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A b stra c t

Linear mixed models and factor analytic mixed models are routinely applied to 
biological data arising from designed experiments. The preferred method for esti­
mating the parameters associated with these models is residual maximum likelihood 
(REML). Most statistical software packages available for the REML estimation of 
parameters associated with linear mixed models and factor analytic mixed models 
implement a Newton-Raphson type algorithm such as the expected information al­
gorithm or the average information algorithm. There are two problems with these 
algorithms. Firstly, successive iterations of these algorithms are not guaranteed 
to increase the residual log-likelihood function. Secondly, parameter updates may 
not remain in their parameter space. Either may result in the algorithm failing to 
converge to a solution.

The REML expectation maximisation (REML EM) algorithm and the parameter 
expanded version of this algorithm (REML PX EM) are alternatives to Newton- 
Raphson type algorithms. Features of these two algorithms are that the residual log- 
likelihood may not decrease with successive iterations and parameter updates remain 
in their parameter space. Before the REML EM or REML PX EM algorithm can 
be considered practical alternatives to Newton-Raphson type algorithms two issues 
need to be addressed. Firstly, they can be notoriously slow to converge, particularly 
the REML EM algorithm. Secondly, compared to the average information algorithm, 
current implementations of these two algorithms are computationally more expensive 
at each iterate. This increased computational expense relates to calculating the trace 
of a matrix of the same order as the length of the observed data vector.

This thesis addresses the issues of speed and computational efficiency of the REML 
EM and REML PX EM algorithms for linear mixed models and factor analytic mixed 
models. The REML EM and REML PX EM algorithms require specihcation of the 
incomplete and missing data. A new specification of the incomplete data for linear 
mixed models and factor analytic mixed models is introduced which is shown be



computationally more efficient and we describe the conditions under which this new 
specification will have a faster rate of convergence. For factor analytic mixed models, 
model specification, a new parameter expansion, a new missing data specification, 
and the efficacy of using a less stringent stopping rule are considered. In an example 
plant breeding data set and in a simulation study it is shown that these innovations 
can drastically reduce the number of iterations to convergence.

The improvements to the REML EM and REML PX EM algorithms presented 
in this thesis make these two algorithms, particularly the latter, more likely to 
be implemented alongside Newton-Raphson type algorithms in statistical software 
packages for linear mixed models and factor analytic mixed models. In such a 
situation this would provide users of these models a viable alternative in the event 
of a Newton-Raphson type algorithm failing.
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C hapter 1

EM  algorithm  in troduction

In this chapter we describe the EM algorithm in general terms, i.e., in terms which 
are not specific to linear mixed models or factor analytic mixed models. In particular 
we provide a derivation of the EM algorithm, introduce the missing information 
principle, describe a method for calculating the observed information matrix and 
for computing the rate of convergence of an EM algorithm. The rate of convergence 
will be used to compare two different REML EM algorithms for the linear mixed 
model in a later chapter.

1.1 A brief history of the EM algorithm

The term “EM algorithm” hrst appeared in the Dempster, Laird, and Rubin paper 
published in the Royal Statistical Society Series B journal in 1977 (Dempster et ah, 
1977). However, as noted by Dempster et al. (1977) a number of other authors had 
contributed to the underlying theory and method prior to their famous paper.

This history of papers with an EM flavour earlier than the Dempster et al. (1977) 
paper is hardly surprising as the EM algorithm was developed to compute maximum 
likelihood estimates from incomplete data - a problem of great practical interest. 
However, this previous work does not detract from the importance of the Dempster 
et al. (1977) paper. McLachlan and Krishnan (1997) note that it was in this paper 
that

ideas were synthesized, a general formulation of the EM algorithm established, 
its properties investigated, and a host of traditional and nontraditional appli-

1



CHAPTER 1. EM ALGORITHM INTRODUCTION

cations indicated.

The EM algorithm’s popularity can be attributed to the number of problems that 
fall under the “incomplete data” umbrella. Besides the obvious cases where there 
are missing values in the data, a large number of problems can be formulated as 
incomplete data problems even though the incompleteness of the data is not imme­
diately obvious. Linear mixed models, which are the subject of this thesis, are one 
such example.

1.2 EM  algorithm  derivation

The EM algorithm is an iterative optimisation method for computing maximum 
likelihood estimates (and residual or restricted maximum likelihood estimates) in 
cases where the observed data can be considered incomplete. The EM algorithm 
derives its name from two steps that are performed at each iteration. These are an 
expectation step (E-step) which is followed by a maximisation step (M-step).

There are a number of ways in which the EM algorithm can be derived. We present 
the traditional approach presented in the Dempster et al. (1977) paper. We will 
consider the observed data vector y 0 = (y0l, . . . ,  y0n) 1 as incomplete and a random 
sample from a distribution having a probability density function that is parame- 
terised by 0 — (# i,..., Ô )1, a vector of unknown parameters with parameter space 
0 . It is assumed that there exists a complete data vector y r which consists of the 
observed data vector and the missing data vector y m, i.e., y ( =  (y([ . y'tn)r■

Dehne the density function for the complete data vector as

If we let S(y7n) denote the sample space of y m, the density function for the observed 
data vector can be expressed as

The density function for the observed data vector can also be defined in terms of 
the complete data vector and a conditional density function, i.e.,

/ ( Vc,0) = f ( y„ , ym, e )-

2



CHAPTER 1. EM ALGORITHM INTRODUCTION

Taking natural logarithms we have

l°g{.<y(y„:0)} =  'og {f{Vo,V,n-e )}~ ^og{k{yln\y„;9)}

t(0;iJo) =  log {/(y c;0)} -

( 1. 1)

( 1.2)

where £(9:ya) = log{g(y0:9)} is a log-likelihood function based on the observed 
data and which will be referred to as the observed data log-likelihood function. Note 
that the log-density function log{ f ( y r: 0)} cannot be referred to as a log-likelihood 
function as y m is not observed. Maximum likelihood estimates for 9 are obtained 
by finding values of 9 that maximize £(0: y Q), i.e.,

this problem by finding the maximum likelihood estimate of 9 indirectly by consid­
ering the complete data log-density function, i.e., log{ f ( y c]9)}.  As this function is 
unobservable it is replaced with the current conditional expectation of log{/(yc; 0)} 
given the observed data y n and the current estimate of 9.

6 = arg max&(0\ y Q).

The problem is that 9 is often difficult to compute. The EM algorithm approaches

Let the w-th iterate of 9 be denoted 9("’'. Multiplying both sides of (1.2) by 
k(yrn\y0'i 9 ^ )  and integrating with respect to y m we have

m y „ )  = Q(0-9[w)) - (1.3)

where

The E and M-steps of the EM algorithm can be written

3



CHAPTER 1. EM ALGORITHM INTRODUCTION

E-step: Calculate Q{6: 0 ln'̂ ) =;0 (“°) = /  ^ g { f { y 0, y m] e ) } k ( y m\y0; e (ir))dy
SiVm)

= E[lo/o;0<*>]
M-step: 0 (" + l) =  argm axQ (0,0 ^ ) .

0

Although we have ignored the //(.) function we can form a bound on the difference 
H(6("'+l\ 6 {n'">) — H(6(u'\ through the use of Jensen’s inequality. Forming this 
bound enables us to show that each successive iteration of the EM algorithm does not 
decrease the observed data log-likelihood function and that iteratively maximising 
Q(6: 6 "’•’) will maximise £(0i y Q). This attribute of not decreasing the observed data 
log-likelihood with successive iterations is known as monotonic convergence. For the 
EM algorithm

where the inequality in (1.4) is a result of Jensen’s inequality. It follows that

The inequality (1.5) becomes relevant if we consider Ending 0 (" f d sucp that

H(e{w+l\  e {w)) -  H[o{w\  e {w)) :

o , (1.4)

{H(0{w+l); 0 {w)) -  H{d{w); 0(u,))} > 0. (1.5)

4



CHAPTER 1. EM ALGORITHM INTRODUCTION

n o (w+lh,y„) > u e M -, y„)

Q(9{w+1)\9{w)) -  H(0{w+1'l:9{w)) > Q(9 -

Q(0(-w+l)-9{w)) -  Q(9{w): 9m )-  {H(9{m+1):9{w)) -  H(9[w)\9{w))} > 0.

( 1.6 )

The inequality presented in (1.6) is positive for any 9 " ' 11 if

Q(0(w+1>;9{w)) -  ; 9 {w)) > 0.

Choosing 9 (" ' 11 such that Q(0:0l l )) is maximised for fixed 0 ' is the M-step of 
the EM algorithm and it follows that

e(0(w+1)-,yo) > e ( 9 ^ )-,yo),

establishing the result that each iteration of the EM algorithm increases the observed 
data log-likelihood and iteratively maximising Q(d:6[u''1) will maximise l { 0 , y o). 
Jensen’s inequality also appears in Wald’s proof of the consistency of maximum 
likelihood estimators (Wald, 1949) and is therefore fundamental to maximum like­
lihood estimation.

A graphical illustration of iteratively maximising Q(O;0^)  is provided in Figure 
E l. The main purpose of Figure 1.1 is to graphically illustrate that H(6i is 
maximised at 6 = 6{n'\ This result is fundamental to the EM algorithm having 
monotonic convergence in i (0:yo).

5



CHAPTER 1. EM ALGORITHM INTRODUCTION

Figure 1.1: Graphical illustration of the EM algorithm being used to compute a 
maximum likelihood estimate of 0 = a2 by iteratively maximising Q(9: 0 (" )̂ (for 3 
iterations) and of H(6:0 (u’•’) being maximised at 0 — 0[w\

Iteration 1: £(cr2:y0) and Q(cr2; cr2(0)) Iteration 1: H(<j 2\cr2(0))

h^2;y0) H{a2-a-

Iteration 2: £(cr2:y0) and Q(<J2] cr2(U) Iteration 2: //(cr2; cr2(1))

Iteration 3: i (a2\ y 0) and Q(a2; cr2(2)) Iteration 3: H((j2\(j~~])

6



CHAPTER 1. EM ALGORITHM INTRODUCTION

1.3 Score s ta t is t ic

The gradient vector of the observed data log-likelihood function is

c („ . o\ =  dl°£{9{yo’Q)}

and the gradient vector of the complete data log-density function is

o Qx 31og{/(j/o,y m;0)}S,.(y,..e) = --------------------- — ---------------------.

The observed data score statistic can be expressed as the conditional expectation of 
the complete data score statistic (Orchard and Woodbury, 1972), i.e.,

S 0(v,-e) =  E { S c(yc;.e)\y0-e}.

This result is developed below, assuming regularity conditions that permit the in­
terchange of differentiation and integration hold. We can write

SoiVo-O) =
d\og{g(yo-0)}

dO
jkigjyo-Q)}

g{y0'ie )

gijjJe) L(ym) öö{I(y°’ym’e)} dy’
f  m  { f i v o i y m , 0 )} f {yo, ym\Q)

Js{ym) f ( y 0, y m i e ) g { y0\ e ) 
f d

dy,

%m) 80
k(y,„\y„.Q)dy,

= E { S c(yc;0)\yo;

We can also express the observed data score statistic as

7



CHAPTER 1. EM ALGORITHM INTRODUCTION

S o { y 0'- 9)
/ dQ(0-.oiw)) \
\  dO /  q(W) q

(1.7)

S{ym)

d_
d e i°g { f ( y 0- y m\ 0 ) } K y m\yo- o {w)) dy,

eiw) - e

f  ae { /(V ..» » ;» )}^  I 

S( ym) j(yo-Vm,e ) 
/ k { y m\y , ; .0{w)) d

Q(™) „ Q

\  f ( y„ ,y ,n -0 )  9 0 \ J S{ym)H V ' ’Vm;0 )d ym} #

\  f(yo,ym- e) d>e 
jk{g{yo-°)}

g(y0;
=  0

g ( y 0: e )
^iog  { g( y0, e ) }

oe

as required. This result is referred to as the self-consistency property of the EM 
algorithm.

1.4 M issing  in fo rm a tio n  p rin c ip le  a n d  o b se rv ed  
in fo rm a tio n  m a tr ix

Often the justification for using the EM algorithm instead of another algorithm is 
that the complete data log-likelihood function is easier to consider than the observed 
data log-likelihood function. However, an early criticism of the EM algorithm was 
that it didn’t provide an estimate of the observed information matrix and, to es­
timate this matrix, derivatives of the observed data log-likelihood function had to 
be considered anyway. Two notable papers that address the issue of finding the 
observed information matrix when using the EM algorithm are Louis (1982) and 
Oakes (1999). We will consider the derivation of the observed information matrix 
presented by Oakes (1999) where the observed information matrix can be estimated 
using only derivatives of the Q(.)  function. Before proceeding with the Oakes (1999) 
derivation of the observed information matrix it is useful to consider the so-called 
missing information principle. Beginning with the relation in (1.1) we can write

8



CHAPTER 1. EM ALGORITHM INTRODUCTION

92
oede log {s(j/o:0)}

a2

O0der 
92

9 e d e r

log {/(?/„■ y,„;0)} 

log{fc(ym|y„;0)}

Taking expectations on both sides over k(ym\yn; 6) we can write

E{l„(0;yo)\yo',0} = E{lc(0: -

which can be re-expressed as

Io(0 : V o )  =  Xu(0: V c )  ~  Z m ( 0 -  2 /J ,

where the symbol X indicates that it is a conditional expectation of an information 
matrix that is being considered. The above identity has been interpreted as

observed information  =  complete information  —  missing information

which has been called the missing information principle and can be attributed to 
Orchard and Woodbury (1972). We now present the Oakes (1999) derivation of 
the observed information matrix using only derivatives of the Q(.) function. In 
the following development the regularity conditions required for the interchange 
of differentiation and integration are assumed. Consider the second order partial 
derivatives,

d2m y „ )
oede1

d2Q(e-.0(w))
omT

9 2 Q ( 6 : 0 (u ,) ) 

O9d0r

92H(0-0(w))
9090'

-  E 32 log{k(ym\yo\0)} 
9090t

( 1.8 )

and

9090{w)T

0

92Q{0:0lw))
90d0iw)r

d2Q(9\0{w))
9099iw)T

92H(0; 9{m))

-  E

9999{w)T
'92\og{k(ym\y0:9)}

9990(w)T
(1.9)

9



CHAPTER 1. EM ALGORITHM INTRODUCTION

The second term on the right hand side of (1.9) can be written

d2 \og{k(ym\y0]9)}
d o o e {w)T

—  (  f  d
dOM

0

y0\ o{w)

S (y,n) Ö0
d_
oe

^ g { k ( y m\y0-,9)}k(ym\y0- e {w)) 

d k ( y m\yo-,0(a))
^ o g { k ( y j y o;0)} T

{k(y,n\y,n ®)} a#(»)T 0  *)}
S (y m) k ( y m\yo.0)

d

S(v, oe \ °g{k(ym\y„'0)}

k ( y m\Vo-,o{w))
a

dy,

d y m

k ( y m\y0-^"'])dy,

d e (w)T ^ { k i y j y ^ . e 1̂ ) }

= k ( 9
\ 0 6

log { k (y m\y( - 6 )}
0

06 (w)T logW j/mlj/,,;# '' '0)}

k ( y m\yo- 0 ' l' ])dym

j/„ ;0 w V  (1.10)

Substituting (1.10) into (1.9) and adding (1.8) and (1.9) we have

d2m  Vo)
0 6 0 6 1

02Q (6 :6 {w)) 02Q {6:6{w))
0 6 0 6 1 0 6 0 6 {u,)1 

02 \og{k{ym\y(>-6)}
- E

- e ( —  
v 06

0 6 0 6 1 

^ g { k { y m\y0;6)}

. ß(w)

d 0 (w)r Voi ° [W)

( 111)

A key result in Oakes (1999) is the identity

0 2 log{A:(2/ m|i/0: 0 !"'))}

= —E

0 6 {w)0 6 {w)r
d

o o iw)

:,eiw)

log{fc(s/m|3/„; 0 1"0)}
0

oeiw)T log{A:(s/,„|t/„; Ö1" >)} Voi o [w) 

( 1. 12)

which is derived in Appendix B. Evaluating (1.11) at 0 = 6 (-w> and using the identity 
in (1.12) we have

10
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d2e(0M -,y„)
09{w)d0iw)T

d2Q( 0:0(w)) O'2Q(0:0M )
8980'  + O0d9(w)' 9 = 9 { w '>

(1.13)

which is the result presented by Oakes (1999). It follows that the complete and 
missing information matrices are given by

As noted by Oakes (1999) some noteworthy features of (1.13) are that the relation 
is valid for all 6{ll'\ the second term on the right hand side can be interpreted as 
the missing information, and the partitioning of the observed information matrix 
into two parts may be of some benefit when the inverse of the observed information 
matrix is required.

1.5 R a te  o f  co n v erg en ce

In this thesis we will be comparing EM algorithms using different complete data 
specifications. One measure of algorithm performance is the number of iterations 
the algorithm takes to converge. A more rigorous approach to measuring algorithm 
performance is to measure the rate of convergence. For 9i: i = 1, . . .  the rate of 
convergence can be measured empirically using

Ti = lim
|^(u;+l) _  ß(w) I

I#!™) _

The global rate of convergence can be measured empirically using

r - lim
ii0 (»+i) _  e <»)||
||0(™) _  q ( w ~ 1 )

or by

r =  maxr; i =  1 , . . . ,  d.

11
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Empirical rates of convergence are only useful when considering an EM algorithm 
applied to specific examples. A more general formulation of the global rate of 
convergence can be derived by considering each iteration of the EM algorithm to 
involve a mapping A4 from a set of values 0" ] in © to another set of values 9" r M 
also in ©. i.e.,

0<“’+1) = A i ( 0 {w)) w =  0 ,1 ,2 ,... .

Following the development in McLachlan and Krishnan (1997) we can say that if 
9{,r) converges to some point 0* then 0* must satisfy

9* =  M(0*).

A Taylor series expansion of 0('r+1 ̂ = A4(0<"’')) about 0* gives

e{w+1) -  0* «  j{6*){9iw) -  0*),

where *7(0*) is the d x d Jacobian matrix for A4(0) = {Adi(0), . . . ,  AG (0)}' 
evaluated at 9 — 0*, i.e.,

•7(0*) -

/  d Mi ( 6 )
dox

d M d(9)
\  dOx

dMx(O) \  
00 d

O M d(0)
00d ) e = o\

The EM algorithm is a first order algorithm having linear convergence with rate 
matrix *7(0*). The global rate of convergence is the largest eigenvalue of *7(0*), 
denoted Amax. A small value of Amax implies fast convergence. Dempster et al. (1977) 
showed that *7 (0*) can be expressed as

j ( 0 *) =  l d - l : l (0'-,yo)lo{e*-,yo)
= y o)Xm(0*%, y a)

i.e., the rate of convergence is determined by the amount of missing information and 
the greater the proportion of missing information the slower the rate of convergence. 
Using Amax as a measure of the global rate of convergence allows us to make general

12



CHAPTER 1. EM ALGORITHM INTRODUCTION

comparisons regarding EM algorithms using different complete data specifications. 
If we can show that Amax for one specification is always less than that for another 
specification, then all else being equal we will prefer the specification with smaller
^ m a x  •
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C h a p te r  2

T he linear m ixed m odel as an  
incom plete  d a ta  p rob lem  and  a 
cond itional derivation  of R EM L

Many authors, including Dempster et al. (1977), note that it can be unclear how 
estimating the parameters of a linear mixed model can be viewed as an incomplete 
data problem. We present Henderson’s mixed model equations as we believe it 
provides a natural starting point from which to consider an EM algorithm for the 
linear mixed model. Furthermore, we use the coefficient matrix associated with 
Henderson’s mixed model equations extensively in later chapters. This thesis is 
concerned with the development of a REML EM algorithm for the linear mixed 
model. We present the conditional derivation of REML derived by Verbyla (1990). 
This derivation provides the basis for a new specification of a REML EM algorithm 
for the linear mixed model considered in a later chapter and presents terminology 
that will used throughout the rest of this thesis. We begin this chapter by considering 
a linear mixed model specification.

2.1 Linear m ixed m odel specification

The linear mixed model can be written as

y n = X ß  + Zw + e, ( 2 . 1)
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CHAPTER 2. THE LINEAR MIXED MODEL AS AN INCOMPLETE DATA 
PROBLEM AND A CONDITIONAL DERIVATION OF REML

where y () is a n x 1 vector of observed data, ß  is a t x 1 vector of fixed effects, X  
is a n x t design matrix of full column rank, u is a b x 1 vector of random effects, 
Z  is a n x b design matrix, and e is a n x 1 vector of residuals. It is assumed that 
u and e are realisations of a random variable with the joint distribution

where G — G(7), R  — a 2X, and X =  X(0). The vectors 7 and ( f )  are vectors 
of variance parameters associated with random effects and residuals respectively. 
The variance matrices G. R. and X are assumed to be symmetric positive definite. 
The distribution of the data vector y 0 is therefore Gaussian with mean X ß  and 
variance (t2hH  where H  — Z G Z 1 + R. The variance matrix H  is also assumed to 
be symmetric positive definite.

This specihcation of the linear mixed model is completely general. However, when 
a2 and <72h are both included in the model these two parameters are unidentifiable, 
i.e., they cannot both be estimated. They are both included in the mixed model 
specification to allow for different parameterisations, namely the parameter vectors 
7 and </> can be considered as either variance components or variance ratios. The 
problem of identAffability is overcome by setting at least one of them to 1. In this 
thesis we will consider g2h =  1 so that the elements of 7 are variance components 
and when X is a variance-covariance matrix the elements of <ß are ratios relative to 
a2. The joint distribution of y Q, u, and e is

( Vo ^ (/  X ß  \ /
u ~  N 0

V e / l (  0 J V

H
G Z t

R

Z G R  )
G 0
0 R )

( 2 .2)

Fitting the model given in (2.1) involves estimating a vector of variance parameters 
n = (cr2,7r , (f)')' and the vector of fixed effects ß.

2.2 H enderson’s m ixed  m odel equations

Charles Roy Henderson revolutionised the application of linear mixed models in the 
biological sciences in two important papers in the 1950’s. In the first (Henderson, 
1953) three methods, known as Method I. II, and III were presented for finding
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PROBLEM AND A CONDITIONAL DERIVATION OF REML

maximum likelihood estimates of the parameters associated with a linear mixed 
model. The second (Henderson et al., 1959) presents the now famous mixed model 
equations. Henderson’s mixed model equations are relevant to this thesis in two 
ways. Firstly, both Henderson’s mixed model equations and a ML EM algorithm 
for linear mixed models are derived by considering the same log-density function. 
Secondly, the coefficient matrix associated with Henderson’s mixed model equations 
and its inverse are used to compare the computational requirements of alternative 
REML EM algorithms.

Henderson’s mixed model equations are derived by considering the log joint density 
function of y Q and i t ,  i.e.

log { f { y 0, u )} =  log{/(?/„M } +  log{ /(u )} .

Obtaining the conditional distribution f ( y 0\u) requires a well known result in multi­
variate normal statistics (Result A.l) and using the joint distribution given in (2.2). 
The conditional distribution f ( y Q\u) is

y 0\u ~  N { X ß  + Zu.  R ) .

We define the vector of unknown scale and location parameters as 6 =  {ßT,Kf )7 
where u =  (cr2, /y l , 0 r ) r . The log joint density function of y () and u is therefore 
(excluding constants)

log { f ( y o,u;0)}
1
2

log{det(ß)} + log{det(G)}

+( y 0 - X ß -  Zu) TR - \ y 0 - X ß -  Zu)  + ur G lu .

(2.3)

Maximising (2.3) with respect to ß  and u and equating to zero gives

X TR  lX ß -  X 1 R~lZu  = X TR~ly 0 

Z TR - lX ß - ( Z TR~lZ  + G - 1) = Z TR ly 0,

which are known as Henderson's mixed model equations. They can be written in 
matrix form as

17
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/  X '  R  ' X  X tR~' Z  \  ( ß \  _  (  A 
(  Z ' R  lX  G l +  Z rR  lZ  y  y  u  y  V Z r R~ly 0 )

where ß  is the best linear unbiased estimator (BLUE) of ß  and ü is the best linear 
unbiased predictor (BLUP) of u.  It is convenient to define the coefficient matrix of 
Hendersons mixed model equations as

_  /  X 1 R - ' X  X ' R - ' Z  \
(  Z ’ R ' X  Z 1 R  ' Z + G  1 J

_  (  C x x  C x z
V C z x  C z z

and the inverse of the coefficient matrix as

C l
C  x x  r j x z
( j Z X  q ZZ

Using Result A.3.6 it can be shown that

cxx = ( X TH ~ lX ) ~ \  using Result A.3.7,

C xz = C z x ‘ = ~ ( X r H ~ ' X ) - ' X TH - 1 ZG,  using Result A.3.7,

C zz = (Z'  S Z  + G " 1)“1, using Result A.3.5,

where S — R  1 — Ü -1 X ( X 1 f i _1X )_lX 1 R ~1. Throughout this thesis we will 
define the conditional variances required for computation of the E-step in the EM 
algorithm for linear mixed models in terms related to the coefficient matrix of Hen­
derson’s mixed model equations.

