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Abstract

In this thesis, we study an intertwining operator on two dimensional hyperbolic space
introduced by Anantharaman and Zelditch in [AZ12]. This operator intertwines two
natural flows: one is the geodesic flow on the cotangent bundle of hyperbolic space, which
can be thought of as the evolution of a classical observable under classical dynamics.
The other flow is the flow on the space of quantum observables (operators) given by the
conjugation of a quantum observable with the free Schrodinger propagator on hyperbolic
space. This can be thought of as the evolution of a quantum observable under quantum

dynamics.

In the first part of the thesis, we modify the construction of the intertwining operator from
[AZ12]. The modified intertwining operator is an isometry on the space of square inte-
grable symbols in a particularly natural way without destroying the intertwining property.
This allows us to exactly relate two dynamical quantities on the noncompact hyperbolic
space, the quantum correlation and the classical correlation, with no error term. Then
for the purposes of trying to extend this exact relation to a compact quotient, we explore
the structure of the intertwining operator as a Fourier Integral Operator and we describe

some features of the canonical relation associated to the intertwining operator.

We will also study the behaviour of a matrix element (Op(a)®;, Op(b)¢y) when we pull the
symbol of Op(a) back via geodesic flow, i.e. we study the quantity (Op(g;a)®;, Op(b)oy).
The trace over the diagonal matrix elements of (Op(g;a)¢;, Op(b)dx) can be considered
the “principal part” of the time ¢ quantum correlation between operators Op(a) and
Op(b). Here ¢; are a basis of Laplace eigenfunctions on a compact hyperbolic surface
and Op(a) is given by the Zelditch quantisation. We show these matrix elements decay
exponentially as |[t| — oo under certain assumptions on the symbols. Consequently, the
trace also decays in a similar manner under similar assumptions on the symbols. To prove
this, we use ideas developed recently on the microlocal analysis of hyperbolic dynamical

systems.

Lastly, we provide a chapter exploring similar ideas in the contrasting geometric context
of the Euclidean torus. The significance here is that we have the well known Weyl quan-
tisation in this context which satisfies the desirable “exact Egorov” property we hope to
develop an analogy of in the hyperbolic case. We apply our analysis in the Euclidean case

towards understanding toral quantum ergodicity at small length scales.
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Chapter 0

Introduction

0.1 Background and motivation.

The features of Laplace eigenfunctions and their eigenvalues on a Riemannian manifold
reflect structures present in the geometry of the space. Inversely, the geometry of the
space constrains the possible solutions to the Laplace eigenvalue equation on a manifold.
We are particularly interested in the asymptotic features of high frequency eigenfunctions

on manifolds which have hyperbolic (and thus chaotic) dynamics.

Our thesis is motivated by a question of small scale quantum ergodicity (or relatedly,
the quantum variance decay rate problem) in the context of Laplace eigenfunctions on a

compact hyperbolic surface.

Physicists Feingold and Peres [FP86] and Eckhardt et al [EFKT95] suggest that for uni-
formly hyperbolic Hamiltonians (of which the free Hamiltonian on a compact hyperbolic
surface is an example), the variances of quantum observables up to energy E, V(a, E)
defined in (1), exhibits a decay of the form

VCLEI:; Op(a)g;, ;) —al> ~ V(a)E~Y/? E — o0 1

(0.5) = 37757 2, K0Pl ) =l ~ Vi) (1)

where F; are the eigenvalues and ¢; are an associated orthonormal basis of eigenfunctions
for the quantised Hamiltonian (such as the Laplace-Beltrami operator when the Hamil-
tonian is just the kinetic energy term) in L?(X). Here X is the configuration space, a
smooth (and usually compact) Riemannian manifold, N(E) is the number of eigenvalues
E; less than or equal to E, a is a classical observable and Op(a) the associated quantum

observable, @ is the average of a over phase space and V' (a) is the classical variance

Vi) = /_ h ( /S a0 ai(r&ae.dodé - vol(s*X)ya|2> dt. @)

[e.9]

where ¢; is the Hamiltonian flow of the classical chaotic Hamiltonian on phase space

2



0.1. Background and motivation. 3

S*X. The integral is well-defined for hyperbolic dynamical systems which typically have
an exponential decay of correlations. Consequently, the integrand in ¢ of (2) decays

exponentially as t — 00 and so (2) is well-defined.

In our thesis, as part of a broader research program, we will explore an approach to
this problem via a study of an intertwining operator on hyperbolic space introduced by
Anantharaman-Zelditch in [AZ12]. This operator was introduced in [AZ12] as an operator
which intertwines two natural flows on hyperbolic space. We will use both D, the Poincaré

disk and H?, the upper half plane as models of hyperbolic space in our thesis.

The first of the two flows is the classical flow which is the geodesic flow on hyperbolic

space which acts by pullback on functions on 7*D. It is given by

Gia(g,r) == a(ga, ) (3)

where we identify g € G with S*D where G is either PSL(2,R) or PSU(1, 1) depending on
the model of hyperbolic space we use. We identify (g,7) € GXxRT with S*DxR* ~ T*D\0
through a polar coordinate map in the fibres of T*ID. The right action on ¢ by the
particular group element a,; € G (which we will define in chapter 1) generates the speed

r geodesic flow on S*D. In particular, this flow is a unitary one-parameter flow on the
Hilbert space of symbols L?(T*D).

The second flow is the quantum flow on the class of Hilbert-Schmidt operators. Recall
that the Hilbert-Schmidt operators on L?*(D) is a Hilbert space of operators under the
inner product

(A, B) = Trace(A*B) (4)

with the trace taken over L?(D). On the space of Hilbert-Schmidt operators, the con-

jugation of an operator by the (free) Schrodinger group U(t) = €A is interpreted as
the evolution of a quantum observable by the quantum flow in the Heisenberg picture of

quantum mechanics, it is given by
VA = e A At (5)

The Zelditch quantisation of [Zel86] provides an exact correspondence between symbols
and operators in hyperbolic space through the use of the Helgason-Fourier transform,
see Section 1.3. Given the Schwartz kernel of an operator on hyperbolic space, K(z,w),
z,w € D, Zelditch associates to this the symbol a(z,b,r) where z € D, b € S, r €
R* through taking the Helgason-Fourier transform of w — K(z,w). As (z,b) can be
identified with S*ID, by taking b € S' as the unique forward endpoint of the geodesic
on D which (z,€) € S*D uniquely defines, we identify (z,b,7) € D x S' x Rt with
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S*D x R (and thus with 7*D\0 through identifying (b, r) with polar coordinates in the
fibres of T*D) and hence one has identified in an isometric way, the Hilbert space of
Hilbert-Schmidt operators and the Hilbert space of square integrable symbols L?(T*D).
Moreoever, Zelditch’s construction is equivariant under the left action of G and hence
it descends to an identification of operators and symbols on any quotient of hyperbolic

space.

A consequence of this is that the flow in (5) induces a corresponding flow on the space of

square integrable symbols, which we will also denote (abusively) by V;, in particular,
Via = o(e="20p(a)e) (6)

where ¢ is the complete symbol map (of Zelditch) and Op(a) is the Zelditch quantisation
of the symbol a. V; is then also a unitary one-parameter flow on the space L?(T*D) of
symbols. We intertwine these two unitary one-parameter flows, V; and G} on the space

of symbols L?(T*D), following in the footsteps of Anantharaman and Zelditch.

The construction of the intertwining operator by Anantharaman and Zelditch follows one
of their earlier papers, [AZ07] which introduces the (diagonal) Patterson-Sullivan distri-
butions and the diagonal Wigner distributions. These are families of distributions which
act on symbols on the cosphere bundle S* X, where X = I'\D is now a compact hyperbolic
surface, the left quotient of D by a cocompact group I' C GG. They are families indexed
by an eigenvalue \; of the Laplace-Beltrami operator on X. Crucially, the Patterson-
Sullivan distributions are invariant under the geodesic flow G} on symbols over 7% X and
the Wigner distributions are invariant under the quantum flow V;. In [AZ07], they show
that these two distributions are asympotically equivalent as A\; — oo and are exactly
related through an operator which is indexed by A;, denoted L,, in their paper where
Aj = Z—i + 7"]2-. (To be slightly more precise, one makes a consistent choice of r; for each
A;j through the formula \; = i + 7“]2- since the diagonal Wigner and Patterson-Sullivan
distributions are really indexed by r; and in fact depend on the choice of r;).

The sequel to [AZ07], appearing as [AZ12] was able to construct an intertwining operator
L between the two flows G and V;. We will make some modifications to their construction
of £ in this thesis which will improve its boundedness properties on L*(T*D) (in fact it
will become an isometry on L?(T*D)) without destroying its key property of intertwining
G} and V;. We shall use a bolded £ to denote the intertwining operator we construct
in this thesis, to avoid confusion and to emphasise the difference with £ as constructed
in [AZ12]. On the whole of hyperbolic space, say on the disk model, one replaces the
discrete family of Wigner distributions and Patterson-Sullivan distributions in [AZ07]

with a continuous family of such distributions which depend on a pair of dual variables
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(b,r), (V,r") € St x RT, where S* x RT is the Helgason-Fourier dual space to . These
are called the Wigner and Patterson-Sullivan transforms respectively and we will denote
the versions that we construct in this thesis by W and PS. Their key function is to
diagonalise V; and G respectively, such that V; and G} both become unitarily equivalent
to the multiplication operator e" ") on L% ¢(S! x R x S! x R, dbdrdb/dr’), where the
subscript 5,5 refers to a hyperbolic scattering matrix condition which we require to
extend the Helgason-Fourier dual space from S! x R* to S' x R. Here db is the normalised
Haar measure on S'. As V; and G} are unitarily equivalent to the same multiplication

it(r*="®) on the same Hilbert space, it follows that they are unitarily equivalent

operator e
to each other and the unitary equivalence is provided by the intertwining operator, £ =
\%PS_1 oW. Le. LoV, =GfoL. (The v/2 comes from extending the Helgason-Fourier

dual space).

The work of Anantharaman and Zelditch in [AZ12] constructed £ which intertwines G
and V; on much more mysterious Hilbert spaces of symbols that are slightly ad hoc and

which have less clear properties in terms of the growth and regularity of symbols.

Rather remarkably, the intertwining operator £ also has an expression as an oscillatory
integral operator (or Fourier integral operator) acting on the symbol. This is derived in
Theorem 15 in Chapter 2. We study this expression to try to get some further mapping

properties of £ on (possibly variable order) Sobolev spaces.

At this stage, let us try to place the analysis of the intertwining operator into the broader
context of a research program which studies small scale quantum ergodicity on a compact
hyperbolic surface. In chapter 5, for any a > 0, we introduce the quantity which is the

h®-scale quantum variance of the eigenfunction density. Similar to (1), it is

_op2)2
V(@h,h> = h226 2 )\]’<(ph¢hj7¢hj> - C|2 (7)
j=1
where )\? = hj’2 are the eigenvalues and ¢y, are an associated orthonormal basis of eigen-
functions in L?(M), with M a compact Riemannian manifold. We have that ¢ = vol(M)~!
and ¢y, is a smooth cutoff to a h*-radius neighbourhood of some point xy € M, with inte-
gral equal to 1 uniformly in h. The Gaussian weight, e 2N , effectively cuts off the sum

to terms where \; < A1

Using lemmas 33 and 34 in Chapter 5, we can prove that on an arbitrary smooth, compact,
Riemannian manifold, the h®-scale quantum variance of the eigenfunction density on

such manifolds M, namely (7), are controlled by the h — 0 asymptotics of the following
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quantity
2 1 g 2] —hZA —h2A
h T — 7 QCory, (e , Pne )(t)dt (8)

=T

where T' > 0 is arbitrary (and so can depend on h) and
QCor, (A, B)(t) := Trace{U,(—t)AUL(t)B} (9)

is the quantum correlation at time t for two quantum observables A and B, with the trace
taken over L2(M). Here Uy (t) = e is the h-semiclassical free Schrodinger propagator.
In our analysis of small scale quantum ergodicity on the torus, we use the particular
geometric structure of the torus to make an analysis of quantity (8). For a general
smooth and compact Riemannian manifold M and a fixed a > 0, if one can show that
for each h, there is a choice of T' > 0 such that

h2l /T <1 - m) QCor), (ne™ "2 ope 2 (t)dt = L +0o(1) as h—0 (10)

T ) r T 7 8mvol(M)

then this would prove the h®-scale quantum variance goes to zero as h — 0 on the manifold
M, and hence for any orthonormal basis of L?(M) eigenfunctions with eigenvalue hj’2,

there exists a density one subsequence that equidistribute at the scale hf as j — oo.

In fact it is already known via standard theorems in semiclassical analysis (see eg. Egorov’s
theorem and traces of pseudodifferential operators in [Zwo12]) that on a smooth, compact

Riemannian manifold M of dimension d,
(27h)?QCory, (A, B)(t) = ClassicalCor(a, b)(t) + O,(h) (11)

where

ClassicalCor(a, b)(t) = /*M(G;‘a)(x,f)b(x,f)d:pdf (12)

is the classical correlation between the h-principal symbols a and b of A and B respectively,
which we can assume have differential order —d — € for any € > 0 so that (11) is well-
defined. For manifolds with hyperbolic geodesic flow, the O;(h) error in Egorov’s theorem
becomes

O(he?Mt (13)

where 5 > 0 is the Lyapunov exponent of the flow (the maximal expansion rate of the
flow along unstable leaves). To apply this to asymptotic estimates as h — 0, we require

the choice of t to be small enough depending on h, smaller than the so called Ehrenfest
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time i.e
= glog ht (14)

for any p < 1/2. For a system with hyperbolic classical dynamics, one has exponential
decay of the classical correlation, but the logarithmic error of Ehrenfest restricts the h-
dependent time scales at which we can take t — oo. The construction of the intertwining
operator is therefore a tool which may allow us to bypass the Ehrenfest bound. In Chap-
ter 5, in the simpler setting of the torus, we can bypass the Ehrenfest bound with the
Weyl quantisation and show that for any orthonormal basis of Laplacian eigenfunctions
on L*(T?) with corresponding eigenvalues hj’2, there is a density one subsequence of which

equidistributes at the small scale h§ for any o <1 as h; — 0.

We believe that the intertwining operator could be used to better understand quantity
(8) on a compact hyperbolic surface. How this could occur is as follows (we will work

non-semiclassically for now). We have, by definition of V;, that
U(=t)Op(a)U(t) = Op(Via) (15)

where Op is the Zelditch quantisation and U(t) = "2 is the Schrédinger propagator.
Additionally, on the whole of hyperbolic space DD, with Zelditch quantisation, we have

exactly

Trace{Op(f)Op(g)*} = f(z,b,7m)9(2,b, 7’)6<Z’b>|C(T)|2dv01(z)dbdr, (16)

DxSI xR+

where e*t) = |12__|Z|‘§ is the Poisson kernel and ¢(r) = 2_(%”7")% where I'(2) is the

Gamma function. Therefore, for symbols a; and as which are square integrable in the

norm induced by (16),
QCor(Op(a1), Op(az))(t) = Trace {U(—)Op(a1)U(t)Op(az)"} (17)

is exactly
/ Viay(z,b,7)az(z, b, 7)eY |c(r) [Pdvol(z)dbdr. (18)
DxSI xR+

We show in Theorem 14 in Chapter 2 that £ is an isometry on

LZ(D x S' x R, e*¥|c(r) |*dvol(z)dbdr). (19)

Here the subscript S is again a hyperbolic scattering matrix condition to extend the

Helgason-Fourier dual space from S' x R* to S! x R. Hence, we can apply this to (18)
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(after extending the integral to r € R) to get
/ LV;ay(z,b,7)Lag(z, b, 7)e*Y |c(r)|2dvol (z)dbdr, (20)
DxS! xR
to which we can then apply the intertwining identity £ oV, = G} o £ to get
/ GiLay(z,b,1)Lay(z,b,1)e*?|c(r)2dvol(z)dbdr (21)
DxS! xR

which has the form of the classical correlation of La; and Lay (as one can identify
D x S' x RT with 7*D\0). In particular, what this shows is that on the whole hyperbolic
space D, for square integrable symbols, we have as a corollary of Theorem 14 in Chapter 2
that

QCor(Op(ay), Op(az))(t) = ClassicalCor(Lay, Las)(t) (22)

with no error term. This requires £ to satisfy both the intertwining relations £ o V; =

G; o L and for L to be an isometry on

LA(D x St x R, &Y |¢(r)2dvol(z)dbdr) ~ L%(G x R, dg|c(r)|*dr). (23)

One needs an argument to move this line of reasoning over onto a compact quotient
of hyperbolic space. There, one could hope to use a decay of correlations argument to
analyse the asymptotics of (the compact version of ) expression (21). We will showcase one
approach we take to try to develop an analogue of (22) on a compact hyperbolic surface.
On a compact hyperbolic surface, I'\D where I' C G is a discrete cocompact subgroup,
the trace of the product of pseudodifferential operators B*A over L*(I'\D) is not just the
integral of the symbols ab over T*(I'\ID) like it is on hyperbolic space. Instead, as we will
derive in Chapter 4, it has the expression, for w > 1/2,

Trace B*A = / a(g,m)Zb(g, r)dgdr (24)
I'\G x5S
where S, is the strip {r € C : |J(r)| < w} in the complex plane of width w and where
Tb is a distribution with microlocal regularity away from a certain dynamical subbundle
of T*(I'\G). If one could find a function space which includes Tb on which £ is bounded,
one could seek to produce an analogue of (22) on a compact hyperbolic surface. In fact we
will not achieve this goal in the thesis, but we will present our analysis with this approach
in Chapter 2 and Chapter 3. A different approach to the same question, that we will not
have the chance to present in the thesis, is to use the left-G' equivariance of £ to study

periodic sums over I'. This is a topic for future study.
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Let us mention now some of the broader work in this area. The quantum ergodic theorem
of Schnirelman, Zelditch and Colin de Verdiere [Shn74, CdV85, Zel87] states that

V(o(A), B) = —— 3" [(Adg,. és,) — o (AP = o(1) (25)
N(E)

E;<E

as E' — oo where V(o(A), E) is the same quantum variance as in (1) when the Rieman-
nian manifold M has an ergodic geodesic flow, here o(A) is the principal symbol of the
pseudodifferential operator A. Zelditch in [Zel94] found a quantitative upper bound on
this quantum variance decay rate in the context of manifolds with (possibly variable)

negative curvature. In this geometry, he found that
V(o(A), E) = O((log E) ™). (26)

as ' — oo. This was reproduced by Schubert [Sch05] and extended to systems whose
classical dynamics have a certain ‘rate of classical ergodicity’. Work from Hezari-Riviere
[HR16] and Han [Han15] on the small scale quantum ergodicity problem found that an
analogue of statement (25) holds on compact manifolds of negative sectional curvature
when you allow symbols to shrink to a point as E — oo where the effective radius
of a symbol is an power of (log £)~!. On the d-dimensional torus T¢, the same small
scale quantum ergodicity problem was considered by Hezari-Riviere in [HR15] on the
configuration space of T¢ who found an analogue of (25) holds when one allows a symbol
to shrink as £ — oo with a radius which is of order £~ for an explicit x(d) > 0. This
same problem on the torus was also considered by Lester-Rudnick [LR17]|, who found

small scale quantum ergodicity holds for balls with shrinking radius
Erma oM a5 E - o (27)

This is the sharp rate (up to the E°") term) as shown in their paper. On the modular
surface PSL(2, Z)\H?, Luo and Sarnak in [L.S95] and a subsequent extension by Jakobson
[Jak97], (see also recent work by Luo-Sarnak [LS04] and Sarnak-Woodbury-Zhao [SZW19])

showed the quantum variance of the (Hecke) cusp eigenforms have a decay like
V(0(A), E) = Oa (B (28)

for any € > 0, which is sharp up to the £ term.

Work on the intertwining operator on hyperbolic space, as we mentioned, was progressed
by Anantharaman and Zelditch in a pair of papers [AZ07] and [AZ12]. The Patterson-

Sullivan distributions that were introduced in [AZ07] were generalised to rank one sym-



10 Chapter 0. Introduction

metric spaces by Schroder in [Sch10] and Hilgert-Schroder in [HS09]. For higher rank
symmetric spaces, the extension of Patterson-Sullivan distributions to this geometry were
given by [HHS12].

On hyperbolic space and its quotients, the boundary value of a Laplace eigenfunction was
characterised ! in terms of the Poisson transform by Helgason, see [Hel74] and [Hel81],
with further work on the boundary distribution regularity by Otal [Ota98]. This can be
reinterpreted, as was done by [DFG15] in the case of compact hyperbolic manifolds, as
a relationship between the classical Ruelle resonant states for the geodesic flow and the
eigenstates of the Laplacian. This correspondence between classical Ruelle resonant states
and quantum resonant states on compact hyperbolic surfaces was extended to convex co-

compact hyperbolic surfaces in [GHW18] for quantum resonances A ¢ —N.

We will also rely on the work developed in the last 20 years on Ruelle resonances for

uniformly hyperbolic flows, although we will take a more microlocal approach following

[F'S10], [DZ13] and [NZ15]. For a different approach see [Liv04], [BLOT].

Our thesis is divided into this present introductory chapter, a preliminary chapter and
four main chapters. The preliminary chapter, Chapter 1 will define some of the geometric
concepts and notation which we will use in the following chapters. We will assume knowl-
edge of microlocal and semiclassical analysis and not cover this in the preliminary chapter.
For more on microlocal and semiclassical analysis, see [Zwo12], [GS94], ([DZ19],Appendix
E), [Hor03, Hor07, Hor09], [Hor71], [DH72] for some references.

Chapter 2 begins by constructing an intertwining operator on hyperbolic space. There
are some key differences which our intertwining operator has with the intertwining oper-
ator in Anantharaman-Zelditch in [AZ12]. We will also need a modified Helgason-Fourier
transform compared to what appears in [Hel81] and consequently a modified Zelditch cal-
culus, so the construction of these will appear in this chapter too. Afterwards, we are in a
place to construct the Wigner and Patterson-Sullivan transforms W and PS respectively.
There are two main theorems in Chapter 2, the first is Theorem 14 which states that £
is an isometry of L%(G x R, dg|c(r)|?dr) into L*(G x R, dg|c(r)|*dr), and thus a unitary
isomorphism onto its range in L*(G x R, dg|c(r)|*dr). Here G x R can be identified with
S*D x R and the subscript S refers again to a hyperbolic scattering matrix condition to
extend the Helgason-Fourier dual space. That the intertwining operator is an isometry
on the space of square integrable symbols is not true with the Anantharman-Zelditch
intertwining operator. In their work [AZ12], their intertwining operator is in fact not a

bounded operator on the space of square integrable symbols, L4 (G x R, dg|c(r)[*dr).

In Chapter 2, we will also prove Theorem 15 which shows that the intertwining operator,

! Away from an exceptional set of eigenvalues.
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and its inverse can be expressed as oscillatory integral operators. Some proofs in this
chapter do follow the arguments made in [AZ07] and [AZ12], with modifications made

where necessary.

The next chapter, Chapter 3, continues the study of the intertwining operator as an
oscillatory integral operator or a Fourier integral operator. In this chapter we will derive
the canonical relation of the phase function associated to the intertwining operator. We
shall prove that the modified intertwining operator has a smooth canonical relation and
that the projections of the canonical relation onto the left factor and onto the right
factor have blowdown singularities on a particular codimension one submanifold. This is

presented in the two theorems of this chapter, Theorem 18 and Theorem 22.

The relationship of this chapter to the previous Chapter 2 is that with our construction
of the intertwining operator, the amplitude (or symbol) of the intertwining operator van-
ishes to first order on this particular codimension one submanifold where the left and
right projections of the canonical relation have a blowdown singularity. This is in con-
trast to the Anantharaman-Zelditch construction whose canonical relation has the same
blowdown singularity with regards to the left and right projection but whose symbol does
not vanish on this submanifold. This can be interpreted as the reason why their opera-
tor is not bounded on L?*(T*D) and the one we construct is bounded (and moreover an

isometry).

Motivated by the derivation of (21), we consider in Chapter 4 the long time asymptotics

of matrix elements

(Op(gia1);, Op(az)@;) L2\ (29)

and subsequently of traces of the form,

Trace{Op(a2)"Op(g; 1)} (30)

as t — oo. Here Op is the Zelditch quantisation, X = I'\D is a compact hyperbolic
surface, {¢;};en is an orthonormal basis of Laplace eigenfunctions of L*(I'\D) where ¢,
is the j’th eigenfunction (taken by ordering the eigenvalues by magnitude and counting
multiplicity) with eigenvalue \; = }1 + 7‘]2». The pullback by geodesic flow on S*X is
denoted g;. Although our goal would be to include the intertwining operator in this

analysis, Chapter 4 does not involve the intertwining operator at all.

In the main theorem of Chapter 4, Theorem 23, we will show that if a;(-,7;) has mean

zero over S* X, then there exists some o > 0 such that,

(Op(gia)e;, Op(az)d;) = Oj(e™M), = Foo (31)
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where o > 0 is related to the resonance expansion of the geodesic flow. Moreoever, if
a(-,7;) has mean zero for every r; and a; and ay are of sufficiently negative order in the
Hormander symbol class ST (7" X), then

Trace{Op(as)*Op(g;as)} = O(e~elt), t — +oo. (32)

The proof is based on the existence of the Helgason boundary values of eigenfunctions,
the properties of the Zelditch calculus and a classical decay of correlations estimate for
two functions on S*X, one of which belongs to a Faure-Sjostrand anisotropic Sobolev

space (see eg. [FS10]).

Chapter 5 will consider the significantly different geometry of the (two-dimensional) torus
and study the question of small scale equidistribution of toral eigenfunctions. It is in this
chapter that we will reduce the study of small scale quantum ergodicity to the study of
expression (8) involving the quantum correlation. This reduction holds for all smooth,
compact, Riemannian manifolds, not just the torus. We will however use the particular
geometry of the torus and the existence of the Weyl quantisation on the torus to analyse
this ‘averaged quantum correlation’. We will show, for any a < 1, that one needs to
average the toral quantum correlation over a large time T' ~ h™% to prove a small scale
quantum ergodicity result on the torus at the scale h®. In particular, our methods show
small scale quantum ergodicity down to the Planck scale for the two dimensional torus,
this agrees with the work of [LR17]. This chapter provides an example of the sort of
analysis one can make to prove polynomial small scale quantum ergodicity when one has
an intertwining operator (captured in the Weyl quantisation on the torus) that exactly
intertwines the classical and quantum flows and therefore liberates us from the restriction

to Ehrenfest time.



Chapter 1

Preliminaries

1.1 Hyperbolic space, metric, volume form, dynam-

ics.

Let us fix the upper half plane, H? as the set {z = z+iy : * € R,y > 0} and equip it with
the standard smooth (holomorphic) structure considered as an open subset of C. Further

to this, consider the standard hyperbolic metric on H?, given by

da® + dy?
ds® = — J
Y
This metric induces the following volume form and (positive) Laplace-Beltrami operator
respectively:

dxdy

y?

1 1
Aw =y (D2+ D)), D,= 1o D, = Lo,

dVol =
© i 0x’

We can map H? bijectively into the unit disk D = {z = x + iy : |2| < 1} using the Cayley
transform,
z—1

Z -
Z+1

(1.1)

We define this map to be an smooth isometry between H? and D, inducing the hyperbolic

metric on the unit disk
dx? + dy?

(1— 22— 22
The map extends smoothly to the boundary of H? (the set {x + iy € C : y = 0}), which
is mapped smoothly to 9D\ {1}. We introduce a point at infinity in the upper half-plane

ds* =4 (1.2)

model which maps to 1 € 9D to make this a bijection. We will on occasion use B to refer

to the boundary of hyperbolic space, this is S! in the Poincaré disk model.
Taking a look now at the isometry group of H?, it is well-known that the fractional linear

13
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(a b) az+0b

D2 ,
c d cz+d
is an isometry of H. The isometry group of the disk model is PSU(1, 1) which is conjugate
to PSL(2,R) by the Cayley transform. We write G for PSL(2,R) or PSU(1, 1), depending
on the model of hyperbolic space we are using (and we will move between the two models
freely), and let g or v denote an element of G. It is easy to check that PSL(2,R) acts
transitively and freely on SH?, hence we can identify SH? with G = PSL(2, R) under the

following identification

action of PSL(2,R) on H?

PSL(2,R) > g+ (g(3),¢'(i)i) € SH.

In particular this identifies the identity element of G with the unit vector (i,7) based at
i € H? pointing along the imaginary axis. With this identification of G with SH?, the
geodesic flow starting at a point h € G after time ¢ is denoted by ¢;(h) and is given by
the right action, g;(h) = ha;, where a; is the element of G given by

e’z
a; .= 0 67t/2 .

The geodesics on H? or D trace out circular arcs orthogonal to the boundary at conformal
infinity. This fact is well known in hyperbolic geometry. See, for example, [Hel81] for a

proof of this fact.

We define the stable horocyclic flow and the unstable horocyclic flow on G' by the right

action with the elements n, and n, respectively, where
1 u . 1 0
n, = , n, == :
0 1 v 1

We also define the element ky, given by

[% in @
k9:<C0826 Smg), 0 € [0,2m), (1.3)

— S1n 5 COS 5

whose right action fixes the base point z and rotates by angle @ in the fibre of SH?. Notice
that ko, = ko in PSL(2,R). In the disk model, these flows are given by matrices (which
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one can easily see by conjugating the matrices in PSL(2, R) by the Cayley transform)

ht/2 sinht/2 T T
ap = (o2 osmhZ) e (TEE ) (1.4)
sinht/2 cosht/2 o —

and

_iu oz /2
=L L) =T, ) (1.5)
o4 0 e

We can define global coordinates (z,60) on G ~ SD by taking (z,0 = 0) to be the unit
vector at z such that the geodesic emanating from this vector tends to a fixed point, say
1, on 9D, and so that the action of kg acts by (z,0") — (z,0" +6).

