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ABSTRACT

This thesis is concerned with the asymptotic theory, both convergence
and Central Limit Theorem, for recursive estimators of time invariant
parameters in Time Series models. This theory derives from a similar theory

for classical Stochastic Approximation schemes so that these too, are given

some consideration.

The thesis is divided into two parts. 1In Part I after an introductory
chaptér, a general approach is offered for the construction of recursions
from a Prediction Error or Gaussian Likelihood viewpoint. This approach
also allows other methods (for example, Model Reference) to be seen in
context. Next, an heuristic argument is used to 1ntu1t the asymptotlc
properties of a general class of recursions (1nclud1ng the Predlctlon Error
Recursions) and Time Series Stochastic Approximation schemes. The third

chapter of Part I contains simulations illustrating some of the above ideas.

In Part II attention is turned to a rigorous analysis of various

recursive and Stochastic Approximation schemes. In Chapter 4 a general

regression problem is considered and strong convergence proved under various
conditions. Chapter 5 is concerned with deriving limit laws for classical

Stochastic Approximation in a general setting: = in Chapter 6 this is

‘extended to allow dependent noise. Chapter 7 contains a Central Limit

Theorem and Invariance Principle for a well known Prediction Error Recursion
which is seen to be asymptotically efficient. Finally, in Chapter 8, a
proof is given of the convergence, without monitoring, of a slightly

modified form of the RMLl Recursion.
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NOTATION

o vector of noise parameters

Ai(B) Matrix of system parameters B

a.s. almost surely

B , system parameters

CLT Central Limit Theorem

n :
¢ i ' :
Ca(L) = X Ci(a)L where Ci(a) are matrices of noise parameters
1 .
D, D derivative operator
ek(B) ~ one step ahead prediction error generated by a parametric
model M(8)
- ’ - _qa’

$,(0) = dy; /30 = -de/(8)/38 |

Ip ' Invariance Principle (in Chapter 2 infinite past)

K-W Kiefer-Wolfowitz

L ' ‘lag or backwards operator

LIL Law of the Iterated Logarithm

M-C Monte-Carlo | '

m.d.s. Martingale Difference Sequence

m.s. mean square

o.d.e. ordinary differential equation

p lim limit in probability

P, limit in probability

RLS " Recursive Least Squares

RMLl Recursive Maximum Likelihood (Recursion) Scheme 1
' RML2 Recursive Maximum Likelihood (Recursion) Scheme 2

s.d.e. Stochastic Differential Equation

SNR ‘Signal to Noise Ratio

w.l.o.g. without loss of generality

w.p.1l with probabilify one

w.r.t. with respect to



PART I
PREAMBLE

This thesis aims to investigate the asymptotic behaviour of Time Series
Recursions and Stochastic Approximation (SA) with pafticular emphasis on the
second order properties, that is, asymptotic variances or Central Limit
Theorem: the thesis is divided into two parts. In Part 1 the introductory
chapter reviews some basic notions in recursive estimation and indicates, in
an informal way, some of the'basixzideas of the thesis. The remainder of
Part 1 sacrifices rigour to provide a plausibility aﬁalysis of the behaviour
of recursions (that is, convergence and aéymptotic vartances) as well as
considering ways of constructing them. Some of these ideas are illustrated

with simulation studies. In Part II a rigorous analysis is giben of the
asymptotic properties of some classical Stochastic Approximation schemes
(allowing, for example, depenaent or coloured noise) and of two simple but
well known recursions. Except for Chapter 1 the two parts may be read

separately.




CHAPTER 1
INTRODUCTION

1.1 General

In récent years there has béen an enormous interest in recursive
methods of parameter estimation for Time Series models (Astrdm and Eykhoff,
1971, Young, 1974). Recursive estimation has been seen as a technique to go
hand in hand with real time.forecasting(HOlst,1977) or state estimation, to
- form part of an adaptive control scheme (Astrom and Wittenmark, 197%,, Young
and Beck, 1974), to be used in pattern recognition (Kittler and Young, 1973)
or to be used as an aid to model building where the parameter variation over

an observation interval may suggest a cause of model inadequacy (Young,
1974). '

While it seems that Gauss was the first to use recyrsive methods
(19590) -
(Young, 1874), the modern use begins with Plackett, and Kalman (1960). Let
us therefore begin with a review of Plackett's algorithm and some of its

extensions.

1.2 Recursive Least Squares

‘The recursive least squares (RLS) algorithm or Plackett algorithm is a
sequential procedure for the computation of the least squares estimator of a
regression coefficient. Suppose a sequence of noisy observations is

available on a scalar process Yy together with noiseless or error free
measurements of a related m dimensional process Xk .. The process Xk

might be chosen by the data analyst, its components consisting perhaps of

sinusoids if Yy vas periodic,or may be part of the environment, with, say,
its components Lpp = Yp_g where Uy is an input sequence into a dynamical

system. The aim of regression analysis is to describe the relation between

yk and Xk in a linear fashion as
Y = XiBo * By

where BO is a constant vector which would be termed a regression




coefficient in the first example above or an impulse response vector in the

second example. The sequence ek is an error or disturbance sequence. The

- RLS algorithm may be derived by manipulating the en-bloc estimator or by

sequential optimisation of the criterion
. N 9
p.(B) =% ) el(B)
N k
with
- oy
ek(B) - yk ka .
The latter course is taken here. We 6bserve

Py(B) = D 1B+ %e? 78

so that, noting deN/dB = Xy o

dp,/dB = doy L /dB - Xen(B) . (1.1)
Further |
p-* = d%o /dsdp f' = d’0, | /dBdB" + X
so
A SRR
Py = § X X7 - | | S(1.2)

Next, denoting the estimator by EN', a Taylor series for de/dﬁﬂ (= 0)

yieldsv
By = By - Pyoy/afy
=By, t P (ae /aBN l) N[BN-l} . o (1.3)_'

Now (1.2), (1.3) may be put in fully recursive form by means of the Matrix

Inversion Lemma (Bodewig, 1956), that is,

— _ '
Py = Puy = P P/ (exgP_xg) - (1.4)

 This expression is immediately verified by multiplying on the left by P&l

and on the right by its equivalent P] XX N . Now note

- 14
PNxN =P 1+X'P

oy (P %)



so that the fully recursive form is (denotlng 87 =Yy - NBN 1 )
~ _ ~ , )
By =By Py Xy N/(1+XNPN-1XN) ) (1.5)
Py = Pay = P XaPuor/ (P %) | (1.6)

Suppose the regressor sequence Xk is non stochastic and the

disturbance sequence €4 is an uncorrelated process with constant variance

’ 02 . Then if we multiply (1.3) by P;l and sum we obtain
" N
By - By = Py § *1Ex
so that
var(gb) QPN .

It is immediately clear that we need only require the smallest eigenvalue of

P to tend to « with ‘N to ensure 8

7 converges in mean square.

N
It is also clear that the normalising factor 1+ X&PN lXN has a
natural interpretation as the variance of the prediction error: indeed

since

ey = Uy - XiBy_1 = ey ~ X8y 18)

it follows that

(e ] fl—l-X'PN 1 N)

(ef. Brown, Durban and Evans, 1975). Another way to see this is directly

from (1.5) where, taking variances, gives

2, _ 2 _ , o , 2
o Py =0 Py Py X iPavar () 7 (1exgPy o nﬂ :

Returning to (1.3) we see that éN is obtained from BN—l plus a

correction term containing the new information and consisting of a variance

sequence PN , gradient deN/dBN—l and an error eN(BN—l) . Provided any
linear combination of the sequence Xk has infinite energy {that is, the
smallest eigenvalue of PEL tends to o ) then PH + 0 so that new

information has less and less influence. It may be remarked that recursive



‘estimators for time varying parameters are characterised by a variance
sequence that does not decay to zero so that new information is not
discounted (see Yoﬁng, 1974). These algorithms are based on the well known
extension of the RLS algorithm, the Kalman Filter (Kalman, 1960; Kailath,
1970; Duncan and Horn, 1972). However the emphasis of this thesis is on
time invariant parameter estimation so thaf these important time varying

recursions are mentioned only briefly (in Chapter 2).

RECURSIVE LEAST SQUARES AND TIME SERIES RECURSIONS. We now turn
briefly to consider how RLS can be used to generate recursions for the

parameters of a Time Series Model. For a Time Series Model the ek(S)

sequence becomes a formula for the innovations or prediction error sequence
of the Time Series Model. Thus consider the TF (transfer function) model
defined by |

e (B) = yp - 2, (B) =y - (1+A(L>)'13(L)gk

.where L is the lag or backwards operator

B=1(a ...a b ...b )",
a b
oo,
B(L) = ) b,L” ,

and so on, and Uy, is the input or exogenous sequence. The basic idea in

constructing recursions for Time Series Models has been to observe that-all

the usual linear models may be written as pseudo linear regressions, thus

in the case Jjust cited noting that ‘
xk(B) + A(L)xk(ﬂ) =’B(L)yk-
we see
- N
ek§e) =Yy wk(e)e

where

A
.

wk(e) = (-xk_l(B) - —xk_na(ﬁ)uk_l e U

Thus we are led to generate the recursion



Bre = Brr ™ Pror

e
It

r 4
k= Pry 7 Pe@i@iPr o/ (TrogPy o)

— H — ‘
e = ¥ - 081 T Yk - T o
| (- ‘... - u ;..>y, ) ,
k-1 k-n_ k-1 k-n
: _ a b
r,
2 = (opy oo rn -1 uk—nb) %1

Related to the algorithm just given is a class of Instrumental Variable

Recursions where the Pk’ ek equations are replaced by

Pr

1]
-
|

ko1 ™ Pror®iPao1/ (1regPy o)
% % Yk~ br1

‘where Zk is a regressor sequence

Z, = (<Y, cor Yy Uy L oeeeu, ).
k k-1 k"‘na k-1 . Z\.‘nb

For this recursion the ¢, Sequence can be regarded as a vector of

instrumental variables chosen to be.as highly correlated as possible with

the noise-free VeCtOP‘@P(SO] while being uncorrelated with the possibly
dependent noise: for further discussion see Young (1974).

Another way to construct recursions is to aim at sequential minimisation

of a criterijion such as
_ N
vty ele) .
1

The resulting recursions would be given by an expression such as (1.3)

together with an algorithm for generating dek/dék;l . These recursions,

which will be called Prediction Error recursions are the subject of Chapter

2. It is one of these recursions (the RML,. recursion ( Soderstrom et al.,

2
1974)) that is investigated rigorously in Chapter 7 and shown to be
aysmptotically efficient. Some implications of using the above Prediction

Error criterion for parameter estimation are explored in Section 1.5.



1.3 Stochastic Approximafion

Recall that the recursive estimator is a solution to the problem of

sequentially minimising the function pN(B) or alternatively to the problem
of finding the zero of the equation de/dB =0 . With this in mind the

connexion with Stochastic Approximatioﬁ (SA) is apparent. The Robbins-Monro
(R-M) scheme for example (Robbins and Monro, 1951) is concerned with finding

the solution 6 of the equation
M(x) = 0 -

where the form of M(x) "is unknown but where for each z , a noisy
observation Y(x) is available and E(Y(x)) = M(x) . Then an approximating

sequence Xh is generated by

- o !
Xppg =X t akKYk | ; (1.6)

where Yk = Y(Xk] while aé is a decreésing gain sequence of positive.

numbers and X a gain constant, both chosen by the experimenter, thus

ai = k is a common choice. The related problem of finding the maximum of
a regression function was considered by Kiefer and Wolfowitz (1952).

As originally presented SA had little to do with regression parameter’
estimation; the @ above being, for example,a critiéal dose of insectiside
given to an insect that produces a given response (taken as zero). Ho

(1962) pointed out the rélation between RLS and SA while Albert and Gardnér
(1967) applied SA to the estimation of the parameters of & nonlinear
regression. The Control Engineering literature abounds with examples of SA
used in the system identification (that is, parameter estimation) problem
(Saridis, 1974, 1977, Chapters 3, 6). Mostly these Time Series SA's arve
similar to the recursions introduced at the end of the last section but with

the Pk matrix replaced by Kaél thereby cutting down the computational

load. Tsypkin (1871) has given a thorough coverage of these schemes; his

work is further discussed in Chapter 2.

To gain some insight into the properties of recursions and SA schemes
“and to expose some of the ideas of this thesis, let us consider the

convergence behaviour of the R-M scheme. Write 'Zk = Yk - M(Xk) so that

Zk has zero mean and is the noise on the measurement of M(Xk) . Also, to .



analysis of the SA scheme we are lead then, to introduce the sequence U.

save notation denote a, = Ka! +then (1.6) becomes

k

K K+ akM(Xk) taZ, (1.7)

Recalling the point made at the beginning of this section, that M(x)

~ should be compared with the gradient de/dB we see that the SA scheme

differs from the recursion (1.3) in that the recursion uses an instantaneous

value for the gradient d[%ez]/dﬁ .

Consider now the Taylor series
u(x,) = u' (%) (x,-6)

for some X% with ]7%—8[ < ]Xk-el . Now write (1.7) as

X

k+1 o

(Xk—e)(l*akM'(f%)} t @l . - (.72)

This reveals Xk as the output of a time varying filtering operation on
. o0 )

Zk . It is clear that we must in general require X a, = ®© to ensure the
1

filtering in non-degenerate.

Now if Xk -+ 8 then M’(E%] > M'(B) so for thefpurpose_of theoretical

k

which is the output of the difference equaticu
= — b, ' |
Uy, = Up(2 a (8)) + a2, . (1.8)
Now U, , being the result of a filtering of Zk will have relatively
'smooth' sample paths. Indeed if Zk is a white noise (or even stationary

coloured noise) M'(8) =1, a, = kL then by the strong law of large

nunbers (for stationary processes)

_lk ’
Uy, = k Zzs+0 w.p.1l .
1 v
In general it can be shown, for example, that '2 ay < @ ensures Uk >0
, i _

w.p.1l even if Zk is a coloured noise . This is discussed in Chapters 5

and 6.

N

Next define the fluctuation Xk = Xk - Uk and subtract (1.8) from



(1.7) to obtain

M(x,) + M'(8)a

X A

Consider further the Taylor series about

.
9

&
(x) = mxq ) = uX) + vur(xg)

for some sz with IX;— k| < lUkl . If we add the usual assumption

lM’(x)I <K<ow forall z, K a constant, it follows we have a

stochastic difference equation

~

X =X 4 aMX,) + a, U, (14*'(8)+M'(X£)] (1.9)

~

driven by a decaying forcing function. If we can show Xk > @ we may

conclude Xk > 8

Now denote

¢, = M'(8) + M'(XZ)

and notice that Cg. is, by assumptién, uniformly bounded in %k . Set

Ty = 2 a, drk = Tk - Tp_y > and so on, so that we can-@ewrite (1.9) as
dx, = M(X)dt, + e Updr, . ‘ (1.10)

With the filtering nondegeneracy condition ) @, = in mind, we have a
_ _ L
% | .
time scale ‘Tk = Z a = o , so that if we ensure the increments dt

T s 7 ‘ k- %

vanish as k - « , then, making the notational transformation X '@+_X(T)

% >

we are led to study the differential equation with decaying forcing function
Cdx(y/dr = (D) + e(nut) . . (1.10a)

The stability of this equation will determine the convergence of %k.' Thﬁ;

- it is clear, for example, that if the differential equation_

dx(t)/dv = M(X(1))

is exponentially stable, then the perturbed system (1.10a) will at least be

asymptotically stable, that is, X(1) or ik > 8 . (Definitions_of these

terms are given in many texts on differential equations; a popular reference is




10

Lasalle and Lefschetz, 1963.)
The idea of subtracting off the Uk sequence reveals clearly why a

deterministic ordinary differential equation (o.d.e.) determines the
behaviour of the SA scheme and why the result holdsequally well fof schemes
with dependent noise. The above notions and their ramifications are
discussed rigorously in Chapters 5 and 6. The idea of using a deterministic -
o.d.e. to determine properties of SA schemes is presented (implicitly) in 7

Khasminskii and Nevel'son (1972).

However Ijung (1974, 1975, 1877b) seems to have been the first to use
this idea explicitly both for SA and recursions: see also Kushner (1976a,
1976b, 1877). Except for Kushner, the above authors have, in part, used
Lyapunov methods to discuss the stability of the o.d.e.'s. The use of
Stochastic Lyapunov functions (with SA) is implicit in Blum (1954) and

Gladyshev (1969) but seems to have been first used explicitly by Khasminskii
(1969 - reference unavailable to the author) and Nevel'son and Khasminskii
(1973/1976). General discussions of SA particularly in relation to system -
identification are given by Young (1976), Saridis (1977). Also a wide '
ranging discussion of SA in an identification context was given by Tsypkin

(1971): this work is further discussed in Chapter 2.

1.4 Second Order Properties of Stochastic Approximation

An important part of this thesis is the investigafion of second order
properties (asymptotic variances) of SA's and recursions. The basic ideas
can be illustrated by pufsuing the example of Section 1.3. Recall equation
(1.7a),

X0 - 0= (X,-0) (Lo’ () + a2, .

To simplify this heuristic discussion take a, = k_l . Then if we multiply

throughout (1.7a) by Vk+1 and call Qk = V%'(Xk-e) , we obtain
Uy = Yo ((VReIVIO V-1 (X))@ /K + 2, IVE S (1.11)

Now set
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T

1

X s ~1n ‘k .

If we suppose Zk is a white noise sequence with unit variance it is clear

that Wk resembles a Wiener process (McCarty, 1974 or Arnold, 1974 have

very readable accounts of this and related topics) on a time scale =T

%
. - ) e . .
Denoting de = Wk Wk—l > di =T m Ty k™~ and so on, and supposing

Xk > 8 w.p.l so that Xk + 0 w.p.l we can rewrite (1.11) as
~ (%-M' ’ - |
aq,,, ~ (&-u (0)) @ dv, + di,, . (1.12)
This suggests ,Qk resembles the solution of the stochastic differential
equation (s.d.e.)
dq(t) = (-M'(8))q(T)dt + dw(T) .

The limit variance, v , of this s.d.e. or diffusion is well known to

satisfy the Lyapunov equation (Arnold, 1974, p. 134)
v(Z-M'(0)) + (F-M'(0))v = 1 . - (1.13)

So

» = (1-217(8)) 7

which is also well known to be the correct limit variance for the R-M scheme -

(the basic reference here is Sacks, l§58).

This idea of representing the normalised output of the SA schems or
recursion as the solution to a s.d.e. was developed independehtly by the
authdr and forms the basis of part of the heuristic discussion of Chapter 2.
However it is clear that the idea is well known and has recently been
discussed rigorously (for SA) by Nevel'son and Khasminskii (1973/1976) and
also Kushner (1978a). In Chapters 5, 6 (SA) and 7 (recursions) this idea is
. given é rigorous expression. It should be remarked, that while Chapter 2
was written before the author was aware of the above two references, the
relevant parts of Chapters 5, 6, 7 have been written with the benefit of

these works.
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1.5 Somev Implications of Parameter Estimation by a Prediction Error
Criterion

At the end of Section 1.2 it was pointed out that Time Series

recursions may be constructed by sequential minimisation of a likelihood-

like criterion namely
N
vt Y ei(e)
1

where ek(e)' is a formula for the innovations sequence or prediction error

sequence of the Time Series model. In this section we formulate the
modelling problem and investigate some implications of using a Prediction

Error Criterion.

Let Uy yk denote input and output measurements (scalar for ease of

discussion) on a dynamic system S . System modelling is concerned, inter
alta, with describing the input/output relation by a set of difference or
differential equations. In modelling the dynamic system S one considers

a class of models M and chooses a best approximation to S from among the
members of M . In pérametric modelling the set of models M is '
parametrised by a vector 6 comprising a vector B of system parameters

and a vector @ of noise parameters. The vector B could be either or
poth of; a collection of physically meaningful parameters; the coefficiencs

~ of a polynomial operator in a black box description of § .

A common method of choosing the approximation mentioned above is by
computing the error sequence between the system output and the model outﬁut
and varying © wuntil this sequence is white (that is, has flat spectrum) or
else so as to minimise the average squared error. This is usually termed
the model reference (MR) method (Landau, 1974). If the model output is
‘properly reckoned as a predicted output then the resulting stochastic MR
method is asymptotically the same as the Gaussian likelihood approach (as is
clear by-viewing the likelihood as an iterated product of conditional '
dnesities, each factor then having in its exponent, the squared prediction
error weighted by its variance: see Schweppe, 1965). These methods have

been referred to as Prediction Error (PE) methods (Lijung, 1976).