2.3 M issing  d a ta  sp ec ifica tio n  for th e  lin ea r m ix ed  

m o d e l

Dempster et al. (1977) in Section 4.4 of their paper provide an example of an EM 
algorithm for a linear mixed model. They note that
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in the context of linear models...the relevance of incomplete-data concepts is 
at first sight remote.

However, since Henderson’s mixed model equations are based on the joint density 
function of y 0 and w, a natural choice for the complete data when formulating an 
EM algorithm for a linear mixed model is y c =  ( y^ .u1)1 where y () and u are the 
incomplete and missing data vectors respectively. Using EM algorithm terminology, 
equation (2.3) is referred to as the complete data log-density function.

It is well known that maximum likelihood estimates of variance components are 
biased in small samples. Therefore, we do not present an EM algorithm for a linear 
mixed model in this thesis. However, it is worth noting that considering the vector 
of random effects u as the missing data is the approach taken later when we consider 
two REML EM algorithms for the linear mixed model. The second of these is a new 
complete data specification based on the Verbyla (1990) conditional derivation of 
REML.

2.4 C o n d itio n a l d e riv a tio n  o f R E M L

Lhe preferred method for estimating the parameters associated with a linear mixed 
model is residual or restricted maximum likelihood (REML). The original reference 
for REML is the paper by Patterson and Thompson (1971), however the new com­
plete data specification we consider later is based on the conditional derivation of 
REML presented in Verbyla (1990). The conditional derivation of REML begins by 
considering the transformation

where L = (L l, L2) is a non-singular matrix, with L\  and L2 n x t and n x (n — t) 
matrices respectively, both of full-column rank and chosen to satisfy L[ X  = I t and 
L ?2 X  = 0. It is worth noting that the n — t x 1 vector y 2 — L.J y Q will play a key 
role in the development of a new complete data specification for linear mixed models 
and factor analytic mixed models. The distribution of the transformed data is

(L ] H L 'V y> ) ' \ { o ) ’{ l1hult2h l 2 ) \
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Following the example of Verbyla (1990) it can be shown that

L ry „ ~ N ( L r X ß . L TH L ) ,

y i \ y2 ~ N { ß , ( X TH ~ lX ) - 1},

y 2 ~ N { 0 , L % H L 2).

Based on the relation

f { L '  y o\0) = f { y 2^ ) f ( y i \ y - 2 -6 ): 

we can equate the determinants, i.e.,

det (LtH L )  = d e t { ( X1 H ~ * X  

det (L'!2H L 2) = det(Lr L)det(H(2.4)

The identity (2.4) will be useful later in the development of the residual log-likelihood 
function that is most commonly presented. The log-likelihood function of L 1 y Q can 
be expressed as

m L ' y 0) =  t ( n \ y 2) +  £{0',y\ (2-5)

The conditional log-likelihood function £{0]yl \y2) is used to estimate the fixed ef­
fects, after which there is no information left for the estimation of variance parame­
ters. Therefore, the log-likelihood function associated with the marginal density of 
y 2, i.e., £(n:y2) is used for the REML estimation of variance parameters and can 
be expressed (excluding constants) as

£{K:y2) 1
2
1
2

log{det (Lt2H L 2)} +  y 2(L2H L 2)~1y 2 

log{det(if)} +  log{det(XTiT -1X)} + y T0P y }  ,

( 2 .6 )

(2.7)

where going from (2.6) to (2.7) makes use of (2.4) and Result A.3.8, i.e.,
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P  = L 2( L l H L 2) - ' LT2

= H~l - H ~ lX ( X TH - ' X ) - lX

The expression given in (2.7) is the form of the residual log-likelihood function most 
commonly presented.

Although we have concentrated on the conditional derivation of REML presented 
in Verbyla (1990) it is worth noting that much earlier Kalbfleisch and Sprott (1970) 
considered factorising a distribution, parameterised by two parameters of interest, 
into a marginal and conditional distribution in much the same way that the likeli­
hood is factorised in Verbyla (1990).
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C h a p te r  3

C u rre n t R E M L  EM  algo rithm s for 
th e  linear m ixed m odel

There are two specifications of a REML EM algorithm for the linear mixed model 
currently in the literature. The first and most widely used is the random effect 
specification which assumes ß  is a vector of random effects with variance tending to 
infinity. The random effect approach was suggested by Dempster et al. (1977) and 
followed by others including Laird and Ware (1982) and Foulley et al. (2000). The 
other approach is based on the expectation computed in the E-step being conditional 
on the transformed observed data vector that is commonly associated with the 
residual log-likelihood function. This fixed effect approach was taken by Cullis et al. 
(2004) and Knight (2008). It will be shown that from a practical implementation 
point of view the two approaches are equivalent.

This chapter proceeds by considering the linear mixed model specification, the com­
plete data specification, the complete data log-density function, and the conditional 
distributions required in the E-step for both the random effect and fixed effect ap­
proaches. We show that the complete data log-density function and the conditional 
distributions required are exactly the same for both approaches. This has not been 
shown in the literature previously. This chapter ends by considering the E and M- 
steps for the fixed effect approach in more detail and the complete and missing data 
information matrices associated with this approach.
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MIXED MODEL

3.1 Linear m ixed m odel specification  - random  ef­
fect approach

The linear mixed model is specified in the same way as in Section 2.1 except that ß  
is considered to be a t x 1 vector of random effects. We define the joint distribution 
of y o: ß.  u. and e as

y„ \
/

/  0 \ /
ß ~  A <

0
U 0

V e / \ \ 0 / V

F
B X t

g z t

R

X B
B
0
0

Z G  R \ '  
0 0 
G  0 
0 R  )  J

(3.1)

where

F  =  X B X r + Z G Z 1 + R  

= X B X ' + H

and

F ~ l =  H  ' -  H ~ >X ( B ~ 1 + X TH ~ lX ) - 1X TH - \  using Result A.3.5.

The random effect approach assumes that the variance of ß  tends to infinity, i.e., 
B  1 —> 0. Therefore

F~l H  l -  H ~ lX ( X rH - {X ) - lX TH ~ \

F~l -> P  (3.2)

From here on we will assume that if B  1 —> 0 then F 1 = P.
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3.2 C om plete data specification  - random  effect 

approach

Under the random effect approach the complete data is defined as y c = ( y ^ ß 1 . u 1)1. 
We define k = (ct , (J)1 )7 and note that the complete data density function can 
be expressed as

f(yc\K) =  f { y o \ ß - u ^ 2^ ) f ( ß - u : " y ) .

Since it is assumed ß  and u are independent and that B  1 —> 0. then

f {ß,u;  7) oc f(u\  7).

Using (3.1) and Result A.l it can be shown that

y n\ß. u ~  N ( X ß  + Zu. R ) .

The complete data log-density function is therefore

log { f { y c:u)} — -  log{det(ß)} + log{det(G)} -I- u 1 G lu 

+(Vo - X ß -  Zu)r R - \ y 0 - X ß -  Zu)  

log{det(ß)} + log{det(G)}

+u'  G~lu +  e 1 R~le , (3.3)

which is equivalent to the log joint density function of y () and u used in deriving 
Henderson's mixed model equations. The E-step of a REML EM algorithm using the 
complete data specification y ( =  (y,rt1 ß 1, u r)1 requires the conditional distributions 
u\yQ and e |y Q. Using (3.1) and Result A.l we have
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u\ya ~  N ( G Z TF~'y0. G -  G

~  N ( G Z 1 P y 0,G -  G Z t) using (3.2),

~  N (G Z 1 P y <r C / / ) using Result A.3.10

(3.4)

and

e\y0 ~  N { R F - xVo, R -  R F - ' R )  ,

~  N (R P y a, R  — R P R )  using (3.2),

~  N ( R P y 0. W C - ' W 71) using Result A.3.9,

(3.5)

where W  =  (X  Z ). An important feature of (3.4) and (3.5) is that the conditional 
variances associated with u\yQ and e |y () are b x b and n x n matrices respectively. 
Therefore, the conditional variance of e\ya can require significantly more computa­
tion time than the conditional variance of u\yQ.

3.3 L in ear m ix ed  m o d e l sp ec ifica tio n  - fixed effect 
a p p ro a c h

The linear mixed model is specified in the same way as in Section 2.1. Under the 
fixed effect approach we require the joint distribution of t/0, u , and e given in (2.2) to 
form the complete data log-density function. To form the conditional distributions 
necessary for computation of the E-step we require the joint distribution of y 2: tx, 
and e which can be shown to be

(3.6)
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3 .4  C o m p le te  d a t a  s p e c i f ic a t io n  - f ix e d  e f fe c t  a p ­

p r o a c h

Under the fixed effect approach the complete data is defined as y c =  ( y la, u ' ) r . 
We dehne 6 = ( ß1 , k ' ) j and u  = ( a 2 ,7 ; , ( f) 1 )T and note that the complete data 
density function can be expressed as

/(yc;0) = /(2/o|u;0)/(u;7)-

Using (2.2) and Result A.l it can be shown that

y Q\ u ~  N ( X ß  + Z u . R ) .  

The complete data log-density function is therefore

(3.7)

\og{f{yr:0)}
1

log{det(ß)} + log{det(G)} + u 1 G [u

+(l/o - X ß -  Zu)TR - \ y 0 -  X ß  -  Zu)  

riog{det(i7)} + log{det(G)}

+ i t / G u + e 1 R  leT  1 (3.8)

which is exactly the same as the random effect complete data specification in (3.3). 
Note that the difference between the parameterisation of the complete data log- 
density under the two approaches is due to the different treatment of ß. Under 
the random effect approach, the complete data log-likelihood function is parame- 
terised by k and under the hxed effect approach by 0, including when we make the 
substitution e = y Q — X ß  — Zu.

The E-step of the REML EM algorithm using the fixed effect approach requires the 
conditional distributions u\y2 and e\y2- Using (3.6) and Result A.l we have
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u\y2 ~  N { G Z r L2( L l H L 2) - lL l y 0, G -  G Z TL2( L l H L 2)~lL^ZG}  ,

-  N ( G Z 1 Py„. G -  G Z '  PZG)using Result A.3.8,

~  N ( G Z 1 Py„. C z z ) using Result A.3.10

(3.9)

e\y2 ~  N { R L 2(L2 H L 2) _1 L 2 y a, R  -  R L 2(L2 H L 2)~lL 2 R }  ,

~  N ( R P y 0. R  — R P R )  using Result A.3.8,

-  N (RPy„.  W C  ' W T) using Result A.3.9.

(3.10)

Note that (3.9) and (3.10) are exactly the same as (3.4) and (3.5) respectively. 
Since the complete data specification and the conditional distributions necessary for 
computation of the E-step are exactly the same for the two approaches the random 
effect and fixed effect approach are equivalent from a practical implementation point 
of view. From here on we will only consider the fixed effect approach.

3.5 R E M L  E M  a lg o r ith m  E -s te p

We use the superscript (P) to define yc — ( y ^ u 1)1 to distinguish this com­
plete data specification and its associated Q(.) function from the new complete data 
specification considered later. The log-density function associated with y /   ̂ can be 
partitioned as

log { f ( y {rP)i6) }  = log {/(e;0)} +  log{/(u;7)}, (3.11)

where

log { / (e ;0 )}

log{/('u:7)}

log{det(jR)} + e 1 R  le , 

log{det(G)} -(- u 1 G~xu .
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The E-step involves taking the expectation of (3.11) over k(u\y2', where 
is the w-tli iterate of k . We can write

Q(p>(k ; km ) = E[log{f(y(p>;0)}ly , ; « « ]

=  E[\og{f(e:0)}\y2:K,")] £ [lo g { /(u ;7 )}|i/2; k(“°]

=  Q{p\ a 2,4>:K{w'>) + Q{p\ r - K [w))-

Upon taking the expectation of log{/(»/c 0) over k(u\y2; /cllr|) the associated Q(.)
function is now paranieterised by n (and kSw’). Using Result A.3.2 we can write

Q<pV ,^ ; k<u,>) =

Q (P ) ( 7 ; ( t H )  =  - l

1
2

log{det(Ä)} + e w ''R “ 1ew  + t r ( ß ^ 1VUC-l'” 'W 'r )

log{det(G)} + i W TG '1t»w  +  tr ,

where

e (u,) = E(e\y2: Kiw)) = R {w)P lw)y 0. (3.12)

u (w) = E(u\y2; k (w >) = G (w)Z TP (w)y 0. (3.13)

This completes the E-step.

3.6 R E M L  E M  a lg o rith m  M -s te p

The M-step involves maximising Q^p (̂k ; k^ )  with respect to k to find an update 
for k — (cr2, y T, cf)r )r . The partitioning of Q^p\ k \ into Q(p\cr2, </>; and 
Q<yP\ 7 ; k^ )  simplifies the process. We have not provided an updating equation 
for ß  as the maximum likelihood estimate for ß  can be obtained at the end of the 
REML EM algorithm by using the generalised least squares estimate of ß. We use 
the notation in (3.12) and (3.13) when considering the updating equations for cr2, 
7 i j  and ß g h .
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3.6 .1  U p d a te  for a 1

Noting that R  =  a2X and differentiating Q̂ p\cr2,0 ; k,^ )  with respect to a2 we 
have

dQ̂p\a2, 0 :

da2
1
2

1
(02)2 e(u,)TS _1ew

Equating the derivative to zero we have

2(̂ +1) (3.14)

3.6 .2  U p d a te  for 7gh

To find an update for 7gh, g =  1, . . . ,  6, h = 1, . . . ,  b, i > j  involves differentiating 
Q{P)(7 ; « ^ )  with respect to 7  Using Result A.4.1 and Result A.4.2 we have

dQ(p)(rr,K,W)
dlgh

1
2

tr - ü ( “’»TG -1| E G - 'ü W - t r ( G - 1̂ E G - 1C zz<“)

The updating formula for 7 ^  depends on the specific form of G.  For a one-way 
random effects model G  has the simple form G — cr'2I b• In this case the updating 
equation is

(7
2(w+i)
u

3.6 .3  U p d a te  for <j)lJ

To find an update for 0 -̂, i = 1,. . .  , n, j  — 1,. . .  ,n, z > j  involves differentiating 
Q̂ p\ ( j 2,0 ; with respect to 0 -̂. Noting that i? =  rr2X and using Result A.4.1 
and Result A.4.2 we have
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dQ{l>\ (72, 4>: k ^ )

- X t r (  S - ' ^ L s - ' W C - ^ V 7, 
ucfiij

The updating equation for faj depends on the specific form of XI. In this thesis we 
only consider models where X = I n.

This completes the M-step.

3.7 C o m p le te  d a ta  in fo rm a tio n  m a tr ix

We use the superscript (P ) when considering the complete and missing data infor- 
mation matrices associated with y c . This is done to distinguish these information 
matrices from the complete and missing data information matrices associated with 
the new complete data specification we consider later. The complete and missing 
data information matrices are symmetric and in the interests of parsimony we only 
present the upper right triangle for each.

The complete data information matrix based on y \ ! ) is

xy(K̂ -.yy)
(
1 X c (<r 2 ) 2

V

o
T {p)

r ( p )
CCT2 0

Z(p)
C0 ,0

\

/ .

where the zeroes in the complete data information matrix are due to the partitioning 
of into Q(p\cr2, 0; and Q(P\ 7 ; « ^ ) .  Using the Oakes (1999)
result presented in (1.13) we have
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j ( P )
V 2)2

r ( p )  -

x(p) = -

T ( p )
Ca2.<*>

/d 2Q(p\(T2.<j>: k <” >)'\
\  0 (<T2)2 ' K = K.(W\
d2Q{l>)(7 ; \

07077' / * =

d2Q(p\ a 2, </>: k ^ )  \ \
dtfidfj) 1 / K =

/  d2Q^p\cr2, 4>: k {wS>) 'V
\ dcr̂ dcf)1 ! K = «M.

We present each in turn. The linear algebra involved is straightforward but tedious 
and therefore is omitted.

3.7 .1  E lem en t z / 7! 2v 2)2

It can be shown that

r (p) =  
c(-2)2 +

2 (Z2M) (a2{w))
y T P ( W) ß(w) P(U)) yQ _

(a 2M ):■tr(Pw f i w ). (3.15)

3.7 .2  E lem en ts o f  X\r)

For g =  1, . . . ,  6, h = 1, . . . ,  6, <7 > h and  ̂ = 1, . . . ,  5, r  =  1, . . . ,  b, q > r it can be 
shown that
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X {p)
C~1gh Gqr

/„_!(«> d2G {w) \ , / „ . lM a G (”> _lM ÖGW

'  r ( 07<r) 0 7 ^

io)tq - i<"> d G ^  Q~lfw) dG^
Ig h

dG w
^  ~77T — t g - 1(”,ü (“ )

3G(U,) __!<-) aG*”)
o (w) o (if)a 7,r ' a7^ '

,_ x( - ,_ ^ g w _ _  / 1(„  a2G(ui)
T o  (to) o  ( to)*-* “  q  ( t o ) ~  (to)

d % h d rv ’ v d lg h d iv
i<») 9G (,‘1 /_,_1(«,) ÖG1" *

o  (to) ^  o  (to) ^  C  Jd7V  7
a a W  \ '

3 .7 .3  E le m e n ts  o f XlP^

For i =  1 ,. . . ,  n, j  = 1 , . . . ,  n, z > j  and A; =  1 ,. . . ,  n, / =  1 ,. . . ,  n, A; > 
shown that

2(1») ^ 2 ^ t T p ( w )  a s ’ * f t - l M
a s w

pW ,

+ ( O V ^ K - ' ^ r ' - V

- o * w)y T0P W  

+  L 2<”’) 2t r { (

d2T,{w)

0 £ W 1(.)

a # >
2(uj)

P (u;)y 0 +  <r"' 'tr 

<9E(u;)

<92£ M _p(«>)

0T.(w)

ö4

_p(w) <9£(u;) p{w)

3 .7 .4  E le m e n ts  o f  X jP)

For z =  1 , . . . ,  n, j  = 1 , . . . ,  n, i > j  it can be shown that

Q~liw) C zz{w) j

(3.16)

/ it can be

9E w \ i

w n
(3.17)
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j ( p ) T  td{w ) 

/(9£M

-2w „ p

+tr

<9£(u;)

~ W

p(™)
V o

-  tr
dT,{w)

This concludes the section on the complete data information matrix.

(3.18)

3 .8  M is s in g  d a t a  in f o r m a t io n  m a t r ix

( P)The missing data information matrix based on y c and using the Oakes (1999) 
result presented in (1.13) is

T(p)
Xm( (r2) 2 x (p) x (P) \

m a 2 ,7

x (P) x (p)
m 'r.7

l X(P) /

where

r (p)m(CT2) 2

x (p)

T {p)

r(p)
ma2 ,^

r ( p )
m*2,4>

r ( p )

/ 9 2Q(f,)(cr2> ;  « M ) \
\ 9<t20<t2<”)
d2Q<p>(7; «<«">) \

d2Q (P\ ( j 2, </>: k ^ )  \

/ „  = *<«>,
/  d2Q(p\cr2, cf)\ n ^ )  \

\ 9(7297<“ )t / *  = „<-),
/ d2Q(p\ ( j 2. </>; k, ^ )  \
\ / K=K(.>,
<92Q(P)(7; « ^ )  \

Ö7Ö0('r)/ /  K = K (w )

We make use of Result A.4.3 and present each in turn.
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3.8 .1  E lem ent Z ^ 2)2 

It can be shown that

r ( p) v , - n  -  2y!'P{w)R {w)P {w)y<)
2(a2iw)) {

+2 yJ)P {w)R {w)P {w)R {w)P {w)y 0

+ 2 tr ( p W R ( w)>) - t r ( p w f i w P w ß w ) | . (3.19)

3.8 .2  E lem en ts o f  X f f l

For g =  1 , . . . ,  6, h = 1 , . . . ,  6, g > /i and q =  1 , . . . .  6, r  = 1 , . . . ,  6, q > r it can be 
shown that

Z(P)
Tn"y g h ,-y q r

„ , . c)G(u,) , , . 3G ("> _ , .1 piw,z —  z TP (m)Z — T-TZ TP (w)y„
d ^ ] d j (cw)Igh

... , x <9GM ~ , x <9G(u;) , , x
+1/1P  Z ^ f Z P  Z ^ Y Z P  y °

- y Tp M Z ° A l G - ^ ^ Z - P ^ y
d^qr]

_ v: p , . )z 2 £ + 0
97(u')

_l( )̂ dG(w)
(w)

igh

- t r {(
dGiw)

9%
0Giw)

Z TP iw)y,

z TP ^ z y  ( g -i(̂ ) aG(w) - z Tp ^ z dGiw)
9%(w) dig( w )

(3.20)

3.8 .3  E lem en ts o f X [ P»’ ̂

For i =  1 , . . . ,  n, j  =  1 , . . . ,  n, i > j  and k =  1 , . . . ,  n, l = 1 , . . . ,  n, k > l it can be 
shown that
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j ( P ) (a2(w)) 2 \ T ( , d Z {w) ( , d ^ {w) , ,V ’ p O )  p M"o  ̂ X  ̂ O.A X Vo
d Hij

r)Y'.(w) f) S'(w)_Lq.T pH)  ____ pH)  _____ p(™)?/
' » o 1  „  .(„A x „ ,(i„\ vo

0 4 $

V p M ^ j r ‘w ^ p < * » ,V o x  „  .(„A y o

9 # >ij

v o x „  . O . A  „  .(„A " o

0<#>ij d &

—tr r z ö s w ÖSW p (- ) '
l V a »  n  1 v M 7 >  ' 3 0 « ; > b J

(3.21)

3.8.4 Elements of ”v 2,-r

For <7 = h = 1, . . . ,  6, g >  h it can be shown that

T(p) {  y T0P ^ Z î r Z TP ^ R ^ P ^ y
>- H i,2<t2<")

+ y ‘'P(w) R (w)P {w)Z H H  Z TP (w)y aV o  ( u > )H ’
- t r ( p (w) z H H  z T P (w) R {w)) \ . 

V 97ja 7 J
(3.22)

3.8.5 Elements of 2T r
m < r 2 , 0

For z = 1, . . . ,  n, j  =  1, . . . ,  n, z > j  it can be shown that
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r ( p ) _1  ^  p(w) r (w) p (w)nnv° y°
+ !/Tp(»)fi(»lpW n(,)?/o _ 2y l p W — — P W yo

—tr ( R i («j)
dTi(w)

t r ( p {w) — l- ^ P iw)R iw)) I
M  / +  2t,r

9 0 ! ;’
9 £ <’") p(w)

(3.23)

3 .8 .6  E lem en ts o f X\\. ]

For g — 1 , . . . ,  6, h =  1 , . . . ,  6, g >  h and i =  1 , . . . ,  n, j  =  1 , . . . ,  n, z > j  it can be 
shown tha t

J  (p)
r n ' ^ g h ^ i j

2(w)

2

_p(w) £

Vo

d G {w)

T T

ö S (ui)

9 0 p

,9 G <“’)
T p ( w ) __p ( w)Z  Z r P {w)vo (w)97ij Igh

9 # >  y °

v
r T

s c "
(3.24)

This concludes the section on the missing data  information matrix.

An example data  set where a REML EM algorithm based on the complete data 
specification y j   ̂ =  ( y l(), u 1)] is considered in the next chapter where the complete 
da ta  specification is compared to a new complete data  specification.
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C h a p te r  4

A new  R E M L  EM  a lgo rithm  for 
linear m ixed m odels

In this chapter we present a new REML EM algorithm for linear mixed models based 
on a new specification of the complete data. This new complete data specification is 
based upon the conditional derivation of REML presented by Verbyla (1990). This 
specification is computationally more efficient than the complete data specification 
considered in the previous chapter as the E-step under the new specification involves 
computing the trace of two matrices each of order b compared to a matrix of order b 
and a matrix of order n under the previously published complete data specification. 
Furthermore, we provide the conditions under which the new specification has a 
faster rate of convergence than the previously published specification. This chapter 
concludes by comparing two REML EM algorithms applied to an example data set. 
One algorithm is based on the new complete data specification and the other on the 
previously published specification.

