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Abstract

Going beyond the diffraction limit of light, nanophotonics studies nontrivial physical phe-
nomena involving the interaction of photons with nanostructured media. Within decades
of fruitful developments, the field of nanophotonics has become a prominent area of re-
search with applications ranging from integrated optical circuits and ultrafast photonic
devices to super-imaging, nanolasing and biosensing. Nonlinear intensity-dependent opti-
cal effects, facilitated by strong light-matter interaction, are indispensable in modern pho-
tonics, enriching the beauty of physics comprised and providing novel opportunities for
subwavelength light control.

To date, the possibilities of photon nanoscale confinement and operations with photonic
flows are primarily associated with surface plasmons that are localized in the vicinity of
metal-dielectric interfaces infrared or visible-frequency electromagnetic eigenmodes orig-
inating from coupling of the electromagnetic field to the electron oscillations in a metal
plasma. Physics of light interaction with metal structures that are much smaller than the
free space wavelength of light constitutes one of the most significant branches of contempo-
rary nanophotonics – nanoplasmonics. Combining strong surface plasmon resonances and
high intrinsic nonlinearities in the deep subwavelength scales, plasmonic structures offer
a unique playground to develop novel concepts for light manipulation at the nanoscale.
Tight field confinement in plasmonic systems can boost the efficiency of various nonlin-
ear optical effects, the study of which can help delineate a roadmap in designing novel
subwavelength nonlinear optical elements.

Recently, graphene, a single atomic layer of graphite, has emerged as a promising al-
ternative to noble metals for applications in plasmonics. The study of plasmonic effects
in doped graphene structures has attracted special interest from the nanoplasmonics re-
search community due to novel functionalities suggested by such systems, including an
extraordinary field confinement by a graphene layer, tunability of graphene properties
through doping or electrostatic gating and longer lifetimes in the infrared and terahertz
frequency ranges, which is extremely important for biomedical and security applications.
In addition, graphene demonstrates strong and tunable optical nonlinearity and it can be
incorporated into various components of nanoscale optics. However, the potential of the
nonlinear response of graphene is not yet fully realized and almost not studied, especially
in the resonant plasmonic geometries. It is therefore of significant interest to construct an-
alytical models for the underlying principles and explore the viability of nonlinear optical
effects in graphene-based photonic devices.

This thesis focuses on the nonlinear photonics of plasmonic and graphene-based nanos-
tructures. Exploiting nonlinear optical response, it develops theoretical ideas for the all-
optical light control at subwavelength scales and studies the advantageous possibilities of
manipulating electromagnetic waves by utilizing the unique properties of graphene.

Chapter 2 presents a comprehensive study of nonlinear dynamics in arrays of optically
driven plasmonic nanoparticles with a Kerr-like nonlinear response. We perform detailed
modulation instability analysis and demonstrate the pattern formation and the existence
of plasmonic kinks and nonlinear localized modes in the form of trapped and walking
solitons in such systems under control guidance of the external driving field.

ix
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Chapters 3 and 4 include a theoretical prediction and analytical description of mani-
fold nonlinear effects that can be actualized due to the graphene nonlinear response. Uti-
lizing conventional concepts of photonics and metal plasmonics combined with unique
electronic and optical properties of graphene, we establish a theoretical framework for de-
signing various graphene-enhanced components of nanoscale optics and nanodevices, such
as waveguides, couplers, nano-antennas and metasurfaces. These studies outline substan-
tial features of graphene as a promising material for surface physics and plasmonics, and
envision their potential applications in optical nanocircuits, optoelectronics, metamaterials,
and THz technology.

Specifically, in Chapter 3 we investigate the nonlinear self-action of surface plasmons
and the generation of subwavelength solitons in graphene waveguides and multilayers.
Our studies elucidate the nonlinear switching of light in two coupled layers of graphene,
the formation of nonlinear modes in graphene metamaterials, and the excitation of dissi-
pative plasmon solitons coupled to the external driving source via an evanescent field.

Chapter 4 examines the harmonic generation in different geometries with graphene.
We develop theoretical models for the resonant (enhanced) second-harmonic generation
from a graphene-wrapped dielectric spherical nanoparticle and frequency conversion in
graphene-based waveguides through the phase-matched nonlinear interaction of the plas-
monic modes. We describe the second-harmonic generation from a double-layer graphene
structure with modulated conductivity and nonlinear plasmon-to-plasmon conversion in
hybrid graphene-semiconductor waveguides, predicting the cascading effect in the third-
harmonic generation. Finally, we propose the concept of tunable nonlinear graphene
metasurfaces composed of a graphene layer and a planar gold metamaterial. We demon-
strate that such hybrid graphene metasurfaces provide strong tunability and dramatic field
enhancement, giving rise to the enhanced nonlinear response and high efficiency of the
second-harmonic generation.

Chapter 5 summarizes the results and concludes this thesis.
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Chapter 1

Motivation and outline

Nanophotonics and plasmonics

The recent decade has been marked by the rapid development of a relatively new research
direction in science – nanophotonics – that combines studies of the interaction of elec-
tromagnetic radiation (primarily in the visible and IR ranges) with particles and material
inhomogeneities of characteristic size from one to hundreds of nanometers [1–4]. An inter-
est in this research has been stimulated, in many respects, by the attempt to increase the
rate of data processing up to terahertz frequencies and higher, which is beyond the capabil-
ities of present-day electronics because of RC delays. However, there are no fundamental
restrictions for nanophotonics [5, 6]. A photon is regarded to be an ideal elementary in-
formation carrier as it possesses zero mass, moreover, a signal transmitted by photons has
maximum possible speed (speed of light). In computer technologies, the main challenge
in implementing optical data transfer is transformation of electronic signals to optical and
back, as well as the creation of new devices that would allow the light control at nanoscale.
Still another important impulse for nanophotonics advancement is the development of
novel methods for diagnosing and imaging objects with subwavelength resolutions [7–9].
These methods are in high demand for physical, medical and biological studies, as well as
for controlling various nanotechnological processes. For solution of these problems, it is
necessary to create the conditions under which electromagnetic fields will be localized on
nanoscale.

To date, nanolocalization of light is associated primarily with surface plasmon-
polaritons, which are the collective excitations of bound electrons and photons that are spa-
tially confined to regions much smaller than the wavelength of the photon with the same
energy, providing means for extreme concentration of electromagnetic energy [2, 10–14].
For instance, in metal-dielectric-metal slot waveguides, transverse localization of plasmonic
modes in the near infrared and visible ranges may amount up to 30 - 40 nm, which can be
up to 50 times smaller than the wavelength of light in free space. However, their propa-
gation length is limited to a few micrometers only due to the rather strong ohmic loss in
metal. Such propagation length may be insufficient for many nanophotonic applications.
Hence, special means are needed to increase the propagation length using, e.g., amplifying
media [15] and nanofocusing effects in tapering plasmonic waveguides [16, 17]. In the in-
frared and terahertz ranges, nanolocalized surface plasmon-polariton modes with weaker
attenuation may be supported by doped graphene films and various multilayer graphene
structures. The use of purely dielectric structures, which however usually have worse char-
acteristics from the viewpoint of field localization, may significantly reduce ohmic loss in
nanophotonic devices [18].
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2 Motivation and outline

Figure 1.1: Facets of plasmonics: (a) bent plasmonic waveguide and (b) plasmonic ring res-
onator [39–41]; (c) size-dependent optical properties of gold nanoparticles [42], (d) array of metallic
nanoparticles with large electric near-field enhancement [43], (e) optical antenna for directional light
emission [44], (f) illustration of the second-harmonic generation (SHG) from G-shaped nanostruc-
tures, arranged in a chiral unit cell [45].

The present-day nanophotonics has greatly advanced in the manufacturing and study
of open nanosize optical resonators that are actually resonant nanoantennas [19, 20]. For
example, metal [13] and graphene-coated [21–23] nanoparticles sustaining high-Q surface
plasmon-polariton modes as well as dielectric nanoparticles with high enough index of
refraction [24, 25] may be used as such resonators. Surface and bulk clusters of nanopar-
ticles resonantly responding to IR radiation and visible light may be treated as optical
metamaterials (artificial media with pre-designed properties) by analogy with microwave
systems [26–28].

At sufficiently strong applied electromagnetic fields, nanophotonics reaches the regimes
when not only linear properties but also nonlinear characteristics, dependent on the in-
tensity of illumination, of the materials used should be taken into consideration [29–37].
Historically, the rapid development of nonlinear optics began with the demonstration of
powerful coherent light sources, i.e. lasers, in the middle of the 20th century. It led to
the discovery of a rich diversity of fascinating and eminently useful nonlinear-optical effects,
including wavelength conversion, stimulated Raman scattering, self-focusing, four-wave
mixing, and many others, in both classical and quantum regimes of light-matter interac-
tion. The nonlinear interaction of light waves, exchanging momentum and energy, allows
for the generation of optical fields at new frequencies that are practically important, includ-
ing the harmonics of the incident radiation or sum- or difference-frequency signals. One
of the other remarkable general properties of nonlinear systems is their ability to support
nonlinear localized modes – self-trapped localized states or solitons which can propagate
over long distances without changing their shape, due to, for example, a balance between
nonlinearity and dispersion (or diffraction). A special kind of solitons, the so-called discrete
soliton, appears as an intrinsic localized mode in periodic systems [38].

Given the fact that considerable amounts of electromagnetic energy can be confined to
small volumes, nonlinear optical phenomena are of particular interest in nanostructures,
opening up exclusive prospects for engineering fast and strong optical nonlinearity and
controlling light by light. By virtue of the subwavelength localization of eigenmodes and
the resonant character of their excitation, nonlinear effects may be quite pronounced, even
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at relatively weak external fields. So it is reasonable to find practical applications for
them in specific devices [33, 35, 46]. Particularly, nonlinear plasmonic structures enable the
down scaling of the size and required optical powers for nonlinear components. This is
because of a boost of the intrinsic material nonlinearity through the resonant plasmon field
enhancement along with a nanoscale confinement of surface plasmons [33, 47–50], which
is important for a fully functional nanocircuitry (some examples of plasmonic functional
elements are shown in Fig. 1.1). Such nonlinear aspects of nanophotonics are considered
in the present thesis.

Doped graphene as a tunable plasmonic material

For many decades, plasmons have primarily been associated with conventional metals
such as gold and silver. However, these noble metals suffer large ohmic losses, and the
excited surface plasmons have a very low tunability in fixed structures. These limitations
substantially restrict further development and applications of plasmonics and call for the
exploration of novel plasmonic materials [51]. Recently, graphene, an atomically thin rep-
resentative of a specific class of materials, two-dimensional crystals, has been suggested
as an alternative to conventional metal-based structures to confine light and guide surface
plasmon polaritons [52]. Its unique properties have generated significant research inter-
est since it was first exfoliated in 2004 (Nobel Prize 2010) [53]. Electromagnetic properties
of the structures containing graphene attracted special attention in the past years, lead-
ing to the rapid development of a new branch of plasmonics, which is now widely called
graphene nanoplasmonics [52, 54–62].

Graphene, a two-dimensional array of carbon atoms arranged in a honeycomb lattice,
exhibits remarkable physical characteristics [53, 63–66]. In particular, specifics of the low-
energy spectrum of the charge carriers in graphene leads to a number of fascinating effects,
including half-integer quantum Hall effect, minimal electrical conductivity, and Klein tun-
neling [67–69]. To a large extent, the optical response of graphene is captured by the
surface optical conductivity related to the chemical potential of graphene, assuming that
the induced current in graphene is strictly in-plane (surface current) [70]. The conductiv-
ity consists of two parts, namely, intraband and interband contributions. The transition
between these two regimes occurs when photon energies are around twice the Fermi en-
ergy, where the real part of the conductivity shows a step, meaning that at the higher
frequencies, the optical loss in graphene is dominated by interband transitions and, thus,
at visible frequencies, graphene is a broadband absorber. In the low temperature limit,
intraband conductivity recovers the Drude form and is therefore similar to metals. Being
less lossy than noble metals at the terahertz and infrared frequencies, doped graphene can
guide transverse magnetic (TM) electromagnetic waves propagating along its surface due
to the coupling of the electromagnetic field to the electron excitations. Plasmonic solu-
tions look similar to those at the metal/dielectric interface [57]. The difference enters in
specifying the boundary conditions where graphene is treated as a conductive surface char-
acterized by a frequency-dependent surface conductivity. TM-polarized surface plasmon
polaritons supported by a graphene monolayer have an extremely short wavelength and
a deep subwavelength localization in the direction perpendicular to the surface, and their
excitation is rather challenging. Nevertheless, recent experiments demonstrated that it is
possible to excite and observe such plasmons using scattering near-field scanning optical
microscopy [71–73]; see Fig. 1.2(g).

Contrary to an ordinary metal, it has been shown that graphene also supports TE-
type electromagnetic surface waves [81] in a narrow well-defined frequency window. This
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type of surface waves exists in graphene as a consequence that the imaginary part of
its interband optical conductivity may become negative. Moreover, we have shown that
graphene stabilizes nonlinear TE surface waves at the interface between linear and non-
linear dielelctrics since graphene effectively modifies the boundary conditions for the
fields [82].

Graphene as a one-atom-thin tunable plasmonic material has attracted special attention
from the nanoplasmonics research community. Impelled by many theoretical proposals
and experimental results, graphene-based photonics paves a way towards the development
of optical metadevices; see Fig. 1.2. In contrast to metal-dielectric structures, the prop-
erties of their graphene-based counterparts are more flexible. As an example, graphene
can be doped to high values of the electron or hole densities by applying external gate
voltage, and this has a dramatic effect on graphene’s optical properties [70, 75, 76, 83–86].

Figure 1.2: Optical applications of graphene: (a) Assembled graphene/polyethylene-terephthalate
touch panel showing outstanding flexibility [66]. Broadband and fast (b) graphene photodetec-
tor [74] and (c) graphene modulator [75]. (d) Plasmonic waveguide splitter built through inhomoge-
neous gating of graphene [76]. Patterning of the graphene allows engineering of tunable plasmonic
resonances in arrays of (e) nanoribbons [77] and (f) nanodisks [78]. (g) Optical nanoimaging of
graphene plasmons [71]. (Upper panel: Sketch of the imaging method. A laser illuminated scan-
ning tip launches plasmons on graphene. Detection is by recording the light backscattered from
the tip. Lower panel: Optical image of graphene, where the fringes visualize the interference of the
graphene plasmons.) (h) Broadband graphene polarizer based on a side-polished optical fibre [79].
(e) Hybrid graphene/metamaterials structure: Fano-resonant metasurface enhancing infrared re-
sponse of a monolayer graphene [80].
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Furthermore, considering possible integrations, graphene can be incorporated into various
photonic setups, including many waveguiding components. It can be placed on top of a
variety of substrates, both dielectrics and metals, or it can even be suspended. This cre-
ates a plethora of structures where graphene can be useful in the context of optical and
plasmonic applications.

Importantly, a tight confinement of graphene plasmons results in the field enhancement
indispensable for the observation of strong nonlinear effects. In this respect, the nonlinear
response of graphene structures and the plasmonic phenomena with graphene still remain
largely unexplored. Graphene posseses a tunable nonlinearity that is strongly dependent on
the operating frequency, the chemical potential and the relation between them, as well as
the external magnetic field applied (theory [87–112], experiments [87, 113–124]). Initially, a
strong nonlinear response in graphene was anticipated because of the linear dispersion of
carriers, once again featuring the particular role of the energy spectrum nonparabolicity. To
describe the nonlinear properties of doped graphene, we employ a quasi-classical descrip-
tion based on the solution of the Boltzmann equation [23, 87–90, 92, 93, 110, 125, 126], which
is applicable at low frequencies encompassing the plasmonic regime (see Appendix A.) The
second-order effects are forbidden in uniform graphene under normal incidence of radia-
tion because of the symmetry constraints. However, there are different ways to break this
restriction and enable the second-order nonlinear processes [87, 105, 106, 126, 127]. Among
different mechanisms, we focus on the mechanism dependent on the field inhomogeneity
at the graphene surface [23, 88, 91, 125, 126, 128]. For surface plasmons, the corresponding
effects are proportional to the in-plane momentum that can be large for guiding modes,
manifesting the nonlocality and field enhancement by plasmon confinement.

Our studies aim at the exploration of the specific surface nonlinearity of graphene in the
resonant geometries, and suggesting novel schemes for light manipulation at the subwave-
length scale.

Methods

In this thesis, we develop mathematical models and numerical algorithms for analysis of
nonlinear optical phenomena in plasmonic and graphene-based photonic setups. Most of
the work is done analytically by using different asymptotic methods of nonlinear physics.
In addition to using conventional analytical approaches such as the methods of diffraction
and scattering theory, for solving some of the nonlinear problems with graphene guiding
structures in Chapters 3 and 4, we apply the recently developed method based on asymp-
totic expansion of the Maxwell equations where graphene, as a two-dimensional material,
can be either incorporated into the nonlinear boundary conditions for fields [129, 130], or
utilizing the formalism of the Dirac delta-functions, it can be included as a source in the
wave equations (as a delta-function of the surface current) [125, 131, 132]. For simplicity,
we employ the latter approach when graphene sheets are supposed to be fully embedded
into one dielectric. Assuming that the nonlinear sources and some other factors, such as
dissipation, diffraction, etc. (depending on what we are interested in) are small, we then
introduce smallness parameters, and use the theory of perturbations to derive the equation
for a slowly varying plasmon amplitude, the asymptotic description frequently used in the
paraxial and nonlinear optics [38]. One more powerful analytical tool in such problems
is the so-called energetic approach [133], basically implicating the use of the Lorentz reci-
procity theorem [134, 135]. (See Appendix B). We support our findings by means of direct
numerical modeling. In Chapter 4, for the analysis of hybrid graphene metasurfaces [128],
we also rely on the first principle numerical simulations performed in the commercial full-
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Graphene-based nonlinear 
plasmonics

Nonlinear Nanophotonics

Kinks, solitons and dynamical
metamorphoses in arrays 

of nonlinear plasmonic nanoparticles
Chapter 2

Self-action and plasmon-solitons
in graphene waveguides and multilayers

Chapter 3

Frequency conversion with
graphene-based structures

Chapter 4

self-action nonlinearity

surface graphene  nonlinearity

Figure 1.3: Schematic diagram illustrating the scope of the thesis and the connections between the
chapters.

vector finite-element-method solver COMSOL Multiphysics.

Thesis organization

This thesis is divided into five chapters, all of which discuss nonlinear effects in plasmonic
structures. In Chapter 1, we have given the motivation behind this research. Graphene is
the primary focus of the material in Chapters 3 and 4. The layout is as follows.

• Chapter 2 studies nonlinear modes in arrays of resonant plasmonic, both metal and
graphene, nanoparticles with Kerr-type nonlinear response in the presence of an ex-
ternal field. We derive the nonlinear evolution equations describing the dynamics of
the particles polarization and then analyze the extended and localized solutions of
these equations, and their stability and mobility.

• Chapter 3 examines the linear and nonlinear propagation characteristics of light
in graphene waveguides and multilayer structures, particularly accentuating self-
trapped optical modes in the form of plasmon-solitons due to the self-action non-
linearity of graphene.

• Chapter 4 develops the models of the resonant harmonic generation in different con-
figurations and setups with graphene, specifically utilizing the second-order nonlocal
graphene nonlinearity.

• Chapter 5 provides a summary of our results and emphasizes their significance.
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The structure of the thesis showing the links between the chapters is depicted schematically
in Fig. 1.3.
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Chapter 2

Kinks, solitons and dynamical
metamorphoses in arrays of nonlinear
plasmonic nanoparticles

In this Chapter, we consider both one-dimensional (1D) arrays and two-dimensional (2D)
lattices composed of nanosized metal and graphene plasmonic particles with Kerr-type
nonlinear response in the presence of an external driving field, and study theoretically
a number of novel nonlinear effects in these subwavelength plasmonic systems. First,
we explore modulation instability and bistability in 1D and 2D arrays of nonlinear metal
nanoparticles and demonstrate the generation of stationary, drifting, and breathing kinks
(or switching waves connecting different polarization states). We then demonstrate that
optically driven two-dimensional lattices of nonlinear metal nanoparticles can support a
variety of dissipative localized modes including trapped and walking solitons, and plasmonic
counterparts of the Faraday waves. Next, we reveal that arrays of doped graphene nanodisks
can sustain discrete dissipative scalar solitons of both longitudinal and transverse polariza-
tions, as well as vector solitons composed of two mutually coupled polarization components.
We also show the formation of stable resting and moving localized modes in this discrete
model under control guidance of the external electric field.

2.1 Modulational instability and plasmonic kinks in nonlinear ar-
rays of metal nanoparticles

Model and governing equations

Figures 2.1(a-d) show the geometries of our problems: identical spherical silver nanopar-
ticles are arranged in 1D chain and 2D square lattice. We assume that these arrays are
embedded into a SiO2 host medium with a permittivity εh = 2.1 being driven by an arbi-
trary electric field at a frequency close to the frequency of the surface plasmon resonance
of an individual particle, ω0. We also assume that the nanoparticle size is much less than
the wavelength; and the particle radius, a, and the lattice constant, d, satisfy the condition
d = 3a, so that we can employ the point-dipole approximation [136]. Taking into account
intrinsic metallic nonlinearity, we write a particle’s dielectric permittivity as follows

εAg = ε∞ −
ω2

p

ω(ω− iν)
+ χ(3)|E(in)|2, (2.1)

9
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(a) (c)

(b) (d)

Figure 2.1: Typical profiles of (a,b) kinks and (c,d) solitons in a chain and a square lattice of metallic
nanoparticles. Gray and red particles depict low and high values of the local electric field.

where ε∞ = 4.96, h̄ωp = 9.54 eV, h̄ν = 0.055 eV [137], χ(3) is the cubic susceptibility, and
E(in) is the local field inside a particle [in this Chapter we accept exp(iωt) time dependence].

In general, several different mechanisms contribute to χ(3), including pondermotive
forces [138], electron confinement [139–141], and interband thermal modulation [142, 143].
This leads to a strong dependency of both real and imaginary parts of χ(3) on the type of
metal, particle size as well as external pulse duration and frequency [144]. However, when
a silver nanoparticle with a ≥ 5 nm is driven at ω ∼ ω0 by a laser pulse whose energy
is significantly less than the silver ablation threshold, electron confinement nonlinearity
associated with intra-band electron transitions dominates, resulting in a purely real cubic
susceptibility χ(3) ' 3× 10−9 esu [140, 141].

To study nonlinear dynamics of the nanoparticle arrays, we employ the slow varying
amplitude approximation which is fully applicable because each particle acts as a reso-
nantly excited oscillator with slow (in comparison with the light period) inertial response.
In the case of a chain of metal nonlinear nanoparticles, the governing equations for the
dimensionless envelopes of transversal (with respect to the chain axis) polarization compo-
nents of the particles can be written as [145–147],

−i
dP⊥n
dτ

+
(
−iγ + Ω + |P⊥n |2

)
P⊥n + ∑

n′ 6=n
Gn−n′P⊥n′ = E⊥n , (2.2)

where

G⊥n−n′ =
η

2

(
(k0d)2 − ik0d

|n− n′| −
1

|n− n′|2
)

e−ik0d|n−n′|

|n− n′| ,

P⊥n and E⊥n are the dimensionless slowly varying amplitudes of the particle’s dipole mo-

ments and external electric field, respectively, η =
3εh

ε∞ + 2εh

( a
d

)3
, γ = ν/(2ω0) +

(k0a)3εh/(ε∞ + 2εh) describes thermal and radiation losses of particles [note the last term
can be neglected as long as k0a << 1], k0 = ω0/c

√
εh, Ω = (ω − ω0)/ω0 and τ = ω0t.

Here, we use the same normalization for particle polarization envelopes and external elec-
tric field as in Refs. [145–147].
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To obtain the governing equations for a 2D lattice, one should make the following
replacements in Eq. (2.2): n → (n, m) in indexes and |n− n′| →

√
|n− n′|2 + |m−m′|2 in

G⊥n−n′,m−m′ [148], leading to

− i
dP⊥n,m

dτ
+
(
Ω− iγ + |P⊥n,m|2

)
P⊥n,m + ∑

n′ 6=n
m′ 6=m

G⊥n−n′,m−m′P
⊥
n′,m′ = E⊥n,m, (2.3)

where

G⊥n−n′,m−m′ =
η

2

[
(k0d)2 − ik0d

∆r
− 1

∆r2

]
exp(−ik0d∆r)

∆r
.

Importantly, in contrast to several other models employed for the study of nonlinear effects
in arrays of split-ring resonators [149, 150], our model involves long-range interactions of
all nanodisks through the full dipole fields, and it can be applied to both finite and infinite
arrays. It also differs from the discrete model reported in Ref. [151] for dipolar Bose-
Einstein condensates, which does not contain an external source and accounts only for
quasistatic fields in the dipolar reponse of the elements.

Stability analysis

An essential prerequisite for the existence of plasmonic kinks and solitons is a stable con-
tinuous external field background featuring a bistability area. Thus, we first investigate
stability of the homogeneous stationary solution of Eq. (2.2), when d/dτ = 0, P⊥n = P⊥0 ,
and E⊥n = E⊥0 . To this end, we assume a periodically modulated perturbation of the form
δP⊥n = A⊥ exp(−iKdn+ λ⊥τ) + A∗⊥ exp(iKdn+ λ∗⊥τ), where ’∗’ means complex conjugation,
K is the modulation wavenumber, A⊥ is an amplitude of perturbation. Having substituted
P⊥n = P⊥0 + δP⊥n into Eq. (2.2), we derive the expression for the instability growth rate:

λ⊥ = Im
∞

∑
j=1

B⊥j − γ+

{
|P⊥0 |4−

(
2|P⊥0 |2 + Ω + Re

∞

∑
j=1

B⊥j

)2}1/2

,
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Figure 2.2: Bifurcation diagrams on the parameter plane of Ω = (ω − ω0)/ω0 and |E⊥0 |2 when
nanoparticle in (a) 1D chains and (b) 2D lattices are driven by the homogeneous electric field ori-
ented transversally with respect to the chain axis and lattice plane, respectively. Insets show the
particle stationary polarizations |P⊥0 |2 as a function of |E⊥0 |2, when Ω is taken inside the bistability
region, with zones of modulational instability marked by red dots.
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where B⊥j = η
[
(k0d)2 j−1 − ik0dj−2 − j−3] exp (−ik0dj) cos(Kdj). A transition from G⊥n,m to

B⊥j has been made via the replacement |n − n′| = j and taking into account symmetry

structure of the series. In the case of a 2D lattice, one should change j →
√

j2 + l2 and
cos(Kdj)→ cos(Kxdj) cos(Kydl).

Obviously, the conditions Re λ⊥ ≥ 0 at K = 0 and Re λ⊥ ≥ 0 at K 6= 0 define the areas
of bistability and modulational instability (MI) of the homogeneous stationary solution of
Eq. (2.2) on the plane (Ω,|E⊥0 |2), as shown in Fig. 2.2. MI occupies only a small region of
intensities close to the upper threshold of the bistability area, making possible kink and
soliton generation.

It should be noted that a perfect homogeneous transversal excitation of a chain corre-
sponds to just a normal light incidence, while in the case of a 2D lattice it is beyond practi-
cal realization owing to wave nature of light. Nevertheless, the significant recent progress
in generation of longitudinally polarized light beams [152] manifests the feasibility of a
quasi-homogeneous 2D transversal excitation.

Interestingly, MI and bistability zones emerge from the same point for a nanoparticle
chain, as shown in Fig. 2.2(a). This bicritical bifurcation point, also known as Lifshitz
point, is characterized by co-existence of the first- and second-order phase transitions, and
its appearance in a nonlinear plasmonic system shows a universal character of nonlinear
dynamics for systems of different nature [153–155].

