realise it [59]. Regarding communication delays, notice
that our controllers are designed to respond to a variety of realisations
within an operating interval (uncertainty set). Therefore, in case of a
delay, our controllers can still respond to the realisations until the new
setting is broadcasted.

Synchronised measurement: in our control scheme, we collect
measurement every 15 minutes throughout the network. New technolo-
gies, such as micro-phasor measurement unit (4uPMU), can measure the
synchronised voltage and current values of electric power distribution
networks. The synchronised data obtained by pPMU can then be used
for monitoring, diagnostic, and control applications [84].

4.10 Summary

We proposed a two-stage central-local approach to coordinate multiple
PV systems to prevent voltage violation in three-phase distribution sys-
tems. We casted the problem as a linear program and obtain piecewise
affine functions mapping the real PV power and demand to inverter
output at each household. We also proposed a novel partitioning tech-
nique to enable the conventional AARC method to exploit the available
probability information. Our simulations confirm that our approach is
robust against parameter uncertainty while decreasing RPC compared
to alternative approaches.

A further extension to our work in this section is to incorporate soft
constraints in our modelling. The soft constraints allow some network
limits to be violated in extreme scenarios, if the benefit of allowing such
violations for improbable scenarios outweighs the decisions guarantee-
ing their satisfaction for all the possible realisations. An example of
such constraint is the voltage limit on a common node in the grid. As
we will show in Chapter 5] allowing even a tiny probability of constraint
violation can change the problem solution significantly, and results in
a significant improvement of the optimal value for those instances that
remain feasible.



Chapter 5

Adjustable Scenario
Optimisation Approach

5.1 Introduction

In the previous two chapters, we have presented a two-stage central-
local approach to coordinate PV inverters and mitigate overvoltage
problems. At the heart of our approach is an uncertain optimal power
flow (OPF) problem that we regularly solve to obtain parameters of the
local controllers. Our approach to solving the uncertain OPF was to
robustify all the constraints against uncertainty realisation regardless
of their importance. This chapter revisits this step and discusses how
this may lead to over-conservative decisions. It then proposes an ap-
proach based on scenario optimisation to reduce the conservativeness
of adjustable robust approaches.

An OPF problem in power system operation is often solved to min-
imise an objective, e.g., generation cost and/or real power losses, while
supplying the required demand and adhering to network constraints
and engineering limits [85]. In an OPF problem, depending on the na-
ture and importance of different constraints, they can be modelled as
hard or soft constraints. The hard constraints should be satisfied for
all possible realisations of uncertainty. An example of such a constraint
is the voltage limit on a critical node in the system, where the discon-
nection of this node from the grid due to an overvoltage scenario is too
costly or consequential. Another example of such a constraint is where
its violation is impractical in real-time operation, like the constraint on
the real power curtailment (RPC), which states that the RPC should
be less than or equal to the available PV power for generation at each
node.

Conversely, soft constraints allow some network limits to be violated

83
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in extreme scenarios if the probability of their occurrence is negligible.
An example of such a constraint is the voltage limit on a not critical
node in the grid, e,g., a residential connection. If the voltage exceeds
the limits in an extreme case, the protective relays/fuses will be trig-
gered and disconnect the node from the grid. However, as shown in [86],
allowing even a tiny probability of constraint violation can change the
problem solution significantly and possibly, result in a significant im-
provement of the optimisation value for those instances that remain
feasible.

In this chapter, we propose an adjustable scenario optimisation ap-
proach to coordinate slow- and fast-acting devices to prevent voltage
violation in three-phase distribution systems. In our modelling, the
hard physical constraints are immunised against the worst-case uncer-
tainty realisation using the adjustable robust optimisation techniques
developed in the previous chapters. Conversely, the soft constraints are
modelled using a joint chance constrained (JCC) program. The JCC is
a formulation of an optimisation problem that ensures that the prob-
ability of meeting a set constraint is above a certain level. However,
since JCC programs are typically hard to solve [86], we reformulate
them using scenario optimisation, which directly takes empirical data
and provides bound on the risk of constraint violation. We allow fast-
acting control devices to take live recourse actions by modelling their
response through a piecewise affine function which takes the real-time
local measurement as input and outputs the control signal. The re-
sponse of slow-acting devices, on the other hand, due to their physical
limits are fixed for each discrete optimisation time interval with no
recourse. To the best of our knowledge, this is the first work that
combines the adjustability of fast-acting devices and the scenario op-
timisation approach to deal with JCC problems in distribution system
operation.

The available literature on scenario optimisation, e.g., [86-88|, sug-
gests a minimum number of scenarios, required within the optimisa-
tion, to probabilistically guarantee a pre-specified bound on the risk
of constraint violation. However, the authors of [89] have shown that
the assumptions to obtain this number of scenarios are relatively weak,
and that in many engineering problems, the number of required sam-
ples to maintain the desired probability levels is far lower in practice.
In fact, the unnecessarily large number of samples not only results in
conservative solutions but might also cause computational challenges
in large problems that need to be solved frequently.

Hence, in this chapter, we additionally propose an approach to ap-
proximate the required samples for the scenario optimisation approach.
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We show that unlike alternative approaches, our suggested number of
samples does not increase with the size of the problem. Unfortunately,
this comes at the price of losing the bulletproof probability guarantees;
yet, as we show through extensive numerical results, our proposed ap-
proximation behaves well in practice and closely maintains the required
probability levels. For example, when testing our approach on the IEEE
37-bus system, it reduces the required number of samples from 4497 to
only 90, while introducing less than 1.5% error in the given probability
level.

The rest of this chapter is organised as follows: Section [5.2] pro-
vides a literature review and discusses the motivations behind our work.
Section presents our approach on a general optimisation problem.
Section presents our proposed method to approximate the required
number of samples used for scenario optimisation, and Section an
experimental illustration on a small-scale example. Section de-
scribes the power flow and component models, followed by the imple-
mentation of our proposed model of the voltage regulation problem.
Section presents our numerical results, and finally, Section con-
cludes the chapter.

This chapter presents an edited version of our work [90], published
as a research article in the IEEE Transaction of Power Systems journal.

5.2 Related Work and Literature Gap

Defining the types of constraints is a crucial modelling question that
dictates the formulation and solution algorithm. For hard constraints,
the standard technique is the robust optimisation technique where a
support is defined for the uncertainty set, which contains all the pos-
sible realisations of the uncertainty, and then chooses the value of the
decision variables so that they satisfy the constraints for all the reali-
sations. On the other hand, for soft constraints, a common approach
is to formulate them as chance-constraint programs (CCP), where the
objective is to find the optimum value of the decision variables that
satisfy the constraints with a pre-specified probability. More formally,
in this chapter, we are interested in the problems of the following form:

min c'x (5.1a)
reX (5.1b)
g(z,e) >0 Veel (5.1¢)
P{f(z,6) >0} > 1 -8, (5.1d)
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where x € R™ denotes the decision variables, c € R™ denotes the objec-
tive function coefficients and set X C R" captures the deterministic
constraints on z. Also, € is an m-dimensional random vector with val-
ues € € Y/ CR™, and P and U denote a probability measure and an
uncertainty set for €, respectively. The setting we consider is where we
do not know the precise distribution of €, instead we only have access
to a fixed number of samples. Functions g(z,¢) : R x R™ — R" and
f(x,8) : R* x R™ — R are linear in their arguments. The constraint
denotes a hard constraint and it enforces that g(x,e) > 0 should
hold for any possible realisation of €. Also, the constraint de-
notes a chance constraint and requires a set of [ uncertainty-affected
inequalities to be jointly satisfied with a probability of at least 1—(,
where €10, 1] is a desired safety factor specified by the modeler. By
convention, ([5.1d)) is referred to as individual or joint chance constraint,
if [°=1 or [°>1, respectively.

We will handle the constraints of the form , using the ad-
justable robust counterpart approaches introduced in Chapter 4], which
allow the modeller to replace the decision variables with piecewise affine
functions of uncertainty, and optimise the parameters of these func-
tions.