4.1 N ew  co m p le te  d a ta  sp ec ifica tio n

We consider a linear mixed model specified in the same way as in Section 2.1. We 
define a new complete data specification y\l  ̂ =  (y?2, u r )r . This differs from the 
previously published specification yc — (y^,uT)7 by considering the incomplete 
data to be the transformed observed data vector associated with the marginal log- 
density function in (2.5) which is used for the REML estimation of variance param­
eters. There are a number of advantages in using the complete data specification
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y\U\  Firstly, to form the complete data log-density function only requires the joint 
distribution of y 2 and u which can be ascertained from (3.6) but is reproduced here 
for convenience

Vi
u

N
l t2h l 2 l ^z g  
g z t l > g

(4.1)

Using (2.2) and Result A.l or by simple modification of the expectation and variance 
associated with the distribution of y 0\u presented in (3.7) it can be shown that

y 2\u ~  N  (L\ Z u . L72 R L 2) .

The complete data log density function is therefore (excluding constants)

log{/(S/cf «)} = log {det (L 2 R L 2)} + log{det(G)} 

+(v„ -  Z u ) 1 S (y a -  Zu)  " ‘it (4.2)

where

5  =  L2( L lR L 2)~lL l

= R '  -  R - 1X ( X r R - lX ) - lX TR-\using Result A.3.8

The relationship between the complete data log density functions based on yl- '1 and 
y) can be shown to be

log { /(y ip); 0)} =  i°g {/(i /cf7); «)}  +  iog{/(2/i|y2; 0 )}̂

which is similar to the relation presented in (2.5) based on the Verbyla (1990) con­
ditional derivation of REML, i.e.,

^(0 : L 1 y 0) =  2/2) +  ^(0 ; 2/i I2/2)•

( P)This suggests that using the complete data specification y r would be similar to 
using £(6 . L 1 y a) for the REML estimation of variance parameters. While it is
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possible to use both for the REML estimation of variance parameters the task is 
simplified when considering the complete data specification y [V) or using the residual 
log-likelihood function t ( n \ y 2). The advantages of using y\ L̂  compared to y[f  ̂ are 
more apparent when considering the E-step of a REML EM algorithm based on the 
complete data specification y \1' '.

4.2 R E M L  E M  a lg o r ith m  E -s te p

The complete data log-density function for y\ l  ̂ can be partitioned as 

log { / ( V P ; * ) }  =  log { f (L ' e ;  a2,(/?)} +  log{/(u; 7)},

where

log{/(T^e:<72.0)} = ~7i log{det(L 2 R L ‘2)} + (ya -  Z u ) J S ( y 0 -  Zu)

log{/(ix:7)} = log{det(G)} + u l G lu

The E-step involves taking the conditional expectation of (4.2) over k(u\y2: 
where is the w-th iterate of u. We can write

Q<u>(k : k(w>) =  £ [lo g { /(y f);« )} | j/2;#tw ]

= E[log{f(L je; a2, <p)}jy2; k (u>] /t(“)]

= Q^u\ a 2, 4>: kSw'>) + Q^u\ t -k(<">).

Using Result A.3.2 we have

=  - s log{det( L \ R L 2)} + (y„ -  Z Ü ^ ) TS(y„ -  <“ >)

+tr( Z '  S Z C

Q(u\ r ,K {w)) =  - 0 log {det (G)} + ü <“ )tG -1ü (“,) + t r ( G - 1C zziw))

(4.3)

(4.4)
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where

u {w) =  E(u\y2: ^ w)) = G {w)Z TP {w)y a.

It is worth noting that Q^ ^(7; is equivalent to Q̂ p\ 7; k^ ) .

A feature of Q^1 n ^ )  is that it requires knowledge of only one conditional
distribution, namely u\y2. This differs from the Q(.) function associated with the 
complete data specification y[-  ̂ which requires knowledge of both u\y 2 and e\y2. 
This difference is notable because the Q(.) function associated with yl’ ] involves 
computing the traces of two matrices both of order b whereas the Q(.) function 
associated with y) also involves computing the trace of two matrices, one of order 
b but the other of order n. Depending on the linear mixed model being fitted the 
computing time associated with yc can be significantly less than that associated 
with y [}).

Although we do not consider in this thesis models where the E-step is intractable
and where a stochastic variant of a REML EM algorithm is used to approximate the
Q(.) function, the use of the complete data specification yiU) in these cases might
be of some interest as approximating the Q(.) function would only require drawing
samples from one conditional distribution rather than the two required when using 

(P)yc .

4.3 R E M L  E M  a lg o r ith m  M -s tep

We consider the updating equations for rr2, 7*./, and in turn.

4.3 .1  U p d a te  for a 2

Noting that R  = cr2£  and differentiating Q(l \ o 2. (f)\ with respect to a 2 we
have

dQ{l \ ( j2, 0 : 
do2 - | {  V  ■ ~  Z ü ( w ) )T u { y ° -  Züiw))

- j^y H zTuzcZZ" )} ’
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where £/ = X 1 — X~ 1 X ( X 1 Y  [X )  lX '  Y  Equating to zero we have

cr2<”+1) = - ^ U y 0 - Z u {w))TU(y 0 - Z u {w)) + t i ( z TU Z C zz('w>'}\ .  (4.5)

4.3 .2  U p d a te  for 7^

Since Q^u\ 7 ; « ^ )  is equivalent to the update for 7 ^ ,  <7 =  1 , . . . , 6 ,
h = 1, . . . ,  6 , g > h is the same as that presented in Section 3.6.2. It is reproduced 
here for convenience. Differentiating 7 ; kW') with respect to 7 gh we have

flQ(p)(7 ;* (li,))
d i gh - 2  t r , G ' 979/J 979h

G - lü {w)

- t r (  G - ' ^ G - ' C ^ d  
P7i J r

The updating formula for 7 ^  depends on the specific form of G. For a one-way 
random effects model G has the simple form G = 0 7 / 5. In this case the updating 
equation is

(7
2(w+i)
u J{ü<»>V”> + tr (c zz(”))}- (4.6)

4 .3 .3  U p d a te  for

To find an update for faj, i = 1, . . . ,  n, j  =  1,. . . ,  n, i > j  involves differentiating 
Q^1 \cr2, <p[ k,(w)) with respect to 0 -̂. Noting that R  = cr2X and using Result A.4.1 
and Result A.4.3 we have

dQ^ \cr2i 0 ; k ^ )  
94>ij

- X z T u § , u z c z n } '

where U  = X 1 — Y 1 X ( X 1 Y  1X )  1X 1 Y  ^The updating formula for fcj de­
pends on the specific form of X. In this thesis we only consider models where
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E  =  I n .

4.4 C o m p le te  d a ta  in fo rm a tio n  m a tr ix

We use the superscript (U) when considering the complete and missing data infor­
mation matrices associated with y\l \  The complete and missing data information 
matrices are symmetric and in the interests of parsimony we only present the upper 
right triangle for each.

The complete data information matrix based on y\l  ̂ is

/  1 (V)' Xc(CT2)2

V

o
rd d

T ( U )

4>
0

J~(u)

\

/

where the zeroes in the complete data information matrix are due to the partitioning 
of Qd )(k ; kM) int0 Qd )((j2, 0; k, ^ )  and Q(l k,^ ) .  Using the Oakes (1999) 
result presented in (1.13) we have

j{U)
%2)2

T<u) -

x{u) =

C<t2,4>

/  d2Q(l \cr2. 0; K(ud) 
\  d(a2)2

^ d2Q(u\ 7 ;  K ( u ; ) )  \

d~fd 7 t A .
d2Q[l \c r2, 0: / c ^ ) \

<90<907 /
/ d2Q('U\ a 2: 0 ; k̂ ) ) '

da2 def)' l

•Sw)

r . ( w )

We present each in turn and note any difference with their counterpart associated 
with y'c \

4.4 .1  E lem en t x f  \ 2
V 2)2

It can be shown that
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X(U) _ n 1yj) —________I_____
"C (c t2 )2  2 (<j2(u,)) 2 (fj2(u;)

Comparing \ )2 and Xc(̂ 2)2 we have

C(<x2)2 C(CT2)2  2[a2(w)\ 1'

For t > 1 and a 2(a) > Ü we have the following inequality

X (U) _  j ( P )
C(<r2 )2 c (tr2 )2

t (U) < 7"(P)
C ( a 2 ) 2  C ( o - 2 ) 2  ’

4 .4 .2  E lem en ts o f X (/ '
L 'r-~r

Since X[.̂   ̂ involves the second partial differentials of Q(l (̂7 : k, ^ )  and Q^1 \ 7 ; 
is equivalent to Q(/>)(7 ; then the elements for X ^ * are equivalent to those for

which are presented in (3.16).

4 .4 .3  E lem en ts o f  X (f 1'-0,0

For z = 1, . . . ,  n, j  =  1, . . . ,  n, z > j  and k = 1, . . . ,  rz, l — 1 , . . . ,  rz, k > l it can be 
shown that

9 C )}

(4.8)
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The difference between Xc,.,^<:>u and ; is that R  1 replaces S (ir) in three
terms in the later.

4 .4 .4  E le m e n ts  o f  X
Ĉ<T2 , 0

For i = 1, . . . ,  n, j  = 1 , . . . ,  n, i > j  it can be shown that

j \ u)
Ca^w)̂ ) V o

; ) y ( d
T p ( w ) ° ^  p ( w )

+ tr
dY,{w)

V o

tri
as<"')

■ ' W

p(w) (4.9)

The difference between Xi(U) and X\(p) is that R  1 replaces S (ir) in one

trace term in the latter.

This concludes the section on the complete data information matrix.

4.5 M issing  d a ta  in fo rm a tio n  m a tr ix

The missing data information matrix based on yc and using the Oakes (1999) 
result presented in (1.13) is

Tm
Xm<„2)2 x {U) Z X) \

x {u) x {u)
X{u) )J

where

46



CHAPTER 4. A NEW REML EM ALGORITHM FOR LINEAR MIXED
MODELS

(u) =

m ("2 )2 \  0 (7  W '” ’ / k =  kM
T (U) =  / d2Q( n (7 ; « (u,)) \

\  d ' y d j W 7' / k = km

fill) _  / a 2Q(r)(<T2.0 :K (,")) \
'n*0 \  d<j}d̂ w)/*=„<«.)

—CIO /  d2Qiu)(a2,4>: Kiw)) \
,n°*n \  da2d'f(w / „  =  «<»>

fill) _  /  d'1Q{r)(a2,4>;K{u,y) \
m°2"“ \  da2d<t>(w)T / k = km

f(u) = / d2Q{i:)( r ,K iw)) \
\  d-rd<t>MT A  = „<»>.

We make use of Result A.4.3, Result A.3.11, Result A.3.12, Result A.3.13, Result 
A.3.14 and present each in turn  and note any differences with their counterpart 
associated with y [F\

4.5 .1  E lem ent l m \ 2)2

It can be shown that

r ( p )
m((r2)2 I { - ( «  -  t) ~  2# J p W f l W p W Bo

2(<j 2(”))

+2y!i P (w) ft!’“1 P M  R (w> P {w)y„

+ 2 t r [ p (y,)R {w)\  -  t r ( P (” ).R(“ )P ("').R<’") (4.10)

Comparing Xand T)n \~, we have

m u ) _ r ( p) _  *•
m (<r2 )2 m ( a 2 )2 2(cr2(u,)) 2 '

For t >  1 and cr2< ,) > 0 we have the following inequality

tW) <• t (p)m(a2)2 ^ (ct2)2-
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4 .5 .2  E lem en ts o f  X \1.. ]'"y.y

Since X \ lu^  involves the second partial differentials of Q^u\ 7 ; k ^ )  and Q^J\ 7 ; 
is equivalent to Q (7)(7 : k ^ )  then the elements for X ^  are equivalent to those for 

which are presented in (3.20).

4 .5 .3  E lem en ts o f X \ln ]

For i — 1 ,n, j  =  1, . . . , n, z >  j  and A; =  1 , . . . , n, / =  1, 
shown th a t

•, n, k > l it can he

j{u) (cj2(w)) 2 \ T ( ,d ^ :{w) , , d ^ w) ( xv ’ p t u;) p(^) p (^ )7.
" o  ^  O/i'» „  . O lA  " c

(«0 M r 1

-  VTo P (w) — —  S <“ ’ )  — r r  P {w)

^ v H  .ayM
_7 J  p(«0 ______________p(w)"o -1, „ . tJo

M 7 >

- t r IV oM™) a A w) )  \
9E<m) _

^ ( » i  > 1
ij

(4.11)

The difference between lm }i and ^  is tha t i?  1 * replaces S,("') in three 
term s in the latter.

4 .5 .4  E lem en ts o f X \ln ]"V2,7

For g =  /i =  1 , . . . ,  6, g >  h it can be shown tha t
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t (u)
m^ 9H

( ?iT p M  r71 p iw) p M  p M 7,
1 » o  a(tu) y '<
>• 97^,'2<t2<”)

+ y T0P {w)R (w)P {w)Z ^ r ^ Z TP {w)y o
d%h

- t r ( p {a)Z ^ - ^ - Z TP M R {w)) \ .v Ö7(») ; / (4.12)

/ D\
This is equivalent to as presented in (3.22)

4.5 .5  E lem en ts o f  X \1.. ]

For i — 1, . . . ,  n, j  = 1, • • •, n, i > j  it can be shown that

T<u) _ 1  { p(w) p(w) p(w) p(w)
n  °

n v(w) /q y (u;)
+JZ p ^ R M p M —  p W y  _  2 — n - P w !/(

' öd)? ' J
(4.13)

The difference between  ̂ and is that i? 1 replaces S' * " 1 in a single
trace term in the latter.

4.5 .6  E lem en ts o f X \ln ]

Since involves the second partial differentials of Q(r )(7 ; and Q ^ ( 7 ; /c ^ )
is equivalent to Q(/>)(7 ; /C“?  then the elements for are equivalent to those for

which are presented in (3.24).
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4.6 C o m p arin g  ra te s  of convergence  b e tw een  y \ Û 

an d  y[P^

For ease of notation we define

X<p>=X<PV ; y <p>),

I„ = !„(«*; y„),

where k ,w> has converged to n*. We define the rate matrices

J [U\ K ‘) = I d - l f )- ' \ 0,

which can be written as

I d -  j {u)(k* ) = i w - 1\0,

The rate of convergence associated with the complete data specification y d and 
y \!'] is AInm{/,/ — J ’" ’(k*)} and Amln{/,/ — respectively (McLachlan and
Krishnan, 1997, Section 3.9.1). The term Amin(.) refers to the minimum eigenvalue. 
We aim to show

Am.n{Id ~  J iU)(«*)} > Amin{ / (i -  J - <P)( « * ) } ,  (4.14)

i.e., the rate of convergence of a REML EM algorithm using the complete data 
specification y \l  ̂ is faster than the rate of convergence of a REML EM algorithm 
using the complete data specification y c . We have not been able to prove that 
this inequality always holds. However, in our experience the rate of convergence 
when using y[ l ] has always been faster than that when using y[h  ̂• By considering 
a Loewner partial ordering (see Appendix C) of the complete information matrices
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associated with y[lJ ̂ and y[P  ̂ we are able to present the conditions under which the 
inequality in (4.14) will hold.

If we consider the difference between X).p’ and Zjr) to be positive definite then we 
can define the following Loewner partial ordering

X{U) ^ X (p).c — c

Using Corollary C.l (a) we can write

z( c / ) _ 1 >- z( p >- 1c —  c

As a consequence of Corollary C.l (b) we have the following inequalities between 
the complete data information matrices associated with y[b ̂  and y l ' ]

1 ^  1
detfZW) “  det(X<p>)’ 
de t(X f’) < det(X<p>),

where going from (4.15) to (4.16) uses the second relation in Result A.3.3. Multi­
plying both sides of (4.17) by det(I0) and using the third relation in Result A.3.3 
we have

(4.15)

(4.16)

(4.17)

det(Xjy*-1) det(I„) > det(X<p)“‘) det(IG), 

det(X67*_1I0) > det(X<p>_'l„), 

d e t j / , , -  J {u)(k ')} > det{Id -  J ( p\n ' ) } .

As a consequence of Corollary C.l (b) and (c) it follows that

Ak{ l d -  J {u)(k *)} >  Ak{ ld ~ J {P)(«*)}>

where A (̂.) is a vector of k eigenvalues. If the k eigenvalues of Id — J [l \ k *) and 
Id — ^ p\ k*) are arranged in descending order then
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Amm{ l d -  J [U\ ^ ) }  > Amin{ / rf -

which concludes the proof. The key part of the proof is the inequality in (4.17). 
Elements of the complete data information matrices for both and y\'  ̂ can be 
used to check if the difference between 1 \ l>] and Xy ' is positive definite for particular 
cases.

4.7 E xam ple : lam b  w eigh t d a ta

We apply a REML EM algorithm using the complete data specifications y and 
y \P  ̂ to the lamb weight data presented in Callanan and Harville (1991) and provided 
in Table 4.1.

The data consists of birth weights (in pounds) of single-birth male lambs that are 
the progeny of 62 ewes. The age of the ewes are categorised into 3 groups (1 = 1 — 2 
years; 2 = 2 — 3 years; 3 = over 3 years). The lambs were sired by one of 23 rams 
which belonged to 5 different population lines. A possible model for lamb birth 
weight involves fitting sire as a random effect and age and line as fixed effects (along 
with the overall mean). Using symbolic notation this model can be written as

weight ~  mean + age + line + sire,

where bold type is used to indicate that a term is being fitted as a random effect. 
Writing this model in matrix notation we have

y„ — X ß  + Zu  + e,

where y G is a 62 x 1 vector of observed birth weights, ß  is a 7 x 1 vector of fixed 
effects comprising the overall mean and the main effects of age and line. The 62 x 7 
design matrix X  is of full-column rank. The vector u is a 23 x 1 vector of random 
sire effects and Z  is its 62 x 23 design matrix. The vector e is a 62 x 1 vector of 
residuals. We assume that u and e are independent of each other and have the 
following distributions
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Table 4.1: Lamb weight data.

Sire DAMage Line weight Sire DAMage Line weight
11 1 1 6.2 33 3 3 13.0
12 1 1 13.0 34 2 3 12.0
13 1 1 9.5 41 1 4 9.2
13 1 1 10.1 41 1 4 10.6
13 1 1 11.4 41 1 4 10.6
13 2 1 11.8 41 3 4 7.7
13 3 1 12.9 41 3 4 10.0
13 3 1 13.1 41 3 4 11.2
14 1 1 10.4 42 1 4 10.2
14 2 1 8.5 42 1 4 10.9
21 3 2 13.5 43 1 4 11.7
22 2 2 10.1 43 3 4 9.9
22 3 2 11.0 51 1 5 11.7
22 3 2 14.0 51 1 5 12.6
22 3 2 15.5 52 1 5 9.0
23 1 2 12.0 52 3 5 11.0
24 1 2 11.5 53 3 5 9.0
24 3 2 10.8 53 3 5 12.0
31 2 3 9.0 54 3 5 9.9
31 3 3 9.5 55 2 5 13.5
31 3 3 12.6 56 2 5 10.9
32 1 3 11.0 56 3 5 5.9
32 2 3 10.1 57 2 5 10.0
32 2 3 11.7 57 2 5 12.7
32 3 3 8.5 57 3 5 13.2
32 3 3 8.8 57 3 5 13.3
32 3 3 9.9 58 1 5 10.7
32 3 3 10.9 58 1 5 11.0
32 3 3 11.0 58 1 5 12.5
32 3 3 13.9 58 3 5 9.0
33 1 3 11.6 58 3 5 10.2
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u  ~  N(0. cr^/23), 

e ~  N (0, cr2/ 62),

so that =  (J2 / 6 2 and G  =  cr2 / 2 3 . The updating equation for a 2 is provided 
in (3.14) and (4.5) for yc and yc respectively. The updating equation for a2 
is provided in (4.6) and applies to both complete data specifications. We dehne 
/■v = (<t2,<72)7 to be the vector of variance parameters to be estimated using a 
REML EM algorithm. The convergence criterion of Foulley and Van Dyk (2000) 
was used so convergence is dehned as being achieved on the w-th iteration if

(K(™+i) _  HL{ w ) y ^ { w + \ )  _  KM)
< G (4.18)

where e — 10-8. Two sets of starting values were considered for both complete 
data specifications. The first set of starting values were = (cr2(0), cr2<0) )7 = 
(1,0.01)T and the second set of starting values were k((,) = (cr2(0), <7 2(0>)T = (1, 5)7. 
The statistical software package R (R Development Core Team, 2011) was used to 
implement both REML EM algorithms. REML estimates of a2 and a 2, denoted 
and a f , the number of iterations until convergence and the rate of convergence for 
both complete data specifications and both sets of starting values are provided in 
Table 4.2.

Table 4.2: Results for two REML EM algorithms applied to the lamb weight data.

Complete data - 2* Iterations Rate of convergence

11

1
,bT—
1

II
"cNb = 0 . 0 1

j/,(P) 2.9615972 0.5170759 1296 0.9630649

vP 2.9615972 0.5170759 1296 0.9629925
a 2 " "  = 1 = 5

(P)
U r 2.9615966 0.5170773 342 0.9630648
v {u)y r 2.9615966 0.5170773 341 0.9629924

For both sets of starting values and for both complete data specifications the ob­
served information matrix was found to be (to 4 decimal places)

/  2.6598 1.1753 \
y 1.1753 2.13448 )
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which can be used to calculate the standard errors associated with the REML esti­
mates of a 2 and a 2. It is worth noting that the empirical rate of convergence can 
be used to check the rate of convergence and the observed information matrix.

Based on the rates of convergence in Table 4.2 there appears to be little to gain in 
using i/cJ'> instead of y[P\  Our experience with a number of data sets is that the 
difference in the rate of convergence between y[- '  ̂ and y[!  ̂ when using a REML 
EM algorithm is only minor. However, this difference can be significant when a 
parameter expanded version of the REML EM algorithm, referred to as a REML 
PX EM algorithm, is implemented. We consider a REML PX EM algorithm for 
both complete data specifications in the next chapter.
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C h ap te r  5

Two R EM L P X  EM  algo rithm s 
for th e  linear m ixed m odel

A common criticism of the EM algorithm is that it can be slow to converge. Since 
the Dempster et al. (1977) paper there have been a number of schemes suggested 
for speeding up the convergence of the EM algorithm. In this chapter we will 
consider one such scheme, known as the parameter expanded (PX) EM algorithm 
(Liu et al., 1998). From a practical implementation point of view a PX EM algorithm 
is preferred to an EM algorithm as there is nothing to lose and often a lot to gain. 
Nothing to lose in the sense that the PX EM algorithm, like the EM algorithm, 
has monotonic convergence. Furthermore, the E-step of the PX EM algorithm is 
exactly the same as the E-step of the EM algorithm. The gains in using the PX 
EM algorithm compared to the EM algorithm are in rates of convergence. Liu et al. 
(1998) show that the PX EM algorithm has a rate of convergence that is no slower 
than the EM algorithm but is often much faster. In this chapter we will consider 
REML PX EM algorithms for the two complete data specifications considered in 
the previous chapter.

5.1 L in ear m ixed  m o d el sp ec ifica tio n

For the PX EM algorithm the linear mixed model is formulated by introducing the 
auxiliary parameter A (say) so that the linear mixed model in (2.1) is expanded to

57



CHAPTER 5. TWO REML PX EM ALGORITHMS FOR THE LINEAR 
MIXED MODEL

Vo — + Z A f  + e, (5.1)

where X  and Z  are n x t and n x b design matrices respectively, and A = A (A) is 
a b x b real invertible matrix which is a function of the v x 1 auxiliary parameter 
vector A. It is assumed that the joint distribution of /  and e is

where D  = D ( d ) and R * = cr2 £*(</>*) are symmetric positive definite matrices. 
The marginal distribution of y 0 under the parameter expanded model is

Vo~ N ( X ß „ H . )

where iT* = Z A D A 1 Z 1 + R*. The expanded parameter set for the model in (5.1) 
is 7C = ( k *, Ar)r where k .* = (cr2, d r , (pi)1 * * *. The subscript * is used to distinguish 
parameters associated with the linear mixed model specified in (5.1) and the linear 
mixed model specified in (2.1). The expanded parameter vector /C must satisfy two 
conditions:

1. 7C can be reduced to the original parameter vector n — (a2, 7 / , (ft1 )7 by a 
many-to-one reduction function. For the model specified in (5.1) this reduction 
function, labelled 1Z is k =  (cr2, 7 7 .(p1)1 = 7 Z ( K )  =  (cr2, vech(ADAr ), ) ] .

2. When the auxiliary parameter A is set to its null value A() (say) the expanded
complete data model is reduced to the original complete data model. If we
dehne u = A f  then G  = A D A 1 and when A(A0) = lb the expanded model
in (5.1) is reduced to the original model in (2.1) with u = f  and G =  D.