The group G has a bi-invariant Haar measure, which we denote dg, given by dVol(z)df

in (z,0) coordinates.

The elements a; form a subgroup of G denoted A. Similarly the elements n,, T, and kg
form subgroups, denoted N, N and K respectively. We define the vector fields H, X, X_
on G ~ SH? as the infinitesimal generators of the subgroups A, N and N respectively; that
is, they generate the geodesic flow, the stable horocyclic flow and the unstable horocyclic
flow respectively. Let us note that H, X, and X_ are left-invariant vector fields on G
because the flows they generate act as right actions on G, and hence commute with the

left action of G on itself. The Lie brackets of these vector fields satisfy:
H,X,|=X,, [HX]|=-X_, [X,,X]|=2H (1.6)

which are easily derived from the matrix expressions for a;, n,,, and n,. Let us note that
on PSL(2,R), by taking the derivatives of the one-parameter groups a;, n,, n, appearing

above, we get that the Lie algebra sl(2,R) is spanned by

H:<1/2 0 ) X+:<0 1)’ X:<o 0>. an
0 —1/2 00 10

We can visualise these three flows on GG using the identification G ~ SD. Please see

Figure 1.1.

Let us also introduce coordinates (z,0) € D x S*. Given (z,v) € SD, there is a unique
b € S' such that the geodesic flow applied to (z,v) has forward (conformal) endpoint
beS'ast — oo. In this way the fibre S.D and S* are diffeomorphic (in a z-dependent
way). Hence we have identifications G ~ SD ~ D x S'.

Fix a point z € D and b € S'. We define the horocycle through z and tangent to b as the
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limit of a family of curves through z. Explicitly, consider the curve
C(z,B8) = {7 e D:distp(<, B) = distp(z, 5)}

where distp(2’, §) refers to the distance on DD between points 2’ and § induced by the
hyperbolic metric, (1.2). These are (hyperbolic) circles in the hyperbolic disk with centre
point 3 passing through z. As 3 tends towards the point b € S' at infinity, say along
a geodesic, the curves C(z, ) converge smoothly to a curve that we call the horocycle
through z tangent to b. In the disk model, a horocycle is a Euclidean circle passing through
z and tangent to the boundary, S! of the disk at b. See Figure 1.1. For comparison, the
corresponding sets in Euclidean space R™ relative to a point w on the sphere at infinity

are hyperplanes with normal vector w.

Figure 1.1: By identifying g with a point in SD, the geodesic flow, stable horocyclic flow,
unstable horocyclic flow and are represented by the right action on g by
a;, n,, n, and kg respectively. The images of the two horocyclic flows trace out horocycles in
the base point z, which (in the disk model) are circles tangent to the conformal boundary at
the forward and backward endpoints (b and b’ respectively) of the geodesic determined by g.

Let us now state the definition of an Anosov flow and present a short direct proof that
the geodesic flow on SH? is Anosov.

Definition 1 (Anosov flow). A smooth flow ¢, on a smooth manifold M is called
uniformly hyperbolic or Anosov if, for all x € M, there exist a splitting T,M =
Eo(x) ® E,(r) ® Es(x) which is preserved by the flow, i.e. E;(¢i(x)) = doi(x)(Ei(x))
for all z € M, ¢t € R and i = 0,u, s, where Fy(x) is spanned by the vector field which
generates ¢; at x, and such that, for any fixed norm on the fibres T, M, there exists
constants C' > 0, A > 0 such that

|dpy(z)(v)| < Ce™M|, if ve E(x),t>0

1.8
|dpy(x)(v)| < Ce M|, if ve E,(x),t<0 (18)
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Consequently, F(z) is called the stable subspace of T, M and E,(z) is called the unstable
subspace of T, M.

Lemma 1 (geodesic flow on SH? is an Anosov flow). The geodesic flow on SH? is an
Anosov flow with stable and unstable leaves given by vectors orthogonal to the stable and

unstable horocycles respectively.

Proof. Fix a point h € G ~ SH? and consider the geodesic flow g;(h) = ha;. Consider
the two leaves through h given by the unstable and stable horocycle flows respectively,
u — hn, and u +— hn,. These leaves are generated by X, and X_ respectively and we
claim the vector spaces over h spanned by X, and X_ are E (h) and E,(h) respectively.
Let us fix a left-invariant norm on the fibres of TG by setting |H| = |X,| = |X_| = L.
We can make the explicit (matrix) computation that n,a; = a;n,.—+ and N a; = a;Nyer
which shows that
dg,(h) X, =e "X, dgi(h)X_ =e'X_.

This shows that the line bundles E,(h) and E,(h) are preserved by the g; flow and that
X, spans the stable sub-bundle and X_ spans the unstable sub-bundle with Lyapunov

exponent A\ = 1. Hence the geodesic flow g* on G ~ SH? is Anosov. O

The splitting of the tangent bundle into stable, unstable and flow directions induces a
splitting of the cotangent bundle. These bundles are denoted E?, EY and Ej and are
defined by

E} = (E; © Eo)"

E, = (B, ® Ep)° (1.9)

Ey=(E,®E,)°

where the superscript 0 indicates the annihilator space. These spaces can also be defined
by the following equations, where h,u,s are the symbols of —tH, —iX,, —1.X_ respec-
tively:

E={h=u=0}

E:={h=s=0} (1.10)

E={s=u=0}

Then under the bicharacteristic flow of H, that is the geodesic flow lifted to the cotangent
bundle of SH?, we have 1 = u and $ = —s, so the flow is expanding on E* and contracting
on E* with respect to the natural left-invariant dual norm on the fibres of 7*(SH?) as
the ‘time’ parameter for the bicharacteristic flow increases, which explains the notation

for these line bundles. To be precise, the bicharacteristic flow is given as the map (g)« :
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T*(SH2) — T*(SH?) defined by

(90 + (2,6) = (ga(2), (dge(2)") 7€) (1.11)

where z is a point on SH? and £ is a point on the cotangent fibre 77(SH?). This is the

same definition as appears in [F'S10], Section 1.

This splitting of the cotangent bundle is important in the definition of anisotropic Sobolev

spaces (see Section 4.4 in Chapter 4).

We now introduce a useful identity in hyperbolic geometry,
Lemma 2. We have the following identity. If we let v by a hyperbolic isometry in the
disk model, then |vz — yw|* = |/ (2)||/ (w)||z — w|? for any z,w € D where | - | indicates

Fuclidean distance.

Proof. Any such isometry can be written as

az+
vz = =
Bz + @

where a, 3 € C such that |a|? — |3]?> = 1. Then we can explicitly check the claim:
az+ 0 aw+fp 2

Bz +a a Bw +a

ez + B)Buw + @) — (aw+ BBz +a)|

B (B2 + @) (Bw + @)

vz = yw]* =

(1.12)
al“z — Z+ w — |al*w
_ lloPz = 18P= + 8PP — laPuf’
|8z + a|?|fw + @l?
|z —w]®
" e apBurap Ol
The last line follows from the calculation
(o) = [ - ez O
Bz+a (Bz+@)?
o la(Bz + @) — (az + B)B] (1.13)
B 1Bz + a?
B 1
\Bz+&]2
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1.2 Harmonic analysis on D.

Definition 2 (Busemann function). Given z € D and b € S'. The Buseman function of
z and b, denoted (z, b), is defined to be the signed distance from 0 € D to the horocycle
through z tangent to b, with sign convention that (z,b) tends to infinity as z — b along

any geodesic.

The family of geodesics emanating from b € S! are orthogonal to the family of horocycles
tangent to b. The identity n,a; = a;n,.-+ has the geometric interpretation that the
signed distance between horocycles is well-defined, as any geodesic segment between the
two horocycles has the same length ¢. In particular it is the quantity given by (z,b) —(w, b)
where z is any point on the first horocycle and w is any point on the other horocycle. See

Figure 1.2.

The function e*? coincides with the classical Poisson kernel on the disk,

1— 2|2
(20 — P(z,b) := .
€ (’27 ) |Z _ b|2

(1.14)

In fact, by direct calculation one can verify that this function is constant on horocycles
based at b, it equals 1 when z = 0, and the gradient V,(z,b), in the hyperbolic metric, has
unit length. Using this fact about the gradient and the harmonicity of P(z,b) (notice that
harmonicity coincides for the Euclidean and the hyperbolic metric), it is easy to check
that for u € C and b € 9D, the function z — e#*b is an eigenfunction of the hyperbolic
Laplacian with eigenvalue p(1 — p). We refer to these powers of the Poisson kernel e
as (hyperbolic) plane waves, as they are analogous to Euclidean plane waves. Helgason
used these hyperbolic plane waves to define a non-Euclidean Fourier transform on the

hyperbolic disk.

The Busemann function is also useful in linking the two coordinate systems (z,#) and
(2,b) that we have discussed. In fact, for fixed z we have df = e!** db. The easiest way
to derive this is to consider a harmonic function u on the disc with boundary values f(b).

Then we have by the mean value theorem

1

" or

u(z) /S F(b(9)) d = L P b f () b (1.15)

21 !

This implies that the Haar measure in (z,b) coordinates is

dg = dVol(z)d# = e** dVol(z)db. (1.16)

One of the important identities involving the Busemann function is how it changes under
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Figure 1.2: On the left, a horocycle through z and b and a horocycle through w and b on the
hyperbolic disk. The so-called Busemann function, (z,b), is the distance from the origin o to
this horocycle. (z,b) — (w,b) represents the signed distance between the given horocycles. On
the right, a family of horocycles through a single point b € B. Any two horocycles through the
same point b are equidistant to each other.

) b

a left action of v € G (acting on both z and b, that is, using the coordinates (z,b) on G).
We note that (z,b) is not invariant under v since it depends on a choice of origin in D.

However, a difference (z,b) — (w, b) is invariant. We thus have
{(y2,7b) = {(yw,vb) = (z,b) — (w, b) for all v € G.

Setting w = 0 and noting that (0,b) = 0 by definition, we find that for all v € G, we

have

(y2,9b) = (2,0) + (70,7D). (1.17)
Another useful identity involving the Busemann function is
~(b) = e~ (0)A(0) (1.18)

which can be derived from (1.14) and the fact that w o7 is harmonic on the disc if and

only if u is harmonic.

1.3 Helgason-Fourier transform and Zelditch pseu-

dodifferential calculus on D

In this section we will recall a version of the Fourier transform for hyperbolic space in-
troduced by Helgason in [Hel74] and how Zelditch uses this to create a pseudodifferential
calculus for hyperbolic space in [Zel86]. We remark that in Chapter 2, we shall derive
a slightly different Helgason-Fourier transform that we call the spectral Helgason-Fourier
transform. Hence we will also define a slightly different Zelditch quantisation on hyper-

bolic space (we may as well call it the spectral Zelditch calculus). In this chapter, we shall
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recall the previous work of Helgason and Zelditch for reference. We recall the following
theorem from page 1120 of [AZ12], note that a similar version with different normalisation
appears in Theorem 4.2 in [Hel81].

Theorem 3 (Helgason’s non-Euclidean Fourier transform). For any complez-valued func-

tion f on D, define the non-Euclidean Fourier transform by
Ff(b,r) ::/f(z)e(;_"xz’deol(z).
D

foranyb € B andr € C for which this exists. If f € C2°(D), then there exists a pointwise

wmwversion formula

f(z) = 1/ e(%”’"xz’w]:f(b, r)dp(r)db, dp(r) = " tanh (ﬂ> dr. (1.19)
RxB

2 2m 2
This non-Euclidean Fourier transform extends to an isometry of L*(D,dVol(z)) to
L*(R" x B, dp(r)db), where dp(r) is as in (1.19).

Zelditch (in [Zel86]) uses Helgason’s non-Euclidean Fourier transform to define a left-
invariant pseudodifferential quantisation on D. For any operator A : C*°(D) — C*(D),
Zelditch defines the complete symbol of A to be the function a(z,b,7) € C*°(D x B x RY)
by

Aelatin(zb) — a(z,b, 7‘)6(%””("’1’) (1.20)

Given a symbol, a € C*°(D x B x RT), the definition of the pseudodifferential operator
Op(a) acting on u € C°(D) is consequently,

1
o

Op(a)u(z) / a(z,b, r)e(%+ir)<z’b>e(%_”)<w’b>u(w)dwdbdp(r) (1.21)
Do X By XR;T

where dp(r) is the same Plancherel measure as in (1.19). The Fourier inversion formula

shows that Au = Op(a)u for A with complete symbol a(z,b,7) and u € C°(D), hence

we have an exact correspondence between symbols a € C*°(D x B x R*) and operators
A: C®(D) — C*(D) on the class of functions C°(D).

Let I' be a subgroup of G. The Zelditch calculus has the important property that a
Zelditch quantised pseudodifferential operator, Op(a), commutes with the left action by
I', in the sense that it commutes with the operators T, v € I" acting by (7, f)(2) = f(v2),

if and only if the symbol a is I'-invariant in the sense

a(yz,vb,r) = a(z,b,7) for all vy € T, (2,b) € G,r € RT. (1.22)
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Now suppose that I' is a discrete cocompact subgroup of G, that is, the quotient I'\ID
is a compact hyperbolic surface X. The invariance property just described shows that
if a is a I'-invariant symbol, then Op(a) at least formally maps I'-invariant functions to

I'-invariant functions, and hence induces an operator on X.

Given an operator on D with Schwartz kernel K (z, w) that is singular only on the diagonal
and which is invariant under the left I'-action of a discrete cocompact group, i.e K(z,w) =
K(yz,yw), if K(z,-) decays fast enough (so that the series below in (1.23) converges
absolutely), we can define an induced operator on I'\ID which has Schwartz kernel KT

defined by the series
K'(z,w) = Z K(z,~vw). (1.23)

vyel

The fact that this is the appropriate induced kernel can be checked by the calculation

| K s wde =3 [ K)o

vyel

(1.24)
:Z/DK(z,w)fF(vlw)dw:/DK(z,w)f(w)dw

where fU' can be considered as the restriction of the I-periodic (automorphic) function f

to a fundamental domain X, such that

ST ) = f(w). (1.25)

vyel

Rather than consider f! as a sharp cutoff of f to a fundamental domain, we could also

define f¥(w) := x(w) f(w) where y is a smooth function on D with the property that

> x(rw)=1. (1.26)

~yel

The required decay of K(z,w) away from the diagonal is implied by the symbol a(z,b,r),
having an analytic continuation in r to a strip of suitable width, cf. Eguchi-Kowata
[EK76]. Section 4.3 of [AZ12] and the paper of [Zel86] goes into more detail regarding

the definitition of Op(a) on a compact hyperbolic surface.

We also finally remark that through the identification of

S$*X x RY ~ T*X\0 (1.27)
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via polar coordinates in the fibres of T*X for X = I'\D, we can identify
MN\(Dx B) x RT ~T*X\0 (1.28)

since I'\(D x B) ~ I'\G ~ S*X. Consequently, the class of smooth functions on the
cotangent bundle, with zero section removed, of X can be identified with the class of
smooth functions in coordinates z € D,b € B,r € R* which is left-T'-invariant in the
(z,b) variables. Hence, we can identify certain classes of symbols with symbols in the
Zelditch calculus. For example, the positively homogeneous symbols of order m in the
fibre, i.e ST(T*X\0), is equivalent via this identification to the left I'-invariant class of
symbols, a € C*(I'\G x R"), where for any s € N and any multiindex o = (g, g, a3),

there exists a constant Cy, > 0 such that
[(ro,)*H* X2 X%a(g,r)| < Csar™. (1.29)

The work of Zelditch, [Zel86], gives formulae for the composition, adjoint and commutator
of pseudodifferential operators in this calculus, as well as deriving an analogue of Egorov’s

theorem and Friedrichs symmetrization.



Chapter 2

Helgason’s hyperbolic Fourier
Transform, Zelditch’s
pseudodifferential calculus and
Anantharaman-Zelditch’s

intertwining operator

2.1 Introduction

In this chapter we will derive a non-Euclidean Fourier transform in two dimensional
hyperbolic space and we will also derive some of its properties: an inversion formula
and a Plancherel theorem. This will turn out to be similar to the work of Helgason
for his Helgason-Fourier transform as described in [Hel81], Theorem 4.2, however our
normalisation will differ from Helgason’s. We might call the version we derive here the

spectral Helgason-Fourier transform because of the spectral normalisation.

Consequently, the spectral Helgason-Fourier transform allows us to use a version of
Zelditch’s quantisation on hyperbolic space as in [Zel86], however it will be again slightly
different because we are using the spectral Helgason-Fourier transform which is normalised
differently than the Helgason-Fourier transform that Zelditch uses in [Zel86]. So using
this spectral version of Zelditch’s pseudodifferential calculus on hyperbolic space, we will

define the (spectral) Wigner distribution.

We will then construct a Patterson-Sullivan distribution which is similar, but again differ-
ent, to what appears in the work of Anantharman-Zelditch in [AZ12]. These constructions
naturally allow us to state one of the main theorems of this chapter, Theorem 14. The
theorem states that the classical low G} and the quantum flow V;, which we defined in

the introduction of the thesis, are unitarily equivalent to one another between Hilbert

24
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spaces of L? symbols.

We will use the spectral theory of the hyperbolic Laplace-Beltrami operator on the
Poincaré disk to derive the L?*(ID) theory of the spectral Helgason-Fourier transform.
Doing so will also allow us to introduce the hyperbolic scattering matrix and we shall
also explore the role that the hyperbolic scattering matrix plays in the spectral Helgason-
Fourier transform, particularly in extending the Helgason-Fourier dual variables from
(b,r) € S' x R* to (b,r) € S* x R. This also presents a new point of view on the sym-
metry properties of the spectral Helgason-Fourier transform and Zelditch’s hyperbolic

calculus under r — —r.

2.2 Deriving the L[?*(D) theory of the Helgason-

Fourier transform via the spectral theorem.

In this section we shall show how the spectral theory of the hyperbolic Laplace-Beltrami
operator can be used to derive the L?(ID) theory of the Helgason-Fourier transform, we
will carefully follow Borthwick’s book in certain parts ([Borl6], Chapter 4). Note that
Borthwick’s book stops just short of connecting the resolution of the spectral measure of

the Laplacian to the Helgason-Fourier transform.

The Poincaré disk is the set D := {z = x +iy € C : |z] < 1}. We follow Borthwick
and take p(z) = (1 — |2]*)/(1 + |2]*) as a boundary defining function for D, meaning
p vanishes but dp # 0 on the boundary of the Poincaré disk, S'. We then define a
generalised eigenfunction on D with spectral value s € C as the following function of
zeD,beSt

E(s;z,b) = lim p(2')"*Rp(s; 2, 2'), (2.1)

z'—b
where 2z’ € D and R(s; z, 2’) is the resolvent kernel for the operator Ap —s(1—s), with Ap
being the hyperbolic Laplace-Beltrami operator on D, see Chapter 1. The resolvent kernel
has an explicit form as proved in [Borl6] Section 4.1, with simple poles at s € —N,
I'(s)”

Rp(s;z,2') = 1 o F(s,8,2s;0° 1) (2.2)
T

where o = cosh?(d(z,2")/2) is a function of the hyperbolic distance between the points z

and 2’ in D, I' is the Gamma function and F is the regularised hypergeometric function
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of Olver,
F(a,b;c;w) = % where
c
(2.3)

ab ala+1)b(b+1)
Fla,bc;w) =1+ —

(a, 5 ¢;w) T 2lc(c+1) v

F(a,b;c;w) is the Gauss hypergeometric series, converging for |w| < 1, see [AS65] for

more details on these special functions.

The reason the resolvent kernel has this form is because Rp(s;z,2’) is a function of
d(z,7') as Ap is an invariant operator under the isometry group of D, PSU(1,1)/U(1).
Then by changing Ap into hyperbolic polar coordinates, the equation to be solved for
Rp(s;z,2") = fs(d(z,2")) is a second order ordinary differential equation in the radial
variable r = d(z,2') > 0, which is solvable and has the form of a certain hypergeometric
function in r with parameters depending on s. Substituting back r = d(z, 2’) gets the

answer. The details of this derivation are in [Borl6] section 4.1.

Using the explicit formula for the resolvent kernel, Borthwick computes

E(s;z,b) = lim p(2')"*Rp(s; 2, 2')

z'—b

_ 9—s T'(s) (1 _ |Z|2)S (2.4)
2s = 1T(1/2)T(s —1/2) \ |z —=b|? ) ~

Substituting s = 1/2 +ir, r € C, we get

o=t D(L4ir) (1 [z2\2""
2ir  T'(1/2)I'(ir) \ |z —b|?
—(L+ir 1 ;
2ir  T(1/2)(ir)

E(1/2 +ir;z,b) =

1|2
lz=b]

kernel for the disk is recovered,

where we set e!*?) to be One can check that under s = 1, the classical Poisson

11—z
E(1;2,0) = 12 (2.6)

T 2|z — b2

We have the following identity, proved in [Borl6] section 4.3,
2 L .
Rp(s;z,w) — Rp(1 — s;z,w) = (1 — 23)/ E(s;z,e)E(1 — s;w, e )db . (2.7)
0

We can apply this in Stone’s formula for the spectral measure of Ap on a domain D C
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L*(D). We take the usual domain on which Ap is a self-adjoint operator, the Sobolev
space H?(D). Therefore by Stone’s theorem (see eg. [RS80], Chapter 8),

%(P[a, bt Pab) = tim [ (A A—i) (A Arioldr  (28)

T e=0t J,

where P(F) is the spectral projection operator onto the part of the spectrum of Ap in

the borel set ¥ C R.

Fixing a small € > 0, we define s, to be the solution to s(1—s) = A4ie with R(s,.) > 1/2
and s_. to be the solution to s(1 — s) = A\ — ie with R(s_.) > 1/2, where A € R. Solving

the quadratic equation, we have the solutions s,. and s_. which are

1 1
8+E:§+ Z_l_()\—i_ie)’
(2.9)
=+ (Ao
8_6—2 1 €

We let s, and s_ to be the limit of s, and s_. as € — 0". So when A\ < 1/4, we have
Sy,8_ € (1/2,1). The resolvent kernel, (2.2), is analytic for s € (1/2,1) which implies
that the spectral measure is supported in A > 1/4 (since applying the spectral theorem
to a spectral window supported in A < 1/4 would give zero because the analyticity of the

resolvent kernel means

lim (A =X —ide) ™ — (A= A+ie)™ 1) =0 (2.10)

e—0t

where the limit is taken to be strong convergence). Now for A > 1/4, we get

1 1
S+—§—'é )\—Z,
(2.11)
1+, \ 1
S_=—4i /A=
2 4
Since A > 1/4, we can write /A — 1/4 = r for r > 0, and so we have
1 1 1
S+:§—Z.’I“, s_:§+ir, )\:Z‘I‘TQ, r > 0. (212)

The spectral interval A € [1/4, c0), through the formula A = 1/4 4+ 2| is in bijection with
r € [0,00) and the Lebesgue measure on [1/4,00), pushes forward to the measure 2rdr

on the interval [0, c0),.

It is also possible, using the explicit formula for the resolvent, to show that the spectral
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measure has no atoms, and is absolutely continuous with respect to the Lebesgue measure.
To note down for the record, using the explicit formula (2.2), one can deduce (as in [Bor16]
section 4.2) that

1
Rp(s;z,2') — Rp(l —s;2,2') = 3 cot(ms)P,_1(coshd(z, 2")) (2.13)

where P, is a Legendre function of parameter v (see [AS65], Chapter 8 for details). In
particular P,(z) is analytic in v € C, so the spectral measure is absolutely continuous with
respect to the Lebesgue measure. Therefore, this work can be put together to express the

spectral theorem for the Laplace operator in the following way,
P b]—l bR L, R 1+' 2rd (2.14)
a,b = 5 ) plg =@ |5+ rdr. .

Here, we can substitute the resolvent identity, (2.7), to get

Pla,blf(z) = %/0% /bE (% - ir;z,ew) (/DE (% + ir;w,ew) f(w)dw) rdrdd.

(2.15)
Let us choose to distribute a factor of 2¢r into the generalised eigenfunction, this means

that we define a modified generalised eigenfunction, say denoted e(s; z,b), through

1 . 1 )
e (5 +ir; 2, ew> = 2irE (5 +ir; z, ew) . (2.16)

With this change, the spectral theorem now reads as

Pla,b)f(2) = /OQW /abe G —ir;z,ew) (/De (% —|—ir;w,ew> f(w)dw) dr%. (2.17)

This suggests to us that, for a function f € C°(ID), we should define

Ffo,r):= / e (% + ir;w,ei9> fw)dw

D (2.18)
- / o(r)ea TN £ (w)duw
D
where (1 ) o
(s +ar 4 1—|w
- 2—(1-1-11“) 2 b= e (wb) — . 2.19
(r) CT(L/2)T(r) < w— b2 (2.19)

Note that this is similar to the Helgason-Fourier transform as in [Hel81] Chapter 4, it

is a modification of the Helgason-Fourier transform where we carry the ¢(r) factor with
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the hyperbolic plane wave e Hinb) We call F defined in (2.18) the spectral Helgason-

Fourier transform owing to the spectral point of view we take.

Continuing on, we read the spectral theorem as saying

/ / ( iz el )]:f(e r)dr% (2.20)

and since P[0, R|f converges to f in the strong L?(ID) topology as R — oo, we have

that
I%grgo/ / (— —ir;z,e ).’Ff(@ T)drd—e (2.21)

This suggests that we should define the operator F ' on functions g € C=°(S' x [0, 00))

by
/ / (——zrzeg) g(e )drd—i (2.22)

f=FYFf (2.23)

So equation (2.21) says that

as an equality between functions in L?(D), by virtue of the spectral theorem. We shall
show below in Theorem 4 that the notation F ' is justified because it is indeed the inverse

operator to the continuous extension of F to the domain L*(ID, dz).

There are some further questions we can pose on characterising the range of the operators
F and F ! on different domains for which equation (2.23) still holds. These questions
are a little subtle. For example, we haven’t specified or characterised when equation
(2.21) holds pointwise, only that the limit exists as the convergence of functions in the
L?*(D) topology. Nonetheless, we can easily check that for f € C>°(DD) the convergence of
(2.21) holds pointwise too. Helgason provides a proof of the range of his Helgason-Fourier
transform acting on the class of functions C2°(D), in an analogue of the Paley-Wiener
theorem in the hyperbolic context, in [Hel81] Theorem 4.2. There are also others who
have worked on characterising the image of the Helgason-Fourier transform acting on
other classes of functions, for example, the range of the Helgason-Fourier transform on
the space of Schwartz functions of L? type on D) has been characterised by Eguchi-Kowata

[EK76]. These are interesting questions that we do not explore further in this thesis.
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To finish this section, we note that

||P[a7b]f”%2(]]),dz = (Pla,b]f, [)r2(.d2)

//(/f (——zrze) ).’Ff(&r)drg—e (2.24)
/ /I.’Ferer—

If we take a — 0 and b — oo, we have a version of Plancherel’s theorem that

| fllL2.az) = | F fllL2(st x[0,00),drdo j2m) (2.25)

Therefore F is an isometry from L*(D,dz) to L*(S' x [0,00),dr2). In fact, we have
more,

Theorem 4. F is a unitary isomorphism between L*(D, dz) and L*(S' x [0, 00), dri2).

We believe that a version of this theorem holds in other models of two dimensional hyper-
bolic geometry too. While we use the boundary defining function p(2) = (1—|z[?)/(1+]|z[?)
particular to D, we suspect that the use of a different boundary defining function to any
given model will only change the measure on B X [0, 00), where B is the boundary. (Note
that in the upper half plane, the function p(x 4 iy) = y is not a good boundary defining
function because dp = 0 at the point at infinity).

The proof of Theorem 4 will require a few lemmas and definitions. We shall first state
and prove the required lemmas and then give a proof of Theorem 4 at the end of this
subsection. The argument we shall give is similar to the proof Helgason gives in [Hel81],
Chapter 4.

First we make a definition.
Definition 3. r € C\i(2 + Zxo) is called simple if the mapping of L*(S', £) — C>(D)

given by .
FO)— f(z) = / e <% + ir; z,ei9> F(G)% (2.26)
0

1S one-to-one.

Note that we consider r ¢ i(5 + Z>¢) to exclude the poles of the Gamma function, which
appear in the definition of e(% + ir; z,€%). The importance of this definition for our

purposes is the following,
Lemma 5. If r is simple, then the set {Ff(-,r) : f € C®(D)} is dense in L*(S', £).

’ 27



2.2. Deriving the L?(D) theory of the Helgason-Fourier transform via the spectral
theorem. 31

Proof. If this were not so, let F # 0, F € L*(S', 2) N C>(S!) satisfy

/O W.’Ff(&,r)F(H)% =0 (2.27)

for all f € C°(D). This implies that

/Df(z) (/O% e (% +ir; 2, ei9> F(Q)%) dz =0 (2.28)

for all f € C>°(D), which implies by the density of C>°(D) in L*(D,dz), that

1 : do
/ e (— +ir; 2, e’9> F)—=0 (2.29)

0 2 2m
for every z € D. However, this contradicts the simplicity of r. Therefore, for r simple,
the set {Ff(-,r): f € C=(D)} is dense in L*(S', £). O

We have the following lemma,
Lemma 6. Every r € C\i(3 + Zxo) UiZsx is simple.