For this PE approach then, a linear model M(8) is a rule for one step

ahead prediction from past Ye> Y values by a formula such as
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where
3 i
(L) = § N (8)L

and so on, and L 1is the lag or backwards operator. (To simplify
discussion the infinite past is assumed available.) TFor a model that

evolvés in continuous time the second term would be replaced by
Jm M (8)u(k-s)ds .
0 8

Defining the model innovations process or prediction error as
ek(e) = ek/k-(e) =Yy - yk/k—(e) ‘ (1.15)

expression (1.14) may also be written in recursive form as

- or

Yy () = Tg(Dhy + Kg(L)ey (8) oo Qas
e, (8) = (1+K6(L))“l(yk_TB(L)uk) | (1.17)
where
-1
1+ Kg(D) = (1-Ng(D) 7,
To(L) = (14K (D)) M (L) .

The modelled innovations process is thus obtained by a filtering (whitening)

of the output error. This is hardly surprising since 1 + Ke(L) will, by

definition, be a model of a Wiener filter, that is, of a spectral factor of

the spectrum of Yy - TB(L)uk .  Note that -TB(L) is supposedly a function
only of system parameters @ since clearly 'TB(L) is an approXimation.to
the true system transfer function dFyu(m)/dFu(w) : where, for éxample,
dFyu(w) is the observed cross spectrum between output and input respectively
(we write dFu(w) rather than vf?(w)dw to allow that the input sequence
might consist of sums‘of sinusoids; thus fof a sinusoid U = A sin wok R

wo £0 , dFu(w) is a jump of size %Az at iwo and zero elsewhere).
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Naturally Qk/k_(e) or ek(B) will not be computed by the formulae (1.16),

(1.17). The point is however that the above description (or something like
it) provides a single method for representing all the usual linear models:

see Ljung (1976) for some examples.

Now the prediction error estimator will be chosen by minimising an

expression such as

N

) e2(8)

1

We expect that this will converge to
0 i
E[ek(e)] = J dF (w/0)
J o @

where, from expression (1.17),
. -1 : .
w : o
dr (w/8) = [1+K6[e$ )] {dFy;w)-TB(e )dféu(w)‘

) s . ) . - Lz -1
_dFyu(m)TB(e zw}+1é(e$m)T8(er w)dFu(w)}[l+Ke(eV$w)}

We can gain some insight into this expression by reorganising it as follows:
add and subtract ‘dFyu(m)lQ/dFu(w) to the term inside the curly brackets

to obtain

E(ei(@)} - JTW (dFy(w)/an(m/e))(1—|qu<w)|2)dé |
" ' ' fwy |2
+ J_ﬂ (dF;(w)/an(wfe)]ldFéu(w)/dFu(w)—TB(e  ) dw
where
. 2
an(w/e) = l+K6(etw)" |

is the spectrum of the noise whitening filter and where
v (w|? = |dF (0)]?/dF (w)dF (w)
yu- yu u y

is the squared cocherency between outpdt and input.
Thus by choosing a value for 0 by minimising E[ei(e)} we minimise

two terms. The first term, totals over all frequencies, the ratio of the
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system residual spectrum [obtained from a spectral regression of yk' on
Uy, ) to the model residual spectrum. With the second term we minimise the

difference between the true transfer function (TF) and the modelled TF with
a weighting that is a signal to noise ratio: mnamely the ratio of the input

signal spectrum to the modelled residual spectrum.

" We see then that the PE or Gaussian likelihood criterion has the
intuitively satisfying property of taking the input signal/output noise .

ratio into account when modelling the TF relation.
It is apparent, furthermore, that since TB(L) will be a rational
polynomial operator, then dfbu(m)/dFu(w) must be nonzero at a large enough

number of different frequencies to ensure the second term hés a weil defined
minimum with respect to the system parameters B . _Thié is usually expressed
as the so-called persistently exciting condition (Astrom and Bohlin, 1965).
Finally, the second term is small when the modelled TF follows the peaks.or
dominant modes in the true TF except that these peaks are weighted by a

signal to noise ratio reflecting confidence in their existence.
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CHAPTER 2

A UNIFIED APPROACH TO RECURSIVE PARAMETER ESTIMATION

2.1 Introduction

The aim of this éhapter is to develop a unified approach to the
Recursive, Stochastic Approximation (SA) and Model Reference methods for
estimating.the time invariant parameters of a lumped model of a dynamic
system. It is also shown how, by sequential minimisation of an average
prediction error, it is possible to construct recursive algorithms

(prediction error recursions, PERs) for almost any lumped parametric model.

For a general class of recursions (including PERs and SAs) a
plausibility analysis of local convergence is given by converting the
recursion to a stochastic differential equation (s.d.e.). The‘asymptotic
variances of the parameter estimators are also derived by converting the
recursions to a different s.d.e. It is suggested that the PERs always
satisfy the conditions for convergence and are asymptotically efficient in
that they attain the Cramer-Rao lower bound. The analyéis of convergence is
repeated using discrete time arguments. The recursions are also analysed in
the case when the system being modelled does not belong to the set of models

being used to describe it.

General discussions of recursive estimation have been given by Tsypkin
(1971) and Young (1976a) and some of the points made in these works are
treated in a more formal analytic fashion here. In more specific.terms, the
literature on recursive estimation has developed in the following three

directions.

(a) Model reference (MR) methods (for example, Landau, 1274). These
are almost exclusively for deterministic systems and the analysis of their
behaviour has been mainly by Lyapunov methods (Parks, 1966; Kudva and
Narendra, 1974; also Anderson, 1977) and by hyperstability theory (Landau,
1974). Many of these Model Reference methods have rapid deterministic
convergence properties but they do not necessarily function well in the
presence of noise; in fact they will, in general, converge to a non-zero
mean random variable. They are however suited to time-varying parameter

estimation.
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(b) Stochastic approximation methods (for example, Tsypkin, 1971;
Saridis, 1974; and Young, 1976a). The analysis here has relied on methods
of Dvoretsky (1956) and Tsypkin (1971, p. 56). Unlike the deterministic MR
schemes, Stochastic Approximation was developed particularly for parameter
estimation in the presence of noise (see for example, Young, 1976a). The
rate of convergence of SA algorithms can, however, be rather slow with poor

choice of a gain sequence.

(C) Recursive methods. This refers to those methodS‘which produce -
recursions based on recursive least squares-like constructions (for example,
Young, 1974; Sdoderstrom et al., 1974). Two analyses have been offered
here. One, due to Ljung (1877a, 1977b) which relates the behaviour of the
recursion to the solution of an ordinary differential equation andbthen
proceeds by Lyapunov methods; the other, due to Hannan (1976, 1978c) which
uses a sophisticated application of probability theory to reduce the analysis
to the consideration of a deterministic Lyapunov-like function. The
recursive methods seem to combine the best aspects of the MR and SA
approaches; they usuélly possess good convergence properties and function

well in the presence of noise.

Almost all the existing analysis of the above methods is given under
the assumption that the observed system S corresponds to the class M of
models chosen to describe it. One aim of this éhapter is to show how the
recursions may be aﬁalysed when this is not the case. The main aim, however,
is simply to consider the above three approaches from a unified point of
view and so develop a general method for constructing recursions that

converge and are likely to have good statistical efficiency.

In Section 2.2 the problem of recursive parameter estimation is
formulated in a general fashion. As a result it becomes clear how to
construct recursions (called Prediction Error Recursions (PER's)) for ﬁust
about any (linear or nonlinear) lumped parameter mbdel. Further, the

relation to SA becomes clear.

In Section 2.3 the major problem in implementing these PER's is found
to be the solution of a sensitivity difference or differential eqﬁation..
Fortunately for discrete-time evolution, discrete-time measurements (DD)
models the solution of these sensitivity equations involves only simple
filtering operations. The remainder of Section 2.3 is devoted to elucidating

the nature of the PER's.

In Section 2.4 their connections with recursions that have been

presented previously is established. In the main body of the chapter it is
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shown how, by "converting" a general recursion to a stochastic differential
equation (Section 2.5) the convergence properties (Section 2.6) and the
asymptotic covariances of the recursive estimators (Section 2.7) can be
easily derived by a plausibility'argument. The analysis of convergence is
repeated using discrete time arguments. Section 2.8 contains an analysis of

the asymptotic behaviour of general recursions under model mis-specification.

2.2 Recursions

In the innovations description of modeling (see Ljung, 1976) a

parametric model is a rule for predicting a system output Yy by a formula

which is a function of the past of the system output and the system input

U, 3 this function will be denoted by 9k/k (6) * where 0 consists of

system parameters f , and noise parameters o . .The system parameters B
may be either or both of: a collection of physically meaningful parameters;
the coefficients of a polynomial opebator in a black box descriptidn of S .
This description makes it clear that recursions for 6 can be constructed
by'sequentially minimising the criterion

| ¥ -1

VN(S) =N ;Eei(e)zo ek(e) (2.1)
or, for measurements in continuous time

-1 T -1 ,
ACES S JO el(8)I e (0)dt (2.1a)

where
ekge) = yk - yk/k_(e) and etge) =y

gV ® 22

is the model innovations process or step ahead prediction error, and 20 is

an innovations covariance matrix. Alternatively, recursions may be

constructed by finding the solutions to the equations,

av,(8)/de = 0 , dv,(8)/d8 =0 . C(2.3)

These ideas apply eqﬁally well to stochastic and deterministic systems.

% The subscript k- allows for continuous time evolution - discrete time
data (CD) models where the input may be measured in continuous time. Also,
for continuous time output measurements the subscript k will be replaced
by ¢ .
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The above constructions can be accomplished in a number of ways.

(a) Stochastic approximation. For constant parameters; the sequential
optimization could be solved by the procedure of Kiefer, Wolfowitz (1952)
while the alternative (2.3) could be solved by the Robbins-

Monro procedufe (1951). Since gradients are computable, these lead to the

same technique and for DD models they were effectively given by Tsypkin

(1971); in Tsypkin's analysis E(Eé(e)Ealek(G)) is termed E(Q(Xk, 6]) .

(b) By analogy with recursive least squares. These methods (Young,
1974) are based on the observation that for all the usual linear time-series
models the one step ahead predictor can be written as a pseudo-linear

regression, namely,
1y - 14 » .
yk/k—l(e) = ,(8)0 _ (2.4)

where @k(B) = ¢k(6) » I and ¢k(e) is a vector of 'regressors' obtained
from an equation of the form |
9,(8) = A(B)p, .(8) + By, + Tu, . (2.5)
This is not meant to be a computational formula but a useful theoretical
descriptor. Consider, for example, the dynamic adjustment (DA) model,
e, (8) = (I+Ca(L)){(I+AB(L))yk—BB(L)uk}
7

: c .
where, for example, Ca(L) = X Ci(a)51 ; while o denotes noise
=1

parémeters, B system parameters and L is the lag operator. If H is

" defined as

then © = vec H is the vector obtained by staéking the columns of H one
underneath another (for a full exposé of this 'vec! notation, see Neudecker,

1969).
Now we can write ,
,(8) =y, - yk/k_l(e) =Yy - Her(8) =y, - ¢é(e) ® I8 (2.6)

where
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. ' y! ’ 8
6,8 = (v, | - Vien Y1+ ur 81 (8) ... 8

with
- r 4 —
2, (8) = .qpk(e) ®1 and §,(0) = (I+A0L(L))‘yk - By (Duy
Now it is straightforward to show ¢k(6) obeys a recursion of the form of -
(2.5).

Notice that A(0) is in general rather sparse so equation (2.5) is not

used in computations; it is useful from a theoretical viewpoint, however.

It should also be noted that equation (2.4) holds also for state-space (SS)

models (see Kreisselmeier, 1976, p. 3).

With equation (2.4) in mind, a recursion for © is obtained by analogy

from the recursive least squares algorithm as

A _ ~ ~ _lA
O = %1 * PV o
P =P P, & v ip
S S LS S A s L T
with
Vk = éipk—fik + ZO

There are two possibilities for @k = Gk ® I and gk .

In practice they will be found recursively from an equivalent of

aku:;A(ék-1)¢k-1 + By, +Tu, ‘ (2.5a)

"and

% = Yk " k1

For the ensuing analysis, however, the author has found the following

choices more useful: ék = @k(ek_l) with @k(ﬁ) as in (2.5) and

"~ _ A - _ ) A 7~
& = e (O 1) = vy - 28, )0, -
The recursions obtained with the latter choices will be called infinite
past (IP) recursions since for each new 6 , (2.5) must be solved for all
k . See Appendix 2A for a simple example clarifying this definition. The
author expects that the practical recursions and IP recursions will have the

same asymptotic properties (that is, convergence behaviour and asymptotic
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covariance matrices).

(c) Dynamic Programming. The first problem could be solved by a
dynamic programming argument. Thus, for DD models (discrete time evolution,

discrete time measurement) we would minimise (2.1) subject to the conditions
ek(e) = _yk = ‘yk/k_(e) Py ek = ek_l .

Alternatively for CC models (continuous time evolution, continuous time

measurements) and CD models we minimise (2.1) subject to the conditions
etce) =Yy - yt/t_(e) , do/dt =0 .

We can now recognise this dynamic programming problem as a non-linear

filtering problem for a system with non linear observations
Ve = Vi (®) + e (®) or y, = 3§, , () + e, (0)

and noiseless linear state equation

)

'k:e

1 or do/dt =0 .

We can now choose as our recursion anyone of the many approximate solutions -
to this problem (see Jazwinski, 1970). In the next section a particular

choice has been made and the recursion will be called an IPPER.

2.3 Infinite Past Predictio‘n Err_or Recursions

From now on the discussion will be mostly for IP recursions. However
vgiven the comments just prior to the last sentence of Section 2.2 (b) one
approach to the construction of a practical form of the recursions should be -

clear.

The IPPER's which, it is stressed, are applicable to both linear and‘
non linear models, are given first for CD and DD models, and then for CC

models.

(a) CD AND DD MODELS

Parameter update.

/\_/\» ‘:-/\ _.l ~ . ’ . »
6 = Bpy * Proa®i (O Vi e (B o) (2.6)

or
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8, =8, +P2 (8, JI e (6, ) . - (2.8a)
Gain update.
_ 5 (6. W08 | |
P = P = Proa®iOp )V 2k (0r_JPry (2.7)
or |
R ~13 (A |
P = Prly + 200, )z e/, ) (2.7a)
with
_ ~' A ~ A ’
Vi = 240 P (8 ) * Eg | (2.8)
where A
2.(8) = Byk/k_/39_= —BEé(B)/BG : (2.9}

is an optimal instrumental variable or sensitivity matrix.
Of course, EO in (2.6a) and (2.7a) is unknown and it is logical to

replace it by a recursion for the innovations covariance matrix such as
~ -1 ~ ' (A 4 . <
= 0 ) . .
DR R CHC A CIN B - (2.0
In practice, equations (2.6), (2.7), (2.8) and (2.10) will be used. For

analysis purposes, however, equations (2.6a) and (2.7a) are more useful. i

relation to the above algorithm, note the following points.

(i) State Space (SS) models. With the usual case of the known

observation matrix C , yk/k— 'will be obtained from a Kalman Filter

- (Jazwinski, 13870) with §k/k‘ = C;k/k—’ where‘ gk/k— -is-the output of the

DD or CD Kalman Filter. It follows then that @k(ﬁ) = Sé(e)C' where

Sk(e) = 3§k/k_(9)/86’ is a sensitivity matrix.(for DD models of course

R () = X 0 1(8) ).

The computation of Sk(e) will require solving a sensitivity

difference (DD) or differential (CD) equation as well as running a state

estimator (Kalman Filter) or observer (Sidar, 1976; Gupta and Mehra, 1977).

Thus for a CD, SS model in innovations form, the sensitivity equations

are:
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For system'parameters:
Q[ /38" = F(BIIX, 0 /38" + X[ o ® TOF(BI/B” + ul & 13b(B) /08’

where

1]

f(B) = VGC(F(S)) , b(B) vec(B(B)) , k-1<t<k,

with initial conditions
e r A ]
Xy k- /OB" = 3%y ) 1708

and.

sl ’ _ A
axk_l/k_l/as = (IuKC)ax

x-1/k-1-"98" -

For noise parameters: denote o = vec(K) , K being the Kalman gain matrix

which here consists of noise parameters

d/dt 8X, . /3’ = F(B)OX

y k_/au’

t/
with initial conditions

Wpeor /2" = g a2

and

axk_l/kfl/aa' =.(I*KC)3X /oo’ + eé 2T .

k-1/k-1
In practice these equations would be solved by numerical methods.

Similar equations apply to DD models. With a mechanistic SS model

where B is known, 8 1in (2.6) to (2.8) is replaced by © and only the

second sensitivity equation above has to be solved. This in fact is just a
recursion for the Kalman gaih matrix. An'alternative to the recursion for
K would be a similar recursion for the K matrix (different notation) of

Son and Anderson (1973) together with their ﬁoutput statistics" Kalman

Filter.

An alternativerwell known general method of generating recursions for
SS models, is to append the unknown paramefers to the state and use the
Extended Kalman Filter (EKF). An interesting analysis of such EKF
recursioné has been.given recently by Ljung (1977c) who shows that much of
the trouble associated with the EKF as a recursive parameter estimator is due
to not setting the model up in innovations form. Note also that the EKF as
a recursive parameter estimator can be considered also as a recursive

prediction error or stochastic model reference scheme (Young, 1974, p. 221).
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However, the author feels that PER's are a more natural extension df
prediction error ideas to the recursive sphere, since polynomialAmatrix
description (PMD) (or differential operator form (Wollgdich, 1974, p. 45))
models (with dimension reduction in the observation space) are.easily

handled.

(ii) PMD models. The sensitivity equation for DD, PMD models is

usually relatively easily solved. Consider firstly an ARMAX model (with no

dimension reduction) defined by
(] -1 (1. S
e, (0) = (I+C (L)) {(I+AB(L)]yk-BB(L)uk}-.
With H as before, it follows as in the example. of Section 2.2 (b), that
where ¢k(6) is as béfore but with 5k(6) replaced.by ek(e) . SincebPMD

models are usually constructed from physically motivated sets of differential
equations the elements of H will be heavily constrained (consisting say of
many zero or known elements). This is important since we assume it resolves

any identifiability problems.

Recalling the expression for the sensitivity matrix in (2.9), it

follows that the sensitivity equation is simply
Y _ ot . a :
[I+Ca(L)]®k(6) = op(8) 1 . (2.11)

The constraints mentioned above ensure that many of the equations in (2.11)

are null. For a second example take a TFARMA model (with dimension reduction)
-1 ‘ .
e, (8) = (I+D_(2)) " (1+C (L)), (B)
where
Y - - -1
8, (B) =y, - Cx(B) , x.(B) = (I+Ag(L)) "Bg(Dyu, .
Now the senéitivity equation for the noise parameters -

o = vec(D ..; D C ...C )
1 nd 1 nc

is

(1+D ())%e, /30’ = (e] (&) ... ezg_nd(e)_zfi_l(s) _Ké_nc(,s)) ol .

The sensitivity equation for the system parameters
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B = vec(Al e An R Bn,)
a D
is . . ,
(14D,(2)) e, /38" = (I+Ca(L))Caxk/86’

where axk/BB' obeys

(1+A (1)) 3%, /38" = (X} ,(B) ... —xé_na(ﬁ)ué_l e ué‘”b) 21 .

The above sensitivity equations contain, of course, null equations
corresponding to known or zero elements in Ai(B)’ Bi(B)
(b) CC MODELS

Here the algorithm takes the following form:

Parameter evolution.

A _ ~ A 1 ~
8, /d¢ = Pt@t(et)zo e (6,) (2.12)
Gain evolution.
dp,/dt = ~P-tcz}[e )z, qw(et)P75 (2.12a)
or
aPTr/ar =&, (8,)5718:(8)) (2.12b)
g 190 = Bt TPy A
As before ZO will be replaced by Zt with
. ~ _ _l ~ ;A ~ ’
de,/dt = ¢ ‘(et(et)et(et)-zt] (2.13)
with ét(e) = —deé/de , as before. Again, a difficult sensitivity |

differential equation must, in general, be solved. Recursions of this
general form have been considered by Tsypkin (1971) and Young (1976a).
Recursions for CC models are, hoWever, more usually restricted to
deterministic MR schemes where the gain term in equation (2.12), which
vanishes as ¢ > ® , is replaced by a constant gain (Young, 1964; Lion,
1967; Anderson, 1977).