Liu et al. (1998) state that

The underlying statistical principle of PX-EM is to perform a ‘covariance 
adjustment’ to correct the M step, capitalising on extra information captured 
in the imputed complete data...
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An intuitively appealing way to consider this ‘covariance adjustment' is to com­
pare the joint distribution of the incomplete and missing data under the parameter 
expanded model, i.e.,

V o

f
77*

D A 1 Z T
Z A D

D

with the joint distribution of the incomplete and missing data under the original 
model, i.e.,

The idea of parameter expansion as a ‘covariance adjustment’ is easily seen by the 
introduction of A into the covariance of the former. As Liu et al. (1998) note, the 
covariance of the later does not generally reflect the “true" relationship between the 
imputed missing data u (,rA  ̂ and the known incomplete data vector y 01 particularly 
in the initial iterations of an EM algorithm. The auxiliary parameter A is used to 
“correct” the estimate of G to produce an adjusted estimate. At convergence there 
is no longer any need to adjust the estimate of G  and A(A) =  7/,.

5.2 REML PX  EM algorithm for y ^

A REML PX EM algorithm for the linear mixed model using the complete data 
specification y[P  ̂ =  ( y ^ , / 7)7 was considered by Foulley and Van Dyk (2000) who 
used the random effects approach, and Cullis et al. (2004) and Knight (2008) who 
used the fixed effects approach. Our exposition of a REML PX EM algorithm using 
y c is brief as the detail can be found in the aforementioned publications.

5.2.1 C om p lete  d a ta  log d en sity  fu n ction

The complete data log-density function for y r is

log {fx(y<n  ■■&)} log{det(72*)} + log{det(77)}

+ f T D ~l f  +  eT R~le (5.2)
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where e = y () — X/3* — Z A f  and © = (ß [, . A1)' .  The subscript X  will be used
to distinguish between the complete data log-density function and the Q(.) function 
associated with the model in (5.1) and the model in (2.1).

5.2.2 REML PX  EM algorithm  E-step

The complete data log-density function in (5.2) can be partitioned

log{ fx ( y {cP)\ ©)} = log{/x(e: ©)} + log{/x ( /:  d)},

where

log{/x(e;@)} 

log { f x( f - d) }

1
2
1
2

log{det(R*)} + e 1 le , 

log{det{D)} + f TD - l f  .

The E-step of the REML PX EM algorithm involves taking the expectation of (5.2) 
over k( f \ y2’, /C('r)) where /C('r) =  {k [u) , (A = A{)) ‘ }' . We can write

Q{P ( K - . K [“ >) =  S[log{/x(y<p);© )}|y2;/C('")]
=  E[log{fx (e-,@)}\y2- ,K^]  + E[log{

= Q P ( P ,  4 > A: + QP(d-

where

0 ., \ : K iw>)
1
2

log{det(ß,)} + E(eTR~le\y2: K tŵ ) ,

Q P ( d - K ^ )
1
2

log{det(D)} + E ( / TD -1/ | t / 2; /C(w)) .

When A(Ao) = If, the REML PX EM algorithm E-step is the same as the REML 
EM algorithm E-step.
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5.2.3 REML PX  EM algorithm M -step

The M-step of the REML PX EM algorithm involves maximising Q ^ \ K \ K [û ) 
with respect to 7C = (a2, d 1, 0 7. A7)' and then applying the reduction function 
1Z(K) = (a2, vech(ADA/ ). 0 7 )7 to obtain estimates of k, =  (er2.7 7, 0 7 )7.

U pdate  for n2

The update for er2 is the same as that presented in (3.14), i.e.,

af"+l) =  t | e (u’)7S “1'")e (” ) + t r (S “l(" V C “ 1<”V r ) | .  (5.3)

Applying the reduction function we have er2<" + 1) = crf"+1>.

U pdate  for dgh

The update for dgh is the same as that for 7^  when using the REML EM algorithm 
except we substitute D  for G, i.e., differentiating Q^ \d:  7C1" )̂ with respect to dgh 
we have

dQ(P (d - .K ^  = _1 f
ddgh

,-1 dD
ddgh

El f ' D ! - i  dD_ D lf

The updating formula for dgh depends on the specific form of D.  If we define the 
update for D  as then applying the reduction function we have 7 ^+b =
vech(A(" : 1 )_£)(»’+i)^(ir+i)T)̂  por a one_way rariciom effects model D  has the form 
D — dli). In this case the updating equation is

d(w+i) =  + tr (C zz<u'l) | ,  (5.4)

and the reduction function is erf " n = X2["+ l)d̂ w+1K
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Update for 0*

The update for 0* is the same as that for the REML EM algorithm. Differentiating 
Q^x\aii 4**1 i,r)) with respect to 0* we have

d Q [r ( a l 4 > , . \ 1 K ^ ) _  = _ 1  L / 1 as,
d(f) 3(f)

* i j

1 /  7 - i  _  i

<90* i j

The updating equation for 0* depends on the specific form of E*. If we dehne 
the update for as 0i“.+ 1) then applying the reduction function we have —
< ; + i ) .

Update for A

To form an update for A we re-write ( < J * ,  </>*, A: 7C(" u s i n g  the identity

eTR : le = (y0 -  X ß ,  -  Z K f ) TR : \ Vo-  X ß , ~  Z \
= (y„-  X ß t)TR : \ y 0-  X ß .)  -  -

+ f  A rZ TR ; lZ A f .  (5.5)

Performing the REML PX EM E-step on the right hand side of (5.5) requires the 
joint conditional distribution

Vi ~  N
H P y 0

G Z TP y 0

The update for A can be expressed as

X C x x X T - X C x z  \  1
- C z x X T C zz )  J

^ (u ;+ l )  _  A ~ l{W)

where the elements of the b2 x b2 matrix A {"̂  are

»agh' = u {w)T—gh,Qr
UXgh a A

(«0 + tr
aA(”,)T

M
gh

Z 1 R
dX

• 1 (u ’)  ̂ q Z Z ^

d \ (w) )•
(5.6)
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and the elements of the b2 x 1 vector bi,r) are

!,(«>)
}gh =  U M  d A L _ ! _ Z T R -

OX(w)
gh

..... (y„ — — tr
/  9A(,")7
V Z 1 R -i(™)x c x z w

) -
(5.7)

where ß ( * is the generalised least squares estimate of ß  at the w-th iterate. This 
completes the M-step.

5.2 .4  R a te  m a tr ix

Liu et al. (1998) note that the convergence of determines the rate of convergence 
of the the PX EM algorithm. The rate matrix for the REML PX EM algorithm 
using the complete data specification y c is

J ( k ", Ao) =  I d+V -  {X<p)(«*,Ao)}_1Io(k*,Ao),

where has converged to fc*, and where

and

I0(«  5 A()) -
Io(«*) 0

0 0

An) —
X(p)

C K .,K .
r ( p )

T ( p )
^cx.x ^  K = K*, A =  Aq.

(5.8)

The terms XJp)k and I0(aC) can be calculated using the complete and missing data 
information matrices presented in Section 3.7 and Section 3.8. The elements of 
which comprise X ^  , X( /  ̂ , and X[l>} , and the elements of X['^ are presented

c<t2 ,a ' c-rA  c <t> C-\ , A

below.

Elem ents of X\p]
c<r2 ,A

For g — 1, . . . ,  b, h = 1, . . . ,  b it can be shown that
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I (p)
Ca2<Xgh K ) tr{E ' 1' z ^ ö * '(y" ■ X ß )  ■ * ~ ' ' z w k c Z X ' x T .

ü* Z ‘ E ' 1 -  t r l  Z TS - ‘*z | X c z z *r T v - 1 *  V
dXgh d \ gh

E lem en ts o f X\p^

For g =  1 , . . . ,  b, h = 1 , . . . .  b it can  be  show n th a t

T {p)
 ̂̂ g h g h

T
ü * G ‘■Ö G ' g

gLV

07, <9A
+  t r  G

gh

d G * OA*

07,gh dX
cz z *

gh

E lem en ts o f X\p^

For i — 1 , . . . ,  n,  j  = 1 , . . . ,  n,  g = 1 , . . . ,  b, h =  1 , . . . ,  b it can  be show n th a t

j ( p )
C<t>ij . A gh

l
ZF t r

{ ° - w ,

, . 0 £ *  ÖA* 7V. r
- S ' 1 — -  S ' 1 Z - — C z x  X T

d(j)i j OXgh

- Ü ' T Z TE E _1" Z
00:

0A* _

i j dXgh

00
£ z 'jjj—C'- t r l Z TE “1 ,0 S  v’_1*171/11 ^ z z *

i j dXgh

E lem en ts o f X\p)
C \.X

We assum e th a t  th e  elem ents of th e  real invertib le  m a tr ix  A are  A ^ , g =  1 , . . .  ,6, 

h = 1 , . . . ,  b an d  th a t  th e  second o rder p a r tia l  derivative  of A can be expressed  as

d2 A
dXghdXqr ’

w here q = 1 , . . . ,  b, r = 1 , . . . ,  b. I t can  be show n th a t
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j ( P )
C' X g h ' X q r

=  u
' dA ' ‘ Z>R - r z OA*

d \
u* + tr f 0 A ' Z TR ~ v Z ~

gh d \

( d \ *  a_!*öA* a _x*
+ tr(rrr— A 1 7 7 7 —A 1dXgh

*T
dX*

qr

* r

dx gh

.*T0 A* . . d  AM
+  W ^ r — G  1 777-----U

dXgh dx:

,’dA* i*9A* zz.\

+ " '  » 7 °  )

5.3 REML PX EM algorithm for y[Û
A REML PX EM algorithm for the linear mixed model using the complete data 
specihcation y[-  ̂ — { y i - f 1) 1 has not been considered previously. We present the 
joint distribution of the incomplete and missing data for the parameter expanded 
model, the complete data log-density function, the E and M-steps, and the rate 
matrix for the REML PX EM algorithm using y[U\

For the parameter expanded model based on yc the joint distribution of the in­
complete and missing data is

Vi
f

l !2h *l 2 L t2Z A D  A 
d a t z tl 2 d  )

(5.9)

where H * = Z A D A 1 Z 1 + R*. This can be compared to the joint distribution of 
the incomplete and missing data for the original model presented in (4.1).

5.3 .1  C om p lete  d a ta  log d en sity  fun ction

The complete data log density function for y\ l ) is

log { fx ( y {P - K ) } log{det(L_!-R.L_.)} +  log{det(£))}

+ f  r D  lf  + (y„ -  ZA-  Z Af )

where S , = R ;1 -  R ~ ' X ( X 1 R~' X)~lX 1 R~l■ Like the REML EM, a major
difference between (5.2) and (5.10) is that the REML PX EM algorithm E-step using
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the former requires at least the joint conditional distribution of u and y 0 — X ß  given 
y 2 whereas the later only requires u given y 2.

5.3.2 REML PX  EM algorithm E-step

The complete data log-density function in (5.10) can be partitioned 

log { f x ( y c i]-,fc)} = log { f x {L^e]K)}  +  log { /* ( /;  d)},

where

log{/x (^e:7C)} 

log { /* ( /;  d)} =

log { det (L2R^L2)} + (yQ

1
2 log{det{D)} + f ' D - lf  .

Z A f ) TS ß y 0 - Z A f )  ,

The E-step of the REML PX EM algorithm involves taking the expectation of (5.10) 
over k( f \ y2] /C( ) where /C('r) =  , (A =  A())7 }; . We can write

Q<P(/C:>C(“ >) = E[loS{ f x { y ^ - K ) } \ y 2; K ^ }

= E[log{fx m e ; K ) } \ y 2- K ^ } + E [ l o e { f x (f-,d)}\y2- K ^ }  

=  Q x V .,0 » ,  A: 7C<*“>) + Q{P( d :  JC«),

where

Q{P ( a l 4 , „  A:/C<»>)

QP ( d - ) C<“ >)

1
2

log {det (L2R*L2)}

+e {(Vo -  Z A f ) TS,(y„ -  ,

1
2

log{det(D)} + E ( f D~ lf \ y 2- K™)  .

Note that \d:  /Cl'r)) is equivalent to Q \ d :  /Cl" l). When A(A()) =  the REML 
PX EM algorithm E-step is the same as the REML EM algorithm E-step.
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5.3.3 R EM L P X  EM  algo rithm  M -step

The M-step of the REML PX EM algorithm involves maximising Q ^ \ K ; K ^ )  
with respect to K  = (rr2. d 1, </>7. X 1)' and then applying the reduction function 
1 Z ( K )  — (cr2, vech(A D A 7), </>7)7 to obtain estimates of k =  (cr2,7 7, <fi')'.

Update for cr2

The update for cr2 is the same as that presented in (4.5), i.e.,

A ”+1’ = ^ { ( ? / „  -  Z ü M ) T U ( Vo -  Zü<”>) + i x ( z T U Z C z z M )  (5.10)

where U  = £ -1 — ST 1 X ( X 7 XL 1X )-1 X 7 £ _1. Applying the reduction function
, o (uj4-1) 9 ( ^ + 1 )we have a = cr*

Update for d gh

Since Q^\ d :  /C("'̂ ) is equivalent to \d:  / C " the update for dgh is the same as 
that presented in (5.4).

Update for </>* ;

The update for </>* is the same as that for the REML EM algorithm. Differentiating 
Q y </>*, A: with respect to we have

dQ{P ( a l4 > „ * I C {w))
d(f)

* i j

tr U,
dcf)* i j

Vo -  Z A f y 2; /c(->

The updating equation for ( f ) * t / depends on the specific form of S3*. If we define 
the update for as ( j)i^+1) then applying the reduction function we have —
4 ” + 1 ) .
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Update for A

To derive an update for the auxiliary parameter vector A we consider the b x b real 
invertible matrix A to have elements Agh and A = vec(A). To derive an update for 
A we consider the partial derivative of ^  K . ^ )  with respect to he.,

d \ gh

Equating to zero we have

+ 2 E ( f TATZ TS , Z ^ f \ y 2-, K iw)
V O A n h

E<Kf TA TZ TS , Z ^ - f \ y 2-K.M) = E { f 0S . Z ^ - f \ y ^ K <»>). (5.11)
dA

gh

We can express A as

b b

a  =  ^   ̂y  ̂a  qrj
<7=1 r=l

qri

where J qr is a b x b indicator matrix with a unit entry in row q, column r and zeros 
elsewhere. We can re-write the left hand side of (5.11) as

E [ f A TZ TS , z X A f \ y 2- X w))  =  E ( f TY J Y . Xv J l Z r S ' Z i ^ f \ y > ’K M )^9h I—■, I ,  /'gh

b b

k =  1 1= 1
b b

= X  X  J ^ TS.Z— /|y 2; JC«).

(5.12)
k — 1 / = !

dA
gh

dA
gh

Substituting (5.12) into (5.11) we have

b b

q=  1 r= 1

J 2 Y , X̂ E { f l j 'lirZTS, Z ^ A f \ y 2- .K ^ )  =
dA1

gh

The update for A can be expressed as
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where the elements of the b2 x b2 matrix A [,r) are

« Ä r  =  üi W) Tj T Z TS (w) Z ^ ~ ü {w) +  tr
(V o  \  ( w )dX

j T Z T S ^ Z ^ r C Z Z M
Q r  a  \  (w )

gh d \
(5.13)

gh

and the elements of the b2 x 1 vector b[ir) are

bft  =  v l S {w)Z (—— ^u{w). (5.14)
0 X gh

Note the difference between (5.13), (5.14) and (5.6), (5.7). The latter, based on y[f ^
y y 7 7 (I 7 7requires C  J and C  v ' whereas the former, based on y c only requires C  .

We have derived an update for A where the variance-covariance matrix D  is con­
sidered to be completely unstructured. When D  is structured the update for A will 
have a simpler form. For the one-way random effects model for example, D  = dlf, 
and therefore A = A//,. In this case the update for A has a relatively simple form.

This completes the M-step.

5.3 .4  R a te  m a tr ix

The rate matrix for the REML PX EM algorithm using the complete data specifi­
cation yiÛ is the same as that presented in (5.8) except we substitute X\l A0) 
for A()). We define

t (u)X CK, K. z(c/) \
O e.A

T d J )  )
CA A /  K =

The elements of l \ [) , which comprise X\lx , Xil } , and X , and the elements of
Oc,A 1 ct2 ,A c~T’*  c<P,*

X ^ x are presented below.

69



CHAPTER 5. TWO REML PX EM ALGORITHMS FOR THE LINEAR 
MIXED MODEL

E lem en ts o f X^}
c<t2 ,A

For <7 =  1 , . . . , 6 , h = l . . . .  ,b it can be shown that

t (U)
C<y2'xgh b 2*)

y T0 U*,Zj^-u*  -  it* Z ' i r z
cJA * T

ÖAgh

DA* „

—tr( Z TU * Z ^ A —C z z ‘axgh

E lem en ts o f Zjr ^c -y,A

The elements for Z[.r J are equivalent to X[p\ , i.e., for _<gr =  1 , . . . .  b, h — 1,. . . ,  b we 
have

l i u) . =  ü ' t G-1* X - G “ 1' I X ü *  +  tr
Ĉ g h g h d rgh dXgh

C -
Ö7i,gh d \ gh

E lem en ts o f Zf/^
c <*>, A

For z =  1 , . . . ,  n, j  =  1 , . . . ,  n, g =  1 , . . . ,  6, h =  1 , . . . ,  b it can be shown tha t

I (t/) =  —  ■fy'-r[M S  U*Z—

—tr( Z TU * ^ - U * Z
Ocfoij

u * - u *  Z ‘ U  0 
gh d(f>ij

dA

U * Z ^ —wdXgh

dx
czz*

gh

E lem en ts o f Zj( }
CA,A

We make the same assumptions as those made for the elements of Z J .^ . For g = 
1. . . .  ,b. h — 1 , . . . ,  6 , g =  1,. . . .  6 , r  =  1 , . . . ,  b it can be shown tha t
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%(U)
C* g h ’Xqr dx d\*

u* + tr ^  z T s* z^X

+tr

qr gh

dA* _x* dA

dXl d \ gh

+ tr I

dX

/ d A
gh
*T

. _ 1M . . t ÖA*7’ ^dA*
A 1 + W* 1 "ttt-—U

dXgh

dX;H'
/~v—l*  s ^ iZ Z *

G W c

dXgh dxt

5.4 E x am p le : lam b  w eigh t d a ta

We apply a REML PX EM algorithm using the complete data specifications y\V"> 
and y c to the lamb weight data presented in Table 4.1. We fit the same model 
as that fitted in the previous chapter for the REML EM algorithm, i.e., the overall 
mean, age, and line are fitted as fixed effects, and sire is fitted as a random effect. 
For the REML PX EM algorithm this model can be written in matrix notation as

Vo — + Z A f  + e,

where y n, X .  and Z  are defined in the same way as they were in the previous chapter 
for the REML EM algorithm. The vector /3+ is defined in the same way as ß. We 
assume that the 23 x 1 vector of rescaled random effects / .  and the 62 x 1 vector of 
residuals e, are independent of each other and have the following distributions

/  ~  N (0 . d l 23)1 

e ~  N (0. erf J62).

The updating equation for cr2 is provided in (5.3) and (5.10) for y \1 ] and yT^ re­
spectively. The updating equation for d is provided in (5.4) and applies to both 
complete data specifications. We define hi =  (cr2,cr2)T as the parameter vector 
of interest and /C = (cr2,d, A)7 as the expanded parameter vector. The reduc­
tion function is hi = IZ(JC) — (cr2,A2d)T. We use an equivalent set of starting 
values to those in the previous chapter, i.e., the first set of starting values are 
JC[{)] — (<t2(0) , d^°\ A ^)T = (1,0.01,1)7 and the second set of starting values are 
K [i)) =  (<t2(0>, S ° \  A ^)t = (1,5,1)T. The convergence criteria presented in (4.18)
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was used to determine if the sequence of iterates k (()). k {[ \  . . .  converged to a (local) 
maximum of the REML log-likelihood function. The statistical software package 
R (R Development Core Team. 2011) was used to implement both REML PX EM 
algorithms. REML estimates of a 2 and ct2, denoted a 2* and erf , the number of 
iterations until convergence and the rate of convergence for both complete data 
specifications and both sets of starting values are provided in Table 5.1.

Table 5.1: Results for two REML PX EM algorithms applied to the lamb weight 
data.

Complete data a 2* Iterations Rate of convergence
2<°) == l,r/(0) = 0.01, A<°> =  1

(P)
y c 2.961597 0.5170765 83 0.8167880
yc 2.961597 0.5170765 57 0.7434961i.b = M<°> = 5, A<°) = 1
V {P)yc 2.961597 0.5170767 78 0.8167879

(U)
y " 2.961597 0.5170767 55 0.7434961

The observed information matrix is exactly the same as that obtained using a REML 
EM algorithm. A comparison of the results in Table 4.2 and Table 5.1 show that the 
REML PX EM converges in far fewer iterations than the REML EM algorithm. Ta­
ble 5.1 highlights the benefit in using the complete data specification yc compared 
to y c . The rate of convergence is noticeably less and convergence is achieved in 
approximately 30% fewer iterations for both sets of starting values. A contour plot 
of the REML log-likelihood surface and the first four iterations of the REML PX 
EM algorithms using the complete data specification y \ l } and y is provided in 
Figure 5.1. This figure illustrates the faster rate of convergence associated with using 
the complete data specification y iU\  The complete data specification y \ l ] makes a 
larger initial step towards the REML solution and its' third iterate is approximately 
equivalent to the fourth iterate of the REML PX EM algorithm using the complete 
data specification y c . Figure 5.1 also highlights another feature of EM algorithms 
in general, which is that they often get close to a solution quite quickly but then 
take a long time to converge.
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Figure 5.1: Contour plot of the residual log-likelihood surface for the lamb weight 
data and the first 4 iterations of the REML PX EM algorithms using the complete 
data specification y[b) and y\' . The starting values of cr2(0) = 1 and er2"” = 5 are 
represented by the black circle. The REML estimates of cr2* = 2.962 and erf = 0.517 
are represented by the “target".
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C h ap te r  6

Two m odel specifications for a 
facto r ana ly tic  m ixed m odel

In this and the next two chapters we consider REML EM and REML PX EM 
algorithms for factor analytic mixed models. The difference between linear mixed 
models and factor analytic mixed models is that in the former the vector of random 
effects is assumed to have a Gaussian distribution with a mean of zero and a variance 
defined by a symmetric positive definite variance-covariance matrix. In the later 
the vector of random effects is modelled using factor analysis. Our aim in the 
next three chapters is to consider ways in which to reduce the number of iterations 
until convergence for REML EM (and REML PX EM) algorithms applied to factor 
analytic mixed models. In all three chapters we consider the efficacy of using a 
less strict convergence criteria. In this chapter we consider two different model 
specifications, and in the next two chapters we consider a new parameter expansion 
and an alternative missing data specification respectively.

The motivation for the work presented in this chapter and the next two chap­
ters is the analysis of multi-environment trial data produced by plant breeding 
programmes. Factor analytic mixed models were recommended by Smith et al. 
(2001) for the analysis of this type of data. In Australia, a major source of multi­
environment trial data is the National Variety Trial programme which aims to deliver 
robust, independent results on the performance of recently released cereal grain va­
rieties. The measure most often used to rank performance is grain yield. This 
programme comprises large numbers of varieties grown over large numbers of trials. 
As an example of the numbers involved, the 2005 to 2010 non-Durum wheat data
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comprises 538 varieties and 928 trials where an “average" trial contains 162 plots. 
This data set therefore contains approximately 150000 measurements of grain yield. 
Fitting a factor analytic mixed model of the type advocated by Smith et al. (2001) 
to a data set of this size and structure is currently infeasible.

Although not applied to multi-environment trial data comprising tens of thousands 
of records, factor analytic mixed models are routinely applied to multi-environment 
trial data which contain thousands of records. For example, Thompson et al. (2003) 
apply a factor analytic mixed model to multi-environment trial data comprising 7613 
records, 62 trials, and 3300 variety by trial combinations. One of the challenges in 
fitting a factor analytic mixed model to data of this size and structure is that mod­
ern statistical software packages, such as ASReml-R (Butler et al., 2007), typically 
implement a Newton-Raphson type algorithm, such as the average information al­
gorithm (Gilmour et al., 1995), and successive iterations of these algorithms don’t 
always increase the residual log-likelihood function, parameter updates don’t always 
remain in their parameter space, and the algorithm can fail to converge. A potential 
solution to these problems is to use a REML EM or REML PX EM algorithm.

For a REML EM or REML PX EM algorithm to be a practical option for estimating 
the variance parameters associated with a factor analytic mixed model applied to 
multi-environment trial data the number of iterations until convergence has to be at 
a manageable level as each iteration can be computationally expensive in terms of 
computing time. Depending on the size and structure of the data this might mean 
having an algorithm that converges in no more than 50 iterations and preferably 
less than 25 iterations.

