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Abstract

Linear mixed models and factor analytic mixed models are routinely applied to
biological data arising from designed experiments. . The preferred method for esti-
mating the parameters associated with these models is residual maximum likelihood
(REML). Most statistical software packages available for the REML estimation of
parameters associated with linear mixed models and factor analytic mixed models
implement a Newton-Raphson type algorithm such as the expected information al-
gorithm or the average information algorithm. There are two problems with these
algorithms. Firstly, successive iterations of these algorithms are not guaranteed
to increase the residual log-likelihood function. Secondly, parameter updates may
not remain in their parameter space. Either may result in the algorithm failing to
converge to a solution.

The REML expectation maximisation (REML EM) algorithm and the parameter
expanded version of this algorithm (REML PX EM) are alternatives to Newton-
Raphson type algorithms. Features of these two algorithms are that the residual log-
likelihood may not decrease with successive iterations and parameter updates remain
in their parameter space. Before the REML EM or REML PX EM algorithm can
be considered practical alternatives to Newton-Raphson type algorithms two issues
need to be addressed. Firstly, they can be notoriously slow to converge, particularly
the REML EM algorithm. Secondly, compared to the average information algorithm,
current implementations of these two algorithms are computationally more expensive
at each iterate. This increased computational expense relates to calculating the trace
of a matrix of the same order as the length of the observed data vector.

This thesis addresses the issues of speed and computational efficiency of the REML
EM and REML PX EM algorithms for linear mixed models and factor analytic mixed
models. The REML EM and REML PX EM algorithms require specification of the
incomplete and missing data. A new specification of the incomplete data for linear
mixed models and factor analytic mixed models is introduced which is shown be
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computationally more efficient and we describe the conditions under which this new
specification will have a faster rate of convergence. For factor analytic mixed models,
model specification, a new parameter expansion, a new missing data specification,
and the efficacy of using a less stringent stopping rule are considered. In an example
plant breeding data set and in a simulation study it is shown that these innovations
can drastically reduce the number of iterations to convergence.

The improvements to the REML EM and REML PX EM algorithms presented
in this thesis make these two algorithms, particularly the latter, more likely to
be implemented alongside Newton-Raphson type algorithms in statistical software
packages for linear mixed models and factor analytic mixed models. In such a
situation this would provide users of these models a viable alternative in the event
of a Newton-Raphson type algorithm failing.
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Chapter 1
EM algorithm introduction

In this chapter we describe the EM algorithm in general terms, i.e., in terms which
are not specific to linear mixed models or factor analytic mixed models. In particular
we provide a derivation of the EM algorithm, introduce the missing information
principle, describe a method for calculating the observed information matrix and
for computing the rate of convergence of an EM algorithm. The rate of convergence
will be used to compare two different REML EM algorithms for the linear mixed
model in a later chapter.

1.1 A brief history of the EM algorithm

The term “EM algorithm” first appeared in the Dempster, Laird, and Rubin paper
published in the Royal Statistical Society Series B journal in 1977 (Dempster et al.,
1977). However, as noted by Dempster et al. (1977) a number of other authors had
contributed to the underlying theory and method prior to their famous paper.

This history of papers with an EM flavour earlier than the Dempster et al. (1977)
paper is hardly surprising as the EM algorithm was developed to compute maximum
likelihood estimates from incomplete data - a problem of great practical interest.
However, this previous work does not detract from the importance of the Dempster
et al. (1977) paper. McLachlan and Krishnan (1997) note that it was in this paper
that

ideas were synthesized, a general formulation of the EM algorithm established,

its properties investigated, and a host of traditional and nontraditional appli-
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CHAPTER 1. EM ALGORITHM INTRODUCTION

cations indicated.

The EM algorithm’s popularity can be attributed to the number of problems that
fall under the “incomplete data” umbrella. Besides the obvious cases where there
are missing values in the data, a large number of problems can be formulated as
incomplete data problems even though the incompleteness of the data is not imme-
diately obvious. Linear mixed models, which are the subject of this thesis, are one
such example.

1.2 EM algorithm derivation

The EM algorithm is an iterative optimisation method for computing maximum
likelihood estimates (and residual or restricted maximum likelihood estimates) in
cases where the observed data can be considered incomplete. The EM algorithm
derives its name from two steps that are performed at each iteration. These are an
expectation step (E-step) which is followed by a maximisation step (M-step).

There are a number of ways in which the EM algorithm can be derived. We present
the traditional approach presented in the Dempster et al. (1977) paper. We will
consider the observed data vector ¥y, = (Yo,, .-+, Yo, ). as incomplete and a random
sample from a distribution having a probability density function that is parame-
terised by @ = (64, ...,04)T, a vector of unknown parameters with parameter space
©®. It is assumed that there exists a complete data vector y,. which consists of the
observed data vector and the missing data vector y,,, i.e., y. = (y1,yL)T.

Define the density function for the complete data vector as

fWes0) = f(Y,, Ym; 0).

If we let S(y,,) denote the sample space of y,,, the density function for the observed
data vector can be expressed as

9(y,;0) = / FWYor Ym; 0)dY,,.
S(Ym)

The density function for the observed data vector can also be defined in terms of
the complete data vector and a conditional density function, i.e.,

2



CHAPTER 1. EM ALGORITHM INTRODUCTION

oy f W Y 0)
90ei0) = Fy Ty 0)
Taking natural logarithms we have
10g{9(y,;0)} = log{f (Yo, Ym; )} — log{k(y,,|y,;0)} (1.1)
£(0;y,) =log{f(y.; 0)} —log{k(y,|y,;0)}, (1.2)

where £(0;y,) = log{g(y,; @)} is a log-likelihood function based on the observed
data and which will be referred to as the observed data log-likelihood function. Note
that the log-density function log{f(y.;8)} cannot be referred to as a log-likelihood
function as y,,, is not observed. Maximum likelihood estimates for @ are obtained
by finding values of 8 that maximize ¢(6;y,), i.e.,

0 = arg max £6;y,).

The problem is that 6 is often difficult to compute. The EM algorithm approaches
this problem by finding the maximum likelihood estimate of @ indirectly by consid-
ering the complete data log-density function, i.e., log{f(y.;@)}. As this function is
unobservable it is replaced with the current conditional expectation of log{f(y.; 0)}
given the observed data y, and the current estimate of 8.

Let the w-th iterate of @ be denoted #®). Multiplying both sides of (1.2) by
k(y,,|y,; 8™)) and integrating with respect to y,, we have

£6:y,) = Q(6;6") — H(6;6™), (1.3)

where

Q8;0™)) = /S ( )log{f(yo,ym;e)}k(ymiyo;e‘w))dym,
Ym

H(0,0™) = / gl . O) (. 0
Ym

The E and M-steps of the EM algorithm can be written

3



CHAPTER 1. EM ALGORITHM INTRODUCTION

E-step: Calculate Q(6;0™) = / 108{f (Yo Yrm; 0) (Y| Yo; 6™y,
S(Ym)

= Ellog{f(y.;0)}y.; 0"
M-step: @Y = argmng(H,O(w)).

Although we have ignored the H(.) function we can form a bound on the difference
H(OW 9 — (6™ 9™) through the use of Jensen’s inequality. Forming this
bound enables us to show that each successive iteration of the EM algorithm does not
decrease the observed data log-likelihood function and that iteratively maximising
Q(0; 0™ will maximise £(0;y,). This attribute of not decreasing the observed data
log-likelihood with successive iterations is known as monotonic convergence. For the
EM algorithm

H(O™, 0)) — H(O™, ™) = / log {k(Ym|Yo; 0“ TN} e(Yomly,; 0™ dy,,
S(Ym)

- /S - Log { k(Y |¥o; 0N oY, yo; 0Ny, ,
Ym

. p{w+1)
= / log | “Wml¥i @ @ )}k(ymlyo;e(‘“’)dym
S(Wm) k(YmlYo; 6°)

k(Ymlyo; 64 w
< log / (Wl ) )-k(ymlyo;G( Ny,
S(Ym) k(ym|yo; 0 )

= log{ / k(ymlyo;e"‘”*”)dym}
S(Ym)
— 0, (1.4)

where the inequality in (1.4) is a result of Jensen’s inequality. It follows that

—{H(O™; 0™ — H(O™;0™)} > 0. (1.5)

The inequality (1.5) becomes relevant if we consider finding 8™V such that

4



CHAPTER 1. EM ALGORITHM INTRODUCTION

UCRARE yo) > £(6™;y,)

QO™ g H(OWY, ) > 9(8™); 6™)) — H(O™; 6™))

QO™*D;6%) — Q(6™);0™)) — {H(6™*;6")) — H(6™);6™)} 2 0.
(1.6)

W) —
) -

The inequality presented in (1.6) is positive for any 8™+ if

Q(g(w+1); 0(“’)) _ Q(B(“’); g(w)) > 0.

Choosing 8™+ such that Q(0;0™) is maximised for fixed 8™ is the M-step of
the EM algorithm and it follows that

00™t;y,) > 6(0™);y,),

establishing the result that each iteration of the EM algorithm increases the observed
data log-likelihood and iteratively maximising Q(8;6)) will maximise £(8;y,).
Jensen’s inequality also appears in Wald’s proof of the consistency of maximum
likelihood estimators (Wald, 1949) and is therefore fundamental to maximum like-
lihood estimation.

A graphical illustration of iteratively maximising Q(6;0™) is provided in Figure
1.1. The main purpose of Figure 1.1 is to graphically illustrate that H(8;0®) is
maximised at @ = 6. This result is fundamental to the EM algorithm having
monotonic convergence in £(0;y,).
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Figure 1.1: Graphical illustration of the EM algorithm being used to compute a
maximum likelihood estimate of @ = o2 by iteratively maximising Q(8;0™) (for 3
iterations) and of H(8;0™)) being maximised at 8 = 8.
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1.3 Score statistic

The gradient vector of the observed data log-likelihood function is

and the gradient vector of the complete data log-density function is

S5.(y.0) = alog{f(goe, Ymi 0)}

The observed data score statistic can be expressed as the conditional expectation of
the complete data score statistic (Orchard and Woodbury, 1972), i.e.,

So(Y0; 0) = E{S:(y.;0)|y,; 0}.

This result is developed below, assuming regularity conditions that permit the in-
terchange of differentiation and integration hold. We can write

Olog{g(y,; )}
00

Z{9(y,;0)}
9(Y0; )

1 0 / }
- an 0’ m;e d m
9(Y,; 6) 59{ S, J (@0 Ymi 6)dy

1 0
= T an o) m’e d m
9(Y5,0) Jsw,) 09{f(y Y )} Y

_ / 5 1 (Yor Y 0)} f (Wor U )ty
S(Ym) f(ym Yms 0) g(yoﬂ 0) "

- / —a—[log{f(yo,ym;0)}]k(ym!yo;9)dym
S(y,) 00
- E{Sc(yc)a)’yme}

So(yo; 0) =

We can also express the observed data score statistic as

7



CHAPTER 1. EM ALGORITHM INTRODUCTION

So(yo; 9) =

8Q(6;6™)) >
00 o(w) —
0
[ g 8 05006 s
S(Ym)

(
(
_ < 25 1/ (Y0 Ymi 0)}
("
(

o(w) =@

k(Y| Yoi G(w’)dym>
S(Ym) f(ym Ym;i 0) ( I ow) — g

(ym|yo79(w> 0 { - 0)d }>
5,0 8) 0 /s<y,,,> F (Yo Ym; €)dyr, s

kj(‘?z?;njyym w))) - {g(yo’ )dym}>e<w>=e
5 19

50 (Yo; )}
9(y,;0)

dlog{g(y,; 0)}
00

as required. This result is referred to as the self-consistency property of the EM
algorithm.

1.4 Missing information principle and observed

information matrix

Often the justification for using the EM algorithm instead of another algorithm is
that the complete data log-likelihood function is easier to consider than the observed
data log-likelihood function. However, an early criticism of the EM algorithm was
that it didn’t provide an estimate of the observed information matrix and, to es-
timate this matrix, derivatives of the observed data log-likelihood function had to
be considered anyway. Two notable papers that address the issue of finding the
observed information matrix when using the EM algorithm are Louis (1982) and
Oakes (1999). We will consider the derivation of the observed information matrix
presented by Oakes (1999) where the observed information matrix can be estimated
using only derivatives of the Q(.) function. Before proceeding with the Oakes (1999)
derivation of the observed information matrix it is useful to consider the so-called

missing information principle. Beginning with the relation in (1.1) we can write
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2

90007

2

90007

2

- 0000"

[log{g(yo; a)}] = {log{f (Yor Yms 0)}]

{log{k(ymkyo; 9)}] :

Taking expectations on both sides over k(y,,|y,; @) we can write

E{1(0;9,)|Y,; 0} = E{1(6;y.)|y,; 0} — E{Im(6; y,,,)|Y,; 0}

which can be re-expressed as

10(0; yo) = IC(O, yc) - Im(0> ym)’

where the symbol Z indicates that it is a conditional expectation of an information
matrix that is being considered. The above identity has been interpreted as

observed information = complete information — missing information

which has been called the missing information principle and can be attributed to
Orchard and Woodbury (1972). We now present the Oakes (1999) derivation of
the observed information matrix using only derivatives of the Q(.) function. In
the following development the regularity conditions required for the interchange
of differentiation and integration are assumed. Consider the second order partial
derivatives,

0%(6;y,) _ 9°Q(6;6™) 0°H(6;0™)

0006" 00060T 5000*
82Q(6;0™) 0% log{k(Y,m|y.; 0)} w
= “oe00T T 50007 o 6! )} (18)

and

0%(0;y,)  0°Q(6;0™)) 0°H(6;6™))

9000 9000™" 5009
82Q(6;6™) 0*10g{k(Ymlys; )} o)
0090 & 5606 ™)” Yo: 0 ] (1.9)
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The second term on the right hand side of (1.9) can be written

B [62 log{k(Y,|y,; 0)}
0090™)"
o

0
= — o 1081k (Y |Y0; 0)}o(Yrm 0;9(“’)}d m>
89(/5(%) 59 {og{ (Ym|¥o 0)}e(Unmlyo; 0°) | dy

9 Ok(y,,ly ;9(“”)]
= — log{k(y,.|y,; 0 e dy,,
/S(ym) ae[ e{k(Ynly,; 60)} 99 ]

4 . pw)
:/ k(Y lY,; 0)} 5gm {EWimlyo: 07) )
Swn)  F(YmlYo: 0) k(g |yo; 0)

9 9
= — |log{k m 0;0 AT log{k m O;O(W) :lk m o;e(w) d m
[S(ym) 89[ gik(ymly )}} Py ) [ g{k(Ymly HEWmly )dy

Yo 9(‘”)}

k(Y| yo; 0™)dy,,

= (5 108wl O} 5oy ol 0} s ). (110

Substituting (1.10) into (1.9) and adding (1.8) and (1.9) we have

02(0;y,) _ 0°Q(6;0™) 02°Q(8;0™)
50007 00067 0606™)"
2 .
. [a log {k(Um|oi 0)}, 9<w>]
0000

-5 ( g [1ouhwnlys 0| i [0 (w6

Yo 9(“’))

(1.11)
A key result in Oakes (1999) is the identity
0 log{k(ym|yo; o(w))} (w)
— B =0 108 (il 8%} | o 108 k(g3 8°)} ||, 6
89(w) mldor 60(w)T mldor o
(1.12)

which is derived in Appendix B. Evaluating (1.11) at @ = 8 and using the identity
in (1.12) we have

10
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6™ y,) _ <82Q(0;9“”’) 82Q(e;9<“’>)> (1.13)
6=0()

00 o) 9000" 0000™"

which is the result presented by Oakes (1999). It follows that the complete and
missing information matrices are given by

82Q(6; 0™
I.(0™y,) = —<—Q£—T——)>
8600 66w

82Q(0; ™)
Im(e(w);ym) = <—Q(_TT)>
0000 0=06w) .

As noted by Oakes (1999) some noteworthy features of (1.13) are that the relation
is valid for all 8™, the second term on the right hand side can be interpreted as
the missing information, and the partitioning of the observed information matrix
into two parts may be of some benefit when the inverse of the observed information
matrix is required.

1.5 Rate of convergence

In this thesis we will be comparing EM algorithms using different complete data
specifications. One measure of algorithm performance is the number of iterations
the algorithm takes to converge. A more rigorous approach to measuring algorithm
performance is to measure the rate of convergence. For 6;, i = 1,...,d the rate of

convergence can be measured empirically using

r= lm 18 _ gD

The global rate of convergence can be measured empirically using

r = lim [0 — 6]
w—oo [|§®) — g1

or by

r=maxr; t=1,...,d.

11
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Empirical rates of convergence are orﬂy useful when considering an EM algorithm
applied to specific examples. A more general formulation of the global rate of

convergence can be derived by considering each iteration of the EM algorithm to

involve a mapping M from a set of values 8™) in © to another set of values 8**Y

also in O, i.e.,

0t = M(O™) - w=0,1,2,... .

Following the development in McLachlan and Krishnan (1997) we can say that if
6™ converges to some point 8* then 8* must satisfy

0 = M(6).

A Taylor series expansion of 0@+ = M (8™)) about 6* gives

0(w+1) — 0" ~ J(e*)(e(w) _ 0*),

where J(6*) is the d x d Jacobian matrix for M(0) = {M;(0),..., M4(8)}T
evaluated at 8 = 6%, i.e.,

OMi(6) . OMi(6)
36, 30,
J(6") = : S
OMa(8)  OMa(6)
36, 80, 0 — o~

The EM algorithm is a first order algorithm having linear convergence with rate
matrix J(6*). The global rate of convergence is the largest eigenvalue of J(60%),
denoted Apax. A small value of A\,, implies fast convergence. Dempster et al. (1977)
showed that J(6*) can be expressed as

J(O) = I.—ZI7(6%y,)L.(0%y,)
- Ic_l(a*’ yo)Im(e*; yo)
i.e., the rate of convergence is determined by the amount of missing information and

the greater the proportion of missing information the slower the rate of convergence.

Using Anax as a measure of the global rate of convergence allows us to make general

12
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comparisons regarding EM algorithms using different complete data specifications.
If we can show that Ay, for one specification is always less than that for another
specification, then all else being equal we will prefer the specification with smaller

Amax-
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Chapter 2

The linear mixed model as an
incomplete data problem and a
conditional derivation of REML

Many authors, including Dempster et al. (1977), note that it can be unclear how
estimating the parameters of a linear mixed model can be viewed as an incomplete
data problem. We present Henderson’s mixed model equations as we believe it
provides a natural starting point from which to consider an EM algorithm for the
linear mixed model. Furthermore, we use the coefficient matrix associated with
Henderson’s mixed model equations extensively in later chapters. This thesis is
concerned with the development of a REML EM algorithm for the linear mixed
model. We present the conditional derivation of REML derived by Verbyla (1990).
This derivation provides the basis for a new specification of a REML EM algorithm
for the linear mixed model considered in a later chapter and presents terminology
that will used throughout the rest of this thesis. We begin this chapter by considering
a linear mixed model specification.

2.1 Linear mixed model specification

The linear mixed model can be written as

Yy,=XB+Zu+e, (2.1)
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where y, is a n x 1 vector of observed data, 3 is a £ x 1 vector of fixed effects, X
is a n X t design matrix of full column rank, u is a b x 1 vector of random effects,
Z is an x b design matrix, and e is a n X 1 vector of residuals. It is assumed that
u and e are realisations of a random variable with the joint distribution

(2)-{(0) (5 %))

where G = G(v), R = ¢?%, and ¥ = X(¢). The vectors v and ¢ are vectors
of variance parameters associated with random effects and residuals respectively.

El

The variance matrices G, R, and ¥ are assumed to be symmetric positive definite.
The distribution of the data vector y, is therefore Gaussian with mean X3 and
variance 04, H where H = ZGZ" + R. The variance matrix H is also assumed to
be symmetric positive definite.

This specification of the linear mixed model is completely general. However, when
o? and 0% are both included in the model these two parameters are unidentifiable,
i.e., they cannot both be estimated. They are both included in the mixed model
specification to allow for different parameterisations, namely the parameter vectors
~ and ¢ can be considered as either variance components or variance ratios. The
problem of identifiability is overcome by setting at least one of them to 1. In this
thesis we will consider 0% = 1 so that the elements of v are variance components
and when X is a variance-covariance matrix the elements of ¢ are ratios relative to
o?. The joint distribution of y,, u, and e is

v, Xg3 H ZG R
~ N 0 |,|] Gz" G o (2.2)
e 0 R 0 R

Fitting the model given in (2.1) involves estimating a vector of variance parameters
k= (02,47, ¢")T and the vector of fixed effects 3.

2.2 Henderson’s mixed model equations

Charles Roy Henderson revolutionised the application of linear mixed models in the
biological sciences in two important papers in the 1950°s. In the first (Henderson,
1953) three methods, known as Method I, II, and III were presented for finding
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maximum likelihood estimates of the parameters associated with a linear mixed
model. The second (Henderson et al., 1959) presents the now famous mixed model
equations. Henderson’s mixed model equations are relevant to this thesis in two
ways. Firstly, both Henderson’s mixed model equations and a ML EM algorithm
for linear mixed models are derived by considering the same log-density function.
Secondly, the coefficient matrix associated with Henderson’s mixed model equations

and its inverse are used to compare the computational requirements of alternative
REML EM algorithms.

Henderson’s mixed model equations are derived by considering the log joint density
function of y, and w, i.e.

log{f(y,, u)} = log{f(y,|u)} +log{f(u)}.

Obtaining the conditional distribution f(y,|u) requires a well known result in multi-
variate normal statistics (Result A.1) and using the joint distribution given in (2.2).
The conditional distribution f(y,|u) is

Ylu~N(XB+ Zu,R).