These latter recursions will exhibit exponential convergence iﬁ fhe "no .
‘noise" case (and will, therefore, be referred to as exponentially converging
- recursions, ECR's). In the noisy case it is well-known that they will, in
general, be biased. What is not mentioned so often, however, is that even
when unbiased, they never converge to a constant. Instead, they converge to

a random variable whose variance depends on the noise variance, the galn and’

the energy of the 1nput signal.
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(c) STOCHASTIC APPROXIMATION

The SA recursions will be the same as equations (2.6), (2.8) and

(2.10) above with the Pk given by akI ; where ak are a sequence of

positive constants with

o~ 8
xg
"
8
—o~1 8

As mentioned earlier for DD models, such recursions were implicit in
Tsypkin (1971) though he never actually gave them since he never replaced
his @(X, 8) by a formula for the innovations sequence; e¢f. Young (1976a,
p. 533).

In relation to the above recursions it is necessary to make the

following remarks.

REMARK 1. For single output systems the innovations variance is a

scale factor and need not appear in the recursions.

REMARK 2. The CD pecursion for a non-linear SS model with no procesé
noise should be compared with that of Sidar (1976, equation (27)), where the

place of. Pk in the parameter update equation is taken by the incremental

matrix

[lel- ] rk k-1 zo q’k(ek 1)1

It follows that Sidar's recursion will be an ECR and so converge in the
noisy case to a limit random variable (compare with dlscu331on above) In
fact Sidar gave no analysis of the noisy case. The recursion glven here

would seem to be preferable (see Remark 4 below).

REMARK 3. Young (1976b) showed how to construct recursions for a
single input, single output transfer function (TF) model by a different
solution to the sequentiai minimisation problem. More'recently (Young and

~.Jakeman, 1978; Jakeman and Young, 1978), PER-like recursions have been
developed for multivariable TF models and evaluated for finite samples by

Monte Carlo simulations.

REMARK 4, The same argument as given in (c) of Section 2.2 yields
recursions for time varying parameters by analogy with the Kalman Filter.

Indeed suppose the 6 variation is modeled as
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where nk is a white noise covariance matrix Q ; then for DD models, for

example, the recursions will be

O k-1 = MOr_i/koy o

B = Besir * Prsen® B Ve ek(ek J
where

_ = (A -1,

YRR WRC A CO AR A CI L
and
- r o,
Prsize = Pl 0

while

R ALY I
with ik-‘given by (2.10). This kind of extension is discussed by Young,

Jakeman and Whitehead (1978) (for the single and multivariable TF model) and
by Kaldor (1978). '

If we consider this algorithm (with A = I ) for the simple regression

model
ek(B) = .Yk - u]éB

and compare it to an equivalent ECR, we may conclude the following: the ECR
stands in a similar relation to these time-varying parameter recursions as

SA does to PER's for time-invariant parameter recursions.

REMARK 5. Implicit in the above PER's is a self-tuning filter (= one
step ahead predictor) namely yk/k ( e l) or a state estimator (or

observer) namely Xk/k—(ekfl) . If we can show 'ek _-eo + 0 then it is

A

easy to demonstrate that §k/k_(ek*l) converges to 9k/k—(80) and
Xk/k—(ek-l) to Xk/k—(eo) (see Appendix 2B).

REMARK 6. In relation to CD models where the recursion is for the
continuous time system parameters, it is common that the input is also
sampled so that the sensitivity equation can only be solved by numerical

integration. Consider a TF model example
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e, (B) =y, -z, = v, - (B0 b,

where D is the derivative operator d/dt : while
n-1 .
B(D) = ) bsps
0

and so on. Then the sensitivity vector for b is
- (D -1 n-1y
de,/ob = -(D+AM) (1 ... DT )uy, = -q (%)
while that for a is -qx(t) where, for example,
qu(t) = Aqu(t) + Cuy

with ¢' the 1 Xm vector (00 ... 1) -and

is in companion form: similarly the sensitivity vector for a is qx(t) .

Thus we see how derivatives are computed by an optimal state variable filter
(ef. Young, 19643 Rucker, 1963, andAKohr, 1963) determined by the system.
Young, Jakeman and Whitehead (1978) use this approach for the single and
multivariable TF models. The important point.here is not to discretise the
system equafions when faced with sampled input data, as is sometimes done

(Phillips, 1974), rather to discretise the sensitivity equations.

2.4 Relation with Known Recursions

The computational form of the PER has appeared before in the following

cases.

(i) Scalar ARMAX, PER = RML2 (Soderstrom et al., 1974).

(ii) Scalar Dynamic Adjustment (DA) model PER equals the Recursion of
Gertler and Banyasz (1974) and also that of Hannan and Tanaka (1976).

(iii) PER for "Box-Jenkins' or TFARMA model
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: -1 -
ek(e)-= (l+Cu(L))/(l+Da(L))[%k—(l+AB(L)) BB(L)u@l

is the symmetric refined IV of Young and Jakeman (1978). This equivalence

is not immediately clear and further comments are offered in Apﬁendix 2C.

2.5 Preliminary Analysis

For the next three sections, we suppose that S belongs to the model
set M . Guided by the discussion of Section 2.1, consider a general

recursion for CD, DD models.

D>
1l

P =6+ P (B k l)z e, (e ) , (2.14)

Pt =Pt vy (B, )3 ter(B, ) :
where Ck(e) and Y(0) will be matrices of instrumental variables obtained
- by filtering operations of the form of equafion_(2.5) or (2.11). FoerBR's
wk(e) = ;k(B) = 5 (6) ; for SA Pk = akI ; and for meﬁhod (b) of Section
2.2, Y (8) = ;k(e) @ (8) = ¢k(6) ® I . Note that »ZO has been used here
rather than Zk (equation (2.10) of Section 2;2) in ordef to simélify the
analjsis. It is not felt that the effects of this change will be important.

Now substitute the following Taylor'series*

e (B-1) = e (8g) - k(ek 1) 8170 ', (2.15)
~ for some eé_l with. nek 1" O” < “ek 1" O“ - into the parameter update
equation to give

~ A ~ l~ ~ .
O = 8y - PR¥ (0 )zg7e) (8, -08,) + P¥ (ek l} (e ) . (2.18)

This expression is basic to all that follows. It exhibits the recursion as
a stochastic difference equation driven by a white noise. In Section 2.6
this stochastic difference equation will be analysed by converting it to a
stochastic differential equation. Before proceeding further, some V

preliminaries are necessary.

The reason for using IP recursions is to allow use of this Taylor Series
expansion.
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In what follows we will have occasion to deal with covariances among

wk(e), ;k(e), @k(B) and so on. Thus consider, for 8, 6% ¢ Dc (a convex
stability region enclosing the true value) the temporal average ~

-1 1z
£y = “lpreg
AHN(G, 8%*) ‘N g Wk(B)ZO @k(e ) .

This will converge to

. A~ Py ™ .
H(B, 6%) = E[‘l’k(e)@é(ﬁ*)) = J dFAc(wIB,. 6%)
‘ - Yo

where
v _ w5
wk(e) = ZO Wk(e) >
and so on,. and dF.,(w|8, 8%) is the cross-sepctrum of ¥ (8) and 5k(6*) .

Yo k —
We will have occasion to compute an expression such as H(Bk, 92) and will

denote it by E(@(ek)é’(ei)) .

This "twiddle" notation was used by Hannan (1976). To .agree also with’

the notation of Ljung define

~ ’ ( '
H(®) = E(wk(e)gé(e)) = j dF as(w|8) (2.17)
' I £ ‘
v " ~ [ .

G(8) = E(che);é(e)) = dF@a(w[B) , (2.18)

4T .
. N A P"T

F(8) = E(¥,(0)¥,(8)) = dFga(wl8) .

7=

REMARK. TFor PER's, ¥,(0) =z, (8) = %k<e> . so H(B) = G(8) = F(8) .
For the SA schemes implicit in Tsypkin (1971); wk(e) = 5k(6) so

H(8) = F(8) .

2.6 Convergence

Here, as in Section 2.5, it is assumed the system belongs to the model

set. General recursions are discussed first and then SA. In this section
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we assume the recursion converges and use this assumption to generate
necessary conditions for convergence, that is, conditions that must be

fulfilled in order that the assumption of convergence not be contradicted.

- The idea then, is to convert the basic stochastic difference equation form -

of the recursion (equation (2.16) of Section 2.5), to a stochastic
differential equation. This is done by suggesting the driving white noise
term may be regarded as the increment of a certain Wiener process. From an
intuitive point of view a Wiener process is the integral of white noise;

see Arnold (1974%) or McGarty (1974).

Despite the above conversion the discussion is repeated using discrete
time arguments. However using a s.d.e. it becomes almost trivial to compufe
the asymptotic covariances of the recursive parameter estimates (Section
2.7). Finally, note that for the following discussion it is assumed the

recursive estimator is made to lie in the convex stability region Dc
containing the true value. The convexity of Dc ensures that intermediate

values in a Taylor series expansion lie inside Dc

2.6.1 GENERAL RECURSIONS

Denote ﬁk = le/k and consider that the right most term in equation

(2.16) can be written as

_%A_l 5 o
R o,
where dwk = Nk.- wk;l and FO = F(eo) ) 60 being thé true value; also
W-F_%]ch(é )z te (8. ) V5 o
k70 78 s-1'“0 es[ 0 /Vs . (2.19)

Suppose for the moment wk(e) is independent of © , then

-1
s .

E(W M) ~ 1

X

Thus Wk resembles a multi-dimensional Wiener process on a time scale

T~ 1ln k . Note that dt = k—l shrinks to zero as K > , so T will

measure a continuous time. When Wk(ﬁ) depends on 6 there will be an

extra term in the above expectation, namely,
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A -1y (A | %
Fy {§ [%ka(ek—l)zolwk(ek—l))_Fé]/k}Foz

and provided the first term here approaches its limit value rapidly enough,

©
this expression converges (recall E k
1

neglected relative to the first term above. If we make the notational

-1-8 o o -for § >0 ) and may be

transformation 8 <> o(t) , Rk <+ R(T) and so on, then we obtain directly

from equation (2.16),
a8ty = -RH0¥(ecn), T)Z;lé'(e(r)](e—eb)df-fe_%Tﬁ_l(T)Fa%dW(T) (2.20)
while from equation (2.15), -
dR(t)/dr = ¥(6(1), T}z;lC'(e(T), 7} - R(1) . : (2.21)

The above differential equation is now analysed in two ways. Firstly,
by investigating the behaviour of its First moment; - this yields an
analysis’inspired by that of Ljung (1977a, 1977b). Secondly, by considering
the s.d.e. as it is using a stochastic Lyapunov function; this yeidls an
analysis related to that of Landau (1976, 1978). The conclusions in each
case are the same. The aim of the second analysis is merely to illustrate
the felafion of the two analyses. In Section 2.6.4 the First moment
analysis is repeated in discrete time; the analysis is then related to that

given rigorously by Hannan (1976).  Section 2.6.5 contains an analysis of
SA.

2.6.2 FIRST MOMENT ANALYSIS

To first order, the mean function m{t) = E[G(T)) of the differential

equation (2.20) obeys

an(v)/dr = R OEEmO)8 (0} mo-m) . (2.200)

dR(1)/dt = G(m(D)) - R(T) . - . (2.212)

Recall E and G(B) were defined at the end of Section 2.5; also m (1)

corresponds to 6; . The convergence of 6(T) can be investigated by

looking at the stability of these equations. This is the type of conclusion

reached by Ljung (1977b) by a rigorous argument. We can obtain an initial



33

understanding of convergence from the Taylor series (2.15). Multiply it on

the left by @[m(r)) and take expectations to see

~ oA £ ~ A N
E(¥(m(n))e’ (D)) (m(v)-m )} = E(¥(m(v))e(m(D)))
It is then élear that convergence, that is, dm/dt - 0 , will ensure .
E(¥(m(v))e(mn)) »70 .

That is the recursion can only converge by forcing a decorrelation between’

the model innovations e(m(r)). and the proxy for the gradient Y(m(r)) .

Returning to equations (2.20a), (2.21a) we search for a Lyapunov

function as follows.

Consider the two cases
,wk(e) = @k(e) 5 Tk(a) = ék(e)
(i) In the first case, take, for the moment,
ck(e) = wk(e)».

Then as suggested in Section 2.2 (b) the recursion has been constructed by

supposing @k(eo) known and minimising

-1 N -1
— 1
WN(O) =N ?L 6k(e)zo 6k(e)

with

8,(8) =y, -2 )(6-8.) .

That is WN(G) should be suggestive of a good choice for a Lyapunov

function. However recalling'equations (2.2), (2.4) we have

2 ¥ -1 2 ¥ -1
- 14 !
Wy(8) = N‘ § e/ (6,02, 7e,(6,) + 20 % e/(8,)2,72,(6,) (0-8,)

-

N
-1 ,
+ (e-eO)N g @k(eo]@k(eo)(e-eo

The middle term approaches zero as N - « leaving the choice of Lyapunov

function as
v, = v(n(o), 7} = (mCo-m ) RCO) (m()-m ) -

This was the function chosen by Ljung (1977a). It will be used in the
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general case being considered here where Ck(ﬁ), wk(e>, @k(e) may all
differ. It is immediately clear that we must require that G(8) be positive
definite (p.d.) VO € Dc . Thus we have
- _ - ' . v -
av st = v - (m(t)-m) (HT+HT.G(m(T))](m§T) m,)
with H = E@(m()e" (m* (D)) .

To conclude V& > 0 we réquire

H + H 7 - G(m)
be p.d. This can only hold for m, m° in some small region D6 '[inside

Dc ) enclosing the true value provided

H(eo] + H'(Bo) - G(eo) ) (2.22) .
is p.d. Thus we conclude local convergence when (2.22) holds.

In summary then, the conditions for local convergence are the positive

definiteness uniformly in 8 € Dc of

._.'n'.

.
G(8) = [ quifwle)

and that - »
H(8p) + H(8,) - 6(6y)

is p.d. ‘Now since ck(e), Wk(e) ‘and so on depend on the input sequence,

condition (2.22) in general depends on the input sequence for its validity.

Ljung (1977b) has pointed out that (2.22) holds for all input sequenceé if

TA

\yg(wleo) - %T@g(wleo) (2.22a)

is positive real (p.r.) where Tas(w|6) is the transfer function from |
Yo

A L
Wk(e) to @k(e) -and so on.

The reader may wonder at the conclusion of local convergence when the
discussion in Ljung (1977b) concludes global convergénce. Such a result
holds only for linear models and is obtainable here by replacing the Taylor

series (2.15) of Section 2.5 with a similar expression that relies on




linearity. This point is expanded upon with a simple example in Appendix

2D.
(ii) When wk(e) = 5k(9) the quantity being minimised is
N
-1 -1
1 !
5N g e/ (8) e, (8)
which approaches
57|el(0)E e, (8)
k 0 "k

This Lyapunov function was suggested to the author by Ljung (1978b). It
follows with this choice that

dV%/dT avj/am' dm/dt

E(e’ (m())&(m(r)))R™H(OH*" (m(T)-m )
where here,
H# = E(e(m(m))e’ (m (D)) .
Applying the Taylor series once more yieidé
! r. -1 .
av_/dt = -(mcr)-mo) HA'R (T)H;(m(r)_mo) .

But this implies the term on the right hand side approaches zero. Then

R(t) p.d. ensures the conclusion m(T) - m, > 0

2.6.3 STOCHASTIC LYAPUNOV FUNCTION METHOD
In this section the analysis is given only for the case

wk(e) # @k(e)

If (2.20) is interpreted as an It equation (see Arnold, 1974 or McGarty,

1974) then we may apply'ItG‘s lemma - the stochastic equivalent of

integration - to

v, = v(8(r), 1) [e(T)-eO}'R(T)(egT)feo)

so that

5(0) - 507,) = | #0(v(0(o). o)) Jao

35
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where the operator 0 plays the role of derivative. We find (Arnold, 1974,
p- 91),
ov_ = £(8(c), 0)3V /38 + % tr T(0)I (0877 _/3030" + oV_/3¢

where f[e(r), T) denotes the coefficient of dt in equation (2.20), while
T'(t) is the coefficient of dW(t) . 1In the deterministic case of course

Ad(t) =0 and T(t) =0 .

Now
av_/38 = 2R(0)(8(0)-6 )
2 r ,
2%v_/2636" = R(0) ,
9v_/30 = (6(5)-8) 'dR(c)/do(8(c)-6 ) -

It then follows after substitution in the expression for DV that

Fel ~

o= -V - (B(o)~6 ) (2@0?0 cowé)(e<a) -6 ) + % tr[F R™ (o))e'c

Now, for reasons to be clear in a moment, define an 'input' and an 'output',

respeétively; |
U, (8) = ¥1(8)(0-0,)
and
§(0) = (8,(0)-58,(8)) " (6-0,) -
The transfer function Between them is clearly

Tog(w]6) - ¥Tge(ol8) . o (2.22)
vo |

It follows now by Ito's lemma that

t ¢
E(V,-V) +5, - 5, Js £(v_)do Js u'y do
where
t -—
o lrgr oo [ oval
0
Set

di(t)/dt = aéy - N(t)
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SO

: t :
BV +l,+5.) - E[_VS+NS+SS]V = - L BV )do .

Now if the transfer function (2.22b) is p.r. uniformly in 6 the cross
correlation between output and input will be positive. It is reasonable to
suppose then that N(T) will be positive for T large enough. It will
then follow that E(V%) *+ 0 as required.

REMARK. This argument is related to the discussion_in Landau (1976)
(see also Landau, 1978). It is now clear how the p.r. condition arises in
about the same way in both the discussion of this section and that of
Section 2.6.2 (based on Ljung, 1977a). This partly clarifies a comment of

Ljung (1977a, p. 539) that his discussion and Landau's are very different.

2.6.4 DISCRETE TIME DISCUSSION

Return now to the basic recursion (2.14). This recursion is, after
all, a stochastic difference equation and we may analyse its behaviour by

looking at its first moment. - Set m, = E(éé) and R;l :kak so, to first

order
mo=m . +k RE@(m, )e(m )
k k-1 k7N VTk-1 k-1
- with
’ ~1 -1
Ry = R (1%} + & "6(m,_)) -
Summing up the recursion gives
_F L N
3' LR E(‘P(m ) m, )

whereupon we will require error decorrelation as before to ensure mk is

finite»(sinde -2 1w ); Next apply the Taylor Series (2.15) to obtain

m =m

e = M1 T k-lRZ;lE@ ]@(m 1) (my_-mo)

The stability (that is convergence) of this difference equation can be

analysed by means of the discrete time Lyapunov function
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— _ ! _
Ve = (m-m )R (m -m ) /% .
It follows after some simple algebra that

Vi < Viey = Vaey/k = (g _y-m )Ty o (my_y-mo) 7k

where

Provided, as before, we ensure (2.22) is p.-d. we can conclude

Vk < Vk—l - Vk—l/k .

Clearly Vk is a bounded decfeasing sequence and so has a limit, Also,

.since
o .
Kk < < ’
Y Vy gtk <V <
1
o -1
this limit must be 2zero to avoid contradicting z kKT =,
1

We conclude convergence and the discussion can continue much as in
Section 2.6.2.

The analysis just given paraphrases that of Hannan (1976): ~of course
many difficult technical points have gone unmentioned here. In any case it
should be clear that there is no real difference between the continuous
time and discrete time analyses (at this heuristic level). Further

discussion of the relation between these analyses is contained in Chapter 7.

2.6.5 STOCHASTIC APPROXIMATION

As in Section 2.6.1 we begin by introducing a "Wiener process'’

similar to the above but on a different time scale. Set
W :F_%%C\P (6. Yz e (e'w;
kOlss—lOSO's’
As before
k'k

k
E(W W') ~ It , T = E a_ .
1

Since T vrepresents a time scale, this gives a natural interpretation of
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: k
the well-known requirement X a, =« . Next, assume a, is a strictly
1

decreasing sequence so that we can invert the above relation to a, = g(t)
for some monoteonic g(t) ; for example, with a =Vk—l we have
g(t) = e_T .- Then, as above, we obtain a stochastic‘differential equation,

de(t) = —@T(S(T)]gT(e.(T)) (6(1)—60}41 +rg(T)Fz§dW(T) .
As before, to first order the first moment obeys the equation

an(t) = -E@(m)em (0)) M) )de - © (2.20b)
Furtherﬁore,_to a similar approximation the second moment .
n(t) = E(8(0)-6.) (6¢T)-8,}"

will obey

dg/dr = -HM(D)E() - 2R () + g°(F (2.23)

Clearly equation (2.20b) has a decaying solution if H(@) + H(g)’ is p.d.