In this chapter we consider two different model specifications for a factor analytic 
mixed model. The first is based on the most commonly employed model specifi­
cation, where the k factors are assumed to have unit variance. The second model 
specification is closely related to the PX EM algorithm model for a factor analytic 
mixed model presented by Liu et al. (1998). In this specification the variance- 
covariance matrix associated with the k factors is assumed to be unstructured. The 
main aim of this chapter is to show, using an example, that large gains in the num­
ber of iterations until convergence using a REML EM algorithm for factor analytic 
mixed models can be made by choosing a different model specification to that most 
commonly employed.
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6.1 M odel sp ec ifica tio n

We consider a simplified plant breeding case where we have m varieties grown in p 
trials. Every variety is grown in every trial and there is r replicates of every variety 
within a trial, i.e., the total number of observations n — rmp. Consider the model

Model O y Q = Xf 3 + Z gug + e,

where ß  is a p x 1 vector of fixed effects representing trial means and X  is its 
associated n x p design matrix of full column rank. It is assumed that the n x 1 
vector of residuals e is distributed N(O.R)  where R  =  cr2/ n. The n x mp design 
matrix Z g is associated with the mp x 1 vector u(J of variety by trial effects. These 
effects are assumed to be correlated within a trial but are themselves independent, 
i.e,

V(Ug) =  Ge <g) J m,

where Ge is a p x p symmetric positive definite matrix and is commonly referred 
to as the genetic variance-covariance matrix. The diagonal elements of Gc are the 
genetic variances for each trial and off-diagonal elements are genetic covariances 
between pairs of trials. A completely general or unstructured form of Ge involves 
p(p + l)/2  parameters. For even moderately large values of p it is computationally 
difficult to estimate unstructured G e. A more parsimonious representation of Ge 
can be achieved using factor analysis to model the variety effects within each trial, 
i.e.,

U g  —  (Aj <8) I m) f 1 + .. .  +  (Ak Im)f  k A ^

=  (A <g> Im)f  + Ö-

where A is a p x k matrix of loadings and /  is a mk x 1 vector of varietal scores 
that can be partitioned as f  = ( / f , . . . ,  fj:)1. The matrix of factor loadings A has 
elements Ajr , j  =  1, . . .  ,p, r — 1, . . . ,  k. To ensure the uniqueness of the estimates 
of factor loadings when k > 1, k(k — l)/2 independent constraints on the elements 
of A are necessary. The constraints to be used are arbitrary. However, Smith et al. 
(2001) recommend the constraint A?r = 0 for j  < r =  2 , . . . ,  k.
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The vector 6 is a mp x 1 vector of residuals that can be partitioned with respect to 
trials, i.e., ö = (ö[ , . . . .  ö 1)' .  It is assumed that /  and £ are independent of each 
other and that

<5 ~  ® I m),

where =  Tf(,0) is a p x p  diagonal matrix. The genetic variance-covariance matrix 
is therefore

G e =  AD A r  +  ^ .

The vector of variance parameters -0 is commonly referred to as the specific vari­
ances. For simplicity we will assume that = ' i p l p ,  i.e., there is a common specific 
variance.

The two model specifications we consider differ in their assumption regarding the 
variance of / .  Using the same notation as Liu et al. (1998) we refer to the first 
model as Model O where it is assumed that

/  ~ iV(0. I mk).

We refer to the second model as Model A4 where it is assumed that

f  ~  N(O.D<g> J m),

where D  = D(d)  is a k x k symmetric positive definite matrix and d is a vector of 
variance parameters.

Model O is a special case of Model Ai,  namely, when D  = I k. Therefore, from here 
on we only present the development of a REML EM algorithm for Model A4 as the 
complete data density function and the E and M-steps for Model O can be obtained 
by substituting an identity matrix of order k for D.

For Model A4 the distribution of the observed data is

Vo ~  N ( X ß , H ) ,
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where H  — Z g(Gr ® I m) Z l +  R  where R  = cr2I n and the vector of variance 
parameters to be estimated is T = (cr2, A/ , ip, dT)T. The estimate of the genetic 
variance-covariance matrix, denoted Ge, and the best linear unbiased predictor of 
variety by trial effects, denoted ug, are the quantities most often reported to plant 
breeders. The former for providing the genetic correlation between trials and the 
later for determining which varieties are broadly adaptable across environments.

It should be noted that A and D  are not unique for Model Ad. We don’t consider 
this an impediment to the implementation of Model Ad for the analysis of plant 
breeding data as G(, and ug are unique and are the quantities of primary interest.

6.2 C o m p le te  d a ta  d e n s ity  fu n c tio n

We define the complete data to be y ( =  (y2, f 1, <57 )7 where the missing data vector 
is y m = ( f r , ö r)T. Model O and Model Ad could be considered new in the sense 
that we consider the incomplete data to be the transformed observed data vector 
associated with the marginal log-density function in the Verbyla (1990) conditional 
derivation of REML. This has not been considered previously for REML EM or 
REML PX EM algorithms applied to factor analytic mixed models.

To form the complete data log-density function requires the joint distribution

(  V i  \ 1 (  0  ^
f ~  N  1 0

V  *  J \ V  o  /

l ' 2h l ,
( DAr  ®  / m) Z Tg L2 

( * ® I m) ZTgL 2

L-i Z ,(A D  ® 
D  C*) I  m

0

The complete data log-density function can be expressed as

log {/(?/Ar )} = log{/(y2|/.<L r)}  + lo g { /( / .< 5 ;r )} .

Consider log{f(y2\f .5:T)}.  Using (6.1) and Result A.l it can be shown that

y 2\f. S ~  N { L \ Z q( A ® I m) f  + LlZ.,0.  LT2R L 2}, 

and the log-density function is
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log{/(?/2| / - <5: T)}

where

log{det(L[HL2)}

+  {Vo~ Z g ( A ® I m) f Z gS} TS { y 0 Zg{A <g> I m) f  -

S  = L2( L l R

= R 1 -  R r ' X ( X TR - ' X ) - iX TR- y

The marginal log-density function for the missing data is

log{/(/.<5;r)} =  log{ /(/;d )}  + log{/(<5;^)}

= log{det(£> 0  I rn)} + log{det(^ ® I m)}

+ f r (D~l <g> I m) f  + 0T(*~1 0  I m)6

The complete data log-density function is therefore

i°g{/(?/,;r)} = - - log{det(i( R L 2)} + log{det(D 0  /„ ,)} + log{det('I' 0  /,„) ( 

+ { y 0 ~ Zg(A0  Im)f~ ZgS} rS { y o-  0  -  ZgS}

+ f T( D-1 0 I m) f  + 0 /,„)<?' .

( 6 .2)

6.3 R E M L  E M  a lg o r ith m  E -s te p  for M odel A4

The E-step involves taking the conditional expectation of (6.2) over k(f.  S\y2\ T1 1) 
where C " 1 is the ui-th iterate of T. We can write

Q ( r : r (u,)) E[\og{f(yc-T)}\y2- T^}

E[log{ f ( y 2\ f . S: r ) } \ y2; r ^ }  + E[log{f(f:d)}\y2: T^]

+E[log{/(<5;V>)}|y2;r<”>]

Q{a2, A: r w ) + Q(d:  r (w>) + Q(i/>: r (u,)). (6.3)
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To compute the Q(.) functions in (6.3) requires the joint conditional distribution of 
/  and ö given y 2. Using (6.1) and Result A .l we have

Vi N
( D A 1 ® I m) ZTgP y 0

( * ®  Im)ZTgP y 0
T ff
Tsf

Tfi  
T  58

where

Tf f = ( D ®  I m) -  ( D A 1 ® I m) ZgP Z g( AD  ® I m), 

T fs =  Tj f  =  -(4>  ® ®

T S5 = (*  <S> I m) ~® ®

P  =  L2( L l H L 2)~lL l

= H - 1 -  H - lX ( X TH ~ 1X)- 'X

We can write

Q(<T2,A;rW)
1
2

lo g { d e t(£ [ß L 2)}

+  {j/„ -  Z ,(A  ® -  z / “0} ' S { y 0 -  Z 9(A ® I m) f M

+  tr  j ( A r  ® I m)ZTgS Z g(A® J  +  t r { Z j S Z ,T < f }

-  2 t r { z J S Z g(A® / m)£(/<5r |y2; T « ) } ,

Q (d :C “ >) 

Q(i/>; r*m))

1
2
1
2

log{det(D  ® J m)} + / ' "  ’ 

log{det(\E' ® J m)} +  <5(“ ’

(D~l

® / ro) i W + t r ( T ^ ))] ,

where

f {w) =  (d M a M t ® i m) P {w)y 01

E i f ö 1 \y2;V{w)) =  ~f( ]6( } using Result A.2.
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This completes the E-step.

6.4 R E M L  E M  a lg o r ith m  M -s te p  for M o d e l A4

The M-step involves maximising Q(T: r ('r)) with respect to T to find an update for 
r = (a2, \ T dT)T. The partitioning of Q(T: T(u;)) into Q(cr2, A: r (™}), Q(d: T(u;)) 
and Qi'ip; r (";)) simplifies the process.

6.4 .1  U p d a te  for a 2

Differentiating Q(cr2, A: T('r)) with respect to cr2 we have

dQ(a2, X ^ w)) 1 n — p
da2 2 a2

1 {y „-  Z„( A ® -  Z 9Siw)}TK { y 0- ® I m) f M  -  Z gSM }
(a2)

1

h 2)
l

( a 2 )

t r |( A r ® I m) Z ] K Z ,,(A ®

t i { z l K Z g(® I m)£(/<57’|y2; r<“))}2t r ( Z ' i f Z , T -
h 2)

where K  = I n — X ( X '  X )  1X 1. Equating to zero and solving for a2 we have

2<«j+i) 1
n — p Zg(A(U,)® Z gS(ŵ } ' K { y 0 -  ■Z9(A(”) ® Im)'fia'

+tr{(A<”’)T ® I m) Z j K Z g(A(u,) ® }

+tr(z;;'ifZ ,/T ‘")) + 2 t r { z 9rA-Z!)(A("’) ® / m) £ ( / 5 T|s/2; r (” >)} .

}

6.4 .2  U p d a te  for A;r

We denote the elements of the pxfc matrix of factor loadings A as Ajr, j  = 1, . . .  ,p, 
r =  l , . . . , /c  and A = vec(A). Finding an update for A is similar to finding an 
update for the auxiliary parameter in the model presented in (5.1).
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We can write Q(cr2, A: T(" as

Q(<T2!A:r<”'>)
1
2

log{det { L \ R L 2}\ + y „ S y 0

- 2 E { y T0S Z g(A® I m) f \ y 2; T ^ }  

- 2 E { S TZ TgS Z g(A 0  I m) f \ y 2l T ^ }

+ E { f T(AT 0  I m)ZTgS Z g( A 0  I m) f \ y 2; T™}  .

Differentiating Q(<r2, A; T1"'̂ ) with respect to Ajr we have

dQ(a2, \ : T ^ )
d \ j r

c) A .
- 2E{vlsza{—  ® jrm)/|w a; r<»>}

3A
+2tr{ Z jS Z 9( —  ® J m)£(/<5T|y2; r « )  }

DA
\jr+ 2 E { f T(AT 0 I m)ZTgS Z g(—  ® / m) / |y 2; r<“’>}

Equating to zero and using the identity

A r  =  t t ^ l
l—1 q = l

where Jiq is a p x k indicator matrix having a 1 in row /, column q and 
elsewehere we obtain

p k

X  X  \ ,qE { f T(Jl0  l m) Z TgSZ0  y2; r<”)}
Z=1 g = l  

p fc

T E V  [£ {y J S Z g(Jjr ® Jm) / |y 2; r « }
1=1 9=1

- t r  { Z TgS Z g(Jjr0  I m)E( fST\y2:r w )} | },

where J  jr is a p x k indicator matrix having a 1 in row j ,  column r, and 
elsewhere. This equation can be written as

zeroes

zeroes
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p k

1=1 q=  1

and in matrix notation as

=  biw),

where A*'"* is a pk x pk matrix with elements

4:1, =  E { f T( J l ® I m)ZTgS Z g(Jj r ® I m) f \ y 2-,r<»>}

= f W)T { J l ® I m ) Z TgS M® / ,„ ) /“
+ t r { ( ®  I m)ZTgS M Z g(J]r ® I m)T*jj }

and 6(" 1 is a pk x 1 vector with elements

^  =  E { y l S Z g( JJr® I m) f \ y 2: T ^ }  -  t r { ZTgS ^ Z g(JjT ® I m) E( f ST\y2; T ^ ) }  

= y ^ S ^ Z g(Jj r Z>Im) f iw) - t r { Z ^ S ^ Z g(Jj r 0 l m) ( f M Slw)r + T % ))}.

The update for A is therefore

^ ( w + l )  _  1 fo(w)

6 .4 .3  U p d a te  for ^

Assuming T* = iplp we can write Qi'ip: rl'r)) as

Q{$ \T{w)) =  jraplog(V>) + ^ (,,) ^ ('° + ^ t r ( T ^ })}-

Differentiating with respect to ip , equating to zero, and solving for xp we have

^ +1, = ^ { ^ )T̂ > + ̂ (A7>)}.
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6 .4 .4  U p d a te  for dqr

The k x k matrix D  is symmetric with elements dqri q — 1 , . . . ,  k, r — 1 , . . . ,  k, 
q > r, i.e., due to the symmetry of D  we only consider the lower left triangle of 
D.  We dehne the elements of D  1 to be dqr, q = 1 r — 1 , . . . ,  k, q > r.
Differentiating Q(d:T(,r">) with respect to dqr we have

dQ(d-r M )

dd

- / ddn

" U D " I c D " ® J - ) TÄ’}

V adnr / I V  od„r

(6.4)

where = f  f  *1 is symmetric and can be partitioned

/  v\w)
V M —

11

v {£  /

/  J.(w) J.(w)r
I  1 J l

j .(w) ~ (w )T
\  Ik 1 1

~(w) ~ (w) r
Ik Ik

where each is a m x m matrix. Working with the first term in (6.4) we have

f . ÜD 
tr( D  - 0 / ,  Odnr

— mtr ( D, - , 9 £
O d n r

-  mdqr.

Working with the second term in (6.4) it can be shown that
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X X tr(D”w '1)
g-1 h=l
k k 

9=1 h =  1

X I > ^
9=1 h=l

where ^  = t r ( V ^ )  are the elements of the k x k matrix A [w\  Working with the 
third term and noting that T jj can be partitioned

rji(w) _
1  f f  '

/  T {w)
f i l l

T (w)  
f  fk  1

\

rti(w) I
1  f f kk  '  ,

where each
J  J gh

is a m x m matrix, we have

tr M  ( ] j  l r i - i{T/ / (
k k

d d r,
d ~1 0 jm) j = X X ^ T i l^ )

9=1 h- 1

= E L «  r(T//D<rfc
9=1 /i=l

9=1 / i= l

where =  tr(T^j f ) are the elements of the fcxfc matrix H("’\  Equating (6.4) to 
zero we have

mdqr = X  X  d9q̂ )drh+X  X
which can be written in matrix notation as

m D~1 =  D - ' A iw)D~' + D^'~.[w)D - x.
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Pre and post multiplying by D  we have

m D  = A (u,) + H(W>.

The update for dqr is therefore

Using the identity

= t r(VW) = t r ( / W / Y ) =  f f
the update for dqr can also be expressed as

+̂i,=̂ {/r7/r+tr(T<t)}-
This completes the M-step.

6.5 E x am p le : N a tio n a l V arie ty  T ria l d a ta

The purpose of this example is to investigate algorithm performance. We do not 
provide an interpretation of the results from the models fitted. The interpretation of 
factor analytic mixed models applied to plant breeding data can be found in Smith 
et al. (2001). In the following when we refer to Model O or Model M  it should 
be read as “the REML EM algorithm used to estimate the variance parameters 
associated with Model A ” where Model A is Model O or Model A4 as the case may 
be.

Model O and Model A4 with k — 1 factors were applied to the small subset of 
National Variety Trial grain yield data presented in Table 6.2. The subset of data 
we consider comprises 588 observations made up of 42 varieties grown in 7 trials 
with 2 replicates of every variety in each trial. In this and later chapters we do not 
consider models with k > 1 factors for two reasons. Firstly, we will not have to 
consider the effect of placing arbitrary constraints on factor loadings on algorithm 
performance. This would have been a concern when we consider a REML PX EM 
algorithm in the next chapter where the parameter expansion is associated with the
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factor loadings. Secondly, fitting factor analytic mixed models where k > 1 involves 
a model building process. The most important stage of this process is fitting a factor 
analytic mixed model with k = 1 factors as the parameter estimates obtained from 
this model can be used to inform the starting values for subsequent models. We do 
not believe that restricting ourselves to factor analytic mixed models with k = l 
factors diminishes the results and conclusions presented in this and the next two 
chapters.

For both models we define the starting values A{(l) =  (0.1,0.1,0.1,0.1,0.1,0.1,0.1)T, 
= 0.1, and cr2l()) — 0.1. For Model A4 we define = 1. The criterion 

presented in (4.18), where k is replaced by T, was used to determine if the sequence 
r(0), T ( 1 ) , . . .  converged to a (local) maximum of the residual log-likelihood function. 
We assess whether or not the stopping rule with e = 10-8 is too stringent by 
considering different levels of e. In Table 6.1 we present the different levels of e, 
iterations until convergence, the final residual log-likelihood (£r), and the Frobenius 
matrix norm of the estimated genetic variance-covariance matrix when using Model 
O and Model A4 with k = 1 factors.

Model A4 converges in fewer iterations than Model Ö for all levels of e. If we 
consider an accurate estimate of the genetic variance-covariance matrix to be one 
that has the same Frobenius matrix norm to 5 decimal places as that calculated 
when £ = 10-8 then, based on the information presented in Table 6.1. it is possible 
to consider a less stringent convergence criterion for both models. For Model A4 
there is no cost in terms of the final residual log-likelihood and very little cost in 
terms of an accurate estimate of genetic variance-covariance matrix by increasing e 
to 1()~5. Likewise, for Model Ö there is little cost in increasing e to 10-6. At these 
levels of e Model O and Model A4 converged in 76 and 38 iterations respectively. 
Further reductions in the number of iterations until convergence are possible by 
considering parameter expanded versions of Model O and Model A4. These are 
considered in the next chapter.
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Table 6.1: Iterations until convergence, final residual log-likelihood (£r), and the 
Frobenius m atrix norm of the estim ated genetic variance-covariance m atrix when 
using a REML EM algorithm to fit Model O and Model A4 with k = 1 factors and 
using a stopping rule with different levels of e. For Model O and Model A4 with 
k =  1 factors there are 9 and 10 variance param eters to be estim ated respectively.

£ Iter.
Model O

l^e F Iter.
Model A4

Pr \\Ge F
1(T8 104 300.9849 0.3180123 66 300.9849 0.3180123
10-7 90 300.9849 0.3180121 56 300.9849 0.3180123
If)-6 76 300.9849 0.3180101 47 300.9849 0.3180125
10“5 63 300.9849 0.3179936 38 300.9849 0.3180146
1()-4 49 300.9849 0.3178231 29 300.9848 0.3180426
IO“3 35 300.9842 0.3161148 21 300.9778 0.3182776
1(T2 21 300.8976 0.3002162 15 300.8208 0.3185271
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Table 6.2: National Variety Trial grain yield data (tonnes per hectare) for 7 trials 
comprising 2 replicates, labelled “I" and “II” , of 42 varieties.

Trial
I

1
II

Trial 2 
I II

Trial 3 
I II

Trial 4 
I II

Trial 5
I II

T rial 6 
I II

Trial 7 
I II

V I 5.14 5.27 2.63 0.90 3.18 3.24 2.08 2.18 4.83 5.31 2.85 3.41 3.51 3.26
V2 5.60 5.28 1.91 1.89 3.03 2.66 2.23 2.00 4.13 4.32 2.75 2.52 2.80 2.47
V3 5.22 4.69 2.46 1.90 2.86 2.76 2.09 1.86 4.51 4.40 2.58 2.70 2.80 2.85
V4 4.73 5.23 2.62 1.33 3.08 2.60 1.93 1.73 4.62 4.65 2.69 3.06 2.64 2.13
V5 4.89 5.51 3.24 2.18 2.97 2.87 2.49 2.20 4.67 4.65 2.78 3.18 3.35 3.09
V6 5.21 4.82 2.29 1.99 3.19 3.13 1.81 1.90 4.26 4.26 2.51 2.84 3.38 3.53
V7 5.36 4.93 2.06 1.98 3.18 3.04 2.26 2.34 4.54 5.09 2.62 3.09 3.10 2.83
V8 5.52 5.46 2.32 2.49 3.15 3.11 2.09 2.49 5.01 5.08 2.79 3.28 3.16 3.24
V9 4.93 4.97 2.62 2.82 2.86 3.01 2.46 2.11 4.51 4.67 2.72 2.68 2.81 2.97
V10 5.51 5.22 1.89 2.18 3.03 2.97 1.99 2.04 5.04 4.54 2.35 2.49 2.67 2.60
V l l 6.03 5.51 2.89 2.63 2.92 3.27 2.14 2.34 4.52 5.06 3.26 3.34 3.45 3.23
V12 3.83 4.46 0.79 0.70 1.79 1.74 1.86 2.08 2.97 3.48 1.31 1.62 2.09 2.21
V 13 5.63 5.07 1.54 1.45 2.51 2.31 1.80 1.81 4.35 4.62 2.84 3.03 2.57 2.76
V14 6.21 5.79 3.37 1.20 2.86 2.86 2.03 2.46 5.11 5.20 2.99 3.19 3.43 2.97
V15 6.09 6.11 2.66 1.65 2.64 2.80 2.16 2.33 4.86 4.95 3.14 3.23 3.29 3.39
V16 6.36 6.08 2.26 2.24 2.73 2.50 2.27 2.52 5.21 5.01 2.99 2.83 2.86 2.88
V17 5.84 5.21 2.13 2.35 2.91 3.20 2.38 2.29 4.60 4.87 3.18 2.90 3.39 3.14
V 18 5.56 5.52 2.69 2.05 2.95 2.97 2.06 2.12 4.95 4.91 2.97 2.77 3.31 3.06
V19 5.32 5.50 2.68 2.16 3.33 3.17 2.24 2.08 5.21 5.11 3.01 3.41 3.43 3.25
V20 5.45 5.72 2.51 2.73 3.20 2.89 2.20 2.32 5.05 5.43 2.91 3.13 3.48 3.55
V21 6.03 5.87 2.27 1.89 2.75 2.52 3.05 2.28 4.71 5.01 2.99 3.30 3.39 2.79
V22 5.65 5.55 2.01 1.77 2.85 2.94 2.05 2.26 4.20 4.55 2.73 3.19 3.48 2.82
V23 5.29 5.28 0.69 1.71 2.39 2.55 2.01 2.25 3.38 3.23 2.26 2.26 2.89 2.55
V24 5.92 5.82 1.89 2.07 3.12 2.92 2.14 2.27 4.36 4.64 2.74 3.06 2.96 3.03
V25 5.36 5.74 2.59 2.11 3.08 2.68 2.16 2.61 4.01 4.56 2.76 2.57 3.21 2.98
V26 5.24 5.35 2.32 2.12 2.49 2.73 2.07 2.09 4.13 4.00 2.58 2.92 2.63 2.39
V27 5.27 5.24 1.56 1.99 2.60 2.57 2.16 2.47 5.20 4.88 2.58 3.31 3.40 2.79
V28 5.19 5.34 3.14 1.88 3.23 3.11 2.32 2.17 4.97 4.88 2.99 2.81 2.37 2.37
V29 5.19 4.99 1.25 1.56 2.93 2.94 2.13 1.87 4.36 4.11 2.78 2.39 3.41 3.13
V30 5.33 5.08 2.03 2.04 3.30 2.93 2.36 2.36 5.34 5.08 3.14 3.46 3.17 3.20
V31 5.76 5.58 2.01 1.83 2.98 2.92 2.08 2.22 4.85 4.71 3.03 3.40 2.68 2.86
V32 5.67 5.51 1.90 2.38 2.76 3.45 2.30 2.28 4.89 5.22 2.99 3.07 3.47 3.09
V33 5.17 5.00 2.25 2.15 2.52 2.91 2.54 2.18 4.16 4.39 2.58 2.76 2.81 2.68
V34 5.20 5.06 2.14 2.09 2.61 3.10 1.99 2.39 4.69 5.01 2.42 2.67 2.90 2.87
V35 5.44 5.01 2.39 2.38 3.14 2.99 2.05 2.09 4.45 4.54 2.51 3.40 3.27 3.15
V36 5.68 5.74 2.17 2.49 3.21 3.29 2.17 2.05 4.37 5.06 2.85 3.06 3.28 3.46
V37 6.18 5.86 1.24 1.36 2.30 2.14 2.26 2.17 4.45 4.48 2.86 2.36 2.50 2.51
V38 5.23 5.37 2.04 2.36 3.09 2.69 2.12 2.45 4.30 4.86 3.29 3.16 2.85 2.45
V39 5.76 5.46 2.16 1.26 2.98 2.87 2.08 2.51 5.05 5.56 3.16 2.96 3.44 3.40
V40 5.46 5.17 1.71 1.41 2.68 2.49 2.03 2.43 4.41 4.85 3.04 2.82 3.15 2.97
V41 5.25 4.84 3.02 2.12 2.95 3.17 2.28 2.32 4.46 4.68 2.59 2.42 3.62 3.07
V42 5.24 5.16 2.85 2.17 3.09 2.95 1.95 2.00 4.44 3.89 3.01 3.04 2.21 2.71
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C h ap te r  7

R E M L  P X  EM  algo rithm s for two 
facto r ana ly tic  m ixed m odel 
specifications

In this chapter we consider REML PX EM algorithms based on the two factor 
analytic mixed model specifications considered in the previous chapter, which were 
referred to as Model O and Model jvI. The difference between the two being that for 
Model Ö the variance of the factor scores is the identity matrix whereas for Model 
A4 it comprises an unstructured matrix.