Kinks

To study kink’s dynamics, we perform numerical simulations of Eq. (2.2) for a finite array at
initial conditions corresponding to different stable branches of the homogeneous stationary
solution over different parts of the array. To suppress the impact of edge effects on kink’s
dynamics, we consider an array of 200 nanoparticles for a chain and 301x301 nanoparticles
for a lattice. Light intensity is taken to be a step-like function of time. Constant E⊥0 results
in the constant kink velocity, v. That is why a step-like time dependence of E⊥0 allows us to
control v. The velocity sign is defined as positive if the motion of the switching wave leads
to the expansion of the region occupied by the upper branch of bistability; otherwise, the
velocity is marked as negative. Hereinafter we treat kink’s and soliton’s velocities as time-
averaged values because discrete nature of nanoparticle arrays leads to small-amplitude
harmonic oscillations in the instantaneous value of v [156].

The result for a chain is presented in Figs. 2.3(a-c) where the kink velocity is switched
from negative to positive values, passing through zero. A rigorous analysis manifests that
there is no smooth transition between kinks with negative, positive, and zero velocities,
as shown in Fig. 2.3 (c). Moreover, these states possess different structures: kinks with
positive and zero velocities are characterized by the one-particle width; while the width of
kinks with negative velocity extends for 12 particles. We also notice that negative-velocity
kinks exist for the same intensities as stationary (zero-velocity) kinks do. Therefore, to
provoke a domain wall to move into the opposite direction, one should force the dipole
next to the domain wall switch it into the lower branch of the bistability curve until the
domain wall starts moving. An opposite transition can be realized through only variation
in the intensity. We attribute this sharp difference between negative- and positive velocity
kinks to a long-range dipole-dipole interaction inherited in our model. Importantly, the
dependency shown in Fig. 2.3 (c) is typical for any frequency fixed inside a bistability area.

Contrary to their 1D counterparts, 2D kinks with negative and positive velocities are
characterized by the same widths of 9 nanoparticles. Moreover, they could have vanishing
velocity at one value of the intensity only, which is also referred to as Maxwell point [157].
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Figure 2.3: General properties of 1D and 2D plasmonic kinks. Panel (a) demonstrates spatiotem-
poral dynamics of an 1D plasmonic kink when the nanoparticle chain is driven by a homoge-
neous electric field with a step-like temporal envelope at Ω = −0.1, as shown in (b). Nor-
malized kink’s velocity as a function of |E⊥0 |2 is indicated in (c). Insets depict kink’s structures
with positive and negative velocities. Panels (d) and (e) show 2D kink’s velocity versus |E⊥0 |2 for
Ω = −0.01 and Ω = 0.01, respectively. Red and blue curves correspond to positive-(or zero-)
and negative-velocity branches. Shaded areas depict existence domains of solitons (purple) and
MI (red). Inset marks 2D kink’s profile at a homogeneous excitation. Panel (f) shows a snapshot
of a breathing 2D plasmonic kink obtained at Ω = −0.01 and a gaussian profile of the exter-
nal field: E⊥n,m = E⊥0 exp(−([n − n0]

2 + [m − m0]
2)/∆), where n0 = m0 = 150, ∆ = 250, and

E⊥0 = 1.095× 10−2.
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When Ω ≥ 0 kink’s velocity is a monotonically increasing function of the intensity; while
at Ω < 0 kinks with negative and positive velocities form a hysteresis loop, as shown in
Figs. 2.3 (d) and (e). This feature gives a straightforward recipe to generate plasmonic kinks
with a self-pulsing profile: if one excites a lattice by, for instance, a longitudinally-polarized
(with respect to a wave vector) gaussian beam with properly chosen a maximal value and
a waist [152], then the kink velocity will oscillate between positive and negative branches
inside a bistability loop. The period and the radii of such self-oscillations are defined by
parameters of the gaussian beam. For the breathing kink, shown in Fig. 2.3(f), they are
∆τ ≈ 2400 (which is equal to 0.5 ps) and rmax − rmin = ∆n ≈ 30 nanoparticles. Thus,
this principle can be used to create an ultrafast all-optical plasmonic modulator whose
spatiotemporal action will be encoded by spatial gradient of the external field.

2.2 Subwavelength solitons and Faraday waves in lattices of metal
nanoparticles

Trapped and walking solitons

Next, we analyze 2D solitons in the lattices. Numerical simulations show that 2D soli-
tons can be divided into the classes of trapped and walking localized modes, as shown
in Fig. 2.4. We also identify numerically the existence domains on the parameter plane
‘intensity vs frequency’ corresponding to trapped and walking solutions and show them in
Fig. 2.2(b). A family of trapped solitons includes both symmetric and asymmetric solutions
with deeply subwavelength extension of just a few nanoparticles. Importantly, this sort of
solitons always remain at rest regardless of the inhomogeneity of the applied field.

Walking solitons are characterized by a wider localization with approximately 150
nanoparticles which does not depend on Ω, |E⊥0 |2, and the width of the step defined by
the initial conditions. We find that walking solitons bifurcate at Ω = 0 similar to 2D kinks.
When Ω ≥ 0, these solitons possess a stable stationary profile, drifting with a compara-
tively small velocity ∼ 10−4c, where c is the speed of light, under impact of the edge effects
and colliding elastically with the lattice boundaries and between each other. However, at
Ω < 0 the walking solitons transform into oscillons [146] which move much faster with the
velocity ∼ 10−2c, merging into one oscillon and radiating through the lattice boundaries.
Finally, we notice that a powerful tool for steering of the soliton motion is the phase or
amplitude inhomogeneity in the applied field because the drifting direction is defined by
an inhomogeneity gradient.

Faraday waves

When the values of frequency and intensity are taken from the MI domain, we observe the
generation of nonlinear localized patterns known as Faraday waves [158], as shown in Fig.
2.5 (a). Symmetry of such patterns is driven by the spectrum of eigenmodes excited due to
MI. Figure 2.5(b) presents the spectrum of eigenmodes for the pattern in Fig. 2.5(a) which
is formed by two zones in the vicinity of Kd ∼ 1.9 and Kd ∼ 0.8. Therefore, the Faraday
waves are gradually modified in time, being completely different from the modulations
induced by the edge effect which repeat the square symmetry of the lattice. Remarkably,
the areas of MI and walking solitons can overlap, thus solitons are not destroyed by MI but
instead they may exist on the background of Faraday waves.
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Figure 2.4: Snapshots of particles’ polarizations corresponding to (a) walking (Ω = 0.01, |E⊥0 |2 =

10−4) and (b) trapped (Ω = −0.1, |E⊥0 |2 = 1.7× 10−4) two-dimensional solitons.
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Figure 2.5: (a) Snapshot of the particles’ polarizations |P⊥n,m|2 corresponding to Faraday ripples
(Ω = −0.01, |E⊥0 |2 = 1.5× 10−4). The panel (b) shows the contour map of the instability growth
rate in the plane of wave vectors corresponding to (a), and the black circle denotes the light cone,
K = k0. The simulations were carried out for a 101 x 101 nanoparticle array.

Parameters

In our calculations summarized above, we deal with dimensionless variables without spec-
ifying the exact geometrical parameters of the system and the applied external field. How-
ever, for the discussions of experimental realizations of the presented ideas, we have to
convert the parameters into dimensional values. The use of the dipole approximation
for modeling silver nanoparticles within classical electrodynamics implies that the particle
radii should be in the range between 5 nm and 20 nm, and the surface plasmon resonance
frequency h̄ω0 = 3.14 eV, so that the soliton localization in nanoparticle arrays may reach
0.05λ.

It is also insightful to estimate the maximal pulse duration, because the saturation
intensity of the external field |E⊥0 |2 ∼ 10−4 − 10−5, corresponding to the intensity of ∼
1− 10 MW/cm2, can lead to thermal damage. Using the value of the ablation threshold
of 3.96 J/cm2 obtained for silver particles in a SiO2 host matrix in the picosecond regime
of illumination [159] and taking into account the amplification of the electric field inside
the Ag nanoparticle due to surface plasmon resonance, we evaluate the maximal pulse
duration as 5 ns for the peak intensity of 0.75 MW/cm2 (|E⊥0 |2 = 10−5). Since this value
is much greater than the time needed for the generation of nonlinear dissipative modes,
being limited by several picosecond, we expect that all predicted nonlinear phenomena can
be readily observed in experiment.

Summary

We have studied the transversal nonlinear modes in one-dimensional arrays and two-
dimensional lattices of nonlinear metal nanoparticles driven by an external laser beam.
We have demonstrated the generation of stationary, drifting, and breathing kinks with a
self-oscillating profile, as well as trapped and walking plasmon solitons and Faraday waves.
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2.3 Dissipative plasmon solitons in graphene nanodisk arrays

As was mentioned in Chapter 1, being guided by a graphene monolayer, p-polarized plas-
mons are known to be extremely short-wavelength, and their excitation is rather challeng-
ing. In order to decrease the plasmon wavenumbers, as we show in Chapter 3, multi-
layer graphene structures can be employed [132, 160]. Alternatively, to realize coupling of
graphene plasmons with light, the in-plane momentum matching can be attained in the
graphene structures with a broken translational invariance, such as graphene patterned
periodically in arrays of nanoribbons [77, 161–163] or nanodisks [78, 164, 165]. Being re-
garded as direct analogs to metal nanoparticles, finite-extent nanoscaled flakes are created
by nanostructuring of graphene in the form of disks, rings, and triangles, and they can
sustain localized surface plasmons.

Here, we study nonlinear effects in periodic arrays of single-layer graphene nanodisks
excited by an external field. We assume that the nanodisks possess a nonlinear response
due to the graphene nonlinearity, and demonstrate that this system can support different
classes of localized modes comprising several coupled nanodisks characterized by the local
field enhancement, the so-called discrete dissipative plasmon solitons, as shown schematically
in Fig. 2.6. We derive the nonlinear equations describing the evolution of the disks’ polar-
ization components, taking into account graphene nonlinear response, intrinsic graphene
losses, and a full dipole-dipole coupling between the graphene nanodisks. We reveal that
this nonlinear system can support both scalar and vector discrete dissipative solitons and,
depending on the inclination of the incident wave, these nonlinear modes can move grad-
ually along the chain.

Model

We consider a one-dimensional chain of identical graphene circular nanodisks driven by
an external plane wave, as shown in Fig. 2.6. We assume that the radius of a single disk,
a, varies from 15 nm to 100 nm, the array period d satisfies the condition d ≥ 3a, and
the wavelength of the driving field is much larger than a single disk, so that we can ne-
glect boundary, nonlocal, and quantum finite-size effects [57, 166], and treat disks as point
dipoles [54, 78, 164, 167]. We also employ the linear surface conductivity as that of a ho-
mogeneous graphene sheet, which, at the relatively low photon energies, h̄ω ≤ EF , can be
written in terms of the Drude model as follows [70, 89, 168],

σL(ω) = − ie2

πh̄2
EF(

ω− iτ−1
intra

) , (2.4)

where e is the elementary charge, EF = h̄vF
√

πn is the Fermi energy, n is the doping
electron density, vF ≈ c/300 is the Fermi velocity, and τintra is a relaxation time (we assume
exp(iωt) time dependence). Here, for doped graphene we account for intraband transitions
only and disregard both interband transitions and temperature effects, implying kBT � EF,
where kB is the Boltzmann constant and T is the absolute temperature. (See Appendix A
and Chapters 3, 4 for more details on graphene surface conductivity.)

Under accepted approximations, the linear response of graphene nanodisks can be char-
acterized via the disk polarizability, written as follows [78],

αL(ω) = D3A
(

L
εh

+
iωD

σL(ω)

)−1

, (2.5)
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Figure 2.6: Schematic view of a discrete plasmon soliton excited by an external plane wave in a
chain of graphene nanodisks. Red and white colors depict high and low values of the local electric
field.

where A = 0.65, L = 12.5, D = 2a, εh = (ε1 + ε2)/2, ε1 and ε2 are the dielectric permittivi-
ties of the substrate and superstrate located below and upper a graphene nanodisk. Being
size- and material-independent, the coefficients A and L are extracted from numerical sim-
ulations of Maxwell’s equations by the boundary element method [164, 169, 170], where
graphene is modeled as a thin layer of the thickness h = 0.5 nm being described by volume
dielectric permittivity,

εL
gr(ω) = 1− i4πσL(ω)

ωh
. (2.6)

Equation (2.5) results in the following expression for the eigenfrequency of the dipole plas-
mon [54, 78]

h̄ω0 ≈ e
(

2L
ε1 + ε2

EF

πD

)1/2

. (2.7)

We notice that ω0 can be tuned by doping (EF-shift) or shape-cut, which may assist match-
ing waves of different polarizations in circuits based on patterned graphene.

Within the dipole approximation, the local electric field in disks is considered to be
homogeneous. To identify it, we model disks as spheroids of the permittivity (2.6). By
comparison of Eq. (2.5) and the polarizability of an oblate spheroid [171], one can conclude
that the ratio between semi-minor axis c̄ of an equivalent ellipsoid and the thickness h
should be about c̄/h ≈ 0.627. To account for the influence of graphene nonlinearity on the
disks’ polarizations, we define the nonlinear dielectric permittivity as εNL

gr (ω) = εL
gr(ω) +

χ
(3)
gr (ω)|Ein

n |2, where Ein
n is the local field in n-th disk, and cubic volume susceptibility,

χ
(3)
gr (ω) = −i

4πσNL(ω)

ωh
, (2.8)
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is expressed through the nonlinear self-action correction to the graphene conductivity (see
Appendix A), in the local quasi-classical approximation given by [87, 89, 90, 110]

σNL(ω) = i
9
8

e4

πh̄2

(
v2

F
EFω3

)
. (2.9)

Next, we study the chain of graphene nanodisks driven by an optical field with the
frequency close to he frequency ω0, and analyze the dynamical response of the disks’ po-
larizations, p⊥,||

n . By employing the dispersion relation method [145–148] in close similarity
to Section 2.1, we derive the following system of coupled nonlinear equations for the slowly
varying amplitudes of the disk dipole moments,

−i
dP⊥n
dτ

+
(
−iγ + Ω + |Pn|2

)
P⊥n + ∑

m 6=n
G⊥n,mP⊥m = E⊥n ,

−i
dP‖n
dτ

+
(
−iγ + Ω + |Pn|2

)
P‖n + ∑

m 6=n
G‖n,mP‖m = E‖n,

(2.10)

where

G⊥n,m =
η

2

(
(k0d)2 − ik0d

|n−m| −
1

|n−m|2
)

e−ik0d|n−m|

|n−m| ,

G‖n,m = η

(
ik0d
|n−m| +

1
|n−m|2

)
e−ik0d|n−m|

|n−m| ,

while

P⊥,‖
n = p⊥,‖

n
3
√

χ
(3)
gr (ω0)nx√

2 (1− εh + εh/nx)εha2c̄
,

and

E⊥,‖
n = −

εh

√
χ
(3)
gr (ω0)E(ex)⊥,‖

n

nx

√
8 (1− εh + εh/nx)

3

are the normalized slowly varying envelopes of the disk dipole moments and the external
field, indexes ’⊥’ and ’||’ stand for transversal and longitudinal components with respect
to the chain axis, |Pn|2 = |P⊥n |2 + |P‖n|2, E(ex)⊥,‖

n are components of the (not normalized)
external electric field acting on n-th disk, τ = ω0t, Ω = (ω − ω0)/ω0, k0 = ω0

√
εh/c, c is

the speed of light, nx = πc̄/4a is the depolarization factor of the ellipsoid,

γ =
ν

2ω0
+

εh

1− εh + εh/nx

(
k3

0a2c̄
9nx2

)
describes both thermal and radiation energy losses,

η =
εh

1− εh + εh/nx

(
a2c̄

3nx2d3

)
.

It should be noted that the disk polarizability across the flake plane is assumed to vanish
owing to atomic-scale thickness of graphene.

In Sections 2.1 and 2.2, we have shown that a similar model describing arrays of metal
nanoparticles exhibits interesting nonlinear dynamics for one- and two-dimensional arrays,
including the generation of kinks, oscillons, and dissipative solitons [145–148]. Here, we
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Figure 2.7: Homogeneous stationary solution (black line) and soliton families. Black dotted indi-
cates modulationally unstable part of the dependence. Solid and dotted color curves correspond
to stable and unstable branches of solitons with different number of peaks marked by digits: (a)
transversely polarized, Ω = −0.09; longitudinally polarized solitons, (b) Ω = −0.09, (c) Ω = −0.045
(green line corresponds to the bound state).

focus on one-dimensional bright localized soliton solutions similar of those are known for
various discrete dissipative systems with local interactions [157, 172, 173].

Families of discrete solitons

By varying the pump configuration, we can decouple the nonlinear equations (2.10) and
analyze scalar solitons in each of the polarization components separately. However, in a
general case, the polarization components remain coupled, and we should study the case
of two-component, or vector solitons.

In our calculations here, we employ the following set of parameters: a = 30 nm, εh =
2.1, EF = 0.6 eV, τintra = 0.127 ps, d = 3.8a, and h̄ω0 ≈ 0.165 eV (which corresponds
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Figure 2.8: Soliton profiles in the case of homogeneous excitation: (a) one-peak transverse soliton at
Ω = −0.04 , |E⊥0 |2 = 1.58× 10−5, (b) three-peak transverse soliton at Ω = −0.04, |E⊥0 |2 = 1.4× 10−5,
(c) one-hump longitudinal soliton coexisting with a bound state (d) containing two peaks at Ω =

−0.09, |E‖0|2 = 3× 10−5, sitting on the background of a homogeneous steady state solution.

to the wavelength ≈ 7.5 µm). However, we notice that, within our model, the results
remain valid for a broad range of parameters, which can be adjusted for controlling the
effect. In particular, the resonant frequency can be shifted to the THz range increasing the
disks’ diameters up to hundreds of nanometers, yet keeping a doping level below 0.8 eV
and loss coefficient γ < 0.1 for high-quality graphene samples with the scattering time
τintra ∼ 0.1÷ 0.4 ps.

Scalar solitons

First, we excite the chain by a homogeneous electric field with two polarizations: (i) En =
(E‖n, 0) and (ii) En = (0, E⊥n ). Assuming the driving radiation, e.g. normally incident pump
plane wave, has the in-plane electric field component either across or along the chain axis,
we solve the decoupled equations of the system Eqs. (2.10).

Since dissipative solitons are supposed to nest on a stable background, we begin with
the analysis of a steady homogeneous state and inspecting its modulational stability. For
an infinite chain, following [146, 147], we find analytically the homogeneous stationary so-
lutions of Eqs. (2.10) which are characterized by bistability at Ω < −0.047 and Ω < −0.018
for the transversal and longitudinal excitations, respectively, as shown in Figs. 2.7(a,b).
For finite chains, conclusions drawn from the analytical considerations have to be verified
numerically since the edges may produce additional boundary instabilities. However, typ-
ically discrete solitons exist inside or nearby a bistability domain. Therefore, we will focus
on these regions to identify soliton families.

In practice, dissipative solitons can be formed, for instance, when the chain is subject
to additional narrow beam pulses. Another way for formation of solitons is the collision
of switching waves (kinks) [145], step-like distributions which connect quasi-homogeneous
levels corresponding to the top and low branches of a bistable curve. In this way, discrete
solitons are frequently interpreted as two tightly bound kinks with the opposite polarities.
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Applying the standard Newton iteration scheme for a finite chain of 101 disks, we find
families of bright solitons, characterized by a snaking bifurcation behavior [156, 173–175],
and simultaneously determine their stability, as shown in Fig. 2.7. Remarkably, longitudinal
solitons also appear outside the bistability area, where a homogeneous steady state solution
is a single-valued function of the pump, provided that the character of the bifurcation is
subcritical, particularly, in the certain range of frequencies, −0.047 < Ω < −0.04, for the
parameters of Fig. 2.7. Examples of the soliton profiles are depicted in Fig. 2.8.

Within the homogeneous excitation, solitons always stand at rest regardless their width
because the effective periodic potential created by the chain requires a finite value of the
applied external force to start soliton’s motion [157, 175]. In order to study soliton mo-
bility, we excite the chain by the tilted light incidence: En = (E‖0 exp(−iQdn), 0) and
En = (0, E⊥0 exp(−iQdn)), where Q is the longitudinal wavenumber.

In contrast to cavity solitons in a model with the nearest-neighbor purely real coupling
and focusing nonlinearity [175], the longitudinally polarized one-peak solitons remain
trapped at any value of Q. This is associated with the imaginary part of the dipole-dipole
interaction. However, wide enough transverse solitons are susceptible to a propelling force.
An example of multi-peaked moving solitons is presented in Fig. 2.9. At Qd 6= 0, the soli-
ton loses its symmetry [see Figs. 2.9(b,d)] and, in the presence of an in-plane momentum
exceeding some critical value, the soliton starts moving along the chain towards the edge
where it gets trapped as shown in Fig. 2.9(e).

Figure 2.9: Soliton profiles at |E⊥0 |2 = 1.28 × 10−5, Ω = −0.04, (a) Qd = 0 symmetric rest-
ing, (b) Qd = −0.05 asymmetric resting; (c,d) respective top views of the intensity distribution,
ln
(
|E|2/|E|2max

)
, in the plane of the chain; (e) Spatiotemporal dynamics of a drifting soliton at

Qd = −0.2.
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Figure 2.10: Profiles of two-component vector solitons at |E0|2 = 4× 10−5, Ω = −0.09, θ = 0.25π

localized on (a,d) one and (b,e) three nanodisks. The case (c,f) shows an example of a broad vec-
tor soliton. (g) Dependence of the amplitude in the central excited disk of the vector soliton on
the number of excited disks. Circles and squares correspond to the transverse and longitudinal
components, respectively.

Vector solitons

Remarkably, coupled equations (2.10) also support two-component vector solitons with
a mixed polarization when the excited field contains both nonzero components, E⊥,‖

0 6=
0, E0 = (E⊥0 , E‖0) = (E0 sin θ, E0 cos θ), see examples in Fig. 2.10. In the case of vector
solitons, horned longitudinal solitons corresponding to the dotted unstable branches in
Fig. 2.7(b), become stabilized. Figure 2.10(g) illustrates a variation of the amplitudes of
both components with the growing soliton width.

Parameters

In our analysis presented above, we have operated with dimensionless variables. To es-
timate the feasibility of the predicted phenomena, we should recover physical values
and realistic parameters. In particular, Eqs. (2.8), (2.9) provide the estimate of χ

(3)
gr ∼

10−7 − 10−6 esu for typical parameters, and the dimensionless intensity of the external
field, |E⊥,‖

0 |2 ∼ 10−4, corresponds to the physical intensity of ∼ 10 kW/cm2. Even account-
ing for the local field enhancement inside the graphene nanodisks, the characteristic time
scales at which the solitons are formed are estimated to be less than the pulse duration that
may cause a graphene damage at the given intensities [176–179]. Thus, there are expecta-
tions for the experimental observation of the predicted nonlinear effect that can be used
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to construct subwavelength nonlinear elements able to operate in the THz and infrared
frequency ranges, while in metal-based structures low-loss discrete nonlinear plasmonic
modes appear at infrared and visible frequencies [146, 180–182].

Summary

To conclude, we have studied nonlinear dynamics in nonlinear arrays of graphene nan-
odisks in the presence of a pumped external field. We have derived nonlinear equations de-
scribing the evolution of the nanodisks’ polarization, taking into account losses in graphene
and a dipole-dipole coupling between the nanodisks. We have demonstrated the existence
of families of discrete dissipative solitons and also revealed that such solitons can propa-
gate stably along the chain provided they are excited by the tilted field. We have predicted
a new class of discrete vector solitons composed of two mutually coupled polarization
components.



Chapter 3

Self-action and plasmon-solitons in
graphene waveguides and multilayers

In this Chapter, we explore the guided electromagnetic waves in double-layer and mul-
tilayer graphene structures. We first study the formation of spatial plasmon solitons, asso-
ciated with the self-action nonlinearity in graphene, and demonstrate nonlinear switching
of surface plasmons in two coupled graphene layers. To overcome the effects of plasmon
attenuation caused by intrinsic graphene losses, we then propose to employ multilayer
graphene excited by an external laser radiation in the Otto configuration. We predict that
multilayer stacks of graphene sheets may sustain dissipative plasmon solitons generated
and supported by the driving electromagnetic field. Moreover, multilayer graphene waveg-
uides are shown to be capable of increasing the supported TM plasmon wavelength, thus
facilitating the excitation of surface waves in graphene and increasing their propagation
length. We suggest that both dispersion and localization of the guided modes can be ef-
ficiently controlled by changing the number of layers in the stack. We also find that the
surface of a terminated multilayer graphene structure supports a special type of surface
plasmons which are known as electromagnetic Tamm states. The existence of such linear
surface modes is linked to the defect of the periodicity at the surface, and their dispersion
properties are shown to be tunable by varying the thickness of a dielectric cap layer. We
note that the fundamental difference between linear and nonlinear regimes of operation is
the possibility to have nonlinear surface states (namely, surface solitons) without any struc-
tural defects, whereas in the bulk of such nonlinear graphene metamaterial, similar to its
metal-dielectric counterparts, localized nonlinear modes can be described by the discrete
nonlinear Schrödinger (NLS) equation, and its solutions are associated with stable discrete
plasmon solitons.

3.1 Nonlinear graphene coupler

As it has been shown recently, doped graphene is a tunable plasmonic material and it
demonstrates a strong nonlinear optical response [87, 89, 90, 107]. This finding, combined
with the unprecedented nanoscale field confinement in graphene plasmons [183], has
opened a route for the exploration of nonlinear photonic effects in graphene structures,
including nonlinear self-action of surface plasmons [129] and generation of subwavelength
spatial solitons [184].

In this Section, we study analytically and numerically nonlinear propagation of electro-
magnetic waves in two closely spaced graphene layers and demonstrate that this double-

25
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layer graphene waveguide can operate as an efficient nonlinear optical coupler for both con-
tinuous plasmons and for subwavelength spatial optical plasmon-solitons. We analyze
the nonlinearity-induced effects of light localization and symmetry breaking in such a
graphene coupler, and predict that the inter-layer power-dependent coupling provides a
novel physical mechanism for the optical beam control and manipulation at realistic input
power levels.

Model

We consider a planar structure created by two parallel layers of graphene, as shown
schematically in Fig. 3.1. We assume that the surrounding dielectric material is a homo-
geneous medium with the dielectric permittivity ε, and study the nonlinear propagation
of plasmons in the layers. To describe interaction of plasmons excited in each layer of our
structure, we generalize the analytical method developed recently in Ref. [129]. We start
with Maxwell’s equations describing the propagation of monochromatic electromagnetic
waves with the field dependencies ∼ exp(−iωt),

∇× E = ik0H ,

∇×H = −ik0εE +
4π

c

[
δ(x + d/2) + δ(x− d/2)

]
J ,

(3.1)

where k0 = ω/c is the wavenumber in free space, ω is the angular frequency, and c is the
speed of light. We assume that the graphene layers are placed at x = ±d/2, as indicated by
Dirac’s delta functions δ with J being the current density induced in the graphene layers.

In the linear regime, the induced current is proportional to the tangential component of
the electric field, J = σEτ, where σ ≡ σ(R) + iσ(I) is a linear frequency-dependent surface
conductivity of graphene. Each isolated graphene layer supports localized surface plasmons
with the TM polarization [129, 183]. When losses are neglected, the magnetic field of these
plasmon modes has the form

H(0)
1,2 = A1,2h1,2(x)eik0βzy0, (3.2)

with the transverse mode profile given by

h1,2(x) = ik0

( ε

κ

)
e−κ|x±d/2|

{
1, x > ∓d/2 ,

−1, x < ∓d/2 ,
(3.3)

Figure 3.1: Schematic of a nonlinear graphene coupler composed of two layers of graphene. Color
pattern demonstrates how a plasmon beam excited in the top layer tunnels to the bottom layer
(numerical results not to scale). Bottom layer (which we call layer 1) and top layer (layer 2) are
located in the planes x = −d/2 and x = d/2, respectively.
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(c) Shift of the nonlinear propagation constant vs. the mode power density in the guided plasmon
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where upper and lower signs correspond to the subscripts 1 and 2 and associated with the
layers located at x = −d/2 and x = d/2, respectively, cf. Fig. 1, κ = k0

√
β2 − ε , and the

normalized wavenumber β is found from the dispersion relation:

2ε

k0
√

β2 − ε
=

4π

ω
σ(I) . (3.4)

To describe the propagation of nonlinear plasmons in this double-layer graphene struc-
ture, we use the slowly varying envelope approximation usually employed in the physics of
optical solitons [38]. To be more specific, for our problem we study weakly dissipative case
when σ(R) � σ(I). This dissipation is low when the frequency of the plasmons and Fermi
energy of graphene satisfy the relations h̄ω < 1.67EF (σ(I) > 0), kBT � EF [70], where EF
is the Fermi energy. We also neglect spatial dispersion, which is valid for h̄ω ≤ EF [70].