We define the vector of unknown scale and location parameters as 8 = (87, kT)T

where & = (62,77, ¢")T. The log joint density function of y, and w is therefore
(excluding constants)

o f(y,us0)) = 3 [log{det(R)} + log{det(G))

+(y,— XB— Zuw) 'R (y,— XB — Zu) +u' G 'ul.
(2.3)

Maximising (2.3) with respect to 3 and u and equating to zero gives

XTR'XB-X"R'Za = XTR 'y,
ZTR'XB-(ZTR'Z+G™Y) = ZTR'y,,

which are known as Henderson’s mixed model equations. They can be written in
matrix form as
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XTR'X XTR'Z B\ ([ X"Ry,

ZTR'X G '+Z'R'Z @) \ Z'TRly,
where ,@ is the best linear unbiased estimator (BLUE) of 3 and @ is the best linear
unbiased predictor (BLUP) of u. It is convenient to define the coefficient matrix of

Hendersons mixed model equations as

ZTR'X Z'R'Z+G!
_ Cxx Cxz
Czx Czz
and the inverse of the coefficient matrix as
. ( cXX Xz )
- CZX CZZ

Using Result A.3.6 it can be shown that

(XTR‘IX XTR'Zz )

C** = (XTH'X)™, using Result A.3.7,
CcX? =c?*" = (XTH'X)"'X"H ' ZG, using Result A.3.7,
C%? =(Z"8z + G, using Result A.3.5,

where S = R™! — R'X(XTR'X)"'XTR™'. Throughout this thesis we will
define the conditional variances required for computation of the E-step in the EM
algorithm for linear mixed models in terms related to the coefficient matrix of Hen-
derson’s mixed model equations.

2.3 Missing data specification for the linear mixed

model

Dempster et al. (1977) in Section 4.4 of their paper provide an example of an EM

algorithm for a linear mixed model. They note that
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in the context of linear models...the relevance of incomplete-data concepts is
at first sight remote.

However, since Henderson’s mixed model equations are based on the joint density
function of y, and u, a natural choice for the complete data when formulating an
EM algorithm for a linear mixed model is y, = (yZ,u”)T where y, and u are the
incomplete and missing data vectors respectively. Using EM algorithm terminology,
equation (2.3) is referred to as the complete data log-density function.

It is well known that maximum likelihood estimates of variance components are
biased in small samples. Therefore, we do not present an EM algorithm for a linear
mixed model in this thesis. However, it is worth noting that considering the vector
of random effects u as the missing data is the approach taken later when we consider
two REML EM algorithms for the linear mixed model. The second of these is a new

complete data specification based on the Verbyla (1990) conditional derivation of
REML.

2.4 Conditional derivation of REML

The preferred method for estimating the parameters associated with a linear mixed
model is residual or restricted maximum likelihood (REML). The original reference |
for REML is the paper by Patterson and Thompson (1971), however the new com-
plete data specification we consider later is based on the conditional derivation of
REML presented in Verbyla (1990). The conditional derivation of REML begins by
considering the transformation

LTy _ L{yo _ Y
? Lgyo y2

where L = (L4, L) is a non-singular matrix, with L; and Ly n X t and n x (n —t)
matrices respectively, both of full-column rank and chosen to satisfy LT X = I, and
LT X = 0. It is worth noting that the n —t x 1 vector y, = Lgyo will play a key
role in the development of a new complete data specification for linear mixed models
and factor analytic mixed models. The distribution of the transformed data is

v oyl 8 L'HL, LTHL,
Y, 0 )'\ L;HL, L;HL, ||
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Following the example of Verbyla (1990) it can be shown that

L™y, ~N(L"X8,L"HL),
yily, ~ N {B, (XTH_IX)_I} )
y, ~ N (0,L{HL,).

Based on the relation

F(L Y, 0) = f(yg; K) f(y1]ys; 0),

we can equate the determinants, i.e.,

det(LTHL) = det{(XTH X)) '}det(LIHL,),
det(LTHL,) = det(LTL)det(H)det(XTH'X). (2.4)

The identity (2.4) will be useful later in the development of the residual log-likelihood
function that is most commonly presented. The log-likelihood function of LTy, can
be expressed as

€0; LTy,) = £(k;y,) + £(6;y,|ys,)- (2.5)

The conditional log-likelihood function £(8;y,|y,) is used to estimate the fixed ef-
fects, after which there is no information left for the estimation of variance parame-
ters. Therefore, the log-likelihood function associated with the marginal density of
Yy, i.e., U(K;y,) is used for the REML estimation of variance parameters and can
be expressed (excluding constants) as

—_

Ukiy) = —3|log{det(Lf HL)} + yi (LT HL,) "y (2.6)

— DN

= 5 [lostdet(ED)} + log{des(XTH X)) + 41 Py, |, (27)

where going from (2.6) to (2.7) makes use of (2.4) and Result A.3.8, i.e.,
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P = LyLITHL,)'LY
= H'-H'X(X"H'X)'X"TH™.

The expression given in (2.7) is the form of the residual log-likelihood function most
commonly presented.

Although we have concentrated on the conditional derivation of REML presented
in Verbyla (1990) it is worth noting that much earlier Kalbfleisch and Sprott (1970)
considered factorising a distribution, parameterised by two parameters of interest,
into a marginal and conditional distribution in much the same way that the likeli-
hood is factorised in Verbyla (1990).
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Chapter 3

Current REML EM algorithms for

the linear mixed model

There are two specifications of a REML EM algorithm for the linear mixed model
currently in the literature. The first and most widely used is the random effect
specification which assumes 3 is a vector of random effects with variance tending to
infinity. The random effect approach was suggested by Dempster et al. (1977) and
followed by others including Laird and Ware (1982) and Foulley et al. (2000). The
other approach is based on the expectation computed in the E-step being conditional
on the transformed observed data vector that is commonly associated with the
residual log-likelihood function. This fixed effect approach was taken by Cullis et al.
(2004) and Knight (2008). It will be shown that from a practical implementation
point of view the two approaches are equivalent.

This chapter proceeds by considering the linear mixed model specification, the com-
plete data specification, the complete data log-density function, and the conditional
distributions required in the E-step for both the random effect and fixed effect ap-
proaches. We show that the complete data log-density function and the conditional
distributions required are exactly the same for both approaches. This has not been
shown in the literature previously. This chapter ends by considering the E and M-
steps for the fixed effect approach in more detail and the complete and missing data
information matrices associated with this approach.
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3.1 Linear mixed model specification - random ef-

fect approach

The linear mixed model is specified in the same way as in Section 2.1 except that 3
is considered to be a t x 1 vector of random effects. We define the joint distribution
of y,, B, u, and e as

Y, 0 F XB ZG R
J¢; 0 BXT B 0 o0
~ N , 3.1
u 0 GZ¥ 0 G 0 (3:1)
e 0 R 0 0 R
where
F = XBX"+ZGZ"+R
= XBXT+H
and
Fl'=H'-H'XB'+XTH'X)'XTH, using Result A.3.5.

The random effect approach assumes that the variance of 3 tends to infinity, i.e.,
B! — 0. Therefore

F?' &5 H'-H'XXTH'X)'XTH,
F'! - P (3.2)

From here on we will assume that if B~ — 0 then F~! = P.
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3.2 Complete data specification - random effect

approach

Under the random effect approach the complete data is defined as y, = (yZ, 87, uT)”.
We define k = (62,77, ¢")T and note that the complete data density function can
be expressed as

fyesr) = f(y,|8,u;0% @) f(B,u;7).

Since it is assumed B and u are independent and that B™' — 0, then

F(B,u;7y) oc f(u;7).

Using (3.1) and Result A.1 it can be shown that

YolB,u~ N (XB+ Zu,R).

The complete data log-density function is therefore

log{f(y,;K)} = —% [log{det(R)} + log{det(G)} + u" G 'u
+y, — XB— Zu)" Ry, — XB— Zu)]

_ _% [log{det(R)} + log{det(G)}

+uTGu + eTR‘le] : (3.3)

which is equivalent to the log joint density function of y, and u used in deriving
Henderson’s mixed model equations. The E-step of a REML EM algorithm using the
complete data specification y, = (yZ, 8%, u”)T requires the conditional distributions
uly, and e|y,. Using (3.1) and Result A.1 we have
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uly,~N(GZ"F'y,,G-GZ'F'ZQG),

~N(GZ"Py,, G- GZ"PZQG) using (3.2),
~ N (GZ"Py,, C??) using Result A.3.10
(3.4)
and
ely, ~ N (RF'y,,R— RF'R),
~ N(RPy,,R— RPR) using (3.2),
~ N (RPy,, WC'WT)  using Result A.3.9,
(3.5)

where W = (X Z). An important feature of (3.4) and (3.5) is that the conditional
variances associated with u|y, and e|y, are b x b and n X n matrices respectively.
Therefore, the conditional variance of e|y, can require significantly more computa-
tion time than the conditional variance of u|y,.

3.3 Linear mixed model specification - fixed effect

approach

The linear mixed model is specified in the same way as in Section 2.1. Under. the
fixed effect approach we require the joint distribution of y,, u, and e given in (2.2) to
form the complete data log-density function. To form the conditional distributions
necessary for computation of the E-step we require the joint distribution of y,, wu,
and e which can be shown to be

Y, 0 LTHL, LTzG LIR
u | ~N 0|,| Gz'L, @G 0 (3.6)
e 0 RL, 0 R
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3.4 Complete data specification - fixed effect ap-

proach

Under the fixed effect approach the complete data is defined as y, = (yZ,uT)T.
We define 8 = (87, kT)T and k = (02,47, ¢")T and note that the complete data
density function can be expressed as

(Y 0) = f(y,lu; 0) f(u; 7).

Using (2.2) and Result A.1 it can be shown that

Y lu~N(XB+ Zu,R). (3.7

The complete data log-density function is therefore

08 (4 0)) = 3 [log{det(R)) + og{det(G)) + TG Mu
+y, ~ XB ~ Zu)" R (y, ~ XB ~ Zu)]
= 5 [losfdet(R)} + log{der(@)}
G R, (38)

which is exactly the same as the random effect complete data specification in (3.3).
Note that the difference between the parameterisation of the complete data log-
density under the two approaches is due to the different treatment of 3. Under
the random effect approach, the complete data log-likelihood function is parame-
terised by « and under the fixed effect approach by 8, including when we make the
substitution e =y, — X8 — Zu.

The E-step of the REML EM algorithm using the fixed effect approach requires the
conditional distributions u|y, and e|y,. Using (3.6) and Result A.1 we have

27



CHAPTER 3. CURRENT REML EM ALGORITHMS FOR THE LINEAR
MIXED MODEL

uly, ~ N{GZ"Ly(L;HL,)'L}y,,G — GZ"L,(LHL,) 'L; ZG},

~ N (G’ZTPyO, G- GZTPZG) using Result A.3.8,
~ N (GZ"Py,, C??) using Result A.3.10
(3.9)

and

ely, ~ N{RLy(L]HL;)"'L]y,,R— RL,(L; HL,) 'L} R},

~ N(RPy,,R— RPR) using Result A.3.8,
~ N (RPy,, WC'WT) using Result A.3.9.
(3.10)

Note that (3.9) and (3.10) are exactly the same as (3.4) and (3.5) respectively.
Since the complete data specification and the conditional distributions necessary for
computation of the E-step are exactly the same for the two approaches the random
effect and fixed effect approach are equivalent from a practical implementation point
of view. From here on we will only consider the fixed effect approach.

3.5 REML EM algorithm E-step

We use the superscript (P) to define yﬂp) = (yI,u")T to distinguish this com-
plete data specification and its associated @(.) function from the new complete data
specification considered later. The log-density function associated with y&”) can be
partitioned as

log{f(y{";0)} = log{f(e;0)} + log{f(u;7)}, (3.11)

where

log{f(e;0)} = —% [log{det(R)} + eTR“le] :
log{f(u;v)} = —% [log{det(G)} + uTG_lu] .
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The E-step involves taking the expectation of (3.11) over k(u|y,; ™)) where )
is the w-th iterate of k. We can write

QP (ks k™) = Ellog{f(y"; 0)}yy x]
= Eflog{/(e; 0)}ys; 6] + Ellog{f(u; 7)}Hyai 6]
= Q0% ¢; k™) + Q) (v; k™).

Upon taking the expectation of log{ f (y&”; 0) over k(u|y,; k™)) the associated Q(.)
function is now parameterised by & (and &®)). Using Result A.3.2 we can write

QP (0%, ¢y ™) = —% [log{det(R)} +e®" R1e™ 4 tr(RTWCT WT)] ,

QP (v; k™) = —% [log{det(G)} + ™" G 1a™ + tr(G1C#4Y)),

where

e = E(e]yz; n('”)) = R(w)P(w)yo, (3.12)
2™ = E(uly,; k™) = GWZTP®y,, (3.13)

This completes the E-step.

3.6 REML EM algorithm M-step

The M-step involves maximising Q) (k; k(*)) with respect to & to find an update
for k = (02,47, #")T. The partitioning of Q) (k; k™) into Q) (2, ¢; k™)) and
QP (; n(w)) simplifies the process. We have not provided an updating equation
for 3 as the maximum likelihood estimate for B3 can be obtained at the end of the
REML EM algorithm by using the generalised least squares estimate of 3. We use
the notation in (3.12) and (3.13) when considering the updating equations for o2,
Yij and dgh.
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3.6.1 Update for o2

Noting that R = 023 and differentiating Q) (02, ¢; k™)) with respect to o2 we
have

P 2 . w
aQ( )(0' ,d)»"“'( )) _ 1{ n 1 é(w)Tz—lé(w)_

— —1(w)
R PR P = W W

Equating the derivative to zero we have

w1 1 w w w
o2 E{é(“’)TE_l( e® 1 (= we Y )WT)}. (3.14)

3.6.2 Update for v,

To find an update for vz, g = 1,...,b, h =1,...,b, © > j involves differentiating
QP (v; k™) with respect to Ygn- Using Result A.4.1 and Result A.4.2 we have

290060 _ 128 g 26 a6 2 o) |
0Vgh 2 Ygh gn OVgh

The updating formula for 7, depends on the specific form of G. For a one-way
random effects model G has the simple form G = ¢2I,. In this case the updating
equation is

o-i(wﬂ) — %{ -~ (w)T,&(w) + tr(cZZ(“’)) }

3.6.3 Update for ¢;;

To find an update for ¢;;, ¢ = 1,...,n, j = 1,...,n, 4 > j involves differentiating
Q) (02, ¢; k™)) with respect to ¢;;. Noting that R = 0?3 and using Result A.4.1
and Result A.4.2 we have
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QP (2, ¢; k™) 1 ( . az) 1 Ty 0 i
. = (2 ) - e pl e
06 2 9¢s; o? o
(s Z s eewr)

0'2 5@31]

The updating equation for ¢;; depends on the specific form of ¥. In this thesis we
only consider models where 3 = I,,.

This completes the M-step.

3.7 Complete data information matrix

We use the superscript (P) when considering the complete and missing data infor-
mation matrices associated with y,‘_.”). This is done to distinguish these information
matrices from the complete and missing data information matrices associated with
the new complete data specification we consider later. The complete and missing
data information matrices are symmetric and in the interests of parsimony we only
present the upper right triangle for each.

The complete data information matrix based on ygp) is

P
l'é(a')2 )2 0 Igf"’)da

(P) (1) 4/(P)y — (P)
.7k ye ) 358 83)
IC¢,¢

where the zeroes in the complete data information matrix are due to the partitioning
of QP)(k; k™) into QP (02, ¢; k™) and QP (y; k™). Using the Oakes (1999)
result presented in (1.13) we have
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7?® _<32Q(P)(02, @; "i(w))>
k=kr®

C(s2)2 3(02)2
QP (v; k™)
< 3’75‘7 > -
a0, (F0 )
° ¢ a¢a¢ K= n(w)

(P)
< 8026¢T >K, =r®),

We present each in turn. The linear algebra involved is straightforward but tedious
and therefore is omitted.

3.7.1 Element Z, (P)

€(02)2
It can be shown that
o . 1 yTPWRWI pWly L tr(P®R™). (3.15)
C(52)2 2(0_2(441))2 (O_z(w))2 o o (O'Z(W))z

3.7.2 Elements of I((;I;Z,

Forg=1,...,b,h=1,...,bbg>handg=1,...,b,r=1,...,b, ¢ > r it can be
shown that
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7(P) _ l{tr((;-l““’ _o°G™ _) (G—ﬂw) 0G™) G-1™ BG(’”))
e 2 07y Oer s 015
T g1 oG™ o1 OG™ G_ 1) 2 ()
a’Y(W) 5’qu
+ﬁ(w)TG_1(w 5G )G 1(w) 8G G_l(w) (w)
T w ( ) w w 2 (w) w w
()T -1 3? =G5 _tr(G—l( ) 3(5 G o >>
G v Mgn' OVar
tir (G‘l(w) oG™ a1 0G™ a1 sz(w))
o sy
(w) (w)
tr (G-“’”’ ‘?G(w) G 8G(w) G c#7™ ) } (3.16)
a’YqT 679/7.

3.7.3 Elements of Z")

Co.0

Fori=1,...,n,j=1,...,n,i>jand k=1,...,n,l=1,...,n, kK > | it can be
shown that

(w)
TP 1{( 2(‘w))2yTP(w) oz R_l(w) ox'™ PWy,
a¢(w) 3@5](;)

c¢ij.¢kl 2

2,,T plw) oz )R_l(w) ax )P

2(w) (w)
+( ) Yo 8¢('w) ¢('w) Yo
(w) . 25 (w)
2T plw) % Py 4 o2 ( % P(w))
Ody;” Oy 065" Oy
» »(w) » »(w) T O @) ()
_1_(02( >)2tr{(8 - R _ 0 . P(w)) (R‘l( )0 -~ _P(w)a (w))}
a¢’kl 8¢kz a¢ij 8¢ij
(w) (w)
(o) (P gj(w) P ?9?(”) ) } (3.17)
ki ij

3.7.4 Elements of I£P2)¢
Fori=1,...,n,7=1,...,n,¢ > j it can be shown that
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(w)
(Pz)(w o %{ ZP(W)aE(w Py,
0¢;;
() - »(w)
—I-tr(a B —tr(a - P(“’))}. (3.18)
0¢; 0¢;;

This concludes the section on the complete data information matrix.

3.8 Missing data information matrix

The missing data information matrix based on yc ) and using the Oakes (1999)
result presented in (1.13) is

Ir(nlz,),Z)Z I&f)z ~ I(P)

maz)
I(P)(H(w). (P)): Z(P) T(P)
m ydc My mya
(P)
Im¢,¢

where

FQ (o, s K
I(P) _
k= kW)

802952

TP _ < 2QW) (; k) >
Mo,y OyO~ T k= R,
7(P) <8 QP (0% ¢ "?(w))>
m¢ ¢ a¢a¢(w)T Kk =@
(P) 8*Q") (o, ¢p; k™)
0-28’)/(11))T K= R(w),
(P) 82Q(P) (0- K,(w))
Ly = d020¢p™)" e = (@)
T _ <32Q(P) (v; Hf(w))>
Moy )7
00 o = (W)

We make use of Result A.4.3 and present each in turn.
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3.8.1 Element I} ,,

It can be shown that

1
(P) - - _ (w) p(w)
Im(az)Z 2(02(‘”’)2{ n -2y, PR P y
+2y7 PW pw) pw) p(w) P(“’)yo
+otr (P(w)R(w)) —tr (P(w)R(“’)P(“’) R<w>) } (3.19)

3.8.2 Elements of Ig,i)ﬁ

Forg=1,...,bbh=1,...,b,g>hand¢=1,...,b,r=1,...,b, ¢ > r it can be
shown that

_tr{ (BG(w) G _ 8_GE;2ZTP(w)Z)T (G_l(w) 88_2;% B ZTP(w)Zaaf((:)) ) }:l

(3.20)

3.8.3 Elements of Z©)

Me,¢

Fort=1,...,n,j=1,...,n,i>jand k=1,...,n,l=1,...,n, k > [ it can be
shown that
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2(w)\2 w w

e _@) 0Tp<w)‘92( ) pw) 0%

b3 Pkl 2 ¢(w) ¢(;1’)

TP(w)az * o 02

8¢(w) a¢(w) Yo
(w) (w)

OB - 9B

p(w)yo

(w) (w)

Y, P w w Yo

o0 o

7 pu) 95 oy OB )y
oo o8y
ox™) y oz T/ w05 ox™
—tr - P™ 1 }
{ ( a(ﬁ(il“) a¢§:lﬂ) ) ( 6@(;'”) agbl(_;ﬂ) ) }
(3.21)
3.8.4 Elements of ZU )2
oY
Forg=1,...,b,h=1,...,b, ¢ > h it can be shown that
7(P) _ 1 {yTP(W)ZaG ZTpW RW ply,
ma2,—ygh 20—2(“’)
7gh
+yTP(“’)R(’”)P("’)ZaG ZTpWy
oy
’th
—tr (P Z%ZTP(‘”)R(“’))} (3.22)
379

3.8.5 Elements of Ig,f)%

Fori=1,...,n,5=1,...,n,1> 7 it can be shown that
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1 ox )
7(P) = _QyTpw=__ p) pw) pw)
m62'¢ij 2 {yo ¢£;U) yO
() (w)
Ly TP R p) I py oy p 92 p),
oM R v
R (@)
—t (R—l( 9 (w)) + 2 (8 — P(w))
845@' Py
»n(w)
—tr (P(“’) a—mP("’)R(“’)> } (3.23)
0p;;

3.8.6 Elements of Iﬁ,{?lb

Forg=1,...,bbh=1,...;b,g>handt=1,...,n,5=1,...,n,% > j it can be
shown that

(w) w)
Z(P) o= _02 yTP(“’) oz P(w Z@G ZTP(w)y
Mrghsbij 2 ¢(w) a,y(w) o
P 790G 1 5w 05 p(w>y
3,),(1”) 3¢(w) 0
+r (PO (22(*”) pw zaG(w) z") } (3.24)
¢ij 8’7

This concludes the section on the missing data information matrix.

An example data set where a REML EM algorithm based on the complete data
specification y( ) = = (yI,uT)7T is considered in the next chapter where the complete

data specification y£ ) is compared to a new complete data specification.
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Chapter 4

A new REML EM algorithm for

lIinear mixed models

In this chapter we present a new REML EM algorithm for linear mixed models based
on a new specification of the complete data. This new complete data specification is
based upon the conditional derivation of REML presented by Verbyla (1990). This
specification is computationally more efficient than the complete data specification
considered in the previous chapter as the E-step under the new specification involves
computing the trace of two matrices each of order b compared to a matrix of order b
and a matrix of order n under the previously published complete data specification.
Furthermore, we provide the conditions under which the new specification has a
faster rate of convergence than the previously published specification. This chapter
concludes by comparing two REML EM algorithms applied to an example data set.
One algorithm is based on the new complete data specification and the other on the
previously published specification.