Proof. Let r € C\i(3 + Zsg). We set k := —(3 4 ir), note that k ¢ Z>, because this is
equivalent to r & i(1 + Zxo). Given F(0) € L*(S', £) N C(S'), we aim to show that for

2 1 )
f(z):= / e (— +ar; z,ew) F(Q)ﬁ
0 2 2m
_ 2—(%—1—1’7") F(% + Z’I“) /27r |Z — 6i9|2 k F(9>ﬁ
r'(1/2)T@r) J, 1—1z[? 21’

f = 0 implies F' = 0. We observe that this fails to be true when r = im, m € Zx,

(2.30)

because the prefactor
(L4 F(% +ir)
L(1/2)T(ir)
vanishes. So let us now also assume r € iZ>o. The strategy of the proof will be to assume
f = 0 and use the fact that the g-jet of f at z = 0 is zero for every ¢ € N. This fact

(2.31)

will allow us to show that the +¢’th Fourier mode of F'is zero for every ¢ € N and hence

F =0. We let f =0. This implies that

/ T ro) P o (2.32)

o =
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Moreover, as we shall show in Lemma 7, as a consequence of the fact that

o f o f
= =0 2.33
9z" z=0 oz" z=0 ( )

for every n € N, we get that
2m ] do

R (9)— =0 2.34
| g (2.34)
for every n € N, and so F' = 0. O

We have used the result of the following technical lemma in the proof of Lemma 6.
Lemma 7. For k & Z>( and

A(2,7,0) = (M>k (2.35)

1z

we have for everyn € N,

% A(2,2,0) = k(k—=1)...(k— (n+1))(=1)"e™? (2.36)
z=0
and o
. A(2,2,0) = k(k —1) ... (k— (n+1))(—=1)"e™. (2.37)
z=0
Proof. Note that
A(z,%Z,0) = exp(klogg(z,%,0)) (2.38)
where
9(2,2,0) = (1 — |2) 71+ |2]* — ze7 — ze). (2.39)

We note that any derivatives in z or z of (1 — |2|*)™! will vanish when evaluated at
z = zZ = 0. Hence the behaviour of higher order derivatives of g at z = Z = 0 are

determined by the derivatives of

h(z,%,0) =14 |2]* — ze™™ — 2. (2.40)
We note that 5h oh

il — 0 = —e¥, 2.41

0z|,_, > 0 c (2:41)

From these observations, we deduce that

99
0z

b Jg

0z

z=0



2.2. Deriving the L?(D) theory of the Helgason-Fourier transform via the spectral
theorem. 33

and any higher derivatives of g in z or Z vanish when evaluated at z =z = 0. Now let us
consider A(z,7%,6). The n’th derivative of A with respect to z equals
— k- ag " _
k(k—1)...(k—(n+1))g(z7z0) 5 + P(2,%,0)
z
where P(z,7z,0) contains higher order derivatives in g. When we evaluate this term at

z=72=0, we get

O™ A
ozm

=k(k—1)...(k— (n+1))(=1)"e ™

z=0

because P vanishes when evaluated at 2 =z = 0. Since k ¢ Zx¢, the n’th derivative of A
with respect to z is a non-zero multiple of e=™. Likewise, taking the n’th derivative of

A with respect to Z gives us

oA

oz"

=k(k—1)...(k—(n+1))(=1)"em.

z=0

O

Definition 4. We say that ¢ € C°(D) is a radial function if for any k € K, we have
Y(k-z) =(z). We let I2°(D) be the subset of radial functions in C2°(D).

We will make use of the fact that the spectral Helgason-Fourier transform of radial func-
tions ¥ (z) are constant in 6.
Lemma 8. For ¢ € I°(D), we have that Fi(0,r) is constant in 6.

Proof. Let ¢ € I°(D). We have that

Fd',r) = /11))6 (% +ir; z, kg_g - ew) W(z)dz (2.42)

where kg_y € K = PSO(2). By a change of variables, letting z = kg _g - 2/, we have

1 .
.'Fw(@’, 7") = / (& (5 + i?"; k@/,g . ZI, ]{9/79 . 619) w<k9/,9 . Z/)d(kglfg . Z/). (243)
D

Since d(k - 2') = dz’ for any k € K, and because (k- 2/ k- e?) = (z/,e®) + (k- 0,k - €?)
and (k-o,k-e?) = (0,k-e?) = 0 for any k € K, we have, using the radial property of 1,

FO',r)=F(0,r). (2.44)

Hence Fu(0,r) is constant in @ for any radial ¢ € I2°(D). O
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Because of this property for radial ¢ € I2°(D), we will use the shorthand F(r) to refer
to its spectral Helgason-Fourier transform. We have the following lemma regarding the
spectral Helgason-Fourier transform of the convolution of two functions f,¢ € C*(D),
one of which is radial. Note that it analogises the same result for the Fourier transform

of the convolution of two functions on Euclidean space.
Definition 5. For f € C°(D) and ¢ € I>°(D), we define the convolution

= [ tta-opita™ - 2)s (2.45)
Lemma 9. For f € C*(D) and ¢ € I2°(D), we have
e D(/2)0G) )
FU9)0,r) = 20 m S5 F O FU ) (2.46)

Proof. We have

F(fx)(0,r) /(/fg o)(g~" - )dg)e(%—l—ir;z,eie)dz
/f90</¢ (+ZT’Z€>dZ>dg.

Changing variables by setting z = g - 2’ and noting d(g - 2’) = d2’, we reduce the above

/fg 0 (/¢ ( +ir;g- 2 ea)dz')dg. (2.48)

We note that (g-2/,e") = (2/,g71 - €®) + (g - 0, e?), hence

1 1/2)I'(2 1 ‘ 1 .
e(§+i7‘;g-z’,e ) — olgir He (Q—Fir;z’,g_l-ew)e(§+ir;g-o,e’9>,

(2.47)

expression to

(2.49)
and thus we have
F(fx)0,r) = 203 +”)F(1/2) flg-o)e( = +ir;g-o,e”|dg
(L+i )FZ(/;)r Z(’” ) </ ( ) ) (2.50)
=2 W}W( rFf0,r).

O

We make a note that .
2<%+Z‘T>W}'¢(r) = Fi(r) (2.51)

F(% +ir)
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where Fi(r) is the usual Helgason-Fourier transform of the radial function #(r). We
remark that the Helgason-Fourier transform of a radial function is sometimes called the

spherical transform in certain literature. So we can rephrase Lemma 9 as stating that

F(f+)(r) = Fo(r)Ff(0,7) (2.52)
for f € C°(D) and ¢ € I°(D).

Proof of Theorem /. The isometry property of the spectral Helgason-Fourier transform,
(2.25), implies that F is injective onto a closed subspace of L*(S' x [0, 00),drdf/2x).

What remains is to show that JF is surjective.

Let us suppose that F' € L*(S! x [0, 00),drdf/27) N C>(S* x [0,00)) is orthogonal to the

range of the spectral Helgason-Fourier transform, i.e that

/0 " /0 h .’F’f(@,r)F(&,r)drd—e - (2.53)

for all f € C°(D). We can replace F f(6,r) with F(f *)(0,r) for any ¢ € I*(D) as
f*1 e Cx(D). Since F(f x)(0,1) = F(r)Ff(0,r), the effect of this replacement is
that we get

/Qﬂ/ F(f =)(0,r)F( Grdr— /}"¢ ( FfO,r)F (Gr)de)dr:()

(2.54)
for all ¥ € I°(D) and all f € C°(D). The Helgason-Fourier transform bijects 12°(D)
onto H.(C), the space of even entire functions in r € C of exponential type, as proved in
[Hel81], Theorem 4.7. Therefore by the Stone-Weierstrass theorem, this implies

/ Ff(o,r)F(@, r)de 0 (2.55)

for every r € [0,00). Recalling that this set of r is simple and for r simple, the set
{Ff(,r): feCX(D)}is dense in L*(S', ), we therefore have that

/0 " PO)FO, r)gi 0 (2.56)

for all P € L*(S', £) and for all r € [0,00). We can choose P to be the characteristic

function on any closed arc I C S', so for any such I, we get

| Fe. e =0 (2.57)
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for all » € [0,00). Then integrating the above function of r over a closed interval J C

[0,00), we get

do
F Zdr =0. 2.
/IXJ 0,r) o dr =0 (2.58)

Since this is true for every rectangle I x J C S' x [0, 00), by the Stone-Weierstrass theorem
F=0. O

In the sections which follow we will continue with the more concise notation,

(2.59)

1 ' oy TG 4ir) (11— |2 T
by e (X iy i) — o—(irin 12
e(z, ,T) e <2 +ar;z,e ) F(l/Q)F(iT) <|z — b|2

where b = e,

2.3 The hyperbolic scattering matrix and sym-
bols.

We define the hyperbolic scattering matrix with spectral value r € C through its Schwartz
kernel as
Y — Ars : Ny — (L +ir) Lo
Sp(r;b,0) :=dmir lim (p(z)p(z) 2™ Rp | = +ir;z,2" |, (2.60)
z—b,z' —b’ 2

for b, b € S, recalling RD(% +1ir; 2z, 2') is the resolvent kernel of the hyperbolic Laplacian,

equation (2.2), and
1z
14 2)?

p(2)

is a choice of boundary defining function for D.

Note that o
o2, ') = cosh®(d(z, /)/2) = — =221 (2.61)
o ’ A=) 1P ‘
and hence
—(L+ir Lyir 1
(=)l 2 = (4 )+ P (2.6
which implies
. —(L4ip ir 1
z_}l;ygl_}()/(p(Z)p(z’)o'(Z,Z’)) (zFir) — ol+2 oy (2.63)
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1

1 - S
27) multiplied by a convergent power series in 0!,

Since the resolvent kernel (2.2) is o~
as we take the limit with z — b, 2/ — b’ with b # V', the distance between z and 2’ tends
to infinity and so 01 — 0. Therefore, in limit (2.60) defining the hyperbolic scattering

kernel, we obtain

1L , 1
dmirA(r)  lim  (p(2)p(2)o(z, 2') "G = drmir A(r) 227

_ 2.64
z—b,2' —b p ’b — b/|1+2m" ( 0 )

where A(r) is the constant term in (2.2), the power series expansion of Rp(s;z,2’) in

terms of o~!. In particular,

L(5+ir)?

A(r) = —(2 ) .
A (1 + 2ir)

We can use the Legendre duplication formula for the Gamma function® to express this

prefactor differently:

A() I(5 +ir)? L(5 +ir)?
)= —_=
4nT (2 (5 +1r))  drn 222D (L i) T(1 + i) (265)
TG +ir) '
A2 22T (ir)
Hence, from (2.63) and (2.65), the scattering matrix kernel in the disk model with the
particular choice of boundary defining function p = };}jﬁ is
L(5 +ir) 1

Sp(r;b,b") = 2w (2.66)

T(1/2)T(ir) |b — b[ 2

Let us make a remark as to how these scattering matrix kernels act as distributions. It
is clear that for S(r) > 0 and ir ¢ 3 — N, Sp(r;b,b') is a well-defined integral kernel
because the singularity at b = V' is integrable, however as () — 07 we no longer retain
this integrability. Nonetheless, we can make sense of the action of Sp(r) via an analytic
continuation argument. Fixing f € C2°(B) and J(r) > 0, we can take a Taylor expansion
of f around b, so f(V') = f(b) + Ry(V') where Ry(V') vanishes to first order at ¥’ = b,

hence F) F(b) Ry(t)
b
Lot = [ e+ [ @6

We can compute the first term explicitly, We take stereographic coordinates for o' € St

centred around b (so b is the ‘point at infinity’ in stereographic coordinates). Without

'Recall the duplication formula states that I'(2)['(z + 1) = 2 72T (1/2)I'(2z) for z ¢ —N/2.
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loss of generality, we can change coordinates so that b = 1, then we have

21 2
B =n,(—1) = Z2+1 +iu2j—1’ ueR. (2.68)

In these coordinates we calculate

Ca2iry _ (L wf)
b— 1| (1+2ir) _ SR TEs T (2.69)
and .
U
hence (L4+2ir)
1 27 —(L_ir

We change coordinates again with ¢ = (1 + u?)~! which gives

27(1+2ir) 27(1+2i7")

1
/(1 +u?) G gy = / (1 — )2 dt. (2.72)
m R m 0

We recall the Beta function is defined as
1
B(z1, 29) i= / (1 — )Rt (2.73)
0

which is well defined for R(z1), R(z2) > 0. Moreover, the following identity holds?,

[(21)1(22)

B —
SR Ve

(2.74)
where I'(2) is the Gamma function. Consequently, following on from equations (2.71) and
(2.72), this implies that

1 2~ (+2n) T'(—4r)T(1/2)
/B—lb_b,‘m”db': - T i) (2.75)

2

We thus have for &(r) > 0,

/ / /_ +ZT
/BS(T,b,b)f<b)db - 1/2 /‘b_b/‘1+21r

= 2—2"F(21+ ”T”(‘.”") f(b) +2m

['(5 —ir)[(ir)

I'(5 +ir) Ry(V) ,
L(1/2)L(ir) Jg |b— V|1 +2ir
(2.76)

2See https://en.wikipedia.org/wiki/Beta_function for a simple derivation of this.
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Note that the linear functional (acting on f) on the right hand side of equation (2.76) is
well defined for $(r) > —1/2 and ir ¢ 5 — N because Ry,(V') has one order of vanishing at
b =b.

Therefore (2.76) is the unique analytic (in r) extension of the action of Sp(r;b,b") from
I(r) > 0 to &(r) > —1/2, avoiding an exceptional discrete set. We can also observe from
(2.76) that p(0;b,0') = —0,(b') because

(2.77)

One can continue to define the action of the hyperbolic scattering matrix S(r) to all
r € C, avoiding a discrete set via this analytic continuation argument by taking higher

order Taylor expansions of f about b.

2.3.1 Scattering as the matrix map from the Fourier basis of

non-Euclidean plane waves with r > 0 to r < 0.

The reason for us introducing the hyperbolic scattering matrix is that this is the matrix
kernel which maps us from the Fourier basis of non-Euclidean plane waves with r > 0 to
the Fourier basis of non-Euclidean plane waves with r < 0.

Lemma 10. We claim that

e(z,b,—r) = / Sp(=r;b,b")e(z, b, r)db, forall reR,beS' zeD. (2.78)
B

Proof. We will first study

Liir
/ ‘b _ b/|71+2ir 1-— |2:|2 2+ db (279>
B |z — V|2

for z € D,b € S! and r € R fixed and show that it equals

1.
L—]z2\27"
(=) (250

up to multiplication by a complex function of r. We will then reintroduce the prefactor
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functions of r for e(z,b',r), S(—r;b,b') and e(z,b, —r) to prove the lemma. Let us define

F(z,b,r) = (1— |z|2)é+"/ |z = V|72 b — |y (2.81)
Sl

We can assume (r) < 0 so the integrand is integrable and then argue by analytic
continuation in r like before. We observe that F(e?z,e?b, r) = F(z,b,r) for every 6 € R,

hence without loss of generality, we can set b = 1. The claim is then that

zwz,Lr)—»(l_wZP)é_”. (2.82)

[z —1J?

It is helpful to express z and V' in a different coordinate system, say the horocyclic-geodesic
coordinates based at b = 1. So we let b’ = n,(—1) like before, where v € R parameterises
b € S! and we let 2 = a;n,0 where t,u € R parameterise 2 € . Note that in these

coordinates, we have

21 2
V =n,(-1)= 4 i , and
) .
R Py

Then we can calculate that

_ 2 1_ir
(1 |Z’ )2 :e(%—ir)t (284)

[z —1J?
in these coordinates. One can also verify the explicit calculation that

et(et 4+ (et/2y — e—t/20)2
2 = B]2 = |aymy0 — ny(—1)[2 = (‘i +<02>+(((1 FiE (Wz)g). (2.85)

Note that for z = a;n,0, we calculate

4et

1— 122 = 2.
and for b’ = n,(—1), we calculate
4 1 d
b — 112 = Iny(—1) — 1[? ay = = (2.87)

T 1402 a1+
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Therefore F(z,1,r) in (2.81) equals

]. 1, 14 144 5 —i d’U
_47§+“ﬂ ¢ t/2,  _—t/2.\2 —g—ir(q 2\ 5 +ir 1 2\g—ir__ 77 2.88
T /R(e + (e u— e " 0)7) (1 +v7)27 (1 + ) 1+ 02 (2.88)
which reduces to 1
s R

Note that we can take a factor of e=27" from the integrand to reduce the integral to

11y » ‘
e K R (290)
R

™

We then change variables letting w = u — e~tv, note that dv = e'dw, to further reduce to

1 1., 1_, L_g
_4—2+W€(2—“")t/(1 +w2)_§_lrdw. (291)
R

m
We have, by a change of variables ¢t = (1 +w?)™!, that

~ T(1/2)C(r)

1
1+w?) Gty = / (L — )" 2dt = L 2.92
[+ e yda = SR (2.92)
Hence we conclude that
9-(1=2n) P(1/2)T(ir) (1 — |2|*\2 "
F(z,b,r) = ( /1 J0(ir) 2 . (2.93)
T (5 +ir) \|z—0b[?

We now reintroduce the prefactor functions of r for e(z,',r) and S(—r;b,V'), recalling
that

(L4 1 |22 S+ir
L(1/2)T(ir) \ |z — V| (2.94)
Sp(rib b) = 2n Lo —17) .
PR ) = SR 2) (—ir) b — v
we get that
L5+ ir)T(5 —ir)
—rib, b )e(z, U, r)db = 2 - 2~ (a+ir) 22 2 F(z,b
| Sotrib etz br) Ty e

o DG —ir) (1PN (2.95)
’ r<1/2>r<—ir>(|z—b|2)

=e(z,b,—r).
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]

This identity implies a symmetry for the non-FEuclidean Helgason-Fourier transform, in

particular, as

FFlb,—r) = / e(2.b, —1) f(2)dz, (2.96)

D

if we then use identity (2.78), we have

Ff(b,—r)= / Sp(=r;b,0")e(z,b',r) f(2)db'dz
BxD (2.97)
= / Sp(—r; b, 0 )F f (b, r)db.
B

Hence,

/.’Ff(b, —r)e(z,b,r)db://SD(—r;b,b')ff(b’,r)e(z,b,r)db'db
B BJB

(2.98)

= / Fr,r)e(z,b,—r)dv.

B

Equation (2.98) (or rather a very similar version) appears in Helgason’s book in ([Hel81],
Theorem 4.2 part(ii)) as a symmetry property of the Helgason-Fourier transform. We
have shown that the symmetry property (2.98) of the spectral Helgason-Fourier transform
is a consequence of the relationship of e(z,b,r) with the hyperbolic scattering matrix.
We believe that this symmetry property of the spectral Helgason-Fourier transform is
equivalent to the symmetry of the hyperbolic plane waves, e(z,b, ), under the action of
the hyperbolic scattering matrix (in that one can derive the scattering relation (2.78) from

symmetry (2.98)), but we don’t prove this in the thesis.

The hyperbolic scattering matrix also has consequences for a (spectral) Zelditch quantisa-
tion, suppose we have a linear operator A : C*°(D) — C*°(D), Then A has a well-defined
complete Zelditch symbol that we will denote by a which is a complex valued function on
D x B x R defined via

Ae(z,b,1) = a(z,b,r)e(z,b,7). (2.99)

Note that the difference with [Zel86] is that e(z,b,r) is not just et Since
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Ae(z,b,r) = Ale(-,b,7)], using equation (2.78), we have

Ae(z,b,r) = Ale(-,b,m)](2) = A [/B S(r;b,V)e(, b, —r)dt' | (2)
= / S(r;b, V) Ale(-, V', —r)](z)db’ (2.100)

:/BS(r;b,b')Ae(z,b’,—r)db’.
Hence the complete Zelditch symbol of A satisfies the symmetry
a(z,b,r)e(z,b,r) = /BS(r; b, )a(z, b, —r)e(z, 0, —r)dt (2.101)
which, when multiplied by e(w, b, —r) and integrated in b, implies

/Ba(z, b,m)e(z,b,r)e(w, b, —r)db = /Ba(z, b, —r)e(z,b,—r)e(w, b, r)db (2.102)

for all z,w € D and r € R. Therefore the symmetry that Zelditch symbols satisfy under
the transformation (z,b,7) — (z,b, —r) as stated in [AZ12], equation 4.3 is an implication
of the symmetry condition in (2.101) which is a consequence of the action of the hyperbolic

scattering matrix on the non-Euclidean plane waves.

2.3.2 Contrasting the hyperbolic scattering matrix with the Eu-
clidean scattering matrix, and comments on the Weyl

symmetry of a symbol.

Let us make a brief remark in this section about the differences between the scatter-
ing symmetry and the Weyl symmetry on symbols. The Weyl symmetry on symbols is
that

a(z,b,r) =a(z,b,—r) (2.103)

as a pointwise equality for all z € D, b € S* and r € R\{0}, where V' is related to b as the
backwards endpoint of the geodesic through z with forward endpoint b. If one identifies

(z,b) ~ g € G, then this symmetry is equivalent to
a(g,r) = a(gw, —r) (2.104)

for all g € G, r € R\{0}, where w = k, € G is the Weyl element of G, recalling ky as
defined in the preliminary chapter 1. Note that if we identify G ~ SD in the standard

way, then the Weyl map g — gw corresponds to the isometry on D which is an inversion
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symmetry on the tangent space T,ID, where z is the base point of (z,v) ~ g. The scat-
tering symmetry for Zelditch symbols, (2.101), is quite a different symmetry to the Weyl
symmetry and neither is reducible to the other. One can observe this difference simply
from the fact that the scattering matrix kernel, S(r; b, b") is supported (as a distribution)
over all (b,b') € B x B instead of the codimension one submanifold where (b, ') are related
by the antipode map through z € D (indeed in the hyperbolic scattering matrix there is no
z € D to speak of!). It seems that [HHS12] have also noticed this incongruency between
the Weyl symmetry and the scattering symmetry on symbols in higher rank symmetric

spaces.

This is quite different in contrast to the case in Euclidean R™ space. In this different
geometric context, if one denotes a symbol in Euclidean space by a(z,w, ), using polar
coordinates in the cotangent fibres of z (so z € R™, (w,r) € S" ! x RT ~ R™\{0}). Then
the Euclidean Weyl symmetry is the pointwise equality

a(z,w,r) = a(z, —w, —r) (2.105)

for all z € R", w € S"! and r € R\{0}. Here one can make the same geometric
interpretation of the Weyl symmetry in the Euclidean case as in the hyperbolic case, in
that —w is the backwards endpoint on the sphere at infinity of the geodesic through z
with forward endpoint w. Regarding the scattering symmetry, since one has the following
identity

exp(irz - w) = exp(—irz - (—w)), (2.106)

the matrix kernel that relates the Fourier basis of plane waves with » > 0 to the Fourier
basis of plane waves with r < 0 is simply the delta kernel corresponding to the antipode

map, i.e. we have the identity (for all z, r and w),

exp(irz - w) = / exp(—irz - w')d(w + w')dw'. (2.107)
Sn—1

For the standard quantisation on R", which relies on the Fourier basis of plane waves

exp(irz - w), the Euclidean scattering symmetry is identical to symmetry (2.101), with

each object reinterpreted in the Euclidean framework. In other words, the scattering

symmetry on Euclidean symbols is

a(z,w,r)exp(irz -w) = / a(z,w', —r)exp(—irz - w)o(w + w')dw'’ (2.108)

Sn—1
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which, upon evaluation of the delta kernel, is reducible to the Weyl symmetry
a(z,w,r) = a(z, —w, —r). (2.109)

So while in Euclidean space, the scattering symmetry and the Weyl symmetry on standard
(left-quantised) symbols are identical, this is not true in hyperbolic space with Zelditch

symbols.

2.4 Hyperbolic Wigner distributions

Let A be an operator with spectral Zelditch symbol a(z,b,7). Associated to a pair of
Helgason-Fourier dual parameters, (b,r) and (¥,7’) in S' x C, we can define the following
distribution acting on the spectral Zelditch symbol of A, called the Wigner distribu-

tion,

Wa(b,r;b' 1) := / a(z,b,r)e(z,b,r)e(z, U, —r")dz = (Ae(-, b, 1), e(-, 1, —r")) L2(D)-

7 (2.110)
This is a well-defined operator on symbols a € C*(D, x S} x RF) which are compactly
supported on D, for example. One can extend the Wigner action with formula (2.110)
to functions a € C*(D, x S} x R), compactly supported in D, which are not necessarily
Zelditch symbols of pseudodifferential operators (i.e those functions a(z, b, r) which don’t
satisfy the scattering symmetry property (2.101)). By observing that Wa(b,r; ¥/, 7’) is
the non-Euclidean Fourier transform of the function z — a(z,b,7)e(z,b,r), the inversion
formula (2.21) states that

a(z,b,r)e(z,b,r):// Wa(b,r; b, r")e(z, 0, —r")dr'db'. (2.111)
BJo

and hence we can recover a(z,b,r) from the Wigner action on a.

We remark that, strictly speaking, our Wigner distribution is slightly different from the
one defined by Anantharaman and Zelditch [AZ07] and [AZ12] because the hyperbolic
(3+ir

plane waves e(z, b, r) are not just e )b but also carry with them the complex factor

c(r).

2.4.1 Wigner transform as a unitary map.

Let us define the Wigner transform on the domain a € C°(G x RT). If we recall the

hyperbolic version of Plancherel’s theorem for the spectral Helgason-Fourier transform
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(2.25) that
HfHLQ(D,dz) = H}-fHLQ(BxR+,dbdr),

then recognising that
Wa(b,r,b',r") = F(a(-,b,7)e(-,b,7)) (b, —1"),

applying Plancherel’s theorem in this case is the statement that

/ |Wa(b,r,b’,r')|2db’dr':/|a(z, b,r)e(z,b,7)|*dz. (2.112)
BxR+ D

Note that

/|a(z,b,7")e(z, b,?“)|2dz:/|a(z,b,r)|2|c(r)|26<z’b>dz. (2.113)
D D

We also remark that it is not too difficult to compute

le(r)|? = % tanth(rr) (2.114)

using the Euler reflection formula for the Gamma function and the property zI'(z) =
I'(z 4+ 1) of the Gamma function.

If we then integrate equation (2.112) in variables b and r, we deduce that

/ \Wa(b,r,V,r")|[>dbdrdb dr' = / la(z, b, 7)[2|c(r) e dzdbdr.
BxR+xBxR+ Dx BxR+

(2.115)
Under the identification g ~ (z,b), we know that e®*?dzdb = dg and hence we can
interpret (2.115) as the fact that the Wigner transform of a symbol a(z,b,r) extends
to an isometry of L?(G x RT dglc(r)[?dr) to L?*(B x R* x B x RT dbdrdVdr'). For
a symbol a(z,b,r), we let a(z,b,7) := a(z,b,r)c(r). This isometrically identifies L?(G x
R™, dg|c(r)|?dr) with L?(G x R*, dgdr). Since equation (2.112) holds for all b € B and r €
R, it is also clear that equation (2.115) holds if we integrate over r € R, rather than just
the positive part, r € RT. Note that the Wigner transform satisfies the condition

Wa(b,r, b, r'") = / S’ v, pYWa(b,r,p, —r)dp (2.116)
B

because the Wigner transform is the hyperbolic Fourier transform of z +— a(z,b,r)e(z, b, )
and the hyperbolic Fourier transform satisfies a symmetry with the scattering matrix, i.e.

(2.98). Moreover, if we assume a(z,b,r) is the Zelditch symbol of a pseudodifferential
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operator and thus satisfies the symmetry (2.101), the Wigner transform satisfies

Wa(b,r, b, r") :/a(z,b,r)e(z, b,r)e(z,b',r")dz
D

://SD(T; b,p)a(z,p, —r)e(z,p, —r)e(z, V', r")dpdz (2.117)
DJB

- / S]D)(T; b7p)Wa(p7 -, bla T,)dp
B

which is the analogous symmetry to (2.116) on the factor of left factor of (b,r) in the

Wigner transform.

Furthermore, note that equation (2.112) also holds if we integrate over ' € R, so long
as we introduce a factor of 1/2 on the side with the Wigner distribution to note that we
have ‘twice’ the information necessary to reconstruct the symbol (since we are using the
Helgason-Fourier transform where the » > 0 and r < 0 non-Euclidean plane waves are
related via the hyperbolic scattering matrix, which is known to be a unitary operator on
L?*(B,db)). Therefore we can say that

1 -
§||Wa||i§(BxR><B><R) = ||Wa||%2(BxRxBxR+) = ||a||%2(G><]R,dg|c(r)|2dr) = HGHL?(GxR,dgdr)
(2.118)
where the subscript S refers to the subspace of L?*(B x R x B x R, dbdrdb'dr’) which
satisfies the symmetry (2.116) on the (V',7”) factors to the right. To be precise about the

1/2, we have a bijection
L%(B xR x B x R, dbdrdb'dr’) — L*(B x R x B x R", dbdrdb'dr’) (2.119)

which is given by the restriction map to R* on the rightmost factor (the 7’ factor) whose
inverse map is the extension map to 7’ € R through the scattering symmetry (2.116). As

a consequence, \%W is a unitary isomorphism between
L*(D x B x R, dgle(r)?dr) — LE(B x R x B x R, dbdrdt'dr’) (2.120)
and also between
Li(D x B x R, dgle(r)2dr) — L%’S(B X R x B x R, dbdrdb/dr’). (2.121)

where L%(D x B X R, dg|c(r)|*dr) is the subspace of symbols (which satisfy the scattering
symmetry (2.101)) and Lg ¢(B x R x B x R, dbdrdb/dr’) is the subspace of L*(B x R x
B x R, dbdrdlb'dr") which satisfies both scattering symmetries (2.117) and (2.116).
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We summarise these observations into the following theorem.
Theorem 11. The Wigner transform a — Wa defined in (2.110) with inversion formula

(2.111) extends to a unitary isomorphism of
L*(D x B x R, dg|c(r)]?dr) — L*(B x RT x B x RT, dbdrdb/dr"). (2.122)
It also extends to a unitary isomorphism of
L*(D x B x R, dglc(r)|*dr) — L*(B x R x B x R, dbdrdbt'dr'). (2.123)
The operator \%W extends to a unitary isomorphism of
L*(D x B x R, dgle(r)?dr) — L%(B x R x B x R, dbdrdb'dr’) (2.124)
and

LD x B x R, dglc(r)|?dr) — L% ¢(B x R x B x R, dbdrdb'dr). (2.125)

2.5 Patterson-Sullivan distributions

2.5.1 Defining the Patterson-Sullivan distributions

In this section we define a distribution called the Patterson-Sullivan distribution, associ-
ated to a pair of Helgason-Fourier dual parameters (b, ) and (b',7") with b # b'. We follow
Anantharaman-Zelditch in [AZ12], but we make a subtle modification by introducing a

complex factor of r and r’ to the distribution.