Evaluating the JCC of the form requires exact information
about the probability distribution P of the random vector e. How-
ever, in most practical applications, we do not have access to the exact
information, and P needs to be estimated with a limited number of
samples from historical data. The common technique in the literature
to deal with the chance constraint under limited information
is to adopt a distributionally robust chance constrained (DRCC) ap-
proach [91-93]. These approaches form a set of possible distributions,
commonly referred to as “ambiguity set” and then guarantee to satisfy
the chance constraint for all distributions in the ambiguity set.
More formally, the constraint is first reformulated as follows:

jnf P{f(z,€) 20} 21 -5, (5.2)

where D denotes the ambiguity set. Then, the JCC is separated
into several individual chance constraints, one for each [¢. Finally,
the individual chance constraints are reformulated as an equivalent set
of linear (or mixed-integer linear) deterministic constraints through
available techniques, such as applying the worst-case conditional value
at risk methodology. We argue the need for our study from two angles:

i) How to efficiently separate JCC into several individual chance
constraints is a complex task and an ongoing field of research. For ex-
ample, the authors in [91], suggest equally dividing the safety factor
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amongst [ individual chance constraints. Although this is a straight-
forward approach, the authors in [92] show that the quality of this
approximation diminishes as [¢ increases if the inequalities in the JCC
are positively correlated, which is usually the case in most power sys-
tem applications. Instead, [92] proposes an alternative approach, which
characterises the problem of separating the JCC into several individual
chance constraints as an optimisation problem, based on some prede-
fined parameters; and show that their approach will always outperform
the approach in [91]. The authors in [93] show that the approximation
in [92] depends critically on the choice of the predefined parameters,
while the problem of finding the best parameters for a general chance
constrained program is nonconvex. Instead, they propose an iterative
sequential optimisation approach to approximate the JCC. Using such
an approach in online applications, where the optimisation needs to be
solved periodically, can be quite challenging.

ii) A key element in reformulating to is the choice of
the ambiguity set D. The ambiguity set is essentially a set of probable
predictions of the “true distribution” based on finite available samples.
One way to build the ambiguity set is to assume that true distribution
will satisfy certain moment constraints obtained from the samples [94].
In these approaches, the moments are estimated from historical data
and fixed for all distributions in the ambiguity set, while in reality these
moments are not necessarily true for the underlying distribution, and
hence, these approaches fail to provide any probability guarantees for
the true distribution [95]. An alternative is to define the ambiguity set
as a ball in the space of probability distributions by using a probability
distance function such as the Wasserstein metric [96]. Although, these
approaches can guarantee a confidence bound on the true distribution
based on the predefined metrics, they are often too conservative, and
hence, complementary methods such as bootstrapping or cross valida-
tion are being investigated to reduce their conservativeness [96].

To address the above shortcomings, in this chapter, we use the
scenario optimisation approach [36] to deal with the JCC in (5.1d)). In
this approach, a number of samples are randomly selected from the
historical data, and the following reformulation of is applied:

f(z,€e’) >0, Vs e {l,...N}, (5.3)

where the vector €° denotes the s-th realisation of ¢, and N denotes
the number of samples to be used in the optimisation. This approach
firstly does not require separating the JCC into individual chance con-
straints, and secondly, it does not require building an ambiguity set
since it incorporates the empirical data directly into the optimisation
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problem. However, a critical question remains regarding the quality
of the solution: Does the optimal solution of the reformulated problem
satisfy the chance constraint in the original problem ? Notice that
if N goes to infinity, the optimal solution will be feasible and close
to the solution of solving the problem with the robust counterpart of
(5.1d]), which will also satisfy the chance constraint, but it will poten-
tially be too conservative. Conversely, if N is chosen too small, the
solution might not satisfy the chance constraint.

The authors in [86] propose an interesting approach to answer the
above question. They suggest a lower bound for the number of sam-
ples to be included in the optimisation problem so that constraint
(5.1d)) is satisfied with the confidence of 1 —~. The authors in [87]
extend the results of [86] and prove that the same probability guar-
antees can indeed be achieved with much fewer samples. The authors
in [88] further extend the results and show that given certain structural
properties of function f, such as being separable in its arguments, the
number of required samples can be further reduced.

Despite all of these efforts, the authors in [89] have shown that in
many engineering applications, the actual number of samples required
to be used so that can closely represent the JCC (j5.1d) is often
far less than the number of samples suggested by the above theories.
Hence, iterative methods have been proposed in [97-99] to gradually
get closer to the minimum number of samples that can maintain the
probability levels for a given problem. However, these methods lack
instructions on what is a suitable starting number of samples for each
problem. This is essential, especially in real-time problems where a
limited time is available to produce a solution. Through the lens of
this literature stream, our approach can be viewed as an estimate on
the number of samples required to reformulate a JCC of the form ([5.1d))
with .

Scenario optimisation based approaches have been used in power
system operation and planning [100], for instance to solve the eco-
nomic dispatch problem in transmission systems using a DC power flow
model [89}/101], the unit commitment problem [102], the transmission
expansion planning problem [103] and reserve scheduling problem in
transmission systems with a high level of wind penetration [104]. How-
ever, the available literature either rely on too many samples which
are not available in a practical setting or neglects the capability of
fast-acting devices to take live recourse actions.

The main contributions of this work are:

e An adjustable scenario optimisation approach that combines the
application of adjustable robust optimisation and scenario opti-
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misation for coordinating the fast-acting and slow-acting voltage
control devices in three-phase distribution systems. Our approach
enables the operators to maintain the soft constraints with a pre-
specified probability using a joint chance-constrained program.
Through numerical simulations, we show that in doing so, our
approach outperforms the adjustable robust optimisation (that
immunises all the constraints based on the worst-case realisation
of uncertainty, regardless of their importance and the likelihood of
their occurrence) by more than 80%. Our approach also enables
the fast-acting devices to provide live recourse actions within the
scenario optimisation technique. Using numerical simulations, we
show that this improves the performance of scenario optimisation
by more than 83%.

e An approximation of the required number of samples in the sce-
nario optimisation approach that does not increase with the size
of the problem. We show that using the number of samples in the
scenario optimisation that provides an analytical guarantee will
require many samples that is often not available in practice, and
even if it does, it will lead to a computationally hard problem and
result in over-conservative decisions. Instead, our approximation
provides a trade-off between computational burden and solution
quality in the scenario optimisation approach.

5.3 Proposed Method

In this section, we present our proposed approach on a general linear
uncertain optimisation problem. We first begin by providing a short
summary of our approach in Chapter 4| where we replaced a number of
decision variables with piecewise affine functions and dealt with hard
constraints of the form . Next, we discuss on how to deal with
soft constraints of the form . Finally, we present our approach
to combine the scenario optimisation and adjustable robust methods.

5.3.1 Piecewise Affine Functions

Recall that in the DARC approach, we distinguished between the vari-
ables whose values should be decided before the uncertainty realisation,
and the variables whose values can be determined after the realisa-
tion of uncertainty. Then, we replaced the latter with piecewise affine
functions that take the realisation of the uncertainty as an input, and
output recourse control actions.
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First, we decomposed the vector of decision variables x € R™ such
a

that © = where 2% € R" and z* € R"" correspond to adjustable

U

and non-adjustable variables, respectively, while n=n®+n". Next, we
segmentate the uncertainty set to L segments along each dimension.
To do so, for each element in €, we define a vector of variables, ¢; € RY,
whose elements denote the uncertainty of realisation in each segment.
We then collect the vectors €; into the vector é=[€], ..., €7 |7, which has
a size of mL.

Next, we define the following relations between the adjustable vari-
ables % and uncertain parameter € with the uncertain parameter é:

z(€) =y + (5.4a)
€ = 1,

(5.4b)

where y € R™ and Y € R®*("L) are the new variables in the optimi-
sation stage, and fixed parameters of the piecewise affine function in
the real-time operation stage. Also, 1 is a block diagonal matrix with
dimension m x (mL), whose diagonal block is a vector of all one with
the size of 1x L. We now discuss how to deal with hard constraints of
the form ([5.1c]).