4.1 New complete data specification

We consider a linear mixed model specified in the same way as in Section 2.1. We
define a new complete data specification y) = (yZ,u”)T. This differs from the
previously published specification ¥ = (yT,uT)T by considering the incomplete
data to be the transformed observed data vector associated with the marginal log-
density function in (2.5) which is used for the REML estimation of variance param-

eters. There are a number of advantages in using the complete data specification
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y((;U). Firstly, to form the complete data log-density function only requires the joint

distribution of y, and u which can be ascertained from (3.6) but is reproduced here

v\ _nI[0 ITHL, ITZG 1
u 0)'\ cgz’L, @G | 1)

Using (2.2) and Result A.1 or by simple modification of the expectation and variance

for convenience

associated with the distribution of y |u presented in (3.7) it can be shown that

Yslu ~ N (L} Zu, LT RL,) .

The complete data log density function is therefore (excluding constants)

log{f(u";m)) = — [log{det(L RL,)) + log{det(G)}
+(y, — Zu)T'S(y, — Zu) + uTGu|, (4.2)

where

S = Ly(LYRL,) 'L}
=R'-R'XXTR'X)'XTR™. using Result A.3.8

The relationship between the complete data log density functions based on y,(;U) and

y((_»P) can be shown to be

log{f(y{";0)} =log{ f(y; K)} + log{ f (y:|y2; )},

which is similar to the relation presented in (2.5) based on the Verbyla (1990) con-
ditional derivation of REML, i.e.,

66; LTy,) = U(K;ys) + £(0; y1ya)-
This suggests that using the complete data specification y£”> would be similar to

using £(0; LTy,) for the REML estimation of variance parameters. While it is
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possible to use both for the REML estimation of variance parameters the task is

simplified when considering the complete data specification ygU) or using the residual

log-likelihood function £(k;y,). The advantages of using y,(:U) compared to ygp) are

more apparent when considering the E-step of a REML EM algorithm based on the

complete data specification yﬁU).

4.2 REML EM algorithm E-step

The complete data log-density function for ygU) can be partitioned as

log{f(y{"; k)} = log{f(L7 e; 0% &)} +log{f(u;7)},

where

log{f(Lge’ G2a ¢)} = _% [log{det(LgRL2)} + (yo - ZU)TS('yO - Z’U.) )

log{f(u;v)} = —% [log{det(G)} + uTG‘lu] :

The E-step involves taking the conditional expectation of (4.2) over k(u|yy; k™))
where k() is the w-th iterate of k. We can write

QW (k; ™) = Ellog{f(y"); k)}ys; ™
= E[log{f(Lje; 0% &)}y, &™) + Ellog{f(u;7)}yz; ]
= QU R + QU (y; ).

Using Result A.3.2 we have

. U ~ (w
QU (o? ¢y ™)) = ~3 {log{det(L:fRLﬂ} +(y, — Z&™)TS(y, — Za™)
+tr (ZTSZCZZ("”)} , (4.3)
QU (™) = —% [log{det(G),} +a®" G e + tr(c;—lczz(w))jl’

(4.4)
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where

4™ = E(ulyy; k™)) = GWZTP™y,,.

It is worth noting that Q) (~; k™)) is equivalent to Q) (v; k™)),

A feature of QW) (k;k™) is that it requires knowledge of only one conditional
distribution, namely ul|y,. This differs from the @(.) function associated with the
complete data specification yﬁp) which requires knowledge of both u|y, and elys.
This difference is notable because the @Q(.) function associated with y¥) involves
computing the traces of two matrices both of order b whereas the Q(.) function
associated with yﬁp) also involves computing the trace of two matrices, one of order
b but the other of order n. Depending on the linear mixed model being fitted the
computing time associated with ygU) can be significantly less than that associated

with y{".

Although we do not consider in this thesis models where the E-step is intractable
and where a stochastic variant of a REML EM algorithm is used to approximate the
Q(.) function, the use of the complete data specification ygU) in these cases might
be of some interest as approximating the Q(.) function would only require drawing
samples from one conditional distribution rather than the two required when using

yt".

4.3 REML EM algorithm M-step

We consider the updating equations for o2, v, and ¢;; in turn.

4.3.1 Update for o?

Noting that R = 02X and differentiating Q) (02, ¢; k™)) with respect to o? we
have

(v, — Za")U(y, — Za™)

QW (0%, ;™) 1{n—t_ 1

T9) o2 (02)2

Odo? o 2
tr(zTUZCZZ‘“”) }

(02)?
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where U = X7! — 27! X (XTZ ' X)"' X7, Equating to zero we have

S _ L {(yO_Zﬂ(w))TU(yo—Zﬁ(w))+tr(ZTUZCZZ(w))}. (4.5)

n—t
4.3.2 Update for v,
Since QYW (v; k™)) is equivalent to Q) (v; ™) the update for v, g = 1,...,b,

h=1,...,b, g > his the same as that presented in Section 3.6.2. It is reproduced
here for convenience. Differentiating Q) (v; k™)) with respect to “Ygr, We have

QP (k™) 1 (G— 3G> w7 g-19G
8’)’9h 2

G ' g ta™
879h 6f)'gh

—tr(a %8G

0v; )

The updating formula for v,, depends on the specific form of G. For a one-way
random effects model G has the simple form G = 02I,. In this case the updating
equation is

wiy 1 v
A Z{a(wfﬁ(w) + tr(CZZ‘ ))} (4.6)

4.3.3 Update for ¢;;

To find an update for ¢;;, e =1,...,n, 5 = 1,...,n, i > j involves differentiating
QW) (0?, ¢; k™)) with respect to ¢;;. Noting that R = 023 and using Result A.4.1
and Result A.4.3 we have

OQ(U)(02,¢, F.',(w)) . 1 62 1 (w\T 82 ~ (w)
5 = ——{t (Ua%) =y, — Za™) UB%U(yO—Zu )
1 T 32 7z z7w)
——tr(Z Ua%UZC )}

where U = 7! — 371 X(XTE71X)"1 X2 ! . The updating formula for ¢;; de-
pends on the specific form of . In this thesis we only consider models where
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=1,

4.4 Complete data information matrix

We use the superscript (U) when considering the complete and missing data infor-
mation matrices associated with yEU). The complete and missing data information
matrices are symmetric and in the interests of parsimony we only present the upper

right triangle for each.

The complete data information matrix based on y,(;U) is

I(U) 0 I(U)

C(02)2 C02¢

U) (). Uy — )
I (k™5 y: ) v 3})
IC¢,¢

)

where the zeroes in the complete data information matrix are due to the partitioning
of QU (k; ™)) into QW) (02, ¢p; k™)) and QW) (y; k™). Using the Oakes (1999)
result presented in (1.13) we have

70  _ _<32Q(U)(02, ¢; k) >
k= k)

C(a2y2 3(c2)?
T _ _<32Q(U) (v R(w))>

o oo™ = (@)
TW0) _ _<52Q(U)(02, ¢; ™) >

Co,0 8¢8¢T . = ()
T _ _<82Q(U)(02a ¢; ™)) >

Co d020¢” r = r(®).

We present each in turn and note any difference with their counterpart associated
with y{*
Ye -

4.4.1 Element Z.),

It can be shown that
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wy __n—t L 7 pw pe pw, _ _ L
C(2)2 - 2(02(w))2 + (o_z(w))QyoP R P yo (0_2(10))2

tr (P(“’>R("”)>. (4.7)

Comparing Ic 222 and Ic( ,2y2 We have

w0 _g» 't

C(o2)2 C(o2)2 2 (02(w> ) 2’

For t > 1 and 62™ > 0 we have the following inequality

U P
15(6)2)2 < IC((O.)Z)Z :

4.4.2 Elements of Igl

Since I(U) involves the second partial differentials of Q) (; k™)) and QW) (v; k™))

is equlvalent to Q) (v; k() then the elements for I( o, are equivalent to those for
I,(:))ﬁ which are presented in (3.16).

4.4.3 Elements of Ig{zb

Fori=1,...,n,j=1,...,n,i>jand k=1,...,n,l=1,...,n, k > [ it can be
shown that

()
0 1{( )2 7 2 6w 02 pa,,
$ij Pkl 2 3¢(w) a¢§c1l’-’)

(w) 2 waz() wax() w
+( 2 ) TP( ) o S - P )yo
Ody, 0,

_ 2w, ) _PEM Py 4 o2 (ﬂ p(w))
° ¢)(w) ¢(w) ° 8¢Sw)8¢(w)
(w) w) w) w)
+(02(w))2tr{ (82(w) S _ 82(w) ))T<5(w) 8Z(w) _ pw) 32(w) )}
() (w)
(P 2 p 2 } (4.8)
Oy el
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The difference between 79 and 7 | is that R71™ replaces S™ in three

Coij Pkt C4ij:Oki
terms in the later.

4.4.4 Elements of Igg)qb

Fori=1,...,n,7=1,...,n,1> j it can be shown that

(w)
70 _ l{yg’ p@ 92" pw),,
522 5(2) 2 3¢gy)
ox™ ox™)
+tr( o) S(‘")) - tr( o P(w)) } (4.9)
o 9¢;;
The difference between Igli)(w)¢(w) and Ié}:)(w)¢(w) is that R replaces S™) in one
[ ij o ij

trace term in the latter.

This concludes the section on the complete data information matrix.

4.5 Missing data information matrix

The missing data information matrix based on ygU) and using the Oakes (1999)
result presented in (1.13) is

U) (W), (V) ST
I, (k™Y ) = Lo, T,
)
Im¢>¢

where
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I(U) _ a Q(U) (027 d)? K’(w))
M (52)2 Ho2052™ . o)

QW (v; ™) >
Kk =rW

T < OyOy)” _

) < 8*QW (o, ¢; k™) >

it PP ™" —
TW) <32Q(U)( , ; k™)) >

Mol 0020 w)” k= r(®)
TW) <32Q(U)( , ¢; k™)) >

Mot 8o29p™)" o = ()
TW) _ <32Q(U) (v; 'ﬁ(w))>

e dy0p™" r = r(®)

We make use of Result A.4.3, Result A.3.11, Result A.3.12, Result A.3.13, Result

A.3.14 and present each in turn and note any differences with their counterpart

associated with ygp) .

4.5.1 Element Z\},,

It can be shown that

1
(P) — = ) _(n—_t) _ 99T pw pw) pw)
Im(z,z)z - 2(0’2(w))2{ (’I’L t) 2yoP R™P Y,
+2yg p(w) RW) pw) pw) p(w)yo
otr (P("’)R(“’)) —tr (P(“’) R(“’)P(“’)R(“’)) } (4.10)

Comparing Z,(nU(lz)Q and 2(7{22)2 we have

t
w P -
Im(a2>2 Im(v2)2 2 (02(w>)2 '

For t > 1 and 02™ > 0 we have the following inequality

U L 7(P)

™(;2y2 M(p2y2°
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4.5.2 Elements of ZU)

Mey,y

Since IE,EQW involves the second partial differentials of Q(¥)(v; k) and Q) (~; k™))
is equivalent to QF)(v; k™)) then the elements for IS,(QW are equivalent to those for
Iffjﬂ which are presented in (3.20).

4.5.3 Elements of Z\V)

Me,¢

Fori=1,...,.n,j=1,...,n,i>jand k=1,...,n,l=1,...,n, k> 1it can be
shown that

70 . = |
$ij> %kt 2 8¢§cw) 8(25@)

—Y, w w Yo
960 g
»(w) »(w)
_yTpw? w9 (w)

The difference between I,(,Z)ij,% and Z’(rfﬁ)ijrd’kl is that R replaces §™) in three
terms in the latter.

4.5.4 Elements of Ig{)

a2y

Forgz1,...,b,h=1,...,b,gzhitcanbeshownthat
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o  — L [ rpw 729G 1 pw) g Py
Mo2q 952" o~ °
Yo
+y. P w>R<w>P<w>zaG( — oy ZTPYy,
8’)Igh
(P(“’)ZaG ZT pw R )} (4.12)
G'yg

This is equivalent to 1'7(,11?2 .., 88 presented in (3.22).
rig

4.5.5 Elements of .’L'q(f{gz

Fori=1,...,n,5=1,...,n,¢ > j it can be shown that

o _l{ygp w)az P R ply,
e 2 ad’iy
05 Py, TP(W)a p(w)yo

+y? P® pw) pw
0¢S;”

U

(s G) v ()

L v

(w)
_tr<p(w)_aE_P(w)R(w)) } (4.13)
3¢(w)

ij

The difference between L% )2 5., and Z,(,Z )2 5. 1S that R replaces S™ in a single
1Pig "Pig
trace term in the latter.

¢

4.5.6 Elements of Igl?ﬁ

Since I, (U) , involves the second partial differentials of QW) (v; k™) and QW) (; k™)
is equlvalent to QP)(v; k™)) then the elements for I,(ff‘y , are equivalent to those for
Iﬁfj , Which are presented in (3.24).
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4.6 Comparing rates of convergence between ygU)
and ygp)

For ease of notation we define

7O = 70 ),
I(P) = I(P)( ,ng))
o = Io(n ;yo))

where k) has converged to x*. We define the rate matrices

J(U)( K*) _Id_IU)"
j(P)( *) =1, _ 7(P)

which can be written as

I, - JOw) =L,
I,— TP (k") =27,

The rate of convergence associated with the complete data specification ygU) and

yt) is Amin{Ts — T (k*)} and Apin{I4 — T (k*)} respectively (McLachlan and
Krishnan, 1997, Section 3.9.1). The term Apm,(.) refers to the minimum eigenvalue.
We aim to show

AmindTa = TO(R)} 2 Amin{ L — TP (1)}, (4.14)

, the rate of convergence of a REML EM algorithm using the complete data
spemﬁcatlon y ) is faster than the rate of convergence of a REML EM algorithm
using the complete data specification yg ). We have not been able to prove that
this inequality always holds. However, in our experience the rate of convergence
when using ye ) has always been faster than that when using y( ) By considering

a Loewner partial ordering (see Appendix C) of the complete information matrices
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associated with ygU) and y&”) we are able to present the conditions under which the
inequality in (4.14) will hold.

If we consider the difference between Z") and Z!) to be positive definite then we
can define the following Loewner partial ordering

U < 7P,

Using Corollary C.1 (a) we can write

i ACORS AL

As a consequence of Corollary C.1 (b) we have the following inequalities between
the complete data information matrices associated with ygU) and y&P)

det(ZW7) > det(ZPT), (4.15)
1 1

> , 4.16

det(ZW) ~ det(Z) (4.16)

det(Z)) < det(ZD), (4.17)

where going from (4.15) to (4.16) uses the second relation in Result A.3.3. Multi-

plying both sides of (4.17) by det(I,) and using the third relation in Result A.3.3
we have

det(Z® ) det(I,) > det(ZTP)7) det(L),
det(ZV7'L) > det(ZP7'L),

det{I; — T (")} > det{I;— TP (k"}.
As a consequence of Corollary C.1 (b) and (c) it follows that

Ak{Id — J(U)(K,*)} > AIc{Id - J(P)(K’*)};

where Ax(.) is a vector of k eigenvalues. If the k eigenvalues of I; — JY)(k*) and
I, — TP (k*) are arranged in descending order then
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/\min{Id - J(U)(F"'*)} 2 /\min{Id - J(P) (K:*)},

which concludes the proof. The key part- of the proof is the inequality in (4.17).
Elements of the complete data information matrices for both yﬁU) and ygp) can be
used to check if the difference between ZU) and T is positive definite for particular

cases.

4.7 Example: lamb weight data

We apply a REML EM algorithm using the complete data specifications y,(;U) and
y,(_-P) to the lamb weight data presented in Callanan and Harville (1991) and provided
in Table 4.1.

The data consists of birth weights (in pounds) of single-birth male lambs that are
the progeny of 62 ewes. The age of the ewes are céfcegorised into 3 groups (1 =1-2
years; 2 = 2 — 3 years; 3 = over 3 years). The lambs were sired by one of 23 rams
which belonged to 5 different population lines. A possible model for lamb birth
weight involves fitting sire as a random effect and age and line as fixed effects (along
with the overall mean). Using symbolic notation this model can be written as

weight ~ mean + age + line + sire,

where bold type is used to indicate that a term is being fitted as a random effect.
Writing this model in matrix notation we have

Yy, =XB+Zu+e,

where y, is a 62 x 1 vector of observed birth weights, 3 is a 7 x 1 vector of fixed
effects comprising the overall mean and the main effects of age and line. The 62 x 7
design matrix X is of full-column rank. The vector u is a 23 x 1 vector of random
sire effects and Z is its 62 x 23 design matrix. The vector e is a 62 x 1 vector of
residuals. We assume that w and e are independent of each other and have the
following distributions
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Table 4.1: Lamb weight data.
Sire | DAMage | Line | weight || Sire | DAMage | Line | weight
11 1 1 6.2 33 3 3 13.0
12 1 1 13.0 34 2 3 12.0
13 1 1 9.5 41 1 4 9.2
13 1 1 10.1 41 1 4 10.6
13 1 1 114 || 41 1 4 10.6
13 2 1 11.8 || 41 3 4 7.7
13 3 1 12.9 || 41 3 4 10.0
13 3 1 13.1 41 3 4 11.2
14 1 1 104 || 42 1 4 10.2
14 2 1 8.5 42 1 4 10.9
21 3 2 13.5 43 1 4 11.7
22 2 2 10.1 43 3 4 9.9
22 3 2 11.0 || 51 1 5 11.7
22 3 2 14.0 | 51 1 5 12.6
22 3 2 15.5 | 52 1 5 9.0
23 1 2 12.0 || 52 3 5 11.0
24 1 2 11.5 53 3 5 9.0
24 3 2 10.8 | 53 3 5 12.0
31 2 3 9.0 54 3 5 9.9
31 3 3 9.5 55 2 5 13.5
31 3 3 12.6 56 2 5 10.9
32 1 3 11.0 || 56 3 5 5.9
32 2 3 10.1 57 2 5 10.0
32 2 3 11.7 || 57 2 5 12.7
32 3 3 8.5 57 3 5 13.2
32 3 3 8.8 57 3 5 13.3
32 3 3 9.9 58 1 5 10.7
32 3 3 109 || 58 1 5 11.0
32 3 3 11.0 || 58 1 5 12.5
32 3 3 13.9 58 3 5 9.0
33 1 3 11.6 58 3 5 10.2
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u ~ N(0,0’ZI%),
€ ~ N(O, 02162):

so that R = 02Ig; and G = 02I53. The updating equation for o2 is provided
in (3.14) and (4.5) for ygp) and yf;U) respectively. The updating equation for o2
is provided in (4.6) and applies to both complete data specifications. We define
k = (02,057 to be the vector of variance parameters to be estimated using a
REML EM algorithm. The convergence criterion of Foulley and Van Dyk (2000)
was used so convergence is defined as being achieved on the w-th iteration if

<e, (4.18)

(,i(w+1) — n(w))T(R(w+1) — n(w))

where ¢ = 1078, Two sets of starting values were considered for both complete
data specifications. The first set of starting values were k@ = (629, 02")T =
(1,0.01)7 and the second set of starting values were k@ = (62, 62T = (1,5)7.
The statistical software package R (R Development Core Team, 2011) was used to
implement both REML EM algorithms. REML estimates of 02 and o2, denoted ¢
and o2, the number of iterations until convergence and the rate of convergence for
both complete data specifications and both sets of starting values are provided in

Table 4.2.
Table 4.2: Results for two REML EM algorithms applied to the lamb weight data.

Complete data o 02" Tterations Rate of convergence
o2 =1,02" = 0.01
ytP 2.9615972 0.5170759 1296 0.9630649
y 2.9615972 0.5170759 1296 0.9629925
0_2(0) _ 1,0_3(0) =5
ytP 2.9615966 0.5170773 342 0.9630648
)

Ye 2.9615966 0.5170773 341 0.9629924

For both sets of starting values and for both complete data specifications the ob-
served information matrix was found to be (to 4 decimal places)

. 2.6598 1.1753
L(k%y,) = ( >

1.1753 2.13448
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which can be used to calculate the standard errors associated with the REML esti-
mates of o2 and o2. It is worth noting that the empirical rate of convergence can
be used to check the rate of convergence and the observed information matrix.
Based on the rates of convergence in Table 4.2 there appears to be little to gain in
using ygU) instead of ygp). Our experience with a number of data sets is that the
difference in the rate of convergence between ygU) and y&” when using a REML
EM algorithm is only minor. However, this difference can be significant when a
parameter expanded version of the REML EM algorithm, referred to as a REML
PX EM algorithm, is implemented. We consider a REML PX EM algorithm for
both complete data specifications in the next chapter.
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Chapter 5

Two REML PX EM algorithms

for the linear mixed model

A common criticism of the EM algorithm is that it can be slow to converge. Since
the Dempster et al. (1977) paper there have been a number of schemes suggested
for speeding up the convergence of the EM algorithm. In this chapter we will
consider one such scheme, known as the parameter expanded (PX) EM algorithm
(Liu et al., 1998). From a practical implementation point of view a PX EM algorithm
is preferred to an EM algorithm as there is nothing to lose and often a lot to gain.
Nothing to lose in the sense that the PX EM algorithm, like the EM algorithm,
has monotonic convergence. Furthermore, the E-step of the PX EM algorithm is
exactly the same as the E-step of the EM algorithm. The gains in using the PX
EM algorithm compared to the EM algorithm are in rates of convergence. Liu et al.
(1998) show that the PX EM algorithm has a rate of convergence that is no slower
than the EM algorithm but is often much faster. In this chapter we will consider
REML PX EM algorithms for the two complete data specifications considered in
the previous chapter.