The parameter expansion of Model O will be referred to as Model X , this is the 
same notation used by Liu et al. (1998). Model A4 and Model X  are very similar 
and it is of interest to compare the two. However, the main purpose of this chapter 
is to present a parameter expansion of Model A4 , which will be referred to as Model 
Z. The specification of Model Z  is new. In this model the parameter expansion is 
associated with the specific variances rather than the factor loadings as in Model 
X . Using the example data considered in the previous chapter it is shown that this 
model converges in less iterations than either Model X  or Model A4. We consider 
Model X  and Model Z  in turn.
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7.1 REML PX  EM algorithm - M odel X

Using the parameter expansion considered by Lin et al. (1998) we define the param­
eter expanded model

Model X y 0 = Xf.3* + Z gug + e,

where u g = (A* <8 I m) f  + <5- We assume ö  ~ N(0.  Tc 8 I m ) where Vfr* = xp*Ip 
and f  ~  N(0. D  <8 I m)- We assume that the n x 1 vector of residuals is distributed 
e ~  N(0. R*) where R * = (72Jn. The difference between Model O and Model A is 
the assumed distribution of the mk x 1 vector / .  In Model X  it is assumed that 
/  ~  N(0. D  (g) I m) whereas in Model O it is assumed that /  ~  N(O.Imk). We 
define D  = D(d)  asa/cxA:  symmetric positive dehnite matrix where d is a vector 
of variance parameters.

We follow the convention established by Liu et al. (1998) and define the expanded 
parameter set associated with Model X  as T* = (cr̂ , ,?/;*. d 1)1 where the subscript
* is used to distinguish parameters associated with Model O and Model X.  For the 
parameter expanded model the distribution of the observed data is

Vo~ N ( X ß „ H . ) ,

where H * = (AtDA( + Tl ) (g> J m. Using the parameter expanded model we iden­
tify the parameters associated with Model O as T = (cr2, A7, -0)7 = 7£(r*) = 
[cr2, vec{ A*Chol(.D)}, ?/;*]' where Choi denotes the Cholesky decomposition and 1Z 
is the reduction function from the expanded parameter set to the original parameter 
set.

7.1 .1  C om p lete  d ata  d en sity  fun ction

For Model X  the complete data specification remains the same as that for Model (9, 
i.e., y (. =  ( y j , f F- Ö1 Y where the missing data vector is define as y m =  ( / r . ö 1 )7 . 
However, the complete data log-density function is different in that it contains the 
so-called auxiliary parameter d. We use the subscript X  to distinguish between the 
complete data log-density function and Q(.) function for Model O and Model X . 
The complete data log-density function for the latter is
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\og{fx{yc-,T*)} = \og{fx {y2\f.6-(T*. A,)} + \og{fx( f :d)}  + log{/*(<5; 0*)}, (7.1) 

where

log { f x {f :d)}  

log {/*(£; 0*)}

log{det(£> 0  Jm)} + f r{D 1 0  Jm) /  

log{det(^* 0 I m ) }  + Sr( 1 0 Jm)<5

and

l o g i / v ^ l / ^ ; ^ * » A*)}

= -  ̂  log{det(L>2 R*L2)}

+ {yo -  ® Im)f  -  5*{l/0 Z 9(A, 0 / m) / - Z s<5} ,

where S * =  H 7 1 — R p lX ( X '  R ~ ]X ) ~ :X 1 R ~ [. This is the same as the complete 
data density function for Model A4 where the variance parameters <r2, A. and 0 
have been substituted with rr2, A*, and 0*.

7.2 R E M L  P X  E M  a lg o r ith m  E -s te p  for M odel X

For Model A we dehne = (cr2, \ [ ŴT d !())7 where D( d{)) = Ik- The E-step 
of the REML PX EM algorithm involves calculating Qx (T*; T ^ )  which is equivalent 
to the E-step of the REML PX EM algorithm for Model O. Note that for Model O 
and Model X

f {w) = ( A <”’>T® / m)P<”>yOI

A 7  = Imk- (A(,")T ® I m)Aw  ® Jm),

T<“> = ® I m) Z ‘gP ^ Z „ (  A<”) ® Jm).
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7.3 REML PX  EM algorithm M -step for M odel
*

The M-step of the REML PX-EM algorithm involves maximising Qx{U ; with
respect to I \  =  (cr2, A f, ?/v d 1 )r and then applying the reduction function 77,(1"*) = 
[crj, vec{A*Chol(Z))}, t/;*]7 to obtain estimates of r(', + l) = (cr2("+1>, A("’+1^

7.3.1 U p d a te  for a;

The update for a2 is the same as the update for o2 under Model O. i.e.,

o ( ™ + l )

cr*
1

n  —  p
{ Vo -  Z g(A' • ’ « / „ l / 1*1 -  -  Z S(A<»> ® -  Z , / Wl}~ J w )  1  T { w ) : ( w )

+tr{(A<"’)T ® I m)ZTg K Z „ ( A {w) ® + t r (

+ 2t r { z J K Z s(Am  ® / , „ ) ( / '  " V “ |T +  T$>)}] .

( u ; )Z lg K Z gT ss

Applying the reduction function we have a2{w+1) — o-2< " n .

7.3 .2  U p d a te  for A* r

The update for A*jr is the same as that presented for Xjr under Model O except we 
substitute A* and S'* for A and S  respectively, i.e.,

^(w+i)  _  a (w) 1 b(w)

where the elements of A {Jr] are

I m) Z TgS , Z g{Jj r ® I m) f \ y 2- V ^ }

= ~flw)T(Jjg ® I m) Z Tg S ^ Z g{Jjr ®
+tr{( Jfq ® I m) Z TgS ^ Z g(JJT ® I m) T j “j  }

and the elements of 6 ^  are
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*4”’ = E { y T0S , Z g(Jj r ® I m) f \ y 2; Y ^ }
- t v { E { Z TgS ^ Z 9(J jr <g> I m) f S T\y,- }

= y T0S ^ Z g(J j r ® I m) f {"'] - t i { Z TgS ^ Z g(Jj r ® I m) ( f {,,)S(w)T + T<”>)}. 

Applying the reduction function we have A(,r+1) = vec{A^"+ l)Chol(£>(" 1 ^)}.

7 .3 .3  U p d a t e  for -0*

The update for i p *  is the same as the update for i p  under Model O where i p * replaces 
ip, i.e.,

^ w+1) = ~ P r > ^ ' ) + tr^ }
Applying the reduction function we have ip(w+l'> = ip[u + [\

7 .3 .4  U p d a t e  for dqr

The update for dqr is

❖ +1) = i{/r'U + tr(r<t,)},
which is similar to the update for dqr under Model A4 presented in the previous 
chapter. The only difference being the form of f  } and T ^ .  Under Model A4 
these contain the unstructured matrix D  whereas for the model we are considering, 
Model X , it is assumed that D  = Ik-

7.4 R E M L  P X  E M  a lg o r ith m  - M o d e l Z

We now consider a new specification of a REML PX EM algorithm for a factor 
analytic mixed model. Consider the parameter expanded model

Model Z  y Q = Xf.3* + Z gu g + e
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where e ~  iV(0, Ä*), R * =  cr*/n and ug — (A* <g> Jm) /  + (fi (8) Jm)5, i.e., we 
introduce the p x  p positive definite diagonal matrix L2 = S1(cj). When we assume a 
common specific variance for ö. i.e., S ~  N (0. Tr <S> I m) where T** =  ip*Imp then L2 
has the form SI = u l p. We assume that ö and the mk x 1 vector /  ~  N(0. D*<g>Im) 
are independent of each other. We define D * = D*(d*) as a kx k symmetric positive 
definite matrix where d* is a vector of variance parameters.

We define the expanded parameter set associated with Model Z  as 
'T — (<t*, \ [ , -0*, d [ . ujr) r where the subscript * is used to distinguish parameters 
associated with Model A4 and Model Z. For the parameter expanded model the 
distribution of the observed data is

y 0 ~ N ( X ß . , H * ) ,

where H * = Z +SlTr*Sl)g)/m}Z// + #* . Using the parameter expanded 
model we identify the parameters associated with Model A4 as T = (a2. A1, -0, d 1 )7 = 
7£(7~) =  (erf, A d^)1 where 7Z is the reduction function from the expanded
parameter set to the original parameter set.

The difference between the parameter expanded Model X  and Model Z  is that in 
the former the auxiliary parameter d is associated with the factor loadings in the 
reduction function, whereas in the later the auxiliary parameter u  is associated with 
the specific variances.

An important implication of the non-uniqueness of A* and JD* for Model Z  is that 
the REML PX EM algoritm applied to this model is not guaranteed to have a rate 
of convergence at least as fast as the REML EM algorithm applied to Model A4. 
We don’t believe this is an impediment to the implementation of Model Z  for the 
analysis of plant breeding data for two reasons. Firstly, G e and ug are unique; and 
secondly, the cases in which a REML EM algorithm applied to Model A4 would 
converge faster than a REML PX EM algorithm applied to Model Z  are atypical.

7.4.1 C om p lete  d a ta  d en sity  fun ction

For Model Z  the complete data specification is the same as that for Model A4, i.e., 
y ( — (y!2. f 1 , S r ) r . We use the subscript Z  to distinguish between the complete 
data log-density function and Q(.) function for Model A4 and Model Z. To form 
the complete data density function for Model Z  requires the joint distribution
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/ 2/2 \ < 0 \ ( l '2 h *l 2 T'2 Z <7 (A* 77*  0 7m) 0 7m) \ I
/ 0 *) ( D * \ l ® I m) ZTg L 2 D* 0 I  rn 0 1

V <5 l V 0 ) \ M 0  I m)Z'g L 2 0 0  7m J 1

The complete data log-density function is

log {fz iVciT)}  =  \og{fz{y2\ f .ö;aj .  \*,u)}  +  log{/z(/; d*)} +  log{/z (<5; ^*)}, 

where

log {/z(/:d*)}  = 

log { f z (ö;ip^uj)}

1
2

log{det(JD* (8) Jm)} + f 1 ( D - l

1 r
log jde t^*  0  J m)} + <57 (’T

®  L n ) / | ,

and

lo g { /z (v 2l/> 5 ;A«,,^*,w)} =  [log{det(.L2 Ä*.L2)}

+ {y0 -  Zg(A* (g) 7m) /  -  Z fl(n  0 7m)<5}7 S * { y a -  Z g(A* 0 I m) /  -  Z g(n  0 7m)<5}j.

7.5 R E M L  P X  E M  a lg o r ith m  E -s te p  for M o d el Z

For Model Z  we dehne =  (<t* ,A ^  ,cj0)7 where n(u;0) =  ip. The
E-step of the REML PX EM algorithm involves calculating Qz(7~; 7 " ^ )  which is 
equivalent to Q ( r ;T ^ ) ,  i.e., the E-step of the REML PX EM algorithm for Model 
Z  and the E-step of the REML EM algorithm for Model M  are the same.

7.6 R E M L  P X  E M  a lg o r ith m  M -s te p  for M o d el

Z

The M-step of the REML PX EM algorithm involves maximising Qz(7~; 7 " ^ )  will 
respect to 'T — (cA. A7, ?/;*, d[ , cj)7 and then applying the reduction function 7£(7~) 
to obtain T =  (a2. A7, ip. d 1 ) z.
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7.6.1 U p d a te  for

The update for a2 is the same as the update for a2 under Model Ad, i.e.,

9 ( ^  +  1)
V*

1
n — p

{ y a -  Z9( A -  z j '"'1} 1 K{ y „  -  Z9(A <”> ® Jm) / W -  Z gSw ’}~Jw) , T ~P ( W ) Uu>) ■

+tr{(A<»)T ® I m)ZTgK Z 9(A(TO) ® I m)T($ }

+ t r ( z j  A T Z jT ' f )  + 2 t r { z J i C Z 9(Aw ® / m) ( / ' " V ' ' 1' + T ^ > ) }

Applying the reduction function we have a 2(m+i) 2(U,+P

7.6 .2  U p d a te  for A*jr

The derivation of the update for A*;r is the same as that for Ajr under Model Ad, 
i.e.,

where the elements of the rnk x mk  matrix A[w’ are

< > „  = E { f T( J l ® I m) Z TgS , Z g

= f lW)T( J l  ® Im)ZTgS ^ Z g(Jjr ®

+ tr{ (P , ® I m ® / m) T ^ }

and bj,"1 is a mk x 1 vector with elements

= £ { P S ,Z 9(J 9r® Jm) / | 3/2;T (”’)} - t r { E (Z [S l“')Z„(Jjr® / m) /5 T|s/.2;T ('"))}

Applying the reduction function we have A('r+I) = Â "'+1\
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7.6 .3  U p d a te  for 0*

The update for 0* is the same as that presented for 0  under Model A4. i.e.,

t i W+l) = P-p { ö iw)T~6iw) + tr(T

Applying the reduction function we have 0^+R =  uj2(u fl)0 iu;+0

7 .6 .4  U p d a te  for d*ijr

The update for d*qr is the same as that for dqr under Model A4, i.e., 

Applying the reduction function we have g0,- + 1) =

7.6 .5  U p d a te  for cu

Differentiating Q z('T ‘,'T^w’) with respect to uj we have

dQz {T\ T {w))
duo

- \ { - 2  y T0S z A m)

+2tr{(Ar  <g> I m)ZTgS Z 9( f (w)8(w)T + 

+2u>5(")' z ;[SZ ,,5('r) + 2 w tr(Z jS Z 9T < f)}

Equating to zero and solving for uj we have

y l S ’̂ Z , / ' 1 -  tr{(A(l0)T <8> J m)Z;''S(’")Z 9( / ," ^ '" ')T +  )}

8(,, )' Z TgS {w)Z g8iw) + tx(ZTgS {w)Z gT $ )
, (w+l)  _

7.7 E x am p le : N a tio n a l V a rie ty  T ria l d a ta

In the following when we refer to Model O or Model A4 it should be read as “the 
REML EM algorithm used to estimate the variance parameters associated with
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Model A ” where Model A is Model Ö or Model A4 as the case may be. When we 
refer to Model X  or Model Z  it should be read as “the REML PX EM algorithm 
used to estimate the variance parameters associated with Model B ” where Model B 
is Model X  or Model Z  as the case may be. We consider the small subset of National 
Variety Trial data used in the previous two chapters and presented in Table 6.2.

For Model X  and Model Z  with k = 1 factors we define the starting values A(l)) = 
(0.1,0.1,0.1,0.1,0.1,0.1,0.1)T, v '0’ = 0.1, <72<0) =  0.1, and d<°> =  1. For Model Z  
we define V 01 =  1. In Table 7.1 iterations until convergence and the final residual 
log-likelihood are considered for different levels of e for both models.

If we compare the Table 7.1 and Table 6.1 we see that Model X  converges in signif­
icantly fewer iterations than Model Ö and Model Z  converges in 1 or 2 iterations 
less than Model A4. Of particular interest is the comparison between Model X  and 
Model A4 as they differ in only one major respect, i.e., the later incorporates the 
variance parameter d in the E-step. For this particular set of data Model A4 con­
verges in significantly fewer iterations than Model X  which suggests that having the 
unstructured positive definite matrix D  as part of the E-step can improve algorithm 
performance in terms of the number of iterations until convergence.

In regard to a less stringent convergence criteria, there is little or no cost in increasing 
e to 10-5 for both models. Our preferred model and stopping rule is Model Z  using 
e = ICC5. With this combination convergence is obtained in 36 iterations compared 
to the 45 iterations it takes Model X  using £ =■ ICC5 to converge. For smaller data 
sets such as the one considered here having an algorithm converge in 36 iterations 
might be acceptable. However, for larger data sets this number of iterations until 
convergence would be unsatisfactory in terms of elapsed time. In the next chapter 
we consider a new missing data specification for factor analytic mixed models with 
the aim of making further gains in REML PX EM algorithm performance.
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Table 7.1: Iterations until convergence, final residual log-likelihood (£r ), and the 
Frobenius m atrix norm of the estim ated genetic variance-covariance m atrix when 
using a REML PX EM algorithm to fit Model X  and Model Z  with k =  1 factors 
and using a stopping rule with different levels of e. For Model X  and Model Z  
where k =  1 there are 9 and 10 variance param eters to be estim ated respectively.

£ Iter.
Model X

Pr II IIF Iter.
Model Z

Pr \\Ge |f
IO"8 74 300.9849 0.3180123 65 300.9849 0.3180123
10-7 64 300.9849 0.3180123 55 300.9849 0.3180123
nr6 54 300.9849 0.3180123 46 300.9849 0.3180123
10~5 45 300.9849 0.3180126 36 300.9849 0.3180126
l t r 4 35 300.9849 0.3180178 27 300.9847 0.3180158
nr3 26 300.9844 0.3180826 19 300.9741 0.3179943
10“2 17 300.9276 0.3186011 14 300.8342 0.3169530
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C h ap te r  8

A new  m issing d a ta  specification 
for facto r ana ly tic  m ixed m odels

In Chapter 6 we considered two model specifications for a factor analytic mixed 
model and showed that one of these specifications, Model Ad, could greatly reduce 
the number of iterations until convergence when using a REML EM algorithm. In 
Chapter 7 we considered a new REML PX EM algorithm for factor analytic mixed 
models where the parameter expansion is associated with the specific variances. 
This model was referred to as Model Z. In both these chapters the distribution of 
the missing data vector was considered to be the joint distribution of the vector of 
factor scores and the vector of residuals associated with the factor analytic model.

In this chapter we consider an alternative missing data specification and hence com­
plete data specification for factor analytic mixed models. The new missing data 
specification we consider is based on the joint distribution of the vector of factor 
scores and the vector of variety by trial effects. This new missing data specifica­
tion is motivated by the “dependent formulation” of factor analytic variance models 
presented in Thompson et al. (2003).

This chapter proceeds by showing that the complete data log-density function as­
sociated with the new complete data specfication for Model A4 is the same as the 
complete data density function for this model presented in Chapter 6. We consider 
Model AA and Model Z  using the new missing data specification and demonstrate, 
using the example considered in the previous two chapters and a simulation study, 
that this new missing data specification can further reduce the number of iterations 
until convergence.

103



CHAPTER 8. A NEW MISSING DATA SPECIFICATION FOR FACTOR 
ANALYTIC MIXED MODELS

8.1 R E M L  E M  a lg o r ith m  - M o d el A4

We considered Model A4 in Chapter 6. We provide a succinct overview here for 
convenience. We define

Model A4 y Q = X ß  + Z gug + e,

where ß  is a p x 1 vector of fixed effects representing trial means and X  is its 
associated n x p design matrix of full column rank. It is assumed that the n x 1 
vector of residuals e is distributed N(0. R)  where R  —  cr2I n. The n x rnp design 
matrix Z g is associated with the mp x 1 vector ug of variety by trial effects. Factor 
analysis is used to model the variety effects within each trial, i.e.,

U g  =  (A <g> I m) f  f  Ö.

where A is a p x k matrix of loadings and /  is a ink x 1 vector of varietal scores that 
can be partitioned as f  =  ( / [ , . . . ,  f [ . ) r . It is assumed that /  ~  N(0. D  0  I m) 
where D — D{d ) is a k x k symmetric positive definite matrix and d is a vector 
of variance parameters. The vector <5 is a mp x 1 vector of residuals that can be 
partitioned with respect to trials, i.e., <5 =  . . . ,  Ö1 )7 and is independent of / .  It
is assumed that ö ~  N(0. VE <g>/m) where Vi/ =  is a p x p diagonal matrix. The
vector of variance parameters ip is commonly referred to as the specific variances. 
For simplicity we will assume that ^  =  iplp, i.e., there is a common specific variance. 
It is assumed that the distribution of the vector of variety effects within trials is

U g  ~  N(0. Ge 0 Jm),

where G e = A D A 1 + 'T arid is referred to as the genetic variance-covariance matrix. 
For Model Ai  the distribution of the observed data is

Vo~ N ( X ß . H) ,

where H  = Z g{Ge 0  I m)Zl  + R  and the vector of variance parameters to be
o  rTy rT y \  rT~}estimated is T — (a2, X )* .
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8.1 .1  C o m p le te  d a t a  d e n s ity  fu n c tio n  for yc =  {Vo ■ f ‘ , u !j ) 7

We define the new missing data specification as

where the superscript D is used to distinguish between this missing data specification 
and y m =  ( f ' . ö 1)1. Likewise, the new complete data specification is defined as

ylD) =  ( y l f T,uT)T.

To form the complete data log-likelihood function for yc requires the joint distri­
bution

where

1 y> ^ ( /  ° \ /
f ~  N l 0

us l V°/ V

/  Vn

V 21

v 12 V, s \  )
V  22 v23 /

V 32 V 33 /  J
( 8 . 1)

V n =  L%HL2,
V'22 = D  (g) I m,
V33 = (ADA' + 9 ) ®/,„,

Vt2 = V21 =  L2Zg(AD 0 Im), 
v 13 =  V l  =  L [Z s{(ADAr  +  * )  ® 

V 23 =  V'Fa = DAr <g> Im.

The complete data log-density function can be expressed as

log { f ( y \ n)\ r)}  = iog{/(y2l?/m;): r )l + i°g{/(y!,f); r )}-

Consider l o g { f ( y 2\y\n'>: T ) } .  Using (8.6) and Result A.l it can be shown that

y 2\y{° ] - N ^ Z . U g . L l R L , )
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and the log-density function for y 2 given yin ) is (excluding constants)

^ g { f { y 2\yil,));T)}
1
2

log { det (L 2 R L 2)}

+( y0 -  ZyUg)'1 S ( y Q -  ZgUg) , ( 8 .2)

where S  = R  1 — R  1X ( X I R  ’X )  lX '  R  1. Now consider the log-density func­
tion \og{f(yin ^ T)}. We define

D ®  I m D A r 0  J m
A R  (8) / m ( A D A 1 +  T*) 0  J m

The log-density function for y f f l  is

\ o g { f ( y ^ - T ) }
1
2

log{det(V)} +  y ^ )TV 12/J,f) (8.3)

To express (8.3) in term s of f  and u a and their associated variance param eters we 
require det(V) and V-1 . Using the fourth identity in Result A.3.3 we have

det(V) =  det(D 0  J m) det [{ ( A D A T + if/) <g> I m}
~ { ( A D  0Im) ( D - x ® I m) ( D A r ® I m)}]

=  d e t(D  ® I m)det [{ (A D A 1 +  ^ )  ® I m{ -  ( A D A 1 ® J m)] 

=  det(T> 0  I m) det(\I> 0  J m).