Ve ¢ Dc'. Given this condition, equation (2.23) has a decaying solution if

Jm 92(’[)d1' <o,
0
2

[oe]
“that is if 2 a < ® , the well known variance nulling condition (compare
3 : >

with Young, 1976, p. 532).

It is worth noting here that the discrete time analysis of Section

2.6.4 is easily given for SA. Indeed set
= _ ' N
v, = (m, mo) R, (m,, mo]ak .
Then it follows much as in Section 2.6.4 that
< _ ) V _ _ T . -
e < Veer k1 (mye_y-m) Tpe_ (m_y Mooy
where’ Tk = Hé + HL’ . Then, provided the condition below equation (2.23)

holds we conclude
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[ee}

whereupon the requirement Z a; = is apparent to ensure Vk -0 . A
1 ‘ .
T 2
second moment. analysis will yield the requirement E a, < o,
¢ :

It is logical at this point to enquire as to the relation of.all this

with the conditions of Tsypkin (1871, p. 56). These apply to the case

Yk(e) = @k(e) = -agé/ae .

Tsypkin's condition (b) is
[9‘90)'E[@é(6)281ek(9)) >0 .

Apply a Taylor Series to ek(e) and notice that

Py -1 -
E(@k<e>zo ek(so}] =0

(since an innovations process is orthogonal to functions of the past) to see

that this condition is

' -13 *
(O—BO)E[Qk(G)ZO 2/ (8 )](e-eo) >0

.~

which clearly can hold only locally. This condition is analogous'to the

condition below equation (2.23).
Tsypkin's condition (c) is that
3 NI < '
E£(2,(8)e,(0)e(8)2/(8)) = a(1+676)
This condition will hold trivially and is further discussed in Appendix Z2E.
We see that Tsypkin's conditions imply local convergence and come from using

the Lyapunov function of case (i) of Section 2.6.2 instead of that of case

(ii).

2.7 Asymptotic Variances

As in the last section we deal first with general recursions and then
with SA.
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2.7.1 GENERAL RECURSIONS

From the basic equation (2.16) of Section.2.5, we construct once more a

stochastic differential equation but this time for ukw:v%( k-1 90)

Flrst multiply both sides of equation (2.16) by Vk and subtract

Vk-1 ( kel 60] Then noting that

VE (8 CVET (B, -8 ) = wAT (6

178 1/\/‘ $lu(t)dr |

k¢’eo) O 1" o

we obtain

ﬁ(ék-eo)—f—(klo\*kp (6, )z e(e)/\/zz

k-1"70 "k

-6 )

[1/2 kP, Y, k l)zo HE " l\]\/zz‘i (ek_l o)

Thus, with the same "Weiner" proéess as before (equation (2.19))
n-1 e P ~-l %
dw(t) = -[R (m¥(e(r), TjI e (6 (1), T)—I/Q}U(T)dT + R(TF i(T)

Because of the convergence of 6(T) with probability one, the second moment

Q of this equation will be approximated locally by the second moment

o 1%
du(t) = ~A0p(1)dt + GO FOdW(T)
where
G, =G(e,) . Hy =H(8,)
and where
P
AO = GO HO -I72.

It is well known that the covariance kernel of this equation satisfies (see

Arnold, 1974, p. 134)
r ___‘ —l r_l »
AOQ + QAO = GO FOGO . (2.25)

A p.d. solution to this Lyapunov equation requires the positive-

definiteness of
| -1 I_l . ' \
AO + Ao = GO HO + HOGO - 1. (2.26)

This will be true if Hd + Hé - GO is strictly p.d. and GO is p.d. This

follows by considering the stability of the ordinary differential equation
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><le

_ o a1y o
= -AOX = —{GO H-I/Q}X

with Lyapunov function V X’GdX . Then

Vo= X' (H tH!-6 )X

and so V decays to zero when HO + Hé - G, is strictly p.d. This means,

0

however, that AO has no eigen-values with negative real part, that is, that
’ 3
AO + AO is p.d.

By the discussion of Section 2.5.1 the above two conditions hold if the

recursion is to convergé. For PER's GO = FO =H so -AO = I/2 and the

Lyapunov equation has solution

-1

Q= F = dF s (w]6)
- P -

‘which is the Cramer-Rao lower bound. This is, the PER's éan be expected to

‘be asymptotically efficient. Note also that

kP, = R Lty » Ggl = Q

so that, for a PER, the gain update equation yields the asymptotic

covariance matrix directly.

2.7.2 STOCHASTIC APPROXIMATION
With the Wiener process of Section 2.5.2, a similar apprdach to that in

Section 2.6.1 yields:

du(t) = —[W(G(T), T)Zglé'(e'(r), T]—@(T)I/Q]u(T)dT + F%dN(T)
where

-1

~ -1
A G

-1
In dériving this it is helpful to note ail(l—Vak/ak_lj g:%wk .
As before the second moment Q will be approximately the second moment

of

du(t) = —(Ho—ml/Q)u(T)dT + F%dW(T)
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where it is assumed that 1lim @(T) = @ exists; for example, with
a, = A—l/(a+k) we have P = A_l = @ . It follows then, that Q satisfies

the Lyapunov equation

(HO-—(pI/Q]Q + QH'-0I/2) = F

0 0 °

For this equation to have a p.d. solution it is necessary that HO + Hé - ol

be p.d. Unlike the case of general recursions, this condition is different

to that required for convergence. For those SA schemes with wk(e) = 5k(6)

we have

: m
H =F = J chc(wleo)
-T %P

so that the Lyapunov equation is

FOQ + QFO = F0 + ¢Q .

2.8 Misspecification

In this section we tackle the question of convergence and asymptotic
covariance properties in the situation where the system S does not belong
to the class of models M . It is expected that the recursive estimator

will converge to the value 56 which ensures error decorrelation in the

sense of satisfying

— Y-l — 3
By, (8)2, ek(eo)} =0

Convergence is discussed first and then asymptotic covariances are derived.
It is suggested that the PER's will converge in this circumstance.  Also the
results of this section are suited to the analysis of instrumental variable

(IV) estimators so an analysis of the IV recursion used by Young (1874) is

given.

2.8.1 CONVERGENCE

The discussion here is close to that in previous sections but must be

modified a little. In particular, since ek[§0) is no longer orthogonal to

Wk(ék;l) , a slightly different Wiener process must be chosen; namely
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-1
v (3 )5 e (8) 05 .

To see this, recall that in Section 2.5, equation (2.16), a Taylor series

expansion was used on ek(ek_l) to obtain a final r.h.s. term that was

recognised (Section 2.6.1) as an increment of a Wiener process. Here we use
a slightly different Taylor Series, namely one for
,(8) = ¥, (0)5 e, (8)
k k 0 k&
- It then follows as in Section 2.5, equation (2.16), that
6, =6

p =0, - Pk(ank/ae )( o1 0] + Py (5‘)2 (66)

Néw from the definition of nk(e) .
,.\ 2L A A~ A
_ ]
OM, /38" = ¥,(8)2/(8) + (awk/aelek(e), e, awk/aepek(e)]

so that we will be interested in the temporal average

N .
- T r
HN =N % ank/aek_l X

This will converge to Hb = H(éb} é=H(§b) + K(GO) with H(8) as in Section
2.5, while |

k(o) & B(3¥,/30,2,(0), ..., 3%, /30 & (0))

The analeis now proceeds as before with the condition for local convergence

being that both
 G(8) and @) +H'(8) - 6(5) O (2.27)
be p.d.

Once more global convergence will follow for linear models (ef.

Section 2.6.2).

Consider now the PER's; as in Section 2.6 we use the Lyapunov function

suggested by Ljung (1978b)

V(o) = [ k(G)Z ek(e)] .

By the same argument as in Section 2.6 we conclude the global convergence of

the PER's in this S § ¥ case.
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Returning to the general condition (2.27) consider the scalar IV

recursion defined by (ef. Young, 1974)

p. _xk_na(s)uk_l PSS LA

¥ (8) = (-z,_,(B) ,

g = (—yk—l T _ykenauk—l ot ¥ken )

ek(B)

]

!
yk" CkB .

Assume that Y = xk(BO] = nk is a stationary process for some value BO .

The error decorrelation condition is
5%, (B,) (v-51(B,)) = 0 .
However this equation is clearly satisfied by the true value BO , since it

then becomes
E(wk(so}nk) =0 .
To investigate the conditions for convergence, note
| - 3 . ) 2 ro_
aek/aB - "q)k(B) - Ck 2 a ek/aeas - 0 .
Thus K = 0 so that H(B) = H(B) . Also
- - !
H(B) = G(B) = E(¥,(B)) .
Thus the two conditions (2.27) become simply that E(Yk(B)Ci} be p.d.
uniformly in B € Dc . |
Recalling Ty = Wk(BO) + (néO')' ‘this may be replaced by
E (¥, (8, (8,) ") -

It is hardly surprising that this be required to be positive definite since

this is also required for the en bloc use of the IV estimator.

2.8.2 ASYMPTOTIC COVARIANCE MATRICES

Once more the argument parallels that in Section 2.7. The covariance

matrix will obey a Lyapunov equation similar to equation (2.25) of Section

2.7.1 but with two changes
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(i) F0 is the asymptotic covariance matrix of

1 Vil 1
-% -
v § ws(eo)zo es(go)
If we write the matrix Wk(B) in column form as
WMQ):(%kw).”‘%ﬁeﬂ',

‘so that in the example just discussed

wlk(e) N ka_l(e) ces ka(e) = Uy > PEn AN,

then, neglecting fourth cumulant terms, the matrix FO ‘has 7, J element"

_ (see Hannan, 1970, p. 209)

NS .
J tr[fw.w.(w)zalfee(w)} + tr[few.(m)zalfew’(w)]dm
=T T J Xz Jd

where fwiwj(w) is the cross-spectrum between Tik(eo] and ?jk(eo} and

SO On.

(ii) H0 is replaced by HB = ﬁ{ég) of Section 8.1.
0 ¢}

Lyapunov equation of Section 2.7.1 for the covariance matrix Q becomes

In the example above we saw K =0 so Hb = H0 , also G. =H_  so the

a1 -1
Q= Go FoGé T

This result could have been guessed from an en-bloc analysis.

2.9 Conclusions

The main aim of this chapter has been to present a unified framework
for viewing SA, MR and recursive methods for the estimation of the time
invariant parameters of a lumped parametric model of a dynamic system. The
unified view was obtained by noting that just about any model could be
defined by an equation for the prediction of the system output. This is a
stochastic extension of the deterministic MR idea. Then recursions could be
constructed by minimising the mean squared error of prediction. The PER

recursions in general required the solution of a sensitivity equation
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however; for DD models this poses no difficulty. The following general

points have emerged.

(i) A general method has been presented for constructing prediction
error recursions (PER's) for just about any linear or nonlinear lumped
parametric model of a single or multivariable dynamic system. Some of the
recursions have appeared before, mainly in the single output case. In

particular, recursions may be written down for PMD models with a dimension

reduction in the observation space.

(ii) A plausibility analysis of the local convergence behaviour of a
general recursion (as well as of SA) is obtained by con&erting it to a
stochastic differential equation. This differential equation is analysed by
looking at the behaviour of its first moments as well as by a Stochastic

Lyapunov function argument; a discrete-time argument is given too.

(iii) It is argued that the asymptotic covariance matrix for both
general recursions and SA obeys a Lyapunov equation. It is suggested that

the PER's are asymptotically efficient, that is, they attain the Cramer-Rao

lower bound.

(iv) The PER's when modified slightly are shown to still converge
(though they may be biased) in the mis-specification case, when the system
does not belong to the model set. In this sense they may be said to possess

a robustness property.

APPENDIX 2A

An Example of an Infinite Past Recursion

Consider a MA(1l) model
ek(a = dk/(l-uL) .

Suppose Oy is the output of a recursion then the innovations process for

an IP recursion is found by solving
elon) = vy + e (o)

recursively to obtain

2 m
e o) =y + oy, | rony, ot ety e
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The innovations process for a practical recursion is found by solving
e, = e
S Ty 20 S
recursively to obtain

®k T Y T %1 T % %-1Yr-2 T % %k-1%-2Y%-3

Foaee T OO g e O Y o

APPENDIX 2B

Convergence of the Self-Tuning Filter yk/k-(ek—]) and

Self-Tuning State Estimator xk/k (6 k-])
Consider the Taylor Series expansion
Viepe-®p 1) - Ve (85 = 348y IO eo‘

where |6, =8I =< [18;_,-0,] - Next,

Now V@ € D, (some region of stability) ék(e) is obtained by a stable

filtering operation on the past of yk and uk SO assume

o . ' .
3 7 '

BN < T (gl ) > (@)
for some A < 1 ., VO € Dc-. Now suppose Yy and. Uy have finite third
moments; then by Hdlder's inequality so does H@k(e)ﬂ . But now
Chebyshev's inequality and the Borel-Cantelli lemma imply

~ 1/3+ o
EXCH A (28.2)
with probability one (w.p.l) for some & > 0 and uniformly in 0 ¢ Dé .
However the w.p.l convergence of ék—l and so of 6% 1 together with

the uniformity of convergence in (2B.2) ensures H@k k- l)H/kl/3+6 w.p.1l .

Because convergence of 0 will be demonstrated using Lya unov
g % g Lyap
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function arguments, it will be straightforward to prove also that
k“nek-eon +0 w.p.l, a<k. (2B.3)

(This is discussed in a moment.) The convergence of the self-tuning filter
now follows. A similar argument establishes the convergence of the self-

tuning state estimator.

We now give a heuristic validation of claim (2B.3). Let VO = ”6k‘60“2

where T o~ I1n k . In the ensuing discussion we will obtain inequalities
like

dVT /dt < —VT

Integrating yields
: £ _
v, -V, < - [3 V&db 5

thus Vt is a bounded decreasing sequence and so has a limit. However, it

follows also that
{e o}

<
jo Vcdo < VO o

so this limit must be zero.

GV er(l—é)

Now we want to show kl— X = V& >0 for some 8 >0 . So
consider W_ = éT(l_é)V .
T T \
Then
O i 1 s T(1-8) .., .
dﬂ&/aT = (1 S)JT + e dV&/dL

1A

- n7 -
(1 5)»/1_ W‘[

-SW
T

It now fdllows'by the same argument as given for V% , that W_-=>0
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APPENDIX 2C

Equivalence of Refined IV and a Certain PER

The equivalence at the end of Section 2.4 is not immediately clear.

Consider then the scalar TFARMA model

o -1 -1,
e, (8) =»(l+0&(L)](l+Da(L)} [yk—(lfAB(L)} BB(b)uk}

It is straightforward to see
—_ _ _'y ‘ r r A < !
ey (8) =y - (-x]_(B),u; ,,e; [(8), -5 ()6

uk—i = (uk—l e uk_nb)' and so on, while Ek(s) =y, - xk(B) and

where

-1 -
2, (B) = (1+AB(L)) Bg(L)uy -

The point to see is that the recursion for the system parameters 8
may be uncoupled from that for the noise parameters o . This uncoupling

will follow if we can demonstrate that k—lPil approaches a block diagonal

" form. Now the (1, 2) block element in this matrix is the cross covariance

between dek/dB and dek/dh . It is easily verified that

-l¢ ~, S~y
de, /a8 = (1+45(0)) " (-x;_ (B, up }7 s

-1 _ ' ,
de, /do = (14D (L))" (e] ,(8), &/ (B))" ,

wheré
~ -1
x;, = (l+Da(L)] (l+Ca(L))xk

and so .on.

If the recursion converges the first expression will be a vector of

linear operations on Uy, and so uncorrelated with the second which will
consist of linear operations on the stationary processes ek(eo) and
6k@& -

Finally, note that the non-symmetric IV recursion (see Young and
Jakeman, 1977) apparently differs from the PER recursion in that the

(1, 1) block element in k—lpil is replaced by the covariance between
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Wk(B) and dek/dB yhere

t

() (=Y, 0 )

18 = Bt ) (5 i

B

1"

W) St -1¢ = N
(l+AB(L)) (-x1_ 1> ug )+ (l+AB(L)) (-8, ., 07" .

_l s

However if the recursion converges the second term is uncorrelated with

dek/ds (which, as mentioned above, depends on the past of Uy only) and so

asymptotically the two recursions are identical. This'uncoupling of noise
parameter and system parameter recursions does not appear to be possible for

the other common linear time series models.

APPENDIX 2D.

Replacement of the Taylor Series of Section 2.5 for Linear Models

In deriving the s.d.e. (2.20) we have used the Taylor series (2.15) of
Section 2.5. However, for linear time series models there is an alternative

to the Taylor series. To see this consider the scalar ARMA model
(1rc (D))yy, = (14D (D))e, (@) .

Now by definition if a, is the true valué (lfCO(L))yk = (1+DO(L))ek(ao) .

. Subtracting these two yields

(C&(L)fCO(L))yk (140, (1)) (e (-2 ()] + (D (2)-D(L))e, ()

Thus

§]

o v -1
e, (@) - ek(ao) (l+DO(L}] [[C&(L)—CO(L))yk-[Da(L)—DO(L)]ek(aX]

-1 y - | L
(140, (D)} "%, ()" (- ) - v(2D-l)
where

AORN G _yk—ncek—l(u) e ek~hd(a)} .
Notice that
~ -1
-2, (a) = dey(a)/do = (14D (D)) & () ,

so that expression (2D.1) takes the place of the Taylor series. The
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important point however is that now the transfer function between 5k(a)

' and @k(a) is (1+DO(L)}_l which does not depend on @ . Thus any

uniformity condition is automatically satisfied. Similar results may be

obtained for all the usual linear models.

APPENDIX 2E

Tsypkin's Conditions for the Convergence of a SA Scheme

As in Appendix 2B take. 5k(9), ek(e) to be bounded uniformly in © by
an expression of the type given in (2B.1). If Y; has finite fourth moment
and if Uy is bounded (if deterministic) or has finite fourth moment (if

stationary) then by the Cauchy-Schwarz inequality twice,

E(2,(8)e,(8)e/(8)2/(8)) = (1-1)7° z \'E ;|yk_in”+|!u7'<_iu”] < const.
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CHAPTER 3

SIMULATIONS

3.1 Introduction

In this chapter some of the ideas of Chapter 2 will be illustrated by
simulation exercises: also the use of control variates for variance
reduction is illustrated (Example 1). Example 2a investigates the general
variance formula suggested in Section 2.7.1 by Monte-Carlo (M-C) simulation
of an ARMA(Ll, 1) model. This is pursued in Examples 2B, 2C where‘two
ARMAX models are considered.- Finally Example 3 illustrates the

direct estimation of ‘continuous-time parameters' from sampled data.

Before beginning however, recall the use of a fader (Soderstrom et al.,
1974) as a means of stabilising the sometimes erratic small sample behaviour
of recursions. The idea is to weight down the influence of past data so as
to allow, early in the recursion, more notice to be taken of new

information. . The basic algorithm takes.the form

B = Oy * PR 1%/ Ok
“k = Yk~ %Ok o |
v A(K) + Qépk-lwk ,
AEK) = Kox(k—l) 1= 2
P = Prer ™ Pren®i®:Pra1’Vx - |
Typical choices for initial-conditions are XO = .95 , AO) = .95 . The

vuse of a fader turns out to be invaluable. Notice that A(k) > 1 as

kv,

3.2 Examples

EXAMPLE 1. Here we illustrate the use of a control variate to reduce
variance in simulation work. The basic idea is due to Hendry (1975). We

consider the MA(l) process
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Y T St %oty

and investigate the sampling variance of the RML; recursion for the‘

parameter Recall the recursion as

o -

_ : 2
% = %1t Pk~1ek—1ek/{l+ek-1Pk_l) ’
°k T Yr T k-1%%-1 °

_ 2 2 2
k= Fre1” Fra® /(l+ek~1Pk—1) '

Notice that recursion may be summed to yield

B 1)
a, = e ) e, .Y ] .
G ey g %Rk

A control variate is an artificial (in the sense that it cannot be cdmputed
in practice but can be computed in a set of Monte-Carlo experiments)‘
statistic whose statistical properties are (more or less) known and whose
behaviour is expected to be close to that of the statistic under .

investigation. Let us introduce then the quantity

f
a, = € € Y )
N 1 k-1 i k-1"kj)

where Ek are the true innovations sequence (and regressors) generated in

the typical Monte-Carlo (M-C) experiment: denote 02 = E[Ei] . Let Oy
be the value of ay in the <th M-C experiment; similarly denote Ays

Define also the sample averages over m experiments

_ .y m
oylm) = m = ) oy s
. 1
m
- -1
aN(m) =m § Ay

" Denote also W, = E(a ) y we might, loosely, think of u as lim a,(m) ,
N N N N
m o
that is, the average over an infinite number of independent experiments:

notice Ecah(m)) = UN . In the present example we have, to order N~2 (in

mean square) =0 .
q N

Hy
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Consider firstly the estimation of bias. Suppose, after completing m

M-C experiments we form

aN(m) = aN(m) - aN(m) + UN .
Then clearly

E(o,(m) = E(EN(m)) = E(_aN)

Thus &N(m) - 0, is an unbiased estimator of the bias E[a o .