Firstly, we will remark that one can parameterise G ~ SD by coordinates (b,b',t) €
St x S! x R where b # . Each (z,v) € SD determines a unique geodesic that has a
forward endpoint b € S! and backward endpoint &' € S! with b # ¥'. Moreover, a pair of
points (b,0') € S' x S with b # ' uniquely defines the oriented geodesic with endpoints b
and V', say denoted v, We let 2,y € D to be the unique point on 7, which is closest to
the origin 0. Then for any ¢t € R, we let z to be the point which is on v, with an oriented
distance ¢ from z, . Finally, we let v € S,ID be the unit tangent vector which is tangent
to Y, at z, pointing towards b. Hence (b,V,t) € S* x S' x R with b # V' parameterises
SD. By dualising with the metric, this also parameterises S*ID. Therefore, for a symbol

a(z,b,r), we can also use a(b,V',t,r) to express a in coordinates (b, ¥, ).
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We define
’oo T+ 1 / r+r i(r—r')t
PSa(b,r,b',r") ==~ — a (b b, t, e dt. (2.126)
2 b — b/|1+2z(%) R 2
where

v (T s T/) — b HEF), (T . T/) - FF G+iC) (2.127)

(1/2)r (i (%))
This is a well-defined operator on functions a € C*((S} x S},)\A x R; x R) which are
absolutely integrable in ¢ for example. Here (S'xS')\A is the set {(b,') € S'xS! : b # V'}.
We note that the integral in the Patterson-Sullivan distribution is a (Euclidean) Fourier
transform of the symbol a in the t variable into the variable v = r — ¢/ i.e. along the
geodesic (parameterised by arclength) with end points ' and b. So we can equivalently
write the Patterson-Sullivan transform as

r+r’ /
PSa(b.rb,r) = _Vb(,P?H()W,) P <b, W, —(r — 1), J; r ) (2.128)

where a is the Fourier transform of @ in the third argument. Setting v = r — ' and

/
R =™, we get

a(b, ¥, —v, R)c(R) = PSa (b, R+ g W, R— g) o= (3HiR)|p, _ pf |I+2iR (2.129)

since y(R) = 2278¢(R). Therefore one can recover a(b,b',t, R) := a(b,b',t, R)c(R) from
its Patterson-Sullivan transform by taking the inverse Fourier transform of the right side

n v.

A subtle point arises here, to invert PS and recover the value of a(b, ', ¢, R), R > 0 (i.e. the
value of the symbol at a particular point) from its Patterson-Sullivan transform, we need
the data of PSa(b,r,0',7’") at all (r,7") € R? not merely on the set {(r,r’) : r + 1" > 0}.
This is clear from (2.129) where, for every fixed R > 0, one requires the Fourier data
a(b,b',—v,R) at all v € R to recover a(b,V/,t, R) by the Euclidean Fourier inversion
formula. This amounts to needing to define PSa(b,r,b',r") at negative arguments of r
and 7’ (i.e on the extended Helgason-Fourier dual space). We extend the Patterson-
Sullivan transform as a function of r,r" € R by assuming our symbol a(b, ', t,r) ~ a(g,r)
is extended to be a function of r € R. Given this, we can then define the operator (which
will turn out to be PS™1)

P:C>®(BxRx BxR)— L*(G x R, dgl|e(r)*dr) (2.130)
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by
. ] )
PF(b,V,t, R) = (R) e Gy — p| 2R / f (b, R+ g V,R— g) e~ dy. (2.131)
T JR

Then by the Euclidean Fourier inversion theorem and Plancherel’s theorem for the
Euclidean Fourier transform, P can be continuously extended to act on the domain
L*(BxRx BxR,dbdrdb'dr') and P is a right and left inverse to PS on this domain.

2.5.2 Patterson-Sullivan distribution as a unitary map.

The Plancherel formula for the Euclidean Fourier transform implies that for a € C2°(G x

R)

1
[ late. vt Ry Pt = 5 [ ¥ Ry ()P
R 27 Jr

1 5 N2 (2.132)
— h— i ’PSa(b R+Z b’R——> dv
2 . Tt Ty '
Hence, integrating over b and o', we have
dbdl/
27/ bt Ry ()Pl =5 =
BxBxR (2133)

v o, AN ,
‘PSa (b,R+—,b,R——)( dvdbdl.
BxBxR 2 2

Let us recall a lemma,
Lemma 12. Under the identification g ~ (b, V', 1),

dg = 47TM ® dt.

A proof of Lemma 12 can be found in [AZ12], Lemma 3.1. Hence if we identify g ~ (b, ', t),
then (2.133) is equivalent under this identification to

1 2
—/ la(g, R)y(R)|2dg = / ‘PSa (b, R+Y v R 5)‘ dbd'dv.  (2.134)
2 G BxBxR 2 2

Noting that
V(R = 2]e(R)I, (2.135)
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if we integrate (2.134) over R € R*, we get
v v\ |2
/ la(g, R)c(R)[*dgdR = / PSa <b, R+Z.¥ R— —)‘ dbdb dvdR.
GxR+ Bx BxRxR+ 2 2
(2.136)

We change variables in the right hand side integral from (R, v) back to (r,r’) where

v v
=R+ — "= R— —.
r +2, r 5

We find that drdr’ = dvdR and that {(R,v) : R > 0,v € R} gets mapped bijectively to
{(r,r") 7,7 € R,r + 1" > 0}, and hence (2.136) is equivalent to

/ la(g, R)c(R)[*dgdR = |PSa(b, r, b, )| 2dbdb drdr'. (2.137)
GxR+

BxBx{r+r'>0}

Therefore, PS acting on the domain C2°(G x R) satisfies the isometry

||a‘|L2(G><R+,dg|c(r)|2dr) = || Psa‘|L2(B><B><{r+r’>0},dbdrdb’dr’) . (2-138)

We can extend the definition of PS by continuity to all of L?(GxR™, dg|c(r)|*dr). The sur-

jectivity of PS follows by the existence of the inverse (Euclidean) Fourier transform.

We summarise these observations as a theorem.
Theorem 13. We have that the Patterson-Sullivan transform a — PSa defined in (2.126)

extends to a unitary isomorphism of
L*(G x RY, dgle(r)|*dr) — L*(B x B x {r + 1" > 0}, dbdb'drdr"). (2.139)
It also extends to a unitary isomorphism
L*(G x R, dg|c(r)|*dr) — L*(B x R x B x R, dbdrdb'dr’). (2.140)

Note that we do not require that the scattering symmetry is satisfied here, on any of the

L? spaces.

2.6 Intertwining the classical and quantum flows on
the hyperbolic disk.

Recall in the introduction that we introduced two flows (one-parameter families of oper-

ators, which are unitary on certain Hilbert spaces), the classical flow and the quantum
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flow respectively, denoted G and V;, acting on symbols which are defined over T*ID\0.
We identified 7*D\0 with S*D x R*, G x RT, D x B x R* and so on. Gj and V; are
defined as

(Gia)(g,r) == a(gay,r), (Via)(z,b,7) = (e A2 Ac™A/?) (2.141)

where A has complete Zelditch symbol a.

V; is a one-parameter family of operators acting unitarily on L?(G x RT, dg|c(r)[?dr), a
Hilbert space of symbols isometrically isomorphic to the Hilbert space of Hilbert-Schmidt
operators on . GF is a one-parameter family of operators acting unitarily on L?*(G x
R*,dg ® m(r)) where m(r) can be any measure on R", in particular it is true for m(r) =
|c(r)]?dr. Ome can check directly from the definitions of the Wigner distributions W' in
Section 2.4 and Patterson-Sullivan distributions PS in Section 2.5 that

PS(Gra)(b,r, b, 1) = ") 2PSa(b, r, ¥, 1),

1o it(r2—r'2)/2 rod (2'142)
W (Via)(b,r,b',1r") =e Wa(b,r, b, r").

In particular, the modifications we make to PS and W (compared with [AZ12]) do not
change this important property of the distributions.

By Theorems 11 and 13 regarding the Wigner and Patterson-Sullivan distributions, we can
see that PS diagonalises the unitary group of operators GG; and that W diagonalises the
unitary group of operators V;, both acting unitarily on the Hilbert L?(G xR™, dg|c(r)|*dr).

In particular we have
Gr = PS~ 't 2pS v, = Wl 2w (2.143)

on the Hilbert space L*(G x RT, dg|c(r)|*dr).

We note that G} is unitarily equivalent to the multiplication operator eit(r*=r") on L*(B x
B x {r + 1" > 0},dbdb'drdr’) whereas V; is unitarily equivalent to the multiplication
operator ¢~ on L2(B x B x R* x Rt dbdb'drdr'). As we want to intertwine G and
V;, the fact that these two L? spaces are slightly different is a slight obstruction to this goal
and it means we need to consider the extensions of PS and W on L%(G x R, dg|c(r)|?dr)
and L?(G x R, dg|c(r)|?dr) respectively, and we also need to define V; and G} on these
spaces. Note that t +— e *4/24¢"A/2 is a unitary one-parameter flow on HS(D), the
space of Hilbert-Schmidt operators on D, and since HS(D) ~ L%(G x R, dglc(r)[*dr), we
define V; as the induced flow on L%(G x R,dg|c(r)|?dr). This also follows from L*(G x
R*,dg|c(r)|?dr) ~ L%(G x R,dg|c(r)|*dr). Likewise G} can be extended as a unitary
one-parameter flow on L*(G x R, dg|c(r)|?dr) by defining Gia(g,r) := a(ga,:, ). One can
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directly check that W(V;a) = e~ )Wa and PS(Gra) = €' ~")/2PSa holds under
their extensions to L%(G x R, dg|c(r)|?dr) and L*(G x R, dg|c(r)|*dr) respectively.

These constructions and Theorem 11 and Theorem 13 provide us with the tools to state
the first main theorem of this thesis,

Theorem 14. Consider L%(G x R) and L*(G x R) with the measure dg|c(r)|*dr and
L%vs(B X R x B xR) with the measure dbdrdb'dr’, then the following commutative diagram
holds,

1w 1
LHGxR) —L—— [Z4(BxRx BxR) —22— (G xR)

th lemﬂ_w?) l@; (2.144)

L%(G X R) T L%,S(B xR x B x R) T) LQ(G X R)
In particular £ := (1/v/2)PS™' oW is an unitary isomorphism of L%(G x R, dg|c(r)|>dr)
into its range in L*(G x R, dg|c(r)|*dr) and we have, for every t € R,

LoV,=GioL (2.145)

where LoV; and GroL are isometries of L3(GXR, dg|c(r)|?dr) into L*(G xR, dg|c(r)|[*dr).

Let us make some remarks regarding Theorem 14. This theorem states that (1/y/2)W
and PS diagonalise V; and G} respectively. Both V; and G} are unitarily equivalent to the
multiplication operator e"*=") on the same Hilbert space Lg s(BxRx BxR, dbdrdb'dr')
and hence unitarily equivalent to each other. The intertwining operator £ = (1/v/2)PS "o

W is the unitary ‘change of basis’ which intertwines the two flows.

We remark that we do not yet have a characterisation of the image of PS™! on L% (B x
R x B x R, dbdrdb'dr’), as Theorem 13 on the Patterson-Sullivan transform only extends

the Patterson-Sullivan transform to a unitary isomorphism between
L*(G x R, dg|c(r)|*dr) (2.146)

and
L2(B X R x B x R, dbdrdt'dr') (2.147)

without any subscripts S involving the hyperbolic scattering matrix. It is only this un-
known which currently prevents us from presenting an analogue of the commutative di-
agram where every arrow is a unitary isomorphism. This is a topic for future research.
There is a curious observation one can make regarding the Patterson-Sullivan transform

and the hyperbolic scattering matrix, particularly, PS appears to contain the hyperbolic
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r4r’
2

| / N
PSa(b,r,1,1') = —Sp (”—T b, b’) / a (b, vt +2 r ) (i) gy (2.148)
R

scattering matrix kernel at spectral value in parameters (b,V'), in other words,

21 2

where Sy is the hyperbolic scattering matrix. We suspect this observation may be useful
in characterising the image of PS™ on L% 4(B x R x B x R, dbdrdb/dr’).

2.6.1 Constructing the intertwining operator and its inverse as
oscillatory integrals.
Following on, we shall analyse the operator £ := (1/v/2)PS™! o W and in this section we

will prove that £ (and its inverse) have expressions as oscillatory integral operators.
Theorem 15.

L= (1/V2)PS oW : L4(G x R, dg|c(r)[*dr) — L*(G x R, dg|c(r)|dr) (2.149)

has the following oscillatory integral expression

1

La(g, R)c(R) = Ton

/ C(R,r)a(ga,n,,r)e(r)e® 871 4 u2)_(%+i(2R_r))d7'dud7“
R3

(2.150)
where
C(R,r) = 23Ec(2R — 7). (2.151)
Moreover,
L' =V2W1oPS: D — L4(G x R, dg|e(r)|?dr), (2.152)

where D C L*(G xR, dglc(r)|*dr) is the range of L on the domain L%(G xR, dg|c(r)|*dr),

has the following oscillatory integral expression

1 Lyt Ly i r+r r+r
L:_la , T)e\T) = _/ 27(§+l( 2 ) 1+ u2 —a a ( n,ar, —> C ( )
@.r)etr) === [ (st (gm0 ) e (T

x e (= Ydrdr'du.  (2.153)

Proof. We follow [AZ12] closely to derive the oscillatory integral operator, making the
modifications needed that come with our changes to the W and PS transform. The
key idea to constructing the intertwining operator is to take the Wigner transform and
change coordinates so that the integral in z is done with respect to geodesic-horocyclic
parameters defined with respect to b. So we let z = g, ya;n, where g, is the unique

group element which maps the unit length rightward pointing tangent vector over the
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basepoint 0 (pointing towards 1) to the unit tangent vector v over the basepoint zp,
where 2,5 lies on the geodesic between b and b at the point closest to 0 and v is tangent

to this geodesic at zj, pointed to orient towards b. Recalling an identity® that

/ 2
elZop b)) — olzeb) — T (2.154)
it follows that e{bwamub) — ﬁet and so
(2 +ir)(zy pratng,b) 2 S (1/24ir)t
e 2 s = |b — b/| (& . (2155)

#pamub’) we note the invariance of this quantity under hyperbolic isome-

To compute e
tries, so it is sufficient to compute it in the particular case that b = oo and ¥ = 0 in the
upper half plane, in which case z,,y = @ and z,ya;n, is the point « + iy = eu + ie’. It is

easy to see that
_dxdy  d(e'u)d(e")

y2 e2t

dz = dtdu. (2.156)

Then (z;,ya;m,, V') is the signed hyperbolic distance from the horocycle through e'u + e’
based at zero, to the point 7. It is easy to see by symmetry that the closest point on this
horocycle to ¢ is the point where it meets the y axis. Viewing the horocycle as a Euclidean

circle, its centre is at 8i where % = 22 + (3 — y)2. This we solve to get

B 22 + o2 B et(1 4 u?)

p 2y 2

(2.157)

The horocycle therefore crosses the y axis at 204, and the signed hyperbolic distance to ¢
is
—log28 = —t —log(1 + u?) (2.158)

and so it follows that

/ 2
€<zb’b/atnu,b> — |b — b/| eft(l —+ u2)71. (2159)

Therefore, referring back to the Wigner transform, (2.110), changing into these coordi-

3See a proof in [AZ12], Lemma 2.1
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nates, we have

Wa(b,r, V', r") = | a(z,b,r)e(z,b,r)e(z,b,r")dVol(z)

/
/ alz,b, r)c(rr)dr’)@(%ﬂr)<Z’b>e(%+"/)<Z’b/>dVOl(Z) (2.160)
D

2 1+i(r+r’) . / 1 !
:(|b bfl) e(r)e(r') / a(ghparny - 0,b,1)e'" 7 (1 4+ u?)~ G drdu,
_ 2

Letting r = R+ v/2 and ' = R — v/2, we get
y y 9 1+2iR y 5
ol fan-2) = (525) e (o)
a R+2 R 5 <|b—b’|) c R—i—2 c|R 5
X / a(gyyarm, - 0,b, R+ v/2)e™ (1 + u?)~GHEVDdrdqy, (2.161)
R2

We then substitute (1/v/2)Wa(b, R +v/2,b', R — v/2) into the inversion formula for the
Patterson-Sullivan transform, (2.129), which gives us a symbol. Notice that the powers

of of |b — /| cancel out and we get

La(gyyas, R)y(R) =
22@'R

V2

1 Vo v 1|142iR _—itv
m/Rwa(b,}u5,5,1&3—5)|b—b| e~ dy

/ F(R,v)a(gyparn, -0,b, R+ v/2)e™ ™9 (1 + u?) =GB gy dy.
R3
(2.162)

with

F(Rv)=c(R+ g) c(R- g) . (2.163)

Writing g = g ya; and changing variables by letting 7 —t = 7’ (we will suppress the prime
notation) and r = R + v/2, and recalling v(R) = 22 1¢(R), gives

1
V2r

where C(R,r) = 22 VR¢(2R —1).

La(g, R)c(R) /3 C(R,r)a(gamy,, r)c(r)e?r=Rm(1 4 )27 CR=) gr qudr.
R

(2.164)

To compute the formula for £, we note that by the Fourier inversion formula (2.21),

we have

L_la(z,b,r)e(z,b,r):ﬂ/ / PSa(b,r; b, " )e(z, b, —r")dr'dV (2.165)
st Jo
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which, after substitution is

. B o0 r—+r 1
L a(z,b,r)e(z,b,r)—ﬁ/gl/o /RV( 5 ) b — )

/
a (b, W, t, - J; 4 ) e (2, —r)dtdr'dl. (2.166)

As in Anantharaman-Zelditch [AZ12], let us fix z = 0,b =1 to get

\/_7 7"+7” r+r i(r—r’
L7a(0,1,7)c /S/ /‘1_b,’m ) (1,6’,t, T)e( Se(—r')dtdr'db.
(2.167)

As b is fixed to 1, the point (1,4, ¢) on hyperbolic space is equivalent to ¢ = n,a, for some

u and 7 functions of & and t. We can work out these functions with some identities, as in
Section 2.4 of [AZ12], and we come to the fact that for g = n,a,, the (b,V', ) coordinates
under the identification g ~ (b, t) described in Section 2.3, is

u? +1 2u log(1 + u?)
b = ] t=7— —+—= b=1. 2.168
e R T (2:165)
By a simple computation,
4 1 du
10 = d = —— 2.169
1= = et (2169)

hence with this change of coordinates, (2.167) becomes

7“+7"
£t (0, 1, r \/_/ / / —(1i(r 4 ))(1 +u ) i’

X a (nuaT, %) eI e(—drdr'du.  (2.170)

Let us comment that we can take the integral in 7" over all R, so long as we multiply
by 1/2. The reason for this is, in the spectral Helgason-Fourier inversion formula, the
Helgason-Fourier data of a function f(z) for r > 0 and r < 0 are both sufficient to

reconstruct the function, hence

/ Ff(b,r)e(z,b,r)dbdr = 2f(z).
R Js!

This extends to the inversion formula for the Wigner transform too.
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Since £ is left-G equivariant, we have

1 r+r L .
[rla(g T)C(”r‘) e — vyl — 2—(1+’L(7”+’r’ ))(1 + u2)_§+“"
, \/§7T R3 2
r+r r i(r—r')T ! /
e c(—=r")drdr'du. (2.171)

X a | gn,a,,
(omn-

which is equivalent to

1 Lyt Ly i r+r r+r
‘C’_la ,T)e\T) = _/ 27(§+Z( 2 ) 1+ U2 —a a ( n,ar, —> C ( )
(g, 7)e(r) Tom s ( ) g 5 5

x e (= Ydrdr'du.  (2.172)

[]



Chapter 3

Canonical relation of the

intertwining operator

3.1 Introduction

The conclusion of Chapter 2 found that £ was an operator such that LoV, = Gf o L
and that £ was an isometry from L%(G x R, dg|c(r)|?dr) into L?*(G x R, dg|c(r)|?dr). As

a consequence of this, on D we have the identity that
QCor(A, B)(t) = ClassicalCor(La, Lb)(t) (3.1)

where a and b are the Zelditch symbols of A and B respectively. However, to extend this
identity onto a compact hyperbolic surface X = I'\D (where I' C PSU(1,1) is a discrete
cocompact group) requires some more work because unlike on D, the trace of operators
B*A is not just the integral of ab over the cotangent bundle 7*(I'\ID).

There are two possible ways to do this. The first way is to utilse the left-G equivariance
of L to study periodic sums over I". This is a rather interesting approach, however we
will not have the chance to present a study following this approach in this thesis. A
different approach is to use the fact that on a compact hyperbolic surface, we have, for
w > 1/2,

Trace B*A :/ a(g, r)Zb(g, r)dgdr (3.2)

T\G x5S

where S, is the strip {r € C : |¥(r)| < w} in the complex plane of width w and
where ¥b is a distribution on G x S, which has microlocal regularity away from the
dynamical sub-bundle E¥(I'\G) and supported in r at a countable number of shells 7;
corresponding to the eigenvalues \; = 1/4+ 7"]2-. We will derive this identity in Lemma 27
and Corollary 28 of Chapter 4. We mention briefly that it arrives by considering the
boundary values of eigenfunctions ¢; on a compact hyperbolic surface (by viewing it as a

periodic eigenfunction on D).

59
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From Theorem 15 in Chapter 2, we have that the intertwining operator £ has the following

expression

1
V2

where C(R,r) = 2:78¢(2R — r). If we consider the operator £ which comes from £ by
identifying the functions a(g,r) € L*(G x R, dg|c(r)|*dr) in the domain and codomain of
L with the functions a(g,r) := a(g,r)c(r) € L*(G x R, dgdr), then this defines

La(g, R)c(R) / C(R,T)a(gatnv,r)c(r)e%(r_R)t(l+v2)_(%+i(2R_T))drdtdv (3.3)
R3

La(g, R) C(R,r)a(gam,, r)e* 041 4 o)~ GHEE=) qrdtdy (3.4)

1
 V2m Jes

for C(R,r) = 22T R¢(2R — 7).

Since in Theorem 15 of Chapter 2, we are able to derive an oscillatory integral expression
for £ (and hence for £), we can use this to try to extend the action of £ on distributions
over G x S, with such regularity properties as Tb. This is the goal of this chapter.
We will derive the canonical relation associated to the phase function of the oscillatory
integral representation of the intertwining operator, then we will prove some results and
make some comments regarding the structure of this canonical relation. Unfortunately
we will be unable to find function spaces on which L is bounded and that contain singular
functions like Tb. One reason as to why we have difficulties with this approach is that the
canonical relation of £ is not conic (or asymptotically conic) towards ‘frequency infinity’.

It seems that there is no FIO theory in the literature that applies to C.

The main theorems we shall prove in this chapter are Theorem 18 and Theorem 22.
Theorem 18 provides a reasonably explicit expression for the canonical relation associated
to Z, denoted CRz, and Theorem 22 states that the projection of CRz onto the left and
right factors 7*(G x R) are immersions except on a codimension one submanifold where

the projections have a singularity of blowdown type, which we define in Definition 6.

We recall that an oscillatory integral operator is an operator of the form

Tfe) = [ 3,00 o)y (3.5)

where the phase function ¢(z,y,0) € C®(X x Y x RY) isreal and 8 € C®(X x Y x RY)
is the symbol (or ‘amplitude’ is perhaps a better term in our case). Here X and Y are

arbitrary smooth manifolds. For any (real, smooth) phase function ¢(z,y,0), we can
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define the associated canonical relation as

CRy = {(x,do; y, —dyo) : dy¢p = 0}. (3.6)

It is well known that this is a smooth Lagrangian submanifold of 7T*X x T*Y where
T*X x T*Y is equipped with the symplectic form wyx — wy where wx and wy are the
canonical symplectic forms on 7% X and T™Y respectively. In this definition, we do not
assume that CRy is necessarily a conic Lagrangian submanifold, where the descriptor of
‘conic’ means that CR,, is invariant with respect to the dilation action in the cotangent
fibres of T*(X x Y'). The case of a conic canonical relation would correspond to the phase

function ¢(x,y, #) being homogeneous of degree one in 6.

We have that £ is an oscillatory integral operator because one can express the pullback
action of the symbol a(g,r) by the map M : (g,t,v) — gan, as an oscillatory integral
itself. Let us clarify this point slightly. Given a smooth map x : R™ — R™ and a function
f :R" — R, one has the expression

1
(2m)"

@) = o [ S gy (37)
R xR™
from the Fourier inversion formula on R". Essentially, this is the fact that one can express

the delta distribution itself as an oscillatory integral distribution

1 )
S(x(x) —y) = —— / ! X@=v)-0 44, (3.8)
Rn

(2m)"
So for the phase function ¢(z,y,0) = (x(z) — y) - @ we can compute the corresponding

canonical relation associated to ¢ in the usual way as in (3.6), we get
CRy = {(x,dx(2)"0; x(2),0) : € R", 0 € R"}. (3.9)

where the T-superscript denotes the transpose. Therefore, expanding the pullback action
in terms of a phase function, we can express the intertwining operator in equation (3.3)
as an oscillatory integral operator in local coordinates. In fact, one has global coordinates
by the Iwasawa or KAN decomposition of the group G. Namely, one has G = KAN
where K, A and N are the one-dimensional compact subgroup, abelian subgroup and
unipotent subgroup respectively. Thus if we let 6, t and u to be the global coordinate which

parameterises K, A and N respectively, one can parameterise G globally via (6, t,u) € R?
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where the coordinate map is

KxAxN— KAN
(3.10)
(0,t,u) — kgasn,.

So, it is possible to express the pullback operation by the map M : (g,t,v) — gamn,
as a global oscillatory integral in these global coordinates. One could then derive the
associated canonical relation of the global phase function of the intertwining operator via

equation (3.6).

However, there is one slight note we should make regarding this approach. The map
K x Ax N — KAN is a diffeomorphism of manifolds but is not an isomorphism of
groups. Suppose we apply this approach to study (the pullback by) the map g — ga;n,
for a fixed t and u or even the geodesic flow g — ga; for a fixed t. If we derive the canonical
relation associated to the phase function of the pullback operator of the map g — ga;n,
by taking the diffeomorphism of G onto K x A x N and taking global coordinates on the
latter manifold, we end up with a canonical relation which is a Lagrangian submanifold
of T*(K x Ax N) x T*(K x A x N). To bring this back to a Lagrangian submanifold of
T*G x T*G, we would need to pull this canonical relation back by pulling back T*(K X
A x N) to T*G with the (inverse of) the lift of the map (3.10) to the cotangent bundles.
The lift of a diffeomorpism to the cotangent bundle (of the domain and target manifolds)
is a symplectomorphism and thus the pullback of the canonical relation in this way will

be a Lagrangian submanifold of TG x T*G.

The approach described in the paragraph above is entirely valid, however we will take
a different approach to deriving the canonical relation which uses more directly the Lie
algebraic structure associated to GG, in particular, by respecting the group structure, the
canonical relation we describe automatically descends to any I'\G, the left quotient of G

by a discrete subgroup I'. We will compute the canonical relation of the pullback by
M :(g,t,v) — gayn, (3.11)
which is

CRy = {((g,t,v),dM|a,t7v)a;gatny,a) (g, t,v) eGXRxRaeT;, G} (3.12)

gainy,

which is just expression (3.9) applied to the map M. Note that (3.9) makes sense on a
manifold (it is well-defined independently of the choice of coordinates), and it is here that

we can calculate dM7T directly using the Lie algebraic structure associated to G.
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We will then compose CRj; with the canonical relation of the phase function associated
to the oscillatory integral operator

Tf(g, R) (g.t,0,7)C(R, 1) =Ri(1 4 2)~GHER=Dgrardy  (3.13)

1
CVor Jws d
which is just the intertwining operator £ in (3.4) with @(gasmn,, r) replaced with an ar-
bitrary f(g,t,v,7). Well call the canonical relation CRz. Then we observe that we

have

3.2 Examples of canonical relations for certain other

operators of interest.

In this section, we will present two examples of canonical relations associated to two
other operators, the Euclidean intertwining operator and the pullback by geodesic flow
on G = PSL(2,R). These canonical relations each illuminate some aspect of the canonical

relation of the intertwining operator C.

The canonical relation of the pullback by geodesic flow will introduce how we utilise
the Lie algebraic structure of G and the Euclidean intertwining operator will give us an
example of a canonical relation which has similar asymptotically conic properties as the

canonical relation of L.