To utilize the asymptotic expansion approach, we assume that (i) nonlinear correction
to the conductivity σ is small; (ii) waves are localized in y-direction, and their width Λ is
such that diffraction remains weak; (iii) evanescent coupling between plasmons excited in
different graphene layers is small. Under these assumptions, the induced current can be
taken in the form [129]

J = σ̂Eτ =
(

σ + σNL|Eτ|2
)

Eτ ,

where σNL is the self-action nonlinear conductivity of graphene (see Appendix A). To de-
velop the consistent perturbation theory, we further assume that in the resulting equations
the terms responsible for the above mentioned effects are of the same order of smallness.
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Now we formally introduce a small parameter µ

µ2 = max

{∣∣∣∣∣σ(R)

σ(I)

∣∣∣∣∣ ,
∣∣∣∣σNL|Eτ|2

σ(I)

∣∣∣∣ , (k0βΛ)2, e−k0
√

(β2−ε)d

}

and derive the equations for slowly varying plasmon amplitudes. We rewrite Maxwell’s
equations (4.38) as follows

∇× E1,2 = ik0H1,2 ,

∇×H1,2 = −ik0εE1,2 +
4π

c
δ(x± d/2)σ̂(E1,2τ + E2,1τ) ,

(3.5)

so that the superpositions E = E1 + E2 and H = H1 + H2 satisfy the original equations.
Then, developing a perturbation theory, the solutions of Eqs. (3.5) are sought in the form
of the following asymptotic series

H1,2 y =

[
A1,2(µ

2z, µy)h1,2(x) + µ2H
(2)
1,2 (µ

2z, µy, x) + . . .
]

eik0βz

=

[
A1,2(z, y)h1,2(x) + H(2)

1,2 (z, y, x) + . . .
]

eik0βz ,

H1,2 z =

[
µH

(1)
1,2 (µ

2z, µy, x) + µ3H
(3)
1,2 (µ

2z, µy, x) + . . .
]

eik0βz

=

[
H(1)

1,2 (z, y, x) + H(3)
1,2 (z, y, x) + . . .

]
eik0βz .

(3.6)

The zero-order term in µ returns the identity for the unperturbed plasmons (3.2)–(4.44).
The correction H(1)

1,2 of the first order in µ is determined from ∇ ·H1,2 = 0 as

H(1)
1,2 =

i
k0β

∂A1,2

∂y
h(x) .
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Figure 3.3: Switching characteristics of the nonlinear graphene coupler. Shown is a fraction of the
power transmitted in the pumped layer for cw (dashed curve) and soliton input beam (solid curve)
in a half-beat-length coupler as a function of the input peak power density. Dashed-dotted curve:
calculated relative fractional output power emerging from the other layer in the continuous plasmon
regime.
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In the order of µ2 we obtain:

d2H(2)
1,2

dx2 + k2
0(ε− β2)H(2)

1,2 −
4π

c
iσ(I)δ̇(x± d/2)E(2)

1,2z = F1,2 ,

F1,2 = −
(

2ik0β
∂A1,2

∂z
+

∂2A1,2

∂y2

)
h1,2(x) +

4π

c
δ̇(x± d/2)

(
σ(R) + σNL|A1,2|2

)
A1,2

+
4π

c
iσ(I)δ̇(x± d/2)A2,1e−κd ,

(3.7)

where δ̇ denotes the derivative of the delta function, and the corrections

E(2)
1,2z =

i
k0ε

∂H(2)
1,2

∂x
(3.8)

are continuous at x = ±d/2.

Then, applying the Fredholm theorem [185], which states that the solution for the cor-
rection H(2)

1,2 is nondiverging if the eigenmodes of the homogeneous equation for H(2)
1,2 are

orthogonal to the perturbation, we finally derive the nonlinear equations for the slowly
varying envelopes A1,2 of the TM-polarized plasmons propagating in each layer,

2ik0β

(
∂A1,2

∂z
+ γA1,2

)
+

∂2A1,2

∂y2 + g|A1,2|2A1,2 = QA2,1 , (3.9)

where
γ =

2π

cεβ
σ(R)(β2 − ε)3/2k0 ,

g =
4π

cε
(β2 − ε)3/2iσNLk2

0 ,

Q =
4π

cε
e−κdσ(I)(β2 − ε)3/2k2

0 ,

(3.10)

are a linear absorption parameter, nonlinear and coupling coefficients, respectively. Re-
markably, the equations (3.9), along with the correct analytical expressions for the effective
coefficients (3.10), can be obtained in the order O(µ2) of the perturbation expansion using
the substitution

k0 β̂ = k0β +

(
−i

∂

∂z
− 1

2k0β

∂2

∂y2

)
+ . . .

into the modified dispersion relation (4.44) which in the presence of the second layer takes
the form

2ε

k0

√
β̂2 − ε

=
4π

ω

(
σ(I) − i

[
σ(R) + σNL|A1|2 + iσ(I)e−κdA2

A1

]
+ . . .

)
. (3.11)

Nonlinear switching

In the framework of the nonlinear amplitude equations (3.9) disregarding losses and beam
diffraction, we can analyze different types of TM-polarized eigenmodes of a nonlinear
double-layer graphene waveguide.

The linear frequency-dependent surface conductivity of graphene has been derived in
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a number of works [70, 186, 187], and we employ the following expression

σ(ω) = σintra(ω) + σinter(ω) =
ie2

πh̄

 EF

h̄
(

ω + iτ−1
intra

) +
1
4

ln
∣∣∣∣2EF − h̄ω

2EF + h̄ω

∣∣∣∣
 , (3.12)

where we assume for doped graphene h̄ω < 2EF and kBT � EF (low temperature limit),
where e = −|e| is the electron’s charge, kB is the Boltzmann constant, T is the temperature,
EF = h̄vF

√
πn is the Fermi energy, n is the doping electron density, vF ≈ c/300 is the Fermi

velocity, and τ−1
intra is the relaxation rate. In the semiclassical limit, h̄ω ≤ EF (for relatively

low photon energies), the conductivity can be reduced to the Drude form σ(ω) ≈ σintra(ω),

σintra(ω) =
ie2

πh̄2
EF(

ω + iτ−1
intra

) , (3.13)

which takes into account only intraband processes [70,89,90] and includes finite relaxation
time, usually estimated from the measured impurity-limited DC mobility.

For high enough field intensities, the graphene conductivity becomes nonlinear, and
the so-called self-action term (or nonlinear correction to the graphene conductivity) σNL,
can be obtained analytically within the quasi-classical approach based on the solution of
the kinetic Boltzmann equation for massless quasiparticles [87, 89, 90] (see Appendix A).

For further calculations in this Section, we choose the doping level of EF = 0.1 eV,
h̄ω = EF (λ = 2π/k0 ≈ 12.4 µm), τintra = 10 ps [188], ε = 4, and take the separation between
the layers as d = 28 nm. We take quite large relaxation time and discuss implications of
this choice below.

We find that three types of nonlinear modes can propagate in this double-layer graphene
coupler, namely symmetric (S) with A1 = A2, antisymmetric (AS) with A1 = −A2, and
asymmetric (A) mode with A1 6= A2, similar to the case of a nonlinear dimer [189].
These modes are presented in Fig. 3.2 through their (a,b) transverse profiles and (c) power-
dependent shift of the nonlinear propagation constant. In the linear regime, only symmetric
(S) and antisymmetric (AS) modes exist. However, above a critical power level, a symmetry
breaking [190–194] occurs in this nonlinear system when a novel, asymmetric branch (A)
emerges and it describes the nonlinear states where the power is not distributed equally be-
tween the lower and upper graphene layers. The asymmetric mode bifurcates at the point
“p” from the antisymmetric branch, and it is stable being characterized by a predominant
energy concentration in the vicinity of one of the layers. The AS mode becomes unstable
above the critical power.

Next, we focus our attention on the power-controlled switching of plasmon beams be-
tween the layers and study numerically the propagation of a sech-like input beam launched
into the upper layer (as shown in Fig. 3.1). The input beam is selected to be the fundamental
solution of a single (uncoupled) nonlinear equation, and it describes a spatial soliton [184].
For the peak power density of 6 W/m, the soliton beam width is about 50 nm. This sig-
nificant sub-wavelength localization is supported by the high effective Kerr nonlinearity of
graphene [129, 184].

In Fig. 3.3, we compare the corresponding switching characteristics of the nonlinear
graphene coupler for the continuous plasmons (whose amplitude is constant along y)
(dashed curve) and for the beams of a finite extent including the soliton switching (solid
curves). The coupler length is selected at the half-beat length L = π/(2Q), when in the
linear regime the input power transfers completely into the second layer [38]. Apart from
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an increase of the threshold power density, two regimes of the coupler operation can be
clearly distinguished.

For relatively small input powers, in the so-called linear regime, the plasmon beam of
the upper layer couples to the lower layer and tunnels almost completely, see Figs. 3.4(a,b).
For higher values of the input power, the energy transfer between the layers becomes inhib-
ited, and we observe the nonlinear regime when the plasmon beam remains in the upper
layer [see Figs. 3.4(c,d)]. Importantly, the dissipation does not inhibit switching but it mod-
ifies the slope of the curves and the asymptotic value of the switching curve not achieving
unity, as shown in Fig. 3.3. Therefore, the beam may be effectively routed between the
graphene layers by changing its input power.

From the power flow (6 W/m) and knowing the plasmon structure, we estimate the
maximum amplitude of the electric field on graphene layer at 7 · 106 V/m, which is below
graphene breakdown threshold [177]. In our simulations, however, we assumed low loss
graphene, with relaxation time of 10 ps. Such relaxation times were observed in several
works with multi-layer structures [188,195], however typical single layer graphene reported
so far experimentally, usually exhibits relaxation times of the order of 0.1 ps. Such graphene
with higher losses will have shorter plasmon propagation length, and it will require larger,
and probably unachievable light intensities. Therefore, we suggest that high quality low
loss graphene will potentially be suitable for creating nonlinear couplers.

Further, we discuss the case when two in-phase beams of the identical shape are
launched into both the layers being shifted initially by a half of their width with respect to
each other. In the linear regime, the power exchange between the layers leads to the effec-
tive attraction between the centers of mass of the beams, as can be seen in Figs. 3.5(a,b).
However, in the strongly nonlinear regime the energy exchange is suppressed and the mu-
tual interaction of optical solitons generated in the two different layers is accompanied by
their repulsion, as shown in Figs. 3.5(c,d).

Summary

We have studied analytically and numerically the propagation of nonlinear electromag-
netic waves in a double-layer graphene structure. We have revealed that this structure
can operate as an efficient planar nonlinear coupler demonstrating the switching of light
between two different layers of graphene. We have studied the nonlinear effects in this
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Figure 3.4: Spatial distribution of the power density in the layers of the nonlinear graphene coupler
for different input peak power densities: (a,b) linear regime, Pin = 0.6 W/m; (c,d) nonlinear regime,
Pin = 6 W/m; corresponding to the points marked in Fig. 2.3 as L and N, respectively.
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Figure 3.5: Plasmon beam routing in the nonlinear graphene coupler. Spatial distribution of
the power density in the layers of the nonlinear graphene coupler for different input peak power
densities: (a,b) linear regime, Pin = 0.6 W/m; (c,d) nonlinear regime, Pin = 6 W/m.

graphene coupler for both constant amplitude waves and subwavelength spatial solitons
and described the symmetry breaking and nonlinear switching with novel opportunities
for optical beam control and manipulation at the nanoscale.

3.2 Multilayer graphene waveguides

One of the main obstacle impeding the efficient use of graphene in plasmonic devices is
the difficulty of excitation of graphene surface plasmon modes, which is due to their deep
subwavelength nature [58]. In this Section, we suggest to employ multilayer graphene
structures to overcome this difficulty.

Multilayer graphene metamaterials have been studied previously [196, 197], and it has
been shown that coupling of the surface plasmons at individual graphene sheets results
in the emergence of the hyperbolic isofrequency contours, that can lead to a large density
of electromagnetic states in these structures. Here we study the eigenmode dispersion of
the multilayer graphene structures with a finite number of layers. We demonstrate that
the field localization and modes’ wavenumbers can be efficiently controlled by varying the
number of layers in the structure, making such stacked graphene structures perspective for
real optoelectronic and nanophotonic applications and the observation of strong nonlinear
effects [131, 132]. Remarkably, we find that in the long wavelength limit, the dispersion of
the fundamental mode of the N-layer graphene structure coincides with the dispersion of a
plasmon mode supported by a single graphene layer, but with N times larger conductivity.
We also compare our exact dispersion relations with the results provided by the effective
media model.

Eigenmode dispersion

Specifically, we consider a structure shown schematically in Fig. 3.6. The graphene waveg-
uide consists of a finite number of layers with deeply subwavelength spacing d filled with
dielectric material with permittivity ε. The waveguide is sandwiched between two semi-
infinite homogeneous dielectrics, the so-called substrate and superstrate, having dielectric
constants of ε1 and ε2, respectively. Each of the N graphene layers is placed at x = md,
where m ∈ [0, N − 1]. The capping medium and substrate medium therefore occupy the
half-spaces x < 0 and x > (N − 1)d, respectively. We assume harmonic time-dependence
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for modes propagating along z axis exp(−iωt) so that the propagation along z-axis is de-
scribed by the multiplier exp(ikzz), where kz = βk0 is the propagation constant, k0 = ω/c
is the wavenumber in a free space, and β is the normalized wavenumber. Next, we de-
rive the dispersion relation by employing the matrix method [198, 199]. In the regions
md ≤ x ≤ (m + 1)d, the transverse profile of the magnetic field can be presented in the
form,

Hy(x) = Hm
+e−κx + Hm

−eκx , (3.14)

where κ = (k2
z − k2

0ε)1/2 is the transverse wavenumber. From the Maxwell equations,
we find the z-component of the electric field continuous at the graphene layers, given
by Ez(x) = (iκ/k0ε)[Hm

−eκx − Hm
+e−κx]. Since we are looking for localized guided modes

vanishing for large |x|, we present the field outside the waveguide in the following form

Hy(x < 0)=H0
−eκ1x, Hy (x > (N − 1)d)=HNG

+ e−κ2x, (3.15)

where κ1,2 = (k2
z − k2

0ε1,2)
1/2. To study waves in a multilayer structure, it is convenient to

use the transfer matrix method which links the field amplitudes in the adjacent periods,
Hm+1
± and Hm

± (
Hm+1

+

Hm+1
−

)
= T̂ ×

(
Hm

+

Hm
−

)
, (3.16)

where the transfer matrix T̂ = P̂Ĝ is a product of the matrices describing the boundary
conditions at the graphene layer

Ĝ =

(
1− 2πiσ(ω)κ/ωε 2πiσ(ω)κ/ωε

−2πiσ(ω)κ/ωε 1 + 2πiσ(ω)κ/ωε

)
, (3.17)

where σ(ω) is the frequency-dependent surface conductivity of a single layer of graphene,
and P̂ being the propagation matrix of a dielectric layer defined as

P̂ =

(
e−κd 0

0 eκd

)
. (3.18)

In our calculations, we neglect losses and assume h̄ω < 1.67EF (Im σ > 0), taking

Figure 3.6: Geometry of the multilayer graphene waveguide. The broken curve shows schematically
the profile of the continuous z-component of the electric field for the fundamental mode guided by
the slab.
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conductivity for highly doped or gated graphene (kBT � EF) in the form [58, 70]

σ(ω) =
ie2

πh̄

[ EF

h̄ω
+

1
4

ln
(2EF − h̄ω)

(2EF + h̄ω)

]
. (3.19)

For an infinite periodic structure, we employ the Bloch theorem, Hm+1
± = Hm

±eiKBd, and
obtain the dispersion of Bloch waves in the form

cos(KBd) = cosh(κd)− κ

2ε

4πσ(ω)

ick0
sinh(κd) . (3.20)

If d is large enough (or, equivalently, kz → ∞), the above expression approaches the dis-
persion relation for surface p-polarized plasmons supported by a single graphene layer
surrounded by dielectrics with permittivity ε [183]:

2ε

κ
=

4πσ(ω)

ick0
. (3.21)

The matrices of the boundary conditions for the outermost graphene layers can be
written as

Ĝ1 =
1
2

(
1 +Z1 1−Z1

1−Z *
1 1 +Z *

1

)
, (3.22)

ĜNG =
1
2

(
1 +ZNG 1−ZNG
1−Z *

NG 1 +Z *
NG

)
, (3.23)

where

Z1 =
κ1ε

κε1
− 4π

c
iσ(ω)κ1

k0ε1
, (3.24)

ZNG =
κε2

κ2ε
− 4π

c
iσ(ω)κ

k0ε
. (3.25)

A linear relationship between the field amplitudes on both sides of the multilayer struc-
ture can be written in the matrix form(

HNG
+

0

)
= M̂×

(
0

H0
−

)
, (3.26)

where the matrix M̂ is obtained sequentially multiplying the matrices Ĝ and P̂: M̂ =
ĜNG(P̂Ĝ)N−2P̂Ĝ1. By setting m22 = 0, we obtain the dispersion relation for localized modes,
from which we can find the wavenumber for a given frequency numerically. Once we
found the wavenumber, we then calculate the corresponding wavefunction using the matrix
relation for the amplitudes in the adjacent periods. The physical origin of the modes is
similar to that in other coupled systems, and N interacting graphene sheets will support
N non-degenerate plasmon modes originating from coupling of plasmons of individual
graphene layers.

All the possible cases of the dielectric permittivities distributions can be divided by
symmetry into symmetric (ε1 = ε2) and asymmetric (ε1 6= ε2) cases. In the case ε1 = ε2 = ε,
all the modes lie in the allowed band, whereas in all other cases branches can span in the
forbidden band where the Bloch number has an imaginary part and, thus, the respective
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modes are strongly localized in the vicinity of the waveguide boundary.
In the most general case when all three dielectric constants (ε, ε1 and ε2) are different,

for large separations (or, equivalently, kz → ∞) there exist (N − 2) degenerate states with
an asymptote given by Eq. (3.21) and 2 non-degenerate states with asymptotes

ε

κ
+

ε1,2

κ1,2
=

4πσ(ω)

iω
. (3.27)

Being mostly confined near the layers x = 0 and x = (N− 1)d, two latter modes are related
to the surface Bloch waves localized near the edges of the multilayer waveguide, and they
can be attributed to the so-called Tamm states.

FE
FE

FE

Figure 3.7: Dispersion of the eigenmodes of the multilayer graphene waveguides consisting of 3 (a,c)
and 5 (b) layers. The surrounding media and interlayer spacers are made from the same material
with dielectric permittivity ε = 1 (a,b) and ε = 4 (c). Period of the structure is d = 8 nm in all
the cases. Gray solid lines show the boundaries of the allowed band for the localized propagating
solutions inside the graphene slab. Black dashed line shows the dispersion of the surface plasmon
for a single graphene layer; blue dashed line corresponds to the dispersion of a surface plasmon
localized at the two-dimensional conducting layer with permittivity Nσ. Insets show the electric
field profile |Ez| for the fundamental mode at frequency h̄ω = 0.5EF (a,b) and h̄ω = 0.35EF (c).
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Next, we consider a symmetric case ε1 = ε2 = ε. For N = 2 and ε = ε1 = ε2,
we have M̂ = ĜP̂Ĝ, and immediately obtain the dispersion relation for the symmetric
and antisymmetric modes guided by a graphene double-layer structure, studied earlier in
Refs [131, 200]:

1 +
2πiσ(ω)κ

ωε

(
1± e−κd

)
= 0 . (3.28)

Importantly, for small spacing between the layers (κd� 1), the symmetric mode dispersion
[positive sign in Eq. (3.28)] coincides with the dispersion of a single plasmon (3.21), where
conductivity is double that of a single graphene layer. It means that for the fundamen-
tal symmetric mode, adding two graphene layers effectively doubles the conductivity of
graphene.

For N ≥ 3, transfer matrix is M̂ = Ĝ(P̂Ĝ)N−1. Using the Tchebychev identity, the
dispersion relation for the N-layer waveguide can be analytically simplified, namely,

t21UN−2(a)g12 + [t22UN−2(a)−UN−3(a)] g22 = 0 , (3.29)

where tij, gij are the elements of the matrices T̂ and Ĝ, Uk(a) are the Tchebychev polyno-
mials with the argument a = (t11 + t22)/2. We look for the case of closely spaced layers,
and linearize Eq. (3.29) with respect to the small parameter κd to obtain

1 +
2πiκNσ(ω)

ωε
+ (N − 1)κd = 0, (3.30)

where the third term can be omitted due to smallness of κd. This leads us to the equation for
the surface plasmon dispersion (3.21), where the single graphene conductivity is replaced
by N times larger conductivity, Nσ(ω). Figure 3.7 shows the dispersion of the eigenmodes
of the multilayer graphene waveguide for different parameters. We can see that for the
fundamental mode in the low frequency region, where κd� 1, the dispersion of the mode
is well described by the dispersion of the plasmon localized at the graphene layer with
permittivity Nσ (these dispersions are shown with blue dashed lines). The wavenumbers
of such plasmons are significantly smaller, than those of the single layer, and therefore they
should have longer propagation distances, being easier to excite.

FE

Figure 3.8: Dispersion of the asymmetric multilayer graphene waveguide, ε1 = 1, ε2 = 10, ε = 4,
d = 8 nm. Gray solid lines show the boundaries of the allowed band for the localized propagating
solutions inside the graphene slab. The dispersion branches that cross the boundary of the allowed
band correspond to the surface Tamm states. Inset shows the profile of the electric field |Ez| for the
Tamm state for the parameters depicted with the point at the dispersion branch at h̄ω = 1.2EF.
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FE

Figure 3.9: Comparison between the dispersion curves of the eigenmodes obtained from the exact
solution (solid lines) and by means of the effective model (dashed lines), for N = 20, d = 8 nm,
ε1 = ε2 = ε = 1.

If we now consider the asymmetric waveguide, ε1 6= ε2, we observe the emergence
of the surface electromagnetic states, with the dispersion lying outside the allowed band
region as shown in figure 3.8. As was mentioned above, this leads to a finite imaginary
part of the Bloch wavevector and localization of the mode at one of the interfaces of the
structure, as shown in the inset of Fig. 3.8.

Comparison with the effective hyperbolic medium model

Now we compare the obtained eigenmode dispersion with the results provided by the ef-
fective medium model. Within this model, the multilayer structure is described as an uni-
form hyperbolic medium with dielectric permittivity tensor components defined as [196]:
εyy = εzz = ε + 4iπσ(ω)/(ck0d), εxx = ε. General dispersion equation for the hyperbolic
waveguide can be written in the form:

cos(kxD)(kxκ1ε2εzz + kxεzzε1κ2) + sin(kxD)(ε2
zzκ1κ2 − k2

xε1ε2) = 0, (3.31)

Figure 3.10: Dependence of the normalized wavenumber of the fundamental guided mode kz/k0

(circles) and the effective width of the mode Λ (squares) on the number of layers in the structure,
solid curves are guides for eye. The parameters are d = 8 nm, ε1 = ε2 = ε = 1, h̄ω/EF = 0.5,
EF = 0.1 eV. Crosses show the result of the effective medium model.
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where kx = [εzzk2
0 − k2

z(εzz/εxx)]1/2 and D = (N − 1)d. Figure 3.9 shows the comparison
between the effective model and the exact solution obtained by the transfer matrix method.
We notice a good agreement between the two approaches in the limit kxd� π.

We would like to emphasize that, by varying the number of layers in the multi-
layer graphene waveguide, we can effectively control the wavenumber of the fundamental
guided mode. When the wavenumber of the mode grows, it becomes harder to excite the
mode optically from the vacuum. Moreover, another important property of the waveguide
is the effective mode width Λ which is a sum of the actual waveguide thickness and double
the localization length of the waveguide mode outside the waveguide, Λ = (N− 1)d+ 2/κ.

Figure 3.10 shows the dependence of the values kz/k0 and Λ on the number of layers.
As was mentioned above, at the chosen frequency the normalized wavenumber of the wave
decreases as 1/N, so that we can easier excite the mode by increasing the number of layers.
Accordingly, the effective waveguide thickness grows linearly with the number of layers.
We can also observe, that as we increase the number of layers, the mode dispersion is better
described within the effective media model (shown with the crosses).

Summary

We have studied the dispersion properties of the plasmonic modes guided by multilayer
graphene structures. We have revealed that the localization of the fundamental mode can
be substantially controlled by varying the number of layers in the graphene structure,
which can serve as an additional parameter for optimizing designs in graphene-based
nanophotonics. We have demonstrated that by using multilayer graphene structures one
can control efficiently the degree of localization of plasmon modes, as well as their group
and phase velocities.

3.3 Dissipative plasmon-solitons in multilayer graphene

In the context of potential optical and plasmonic applications, graphene can be incorpo-
rated into various photonic structures, including many waveguiding components. It can
be placed on top of a variety of substrates, both dielectrics and metals, or it can be even
suspended. However, the coupling of electromagnetic energy to graphene in such inte-
grated systems is extremely difficult because of a large wavenumber mismatch. In order
to decrease the wavenumber of the waves guided by graphene, one can employ multilayer
graphene, a structure consisting of a few graphene monolayers with small enough separa-
tions between the layers [201], whose effective conductivity increases and the wavenumber
of the surface plasmons substantially decreases with the number of layers. The corre-
sponding wavenumber reduction is accompanied by a weaker mode localization, which is
important for inter-component coupling.

In this Section we consider the generation of surface plasmons in the presence of a plane
wave incident from a high-refractive-index dielectric material at the angle larger than the
angle of the total internal reflection, see Fig. 2.1(a). Surface plasmons are supported by a
graphene multilayer being coupled to the incident plane wave via an evanescent field. We
demonstrate that in such a geometry the plane wave can act as an external driving source
for the plasmon excitations, or as a pump that compensates the propagation losses. The
plane wave can resonantly excite surface plasmons and, in the nonlinear case, dissipative
plasmon-solitons. We extend the previous results for the soliton formation in a lossless
monolayer presented in Ref. [184] to the non-conservative case when the self-localized
waves are dissipative solitons, in which not only nonlinearity has to compensate diffraction,
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but also gain has to compensate loss. For such solitons no analytical expression can be
found, and the soliton profiles have to be calculated numerically.

As suggested in Refs [201, 202], for the multilayer graphene the conductivity of the N-
layer structure is N times larger than that of the monolayer graphene. The validity of this
assumption depends on the interlayer hopping and a type of stacking [203]. However, as
was established experimentally, epitaxial non-Bernal stacked multilayer graphene exhibits
optical properties similar to those of a single layer [204], and these properties are defined
by Dirac-like electrons. Furthermore, as was shown in Section 3.2, the dispersion relation
for the lowest order electromagnetic mode guided by N closely spaced graphene layers
approaches at low frequencies the dispersion of a monolayer graphene, for which one
assumes the conductivity N times larger than that of graphene.

The thickness of a stack of graphene layers that we consider here is much smaller
than both the plasmon wavelength and transverse confinement of a surface plasmon. This
condition is satisfied even for the number of layers up to 20 with the separations between
layers of several nanometers. As a result, a stack of layers can be treated as a conductive
sheet described by the Dirac δ-function, similar as in the case of graphene monolayer [205].
Thus, the electrodynamic formalism for both mono- and multi-layer structures is the same,
and in what follows we derive equations applicable to both types of the structures.