Using Result A.3.6 we can express V-1 as

where

V 11 =  (£> -' + A r 4 ' - 1A )® /,„ ,

V12 = v2lT
=  - ( A 7"®-1 ®  Im

V22 =
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We can express (8.3) as

iog{/(j/LD);r)} log{det(7? <g> /,„)}  +  log{det(5> <g> 7m)}

+ f { ( D ~ l +  A 7' ^ - ‘A) ® I m} f  -  2 u J ( * - 1A ® I m) f

+u!'('5rl ® l m)u.

log{det(D  0 I m ) }  +  log{det(\I> 0 7m)} 

+ f r ( D - 1 ® 7m) /  +  / T(A T*P-1A ® / , „ ) /  

-2 ttJ -(\E'~1A ® 7 m) /  +  tiJ’('J>~1 ® I m ) u (8.4)

8.1 .2  E qu ivalence o f  y 'D) =  (y(f, f , uTg f  and y c =  (y%,fr, Ö1)1'

If we substitute u 9 =  (A 0 J m) /  +  <5 into (8.2) then it is easily seen tha t 

l°s{/(2/2l2/m» r )}  =  1°S{/(2/2l2/m» F)}. Making the same substitution into (8.4) we 
have

iog{/(2/m ';r)} “ I  [log{det(D 0  7m)> +  logjdef.i 0  /,„)}

+ f r( D~1 ® Im) f  + f T(A7'*"1 A ® 7m) /
- 2 { / T(Ar ® 7m) + tfr }(® -1A ® I m) f  

+ { / T(At ® Im) + d7'})« --1 ® 7m){(A ® 7m) /  + 5 } /

log{det(£> 0  7m)} + log{det(^ 0  7m)}

+ f  r (D~1 ® I m) f  + / r (A7 4>_1 A ® 7m) /
- 2 / t(A7 ® -‘A ® I m) f  -  ® 7m) /

+ / t(At4--1A ® 7m)/ + 2<5r (\t'-1A ® 7m)/ 

+ dr(«-~1® 7 m)d]

log{det(77 ® 7m)} + log{det(fI> ® 7m)}

+ f T( D~l ® 7m)/ + ® 7m)<5 
= log{/(ym;r)}.

Since log{/(y!„D); T)} =  log{/(y,„; T)} and lo g { /(y 2|y !'7): T)} =  lo g { /(y 2|y m; 10} 
then it follows th a t log{/(j/*D); T)} =  log{/( ; /, : T)}.
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8.2 REML EM algorithm E-step for M odel At us-
(D)mg y)

The E-step involves taking the conditional expectation of l o g o v e r  
k ( f , u g\y2’i T ^ )  where r(,, ) is the ie-th iterate of T. We can write

QiD\ r : r M ) =  E[ \ og{ f ( y^: T) } \ y2: r ^ }
= E[\og{f(y2\ y ^ :  T)}\y2- r<">] + E[ \ o g { f ( y ^ ‘ T)}|y2; r<">]
= Q(D)(cr2; Tiw)) + Q{d\ A. T{w)) + Q{D\d :  T (u;)) .  (8.5)

We use the superscript D on the Q(.) function to distinguish between the Q(.) 
function using yi°^ = (y2 , / r , u f ) 1 and the Q(.) function using y r — (y2 , f r . 6 1 )J . 
To compute the Q(.) functions in (8.5) requires the joint conditional distribution of 
f  and u g given y 2. Using (8.6) and Result A.l we have

a )} ̂ \  \ G e 0  l Tn) Z g P y o J  y T Ug f  T UgUg J  j

where

T ff = (D ® I m) -  ( D A r ® I m) ZTgP Z g( AD ® I m),

T fUg = T l gf = ( D A 1 ® I m)-  (

T  U g U g  — (Ge ® I m) —  (Ge ®Im)ZgPZg( Ge ®

P  = L 2(Lt2H L 2)

= H 1 -  H ~ 1X ( X tH - ' X ) - ' X t H

We can write

Q(D)(cr2; T(u,))
1
2

log{det (LlRL-i)}  + E{(y„- Z- r<“>}

108



CHAPTER 8. A NEW MISSING DATA SPECIFICATION FOR FACTOR
ANALYTIC MIXED MODELS

and

Q ( D ) ( = m p log(V-) +  E [ f T{(A ^ - 'A )  ® J m} / |» 2; r<” >] 

- 2 E { f T(AT* ~ 1 ® I m)ug\y2-,T(w)}

+ E { u ^ ( ^ ~ l ® I m)ug\y2- T ^ }

and

Q (D)(d; r (m)) = -i[log{det(Z> ® I m + ® /2; r « ]

8.3 R E M L  E M  a lg o r ith m  M -s te p  for M o d el A4
(D)u sing  yc

8 .3 .1  U p d a te  for a 2

Differentiating Q(D)(cr2; r ('r)) with respect to a 2 we have

dC/D)(a2 -T (u;)) 

da2
1 r n — p

- { 0 2) :
■(w. -  Z„ug^ ) r K ( y 0 -  i ™ )

where K  =  I n — X ( X '  X )  lX ' . Equating to zero and solving for cr2 we have

* 2(”+1) =  ^ { ( W .  -  Z gü gM ) TK ( y 0 -  Z gü gM) +  tr  ( Z Tg K  Z  gT ^ ) } .

8 .3 .2  U p d a te  for Ajr

Differentiating Q(/;)(A. T ('r)) with respect to Ajr we have
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Aj y*

® '-M K iittr” )}

Equating to zero and using the identity

a t=eev;;
1=1 <7=1

where Jiq is a p x A; indicator matrix having a 1 in row /, column q and zeroes 
elsewehere we obtain

p k 

1=1 <7=1

In matrix notation this can be expressed as

=  b{w),

where A 1" 1 is a mk X rnk matrix with elements

a.(Z ] q =  f iw)T( j f q^ - ' j j r <S>Im)f{W) + t x { ( J l ^ ' j j r ® I m

and b{,r) is a mk x 1 vector with elements

=  t r { ( ® W  J jr® / m) ( / " r)

The update for A is therefore

^( w + i)  _  a (w ) ~ ]
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8.3 .3  U p d a te  for ^

Differentiating Q̂ D\X,'ip;T'ir)) with respect to 'ip we have

dC/D\ X ^ : T {w))
d'ip

1
2
1

'll;2

mp 1 'Z.i’w)1
(Ar A ® J m) /

~ A tr{ (A7 A ® I m ) T (p  }

Equating to zero and solving for ip we have

'ip(w+i)
mp f {w)r( A ^ rA{w) <S> + tr{(A(“’)TA(’") ® }

+*<“)T«^> +  tr(T<” > ) -  2tr{(A<”) ® + T™ )}

//
h,;)~(u»)7 I 7 1 H

8 .3 .4  U p d a te  for dqr

Since Qty,))(d\ r ("’̂ ) is equivalent to Q (d ;U ‘̂ ) the update for dqr, g = l , . . . , fc,  
r  = 1, . . . ,  j ,  q > r is the same as that presented in Chapter 6 for Model AT i.e.,

< r l) = -{TUPm t ' + tr(T<t

8.4 R E M L  P X  E M  a lg o r ith m  - M o d e l Z

We considered Model Z  in Chapter 7. We provide a succinct overview here for 
convenience. We define

Model Z y 0 — X!3* + Z gug + e, 

where e is distributed N(0. R*) and R* =  cr*/n. For Model Z  we consider
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Ug = (A* 0  I m) f  + ( 0 ®  I m)ö,

where f2 = H(u;) is a p x p diagonal positive definite diagonal matrix. When we 
assume common specific variances SI has the form SI — u l p. We assume /  ~  
N(O.D* 0  I m) where D * =  D*(d*) and <5 ~  N(0.  SP* 0  I m) where \I>* = ß*Ip. 
The mk  x 1 vector /  and the rnp x 1 vector 6 are assumed to be independent of 
each other. We define the expanded parameter set associated with Model Z  as 
T  =  (a2, A j, ?/;*, d [ . uP ) / where the subscript * is used to distinguish parameters 
associated with Model Ad and Model 0 . For Model Z  the distribution of the 
observed data is

y 0 ~ N ( X ß ^ H * ) ,

where

H* — Z gG ê ZJ  +  R*

and

Ge, — {(A*.D*Â + U2ll>mI p) 0 Im}-

Using the parameter expanded model we identify the parameters associated with 
Model Ad as T — (a2, Ar, i p .d ' ) r = R (T ’) = (a2, A*, a;2?/;*, d* )7 where 7Z is the 
reduction function from the expanded parameter set to the original parameter set.

8.4 .1  C om p lete  d a ta  d en sity  fun ction

For Model Z  the complete data specification is the same as that for Model Ad, i.e., 
y< =  (2/2 j f '  j u h ) r - We use the subscript Z  to distinguish between the complete 
data log-density function and Q(.) function for Model Ad and Model Z.  To form 
the complete data density function for Model Z  requires the joint distribution

y  -i ^ f /  0  \ /

f ~  N  l 0 5

U 9 / l 10 V

v in 
V21,

V 12* V ,, \
V  22* V  23 ,

V- 1̂ 33, /
( 8.6)
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where

vlu = l 2h , l 2:

V 22, =  D* Inrn

V  33* =  Ge* ®  I  mi
V 12* —  ^ 21* =  L!) Z g(A*D* ®  / m ) ,

V 13* =  V ju = L l Z g(Ge. ® I m)

^23, =  V-32* =  D *A l <S> I m-

The log-density function for y 2 given is (excluding constants)

log{/z(2/2|l/m ); r )}
1
2

log{det(L2 R*L2)}

H V o  -  Z g U g ) 7 S*(y() -  Z g U g )  ,

where S* =  i?* 1 — iZ* 1X ( X / fi* !X )  1X / JR * 1. Now consider the log-density 
function l o g { /z ( t / ^ ; T )}. We define

D* 0  Im H*A^ 0  Im 
A *1)* 0  I m G"e, 0  T m

The log-density function for ym^ is

log{/z(j/!„D); r ) }  =  - 1  [log{det(V,)} +

Using the fourth identity in Result A.3.3 we can write

d e t(K ) =  d e t(£>* 0  I m) d e t 0  7m). 

Using Result A.3.6 we can write
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where

V,“  =  { D ; 1 +
y f  = V,21,' = -{ A

V f = (W8> / m.

Therefore,

iog{/z(?/!',); r )} log{det(Z)* (8) Jm)} + log{det(Sl,J>*n 0  I m)}

+fr[{D;1 + Al ® /„,}/
+u'{(f iU '. f i)  .

8.5 R E M L  P X  E M  a lg o r ith m  E -s te p  for M o d e l Z
(D )using y c

For Model 2  we define T {w) = (<r2, ,ipiw\ S " )where n(w0) = The 
E-step REML PX EM algorithm for Model Z  and the E-step of the REML EM 
algorithm for Model A4 are the same.

8.6 R E M L  P X  E M  a lg o r ith m  M -s te p  for M o d e l
^  •  ( D )Z using y c

The M-step of the REML PX EM algorithm involves maximising Qz(7~;7~^) 
will respect to T  = (cr2. A*, ?/;*, d f  , a;)7 and then applying the reduction function 
7£(7~) = (cr2, A*, a;2!/;*, d[ )7 to obtain T = (<r2, \ l ,ip, d 1)'.

8 .6 .1  U p d a te  fo r  o \

The update for cr2 is the same as the update for a2 under Model Ad, i.e.,
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2 ( 1 0 + 1 ) M ( 2/„ -  Z„ügW)r K {  y„ -  Z aüV>)  + tr(n — p Z l K Z gT%>Ug

Applying the reduction function we have o 2 ( to + i)  2 (u’+ 1)

8.6 .2  U p d a te  for A*.r

The update for A*yr is the same as that for Xjr under Model Ad, i.e.,

^(w +l )  _  fo(w)

where the elements of the mk x mk matrix A* are

<£], = ® I n )T$ }

and b 1 is a mk x 1 vector with elements

b£> =  tr {V-'Jjr® +  T%])}.

Applying the reduction function we have A("'+l  ̂ =  +

8.6 .3  U p d a te  for

The update for ip* is the same as that for ip under Model Ad, i.e.,

mp4>iw+1) = —  f (w)T (A{W)T ® I m) f [w>+  tr{{A^w)TA M(W)
/ /

+*<'»)’ w<») +  tr ( T « J  -  2tr{(A<"> ® +  T %])}

Applying the reduction function we have ip̂ w+l> = uj_ 2(w+1) / (m+1)
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8 .6 .4  U p d a te  fo r d*qr

The update for d*qr is the same as that for dqr under Model At, i.e., 

Applying the reduction function we have dqr + l  ̂ =  di™r+1\

8.6 .5  U p d a te  for cu

Differentiating Qzi 'T ; T "^ ) with respect to uj we have

dQz (T: T {w)) 
du)

1
2

2 mp 
UJ

-  ® I m)f\y 2; T iw))

n lu ,,\y 2-,Tiw)) + -D £ { u J(A , ® / 2; Tw } .

Equating to zero and solving for or we have

o(iu  +  l)
UJ npip(w) f lw)T (A(u,)7 A*” ’ ® + tr{(A(“’)' A<ul) ® \rri{w)

d1 f f }

+ üM rü M  + tv( T ^ J  -  2tr{(A<"> ® + T « ) }

8.7 E x am p le : N a tio n a l V a rie ty  T ria l d a ta

In the following example and simulation study when we refer to Model Ö or Model 
At it should be read as “the REML EM algorithm used to estimate the variance 
parameters associated with Model A ” where Model A is Model O or Model A1 as 
the case may be. When we refer to Model X  or Model Z  it should be read as “the 
REML PX EM algorithm used to estimate the variance parameters associated with 
Model B ” where Model B is Model X  or Model Z  as the case may be. We consider 
the small subset of National Variety Trial data used in the previous two chapters 
and presented in Table 6.2. For every model fitted to the simulated data we dehne 
the starting values A(()) =  (0.1,0.1,0.1,0.1,0.1,0.1,0.1)T, =0.1, <t2<0) =0.1, and

= 1, =  1 when required.
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Results for Model O , Ad. A, and Model Z  with k — l factors and using the new 
missing data specification = ( / 7 ,ir^)7 are provided in Table 8.1. In the in­
terests of brevity, parameter updates for Model Ö and Model X  using the missing 
data specification ylfP = ( f ' . u 1̂ )1 were omitted from this chapter, however they 
can be derived using information in this and previous chapters.

Comparing the results in Table 8.1 with the results in Table 6.1 and Table 7.1 we 
can see that for all models and levels of e that an algorithm using the new missing 
data specification yUP =  (f r , uJ )7 outperforms an algorithm using the missing 
data specification y m = ( f 1 ,ö' ) '  in terms of iterations until convergence. If we 
had to choose a model and a value of e then we would choose Model Z  based on 
the new missing data specification and e — 10~5. This model results in significantly 
fewer iterations to convergence than the next best option. When the stopping rule is 
based on e — 10-5 there is no loss in terms of the final residual log-likelihood and the 
Frobenious matrix norm of the variance-covariance matrix is accurate to 5 decimal 
places. This model and stopping rule combination converges in 23 iterations which 
is acceptable from a practical point of view. In terms of iterations until convergence 
and accuracy of the estimated genetic variance-covariance matrix, Model Z  using the 
new missing data specification compares favourably to the next best model options, 
which are Model A4 and Model X  using the new missing data specification.

8.8 S im u la tio n  s tu d y

Model Z  using the new missing data specification = ( / T,tfc7)7 was identified 
as the best model when applied to the small subset of National Variety Trial data 
presented in Table 6.2 and a stopping rule with e — 10~5 was identified as being 
sufficient in determining convergence. We consider a simulation study to confirm 
these findings.

The simulation study involved Model O, A4. X,  and Model Z  using both y™ = 
( /  , it7 ) 7 and y m = ( f r ^ö1)1. Each model was fitted to 3 lots of 100 randomly 
generated data sets. Each lot of 100 were generated using a2 =  0.05 and d = 1 but 
differed in the specification of the genetic variance-covariance matrix. The three dif­
ferent genetic variance-covariance matrices used to generate the data can be broadly 
classified as consisting of high, medium, and low correlations. They were generated 
by considering the same vector of factor loadings, i.e.,
A = (0.1,0.5,—0.05,—0.1,0.2,0.05,0.005)7 but three different values for the com-
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moil specific variance, i.e., ip = 0.01, ip = 0.05, and ip =  0.25. The three genetic 
variance-covariance (and correlation) matrices that were used to generate the data 
are presented in Table 8.2. When using the common specific variance ip = 0.01, 
ip — 0.05, and ip = 0.25 the correlations in the genetic correlation matrix have 
ranges of (-0.69, 0.88), (-0.37, 0.61), and (-0.14, 0.26) respectively.

For every model fitted to the simulated data we dehne the starting values A((l) = 
(0.1,0.1,0.1,0.1,0.1,0.1,0.1)T, -0(o) =  0.1, <T2l0) = 0.1, and d<°> =  1, w<°> =  1 when 
required. The minimum, median, and maximum number of iterations until conver­
gence for all models using the two different missing data specihcations and varying 
levels of e are provided in Table 8.3. Model Z  is the preferred model for both miss­
ing data specihcations and at all levels of e, regardless of the level of ip. Model Z  
using the new missing data specihcation j/m =  (f 1, i t j ) 7 is preferred to Model Z  
when using the missing data specihcation y m = ( f 1. ö 1)' at all levels of e and when 
ip = 0.05 and ip =  0.25, i.e., when the genetic variance-covariance matrix consists of 
low to medium correlations.

An interesting outcome of the simulation study is the performance of Model Z  us­
ing the missing data specihcation y m = ( f : . S ' )' when ip — 0.01, i.e., when the 
genetic variance-covariance matrix consists of high correlations. This model and 
missing data specihcation significantly outperforms all other models. For levels of e 
smaller than 10-5 the performance gain, in terms of iterations until convergence, is 
between |  to almost f the number of iterations until convergence of the next best 
model, which is Model Z  using the new missing data specihcation. A caveat on this 
result is that performance is judged only on the number of iterations until conver­
gence and does not consider computing time. Although we have not considered a 
comprehensive computing strategy for each model in this thesis, the time per itera­
tion when using the missing data specihcation y m — ( f 1. Ö1 )y is approximately 2.5 
times greater than time per iteration when using the new missing data specihcation 
ylf?'* = ( f T,u^)T. Therefore, the two have comparable performance in terms of 
elapsed time to convergence when ip = 0.01. In all other cases Model Z  using the 
new missing data specihcation is far superior in terms of elapsed time to convergence 
than all other models. The reduction in time per iteration for models using the new 
missing data specihcation concurs with results presented in Thompson et al. (2003). 
Thompson et al. (2003) found that time per iteration was substantially reduced 
when applying the average information algorithm to a “dependent’’ formulation of 
the factor analytic mixed model.
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In the small subset of National Variety Trial data example it was found that using 
the less stringent convergence criteria e — 10-5 had no effect on the final residual 
log-likelihood and little effect on the estimate of the genetic variance-covariance 
matrix. In Table 8.4 summary statistics for the absolute difference between the 
Frobenius matrix norm of the estimated genetic variance-covariance matrix using 
e =  1()-8 and the Frobenius matrix norm of the estimated genetic variance covariance 
matrix using another level of e are presented. If we consider the standard to be 
the Frobenius matrix norm of the estimated variance-covariance matrix obtained 
when using e = 10-8 then the data in Table 8.4 supports an increase in e to 10~°. 
For Model Z  and e — 10~° the worst case is when using the new missing data 
specification and when ip = 0.01. In this case the median value of the difference 
between the Frobenius matrix norm of the estimated variance-covariance matrix 
using e = PC 8 and e = 10-5 is 0.000028. This difference at the other two levels of 
ip is less than 0.00001. These differences indicate that from a practical point of view 
there is little loss in terms of an accurate estimate of the genetic variance-covariance 
matrix in moving to a less stringent stopping rule based on e = 10_ ).

We recommend Model Z  using the new missing data specification when fitting a 
factor analytic mixed model. In Figure 8.1 we compare the number of iterations 
until convergence for Model Z using y m =  (f ' , ö r)7 and y™ = { f r . u l )T. The 
convergence criteria for both was based on e =  10-5. Model Z  using the new missing 
data specification and applied to data generated using pj =  0.05 and ip =  0.25 
converges (on average) in 54% and 16% respectively of the number of iterations it 
takes Model Z  using y rn =  ( f 1, 6 ' )' to converge. When ip =  0.05 and ip =  0.25 
the median (50th percentile in Figure 8.1) number of iterations to convergence is 15 
and 25 iterations respectively for Model Z  using the new missing data specification. 
Both are acceptable from a practical point of view. When ip =  0.01 the median 
number of iterations to convergence is 56. This is unacceptably high and greater 
than the median number of iterations to convergence for Model Z  using y m =  

( / r . ^ / ) / . However, when ip — 0.01 the two missing data specifications for Model 
Z  are comparable in terms of elapsed time to convergence. It is also worth noting 
that increasing e to 10-4 reduces the median number of iterations until convergence 
of Model Z  using yffl  = (f ' , u , )1 to 28 iterations. This is a feasible alternative 
if we are prepared to accept an estimate of the genetic variance-covariance matrix 
which is slightly less accurate than that obtained when using e =  10~5.
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Table 8.2: The three genetic variance-covariance matrices based on A =
(0.1,0.5, -0 .05 , -0 .1 ,0 .2 , 0.05,0.005)T and ip =  0.01, ip =  0.05, and ip =  0.25 used to 
generate the three lots of 100 data  sets. Variances are on the diagonals, covariances 
in the lower triangle, and correlations in the upper triangle.

(a) ip =  0.01

0.0200 0.69 -0.32 -0.50 0.63 0.32 0.04
0.0500 0.2600 -0.44 -0.69 0.88 0.44 0.05

-0.0050 -0.0250 0.0125 0.32 -0.40 -0.20 -0.02
-0.0100 -0.0500 0.0050 0.0200 -0.63 -0.32 -0.04
0.0200 0.1000 -0.0100 -0.0200 0.0500 0.40 0.04
0.0050 0.0250 -0.0025 -0.0050 0.0100 0.0125 0.02
0.0005 0.0025 -0.0002 -0.0005 0.0010 0.0002 0.0100

(b) xp =  0.05

0.0600 0.37 -0.09 -0.17 0.27 0.09 0.01
0.0500 0.3000 -0.20 -0.37 0.61 0.20 0.02

-0.0050 -0.0250 0.0525 0.09 -0.15 -0.05 -0.00
-0.0100 -0.0500 0.0050 0.0600 -0.27 -0.09 -0.01
0.0200 0.1000 -0.0100 -0.0200 0.0900 0.15 0.01
0.0050 0.0250 -0.0025 -0.0050 0.0100 0.0525 0.00
0.0005 0.0025 -0.0002 -0.0005 0.0010 0.0002 0.0500

(c) ip =  0.25

0.2600 0.14 -0.02 -0.04 0.07 0.02 0.00
0.0500 0.5000 -0.07 -0.14 0.26 0.07 0.01

-0.0050 -0.0250 0.2525 0.02 -0.04 -0.01 -0.00
-0.0100 -0.0500 0.0050 0.2600 -0.07 -0.02 -0.00
0.0200 0.1000 -0.0100 -0.0200 0.2900 0.04 0.00
0.0050 0.0250 -0.0025 -0.0050 0.0100 0.2525 0.00
0.0005 0.0025 -0.0002 -0.0005 0.0010 0.0002 0.2500
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CHAPTER 8. A NEW MISSING DATA SPECIFICATION FOR FACTOR
ANALYTIC MIXED MODELS
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CHAPTER 8. A NEW MISSING DATA SPECIFICATION FOR FACTOR 
ANALYTIC MIXED MODELS

Figure 8.1: Model Z  number of iterations until convergence using the new missing data specification 
y\!P =  ( f 1 , Y  versus iterations until convergence using the missing data specification yf f l  =  
( f ' , 6 1)1 . Iterations until convergence for both is based on e =  10-5 . Each data point represents 
1 generated data set out of 100 for each of 0  — 0.01, 0  =  0.05, and 0  =  0.25. Grid lines represent 
the 25th, 50th, and 75th percentiles.

Data generated using y  = 0.01 Data generated using y  = 0.05 Data generated using \(/ = 0.25
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C h a p te r  9

C onclu sio n

In this thesis we have advanced the theory underlying the application of REML EM 
and REML PX EM algorithms to linear mixed models and factor analytic mixed 
models. A new incomplete data specification has been introduced based on the 
transformed observed data vector associated with the marginal distribution in the 
conditional derivation of REML (Verbyla, 1990). This transformed observed data 
vector has been referred to as y 2. There are two benefits in defining the incomplete 
data in a REML EM or REML PX EM algorithm as y 2 rather than the observed 
data vector y 0. Firstly, the new incomplete data specihcation results in a REML 
EM or REML PX EM algorithm that is computationally more efficient. Secondly, in 
our experience the new incomplete data specihcation will result in a REML EM or 
REML PX EM algorithm having a faster rate of convergence. We have used Loewner 
partial ordering to describe the conditions necessary for the new incomplete data 
specihcation to result in a faster rate of convergence.

There are two related aspects to the improvement in computational efficiency when 
specifying the incomplete data as y 2. Firstly, the E-step of a REML EM or REML 
PX EM algorithm using the new incomplete data specihcation only requires knowl­
edge of one conditional distribution, namely u \y 2. In contrast, the E-step of a 
REML EM and REML PX EM algorithm using y 0 as the incomplete data requires 
two conditional distributions, namely u \y 2 and typically e \y2. This aspect of the 
new incomplete data specihcation may have an application in situations where the 
E-step is intractable. This is a potential area of future research.