Expanding the linear function g(z, €), we write:

Ar+Be+d>0 Veel, (5.5)

where A, B and d are known matrices/vectors with appropriate sizes.
We then replace the piecewise affine functions into , and
similarly to process described in Chapter [} use the duality technique
to obtain the robust counterpart of as a set of linear constraints.

5.3.2 Scenario Optimisation

The scenario optimisation approach states that the JCC can
be approximated by , given that sufficient number of samples are
included in the analysis. To obtain the number of samples, [86] suggests
to first define Violation Probability as follows:

Let x be a candidate solution to . The violation probability of
x is defined as:

V(z)=PleclU: f(x,e) <0} (5.6)

Then, borrowing the terminologies from [86], with probability no smaller
than 1—y (y€][0, 1]), the reformulated problem returns an optimal solu-
tion which is (-level robustly feasible. This statement can be formally
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written as:

P{V(zy) > B} <, (5.7)

where vector x7, denotes the optimal solution obtained from solving
the reformulated problem using N samples. Theorem 1 in [87] states
that

BUCHETIEDY (7) B(1- BN, (5.8)

where n is the number of decision variables. Thus, (5.8) implies that if
we choose the number of samples (N) such that:

n—

: (V)pa-m<s (5.9

1=

holds, then the inequality will hold. Hereinafter, we will refer to
the number of samples, suggested by Campi et al. [87], that satisfies
(5.9) as N¢¥™  Notice that the number of samples required to satisfy
will increase with the number of decision variables. Indeed, in
Section [5.7] we show that in distribution systems with many nodes,
using N¢®" samples in a scenario optimisation, leads to an intractable
problem. Hence, in Section |5.4] we propose a more effective alterna-
tive approach to approximate the number of required samples in the
scenario optimisation approach.

5.3.3 Adjustable Scenario Optimisation Approach

In this section, we bring the approaches introduced in [5.3.1} and Sec-
tions together. In what follows, we develop a linear optimisation
problem to obtain the parameters of the piecewise affine functions,
whose outputs guarantee that the hard constraints are always met as
long as the uncertainty realises within the defined uncertainty set. Also,
with the confidence 1—v, it guarantees that the soft constraints are met
with probability of at least 1— f.

Similarly to the function g(z,€), we expand the linear function
f(z,€%), and re-write as follows:

Dx + Ee® +v >0, Vs e {l,....N}, (5.10)

where D, E and v are known matrices/vectors with appropriate sizes.
We then partition matrix D = [D", D], similarly to matrix A, and
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incorporate the new decision variables z*, y and Y into (5.10), and
obtain:

D'z"+D*(y+Ye' )+ E(1e*)+v>0 Vse{l,...,N'}. (5.11)

Notice that as we described in Section , based on , the number
of required samples to replace a chance constraint increases with the
number of decision variables in the optimisation problem. Hence as
we are replacing our decision variable x® with the affine function x* =
y—+Yé we are increasing the number of decision variables (y and Y are
the new decision variables), and thus, if we wish to obtain the same
probability guarantees, we need to use more samples, i.e., N' > N.

Note that by defining the new decision variables, we have added
uncertain parameters to the objective function. Here we use the sam-
ple average approximation technique [105] to reformulate the objective
function as follows:

N/
YAS
cTr — cla" + cf Z <y+T€) ; (5.12)

s=1

where ¢ = [T, cT]T.

To summarise, we reformulate the optimisation problem (5.1)) as a
linear program with objective subject to the constraint (5.1b)),
the adjustable robust counterpart of constraint and constraint

(5.11).

5.4 Approximation of the Required Number of Sam-
ples

In this section, we present Theorem 1 (and its proof) which gives
the number of samples ¢* that must satisfy for a given decision
variable x, for the JCC to hold with probability 1— /3 of constraint
violation with statistical significance 1—+.

The proof is given in the context where decision variable z is con-
stant and given ez-ante, and the likelihood of JCC satisfaction is then
evaluated from the revealed samples. However, as we will show numer-
ically in Sections [5.5] and [5.7], the effectiveness of this theorem is also
practical (but not necessarily analytical) in the ez-post context where
the decision variable z is optimised from the sample information.

Theorem 1: Let us fix the decision variable z and two values
B € 10,1] and ~ € [0, 1] which denote the safety factor and confidence
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level, respectively. Also, let us consider that there are N samples taken,
where:

log(7)
NézE&Tfﬁi (5.13)

If all N samples are satisfied in the reformulation (5.3 of the JCC,
then with probability no smaller than 1 — v, the solution with decision
variables x is (-level robustly feasible.

Proof: We first briefly provide an overview of Hoeffding’s inequal-
ity to provide the required setup on which we build our approach. Ho-
effding’s inequality provides an upper bound on the probability that
the sum of bounded independent random variables deviates from its ex-
pected value by more than a certain amount [106]. It states that given
X1, ..., Xy which are independent and identically distributed (i.i.d.)
random variables bounded by the interval [0, 1], the following inequal-
ity holds:

R (P S (5.14)
==t Tt :

1
where X = N SV Xy, p=E(X) is the expected value of X, and ¢ >0

is a parameter.

In what follows, we use to obtain the required number of sam-
ples . Let us define indicator variables z and z° that respectively
depend on € and €° as follows:

1 if f(z,e) >0 s J1 if f(z,e®) >0
0 if flz,e) <0~ )0 if flz,€) <0

Defining random variable Z with values z, we rewrite our desired con-

dition (5.1d)) as the following;:
P{z=1}>1- 5. (5.15)
Since Z is a binary random variable, P{Z =1} = E(Z) and (5.15) be-

comes:
E(Z)>1-6. (5.16)

Also, let us define the sample average mean of the random variable 2z
as follows:

1
L;ﬁziﬁ% (5.17)
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We consider Hoeffding’s inequality applied to variables z°.

Hoeffding’s inequality bounds the average of random variables X; in
terms of displacement to their mean u. However it cannot analytically
be applied to bound the mean p with respect to a sampling realisation
of the X;. Therefore, in order to infer information about the mean p
from sampling realisation we turn to statistical null-hypothesis testing
[107]. For the task of showing with high confidence that is true,
we define the following:

Hy(B):E(G) <1-8 (5.182)
H,(B): E(2) > 1 -8, (5.18b)

where Hy and H, denote the null- and alternative- hypothesis, respec-
tively, for a given 5. We then write the null-hypothesis test as follows:

P{Z> K | Hy(B)} <. (5.19)

where K denotes the observed value of the average of the samples (or
in other words, is the percentage of samples that have satisfied the JCC
constraint), and + is the significance level. Also Z is a random variable
with value Z. In this case P{A | B} is read as the probability that .4
is true ‘given that’ hypothesis B is true. For small values of v, usually
less than 0.05%, we can reject the null-hypothesis, or equivalently, with
confidence 1—+ we say the alternative hypothesis is true.
Let us start with an auxiliary hypothesis, parametarised by k:

Hue(k) :E() = & (5.20)

Using this auxiliary hypothesis, we can restate Hoeffding’s inequality

(5.14) as the following:
P{Z > ki +t | Hyua(r)} <

(a5 =tem, Gan

Or by rewriting in terms of a parameter K = x + ¢ then:
P{Z > K | Haux(K - t)} < E(K —t,t, N)? (522)

This statement tells of the probability that an average of future obser-
vations (Z) being greater than a threshold K given that the auxiliary
hypothesis is true (where mean g is equal to K minus t) is upper

bounded the function 4.
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One can show that for constant K, that ¢(K —t,t, N) is a function
which is monotonically decreasing with increasing ¢. Hence:

Vy>t P{ZZK’Haux(K_y)}§£<K_yay7N)
< UK —t,t,N). (5.23)

We can reformulate the hypothesis used here as:

(Vy >t, Hupo(K—y):E(z)=K—-y< K —1t)

)

(Ho(1— (K —1)):E(z2) < K —1t). (5.24)
Hence, considering (5.23)) and ((5.24)), it also must be true that:
P{Z > K | Hy(1 — (K —t))} < {(K —t,t, N). (5.25)

Letting K —t =1 — (3, thus:
P{Z > K | Hy(B)} < (1~ B,t,N). (5.26)