3.2.1 The Euclidean intertwining operator.

1.9
70z
and D = %a%' It has the effect of changing quantisation from the standard quantisation

We consider the operator acting unitarily on L?(R27%) defined by e'?=¢/2 where D, =

of symbols a(x,£) on R* to the Weyl quantisation of symbols over R*" (see [Zwo12],
Theorem 4.13). Because the Weyl quantisation satisfies an exact Egorov theorem on R”
and on its compact quotients (we will prove this in Chapter 5), we might call the operator

eP=De/2 the ‘Euclidean intertwining operator’.

iDy-Dg /2

The operator e acts on a function a(x, &) as

1

P, €) =

/ eix.9/2eiX-(sc—y)ei&(f—"])a(y’ n)dydndXde (315)
]R4n
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Since the phase function is

X -0
we can write the canonical relation as

CR,ip.p /2 = {((m,&;de—l—@dﬁ), (y,n;Xdy+€dn)> 024x—y=0,X/246—n= 0}.
(3.17)
Substituting in the relations #/2 + x —y = 0 and X/2 + £ —n = 0 for x and for &, one

gets the canonical relation
{((y —0/2,n— X/2; Xdy + 6dn), (y,n; Xdy + edn)> ty,m, X, 0 € R"}- (3.18)

We can directly observe that this canonical relation is a smooth Lagrangian submanifold
of T*R?" x T*R?" and the projection of CR_ip.p./2 onto the left and right factors are
diffeomorphisms of the canonical relation onto 7*R?".

We can make a comment regarding asymptotically conic structures in this canonical re-

lation. For example, the fact that e?PsPe/2

acts invariantly on the standard Hormander
symbol classes 57 (R?") can be seen as a consequence of the fact that CR i, /2 is asymp-
totically conic in the base variables y and 1 at a finite X and 6 and the asymptotic map
at spatial infinity is the identity map. Moreoever, we also notice that the conic action in
X and @ is more complicated than first appears because of the appearance of y — /2 and
n — X/2. Namely, because of these factors there is not a conic structure in the fibres of
iDy

the canonical relation. (As such e’P+"P¢/2 doesn’t have a clear action on symbols with C>

singularities). Something similar seems to appear in the canonical relation for C.

3.2.2 Pullback by the geodesic flow on the upper half plane.

For this example, we will compute the canonical relation of the operator which pulls a
function on G = PSL(2,R) ~ SH? back by the geodesic flow at time ¢ on SH?. Recall
that under the identification SH? ~ PSL(2,R), the time ¢ geodesic flow from a point
(z,v) =~ g is given by the right action on g by a; as defined in Chapter 1. The pullback
operator is then (g;)*f(g9) = f(ga;).

Let us fix some notation. We take a frame of basis vectors of the tangent space to G at
the identity given by (H, X,, X_), where H, X, and X_ are elements of the Lie algebra
of G that generate the geodesic flow, the stable horocyclic flow and unstable horocyclic
flow respectively as in Chapter 1. This frame extends (under the left G-action) to a

framed basis about every fibre of T'G. Then we let (ap, oy, ;) be the dual frame to
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(H,X;,X_), so that (ap, au, as) extends (again by the left G-action) to a framed basis
about every fibre of 7*G. In particular, oy spans Ef, o, spans E and «, spans E where
Eg, By and E? are the dynamical sub-bundles of 7*G as described in the preliminary
Chapter 1. Then for ug, pu, s € R, we denote a point in T*G with fibre coordinates
(Lo, flu, f1s) with regards to the frame (ag, o, ), i.e. (g; po, fu, tbs) Tepresents the point
(95 o0 + prucry + psas) € TG

Note that for g; : g — ga,;, we have calculated in Chapter 1 that (g;). = dg; acts on the
frame (H, X, X_) in the following way:

(9¢)sH = H
(90) Xy = "Xy (3.19)
(g)X_=¢€'X_.

*

Consequently, the pullback (g¢)* acts (via the transpose of dg;) on the frame (ag, a, o)

as:
(9e) 0 = €'auy (3.20)

Hence this gives us the canonical relation of (¢g;)* as

CRg,)- = {((gat; tos €ty € 115), (G5 1o fhas us)> 1 (95 oo + fu 0y + fusor) € T*G}.
(3.21)

We note that CRg,)- is equivariant under the left G-action, so the canonical relation of
(g¢)* acting on a hyperbolic surface is simply the left quotient of CR g+ by the subgroup
I' C G generating the hyperbolic surface.

We also remark that this canonical relation has a conic structure in the fibre variables
and so one can use the geometry of CR,,)« to inform an analysis of the propagation of
C* singularities for the map (g;)*. Such an analysis of the propagation of singularities of
(g¢)* has been done in Faure, Sjostrand [FS10] and also in Dyatlov, Zworski [DZ13] for

example (both in the wider context of a contact Anosov flow).
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3.3 Canonical relation for the intertwining opera-

tor.

In this section we will apply the argument sketched in the introduction of this chapter to

derive the canonical relation of the intertwining operator.

We recall from expression (3.4) that
~ 1 ) )
La(g,R) = —/ C(R,r)a(gam,, r)e* R + 02)_(%+Z(2R_r))drdtdv (3.22)
V21 Jrs

where C(R,r) = 221B¢(2R — r). We will write C(R, r) in polar form as

2R —r

1/2
C(R,r) = |C(R,7)|e") = < tanh(7(2R — r))> ¥ R), (3.23)

Note that |¢(r)]* = & tanh(7r). We will write the intertwining operator in the following

way,

Li(g,R) = ﬁ /RB a(gam,, r)e|C(R, r)]drdt\/% (3.24)
with
¢ =2(r — R)t + (r —2R)log(1+v*) + 0(R,r). (3.25)

We will let (g,r) be coordinates for the base manifold G x R and in the fibres of 7*(G x
R), we will fix a basis (g, , s, dr), where ag, v, a5 span the dynamically relevant
subbundles of T*G as described in example 3.2.2. The coordinates in this basis will be

(140, fhu, pis, k). If we let M be the following map,

M: GXxRxRxR—-GxR

(3.26)
(g,t,U,T) — (gatn’uar)v
we can write
Calg R) = —— [ Ma(g,t,0,0)e|C(R, 1) |drdt—2" (3.27)
97 - \/§7T RS ga y Y 9 m .

Note that, as described in the introduction to this chapter, to determine the canonical re-
lation of the associated phase function to £, we will first compute the canonical relation of

M* and compose this with the canonical relation of the oscillatory integral operator

dv
V14 v?

Tf(g,R) f(g, t,v,7)e|C(R,r)|drdt (3.28)

1
CVor Jes
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where ¢ is (3.25).

3.3.1 The canonical relation of the map M*.

In this section we study the smooth map M : (g,t,v,7) — (gan,,r). Since M acts
separately as the identity on the r-coordinate, we will suppress the r-coordinate from the

calculations below for a cleaner notation.

We will first determine the pushforward of M acting on the basis vectors
(H,X,,X_,0,,0,) of T(G x R},) to the basis vectors (H, X, X_) of TG.

Note that M pushes forward the curve s — (ga, t,v) on G X wa to the curve s — ga a;n,
on G. Since the tangent vector H at g is the derivative of the curve s — gas at s = 0, and
the tangent vectors X, and X _ at g are likewise derivatives at s = 0 of the curves s — gn
and s — gng respectively, we have, using the relations described in the preliminary
chapter,

M. H = gasan,

(gatnv)ny(es_l)as (329)

d
ds
d
~ds

s=0
s=0

:H+UX+

where we interpret H +vX, as belonging to the tangent space to G at ga;n, = M (g, t,v).
Note that the right action on ga;n, by n,es_yyas has first order contact at s = 0 with the
tangent vector H+v.X, (recalling that X, is the infinitesimal generator of the right action

by ny). The calculation for the pushforward of X is very similar, we compute

d
M. X, = Ts gnga;n,
s=0
d

- ds SZO(.gatnv)ne*ts (330)

- 6_tX+.

And finally the pushforward of X_ by M is given by the calculation

MX = —
ds

_a

ds

gn—satnv
s=0 (3.31)

(g9an,)(n_,a_nzam,).
s=0

To complete the calculation in this case and express the result in the (H, X, X_) basis,
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note that we have the right action on ga;n, by the group element n_,a_;n a;n,. To take

the derivative we can express this right action in terms of a right action of matrices of

PSL(2,R) which we can then take the derivative of in s, finally we interpret the result
in terms of the Lie algebra of PSL(2,R). The result of taking the derivative in s of the

matrix product n_,a_;ngsa;n, is the following,

d - 1 —v)\ [e¥? 0 0 0\ [e/? 0 1 v
— n_,a_mn,an, =
ds|,_, e 0 1 o e2)J\1 0o/\o ev2)\o 1

Evaluating this matrix product returns the single matrix,

o —etv —elv?
n_,a_(n,a;n, — ¢ ¢
s=0 (& ev

which, referencing the Lie algebra of PSL(2,R) in Chapter 1, is equivalent to

d

e'(—20H — v* X, + X_).

We can compute M,0; and M.,0, in similar ways. In particular,

M., = d_ gy sy,
s s=0
= d a1, n a
- ds 5:09 tllylly(es—1)As
- H + /UX+
and
d
M*av = 5 gaiy 4
ds|,_q
d
= — a;n,n,
ds szog !
- X+.

Therefore we have proved the following,

Lemma 16. For the map

M : GxRxRxR—=-GxR

(97 tu v, T) — (gatn'LH T)u

—~

3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

M, expressed as a matriz acting on the framed basis (H, X, X_, 0y, Oy, 0;) to the framed
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basis (H, Xy, X_,0,) is,

1 0 -2 1 00
-t _ ,t,)2 10
M. — v oe e'v’ v (3.38)
0 et 000
0 0 0 01
Moreover the pullback map M* acting on the dual framed basis,
M*: (ag, o, g, dr) — (g, iy, s, dt, dv, dr) (3.39)
18
1 v 0 0
0 et 0 0
-9 t _ )2 t 0
M = e'v —e'v® e (3.40)
1 v 0 0
0 1 0 0
0 0 0 1

As a consequence of this lemma, we have

Corollary 17. The canonical relation of M* is
{ ((97 ta v, T M* (/1“0050 + Moy Oy + HsCs + ]{?d?”)), (gatnvu 75 oo + Moy Oy + HsCs + kd?”)) :
(t,v) € R? (gam,, r; totp + pucv, + fisas + kdr) € T*(G x R)} (3.41)

where explicitly,

M*(pocg + fury + pscrs + kdr) = (po + vjty)ao + e oy
+ €' (—2vpp — V2 + ps)as + (pio + vy )dt + pudvo + kdr. (3.42)

3.3.2 The canonical relation of the intertwining operator.

We will seek to compose the canonical relation of M with the canonical relation associated

to the phase function of the oscillatory integral operator

F(g t,0,7)8,(g")C (R, )X =B (1 4 ?)~GHEE=D) gratdudy
(3.43)

R = [
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Since g and ¢’ appear only in the phase of ,(¢’) which has the diagonal canonical relation

(in T*G x T*G), we only need to look at the phase function
¢ =2(r — R)t+ (r —2R)log(1 4+ v*) + O(R,7) (3.44)

to compute the canonical relation of the phase function associated to T. Doing this

calculation, one gets

C]F{T - {((ga Ra HoQg + fhy Oy + sl + dR¢)7 (ga t? U, T3 o0 + [y Oy + [sOls — d(tvvﬂ")qb)) :
(R,t,v,7) € R (g; oty + oy + isrs) € T*G} (3.45)

which is equivalent to

{«m&M%+M@AWMV%%+N%U+ﬁFWWMm,

2v
t,v,r; Wy + pss — 2(r — R)dt — (r — 2 d
(g7 ,U,T’,/J(]Oéo‘i‘/,b()é +lua (T’ R) (T R)1+U2 v
— (2t 4+ log(1 +v*) + 8T0)dr)) (R, t,v,7) € R (g5 o + fhuCey + fisarg) € T*G}.

(3.46)

Composing CRyz in (3.46) with CRj/+ in (3.41) we get,
Theorem 18.

CR; = {(@, R; flocty + Frucvy + fisis + kdR), (9,73 pto0to + fructa + frsrs + kdr))}
CT(GxR)xT"(GxR) (347)

under the following set of relations,

9 =gam,
flo = o + Uy

//J’; - e_t,uu
fis = €' (—2vp0 — Vi + f1s)
k= —2t — 2log(1 + v*) + Orb
fo + Vi, = —2(r — R)

2v
1+ v?
k= —2t —log(1 +v?) — 0,0

(3.48)

Hu = —(7“ - 2R)
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with the following being free variables:

g€ G=PSL(2,R), reR, u,eR, veR, teR, ReR. (3.49)

3.4 Comments on the structure of the canonical re-

lation of the intertwining operator.

In this section, we will explore the structure of the canonical relation of the intertwining
operator in a bit more detail, namely, we will study the smooth structure of the canonical
relation and the projection of the canonical relation onto the left and right factors. We
will also end with a discussion on the homogeneous structures present (or not present)
in the canonical relation and relate some of the ideas in this work within the context of
the broader literature surrounding canonical relations and mapping properties of Fourier
integral operators associated to a Lagrangian submanifold.

Proposition 19. The canonical relation of L isa smoothly immersed submanifold of
T(G x R) x T*(G x R).

Proof. We observe that the canonical relation has 8 free variables which (globally) pa-
rameterise it, g,r, pus,v,t, R. In particular the points in the canonical relation are a
smooth function of these 8 variables and so to check that CRz is a submanifold of
T*(G x R) x T*(G x R), we will check that the parameterising variables are smooth,
invertible functions of the points in 7%(G x R) x T*(G x R).

-~

Namely, let p € CR. with i(p) = ((g,7; po, fu, s, k), (G, R, fio, fhus fis, k)) where 7 is the
inclusion map. Then we need to show that the (global) variables which parameterise p,
i.e g, s, v, t, R, are smooth, invertible functions of i(p) € T*(G x R) x T*(G x R). Note
that g, r, us and R can be read off directly from i(p) and we only need to solve for ¢ and

v as a smooth function of i(p).

To do this, note from the equation k—2k = 2t 4+ 0rt — 0,60 we get t = %/2 —k—0gr0+20,0
which solves for ¢t. To solve for v, note that § = gn_,a_,, and so we get g~ 'ga, = n_,,

which solves for v. 0

3.4.1 The left projection.

Let us now study the projection of the canonical relation onto the left coordinates. As in
the previous section, we will use (g, r, s, v, t, R) as coordinates that parameterise CR.

First let us give a definition,
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Definition 6. Given a smooth map f : X — Y between manifolds X and Y and a
natural number 7, 1 < r < min(dim X, dimY’), we can define the singularity set of f of
order v as S := {x € X : rank(df(z)) = min(dim X,dimY’) — r}, i.e the points z € X
where df (x) drops rank by r. We say f has a blowdown singularity of order r on S, the

singularity set of order r, if S is a submanifold of X and if for all z € S,

ker(df (z)) C T..S. (3.50)

Note, these are also sometimes called fibered-fold singularities in certain contexts. An

example of a blowdown singularity of order 1 is the map
fiR =R f(r,y) = (2,2y) (3.51)
on the submanifold x = 0. More generally, for any 1 < k£ < N, the map

fk:RN’_)R]\C fk($17$2a"'>$N) = (ylay27"'ayN) (352)

where y; = x; for all 1 < i < k and y; = z12; for all k+1 < j < N is an example of a

map which has a blowdown singularity of order N — k on the submanifold x; = 0.

We now prove

Proposition 20. The left projection,
Tleft - CRZ > (gv'ra Hoss U7t7 R) - (gar; Koy Hs s k) € T*(G X R)

of the canonical relation of the intertwining operator is an immersion everywhere except
when r — 2R = 0, where dmn drops rank by 1. In addition, the singularity of mep on

r—2R =0 s a blowdown singularity.

Proof. 1t is clear that the (identity) map from (g,r, us) to (g,7, us) is immersive. The

map from ¢ to k is immersive too because
k= —2t —log(1 4+ v?) — 0,0(r, R) (3.53)

and in particular 0k/0t = —2, so we need only check that the map from (v, R) to (1o, ftu)

is an immersion. We have from (3.48) that

202
o = —(r —2R) — 2(r — R),
1+ 02
N (3.54)
o= —(r 2B 2

1402’
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where the first equation arrives from substituting the second equation of (3.54) into the

—2(r — R) which appears in (3.48).

equation fig + vk,

We then compute the partial derivatives,

Opo  4v(r — 2R) Ot (2 — 20%)(r — 2R)
- 2\2 90 2)2 ’
ov (14 v2) v (1+v?) (3.55)
Opo 2 — 207 I
OR 1402’ OR — 1+40%

So the determinant of the Jacobian of the projection from (v, R) to (o, ) is
1602 (2 — 20%)?
——(r—2R) + ———5(r—2R
Trop! 2Rt e 028
which is zero only when r — 2R = 0. On this submanifold where r — 2R = 0, we see that
(3.57)

(3.56)

Oty
ov =0

Oto and

D _p

v
whereas Ogpig and Opp,, are never both zero on this submanifold. In particular, ker(dmg)
is everywhere tangential to the hypersurface defined via r — 2R = 0. This is therefore a

]

blowdown singularity.

3.4.2 The right projection.

Proposition 21. The right projection,
’/Tright . CRZ = (ga T, s, U, t? R) — (/9\7 R7 /2\07 /@7 [[857%) € T*<G X R) (358)

of the canonical relation of the intertwining operator is an immersion everywhere, except
when r—2R = 0, where the differential dm,;gny drops rank by 1. In addition, the singularity

of Tright on T — 2R = 0 is a blowdown singularity.

Proof. We recall from (3.48),

[[s = et(—Qvﬂo - U2Mu + ,us)
k= —2t — 2log(1 + v?) + Orb(r, R).
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If we substitute

20?2
fo = m(r —2R) = 2(r — R),
2v

— —(r—2

into the equations for jip and 1, we get that

o = —2(r — R),

(3.59)
g = —€ (r — 2R)2—U.

We know that the map from ¢ to g is immersive irrespective of v and ¢, the identity map
from R to R is also obviously an immersion, as is the map from pu, to fi; for every t. We
also see that the map from r to [ is an immersion. So to check where dmg, drops rank,

-~

we only need to study the map from (v,t) to (ji,, k). We write out the partial derivatives,

Ofw € Hr—2R)(2 - 20v?) ok 4v
- 212 ’ 90 1xu?
v (14 v2?) 81: 14w (3.60)
Oy~ e'(r—2R)2v ok 5
or T 1402 ot
So the determinant of dmign from (v,t) to (ﬁ;,@) is
2¢e(r —2R)(2 — 20%)  8v?e!(r — 2R) (3.61)

(1 +v?)? 1+ v?
which can only be zero when r — 2R = 0.

If we restrict mygne to the submanifold » — 2R = 0, we see that the kernel of dmgnt is
a one dimensional subspace of the (v,t) tangent space which is again tangential to the
singularity surface. Hence mygns has a blowdown singularity on the hypersurface defined
by r —2R = 0. L

To conclude this section, we have proved
Theorem 22. The associated phase function of the intertwining operator L has a smooth,

Lagrangian canonical relation,
CR;z CT"(G x Rp) x T*(G x R,;) (3.62)

and the projections of the canonical relation onto the left factor and the right factor are

immersions everywhere except for a singular submanifold defined by r — 2R = 0 where the
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left and right projections have a blow down singularity.

We remark that although we have blowdown singularities in the left and right projection
maps of the canonical relation on the singular submanifold, the factor of |C(R,r)| which
appears in the ‘symbol’” (or ‘amplitude’) of the intertwining operator, see (3.23), happens
to vanish to first order at r — 2R = 0. So the intertwining operator has the structure
of an oscillatory integral operator whose symbol vanishes to first order on the singular
submanifold. We note that one can carry out the same calculation with the intertwining
operator £ in the work of Anantharaman-Zelditch, [AZ12], to find that the associated
canonical relation of £ in their work also has a blowdown singularity appearing in the
left and right projection maps on the submanifold defined in coordinates by r — 2R = 0.
However, the lack of the C(r, R) factor in the intertwining operator £ in [AZ12] can be

interpreted as the reason why their operator £ isn’t bounded on L? symbols.

In fact, we studied £ of [AZ12] noticing the canonical relation had such a structure and
(prior to realising the connection with Chapter 2) started to consult the work of those
who have analysed the mapping properties of oscillatory or Fourier integral operators with
singularities on their projection maps. For example, the work of Melrose-Taylor [MT85]
(although they treat the case when both projections have folding singularities rather than
blowdowns), show a loss of 1/6’th a derivative compared to standard L? boundedness
of a zero’th order Fourier Integral Operator associated to a canonical transformation as
proved in [Hor71]. In this vein, we might also mention the work of [Fel05] which studies

the composition of operators which have blowdown/fold singularities.

Lastly, let us comment that from Theorem 18, relations (3.48), we notice that CR; has a
conic structure with regards to the scattering wavefront set (i.e. at r — 00). Precisely, we
notice from the relations in (3.48) that the canonical relation of £ is conic with regards

to the scaling action in a certain set of variables,

(7’, 1oy Py s, Rv /1\07 /7;’ F/L\S) — ()‘T7 )‘,U07 )\,Uua Aﬂsa )\R7 )\/1\07 )\/7;’ )\/1\3) (363)

for any A € R. Hence, it is possible to explore the boundedness of L on symbols which
have nontrivial points in their scattering wavefront set and the question of the construc-
tion of a variable order function space on which £ is bounded is an intersting topic for
further study. However, this observation doesn’t suffice for the study of L on singular
functions like ¥b(g, r) which have C'* singularities. In particular we would want a conic
structure (or asymptotically conic structure) with regards to the frequency set of variables
(110, Py s, Ky [105 T, ;1\5,7{3\) A similar behaviour appears in the canonical relation of the
Euclidean intertwining operator in example 3.2.1 which also has a well-defined structure

at scattering infinity but not frequency infinity.
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Let us recall that the reason for studying the canonical relation of L is because it is well
known that the geometric properties of the canonical relation of an oscillatory integral
operator (or Fourier integral operator) determine the analytic properties of the operator,
such as boundedness on various Sobolev spaces. However, we have not been able to find
a known calculus of Fourier integral operators which the intertwining operator L lies
in primarily because of the lack of clear conic structure of the canonical relation, this
has frustrated our efforts at obtaining boundedness results for the intertwining operator
on other function spaces (such as microlocally weighted Sobolev spaces, or anisotropic

Sobolev spaces, such as those we use in Chapter 4) other than L?.



Chapter 4

Geodesic flow and decay of traces on

hyperbolic surfaces

4.1 Introduction

In this chapter we consider traces and matrix elements of time-varying families of pseu-
dodifferential operators defined on a compact hyperbolic surface which have the symbol
pulled back by the geodesic flow. Note that, as we mentioned in the introduction, the
main result in this chapter does not involve the intertwining operator £ at all. The
work in this chapter appears in a arXiv preprint located at https://doi.org/10.48550/
arXiv.2402.00230 and is published jointly with Andrew Hassell.

The motivation for the work in this chapter comes in two parts. One is that the inter-
twining operator intertwines the classical low with the quantum flow on hyperbolic space
and two, in the study of small-scale quantum ergodicity, as we will show in Chapter 5, we

are led to the study of time-varying families of traces of the form
Trace{ Ape™Ae WA A, e A= AY (4.1)

where h is a semiclassical parameter, representing inverse frequency, and A, is a multi-
plication operator by a function with support in a ball around a fixed point with a radius

—h2A

tending to zero as h — 0. Here the factors of e are a soft frequency cutoff to ensure

that the composition is trace class.

More generally, we consider traces of the form
h? Trace{ B,e™ Ape A1, (4.2)

where A, and B), are pseudodifferential operators of differential order —oo and semiclas-
sical order 0 on a compact hyperbolic surface. The factor of h? in front is to cancel the

growth rate of the trace of an operator of semiclassical order zero as h — 0, which is

77
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~ h~? in two dimensions. One can ask about the asymptotic property of such a trace as
h — 0. In particular, it would be useful to understand under what conditions (4.2) tends

to zero as h — 0, and if so, what is the optimal hA-dependent choice of ¢.
We now consider the following purely formal calculation.

Notice that on the whole of hyperbolic space, the trace of B*A is the integral of ab over
the cotangent bundle, but this is not the case on a hyperbolic surface X := I'\D where
I' C G is a discrete cocompact group. Instead, it takes the form, for w > 1/2

Trace B*A = / a(g,r)%b(g,r) dgdr (4.3)
T\GX Su

where T is a linear operator mapping symbols to distributions, such that b has support

on the countable number of energy shells of radius r;, where the spectrum of Ay is

{1/4+73}. S, is the strip in the complex plane {r € C: [3(r)| < w|} of width w. This

identity is derived in Lemma 27 and Corollary 28.

V; is the action induced on the Zelditch symbol by conjugation with the Schrodinger
propagator e2 at time t. Thus the symbol of the operator e2Ae=#"4 from (4.1) is
Vtha. So we find that

Trace{B*e™"® Ae~"hA) = (Vina)(g,7)(Tb)(g,7) dg dr. (4.4)
I\GxR
Under some regularity assumption on the intertwining operator £, one would have (and

this is where the argument becomes formal)

Trace{ B*e™h® Ae~ A = (LVina)(g,m)L(Tb(g,7)) dg dr. (4.5)
T\GxR

We now apply the intertwining property of £, namely
LV, =G;L, (4.6)

where G is the geodesic flow scaled by the speed factor r on the energy shell of radius r

(this is the bicharacteristic flow for the operator ¢*~/2). Thus we obtain

Trace{ B*eMA/2 A ithA/2) — (G La)(g,m)L(Tb(g, 7)) dg dr. (4.7)

MGxR
Now comparing this identity with (4.3), we see that this is analogous to studying the trace
of B*A(t) where B is held fixed and the symbol of A evolves according to geodesic flow.
This is exactly the question we study here: when B is held fixed and the symbol of A
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evolves according to geodesic flow, under what additional conditions can we deduce that
the trace of B*A(t) decays, and what is the rate of decay? Our main result, Theorem 23,

is an answer to this question.

4.2 Statement of the result

Connecting with the discussion in the introduction to this chapter, while our long-term
interest is in the family Al (t) = e7#28x/2Al¢Ax/2 the ‘quantum evolution of Al in the
Heisenberg picture, here, motivated by the RHS of (4.7), we consider the family Op(a;og;)
where g, is the geodesic flow on S*ID (notice that these symbols are left-I'-invariant for all
t). Our main result of this chapter is

Theorem 23. Let ' C G be a discrete cocompact group and let X = T'\ID be the compact
hyperbolic surface induced by T'.

We let \; =1/4+ TJZ- be the j'th eigenvalue of the Laplace-Beltrami operator on X and ¢;

to be the corresponding eigenfunction.

Let ay, ay be symbols in the Hormander class S¢'o(T* X \0) which are left-invariant by T,
and, when considered as a symbol in the Zelditch calculus in variables (g,r) € T\G x RT,

have an analytic continuation in r to a strip of width greater than 1/2.

Let AY(t) and AL be the operators on L*(X) induced by Ay(t) = Op(ay o g;) and Ay =
Op(ay) using Zelditch quantization. Here g; is the classical geodesic flow on S*HZ, or

algebraically, it is the pullback by the right action of the subgroup A on the group G.

e Then there exists a > 0, N > 0 such that for all j € N, there exists a distribution
Tjay € D'(I'\G) such that for all s > 1,

i Aoy = ([ atarar) ([ oty
I\G I\G (4.8)
+ O (7 Mlar () | | Fyaz i) -
where HY(T\G) is the Sobolev space of order N over T\G and H~*(T'\G) is the

anisotropic Sobolev space of Faure-Sjostrand, [FS10] of order —s, likewise over T'\G.

o We further suppose that a,(-,r;) has integral zero over S*X for each j and that ay, ay

are symbols in the Hormander class S7(T*X) of order a < —6 and 0 respectively.

Then (AL)*AL(t) is trace class for each t, and

Trace(AL)* Al () (4.9)
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decays exponentially as t — £o0.
Remark. We note that there are interesting examples of symbols which satisfy all the
conditions required. For example, a [-invariant symbol a(z,b,7) = ¢(z,b)f(r) where
fF\G ¢ =0 and f is a smooth symbol in r which decays on R* at a polynomial rate with

an analytic extension to a strip will satisfy all the conditions of Theorem 23.

We also note that more general symbols could be considered, and -6 is not sharp, but
this is sufficient for our interests, since our applications will only require symbols of order

—0Q.

Furthermore, the assumption that a; and a, are both left-invariant by I', and have analytic
continuations in 7 to a strip of width strictly greater than 1/2, is so that their Zelditch
quantizations Op(a;) are well-defined operators Al and ALY on L?(X). Note that for the
result in this chapter, we don’t need to consider the spectral Zelditch quantisation we

introduce in Chapter 2, the usual Zelditch quantisation of [Zel86] suffices.

Lastly, we do not require that the symbols a; and as satisfy the scattering matrix sym-
metry condition as explored in Section 2.3. We make the choice to consider the symbols
a; and ag, defined over T*X\0, as functions on T'\G x R*, through the identification of
T*X\0 ~ I'\G xRT with an analytic continuation to a half strip in r of width greater than
1/2 . In more generality, when a symbol a(z, b, ) satisfies the scattering matrix symmetry
condition, it ensures that the quantisation of a, Op(a), acts on a function u € C°(D) in a
manner which is well-defined regardless of the choice of Fourier basis, {e(z,b,7) : r > 0}
or {e(z,b,r) : r < 0}. However, we don’t lose anything by making a choice of the preferred
Fourier basis and since the scattering matrix symmetry condition is not preserved under

the geodesic flow, we are forced to make such a choice.