The second aspect to the improvement in computational efficiency relates to the hrst. 
REML EM and REML PX EM algorithm parameter updates involve computing the

125



CHAPTER 9. CONCLUSION

trace of a matrix. For the new incomplete data specification this matrix is either the 
b x b matrix C ' ' or the b x b matrix Z  U Z C  where U  is a projection matrix. 
When the incomplete data is specified as y Q this matrix is either C zz  or the n x n 
matrix W C  W 1 where W  — (X  Z).  The latter involves the inverse of the entire 
coefficient matrix associated with Henderson’s mixed model equations whereas the 
former only involves a smaller partition of this matrix. It is computing the trace 
of W C  W 1 which makes a REML EM or REML PX EM algorithm where the 
incomplete data is specified as y a less computationally efficient than a REML EM 
or REML PX EM algorithm based on the new incomplete data specification.

Although the REML EM and REML PX EM algorithm for linear mixed models 
based on the new incomplete data specification is a step forward in terms of compu­
tational efficiency further work is required before either of these two algorithms can 
be easily implemented within existing software packages using Newton-Raphson type 
algorithms. In the case of the average information algorithm (Gilmour et al., 1995) 
the only term computed in terms of the inverse of the coefficient matrix associated 
with Henderson’s mixed model equations is C zz . The REML EM and REML PX 
EM algorithm require computing Z 1 U Z C z z . A potential area of future research 
would be to study approximations of the trace of this matrix only using terms that 
form part of the average information algorithm computing strategy.

Factor analytic mixed models are routinely applied to data arising from plant im­
provement programmes. In statistical software packages using Newton-Raphson 
type algorithms these models can be extremely difficult to fit. Successive iterations 
of these algorithms are not guaranteed to increase the residual log-likelihood and 
parameter updates may be outside their parameter space. REML EM or REML 
PX EM algorithms for factor analytic mixed models solve these problems. However, 
they do suffer from slow convergence. Besides specifying the incomplete data for 
these types of models as y 2 this thesis has addressed the problem of slow conver­
gence by considering model specification, a new parameter expansion, a new missing 
data specification, and the efficacy of a less stringent stopping rule.

Factor analytic mixed models with A: =  1 factors and a common specific variance 
were considered in an example and a simulation study. The recommendation of this 
thesis is to use a REML PX EM algorithm based on a model specification where 
the variance of the factor scores is assumed to be an unstructured positive definite 
matrix rather than the identity matrix, a new missing data specification based on 
the “dependent” formulation of factor analytic variance models presented in Thomp-
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son et al. (2003), a new parameter expansion which is associated with the specific 
variances, and a less stringent convergence criterion based on e — 10-5 rather than 
e = 10~8. In many instances this results in iterations to convergence being less than 
10% of the number of iterations to convergence using an alternative model specih- 
cation, missing data specification, parameter expansion, and convergence criterion. 
Future research is required to determine if these results apply to factor analytic 
mixed models which don't have a common specific variance and with k > 1 factors. 
The research presented in this thesis suggests that a REML PX EM algorithm has 
the potential to be a practical option when fitting factor analytic mixed models.
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V ector and  m a trix  resu lts

A .l  C o n d itio n a l d is tr ib u tio n  b e tw een  tw o v ec to rs

If x  =  (x f , x 2 )' is distributed as Np(ß.  S ) where /i =  (/if . /if ) 7 and

where d e t(E 22) > 0 then for a given value of x 2

X i \ x 2 ~  N  ( / iL +  U i2S 22 (x 2 -  M2) , s n  -  S i2S 22 S 21)

A .2 C ov arian ce  b e tw een  tw o v ec to rs

If x  =  (x f , x f ) l is distributed as Np(fi. X) where /i =  ( / i f . / i f ) 7 and

E  =

then we can write

E 12 =  E ( x lx I2 ) _  E(x] )E(x2)r■

129



APPENDIX A. VECTOR AND MATRIX RESULTS

Rearranging we have

E( x xx !2 ) =  E( x i )E( x 2) ] +  £12 

=  +  5 j12*

A .3 M a tr ix  id e n titie s

A .3.1 Trace o f a m atr ix

The following is taken from Mardia et al. (1979). For a n x n  matrix A  with elements 
dij the trace of A  is

n n

tr( A)  = ^2  aa =
i=1 i=l

where Ai is the z-th eigenvalue of A.

A .3.2 Q uadratic form s

The following result is taken from Searle et al. (1992). For y  ~  N{fi .V)  and 
symmetric matrix A,

E( y r Ay)  =  /iT A/ i  + tr(A V )

A .3.3 D eterm in an ts

The following results are taken from Harville (1997).

M atrix  m ultip lied  by a scalar

For any n x n  matrix A  and scalar k

130



APPENDIX A. VECTOR AND MATRIX RESULTS

det(A'A) = kn det(A)

Invertible matrix

If A is non-singular then

det(A 1)
1

det(A)

Matrix multiplication

For n x n matrices A and B

det(A.B) =  det(A) det(.B)

Partitioned matrix

For a non-singular matrix A partitioned as

A = (  A n  A ' 2 )\  A ‘2i A 22 J
where A n is a m x m matrix, A \2 is a m x n matrix, A 2i is a n x m matrix and 
A 22 is a n x n matrix. The determinant of A is

det(A) =  det(An) det(A22 -  A2iA 111 A i2)

A .3.4 In v e rse s  o f m a tr ic e s  o f th e  fo rm  A  +  B

The following result is taken from Harville (1997). Let A and B  be n x n matrices 
and A + B  be nonsingular then

(.A  + B ) - lA  = Jn -  (A + B ) ~ lB  

A(A + JE?)-1 = I n — B ( A  + B ) ~ l
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A .3.5 Inverses o f  m atrices o f th e  form  A  +  B C D

The following result is taken from Harville (1997). Let A  be a nonsingular n x n 
matrix, B  a n x m matrix, C  a nonsingular m x m matrix, and D  a m x n matrix 
then

{A + B C D ) 1 = A - 1 -  A - 'B { C ~ l + D A  lB )  lD A ~ l

A .3.6 Inverses o f  p artition ed  m atrices

The following results are taken from Harville (1997). Define a partitioned non­
singular matrix A  as

where A n is a m x rn matrix, A 12 is a m x n matrix, A 2i is a n x m matrix and 
A 22 is a n x n matrix. Dehne the the non-singular matrix A  1 as

where A 11. A 12. A 2\  A 22 have the same dimensions as A n , A [2l A 2\. A 2 2 respec­
tively. If A n  is non-singular then A 11 is 11011-singular and

A 11 = (An — A 12A22 A 21) 1

A 1- = —(A n — A i2A22 A21) 1 A V2A 22

A -1 = — A22 A 2i (A h — A i2A 22 A2i ) 1

A~~ =  A 2 2  +  A 22A2i(A n — A i2A 22 A2i ) 1A i2A 221
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A.3.7 G Z 1 (R + Z G Z 1')-1 = (G“1 + Z rR l Z ) '  Z r R x

Using Result A.3.5 and Result A.3.4 we have

( R +  Z G Z t )~' = R  1 -  R ' Z ( G  1 + Z t R

R ( R +  Z G Z 1) - 1 = I n - Z ( G + Z TR - ' Z y ' Z TR - '

I n -  Z G Z r (R  + Z G Z t )~' = I n - Z(G ~1 +  Z T R T ' Z ) - ' Z T R - '

Z G Z r ( R +  Z G Z t Y ' = Z ( G + Z TR - 1Z ) - 1Z r R ~ 1

G Z t ( R +  Z G Z t )-' {G~l + Z T R - ' z y l Z T R ~ l

as required.

A.3.8 P  = L i ( L l H L 2)~lL l  = H -1- H -1X { X T H -1X ) ~ lX T H ~ l

If L 2X  =  0 and H  is symmetric positive definite then it is possible to dehne a 
projection matrix P  where

P  = L 2{LT2H L 2) - lL l

= H ~ l -  H - [X ( X r H - lX ) - 1X TH ~ 1

Part of the proof is presented below and is taken from Searle et al. (1992). We start 
by noting that L 2(L2L 2)~lL 2 and X ( X ! X ) ~ lX '  are symmetric and idempotent 
and that it is possible to show that

I n -  X { X TX ) - 1X T = L 2(L2 L 2)~ll 2

Since H  is symmetric positive definite a matrix H * exists such that H  — (H? )2 
and we can write

I n -  H - 2 X ( X TH ~ lX ) - lX TH - i  =  H * L 2(L2H L 2)~lL 2H

_  iPre and post-multiplying both sides by H  2 gives

133



APPENDIX A. VECTOR AND MATRIX RESULTS

P  = H  ' -  H ~ lX ( X TH ~ lX ) ~ lX Tt r 1 = L-2(L‘, H L 2) - lL l

Since R  and X] are symmetric positive definite it follows that we can also define

S = R  l -  R - 1X ( X TR - lX ) ~ iX TR - '  = L2(L2R L 2r'L72

u = xr1 -  5T1x ( x rx r1x ) - 1x ri r 1 =

A.3.9 P  = R 1 -

From Result A.3.8 we have

P  = H~'  -  H - ' X ( X TH ~ ' X ) - lX TH - '

Now consider

H '  =  R - R ' Z ( G l + Z r R - ' Z

= R~l -  R~ l Z C z z Z T R~l

and

h - 1x (x th ~1x ) - 1x t h - 1

= ( R - 1 -  R~l ZC-z lz Z TR~l) X C x x X T( R - 1 -  R~l Z C z 1z Z TR “1) 

=  R 1X C x x X r R -  R  ' X C x x X TR  lZ C z z Z rR~'
— R“1 7/^_1 7  ̂n-1 y / ^ t X X  yT n-1 jtL- C / //// i t  _/\. -/\. -Ll>

I n-1 7/ -̂1 7T p-1 y / ^ i X X  - y T  p —1 7yr-l 7/ r>-l
I-  J T l > v_y X y  - / V  -i~L v_y J /  - i L

r> — 1 ( y n A  X  y "T y  /~iXX * ^ 1  r̂ ~ 1 v T  1 /" i  f~̂ XX y  T
— / I  I A O  A  — A O  O  7jZj — A/ 2,Ẑ  ZX  ̂ A

+ Z C ^ C zx C * x C x z C z ‘:Z T) i r 1

Therefore,
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P  = H 1 -  H - lX ( X TH - 1X ) - 1X TH ~ 1

= R -  R ' Z C z lz Z r R~l -  R - l ( X C x x X T -  X C x x C Xz C z z Z T
s i X X  v T  I 7/ -̂1 ri (~iXX ^  ri-1 7TA n-1 

- Z / L / Z 2 L ^ b  ^  ^ ^ ^ Z Z ^ Z X ^  ^ X Z ^ Z Z ^
_ o— 1 D-l / 7/̂ -1 7T , V  s~i X X  ~yT  (~<XX 1 V T
— it — lx y Z j K y g Z ^  “ A U A — A l O X  Z ^  Z Z ^

7/ -̂1 /^ iXX vT - 7/̂ -1 /-( s i X X j ^ i  1 7TA n-1

= R - 1 -  R - 1W C ~ lW TR ~ 1

where W  = (X  X).

A.3.10 P  = S  — S Z C z z Z'  S

Begin by noting that P  can be written as

L 2( L l H L 2)~ 'L l

= L 2(L2R L 2 + L 2Z G Z TL 2)~lL l

= L 2{ ( L l R L 2)-'

- ( L 2R L 2) - lL 2Z { G - 1 + Z t L 2{ L I R L 2) - ' L I Z } - ]Z t L 2(L!2R L 2) - ' } L t2 

using Result A.3.5

= S -  S Z (G _1 + Z TS Z ) - ' Z TS

= S - S Z C z z Z TS

If we define y 0 =  y 2 then we can use the result presented above to re-express
G -  G Z '  P Z G  as
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G -  G Z ' P G -  G { Z r S Z  -  Z tSZ(G~1 + Z TS Z ) - lZ TS Z }  G  

G -  G  {/;, -  Z TS Z ( G ~ l + Z TS Z )"*} Z '  S Z G  

G -  G [ l b -  { I b -  G ^ ( G - 1 + Z '  S Z ) - ' } ] Z ' rS Z G  

using Result A.3.4

G -  (G^1 + Z TS Z ) - ' Z ‘ S Z G

{h, -  (G_1 + Z 1 S Z ) ~ 1Z t S Z } G  

[Ib ~ { I t  ~ (G-1 + Z TS Z ) ~ iG - 1} \G  
using Result A.3.4 

(G~l + Z TS Z )~1

czz

A . 3.11 P H P  = P

Note that P  =  L2(L2 H  L2)~l L2 . Therefore,

P H P  = L2(L^HL2) - 1LT2H L 2{Lr2H L 2) - {L l  

= L2(LT2H L 2) - lLT2
= p

as required. Similarly S R S  = S  and UTtU — U.

A .3 .12  P H S  = S

Noting that

P  =  

S  =

L 2( L l H L 2)~lL l

L2{ L l R L 2)~lL l

then
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P U S  = L 2{LlHL

=  L 2(LlRL

= S

as required.

A .3.13 P R S  = P

Noting that

P  = L 2{LT2 H L 2) - lL T2 

S = L 2 ( L‘2 R L 2) - ' L l

then

P R S  = l 2 (l ^h l 2) - 1l ^r l 2(l ^r l 2) - 1l l  

= L 2 ( L l H L 2)~lL T2

= P

as required.

A .3.14 tr ( H P ) = n  — t

If we define P  = H ~ l-  H  ' X ( X TH ^ X ) * t h e n

tr ( HP)  = tr [ jf{ lT ' 1 -  H - 1X

= tr { l n - X { X TH ~ 1X ) - lX TH - 1}

=  t r (/„) -  tr(

= n — t r { ( X TH ~ 1X ) ~ lX TH ~ lX  }

=  n -  tr (/,)

=  n — t
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as required. Similarly tr {RS) — tr(£L/) = n — t.

A .4 M a tr ix  d iffe re n tia tio n  re su lts

A .4.1 D eriva tives o f  d eterm in an ts

The following result is taken from Harville (1997). If A  is a p x p matrix where 
A — A(x) — {by} is a non-singular matrix whose elements are functions of x and 
is continuously differentiable at every x then

dlog{det(A)} = tr e . 1a i \  
dxj  V dx j )

A .4.2  D eriva tives o f inverses

The following result is taken from Harville (1997). If A  is a p x p matrix where 
A =  A(x) = {bij} is a non-singular matrix whose elements are functions of x and 
is continuously differentiable at every x then

dA~l
dxj

= - A ~ l
dxj

A .4.3  D erivatives o f P

Define a vector of variance parameters n — (a2, cf)r , 7 / )' and consider the partial 
derivative of P  =  L2(L'1 H L 2)~[L.[ (Result A.3.8) with respect to i.e.,

d P
d ^ i ^ { u L i H h r ' X i }

T

2 ö/t, 2

- L 2( L l H L 2)~lL l — L2( L l H L 2)~lL l  using Result A.4.2
OK-i
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Likewise,

dU d
d(f)ij

L>2
d(LT2Y L 2)~l

d(j)ij
L T

2

- l 2{l I y.l 2) - ' l !2—  L2{LlT,L2) - lL l
0(f>ij

- U
o y

d(f>ij
u

using Result A.4.2
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D erivation  of id en tity  in Oakes 
( 1999 )

A key result in Oakes (1999) is the identity

a2 \og{k(yni\y0. e M )}

=  - E

a e {w)a e {w)T
d

d o {w)

Vo,  0 {w)

^og{k{ym\yo: 0 ,ll])}
a

d 0 (w)T l°g{k(Vm\Vo,Oi"’))} ß(W)

Noting that 6 =  (0\, . . . ,  Qj)1, defining i =  1, . . . ,  d and j  =  1, . . . ,  d we can write

d2 iogM j/m lyo;#1"')} 
d6{”)d d f ) a e ^ d 0 f ]

d de

dO(w)

* { k ( y j y o:0(w))}

fc(Vmlw.;Ow )

Using the quotient rule we have
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d‘2 \og{k(ym\y0-,e," ])}

d e ^ a e ^

^ ^ { k ( y J y o:0M )}k(y J y o: 0 ^ ) - ^ { k ( y J y , - 0 ^ ) } ^ { k ( y m\yo. 0 ^ ) }

k i y j y j ö ^ ) 2

^ ^ { k ( y m\y0-Mw))}

K v J v o , ^ )

d

ä e p

1og{fc(ymlj/o;ö(“’))}
d

ddf9 log{fc(ym|y„;ö",’))}

Which can be written using matrix notation as

& 2 lo g W y .Jy ,,;# 1" 1)}
d0 {w)d0 (w)T

■ ^ £ ^ { k ( y J y „ o iw))}

k ( y j y „ ; 0 (w))

d
d 0 {w)

log{k(ym\y0;G(u}))}
d

d o {w)T
^ g { k ( y m\yo;0 [w))}

Taking expectations on both sides over k ( y m\y0\ 0 ^ )  we have

d2 \og{k(ym\y0. e [,r))}

=  E

. a(w)
O0 lw)d0 (aV 

82 { k ( y n \y0- e M )}dd(w)de(w)1
k ( y m\ya- ö(u,))

- E Q0(W) log{fc(y,„|y„;ö|,,,))}

Vo, 0 {w)

d

d 0 {w)T
^og{k{ym \yo-,0 (w))} q { w )

The required identity is obtained if the hrst term on the right hand side is zero. We 
have
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___ cP___

Kym\VoMw))
. a(w)

___ cP___
d d (w)d O ^ T

ö 1" ’)}

( ) 6 {w)d 0 {w)r
0

k(ym\yo,0 (w)

f f
SiVm)

k { y m h
S ( y m)

d9lww r { J s < „ . )  k i v J y ° 'e(w)]dy'
ff2

as required.

• o -0 [w)) d y m
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Loew ner p a rtia l o rdering  of 
sym m etric  positive sem idefin ite  
m atrices

Loewner (sometimes referred to as Löwner) partial ordering of matrices is analagous 
to ordering numbers on the real number line using the inequalities >, >, <, and 
<. Loewner partial ordering has its' mathematical foundations in convex geometry. 
Much of what follows has been taken from Horn and Johnson (1990)

We begin by defining as the convex cone containing the set of all positive semidef- 
inite symmetric n x n matrices and the interior of , denoted S” + , as the set of all 
positive definite symmetric n x n matrices. For A  E §” we can write

4 X 0  x r A x  > 0  V x e  R"

where Mn refers to Euclidean n-dimensional real vector space and the symbols E, 

V and can be read as “in”, “for all” and “material equivalence” respectively. 
Later we introduce the symbol = >  which can be read as “material implication". 
For A  E §++ we can write

A >- 0 x 1 Ax  > 0  Vx E M"

If A — B  >z 0 then A y  B  where A >z B  defines a so-called Loewner partial ordering 
(see for example Jarre (2000) or Dattorro (2005) Appendix A). The corollaries we
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are particularly interested in are (Horn and Johnson (1990) Chapter 7)

Corollary C .l. If A . B  G §++, then
(a) A y  B  A "1 ^  B - 1;
(b) A y  B  => det(A) > det (B); and
(c) A  y  B  ==> A A '(A) > A k{B) for all k — 1 ,2 ,.. . ,  n if the respective eigenvalues 
of A  and B  are arranged in the same (increasing or decreasing) order.

Note that Corollary C.l (b) and (c) imply that for A. B  G §++ then

det(A) > det(J3) A^(A) > Afc(JB) for all k = 1 ,2, . . . ,  n

According to Dattorro (2005) the requirement that A and B  are positive definite 
is only required for Corollary C.l (a) whereas A.JB G is sufficient for Corollary 
C.l (b) and (c).

146



B ibliography

Butler, D., Cullis, B., Gilmour, A., and Gogel, B. (2007). ASReml-R reference 
manual. ISSN 0812-0005.

Callanan, T. P. and Harville, D. A. (1991). Some new algorithms for computing 
restricted maximum likelihood estimates of variance components. Journal of Sta­
tistical Computation and Simulation, 38:239 259.

Cullis, B., Smith, A., and Thompson, R. (2004). Perspectives of ANOVA, REML, 
and a general linear mixed model. Methods and Models in Statistics - In honour 
of Professor John Neider, FRS, Editors N. Adams, M. Crowder, D. J. Hand and 
D. Stephens. Imperial College Press, London.

Dattorro, J. (2005). Convex Optimization and Euclidean Distance Geometry. Meboo 
Publishing. v2009.09.22.

Dempster, A., Laird, N., and Rubin, D. (1977). Maximum Likelihood from Incom­
plete Data via the EM Algorithm. Journal of the Royal Statistical Society, Series 
B, 39:1-38.

Foulley, J.-L., Jaffrezic, F., and Robert-Cranie, C. (2000). EM-REML estimation of 
covariance parameters in Gaussian mixed models for longitudinal data analysis. 
Genetics Selection Evolution, 32:129-141.

Foulley, J.-L. and Van Dyk, D. (2000). The PX-EM algorithm for fast stable fitting 
of Henderson's mixed model. Genetics Selection Evolution, 32:129-141.

Gilmour, A., Thompson, R., and Cullis, B. (1995). AI, an efficient algorithm for 
REML estimation in linear mixed models. Biometrics, 51:1440-1450.

Harville, D. (1997). Matrix algebra from a statistician’s perspective. Springer-Verlag, 
New York, Inc.

147



BIBLIOGRAPHY

Henderson, C. (1953). Estimation of variance and covariance components. Biomet­
rics,, 9(2):226 252.

Henderson, C., Kempt home, O., Searle, S., and von Krosigk, C. (1959). The es­
timation of environmental and genetic trends from records subject to culling. 
Biometrics, 15(2): 192—218.

Horn, R. and Johnson, C. (1990). Matrix analysis. Cambridge University Press.

Jarre, F. (2000). Convex analysis on symmetric matrices, chapter 2. The geometry of 
semidefinite programming, Editors H. Wolkowicz, R. Saigal and L. Vandenberghe. 
Kin wer.

Kalbfleisch, J. and Sprott, A. (1970). Application of likelihood methods to models 
involving large numbers of parameters. Journal of the Royal Statistical Society, 
Senes B, 32(2): 175-208.

Knight, E. (2008). Improved iterative schemes for REML estimation of variance 
parameters in linear mixed models. PhD thesis, The University of Adelaide, School 
of Agriculture, Food and Wine.

Laird, N. and Ware, J. (1982). Random-Effects Models for Longitudinal Data. 
Biometrics, 38:963-974.

Liu, C., Rubin, D., and Wu, Y. (1998). Parameter expansion to accelerated EM: 
The PX-EM algorithm. Biometrika, 85:755 770.

Louis, T. (1982). Finding the observed information matrix when using the EM 
algorithm. Journal of the Royal Statistical Society, B, 44:226-233.

Mardia, K., Kent, J., and Bibby, J. (1979). Multivariate analysis. Academic Press 
(London) Limited.

McLachlan, G. and Krishnan, K. (1997). The EM Algorithm and Extensions. John- 
Wiley and Sons Inc.

Oakes, D. (1999). Direct calculation of the information matrix via the EM algorithm. 
Journal of the Royal Statistical Society, B. 61:479-482.

Orchard, T. and Woodbury, M. (1972). A missing information principle: theory 
an applications. In Proceedings of the 6th Berkely Symposium on Mathematical 
Statistics and Probability, volume 1, pages 697-715, Berkeley, California. Univer­
sity of California Press.

148



BIBLIOGRAPHY

Patterson, H. and Thompson, R. (1971). Recovery of inter-block information when 
block sizes are unequal. Biometrika, 58:545 554.

R Development Core Team (2011). R: A Language and Environment for Statistical 
Computing. R Foundation for Statistical Computing, Vienna, Austria. ISBN 
3-900051-07-0.

Searle, S., Casella, G., and McCulloch, C. (1992). Variance Components. John- 
Wiley and Sons Inc.

Smith, A., Cullis, B., and Thompson, R. (2001). Analyzing variety by environment 
data using multiplicative mixed models and adjustment for spatial field trend. 
Biometrics, 57(4): 1138-1147.

Thompson, R., Cullis, B., Smith, A., and Gilmour, A. (2003). A sparse implemen­
tation of the average information algorithm for factor analytic and reduced rank 
variance models. Australian and New Zealand Journal of Statistics, 45:445-459.

Verbyla, A. (1990). A conditional derivation of residual maximum likelihood. Aus­
tralian Journal of Statistics, 32(2):227-230.

Wald. A. (1949). Note on the consistency of the maximum likelihood estimate. 
Annals of Mathematical Statistics, 20:595.

149