For all the samples satisfying the JCC constraintl] K — 1 and so t — 3
thus:

P{Z > 1| Hy(p)} < }Ln%m — B,t,N)

= lim ((%)Pﬁ”(%)ﬁ—t)]v =(1-p8)"N. (5.27)

Finally, inserting this inequality (5.27]) into our hypothesis test ([5.19)),
we obtain the minimum required number of samples in Theorem 1

as follows:

log(v)
1-g¥<y = N2> . 5.28
1-5) log(1—p) (528)
Therefore, if we take more than or equal to /N samples, with confidence

level 1—+ the alternative hypothesis is correct which completes our
proof. [ |

17 — 11is equivalent to finding a solution for the scenario optimisation problem with the
samples used in the optimisation. In other words, a feasible solution for the optimisation
problem means that all the samples satisfy all the constraints. For Z — 1 to happen, we
should have K — 1, and based on our definition K —t =1 — 3, we will have t — (.
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5.4.1 Remarks on Theorem 1

In the process of our proof, we assume that different sample values of
the random variable Z are independent, which is an assumption for the
Hoeffding’s inequality, and is true in the case where decision variable
x is constant and given ex-ante. However, in the ex-post case, the
value 2° is determined by the optimisation decision variable z, i.e.,
we choose the values of the decision variable x so that we get Z =1,
the random variables are then a function of the decision variable z,
and hence not independent. In the following sections, we demonstrate
through numerical simulations that the lower bounds for the number of
samples (given by Theorem 1) can closely approximate the required
number of samples for the desired probability levels in the ez-post case.
Hence, it can be used i) where only a limited time is available to make
the decision, and a marginal error in the probability levels is acceptable;
i1) as a starting point for the number of samples in an iterative scenario
optimisation method.

We note that in using Theorem 1 in the ex-post case, the decision
variable x controlling the constraints is fitted to the sample points,
which has the potential to introduce data over-fitting. We also note
that this tendency is expected to be more prevalent when the dimension
of the decision variable is large relative to the number of samples.

5.5 Small-Scale Experiment

In this section, we conduct a small-scale experiment where the number
of variables and the number of uncertain parameters are both 2 (later
on, in Section [5.7, we conduct more experiments on problems with
more variables and uncertain parameters). For this, we reimplement
the first example in Section 5.1 of [86], to investigate the out-of-sample
performance of Theorem 1. To make it easier for the readers to follow
this chapter, we provide a summary of the example here.
We aim to solve the following linear optimisation problem:

min c'x (5.29a)

P{A(E)z < b} >1- 8, (5.29b)

where x € R™ is the decision variable. Also, € is a random vector
which is uniformly distributed over a ball with radius one, and with
values e € U C R™. U is the uncertainty set which is considered to
be the direct product of ellipsoids, and A(.) is assumed to be affine in
its arguments. Hereinafter, we will refer to the minimum number of

samples that satisfies (5.9) and (5.13)) as N9 and NT1, respectively.
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Considering the probability levels §=0.01 and v=0.01, we obtain
NYm™ and NT1 using (5.9) and (5.13)), respectively. To evaluate the
out-of-sample performance, we replace (5.29b)) with:

A(e®)x < b, se{l,..,N}, (5.30)

and randomly select the required number of samples from . After
solving the optimisation problem, we generate another leb samples,
and use the indicator function to check whether the optimal solution
satisfies the constraints or not. We then calculate the average value
(u) of the indicator function over the samples. Finally, we repeat the
process le4 times and obtain the histogram of the averages.

For the given 8 and v, we solve and use Theorem 1 to
obtain N¢" =662 and NT! = 459, respectively. Fig. shows the
experiment results with different number of samples used in (5.30)). As
we increase the number of samples, we can see that the probability
of constraint violation decreases. Here, we are looking for a solution
that maintains the design probability levels while not being too far
away from them. Ideally, we want to obtain such a solution using as
few samples as possible. The reason is that increasing the number of
samples both makes the problem computationally more challenging,
and adds to the conservativeness of the solution?l From the numeric
results in Fig. .c, we can see that for N7t samples, the likelihood
of the JCC being satisfied for more than 99% of samples is 99.08%,
which is almost exactly following the given parameters f= ~vy=0.01. In
contrast, in Fig. .d we can see that for N9 samples, the likelihood
of the JCC being satisfied for more than 99% of samples is 99.9% -
which is ten times more conservative than necessary. Hence, in this
problem, our approach based on Theorem 1 offers a better solution
relative to [87].

5.6 Implementation of Our Approach in the Volt-
age Regulation Problem

In this section, we implement our approach on the voltage regulation
problem in three-phase distribution systems. Here we solve an opti-
misation problem periodically every 15 minutes (using the most up-
to-date forecast information) and send out the control parameters to
the controllers. Notice that one can increase/decrease the frequency
of solving optimisation, depending on their needs. In real-time opera-
tion, the fast-acting devices use the control parameters to respond to

2Each scenario adds more cuts to the feasible set resulting in a more restricted solution
space.
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Figure 5.1: Histogram of satisfaction probability using different number of
samples in the scenario optimisation. The number of samples in (a)—(f)
are N =10, N =200, NT1 =459, N¢@™ =662, N = 1000 and N = 20000,
respectively.

different realisations of uncertainty, while the response of slow-acting
devices will remain constant until a new update from the optimisation
is sent through. In what follows, we first introduce network and com-
ponent models. We then describe the details of how to implement our
approach.

5.6.1 Network and Component Models

Let vectors p; = [p%, p%, p§]" and q; = [¢7, ¢7, ¢f]" denote the real and
reactive power injection at all the phases of node 7, respectively. Let p=
pl,p:, ..., pY)" and g=[q],ql, ..., ql,]" be 3M x 1 vectors denoting the
injected real and reactive powers at every node and phase, respectively.
Let U° = [U], U], ..., U]]" be a 3M x 1 vector, where Uy is a 3 x
1 vector denoting the squared voltage magnitude at the slack node.
Also let V denotes the set of all the nodes and phases with a power
injection connection to the grid. We then establish the relation between
the injected real and reactive powers, and the nodal squared voltage
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magnitudes as follows:
U=Rp+ Xq+U°, (5.31)

where, R and X are 3M x3M matrices, and their elements denote the
sensitivity of squared voltage magnitude at node ¢ and phase ¢ to real
and reactive power changes at node j and phase ¢, respectively. We
obtain their elements as follows:

o _OUL i _ OUY
e (f)p;{’ ’ Je (9q}0 :

(5.32)

We then introduce the uncertain parameters in our problem. Let
pf’; and p? Z)O denote the forecasted values of demand and PV output at
node 4 and phase ¢, respectively. Also, let Ap”, eU” and Apl, €UPY be
the uncertain parameters, denoting the dev1at10n from the forecasted
values, where U” and UP" are the uncertainty sets for their correspond-
ing uncertain parameters. Similarly to section (5.3.1)), we segmentate
the uncertainty set to L segments and define the following:

L
Piyy = Pﬁ; + Z Apl, (5.33a)
=1
o L
=l + Y Ay, (5.33b)
=1

where p; and pf » denote the uncertain demand and PV output at node

1 and phase ¢, and pﬁg and pf Zf denote the corresponding forecasted
values. Also, Apf}; and Aply, denote the [-th segment of demand and
PV output deviations from the forecasted value at node ¢ and phase ¢,
respectively.

We model the real power curtailment of inverters with adjustable
variables using the following piecewise affine function:

L
P =05+ ) (ol Ar + afiApl). (5.34)

=1
The inverter’s reactive power can also similarly be modelled. However,
to simplify the formulation and reduce the problem’s size, we treat the

inverter’s reactive power as an unadjustable variable.