Derivation of the governing equation

We consider a planar geometry shown in Fig. 3.11, with a conductive sheet placed at
x = −d/2. The sheet is surrounded by a dielectric material with permittivity ε. In the
numerical examples below, without loss of generality, we assume that ε = 1. A high-
dielectric-index material with dielectric constant εh occupies the half-space x > d/2. A
plane electromagnetic wave is incident on the interface between high and low dielectric
index materials. We suppose that the plane wave is incident at the angle greater than the
angle of the total internal reflection, and with the tangential component of the wavevec-
tor close to the plasmon wavenumber. As a result, the surface plasmon wavenumber β1

normalized to ω/c, satisfies the condition
√

εh > β1 >
√

ε. The distance between the di-
electric halfspace and graphene d is large enough so that its coupling to the plane wave is
exponentially weak, and we use this assumption in the asymptotic model developed below.

We start our derivation from the Maxwell’s equations written in the form ∇× E = ik0H ,

∇×H = −ik0ε2(x)E +
4π

c
δ(x + d/2)σ̂Eτ .

(3.32)

Here, E · e−iωt and H · e−iωt are the electric and magnetic fields, respectively, k0 = ω/c is the
wavenumber in free space, ω is the angular frequency, c is the speed of light, σ̂ = Nσ̂1 is
an equivalent surface conductivity of the N-layer graphene, with each layer characterized
by a surface conductivity σ̂1 = σintra + σNL|Eτ|2 ≡ iσ(I) + σ(R) + σNL|Eτ|2, where σNL is
the nonlinear conductivity (see Appendix A), subscript τ refers to the field component
tangential to the interface, and distribution of the dielectric permittivity is described by a
step function

ε2(x) =

{
ε , x < d/2,

εh , x > d/2.
(3.33)

We use the so-called split-field method, and represent the electric and magnetic fields as a
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Figure 3.11: (a) Schematic of the problem. (b) Side view of the structure overlapped with profile of
the z-component of the electric field. Wave incident from the right bottom corner is reflected from
the interface, and forms an interference pattern for x > d/2. Due to evanescent coupling it excites
surface plasmon wave guided by the graphene structure at x = −d/2.

superposition E = E1 + E2, H = H1 + H2 satisfying the following set of equations:

∇× E1,2 = ik0H1,2 ,

∇×H1 = −ik0ε1(x)E1 +
4π

c
δ(x + d/2)σ̂(E1τ + E2τ) ,

∇×H2 = −ik0ε2(x)E2 − ik0(ε2(x)− ε1(x))E1 , (3.34)

where ε1(x) = ε is constant. For large spacing d the fields with index ”1” describe surface
plasmon polaritons supported by graphene layer, while the fields with index ”2” describe
wave scattering by the interface between ε and εh.

Following the approach employed earlier in Refs. [129,131], we assume that dissipation
is low, the nonlinear part of conductivity is much smaller than the linear part, waves are
localized in the y direction, with localization width Λ such that diffraction remains weak
(k0β1Λ� 1). We introduce the small parameter

µ2 = max

{∣∣∣∣∣σ(R)

σ(I)

∣∣∣∣∣ ,
∣∣∣∣σNL|Eτ|2

σ(I)

∣∣∣∣ , (k0β1Λ)−2, e−2κd

}
, (3.35)

where κ = k0

√
β2

1 − ε, so that the radiative losses of the plasmon are small and proportional
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to e−2κd. Equations (3.34) can now be rewritten as
∇× E1,2 = ik0H1,2 ,

∇×H1 = −ik0ε1(x)E1 +
4π
c δ(x + d/2)iσ(I)E1τ +F1 ,

∇×H2 = −ik0ε2(x)E2 +F2 ,

(3.36)

where the interaction terms

F1 =
4π

c
δ(x + d/2)

{[
σ(R) + σNL|E1τ|2

]
E1τ + iσ(I)E2τ

}
,

F2 = −ik0 [ε2(x)− ε1(x)]E1, (3.37)

are small perturbations such that F1 ∼ µ2 and F2 ∼ µ. As discussed above, by setting
F1 = 0 we obtain the equation for the surface plasmons on a graphene layer, whose profile
h1(x) is then written as

h1(x) = ik0

( ε

κ

)
e−κ|x+d/2|

{
1, x > −d/2 ,

−1, x < −d/2 ,
(3.38)

and the dispersion relation for the plasmon is found from the boundary conditions,

2ε

κ
=

4π

ω
σ(I) . (3.39)

Now we employ the perturbation theory and represent the magnetic field in the form
H1 = {H1 y, H1 z}

H1 y =

[
A1(z, y)h1(x) + H(2)

1 (z, y, x)
]

eik0β1z ,

H1 z = H(1)
1 (z, y, x)eik0β1z ,

(3.40)

where H(1,2)
1 y,z ∼ µ1,2,

∂A1

∂y
∼ µ. These assumptions lead to

∂A1

∂z
∼ µ2, since the complex

plasmon amplitude changes along z axis due to dissipation, diffraction and radiative ef-
fects, which are considered small. Substituting Eq. (3.40) into Eq. (3.34), in the first order
of µ we obtain an equation for the field H2 = H(1)

2 y0 in the form

d2H(1)
2

dx2 + k2
0(ε2(x)− β2

1)H(1)
2 + ik0(εh − ε)δ(x− d/2)E(1)

2z = F2 ,

F2 = k2
0 [ε2(x)− ε1(x)]A1h1(x) + ik0(ε− εh)δ(x− d/2)A1e−κd .

(3.41)

The plane wave incident from the semi-space x > d/2 is written as H0e−ik2(x−d/2)+ik0β2z,

where we assume k2 ≡ k0

√
εh − β2

2 ≈ kh ≡ k0

√
εh − β2

1 (i.e. |β1 − β2|/β1,2 ∼ µ2), and
H0 ∼ µ. The wave experiences the total internal reflection from the interface x = d/2.
Taking into account the boundary conditions of continuity of the tangential components
of the magnetic and electric fields, H = H1 + H2, Ez = E1 z + E2 z at x = d/2, we find the
amplitude of the electric field at the interface in the following form

E(1)
2z (d/2) =

εkh − iεhκ

εkh + iεhκ
A1e−κd − κ

ik0ε

2H0

1 + iεhκ/khε
. (3.42)

Finally, we return to the second equation of Eqs. (3.34) and in the second order of µ
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obtain an equation for the correction H(2)
1 :

d2H(2)
1

dx2 − κ2H(2)
1 −

4π

c
iσ(I)δ̇(x + d/2)E(2)

1z = F1 ,

F1 = −
(

2ik0β1
∂A1

∂z
+

∂2A1

∂y2

)
h1(x) +

4π

c
δ̇(x + d/2)·([

σ(R) + σNL|A1|2
]
A1 + iσ(I)E(1)

2z (d/2)e−κd
)

,

(3.43)

where δ̇ is the derivative of the delta function. According to the Fredholm theorem of
alternative [185], the solution of Eq. (3.43) is non-divergent provided that the eigenmodes
of its homogeneous part are orthogonal to the right-hand-side of the equation, and this

condition can be mathematically written as
+∞∫
−∞

F1(x)h∗1(x)dx = 0. Applying this theorem to

Eq. (3.43), we obtain the equation for the envelope of the surface plasmon polariton in the
form

2ik0β1

(
∂A1

∂z
+ (γ + γr)A1 + i∆rA1

)
+

∂2A1

∂y2 + g|A1|2A1 = QH0ei∆z , (3.44)

where linear detuning ∆, linear damping due to losses in graphene γ, damping due to radi-
ation into the high index medium γr, radiative detuning ∆r, nonlinear detuning coefficient
g, coupling coefficient Q are derived as

g =
4π

c
σNL ik0ε

q
, γ =

2π

cβ1
σ(R) ε

q
,

Q =
4π

c
iσ(I) κ

q
2e−κd

1 + i εhκ
khε

, ∆ = k0(β2 − β1) ,

R ≡ γr + i∆r =
2π

cβ1
iσ(I) ε

q
εkh − iεhκ

εkh + iεhκ
e−2κd ,

q ≡
+∞∫
−∞

h1(x)h∗1(x)dx = k2
0

ε2

κ3 . (3.45)

The right-hand side of Eq. (3.44) contains an external force, which in our further simula-
tions is homogeneous due to plane wave excitation. To simplify our further analysis, we
introduce new variables

ξ = (γr + γ)z , η =
√

2k0β1(γr + γ)y , Θ =
∆r + ∆
γr + γ

,

u =
P1

|A1|2

√
2k0β1(γr + γ)

g
A1e−i∆z ,

P1 =

+∞∫
−∞

c
8π

[E1H∗1 ]z dx =
c

8πk0

β1ε

(β2
1 − ε)3/2

|A1|2 + O(µ2) ,

iuI = Q
√

g
(2k0β1(γr + γ))3 H0 (3.46)
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Figure 3.12: (a) The plane of parameters of pump intensity and detuning. Two green curves show
the boundary of the bistable region: inside the curves there are three equilibrium states, on the
lines there are two equilibria, and one equilibrium exists outside this region. The homogeneous
excitation becomes modulationally unstable above the dashed line, which is defined by |u|2 = 1.
(b) Intensity of the excited plasmon as a function of pump intensity for Θ = 1.5. The dotted curve
indicates modulationally unstable part of the dependence. (c) Single peak soliton properties: upper
and lower curves show peak soliton intensity and steady background, respectively, Θ = 1.5. (d)
Transverse profile of a soliton calculated for the parameters corresponding to the dot in the Fig. 2.3
(c). (e) Transverse profile of plasmon-solitons containing two and three peaks.

and obtain the dimensionless form of Eq. (3.44)

∂u
∂ξ

= uI − (1 + iΘ− i|u|2)u + i
∂2u
∂η2 . (3.47)

This is the Lugiato-Lefever equation [206], studied in a number of previous works. In
particular, bifurcation analysis is available in Ref. [173] and references therein.

Discussion

Here, we only briefly focus on some of the features of equation [206], which are important
for the effects related to our plasmon-soliton excitation. For the steady state homogeneous
solutions of Eq. (3.47), we obtain a cubic equation. This equation has only one solution
when Θ <

√
3, and three solutions otherwise, indicating the presence of bistability, see
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Figure 3.13: Evolution of the spatial profile of the localized plasmon excited at z = 0. Initial profiles
[dashed lines in (a,b)] are of the same widths but of different amplitudes. (a,c) Diffraction and
damping of the initial excitation and (b,d) soliton formation. Shown is the intensity normalized to
the homogeneous steady state background. In panels (a) and (b) dashed and solid lines correspond
to the initial and final intensity distributions, respectively.

Fig. 3.12(a). The latter domain of parameters comprises several bifurcations that, in par-
ticular, may result in breathing solitons and even chaos [207, 208]. If Θ <

√
3, the only

bifurcation that occurs leads to the Turing patterns [206]. At the critical value of detuning
Θ = 41/30, the character of this bifurcation changes from supercritical to subcritical. In
subcritical regime, the stationary solutions have the form of localized dissipative structures
(usually called cavity solitons) and their bound states sitting on the background of a homo-
geneous steady state solution [209]. Considering the case when the latter is a single-valued
function of the pump, in Figs 3.12(c,d) we show the dependence of the soliton amplitude
on the pump intensity and also the soliton profile. This soliton has a single main intensity
peak falling away into oscillating tails. Such one-peak solutions exist in a certain range of
pump powers. The soliton is calculated for the following parameters ε = 1, εh = 11.56, the
Fermi energy EF = 0.2 eV, h̄ω = 0.25EF (λ = 2π/k0 ≈ 25 µm), β1 = 3.03, the relaxation
time τintra = 1 ps, the number of graphene layers N = 6, linear detuning β2 − β1 = 0.09,
and d = 3 µm. For this structure and considered wave intensities, the smallness parameter
µ ∼ 0.1 and our approximate approach is well justified. To put the spatial scales in some
context, the ratios of the plasmon wavelength to soliton width, to free space wavelength
and to the Fermi wavelength are 0.08, 0.33 and 400, respectively.

We would like to note that if the relaxation time is decreased to 0.1ps, what is observed
in most of the available graphene samples, then in order to balance the increased dissipative
losses it is necessary to increase the electric field amplitude in the incident wave as well
as radiative losses, roughly, by a factor of 10. This will lead to the decrease of the soliton
width by

√
10. However, though the formation of dissipative structures is expected even in

this case, the developed asymptotic description is not strictly applicable.
The Lugiato-Lefever equation (3.47) is characterised by a snaking bifurcation diagram

for cavity solitons [173,209], and that is why the patterned multi-peak solutions can coexist
on a stable uniform pedestal. These solutions are frequently regarded as controllable bits
for all-optical memory applications [173]. Noticeably, the plethora of possible steady states
can be interpreted as the parts of subcritical Turing patterns with a number of elements
defined by initial conditions. Such multi-peak structures with finite even or odd numbers
of peaks [see two and three-peak steady solutions in Fig. 3.12(e)] are sometimes called
soliton molecules or soliton clusters, emphasizing their spatial localization. Importantly,



§3.4 Electromagnetic Tamm states in truncated graphene metamaterials 45

because of the subcritical nature, a bright soliton can not be switched on by arbitrarily small
perturbations of the background field (intensity) and hence low-energetic excitations will
decay, as illustrated in Figs 3.13(a,c), while Figs 3.13(b,d) display the dynamic formation of
a soliton from a narrow perturbation of a higher amplitude.

Summary

We have derived novel nonlinear equations describing the excitation of dissipative TM-
polarized plasmon solitons in graphene. We have employed the multilayer graphene struc-
ture in order to increase the wavelength of the plasmon-polaritons to be excited in the Otto
configuration for the attenuated total internal reflection. We have obtained the Lugiato-
Lefever type nonlinear equation and predicted the existence of single- and multi-peak dis-
sipative solitons in such graphene structures.

3.4 Electromagnetic Tamm states in truncated graphene metama-
terials

An interface separating two different layered media or photonic crystals can support elec-
tromagnetic surface waves, and these waves are often called ”electromagnetic Tamm states”
in analogy to the electronic Tamm states predicted to exist at an interface of crystalline solid
state materials [210]. The electromagnetic Tamm states have been studied in different struc-
tures, including the waves localized at an interface separating homogeneous and periodic
dielectric media [211], an interface between two photonic crystals [212], and an interface
between a photonic crystal and a left-handed metamaterial [213].

y

xz -3d-2d-d0d0

k||

Figure 3.14: Geometry of the problem: a truncated multilayer structure composed of graphene
sheets separated by dielectric layers with permittivity ε and thickness d. A thin dielectric layer of
the thickness d0 is a cap layer. The external dielectric has permittivity ε′. The red curve shows an
example of a profile of the surface mode (shown for the tangential electric field component).



46 Self-action and plasmon-solitons in graphene waveguides and multilayers

Conventional electromagnetic Tamm states, which can exist at an interface separating
two photonic crystals or a photonic crystal and a homogeneous dielectric, are known to
possess a parabolic dispersion. In contrast, the surface modes existing at an interface
between two metal-dielectric periodic structures [214] are characterized by the dispersion
resembling that of surface plasmon polaritons. It was shown that these modes can have the
negative group velocity as well as subwavelength localization.

In this Section we study the properties of the electromagnetic Tamm states localized
at the surface of a multilayer graphene structure, or a terminated graphene metamaterial. As
was shown [196,197,215–217], the graphene metamaterials exhibit many properties of con-
ventional metal-dielectric multilayer structures, but at lower frequencies. These properties
include the existence of the near-field Bloch waves [218] as well as a hyperbolic disper-
sion. Graphene multilayer structures have two significant differences which can potentially
be useful for future optoelectronic devices. First, the period of the graphene multilayer
structures can be as small as several nanometers [219], that is about an order of magnitude
smaller than that of metal-dielectric structures. Second, due to smaller carrier densities in
graphene as compared to metals, the plasma frequency of graphene and all plasmonic fea-
tures, such as the plasmonic Bloch waves, appear in far-infrared to THz frequency ranges.
This frequency range is extremely important for biomedical and security applications [220].

Model and impedance conditions for surface waves

We consider a truncated multilayer graphene structure and study the electromagnetic
waves localized near its surface, as shown schematically in Fig. 3.19. We assume that
the first dielectric layer of this multilayer structure has the thickness d0, which in a gen-
eral case may differ from the period of the structure d. As we show below, this allows us
to achieve tunability of the dispersion properties of the Tamm modes by varying the pa-
rameter d0. While the graphene metamaterials support both TM and TE polarized surface
plasmons, here we consider only the TM polarized modes, because the coupling of the
weakly localized TE plasmons does not produce the near-field Bloch waves [196].

The dispersion equation for surface waves is derived from the matching surface
impedances at the interface of the multilayer structure and the uniform medium. The
impedance is defined as a ratio of the tangential components of the electric and magnetic
fields, Z̃ = E‖/H‖. As follows from Maxwell’s equations, the impedance of the uniform
dielectric medium Z′ is given by

Z′ = −i
(

q′

k0ε′

)
, (3.48)

where q′ =
(

k2
‖ − ε′k2

0

)1/2
, k‖ is the propagation constant, k0 = ω/c is the wavenumber in

a free space. For a periodic structure, the surface impedance can be found by means of the
transfer-matrix method and by applying the Bloch theorem(

E‖(d)
H‖(d)

)
= exp(iKd)

(
E‖(0)
H‖(0)

)
= T̂

(
E‖(0)
H‖(0)

)
, (3.49)

where K is the Bloch wavenumber. The dispersion relation for the Bloch wavenumber can
be written as

cos Kd = cosh qd + 2πi
(

q
k0ε

σ

c

)
sinh qd . (3.50)
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The transfer matrix T̂ relates the tangential components of the electric and magnetic fields
at z = 0, d, 2d..., and it has the elements given by the expressions

T11=cosh qd +
2πiσ

c
q

k0ε
[sinh qd + sinh q(d− 2d0)] ,

T12=
−iq
k0ε

(
sinh qd+

2πiσ
c

q
k0ε

[cosh qd−cosh q(d− 2d0)]

)
,

T21=
ik0ε

q

(
sinh qd+

2πiσ
c

q
k0ε

[cosh qd+cosh q(d− 2d0)]

)
,

T22=cosh qd +
2πiσ

c
q

k0ε
[sinh qd− sinh q(d− 2d0)] ,

where q =
(

k2
‖ − εk2

0

)1/2
≡ −ikz is the transverse wavenumber in dielectric layers, and

σ is the frequency-dependent graphene conductivity which was derived in a number of
papers by using different assumptions [70, 186, 187]. In our calculations, neglecting losses
and assuming h̄ω < 1.67EF (Im σ > 0),for doped graphene kBT � EF, we again use the
result of Ref. [70] simplified to the form (3.19). As a result, the impedance Z for the
graphene metamaterial can be expressed through the matrix elements, and at the surface
of the periodic structure (at z = 0) can be written as

Z =
T12

eiKd − T11
=

eiKd − T22

T21
. (3.51)

Once both the impedances of the homogeneous dielectric and periodic structure are found,
the dispersion relation Z = Z′ can be written implicitly, and can be solved numerically in
order to find the mode wavenumber k||.

Dispersion and field profiles of surface modes

First, we consider the case when a cap dielectric layer is absent, d0 = 0, and the dispersion
equation can be written as

1 + 4πi
σ

c
q′

k0ε′
=

q′ε
qε′

[eiKd − cosh(qd)]
sinh(qd)

. (3.52)

In the limit d −→ ∞ or for large wavenumbers, Eq. (3.52) reduces to the dispersion of the
p-polarized plasmons at the graphene layer sandwiched between two different dielectric
media:

k0ε′

q′
+

k0ε

q
+ i

4πσ

c
= 0. (3.53)

In Fig. 3.15 we show the dispersion curves of the surface waves obtained from Eq. (3.52)
with solid lines for two permittivities of the external dielectric - larger and smaller than
the permittivity of the dielectric infilling the separations between graphene layers in the
periodic structure. The respective asymptotic solutions of Eq. (3.53) are plotted with thin
dashed lines. The large-wavenumber asymptote of the shaded area (band) corresponds
to the plasmon mode localized at the graphene layer surrounded by dielectric layers with
permittivity ε. Noticeably, if ε′ < ε, the localized mode’s dispersion is blue-shifted with
respect to the band whereas in the opposite case, (ε′ > ε), this branch is red-shifted.

With increasing the period of the structure, coupling between individual surface plas-
mons at the graphene layers decreases, and the band shrinks gradually to a single curve
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corresponding to the dispersion of an individual surface plasmon polariton. This allows
the existence of the surface states in the lower frequency region.

When the thickness of the dielectric cap layer with positive dielectric permittivity is
finite, the surface wave is localized at the graphene sheet closest to the interface of the
structure. As shown in Fig. 3.15, increasing d0 from zero gradually makes the dispersion
curve of the surface wave approach the band of the periodic structure.

Now we consider the situation of a negative frequency-dependent ε′(ω) described by
the Drude model ε′(ω) = 1 − ω2

p/ω2. Such a substrate with plasma frequency ωp in
the THz range can be made of a doped semiconductor. In this case, for all values of d0

the large-wavenumber asymptote for the localized waves is the dispersion of the surface
plasmon at the interface of two media with ε and ε′(ω) which has the asymptotic value
of ω = ωp/

√
ε + 1. When qd � 1 but q, q′ ≈ k‖ � 1, the mode wavevenumber can be

approximated by the following expression

|k‖d| ≈
2(1 + α)[(1 + α)−1/2 − ε/|ε′|]

1− 2α(1− d0/d)
, (3.54)

where α = 4πImσ/ck0εd,. In the particular case d0 = d the dispersion equation is simplified
to the form (

qε′

q′ε

)
sinh(qd)

eiKd − cosh(qd)
= 1. (3.55)

The dispersion of surface waves for two different values of ωp is presented in Fig. 3.16.
Again if |ε′(ω)| < ε, the surface mode branch is blue-shifted with respect to the band and
red-shifted in the opposite case, |ε′(ω)| > ε.

In Fig. 3.16 we observe the negative slope for the blue-shifted surface wave in a certain
frequency range. As we show in Fig. 3.17 this corresponds to the negative group velocity,
i.e. the wave becomes essentially a backward wave. At the same time, for the lower

FE

Figure 3.15: Dispersion of surface waves in the case of positive ε′, and ε = 4. Bright and light
purple areas show the bands of the periodic structures with periods d = 8 nm and d = 40 nm,
respectively. Red and blue lines correspond to the dielectic constant of the cap layer ε′ = 1 and
ε′ = 10, respectively. Thin black dashed line shows the dispersion of the single graphene sheet with
dielectric permittivity ε on both sides. Thin red and blue dashed lines show the dispersions of single
graphene sheet given by Eq. (3.53). Light thick solid and dashed lines correspond to d = 40nm,
d0 = 0 (solid) and d0 = 0.2d (dashed). Bright thick solid lines correspond to d = 8nm, d0 = 0.
Points A1, A2 and B1, B2 correspond to the parameters for which the mode profiles are presented
in Figs. 3.18(a,b) below.
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FE

Figure 3.16: Dispersion of the surface waves in the case of negative frequency-dependent ε′(ω).
Parameters of the periodic structure are ε = 4 and d = 8 nm. Shaded area is the band. Red and
blue thick lines depict the dispersion of surface waves for h̄ωp = 2.7EF and h̄ωp = 3EF, respectively.
The asymptotes ω = ωp/

√
ε + 1 are shown by dashed lines. Thin solid lines are dispersion curves

of conventional plasmons supported by the interface of ε′(ω) and ε. Points C1, C2 and D1, D2 were
taken for the profile calculation in Figs. 3.18(c,d) below.

frequencies, where |ε′(ω)| > ε, the group velocity is always positive and the surface wave
is forward.

It should be noted that in real structures, where the losses in the graphene layers and
semiconductor substrate play a significant role, the stronger localized modes corresponding
to larger wavenumbers decay faster due to the stronger localization at the interfaces. Thus,
for structures with smaller periods there will be an interplay between stronger localization
and at the same time stronger damping.

If we look on the transverse field profile, then two different types of the surface states
can be naturally distinguished — those lying in the proximity of the transmission band
and those that are far from it. Far from the transmission band (points A1, B1 in Fig. 3.15
and C1, D1 in Fig. 3.16), the character of the propagating waves is similar to that of plas-
monic modes [see Figs. 3.18(a,c)] that means their strong localization — the field almost
completely vanishes on two periods of the structure. In essence, only the boundary influ-
ences the propagating surface wave and the extension of the periodic multilayer graphene
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Figure 3.17: Group velocity of the surface waves when the plasma frequency of the adjoined
semiconductor is h̄ωp = 2.7EF. Red dashed and black solid lines mark asymptotic frequency
ω = ωp/

√
ε + 1 and the boundary of the band, respectively.
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structure has a little impact. By contrast, closer to the transmission bands (points A2, B2 in
Fig. 3.15 and C2, D2 in Fig. 3.16), the coupling is stronger, and the field penetrates deeper
into in the periodic multilayer graphene structure [see Figs. 3.18(b,d)].

It is also important to mention the effect of losses in graphene on the dispersion prop-
erties of the studied surface Tamm states. There are several mechanisms responsible for
damping of THz plasmons in graphene [57, 221], and they include electron scattering, in-
terband absorption and coupling to optical phonons. While the latter two mechanisms
can be suppressed by choosing the frequencies below the graphene chemical potential and
optical phonon frequencies (about 0.2 eV), the finite electron free propagation time will
cause damping of the surface states and limit the minimal available localization lengths.
While for the case of a single graphene sheet the figure of merit (which is a ratio of the
real and imaginary parts of the in-plane wavevector) is a function of the ratio Reσ/Imσ

and frequency, in our case it should also depend on the period of the structure and the
thickness of the cap layer. We expect that losses will affect stronger the states with larger
wavenumbers, while the waves with smaller wavenumbers will qualitatively have the same
dispersion properties.

Summary

We have studied the electromagnetic surface waves existing at the surface of a truncated
graphene multilayer structure, the graphene metamaterial. We have shown that the disper-

Figure 3.18: Field profiles for the Tamm states corresponding to the points marked in Figs. 3.15
and 3.16. Shown is the normalized tangential component of the electric field. (a),(c) Plasmonic-like
surface waves strongly localized in the vicinity of the boundary; (b),(d) Surface waves decaying
slowly inside the graphene metamaterial. Branching from the bottom of the transmission band,
modes B1, B2, D1, D2 are staggered.
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sion properties of these modes can be tuned by varying thickness of the cap dielectric layer,
and this type of modes can acquire the negative group velocity.

3.5 Nonlinear modes in graphene metamaterials

Discrete solitons appear as intrinsic localized modes in homogeneous periodic physical
systems, such as nonlinear atomic chains [222, 223], Bose-Einstein condensates loaded into
optical lattices [224, 225], arrays of nonlinear optical waveguides [226] and semiconductor-
dielectric periodic nanostructures [227]. If compared to continuous localized waves, the
discrete solitons possess a number of additional properties such as the Peierls-Nabarro
barrier [228] and staggering transformation [229]. In plasmonics, discrete solitons were
studied in metal-dielectric multilayer structures [181, 230–233], arrays of nanowires [182,
234–236], and arrays of nanoparticles [146–148, 237] described in Chapter 2.

Less than a decade ago, an interesting type of discrete solitons, surface solitons, was pre-
dicted theoretically [238] and then observed experimentally [239,240]. It is sustained by the
boundary between a periodic structure and an uniform medium (although the maximum
of soliton can be either exactly at the interface [238] or at some distance from it [241]), i.e. a
surface soliton can be considered as a nonlinear analogue of surface Tamm states [242,243].

In this Section we study nonlinear graphene-based multilayer structures and demon-
strate that, similar to metal-dielectric metamaterials, they can be described by the discrete
nonlinear Schrödinger (NLS) equation and support nonlinear localized modes in the form
of discrete solitons, see Fig. 3.19(a). We also analyze such modes near the surfaces and pre-
dict the existence of nonlinear surface modes being a nonlinear analogue of surface Tamm
states, as shown schematically in Fig. 3.19(b).