5.1 Linear mixed model specification

For the PX EM algorithm the linear mixed model is formulated by introducing the
auxillary parameter A (say) so that the linear mixed model in (2.1) is expanded to
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Yo = XB.+ZAS +¢ (5.1)

where X and Z are n x t and n x b design matrices respectively, and A = A(A) is
a b x b real invertible matrix which is a function of the v x 1 auxillary parameter
vector A. It is assumed that the joint distribution of f and € is

(O-{0) (22}

where D = D(d) and R, = 02%,(¢,) are symmetric positive definite matrices.
The marginal distribution of y, under the parameter expanded model is

yo ~ N(Xﬁ*,H*)

where H, = ZADATZT + R,. The expanded parameter set for the model in (5.1)
is IC = (K, AT)T where k, = (02,d”, ¢7)T. The subscript * is used to distinguish
parameters associated with the linear mixed model specified in (5.1) and the linear
mixed model specified in (2.1). The expanded parameter vector IC must satisfy two
conditions:

1. K can be reduced to the original parameter vector k£ = (02,47, ¢")T by a
many-to-one reduction function. For the model specified in (5.1) this reduction
function, labelled R is & = (02,747, ¢")T = R(K) = (02, vech(ADAT), p7)T.

2. When the auxillary parameter A is set to its null value Ag (say) the expanded
complete data model is reduced to the original complete data model. If we
define u = Af then G = ADA” and when A(\g) = I, the expanded model
in (5.1) is reduced to the original model in (2.1) with w = f and G = D.

Liu et al. (1998) state that

The underlying statistical principle of PX-EM is to perform a ‘covariance
adjustment’ to correct the M step, capitalising on extra information captured
in the imputed complete data...
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An intuitively appealing way to consider this ‘covariance adjustment’ is to com-
pare the joint distribution of the incomplete and missing data under the parameter
expanded model, i.e.,

()08 ) (o %)}

with the joint distribution of the incomplete and missing data under the original

model, i.e.,
Yo \ o Xp H ZG
u 0 '\ GzT D .

The idea of parameter expansion as a ‘covariance adjustment’ is easily seen by the
introduction of A into the covariance of the former. As Liu et al. (1998) note, the
covariance of the later does not generally reflect the “true” relationship between the
imputed missing data @™+ and the known incomplete data vector Y,, particularly
in the initial iterations of an EM algorithm. The auxillary parameter A is used to
“correct” the estimate of G to produce an adjusted estimate. At convergence there
is no longer any need to adjust the estimate of G and A(X) = I,.

5.2 REML PX EM algorithm for y'

A REML PX EM algorithm for the linear mixed model using the complete data
specification ¥ = (yT, f7)T was considered by Foulley and Van Dyk (2000) who
used the random effects approach, and Cullis et al. (2004) and Knight (2008) who
used the fixed effects approach. Our exposition of a REML PX EM algorithm using

y,(;P) is brief as the detail can be found in the aforementioned publications.

5.2.1 Complete data log density function

The complete data log-density function for y((;P) is

log{x (1" 0)} = — [logfdet(R.)} + log{det(D))}

2
+fTDf + eTR;le], (5.2)
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where e =y, — X8, — ZAf and © = (8%, kT, AT)T. The subscript X will be used
to distinguish between the complete data log-density function and the Q(.) function
associated with the model in (5.1) and the model in (2.1).

5.2.2 REML PX EM algorithm E-step

The complete data log-density function in (5.2) can be partitioned
log{ fx(y{"”; ©)} = log{fx(€;©)} +log{ fx(f; d)},
where

log{ fx (€ ©)} = — [log{detm*)} T eTR:le] |

log{fx(£:)} = 5 |log{det(D) + £7D"' |

The E-step of the REML PX EM algorithm involves taking the expectation of (5.2)
T
over k(flyy; K™) where K™ = {£{*" (A = Xo)T}T. We can write

QY (I K™) = Ellog{fx(y"; ©)}Hy,; K™]
= E[log{fx(€; ©)}yy; K] + Elog{fx(f;d)}yqs; K™
= QY02 dus A K™) + Q) (d; K™,

where

.(15)(037 ¢*a Aa ’C(w)) = _% [log{det(R*)} + E(GTR*_ldyz; ’C(w)):l ’

Q% (d; k™) = —% {log{det(D)} +E(fTD ' fly,; 1c<w>)] _

When A(A\g) = I, the REML PX EM algorithm E-step is the same as the REML
EM algorithm E-step.
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5.2.3 REML PX EM algorithm M-step

The M-step of the REML PX EM algorithm involves maximising ng)(l(l; K@)
with respect to K = (¢62,d”, ¢, AT)T and then applying the reduction function
R(K) = (02, vech(ADAT), ¢1)T to obtain estimates of k = (02,47, ¢7)T.

Update for o2

The update for o2 is the same as that presented in (3.14), i.e.,

w41 ]- w w w
03( +1) _ 5{é(w)Tz_l( )é(w) +tr(2_1( )Wc—l( )WT)}. (5_3)

Applying the reduction function we have g2**" = g2®*?,

Update for dg,

The update for dgy, is the same as that for v,, when using the REML EM algorithm
except we substitute D for G, i.e., differentiating ng)(d; KJ(“’)) with respect to dgp
we have

QP (dK™) 1 _, 0D 719D o1l )
od,  2\"\" adn) TP\ P 5, )

The updating formula for dg, depends on the specific form of D. If we define the
update for D as D®™* then applying the reduction function we have y®+) =
vech(A®+D DE+DA@H)T) " For g one-way random effects model D has the form

D = dI,. In this case the updating equation is

1 w
o = Hao o) 1 w(o72) ) 54)

; ) . +1 (wt1
and the reduction function is g2 = 2" glw+D),
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Update for ¢,

The update for ¢,,; is the same as that for the REML EM algorithm. Differentiating
gf)(af, @, \; K™)) with respect to ¢,, ; we have

00 (02, p AK™) _ L[ (5008 1 ro a0 o) g
6¢*ij B 2 o 2* a¢*ij O'ZE ‘ 2* 8(15*1'1‘2* e‘yQ’K '

The updating equation for ¢.,, depends on the specific form of X,. If we define

(wt1) _

(w+1) : : :
tlze+ul}))date for ¢.,; as ¢u,;" ' then applying the reduction function we have ¢,;
B,

Update for A

To form an update for A we re-write ng) (02, 0., A, KZ(“’)) using the identity

€ R'e = (y,— XB,— ZAf)"R.'(y,— XB, — ZAf)
= (yo - XB*)TR:I(yo - Xﬁ*) - 2(90 - Xﬁ*)TR:lZAf
+fTATZTR;1ZAY. (5.5)

Performing the REML PX EM E-step on the right hand side of (5.5) requires the
joint conditional distribution

y,— XpB N HPy, Xc*xT —xcX?
u Y Gz'py, |\ —c?*xT c#*

The update for A can be expressed as

A(w-{-l) — A_l(w)b(w),

where the elements of the b2 x b2 matrix A™) are

w T w w T w
agh) _ g A r g 7O )'&(w)—l-tr(aA( R 70 )CZZ‘”’))
oA oAl ) oAy ) ’
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and the elements of the % x 1 vector b are

w T
o oA
gh

o (w)T
( ))_tr(aA

ZTR (y,— X3 @ ZTR‘I(w)XCXZ(w)>, (5.7)
gh

where fi(w) is the generalised least squares estimate of 3 at the w-th iterate. This
completes the M-step.

5.2.4 Rate matrix

Liu et al. (1998) note that the convergence of k) determines the rate of convergence
of the the PX EM algorithm. The rate matrix for the REML PX EM algorithm
using the complete data specification y&”) is

T (K", X0) = Tarw = {ZE (K%, X0)} ' Lo(K", Ao), (5.8)

where k™) has converged to x*, and where

L(K*, Xo) = ( IO(:*) g ) :

and

I(P’)

(SN

TP TP
Igp) (n*, AO) — ( Cr,k Cr, A
K=K A= Ao
The terms Ig: ).4 and I,(k*) can be calculated using the complete and missing data
information matrices presented in Section 3.7 and Section 3.8. The elements of aS

Cr, A7

which comprise I((:P 2))\, Igf{\, and Ig: ))\, and the elements of I‘(:f)A are presented

below.

Elements of Z\® 2

Forg=1,...,b, h=1,...,b it can be shown that
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R 6A* 5 « ., OA*
) >z - XpB)-x! x7
c°2’)‘gh (02*)2[ { 8/\ ( o 16) a)\;h }
_azms 79 (275 g A CZZ*)].
P
Elements of 7.'&1)A
Forg=1,...,b, h=1,...,b it can be shown that
*aG* * aA.* *8G* * aA* *
7(P) _ ol -1 T G a* +tr( G -1 zzry
o~ 0 G 9 G o d " e )

Elements of Z9)

C¢A

Fori=1,...,n,7=1,...,n,g=1,...,b, h=1,...,b it can be shown that

1. = (B R g, XB)
_x-r gj:yl*zgﬁ; CZX*XT}
—a* ZTy gj*z 1*23/"\;
(sz 1 gj*z Zgj\x CZZ*)}
Elements of Ic’\ A
We assume that the elements of the real invertible matrix A are Agn, g = 1,...,0,
h =1,...,b and that the second order partial derivative of A can be expressed as

92A
OghONgr

where g =1,...,b,7r=1,...,b. It can be shown that
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TaA. * aA* BA* * aA.* *
(P) I T p-1 a* T -1 ZZ
10y = @ B R 2 o+ tr o 2R 2550 )
OA* L OA* i\ 0N LA
o (8)\;hA e )+ o G o™
aA* —1* aA. Z7*
l N, G © )

5.3 REML PX EM algorithm for y'¥

A REML PX EM algorithm for the linear mixed model using the complete data

specification y = (yT, £7)T has not been considered previously. We present the

joint distribution of the incomplete and missing data for the parameter expanded
model, the complete data log-density function, the E and M-steps, and the rate
matrix for the REML PX EM algorithm using y,(;U).

For the parameter expanded model based on yc ) the joint distribution of the in-
complete and missing data is

w2\ _nJ[0 LTH,L, LIZAD (5.9)
f 0 )\ DA"Z"L, D . '

where H, = ZADATZT + R,. This can be compared to the joint distribution of
the incomplete and missing data for the original model presented in (4.1).

5.3.1 Complete data log density function
The complete data log density function for ygU) is

log{fx (47 K)} = 3 [log{det(L R.Ly)) + log{det(D))

+fTD7'f + (y, — ZAF) S.(y, - ZAS)),

where S, = R;' — RJ'X(XTR;'X)'XTR;'. Like the REML EM, a major
difference between (5.2) and (5.10) is that the REML PX EM algorithm E-step using
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the former requires at least the joint conditional distribution of u and y,— X 3 given
Y, whereas the later only requires u given y,.

5.3.2 REML PX EM algorithm E-step

The complete data log-density function in (5.10) can be partitioned

log{fx(y"); K)} = log{fx (L7 & K)} + log{fx(f; d)},

where

log{ fx(LF& X)) = 3 [log{detw%" R.L,)} + (y, — ZAS)"S.(y, — ZAf)|,

g { (£ )} = |tog{det(D)} + F7D5 .

The E-step of the REML PX EM algorithm involves taking the expectation of (5.10)
over k(f]yy; KK™) where K™ = {&" (A = X)T}T. We can write

Q™) = Ellog{fx(y®™; K)}Hy,; K]
= Elog{/fx(L]&1C)}ys; K™ + Elog{ fx(£; d)}yz; K]
= QX020 K KW) + QF)(d W),

where

O (o2, g MKW = — [log{detw%R*Lz)}

N =

+E{(y° — ZAf)' S (y, — ZAS)lys; K(w)}} ;
Q) = —% [log{det(D)} + E(fTD 7 flys; K(w))]_

Note that Qgg) (d; K™)) is equivalent to ng) (d; K™)). When A(Xg) = I, the REML
PX EM algorithm E-step is the same as the REML EM algorithm E-step.
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5.3.3 REML PX EM algorithm M-step

The M-step of the REML PX EM algorithm involves maximising Qgg) (1C; KK
with respect to K = (02,d”, %, AT)T and then applying the reduction function
R(K) = (02, vech(ADAT), )T to obtain estimates of & = (62,77, ¢")T.

Update for o2

The update for o2 is the same as that presented in (4.5), i.e.,

o(w+1) 1

o =~ t{(yo—Zﬁ(“’))TU(yo—Zf&(“’))+tr(ZTUZCZZ(w)>}, (5.10)

where U = £7! - ! X(XTE ' X)"1 X721, Applying the reduction function
o(w+1) o(w+1)
=0 :

we have o :

Update for dg,

Since Qgg) (d; K™Y is equivalent to Q()f)(d; K™)) the update for dg, is the same as
that presented in (5.4).

Update for ¢,, y

The update for ¢,,; is the same as that for the REML EM algorithm. Differentiating
§?) (02, ¢, A\; K™Y with respect to px,; We have

0 (0% o N KW) 1| (1 0%
0., 2 "0,
1 T 0¥
N _ ol _ .1 (w)
UEE{(yo ZAf) U. %U*(yo ZAS)|ysi K }}

The updating equation for ¢.,; depends on the specific form of 3,. If we define
the update for ¢,,; as (bﬁi,‘;ﬂ) then applying the reduction function we have ¢§;.”+1) =
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Update for A

To derive an update for the auxillary parameter vector A we consider the b x b real
invertible matrix A to have elements Ay, and A = vec(A). To derive an update for
A we consider the partial derivative of QS(U) (02, ¢,, X; K™ with respect to Agh, 1.€.,

QY (02, p, M K™Y 1
T T2 ZE(y

g ’ ’C(w))

6)\

-|—2E<fTATZTS zm Flyy: I )}

Equating to zero we have

B(f k) = B(y? s*Z%flyZ;idw). (5.11)

We can express A as

b

A=) Ao,

g=1 r=1

where J 4, is a b x b indicator matrix with a unit entry in row g, column r and zeros
elsewhere. We can re-write the left hand side of (5.11) as

boob
B( K) = B(TY D AT )
k=1 I=1
b b
= ZZAklE<fTJT ’C(w))
k=1 I=1
(5.12)
Substituting (5.12) into (5.11) we have
A dA " OA "
31791275, 2 ) - (2 i)

The update for A can be expressed as
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Aw+D) — A-107pw)

where the elements of the b? x b? matrix A®) are

A@) Alw »
o) — G JT 775w ) 7 I i) + tr( JT 27 P - ) o7t >) (5.13)
’ Bz\gh 8)\
and the elements of the b2 x 1 vector b™) are
w w OA® w
b =Yg S Z—— u< ). (5.14)
8/\gh

Note the difference between (5.13), (5.14) and (5.6), (5.7). The latter, based on ytH)
requires C%Z and C%Z whereas the former, based on yg only requires C%Z.

We have derived an update for A where the variance-covariance matrix D is con-
sidered to be completely unstructured. When D is structured the update for A will
have a simpler form. For the one-way random effects model for example, D = dI,
and therefore A = AI,. In this case the update for A\ has a relatively simple form.

This completes the M-step.

5.3.4 Rate matrix

The rate matrix for the REML PX EM algorithm using the complete data specifi-
cation y( ) is the same as that presented in (5.8) except we substitute Z) (k*, Ao)
for ) (k*, Xg). We define

I(U )

(SN

W) W)
I&U)(K'*, AO) — ( Cr,k Cr,A
K=K, A=A

The elements of ZY) | which comprise zO 1O and I(U , and the elements of

Cr,A? cz7c)"

Igl are presented below.
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Elements of Z\)

o4,

Forg=1,...,b, h=1,...,b it can be shown that

1 8A* OAN*
I(U) — TU*Z _ ~* ZTU*Z ~ %
ca-2,Agh (0_2*)2 {yo * a)\;h a)\;hu
OA* .
_ Tyr* zz
tr(2"U Z55C )}
Elements of Ig)k
The elements for Igl are equivalent to I(P)A, ie,forg=1,...,b,h=1,...,b we
have
IC(U) \ _ ﬁ*TG_lt 8G G_l* aA.* i,',* + t (G_l* 6C‘i G 1* 6A.* sz*)
Tgh *gh (9"th 6Agh, 6 gh a)\gh

Elements of ZV)

Cp, A

Fori=1,...,n,5=1,...,n,g=1,...,b, h=1,...,b it can be shown that

1 ox” OA* T o OA™
I(U) — U* Uz i — ZT * A o
bij:rgh 0?2 {yo 6(]5” 6A;hu v quzj v &\;h
o OA* N
Z'or —U*zZ—C%
( 0¢i; Oy, ) }

Elements of ZV)

CA

We make the same assumptions as those made for the elements of I((:I:)A. For g =
Lbh=1,...,b,q=1,...,b,r=1,...,b it can be shown that
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*T * *T *
(U) _ ~*T aA T crx 6A ~ % 8A T *Z 3A Z7*
Sooe = WG TS By tr o 25 255 C )
ON*  LOAN* ., rOA* L OA*
A—l -1 ~ % -1 ~ %
+tr(a,\;h oo )+e o & o

A" LY

+or( o, oy

CZZ*) .

5.4 Example: lamb weight data

We apply a REML PX EM algorithm using the complete data specifications yE;U)
and y&”) to the lamb weight data presented in Table 4.1. We fit the same model
as that fitted in the previous chapter for the REML EM algorithm, i.e., the overall
mean, age, and line are fitted as fixed effects, and sire is fitted as a random effect.
For the REML PX EM algorithm this model can be written in matrix notation as

Yo=XB.+ZAS +,

where y,, X, and Z are defined in the same way as they were in the previous chapter
for the REML EM algorithm. The vector 3, is defined in the same way as 3. We
assume that the 23 x 1 vector of rescaled random effects f, and the 62 x 1 vector of
residuals €, are independent of each other and have the following distributions

f ~ N(0,dI3),
€ ~ N(O,UEIBQ).

The updating equation for o2 is provided in (5.3) and (5.10) for v and y¥ re-
spectively. The updating equation for d is provided in (5.4) and applies to both
complete data specifications. We define k = (02,02)T as the parameter vector
of interest and K = (02,d,\)” as the expanded parameter vector. The reduc-
tion function is &k = R(K) = (02, \2d)T. We use an equivalent set of starting
values to those in the previous chapter, i.e., the first set of starting values are
KO = (629,d®,A®)T = (1,0.01,1)T and the second set of starting values are
KO = (629,d® XOT = (1,5,1)T. The convergence criteria presented in (4.18)
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was used to determine if the sequence of iterates (”, k() ... converged to a (local)
maximum of the REML log-likelihood function. The statistical software package
R (R Development Core Team, 2011) was used to implement both REML PX EM
algorithms. REML estimates of o2 and 02, denoted ¢?" and ¢2", the number of
iterations until convergence and the rate of convergence for both complete data
specifications and both sets of starting values are provided in Table 5.1.

Table 5.1: Results for two REML PX EM algorithms applied to the lamb weight
data.

Complete data o o2 Tterations Rate of convergence
o2 =1,d® =0.01,0@ =1
yH) 2.961597 0.5170765 83 0.8167880
y 2.961597 0.5170765 57 0.7434961
o2 =1,d® =520 =1
yP) 2.061507 0.5170767 78 0.8167879
y 2.961597 0.5170767 55 0.7434961

The observed information matrix is exactly the same as that obtained using a REML
EM algorithm. A comparison of the results in Table 4.2 and Table 5.1 show that the
REML PX EM converges in far fewer iterations than the REML EM algorithm. Ta-
ble 5.1 highlights the benefit in using the complete data specification y( ) compared
to yg . The rate of convergence is noticeably less and convergence is achieved in
approximately 30% fewer iterations for both sets of starting values. A contour plot
of the REML log-likelihood surface and the first four iterations of the REML PX
EM algorithms using the complete data specification yC ) and y is provided in
Figure 5.1. This figure illustrates the faster rate of convergence associated with using
the complete data specification yc . The complete data specification yg ) makes a
larger initial step towards the REML solution and its’ third iterate is approximately
equivalent to the fourth iterate of the REML PX EM algorithm using the complete
data specification yc P, Figure 5.1 also highlights another feature of EM algorithms
in general, which is that they often get close to a solution quite quickly but then
take a long time to converge.
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Figure 5.1: Contour plot of the residual log-likelihood surface for the lamb weight
data and the first 4 iterations of the REML PX EM algorithms using the complete
data specification ygU) and yEP). The starting values of o2” =1 and of(m =i \arae
represented by the black circle. The REML estimates of 02 = 2.962 and ¢%" = 0.517
are represented by the “target”.
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Chapter 6

Two model specifications for a

factor analytic mixed model

In this and the next two chapters we consider REML EM and REML PX EM
algorithms for factor analytic mixed models. The difference between linear mixed
models and factor analytic mixed models is that in the former the vector of random
effects is assumed to have a Gaussian distribution with a mean of zero and a variance
defined by a symmetric positive definite variance-covariance matrix. In the later
the vector of random effects is modelled using factor analysis. Our aim in the
next three chapters is to consider ways in which to reduce the number of iterations
until convergence for REML EM (ahd REML PX EM) algorithms applied to factor
analytic mixed models. In all three chapters we consider the efficacy of using a
less strict convergence criteria. In this chapter we consider two different model
specifications, and in the next two chapters we consider a new parameter expansion
and an alternative missing data specification respectively.

The motivation for the work presented in this chapter and the next two chap-
ters is the analysis of multi-environment trial data produced by plant breeding
programmes. Factor analytic mixed models were recommended by Smith et al.
(2001) for the analysis of this type of data. In Australia, a major source of multi-
environment trial data is the National Variety Trial programme which aims to deliver
robust, independent results on the performance of recently released cereal grain va-
rieties. The measure most often used to rank performance is grain yield. This
programme comprises large numbers of varieties grown over large numbers of trials.
As an example of the numbers involved, the 2005 to 2010 non-Durum wheat data
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comprises 538 varieties and 928 trials where an “average” trial contains 162 plots.
This data set therefore contains approximately 150000 measurements of grain yield.
Fitting a factor analytic mixed model of the type advocated by Smith et al. (2001)
to a data set of this size and structure is currently infeasible.