4.3 Helgason boundary values of eigenfunctions.

We state a theorem of Helgason which will be useful to us.

Theorem 24 (Boundary distribution of Laplacian eigenfunctions, Theorem 4.3 in
[Hel81]). For any r € C, if ¢, is a (smooth) function on D which salisfies Ap, =
(1/4 + r*)¢, and grows at most exponentially in the hyperbolic distance, dp(0,z), i.e
lor(2)] < Cec(02) for every z € D with C,c > 0 some arbitrary constants, then there
exists a distribution T € D'(B) such that

0 (2) = / e HNENT(b) db. (4.10)
B

Moreover the distribution T is unique if 1/2 4+ ir #0,—1,—2,.... Hence in this case, we
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may label T as T, since T, 1is uniquely determined from ¢, and vice versa.

A corollary to Helgason’s theorem, Theorem 24, is information about how the distributions
T € D'(B) vary under a discrete group (also called a Fuschian group) of cocompact
isometries I' C GG when T is the boundary distribution of an eigenfunction on the compact
hyperbolic surface I'\D.

Corollary 25. Let o, € C°(T\D) satisfy Ap = (1/4 + 1?)¢ pointwise in D. Then, for
1/24ir #0,—1,-2,..., there exists a unique boundary distribution, T, € D'(B), such
that for any v € T,

T(vb) = e(%—ir)(womlﬁT(b)'

In particular,

e(*%%*ir)('yz,'yl))T(,yb) — 6(*%+i7‘)<zzb>T(b)

for every v € T', (using identity (1.17)), and so
e tENT(h) € D/(T\G),

that is, it is invariant by T and therefore forms a well-defined distribution over I'\G.

Let us remark that in this article we take T" to be a distributional function, differing from
the convention in [AZ12] where it is taken to be a distributional density. This changes
the form of the transformation under v € G by the Jacobian factor 7/(b) = ¢(7%7% where

(0, vb) is the Busemann bracket.
Let us say a little more on this, recall that for a diffeomorphism, o of B that T'(dob) €
D'(B) is defined by
/ F(O)T(dob) = / FoLb)T(db). (4.11)
B B

In particular, this distinguishes 7'(db) as a distribution density rather than a distribution

on B (or distributional function on B).

Recall that if we have a function g which is integrable in B under the measure db, this
defines the distribution

f e /B £ (b)g(b)db.

If g(b) is pulled back under a diffeomorphism o, then the distributional function g(ob) is
defined by

/Bf(b)g(ab)db:/Bf(a_lb)g(b)|detda_l(b)|db.

Note how this differs from equation (4.11) defining the action of T'(dob). This is because
g is a distributional function whereas T'(db) a distribution density. The action of T'(dob)
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corresponds analogously to pulling back the distribution density ¢g(b)db under o to get
g(ob)d(ob).

4.4 Faure-Sjostrand anisotropic Sobolev spaces

Since the geodesic flow on S* X is a contact Anosov flow, the theory of anisotropic Sobolev
spaces for contact Anosov flows introduced by Faure-Sjostrand, [FS10], will be useful to

us.

We need a method to talk about the regularity of distributions appearing on S*X. For
this purpose, we will use the standard theory of microlocal (or semiclassical) analysis
on C'* compact manifolds, say as detailed in [Zwol2]. Note that this is a different
pseudodifferential calculus than the Zelditch calculus; we use the Zelditch calculus for

the exact correspondence it brings between operators on X and symbols on T*X\0 =~
S*X x RT.

We recall Theorem 4 in Nonenmacher-Zworski, [NZ15], which will suffice for our purposes.
It reads, in our context as:

Theorem 26 (Theorem 4 in [NZ15]). Let H be the generator of geodesic flow on S*X.
Consider P = —iH as the self-adjoint operator on L*(S*X,dv) with domain D(P) =
{ue L*(S*X) : Pu e L*(S*X)} where v is the Liouville measure on S*X. The minimal

asymptotic unstable expansion rate for the geodesic flow,

N S
Ao = htrgg}lf i xeusl*fx log(det dg¢| gu(z))
equals one because the geodesic flow has constant unit Lyapunov exponent, as shown in
Lemma 1. For any s > 0, there exists a Hilbert space H*9(S*X) := e*9L%(S*X) such
that

C™(S*X) Cc H*9(S*X) c D'(S*X)

and the operator family (P — z) : D*9 s H*9 is meromorphic in the half plane Sz > —s,
admitting finitely many Pollicott-Ruelle resonances ( poles of the resolvent (P — 2)™1) in
the strip s > —1/2+¢€, for any € > 0, including a simple pole at z = 0 where the residue
is a rank one projection operator onto the eigenspace of constants on S*X. The resolvent
estimate ||(P — 2) 7| ysospss < C(2)N holds for Sz > 1/2, Rz > C for some constants
C,N > 0.

We mention here that G is the Weyl quantisation of an escape function defined on T7*(S* X)
constructed in [NZ15]. Consequently, e=*9 is a variable order pseudodifferential operator.

The Hilbert spaces H*¢ are similar to those appearing initially in Faure-Sjostrand, [FS10].



4.5. The Proof 83

In particular, we can describe the Sobolev regularity at certain regions of fibre infinity
for functions in the space H*9(S*X). Letting A; be a zeroth order pseudodifferential
operator elliptic in an asymptotically conical neighbourhood of the line bundle E} over
S*X. We can say that there exists some C' > 0 such that

CH|Aifllms < [|Asf]

o < Ol Avfllas

where H® is the standard Sobolev space over S*X of order s. A similar equality of norms
hold if H* is replaced by H™* and A; is instead elliptic of order zero in an asymptotically
conic neighbourhood of E*. We colloquially say that the spaces H*¢ are microlocally of
order H*® near E7 and of order H~° near E;. In our proof below, where G is fixed, we will

simply use H* to refer to this scale of anisotropic Sobolev spaces.

We also mention that there is a relationship between the location of the poles of the
resolvent of P and the eigenvalues of the Laplacian for all compact hyperbolic manifolds
as proved by Dyatlov-Faure-Guillarmou in [DFG15]. Additionally, the resonant states of
P (the image of the residue of the resolvent at the poles) are precisely those distributions
appearing in Corollary 25 for those r; corresponding to a Laplace eigenvalue (away from

an exceptional set).

4.5 The Proof

Using Theorem 24, we can find an exact formula which relates the quantity
(AL¢j, ASdi)12(x) to a certain bilinear form involving the Zelditch symbols ay, as of Aj
and A}.

Lemma 27. Let AL and AL be two pseudodifferential operators on a compact hyperbolic
surface X = T'\D as in Theorem 23, with I'-invariant Zelditch symbols a; and ay respec-
tively. Let ¢;, ¢y be a pair of Laplace eigenfunctions on I'\D with eigenvalues 1/4 + r?
and 1/4 + 13 respectively. We take r;, i to be in [0,00) Ui[—1/2,0]. Then

(A6, AV o) = /

o a1(g,7;)E;(g) (/K Clz(gk?a,?“l)El(gk’e)d@) dg, (4.12)

where E;(g) is the I'-invariant distribution on G given by
Ej(g) = e 12T (b), (4.13)

Here E; is the I'-invariant distribution mentioned in Corollary 25. We use coordinates

(2,0) on G as described above, and T;(b) is the boundary distribution function for ¢;,
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making the choice of r; as above. We also remind the reader that the Haar measure dg
is e dVol(z)db (see (1.16)), accounting for —1/2 (instead of +1/2) in the exponent in
(4.13). We can interpret E; as the jth Ruelle-Pollicott resonant state on I'\G in the first
band; see [DFG15, Section 2].

Proof. We begin with Helgason’s theorem, Theorem 24, on the integral representation for
Laplace eigenfunctions. Since ¢;, ¢, are Laplace eigenfunctions on I'\D with eigenvalues
1/4 + 77 and 1/4 + 7} respectively, we can consider them as left I-invariant (or left
I-periodic) functions on D, satisfying App; = (1/4 + 77)¢; and Apgy = (1/4 + 17)d
respectively. Since I'\ID is compact, they are bounded functions on I and hence trivially
satisfy the exponential growth bound of Helgason’s theorem 24. Our choice of r;, r; ensures
that 1/2 4 ¢r; and 1/2 + ir; don’t belong to the exceptional set 0, —1,—2, ..., so we have
unique boundary distributions T, (b) and Ty, (b) such that

6,(2) = /B (EHICOT, (B)db,  i(z) = /B HEDT, ()b

for all z € D. We then recall that the pseudodifferential operators A; = Op(a;) and
As = Op(ag) defined by Zelditch quantisation act on the eigenfunctions in the following

way:

A1¢j(z) - /B a1(z’ b, rj)e(%+irj)<27b>T¢j (b)db
Asy(2) = / as(z, b, 1) e TTENT, (b)db,
B

In fact, for real r;, r; this follows directly from (1.20). On the other hand, both sides of
(1.20) have an analytic continuation to the strip of radius 1/2, so the equality persists for

|S7| < 1/2. Therefore, we can express (A;¢;, A2¢Z>L2(F\D,dz), for any j and [, as

/ ( / ay(z,b,r;)eGHDEOT, (p) db) ( / as(z, U, ) ezt 0T, (1) db’) dVol(z).
r\D B B
(4.14)

Now writing g = (z,b), we have (z,0') = gky for some 6 = 6(z,b, V'), since the right action

of K rotates in the fibres of the cosphere bundle S*H? keeping the basepoint z fixed. In
view of equality (1.16), dg = e/**dVol(z)db = dVol(z)dzdf, we have db = > dfl when =z
is held fixed. We can therefore express (4.14) as

/F\G a(g,r5) E;(9) (/K ag(gk'g,rl)El(gk:g)dQ) dg, (4.15)
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which verifies (4.12). O

We now verify the claim (4.3) in the introduction.

Corollary 28. Let w > 1/2 and let S, be the strip {r € C | |Sr| < w} in the complex
plane of width w. Let ay,as be symbols as in Theorem 25. Then the trace A5A; is given
by the sesquilinear pairing

(a1, Tay) (4.16)

of a1 against a distribution Tay where T maps symbols to distributions on T\G X S,,, given

by

Tas(g,r) = ZTjag(g)érj(r), Tias(g) = W/K as(gkg, ;) E;(gke) db. (4.17)

The pairing (a1, Tas) is well-defined for ay € STo((I\G x Sy,)).
We recall that a; € S;(I'\G x S,,) means that a; € C*(I'\G x S,,) and satisfies the

following symbol estimates, for any s € N and any multiindex o = (ay, ag, az) € N3,
|(r0,)*H X X*a(g,r)| < Cso(1+ )7 (4.18)

Here C;, > 0 is a constant which is uniform over I'\G x S,,. In particular, each symbol
estimate holds uniformly in the strip S,,. We also remark that 0, is the derivative with

respect to the complex variable r.

Proof. The formula follows immediately from Lemma 27 and the standard formula for

the trace
o0

Trace A;Al = Z<A1¢], AQ¢]>L2(X) (419)

j=0
using the fact that the ¢; are an orthonormal basis for L*(X). We need to check that the
sum is well-defined as a distribution. This follows from the estimates below which verify
that the pairing is well-defined for a; € S75((I'\G x S,,)). We use rather crude estimates
for this, which accounts for the loss in the order of a;. We are unconcerned by this as our

intended application is to operators of order —oo, as in (4.1).

Using work of Otal, [Ota98], we find that T}, is the derivative of a function Fy,(b) that
is Holder continuous of order 1/2. The Hélder 1/2-norm of F' is bounded in [Ota98] by
C(léjllc + IV®;llac), where C is independent of j. Using standard estimates of eigen-
functions on compact manifolds, for example as proved in [H6r68|, gives us an estimate
of C (rj>3/ ? for the Holder 1/2-norm of F and a fortiori for its L? norm. Therefore Ty,

itself is in H~'(S!) with a norm estimate C(r;)*?, with C' uniform in j. It follows that
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E;, as a function of (z,b), coordinates which makes sense locally on I'\G, is L™ in z with

values in H~(S}), with a norm estimate C/(r;)*.

We now consider the integral over K in the definition (4.17) of Tas. Recall that this is
an expression for As¢;. Since A, is a pseudodifferential operator of order 0, this is L?(X)
uniformly in r (with constant depending on a finite number of seminorms of the symbol
as, but not on j. Viewed as a function on I'\G, it is uniformly L? in z, and constant in b.
The product in (4.17) is therefore L? in z with values in H~! in b, locally, and therefore
H~! locally, satisfying

|F a2l -1y < O<Tj>3/2, with C' independent in j. (4.20)

As for ay, as a symbol of order —4 it is in H*(I'\G) for each fixed r, with norm bounded
by (r)~*. The pairing of a; with the jth summand of (4.17) is therefore O((rj>_5/2), and
using Weyl asymptotics, we see that this is summable in j. This verifies the claim that

the pairing (Tas, a;) is well-defined for symbols a; of order —4.

]

We can interpret (4.16), at least formally, as a sum over j of the classical correlation of the
function a4 (-, r;), with the distribution T;as. Next we check that T;ay has the required
regularity for which we can apply some results on decay of correlations.

Lemma 29. The distribution T;ay in (4.17) is in the anisotropic Sobolev space H™*(I'\G)
described in Section 4.4 for every s > 1, and the norm of T;as in the space H™*(I'\G) is
bounded by C’(rj)7/2.

Proof. We have already seen, in the proof of Corollary 28, that T;as is in the space
H~YT\G) with norm bounded by C (rj)?’/ ?. To obtain the strengthened conclusion that
T;as in the space H*(I'\G), we use the fact that E; satisfies equations

X, E;=0
) (4.21)
(H + 5 — iTj)Ej =0.
It follows that T;ay = (A2¢;)E; satisfies the equations
XiTjay = (X7 (A20;))
(4.22)

(H + % —irj)*Tjas = E;((H + % —ir;)*(A2;))-
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To compute the norm of T;as in H™H(T'\G), we choose an elliptic pseudodifferential op-
erator B of variable order s, equal to the variable order of the Sobolev space H~1(I'\G),

together with an elliptic invertible operator R of order —1; then an equivalent norm is
BT az| 12 + || RT;az]| 2.

Here we note that s is defined on 7*(5*X) = T*(I'\G), takes values in [—1,1], is equal
to 1 in a conic neighbourhood of the line bundle E and —1 in a conic neighbourhood of

E?, and is monotone increasing with respect to geodesic flow in direction ¢ — oo.

It is immediate that RT;ay is in L? with a norm bound of C(rj>3/2, using (4.20). To
analyze the other term, we observe that, except at the bundle E?, one or the other of the
operators in (4.22) is elliptic. Using microlocal parametrices for these operators on their

respective elliptic sets, we may write
1
B =B X2 + Byo(H + 5~ ir;)* + Bs, (4.23)

where By and B, have variable order s — 2, and Bj has order —1 (we may assume without
loss of generality that Bs is microsupported in a small conic neighbourhood of E7, where
B has order —1). Then, B; € V1(S*X) for i = 1,2, 3. Using (4.22) we find that BT ay
is indeed in L?. (The reason for using the squares of these vector fields in (4.22) was so
that we could reduce the orders of By and B, by two relative to B, so that they become
operators of order —1.) Moreover, the right hand side of (4.22) is in H'(S*X), with

norm bounded by C' (rj)7/ 2

, using the same argument as in the previous proof — the extra
powers of 7; arise from up to two derivatives applied to Az¢; as well as the term 7"]2 in
(H 4+ 1 —ir;)*. Thus the expressions (4.23) and (4.22) together show that the norm of

BT;ay in L2 is bounded by (r;)"?. O

Next we prove a lemma which shows exponential decay of the correlation of two functions
fi € C®(S*X) and fo € H*(S*X) as t — —oo. The argument is relatively standard,
but we provide the details for completeness, following the proof of [NZ15, Corollary 5]
rather closely. Note that we use the function space H™* with s > 1 since the distributions
E; are in this space. We will apply Theorem 26 to the the vector field —H (rather than
H) which generates the flow ¢ +— g_; for which all the estimates in Theorem 26 hold with
H =% in place of H® and —H in place of H. The reason the estimates still hold under this
replacement is simply that the flow g_, reverses the role of the bundles E?, E*. This will
mean that the correlations will decay as t — —oo rather than t — oc.

Lemma 30. Let f; € C*(S*X) and f, € H°(S*X) be such that one of them has mean
zero. Assume that 1 < s < 2, and let 0 < o < 1/2, N € N,e > 0 be such that the
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resolvent is holomorphic for —a < I\ < 0 and there is a polynomial bound on the growth
of the resolvent of P = iH on the anisotropic space H™*° in the region I\ > —a, |A| > €

as in Theorem 26:
(P = N)Hpsmps < CAY, SA> —a, |\ > e (4.24)

Then there is a constant C,, such that for all t > 0,

i filga—s) f2(g)dg < Cae™ || fill nea | foll e (4.25)
Remark. Before we prove this lemma, we remark that Faure-Tsujii have stronger results.
From their works [FT23] and [FT24], it seems from their proof of the band structure of
the Pollicott-Ruelle spectrum, that they get a uniform estimate of the resolvent in the
strip SA > —a (away from the pole at A = 0) on certain anisotropic Sobolev spaces He
that are slightly different from those considered here. If this is so then an abstract result
in semigroup theory, the Gearhart-Priiss-Greiner theorem, see page 302 in [ENO01], shows

that the semigroup is exponentially decaying, that is, that

e f]

7o < Ce™|f]

Hs

for t > 0. This implies an improvement of the result claimed in the lemma, that the

correlation is bounded by

<€tHf17f2> < ||€tHf1|

aslfollg=e < Ce™|| fill gl foll g
The proof we present of Lemma 30 below is a cruder proof sufficient for our purposes
where we only require that a spectral gap for the resolvent (iH — \)~! exists with a

polynomial growth bound on the resolvent asymptotically in the spectral gap.

Proof. Observe that, by the density of L? N H™* in H %, it is sufficient to prove the
estimate for f, € L? N H~°. Assuming this, we write the correlation using L2-spectral
theory for the self-adjoint operator P = iH on L*(S*X) with domain D(P) = {f € L? |
Pu € L?}. We will also pedantically write P, for ¢H on the space H* with domain
D(P) ={feH *| PueH*}.

Applying L?-spectral theory for the self-adjoint operator P and the functions fi, fo € L2,

we have

(e f1, f2) 2ma) = /R e d(fy, E(—o0, \) fa) (4.26)
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where E(I) is the spectral projector for P onto the set I C R. To gain a decay factor in
this integral, we exploit the fact that f; is smooth. We let f; = (P +4)N*2f,, which is
C*, and has mean zero if f; does, since (P7f1,1) = (fi, P’1) = 0. We can express the

correlation as

ezt)\

(€ f1, f2) 2 e :/Rmﬂﬁaﬁ?(—ma)\)ﬁ)- (4.27)

Next we use Stone’s formula to express the spectral measure in terms of the resolvent.
We can write (4.27) as

] 1 6it/\ o o
11{%2—7” Rm<f1,(]3—)\—%) f2>d)\
1 eit)\

0271 Jp Ot D)

- <ﬁ (P— X+ ie)’1f2> dX. (4.28)
The second term is zero, as we see by shifting the contour of integration to A =¢, ¢ < 0

and sending ¢ — —oo. For this we simply need the estimate ||(P — )7 g2 2 < [SA7L

To deal with the first term, where we cannot shift the contour to I\ < 0 because of the

spectrum of P along the real line, we pass to the operator P;, as we may since fo € H™°.
We thus have

1 eit)\

(€ fio o)) = 3= i m<ﬁ (P, — A+ ie)’1f2> A, (4.29)
The resolvent of P; has a meromorphic continuation to the half-space S\ > —1/2, with
a pole at the origin, [DFG15]. The pole is simple with residue being the projection on to
constants. Since either f; or f, has mean zero, the inner product in (4.29) is holomorphic
across zero so the contour can be pushed down to S\ = —a, using the decay factor
(A + i)~ N*2) which overcomes the (A\)" growth of the resolvent. Doing so picks up a

decay factor e=® and we obtain the required estimate by estimating

Follz—s < COVN| fll sl foll 2,

HS

(F (P = A —ia) " o) < YT

and integrating in A. The last inequality follows as H? embeds into H® since 1 < s < 2. [
Now we are in a position to prove the main theorem.

Proof of Theorem 23. A pseudodifferential operator on a compact manifold is trace class

provided it has order strictly less than minus the dimension of the manifold. Since we
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have assumed that A; has order < —6 and A, has order zero, the evolved operator A;(t)

also has order < —6, so A5A;(t) has order < —6 and is trace class.
We first prove the exponential decay of the trace in the limit ¢ — —oo.

By Corollary 28, the trace of A3A;(t) is given by a sum

Z (grai(-,15), Tjaz)
j
of distributions ¥;a, depending on ay(-,r;) applied to g;ai(-,r;). We first consider an
individual term in this sum. By Lemma 29, the distribution ¥;a, is in the anisotropic
Sobolev space H™° for s > 1, with norm in this space O((rj>7/2). Provided that a; is a
symbol of order —6 or below, the norm of a;(-,r;) in any standard Sobolev space H™ is
O((r;)~°), from the symbol estimates, showing that each term in the sum is O((rj)75/2).
Using Weyl asymptotics we see that r; is bounded above and below by a multiple of v/j
as j — 00, hence the sum is absolutely convergent. Moreover, according to Lemma 30,

each term in the sum is bounded by
Cae™lar(,mj) | an-e [T az] |3

for some 0 < a < 1/2. Removing the exponentially decaying factor in time, we can sum

the series, leading to the conclusion that the trace decays exponentially in time.

We next briefly discuss the case t — o0o. Observe first that there is nothing in the
statement of the theorem to suggest that one direction of time is favoured over another.
Examining the proof, we see that in considering ‘plane waves’ of the form e(/2+i)(zb)
we made a choice to use plane waves that are constant on forward horocycles. One can
equally well consider plane waves that are constant on backward horocycles; these are just

the previous plane waves composed with the inversion map, which is the group element

( 0 1) € PSL(2,R),
-1 0

that is, the element of the subgroup K that rotates by 7 in the fibres. If we do that, then
we find that the corresponding Ruelle-Pollicott resonances E’j, as in (4.13), are invariant
under the generator X_ of unstable horocycle flow rather than the generator X, of stable
horocycle flow as is the case for ;. Correspondingly, the Ej are in the opposite anisotropic
space, that is regular at the stable line bundle E} and rough at the unstable bundle E;.

This leads to exponential decay in as t — co. We omit the details.

]



Chapter 5

Quantum correlations and small
scale quantum ergodicity on the

torus

5.1 Introduction

This chapter will consider a significantly different geometry than the other chapters,
namely the two dimensional torus T? = R?\27Z2.! We write this chapter because it
provides an interesting example of a way to use the exact Egorov theorem of Weyl quan-
tisation on R? (effectively an example of the existence of an intertwining operator on
Euclidean space) to probe questions in quantum ergodicity. We hope that a similar re-
lationship may be established on hyperbolic surfaces for us to exploit. Moreoever, the
method of proof is somewhat interesting, particularly, it reduces a quantum variance esti-
mate to estimating the quantum correlation averaged over long times, this reduction holds
on any smooth, compact, Riemannian manifold so it opens the way for an exploration in
more general geometries. And let us just note that the long times we require are T' ~ h™¢
to prove h®scale quantum ergodicity where a < 1 in T? and more generally o < 1/(d—1)

in T¢, these time scales are well beyond Ehrenfest time.

The geometric structure of R? and Z? will provide a lot of the tools to make the argu-
ment work in this setting which are not directly transferrable to the hyperbolic surface

setting.

A large portion of the ideas in this chapter come from unpublished notes of Andrew
Hassell and Charlotte Groom. In particular, the notes set up the framework and sketch
an argument for small-scale toral quantum ergodicity up to scales h® for any o < 1/2 in

two dimensions and more generally @ < 1/d in d-dimensions.

'While we only detail the analysis for the two dimensional torus here, our arguments can easily be
extended to higher dimensionsal toruses.

91
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Our contribution is to sharpen the argument to o < 1 in two dimensions and more
generally to o < 1/(d — 1) in d-dimensions. We will also present the argument in terms
of a ‘quantum correlation’ and remark on the place where the argument holds for more
general smooth, compact Riemannian manifolds. This chapter will set up and present the

framework for the argument and prove the main result of this chapter, Theorem 32.

5.2 Weyl quantisation and quantum variances on the

torus.

Let us fix the torus as the set T? = R?\27Z? with the standard metric. The fundamental
domain is the square with side lengths 27. A smooth function on the torus, f € C>°(T?)

has a convergent Fourier series expansion

10) = s 2 fOe, ae (5.1)
¢ez?
where
f(f) = N f(z)e ™4d. (5.2)

We can define a pseudodifferential operator on functions on the torus in the following
way. Note that the theory we espouse here is similar, but not identical to, the theory
of microlocal analysis on the torus via Fourier series in Ruzhansky and Turunen [RT10].
Given a symbol a(x,£) € C(T*T?) which is periodic in the x variable with period 27,
we want to construct from this an operator which is pseudodifferential and which has a
Schwartz kernel that is periodic in the left and right variables. One possibility is to define

the operator

Op(a) : (2;2 > Qe ﬁ 52 f(&alz,&)e™*. (5.3)

£ez?
Then this operator maps periodic functions to periodic functions and equivalently, has a
Schwartz kernel that is separately periodic in the left and right variables. To check this
directly, notice that

Ob(@)f(2) = G5z 3 FOa(r. 0 = 5 3 [ ol s ie by, (5.4
€cz? T2

And hence the Schwartz kernel for Op(a) is
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1 )
- i(z—y)-&
Ka(xvy) - (271')2 Z a(x,f)e A (55)
£ez?
We observe that K,(z,y) is separately periodic in its left factor and its right factor (in x
and in y respectively) with respect to the 2772 lattice.

Defining the Weyl quantisation of a symbol a(x, £) on the torus R?\27Z? is slightly subtle
because if we have a symbol a(z, ) which is periodic in the x variable under the lattice
2w7?, then it isn’t necessarily the case that a((z + y)/2,&) is separately periodic in the
x and y variables under 27Z? lattice. To manage this, first consider the one dimensional
torus R\27Z where we can write a symbol which is periodic in the z variable with respect
to 277 as

a(x,&) +a(z+m, &)  alx, &) —alx+mE)

a(x,§) = 5 + 5 : (5.6)

The first term is periodic with period 7 and the second term is antiperiodic with period 7

(it equals its negative when translated by 7). We can break up any function on R which
is periodic with period 27 into the sum of a function periodic with period = (which we
shall call the even part) and a function antiperiodic with period 7 (which we shall call
the odd part). A symbol a(z, &) which is periodic in x with respect to the lattice 2772

can thus be broken up into the sum of four functions

a’('7 5) = aee('a f) + aeo('v f) + aoe('a f) + CLoo('? 5) (57)

where the subscripts ee, eo, oe, oo refers to a symbol which is even/even, even/odd,
odd/even and odd/odd respectively under the translation on the left 277 factor and right

277 factor of 2rZ? respectively, precisely with respect to the translations

R?> 2 = (z1,22) = (21 + k,20), k € 277, (55)
R? >z = (11,72) = (21,20 + k), k€ 27Z. '

So given a symbol a(z,&) which is periodic under the lattice 27Z?, we consider the
Schwartz kernel defined by

Ka('x7 y) = Kaec (.:U, y) + Kaeo (.T, y) + Kaoﬁ (SE? y) + Kaoo (.:C, y)’ (59)



94  Chapter 5. Quantum correlations and small scale quantum ergodicity on the torus

where we have

¢ez?
1 r+y -
Kaeo (:C y) (27T)2 Z aOG ( 2 ? €> ( y) £7
o) (5.10)
Kaoe ('r7 y) = (27]—)2 Z a’@O ( 2 7£> € ( y) 57
€€Z2+(5,0)

1 I—}—y i(x—y)-
=D DI = P

¢ez2+(3 1)

Notice that we have translated the dual lattice by a factor of 1/2 in each 2nZ-sublattice
of 2rZ* on which the symbol is odd. The effect of this is that each of the Schwartz
kernels above are now separately periodic in 2 and y under the 27Z? lattice and hence
the operator defined by the Schwartz kernel K,(z,y) is a well-defined pseudodifferential
operator acting on functions defined on T2.2 To define a h-semiclassical Weyl quantisation

on the torus, analogous to R™, we’ll define it via the Schwartz kernel

5 ). D, w (x+y hf) Hemwt, (5.11)

16{6 o}? ¢ez2+11

K (z,y)

where we will identify even with 0 and odd with 1, so that for I € {e,0}?, £ € Z? + %I
corresponds to the appropriate translated dual lattice. We remark that for a symbol
a(x,€), when the quantisation of a(z,£) (Weyl or standard) acts on the torus, only a
discrete set of frequencies of the symbol are relevant, however as h — 0, all frequencies of

a(x, &) become relevant.

We can check that an exact Egorov theorem holds for the operator defined by
Ky(z,y).
Lemma 31 (Exact Egorov theorem on the torus.). For a symbol a(z, &) € C™(R?) which

is periodic under the 2nZ? lattice, we have
e~ Ot (@)™ = Opf(Gia) (5.12)
where Opy (a) is defined by the Schwartz kernel in equation (5.11)

Proof. 1t sufficies to prove that the infinitesimal generators of the two following one pa-

2We remark that this easily generalises to T¢, in that case, we define the Schwartz kernel with regards
to the symbol a; where I € {e,0}¢ and the entire Schwartz kernel is the sum ZIG{E od Ka;-
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rameter groups agree:

t— U(e_ithAOp;LU(CL)eithA),

(5.13)
t— Gja.