N) 0

However

var(&N(m)) varﬂi&(m)—ah(m))

i

var(aN—aN]/m

m_ [VaI‘ (C![]) +var (CZN]

-2 cov(aN, QN‘) .

If Oy Gy are highly positively correlated (as is clearly the case in the
present example) there is great potential for‘obtaining
var(aN(m)) << var(qN(m)) ..
Indeed in the present example it may be shown that
~ _ . 5 2
var(aN(m)) = o(log N/N)
which is clearly a vast improvement on

. var(&b(m)} = O(N_l} .

. . . 2
We turn now to variances. Denote the variance of o, by © and that of

N ol
éN by véiN . Define the M-C variances by - » ‘ .-
E&N(m)‘: (m—l‘)_l § [awi—&&(m)]Q ,
52N(m) = (m-1)7F ? (aNi—Eb(m))Q_.
We.see E[EEN(m)} = Oiﬂ . Now we form

~2 _ =2 —2 2
cow(m) = OOLN(m) - OaN(m) + GaN .
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A

. . . 2 . . ' .
Once more Ogm(m) is an unbiased estimator of GaN with reduced variance

over aiN(m) if Oy> Gy are highly positively correlated. In the present

2

example, we have, to order W s

2 _ 2
ay) = Oy =0 .

Table 1 shows the results of M-C simulations illustrating the above

discussion. In the table the normalised variance is BEN(m)N which is the

M-C estimate of »var(Vﬁ (uN—aO)) (which'converges, as N> , to 02 =1 )
and the normalised bias is WV 6§ﬁ(m)—ao) : 'raw' standard deviation is

uN(m) , similarly for 'raw' bias: other entries have similar meaning. 1In .

Q

each case the improved estimate of variance and bias for 10 experiments

should be compared with the 'raw' estimate for 30 experiments.

EXAMPLE 2A. This example is concerned with the variance formula
suggested in Section 2.7.1 (equatioh 25). We consider this formula for the
RML; recursion beginning with the ARMA(1l, 1) process

Y * AYg-1 7 T %ofk-a

with gy = -.8 , cb = .7 (cf. SBderstrdm et al., 1974, model (6.1.2)). We

have
(Pk(ao) = (_yk—l Ek-l)
and (recalling the definitions of Section 2.5)

Fo = 6y = Bl (ay)0f(ag)) »

s o
1

- 1,

; E((pk(ao] (Lre 1) @k(ao)}

Had we proceeded by analogy with linear linear regression we would have been
led to posit the limit coraviance matrix of VN (aN-ao) to be

C 21 2 2 . ' . .

o G0 [0 = E[ek)) ; it can be shown that except in the MA(1l) case this

cannot be true (see the discussion in Section 4 of Chapter 8). The variance

suggested in Section 2.7.1 is the solution Q of the Lyapunov Equation

-1 -1 ' a1
[GO HO - I/Q}Q + Q[GO HO - 1/2} = GO .
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Now GO, HO may be calculated by straightforward computations (by Cauchy's

Residue theorem); thus the (1, 2) element of HO is

Elyey (l+cOL) "l] -E [ [l+ao;) -t (1re L)e, [;+cOL] 'lek]‘

J
2 2 -1
-0 [l—co} (l—aoco] .

t

The matrices are then

r

2 -1
h - kLL—c'O] (_l—aoco) |

with

‘ -1
2 2 2
ny 0‘ [l+co—2\, an) [l—ao) s

h

X 2 —l
1= [l—aoco] {l—aol .

The Lyapunov equation was solved by programming the solution given by

Jameson (1968). Results are tabulated in Table 2A: the agreement with the

conjectured result is evident. ‘However this accord is not. always so clear

as we now 1llustrate in Example 2B.

EXAMPLE 2B. Here we expand Example 2A by adding a pseudobrandom

binary noise (PRBN) input sequence to give an ARMAX model

yk =zt Ank

1

-1 -1
(1ra ) "D, | + A(1ra L) T (lre L)e,

with a, = -.8 bo = 1. , ey = .7 (ef. Séderstrom et al., 1974, model

(6.1.2)); A 1is defined in a moment.

. 2
The GO’ HO matrices are (0 = 1)
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oxx+k20n 0 -2
G, = 0 10|,
22 o a2
[hll co(l—aoco)-l —AQ[l—cO][l—aOco)—l\
HO = 0 1 0
\-AQ 0 22 )

where
el
‘l+C§*QCOaO]{l—a§}‘l ,:
e [11+c0a0)(i‘coao]_l(l-cgl—l+xél[l—ail—% ,

(0,,/0,,) /SNR

(9]
nn

1
&y
—_——
N
XN
e’
1
——

=
1"

>
1

where SNR is the signal to noise ratio.

The results are given in Tables 2B1, 2B2. The agreement with the
conjectured result is less clear though the results aré complicated by thgir
sensitivity to the choice of fader values (see Table 2B1l) (notice the biases
for each fader value are similar). One point is clear however, the Lyapunov
equation solution alwaysrprovides a conservative estimate of the sample
variances. For this reason its use seems desirable until the result is

proved or else a correct solution found.

EXAMPLE 2C. This is an extension of Example 2B to an ARMAX system of
second order. We take the model (ef. Soderstrom et al., 1974, model 6.1.3)

Yy = % +‘Xﬂ

k

= {l+a,L+ 'L2 - b L+b LQ] +A|l+e,Lte LQ]E
B il 177700 % 17 15

with.
(al, a,s b

10 bys ey 02) = (-1.5, .7, 1., .5, -1., .2)



The. GO, HO ‘matrices are (02 = l)
B g(0) 0 -2 g(1) b —k2(c -a j?
- 1 11
0 1 0 | .0 0 0
A2 0o A2 o o0 0
Gy = . ; >
g(1) 0o 0 g(o) © -A
—bl 0 0 0 1 0
2 2 2
—:X (cl—al) 0 0 A 0 )\ |
a(o) -b(0) -A"ec(0) a(l) -b(1) -A"e(l)
0 -1 0 "0 0 0
2 0 A2 0 0 0
H = s
0 2 2
a(-1) -b(-1) -A"e(-1) | a(0) -b(0) -r"ec(0)
~bl _ -9 0 0 1 0
2 . 2 2 2
-:A al 0 -A cl =X 0 A |
where
g(m) = E(yk yk m] 5
- 2 __l
a(m) = E yk(l+c L+02L ] yk_—] >
. ) 5 -1
b(m) = E yk(l+c L+02L ] uk_—l .
com) = Ely. (140 Lo LQ]_le _I
- _'I{k * 1 ' 2 ) k-—m :

For these matrices the

P

vector

(-9p Y1 " M1 S Ek—l)

has been reorganised as

("yk “e € Yr-1 Pr-a Ek—l) .

The calculation of the quantities a(m), b(m), e(m)

is rather tedious and

they were generated by programming the method presented recently by Hwang

(1978). Results
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are given in Table 2C. They bear out the comments at the end of

Example 2B.

EXAMPLE 3. Here we illustrate the direct estimation of the continuous

time parameters of a Time Series Model (ef. Section 2.3, Remark (8)). Let

us take a simple second order example

yk :xk.+ Ek R

(02 1™
x, = xt(BO) = \D +alp+a0 b u

where D 1is the derivative operator. Take

a, = 2.25 , a, =1.5, 'bo = 1.9,

that is, a second order system with natural frequency w, = Vao = 1.5

rad/sec , damping ratio T = %al/VaO =% and gain K = bO/aO = .84 :
€ ,

notice the decay time constant is T = (ﬁbn]—l = 1.33 sec . As pointed out

in Section 2.3, Remark (6) we can write x, as

~-a 1
. 1 1
d/dt q, = q, + (O)ut B
-a 0
L 0
@, = (b, b)a, , b =0.

The input sequence was a sum of three sinusoids of unit amplitudes and

frequencies w., = .9qW

w = .2 =
1 max 1 Zom w -6w

2 2 ax ’ 3 max

/ 2 .
where Woow T 1-2¢ wo o is the resonant frequency.

2

The &, sequence was generated by solving the differential equation
for qu by a standard fourth order Runge-Kutta algorithm at intervals of

t/20 . The data was generated (at SNR = 10 and 1) by adding white Gaussian

noise to every fourth value, that is, sampling at an interval 1T/5 . To get

the correct scale factor for the SNR we need to know the power of the Ty,

. power
sequence (the u, sequence has power 3/2). ThisAcan be calculated

theoretically but is easily obtained when generating the x, sequence as
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[l e
[ k==

:c2 / u2
k k-
Of course the results obtained will depend on the choice of generation and

sampling interval: see Goodwin and Payne (1977). The gradients for the

recursion are

-det/dbl
= q,(t)
'deﬁ/dbq
’ 3
_det/dal [2 Y ?,
] = -|D"+a.D+a ] b u
1 0] 1-707t
‘—det/daoj
' -1 .0
= —(D +alD+aO} 1)xt
= “qx(t) .

Two differential equations for qx(t), qu(t) were solved, once again,

by a standard fourth-order Runge-Kutta. The recursion is then

O = Oy * P19/ >
°k T Y T Tk o
vy = M)+ olP ey
M) = AAGD) + 1 - Ay >
P = ey ™ Prea®i®iPrn /%

S
x4
|

= K)q0)) " .
B )qé(ck))

Figures 1 (SNR = 1) and 2 (SNR = 10) show (initial values in all cases

(ao, as bo, bl) = (1.5, 1.2, 1.5, 0.) ) the type of result obtained. Some

bias is evident, particularly in the } - parameters and this shows up in the
MC results of Table 3. It is apparent that good small sample results depend
on high quality a priori estimates. The bias in the }p parameters is no
doubt due to the choice of generation/sampling intervals and nature of the

input signal. Further theoretical investigation of these matters needs to

be made.



TABLE 1

Monte-Carlo simulations of RML; for MA(1)

Y% =,(l+.7L)ek

illustrating use of control variates

A= .95, A(0) = .95
0 .

SAMPLE SIZE 250 500

No. experiments 10 30 - 10 30
Normalised variance .56 .92 ' .78 1.20
Improved variance 1.05 1.36 1.26 1.18
Normalised bias -.73 -.81 C-.m13 -.357
Improved bias ~.52 ~.77 ~.384 - . 457
Raw S.D. .035 .058 .03y .052
Improved S.D. .066 .086 _ .054% .051
Raw bias -.0us -.051 -.018 -.016
Improved bias ’ -.033 -.0u9 - -.017 . -.020 -

TABLE 2A

Covariance Matricesvof RML; for

_(l—.8L)yk = (l+.7L)ek

-1 ' " ‘Monte-Carloc (30 i )
G onte-Carlc experiments
Parameter 0 Q (N = 1500, AO = .95, X0) = ,95)
a, . {.16 . .89 . i
bo .16 1.16 .52 1.35 . 1.51

Corresponding Correlation Matrices

a, [1.00 . ] 1.00 . 1 (1.00 .
b .37 1.00) .54 1.00;

L .43 1.00

62



Parameters

Monte-Carlo
30 experiments
N = 1500

AO =

Norﬁalised bias

Monte-~Carlo

30 experiments
N = 1500

A, = -995, M0) =

Normalised biaé

Parameters

Monte-Carlo
30 experiments
N = 2000

AO = .99 = X(0)

.99, A(0) =

63

TABLE 2B1 (SNR = ]0.)
Covariance Matrices of RML: for

‘(1—.8L)yk = l.u 1t (l+.7L)ek

k-
a, b0 c Correlation ﬁatrlces
[ .013 . . 1.00 )
.038 ) .00 1.00
L - . 1.01 | l .11 .00 1.00
[ .055 ) (1.00 )
.01 .038 1 .20 1.00
| .on -.01  1.02 | | .18 -.04 1.00]
(.03 . ) (1.00 - . )
. .057 . -.50 1.00 .
99 | 92u) L w7 .1y 1,00
-.007 =.020 .121
.05 e 1.00 . ]
| SL072 . -.61 1.00 .
2995 | . . 1.166) .40 -.23  1.00
.04l .025 .1%0

TABLE 2B2 (SNR = 1.) _
Covariance Matrices of RMIa for

' (1-.8L)y, = 1.0u, + (1+.70)e,

ag bo B co Correlation Matrlces
[ .07y ’ 1.00 )
.00 .383 ' .00 1.00
| .o74 .0 1.07 | (.26 .0 1.00]
(.32 ) (1.00 )
-.05 .38 -.15 1.00
_ .25 -.05 1.16 | 40 -.08 1.00!
[ .18 L) (1.00 . )
.56 . .10 1.00 .
.80 | L .16 .19 1.00




(1-1.50+.75 )y,

TABLE 2C (SNR = 10.)

Variances of RML; for

= L+.5L2u + 1—L+.2L2€
k

k
Parameters a, bl e, a, b, e,

6. variances 84 | 1.24 | 1.8 | .31 | 1.2s | 1.08

Q variances 48 | 1.4 .95 .32 | 5.98 | 2.40

Monte-Carlo

30 experiments ¥ ‘

N = 2000 1.07 1.64 12.95 1.03 3.90 3.48

AO-Z .9

A(0) = .9

Monte-Carlo

Average | -1.49 .99 -.85 .69 .51 .08
' Raw Bias .007 -.006 .150 -.010 .010 -.100

Standard Deviation .024 .028 .080 .022 Loy | .oul

T This value must be disregarded from an asymptotic point of view since

the bias estimate shows clearly that parameter ¢
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1 has not yet reached an

asymptotic behaviour. This persistent bias is evident also in the examples

of Soderstrom et al. (1974).
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TABLE 3

Variances and biases of a Prediction Error Recursion

for the continuous-time parameters of

2 -1
Yp = %y t g 5 x, = (DT1.5D+2.25) T1.%u,

with

u, = sin . t + sin 1.2w t + sin .tw t ,
t max max

max
w = 1.07 ; sampling interval /5 ; T = 1.33 sec

30 experiments, A_ = .94 , A(0) = .94

0
N = 500 | SNR = 1 . SNR = 10 ﬁ]
True Parameter | Monte-Carlo Raw }. Raw Monte-Carlo Raw Raw
Values Average SD Bias Average SD Bias
ao 2.25 2.34 .25 .09 2.32 .18 | .007
a, 1.5 1.39 .15 | -.10 1.37 - | .05 | -.13
b, 1.9 1.67 1| -.23 1.65 .04 | .25
b, 0. -0 | .10 -0 |  -.38 .03 | -.38
N = 1000 SNR = 1 SNR = 10
True Parameter | Monte-Carlo Raw Raw Monte-Carlo Raw Raw
Values Average SD Bias Average SDh Bias
a, 2.25 2.26 .22 .02 2.25 .17 | .005
b, 1.5 1.41 .11 | -.09 1.38 .03 -.11
ay 1.9 o 1.71 .10 | -.18 1.69 .03 | -.20
'bl 0. ' -.38 .08 | -.38 -.37 .02 | -.37
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I am grateful to Dr A. Jakeman for pointing out that the bias in the
continuous~discrete simulation of Chapter 3 may be reduced by more rapid
sampling. A graph of the type of result obtained is attached (SNR = 10 ;
sample interval T/10 ; AO = A(0) = .95 ). Dr Jakeman also supplied some

Monte-Carlo results for the model without noise., These are given below and

show the bias reduction clearly.

N = 500 TRUE"VALUES'

SAMPLE INTERVALS q, = 2.25 a, = 1.5 b, = 1.9
/5 1.90 1.40 1.65
/30 2.19 1.48 1.85
/90 2.23 1.49 1.88
/270 2.24 1.47. 1.88
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TIME
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PART 11

PREAMBLE

The primary aim of this part of the thesis is to address, in a rigorous
' fashion, some of the problems implicit in the heuristic discussion of Part
I. Chapter 4 is devoted to an investigation of the w.p.l convergence of the
least squares estimator in a linear regreésion where, for example, the
regressors may depend on past values of the observed process. With this in
mind, and recalling, from Chapter 1, that the estimator can be written as a
recursion via Plackett's algorithm, we see that this model provides a
prototype for recursions under the special assumption that the regressors
are exactly known. Indeed it is the experience gained with this problem |
that enabled the author to solve the problem in Chapter 8 (see later). One
approach to strong comvergence in Chapter 4 is by means of a Stochastic
Lyapunov function (Bucy, 1965). This is usually a quadratic form (such as

(ﬁn-so]'[én-so} ) that obeys a supermartingale like inequality. The author

developed this idea after reading the article by Caines (1975) however the

same notion is implicit in the approach of Blum (1954), Gladyshev (1965) and
others. K .

So far as proving the convergence of recursions is concerned, the
present proofs (Hannan, 1976, 1978c; Ljung, 1977a, 1977b) require that the
scheme be monitored - a costly affair in practice. It had been the author's
hope that this Stochastic Lyapunev function approach would allow a proof of

convergence of some simple recursions such as RML, (Soderstrom et al. 1974)

without need of monitéring. With the RML, recursion as given in the above

reference (see also the Introduction to Chapter 8), this has not been
accomplished except in the MA(Ll) case (already discussed in any case by
Hannan, 1976, though by a different proof): see Section 8.3 below. However

by considering a modified version of RML. , presented in Moore and Ledwich
(and due 8 Young, 1914, in tRe “ARMA case)

(1978)k it has been possible to prove convergence without monitoring: this
is the subject of Section 8.2.  In the last section of Chapter 8 it is

pointed out that the nature of the CLT for RML, 18 unclear.

In Chapter 5 we begin an investigation of the second order properties
of SA schemes. The approach in Chapter 5 forms the basis of Chapters 6 and
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7. The idea is simply to subtract off the part of the SA scheme.thd% obeys
the limit law (Central Limit Theorem (CLT), Law of the Iterated Logarithm
(LIL) and so on) and, using elementary arguments, show the remainder to be
asymptotically negligible. In searching for a proof of a CLT for a
recursion, the author was led naturally to consider the limit laws for SA
and so came to the belief that these limit laws ought to be obtainable
without summing up the difference equations, but by using a time varying

version of the final value theorem of Z~transform theory.

In Chapter S also, we establish, inter alia, an Invariance Principle
(IP) that makes rigorous the heuristic notion, introduced in Chapter 1 and
pursued in Chapter 2, that, asymptotically the (suitably) normalised output
of the SA obeys a stochastic differential equation. The CLT and IP are

proved for general a ,c, sequences and are given without requiring a.s.

convergence as is usual (in say Sacks, 1958): in particular the conditions
(o] [se)

y a’je? < @ op y a’ < ® are not required.
inn ln .

Kushner (1978a) and Ibragimov and Khasminskii (1973) provide some .
discussion of uses to which these IP's may be put: see also McLeish (1976)
and Kersting (1971).

Chapter 6 is based on the observation that the same idea of subtracting
off the part that obeys the limit law can be used to prove convergence fbr
SA schemes with dependent noise. The essentially deterministic nature of
the convergence behaviour thus becomes clear. A CLT and IP are also derived.
The last part of Chapter 6 discusses the relation of the present approach to
recent work of Kushner (1977, 1978a) and Ljung (1978a) who also consider
dependent noise cases.