We also model the voltage control response of OLTCs at the trans-
former connecting the slack node to the upstream network using [108]:

U<U<U (5.35)
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where U0¢ represents the squared voltage magnitude of the slack node
at phase ¢. The model characterises the actions of the OLTC
as a slow-acting device, meaning that their value should be determined
at the optimisation, and they will remain constant until a new update
comes from the optimisation stage. Please note that in [109] a mixed-
integer linear model of the optimal power flow problem considering the
OLTC is developed. The authors have shown that this mixed-integer
problem is solvable in a reasonable time (less than 3 seconds in a 33-
bus system in their experiments). Thus, the OLTC model can
be replaced with their model, which will introduce integer variables in
our optimisation problem. Also, note that since in most OLTCs there
are a large number of tap positions to cover a wide range of over /under
voltage scenarios, the solution obtained from solving the relaxed linear
problem is close to the mixed integer linear problem. For example,
considering a distribution OLTC with 32 steps that works between 0.9
to 1.1 pu, the maximum error in the voltage magnitude between the
mixed integer and linear relaxed solution would be (1.1pu—0.9pu) /(32 x
2) = 0.0031pu. Nevertheless, the output of our optimisation will need
to be rounded up/down to match the real-world discrete value. A
simple workaround solution to prevent extra voltage violations due to
this rounding up/down is round-up in cases of over-voltage and round-
down in cases of undervoltage scenarios. This way, the integer solution
will be at least as robust as the continuous one in practicd’]

We aim to minimise the expected value of RPC, while keeping the
voltages within a desired range. We deal with three sets of constraints
in our modelling; i) the limits on the RPC, 4i) the inverter thermal
limit and #4) the voltage limit constraints. We treat the first two as
hard constraints, while we model the third as a soft constraint. In what
follows, we present the detailed formulation.

The RPC should always be positive and less than or equal to the
available PV power for generation. More formally:

0 <Py <Pl (5.36)

Also, inverter thermal limit put a cap on how much real and reactive
power can be generated at each inverter. The linearised constraint can
be written as follows [46]:

(cosO+sin6) gy, + (cosO—sin6) (ply,—py) <V2S;,, V6 G(@, |
2.37

3Please note that other control devices, such as capacitor banks as slow-acting, and
static var compensators as fast-acting devices can be added to the model in a similar way.



CHAPTER 5. ADJUSTABLE SCENARIO OPTIMISATION ... 101

where © = {0, 7/v,27/v,...,(2v — 1)w/v}, and v > 2 is an arbitrary
integer number. Also, S;, denotes the inverter capacity at node i and
phase ¢.

We next incorporate the definitions in and (| into con-
straint (5.36) and (5.37)), and obtain linear 1nequa11ty Constralnts that
contain the uncertain parameters Apf;l and Apz%l. Similarly to the
process described in Section |5.3.1] using duality theory, we robustify
these constraints against the worst-case realisation of the uncertainty
within the uncertainty sets, i.e., UP* and UP. The detailed formulation
are not included in the chapter to avoid repetition.

We then deal with the voltage limit constraints. The voltage limit
constraint states that the squared voltage magnitude should be within
a desired bound, i.e., Uf5 €[U,U]. Using the power flow model ,

we write the following for the upper bound on voltage magnitudes:

> (R“z’(pw Pl =) + X0 () ¢)> +US<U Vse{l,.. N}

(4:)

(5.38)
where
L . L
s 0 s el v e
Pl =l 4> Al P =P+ AP (5.39)
=1 —
L
oy = ) (ol AP + ol Apl). (5.39)
=1

sample. Slmﬂarly to ((5.38]), we model the lower bound on the squared
voltage magnitudes. However, to avoid repetition, we have not included
the detailed formulation.

Finally, similarly to (5.12)), we reformulate the objective function
using the sample average approximation technique as follows:

L
cur? v s .
o B, NZZ( WY (el A+ alApk) —|—g|q€¢|>’
=1

psz;ar ’aqul’ il %i,0 s=1 (

Parameters p& Sl o and pp denote the uncertainty realisations in the s-th
5.38)),

(5.40)

where ¢ is a small coefficient used to prioritise the reactive power usage
over the RPC. Note that although there is no cost associated with
reactive power, the extra reactive power usage (injection or absorption)
will result in higher currents flowing through the lines, increasing the
real power loss in the system. Hence, to avoid real power losses in the
lines, we minimise the reactive power usage.
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5.7 Numerical Results

We test the performance of our proposed method on the IEEE 37-bus
three-phase test system, which contains 32 nodes with power injection
/ absorption [110]. We use the snapshot demand data in [110] as the
forecasted value for demand. We model a high PV penetration network
by pairing each load with a PV system five times the demand value,
which results in a total of 12.28 MW PV installation capacity. We
conduct two experiments; in the first experiment, we assume that the
PV and demand deviations from their forecasted values at each node
come from a normal distribution with mean equal to zero and three
standard deviation equal to 30% of the forecasted value, or more for-
mally € ~ N (60, (0.160)2). In the second experiment we assume that
the deviations are from a uniform distribution between -30% to 30% of
the forecasted value. In each experiment, we randomly select N (or
NT1) samples from the distribution and solve the optimisation problem.
We then take another 1e4 samples from the distribution to investigate
the out-of-sample performance. Each experiment is then repeated le4
times to validate our results. The potential total available PV power
for the generation due to irradiance in our setting is 1827 GW and 1828
GW in the normal distribution and uniform distribution experiments.

In our experiments, we assume that when an over-voltage occurs
in a scenario at a node, the inverter connected to that node will be
disconnected in that scenario. We then report how much real power
is curtailed due to the inverter optimised responses (denoted by Inv.
Act.), how much is curtailed due to the inveters being disconnected
from the grid (denoted by Inv. Trip.) and the aggregate curtailment
(denoted by Inv. Agg.). Also in our experiments, we consider the
probability levels 5 =0.05 and v=0.01, and assume two segments for
each random variable, i.e., L=2.

5.7.1 Simulations on a Two-Node System

To provide a clear example, we first conduct experiments using only
two load nodes of the 37-node system. In this example, we only have
12 decision variables and 8 random variables (in the example in Sec-
tion [5.5] we had only 2 decision variables and 2 random variables).
Fig. shows the simulation results. We can see that our approach,
using both NT' and N can successfully handle the JCC problem
and obtain the parameters of the piecewise affine functions. Also, we
can see that similarly to Section , using N7! samples can more ac-
curately capture the JCC, meaning that the out-of-sample results are
closer to the design parameter (7 =0.01) and therefore less conserva-
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Figure 5.2: Histogram of satisfaction probability in the two-node experi-
ment. The number of samples in (a) and (c) is N71 =90, while in (b) and
(d) is NCam =425,

tive. To find the impact of number of samples on out-of-sample results,
we repeat the same experiment with the uniform distribution data for
different number of samples and report the results in Fig. [5.3, For
N >140, we get a 100% JCC satisfaction, instead of the desired satis-
faction 99% (1 — y= 0.99). Also, since the number of samples should
be an integer, in this problem NT'=90 is equal to the smallest number
of samples required to be collected for the given probability levels
and 7.

5.7.2 Simulations on the IEEE 37-Node System

In this system, the number of decision variables is n =32 x6. Given
[ and 7, using , we need 4497 samples. These many samples are
often not available in practice, and even if they were, they would lead
to a computationally hard problem. Alternatively, as introduced in
Section [5.1] authors in [88] offer an approach that might reduce the
number of required samples depending on certain structural properties
of the constraints in a problem. The JCC in our problem, the voltage
limit constraint , takes the separable structure of the form Lemma
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Figure 5.3: Sensitivity of constraint satisfaction to the number of samples
in the two node experiment using the uniform distribution data.
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Figure 5.4: Histogram of satisfaction probability in the 37-bus experiment.
The number of samples in (a) and (b) is NT1=90.

1 in [88]. This Lemma states that in (5.9)), n can be replaced with
n — min (n, 1°(m + 1)), (5.41)

where [¢ denotes the number of constraints in JCC and m is the dimen-
sion of the random vector. However, since the number of the voltage
constraints here is 32 x 2 and the dimension of the random vector is
32x4, the Lemma 1 does not decrease the number of required samples
in our problem. Conversely, the number of samples required based on
Theorem 1 does not increase with the size of the problem, and hence,
can still be used in this problem. Theorem 1 states that given 5 and
v, here we need to take 90 samples. Fig. [5.4] shows the simulation re-
sults for the 37-bus system, using our approach with N71=90. We can
see that our approach introduces less that 1.5% error while significantly
reducing the number of required samples (from 4497 to 90).