To analyse the first one parameter group, note that the generator (on the operator) is
[ihA, Opy) (a)]. The Schwartz kernel of this commutator is

[ihA, Oyt (a)](z, y) = ihA K (z,y) — ithA, K (2, y). (5.14)
Observe that
ihA KMz, y) — ihA, K (z,y) = h Z iAIKZ_j (x,y) — iAngij (x,y). (5.15)
1€{e,o},
je{eo}

Since

iAme(”g?thmﬂ“]=@¥+«f+aaam%<x§?h0emﬂ“ (5.16)

and

Z‘Ay |:aij (J:T—i_y> h§> ei(:r:y)-£:| = (A:E + ’6‘2 - 25 : ax)aij <xT+y7 hf) ei(xiy)AQ (517)

we have that
h(iAzKaij (x,y) - iAyKaij (x,y)) (518)

is the sum over ¢ in a suitably translated dual lattice of the quantity

(%v@%»(”gyJw)é“ﬂ“. (5.19)
Summing over ¢ and j, we deduce that
[ihA, Opy (a)] = Opy (2€ - 0,a), (5.20)

where we note that the vector field 2¢ - 0, is precisely the generator of geodesic flow on
T+*T?, it is the Hamiltonian vector field of the Hamiltonian H (x, &) = []?. O
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5.3 Small scale quantum ergodicity.

We consider the eigenvalue problem Agy, = )\?qﬁ,\j on the torus T? = R?\27Z? for the
Laplace-Beltrami operator. We let h = 1/X to be the effective wavelength scale of an
eigenfunction of eigenvalue A\*. Let us fix an arbitrary ¢ € C2°(T?) with [1, ¢ = 1 and, for

T—x0
ho

to 1 for every h and which localises to a h®radius neighbourhood of zy € T2. For any

some 0 < «a < 1, define the localisation function pp(z) = h_zaw( ) which integrates
orthonormal eigenfunction basis of L*(T?), we want to explore the h®scale features of
eigenfunctions ¢ with eigenvalue h=2 as h — 0. Particularly, using the small scale cutoff
©n, whether there is an equidistribution of the L? mass of eigenfunctions in the h®ball

as h — 0.

We will consider the quantity

Vipaot, A1) = ﬁ > (<90>\1¢j7¢j> - m> (5.21)

A<

which is the quantum variance up to eigenvalue A of the eigenfunction densities |¢;|*dz.
N(A) is the number of eigenfunctions ¢; such that the eigenvalue \; is at most A, hence
V(pa-1, A7) is clearly the average of the squared deviations of (py-1¢;, ¢;) from vol(T?)~!
- which is why it is called a (quantum) variance. We are interested in the asymptotic

behaviour of V(py-1,A71) as A — oco.
In our analysis we will consider the asymptotically equivalent quantity

o0

Vign h) = h* Y~ e ((pndy, 65) — ¢)? (5.22)

j=1

and study the asymptotics as h — 0, here ¢ = vol(T?)~! = (47%)~!. The weighting factor
e 2N effectively localises to those terms with A\; < h~!. This is then averaged over the
number of eigenfunctions with A\; < h~! which is to first order in h asymptotic to h=2
as h — 0 by Weyl’s law (see [Zwol2], Chapter 15.3 for a reference to Weyl’s law). If
(5.22) goes to zero as h — 0, at a fixed scale @ > 0 and uniformly in zy € T?, then
this proves that the toral eigenfunctions of eigenvalue hj_2 equidistribute everywhere in
space at the (small) scale h§ with the possible exception of a density zero subsequence of

eigenfunctions as h — 0.

The problem of small scale quantum ergodicity on the torus has been considered by Hezari-
Riviere in [HR15] and Lester-Rudnick in [LR17]. For small scale quantum ergodicity on
negatively curved manifolds there is work by Han in [Han15] and Hezari-Riviere in [HR16].
We mention that in the work of Lester and Rudnick they find that on the d-dimensional
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torus, small scale equidistribution occurs, for a density one subsequence, at the scale
pY/(d=1)=o(1) a5 b — 0 and they show that this scale is optimal (up to the o(1) term). In

particular, when d = 2, equidistribution holds up to the Planck scale.

In this chapter, we shall prove
Theorem 32. For ¢, a small scale cut off of radius h® about some point xy € T2,
normalised to have integral one, the associated h*-scale quantum variance V(gp, h) in

(5.22) on the two-dimensional torus goes to zero for any a < 1.

We remark that the methods we present in this chapter are able to show an analogous

result for the dimension d torus for any o < 1/(d — 1).

There are a few things to note regarding this theorem, we note that it achieves the sharp
bound of [LR17]. The approach of the proof is to study the quantum correlation on the
torus, which we can reduce to a classical correlation using the exact Egorov property
of Weyl quantisation. We can then use the special geometry of the torus (the Poisson
summation formula for example) to relate the problem to a lattice intersection problem.
The lattice problem bears resemblances to the arguments of [LR17], however the set up
towards this argument resembles closer the style of argument of [HR15]. We find this con-
nection between dynamical quantities (classical correlations) and lattice point estimates
interesting. We note that [LR17] prove their result by studying the asymptotics of the
averaged [! discrepancy while the variance, V (¢, h), we study is the averaged [? discrep-
ancy. This implies that Theorem 1.1 in [LR17] (proved in Section 2.2 as a consequence
of the asymptotics of the ' discrepancy) regarding the small scale equidistribution of
a density one subsequence of eigenfunctions is also proved true by our argument (note
that the density one subsequence condition can not be improved, as is shown in [LR17]

following a personal communication with Bourgain.)

Moreover, as lemmas 33 and 34 in the proof hold more generally on a smooth, compact
Riemannian manifold, the method of proof reduces the question of the h — 0 asymptotic
of the quantum variance to a question of estimating a quantum correlation averaged over

long times, namely the expression

h21 /T ( - m) QCor), (gne ™2, ope ) (t)dt (5.23)
T J_p T
where T' can be chosen arbitrarily. In particular, it is this reduction for which we have
been trying to apply the intertwining operator to on hyperbolic surfaces. We use the
exact Egorov theorem of the Weyl quantisation on the torus to enable us to go to long
enough times, of order h~* to make an estimate of (5.23) which enables us to prove small

scale toral quantum ergodicity at polynomial scales h®.
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5.4 The Proof.

Lemma 33. We start by showing that V (pp, h) in (5.22) is bounded above by

1 [ t
h? Trace <026_2h2A — 206_2}‘%90;1 + f/ ( — |—T’> Uh(—t)(cphe_th)Uh(t)(gphe_hm)dt)
-
(5.24)
where ¢ = vol(T?)™Y, T € R is arbitrary and Uy(t) = €™, the h-semiclassical free

Schrodinger propagator.

Proof. Despite the long expression, it arises reasonably simply from expanding the square
in (5.22) and using the Schrodinger symmetry, which is that (5.22) remains fixed when
¢; is replaced by Uy(t)¢; for any t € R.

To start, note that

[e.9]

WY eI (ondy, 65) — o) =

i=1
o

ey <<‘Ph67h%¢j> ) — ele g, ¢j>>2' (5.25)

j=1

We can replace ¢; with Uy, (t)¢; = e 3¢, = e~ ¢; for any t € R and preserve quantity

(5.25), hence expression (5.25) is equivalent to

e 1 _n2a KA EIN ’

2y (7 R0 [Uh(—t)e 2 one” " Up(t) — ce ]dt b5, ; (5.26)
j=1

where xr is any Lebesgue integrable function on R such that [ x7 =T, where T' € R is
arbitrary, and thus can depend on h. We note that the operator

R2A

%/Rxw) [Un(—t)e" ne™ LU (1) — o) (5.27)

is self-adjoint on L?(T?) and hence, with an application of the Cauchy-Schwarz inequality,
we can bound (5.26) by

2y < <:’lp / xr(t) [Un(=0)e™" % gue™ L U(1) — e dt)2 o5, ¢j> (5.28)

Jj=1
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which we can realise as
) 1 22 _wa eal o)
h*Trace T xr(t) [Uh(—t)e 2 ppe” 2 Up(t) —ce ] dt (5.29)
R

with the trace taken over L?*(T?). If we expand the squared operator in the trace, use
the cyclicity of the trace and the fact the the Schrodinger propagator commutes with the

heat operator where necessary, we reduce expression (5.29) to

R2A

1 2 2 2
h*Trace {ﬁ / / X1 (t)x1(s)Un(s — t)e*%gohe*%Uh(t — 8)62g0h6h2AdtdS}
R JR

r2A

2 2 ] ]
+ h*Trace {_T / Xr(Un(—t)e™ "7 gre™ 2 Uy (t)dt - ce ™2 4 e A} .
R

(5.30)

We can reduce the second trace term in (5.30) to
h*Trace {626_2h2A - 2cg0he_2h2A} (5.31)

using the cyclicity of the trace and the commuting of the heat operator and Schrodinger

propagator. With a change of variables, the first trace term in (5.30) can be reduced to

h>Trace {% /R (X1 * LXT)(t)Uh(—t)(gphe_hQA)Uh(t)(gohe_hQA)dt} : (5.32)

where ¢+ : x — —x is the inversion on R. To fix an example of yr, suppose we choose

X7 = li_1/2,7/2). Then in this case, (5.32) equals

hzTrace{% / ' < - %) Uh(—t)(gohehQA)Uh(t)(gohehQA)} (5.33)

=T

O

Now we prove,
Lemma 34.

h? Trace{c?e 22 — 2cppe M*AY = 5.t o(h) (5.34)

as h — 0" where ¢ = vol(T?)~!.

Proof. Recall that the heat kernel on a compact Riemannian manifold of dimension n has
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the following asymptotic expansion in t as t — 0% (see eg. [MP49]),

1

‘ (4mt)n/?

—tA(

T,1) = +0(t 2, t =0t (5.35)

Hence on a two dimensional Riemannian manifold,

—2R2A _
e (x,x) = - +0(1), h—0". (5.36)
Therefore,
R2Trace{c?e 2"2 — 2cppe "2} = 12 < / 1) —2¢ ! / on | | +o(h)
87Th2 T2 8mh? T2
c c
=——2— h
8T 8m +olh)
c
=—— h).
5. T o)
(5.37)
[

We note that Lemmas 33 and 34 are also true on any smooth, compact, Riemannian
manifold M. One must simply replace the constant ¢ = vol(T?)~! with vol(M)~!. Lemmas
33 and 34, relate the study of V(pp, h) on any smooth, compact, Riemannian manifold

M to an estimate on the third term of the trace formula, expression
I t 2 >
e {7 [ (1= P e nome ) 6
T/, T
which we can interpret as
2 1 g |t| —h2A —h2A
h= — = ) QCor,(pne cope ) (t)dt (5.39)
T) ., T
where we define QCor, (A, B)(t) as the ‘Quantum Correlation’ of two quantum observables

A and B at time t,

QCor, (A, B)(t) := Trace{U(—t)AUL(t)B}. (5.40)

In the arguments that follow, we will make an analysis of (5.39) specialised to the torus
and use its special geometry. However, we make a note that we think quantity (5.39)
is sufficiently interesting to deserve its own study on more general geometries. The case

of a general hyperbolic surface, and the intertwining operator, has been the focus of the
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previous chapters.

For the torus we have another lemma,

Lemma 35. Given two symbols a(x,€),b(z,&) € C(R*) which are periodic in x under
the 2wZ? lattice, and which decay sufficiently in & as |£| — oo such that Op“(a) and
Op"(b) are trace class operators on L*(T?) (for ezample |a(x,&)| < [€]727° is sufficient
for any e > 0), we can express the trace of the composition Op”(a)Op”(b) as the following

bilinear form of the symbols a and b,

Trace{ Op”(a) Op® (b

Z Z / ar(w,&)br(w,&)dw (5.41)

IE{@ o}? §€ZQ+ I

where the trace is taken over L*(T?) and we identify e with the number 0 and o with the
number 1 so that the notation £ € ZQ—I—%I refers to the appropriately translated dual lattice

for each term.

Proof. Recall that Op"(a) and Op®(b) have Schwartz kernels

Ki(z,y) = Z Ko, (z,y),

Ie{e,0}?

Kb(x>y): Z ij(x,y)

Je{e,0}?

(5.42)

as described in equations (5.9) and (5.10). We have the standard formula for the trace of
the composition of operators in terms of the Schwartz kernels of the operators (when the

kernels are sufficiently regular)

Trace{Op®(a)Op®(b)} = K. (x,y) Ky, z)dydz, (5.43)

T2 JT?

which we can expand out using (5.42) and (5.10) to get

Z / / Ktll r,y ij(y, )dydl‘
T2

I,Je{e,0}?

1 T4y Tr+y (o) (£ —
_ by =) EMdedy.  (5.44
e 2 2 [ Lo (5w () e Gy

IJG{eo}2 cez?+ir
n622+ J




102 Chapter 5. Quantum correlations and small scale quantum ergodicity on the torus

We can change variables letting w = (x + y)/2 and z = x — y to give

Z Z / / ar(w, €)by(w,n)e* M dzdw (5.45)
T2

I Je{e0}? cez?41r1
n€Z2+ J

We note that if I # J, then the integral in w of a;(w,&)b;(w,n) vanishes because the
product a;(w, &)b;(w,n) will be antiperiodic with period 7 in one of the coordinate direc-
tions of w € T? = R?\27Z2. Similarly, the integral over z € T? of €€~ is zero unless

¢ =1, when it equals vol(T?) = (27)?, so therefore we conclude that

Z Z / ar(w,&)by(w,&)dw (5.46)

Ie{e o}2 cc72+

Trace{Op"(a)Op"(

Remark. We remark that the operator pne "2 is the h-Weyl quantisation of the symbol
gph(x)e*mz up to an error which is O(h'~%), which is of lower order in h for any a < 1.
Moreover, the lower order symbols are of the type 1, (2)p(¢)e¢* where p is a polynomial
in & and ¢p,(x) are smooth cutoffs to a h*-radius ball with uniformly bounded integral.
Our arguments below are robust even if we multiply e ler by a polynomial in &. Hence
we will use Op¥ (¢n(z)e™k”) in place of @re 2 in the arguments below.

Lemma 36. For
An = Op (pn(z)e ) (5.47)

we have

h? Trace{Uy(—t) ApUp(t) A} =

Z Z a7 e ~glk/2h—tml? k51 (5.48)

Ie{e o}? meZ?
ke2rz?

Proof. We note that the exact Egorov theorem on the torus (Lemma 31) implies that

Un(=t)Opy, (a(z,£))Un(t) = Opy (a(z + 262,€)), (5.49)

and hence

Trace{U,(—t)AnUn(t) Ay} = Trace{Opy}, (a(z + 2£t,£))Opy (a(x, €)) }- (5.50)
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Lemma 35 informs us that equation (5.50) is equivalent to

1
(2m)?

Z Z /T2 ar(z + 2h&t, hE)ar(z, hé)dx. (5.51)

Ie{e,0}? cez2+41

for a(z,€) = @p(z)e €. We can expand a; in a Fourier series in z since it is periodic
with respect to the 2772 lattice. We have

1 .
a[(ﬂf,f) = W Z (11,17"L€”wx€_‘§|2 (552)
meZ?
with
arm = / on1(z)e " dz. (5.53)
TQ
Hence .
ar(x + 2h&t, hE) = W Z aljmeim'xe"m'%gte_m|§|2, (5.54)
meZ?

and so expression (5.51) is equivalent to

1 ; 2(¢12 4
i(n—m)-x ,—2h?%|E|* im-2hEtL
) 5 g E /1r2 a1 mGrne e e dz

Te{e,0}? cez2+ 11 meZ?,
nez? (5 . 55)

i D X e
W |

Ie{e,0}? EEZQ-&-%I meZ?

since the integral in x vanishes unless n = m, when it equals vol(T?) = (27)2.

We can look to apply the Poisson summation formula (see eg. [Hor03], Chapter 7.2) to

the sum over £&. We have

Z 672h2\£|262'm-2h§t _ Z 672h2\§+%I\26im-2h(£+%l)t (5.56)
cez2+1r1 gez?

and we can calculate the Fourier transform of the exponential function in ¢ € R? as

f(672h2|£+%1|26im-2h(£+%])t)(k) — / 672h2|£+%1|2eim-2h(£+%1)t€7ik-£d£
R2

7.1 _ 2 2 . —gk.
ek 21/ e 2IEL gim-2het o —ikE e
R? N (5.57)
] L 1 2 2 - (2mht—
_ k3T =3 k/2h—mt] / e~ 2h |e—i= e d&
R2

< m )eik.%le—;k/zh—mtﬁ
2h?
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So the Poisson summation formula applies to give us

Z —2h2¢+ 3112 jim-2h(e+ )t <2h2) Z oik 31 =3 |k/2h—tm|? (5.58)

&ez? ke2nZ?

and so

h*Trace{U,(—t) AL Un(t) A} =

TS Y et (o

Ie{e 0}2 mez?
ke2nZ?

Note that for k = 27(p, q) € 27Z, the term e*2! is either 1,¢™, ¢ or ¢ Ha) for | =
(e,e), (e, 0),(o,e), (0,0) respectively. In particular they are plus or minus one depending

on I, p and gq.

Therefore we have that,

h?% / ' (1 i ') Trace{Up(—t) AnUn(£) Ap }dt

=T
I Y 1 1 ) >
_ 1__ i " 2|k‘/2h tm| Zk‘ Idt 560
T/( T)(27r)287rz|1|6 (5.60)

-T Ie{e,0}?
meZ>?
ke2nZ?

Now note that since ar,, is the m’th Fourier series coefficient of ¢ ; where ¢, 1 is the
component of ¢, which has parity I, for any I # ee, we have that the zeroth Fourier

series coefficient,
aro = / ©h, [( )dlE =0 (561)
’H‘2

because ¢y, is odd (antiperiodic with period 7) in at least one coordinate direction of

T2. Only the even/even parity has a non-zero m = 0 Fourier coefficient which is

Qee,0 :/ Ohee(T)dx :/ on(x)de = 1. (5.62)
'ﬂ‘? ’I[‘Q

Consequently, note that when m is (0,0) in the sum appearing in (5.60), we get

11 .

—35lk/2h]|
5 E |Gee0] €2 ) (5.63)
(27T) 8w keanz?2
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There is a nontrivial contribution at k& = (0,0) which is exactly

1 1
(2m)2 8w

Cc

o (5.64)

|aee,0|2 =
where ¢ = vol(T?)~!. This is exactly the negative of the constant term in Lemma 34. The

non-zero k terms when m = 0 go to zero as h — 0, namely we can estimate

1 1

e 3 e~ 3lk/2h < o=e/h® — O (po), (5.65)
™ s

kearz?
k#(0,0)
Note that f = O(h*) means f = O(h") for every N > 0. Therefore, connecting back
to Lemmas 33 and 34, a small scale quantum ergodicity result on the torus at scale h®

comes from a proof that, there exists some choice of T' for each h such that

! /T( |t|) L1 2 —Llk/2n—tm|? ik-11

- | — > agmPe 2B lgE 50 as h— 0. (5.66)
2 )

T ) T ) (2m)?8n rar

ke2nz?

mezZ?
m£(0,0)

We can make some simplifications of (5.66) to study a related h-asymptotic quantity.
In particular, we can drop the constant (27)7?(87)~! as this doesn’t affect the h — 0
asymptotics. Similarly, we can integrate over any interval about ¢ = 0 of a size which is
proportional to 7" and we can rescale h by a constant to absorb various constant factors.
None of these changes will change the h — 0 asymptotics of (5.66). Moreoever, since
"3 is +1 depending on k and I, and |a; | < |am|, the h — 0 asymptotics of the sum in
(5.66) are bounded by the same sum where we forget the partitioning into odd and even

terms.

Consequently, we will aim to show (for any o < 1) that there exists some 7' > 0 for each
h such that the quantity

I 2
?/ > amPe W dE 0 as h— 0. (5.67)
0

m#(0,0)
keZ2 ,mez?

This will suffice to prove (5.66).



106 Chapter 5. Quantum correlations and small scale quantum ergodicity on the torus

Note that since pp,(z) = h™2%p(x/h%), one has

U = Pr(m) = / on(z)e ™ dr = h‘%‘/ o(x/h*)e ™ dx
- RQ (5.68)

= /]R2 o(x)e ™" dr = J(h*m).

Since ¢ is a smooth, compactly supported function on T?, $ is a Schwartz function and

decays rapidly, so for any N > 0 there exists a constant C' > 0 such that
|am| = [@a(m)| = |B(h*m)| < C(h*m)~" (5.69)

for all m € R2. In particular |a,,| decays rapidly as m — oco. For each fixed m and ¢, the

sum over k is bounded uniformly in m and ¢, namely there exists C' > 0 such that

jam|? Y e Wt < Cla,, |2 (5.70)

keZ?

For any € > 0, we can split the sum in m in (5.67) into |m| > A= and |m| < h™*"¢.
Using (5.70), the infinite sum over |m| > h™*¢ of |a,,|? is summable because of the
rapid decay of a,, in m and moreoever is O(h>) because of (5.69). So we can focus on
the terms in (5.67) with |m| < h=*"¢. Moreover, we have the standard L' — L> bound

whereby
Bi(m)| < / p(a)|dz = 1 (5.71)
RQ

so it is sufficient to prove the result by reducing our analysis to the study of

1 g —|k/h—tm|2d
> T e . (5.72)

kez?
mez?
|m|<h——¢

m#(0,0)
Now the analysis of (5.72) can be split up into the terms where k£ = (0,0) (and m # (0,0))
and where k # (0,0).
5.4.1 Case 1: k= (0,0) and m # (0,0).
When |k| = 0 and |m| # 0, then we are estimating the quantity

1/t 2,2
> T/o e~ ImIEE gt (5.73)

m#(0,0)
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Note that, from a change of variables,

I 22 VT
— —ImPe gy < VO 5.74
T/O ¢ = Tl (5.74)

So we have,
1 T 2,2 1 1 h—a—¢

= “ImPE g < = = < . 5.75
|m|<;Oée TA ’ o T m§a6 m| - r ( )

Im|#£0 Im |0

So if we choose T' = h™*"%¢ we have that the quantity (5.73) is bounded by h¢ which goes
to zero as h — 0.

5.4.2 Case 2: k # (0,0) and m # (0,0).

In this case we are estimating the quantity

e f|k/h7tm\2d
> Z? e t. (5.76)

mezZ?  keZ?
|m|<h—*=¢ [k|#£0

[ml£0

If we let k = (p,q) € Z* and m = (my, my) € Z* we can calculate

T T
/ o k/h—tml? gy _ / e~ (p/h—tm1)? —(a/h—tm2)? 1y (5.77)
0 0

We will find it convenient to introduce variables

. (m1,ma) - (@) g =

ma, —m1) - (p, q)
[m]

|m|

(5.78)

Note that we can interpret p as the projection of £ onto m and § as the projection of k

onto m=*. Let us change variables in (5.77) by letting
1 1
tf:t__(w):t__i (5.79)

(this completes the square in the integrand of (5.77)) to get
—1

T k/h 2 1 52 h2 ph 2
/ e Ik/h=tm gy — |—e’ / / e "dt. (5.80)
0 p

m| h=1—|m|T

Note that when k& and m are collinear points, we have § = 0, so we notice the largest
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contribution to the sum in (5.76) occurs for points where k& and m are collinear. We can
also notice that for m fixed, the map in (5.78) from (p,q) € Z* to (p,d) is a bijection of

Z? onto ﬁ ged(my, mo)Z?. Hence we can rewrite the sum (5.76) as

h71

1 P
3 O (5.81)
|m’T ph=l—|m|T

e (po)eEpL 2l
m

The benefit of doing this is that (for m fixed) the sum over p and § splits into the product
of the sum in p and the sum in ¢ separately. We can split this case further into where

0 # 0 and where § = 0.

5.4.3 Case 2.1: § # 0.

When & # 0, we have the rapid decay of e~ 9°/"* to assist us. Note that

_ ged(mq,mg)?

Z e =0/ <e  mmE <L 67h2\1m\2, (5.82)
56%2
670
where
1
¢ T = O(h™) (5.83)

uniformly for |m| < h=*¢ so long as a + € < 1. Because of this strong decay, we can be

quite crude with the other sums, the sum

ph™! )
/ e Vdt (5.84)
P

pE gcd("mll,mQ)Z h71_|m|T
m

can be split up into a piece where p > h'=¢|m|T. For such p, we have

ph™" = |m|T > (h™ = 1)|m|T 2 h™|m|T > 0 (5:85)
and therefore
ph~t 5 1 2
/ et dt < e (oh ™ —ImiT) (5.86)
ph=1—|m|T
and so
Z e~ (ph ™1 =|m|T)? < e~ (h=cIm|T)? _ O(h*™) (5.87)

p>hi=¢|m|T
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since |m| # 0 and T # 0. As |m| < h™*7¢ and we chose T' = h™*"%¢ where a + € < 1, the

terms with |p| < h'~¢|m|T are contained within |p| < h™>. We can bound

ph~!
/ edts Y. 1ShTml. (5.88)
P

—-1_
peedlmymg) 5 ¢ PRI =|m(T peBedlmimy) 7

[m] [m]

lp|<h™5 |p|<h~5

The sum (5.84) over p < —h™ is easily seen to be O(h*) uniformly in |m| < h™* ¢ where
a+e<l

Thus the sum of (5.81) with § # 0 is

1 A1 A
S = (5.89)
meZ?
|m|<h—o—¢
[ml0

where A; is the sum (5.82) over all § # 0 and Ay is the sum (5.84) over all p. As
A; = O(h™) uniformly in m, A, is bounded above by h~5|m| and T = h™*"¢, it is clear
that (5.89) is O(h™) for a +€ < 1.

5.4.4 Case 2.2: § = 0.

This is the case where k is collinear to m, in which case |p| = |k|. We have to study the
sum
1l 2
> oY o et (5.90)
mez? kezZ? [T Jyn=1 o
im|<h—o—c  [k[£0

|m|#£0 k collinear to m

For any € > 0, we can split the k-sum up into a piece where |k| > h'~¢|m|T, where
|k|h=t — |m|T = h=¢. For such k,

|k|p—t 2
/ e dt < e~ (lil=mIT) (5.91)
|k|h=1—|m|T
and the sum
—(M—|m|T)2 _1

Yoo el < e = O(h™). (5.92)
kez?

| k|70

k collinear to m
|k|>h1=¢|m|T
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Hence the piece of the sum in (5.90) which sums over |k| > h'=¢|m|T is O(h™) and we
are left with the piece

1 e

mec7Z32 kez? k|h*1—|m|T
m|<h—e~<  [kI£0
|m|#£0 K colliqear tom
k|I<hl=¢|m|T
H=r ) (5.93)
S X X T
im|T
mez? kcz?
|m|<h—o~¢ | k|0
|m|#£0  k collinear to m
[k|<h'=€|m|T

Note that if m; and msy are coprime (where m = (my,my) € Z?), then the number of
lattice points k£ which are collinear to m can be bounded above by a constant multiple
of

Radius of the k-set  h'=¢|m|T
= ImIT _ R'CT. (5.94)

ml m|

When m; and my are not coprime, we define the lattice point mpimitive = m/ ged(my, ma),
then the number of lattice points k£ which are collinear to m can be bounded above by a

constant multiple of

Radius of the k-set  h'~“|m|T ged(my, my)

|mprimitive ‘ |m|

= AT ged(my, ms). (5.95)

Thus, we get

Z Z ﬁ 5 hlfe Z ng<T£|a m2) ) (596)

mezZ? kez? mezZ?
m|<h—o=c  |K[£0 m|<h—o—¢

m|#£0  k collinear to m m|#£0

fmi0 & collimear to jml

To estimate this sum, let us partition the sum over the value of ged(mq, ms). We have
that

h—a—€
_ ng(mhmﬂ 1— q
hi=e = L R —_— (5.97)
DT 2 L, e
|m|<h—o—e qlma,q|ma
|m|#£0 |m|<h™~¢
|m|#0

We can then change the sum over |m| < h™* ¢ where ¢|m; and ¢|msy into a sum over



5.4. The Proof. 111

n = (ny,ng) € Z* where |n| < h™¢/q. Doing so, we have that

h—a—¢€ h—a—¢€
1 1
pl—e Ny (5.98)
R N AR N T
qlma1,qlmz [n|<h=~¢/q
|m||§f|z;g*€ |0

We can take a factor of ¢! out from the 1/|gn| term, hence we arrive at the sum,

h—a—¢€ h—a—¢€

1 h—e=¢
1—e 1—e 1—a—2¢ —a—€
nez? q=1
In|<h=%=¢/q
Inl£0

where we are using the fact that there exists a constant C' > 0, independent of X > 1,
such that .
y . <CX (5.100)

In|<X
In|#0

We observe that h'=2log(h=27¢) goes to zero as h — 0 for any o < 1 as one can
choose € > 0 sufficiently small. This proves Theorem 32, that the two-dimensional torus
achieves small scale quantum ergodicity (on a density one subsequence) at scales h® for

every a < 1.

We briefly conclude by remarking that our arguments in this chapter can be generalised
to higher dimensional toruses in a reasonably straightforward fashion. We note that in

dimension d, the key estimate is to bound

d
N (5.101)
m d
m{<h-s
Iml#0

which can be calculated in a similar fashion to the two-dimensional case by partitioning

on the value of ged(my, ma, ..., my). Doing so, we get

h a—e 1 h—a—e hfafe d—l
hl € < hlfe < hlfa(dfl)fke 102
> Y wsx(t) s (102

nezd q=1 4
[n|<h™*7¢/q
|n|#0
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for any k > d, where we are using the fact that there exists a C' > 0 such that

1
> ] < Coxt (5.103)

holds for all X > 1. Since h'~*@=1=k¢ goes to zero as h — 0 for any a < 1/(d — 1)
(as € > 0 can be chosen sufficiently small), an analogue of this argument for toruses of

dimension d proves that small scale quantum ergodicity on the dimension-d torus occurs
at scales h® for all @ < 1/(d —1).