In Chapter 7, we review quickly Hannan's (1978c) proof of convergence

of RML,, (Soderstrom et al., 1874) and use his results to obtain a CLT and

1P. The intuitive notion that RML,, is asymptotically efficient is

substantiated. Section 7.4 contains the Invariance Principle.
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CHAPTER 4

STRONG CONSISTENCY OF LEAST SQUARES
ESTIMATORS IN LINEAR MODELS

4.1 Introduction

In this chapter conditions are.given for the almost sure convergence of
a least squares estimator in a linear regression whose regressors may depend
on the past of the observed process (so that there is 'feedback') and whose
disturbances form a martingale difference sequence. When there is no

feedback, weaker conditions aré given and the disturbances are allowed to

form a stationary process.

4.2 Statement of Problem and Conditions

Consider the linear model

y = Béxs U , 8 =1, 2, ... ,

S

where u3 is an m-vector of disturbances with uniformly bounded variances,

Xs a p-vector of regressors. Let Fs denote the O-algeb:sa generated by

ys’ ys—l and so on. As has been pointed out by Anderson and Taylor (1977)
the model is a regression model when the X, are nonstochastic . and a

 sequential control or design model when Xg is F measurable (i.e.

s-1
there may‘be feedback): a special case here is the first order

autoregression when Xg

=Yg 1 - We are interested in the a.s. convergence

of the least squares estimator of BO ,

or
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n
where Vn = g szé : - provided Vp is nonsingular so is Vn s NZp.
Denote T_l = tr[V_l] . Thus T _ =71 . Call the largest eigenvalue of
n n n-1 n
V , A and the smallest O_ . Note that
n n n
g = T = g . .
/e, =1yt =p/o, | o (1)

Next write
= B - 4 B - = B - ! B - > '
q, = t((B-B,) (Bn BO]) and W tr((Bn B,) Vn(_Bn B} = Qo -
- > i -> : 1
Clearly Bn BO 0 a.s., that is Qn 0 a.s. if Wﬁ/Tn +> 0. a.s.»A
Unless otherwise stated assume only that Xg is Fs—ln measurable. It will
be assumed throughout that E(Qn}, E(Wﬁ] exist. By the Cauchy-Schwarz
inequality
n
< A ) 4
wosn) teluul) .

Now it is also assumed throughout that us have uniformly bounded variances
so that for some constant % , tr E(usué =t . Thus E(Wﬁ] SPth < o 4
this ensures the existence of the conditional expectation E[Wﬁan-l) .

Assume also that Tp > € where € 1is a small positive constant. Then

so that E(Qn) < » also.

The following conditions will be of intevest.
A. E(US[FS;l) =0, E(usu;iFS_l) =% a.s. where L is a constant
"positive dafinite matrix.
Ar. E(

ulesél) =0, E(usuélFs_l] =L, a.s. where I  is a sequence

of constant positive definite (p.d.) matrices whose smallest eigenvalues are
bounded below by a positive constant (this is to ensure the noise sequence

is not degenerate) and there is an upper bound ¢ with tr(ES) =t.
Ay. As for A; together with

sup E{lusu;—tr(zs]ll+n l Fs—l} <d<e,
s
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for some constant d and some n > 0 .
A'. The disturbances US‘ form a weakly stationafy process with power

spectrum F(w) . There is an upper bound ¢ , a constant a.s., with

tr(F(w)) < ¢ . Thus when the X8 are non-stochastic

X V"% E{ulu,)

E(tr(ﬁn—BO)’(ﬁn—Bo)] = VX,

| . o
xS'V;ZQXt J i tr(F(m))etw(s_t)dw

_ m t' (F 4 V—l iws.] ' y-L ‘ —iws]
= r(F(w)) § . Xg@ ] ) , X8 )dm
‘ 1

-
n

<e) X2 =t t .
;en’s n

That is E(Qn) = cr;l . Also note

E(ulu) = J

w
tr(F(w))dw < e2m .
-

B. That ‘Un + © or equivalently, in view of (4.1), that T,

c. lim A /o <« . This condition will hold when V, can be normed
by a scalar such as 7 : it is the condition usually employed.

Next let vn denote a sequence of positive numbers with

y (Vn"vnﬁl]/Tn <,
p
Two examples (of use below) are (given implicitly); T, = vi+6 for
a 1+8
some § > 0 and T, =V, log v, for some & > 0 . Thus, for example,
o o 7n o
1 1
RSN VASED) J ae/t™t0 = J at/t"0 < w |
p PV Vp-1
1 g s .
Cc'. 1lim An/onvn < » with v, as above.

— 2 . )
C"., lim A /o v <o ywith v as above.
n nn ’ n



D. limn/o < « ,
n

— % ' ’
D'. 1lim nzlong+6 n/on < o for some § > 0 .

— %
In view of (4.1), this is equivalent to 1lim nzlogl

Denote the <Zth component of X by x. ,
n in
!
also V. =) x. . Let D be the p X p diagonal matrix whose <%
in 4§ 7is n
element is V. 3 then R =D VD~
- in n n nn
X .
n
E. 1limR >0 a.s.
—n
Notice that C implies E.
Next denote tn = tr(Vn) and notice
A=t =p\ , 0=<drx =dt_ ,
n n n ‘ n- n
where dA_ = XA - A and so on.
- noon n-1
(=]
F. (1) 2 ai /(A o ] < © or equivalently
p n-nn =

o :
. < .
(ii) § dtn/(tnrn) © or equivalently

(ii1) Jav, /(v t) <e, i=1...p.
! |

n/t. <o |
/T, <

i1=1...p
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denote

is the correlation matrix of the

(4.2)

These equivalences are now demonstrated. From (4.1), (4.2) above we

have immediately (ii) = (i). We show (i) = (ii) and then (ii) = (iii).

Now by (4.1) and (4.2), (i) implies (i)':
(i) ; ar/(t,T,) <= .

[ee}

Suppose (i)' holds yet ) dtn/(tnTn) = o , then
: 1



yn

' N i
0=2m [y dr /(e )l /7 |} de /(e t )| = 1im dA /dt .
T |1 n nn [; n'‘nn oo N N

where the second equality follows by the discrete L'Hospital rule»(a special
case of the Toeplitz lemma - see Knopp (1956, p. 46)). But the discrete

L'Hospital rule (in reverse) shows this limit to be
lim A/t =p 1 by (4.2).
n n -

Hence (i) ® (ii) by contradiction.

Next,

atrt, =Y v v,

1 1
= % av. /v. .

n' in
1

Thus (iii) = (ii). Let (ii) hold and yet

§ dvin/(vinTn] =%

for at least one 7 = io say. Then once more, by the discrete L'Hospital

rule

o
il

N N ‘
lim ; dtn/(tnTni] / § dvion/(vionTn

umdt v, /{dv, ¢} =1+ ] m

where . (which need not be specified) are positive. Once more the

equivalence follows by contradiction.

F'. § diy,(log )7/ (N0, ) < = .

-1 n ‘
F'. lim o, § dxk/xk =0 .

nre

Notice that F implies F'" via Kronecker's lemma.

n

. n
B . lim o T Y dr, /), exists and is finite.
k" "k ,
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Consider the following two regimes.

(i) Feedback possible so that Xy may be F measurable. Then

s-1
Qn + 0 a.s. in each case (a) - (c) below.
(a) A1, B, C' hold. Proof by Theorem I below.

(b) Ai, B, E, F hold. This result is implicit in Hannan (1978). A

different proof to Hannan's is given in Theorem.l';below.
(c¢) Az, B, E, F'" hold. Proof by Theorem II beldw.‘
Earlier results were ‘
(a)' A, B, C hold. Feigin (1975). Anderson and Tayior (1977).

(a)" A;, Bholdand m=1=p . nygas (1976). This result is alsé
a straightforward consequence of a well known strong law for
Martingales: see Stout (1974, p. 159) also Neveu (1965, p. 150,
Corollary). ‘

In connexion with (a)', the usual proof proceeds via Kronecker's lemma.
The results of Feigin/Anderson, Taylor (a)', used a vector form of

Kronecker's lemma which apparently holds only under condition C. The proofs

to be given below do not use a vector Kronecker's lemma. -

(ii) No feedback so that the XS are nonstochastic. Then @& ; 0
a.s. in cases (d) - (£).

(a) Az, B, E; F'"' hold. Proof by Theérem II' below.

(e) (Al or A'), B, D' hold. Proof by Tﬁeorem IITI below.

() A1, B, c" hold; Proof by Theorem IV below.

Other resuits are |

(da)' A, B, E, T' hold. Hannan (1978). This result follows from the
method of subsequences (Stout, 1974) via a Menchoff inequality '

(Stout, 1974).

(e)' A, B, D hold. Anderson and Taylor (1977).

4.3 Some Basic Lemmas

The matrix inversion lemma (MIL) (Bodewig, 1956, p. 30) and its

properties will be used repeatedly:



-1 -1 -1 -1
v - _ ’ '
" Vn_l Vn lxnan _l/[l+xnvn_lxn} (4.3)
or
viooyly v ix x'V / 1-x'V 1x } (4.4)
n-1 n n ‘n’n nnn) i
It is easily proved by multiplying on the left by 'Vn or Vn—l . It
follows that
viix - V -1 X / 14xyt ] (u.3)!
n n n'n-1% ny ° )
viix = v ix / 1-xV 1y (u.u)?!
n-I'n n'n nn ' nj°? : .
ry—1 = x'! ( r -1 2
xnvn X, = V ~lxn/ 1+x; V %] = 1, (4.3)
x'V"l = ’V x / 1-x'V 1% ] (u.14)?
n'n-1"n nn 'ny )
-2 Suy-Ly,-1 ‘
[} = ! ’ < ? 3
ann X, nVn Vn X, /[l+x v ;X n] < xn " Vn X, > (4.3)
xV 2 x = xry iyt i /[1 x 'V x (4.14)°
n n- l n n n n-1"n nn ‘n| T
xV vk = xrv%x /l1-x ’V 1y ‘ (4.4)"%
Xnln-1'n *n T *a'n *n n) ’

The following lemma is basic to all that follows.
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LEMMA 1. If v, is a sequence of positive numbers with

then

Proof. Take

so that multiplyin

\'U‘~48

(v, -v

S o~18

n l\/T <@

(0]
! < .
g vn—l nvn Vn l n ®

traces in MIL (4.4) and use MIL (4.u4)* to see that

oVt x o=t o
nn n-ln n-1 n
g both sides by Vo1 and summing gives
1,-1 s
Aim's < +
Vn—lxn n n-1"n = p l g ( n—l]/Tn



The following lemma will be used repeatedly.

LEMMA 2. If o =0 then g_an<°° if EE(%) <,

Proof. See Lukacs (1975, p. 80).

The theorems below are based on the following considerations. Recall

now.
§ -B. =B -B_ +V lx u’
n 0 n-1 0 n nn
where
a-: '_ﬁ' X = - 4
n yn n-1n un ( n-1 O) xn
Thus recalling @ = tr[(Bn—Bo)'(Bn—Bo)) .
- ’ _ 14
(1) @ =@ , +a +2ub 2a'b
where
a2 = x'V°x UG R
n nn nnn
~ ~ —‘l
(RN | - - - !
an xn(Bn—l BO) ? bn (Bn—l BO} Vn xn .

Turther, under condition A or A;,
. > »
! < + X'V ! - 2a'b .
(1) E(inFn_l) Q, , +xV xn[t+anan) a’b
Alternatively we find (this is derived in a moment)

- ’ -1} -
(I1) W =W £ xV I uru - ara |1-xV X ] + 2u’a |1-x'V X \
n n-1 nn nnn nn nnmn ny - nn nn ny

sc that, under condition A or A;,
-1
TT)? L < " Tx ¢
(xnr B |F, ) sw, _ +xV Xt

n-1 nn n

To see II begin'with

Thus

77
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(B,-Bo) 'V [Bn-BO)

1§

{(ﬁn_l-Bo)'+anév;l}{vn(§n 1B x, u’}

g ry (B '
(B, 1-Bo) 'V, (B, B} +a u + u al + ununxnvn X,

B .-B)v (B .- u_u'x’
( ,_17B,) n_l(Bn_l B)) +aal+a u + u al + ununxnvn X,

and putting Gn u, - an and taking traces yields II.

Next recall the following version of the martingale convergence theorem.
MGCT*. If Tﬁ 1> %o Bn are non negative random variables, measurable

with respect to an increasing sequence of o-algebras Fn 1 and satisfy

E(r |F, J=sT,  +o -8 .

n-1
o © .

Then when ) a < ® a.s. we have ) B, <= a.s. and I > T a.s. a finite
1 1 ‘

non-negative random vartable. (In future T will always denote such a
variate. )
. " o
Proof. From E(Tn‘Fn—l) =T, ,+a, and ; @ < a.s. we deduce

T, > T a.s. (Neveu, 1975, p. 34). Next set bh = so

S
™
®

E(Tn+bn|Fn~l} =T ,+b . +ta .

The same result of Neveu ensures I+ bn + 7" so that bn +b <o a.,s. as
required.
Remarks. (1) The inequality involving Tn occurs also in Stochastic

Approximation (Blum, 1954). Indeed one of the points of Plackett's

algorithm is to see how regression can be viewed as a form of Stochastic

Approximation.

(2) A variate such as Th is also called a stochastic Lyapunov

function - Bucy (1965).
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4.4 Four Theorems on Strong Convergence

In Theorems I, I' below we apply MGCT* to II'. - In Theorems II, II' we

investigate W /T by summing II. In Theorems III, IV we demonstrate
directly the convergence of those series obtalned by summing I.
THEOREM 1 (Feedback allowed) - If Al, B, C' hold then Qn >0 a.s.

. ivide II' th hout by . tr 7 =
Proof. Divide roughout by T, Se z, Wﬁ/Tn s

E(Tann—l) = Iﬁ—l ¥ txévn Xn/Tn —_Th—l(Tnan—l}/Tn )

Now by MIL (4.4)2,

1l

- -1 -1 :
x'V ;x /T x'V T.x (l—x'v lx ]/T
nn n n n nn nJ

n-1nj n

[xév_l X /(T v ox2 ]]( 1-x V" ] ry=2

n n- l n n- l n nn'n n n- l n n-1

xy -yt

= (An 1 n n- l n l nn n- l n
' where MIL (4.u)3 has also been used

1

A

» A I3 . l - l
[An—l/Tn—lvn—l) n-1 nvn Vn 1*n slnce T = Tpo1 -

-1
4 - a iti '
Thus g Xnvn_xn/rn < o by Lemma 1 and condition C'.

Thus by the MGCT¥*, T, > T and § Tn_l(Tn-Tn_l)/Tn < wﬁereupon

= 0 since by condition B and Kronecker's lemma we cannot have

( n tn- l)/T <®

R~ 8 N

THEQREM I' (Feedback allowed). If Ay, B, E,'F hold then Qn + 0

Proof. Acéording to the proof of Theorem I we need only show

A Yoce .
p

nn'n n
5
Now call u =D *x so that
n n n .

-1 -1
x'V 7x u'R "u_ .
nn n nn n
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1f ¢, denotes the smallest eigenvalue of Rn then

dVin/ (VinT )

-1 -1 -1
' < ! = §
xnvn XYL/TTL Cn unun/Tn Cn i=1 n

then the result follows from conditions E aﬁd F.

Before proceeding,.some lemmas are required.

LEMMA 3, Let Xs be a martingale difference sequence w.‘r.t. an
iﬁcreasing sequence of o-algebras FS - Let J_ bea positive non-

decreasing sequence of FS measurable random variables. Suppose

1
Pt 148 5 |
FE[1X|+ | F -}/J‘Pr <w for some 0<§8<1 (4.5)
i 8 s-1 s
-1 n '
then J 4 implies J_ ; X, >0 a.s.

co

Proof. Condition (4.5) ensures 2 XS/Js < ® a.s., Stout (1974, p. 67).
. 1 ,

-

Then Kronecker's lemma gives the result.

CLEMMA 3' (MGCT). With X, Fs’ J_ as in Lemma 3, suppose

S
) E[XSIFS_J/JS < ©. g.s. | (4.6)
l .
Then
A '
J, < a.s. implies J %Xs <® ag.8.,
, S qn '
J +o aq.s. implies J ~ ) X > 0 a.s.
n n L%s
_ln
Proof. Set T =J g X, , 0<dJ, =dJ -J ., <J , then
r =T (1-d7 /7)) + X /]
SO
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-

2 2 12 2,
E(TnIFn_ ] = Tnal(l-dJn/Jn) + E’(anFn_

A

2 2 2
7 l—dJn/Jn) + E(,{nl Fo 1] 7z

since dJ = 0 , dJﬁ/Jn < 1. Now from MGCT*, if (4.6) holds then T% > T

n

oo
2 s . : -
a.s. and X Tﬁ—ldJﬁ/Jﬁ < ® a.s. The first conclusion is thus established.
1

[ee]
The second conclusion follows also since J > ® ensures ) dJﬁ/Jh_= © and
. i
we conclude T = 0 a.s. to avoid a contradiction. Of course the second

conclusion follows also from Lemma 3 with & = 1 .

Remarks. (a) With J =TI = z E(X2|F ] , Lemma 3' is given in
n no 7 Us s-1

Neveu (1972, p. 150): note that

o I
o] <o S
A A L at/t° < rn dt/t? < o .
s' s-1)""s
2 271, I

(b) Let Jn = f(In) where f f—2(t)dt < © then

Il
I

co ©o 1
) 8(IF, )i <
2 . 2

a1 () < r dt/F(£) < o .

Is—l I0

In this case the second part of Lemma 3 appears in Stout (1974, p. 147).
THEOREM II (Feedback allowed). If Az, B, E, F" hold then @ + 0

n
-1 .
a = ! = ’r - ’ =
Proof. Demote w = xVx_, 8 =ulu - tr(Z) , I §m . Sum

ITI and divide by T, to obtain

n n
o=t Vs +1 Ve ) -1t Y ara (1-w)
n n niSS 18 nlss



w <

Next consider that condition B ensures Zn + © gsince if Lm = s

- 0~1 8

® n
then z X'X /o < o and Kronecker's lemma would imply ot f XX >0 .
s 8 s n - ss
1 : 1
Now take each term in turn.

According to Lemma 3 and conditions A2 , B, the first term converges

[ee]
a.s. to zero if ) (ws/Ts):Hn < © ., This sum is

5 1 1 v 14 14
] (g2 e )M < T o) e )
_since w, = XS'V;IXS S 1 . However F"= ZS/TS > 0 while

Jw 2™ < J at/tt < I at/t N <o
p | p ZS—l Zp—l '

The second term, by A2, is bounded by const X Zn/Tn- which converges to

zero by F" and E.

For the third term set Jn = "

S

" MGCT (Lemma 3'). Now

o]

t ] ak (1w)?/72
L

A

. oo
2 2
z E{Xn’ n-l}/Jn
1
< 'a ‘ si = X'V~ <
=t § an n(l—wn}/Jn since W, Xn n Xy = 1.
This sum is

T 2 .5 | S-1 -1
ty i /d, <t ) a7 /I d | ==t ] {Jn —Jﬁ_l} <,
1 1 1

Now if Jn < o a.s. the bracketed factor is finite a.s. while the

82

ala_(1w] , x = U;Lan(l_—wn] and apply

multiplier converges to zero. If Jn + o a.s. the bracketed factor (and so

the whole term) is negative for n 'large enough' (of course  n . depends on

the realisation). Thus Wn/Tn is bounded by the first two terms for =
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'large enough' and so converges to zero a.s.

THEOREM II' (No feedback). If A, B, E, F'" hold then . Qn + 0 a.s.

Proof. From the proof of Theorem II we conclude via F"' that

W%/Tn > T a finite a.s. random variable. However E(Qn] < cT;l and

Fatou's lemma implies 7 = 0 a.s.
 THEOREM III (No feedback). If (A or A'), B, D' hold and the X, are

are nonstochastic then Qn + 0 a.s.

Proof. Sum I, whereupon it is clear we have to show

) E(an} <o , uébn <o, 2 aébn <o,
P p p

to conclude Qn -+ 7 . Then, since under A;, E(Qn) =< tT;l while under A',

E[Qn) = cr;l , Fatou's lemma gives

0 < E(T) = lim E ) < lim T, L const. = 0 .
'so that 7 =0 a.s.

(a) Under A,

=3
Q
SN
L S———
1A

'V x {t+x'V ll }

IA

X’V—-J'V_l X (t+l) by MIL (4.3)3% twice.
nn n-ln _

A

E(GQ] < (2ﬂc+cx'V ] Y2y
l nynn n

< (2m+)ex!V Y X by MIL (4.3)3% twice.
nn »n"-l- n

Thus for A; or A' we have for some constant e’ , E(a ] <ec X’V V
, n nn n- l n.