Although not applied to multi-environment trial data comprising tens of thousands
of records, factor analytic mixed models are routinely applied to multi-environment
trial data which contain thousands of records. For example, Thompson et al. (2003)
apply a factor analytic mixed model to multi-environment trial data comprising 7613
records, 62 trials, and 3300 variety by trial combinations. One of the challenges in
fitting a factor analytic mixed model to data of this size and structure is that mod-
ern statistical software packages, such as ASReml-R (Butler et al., 2007), typically
implement a Newton-Raphson type algorithm, such as the average information al-
gorithm (Gilmour et al., 1995), and successive iterations of these algorithms don’t
always increase the residual log-likelihood function, parameter updates don’t always
remain in their parameter space, and the algorithm can fail to converge. A potential
solution to these problems is to use a REML EM or REML PX EM algorithm.

For a REML EM or REML PX EM algorithm to be a practical option for estimating
the variance parameters associated with a factor analytic mixed model applied to
multi-environment trial data the number of iterations until convergence has to be at
a manageable level as each iteration can be computationally expensive in terms of
computing time. Depending on the size and structure of the data this might mean
having an algorithm that converges in no more than 50 iterations and preferably
less than 25 iterations.

In this chapter we consider two different model specifications for a factor analytic
mixed model. The first is based on the most commonly employed model specifi-
cation, where the k£ factors are assumed to have unit variance. The second model
specification is closely related to the PX EM algorithm model for a factor analytic
mixed model presented by Liu et al. (1998). In this specification the variance-
covariance matrix associated with the k factors is assumed to be unstructured. The
main aim of this chapter is to show, using an example, that large gains in the num-
ber of iterations until convergence using a REML EM algorithm for factor analytic
mixed models can be made by choosing a different model specification to that most

commonly employed.
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6.1 Model specification

We consider a simplified plant breeding case where we have m varieties grown in p
trials. Every variety is grown in every trial and there is r replicates of every variety
within a trial, i.e., the total number of observations n = rmp. Consider the model

Model O Y= XB+ Zyu,+e,

where 3 is a p x 1 vector of fixed effects representing trial means and X is its
associated n X p design matrix of full column rank. It is assumed that the n x 1
vector of residuals e is distributed N(0, R) where R = ¢%I,,. The n x mp design
matrix Z, is associated with the mp x 1 vector u, of variety by trial effects. These
effects are assumed to be correlated within a trial but are themselves independent,
ie,

V(ug) = Ge ® Iy,

where G, is a p X p symmetric positive definite matrix and is commonly referred
to as the genetic variance-covariance matrix. The diagonal elements of Ge are the
genetic variances for each trial and off-diagonal elements are genetic covariances
between pairs of trials. A completely general or unstructured form of G, involves
p(p + 1)/2 parameters. For even moderately large values of p it is computationally
difficult to estimate unstructured G.. A more parsimonious representation of G,

can be achieved using factor analysis to model the variety effects within each trial,
le.,

u, = MIn)fi+...+(M®Ip)fr+0
= (A®I,)f+9,

where A is a p X k matrix of loadings and f is a mk x 1 vector of varietal scores
that can be partitioned as f = (f7,..., f+)7. The matrix of factor loadings A has
elements A;r, 7 =1,...,p, r =1,...,k. To ensure the uniqueness of the estimates
of factor loadings when k > 1, k(k — 1)/2 independent constraints on the elements
of A are necessary. The constraints to be used are arbitrary. However, Smith et al.
(2001) recommend the constraint A;, =0 for j <r=2,...,k.
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The vector 4 is a mp x 1 vector of residuals that can be partitioned with respect to
trials, i.e., § = (87,..., 6;";)T‘ It is assumed that f and 6 are independent of each
other and that

5~ N(0,¥®I,,),

where ¥ = ¥(1)) is a p x p diagonal matrix. The genetic variance-covariance matrix
is therefore

G.=ADAT + 0.

The vector of variance parameters v is commonly referred to as the specific vari-
ances. For simplicity we will assume that ¥ = 91, i.e., there is a common specific
variance.

The two model specifications we consider differ in their assumption regarding the
variance of f. Using the same notation as Liu et al. (1998) we refer to the first
model as Model O where it is assumed that

f ~ N(0,I).

We refer to the second model as Model M where it is assumed that

f~N0O,D®I,),
where D = D(d) is a k x k symmetric positive definite matrix and d is a vector of
variance parameters.

Model O is a special case of Model M, namely, when D = I;. Therefore, from here
on we only present the development of a REML EM algorithm for Model M as the
complete data density function and the E and M-steps for Model O can be obtained
by substituting an identity matrix of order k£ for D.

For Model M the distribution of the observed data is

Yy, ~ N(XB, H),
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where H = Z,(G. ® I m)ZZ + R where R = ¢%I,, and the vector of variance
parameters to be estimated is I' = (62, AT,1),d")T. The estimate of the genetic
variance-covariance matrix, denoted c?*e, and the best linear unbiased predictor of
variety by trial effects, denoted u,, are the quantities most often reported to plant
breeders. The former for providing the genetic correlation between trials and the

later for determining which varieties are broadly adaptable across environments.

It should be noted that A and D are not unique for Model M. We don’t consider
this an impediment to the implementation of Model M for the analysis of plant

breeding data as @e and u, are unique and are the quantities of primary interest.

6.2 Complete data density function

We define the complete data to be y, = (yZ, i GT)T where the missing data vector
is y,, = (fF,87)T. Model © and Model M could be considered new in the sense
that we consider the incomplete data to be the transformed observed data vector
associated with the marginal log-density function in the Verbyla (1990) conditional
derivation of REML. This has not been considered previously for REML EM or
REML PX EM algorithms applied to factor analytic mixed models.

To form the complete data log-density function requires the joint distribution

Yo 0 LTHL, LYz, AD®I,) LIZ,(¥®I,)

f |~NJlo|,| (DAT®I,)Z]L, D®In, 0

%) 0 (¥ RIn)ZIL, 0 URIn, '
(6.1)

The complete data log-density function can be expressed as

log{f(y.;T)} = log{f(y,|f,0;T)} +log{f(f,;T)}.

Consider log{ f(y,|f,d;T)}. Using (6.1) and Result A.1 it can be shown that

Yol 10 ~ N{L3 Z,(A® I,)f + L3 Z,6, L3 RL,},
and the log-density function is

79



CHAPTER 6. TWO MODEL SPECIFICATIONS FOR A FACTOR ANALYTIC
MIXED MODEL

log{f(wlf, 5T} =~ [log{det(L] RL,))
+{yo - ZQ(A® Im)f - Zga}TS{yo - ZQ(A & Im)f - Zga}]a

where

S = LQ(LgRLQ)—ng
= R'-R'X(XTR'X)'XTR™.

The marginal log-density function for the missing data is

log{f(f,6;T)} = log{f(f;d)} +log{f(6;%)}
_ —% [log{det(D ® I,.)} + log{det(¥ & I,,)}

+fI(D' QI f +67 (T e Im)a] .

The complete data log-density function is therefore

log{f(y;T)} = —% [log{det(LgRLz)} + log{det(D ® I,;,)} + log{det(¥ ® I,,,)}
+H{y,— Z,(AR I,)f — Z,6} S{y, — Z,(A®I,.)f — 2,0}
+fI(D QL) f+6T(T e Im>5] .
(6.2)

6.3 REML EM algorithm E-step for Model M

The E-step involves taking the conditional expectation of (6.2) over k(f,d|y,; ™)
where T is the w-th iterate of I'. We can write

QI;T™) = Eflog{f(ys;T)}Hyy T
= Ellog{f(ys|f,8;T)}ys T™)] + Ellog{ f(f; d)}|ys; T™)]
+E(log{f(8; %) }Hy,; T®]
= Q(6*, A T™) + Q(d; T™) + Q(ip; T™). (6.3)
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To compute the Q(.) functions in (6.3) requires the joint conditional distribution of
f and 6 given y,. Using (6.1) and Result A.1 we have

s ~ N (DAT ® I,)Z] Py, Ty Ty
2 (\Il®Im)Z§Pyo ’ T(;f T55

where
Ts=(D®Iy,)— (DA"Q®1,)Z PZ,(AD® I,,),
Tis=Ti=—(¥Q1,)ZLPZ (AD®I,,),
Tss=(¥QI,)— (YQI,)ZIPZ(¥®I,)

and

P = Ly(LTHL,)'LY
= H'-H'X(XTH'X)'XTH™.

We can write

Qo2 AT = -1 [1og{det(L§ RL,))
| - (w) <)\ T 7 5
+{yo_zg(A®Im)f —Z,0 } S{yo_Zg(A®Im)f _Z95 }
+{(AT © 1)) 21 SZ,(A & I)TS) } + tr{ 215 2,T5 |
—21{ Z1 S Z,(A ® L) B(£87 |y T™) }} :
1 ~ ()T ~(w w
Q(d; T™) = -5 [log{det(D ®I,)}+ f( : (D7'® Im)f( '+ tr(TScf))]>

Q(ap; 7)) = — % [log{det(\l’ @I+ (¥ @ 1,)8" +tr (Tg«?)] |

2

where

7 = (DA g I,,)PMy,,

~(w) ~(w)T w ]
E(f67|y,; T™) = f( '§) +T§c5) using Result A.2.
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This completes the E-step.

6.4 REML EM algorithm M-step for Model M

The M-step involves maximising Q(T; I‘(“’)) with respect to I' to find an update for
I = (0%, AT ¢, d")T. The partitioning of Q(I'; T™)) into Q(0?, X\; T™), Q(d; T™)
and Q(v; I‘(“’)) simplifies the process.

6.4.1 Update for o2

Differentiating Q (o2, \; ™)) with respect to o we have

Oo? 2

0Q(02, X; 1"(“’)) 1 {n —p

o2

1 ) e e
B (UZ)Q{yO—Zg(A®Im)f( ) —Z96( )}TK{yo_ZQ(A®Im)f( ) _Zgé( )}
- (at)ztr{(AT ® Im)Z K Zy(A® I,)TY)
w 2 "

where K = I, — X(XTX)"'X”. Equating to zero and solving for o we have

(wt1) 1 w ~(w) (W) T =(w) z(w)
0'2 * = E——_p‘:{yo_ZQ(A( )®Im)fw —296( )} K{yo_ZQ(A(W)®I'm)f _Z96 }

w T w
. +tr{(A( " @ In)ZT K Zy(A™ © I,)T'

+tr(ZT K 2,15 ) + 260{ ZT K Z,(A™ @ 1,)E(£67 |y T™) }] -

6.4.2 Update for \j,

We denote the elements of the p x k matrix of factor loadings A as Aj, 7=1,...,p,
r=1,...,k and A = vec(A). Finding an update for A is similar to finding an
update for the auxillary parameter in the model presented in (5.1).
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We can write Q(o%, \; T™) as

Q% ATW) = —= [log{det(LTRLz}] +yTSy,
SB(4SZ,(0 8 L)l )
—2E{8"Z'SZ (A ® I,) fly,; T™}
+E{fT(AT @ I,)ZTSZ,(A ® I,) fly»; [‘(w)}] .

Differentiating Q(o?, \; T(*)) with respect to \;, we have

OA

9Q(o% A, T L v
Qo b o 2882, (P @ L) flusT)
jr

Oy

+2tr{ZTSZg(a>‘:\ I.)E(f0" |y T™)}
s

+2E{fT(A"®I,)2TSZ, (aiA ® I )flyg,I““’)}]
JTr

Equating to zero and using the identity

Z Z A’quq

=1 ¢=1

where Jy, is a p X k indicator matrix having a 1 in row [, column ¢ and zeroes
elsewehere we obtain

k
S ME{fT (T @ In)ZLSZo(Jjr ® Iy) fly; T}
1 ¢g=1
k
p

M)~

l

P
:ZZ)\lq[E{yTSZ ]r®Im)f|y2;F(w)}

=1 1

~tr{Z]SZ,(J;; ® L) E(£67 1y )} },

where J ;. is a p X k indicator matrix having a 1 in row j, column r, and zeroes
elsewhere. This equation can be written as
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p
Z Z /\lqagi:,gq - byru)

=1 ¢q=1
and in matrix notation as
A\ = b(w),
where A™ is a pk x pk matrix with elements

o) = B{fT(IL @ I,)ZTSZ,(J; ® I,) flys; T™}

jrilg
)T 2(w)

= F (JLeI)ZIS™Z(J;, @ I,)f
+tr{(JT @ In)ZT 8™ Z (I, @ I,)T

and b™ is a pk x 1 vector with elements

b = E{yTSZ,(J5r ® L) flyn T™) - t2{ 278 Z,(J;, ® L)E(£6 |yy; T™)}

w = (w) w ~(w) z(w)T w
= yISWZ,(J;, @ L) " —t1{Z¥SWZ(J;, @ I.)(f 8 +T§,5))}.

The update for A is therefore

A@+D) — A@)"Hp(w)

6.4.3 Update for ¢

Assuming ¥ = ¢I,, we can write Q(1; ™) as

ey — 1 lz@Tz@) 1 )
QiT®) = 5 {mplog(y) + 788 + Zur(T(P) }

Differentiating with respect to v, equating to zero, and solving for 1 we have

1 =(w)T =(w
Pty = %{6( "5 )+tr(Tfsfs"))}~
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6.4.4 Update for d,,

The k x k matrix D is symmetric with elements dg, ¢ = 1,...,k, r = 1,...,k,
g > r, i.e., due to the symmetry of D we only consider the lower left triangle of
D. We define the elements of D™ tobe d", ¢ = 1,....k, r = 1,...,k, ¢ > 7.
Differentiating Q(d; T™)) with respect to d,. we have

.
i - o) er)
oD

_Fer (D‘lgg;D‘l ® Im)}'

~tr{ (D7~ 9D higg )Tgsjﬁ}}

(w)

Bd,y
— _% [tr(D’lg(Z ® In) — tr{ V) (D—I%IZ—TD“ ®In)}
{1 (D"lgd’; DI )}] (6.4)

where V®) = f f is symmetric and can be partitioned

(w) 2 (w)T

vy i fl
v — : = .
(w) (w) -~ (w) ~(w) (w) 5(w)T
Vi -+ Vi i f1 U A

where each Vg;:) is a m x m matrix. Working with the first term in.(6.4) we have

oD
Bd,y

tr (D"l oD )

®Im) = mtr(D‘ladqr

= md?.

Working with the second term in (6.4) it can be shown that
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(w) { -1 5D -1 LS (w) 199 rh
tr{vt (D 5a. D ®In )} = ;;tf V) geg
kE k

= Z Z dgqtr

g=1 h=1
k k

= Z Z dgq(;;@:)drh’

g=1 h=1

where 65;) = tr(VS,‘j)) are the elements of the k x k matrix A™). Working with the
third term and noting that Tgf;) can be partitioned

(w)

() Tffn
Tff N (:) (w)
Tffkl Tffklc

where each T?;izh is a m X m matrix, we have

oD

tr {T%) ( D_IWWD_I ® Im) } = tr(T$}, do0d™)

Q
Il
-

M-
- T~

k
— (w) rh
- Z d%itr (T;}gh)d
g=1 h=1
k k
= Z dgqgﬁ)dm’
g=1 h=1

where £%) o = tr(Tgc f) ) are the elements of the k x k matrix 2. Equating (6.4) to
zero we have

k. k k&
ma? = 3 U+ 30> e,

g=1 h=1 g=1 h=1

which can be written in matrix notation as

mD™' = D'A® D™ + DT'E®) D",
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Pre and post multiplying by D we have

mD = AW 1 5

The update for dg, is therefore

+1) _
mdth = 60 4 ¢,

Using the identity

(w)T = (w)

oW = (V) =u(£"5,") =1, 7

7

the update for d,, can also be expressed as

1 [T (w)
w+l) __ (w)
dit = {77 7 + (1)) |-

This completes the M-step.

6.5 Example: National Variety Trial data

The purpose of this example is to investigate algorithm performance. We do not
provide an interpretation of the results from the models fitted. The interpretation of
factor analytic mixed models applied to plant breeding data can be found in Smith
et al. (2001). In the following when we refer to Model O or Model M it should
be read as “the REML EM algorithm used to estimate the variance parameters
associated with Model A ” where Model A is Model O or Model M as the case may
be.

Model O and Model M with k = 1 factors were applied to the small subset of
National Variety Trial grain yield data presented in Table 6.2. The subset of data
we consider comprises 588 observations made up of 42 varieties grown in 7 trials
with 2 replicates of every variety in each trial. In this and later chapters we do not
consider models with £ > 1 factors for two reasons. Firstly, we will not have to
consider the effect of placing arbitrary constraints on factor loadings on algorithm
performance. This would have been a concern when we consider a REML PX EM
algorithm in the next chapter where the parameter expansion is associated with the
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factor loadings. Secondly, fitting factor analytic mixed models where £ > 1 involves
a model building process. The most important stage of this process is fitting a factor
analytic mixed model with k = 1 factors as the parameter estimates obtained from
this model can be used to inform the starting values for subsequent models. We do
not believe that restricting ourselves to factor analytic mixed models with k£ = 1
factors diminishes the results and conclusions presented in this and the next two
chapters.

For both models we define the starting values A® = (0.1,0.1,0.1,0.1,0.1,0.1,0.1)7,
»©® = 0.1, and 6” = 0.1. For Model M we define d® = 1. The criterion
presented in (4.18), where & is replaced by I', was used to determine if the sequence
'@ 1M converged to a (local) maximum of the residual log-likelihood function.
We assess whether or not the stopping rule with ¢ = 1078 is too stringent by
considering different levels of €. In Table 6.1 we present the different levels of ¢,
iterations until convergence, the final residual log-likelihood (¢g), and the Frobenius

matrix norm of the estimated genetic variance-covariance matrix when using Model
O and Model M with k£ = 1 factors.

Model M converges in fewer iterations than Model O for all levels of €. If we
consider an accurate estimate of the genetic variance-covariance matrix to be one
that has the same Frobenius matrix norm to 5 decimal places as that calculated
when & = 1078 then, based on the information presented in Table 6.1, it is possible
to consider a less stringent convergence criterion for both models. For Model M
there is no cost in terms of the final residual log-likelihood and very little cost in
terms of an accurate estimate of genetic variance-covariance matrix by increasing e
to 1073, Likewise, for Model O there is little cost in increasing € to 107%. At these
levels of € Model O and Model M converged in 76 and 38 iterations respectively.
Further reductions in the number of iterations until convergence are possible by
considering parameter expanded versions of Model O and Model M. These are
considered in the next chapter.

88



CHAPTER 6. TWO MODEL SPECIFICATIONS FOR A FACTOR ANALYTIC
MIXED MODEL

Table 6.1: Iterations until convergence, final residual log-likelihood (£g), and the
Frobenius matrix norm of the estimated genetic variance-covariance matrix when
using a REML EM algorithm to fit Model O and Model M with k£ = 1 factors and
using a stopping rule with different levels of €. For Model O and Model M with
k = 1 factors there are 9 and 10 variance parameters to be estimated respectively.

89

Model O Model M
e | Iter. lr |Ge|l# | Tter. lg |Gellr
1078 | 104 300.9849 0.3180123 66 300.9849 0.3180123
1077 90 300.9849 0.3180121 56 300.9849 0.3180123
10~ 76 300.9849 0.3180101 47 300.9849 0.3180125
1075 63 300.9849 0.3179936 38 300.9849 0.3180146
10~* | 49 300.9849 0.3178231| 29 300.9848 0.3180426
1073 35 300.9842 0.3161148 21 300.9778 0.3182776
10—2 21 300.8976 0.3002162 15 300.8208 0.3185271
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Table 6.2: National Variety Trial grain yield data (tonnes per hectare) for 7 trials
comprising 2 replicates, labelled “I” and “II”, of 42 varieties.

Trial 1 Trial 2 Trial 3 Trial 4 Trial 5 Trial 6 Trial 7
I II I II I 1I I 1I I II I II I II
Vi 5.14 527 263 090 318 324 208 218 483 531 285 341 351 3.26
V2 5.60 5.28 191 1.89 3.03 266 223 200 413 432 275 252 280 247
V3 5.22 469 246 190 286 276 209 186 451 440 258 270 280 285
V4 4.73 5.23 262 133 3.08 260 193 173 4.62 465 269 306 264 213
V5 4.89 551 324 218 297 287 249 220 467 465 278 318 335 3.09
V6 521 482 229 199 319 313 181" 190 426 426 251 284 338 3.53
v7 536 493 206 198 3.18 304 226 234 454 509 262 309 310 2.83
A% 5562 546 232 249 315 311 209 249 501 508 279 328 3.16 3.24
V9 493 497 262 282 286 301 246 211 451 467 272 268 281 297
V10 5.51 522 1.89 218 3.03 297 199 204 504 454 235 249 267 260
Vil 6.03 551 289 263 292 327 214 234 452 506 326 334 345 3.23
Vi2 383 446 079 070 1.79 174 186 208 297 348 131 1.62 2.09 221
V13 563 507 154 145 251 231 180 181 435 4.62 284 3.03 257 276
Vi4 621 579 337 120 286 286 203 246 511 520 299 319 343 297
Vs 6.09 6.11 266 165 264 280 216 233 486 495 3.14 323 329 339
V16 6.36 6.08 226 224 273 250 227 252 521 501 299 283 286 2.88
V17 584 521 213 235 291 320 238 229 460 487 318 290 339 3.14
V18 556 5.52 2.69 2.05 295 297 206 212 495 491 297 277 331 3.06
Vi9 532 550 268 216 333 3.17 224 208 521 511 3.01 341 343 325
V20 545 572 251 273 320 289 220 232 5.05 543 291 313 348 3.55
V21 6.03 587 227 1.89 275 252 305 228 471 501 299 330 339 279
V22 565 555 2.01 1.77 285 294 205 226 420 4,55 273 319 348 282
V23 529 528 069 1.71 239 255 201 225 338 323 226 226 289 255
V24 592 582 1.89 207 312 292 214 227 436 464 274 3.06 296 3.03
V25 536 5.74 259 211 308 268 216 261 401 456 2.76 2.57 321 298
V26 524 535 232 212 249 273 207 209 413 400 258 292 263 2.39
V27 527 5.24 156 199 260 257 216 247 520 4.88 258 331 340 2.79
V28 5.19 534 3.14 188 323 311 232 217 497 488 299 281 237 237
V29 519 499 125 156 293 294 213 187 436 4.11 278 239 341 3.13
V30 533 508 203 204 330 293 236 236 534 508 314 346 3.17 3.20
V3l 576 558 201 183 298 292 208 222 485 471 3.03 340 268 2.86
V32 567 551 190 238 276 345 230 228 489 522 299 3.07 347 3.09
V33 517 5.00 225 215 252 291 254 218 416 439 258 2.7 281 268
V34 520 506 214 209 261 310 199 239 469 501 242 267 290 287
V35 544 501 239 238 314 299 205 209 445 454 251 340 327 3.15
V36 568 574 217 249 321 329 217 205 437 506 285 3.06 3.28 3.46
V37 6.18 586 124 136 230 214 226 217 445 448 286 236 250 251
V38 523 537 204 236 309 269 212 245 430 486 329 316 285 245
V39 576 546 216 126 298 287 208 251 505 556 3.16 296 3.44 3.40
V40 546 517 1.71 141 268 249 203 243 441 485 3.04 282 315 297
V4l 525 4.84 3.02 212 295 317 228 232 446 4.68 259 242 362 3.07
V42 524 516 285 217 3.09 295 195 2.00 444 389 3.01 3.04 221 271
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Chapter 7

REML PX EM algorithms for two
factor analytic mixed model

specifications

In this chapter we consider REML PX EM algorithms based on the two factor
analytic mixed model specifications considered in the previous chapter, which were
referred to as Model O and Model M. The difference between the two being that for
Model O the variance of the factor scores is the identity matrix whereas for Model
M it comprises an unstructured matrix.