Next, we compare our approach with the conventional scenario opti-
misation and adjustable robust approach, using the out-of-sample data.
In the scenario optimisation approach, we use the JCC formulation for
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Table 5.1: The average real power curtailment in MW for the IEEE 37-node
test system

Normal Distribution | Uniform Distribution

Inv. | Inv. Inv. Inv. | Inv. Inv.
Act. | Trip. | Agg. | Act. | Trip. | Agg.
ASO | 0.05 | 0.07 0.12 | 0.15 | 0.23 0.38
SO | 092 | 1.38 2.30 | 1.31 | 1.97 3.28
AR | 2.37 0 2.37 | 2.82 0 2.82

the voltage limit constraints but model all the control devices as slow-
acting. Instead, in the adjustable robust approach, we treat all the
constraints using the robust formulation while allowing the RPC to be
a piecewise affine function of uncertainty. We summarise the simulation
results in Table where ASO, SO and AR refer to our approach,
scenario optimisation approach and adjustable robust approach, re-
spectively. We can see that our approach improves SO’s performance
by 88% as we empower SO with additional piecewise controllers that
allow live adjustments according to the realisations of uncertain pa-
rameters. Also, we can see that our approach outperforms the AR
approach by 86%, since it allows us to benefit from the probability
information about the uncertain parameters.

5.7.3 Simulations on the IEEE 906-Node System

In this section, we extend our experiments to the IEEE 906-node Eu-
ropean low voltage test feeder [35], modified by adding a 10 kVA PV
system at each load node. Similarly to Section [5.7, we repeat our ex-
periments where we assume the stochastic variations of PV generations
and demands from their predicted values follow a normal distribution
in the first experiment and follow a uniform distribution in the second
one.

Fig. shows the histogram of satisfaction probability in the 906-
node network. As can be seen, our simulation results in this section
agree with the results in the previous section, showing that our pro-
posed approximation of the chance-constrained programs can closely
provide the designed confidence level. Notice that in this example, the
number of decision variables is 333 (55 x 6 variables for the PV systems
and 3 variables modelling the OLTCs responses), and if we use
to obtain the number of samples, we will get N =7516. However,
based on our approximation, since the probability guarantee has not
changed (8 =0.05 and 7=0.01), we only need 90 samples to run the
optimisation.
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Figure 5.5: Histogram of satisfaction probability in the 906-node experiment.
The number of samples in (a) and (b) is N1 =90.

Table 5.2: The average real power curtailment in kW for the IEEE 906-node
test system

Normal Distribution Uniform Distribution
Inv. Inv. Inv. Inv. Inv. Inv.
Act. | Trip. | Agg. Act. | Trip. | Agg.
ASO | 40.06 | 2.21 | 42.27 51.8 2.27 | 54.07
SO | 305.37 | 5.43 | 310.80 | 318.16 | 5.61 | 323.77
AR | 254.63 0 254.63 | 274.46 0 274.46

Table [5.2] shows the RPC in our simulations, using different ap-
proaches. Again, similarly to the previous section, we can see that our
ASO approach outperforms the alternative approaches by decreasing
the RPC from 323.77 kW in the SO and 274.46 kW in the AR to kW
in ASO (83% and 80% decrease, respectively).

To investigate the scalibility of our proposed scheme, we compare
the solving time of our approach with alternative approaches, which
are reported in Table. Notice that the optimisation problem in our
approach is solved periodically every 15 minutes (depending on the
need of the system operator this can very form minutes to hours) using
the most accurate forecast. We can see that our approach only took
8.68 seconds— well below the 15 minutes available— for our 906-node
test system on a core i5 laptop computer.

5.8 Summary

We propose an adjustable scenario optimisation approach that em-
powers the conventional scenario optimisation approach with flexible
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Table 5.3: Average computing time in the 906-node test system for different
approaches.

recourse decisions. We implement our approach on the voltage regu-
lation problem in three-phase PV-rich distribution systems to coordi-
nate slow- and fast-acting devices. Through numerical simulations in
IEEE 37-node and 906-node test systems, we show that our approach
improves the performance of traditional scenario optimisation that ne-
glects the capability of fast-acting devices to take live recourse actions
by more than 83%.

We show that using the number of samples in the scenario optimisa-
tion that provides an analytical guarantee, will require many samples
that is often not available in practice. Instead, we propose an ap-
proach to approximate the number of required samples in the scenario
optimisation to closely maintain the given probability guarantees. Us-
ing numerical simulations on different networks with different number
of control variables, and on random variables from different probabil-
ity distributions, we show that our approach closely approximates the
number of samples required by the scenario optimisation to produce
the probability guarantees. For example, in the case of the IEEE 906-
node test system our approach reduces the number of scenarios from
7516 to only 90.

An extension to our work would be to explicitly account for non-
i.i.d. historical data available in power systems within our modelling.
This could ensure that our approach can handle the samples obtained
from power system historical data that are often dependent on factors
such as time of day, season and temperature.



Chapter 6

Conclusion

In this thesis, we explored solutions to our main question introduced
in Chapter [I], i.e., how to coordinate voltage control devices in PV-
rich distribution systems to guarantee a safe and economical operation
for both the network operators and consumers? We studied different
aspects of the problem and provided solutions to its key challenges in
chapters [2- [5

Our first step towards finding a solution to this problem was to
establish whether the DSOs can rely on existing communication-less
control schemes in distribution systems, or if there is an urgent need
to invest in building communication infrastructure for the safe opera-
tion of the PV-rich distribution systems. Our studies in Chapter |2 on
various available standards and innovative control schemes proposed in
recent literature confirm the inadequacy of existing communication-less
schemes, and the necessity of investing in communication infrastruc-
ture.

Therefore, in Chapters [3Hp] we consider that a communication sys-
tem exists in distribution systems. However, as discussed in these chap-
ters, even in the presence of a communication system, the following
main challenges need to be addressed before a solution to our main
research question can be provided:

e The problem at hand is a very large-scale problem. Here we
seek an algorithm capable of coordinating many residential and
commercial inverters and other installed voltage control devices.
This is especially problematic as the control algorithm needs to
respond promptly (usually in the order of a couple of seconds) to
frequent fluctuations in PV generation and demand. Hence, any
proposed design must be scalable to such a large-scale problem
and can produce a solution in a limited time.

e The response time of voltage control devices ranges from a couple
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of minutes, e.g. capacitor banks, to less than a second in resi-
dential inverters. Hence, any applicable proposed design should
factor in the time-scale difference in these devices and simultane-
ously coordinate their actions. Another challenge of slow-acting
voltage control devices is that they work in discrete steps rather
than continuous intervals. Therefore, if the optimisation solution
is to be used in a real-world setting, this needs to be accurately
modelled, or there should be a mechanism to map the optimisa-
tion solution to each device requirement.

e The uncertain and volatile nature of the PV generation and de-
mand behaviour increases the difficulty of decision-making by con-
trol devices. Under such a highly volatile setting, the determinis-
tic approaches that neglect the uncertain nature of the problem
often fail to provide reliable control signals.

In Chapters BH5 we gradually built a solution to address the above
challenges.

6.1 Summary and Key Learnings

The solutions presented through chapters cach had their own key
learnings that we summarise in the following:

e Chapter |3| summary: This chapter presents two novel two-stage
Volt/Var control schemes based on the affinely adjustable robust
counterpart (AARC) methodology, to mitigate the over-voltage
issues caused by integration of photovoltaic panels into distribu-
tion systems. To cope with different grid code requirements, the
first approach formulates the unused capacity of residential in-
verters to provide reactive power support based on the real power
deviation, while the second approach formulates them based on
voltage magnitude deviation. In the first stage of both schemes,
we make central measurements throughout the network to deter-
mine a linear function, mapping the operating point deviations
to the reactive power of inverters. In the second stage, the local
controllers use the provided linear functions to determine the re-
quired reactive power to keep the voltages within the safe limits.
Unlike similar approaches, voltage limit constraints are directly
incorporated into the AARC problem, preventing the second stage
controllers from unnecessarily use of reactive powers. We compare
the performance of our schemes using a Monte-Carlo simulation
with four other existing techniques on a real-world 27-bus and
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the IEEE 906-bus LV feeders. Our simulations show that our ap-
proaches decrease the real power loss, reactive power usage, and
line congestion compared to the other volt/var control schemes.