Discrete solitons

We consider a periodic multilayer graphene stack, consisting of an infinite number of par-
allel graphene layers placed parallel to the plane xy and arranged at equal distances d from
each other at the planes z = md, m = (−∞, ∞), inside a dielectric medium with relative
permittivity ε. For definiteness, the electric field is supposed to be directed along the x
axis, i.e. E = [E(t), 0, 0], and in the calculations below the temporal dependence of E(t) is
considered to be of the form E(t) = E0 exp(−iωt) + (c.c.), where E0 and ω are the ampli-
tude and the frequency. In this case, the electric E and magnetic H fields are governed by
Maxwell’s equations:

∇× E =
iω
c

H, ∇ · E =
4πρ

ε
,

∇×H = − iω
c

εE +
4π

c
J, ∇ ·H = 0,

where c is the speed of light, and J, ρ are full three-dimensional (3D) current and charge
densities, respectively, given by

J =
∞

∑
m=−∞

J(m)δ(z−md), ρ =
∞

∑
m=−∞

$(m)δ(z−md), (3.56)

where J(m) and $(m) are 2D current and charge densities in the m-th graphene layer. In all
above equations the time-dependence exp(−iωt) is implied.
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Figure 3.19: Geometry of the problem: a multilayer structure is composed of graphene sheets
separated by dielectric layers with permittivity ε and thickness d. Red curves show example profiles
of the plasmonic solitons: (a) a discrete soliton in an infinite structure, and (b) surface soliton in a
truncated metamaterial. Shown is the absolute value of the tangential electric field component.

The electric and magnetic fields can be expressed through scalar ϕ and vector A poten-
tials as

E = −∇ϕ +
iω
c

A, H = ∇×A. (3.57)

These relations, jointly with the Lorentz gauge

∇ ·A− (iωε/c)ϕ = 0, (3.58)

result in inhomogeneous Helmholtz equations for both scalar and vector potentials

∆ϕ +
ω2ε

c2 ϕ = −4πρ

ε
, (3.59)

∆A +
ω2ε

c2 A = −4π

c
J. (3.60)

We assume the electromagnetic field uniform along the y direction, ∂/∂y ≡ 0, and prop-
agating in the x direction, A, J, ρ, ϕ ∼ exp (ikxx). Under these assumptions, Eq. (3.60) can
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be solved by using a standard Green function formalism. Accordingly, a general solution
of Eq. (3.60) has the form

Ax (z) = −µ0

∫ ∞

−∞
dz′G

(
z− z′

)
Jx, (3.61)

where

G(z) = −2π exp (−p |z|)
cp

, p =

√
k2

x −
ω2ε

c2

is the one-dimensional (1D) Green function. The latter is a solution of the equation(
d2

dz2 − p2
)

G (z) =
4π

c
δ (z)

with the boundary conditions G (±∞) = 0, denoting the evanescent character of waves
(when k2

x > (ω/c)2 ε and Re (p) > 0), or absence of waves coming from z = ±∞ for
traveling waves, when k2

x < (ω/c)2 ε and Im (p) < 0. Substituting Eq. (3.56) into Eq. (3.61)
and using the properties of Delta-functions, we obtain:

Ax (z) =
2π

cp

∞

∑
m=−∞

j(m)
x exp(−p |z−md|).

Due to the 2D nature of currents in graphene layers Az ≡ 0, while the vector potential
components Ax and Ay describe p- and s-polarized waves, correspondingly. Further we
will concentrate on the p-polarized waves only. Thus, using the Lorentz gauge (3.58), we
can express the x-component of the electric field through Ax as

Ex (z) =
cp2

iωε
Ax (z) . (3.62)

After substituting this relation into the expression for the induced nonlinear current density
at ω, jx = i[ν(1) − ν(3)|E0|2]E0 exp(−iωt) , where ν(1) ≡ −iσ(ω) and ν(3) ≡ iσNL(ω) (see
Appendix A for details), Ax can be represented in the form

Ax (z) =
2πp
ωε

∞

∑
m=−∞

[
ν(1) − ν(3)

c2 p4

ω2ε2 |Ax (md)|2
]

Ax (md) exp(−p |z−md|). (3.63)

Alternatively, Eq. (3.63) can be rewritten in the form of the stationary discrete nonlinear
Schrödinger equation

Ax ([n + 1] d) + Ax ([n− 1] d)− 2Ax (nd) cosh(pd) =

− 4πp
ωε

[
ν(1) − ν(3)

c2 p4

ω2ε2 |Ax (nd)|2
]

Ax (nd) sinh (pd)
(3.64)

for n ∈ (−∞, ∞).

The linear counterpart (when ν(3) = 0) of the discrete nonlinear Schrödinger equation
(3.64) defines the linear spectrum. Domains of allowed frequencies (where in the linear
case the wave propagation is possible) are parametrized by the real Bloch wavevector q
[such that Ax (nd) = Ax (0) exp (iqnd)]. As a result, the equation

cos (qd) = cosh(pd)− 2πp
ωε

ν(1) sinh (pd) (3.65)
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Figure 3.20: (a)–(c) Dependence of soliton norm P (in MV2/m2) upon frequency ω and wavevector
kx [panel (a)], or upon frequency ω for fixed value kx = 0.05 µm−1[panel (b)], or upon frequency
kx for fixed value ω = 1 meV [panel (c)]. Dependencies in panels (b) and (c) are taken along the
vertical and horizontal lines in panel (a), respectively. Dependencies in panel (a) as well as those
in panels (b) and (c) [depicted by solid lines] are calculated by numerical solution of Eq. (3.64),
while continuum (dash-and-dot lines) and anti-continuum (dashed lines) limit approximations in
panels (b) and (c) are calculated according to Eqs. (3.68) and (3.5); (d)–(f) Soliton spatial profiles for
kx = 0.05 µm−1 and ω = 1.98 meV [panel (d)], ω = 1.6 meV [panel (e)], or ω = 0.52 meV [panel (f)].
The parameters of panels (d), (e) and (f) correspond to points A, B and C in panel (a), respectively.
Other parameters are EF = 0.157 eV, d = 40 µm, ε = 3.9.

determines the propagating bands of the spectrum ω = Ωl (kx, q) (l ≥ 1 is the number of
band), which are depicted in Figs. 3.20(a) and 3.21(a) in black (see, e.g., Ref. [244]).

Although generally the nonlinear Eq. (3.64) possesses an infinite number of solu-
tions [229], here we concentrate on the properties of the fundamental bright solitons, bi-
furcating from the edge of the allowed band of the spectrum. To describe the solitons
properties, we introduce a soliton norm as

P =
∞

∑
m=−∞

|Ex (md)|2 =
c2 p4

ω2ε2

∞

∑
m=−∞

|Ax (md)|2 .

The fundamental mode of discrete soliton is depicted in Fig. 3.20. Due to effectively defo-
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cusing nonlinearity [245] (positive cubic term) in Eq. (3.64), bright solitons [see Fig. 3.20(a)]
bifurcate from the low-frequency boundary of the first band Ω1(kx, q) (which corresponds
to the phase shift qd = π between oscillations in adjacent graphene layers) and exist in the
semi-infinite gap ω ≤ Ω1(kx, π/d). Since in this region kx > ωε1/2/c, this type of solitons
is characterized by the evanescent waves in the dielectric between the graphene layers, and
these solitons will be further referred to as plasmonic solitons. For fixed kx [Fig. 3.20(b)] the
soliton norm P, being zero at the band edge ω = Ω1(kx, π/d), initially grows up to values
∼ 1011 V2/m2, but after that decreases and attains zero at zero frequency. At the same time,
the frequency defines the degree of soliton localization, as follows from the comparison of
Figs. 3.20(d)–3.20(f). Thus, in the vicinity of the band edge Ω1(kx, q) the soliton is delocal-
ized – its electric field is distributed over a large number of graphene layers [Fig. 3.20(d)].
When frequency is gradually detuned from the band edge, the soliton becomes more lo-
calized – its electric field is either distributed over a few graphene layers [Fig. 3.20(e)], or
effectively concentrated in the vicinity of one graphene layer, as shown in Fig. 3.20(f). It
should be underlined that the soliton inherits the properties of a Bloch wave at the band
edge from which it bifurcates: signs of the electric field tangential components at adjacent
graphene layers are opposite (staggered soliton). For fixed frequency ω [Fig. 3.20(c)] the
soliton norm increases monotonically with increasing kx.

Equation (3.64) possesses two approximate types of solutions. The first type, so-called
continuum limit, is valid for low amplitude solutions. To obtain this solution, we use the
ansatz Ax (nd) = ε (−1)n ψ(ζ) with ε being a small parameter, and ζ = εn. As a result,
function ψ (ζ) satisfies the nonlinear Schrodinger equation

d2ψ

dx2 + ν(3)
4πc2 p5

ω3ε3 sinh (pd)ψ3(x) =
2 cosh(β)− 2

ε2 ψ(x), (3.66)

which is parameterized by parameter β such that

cosh (β) =
2πp
ωε

ν(1) sinh (pd)− cosh(pd). (3.67)

The parameter β can be formally considered as the imaginary part of the Bloch wavevector
q = (π + iβ) /d (note, inside the gap the Bloch wavevector is complex that in the linear
case corresponds to the evanescent wave). Using the exact solution of Eq. (3.66), we now
approximate the solution of Eq. (3.64) in the continuum limit

Ax (nd) =

√
ω3ε3

2πc2 p5ν(3) sinh (pd)
(−1)n√2 cosh(β)− 2

cosh
(√

2 cosh(β)− 2n
) .

Consequently, the soliton norm in the continuum limit can be expressed as

P =
ωε [2 cosh(β)− 2]
2πpν(3) sinh (pd)

∞

∑
n=−∞

1

cosh2
(√

2 cosh(β)− 2n
) ≈ 2 ωε

√
2 cosh(β)− 2

πpν(3) sinh (pd)
. (3.68)

In the last equation the summation has been replaced by the integration. As seen from
Fig. 3.20, the continuum approximation (depicted by blue dash-and-dot line) is valid in the
narrow domain in the vicinity of band edge Ω1(kx, π/d) [more specifically, in domains 1.95
meV. ω .1.987 meV in Fig. 3.20(b) and 0.0236 µm−1 . kx .0.0245 µm−1 in Fig. 3.20(c)].

The other type of approximate solutions, so-called anti-continuum limit, is valid far from
the band edge Ω1(kx, π/d) (deeply in the gap). Hence, introducing scaled dimensionless
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variables

an =

(
ν(3)

2πc2 p5

ω3ε3
sinh (pd)
2 cosh(β)

)1/2

Ax (nd) ,

and taking into account Eq.(3.67), we obtain

an+1 + an−1

2 cosh(β)
+ an − a3

n = 0.

As a result, when β → ∞, an become independent and acquire one of the three values:
an = −1, an = 0, or an = +1. In this limit, the fundamental mode [see, e.g., Fig. 3.20(e)]
corresponds to the case, where an = δn,0. This case allows for the approximate analytical
continuation valid for large values of β:

a0 = 1− 1
4 cosh2(β)

,

a1 = a−1 = − 1
2 cosh(β)

− 1
8 cosh3(β)

,

a2 = a−2 =
1

4 cosh2(β)
.

As a result, the soliton norm can be represented in the form

P =
ωε

2πpν(3)
cosh(β)

sinh (pd)
[
a2

0 + 2a2
1 + 2a2

2
]
=

ωε

4πpν(3)
1

sinh (pd)

[
2 cosh(β) +

7
8 cosh3(β)

]
.

As seen from Fig. 3.20, anti-continuum limit approximation (depicted by green dashed
line) well describes the solution in the domains 0. ω .1.95 meV in Fig. 3.20(b) and
kx &0.0245 µm−1 in Fig. 3.20(c).

Solitons can also exist in the upper (finite) gaps of the spectrum. Notice that in those
gaps kx < ωε1/2/c, and solitons are characterized by propagating waves in the dielec-
tric between graphene layers (this type of solitons will be further referred to as photonic
solitons). An example of photonic solitons is shown in Fig. 3.21. Photonic solitons are
characterized by considerably larger soliton norms P if compared to the plasmonic ones
[soliton norm is of order of 500 MV2/m2 in Fig. 3.21(a) and 0.1 MV2/m2 in Fig. 3.20(a)].
Photonic solitons bifurcate from the upper edge of the gap – the soliton norm, being zero
at the high-frequency boundary of the gap Ω3 (kx, π/d), is increased, when the frequency
is decreased [see Fig. 3.21(b)]. The decrease of the frequency also leads to the growth of
the soliton amplitude [compare Figs. 3.21(c,d,e)]. At the same time, photonic solitons are
considerably wider than plasmonic ones, and at large amplitudes they become two-hump
[Figs. 3.21(d) and 3.21(e)]. This happens due to the fact that, by contrast to plasmonic
solitons, for photonic solitons local maxima and minima of the electromagnetic field are
generally not located at graphene layers.

Discrete surface solitons

Finally, we consider a semi-infinite array of graphene layers, arranged at equal distances d
from each other at planes z = md, m = [0, ∞), as shown in Fig. 3.19(b). In other words,
graphene layers are embedded inside a semi-infinite dielectric medium at z ≥ 0, while at
z < 0 there is just a homogeneous dielectric. The 3D current and charge density for this
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Figure 3.21: Dependence of soliton norm P (in MV2/m2) upon frequency ω (in the second gap)
and wavevector kx [panel (a)], or upon frequency ω for fixed value kx = 0.05 µm−1[panel (b)].
Dependence in panel (b) is taken along the vertical lines in panel (a); (c)–(e) Soliton spatial profiles
for kx = 0.05 µm−1 and ω = 9.7 meV [panel (c)], ω = 9.5 meV [panel (d)], or ω = 9.36 meV
[panel (e)]. The parameters of panels (c), (d) and (e) correspond to points A, B and C in panel (b),
respectively. Other parameters are the same as those in Fig. 3.20.

semi-infinite array can be written as

J =
∞

∑
m=0

J(m)δ(z−md), ρ =
∞

∑
m=0

$(m)δ(z−md), (3.69)

and the solution of the wave equation (3.60) has [in full analogy with Eq. (3.63)] the form

Ax (z) =
2πp
ωε

∞

∑
m=0

[
ν(1) − ν(3)

c2 p4

ω2ε2 |Ax (md)|2
]

Ax (md) exp(−p |z−md|), (3.70)

or

Ax ([n + 1] d) +Ax ([n− 1] d)− 2Ax (nd) cosh(pd) =

−4πp
ωε

[
ν(1) − ν(3)

c2 p4

ω2ε2 |Ax (nd)|2
]

Ax (nd) sinh (pd), for n > 0;

Ax (d)−Ax (0) exp(pd) = −4πp
ωε

[
ν(1) − ν(3)

c2 p4

ω2ε2 |Ax (0)|2
]

Ax (0) sinh (pd) .

Properties of plasmonic surface solitons are summarized in Fig. 3.22. The principal
difference between the cases of surface and bulk solitons is the nonexistence of the low-
amplitude surface soliton in the vicinity of the band edge Ω1 (kx, π/d) [compare, e.g.,
Figs. 3.22 (a) and 3.20 (b), as well as Figs. 3.22(b) and 3.20(c)]. More specifically, there exists
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Figure 3.22: Dependence of surface soliton norm P (in MV2/m2) upon frequency ω for fixed value
kx = 0.05 µm−1[panel (a)], or upon frequency kx for fixed value ω = 1 meV [panel (b)]; (c)–(e)
Soliton spatial profiles for kx = 0.05 µm−1 and ω = 1.89 meV [panel (c)], ω = 1.6 meV [panel (d)],
or ω = 0.52 meV [panel (e)]. The parameters of panels (c), (d) and (e) correspond to points A, B and
C in panel (a), respectively.

an end-point of the spectrum, at which the fundamental mode bifurcates with the other
type of the surface soliton mode, for details see, e.g., Ref. [246]. In the vicinity of the end-
point of the spectrum soliton norm P achieves a local minimum. At the same time, from
the comparison of Figs. 3.22(c-e) it follows that, similar to the case of bulk solitons, lower
frequencies correspond to more localized solitons (when the power is mostly concentrated
at the graphene layer, truncating the photonic crystal).

It is also worth noting that the principal difference between linear and nonlinear cases
is the possibility to have the nonlinear surface state (namely, surface soliton) in the uniform
structure (semi-infinite array of equally doped graphene layers, placed at equal distances
from each other, and embedded into the uniform dielectric medium), while in the linear
case the existence of surface state is possible only in the nonuniform structure – it is neces-
sary to have either the defect of the periodicity at the surface of photonic crystal [243], the
defect of graphene doping at surface, or to truncate the photonic crystal with the dielec-
tric, characterized by the dielectric constant, different from that of the medium inside the
photonic crystal.

Summary

We have analyzed nonlinear graphene-based multilayer metamaterials and demonstrated
that they can support spatially localized nonlinear modes in the form of discrete plasmon
solitons. We have described the properties of this novel class of discrete solitons, including
the dependence of their parameters on graphene conductivity. We have also predicted the
existence of nonlinear surface modes in the form of discrete surface solitons.



Chapter 4

Frequency conversion with
graphene-based structures

This Chapter focuses on frequency conversion effects in different settings with graphene that
may serve as basic building blocks for graphene-incorporated nonlinear nanodevices. First,
we elaborate a peculiar analytical model of a resonant surface nonlinearity for the second har-
monic generation (SHG) by a graphene-wrapped dielectric spherical nanoparticle. Second,
we derive comprehensive models of nonlinear plasmon-to-plasmon conversion in graphene-
based plasmonic waveguides, taking advantage of the possibility to phase-match the non-
linearly interacting guiding modes by tailoring the modal dispersion. Finally, we propose
a complex concept of nonlinear graphene metasurfaces employing the controllable interaction
between a graphene layer and a planar metamaterial. By performing the first-principles
numerical simulations, we prove that such hybrid plasmonic metasurfaces, exhibiting the
cascaded Fano resonances, benefit from a high tunability and the subwavelength nature of
the graphene plasmons and may be exceptionally promising for tunable absorption and
nonlinear harmonic generation.

4.1 Second-harmonic generation by a graphene nanoparticle

Interestingly, graphene is not only employed for planar geometries, and there are also
attempts to create graphene-wrapped objects [247–249]. In this regard, recent theoretical
studies suggest that by wrapping spherical nanoparticles in graphene it becomes possible,
for instance, to achieve tunable cloaking effect [21, 22, 250].

In this Section, we study a nonlinear response of a graphene-wrapped dielectric spher-
ical nanoparticle. We consider a nanoparticle with an outer graphene layer and analyze
the second-harmonic generation induced by the nonlinear conductivity of graphene. First,
we develop the theoretical model which allows to obtain analytical expressions for the
multipole decomposition of the second-harmonic scattered field. We then study second-
harmonic radiation patterns in such a structure and explore the possibilities to control the
radiation direction by inhomogeneous fields.

Since a graphene layer is many orders of magnitude thinner than the wavelength of
electromagnetic waves that we consider, graphene can be treated as a conductive surface
described by the Dirac δ-function [205], whose frequency-dependent surface conductivity
is given by Eq. (3.12).

We note that, as was discussed in Chapter 3, for a randomly stacked multilayer
graphene film consisting of N layers, at low frequencies the equivalent surface conduc-
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k

E

H

Figure 4.1: Schematic view of the graphene-wrapped nanoparticle illuminated by a plane wave.
Surface plot shows predominantly quadrupole second harmonic radiation pattern formed in the far
field when the fundamental frequency is close to the one-photon dipolar resonance.

tivity is N times larger than that of a monolayer graphene [132, 160, 201–204]. This allows
us to engineer the conductivity of graphene-based structures. Importantly, the increase of
the effective conductivity with a number of layers leads to a substantial reduction of the
wavenumber of the p-polarised plasmons supported by multilayer graphene structures.
This provides a mechanism for efficient control of both the plasmon localization and dis-
persion which is important for real nanophotonic applications [132, 160]. In what follows
we develop the theoretical approach which is applicable to both mono- and multi-layer
graphene structures.

Model

First, we consider the Rayleigh scattering of a linearly polarized plane monochromatic
electromagnetic wave [E = E0z0 exp−(iω0t− ik0

√
εhy)] on a graphene sphere of radius

a << λ0 = 2π/k0
√

εh, k0 = ω0/c, see schematics in Fig. 4.1.
The incident wave excites the fundamental frequency harmonics whose electric field is

governed by the equation:

−∇×∇× Eω +
ω2

c2 ε(r)Eω = −4πiω
c2 (jL

ω + jNL
ω )δ(r− a) , (4.1)

where jL
ω = σ(ω)Eτ and jNL

ω are the surface densities of the linear and nonlinear currents
at the frequency ω, respectively, subscript τ refers to the field component tangential to the
surface. Here, we introduced the dielectric permittivity function:

ε(r) =

{
εp, |r| < a
εh, |r| > a ,

(4.2)

which describes the dielectric permittivity distribution in space. This permittivity describes
a dielectric particle located in a homogeneous host medium. In what follows, we assume
that the particle is placed in vacuum, i.e. εh = 1.
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The approach we employ is based on the multipole expansion of the electromagnetic
fields [251,252]. For describing nanoparticles this method is mainly associated with the Mie
scattering theory and it gives basic understanding of harmonic generation from nanopar-
ticles as it was discussed theoretically e.g. by Dadap et al. [31, 253] for small spheres. In
particular, previous studies show that the SHG response of a nanoparticle irradiated by a
linearly polarized plane wave is dominated by an electric quadrupole and electric dipole
originating from the finite size effect and from retardation effect. Remarkably, the magnetic
dipole despite being of the same order as an electric quadrupole is not excited because of
symmetry constraints. This will be also relevant in the problem that we consider in this
Section. The strength of the excited leading multipoles and their interference determine
far-field radiation characteristics, such as a radiation pattern and radiation efficiency.

In what follows we present a self-consistent derivation underlining the important
specifics of graphene as a nonlinear material that, in some sense, may be regarded as a
very peculiar model of the surface nonlinearity associated with Dirac particles. We would
also like to note that though we solve a model problem in the simplest spherical geometry
we believe that our findings can be useful in designing more complex shape graphene-
based nanoantennas.

Linear scattering

As follows from (4.1), in an approximation that is linear in Eω, outside and inside the
sphere

∇ ·Dω = 0 , (4.3)

where Dω = ε(r)Eω is the electric displacement vector. In the case when the radius a of the
particle is small, i.e. ka << 1 and k√εpa << 1 (k = ω/c) are fulfilled, the solution can be
found using a perturbation method with the small parameter M(ω) = ka ≡ aω/c << 1,
assuming εp ∼ 1. The first term in this expansion corresponds to the quasi-static approxi-
mation [1, 251].

We represent the total field in the structure Eω0 as a superposition of the field of the
incident wave z0E0eik0y and the scattered field Eω0 :

Eω0 = z0E0eik0y + Eω0 . (4.4)

Next, we represent the scattered field as an asymptotic series with the small parameter
M0 =M(ω0) in the region k0r � 1 in the form

Eω0 = E0z0 + E (0)
ω0 +

(
E (1)

ω0 + ik0yE0z0

)
+ . . . , (4.5)

where the fields in the brackets are of the order ofM0.
In the zeroth and first orders of smallness in M0 the scattered fields E (0)

ω0 and E (1)
ω0 are

potential:
E (0,1)

ω0 = −∇Φ(0,1)
ω0 , (4.6)

From Eq. (4.3) it follows that the potential functions Φ(0)
ω0 and Φ(1)

ω0 both outside and inside
the sphere satisfy the Laplace’s equation

∇2Φ(0,1)
ω0 = 0 (r < a , r > a) . (4.7)

The tangential electric field components, in general, can experience a discontinuity at the
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surface of the nanoparticle. This discontinuity is proportional to the the surface gradient of
the normal component of the current density. In our case of small energies near the K-point
where transitions occur between the π − π* bonds, the normal component of the current
is negligible. Therefore, the tangential component of the electric field is continuous at the
boundary r = a, i.e. E(0)

ω0 = E0z0 − ∇Φ(0)
ω0 and E(1)

ω0 = ik0yE0z0 − ∇Φ(1)
ω0 are continuous,

whereas the normal components of the vectors D(0)
ω0 = ε(r)

(
−∇Φ(0)

ω0 + E0z0

)
and D(1)

ω0 =

ε(r)
(
−∇Φ(1)

ω0 + ik0yE0z0

)
undergo jumps at the surface charges ρ

(0,1)
ω0 = ∇s · jL(0,1)

ω0 /iω0,

where the operator ∇s· stands for the surface divergence. The potentials Φ(0)
ω0 and Φ(1)

ω0 ,
which satisfy such boundary conditions and decay away from the particle, are given by

Φ(0)
ω0 = a3E0 cosθ

εp − 1− 2Θ1

εp + 2− 2Θ1


r
a3 , |r| < a

1
r2 , |r| > a

, (4.8)

Φ(1)
ω0 = a5E0 sin2θ sinϕ

ik0
(
εp− 1− 3Θ1

)
4
(

εp+
3
2
− 3Θ1

)


r2

a5 , |r| < a

1
r3 , |r| > a

, (4.9)

where Θ1 =
4πσ1

iω0a
, σ1 ≡ σ(ω0), θ is the polar (zenith) angle measured from the z-axis and

φ is the azimuthal angle measured from the x-axis in a spherical coordinate system with
its origin in the center of a nanoparticle.

As seen from (4.8), the scattered field Eω0 in the zeroth and first orders of the perturba-
tion theory with respect to the parameter M0 for r > a is the superposition of the field of
a point dipole having the dipole moment

P (0)
ω0 = z0E0a3 εp − 1− 2Θ1

εp + 2− 2Θ1
, (4.10)

and the field of a quadrupole with the quadrupole moment tensor

Q̂(1)
ω0 = Q(1)

ω0

 0 0 0
0 0 1
0 1 0

 (4.11)

with two nonzero components

Qyz = Qzy = Q(1)
ω0 = E0ik0a5 εp − 1− 3Θ1

2εp + 3− 6Θ1
. (4.12)

Nonlinear scattering and second-harmonic generation

Because of the graphene nonlinearity, the field Eω0 excites higher harmonics, and here
we consider only the second harmonic E2ω0 generation. To describe nonlinear properties of
graphene, we employ the quasi-classical description based on the solution of the Boltzmann
equation, applicable at low frequencies, h̄ω ≤ EF [87–90]. (See Appendix A.)

In the case of a plane graphene, in the collisionless limit, the electron distribution func-
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tion f (r, p, t) satisfies the kinetic equation written as

∂ f
∂t

+ vp
∂ f
∂r

+ e
(

E +
1
c
[vp × B]

)
∂ f
∂p

= 0 ,

where for Dirac’s massless quasi-particles vp =
∂E

∂p
= vF

p
|p| , the energy E = vF p ,

vF ≈ c/300 is the Fermi velocity, and e = −|e| is the charge. Following the perturba-
tion approach [88, 91], we solve this equation using iterations. The electric current density
at 2ω is given through the second order correction to the Fermi-Dirac distribution function
j2ω = 4e ∑

p
vp f2ω(p) .

We look for the distribution function in the form

f = f0(E) + fωe−iωt + c.c. + f2ωe−2iωt + c.c. + . . . , (4.13)

where f0(E) is the Fermi-Dirac distribution, fω and f2ω are the first and the second order
corrections, respectively, whereas the tangential electric field

Eτ = Eωe−iωt + E2ωe−2iωt . . . . (4.14)

Finally, under the assumption vF/ω � lE, where lE is a characteristic spatial scale of
the field inhomogeneity, we obtain the general expression for the current at the second
harmonic

j2ω =
2e3i

ω3(2πh̄)2

∫∫
d2p vp

[(
Eω

∂

∂p

)(
vp

∂

∂r

)
×
(

Eω
∂ f0

∂p

)
+

1
2

(
vp

∂

∂r

)(
Eω

∂

∂p

) (
Eω

∂ f0

∂p

)]
.