The parameter expansion of Model O will be referred to as Model X, this is the
same notation used by Liu et al. (1998). Model M and Model X are very similar
and it is of interest to compare the two. However, the main purpose of this chapter
is to present a parameter expansion of Model M, which will be referred to as Model
Z. The specification of Model Z is new. In this model the parameter expansion is
associated with the specific variances rather than the factor loadings as in Model
X. Using the example data considered in the previous chapter it is shown that this
model converges in less iterations than either Model X or Model M. We consider
Model X and Model Z in turn.
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7.1 REML PX EM algorithm - Model X

Using the parameter expansion considered by Liu et al. (1998) we define the param-
eter expanded model

Model X Yy, = XB, +Z,u,+e,

where uy, = (A, Q@ I,,)f + 0. We assume § ~ N(0,¥, ® I,,) where ¥, = 9.1,
and f ~ N(0,D®I,,). We assume that the n x 1 vector of residuals is distributed
e ~ N(0, R,) where R, = ¢2I,. The difference between Model O and Model X is
the assumed distribution of the mk x 1 vector f. In Model X it is assumed that
f ~ N(0,D ® I,,) whereas in Model O it is assumed that f ~ N(0, ). We
define D = D(d) as a k x k symmetric positive definite matrix where d is a vector
of variance parameters.

We follow the convention established by Liu et al. (1998) and define the expanded
parameter set associated with Model X as T, = (02, AT, 9),, d”)T where the subscript
* is used to distinguish parameters associated with Model O and Model X'. For the
parameter expanded model the distribution of the observed data is

yo ~ N(Xﬂ*’H*)7

where H, = (A,DAT + W¥,) ® I,,,. Using the parameter expanded model we iden-
tify the parameters associated with Model © as T' = (02, AT, ¢)T = R(T,) =
[02, vec{A,Chol(D)}, w*]T where Chol denotes the Cholesky decomposition and R
is the reduction function from the expanded parameter set to the original parameter
set.

7.1.1 Complete data density function

For Model X the complete data specification remains the same as that for Model O,
ie., y, = (yF, fT,65)T where the missing data vector is define as y,, = (7, 87)7.
However, the complete data log-density function is different in that it contains the
so-called auxillary parameter d. We use the subscript X' to distinguish between the
complete data log-density function and @(.) function for Model O and Model X.
The complete data log-density function for the latter is
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log{ fx(ye; Tu)} = log{ fx(ys] £, 8; 02, A)} +log{ fx (f; d)} +log{ fx(8;%.)}, (7.1)

where

log{fx(f; d)} = —3 [log{det(D ® L)} + £ (D™ @ )],

log /(8 )} = — [log{det(¥. © L)} + 67(¥," © 1,3

and

log{fx(yo|f,8;0%, A}
- —% [log{det(LzTR*Lz)}

+{yo —Z,(A®In)f - Zg‘s}TS*{yo —Zy(A @ In)f — Zgé}]a

where S, = R;' — R;*X(XTR*X) ' XTR_'. This is the same as the complete
data density function for Model M where the variance parameters o2, A, and 7
have been substituted with o2, A,, and 1,.

7.2 REML PX EM algorithm E-step for Model X

For Model X we define I™ = (62, A" ) dT)T where D(dy) = Iy. The E-step
of the REML PX EM algorithm involves calculating Qx(T,; I‘Sf”)) which is equivalent
to the E-step of the REML PX EM algorithm for Model O. Note that for Model O
and Model X

7 = (AW @ I1,)PMy,

T = I — (A" @ I,)ZTPW Z (A ® I.,),
T = (0™ ® I,,)ZT P Z(A™ @ I.,).
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7.3 REML PX EM algorithm M-step for Model
X

The M-step of the REML PX-EM algorithm involves maximising Qx (I,; T'(*)) with
respect to T', = (02, AT, 4,,d")T and then applying the reduction function R(T,) =
[02, vec{A,Chol(D)}, ,]T to obtain estimates of T(*+1) = (g2®*" A@+D7 y(w+)T

7.3.1 Update for o?

The update for o2 is the same as the update for o2 under Model O, i.e.,

. [{y - 2,A @ 1)} - 2,8} K {y, - 2,A™ @ L)} - 2,5
+tr{(A““) ®I,)Z;KZ, (A("”)®I TP} + (27 K Z,TS)
+2u{ ZTKZ,(A™ & I,)(7'3 T(“’))H

Applying the reduction function we have o2**" = 2™+,

7.3.2 Update for A,

The update for A, is the same as that presented for A;, under Model O except we
substitute A, and S, for A and S respectively, i.e.,

A&w-{-l) — Asgw)"lba(kw)’

where the elements of A®™) are

ol = E{fT(J5®In)ZL18.Zy(J;r ® I.)fly; T}

*.77‘ lq
(w)

= e 1,)27SZ,(J;, 0 L) F
+tr{(JE, @ I)ZT 8™ Z (T, @ I,)T

and the elements of b are
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Y = E{ylS.Z,(J; @ I.)flyy T}
~tr{E(ZTS™ Zy(Jjr ® I,) £8" |yp; T™) }

w ~(w) w ~(w) 2(w)T w
= yYISMZ,(Ji @ I)f " —tr{Z]S™Z,(J; @ Ln)(F 78 +TW)}.

Applying the reduction function we have A+ = vec{A®+VChol(D®+V)}.

7.3.3 Update for 9,

The update for 9, is the same as the update for 1) under Model O where 1), replaces
Y, i.e.,

¢£w+1) {6("") 5(“’) +tr (T(w))}

Applying the reduction function we have y®@+1 = {**1),

7.3.4 Update for d,

The update for dg, is

o = AR R ()}

which is similar to the update for dg under Model M presented in the previous
chapter. The only difference being the form of _f and Tg}}’). Under Model M
these contain the unstructured matrix D whereas for the model we are considering,
Model X, it is assumed that D = I.

7.4 REML PX EM algorithm - Model Z

We now consider a new specification of a REML PX EM algorithm for a factor
analytic mixed model. Consider the parameter expanded model

Model Z Y, =XB,+Zyu,+e
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where e ~ N(O,R,), R, = ¢2I, and u, = (A« Q@ I,)f + (2 ® I,)4, ie., we
introduce the p x p positive definite diagonal matrix 2 = Q(w). When we assume a
common specific variance for 6, i.e., § ~ N(0, ¥, ® I,;,) where ¥, = ¢, I,,, then Q
has the form Q = wI,. We assume that § and the mk x 1 vector f ~ N(0, D, ®1I,,)
are independent of each other. We define D, = D,(d,) as a k X k symmetric positive
definite matrix where d, is a vector of variance parameters.

We define the expanded parameter set associated with Model Z as

T = (02, AT 9., dT,wT)T where the subscript * is used to distinguish parameters
associated with Model M and Model Z. For the parameter expanded model the
distribution of the observed data is

yo ~ N(X:B*7H*)7

where H, = Zg{(A*D*A:";—i—Q‘I’*Q)®Im}Z;F+R*. Using the parameter expanded
model we identify the parameters associated with Model M asT' = (o2, AT, dNYT =
R(T) = (62, A, w?,,d?)T where R is the reduction function from the expanded
parameter set to the original parameter set.

The difference between the parameter expanded Model X and Model Z is that in
the former the auxillary parameter d is associated with the factor loadings in the
reduction function, whereas in the later the auxillary parameter w is associated with
the specific variances.

An important implication of the non-uniqueness of A, and D, for Model Z is that
the REML PX EM algoritm applied to this model is not guaranteed to have a rate
of convergence at least as fast as the REML EM algorithm applied to Model M.
We don’t believe this is an impediment to the implementation of Model Z for the
analysis of plant breeding data for two reasons. Firstly, ée and u, are unique; and
secondly, the cases in which a REML EM algorithm applied to Model M would
converge faster than a REML PX EM algorithm applied to Model Z are atypical.

7.4.1 Complete data density function

For Model Z the complete data specification is the same as that for Model M, i.e.,
y. = (yT, fT,67)T. We use the subscript Z to distinguish between the complete
data log-density function and @Q(.) function for Model M and Model Z. To form
the complete data density function for Model Z requires the joint distribution
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Yo 0 LTH,.L, LYZ,(AD.®1,) LIZ,(Q¥.®1,)
f |~N 0 |,| (D:AT®I,)Z]L, D.®I, 0
5 0 (T.QRI,)ZT Ly 0 v, ®1I,

The complete data log-density function is

log{fz(ys; T)} = log{fz(ys|F,8; 0%, A, w)} + log{fz(F; d.)} + log{fz(&; %)},

where
log{f2(f: d.)} = 3 [log{det(D. ® T,)} + £7(D' ® I,)f].
log{fz(8;¢,,w)} = —% [log{det(\Il* QI+ 67 (¥ '® Im)d]
and

log{fz (y2|f’ 6; A*, ¢*, LU)} = —% [log{det(LgR*Lg)}

+{¥y = Zy(A ® 1) F — Zy(Q @ I)8)} Su{y, — Zy(A. @ I,)f — Z,(Q® Im)a}].

7.5 REML PX EM algorithm E-step for Model Z

For Model Z we define 7 = (62, A" ™ d®" )T where Q(wo) = I,. The
E-step of the REML PX EM algorithm involves calculating Qz(77; 7)) which is
equivalent to Q(T; I‘(w)), i.e., the E-step of the REML PX EM algorithm for Model
Z and the E-step of the REML EM algorithm for Model M are the same.

7.6 REML PX EM algorithm M-step for Model
Z

The M-step of the REML PX EM algorithm involves maximising Qz(77; 7™) wih
respect to T = (02, AT 4., dT,w)T and then applying the reduction function R(7T")
to obtain T' = (02, AT, v, d")T.
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7.6.1 Update for o?

The update for o2 is the same as the update for o2 under Model M, i.e.,

(w+1) 1 =(w)
0'3 = n—p[{yo_ZQ(A(w)®Im)f

T w
—|—tr{(A(“’) ® In)ZTKZy(A™ ® I,,)T f>}

- Zyg(W)}TK{yo -Z,(A" ® Im)}'(w) - ZQS(W)}

2(w) x(w)T

+tr(z§Kng§§’)) + 2tr{ngKzg(A<“’> I)F "8 + Tgfg’))}].

Applying the reduction function we have o2**" = g2+,

7.6.2 Update for A,
The derivation of the update for )\*jr is the same as that for \;, under Model M,
ie.,

A£w+1) — Aiw)—l bS}U))

where the elements of the mk x mk matrix A™ are

o = EB{fT(JT ®1,)Z78.Z,(J; ® L) flys; T}

*jr,lg
2(w)

~ ()T
— UL eIL,)ZTSWZ,(J;, @ 1,)F
+tr{(JF @ I,,)ZTS™Z (T}, ® Im)T;’?}

and b™) is a mk x 1 vector with elements

b = E{yT8.Zy(J;r ® L) flyg; T} —tr{ E(ZTS™ Zy(J;r @ ) £67 |yo; T
g

w ~(w) w ~(w) 2(w)T w
= yISWZ,(J;, @ In)f " —t{ZIS™WZ,(J; @ I)(F8" + T},

Applying the reduction function we have A®*1) = A+l
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7.6.3 Update for 1,
The update for 1, is the same as that presented for ¥ under Model M, i.e.,

L{S("’)TSW) +tr(TS) }

mp

pty =

Applying the reduction function we have 9@+1) = 2®* e +1),

7.6.4 Update for d*qr
The update for d.,, is the same as that for d,. under Model M, i.e.,

ae = LLFE L))

(w+1) _ d(w-l—l)-

*qr

Applying the reduction function we have dg-

7.6.5 Update for w

Differentiating Qz(7; T™) with respect to w we have

0Qz(T; T™)
Oow

1
= 2{ 2yrSZ, 5
+2tr{ (AT ® I,,) ZTSZ,(F*5" + ()}

+208" 27825 + 20tr(27S2,TS) }

Equating to zero and solving for w we have

yg‘s(w) ng(w) _ tI‘{ (A(w)T ® Im)Zg"S(w) Zg(}(w) 3(’“-’) T(w))}
= (w)T w) ry (W) w w
8" 278 2,8 +t1(2TS™ 2, TY)

W@+ —

7.7 Example: National Variety Trial data

In the following when we refer to Model O or Model M it should be read as “the
REML EM algorithm used to estimate the variance parameters associated with
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Model A ” where Model A is Model O or Model M as the case may be. When we
refer to Model X or Model Z it should be read as “the REML PX EM algorithm
used to estimate the variance parameters associated with Model B ” where Model B
is Model X or Model Z as the case may be. We consider the small subset of National
Variety Trial data used in the previous two chapters and presented in Table 6.2.

For Model X and Model Z with k = 1 factors we define the starting values A® =
(0.1,0.1,0.1,0.1,0.1,0.1,0.1)T, %©@ = 0.1, 6*” = 0.1, and d©® = 1. For Model Z
we define w® = 1. In Table 7.1 iterations until convergence and the final residual
log-likelihood are considered for different levels of € for both models.

If we compare the Table 7.1 and Table 6.1 we see that Model X converges in signif-
icantly fewer iterations than Model O and Model Z converges in 1 or 2 iterations
less than Model M. Of particular interest is the comparison between Model X and
Model M as they differ in only one major respect, i.e., the later incorporates the
variance parameter d in the E-step. For this particular set of data Model M con-
verges in significantly fewer iterations than Model X which suggests that having the
unstructured positive definite matrix D as part of the E-step can improve algorithm
performance in terms of the number of iterations until convergence.

In regard to a less stringent convergence criteria, there is little or no cost in increasing
€ to 10™° for both models. Our preferred model and stopping rule is Model Z using
e = 107°. With this combination convergence is obtained in 36 iterations compared
to the 45 iterations it takes Model X using € = 10~ to converge. For smaller data
sets such as the one considered here having an algorithm converge in 36 iterations
might be acceptable. However, for larger data sets this number of iterations until
convergence would be unsatisfactory in terms of elapsed time. In the next chapter
we consider a new missing data specification for factor analytic mixed models with
the aim of making further gains in REML PX EM algorithm performance.
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Table 7.1: Iterations until convergence, final residual log-likelihood (¢g), and the
Frobenius matrix norm of the estimated genetic variance-covariance matrix when
using a REML PX EM algorithm to fit Model X and Model Z with k£ = 1 factors
and using a stopping rule with different levels of €. For Model X and Model Z
where k = 1 there are 9 and 10 variance parameters to be estimated respectively.

Model X Model Z

e | Iter. lg |Ge|lF | Tter. tr ||Ge|lr
10-8 | 74 300.9849 0.3180123 | 65 300.9849 0.3180123
1077 | 64 300.9849 0.3180123 | 55 300.9849 0.3180123
1076 | 54 300.9849 0.3180123 | 46 300.9849 0.3180123
1075 | 45 300.9849 0.3180126 | 36 300.9849 0.3180126
1074 | 35 300.9849 0.3180178 | 27 300.9847 0.3180158
1078 | 26 300.9844 0.3180826 | 19 300.9741 0.3179943
1072 | 17 300.9276 0.3186011 | 14 300.8342 0.3169530
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Chapter 8

A new missing data specification

for factor analytic mixed models

In Chapter 6 we considered two model specifications for a factor analytic mixed
model and showed that one of these specifications, Model M, could greatly reduce
the number of iterations until convergence when using a REML EM algorithm. In
Chapter 7 we considered a new REML PX EM algorithm for factor analytic mixed
models where the parameter expansion is associated with the specific variances.
This model was referred to as Model Z. In both these chapters the distribution of
the missing data vector was considered to be the joint distribution of the vector of

factor scores and the vector of residuals associated with the factor analytic model.

In this chapter we consider an alternative missing data specification and hence com-
plete data specification for factor analytic mixed models. The new missing data
specification we consider is based on the joint distribution of the vector of factor
scores and the vector of variety by trial effects. This new missing data specifica-
tion is motivated by the “dependent formulation” of factor analytic variance models
presented in Thompson et al. (2003).

This chapter proceeds by showing that the complete data log-density function as-
sociated with the new complete data specfication for Model M is the same as the
complete data density function for this model presented in Chapter 6. We consider
Model M and Model Z using the new missing data specification and demonstrate,
using the example considered in the previous two chapters and a simulation study,
that this new missing data specification can further reduce the number of iterations
until convergence.
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8.1 REML EM algorithm - Model M

We considered Model M in Chapter 6. We provide a succinct overview here for
convenience. We define

Model M Y,=XB+Z,u,+e,

where 3 is a p x 1 vector of fixed effects representing trial means and X is its
associated n x p design matrix of full column rank. It is assumed that the n x 1
vector of residuals e is distributed N (0, R) where R = 0%I,. The n x mp design
matrix Z, is associated with the mp x 1 vector u, of variety by trial effects. Factor
analysis is used to model the variety effects within each trial, i.e.,

where A is a p X k matrix of loadings and f is a mk x 1 vector of varietal scores that
can be partitioned as f = (f7,..., fi)T. It is assumed that f ~ N(0,D ® I,;)
where D = D(d) is a k X k symmetric positive definite matrix and d is a vector
of variance parameters. The vector § is a mp X 1 vector of residuals that can be
partitioned with respect to trials, i.e., d = (6{, cee, ég)T and is independent of f. It
is assumed that § ~ N(0, ¥ ®I,,) where ¥ = ¥(v)) is a p x p diagonal matrix. The
vector of variance parameters 1 is commonly referred to as the specific variances.
For simplicity we will assume that ¥ = I, i.e., there is a common specific variance.
It is assumed that the distribution of the vector of variety effects within trials is

uy ~ N(0,G, ® I,,)),

where G, = ADAT +W and is referred to as the genetic variance-covariance matrix.
For Model M the distribution of the observed data is

Yy, ~ N(XB,H),

where H = Z,(G. ® I m)ZZ + R and the vector of variance parameters to be
estimated is T = (02, AT, 4, d" ).
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8.1.1 Complete data density function for y*) = (y7, f7, ul)?

We define the new missing data specification as
D) _ ( fT T)T

where the superscript D is used to distinguish between this missing data specification
and y,, = (f7,87)T. Likewise, the new complete data specification is defined as

(D)—(y27f ) .

To form the complete data log-likelihood function for y,(:D) requires the joint distri-

bution
Y, 0 Vi Vio Vs
f | ~N 0 |[,] Va Va Vo (8.1)
u, 0 Vi Vi Vg
where
Vi= LgHLz,
Vau=DQI,,

Vi = (ADAT + ¥)® I,
Vi=VL=L'Z,(AD®1I,),
Vis=V5L =LIZ {(ADA" + ¥)®1I,},
Vyu=Vi=DAT'®I,,.

The complete data log-density function can be expressed as

log{f(y"; T)} = log{ f(y,|y{P; T)} + log{ f(¥?); T)}.

Consider log{ f (yz\y%) ), I')}. Using (8.6) and Result A.1 it can be shown that

y2|y£r?) ~ N(nggug» LgRL2)
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and the log-density function for y, given yﬁn) (excluding constants)

log{/(y.lyl; 1)} = —%[log{det(LgRLz)}
(Yo — Zug) S (Y, — Zguy)) (8:2)

where S = R™'— R X(XTR'X)'XTR™. Now consider the log-density func-
tion log{f(y(D) I')}. We define

y_) Dol DA"®1I,,
| ADQI,, (ADAT+®)®1I,
The log-density function for yﬁ,? ) is

log{/ (75 1)} = — 5 [log{det(V)} + yP V9P| (53

To express (8.3) in terms of f and u, and their associated variance parameters we
require det(V) and V~!. Using the fourth identity in Result A.3.3 we have

det(V) = det(D® I,,)det[{(ADAT + ¥)® I,,}
—{(AD®I,) (D' ®I,)(DAT ® I.,)}]
= det(D® I,,)det[{(ADAT" + ¥)® I,,} — (ADAT ® I,,,)]
= det(D®I,,)det(¥ I,).