Key learnings: The reactive power of inverters, if coordinated,
can reduce the negative impact of DER integration on the oper-
ation of distribution systems. However, the control approaches
that only use reactive power fail to guarantee safe operation un-
der all scenarios. This is because of limited available reactive
power resources in distribution systems. Another learning from
this chapter is that the AARC methodology has the potential to
provide a systematic and scalable way to coordinate many invert-
ers.

e Chapter (4] summary: This chapter builds upon our approach in
Chapter [3| by extending its modelling in three main ways. Firstly,
it extends the modelling to three-phase unbalanced distribution
systems. Secondly, it allows to fully control both real and reac-
tive power output of the PV inverters. Finally, it incorporates
the probability distribution function of uncertain parameters to
improve the performance of our approach in scenarios away from
the worst-case realisation of the uncertainty. We formulate our
approach as a linear program that minimises the real power cur-
tailment (RPC) and reactive power usage of PV inverters while
maintaining network voltages in an acceptable range. The opti-
misation model outputs the inverter controller parameters. In live
operation, the controllers use the real-time local measurements to
generate real and reactive power set-points of the corresponding
inverters. The performance of the proposed approach is validated
using Monte-Carlo simulations on IEEE 37-bus and 906-bus net-
works. The simulations show that the proposed approach im-
proves the performance of AARC by 30% to 60% over a variety
of experiments.

Key learnings: Simultaneously coordinating real and reactive power
of inverters connected to three-phase distribution systems can be
achieved using the AARC methodology to mitigate voltage rise
problems. Moreover, extending the AARC methodology to con-
sider the probability distribution of random variables can signifi-
cantly improve its performance.

e Chapter [5| summary: This chapter builds upon our approach in
Chapter {4] by extending the modelling to incorporate soft con-
straints. To add the soft constraints into our modelling approach,
we propose an adjustable scenario optimisation approach that
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empowers the conventional scenario optimisation approach with
flexible recourse decisions. We also propose an approach to ap-
proximate the number of required samples in the scenario optimi-
sation. Using numerical simulations, we show that our approach,
i) closely approximates the required number of samples to main-
tain the given probability guarantees in the scenario optimisation
approach, i) outperforms the conventional adjustable robust and
scenario optimisation approaches, respectively, by 88% and 86%
in our experiments.

Key learnings: Allowing a small probability of constraint violation
can change the problem solution significantly. This will result in
an outstanding improvement in the controllers’ response, in terms
of reducing the real power curtailment, for those instances that
remain feasible.

6.2 Future Research

We have identified the following open research questions to improve
the work done in this thesis.

e Throughout this thesis, we made several assumptions / simplifi-
cation when modelling power systems. For example, we assumed
that the demand and PV generation could be closely approxi-
mated using a constant power model, and that they have a single-
phase connection to the grid. However, more representative mod-
els, such as ZIP demand model, and different connection types of
customers, e.g. delta and star connections, have been developed
in the literature to better capture the real-world behaviour of the
devices connected to the grid. Hence, an important next step
is explore how to incorporate these more complex models into
the control algorithms developed in this thesis without losing the
scalability of the algorithms.

e Our algorithms assume that the DSOs have access to the inverter
controller of all the customers, and hence, can solve a central op-
timisation to coordinate the voltage control devices in the grid.
However, due to privacy concerns and the fact that DOSs do not
own these devices, the DSOs might not be able to directly control
these devices. Hence, alternative approaches should be investi-
gated to extend our algorithms to maintain consumers’ privacy
while still keeping the network secure.
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e In Chapter [5| we showed that using chance constraint programs
can bring significant benefits to operating distribution systems.
However, we faced a trade-off between scalability and probabil-
ity guarantees when using scenario optimisation in our analysis.
Thus, an open question to research here is to see how the scalabil-
ity of scenario optimisation can be improved without jeopardising
the probability guarantees in chance constraint programs.

e In Chapters[dland 5, when calculating the energy loss, we assumed
that if an over-voltage occurs at a node, the inverter connected
to that node will get disconnected from the grid, which results in
a loss of energy that it could have produced and sent to the grid.
We calculate this loss of energy after the fact, using scenarios
in real-time. A natural extension of our work is to extend the
modelling to account for the loss of energy due to disconnection
in the optimisation model. This is potentially a challenging task
as it requires dealing with binary random variables that depend
on uncertain parameters.

e When performing numerical experiments in Chapters [4] and [5 we
consider that if an overvoltage occurs, the inverters should get dis-
connected from the grid. Although the Australian standard [20]
suggest that grid-connected inverters should get disconnected in
sustained over-voltage scenarios, it suggests a response time de-
pending on the severity of the over-voltage. It also suggests a
reconnection mechanism for solar PV inverters. Although when
performing the numerical experiments in Chapters [4] and [f], we
inverter disconnection due to overvoltages, we did not model the
required response time nor consider the inverter’s reconnection.
An extension to the modelling to consider the inverters’ disconnec-
tion response time and reconnection, along with a comprehensive
time-series analysis, can prepare the developed voltage control ap-
proaches for a more straightforward integration implementation
in the grid.

e The convex OPF model and linear OPF model as-
sume a central entity, like the DSO, has access to the inverter
controller of all the customers and can solve a central optimi-
sation problem to coordinate the voltage control devices in the
grid. Such assumptions can become problematic when imple-
menting these techniques in practice. Recent studies have shown
that these OPFs can generally be solved by decomposition using
Lagrangian techniques that require just the interchange of infor-
mation among neighbouring buses |111]. Thus, a next step in our
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current work is to extend the developed voltage approaches using
a decomposition technique.



Appendix A

Simulation of the Local
Voltage Control Approaches

Throughout this thesis, we repeatedly compare the performance of our
proposed approaches with volt/var and volt/watt local voltage con-
trol approaches. These approaches can be viewed as a closed-loop
feedback voltage controller algorithms, where they continuously mea-
sure the voltage at their connection point to the grid, and adjust real
and reactive power of the inverters accordingly. In this appendix, we
present how to simulate such control algorithm in distribution systems.
We also discuss the instability of such control approach, and alterna-
tive implementation of volt/var and volt/watt controllers suggested
in [37,42,44.45] to improve their dynamical behaviour.

A.1 Real-time Feedback Control Model

A residential PV system usually consists of a sampling and measure-
ment, maximum power point tracking algorithm and controller’s logic,
which together provide references for inner layer controllers of the in-
verter [62]. A detailed mathematical model of the components con-
sists of nonlinear differential equations. Solving the detailed model in
a time-continuous domain for a large distribution system over a long
horizon is impractical. Instead, the authors in [41},4445//112,113] sug-
gest that the real time Volt/Var feedback problem can be modeled,
approximately, as a discrete problem on a quasi-dynamical system.
Let V = {0, ...,n} denotes a set of nodes with cardinality |V| = n+1
and B CV x V denotes a set of branches and (i, k) or i — k represents
a branch from node i to node k. For every node i € V, let v; = V}?
denote the squared voltage magnitude, p; be the real power injected to
the grid at node 7, and ¢; be the reactive power injected to the grid at
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node 7. Also, let vector V € R™ denote the voltage magnitude of all the
nodes, and vectors p€R" and q € R" collect the real and reactive power
injection of all the nodes, respectively. For every branch (i, k) € B, let
Zik =T+ denote the complex impedance of the line, and [;;, denotes
the squared current magnitude between node 7 and node k. Also, let
P;; and @);; denote the real and reactive powers sending from node ¢
to node j. It is also assumed that the substation voltage set-point
v is given. Then, the DistFlow equations, which denote the relation
between the injected real and reactive powers and the squared voltage
magnitudes, is written as follows:

pi= Y Pu—(Py—rily) vjiev (A.la)
k:j—k

6= D Qi (Qy = wijliy) viev (A.1b)
k:j—k

v =0i=2(ry; P+ Qig) + (ri+af)l;  V(i,5) € B (Alc)

viliy = P2+ Q% V(i,j)eB.  (Ald)

Let us represent (A.1l) at time instance ¢ into the following compact
form:

Vi=f(pq) (A.2)

The quasi-dynamical system can now be shown as the following:
Vi=f(pq) (A.3a)
Gitr1 = 9i(Vii, Qi) (A.3b)

where function g;() denotes the controller logic at node i. In ([A.3), Vi,
and ¢;; are current state variables (at time ¢), while ¢; ;1 is the state
variable at the next time step. A controller based on the current state
variables determines the new reactive power set-point g; ;1 based on
(A.3b)), which would result in a new voltage profile according to .
This iterative process will continue till it convergence to a solution. In
what follows, we investigate performances of three different approaches
in solving .