) 0
b if
(b) .Next, g an » <o i

S~ 8

la’b | < and this will follow, by

o
Lemma 2, if J Efasb | < e .
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Let Gn be a positive increasing sequence of constants to be chosen.
Take expectations in the inequality
2la’ 2 ) ! )
(anbn) (-an /\/On - len -1 (bn\/cn - len -1

14 + 13
= bnbngn —len -1 anan / (Gn

_len _.l]
to obtain

Efa’a ) /(o

QE’]a?;an nn n—len—l) i cIn—len—lE (bébn)

A

0 I S { -1 -1
'x! g .6 1-x! + X! c .9
=¢ xnvnlvn—lvn Xn n-1 n—l/‘. Xnvn xn} xnvn xn/ n-1n-1

by MIL (4.4)%2 (4.7)

-1,-1 -1 4
! ! +x! by MIL (4. .
=¢ en—lxnvnlvn—lxn Xnvn Xn/cn—len—l y MIL ( . * (1.8)
e6 xV Nty o+ 1/{oc_ .6 .} by MIL (4.3)2. (4.9)
- n-Imn n-I'n n-1n-1" ,

Now choose Gn = Vn and On (that is Tn ) in D' to see

o]

(e -0 )/t < [Ea nZ10g-"e n/Tn] } WavaD)/ (Vi 10g78 n) < o
1 - 1

so by Lemma 1 the first term in (4.9) has finite sum: also

o co ; A
— % 146 1+6
§ 1/on_len_l < (llm n°log n/on} § 1/01 log .n} <o,

(c) Noting that, under A; or A', E[uéun) < const. we see by almost
the same argument as in (b) that
© ' :
Y Elub | <= .
nn
p
THEQREM IV (No feedback). If Ay, B, C" hold and the Xs are non-.

Al

stochastic then Qn >0 a.s.

Proof. Following the proof of Theorem III we have to show

[oe]
(a) E E(ai} < o ., This follows as in that proof.
p

©

(b) According to Lemma 3', under A;, u'b converges a.s. if
& nn

p
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[ee) [oe}
¥ bébn converges a.s. However ) E(bébn) < w by Lemma 1l: thus by Lemma
p p

o .
2, ) bébn < ® a.s.

(¢) Finally, choosing Qn to be the vn of Lemma 1, consider that
expression (4.8) can be bounded by

-1ly-1 -1y-1 2
7 14 14
¢ vn—lxnvn Vn—lxn +rvn—lxnvn Vn—lxnkn—l/[gn—lvn—l] :

These series have finite sums by condition C" and Lemma 1.

- ADDITION. After this chapter was completed the author became aware of
the work of Moore (1978) in which the inequality (II)' is established.
Moore's main theorem, (Theorem 4.3) then states that a.s. convergence

occurs if for some o > 0 ,

oy-1 ,
nV - 0 a.s.,
n

o ,
Y %W < HM<o as.
: nn n

p
for some constant M . However recalling T;l = tr(V;l] these conditions
clearly imply

o _ '

Y x 'V 1x JT <© and T =+

p B n' n n

and so this result follows from the proof of Theorem I.

‘The assumption of a constant bound enables a proof of MGCT#* without
recourse to the result in Neveu. However it will be seen in subsequent use

of MGCT# that the stronger result is vital.
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CHAPTER 5

STOCHASTIC APPROXIMATION AND THE FINAL VALUE THEOREM

5.1 Introduction

The aim of this chapter is to investigate the well known limit laws for
both the Robbins-Monro (RM) and Kiefer-Wolfowitz (KW) Stochastic
Approximation (SA) schemes namely Central Limit Theorem (CLT), Sacks (1958),
Law of the Iterated Logarithm (LIL), Heyde (1974) and Invariance Principle
(IP), Kersting (1971), McLeish (1976), Kushner (1978). The idea here is to
subtract out the part of the SA that obeys the limit law and use a time-
varying version of the Final Value Theorem (FVT) of Z-transform theory to
show the remainder is asymptotically negligible. As a result of this

approach it is straightforward to state results for general‘.a > Cp

sequences. Further, the conditions required for the validity of the
theorems, are not obscured by the summing procedure so that their nature is
clearly revealed. Thus the CLT/IP are given without a.s. convergence of the

SA being required (though strong-assumptions on the regression functions are
0 ’ . o .
.- 2 2,2 , .
needed): the usual conditions 2 an < o Z a /cn < ®© are not required.
1 1

They are needed of course for the LIL.

The chapter is in two parts. The first gives a CLT/IP/LIL for the
solution to a sotchastic difference equation; the second applies these to
the SA schemes.

5.2 Limit Behaviour of Stochastic Difference Equations

This section gives some lemmas concerning the asymptotic behaviour of

(stochastic) difference equations.

- LEMMA 1 (Final Value Theorem (FVT)). Let a, be a sequence of

o
positive constants with a =+ 0 and ) a,==. Let a, >0 and
: 1

Snel (l—alanlgn *hy -
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Then provided bo < e,

- l .
1lim& =a_ ~ 1lim b /a
n 1 n'"n

i1f the right hand limit exists.

n
Proof. Denote m . = lll (1—alas] .

‘The conditions on a, ensure ﬂ;lv01¥m (Bromwich 1947, p. 1042).
_ Divide the En equation through by ﬂn- and sum up

n

Ene1 = a1 § by/Mgpr boﬁn+l ) . (5.1)

Next, by the discrete L'Hospital rule (a special case of the Toeplitz
lemma -~ Bromwich (1947, pp. 41u4-=415)) '

b./m b
. - s n/ n+1 . n/ n+l
1im & = lim ————=— = 1lim
n+l -1 -1 C.a /T
m -7 1'n" n+l
N+l

1l
Q
[
e
=]
o
~
Q

if this limit exists.

Remarks. (1) This lemma is the time varying form of the final value

theorem of Z-transform theory.

(2) 1If bﬁ is a random sequence and Elbo‘ < ' _ then

. | < ~ 1 o i
1lim E,En[ = ;7 1lim n[bn]/an
if the right hand limit exists. |
(3) 1If Vn is a sequénce of nondecreasing positive "norming"

constants and calling an =V, -V, 1 (this 'differential' notation will

be used throughout) then provided bO < ® and

>
it

lim‘dbn+l/[a V ] = lim

' -1
i a.-A lim v b /a
we have lim Vv & ( 1 ) m /
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Proof.

: P Pl
. = - o - \Y] :
\’n+1€n+1 \’ngn{l an[ 17 % v vnan}f + VP

and the result follows by the same proof as in Lemma 1 since by the above

condition lim dv. ./v._ =0 .
n+l’ n

(4) If (l—alan) is replaced by [l—Banf¢i} , Lemma 1 still holds

. . . 2 _
provided 1im wn/an —.O .
(5) TFrom expression (5.1) we can derive a weaker result than the FVT.
' o
If, with the conditions of Lemma 1, X bs < ® _ then ﬁn > 0 . This follows
1

from (5.1) by Kronecker's lemma. This result has been given by Venter

(1967). 1In fact by the FVT we need only bn + 0 “faster" than a, >0 to

conclude Eh 2+ 0 . The point is that the discrete L'Hospital rule is a

special case of the Toeplitz lemma while the Kronecker lemma is a

consequence of it.

(6) It should be remarked that the discrete L'Hospital rule holds also
for probability limits. Thus if bn + ® a.s. and

dSﬂ/d bn~—2+ ¢ a finite a.s. random variable and

sup.EldSﬁ/d bn[l+n <L <® for some N >0 or
n

sup [dSﬂ/d bnl <L <® a.s. L a constant,i
n

then S;/bn N e .

Proof. Take c¢=0 w.l.o.g. by setting Sé': S, - Cbn. and dropping

the dash. Now
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7" n
n n
= 1 ([@/dby) by I(1d5y/dy| < €)/] by
n o , n '
+ ) (ds,/db,)db,I(|dS,/db, | > €)/) db,, -
1 , 1

Now the modulus of the first term is bounded by € which is arbitrarily

small. Now by Holder's inequality

€})

\"

E(ldsk/dbklI(ldsk/dbk|

1A

1/(14n) '
1
[Blds, s, 1) E(z(lds /by | > €)™ )

LM (|ds, sdb, | > €)

IA

in view of the first condition above.

Thus the second term has its expectation bounded by
1/(1m) § v
L § dka(|dSk/dbk| > e]/§ db,,

which by the discrete L'Hospital rule and assumption has limit zero. A
similar argument gives the result under the second condition. In the sequel

it will be convenient to denote
P . -
dSn/dbn -+ ¢ by p lim dSn/dbn =c.

LEMMA 2 (CLT for the solution to a stochastic difference equation).

Suppose 7, 18 a martingale difference sequence w.r.t. some increasing

sequence of o-fields Fn and let

Uﬁ+l = (l_alan)Uh + (an/cn]Zn R UO =0 a.s., - {5.2)

where o 18 a positive constant and where a ,c are sequences of

positive constants with

[oe] . .
(A) Z a =, a +>0 and eitther ¢ =1 yYn orelse e¢ >0
I n A n n. -

in which case an/ci + 0 . Suppose also
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(B) There is a random variable 7 with £7° < o and for some

c<®, Vn, 'Pr(lznl >z | Fn) sevrr(|zZ] Zx) Vz . Notice

2
that szp E[anFn) < o,

o) o2 . 2
(c) p lim E zann]_ 0“ = 1lim E[Z}J

\ )
¢ 2
1 %41 % ' :
(D) 1lim — : -1l =2 (o0six<20)se/e  +1l,aja ' +1.
qn | Ci 4n+l : 17 n' Tnele n ntl

D, 2 _
Then cnUn/Van — H(O, o] /K) Where ‘K = 2ul - A .

Remark. Condition D, with e, =1, ensures lim na >0 .

n
X _ 2 _f.2
Proof. As in Lemma 1, L [ll (l—alas) -+~ 0 . Call v, = E[U ] so

that calling 02 = E[Z2] s
n n

2 22 9222 :
v F (l-alan) v, +ac ‘o . - (5.3)
Then by the FVT (3) and (A), (D),
. 2.2 _ 1 .. 2 -2 2.22
Lim eyp /e, = K7 1im e 1 11%:Cn On
2 | : ,
= 0°/K . » . _ (5.4a)

Thus we may norm by v, instead of Van/cn .

Next call ‘Sn = Uﬁ/"n so

- -1 _
il T % T % LT T M
i M .t. .
say, and Sn+l is a MG w.r.t Fn Also
2 N 2,0 '
s, = varﬂsn) = vn/ﬂn | (Sf?b)
SO
Sn/sn = Un/vn 3 © (5.5)

that is, a CLT for S /s 1is one for U c¢c /[Va .
n'n nn n
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To derive the CLT we must show (Scott, 1973)

o 1
(1 s, § E[uk+llF ] —_+ 1,
n
-2 2 p
(2) 8,1 g E[uk I(luk+l| = esn+l] | Fk}'_—+ o
Note.that

2 2 _ 2
Y411 T B n/[ n+1” n]

(&/6%)a, 22 (0 (1)+1) . (5.6)

Now apply the discrete L'Hospital rule for p lim's (FVT (6)) and (B), (C)
to (1) to see

2 . 2 2
E(uk+l|Fk) = p imm E[un+lan}/E[un+l)

n) =1 by (C).

"
iS]
-
'_J
3
=y
—_—
NN}
SN
o
IR
~
o)
—
[\
N
es—

Next, (2) is implied by

2 '
n+l ) E{ eerd (s | = e57,0) | Fk} —E+_O .

Once more the 'p lim' discrete L'Hospital rule shows this to follow if

. R { 2
p lim E[ YR+l Huk+ll ? 88k+l) l Fk](E{uk+l} =0

From equation (5.6) for k large enough

(2 2
Il | = €54,0) = I[Zk > &e /“k]

Thus we need only investigate (dropping the % ) the limit of
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- CE[ZQI[ZQ > e/ak])
)

which has a.s. limit zero since E’(Zz) < o

COROLLARY. Condition (B) may be replaced by the stronger (B'),

2
(B") s;p E[iznf S F”] <,

N/2 .
2 2 - 2 2+n {2 2
E[I[Zk > € /ak} | Fk] < {ak/e } E[zk I[zkz € /ak] | Fk]

IN

]n/z

2 L2+ |
[ak/a szp E[!an n J Fn} >0 .

LEMMA 3 (LIL for a stochastic difference equation). In the statement
of Lemma 2 remove conditions A, B and add conditions

oo

(A") § a, = cn =VYn or cn -+ 0 ; lim an/ci =0, EAGZ < o
% 2. 4. ’
(E) §a E[ZnI[Ian < 6/\/an,] < o for: SOme § >0 .
(F) ganE[lanI{lan > e/@n <o Ye >0 .
Then

e ;5 - \/— )
1lim cnUﬁ/(anwn) = +0/VK a.s.,
limcU/(aw)%= -o/VK a.s
— nn V'n'n i

: A o " o -9 2alTn—2v n
where Y =2 log logs, and s, = (o /Kjancn e and T, = Y a
1
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. s . 1n _ v _
with v = lim (log ﬂn«ulrn] or limw e =e and T = lll [l—algs) .

Proof. For either e, >0 or 'cn = 1 we have from the assumptions,

o ) .
that Z a <. So take w.l.o.g. aa, < % . Now it is well known
1

(Bromwich, 1947, p. 181) that for ]m[ < %

b

2

| log(1+z)-x| < =
(e .
Thus § (log(l—alak)+algk] is absolutely convergent and so convergent:

thus v exists. Now in view of (5.4) it follows that Ei can be replaced
by
2 2 -2_-2
= K .
s, (0%/ )ancn " (l+on(l)]

As mentioned in the proof of Lemma 2 we need only investigate a LIL for

Sn/sn . TFor this we need (Heyde and Scott, 1973)

(@) § S;uE{u;I(lun‘ < Gsn)} <o for some S > 0 .
(2) % 8, E(iunlI(]unI > asn)) <o Ye > O_f

n
(3) s° guf{ > 1 as.

First these conditions are replaced. Indeed (2) is implied by

(2§ 3;22{u21(|un1 > ssn]] <wvye >0 .
1 |

This follows since (2') exceeds € times (2) (recall an indicator function
equals its square). Next it is shown that (1), (2'), (3) may be replaced by

(1), (2"), (3"),

2% (2
(3") s; § E[ulek-l] + 1 a.s.

n
" Clearly (3) is impled by (3') together with S;Q ) [ui—E[uile_ ]] >0 a.s.

1 1)



Denote

ulk ukI(Iukl < Gsk) R

u

(
<
~

—
<
x

A\

(o)

[V2)
X

2k ~ Tk

Then it is required to show

Now the first limit holds if P(uk # Uy i.o.) = 0 . But by the Borel-

Cantelli lemma this is equivalent to

However consider that

2

§° ) P(lu,| > ¢s,)

=1 8
1A
o
N
8
v
IN
N
\
oS
N
©
N
———r
+
18
0
t
N
N

n
018
[v2)
&
N
~
_
<
3__—-
W
O
[V}
L—
e
N
8
o
<
Py
N
-

The second limit holds by Kolmogorovis strong law for martingales if

which is just (1). The third limit holds by Kronecker's lemma if

oo
-2 2
g s E[uinFn—l] < ®

which holds, by the lemma in Lukacs (1975, p. 80) if

S -2.( 2
) s E[u ] <
1 n n

g4
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which is (2').

To complete the proof recall (5.6) to see (1), (2') < (E), (F);

‘while, via (5.6) and the discrete L'Hospital rule, (3') is implied by (B).

COROLLARY. In Lemma 3, (E) and (F) ave implied by (B)', (G).

2 ’ ~n
(B)! szp E{]Zn] L Fn} <@ for some m >0 .

(G) . z ai:n/? < ®
1
| b 24| _-1m/2 - . .
| Proof. E[ZnI(lan < 6/\/an)]sconst. E[Zn ]an . Thus (E) is
implied by (B), (G). For (F),
y 2#n} n/2
E[ZnI(IZnI > e/\/an)] < E{Zn }an

so that (F) follows from (B'), (G).

The next step will be to state an IP. Suppoée we multiply throughout

(5.2) by Cn+l/van+l and denote Qn+l = (Cn+l/van+lJUn+l » we have after

some manipulation and utilising condition D,

o~ % -
dq, ., = *a,dt (A-20.) + dW RS
1 W-?Vé w Z_ with w_=¢ c"lVa;';l and dW_=W_ -W and
where W, © {78 T n ntl n n n+l n n n-1 =

so on. Notice that ,Wﬁ + 1 (condition D) so E[Wﬁl &:OQTn , SO Wﬁ "looks

like" a Wiener process on a time scale T, ¢ 'Qn begins to resemble the

output of a stochastic differential equation. It is these heuristic

considerations that will be formalised in the IP.
There are two ways to formulate an IP for Qn (according to choices of

arrays of martingale difference sequences): one is to derive the IP from an

- IP for Sn/Sn (recall (5.5)) - this is the type of result stated by McLeish

(1976) and Kersting (1971). The other approach follows from an IP for Wh

and has been given by Kushner (1978) and Ibragimov and Khasminskii (1873)
for a maximum likelihood estimator. It is the second form of the IP that
will be stated here. Briefly, the author feels it to be a more natural form

of IP given the difference equation nature of the SA schemes. TFirst we give -
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an IP for Wh and then via summation by parts and the continuous mapping
theorem (Billingsley, 1968, Theorem 5.1) we obtain the IP for Qn . The
other type of IP could just as well be derived however, and must in any case

be obtainable by a change of time scale.

Let W(t) denote a Wiener measure of variance 02 on D[0, 1] the
space of all functions on [0, 1] that are right continuous and have left

hand limits (Billingsley; 1968, Chapter 3). Define

T < t} .

kn(t) = sup{m : Tim T =

LEMMA 4. Under the conditions of Lemma 2,

- =
Wk (t) Wy w(t)
n
Proof. Consider the triangular array L) :’Van+i 2, 0., and array
of increasing o-fields F_ . =F_ . so that
. n,r n+i+l
W = v .

W ) -
nik () "n isk (%) ne

and
JF . = .
E(vnzl n,i—l) 0
Now condition C ensures w, > 1 so this multiplier will be neglected.

To conclude weak convergence we have only to check the conditions of McLeish

(1974, Corollary 3.8) [they are stated for D[0, ) but apply to. Dlo, 1] )

Ay . b
7;<k2‘(-[;) L‘:[vniI(_[vn,’:l > € l ‘Fn,i—l)] > 0 Ve >» 0,
-n

) E{vQ; F . 1} L2, 02t YVt < 1 .

Now the summand in the first condition is

2 2 .
an+iE[Zn+iI[Zn+i > E/an+i]an,i-1,

and under condition B this is bounded by

2 2
an+iE(Z I[Z > e/an+i}] .



97

. = _ - -> 1 ->
Now since G T Tk (8) T T t (81nce‘ a >0 ) the result
i<k _(t) n
n .
follows because E(Z2) < ® . The summand in the second condition is
) an+iElzi+ilrn+i]
i<k (%)
n :
and E a + t , together with conditions A and C ensure the result.

. L b n+i
%Skn(t)

Remark. The result clearly also holds with condition B replaced by B'.
We investigate Qn by reorganising (5.7) as (or multiplying through (5.2)

bby

cn+l/ an+l )
- 1z
Qi1 Q,(1-%¢ a ) + dir,
where
=11 2 . -1 2
7, - - — - 2 -
K =200 -a [wn 1] sa~(w,-1)
- with
w =ce ¢ Wa é—l
n n+ln n n+l °

Notice that, by condition D of Lemma 2,

a_l[wz-l] > A
n \"'n |

and W, + 1 so that wn + 1> 2 3; thus

%i
}.J
=

I

'_J
—r
N

n

¥, +1) _la;l (w_i— 1] {wﬁ‘l) >0

so that finally, Kn ~ K =20 - X.

v n
Next, denoting P = ] {l—%Ksas} sum up to obtain
1

_ .
B -1 -1
Uin = Pyenfy Wt Poan § PrrsPies
N b ts noting that p"l - P’l = 3K g Pt -
ow sum by parts noting tha " -1 Ka P =
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n
-1 -1
- % -
QN-H’l - N+n IJ Q N m T 2PN+n _ZL Pl»l+s N+s- lKN+sd N+s PNmPN WN :
Noting that
‘ n
-1 -1 _ -1
PN+n_ - Py =% ; Ky vs®ussthes
we have
n ‘ 1 .
= - % "~
Urn PZ&7+nPZ\7 QN t W = Wyt Py i Kl]+sP]V+s( N+s-1" )dTN+s :
Denote now
-l
t
Cp®) = N+k (t) Py
and
Wy() = Wzv+kN(t) -y
and rewrite this as (neglectlng terms sucb as. WN - wN—l = VaN ZNwN that
vanish in probability in the 'sup' norm) .
t ' '
= t %
@y () = Cp(£)Q(0) + Wy(t) + % J Kueke ()0 9% Yo (s)ds . (5.8)
We now show
% ’
lim sup lCN(t)—e 2Ktl >0 . (5.9)
N ost=1 ' ' :
Since
%
sup eth < =
0st=<1
and
s Wk N(t)
e®”” exp|-% ¥ a K {>1 VYi.
- s's
N
vtk ()
(This follows since § as‘+ t (because a, > 0 and Kh =+ K ensure

N
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N+k§(t) n+k§(t) )
a XK / a + K
e s s N s
it will do to show
N+KN(t)

Cy(E)exp % N a K | > 1 uniformly in ¢t .