(4.15)
We note in the case of flat graphene and TM-polarized incident wave with the tangential

electric field component of the form Eω = Ex0eiqx (and vF/ω � 1/q) Eq. (4.15) is reduced
to

j2ω = −x0
3
8

e3v2
F

πh̄2ω3
qE2 , (4.16)

which is in agreement with the earlier results presented in Ref. [91].
We consider particles which are large enough on the scale of electron motion in

graphene (i.e. vF/ω � a and vFτintra � a), then at each point of the surface of the par-
ticle, the current can be considered locally flat. As a result, for description of the second
harmonic current we can use Eq. (4.15), where vp and p are vectors tangential to the sur-
face. Then, we find the resulting formula for the second harmonic currents induced on the
spherical object in the zeroth order of the small parameter M0, and it corresponds to the
dipole field distribution

j(0)2ω0
= θ0i

3
16

e3

πh̄2ω3
0

v2
F

a
E2

d sin 2θ . (4.17)

In the first order of small parameterM0 we find

j(1)2ω0
= j(1)2ω0I

+ j(1)2ω0II
,

j(1)2ω0I
= i

e3

πh̄2ω3
0

v2
F

a
EdEq

[
θ0 sin φ

(
13
16

cos θ − 9
16

cos 3θ

)
+ϕ0

1
4

cos 2θ cos φ

]
,

j(1)2ω0II
= i

e3v2
F

πh̄2ω3
0

Ed

(−ik0E0

8

) [
θ0 sin φ cos θ +ϕ0

1
2
(3− cos 2θ) cos φ

]
,

(4.18)
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where the amplitude coefficients

Ed = E0

(
1 +

2Θ1 + 1− εp

εp + 2− 2Θ1

)
= E0

3
εp + 2− 2Θ1

, (4.19a)

Eq = E0
2.5ik0a

2εp + 3− 6Θ1
. (4.19b)

For multilayer graphene wrappings, the obtained nonlinear currents should be multiplied
by a number of layers.

Similar to how it is done for the fundamental frequency wave, here we represent the
field of the second harmonics E2ω0 inside and in the vicinity of a nanoparticle as an asymp-
totic series in the parameterM(2ω0) = 2M0:

E2ω0 = E (0)
2ω0

+ E (1)
2ω0

+ . . . , (4.20)

where the first two terms are
E (0,1)

2ω0
= −∇Φ(0,1)

2ω0
, (4.21)

and the potential functions Φ(0,1)
2ω0

are the solutions of the Laplace’s equation:

∇2Φ(0,1)
2ω0

= 0 (r < a , r > a) . (4.22)

At the boundary r = a, the tangential components of electric fields are continuous
while the normal components of the electric displacement vectors ε(r)

(
−∇Φ(0,1)

2ω0

)
experi-

ence discontinuities due to the surface charge density ρ
(0,1)
2ω0

= ∇s ·
(

j(0,1)
2ω0

+ σ2E (0,1)
2ω0τ

)
/i2ω0,

where σ2 ≡ σ(2ω0). To find field distribution, we need to satisfy these boundary conditions
and we expand Φ(0,1)

2ω0
(r) in spherical harmonics. ∇s · j(0)2ω0

is proportional to (1 + 3 cos 2θ)
and, thus, the respective potential relative to a symmetric locally excited quadrupole is
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Figure 4.2: (a) Radiated power and (b) second harmonic conversion efficiency as functions of fre-
quency calculated for a nanoparticle of radius a = 106 nm, εp = 2.1, N = 1, EF = 0.25 eV,
τintra = 0.08 ps, and incident intensity 108 W/cm2. In (a) green solid line shows the total radi-
ated power, blue dashed and red dotted lines refer to the dipole and quadrupole contributions,
respectively. Powers are normalized to the quadrupole maximum value.
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expressed as follows

Φ(0)
2ω0

=
(1 + 3 cos 2θ)

4
Q(0)

2ω0


1
r3 , r> a

r2

a5 , r< a
, (4.23)

where the quadrupole moment component

Q(0)
2ω0

=
3
2

e3v2
F

h̄2ω4
0(3 + 2εp − 3Θ2)

a2E2
d , (4.24)

where Θ2 = 4πσ2/iω0a.

We would like to note that similar analysis can be performed for metal nanoparticles
using a free-electron hydrodynamic model. Generally, the potential functions Φ(0)

2ω0
and

Φ(1)
2ω0
∼ cos θ̃ ≡ sin θ sin φ for r > a would coincide with the potentials of the quadrupole,

which is symmetric with respect to the z axis and has a diagonal tensor of the quadrupole
moment,

Q̂(0)
2ω0

= Q(0)
2ω0

 −1 0 0
0 −1 0
0 0 2

 (4.25)

and of the dipole with the dipole moment

P (1)
2ω0

= P (1)
2ω0

y0 , (4.26)

which is directed along the wave vector of the incident wave. The radiation intensities
(powers) of the quadrupole Q̂2ω0 and the dipole P2ω0 moments given by [251]

P(quad)
Σ =

c(2k0)6

60
|Q(0)

2ω0
|2 , (4.27a)

P(dip)
Σ =

c(2k0)4

3
|P (1)

2ω0
|2 . (4.27b)

have the same order of smallness. The radiation pattern of the quadrupole is symmetric
with respect to the z axis, along which the electric field in the incident wave is oriented and
has maxima at θ = π/4, 3π/4. The dipole radiation is symmetric with respect to the wave
vector of the incident wave, parallel to the y axis, and is maximum in the y = 0 plane.

In our case of a graphene sphere, the dipole moment associated with the current j(1)2ω0
is

given by the expression

P (1)
2ω0

=
3
4

ie3v2
F

h̄2ω4
0(3/2 + εp − 3Θ1)

5/4 + εp − 3Θ1

2 + εp −Θ2
k0a2EdE0 . (4.28)

As follows from Eqs. (4.19a), (4.24), (4.28), the resonant enhancement in the SH scat-
tering occurs near the frequencies of localized plasmons. The total radiated SH power
possesses a pronounced peak at the frequency of the one-photon dipolar resonance where
the radiation pattern appears to be predominantly quadrupolar, as shown in Fig. 4.2 (a).

We note here that the scattering object containing graphene benefits from its tunability.
In our problem, there is a large number of parameters that can be adjusted for controlling
the effect. In particular, one can choose the operating frequency ω0, the chemical potential
of graphene EF, the particle radius a, the number of graphene layers in the wrapping N, the
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Figure 4.3: Schematic view of a graphene-wrapped nanoparticle placed into axially symmetric
slightly inhomogeneous external field. The SH radiation is predominantly directed into the upper
half-space.

dielectric permittivity of the particle εp and the relaxation time τintra, which is responsible
for the broadening of the resonant peaks.

SH signal from a single nanoparticle is rather weak. To quantify the conversion effi-
ciency, we introduce the SHG efficiency for a single particle η defined as the ratio of the
total SH radiated power to the energy flux of the fundamental wave through the physical
area of the particle s = πa2, η = PΣ/

[
(c/8π)|E0|2πa2]. Dependence of the efficiency on

frequency clearly shows resonance (see Fig. 4.2 (b)), and in the maximum it reaches the
value of ∼ 2× 10−8.

Control of radiation patterns by inhomogeneous external fields

Now we consider the case when a graphene-wrapped nanoparticle is placed in a weakly
inhomogeneous quasistatic external field, which is axially symmetric with respect to z-
axis (see schematics in Fig. 4.3). Such field distribution can be realized in two counter-
propagating Bessel beams forming a standing wave. Similar field profiles can be realised
if we place our nanoparticle near a larger particle, e.g. an elongated nanoparticle or near a
tip of an atomic force microscope, positioned in the maximum of the standing wave created
by two counter-propagating plane waves.

Using the Taylor series expansion around the center of the particle, we introduce the
electric potential of the external field in the form which satisfies the Laplace’s equation

Φ(ext)
ω0 = −E0r cos θ − 1

8
∂E0

∂z
r2(1 + 3 cos 2θ) + . . . , (4.29)

where
∂E0

∂z
≡ γ is a tunable parameter characterizing variation of the field along z axis.

Next, we follow the procedure described above, expand the fields and apply the boundary
conditions.

In the previous sections we considered the linear dipole described by the first term in
Eq. (4.29) and associated quadrupole at the double frequency. The resonant enhancement
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in this case due to surface plasmon resonances is expected near the frequencies where
εp = −2 + 8π Im σ(ω0)/ω0a and εp = −3/2 + 6π Im σ(2ω0)/ω0a, i.e. where the real
parts of the corresponding denominators vanish. However, as we show in Fig. 4.4, the
one-photon dipolar plasmon resonance is much more pronounced than the two-photon
quadrupolar.

The field inhomogeneity given by the second term in Eq. (4.29) determines a linear
potential

Φ(1)
ω0 =

(1 + 3 cos 2θ)

4
Q(1)

ω0


1
r3 , r> a

r2

a5 , r< a
, (4.30)

that can be attributed to a symmetric quadrupole

Q̂(1)
ω0 = Q(1)

ω0

 −1 0 0
0 −1 0
0 0 2

 (4.31)

with the amplitude

Q(1)
ω0 =

εp − 1− 3Θ1

2εp + 3− 6Θ1
γa5 . (4.32)

Now we calculate the induced second harmonic current

j(1)2ω0
= −i

e3

πh̄2ω3
0

v2
F

a
EdE(ext)

q θ0
1
32

(3 sin 3θ − sin θ) , (4.33)
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Figure 4.4: Spectra of the radiated powers of the SH quadrupole (red dotted curve), SH dipole (blue
dashed curve), and total SH emission (green solid curve), calculated for a nanoparticle of radius
a = 106 nm, εp = 2.1, N = 1, EF = 0.25 eV, τintra = 0.08 ps, γ̄ = 0.5. Powers are normalized to the
pure quadrupole maximum value. Insets show far-field radiation patterns and surface charge dis-
tributions of the pure (a) SH quadrupole (γ̄ = 0), and (b) SH dipole, which is excited predominantly
near the higher-frequency resonance.
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Figure 4.5: SH radiation patterns shown as polar θ-diagrams (green solid lines) calculated at h̄ω0 =

0.318EF for the parameters of Fig. 4.4, (k0a ≈ 0.06) and different values of γ̄: (a) γ̄ = 0.5, (b)
γ̄ = 1.25, and the reverse at γ̄ = −1.25 (dashed green line), (c) γ̄ = 1.75. The inner circle in all
the plots corresponds to the same maximum intensity of the pure SH quadrupole. For reference, a
four-lobbed pattern of a radiating SH quadrupole source (γ̄ = 0) is also depicted in panel (a).

where the quadrupole amplitude coefficient is

E(ext)
q = −15

4
γa

2εp + 3− 6Θ1
, (4.34)

and taking the surface divergence ∇s · j(1)2ω0
∼
[
−3.2 cos θ + 9.6

(
5 cos3 θ − 3 cos θ

)]
contain-

ing the leading term proportional to cos θ we obtain the respective potential

Φ(1)
2ω0

= P (1)
2ω0

cos θ


r
a3 , |r| < a

1
r2 , |r| > a

, (4.35)

that corresponds to a dipole oriented along z axis

P (1)
2ω0

= P (1)
2ω0

z0 , (4.36)

with a dipole moment

P (1)
2ω0

=
3.2
16

e3v2
F

h̄2ω4
0(εp + 2−Θ2)

aEdE(ext)
q . (4.37)

Remarkably, this SH dipole is aligned along the direction of the electric field of fundamental
frequency, similar to the dipole induced by linear scattering, and it is in a sharp contrast
with the conventional nonlinear dipole arising from the retardation.

The function of the dipolar radiated power plotted in Fig. 4.4 exhibits two peaks
close to the frequencies estimated from εp = −2 + 8π Im σ(ω0)/ω0a and εp = −3/2 +
12π Im σ(ω0)/ω0a, dominating the two-photon dipole resonance at the lower frequency
around εp = −2 + 4π Im σ(2ω0)/ω0a.

The radiation pattern at 2ω0 being determined now by both dipolar and quadrupolar
contributions can be varied. We illustrate this aspect with examples of the radiation pattern
transformations in the far field at frequency h̄ω0 = 0.318EF close to the peak SHG enhance-
ment. The angular distributions of the SH radiation are shown in Fig. 4.5 as polar plots
for different values of a dimensionless parameter γ̄ = γ̄E0/a. This diagrams show that the
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SH radiation predominantly occurs in the direction of the stronger field at fundamental
frequency. Note, near the points where E0 vanishes, for example, near the nodes of the
standing Bessel wave, the value of γ̄ can be arbitrarily large, although the total radiation
power is obviously decreased. Importantly, the radiation pattern remains axially symmetric
with respect to the z-axis but due to the phase relations at some value of γ̄ two lower lobes
almost disappear and the SH source effectively emits into the upper half-space as shown
in Fig. 4.5 (b). This is in a sharp contrast to the conventional multipolar interaction for
small spherical nanoparticles, placed in the field of the plane monochromatic wave, where
the resonant enhancement close to the distinctive localized plasmon resonances is never
accompanied by strongly asymmetric radiation patterns since the dipole and quadrupole
fields are out of phase and, hence, do not interfere (see e.g. Ref. [253]). We note that the
directivity can be changed to the opposite by changing the sign of γ̄ (for example, moving
the particle along the standing wave). Subsequent increase of the γ̄ leads to the gradual
transformation of the radiation pattern into dipole-like (see an intermediate step in Fig. 4.5
(c)).

Summary

We have studied the second-harmonic generation by a nanoparticle wrapped into
graphene. We have derived the analytical model and analyzed efficiency and radiation
directionality of the second-harmonic radiation. We have demonstrated the possibility to
control the radiation pattern with an inhomogeneous external field that breaks a balance
between the dipole and quadrupole radiation contributions. For the typical parameters, we
have predicted that the second harmonic is predominantly radiated in the half-space with
stronger external electric field.

4.2 Second-harmonic generation in subwavelength graphene
waveguides

Double-layer graphene waveguides are known to support symmetric and antisymmet-
ric plasmonic guiding modes classified with respect to the in-plane electric field pro-
file [131, 200, 202], so we may expect the coupling between different modes when the
nonlinear response becomes important. Here, we suggest and study analytically a novel
approach for the second-harmonic generation in double-layer graphene waveguides taking
advantage of the possibility to modulate spatially the conductivity of one of the graphene
layers by doping or electrostatic gating [76, 254, 255] thus assisting the coupling of freely
propagating light to plasmons in graphene [161, 163, 256, 257]. Phase matching between
parametrically interacting waves is a crucial requirement for the efficient second-order non-
linear effects [29], and in our geometry the phase matching can be achieved by tailoring
the modal dispersion of the graphene waveguide enabling plasmon-to-plasmon frequency
conversion. More specifically, we demonstrate below that the phase matching becomes
possible between an antisymmetric fundamental frequency (FF) mode and a symmetric
second-harmonic (SH) mode in a double-layer graphene waveguide.

We employ a theoretical analysis based on the perturbation theory and describe the
second-order nonlinear process with graphene plasmons in terms of slowly varying modes
of a waveguide structure, the approximation frequently used in nonlinear optics [38]. For
definiteness, we consider a planar geometry shown schematically in Fig. 4.6, where a
graphene double-layer waveguide is placed into homogeneous surrounding medium with
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Figure 4.6: Geometry of the problem. A free-standing waveguide created by two graphene layers is
illuminated by an external wave being coupled to the phase-matched guided modes of the graphene
waveguide. Red curve corresponds to an antisymmetric mode at the fundamental frequency, and
a blue curve – to a second-harmonic symmetric mode (shown with the tangential electric field
component). Conductivity of the upper layer is periodically modulated.

the dielectric permittivity ε being illuminated by light from the upper half-space x > d/2.
As a matter of fact, in our analysis we distinguish two parts of the problem and examine
them sequentially,

• Linear scattering. Radiation at the fundamental frequency normally incident onto the
structure is scattered by the periodic conductivity grating, and then excites resonantly
an antisymmetric mode of the graphene waveguide;

• Nonlinear plasmon-to-plasmon conversion. Due to the second-order nonlocal nonlinear-
ity of graphene [87, 88, 91], the induced current of the antisymmetric mode serves
as a source for the phase-matched symmetric mode at the double frequency which
eventually radiates into free space.

Similar to the assumptions employed earlier [129, 131, 132], namely low dissipation,
weak nonlinearity, and small phase mismatch, here we solve Maxwell’s equations following
the procedure of the asymptotic expansion, and demonstrate that the second-order non-
linear processes can be achieved with conductivity modulation to allow external pumping
to couple to the guided modes of the structure generating output radiation at the doubled
frequency.

Linear scattering

We start our derivation by studying the linear resonant excitation of antisymmetric plas-
mons, and write the corresponding system of Maxwell’s equations in the form

∇× E = −1
c

∂H
∂t

,

∇×H =
ε

c
∂E
∂t

+
4π

c

[
j(1)δ

(
x− d

2

)
+ j(2)δ

(
x +

d
2

)]
z0 ,

(4.38)
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where j(1,2) are the surface current densities induced in the graphene layers placed at x =
±d/2, as indicated by Dirac’s delta functions δ. Assuming the field to be p-polarized with
the magnetic component H = H(x, z, t)y0, from Eq. (4.38) we find

ε

c2
∂2H
∂t2 − ∆H=−4π

c
∂

∂x

[
j(1)δ

(
x− d

2

)
+ j(2)δ

(
x +

d
2

)]
, (4.39)

where, if we assume the harmonic field dependencies ∼ exp(−iωt), the currents are given
by

j(1,2)(ω, z) = σ(1,2)(ω, z)Ez(x = ±d/2, z, ω) . (4.40)

Here σ(2)(ω, z) = σ(ω), σ(1)(ω, z) = σ(ω)[1 + f (z)] are surface conductivities, σ(ω) ≡
σ(R)(ω) + iσ(I)(ω) is the linear frequency-dependent surface conductivity of graphene,

while f (z) = f (z+ a) = f1 cos
(

2π

a
z
)
+ f2 cos

(
4π

a
z
)

is assumed to be a periodic function

of z, i.e. conductivity of one of the graphene layers is spatially modulated.

Assuming the dissipative losses and modulation amplitudes f1,2 to be small, we for-
mally introduce the smallness parameter µ

µ = max

{∣∣∣∣∣σ(R)

σ(I)

∣∣∣∣∣ , f1,2

}
, (4.41)

and adopt the following asymptotic ansatz for the magnetic field

H(x, z, t) = e−iωt
{

µH̄0(x, µz) +
[
A1(µz)h(ω, x) + µH̃1(x, µz)

]
eiksp(ω)z

+
[
A2(µz)h(ω, x) + µH̃2(x, µz)

]
e−iksp(ω)z

}
,

(4.42)

where h(x) is the transverse profile of the linear plasmonic mode of the guiding structure,
A1,2 are slowly varying mode amplitudes, where the subscripts ”1” and ”2” refer to the
forward and backward propagation along the z direction, respectively. Also H̃1,2 are small
corrections to the eigenmode profile, and the term H̄0 does not contain a fast dependence
on z.

In the zero-order approximation in µ, for the function h(x) Eq. (4.39) takes the form,

d2h
dx2 − (k2

sp − k2
0ε)h(x) =

4π

c
iσ(I)(ω)

∂

∂x

{[
δ

(
x− d

2

)
+ δ

(
x +

d
2

)]
ez(x)

}
, (4.43)

where ez(x) =
i

k0ε

dh
dx

. This equation yields the dispersion relation

[
1− 2πσ(I)κ(s,a)

ωε
(1± e−κ(s,a)d)

]
= 0 , (4.44)

where κ(s,a) =
√

k(s,a)2
sp − k2

0ε, k0 = ω/c, and the modal transverse profiles are

h(s,a)(ω, x) =
−ik0ε

κ(s,a)2
de(s,a)

z

dx
, (4.45)
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where the continuous tangential components of the electric field are expressed as

e(s)
z (ω, x) =


e−κ(s)(x−d/2), x > d/2 ,

cosh(κ(s)x)
cosh(κ(s)d/2)

, |x| < d/2 ,

eκ(s)(x+d/2), x < −d/2

(4.46)

and

e(a)
z (ω, x) =


e−κ(a)(x−d/2), x > d/2 ,

sinh(κ(a)x)
sinh(κ(a)d/2)

, |x| < d/2 ,

−eκ(a)(x+d/2), x < −d/2

(4.47)

for both symmetric and antisymmetric eigenmodes guided by a double-layer waveg-
uide [160, 200], as indicated by the superscripts.

We now assume that the period of the conductivity grating is chosen to
almost compensate the momentum mismatch with the antisymmetric plasmon,
|k(a)

sp (ω)− 2π/a| ≡ |∆k| � 2π/a so that |∆k/k(a)
sp (ω)| . µ. Substituting the expression of

the total field (B.6) into Eq. (4.39) and keeping only resonant terms, in the first order in µ

for the field perturbations H̃1,2, we obtain

d2H̃1,2

dx2 − (k(a)2
sp (ω)− k2

0ε)H̃1,2 −
4π

c
iσ(I)(ω)

∂

∂x
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δ

(
x− d

2

)
+ δ

(
x +

d
2

)]
Ẽ1,2z

}
= F1,2 ,

F1,2(x, z) = ∓2ik(a)
sp (ω)

∂A1,2

∂z
h(a)(ω, x) +

4π

c
σ(R)(ω)A1,2

∂

∂x

{[
δ

(
x− d

2

)
+ δ

(
x +

d
2

)]
× e(a)

z (ω, x)
}
+

4π

c
iσ(I)(ω)

∂

∂x

{
δ

(
x− d

2

) [
f1

2
Ē0ze∓i∆kz +

f2

2
A2,1 e∓2i∆kze(a)

z (ω, x)
]}

,

(4.48)
whereas H̄0 satisfies the equation,

d2H̄0

dx2 +k2
0εH̄0=

4π

c
iσ(I)(ω)

∂

∂x

{[
δ

(
x +

d
2

)
+δ

(
x− d

2

)]
× E0z(ω, x)+

f1

2

(
A1ei∆kz +A2e−i∆kz

)
δ

(
x− d

2

)}
.

(4.49)

Equation (B.4) includes reflection of a plane wave incident from the semi-space x > d/2,
written as H0exp[−ik0

√
ε(x − d/2)], where we assume H0 ∼ µ, E0 = H0/

√
ε, E0z(ω, x)

is the tangential electric field distribution at f1,2 = 0. Taking into account the boundary
conditions at the graphene interface, we find the amplitude of the electric field at x = d/2
as follows

Ē0z(ω, x = d/2) = E0(1 + r)− 2π

c
√

ε
iσ(I)(ω)

f1

2

(
A1ei∆kz +A2e−i∆kz

)
. (4.50)

where r = − 4π

c
√

ε
iσ(I)(ω)

(
1 +

4π

c
√

ε
iσ(I)(ω)

)−1

stands for the reflection coefficient from

two closely spaced graphene layers, k0
√

εd � 1, at f1 = 0.We assume that at operating
frequencies the graphene conductivity is predominantly Drude like, ω � τ−1

intra, where τ−1
intra

is the relaxation rate, and
4π

c
√

ε
σ(I)(ω)� 1, leading to the expression r ≈ − 4π

c
√

ε
iσ(I)(ω).
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Substituting the expression (4.50) into Eq. (4.48), in order for the corrections H̃1,2 to be
nondiverging, in accord with the Fredholm alternative [185], we have to satisfy the orthog-
onality condition for the right-hand side of Eq. (4.48) with the solution of its homogeneous
part, or equivalently, with the plasmonic mode itself. This overintegrating is mathemati-
cally written as

+∞∫
−∞

F1,2(x, z)h(a)∗(ω, x)dx = 0, (4.51)

and it leads to the nonlinear equations for the slowly varying amplitudes A1,2

± 2ik(a)
sp (ω)

(
∂A1,2

∂z
± (γ(a) + γ(a)

r )A1,2

)
=(−2ik(a)

sp (ω)γ(a)
r + Q(a)

2 )A2,1e∓2i∆kz + Q(a)
1 E0(1 + r)e∓i∆kz , (4.52)

where linear damping due to losses in graphene γ(a), grating-induced damping due to
radiation γ(a)

r , and coupling coefficients Q(a)
1,2 are derived, respectively, in the form

γ(a) =
4π

c
σ(R)(ω)

k0ε

k(a)
sp (ω)q(a)

, γ(a)
r =

(
πσ(I)(ω) f1

c

)2
k0ε1/2

k(a)
sp (ω)q(a)

,

Q(a)
1,2 =

2π

c
σ(I)(ω) f1,2

k0ε

q(a) , (4.53)

where in all the expressions we employ the following definition,

q(a) = k2
0

ε2

κ(a)3

[
1 +

sinh (κ(a)d) + κ(a)d
2 sinh2 (κ(a)d/2)

]
. (4.54)

When we assume a simple homogeneous case,
∂

∂z
= 0, and also the exact momentum

matching, ∆k = 0, from Eq. (4.52) we obtain the slowly varying amplitudes,

A1 = A2 ≡ A =
Q(a)

1 E0(1 + r)

2ik(a)
sp (ω)[γ(a)(ω) + 2γ(a)

r ]−Q(a)
2

(4.55)

and substitute them into Eq. (4.50). Thus, the excitation of the antisymmetric mode results
in changing the reflection coefficient compared to the case without a conductivity grating,
rA ≈ r(1 + f1A/2E0).

Nonlinear plasmon-to-plasmon conversion

First we notice that, for the case of TM-polarized waves with the tangential electric field
of the form Eτω = z0Eeiqz (the monochromatic time dependence ∼ exp(−iωt) is omitted),
the induced second-harmonic current in graphene depends on the in-plane momentum q
manifesting its nonlocal nature. It is expressed as [23, 91] (see Appendix A)

j2ω = −z0
3
8

e3v2
F

πh̄2ω3
qE2ei2qz , (4.56)

where vF ≈ c/300 is the Fermi velocity. This result is derived in the semiclassical limit from
the Boltzmann kinetic equation written for Dirac electrons with a linear energy dispersion
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under the approximations h̄ω ≤ EF, kBT � EF and qvF/ω � 1, where EF is the Fermi
energy, kB is the Boltzmann constant, T is the temperature. Thereby, a nonlinear source
associated with the antisymmetric mode will generate a synchronous symmetric mode.
Importantly, in general, when discussing the parametric interaction that involves the modes
of different symmetries, the phase matching is not a sufficient condition, and the overlaps
of the modes with the respective nonlinear sources should be examined. Since a quadratic
nonlinear source localized at the graphene layers is symmetric, the conversion between the
FF antisymmetric mode and SH symmetric mode becomes possible.

Similar to the analysis of the fundamental frequency field, we employ here the pertur-
bational method and derive the equations for the envelopes of the second-harmonic fields
B1,2,

± 2ik(s)
sp(2ω)

(
∂B1,2

∂z
± (γ(s) + γ(s)

r )B1,2

)
= −2ik(s)

sp(2ω)γ(s)
r B2,1e∓2i(∆̃k+2∆k)z + gA2

1,2e∓i∆̃kz ,

(4.57)
where ∆̃k = k(s)

sp(2ω)− 2k(a)
sp (ω) is a small detuning, and other parameters are

q(s) = 4k2
0

ε2

κ(s)3

[
1 +

sinh (κ(s)d)− κ(s)d
2 cosh2 (κ(s)d/2)

]
,

γ(s) =
8π

c
σ(R)(2ω)

k0ε

k(s)
sp(2ω)q(s)

,

γ(s)
r =

(
πσ(I)(2ω) f2

c

)2
2k0ε1/2

k(s)
sp(2ω)q(s)

,

g = −i
16π

c
σ2(ω)

k0ε

q(s) , (4.58)

with σ2(ω) denoting the quadratic conductivity of graphene defined as

σ2(ω) = −3
8

e3v2
F

πh̄2ω3
k(a)

sp (ω).

Within the undepleted pump approximation, when the amplitude at fundamental fre-
quency is not affected by nonlinearity, for the exact phase matching, ∆̃k = ∆k = 0, and
homogeneous case discussed above, we have

B1 = B2 ≡ B =
gA2

2ik(s)
sp(2ω)(γ(s) + 2γ(s)

r )
. (4.59)

Since the radiation associated with SH field is emitted equally to both directions, the
normalized conversion efficiency can be introduced as a ratio of the doubled SH energy
flux density in the upper half-space to the energy flux of the incident fundamental wave.
Equivalently, this definition takes the following form

η =
2|Ē0z(2ω, x = d/2)|2

|E0|2
, (4.60)

where Ē0z(2ω, x = d/2) = − 2π

c
√

ε
iσ(I)(2ω) f2B.
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Figure 4.7: Plasmonic guide index vs. frequency at the fixed separation between the graphene
layers, d = 62 nm, calculated for the doping level of EF = 0.6 eV, N = 1, ε = 1. Blue and red solid
curves correspond to the symmetric and antisymmetric modes, respectively. Dashed gray and red
lines show dispersion of an isolated graphene sheet and half-frequency antisymmetric mode, for
reference. Color dots in the horizontal axis mark the fundamental and second-harmonic frequencies.