The first approach (we will refer to this approach as Iterative) that
we investigate in dealing with is the volt/var suggested by the
IEEE standard 1547 [21]. We have introduced this approach in Sec-
tion [2.2.1], and shown its schematic in Fig. 2.6 In this approach, the
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reactive power of each inverter is calculated as follows:

max

[ = aia(Vie = (V7 = 8))] i Vig < Vrom —§
Gt =4 0 Ve 6 < Vi < VO 46
[ = aie(Vig — (VP + 5))]Z:n Vi > Vom 46,
(A4)

where V" is the nominal voltage value, usually co%lg;dered equal to

it
Vi— Vi
slope at node ¢ and time ¢, where V3 and V} are fixed parameters. Oper-
ator [ ], enforces the inverter reactive power capacity limit. Authors
in [41] show that if replace with in the problem (|A.3]),
under certain conditions (in the next section, we will review these con-
ditions), the quasi-dynamical system would not converge to a solution,
which leads to oscillatory behaviour.

Authors in [42] have suggested an alternative approach (the second
approach we will investigate) based on the gradient projection algo-
rithm to implement the volt/var approach, which we will refer to it as
smooth iterative approach, where the reactive power of each inverter
is calculated as follows:

one per unit. 20 is the dead-band size, and «;; = is the droop

e e

Girrr =0 Vrem —§ < Vi SV 4§
[+ = m0) = L] v

(A.5)

where d; > 0 is the step size.

The third approach is to model the piecewise linear function
together with the power flow equation as a mixed integer nonlin-
ear programming (MINLP) problem, and solve it through commercial
solvers. MINLP problems are generally NP-hard, but since the size of
the problem here is relatively small, it can be solved by solvers such as
Bonmin. What follows is the MINLP model used to solve :

Power flow equations (A.1]) (A.6a)
h h

qg;i = Z )\“ X F(U?), Vi = Z )‘N X U;] (A6b)
=0 =0

0 < Xip < wip, 0 < Aip <wip (A.6c)

0 S )\i,k S W; h -+ Wi h—1 = 1, ceey h—1 (A6d)
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Table A.1: piecewise linear volt/var curve fixed points

uwl 095098 |1.02] 1.05
C(u)) | ¢ | 0O 0 | —¢™

h h—1
ddu=1 D wy=1, (A.6e)
=0 =0

where constraints (A.6b)-(A.Ge) are used to model the piecewise linear
volt /var curve. In (A.6), w;;; € {0,1} is an auxiliary binary variable
and \;;; € (0,1) is an auxiliary continuous variable. I'(uj) and u]
are parameters, defining the piecewise linear volt/var curve based on
predefined voltage and reactive power values, shown in Table [A.T]

a
1.06 (\) T
————MINL
Iterative
5 1.05F Smooth Iterative |
NS
o
=)
S
e 1.04 | =
>
1.03 r !
0 10 20 30 40 50 60 70 80
b
1.035 (\)

1.025

1.02

R ANNAATRRARARMLLC
"VHWHHHHHHHHuuuu

Iteration number

80

Figure A.1: Convergence comparison for MINLP, iterative and smooth iter-
ative approaches. (a): Scenario 1,(b): Scenario 2.
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A.2 Simulation Results

We consider a real 30-bus modern underground LV feeder with R/X ~
2 located in Hobart, Australia. We carried out two experiments for two
different scenarios, where we paired each node with a 5kVA PV system.
In the first scenario, most of the inverter capacity (90%) is used for real
power conversion, and the remaining unused capacity of the inverter
is available for reactive power support. In the second scenario, 70%
of the inverter capacity is used for real power conversion, and in turn,
more capacity is available for reactive power support. The results of
the first scenario are presented in Fig. [A.Jla. It can be seen that all
three approaches obtain the same solution. Authors in [41] provide
sufficient conditions under which model would not converge to a
solution as follows:

1
mcm(ozi,t) < m (A7a)
X=MT7TD,M™, (A.7b)

where operator A, (.) denotes the maximum eigenvalue of a matrix
and D, is an (N x N) diagonal matrix with the i-th entry equal to the
reactance z;;. M is an (N x N) matrix which can be obtained from
the ((NV + 1) x N) incidence matrix M° = [m,M7]". m! denotes the
first row of My, which corresponds to bus 1, whose voltage is consid-
ered to be constant. Applying on the under-sturdy distribution
feeder, we obtain that the maximum value for o;; should be smaller
than 129.09. In the second scenario, the higher available capacity for
reactive power support would lead to a higher value of «;;, which would
lead to divergence in model , shown in Fig. .b. It can be seen
that models and still reach a same solution, while model
does not converge. This shows that models (A.5)) and (A.6]) can
cover a wider range of volt /var problems. It should be stressed that the
approximate time required to solve (A.6) is around 100 times more than
the time required to solve . Therefore, throughout this thesis, we
use model for simulation of the real-time volt/var feedback con-
trol. Similarly, the volt/watt voltage control approach can be simulated
using the gradient projection algorithm, which we did not include here
to avoid repetition. Please, note that we use the optimisation model
only to show that the other two iterative approaches will converge to
the same value as the optimisation solution. However, we do not use
the optimisation model throughout the thesis to simulate volt/var and
volt /watt voltage control approaches. Also, other simulation environ-
ments, such as OpenDSS [51], could be used to simulate volt/var and
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volt/watt voltage control approaches. However, since these environ-
ments are commonly restrictive and do not allow the implementation
of novel control algorithms, which is the focus of our work in this the-
sis, we decided to implement all the control techniques in one platform
using Python scripts. In doing so, we ensured that different approaches
were compared in a similar condition.



Appendix B

Linear Programming

Throughout this thesis, we repeatedly formulate control and operation
problems as linear programming optimisation models. We also use
the Duality Theorem to obtain the robust counterpart of an uncertain
linear program. Hence, to make easier for the readers to follow this
thesis, we provide an overview of this topics. Although the provided
materials should suffice for the readers to better understand the al-
gorithms throughout the thesis, we strongly encourage the readers to
refer to textbooks, e.g. [114] for more details on linear programming
and duality theory.

B.1 Duality Theorem

Let x € R™ be the decision variable of a linear optimisation problem,
ceR" AeR™" and b € R™ are parameters of the optimisation.
Then, a general linear program (LP) can be formally stated as follows:

max c'z (B.1a)
Az <b (B.1b)
x>0, (B.1c)

which is also commonly referred to as the primal problem. Based on the
duality principles, the dual of a given LP is another LP that is derived
from the original (the primal) LP where: each variable in the primal
LP becomes a constraint in the dual LP; each constraint in the primal
LP becomes a variable in the dual LP, and the objective direction is
inverted, i.e., maximum in the primal becomes minimum in the dual
and vice versa [115]. The duality principles can be stated formally in

120
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general terms as follows:

min bTy (B.2a)
y

ATy > ¢ (B.2b)
y >0, (B.2¢)

where y € R™ is the decision variable of the dual problem.

In Chapters [3H5], we use the duality principle to replace maximisa-
tion problems with their equivalent minimisation dual problems. In-
deed, we use the Strong Duality theory which states that:

Strong Duality: The dual has an optimal solution if and only if

the primal does. If x* and y* are optimal solutions to the primal and
dual, then cTx* = bTy*.
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