Chapter 6

Conclusion

6.1 Concluding remarks.

We started by exploring the intertwining operator of Anantharaman-Zelditch in [AZ12].
In Chapter 2, we used a spectral Helgason-Fourier transform, derived from the L?*(D)
spectral theory of the Laplace-Beltrami operator on D, to modify the Zelditch quanti-
sation of [Zel86]. This also allowed us to provide a new perspective on the symmetry
properties of the Helgason-Fourier transform and Zelditch’s calculus through the hyper-
bolic scattering matrix. Additionally, the modifications allowed us to construct modifed
Wigner distributions and with a modifed Patterson-Sullivan distribution, we constructed
the intertwining operator £ in Chapter 2. We proved two main theorems in that chapter.
The first theorem, Theorem 14 stated that £ is a unitary isomorphism of the space of
L? symbols, L%(G x R, dg|c(r)|*dr) into its range in L*(G x R, dg|c(r)|*dr), and that £
intertwines the two natural flows, the classical flow G} and the quantum flow V; that we
have been keeping in mind the entire thesis. The second main theorem, Theorem 15 of
Chapter 2 provided an oscillatory integral representation of £. Theorem 14 of Chapter 2
allows us to prove an exact correspondence between the quantum correlation and the

classical correlation on hyperbolic space.

In seeking to extend these ideas onto a compact quotient, in Chapter 3, we studied the
oscillatory integral formulation of £. In the main theorems of this chapter, Theorem 18
and Theorem 22, we were able to derive an expression for the canonical relation of the
phase function associated to £ and to show that the left and right projections of the
canonical relation have blowdown singularities on a codimension one submanifold, on
which the amplitude of £ vanishes to first order. We constrasted the vanishing of the
amplitude of £ on the singular submanifold to the amplitude of £ in [AZ12] which has a
phase function that generates a canonical relation with the same blowdown singularities,

yet with an amplitude that does not vanish on this singular submanifold.

While we were unable to find a way to use this information to extend the exact equivalence

113
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of the quantum correlation and classical correlation on D to a compact quotient T'\ID, we
were motivated by it to study the matrix elements and traces of operators like A;(t)As
where the symbol of A; was pulled back by the geodesic flow at time ¢. In this chapter,
Chapter 4, we showed in Theorem 23 that, under reasonably natural assumptions on the
Zelditch symbols of A; and As, the trace of A;(t) Ay decays exponentially as t — +o00. We
proved this by expressing the matrix elements as a classical correlation of two functions
on S*(T'\D), one of which is singular along a dynamical subbundle, and proving that a

decay of correlations estimate holds between the two functions.

Our final chapter, Chapter 5 considered the geometry of the torus, and the quantum vari-
ance question in this context. We are able to prove that the small scale quantum variance
question on any smooth, compact, Riemannian manifold can be related to a question of
estimating the long time averages of the quantum correlation. Approaching the problem
from this perspective, we used the exact Egorov’s theorem associated to Weyl quantisation
on the torus to allow us to study the quantum correlation for long times, of order T' ~ h™¢
for a small scale quantum ergodicity result of order h*. We then analysed the resulting
quantum correlation using the special geometry of the torus, reducing the problem via
the Poisson summation formula to a kind of lattice intersection problem. Analysing the
resulting problem, we are able to prove Theorem 32 which confirms small scale quantum
ergodicity on the two dimensional torus holds (for density one subsequences) at scales h*
for every a < 1. We indicate that our argument can be generalised to the dimension d
torus where one can prove the same small scale quantum ergodicity holds at scales h® for
every a < 1/(d —1).

We conclude by noting that there is a clear research direction suggested by the work in

this thesis. We thank the reader for their patience and attention.



Bibliography

[AnaQ7]

[Anal0]

[AS65]

[AZ07]

[AZ12]

[Bar06]

[Bér77]

[BLO7]

[Bor16]

Nalini Anantharaman. Entropy and the localization of eigenfunctions. Annals
of Mathematics. Second Series, 2, 2007. URL: https://doi.org/10.4007/
annals.2008.168.435.

Nalini Anantharaman. Eigenfunctions of the Laplacian on negatively curved
manifolds: a semiclassical approach. Clay Mathematics Proceedings Volume,
10, 2010.

Milton Abramowitz and Irene Stegun. Handbook of Mathematical Functions:
With Formulas, Graphs, and Mathematical Tables. Applied mathematics se-

ries. Dover Publications, 1965.

Nalini Anantharaman and Steve Zelditch. Patterson—Sullivan distributions
and quantum ergodicity. Annales Henri Poincare, 8:361-426, 2007. URL:
https://doi.org/10.1007/s00023-006-0311-7.

Nalini Anantharaman and Steve Zelditch. Intertwining the geodesic
flow and the Schrédinger group on hyperbolic surfaces.  Mathematis-
che Annalen, 353(4):1103-1156, 2012. URL: https://doi.org/10.1007/
s00208-011-0708-6.

Alexander Barnett.  Asymptotic rate of quantum ergodicity in chaotic
Euclidean billiards.  Communications on Pure and Applied Mathematics,
59(10):1457-1488, 2006. URL: https://onlinelibrary.wiley.com/doi/
abs/10.1002/cpa.20150.

Pierre Bérard. On the wave equation on a compact Riemannian manifold
without conjugate points. Mathematische Zeitschrift, 155(3):249-276, 1977.
URL: https://doi.org/10.1007/BF02028444.

Oliver Butterley and Carlangelo Liverani. Smooth Anosov flows: correlation
spectra and stability. Journal of Modern Dynamics, 1(2):301-322, 2007. URL:
https://doi.org/10.3934/jmd.2007.1.301.

David Borthwick.  Spectral Theory of Infinite-Area Hyperbolic Surfaces.
Progress in Mathematics. Birkhauser Cham, 2nd edition, 2016.

115


https://doi.org/10.4007/annals.2008.168.435
https://doi.org/10.4007/annals.2008.168.435
https://doi.org/10.1007/s00023-006-0311-7
https://doi.org/10.1007/s00208-011-0708-6
https://doi.org/10.1007/s00208-011-0708-6
https://onlinelibrary.wiley.com/doi/abs/10.1002/cpa.20150
https://onlinelibrary.wiley.com/doi/abs/10.1002/cpa.20150
https://doi.org/10.1007/BF02028444
https://doi.org/10.3934/jmd.2007.1.301

116

Bibliography

[BS17]

[CAVS5]

[DDZ14]

[DFG15]

[DGT5]

[DHT72]

[DZ13]

[DZ19]

[EFK*95]

[EK76]

Matthew Blair and Christopher Sogge. Logarithmic improvements in LP
bounds for eigenfunctions at the critical exponent in the presence of non-
positive curvature. Inventiones mathematicae, 217, 2017. URL: https:
//doi.org/10.1007/s00222-019-00873-6.

Yves Colin de Verdiere. Ergodicité et fonctions propres du Laplacien. Com-
munications in Mathematical Physics, 102(3):497-502, 1985. URL: https:
//doi.org/10.1007/BF01209296.

Kiril Datchev, Semyon Dyatlov, and Maciej Zworski. Sharp polynomial bounds
on the number of Pollicott—Ruelle resonances. Ergodic Theory and Dynami-
cal Systems, 34(4):1168-1183, 2014. URL: https://doi.org/10.1017/etds.
2013.3.

Semyon Dyatlov, Frédéric Faure, and Colin Guillarmou. Power spectrum of
the geodesic flow on hyperbolic manifolds. Analysis & PDE, 8(4):923-1000,
2015. URL: https://doi.org/10.2140/apde.2015.8.923.

Johannes Duistermaat and Victor Guillemin. The spectrum of positive elliptic
operators and periodic bicharacteristics. Inventiones mathematicae, 29(1):39—
79, 1975. URL: https://doi.org/10.1007/BF01405172.

Johannes Duistermaat and Lars Hormander. Fourier integral operators. II.
Acta Mathematica, 128:183-269, 1972. URL: https://doi.org/10.1007/
BF02392165.

Semyon Dyatlov and Maciej Zworski. Dynamical zeta functions for Anosov
flows via microlocal analysis. Annales Scientifiques de [ Ecole Normale
Supérieure, 49, 2013. URL: https://doi.org/10.24033/asens.2290.

Semyon Dyatlov and Maciej Zworski. Mathematical Theory of Scattering Res-
onances. Graduate Studies in Mathematics. American Mathematical Society,
2019.

Bruno Eckhardt, Shmuel Fishman, Jonathan Keating, Oded Agam, Jorg Main,
and Kirsten Miiller. Approach to ergodicity in quantum wave functions.
Physical Review E, 52(6):5893-5903, 1995. URL: https://doi.org/10.1103/
PhysRevE.b52.5893.

Masaaki Eguchi and Atsutaka Kowata. On the Fourier transform of rapidly
decreasing functions of LP type on a symmetric space. Hiroshima Math.
J., 6(1):143-158, 1976. URL: http://projecteuclid.org/euclid.hmj/
1206136454.


https://doi.org/10.1007/s00222-019-00873-6
https://doi.org/10.1007/s00222-019-00873-6
https://doi.org/10.1007/BF01209296
https://doi.org/10.1007/BF01209296
https://doi.org/10.1017/etds.2013.3
https://doi.org/10.1017/etds.2013.3
https://doi.org/10.2140/apde.2015.8.923
https://doi.org/10.1007/BF01405172
https://doi.org/10.1007/BF02392165
https://doi.org/10.1007/BF02392165
https://doi.org/10.24033/asens.2290
https://doi.org/10.1103/PhysRevE.52.5893
https://doi.org/10.1103/PhysRevE.52.5893
http://projecteuclid.org/euclid.hmj/1206136454
http://projecteuclid.org/euclid.hmj/1206136454

Bibliography 117

[ENO1]

[Fel05]

[FFO3]

[FPS6]

[FS10]

[FT13a]

[FT13b]

[FT15]

[FT23]

[FT24]

[GH24]

Klaus-Jochen Engel and Rainer Nagel. One-parameter semigroups for linear
evolution equations. Semigroup Forum, 63(2):278-280, 2001. URL: https:
//doi.org/10.1007/s002330010042.

Raluca Felea. Composition of Fourier integral operators with fold
and blowdown singularities. Communications in Partial Differential
FEquations, 30(12):1717-1740, 2005.  URL: https://doi.org/10.1080/
03605300500299968.

Livio Flaminio and Giovanni Forni. Invariant distributions and time averages
for horocycle flows. Duke Mathematical Journal, 119(3):465-526, 2003. URL:
https://doi.org/10.1215/S0012-7094-03-11932-8.

Mario Feingold and Asher Peres. Distribution of matrix elements of chaotic
systems. Physical Review A, 34(1):591-595, 1986. URL: https://doi.org/
10.1103/PhysRevA.34.591.

Frédéric Faure and Johannes Sjostrand. Upper bound on the density of Ruelle
resonances for Anosov flows. Communications in Mathematical Physics, 308,
2010. URL: https://doi.org/10.1007/s00220-011-1349-z.

Frédéric Faure and Masato Tsujii. Band structure of the Ruelle spectrum
of contact Anosov flows. Comptes Rendus. Mathématique. Académie des Sci-
ences, Paris, 351, 2013. URL: https://doi.org/10.1016/j.crma.2013.04.
022.

Frédéric Faure and Masato Tsujii. The semiclassical zeta function for geodesic
flows on negatively curved manifolds. Inventiones mathematicae, 2013. URL:
https://doi.org/10.1007/500222-016-0701-5.

Frédéric Faure and Masato Tsujii. Prequantum transfer operator for symplec-
tic Anosov diffeomorphism. Asterisque, 2015-January(375):1-237, 2015.

Frédéric Faure and Masato Tsujii. Fractal Weyl law for the Ruelle spectrum
of Anosov flows. Annales Henri Lebesque, 6:331-426, 2023. URL: https:
//ahl.centre-mersenne.org/articles/10.5802/ahl.167/.

Frédéric Faure and Masato Tsujii. Micro-local analysis of contact Anosov
flows and band structure of the Ruelle spectrum. Comm. Amer. Math. Soc.,
4(15):641-745, 2024.

Antoine Gansemer and Andrew Hassell. Geodesic flow and decay of traces
on hyperbolic surfaces. preprint, 2024. URL: https://doi.org/10.48550/
arXiv.2402.00230.


https://doi.org/10.1007/s002330010042
https://doi.org/10.1007/s002330010042
https://doi.org/10.1080/03605300500299968
https://doi.org/10.1080/03605300500299968
https://doi.org/10.1215/S0012-7094-03-11932-8
https://doi.org/10.1103/PhysRevA.34.591
https://doi.org/10.1103/PhysRevA.34.591
https://doi.org/10.1007/s00220-011-1349-z
https://doi.org/10.1016/j.crma.2013.04.022
https://doi.org/10.1016/j.crma.2013.04.022
https://doi.org/10.1007/s00222-016-0701-5
https://ahl.centre-mersenne.org/articles/10.5802/ahl.167/
https://ahl.centre-mersenne.org/articles/10.5802/ahl.167/
https://doi.org/10.48550/arXiv.2402.00230
https://doi.org/10.48550/arXiv.2402.00230

118

Bibliography

[GHW18]

[GHW21]

[GLP12]

[GS94]

[GS02]

[GZ97]

[Han15]

[Hel74]

[Hel81]

[HH10]

[HHS12]

Colin Guillarmou, Joachim Hilgert, and Tobias Weich. Classical and quantum
resonances for hyperbolic surfaces. Mathematische Annalen, 370(3):1231-1275,
2018. URL: https://doi.org/10.1007/s00208-017-1576-5.

Colin Guillarmou, Joachim Hilgert, and Tobias Weich. High frequency limits
for invariant Ruelle densities. Annales Henri Lebesgue, 4:81-119, 2021. URL:
http://www.numdam.org/articles/10.5802/ahl.67/.

Paolo Giulietti, Carlangelo Liverani, and Mark Pollicott. Anosov flows and
dynamical zeta functions. Annals of Mathematics, 178, 2012. URL: https:
//doi.org/10.4007/annals.2013.178.2.6.

Alain Grigis and Johannes Sjostrand. Microlocal Analysis for Differential Op-
erators: An Introduction. London Mathematical Society Lecture Note Series.
Cambridge University Press, Cambridge, 1994. URL: https://doi.org/10.
1017/CB09780511721441.

Allan Greenleaf and Andreas Seeger. Oscillatory and Fourier integral op-
erators with degenerate canonical relations.  Publicacions Matematiques,
46(Extra):93-141, 2002. URL: http://eudml.org/doc/41609.

Laurent Guillope and Maciej Zworski. Scattering asymptotics for Riemann
surfaces. Annals of Mathematics, 145(3):597-660, 1997. URL: http://www.
jstor.org/stable/2951846.

Xiaolong Han. Small scale quantum ergodicity in negatively curved man-
ifolds.  Nonlinearity, 28(9):3263, 2015. URL: https://doi.org/10.1088/
0951-7715/28/9/3263.

Sigurdur Helgason. Eigenspaces of the Laplacian; integral representations and
irreducibility. Journal of Functional Analysis, 17(3):328-353, 1974. URL:
https://doi.org/10.1016/0022-1236(74)90045-7.

Sigurdur Helgason. Topics in harmonic analysis on homogeneous spaces.
Boston : Birkhauser, 1981.

Andrew Hassell and Luc Hillairet. Ergodic billiards that are not quantum
unique ergodic. Annals of Mathematics, 171(1):605-618, 2010. URL: http:
//www.jstor.org/stable/27799214.

Sonke Hansen, Joachim Hilgert, and Michael Schroder. Patterson—Sullivan
distributions in higher rank. Mathematische Zeitschrift, 272(1):607-643, 2012.
URL: https://doi.org/10.1007/s00209-011-0952-1.


https://doi.org/10.1007/s00208-017-1576-5
http://www.numdam.org/articles/10.5802/ahl.67/
https://doi.org/10.4007/annals.2013.178.2.6
https://doi.org/10.4007/annals.2013.178.2.6
https://doi.org/10.1017/CBO9780511721441
https://doi.org/10.1017/CBO9780511721441
http://eudml.org/doc/41609
http://www.jstor.org/stable/2951846
http://www.jstor.org/stable/2951846
https://doi.org/10.1088/0951-7715/28/9/3263
https://doi.org/10.1088/0951-7715/28/9/3263
https://doi.org/10.1016/0022-1236(74)90045-7
http://www.jstor.org/stable/27799214
http://www.jstor.org/stable/27799214
https://doi.org/10.1007/s00209-011-0952-1

Bibliography 119

[Hor68]

[HorT71]

[Ho103)]

[Hor07]

[Hor09)

[HR15

[HR16]

[HS09]

[HT12]

[Ivr80]

[Jako7]

[Liv04]

Lars Hormander. The spectral function of an elliptic operator. Acta Mathe-
matica, 121(1):193-218, 1968. URL: https://doi.org/10.1007/BF02391913.

Lars Hormander. Fourier integral operators. I. Acta Mathematica,
127(none):79-183, 1971. URL: https://doi.org/10.1007/BF02392052.

Lars Hormander. The Analysis of Linear Partial Differential Operators I:
Distribution Theory and Fourier Analysis. Classics in Mathematics. Springer
Berlin, Heidelberg, 2003.

Lars Hormander. The Analysis of Linear Partial Differential Operators III:
Pseudo-Differential Operators. Classics in Mathematics. Springer Berlin Hei-
delberg, 2007.

Lars Hormander. The Analysis of Linear Partial Differential Operators IV:
Fourier Integral Operators. Classics in Mathematics. Springer Berlin Heidel-
berg, 2009.

Hamid Hezari and Gabriel Rivere. Quantitative equidistribution properties
of toral eigenfunctions. Journal of Spectral Theory, 7, 2015. URL: https:
//doi.org/10.4171/JST/169.

Hamid Hezari and Gabriel Riviere. Lp norms, nodal sets, and quantum
ergodicity.  Advances in Mathematics, 290:938-966, 2016. URL: https:
//doi.org/10.1016/j.aim.2015.10.027.

Joachim Hilgert and Michael Schroeder. Patterson—Sullivan distributions for
rank one symmetric spaces of the noncompact type. preprint, 2009. URL:
https://doi.org/10.48550/arXiv.0909.2142.

Andrew Hassell and Melissa Tacy. Improvement of eigenfunction estimates on
manifolds of nonpositive curvature. Forum Mathematicum, Volume 27, 2012.
URL: https://doi.org/10.1515/forum-2012-0176.

Victor Ivrii. Second term of the spectral asymptotic expansion of the Laplace-
Beltrami operator on manifolds with boundary. Functional Analysis and Its
Applications, 14(2):98-106, 1980.

Dmitri Jakobson. Equidistribution of cusp forms on psly(z)\psly(r). Annales
de UInstitut Fourier, 47(3):967-984, 1997. URL: http://www.numdam.org/
articles/10.5802/aif.1588/.

Carlangelo Liverani. On contact Anosov flows. Annals of Mathematics,
159(3):1275-1312, 2004. URL: http://www.jstor.org/stable/3597178.


https://doi.org/10.1007/BF02391913
https://doi.org/10.1007/BF02392052
https://doi.org/10.4171/JST/169
https://doi.org/10.4171/JST/169
https://doi.org/10.1016/j.aim.2015.10.027
https://doi.org/10.1016/j.aim.2015.10.027
https://doi.org/10.48550/arXiv.0909.2142
https://doi.org/10.1515/forum-2012-0176
http://www.numdam.org/articles/10.5802/aif.1588/
http://www.numdam.org/articles/10.5802/aif.1588/
http://www.jstor.org/stable/3597178

120

Bibliography

[LR17]

[LS95]

[LS04]

[MP49]

[MT85]

[NZ15]

[Ota98]

[PPO1]

[Rat87]

[RS80)

[RT10]

Stephen Lester and Zeév Rudnick. Small scale equidistribution of eigenfunc-
tions on the torus. Communications in Mathematical Physics, 350(1):279-300,
2017. URL: https://doi.org/10.1007/s00220-016-2734-4.

Wenzhi Luo and Peter Sarnak. Quantum ergodicity of eigenfunctions on
psly(Z)/H?. Publications Mathématiques de I'IHES, 81:207-237, 1995. URL:
http://www.numdam.org/item/PMIHES_1995__81__207_0/.

Wenzhi Luo and Peter Sarnak. Quantum variance for Hecke eigenforms. An-
nales scientifiques de I’Ecole Normale Supérieure, 37(5):769-799, 2004. URL:
http://www.numdam.org/articles/10.1016/j.ansens.2004.08.001/.

Subbaramiah Minakshisundaram and Ake Pleijel. Some properties of the
eigenfunctions of the Laplace-operator on Riemannian manifolds. Canadian
Journal of Mathematics, 1(3):242-256, 1949. URL: https://doi.org/10.
4153/CIM-1949-021-5.

Richard Melrose and Michael Taylor. Near peak scattering and the cor-
rected Kirchhoff approximation for a convex obstacle. Advances in Mathemat-
ics, 55(3):242-315, 1985. URL: https://doi.org/10.1016/0001-8708(85)
90093-3.

Stéphane Nonnenmacher and Maciej Zworski. Decay of correlations for nor-
mally hyperbolic trapping. Inventiones mathematicae, 200(2):345-438, 2015.
URL: https://doi.org/10.1007/s00222-014-0527-7.

Jean-Pierre Otal. Sur les fonctions propres du Laplacien du disque hyper-
bolique. Comptes Rendus de I’Académie des Sciences - Series I - Mathematics,
327(2):161-166, 1998. URL: https://doi.org/10.1016/S0764-4442(98)
80081-5.

Samuel Patterson and Peter Perry. The divisor of Selberg’s zeta function for
Kleinian groups. Duke Mathematical Journal, 106(2):321-390, 2001. URL:
https://doi.org/10.1215/S0012-7094-01-10624-8.

Marina Ratner. The rate of mixing for geodesic and horocycle flows. Ergodic
Theory and Dynamical Systems, 7(2):267-288, 1987. URL: https://doi.org/
10.1017/S0143385700004004.

Michael Reed and Barry Simon. Methods of Modern Mathematical Physics:

Functional Analysis, volume 1. Academic Press, 1st edition, 1980.

Michael Ruzhansky and Ville Turunen. Quantization of pseudo-differential op-
erators on the torus. Journal of Fourier Analysis and Applications, 16(6):943—
982, 2010. URL: https://doi.org/10.1007/s00041-009-9117-6.


https://doi.org/10.1007/s00220-016-2734-4
http://www.numdam.org/item/PMIHES_1995__81__207_0/
http://www.numdam.org/articles/10.1016/j.ansens.2004.08.001/
https://doi.org/10.4153/CJM-1949-021-5
https://doi.org/10.4153/CJM-1949-021-5
https://doi.org/10.1016/0001-8708(85)90093-3
https://doi.org/10.1016/0001-8708(85)90093-3
https://doi.org/10.1007/s00222-014-0527-y
https://doi.org/10.1016/S0764-4442(98)80081-5
https://doi.org/10.1016/S0764-4442(98)80081-5
https://doi.org/10.1215/S0012-7094-01-10624-8
https://doi.org/10.1017/S0143385700004004
https://doi.org/10.1017/S0143385700004004
https://doi.org/10.1007/s00041-009-9117-6

Bibliography 121

[Sar93]

[Sch05]

[Sch10]

[Shn74]

[Sogl15]

[Sog18]

[SZW19]

[Tsul0]

[Tsul2]

[Ze136]

[Zel87]

[Zel94]

Peter Sarnak. Lectures on arithmetic quantum chaos. (Blythe and Schur
lectures), 1993. URL: https://publications.ias.edu/sites/default/
files/Arithmetic’%20Quantum)b20Chaos.pdf.

Roman Schubert.  Upper bounds on the rate of quantum ergodicity.
Annales Henri Poincare, 7, 2005. URL: https://doi.org/10.1007/
s00023-006-0277-5.

Michael Schroder. Patterson-Sullivan distributions for symmetric spaces of the
noncompact type. PhD thesis, Veroffentlichungen der Universitat, 2010. URL:
https://doi.org/10.48550/arXiv.1012.1113.

Alexander Shnirelman. Ergodic properties of eigenfunctions. Uspekhi Mat.
Nauk 29, 180(6):181-182, 1974.

Christopher Sogge. Improved critical eigenfunction estimates on manifolds
of nonpositive curvature. Mathematical Research Letters, 24, 2015. URL:
https://doi.org/10.4310/MRL.2017.v24.n2.al4.

Christopher Sogge. Fourier Integrals in Classical Analysis. Cambridge Tracts

in mathematics. Cambridge University Press, 2nd edition, 2018.

Peter Sarnak, Peng Zhao, and Michael Woodbury. The quantum variance
of the modular surface. Annales Scientifiques de I’Ecole Normale Superieure,
52(5):1155-1200, 2019. URL: https://doi.org/10.24033/asens.2406.

Masato Tsujii. Quasi-compactness of transfer operators for contact Anosov
flows. Nonlinearity, 23(7):1495, 2010. URL: https://doi.org/10.1088/
0951-7715/23/7/001.

Masato Tsuji. Contact Anosov flows and the Fourier—Bros—lagolnitzer trans-
form. Ergodic Theory and Dynamical Systems, 32(6):2083-2118, 2012. URL:
https://doi.org/10.1017/50143385711000605.

Steven Zelditch. Pseudo-differential analysis on hyperbolic surfaces. Journal of
Functional Analysis, 68(1):72-105, 1986. URL: https://doi.org/10.1016/
0022-1236(86)90058-3.

Steven Zelditch. Uniform distribution of eigenfunctions on compact hyperbolic
surfaces. Duke Mathematical Journal, 55(4):919-941, 1987. URL: https:
//doi.org/10.1215/50012-7094-87-05546-3.

Steven Zelditch. On the rate of quantum ergodicity. I. Upper bounds. Com-
munications in Mathematical Physics, 160(1):81-92, 1994.


https://publications.ias.edu/sites/default/files/Arithmetic%20Quantum%20Chaos.pdf
https://publications.ias.edu/sites/default/files/Arithmetic%20Quantum%20Chaos.pdf
https://doi.org/10.1007/s00023-006-0277-5
https://doi.org/10.1007/s00023-006-0277-5
https://doi.org/10.48550/arXiv.1012.1113
https://doi.org/10.4310/MRL.2017.v24.n2.a14
https://doi.org/10.24033/asens.2406
https://doi.org/10.1088/0951-7715/23/7/001
https://doi.org/10.1088/0951-7715/23/7/001
https://doi.org/10.1017/S0143385711000605
https://doi.org/10.1016/0022-1236(86)90058-3
https://doi.org/10.1016/0022-1236(86)90058-3
https://doi.org/10.1215/S0012-7094-87-05546-3
https://doi.org/10.1215/S0012-7094-87-05546-3

122 Bibliography

[Zel09a]  Steven Zelditch. Local and global analysis of eigenfunctions. preprint, 2009.
URL: https://doi.org/10.48550/arXiv.0903.3420.

[Zel09b]  Steven Zelditch.  Recent developments in mathematical quantum chaos.
preprint, 2009. URL: https://doi.org/10.48550/arXiv.0911.4312.

[Zwol2]  Maciej Zworski. Semiclassical Analysis. The American Mathematical Society,
2012.


https://doi.org/10.48550/arXiv.0903.3420
https://doi.org/10.48550/arXiv.0911.4312

	Introduction
	Background and motivation.

	Preliminaries
	Hyperbolic space, metric, volume form, dynamics.
	Harmonic analysis on D.
	Helgason-Fourier transform and Zelditch pseudodifferential calculus on D

	Helgason's hyperbolic Fourier Transform, Zelditch's pseudodifferential calculus and Anantharaman-Zelditch's intertwining operator
	Introduction
	Deriving the L2(D) theory of the Helgason-Fourier transform via the spectral theorem.
	The hyperbolic scattering matrix and symbols.
	Scattering as the matrix map from the Fourier basis of non-Euclidean plane waves with r>0 to r<0.
	Contrasting the hyperbolic scattering matrix with the Euclidean scattering matrix, and comments on the Weyl symmetry of a symbol.

	Hyperbolic Wigner distributions
	Wigner transform as a unitary map.

	Patterson-Sullivan distributions
	Defining the Patterson-Sullivan distributions
	Patterson-Sullivan distribution as a unitary map.

	Intertwining the classical and quantum flows on the hyperbolic disk.
	Constructing the intertwining operator and its inverse as oscillatory integrals.


	Canonical relation of the intertwining operator
	Introduction
	Examples of canonical relations for certain other operators of interest.
	The Euclidean intertwining operator.
	Pullback by the geodesic flow on the upper half plane.

	Canonical relation for the intertwining operator.
	The canonical relation of the map M*.
	The canonical relation of the intertwining operator.

	Comments on the structure of the canonical relation of the intertwining operator.
	The left projection.
	The right projection.


	Geodesic flow and decay of traces on hyperbolic surfaces
	Introduction
	Statement of the result
	Helgason boundary values of eigenfunctions.
	Faure-Sjöstrand anisotropic Sobolev spaces
	The Proof

	Quantum correlations and small scale quantum ergodicity on the torus
	Introduction
	Weyl quantisation and quantum variances on the torus.
	Small scale quantum ergodicity.
	The Proof.
	Case 1: k=(0,0) and m=(0,0).
	Case 2: k=(0,0) and m=(0,0).
	Case 2.1: =0.
	Case 2.2: =0.


	Conclusion
	Concluding remarks.

	Bibliography