Discussions

In the framework of the nonlinear amplitude equations, we can now analyze the paramet-
ric effects and estimate the frequency conversion efficiency. To make a period of the con-
ductivity modulation realistic, in our calculations we employ highly doped or multilayer
graphene that effectively increases the equivalent surface conductivity leading to a reduc-
tion of the wavenumber of the p-polarized plasmons supported by multilayer graphene
structures [132, 160]. (See Chapter 3.) We take σ(ω) = Nσ1(ω) for a randomly stacked
multilayer graphene film consisting of N layers, with each layer characterized by a sur-
face conductivity σ1(ω) given by Eq. (3.12), assuming for doped graphene h̄ω < 1.67EF
and kBT � EF. For multilayer graphene sheets with negligible inter-layer hopping, the
nonlinear current in Eq. (4.56) should be also multiplied by a number of layers.

To reveal a possibility of plasmonic frequency conversion in the graphene waveguide,
in Fig. 4.7 we plot the frequency-dependence of the plasmonic guide indices for the sym-
metric and antisymmetric modes. We observe that the first harmonic antisymmetric and
second-harmonic symmetric modes of the waveguide can be matched at h̄ω = 0.12 eV
(λ = 2π/k0 ≈ 10.6 µm, corresponding to one of the radiation lines of high power CO2

lasers), k(a)
sp ≈ 23.4k0.

Figure 4.8 shows the dependence of the fundamental frequency on the separation be-
tween the layers. Note while discussing the dispersion relations and the possibility of
phase-matching conditions we take σ = iσ(I) and do not take losses into account, however
these losses are included into our considerations by means of the perturbative approach.
Calculated for f1 = f2 = 0.1, a ≈ 456 nm, τintra = 0.3 ps, the incident wave intensity, S, of 1
MW/cm2 and the other parameters of Fig. 4.7, efficiency is η ∼ 2.6× 10−7. Overall, for this
structure the smallness parameter is found to be µ ∼ 0.1, so that our asymptotic approach
is well justified. We notice that, within our model, the results remain valid for a broad
range of parameters, since the chemical potential of graphene EF, the number of layers N,
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Figure 4.8: Operational fundamental frequency as a function of the separation between the layers
for the exact phase-matching at EF = 0.6 eV, N = 1, ε = 1. The point corresponds to the parameters
used in Fig. 4.7.

and the spatial separation between the graphene sheets d, can be adjusted for controlling
the effect. For comparison, the set of parameters, N = 5, EF = 0.3 eV, τintra = 0.3 ps,
ε = 1, d = 123 nm, f1 = f2 = 0.1, a ≈ 1 µm, S = 1 MW/cm2, provides the estimate of
η ∼ 8.7× 10−7 at the same operational fundamental frequency, h̄ω = 0.12 eV.

Last but not least, we have considered a simplified model allowing an analytical treat-
ment and transparent interpretation aiming to concentrate on the underlying physical
mechanisms of the predicted effect. In particular, we have assumed that the dielectric
permittivity is spatially uniform. In a realistic situation, the dielectric slab between the
graphene layers can differ from the cladding dielectrics. Besides, the conductivities of both
graphene layers can be varied spatially with the modulation profiles containing many spa-
tial harmonics. Such more complicated geometries would lead to a modification of the
dispersion relations for the surface modes participating in the nonlinear interaction, with
subsequent revisions of the phase-matching conditions. However, the derived nonlinear
equations Eqs. (4.52) and (4.57) would preserve their general structure, and only their co-
efficients would be modified to accord with the additional factors. Further developments
of the model for describing other realistic geometries would lead to lengthy mathematics,
however, they will not bring any new physics, entirely outlined in this Section.

Summary

By employing the approximation of slowly-varying field amplitudes, we have derived
nonlinear equations for describing the second-harmonic generation from a double-layer
graphene structure with modulated conductivity. We have revealed that the quadratic
phase matching between the plasmonic modes of different symmetries becomes possible in
a planar waveguide geometry with conductivity modulation playing a role of an effective
grating that couples the external pumping radiation to the waveguiding modes with the
subsequent parametric conversion into radiation at the double frequency.
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4.3 Cascaded third-harmonic generation in hybrid graphene-
semiconductor waveguides

Parametric wavelength conversion in general and harmonic generation in particular are
among the most intensively studied phenomena in optics and photonics [29]. It was
demonstrated that important advantages can be obtained by cascading several paramet-
ric processes [258, 259]. For instance, since a wide range of materials provide stronger
quadratic nonlinear response compared to cubic nonlinear response, the efficiency of the
third-harmonic generation (THG) can be strongly enhanced by utilizing a cascaded pro-
cess consisting of second-harmonic generation (SHG) and sum-frequency generation (SFG),
which mixes fundamental wave (FW) and second harmonic (SH) to generate the third
harmonic (TH). The conversion efficiency in this regime is the highest when the phase-
matching (PM) conditions for both SHG and SFG are satisfied.

Being an atomically thin tunable plasmonic material [52, 55], doped graphene can be
incorporated into various components in nanoscale and microscale optics, and it demon-
strates strong optical nonlinearity. It is therefore of significant interest to establish a the-
oretical framework and explore the viability of cascaded nonlinear optical processes in
graphene-enhanced wavelength conversion devices.

In this Section, we develop a theoretical model for cascaded third-harmonic generation
in graphene-based plasmonic waveguides. We show that engineering modal dispersion
allows us to simultaneously satisfy SHG and SFG phase matching for efficient cascaded
THG, and offers a 5 times increase of TH output compared to direct non-cascaded THG.
We consider a planar waveguiding system consisting of a graphene sheet placed over a
doped semiconductor sandwiched between two dielectric layers; see Fig. 4.9. The dielectric
permittivity of a doped semiconductor is described by the Drude model with the plasma

Figure 4.9: Geometry of a planar hybrid graphene-semiconductor waveguide. A waveguide con-
sists of a monolayer graphene sheet placed at the height d2 above the doped semiconductor with
permittivity εp and thickness d1 sandwiched between two dielectric layers with permittivities ε1

and ε2. The third dielectric layer with permittivity ε3 is placed on top of a graphene layer. The
optical pump at the frequency ω (red arrow) is generating the second harmonic at the frequency
2ω (green arrow) and the third harmonic at the frequency 3ω (blue arrow).



78 Frequency conversion with graphene-based structures

frequency comparable to the Fermi energy in graphene. This geometry allows the coex-
istence of three plasmonic modes [260], which as we show below can be phase-matched,
strongly increasing effective nonlinear optical interaction. In our model we assume that the
nonlinear interaction of propagating plasmons is achieved due to the nonlinear response in
graphene. Here we focus only on nonlinear processes in the waveguide; the way of linear
in-coupling and out-coupling of light to and from such hybrid-graphene waveguides was
discussed in Section 4.2.

Coupled mode equations

Neglecting losses, the dispersion relation and p-polarized eigenmodes of a hybrid
graphene-semiconductor waveguide were analyzed in Ref. [260]. Similar to the approach
outlined in Section 4.2 and Ref. [125], to describe the plasmon conversion due to the
graphene nonlinearity, we derive equations for the modal envelopes. The frequency conver-
sion can be modeled by coupled equations for the amplitudes of FW, SH and TH plasmonic
modes, A1, A2 and A3, respectively. In this geometry surface currents induced in graphene
are slow waves with the wavenumbers exceeding those in free space, and thus do not cou-
ple to the radiative modes. Assuming that the conversion efficiency is small, we utilize the
following magnetic field ansatz

Hy(x, z, t) =e−iωtA1(µz)h1(ω, x)eik1
sp(ω)z + e−i2ωtA2(µz)h2(2ω, x)eik2

sp(2ω)z

+ e−i3ωtA3(µz)h3(3ω, x)eik3
sp(3ω)z ,

(4.61)

where h1,2,3(x) are the transverse profiles of the modes. Disregarding the influence of the
generated modes on the pump, the coupled-mode equations can be written in the form

dA1

dz
+ γ1A1 = 0 , (4.62a)

dA2

dz
+ γ2A2 = g2A2

1e−i[k2
sp(2ω)−2k1

sp(ω)]z , (4.62b)

dA3

dz
+ γ3A3 = ḡ2A1A2e−i[k3

sp(3ω)−k2
sp(2ω)−k1

sp(ω)]z + g3A3
1e−i[k3

sp(3ω)−3k1
sp(ω)]z , (4.62c)

where the term proportional to ḡ2 is responsible for the so-called cascaded contribution to
the THG [258, 259](see Appendix A for details on the derivation of the expressions for the
nonlinear conductivities at FW, SH and TH in graphene). Assuming that the FW plasmon is
launched at z = 0, we study the plasmon frequency conversion modeled by Eqs.(4.62). The
conversion from the TH to the SH can be neglected, because, as will be shown below, the
TH efficiency in this kind of graphene-semiconductor waveguides remains much smaller
than the SH efficiency, A3(z)� A2(z).

For moderate losses, the loss coefficients γ1,2,3 in Eqs.(4.62) can be obtained perturba-
tively from the dispersion equation, introducing dissipative corrections, namely the linear
frequency-dependent surface conductivity of graphene

σ(ω) ≡ σ(R)(ω) + iσ(I)(ω), (4.63)

and the dielectric permittivity of the semiconductor

εp(ω) = 1−
ω2

p

ω(ω + iν)
= 1−

ω2
p

ω2 +
iνω2

p

ω3 , (4.64)
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where ν is a damping coefficient. The coefficients g2, ḡ2, g3 in nonlinear sources can be
derived from the equations for the energy flows in the corresponding modes as follows

dP2
z

dz
= −1

2
Re
∫ +∞

−∞
j∗2ωE2ωdx , (4.65a)

dP3
z

dz
= −1

2
Re
∫ +∞

−∞
j∗3ωE3ωdx , (4.65b)

where P2,3
z = G2,3|A2,3|2; G2,3 are defined as

G2,3 = Re
c

8π

∫ +∞

−∞

[
e2,3 × h∗2,3

]
zdx = Re

c
8π

∫ +∞

−∞
e2,3

x (x)h2,3∗
y (x)dx . (4.66)

Here e2,3
x (x) and h2,3

y (x) are the transverse profiles of the SH and TH modes normalized in
such a way that at the graphene layer ez(d2) = 1. The field components of the p-polarized
surface wave are connected as

ez(x) =
1

−ik0ε(x)
dhy

dx
=

1
−iksp

dex

dx
. (4.67)

Finally, we can write the nonlinear coefficients as follows:

g2 = − σ2

4G2
, ḡ2 = −

2
3

σ2

4G3
, g3 = − σ3

4G3
. (4.68)

These coefficients determine the strength of the nonlinear interactions between FW, SH and
TH plasmons. Phase matching, another important parameter that defines the conversion
between these harmonics, is discussed in the next section.

Phase matching and wavelength conversion

We now show that three guided modes corresponding to FW, SH and TH can be phase-
matched, so that at some ω, dependent on the geometrical parameters (separations be-
tween the layers, dielectric permittivity distribution and doping levels), they have almost
equal effective indexes β1(ω) ≈ β2(2ω) ≈ β3(3ω) (or, equivalently, k1

sp(ω) = k2
sp(2ω)/2 =

k3
sp(3ω)/3). To calculate the dispersion and the mode profiles, we use the transfer matrix

method [199].
To demonstrate the predicted behavior, we employ the following set of realistic waveg-

uide parameters. The permittivities of the dielectric layers shown in Fig. 4.9 are chosen as
ε1 = 8, ε2 = 2, and ε3 = 1. For simplicity, we do not take into account the dispersion in
the dielectric layers. Adding the dielectric dispersion will require adjusting the thicknesses
of the dielectric layers to compensate for it. We choose the thickness of a semiconductor
layer as d1 = 25 nm, and the thickness of the dielectric layer between the semiconductor
and graphene as d2 = 20 nm. Then, for the Fermi energy EF = 0.5 eV, plasma frequency
h̄ωp = 0.95EF, relaxation parameter τintra = 0.3 ps and the damping coefficient ν = 0.001ωp,
we obtain simultaneous phase-matching for FW, SH and TH, as depicted in Fig. 4.10(a), at
the respective fundamental wavelength in free space of 11.7 µm. In Fig. 4.10(b) we show
the corresponding overlap between the FW, SH and the TH modes. Strong graphene non-
linearity allows efficient nonlinear interaction even between the modes with moderate field
confinement, which can be further improved by optimizing the waveguide parameters.
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Figure 4.10: (a) Dispersion of three supported plasmon modes in a hybrid graphene-semiconductor
waveguide (solid blue lines), corresponding asymptotes (dashed black lines), and points of phase-
matching for FW, SH and TH (blue circles); (b) FW, SH and TH mode profiles shown for the
continuous in-plane electric field component. Bold black line corresponds to the graphene layer,
thin black lines mark the interfaces between the semiconductor and dielectric layers.

Remarkably, for different dielectric and semiconductor parameters, the TH mode can be
phase-matched in the backward direction, although here we focus on the case when all
three modes are phase-matched in the forward direction.

In Fig. 4.11 we demonstrate the evolution of the interacting FW, SH and TH plasmons.
We take a realistic pump intensity of 1 MW/cm2 on a graphene layer [176–179]. The result-
ing SHG and THG conversion efficiencies and optimal conversion lengths are comparable
to the previous works [105, 109, 125, 261]. Particularly, choosing y dimension of 1 cm and
the pump Poynting flux per unit length 1 W/cm, the outcome energy flows P2,3

z reach
2× 10−3 and 3× 10−5 W/cm, respectively, at the distance of about 2 µm. We note that
the direct contribution to THG governed by the term proportional to g3 in Eq.(4.62c) is an
order of magnitude smaller than the cascaded one. To show this explicitly, as a dashed line
in Fig. 4.11, we plot the TH intensity evolution calculated by formally setting ḡ2 = 0. The
difference is remarkable because the plasmon wavevector can notably exceed that in free
space, leading to the efficent SHG process stimulating a cascaded conversion to the third
harmonic plasmon.

The efficient cascaded THG regime in graphene-based waveguides requires a number of
conditions outlined in this Section, such as moderate plasmon wave numbers and moder-
ate losses. Then high field confinement and phase matching of the nonlinearly interacting
modes can be engineered by choosing the appropriate thicknesses and materials of the
waveguide layers. Although the example presented above discusses only one set of param-
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Figure 4.11: Spatial evolution along the propagation direction of the normalized SH intensity
|A2(z)|2/|A1(0)|2 (solid green line), total TH intensity including direct THG and cascaded THG
|A3(z)|2/|A1(0)|2 (solid blue line), and the direct TH intensity |A3(z)|2/|A1(0)|2 in the absence of
the cascading effect assuming ḡ2 = 0 (dashed blue line).

eters, by varying graphene doping and adjusting the other characteristics, similar results
for the predicted cascaded effect in harmonics generation can be achieved throughout the
mid-IR wavelength range.

Summary

We have established the theoretical framework for the direct and the cascaded THG in
graphene-semiconductor waveguides, including a detailed derivation of all coefficients in
the coupled-mode equations based on the waveguide parameters. We have shown that
these waveguides can support simultaneous phase matching of FW, SH and TH plasmon
modes, and that the cascaded THG can be several times stronger than the direct THG.

4.4 Tunable nonlinear graphene metasurfaces

One of the important directions in the physics of metasurfaces, thin-layer patterned struc-
tures strongly interacting with light and possessing advanced functionalities, is the use
of graphene as a component of metadevices. The approach to place graphene into close
proximity with metallic and dielectric photonic structures has been already employed to
design highly tunable infrared and THz metasurfaces enabling both amplitude and phase
modulation [80, 262–267]. Besides, doped graphene, exhibiting a plasmonic response, can
be patterned to form tunable planar plasmonic metasurfaces operating at infrared and THz
frequencies [61, 164, 268].

In this Section we discuss a novel type of Fano-resonant hybrid metasurfaces com-
posed of a graphene layer and a planar metamaterial where two types of subradiant
modes of different origin, asymmetric plasmonic modes of metallic metamolecules and
graphene plasmons, are strongly coupled. We show that such metasurfaces support cas-
caded Fano resonances [269, 270] originating from the interference of subradiant plasmonic
modes in graphene and localized modes of metamolecules. We demonstrate that such
hybrid graphene metasurfaces provide strong tunability and dramatic field enhancement
giving rise to enhanced nonlinear response.
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Model and parameters

We consider a metasurface composed of a square lattice of metallic split-ring-resonators
(SRRs) placed on top of a graphene layer, as shown in Figs. 4.12(a,b). The electromagnetic
response is calculated by using the finite-element method solver COMSOL Multiphysics
with a graphene layer modelled as a surface current. At low frequencies h̄ω < 2EF,
graphene is described by the frequency-dependent surface conductivity [70], defined by
Eq. (3.12), where we take τintra = 0.15 ps. At frequencies h̄ω < EF, the Drude-like conduc-
tivity (3.13) originating in intra-band transitions dominates and graphene supports highly
confined extremely short-wavelength p-polarized plasmons, whose dispersion can be tuned
by changing the Fermi level of graphene EF. Considering the normal incidence of a y-
polarized plane wave, we calculate numerically both transmission and reflection spectra
for different values of the chemical potential.

Without a graphene layer, the metasurface becomes a conventional two-dimensional
metamaterial of double SRRs, supporting symmetric (superradiant) and asymmetric (sub-
radiant) modes that correspond to the in-phase and out-of-phase current distribution along
two arms of the metamolecule [see Fig. 4.13(a)]. When the symmetry of the metamolecules
is reduced, the interference between these two modes results in a characteristic Fano-like
asymmetric lineshape in far-field spectra, the transition illustrated by black dotted and
dashed lines in Fig. 4.13(c) [35, 271–273]. By introducing a graphene layer, we can excite
graphene plasmons whose wavelength can be tuned to match one of the characteristic
scales of the metasurface. Note, however, that even without plasmonic modes of graphene
tuned to the spectral range of interest, the surface conductivity of graphene modifies elec-
tromagnetic interactions on the metasurface leading to the overall blue shift of the reso-
nances [80].

Due to the subwavelength nature of graphene plasmons, it is natural to match their
wavelength to the smallest scale associated with the gaps of the split-ring resonators, which
effectively become a cavity for plasmons [264]. Here we are interested in graphene plas-
mons forming a subradiant mode, and such mode can be designed from two plasmons
localized within the SRR gaps and interacting with each other through SRR arms. This
interaction gives rise to a new asymmetric subradiant mode with the plasmons within two
gaps being out of phase [see Fig. 4.13(b)]. Owing to their matching symmetries, this addi-
tional subradiant mode can efficiently couple to the asymmetric mode of SRRs when their
frequencies are tuned [see Fig. 4.13(c)], resulting in a cascaded double Fano resonance in
the far-field spectra [274–276]. Moreover, since the wavelength of graphene plasmons can
be altered by changing the Fermi level, this enables dynamically controllable interaction
between the two subradiant modes making one of them less pronounced. Direct numerical
calculations of the far-field spectra shown in Fig. 4.14(a) confirm that the hybrid meta-
surface supports one superradiant (broad peak) and two subradiant resonances associated
with the Fano resonances, one of them being highly tunable. Profiles of two subradiant
asymmetric modes are shown in Fig. 4.13(b) for the case of their strong hybridization.
Changing the frequency of the incident plane wave allows to see clearly the features of two
resonances in near-field.

Analytical approach

The basic principle of the formation of the cascaded Fano resonances can be illustrated by
applying the coupled-mode theory [271]. In this approach, each mode of the metasurface
is described by a complex amplitude (S, A, and P), corresponding to the bright symmetric
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Figure 4.12: (a) Artistic view of the light interaction with a hybrid metasurface created by a lattice
of asymmetric gold SRRs placed on top of a graphene layer. (b) Top view and size definitions of a
unit cell of the hybrid metasurface.

and dark asymmetric modes of SRR, and a dark asymmetric graphene plasmonic mode,
respectively. All modes are normalized in such a way that |S|2 , |A|2, |P|2 are the energy
densities. The amplitudes of the incident E+ and reflected E− waves are also normalized
such that |E(+,−)|2 represent the incoming and outgoing power fluxes. Then, the system
dynamics is described by a set of coupled equations

Ṡ = (−iωS − γS)S + ig1A + iκSE+
in ,

Ȧ = (−iωA − γA)A + ig1S + ig2P ,

Ṗ = (−iωP − γP)P + ig2A ,

(4.69)

where ωm and γm are bare frequencies and decay rates of the modes, g1,2 character-
ize the interaction strengths, and κS determines coupling of the symmetric mode to
an incident plane wave. In general, the total decay rate is composed of two parts
γS,A,P = γohm

S,A,P + γrad
S,A,P, Ohmic (resistive) and radiative loss, respectively. It is assumed

that only the symmetric mode is driven by the time-harmonic incident field, while the
asymmetric modes can be excited only indirectly through coupling. Additional constraints
should be imposed on the coefficients to satisfy the energy conservation and time-reversal:

γrad
A,P = 0, |κS| =

√
γrad

S ; E+
in = E+

1 , where the numeric subscript (1 or 2) refers to the media
surrounding the metasurface. For simplicity, the structure is assumed to be top-bottom
symmetric, which neglects the substrate effect that justified by small optical contrast (the
reflection coefficient without resonances r = 0) so that E−1(2) = E+

2(1) + iκSS. Complex re-
flection can then be found from expression r = E−1 /E+

1 = (iκSS)/E+
1 and assumes the

form of a ”nested” Fano resonance:

r=
iκ2

S

[(ωS−iγS)−ω]− g2
1

[(ωA−iγA)−ω]− g2
2

[(ωP−iγP)−ω]

,

which clearly reflects cascaded coupling of the plasmonic asymmetric mode to the radiative
continuum via the asymmetric and symmetric modes of SRRs. The transmission coefficient
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Figure 4.13: (a,b) Near-field images of the resonances shown by the Ez field component without and
with a graphene layer, respectively. (c) Numerically calculated reflection spectrum at EF = 0.307
eV (red circles) along with the fitting obtained by the coupled-mode theory (blue solid curve). For
the cases of symmetric and asymmetric split-rings, the spectra without graphene are shown by
black dotted and dashed lines, respectively. Structure parameters are: the substrate permittivity
ε2 = 1.352, Px = 2.5 µm and Py = 4.5 µm, the parameters of the gold SRR are Ly = 3 µm, g = 310
nm, w= 0.3 µm, Wy = 1 µm, W1 = 1.28 µm, W2 = 0.6 µm, and gold thickness is h = 40 nm.

can then be found from the equation t = E−2 /E+
1 = 1 + r.

A change in the graphene chemical potential leads to variation of the spectral position
of the plasmonic resonance ωP. Due to strong near-field coupling of two subradiant modes
their interaction reveals anticrossing of associated Fano resonances, shown in Fig. 4.14(a).
The analytical model nicely reproduces this behavior. In Fig. 4.14(a) transmission calcu-
lated with the use of COMSOL Multiphysics is superimposed with the dispersion curves
found from the coupled-mode theory, with parameters recovered from the fitting. The spec-
tral positions of the noninteracting modes are shown by dashed lines. Here the graphene
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Figure 4.14: (a) Numerically calculated transmission spectra of the metasurface compared to (b)
analytical results. Black dotted curves in panels (a,b) illustrate the anticrossing between the dark
modes.
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Figure 4.15: Numerically calculated absorption by the metasurface for graphene doping EF = 0.27
eV (purple circles) and EF = 0.307 eV (red circles). The insets show the field distributions in the SRR
gap in the vicinity of two main absorption peaks associated with the excitation of Fano resonances.

plasmon branch is obtained from the standing-wave condition 2π/ksp ≈ g, where ksp sat-
isfies the dispersion of the p-polarized plasmons on the graphene layer on top of dielectric

substrate ε2:
1√

k2
sp − k2

0

+
ε2√

k2
sp − ε2k2

0

= −i
4πσ(ω)

ω
. Interaction between the resonances

leads to their hybridization with dispersion branches of the normal modes shown by dot-
ted lines. Since the resonant frequency of graphene plasmons depends strongly on doping,
the plasmonic mode intersects the subradiant SRR mode. Their interaction results in the
characteristic avoided crossing behaviour with the frequency splitting between two modes.
The results of the numerical and analytical calculations are plotted alongside in Fig. 4.14(a)
and Fig. 4.14(b), respectively, where one can see that the tunable anti-crossing behavior
described by these approaches agrees perfectly well.

It is interesting to mention that, in a sharp contrast to conventional tunable plasmonic
resonances in graphene, the subradiant nature of the graphene resonance considered here
allows not only tuning its spectral position, but also coupling to a radiative continuum.
Indeed, as demonstrated in Fig. 4.14, the intensity of the asymmetric plasmonic mode
fades away as one moves away from the SRR asymmetric mode, evidencing the reduction
of the radiative coupling caused by the suppression of the cascaded interaction between
the modes. Therefore, the proposed metasurface offers an unprecedented control over



86 Frequency conversion with graphene-based structures

its scattering characteristics, including spectral position, radiative coupling strength, and
phase, unattainable in conventional designs of Fano-resonant metasurfaces. The ability to
control radiative coupling can be of special interest for applications where the tunable near-
field enhancement is a key requirement. To demonstrate the possibility of a control over
strength of light-matter interaction, below we consider two examples: tunable absorption
enhancement and nonlinear second-harmonic generation.

Tunable absorption

Frequency-dependent absorption is plotted in Fig. 4.15 for two levels of graphene doping,
with the insets showing the field distribution in the gap in the vicinity of two absorp-
tion peaks stemming from excitation of subradiant modes. The enhanced absorption due
to excitation of hybrid graphene plasmon-quadrupole resonances clearly correlates with
near-field enhancement. As expected, for the case of poorly interacting subradiant modes,
corresponding to the case of lower Fermi energy (EF = 0.27 eV, shown by purple circles in
Fig. 4.15), the asymmetric plasmonic mode has smaller amplitude and the losses are not
as prominent as for the asymmetric SRR resonance. For higher doping level (EF = 0.307
eV, shown by red circles in Fig. 4.15) the two dark modes are strongly hybridized leading
to a higher absorption rate by the tunable subradiant mode. This confirms that the sys-
tem considered here can be promising for various applications where tunable strong field
enhancement is in demand.

Enhanced second-harmonic generation

Extreme surface confinement of electromagnetic fields due to excitation of plasmons is
known to result in enhanced nonlinear response [33, 35, 277]. Such enhancement, in partic-
ular, was demonstrated for multiple quantum wells and a thin layer of ITO placed in the
proximity of resonant plasmonic metasurfaces [278, 279]. Even stronger field confinement
in hybrid metasurfaces proposed here can further boost the efficiency of various nonlinear
optical effects.

As an example, we employ the local field enhancement associated with the excitation of
subradiant plasmonic mode in graphene for nonlinear frequency conversion and study the
resonant second-harmonic generation (SHG) caused by a quadratic nonlocal nonlinearity
of graphene. The nonlinear surface current induced in graphene by the incident wave
of the fundamental frequency (FF) ω, at the double frequency 2ω has the form ji(2ω) =

σ
(2)
ijkl(ω)Eω

j ∇kEω
l , where i, j, k, l are the Cartesian components. It depends on the gradient of

FF electric field at the graphene surface, and it can be expressed through the second-order
conductivity tensor [126],

σ
(2)
ijkl(ω) =

ie3v2
F

8πh̄2ω3
(5δijδkl − 3δikδjl + δilδjk),

which is derived within the quasi-classical approach based on the Boltzmann equation [23,
88, 91, 125], applicable at low frequencies h̄ω ≤ EF corresponding to the plasmonic regime
(see Appendix A). In what follows, we neglect nonlinearity in the metal.