Using Result A.3.6 we can express V! as
P iz
-1 __
Vo= ( Y21 22 )

where

VI = (D4 ATO A Q T,
V12 _ V21T

= _(AT\I’_1®Im)a
V2 = oI,
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We can express (8.3) as

log{f(y{?;T)} = —%[log{det(D ® Im)} + log{det(¥ & I.,)}
DT+ AT @ I, ) f — 2ul (BTA® L) f
+ul (T ® Im)ug}

= —% [log{det(D ®I,)} + log{det(¥ @ I,,,)}
+fI(DT L) f + fIATE AR L) f
—2uT (T AR L) f +ul (T @ I,)u ] (8.4)

8.1.2 Equivalence of y{”) = (3, fT, ul )’ and y, = (y3, Fr,ehT

If we substitute uy = (A ® I,,) f + 6 into (8.2) then it is easily seen that

log{f (y2|y(D) I} = log{f(y2|ym; T')}. Making the same substitution into (8.4) we
have

log{f(¥D;T)} = —% [log{det(D ® I,)} +log{det(¥ ® I,,)}
+ID7 QI f+ FTATT AR L) f
—2{fTA"®I,)+ 6" }(T'AQRIL,)f
HFTATRI,) + 6" T @ L){(AR I.)f + 5}f]

= —% [log{det(D ® Im)} + log{det(¥ ® I,,)}
+fI(D QL) f + FFATE AR L) f
—2fTAT® AR, f— 20" (AR I, f
+fIATOTIAQI,) f +265 (P AR I, f
1T (Tl Im)é]]

= —% [log{det(D QIn)} +log{det(¥ ® I,,)}
+fI(D @I f +67(T 7' ® Im)a]

= log{f(ym; )}

Since log{f(yin";T)} = log{/(y,; )} and log{f(alym”sT)} = log{f(yalym; T)}
then it follows that log{f(yc ;Y =log{f(y,; )}
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8.2 REML EM algorithm E-step for Model M us-

ing y!”

The E-step involves taking the conditional expectation of log{ f (ygD); I')} over
k(f, ug|ye; T™) where T™) is the w-th iterate of T'. We can write

QP T™) = Eflog{f(yP;T)}Hyy T™)
= Eflog{f(y:|y?); T)Hyop; T™] + Ellog{ f(yL); T)}yy; T™)]
= QW(@%T™) + QP % T™) + QP(d; 7). (85)

We use the superscript D on the Q(.) function to distinguish between the Q(.)
function using ¢ = (37, £7, ul)T and the Q(.) function using y, = (yI, f7,67)7.
To compute the Q(.) functions in (8.5) requires the joint conditional distribution of

f and u, given y,. Using (8.6) and Result A.1 we have

f N[ (AT e Ln)Z, Py, Tip T,
U vz (Ge® Im)Znyo ’ Tuyr Tugu,

where
Ti=(D®In) — (DAT®I1,)ZIPZ,(AD ® I,),
Ty, =TL ;= (DAT®I,) - (DA ® I,)ZL PZ,(G. ® I,),
Ty = (Ge®Ipn) = (Ge @ In)ZIPZy(G. ® In)

and

P = LyLITHL, LY
= H'-H'X(X"H'X)'X"TH.

We can write

1
QP (o T™) = -3 [1og{det(L’§ RL)} + E{(y, — Z4u,)TS(y, — Zyu,)|y,; T™ }]
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and
1
QP Y T™) = —=|mplog(®) + B[f {(AT¥'A) © Ln} fly» T
—2E{fT(AT®' @ I,)u,ly,; T™}
+E{ul (T ® L,)uglys; r(“”}]
and

QP)(d;T™) = —% [1og{det(D ® In)} + E[f (D™ © I,) flys; r<w>]] :

8.3 REML EM algorithm M-step for Model M

usin (D)
g Yc

8.3.1 Update for o2

Differentiating Q(P)(c%; T™)) with respect to o we have

GQ(D)(U2; I‘(w)) B _l{n -p_ 1
0o? 2L g2 (0—2)2
1

_Wtr(ZZKZgTL‘:LQ)},

(yo - Zgﬁg(w))TK(yo - ngg(w))

where K = I, — X(X7TX)'X7T. Equating to zero and solving for o2 we have

(w+1) ].
02 =
n—p

{Wo ~ 2,28, K (y, - Z,,") + tx(ZT K Z,T),) }.

UgUg

8.3.2 Update for A,

Differentiating Q®)(\, v; T™)) with respect to \;. we have
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0QPY(A,; T™) 1 T( xTu—1 OA ()
D = _Q[QE{f (A v a)\ﬁ@I"‘)f'y?’F }

—2tr{ (\1:-1;?;; ® Im)E(fu§|y2; r<w>) }} .

Equating to zero and using the identity

‘Z Z )‘qulq )

=1 g=1

where J, is a p X k indicator matrix having a 1 in row [, column ¢ and zeroes
elsewehere we obtain

P k
SN NE{fT (I T ®6,) flys; T} = tr{ (U7 T, @1) E(ful lyy; T)}.

=1 g=1

In matrix notation this can be expressed as

AW\ = b(“’),

where A™) is a mk x mk matrix with elements

w) w7 w w)~! o
) = ITe @ I, @ L) FY + w{(JEEW 7 T, © 1) T}

jrilg

and b™ is a mk x 1 vector with elements

w w)-1 ~(7-”)~wT w
by = tr{(T™7 T, @ L) (F " + T4}

The update for X is therefore

A(w-}-l) A('w b )
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8.3.3 Update for ¢

Differentiating Q) (X, v; T™)) with respect to ¢ we have
OQD)(X, ;T ™) Lymp 1 w7, 1 - (w)
= (MW ATA e T,
oY 2 [ v 2 ( @ In)f

1 w
——2tr{(ATA ® I,) T}

1 @7 1 »

Zir{(a o L)(Fa" + 78]

Equating to zero and solving for 1) we have

1 [~@)T v y
P AYTAY & L)F (AT A & 1))

,(/)(w+1)

T " » W) = ()T | (w)
+al" @) + (T, ) — 260 { (A @ L) (Faf” + 1)},

8.3.4  Update for dg,

Since Q(D)(d;F(w)) is equivalent to Q(d; 1"(“’)) the update for dg, ¢ = 1,...,k,
r=1,...,7, g > r is the same as that presented in Chapter 6 for Model M, i.e.,

diptt) = {f(w '+ (TP )}

8.4 REML PX EM algorithm - Model Z

We considered Model Z in Chapter 7. We provide a succinct overview here for
convenience. We define

Model Z Yy, = XPB,+ Z,u, +e,
where e is distributed N(0, R,) and R, = ¢2I,,. For Model Z we consider
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U, =(A®I,)f+(Q21,)0,

where 2 = Q(w) is a p X p diagonal positive definite diagonal matrix. When we
assume common specific variances 2 has the form Q@ = wI,. We assume f ~
N(0,D, ® I,,) where D, = D,(d,) and 6 ~ N(0,¥, ® I,;,) where ¥, = . I,.
The mk x 1 vector f and the mp X 1 vector d are assumed to be independent of
each other. We define the expanded parameter set associated with Model Z as
T = (62, AT, 4,,d”,wT)T where the subscript * is used to distinguish parameters
associated with Model M and Model Z. For Model Z the distribution of the
observed data is

y, ~ N(XB,,H.),

where

H,=Z,G..Z] + R,

and

G., = {(A*D*Af +w2¢*Ip) ® In}.

Using the parameter expanded model we identify the parameters associated with
Model M as T' = (02, AT, 4, d")T = R(T) = (02, A, w*,,dT)T where R is the
reduction function from the expanded parameter set to the original parameter set.

8.4.1 Complete data density function

For Model Z the complete data specification is the same as that for Model M, i.e.,
y. = (¥2, 7, ul)T. We use the subscript Z to distinguish between the complete
data log-density function and @(.) function for Model M and Model Z. To form
the complete data density function for Model Z requires the joint distribution

Yy 0 Vi, Vi, Vi,
f |~N 0 |,] Va, Vo, Va3, (8.6)
U, 0 V31* V32* V33*
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where

Vi, = LH.Ly,

Vap,=D,®1,,

Vi, =Ge, ® Iy,

Vi, =V3. =Ly Z,(AD.®1,),
Vis, = V3, = L3 Z,(G., ® I,)
Vs, = Vg;* =DAT®I,.

The log-density function for y, given y,(n) (excluding constants)

log{f2(w:lyPi 1)} = 3 [log{det(LY R. L)}

+(yo - Zgug)TS*(yo - Zgug)] )

where S, = R;! — R;*X(XTR;’X)'XTR,'. Now consider the log-density
function log{ fz(yﬁ?), I}. We define

"l AD,®I, G.®I,

The log-density function for yg,? ) is

g (2w 1)} = — [log{det(v.)} + 5"V '9P).

Using the fourth identity in Result A.3.3 we can write

det(V,) = det(D, ® I,) det(Q¥,Q  I,,).

Using Result A.3.6 we can write

3 Vil Vi2
V*lz <v31 V32>
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where
Vi = (D + AT(QP.Q)7'A)} R 1,
V2 = V2 = _AT(QE,.0) @ 1,
V2 = QU ® I,
Therefore,
1
log{fz(y®);T)} = —5[1og{det(D*®Im)}+1og{det(nxp*n®1m)}

FFTDT + AT(QU.Q) A} © L] £ — I {(Q0.Q) A © 1.} f
+uT{(QP,0)"' ® Im}ug].

8.5 REML PX EM algorithm E-step for Model Z
using ygD)
For Model Z we define 7 = (62, A" ™) d" we)T where Q(wo) = I »- The

E-step REML PX EM algorithm for Model Z and the E-step of the REML EM
algorithm for Model M are the same.

8.6 REML PX EM algorithm M-step for Model

Z using ygD)

The M-step of the REML PX EM algorithm involves maximising Qz(7; 7T ™)

wih respect to T = (62, AT, 4,,d”,w)T and then applying the reduction function
R(T) = (02, Ay, w?h,,dL)T to obtam T = (62, A7, 9,d")T.

8.6.1 Update for o2

The update for o2 is the same as the update for ¢ under Model M, i.e.,
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w 1 -
af( o — p{(yo — Z 0, K (y, — Z,,") + tr(ZTKZ Tg‘;’%g)}
Applying the reduction function we have o2™*" = 52"

*

8.6.2 Update for )\*J.T

The update for A, is the same as that for A; under Model M, i.e.,

)\(w+1) — A(W)" bw)

where the elements of the mk x mk matrix A™) are

w 2(w)T w)~ i w)~ w
a2y = 1 (e I, @ 1) P+ {(The™ 7 T, © LTS}

and b is a mk x 1 vector with elements

w ®) & (w y
b = tr{ ¥, ® I, )(F' @ + T3}

Applying the reduction function we have A+ = \(»+1),

8.6.3 Update for v,

The update for 1, is the same as that for ) under Model M, i.e.,

1 [T £ 1
L [ FUAPTA @ L) F + 0 {(A®TA® @ 1,,)T)}

caf @l +er(T,) - 260 {(A® ® L) (F a1 + T3}

w(w+l)

Applying the reduction function we have y@+1) = 2+,
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8.6.4 Update for d

*q,.

The update for d, , is the same as that for d,, under Model M, i.e.,

*qr

L[ 2@)T %(w) (w)
w+1l) __
dS‘qT‘ ) — E{fq f’!‘ +tr(Tffq’r)}'

Applying the reduction function we have d™ = dﬁffl)

8.6.5 Update for w

Differentiating Qz(T; T )} with respect to w we have

0Qz(T;T™)  1[2mp 2 S )
B = T2 gl AAS L fly T
2 4
g B gl T) + s B{uf (A @ L) Flyss T} |

Equating to zero and solving for w? we have

T w ~( ) w)T w
(A AD @ L) F +tr{(A®A® @ I,,)T(

2w+ 1 [~(w)T
¢ @ |

~ ()T ~ (w () ~ w)T w
AT A 4 4 (T0,) - 2e{(A® © L) (F a0 + 742))]

8.7 Example: National Variety Trial data

In the following example and simulation study when we refer to Model O or Model
M it should be read as “the REML EM algorithm used to estimate the variance
parameters associated with Model A ” where Model A is Model O or Model M as
the case may be. When we refer to Model X or Model Z it should be read as “the
REML PX EM algorithm used to estimate the variance parameters associated with
Model B ” where Model B is Model X or Model Z as the case may be. We consider
the small subset of National Variety Trial data used in the previous two chapters
and presented in Table 6.2. For every model fitted to the simulated data we define
the starting values A® = (0.1,0.1,0.1,0.1,0.1,0.1,0.1)T, %© = 0.1, ¢*” = 0.1, and
d® =1, w® =1 when required.
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Results for Model O, M, X, and Model Z with & = 1 factors and using the new
missing data specification yﬁ,? ) = ( fT,ug)T are provided in Table 8.1. In the in-
terests of brevity, parameter updates for Model O and Model X using the missing
data specification y$,? ) = (f7, ug)T were omitted from this chapter, however they
can be derived using information in this and previous chapters.

Comparing the results in Table 8.1 with the results in Table 6.1 and Table 7.1 we
can see that for all models and levels of € that an algorithm using the new missing
data specification ¥y = ( fT,ul)T outperforms an algorithm using the missing
data specification y,_, = (f7,87)7 in terms of iterations until convergence. If we
had to é:hoose a model and a value of ¢ then we would choose Model Z based on
the new missing data specification and € = 10~°. This model results in significantly
fewer iterations to convergence than the next best option. When the stopping rule is
based on & = 10~° there is no loss in terms of the final residual log-likelihood and the
Frobenious matrix norm of the variance-covariance matrix is accurate to 5 decimal
places. This model and stopping rule combination converges in 23 iterations which
is acceptable from a practical point of view. In terms of iterations until convergence
and accuracy of the estimated genetic variance-covariance matrix, Model Z using the
new missing data specification compares favourably to the next best model options,
which are Model M and Model X using the new missing data specification.

8.8 Simulation study

Model Z using the new missing data specification y$,? ) = ( T ug)T was identified
as the best model when applied to the small subset of National Variety Trial data
presented in Table 6.2 and a stopping rule with ¢ = 107 was identified as being
sufficient in determining convergence. We consider a simulation study to confirm
these findings.

The simulation study involved Model O, M, X, and Model Z using both yﬁ,? ) =
(7, ul)T and y,, = (f7,6")". Each model was fitted to 3 lots of 100 randomly
generated data sets. Each lot of 100 were generated using 0? = 0.05 and d = 1 but
differed in the specification of the genetic variance-covariance matrix. The three dif-
ferent genetic variance-covariance matrices used to generate the data can be broadly
classified as consisting of high, medium, and low correlations. They were generated
by considering the same vector of factor loadings, i.e.,

A = (0.1,0.5,-0.05,—0.1,0.2,0.05,0.005)T but three different values for the com-
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Table 8.1: Iterations until convergence when using a stopping rule with varying levels of €, final residual log-likelihood (¢r),
and the Frobenius matrix norm of the estimated genetic variance-covariance matrix when using a REML EM algorithm to
fit Model @ and Model M and a REML PX EM algorithm to fit Model X and Z with k& = 1 factors to the small subset of

National Variety Trial data presented in Table 6.2. All algorithms use the missing data specification y

(D) _

m A.ﬂﬂvgwgﬂ

Model O Model X Model M Model Z
e | Iter. lr  ||Ge|lp | Iter. trn  ||Gellr | Tter. lr  ||Ge||F | Tter. e ||Gellr
108 66 300.9849 0.3180123 54 300.9849 0.3180123 54 300.9849 0.3180123 40 300.9849 0.3180123
10-7 | 57 300.9849 0.3180122 | 46 300.9849 0.3180124 | 46 300.9849 0.3180124 | 35 300.9849 0.3180123
10~ 48 300.9849 0.3180113 38 300.9849 0.3180129 38 300.9849 0.3180129 29 300.9849 0.3180124
1073 39 300.9849 0.3180019 30 300.9849 0.3180189 30 300.9849 0.3180189 23 300.9849 0.3180132
10~4 30 300.9849 0.3179079 22 300.9849 0.3180807 23 300.9849 0.3180634 18 300.9849 0.3180216
1073 21 300.9842 0.3169733 15 300.9802 0.3185419 16 300.9824 0.3184078 13 300.9830 0.3180960
102 13 300.9369 0.3101104 10 300.8763 0.3200647 10 300.8763 0.3200647 9 300.9220 0.3178401
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mon specific variance, i.e., ¥ = 0.01, v» = 0.05, and ¥ = 0.25. The three genetic
variance-covariance (and correlation) matrices that were used to generate the data
are presented in Table 8.2. When using the common specific variance ¥ = 0.01,
¥ = 0.05, and ¥ = 0.25 the correlations in the genetic correlation matrix have
ranges of (-0.69, 0.88), (-0.37, 0.61), and (-0.14, 0.26) respectively.

For every model fitted to the simulated data we define the starting values AO =
(0.1,0.1,0.1,0.1,0.1,0.1,0.1)7, %© = 0.1, ¢®® = 0.1, and d© =1, w©® = 1 when
required. The minimum, median, and maximum number of iterations until conver-
gence for all models using the two different missing data specifications and varying
levels of € are provided in Table 8.3. Model Z is the preferred model for both miss-
ing data specifications and at all levels of s regardless of the level of /. Model Z
using the new missing data specification ym = (f7, T) is preferred to Model Z
when using the missing data specification y,, = (f7,87)7 at all levels of £ and when
1 = 0.05 and 9 = 0.25, i.e., when the genetic variance-covariance matrix consists of
low to medium correlations.

An interesting outcome of the simulation study is the performance of Model Z us-
ing the missing data specification y,, = (f7,87)T when ¢ = 0.01, i.e., when the
genetic variance-covariance matrix consists of high correlations. This model and
missing data specification significantly outperforms all other models. For levels of ¢
smaller than 10~° the performance gain, in terms of iterations until convergence, is
between 1 to almost 1 5 the number of iterations until convergence of the next best
model, Whlch is Model Z using the new missing data specification. A caveat on this
result is that performance is judged only on the number of iterations until conver-
gence and does not consider computing time. Although we have not considered a
comprehensive computing strategy for each model in this thesis, the time per itera-
tion when using the missing data specification y,, = (f7,87)7 is approximately 2.5
times greater than time per iteration when using the new missing data specification

(D) = (fT,u )T. Therefore, the two have comparable performance in terms of
elapsed time to convergence when ¢ = 0.01. In all other cases Model Z using the
new missing data specification is far superior in terms of elapsed time to convergence
than all other models. The reduction in time per iteration for models using the new
missing data specification concurs with results presented in Thompson et al. (2003).
Thompson et al. (2003) found that time per iteration was substantially reduced
when applying the average information algorithm to a “dependent” formulation of
the factor analytic mixed model.
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In the small subset of National Variety Trial data example it was found that using
the less stringent convergence criteria € = 1075 had no effect on the final residual
log-likelihood and little effect on the estimate of the genetic variance-covariance
matrix. In Table 8.4 summary statistics for the absolute difference between the
Frobenius matrix norm of the estimated genetic variance-covariance matrix using
e = 1078 and the Frobenius matrix norm of the estimated genetic variance covariance
matrix using another level of € are presented. If we consider the standard to be
the Frobenius matrix norm of the estimated variance-covariance matrix obtained
when using € = 10~® then the data in Table 8.4 supports an increase in & to 1075,
For Model Z and € = 10~ the worst case is when using the new missing data
specification and when ¥ = 0.01. In this case the median value of the difference
between the Frobenius matrix norm of the estimated variance-covariance matrix
using € = 1078 and & = 1075 is 0.000028. This difference at the other two levels of
1 is less than 0.00001. These differences indicate that from a practical point of view
there is little loss in terms of an accurate estimate of the genetic variance-covariance

matrix in moving to a less stringent stopping rule based on € = 1075,

We recommend Model Z using the new missing data specification when fitting a
factor analytic mixed model. In Figure 8.1 we compare the number of iterations
until convergence for Model Z using y,, = (£f7,67)7 and y{2 = (£, uI)T. The
convergence criteria for both was based on ¢ = 1075. Model Z using the new missing
data specification and applied to data generated using ¢ = 0.05 and ¢ = 0.25
converges (on average) in 54% and 16% respectively of the number of iterations it
takes Model Z using y,, = (f7,87)7 to converge. When 1 = 0.05 and ¢ = 0.25
the median (50th percentile in Figure 8.1) number of iterations to convergence is 15
and 25 iterations respectively for Model Z using the new missing data specification.
Both are acceptable from a practical point of view. When % = 0.01 the median
number of iterations to convergence is 56. This is unacceptably high and greater
than the median number of iterations to convergence for Model Z using vy,, =
(fF,6")T. However, when ¢ = 0.01 the two missing data specifications for Model
Z are comparable in terms of elapsed time to convergence. It is also worth noting
that increasing € to 10™* reduces the median number of iterations until convergence
of Model Z using yﬁf ) = ( fT, ug)T to 28 iterations. This is a feasible alternative
if we are prepared to accept an estimate of the genetic variance-covariance matrix
which is slightly less accurate than that obtained when using € = 1075.
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Table 8.2: The three genetic variance-covariance matrices based on A =
(0.1,0.5,—-0.05,—0.1,0.2,0.05,0.005)T and ¢ = 0.01, 3 = 0.05, and % = 0.25 used to
generate the three lots of 100 data sets. Variances are on the diagonals, covariances
in the lower triangle, and correlations in the upper triangle.

(a) ¥ = 0.01
0.0200 0.69 -0.32 -0.50 0.63 0.32 0.04
0.0500  0.2600 -0.44 -0.69 0.88 0.44 0.05
-0.0050 -0.0250 0.0125 0.32 -0.40 -0.20 -0.02
-0.0100 -0.0500 0.0050 0.0200 -0.63 -0.32 -0.04
0.0200 0.1000 -0.0100 -0.0200 0.0500 0.40 0.04
0.0050 0.0250 -0.0025 -0.0050 0.0100 0.0125 0.02
0.0005 0.0025 -0.0002 -0.0005 0.0010 0.0002 0.0100

(b) % = 0.05
0.0600 0.37 -0.09 -0.17 0.27 0.09 0.01
0.0500  0.3000 -0.20 -0.37 0.61 0.20 0.02
-0.0050 -0.0250 0.0525 0.09 -0.15 -0.05 -0.00
-0.0100 -0.0500 0.0050 0.0600 -0.27 -0.09 -0.01
0.0200 0.1000 -0.0100 -0.0200 0.0900 0.15 0.01
0.0050 0.0250 -0.0025 -0.0050 0.0100 0.0525 0.00
0.0005 0.0025 -0.0002 -0.0005 0.0010 0.0002 0.0500

(c) ¥ =0.25
0.2600 0.14 -0.02 -0.04 0.07 0.02 0.00
0.0500 0.5000 -0.07 -0.14 0.26 0.07 0.01
-0.0050 -0.0250 0.2525 0.02 -0.04 -0.01 -0.00
-0.0100 -0.0500 0.0050 0.2600 -0.07 -0.02 -0.00
0.0200 0.1000 -0.0100 -0.0200 0.2900 0.04 0.00
0.0050 0.0250 -0.0025 -0.0050 0.0100 0.2525 0.00
0.0005 0.0025 -0.0002 -0.0005 0.0010 0.0002 0.2500
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Table 8.3: Minimum, median, and maximum number of iterations until convergence for Model O, M, X, and Z using two different missing data specifications and different
levels of e. A 100 data sets were generated for each level of the common specific variance, i.e., ¥ = 0.01, ¢ = 0.05, and ¢ = 0.25.