The nonlinear response of the metasurface is simulated in COMSOL Multiphysics with
the use of two coupled electromagnetic models assuming undepleted pump field. As the
first step, we perform simulations at the fundamental (pump) wavelength 10.65 µm (match-
ing one of the radiation lines of CO2 laser) and stimulating excitation of graphene plasmon
resonance in the SRR gap for the doping level EF = 0.31 eV. Next, the nonlinear current
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Figure 4.16: (a) Nonlinear source and (b) SH fields generated by the hybrid metasurface; the z-
component of the electric field is evaluated 40 nm above the graphene layer (left), and a side-view
of the x-component evaluated in the middle of the SRR gap (right).

induced at every point on the graphene surface for the second-harmonic (SH) frequency is
calculated. This current is employed as a nonlinear source for the electromagnetic simula-
tion and the SH fields generated by this current are obtained.

As expected, SHG predominantly arises from the gap, where the field of the asymmetric
plasmonic mode is localized and strongly enhanced. The calculated nonlinear current
generated by this subradiant mode is found to have the dominant x-component driving
the entire metasurface at the SH frequency. As confirmed by numerical simulations shown
in Fig. 4.16, this results in a non-vanishing nonlinear dipole moment aligned along x axis
within the SRR gaps, which leads to the generation of a x-polarized plane wave in the far-
field region. It is interesting that the SH wave appears to be cross-polarized with respect
to y-polarized incident plane wave at the fundamental frequency, indicating the nonlinear
polarization conversion. We find that due to the strong field enhancement associated with
two complementary trapping mechanisms of electromagnetic field, namely the plasmonic
confinement and a subradiant character of the plasmonic mode, the structure exhibits high
efficiency of nonlinear conversion ∼ 10−6 at the incident wave intensity of 1 MW/cm2 even
without matching to any resonances at the SH frequency [277, 280].

Summary

We have proposed a novel type of graphene-based metasurfaces exhibiting cascaded Fano
resonances originating from the coupling of standing graphene plasmons and the modes
of structured metasurfaces. We have shown that such hybrid metasurfaces allow high
tunability of the subradiant modes facilitated by controllable intermodal coupling. Such
tunable interaction between subradiant modes, achieved though graphene doping, enables
controlling the spectral position and lifetime of the Fano resonances. By utilizing two com-
plementary mechanisms of light confinement originating in the subwavelength localization
and subradiant nature of the engineered graphene plasmonic modes, we have shown tun-
able and enhanced light-matter interaction. In particular, a significant enhancement of light
absorption and nonlinear effects have been demonstrated. The proposed concept envisions
tunable nonlinear response of either graphene or any nonlinear materials sputtered on top
of the metasurfaces supporting cascaded Fano resonances. The demonstrated possibility
to enhance and switch the second-harmonic generation by graphene gating can be used in
various applications, e.g. for the efficient generation of short pulses of the second-harmonic
field.
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Chapter 5

Conclusions

The rapidly growing demands of modern technologies in globally important applications,
such as telecommunication, data processing and information storage, biomedical diagnos-
tics and security screening, have launched a race for materials with highly tunable and
controllable optical response even in subwavelength dimensions. Recent progress in nan-
otechnologies permits fabricating artificial nanostructures with pre-engineered properties
exhibiting specific interaction with light. Employing plasmonic materials facilitates strong
light-matter interaction at the nanoscale giving rise to the resonant effects achievable with
moderate incoming intensities of light. High electromagnetic field confinement feasible in
plasmonic systems may further lead to manifestations of the nonlinear optical response
bringing many novel capabilities of all-optical light control. The development of ideas for
promising optical nanodevices utilizing various kinds of optical nonlinearities lies within
the scope of contemporary nonlinear nanophotonics.

In this thesis, we addressed a number of concrete problems which appear in nonlinear
nanophotonics of plasmonic structures and present detailed derivations of the analytical
models that give us deep physical insight.

As we demonstrated with our model in Chapter 2, arrays of resonant plasmonic
nanoparticles and doped graphene flakes exhibit interesting nonlinear polarization dynam-
ics and generation of plasmonic kinks, Faraday ripples and solitons that can be applied to
construct narrow guiding subwavelength elements and to realize the soliton-based rout-
ing in assemblies of metal nanoparticles or optoelectronic circuits based on nanostructured
graphene.

As a result of our research presented in Chapters 3 and 4, several nonlinear effects
with graphene plasmons have been predicted and studied. It was revealed that graphene-
based structures can exhibit a range of practically important effects, including the gener-
ation of subwavelength spatial plasmon-solitons and discrete nonlinear plasmonic modes
in graphene waveguides/metamaterials, and efficient frequency conversion in different
graphene-enhanced settings. We have shown that being an easily integrable one-atom-
thin strongly nonlinear material with exceptional tunability of properties, graphene can be
of significant interest for nanoscale nonlinear optics, especially, in combination with plas-
monic effects. All our conclusions originate from a theoretical analysis performed by means
of justified approaches and accompanied with numbers taken from the current experimen-
tal data. On this basis, there are expectations for an experimental observation of predicted
nonlinear phenomena that can be used to design subwavelength nonlinear elements with
graphene able to operate in the THz and infrared frequency ranges.

With the active development of techniques to produce high-quality graphene samples,
the ideas for photonic applications of graphene are already tested experimentally in the
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leading research groups head by D. Basov, F. Koppens, S. Ganichev and H. Altug, to name
a few. To better match the experiment, further refinements of the theoretical models devel-
oped here may be performed taking account of irregularities in the parameters introducing
disorder, and applying more involved methods of condensed matter theory.

Overall, we believe that our findings may pave a way towards the further experimental
studies of nonlinear effects in graphene-based and plasmonic nanostructures which could
have important implications for nanophotonic devices operating beyond the diffraction
limit.
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This thesis is based on 12 published journal papers. In Secs. 2.3, 3.1–3.4, 4.1–4.3, I developed
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and contributed to writing the manuscripts. R. E. Noskov and Yu. V. Bludov suggested
the ideas and theoretical concepts for the works presented in Secs. 2.1, 2.2 and Sec. 3.5,
respectively. The work reported in Sec. 4.4 was done in close collaboration with A. B.
Khanikaev.



Appendix A

Nonlinear conductivities of graphene

For the sake of clarity, here we extract a brief summary on the Kinetic equation method and
nonlinear conductivities for surface plasmons in graphene.

Generally, if we are interested in the response to the harmonic electric field (∝ e−iωt),
a wide range of possible nonlinear effects in different orders can be illustratively captured
by the simplistic formula for the nonlinear current induced in graphene

j(r, t) = σ̂E︸︷︷︸
Ohm’s law ∝e−iωt

+ σ̂(2′)E⊗ E∗︸ ︷︷ ︸
DC current

+ σ̂(2)E⊗ E︸ ︷︷ ︸
second harmonic ∝e−2iωt

+ σ̂(3)E⊗ E⊗ E︸ ︷︷ ︸
third harmonic ∝e−3iωt

+ σ̂(NL)E⊗ E∗ ⊗ E︸ ︷︷ ︸
self-action ∝e−iωt

. . . ,

which underlines, apart from a linear current, the DC current and SHG in the second
order, and the self-action effect and THG in the third order, expressed through the field’s
multiplications and the respective conductivity operators. This expression constitutes an
asymptotic expansion of the current in a series with respect to the electric field, assuming
the weak electron response in graphene.

To describe nonlinear properties of doped graphene, we employ the quasi-classical de-
scription based on the solution of the Boltzmann equation [23,87–90,92,93,110,125,126,281].
This approach is applicable at low frequencies, h̄ω ≤ EF, encompassing the plasmonic
regime. In the relaxation time approximation, graphene charge-carriers transport prop-
erties are governed by the kinetic equation written for the electron distribution function
f (r, p, t):

∂ f
∂t

+ vp
∂ f
∂r

+ e
(

E +
1
c
[vp × B]

)
∂ f
∂p

= −γ [ f (p, t)− f0(p)] , (A.1)

where for Dirac’s massless quasi-particles vp =
∂E

∂p
= vF

p
|p| , the energy E = vF p, vF ≈

c/300 is the Fermi velocity, and e = −|e| is the charge, f0(p) is the equilibrium Fermi-Dirac
distribution function (assuming for the degenerate electrons at zero temperature the step-
like Fermi-Dirac distribution function), and γ ≡ τ−1

intra is the inverse relaxation time. Here,
the second term is responsible for spatial variations.

In the homogeneous case, and if there is no component of magnetic field normal to the
graphene surface, i.e. Bn = 0, Eq. (A.1) can be solved analytically, and its exact solution is
given by [87, 110, 281]

f (p, t) = f0[p− p0(t)]e−γt + γe−γt
∫ t

−∞
dt′eγt′ f0[p− p0(t) + p0(t′)], (A.2)
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where p0(t) = e
∫ t

0 E(t′′)dt′′ is the classical momentum. The induced 2D current in
graphene is expressed through the function

j = 4e ∑
p

vp fω(p) = −
4e

(2πh̄)2

∫
dp f (p, t)

∂E (p)
∂p

. (A.3)

In particular, for the normally incident harmonic radiation with the electric field of the
form E = E0 exp(−iωt), at t � γ−1, Eq. (A.3) leads to the following expression for the
induced current (up to the third order) [87, 110, 281]

j =
[
σ(ω) + σNL(ω)E2

0

]
E0 exp(−iωt) + σ3(ω)E2

0E0e−3iωt , (A.4)

where, in the limit ω/γ� 1,

• linear intra-band Drude conductivity in the low-loss case

σintra(ω) =
ie2

πh̄2
EF

ω
, (A.5)

• Kerr-type self-action nonlinear correction to the graphene conductivity (considered
earlier in Refs. [89, 90] for the ballistic regime)

σNL(ω) = −i
9
8

e2

πh̄2

(
evF

EFω

)2 EF

ω
, (A.6)

• third-harmonic conductivity σ3

σ3(ω) = i
1
8

e2

πh̄2

(
evF

EFω

)2 EF

ω
. (A.7)

We can use the result (A.6), obtained as seen by free-space light normally incident on
a graphene layer, for the effective self-action nonlinear conductivity of surface plasmons
propagating along graphene layers, assuming the additional correction due to the in-plane
wavevector ksp to be small, which is well-justified if ksp/(ω/c)� 300.

We now methodologically derive expressions for nonlinear conductivities taking into
account an in-plane plasmon momentum, which results in a nonzero quadratic conductiv-
ity and enables SHG in graphene.

In the collisionless limit, the electron distribution function satisfies the kinetic equation
rewritten as

∂ f
∂t

+ vp
∂ f
∂r

+ e
(

E +
1
c
[vp × B]

)
∂ f
∂p

= 0 . (A.8)

Following the perturbation approach [23, 88, 91, 133], we solve this equation using iterations.
Here we consider the case of p-plasmons or TM-polarized incident waves with the tan-
gential electric field component of the form Eω = Ez0eiqz (and qvF/ω � 1). To make it
consistent with Section 4.3, we assume that a graphene monolayer is placed in the plane yz
and the in-plane electric field is directed along the z axis. We note that in this case Bn = 0.
Because of the graphene nonlinearity, the field Eω excites higher harmonics. We look for
the distribution function in the form

f = f0(E)+ f (2)0 +( f (1)ω + f (3)ω )e−i(ωt−qz)+ c.c.+ f (2)2ω e−2i(ωt−qz)+ c.c.+ f (3)3ω e−3i(ωt−qz)+ c.c. . . . ,
(A.9)
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where f0(E) is the Fermi-Dirac distribution (steplike at low temperatures, kBT � EF), f (1)ω ,
f (2)2ω , f (3)3ω are the first, the second, and third order oscillating corrections (the superscripts
are omitted below), respectively, whereas the tangential electric field is as follows:

Eτ = Eωe−i(ωt−qz) + c.c. + E2ωe−2i(ωt−qz) + c.c. + E3ωe−3i(ωt−qz) + c.c. + . . . . (A.10)

The electric current density at frequency ω is given by the first-order correction to the
Fermi-Dirac distribution function,

jω = 4e ∑
p

vp fω(p) = 4e
∫∫ dpydpz

(2πh̄)2 vpz fωz0 ,

where

fω =

e
(

∂ f0

∂p
Eω

)
i(ω− vpz q)

≈ 1
iω

(
1 +

vpz q
ω

)
eE

pz

p
∂ f0

∂p
. (A.11)

Therefore, the first-order current amplitude can be written as follows:

jωz =
∫∫

4evpz

(
eE
iω

pz

p
∂ f0

∂p

)
dpydpz

(2πh̄)2

=
∫ ∞

0

pdp
(2πh̄)2

∫ 2π

0
dΘ
(

4e2E
iω

∂ f0

∂p

)
vF cos2 Θ =

ie2

πh̄2
EF

ω
E , (A.12)

where the double integral in Cartesian coordinates
{

pz, py
}

is converted to an iterated
integral in polar coordinates {p, Θ}. This is a known result [89]. In the local semiclassical
limit, the linear conductivity of graphene can be reduced to the Drude model (A.5), which
only takes into account intraband processes. It can also be corrected to include relaxation,

σintra(ω) =
ie2

πh̄2
EF(

ω + iτ−1
intra

) .

The second-order correction, expressed as

f2ω =

eE
∂ fω

∂pz

2i(ω− vpz q)
≈ 1

2iω

(
1 +

vpz q
ω

)
eE

∂

∂pz

(
1

iω

(
1 +

vpz q
ω

)
eE

pz

p
∂ f0

∂p

)
≈

− 1
2ω2 e2E2 ∂

∂pz

(
pz

p
∂ f0

∂p

)
− 1

2ω2 e2E2
(

vpz q
ω

∂

∂pz

(
pz

p
∂ f0

∂p

)
+

∂

∂pz

[
vpz q
ω

pz

p
∂ f0

∂p

])
,

(A.13)

gives rise to the electric current density at 2ω, j2ω = 4e ∑
p

vp f2ω(p) . Integrating the first

term in Eq. (A.13) returns zero, while integrating the second term leads to the following
formula:

j2ωz = −4e
(

e2E2

2ω2

)
q
ω

∫ ∞

0

pdp
(2πh̄)2

∫ 2π

0
dΘvF cos Θ

[
vF cos Θ

×
(

cos Θ
∂

∂p
− sin Θ

p
∂

∂Θ

)(
cos Θ

∂ f0

∂p

)
+

(
cos Θ

∂

∂p
− sin Θ

p
∂

∂Θ

)(
vF cos2 Θ

∂ f0

∂p

)]
,

(A.14)
which can be reduced to

j2ωz = −
3
8

e3v2
F

πh̄2ω3
qE2 . (A.15)
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Thereby, we obtain the nonlinear source

j2ω = −z0
3
8

e3v2
F

πh̄2ω3
qE2 exp(−i2ωt + i2qz) , (A.16)

which is in agreement with the earlier results [23, 91, 125]. Thus, considering frequency
conversion with plasmons, the quadratic conductivity of graphene σ2(ω) can be defined as
follows

σ2(ω) = −3
8

e3v2
F

πh̄2ω3
q, (A.17)

where q = ksp(ω) is the plasmon wavenumber supported by a waveguide at ω.
Next, the third-order correction is derived as

f3ω =
1

3i(ω− vpz q)

(
eEω

∂ f2ω

∂pz
+ eE2ω

∂ fω

∂pz

)
≡ f (I)

3ω + f (II)
3ω . (A.18)

To obtain the contribution to the third harmonic current j3ω = 4e ∑
p

vp f3ω(p) from the first

term,

f (I)
3ω =

1
3i(ω− vpz q)

eEω
∂ f2ω

∂pz
, (A.19)

we expand this term as follows

f (I)
3ω =

1
3iω

[
1 +

vpz q
ω

+
(vpz q

ω

)2
]

eEω

× ∂

∂pz

[
1

2iω

[
1 +

vpz q
ω

+
(vpz q

ω

)2
]

eEω
∂

∂pz

(
1

iω

[
1 +

vpz q
ω

+
(vpz q

ω

)2
]

eEω
pz

p
∂ f0

∂p

)]
.

(A.20)
Here, integrating the expressions proportional to q1 returns zero. After integrating the
terms proportional to q0 and q2, the current amplitude can be written as

j(I)3ωz
= σ3(ω)E3

ω = [σ3(ω, q = 0) + ∆σ3(ω, q)] E3
ω , (A.21)

where the third-order conductivity, in the homogeneous case [87, 89, 90, 110] given by

σ3(ω, q = 0) = i
1
8

e2

πh̄2

(
evF

EFω

)2 EF

ω
= i

1
8

e4

πh̄2
v2

F
EFω3 , (A.22)

is corrected by an additional term

∆σ3(ω, q) = i
5

16
e4

πh̄2
v2

F
EFω3

(qvF

ω

)2
=

5
2

σ3(ω, q = 0)
(qvF

ω

)2
. (A.23)

Further, by analogy with the second-harmonic contribution f2ω, we derive the third-
harmonic current corresponding to the second term in Eq. (A.18),

f (II)
3ω =

1
3i(ω− vpz q)

eE2ω
∂ fω

∂pz
=

1
3iω

(
1 +

vpz q
ω

)
eE2ω

∂

∂pz

(
1

iω

(
1 +

vpz q
ω

)
eEω

pz

p
∂ f0

∂p

)
,

(A.24)
and get the z projection of the nonlinear current in the form

j(II)3ωz
=

2
3

σ2(ω)E2ωEω , (A.25)
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which entirely corresponds to the cascaded process in THG studied in Section 4.3.
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Appendix B

On the derivation of amplitude
equations for graphene plasmons

In this thesis we several times refer to the equations for the envelopes of surface modes sup-
ported by graphene layers. Here we sketch the procedure of the derivation of those equa-
tions with an example of TM-polarized surface plasmon propagating along the graphene
monolayer placed in the plane x = 0. Accepting harmonic exp(−iωt) time-dependence,
Maxwell’s equations for this geometry can be written as follows

∇× E = ik0H , (B.1a)

∇×H = −ik0ε(x)E +
4π

c
δ(x)σ(ω)Eτ , (B.1b)

where k0 = ω/c is the wavenumber in free space, σ(ω) = iσ(I)(ω) + σ(R)(ω) +
σNL(ω)|Eτ|2 ≡ iσ(I) + σ̃ is the frequency-dependent surface conductivity of graphene, the
function ε(x) describes the dielectric permittivity distribution,

ε(x) =

{
ε2 , x < 0,

ε1 , x > 0.
(B.2)

The Dirac delta-function δ(x) in Eqs. (B.5) indicates that the graphene layer is placed at
x = 0, and the subscript τ refers to the field component tangential to the surface.

To develop the consistent perturbation theory, we introduce a small parameter µ, as-
suming the losses in graphene, nonlinearity and diffraction to be weak,

µ2 = max

{
(kspΛ)−2,

∣∣∣∣∣σ(R)

σ(I)

∣∣∣∣∣ ,
∣∣∣∣σNL|Eτ|2

σ(I)

∣∣∣∣
}

,

where Λ is the wave localization width in the y direction, and ksp is the plasmon wavenum-
ber for propagating solutions with fast exp(ikspz) dependence.

In the zero order in µ, Eqs. (B.5) return the dispersion relation

ε1

κ1
+

ε2

κ2
=

4π

ω
σ(I)(ω) , (B.3)

where κ1,2 =
(

k2
sp − k2

0ε1,2

)1/2
, and transverse profile for the unperturbed plasmon on a
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flat graphene,

h(x) = −ik0

{
ε1e−κ1x/κ1, x > 0 ,

−ε2eκ2x/κ2, x < 0 .
(B.4)

Choosing for definiteness the unit in-plane electric field at the graphene surface ez(x=0)=
1, the fields can be written as follows{

E0 = (ex(x)x0 + ez(x)z0)eikspz ,

H0 = h(x)eikspzy0 .
(B.5)

For µ2 � 1, the solution of Eqs. (B.5) can be sought in the form

E = A(µ2y, µz)E0 + µE1(µ
2y, µz, x) + µ2E2(µ

2y, µz, x) + . . .

= A(y, z)E0 + E1(y, z, x) + E2(y, z, x) + . . . (B.6a)

H = A(µ2y, µz)H0 + µH1(µ
2y, µz, x) + µ2H2(µ

2y, µz, x) + . . .

= A(y, z)H0 + H1(y, z, x) + H2(y, z, x) + . . . (B.6b)

where A(z, y) is slowly varying amplitude of the propagating plasmonic mode.

I. First, we consider the y-independent case, i.e. Λ → ∞ and
∂A
∂y

= 0, and thus,

E1 = 0, H1 = 0 in the order O(µ). For the second-order corrections E2, H2 we get the
following equations

∇× E2 = ik0H2 −
∂A
∂z

[z0 × E0] , (B.7a)

∇×H2 = −ik0ε(x)E2 +
4π

c
iσ(I)δ(x)E2z z0 −

∂A
∂z

[z0 ×H0] +
4π

c
Aσ̃δ(x)E2z z0 . (B.7b)

Substracting Eq. (B.7b) multiplyed by E∗0 from Eq. (B.7a) multiplyed by H∗0 gives

H∗0rotE2 − E∗0rotH2 =ik0H0H∗0 −
∂A
∂z

[z0 × E0]H∗0 +
∂A
∂z

[z0 ×H0]E∗0 −
4π

c
σ̃δ(x)|E0z |2A

+ik0ε(x)E2E∗0 −
4π

c
iσ(I)δ(x)E2z E∗0z

.
(B.8)

We also take into account the following relations

H∗0rotE2 − E∗0rotH2 = div {[E2 ×H∗0 ]− [H2 × E∗0 ]}+ E2rotH∗0 −H0rotE∗0 (B.9)

and
∇× E∗0 = −ik0H∗0 ,

∇×H∗0 = ik0ε(x)E∗0 −
4π

c
iσ(I)δ(x)E∗0z

z0 .
(B.10)

Substituting Eqs. (B.10) into Eq. (B.9) and then into the left-hand side of Eq. (B.8), we find

div {[E2 ×H∗0 ] + [H2 × E∗0 ]} = −
∂A
∂z
{[E0 ×H∗0 ] + [H0 × E∗0 ]} −

4π

c
σ̃δ(x)|E0z |2A . (B.11)

Overintegrating Eq. (B.11) in x from zero to infinity leads to the desired equation for the
plasmon amplitude A:

∂A
∂z

+
σ̃

4P
A = 0 , (B.12)
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where
P = z0 ·

c
8π

Re
∫ +∞

−∞
[E0 ×H∗0 ] dx =

c
8π

Re
∫ +∞

−∞
ex(x)h∗(x)dx

is the z-projection of the energy flow in the mode {E0, H0} per unit y-length.
In the case of y-localized solutions, accounting for the terms proportional to derivative

∂A
∂y

of the first order in µ results in the substitution
∂

∂z
−→ ∂

∂z
+

1
2iksp

∂2

∂y2 in Eq. (B.12).

The method described is the development and conformation of the theory of excitation for
waveguides [134, 135].

II. Another method, based on applying the Fredholm theorem to the correction
H2 = H2y0, was used by us in the case of the symmetric dielectric environment, ε1 = ε2 = ε.
The field correction H1 = H1z0 of the first order in µ is determined from ∇ ·H = 0.

Taking the curl of Eq. (B.1b) and substituting expansion (B.6b) there, we obtain the
following equation for the correction H2

d2H2

dx2 +
(

k2
0ε− k2

sp

)
H2 −

4π

c
iσ(I)

(
d

dx
δ(x)E2z

)
= F , (B.13)

where

F = −
(

2iksp
∂A
∂z

+
∂2A
∂y2

)
h(x) +A4π

c
σ̃

d
dx

(δ(x)ez) ,

ez =

dh
dx

ik0ε +
4π

c
iσ(I)δ(x)

, E2z =

∂H2

∂x
− ez

4π

c
σ̃δ(x)A

ik0ε + i
4π

c
σ(I)δ(x)

.
(B.14)

Operating with the Dirac delta function in our derivation here, we treat it as an ordinary
localized continuous function. Integrating by parts, we first obtain the following auxilary
relations:∫ +∞

−∞

d2H2

dx2 h∗(x)dx =
∫ +∞

−∞
H2

d2h∗

dx2 dx ,

∫ +∞

−∞
h∗
(

d
dx

δ(x)E2z

)
dx =−

∫ +∞

−∞

dh∗

dx
δ(x)E2z dx =−

∫ +∞

−∞

dh∗

dx
δ(x)

∂H2

∂x
− ez

4π

c
σ̃δ(x)A

i
(

k0ε +
4π

c
σ(I)δ(x)

)dx

=
∫ +∞

−∞
e∗z δ(x)

(
∂H2

∂x
− ez

4π

c
σ̃δ(x)A

)
dx = −

∫ +∞

−∞

(
H2

d
dx

(e∗z δ(x)) + |ez|2
4π

c
σ̃δ2(x)A

)
dx ,

(B.15)
We now multiply Eq. (B.13) by h∗(x) and integrate, assuming H2(x) is localized in x func-
tion. By using Eqs. (B.15) and integrating by parts, we get

∫ +∞

−∞
H2

(
d2h∗

dx
+ (k2

0ε− k2
sp)h

∗ +
4π

c
iσ(I) d

dx
(δ(x)e∗z

)
dx + i

∫ +∞

−∞
σ(I)

(
4π

c

)2

A|ez|2δ2(x)dx

=

(
2iksp

∂A
∂z

+
∂2A
∂y2

) ∫ +∞

−∞
|h(x)|2dx +A4π

c
σ̃
∫ +∞

−∞
i
(

koε +
4π

c
σ(I)δ(x)

)
|ez|2δ(x)dx .

(B.16)
The first term in the left-hand side of Eq. (B.16) returns zero, and Eq. (B.16) is transformed
to (

2iksp
∂A
∂z

+
∂2A
∂y2

) ∫ +∞

−∞
|h(x)|2dx−A4π

c
σ̃ik0ε

∫ +∞

−∞
|ez(x)|2δ(x)dx = 0 . (B.17)
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Taking into account that ez(x = 0) = 1 and the power density flow in the mode
{e, h(x)y0} exp (ikspz) is given by

P =
c

8π
Re
∫ +∞

−∞
ex(x)h∗(x)dx =

c
8π

ksp

k0ε
,
∫ +∞

−∞
|h(x)|2dx ,

we come to the equation
∂A
∂z

+
1

2iksp

∂2A
∂y2 +

σ̃

4P
A = 0 , (B.18)

which coincides with Eq. (B.12) if setting
∂A
∂y

= 0.

III. Finally, we notice that one more approach, where the surface current induced
in graphene is introduced into the boundary conditions for fields, was outlined in Ref. [129]
for nonlinear surface plasmon waves, both transverse magnetic (TM) and transverse electric
(TE), and also used by us in Ref. [130] for describing linear localized channel plasmons
guided by curved graphene.
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[183] M. Jablan, H. Buljan, and M. Soljačić, “Plasmonics in graphene at infrared frequen-
cies,” Phys. Rev. B, vol. 80, p. 245435, Dec 2009.

[184] M. L. Nesterov, J. Bravo-Abad, A. Y. Nikitin, F. J. Garcı́a-Vidal, and L. Martin-Moreno,
“Graphene supports the propagation of subwavelength optical solitons,” Laser Pho-
ton. Rev., vol. 7, pp. L7–L11, jan 2013.

[185] G. A. Korn and T. M. Korn, Mathematical Handbook for Scientists and Engineers.
McGraw-Hill, 1961.

[186] T. Stauber, N. M. R. Peres, and A. K. Geim, “Optical conductivity of graphene in the
visible region of the spectrum,” Phys. Rev. B, vol. 78, p. 085432, aug 2008.

[187] F. T. Vasko and V. Ryzhii, “Voltage and temperature dependencies of conductivity in
gated graphene,” Phys. Rev. B, vol. 76, p. 233404, dec 2007.

[188] T. Otsuji, S. A. B. Tombet, A. Satou, H. Fukidome, M. Suemitsu, E. Sano, V. Popov,
M. Ryzhii, and V. Ryzhii, “Graphene-based devices in terahertz science and technol-
ogy,” J. Phys. D: Appl. Phys., vol. 45, p. 303001, jul 2012.

[189] J. Eilbeck, P. Lomdahl, and A. Scott, “The discrete self-trapping equation,” Physica D,
vol. 16, pp. 318–338, jul 1985.



References 113
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