Missing data specification y,, = A%u.. M‘Huﬂ. Missing data specification .t.m-mvv = A.\.‘H_ .:.w,vﬂ,
Model O Model M Model X Model Z Model O Model M Model X Model Z

min med max min med max min med max min med max min med max min med max min med max min med max
e=10"%
% = 0.01 119 299 2500 94 289 2500 94 295 2500 36 57 816 137 339 2500 93 290 2500 93 294 2500 51 157 2500
¥ = 0.05 86 144 235 48 58 114 51 64 130 34 54 114 50 76 121 33 44 77 32 44 77 23 28 50
P =0.25 265 447 2500 145 387 2500 177 451 2500 146 387 2500 35 50 364 26 47 339 27 50 364 26 46 340
e=10"7
3% = 0.01 100 232 2500 77 222 2500 76 229 2500 29 46 479 115 276 2500 76 224 2500 75 228 2500 41 123 2500
¥ = 0.05 73 122 198 40 48 93 42 54 109 28 45 93 42 64 102 27 36 63 27 36 63 19 23 41
P = 0.25 224 370 2492 116 315 2067 145 376 2496 117 315 2058 30 41 311 22 38 285 23 42 311 21 38 286
e=10"°
¢ = 0.01 82 167 1126 61 157 873 60 163 1125 24 36 208 94 214 1550 59 159 970 59 162 1124 33 89 758
P = 0.05 61 101 162 33 39 74 34 45 90 23 36 74 36 54 84 22 30 50 22 30 50 16 19 33
P =0.25 184 300 1982 91 231 1557 118 306 1986 91 231 1548 25 35 258 18 32 232 19 35 258 17 32 233
e=10""%
% = 0.01 64 104 249 44 92 203 44 98 247 18 26 72 72 154 651 43 93 223 42 97 246 24 56 172
3P = 0.05 49 81 126 25 31 54 28 37 70 18 28 54 29 43 66 17 23 37 17 23 37 12 15 26
P = 0.25 144 226 1472 67 157 1046 92 225 1476 67 158 1037 21 28 205 15 25 180 15 28 205 13 25 181
e=10"*%
3 = 0.01 47 59 74 28 41 60 28 44 63 13 16 24 51 93 229 27 42 66 26 43 62 16 28 48
2 = 0.05 38 60 90 19 22 35 21 28 51 13 20 35 23 32 47 12 17 25 12 16 25 9 11 18
P = 0.25 104 156 961 44 90 536 68 155 965 44 91 528 16 22 153 10 19 127 11 22 153 10 19 128
e=10"3
% = 0.01 29 35 46 13 15 19 13 15 19 8 9 10 30 43 59 12 15 20 12 14 18 8 11 16
7 = 0.05 26 39 54 13 15 20 14 20 32 9 13 19 16 21 29 8 10 15 8 11 16 6 8 11
P = 0.25 59 92 441 28 48 260 44 88 445 29 49 261 11 16 100 7 12 74 8 16 100 7 12 75
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CHAPTER 8. A NEW MISSING DATA SPECIFICATION FOR FACTOR
ANALYTIC MIXED MODELS

Figure 8.1: Model Z number of iterations until convergence using the new missing data specification
y%) - ( fT,uZ;)T versus iterations until convergence using the missing data specification yg,? ) =
( fT, 6T)T. Iterations until convergence for both is based on € = 10~°. Each data point represents
1 generated data set out of 100 for each of 1 = 0.01, ¥ = 0.05, and ¢ = 0.25. Grid lines represent
the 25th, 50th, and 75th percentiles.

Data generated using y=0.01 Data generated using y=0.05 Data generated using y=0.25

Iterations using ym = (f", 87)"

Iterations using ym = (f",87)"
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Chapter 9

Conclusion

In this thesis we have advanced the theory underlying the application of REML EM
and REML PX EM algorithms to linear mixed models and factor analytic mixed
models. A new incomplete data specification has been introduced based on the
transformed observed data vector associated with the marginal distrubution in the
conditional derivation of REML (Verbyla, 1990). This transformed observed data
vector has been referred to as y,. There are two benefits in defining the incomplete
data in a REML EM or REML PX EM algorithm as y, rather than the observed
data vector y,. Firstly, the new incomplete data specification results in a REML
EM or REML PX EM algorithm that is computationally more efficient. Secondly, in
our experience the new incomplete data specification will result in a REML EM or
REML PX EM algorithm having a faster rate of convergence. We have used Loewner
partial ordering to describe the conditions necessary for the new incomplete data

‘specification to result in a faster rate of convergence.

There are two related aspects to the improvement in computational efficiency when
specifying the incomplete data as y,. Firstly, the E-step of a REML EM or REML
PX EM algorithm using the new incomplete data specification only requires knowl-
edge of one conditional distribution, namely u|y,. In contrast, the E-step of a
REML EM and REML PX EM algorithm using y, as the incomplete data requires
two conditional distributions, namely u|y, and typically e|y,. This aspect of the
new incomplete data specification may have an application in situations where the
E-step is intractable. This is a potential area of future research.

The second aspect to the improvement in computational efficiency relates to the first.
REML EM and REML PX EM algorithm parameter updates involve computing the

125



CHAPTER 9. CONCLUSION

trace of a matrix. For the new incomplete data specification this matrix is either the
b x b matrix C?Z or the b x b matrix ZTU ZC?%Z where U is a projection matrix.
When the incomplete data is specified as y, this matrix is either C?Z or the n x n
matrix WC'W7” where W = (X Z). The latter involves the inverse of the entire
coefficient matrix associated with Henderson’s mixed model equations whereas the
former only involves a smaller partition of this matrix. It is computing the trace
of WC'WT which makes a REML EM or REML PX EM algorithm where the
incomplete data is specified as y, less computationally efficient than a REML EM
or REML PX EM algorithm based on the new incomplete data specification.

Although the REML EM and REML PX EM algorithm for linear mixed models
based on the new incomplete data specification is a step forward in terms of compu-
tational efficiency further work is required before either of these two algorithms can
be easily implemented within existing software packages using Newton-Raphson type
algorithms. In the case of the average information algorithm (Gilmour et al., 1995)
the only term computed in terms of the inverse of the coefficient matrix associated
with Henderson’s mixed model equations is C?Z. The REML EM and REML PX
EM algorithm require computing ZTU ZC?#%. A potential area of future research
would be to study approximations of the trace of this matrix only using terms that
form part of the average information algorithm computing strategy.

Factor analytic mixed models are routinely applied to data arising from plant im-
provement programmes. In statistical software packages using Newton-Raphson
type algorithms these models can be extremely difficult to fit. Successive iterations
of these algorithms are not guaranteed to increase the residual log-likelihood and
parameter updates may be outside their parameter space. REML EM or REML
PX EM algorithms for factor analytic mixed models solve these problems. However,
they do suffer from slow convergence. Besides specifying the incomplete data for
these types of models as y, this thesis has addressed the problem of slow conver-
gence by considering model specification, a new parameter expansion, a new missing
data specification, and the efficacy of a less stringent stopping rule.

Factor analytic mixed models with & = 1 factors and a common specific variance
were considered in an example and a simulation study. The recommendation of this
thesis is to use a REML PX EM algorithm based on a model specification where
the variance of the factor scores is assumed to be an unstructured positive definite
matrix rather than the identity matrix, a new missing data specification based on
the “dependent” formulation of factor analytic variance models presented in Thomp-
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son et al. (2003), a new parameter expansion which is associated with the specific
variances, and a less stringent convergence criterion based on € = 1075 rather than
e = 1078, In many instances this results in iterations to convergence being less than
10% of the number of iterations to convergence using an alternative model specifi-
cation, missing data specification, parameter expansion, and convergence criterion.
Future research is required to determine if these results apply to factor analytic
mixed models which don’t have a common specific variance and with k > 1 factors.
The research presented in this thesis suggests that a REML PX EM algorithm has
the potential to be a practical option when fitting factor analytic mixed models.
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Appendix A

Vector and matrix results

A.1 Conditional distribution between two vectors

If £ = (xf,x])7 is distributed as N,(p, £) where p = (pf, )T and
© Xn X
221 222
where det(332) > 0 then for a given value of x

@1|xa ~ N (py + T12555 (T2 — py) , B11 — $12555 2a1)

A.2 Covariance between two vectors

If x = (xF, 27 is distributed as N,(u, X) where g = (uf, u2)7 and

TR
> 11 12
Yo Yo
then we can write

212 = E(mlmg) — E(ml)E(mg)T
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Rearranging we have

E(z12l) = E(x:)E(x2)” + =1,
= mp; + S

A.3 Matrix identities

A.3.1 Trace of a matrix

The following is taken from Mardia et al. (1979). For a nxn matrix A with elements
a;; the trace of A is

where J; is the i-th eigenvalue of A.

A.3.2 Quadratic forms

The following result is taken from Searle et al. (1992). For y ~ N(u,V) and
symmetric matrix A,

E(y"Ay) = p"Ap +tr(AV)

A.3.3 Determinants

The following results are taken from Harville (1997).

Matrix multiplied by a scalar

For any n x n matrix A and scalar k

130



APPENDIX A. VECTOR AND MATRIX RESULTS

det(kA) = k" det(A)

Invertible matrix

If A is non-singular then

det(A™) =

det(A)
Matrix multiplication

For n x n matrices A and B
det(AB) = det(A) det(B)
Partitioned matrix
For a non-singular matrix A partitioned as
A, A
A= 11 12
Ay Ay

where A;; is a m X m matrix, A, is a m X n matrix, Ay is & n X m matrix and
Ay is a n x n matrix. The determinant of A is

det(A) = det(Au) det(Azz - A21A1_11A12)

A.3.4 Inverses of matrices of the form A + B

The following result is taken from Harville (1997). Let A and B be n x n matrices
and A + B be nonsingular then

(A+B)'A = I,-(A+B)"'B
A(A+B)' = I,-B(A+B)"
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A.3.5 Inverses of matrices of the form A 4+ BCD
The following result is taken from Harville (1997). Let A be a nonsingular n X n

matrix, B a n X m matrix, C a nonsingular m X m matrix, and D a m X n matrix
then

(A+BCD)'=A"1'-A"'B(C'+DA'B)"'DA™!

A.3.6 Inverses of partitioned matrices

The following results are taken from Harville (1997). Define a partitioned non-
singular matrix A as

A Ap
A=
Ay Aix
where Aq; is a m X m matrix, A, is a m X n matrix, A, is a n X m matrix and
Ay is a n X n matrix. Define the the non-singular matrix A7 las

A—l B All A12
Tl A2 4%
where A A% A?' A%? have the same dimensions as Ai;, Ajz, Ag1, Agy respec-

tively. If A;; is non-singular then A is non-singular and

Al = (A — ApAy AT

AP? = —(An— ApAyAy)TTALAS

A = —A Ay (A — ApAj Ay)T

A = AL+ A5 An(An — AAs Ay) T AR A
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A3.7 GZT(R+ZGZNH'=(G '+ Z"R'2)"'ZTR™!

Using Result A.3.5 and Result A.3.4 we have

(R+ZGZ™)' = R'-R'Z(G'+Z"R'2)’Z"R™!
R(R+2ZGZ"N™' = I,-Z(G'+Z"R'2)"'Z"TR™!
I,—ZGZ"(R+ZGZ")™' = I,-Z(G'+Z"R'Z)'Z"R™!
ZGZT(R+2ZGZ")' = Z(G'+Z"R'Z)'ZTR™
GZ'(R+ZGZ")' = (G'+ZT'R'Z)"'1ZTR™

as required.

A3.8 P=Ly(L'HL) 'L =H'-H'X(XTH'X)'XTH™!

If LgX = 0 and H is symmetric positive definite then it is possible to define a
projection matrix P where

P = LyLITHL,)'LT
= H'-H'X(XTH'X)'XTH™?

Part of the proof is presented below and is taken from Searle et al. (1992). We start

by noting that Ly(LI Ly)"'LY and X (XTX) ' X” are symmetric and idempotent
and that it is possible to show that

I, - X(XTX)'XT = Ly(LYLy) ' LT

Since H is symmetric positive definite a matrix H 2 exists such that H = (H %)2
and we can write

I,—-H :X(X"H'X)'XTH % = H:L,(LTHL,)"'LTH*
Pre and post-multiplying both sides by H -3 gives
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P=H'-H'X(XTH'X)'XTH' = L,(LTHL,) 'Lt

Since R and ¥ are symmetric positive definite it follows that we can also define

S=R'-R'X(X"R'X)'XTR™ = Ly(LIRL,)'L?
U=3"'-3'X(XT'X)'XTS™ = Ly(LIZLy) ' LY

A39 P=R'-R'WC'WTR™!

From Result A.3.8 we have

P=H'-H'X(XTH'X)'XTH™

Now consider

H?' = R'-R'Z(G'+Z"R'2)'Z"R™!
= R'-R'ZC;,Z"R™

and
H'X(XTH'X)'XTH™
=(R'-R'ZCLZTR"HXC**XT(R' - R'ZC,,Z"R™)
= R'XC*XTR'-R'XC*XTR'ZC,,Z"R™
~R1'ZC,,Z"R'XC**XTR™!
+R1'ZCLZ"R'XC**XTR'ZC,LZTR™?
=R (XC*¥*XT - XC**Cx;C3,Z" — ZC7,CzxC** XT
+ZC7,CzxC**Cx;C7,Z")R™
Therefore,
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P = H'-H'X(XTH'X)"'XTH"
= R'-R'ZCy;,Z"R™' - R (XC*XT - XC**Cx,C;5Z"
—ZC;CzxC** X" + ZC7,CzxC**Cx,C, Z")R™!
— R'-R(ZC7,2" + XC*¥XT - XC*XCx,C74 2"
~ZC;CzxC** X" + ZC,CzxC**CxzC7,Z")R™!
= R'-R'WC'WTR™!

where W = (X Z).

A.3.10 P=S-SZC%ZTSs

Begin by noting that P can be written as

Ly(LTHL,)'LY

= Ly(LYRLy + L,ZGZ"L,y) ' LY

= Ly{(LyRL,)™"
—(L3RLy) 'Ly Z{G ™' + Z"Lo(Ly RL,) 'L Z} ' Z" Ly(Ly RLy) ' } L]
using Result A.3.5

=S -SZ(G'+2Z78z)'ZTSs

=S8 -8SZC%?Z"S

If we define Ly, = y, then we can use the result presented above to re-express
G-GZ"PZG as
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G-GZTPZG = G-G{Z"SZ-Z"SZ(G'+Z"82)7'Z"SZ} G

= G-G{I,-Z"SZ(G*+2"8§2)'}Z2"SzZG

= G-G[I,—{I,-G G+ 2"8z)"'}|Z"SzG
using Result A.3.4

= G- (G '+Z'8z)'z"szaG

= {I,- (G'+2"82)'Z"SZ}G

= [I,-{I,- (G +2"S2)"'G'}]|G
using Result A.3.4

= (G'+2782)7!

- %z

A.3.11 PHP=P

Note that P = Ly(L3 HL,)"'L%. Therefore,

PHP = Ly, (L'HL,) 'LIHL,(LTHL,)'L]
= Ly(LTHL,)'LY
= P

as required. Similarly SRS =S and UXU =U.

A.312 PHS=S

Noting that
P =L, (LYHL,)'LY
S = Ly(LYRL,) L]

then
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PHS = Ly(LjHL,)'L{HLy(LjRL,)'L]
= Ly(LTRL,)'L?
= S

as required.

A3.13 PRS=P

Noting that

P=LyLIHL,) LT
S = Ly(LIRL,)'L]

then

PRS = Ly(LYHL,) 'LIRL,(LYRL,)'LY
= Ly(LTHLy)™LY
= P

as required.

A.3.14 tr(HP)=n-—t

If we define P = H ' - H'X(XTH'X)'XTH™! then

tr(HP) = tr[H{H'-H'X(X"H'X)"'X"H™"}]
= tr{l, - X(X"H'X)'X"H™'}
= tr(I,) - to(X(XTH'X) ' XTH™)
= n—to{(X"TH'X)'X"H'X}
= n—tr(l)

= n—t
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as required. Similarly tr(RS) = tr(ZU) =n —t.

A.4 Matrix differentiation results

A.4.1 Derivatives of determinants

The following result is taken from Harville (1997). If A is a p X p matrix where
A = A(z) = {b;} is a non-singular matrix whose elements are functions of z and
is continuously differentiable at every z then

Olog{det(A)} o A_l%
&vj N 8.’Ej

A.4.2 Derivatives of inverses

The following result is taken from Harville (1997). If A is a p X p matrix where
A = A(z) = {b;;} is a non-singular matrix whose elements are functions of z and
is continuously differentiable at every = then

oA~ - _A—I%A—l
8l'j 8$j

A.4.3 Derivatives of P

Define a vector of variance parameters & = (02, ¢*,~47)T and consider the partial
derivative of P = Ly(LY HL,) ' LT (Result A.3.8) with respect to &;, i.e.,

oP 8 _

¥ = m{naiHLy )

8(Ly HLy)™
alﬁli

_ _L(LTHL,)'L7H

2 351;
0H
8/‘&1'

= L, LT

Ly(LYHL) LY using Result A.4.2

= —pPZp
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Likewise,
ouU 0
= Ly(LTSL,)'LY
0;; 6%{ (L2 L) 2}
O(LyELy)™ o
= L,—2 "2 1
Y
= —Ly(LTZL,)'LY aaf Ly(LTS L)LY using Result A.4.2
j
o
= -U_—U
a¢ij
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Appendix B

Derivation of identity in Oakes
(1999)

A key result in Oakes (1999) is the identity

0*10g{k(¥,|¥,; 0}
E T
50 5w)

0 o] 2 .
= 85 08l 6| oy 0B k(w61

Yoi 0("’)]

Yo 0(“’))

Noting that 8 = (6y,...,0,;)%, definingi=1,...,d and j = 1,...,d we can write

0 log{k(ymlyoi 0™)} _ 0 'alog{k<ym|yo;e<w))}]
89§w)80§"”) 06 | 30§w)

o [ar {Fwalus6®))
00 | k(Ymlyo; 0™)

Using the quotient rule we have
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02 10g{k(Ypm|Yo; 0°)}
06 965"

(w) glw)y _ 2 ) o
W{kymlyo,e )}k(ym|yo,9 ) @m{k(ym\yoﬁ )} (,(w{ (Ymlyo: 0 )}
k(Ymlyo 0°))2

2
m{k(ymlyo; 9(“’))}

() 59 0 [ 0
= : - - 10g k YmiYos 0(10) ]
k(YmlY0: 0) 26 trlwnl 1} ag

{log{k(ymlyo; 9“”))}]

i

Which can be written using matrix notation as

82 1og{k(y,|y,; 0™)}
00™) "

oo {Fumlys 060}
E(Ynmlyo; 6) 59

106 40100} O gl )

86™)’”

Taking expectations on both sides over k(y,,|y,; 8)) we have

02 10g{k(Ynml¥o; 0"} pw)
'4 9699 %9]

W{ (Ym|Yo; O(w))}
k(Ynm|yo; 0)

B (s 106Ukl 0} | L5 1ol 0} s

Yo 9(”’)]

The required identity is obtained if the first term on the right hand side is zero. We
have
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B gwf;_w{k(ymlyo;(;(w))}
k(Yo Y, 0)

82 . w
_ / W{k(ymlyo, 6" ’)}
S(Ym) k(y,.|y,; 0™)

02 { / }
= ) ag)T E(y,,|y,; 0 dy,,
00 90™" | Js(,,) Wmly Jdy

82
s (1)

=0

Yo 0(“”)}

k(Y mlyo; 0y, ,

as required.

143



APPENDIX B. DERIVATION OF IDENTITY IN OAKES (1999)

144



Appendix C

Loewner partial ordering of

symmetric positive semidefinite

matrices

Loewner (sometimes referred to as Lowner) partial ordering of matrices is analagous
to ordering numbers on the real number line using the inequalities >, >, <, and

<. Loewner partial ordering has its’ mathematical foundations in convex geometry.
Much of what follows has been taken from Horn and Johnson (1990)

We begin by defining S} as the convex cone containing the set of all positive semidef-
inite symmetric n X n matrices and the interior of ST, denoted S7 _, as the set of all
positive definite symmetric n X n matrices. For A € S} we can write

A-0<—2TAz>0 VzxekR"

where R” refers to Euclidean n-dimensional real vector space and the symbols €,
V and <= can be read as “in”, “for all” and “material equivalence” respectively.
Later we introduce the symbol = which can be read as “material implication”.
For A € S}, we can write

A0« 2TAx >0 VxeR"

If A—B > 0then A > B where A > B defines a so-called Loewner partial ordering
(see for example Jarre (2000) or Dattorro (2005) Appendix A). The corollaries we
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are particularly interested in are (Horn and Johnson (1990) Chapter 7)

Corollary C.1. If A,B €S, then

(o) A= B<= A"'<B™;

(b) A > B = det(A) > det(B); and

(c) Ar B => A(A) > Ae(B) for all k =1,2,...,n if the respective eigenvalues
of A and B are arranged in the same (increasing or decreasing) order.

Note that Corollary C.1 (b) and (c) imply that for A, B € ST, then

det(A) > det(B) <= A\ (A) > M\ (B) forall k=1,2,...,n

According to Dattorro (2005) the requirement that A and B are positive definite
is only required for Corollary C.1 (a) whereas A, B € S¥ is sufficient for Corollary
C.1 (b) and (c).
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