N

Now a + 0 so w.l.0.g. take lanl < Vn and consider that this last

expression is

Wk, (£) |
exp ) log(l—%Ksas}+%Kéas
N

which is bounded in modulus by

N+k (t)
i 22|
exp ) aSKS/4
i J
N+k, () |
Now since 2 a >t and a -+ 0 (so that max ak >0 Vt ] it
iy ° & ' Nsksnk, (5) |
. 1
Ntk (£) , Ntk (1) , _
follows that 2 a = X a + 0 and the result follows since
N N

Ks -+ K . We have thus established (5.9).

Now by the continuous mapping theorem and Lemma 4 it follows for
example that
't

. - -%K(t-8)
MN(s)ds J e

t .
J e—%K(t_S) W(s)ds

0 0

Also
Q,(0) = Q(0) ~ v(o, 02/1{] B

This is just the CLT, Lemma 2. It should be remarked that Kushner's
proof is incomplete in that a CLT for 'QN(O) is not proved.

Thus, from (5.9), we now obtain by simple argument
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LEMMA 5. Under the conditions of Lemma 2,
Q = Q(¢%)
N+kN(t)

where Q(t) is the continuous Gausstan process on D[0, 1] with

E(Q(t))

1

0,

E(Q(t)Q(S)) K—1028~%K(f—8) )

Proof. We need only establish the existence of the process. From

t .
Qt) = e—%KtQ(O) + W(t) + 3K J e_%K(t'S)W(s)ds (5.10)
- _ A 0 o
we have
%
at) = e 0y + x(t)
where
“zxt [ e
X(t) = e * J e dw(s)
AT o
or else
E(x(t)) =0,
E(X(t)X(s)) = e_%Kt(e%Ks—e—%Ks)OQ/K
and

P(x(0) =0) =0 .

However Billingsley (1968, Chapter 4) has demonstrated the existence of

X(t) and in view of Lemma 2 our result follows.

Before turning to a discussion of Stochastic Approximation one more
lemma is needed; a version of the Martingale Convergence Theorem.(MGCT), a

slight extension of the one used in Chapter 4.
MGCT*. If F, 18 an increasing sequence of o-algebras and Tps Oy
B> Y, are non-negative Fn measurable random variates with
E[Tn+l|Fn) < Tn(l+8n) -a tY, .

- Then
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< [ee]

2 B <= Z Y <o qg.s.

1on 1
[oo]

ensures I ~+ T a.s. a finite random variable and ) o < a.s.

1 .

A n ,

Proof. The conditions on Bn ensure Pn =T] (l+88) has a finite
1

positive limit a.s. Thus we need only consider

BlolR) < T - e

where dashed quantities were found by division by Pn

+1
Now
’ F < ! '
E@h+lln)" n 't Ty
-
and according to an exercise in Neveu (1975), p. 34), 2 Yé < ® a.s.
1
o n
ensures W' > W' a.s. Now call a = ; o’ so that
n n,l-s
! < m1 '
E(Tn+l+an+l|Fn) =T +a, +Y, .
) (o]
The same result ensures W% ta > W" so the result ) o, < a.s.
1

follows.

Remark. It is well known that o =z 0 a.s.,

- 8

E(an) < o= § o, <

a.s. (Lukacs, 1975, p. 80).

5.3 Limit Theorems for Stochastic Approximation

Recall the R-M procedure is a recursive method of finding the solution
© of an equation M(x) = o when M(x) is unknown. For each trial value
x there is, however, a noisy measurement Y(x) with E(Y(x)) = M(x) . The

solution is found by a recursion of the form

Xﬁ+l - Xﬁ - an(Yn—a) > Yn - Y(Xn) ?
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where a, is a sequence of positive constants with at least E a, =,
a, =+ 0 . It is usually assumed also that the conditional distribution of
Y(Xé] given X, =z, ... X =z is the same as the distribution of
Y(ms) - Rewrite the above as

Xn+l =%, - @, - ianzn

Z(Xh) = Y(Xn) - M(Xﬁ] is a martingale

M = -

where 1%1 M(Xh) o and Zn
difference sequence w.r.t. O-algebras Fn generated by the Xh. process.
The following assumptions will be of interest (ef. Sacks, 1958).

(A1) M is a Borel-measurable function; M(0) = a and _
(x—S)(M(x)—a) >0, Vxr# 0. Also ‘M(x)] <a+blx|l , Vx

and constants a, b .

Ve

(A2) TFor some positive constants Kl,'K ' R

2 >

Kllx-el = |M(z)-al| = KQIx—GI .

(A3), (A3)* M(x) = o + al(x—e) + 8(x, B8) with @, >0

o(|z-8]) as = -86-+0

for (A3)*% &(x, 6)

for (A3) 8(x, 9)

uQ{x—ell+8 + o(lx_e|l+8)

as x - 6 >0 , for some finite constant o, and some B > 0 .

(A4) (a) sup EIZ(m)l2+n‘< © for some N >0 ,

X

(1) 1im E(2%@) = o2 .
Faas

Next consider the KW scheme. The aim here is to find the unique

maximum at « = 6 of M(x) . There is a noisy observation Y(x) with
E(¥(z)) = M(z) .

Generate a sequence of approximations by

- -1
Xﬁ+l__ Xﬁ = %l (Yn(xﬁ—cn -Yh[Xh+cn])

. [0}
where an, cn are sequences of positive numbers with at least, X an = o
1

-
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c >0, a /02 -+ 0 . As before the conditional distribution of Y (X e )
n n'"n n''n no

. - _ . . . . +
given Xl Ty e Xh xh is the same as the distribution of _Y(Xﬁ—cn) .

Rewrite the scheme as

=X —agc M —act
nt+l n nn n nn n
where
M o=MX-c) - M(Xﬁ+cn)
and
z, =2(x ) - 2(X + )
with

Z(x) = Y(x) - M(x)
As before Zn is a m.d.s.w.r.t. the O-algebras generated by Xﬁ . The

following conditions will be of interest (ef. Sacks, 1958, Heyde, 1974,
1975). ‘

(Bl) M is a Borel—measurable function with a ﬁnique maximum at

x =0 and YO < to < tl < t2 < o

inf (2-8) {M(z-€)-M(z+e)}e ™ > 0 .
O<est .t =|x-6|st,

Also Yx and some D,, D, >0, | MC+1)-M(2)| < Dl + DleI .

(32), (B2)* va , M(x) = oy - [al/u)(x—G)Q + 8(z, 8) where a, >0
for . (B2)*% &(x, 6) = 0([m~8|2} ag b -.6 > 0

= ’ 2+8 2+
for  (B2) d(xle] = aQIx—Gl ® 4 o(]x-8] B)

as x£ - 6 >0 for some finite o«

5 and some B > O .

(B3) For some ¢. >0 K , K

i <
0 . 1 5 Ve with O e =< co

2

K (2-0)7 = (m-0){M(z-c)-M(zre)}e ™" < K (2-0)? .
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(B4) ¥n >0, 3e(n) > Ve with 0=c=<e(n) and VY& with lz-6] < e,

|8(x-c, 6)-8(x+e, G)IC_J“ < nlz-86| .

“(B5) (a) sup EIZ(:B)lz+n <® for some n >0,

x -
(b) lim E’(Z(:c—a)—Z(:xc-ra))2 = o2
x>0,a>0

We have the following results.

THEOREM 1 (Dvoretsky, 1956). If sup var(¥(z)) < o then for R-M
X

under (Al), (A') of Lemma 3, for K-W under (Bl), (A') of Lemma 3,

Xn -96~+0 a.s.

To prove the CLT/IP/LIL however, some additional convergence results
are needed via the stronger conditiocns (533 for R-M, 6353 for K-W. Consider

then the general expression
X ~0=X -6-aMct-aclz - (5.11)
n+l n nnn nnn )
where for R-M, e, = 1 vn .

For R-M with (A2) and K-W with (B3),

2 2 2.2 -2 2 =2 2 '
E{(Xh+l—9) an] = (x -6) [1—2Klan+2K2ancn } tac E(anFn] . (5.12)
Let v, be an increasing sequence of positive numbers with v, 4+ o then

we have
LEMMA 6. For R-M with (A2), K-W with (B3) Zf ' sup vab(Y(:x;)) <eg<w»
o .

2 holds and if the v, sequence 18 chosen to ensure

and ©f (A) of Lemma 2
(5.13)

L= 1imfy, /v -1)/a < 2K
then
. 2 -1 .. 2
lim \)nE(Xn—B] =< c(QKl—Z] 1im vn/ (cn/an]
Proof. Take expectations in. (5.12) and apply FVT (3). We now have

THEOREM 2. For (R-M) with (A2), K-W with (B3) and with
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supvar(Y(m))<c<°°asweZZas Xa = o a +0, ¢ =1, ¥Yn, or

s

- ;o n n
e >0 and a /c2 >~ 0 we have
n n n
p llm(Xﬁ—e)A; 0
Proof. 1In Lemma 6 set v, = 1 to conclude convergence in m.s.

Remark. A theorem close to this one has appeared in Nevel'son and
Khasminskii (1973/1976, p. 94 and p. 100).

LEMMA 7. If in addition to (3.3) we have (A') of‘ Lemma 3 plus

] | &
(A") § \)nanc 2 «

then for R-M with (A2), (B) of Lemma 2, for K-W with (B3), (B) of Lemma 2,
) ,
Y [X -6) >~ 0 a.s.
n\n :

Proof. With conditions (A"), (B), MGCT*® implies

(o]
v a (x —6\2 < ® a.s.
] nnin ‘

2 ..
as well as vr[Xn—G) + T a.s. a finite r.v.
(2

(o)

Now recall 2 a, = and apply the discrete L'Hospital rule to see
. ’ 1 . : '

o
]
[
’_l
3
i~
R
<
—
S

t
L
=]
R
<

—
=
D
N
N
N
1l
L]

The basic idea now is to subtract from the SA scheme the part that obeys the
CLT and use the FVT to show the remainder is asymptotlcally negllglble.

Consider, then, reorganising (5.11) as

_ -1, -1
Xo41 - 9% (Xn_e) (l~alan) - ael, - aC, S, (5.11a)

where for R-M, by (A3), Gn = 6[Xﬁ, 8] and e, = 1 , while for K-W, by
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(B2), ¢, = {a(xn-cn, e)-s(xn+cn, 6]} . Set

- -l =
Uﬁ+l = Un(l alan] ac, Zn , UO =0 a.s.
and
pn+l - Xﬁ+l 0 Uﬁ+l - (l 0Llan)Dn anGn Cn (5.14)

For the CLT it will do to show
lim E|Dn]cn/\/an +0 . ) (5.15)

The IP will certainly follow if

sup |D le . VTN max  |D . Je o~ Es g
0st<] n+kn(t) nvkn(t) ,n+kn(t) lsmfkn(l) n+m' n+m ﬁ+m .

.

This will clearly follow if cnan]/Van £, 0 which will follow from

(5.15). For the LIL we need Gﬁanl/Van + 0 a.s.

THEOREM 3. For R-M under A2, A3%*, A4 and A, D of Lemma 2, for K-W
under B2%*, B3, B4, B5 and A, D of Lemma 2,
-2,

n

q, = c, (X -6) /x/&;l» v(o, 02/1{) . K=2a

Qn+kn(t) = Q(t) Of Lemma 5,

A= lima te? ae a7t o) .
: n |\ ntlmnmn ntl
Proof. 1In view of the discussion just given and of Lemma 2, Corollary

and Lemma 5, it is enough to show

i 21V - 2 _ L. f2
p lim E’[anFn] = 0" = linm E‘(Zn}

(where F_ are the o-fields generated by X ) and 1im E|D |e Wa_ + 0 .
n n , n''n " m

Take moduli through (5.14%), then expectations, and apply FVT (2, 3) (nofing

lime .a caY =1 because of D} we see
ntlnmn n+l 4

e
lim E|D_|e Na_ = (o -15)\)"1 lin 2 2 4 E|§ [Tt .
n'n n 1 a an 7 n n
n
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Now take each case separately (though the arguments are similar).

(1) R-M so ¢ = 1, Vn . Consider that
gls | e = B(|s, |1(lx -0 < e))na + E(ls, |1(lx -6] >'e]]/\/077; .

From A3%, gi&en n>0, 3em > |8z, 0)] =nlz-8] for |z-8| <em) .
Also by A2, |8(z, 8)| = (K2+0Ll)|x—6| so

E'%“@S nEan_el‘/\/d_; + [szl)E(|Xn_e|/\/&; I(!Xn'e[' > €))

= nv E[Xn—e)z/an + (Kyra, )V E(Xn—e]z/an VPIIX 8] > €] ;
But n is arbitrarily small, lim E(Xh—e)Q/an < © by Lemma 6 and
P(lx -8] >€) +o .

(2) K-W. Consider

-1 . _ -1 . )
an{cn lanll/vag'_ E{cn Ién!I{|Xh-8| < Cn)]cn/%%;
-1
¥ E’(cn s, 1z(lx -] > cn)]cn/\/c-z; .
From B4, given An >0, 3 e(n) >Ve with 0=<e = e(n).,
|8(x-c, 0)-8(ztc, 6)|c"l < nlx-6] for |x-8] < e .

Also by B3 and the definition of &(x, 8) ,

|8(x-c, 0)-8(z+e, 8)]0_l 5_(K2+al)|¢-6]-;

thus

e] E(c—ll‘
n{n

601) 12y = 51, -0le, e+ pre)a (15,01 o, MBI (17,01 > o)

2 2 2.2 »
= E(x -8)% /a_ + (&,+a )V E(x -6) e, /a, VP(IX 8] >c ]
and as above, provided ¢ > 0 the result follows.

We now show p lim E[Zian] = 6% = lim E[Zi} . Consider



108

=5
—
N
——
!
Q
N
11
txy
——
N
N
N
>
—r
SN
| ——
}
Q
N

[E(ZQ () IXn] -OQ}qun*el <e)
. [E(Z"’(Xn)I,Xn]*""‘}l‘“’.‘n‘e' >€) . (5.16)

Now by A4 (b) or B5 (b) the first term has modulus bounded by

n(e)I[]Xﬁ—6| < g} = n(e)

where n(g) = o(e) . However € is arbitrary and this term may be

dispensed with. The second term is bounded by (from Bu (a) or B5 (a))

(02+C)I([Xh—6| > E) for some cdnstant e .

And since E(I(IXﬁ—GI > 8)) P(IXﬁ—BI > E) »+ 0 this ferm has p lim zero.

i

. 2 2 .
We conclude p lim E[anFn] 0 . Next take expectations and then moduli

in (5.16) to see

lE{ZQ(Xh)]_OQ

IA

E{IE(ZQ(Xh)lxh]_02|1(|xh_e] < e)}:+ (e+0?)p(1x -8] > €)

= ne) + (c}OQ)P(IXh-OI > €)

N
\l

and we conclude 1lim E(Zﬁ] = 02 as above.

Remark., 1If only Al; Bl hold rather than A2, B3 then a.s. convergence
of . Xh - 8 1is required to derive the CLT. This follows by the same
argument as in Sacks (1958, p. 380 and p. 386).

THEOREM 4 (LIL). For R-M with A2, A3, A, (5.17) below, for K-W with

B2, B3, B4, B5, (5.18), (5.19) below, together with conditions A', D of
Lerma 3 it follows that ' '

lim, lim ¢ (X -0\ /Va ¢ = -o/VK, +o/VK
N n''n ' m'n

respectively with wn as in Lemma 3,-

Y a;l+26)/(l+8) <w , B as in A3, : (5.17)
1
lim ci/ai/(2+8) <o , B as in B2, - (5.18)
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(3+26)/(2+B) -2

. a, | e , B as in B2. (5.19)

- 8

Proof. 1In view of Lemma 3 it is enough to show
cnanl/v&n + 0 a.s.
and
. 2 ] 2. 2
lim E[anfh) = 0% = lim E[Zn)
Given the a.s. convergence of Xn - 6  from Theorem 1 this second -
requirement follows exactly as in Sacks (1958, 3.14) from AL or BS.
Now take moduli in (5.14) and apply FVT (2, 3) (noting D implies
N . : A

. e -
lim Cs 1%.%5, an+l 1 ) to see

Line, D NVa = (o 9) " in(e /\/“Jan ncnlls |
= {o,-¥2) 7" 1inls, | Ve . (5.20)

Again take each case separately..

(1) R-M (Cn =1 Vn} so from (A3) and strong convergence

. 1 ’
llmlﬁnl/th—Sl B . ©  a.s.

SO

| (1+8)/2
llmta I/Vr—-< llm!é ‘/|X e[l+8 {iﬁ -6) /al/(l+85]

= 0 a.s.
according to Lemma 7 when (5.17) holds.
~(2) For K-W from (B2) the limit (5.20) above vanishes if each of

1/(2+8)

lim]Xh—el /an s IX Glc Ja l/(2+B) 2 1/(2+B)

) /

“n’“n
vanish. They do if (5.18) holds and if the flrst limit vanishes; it does
by Lemma 7 when (5. ;zﬁ holds.

Remark. Tf a_ =A4/n , c, = #n Y =1 . Then (5.18) holds if y > 1/6

while (5.19) holds if Yy < 1/3 (ef. Heyde, 1974).
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5.4 Some Extensions

The above limit laws do not hold when Qal - A= 0 and Major and

Révész (1973) gave some results in this case (for the Robbins-Monro scheme

with a, = 1/n ). It is not hard to intuit the results for general
sequences. If we return to the stochastic difference equation of Section

5.2, the variance will obey the difference equation {vn = E{Uj]]
X JJ

’_ ‘ 2 2 -2 2
Vo = vn(l-arxn) tac ‘o’ .

Suppose firstly that 2al =X we look for a norming sequenge'of the

form v = cQa—lp—l where p - o is to be chosen. Consider that
7 nn'n n
. _ ,2] 2 -1 2
Vni1Pne1 T VnPn (l 2@, + AV [Vt P Ty, (cn+l n)
where dv._ =vVv_ . - Vv and ¢2 need not be specified.
n n+l n n .
. 2
Now calling w_= ¢ /a we have
. n . n'n
d\)n/\)nﬂ =@, fo, - dpn/pnﬂ
so the bracketed term above is
1-a, (°a -dw /( al) - dD /0. ¢2 .
n+l n- n+l
Now when
llm,2u dwﬂ/wn+lqn = 2al - A =0
) oo
then, since p =« implies- z dp._/p = o , the FVT will still apply
n 1 n+l ]
with
.2 2 . -1
lime n+l/ n+1Pper = O L, pn/dpn
n
If we choose dpn =a, 6 or P, = § ag =T, then the limit exists and is

finite. We would thus expect to conclude ¢ U /Va T —2+-N(O, 02] .
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Next suppose lim 201 dwn/wn+lan-= -4 < 0 . Then choose
' . (o] 2
. Ut -v .

= o <

wa, dpn/pn+l so that p,=e e (prov1ded § a < ) where
n
po_ s . _ _

v = lim(log P +ut ) with P = . (1-va) .

Next, consider that the forcing term in the difference equation for

VY, has a finite sum. Indeed this sum is effectively

‘00 1 ) o 1. l]
§ HaPn = § dpn/pn+lpn ] § [pn+l—pn ) <
Thus
z\)vzi\)E[U]<w.'
T nn ;o n

It follows then by the lemma in Lukacs (1975, p. 80) that

» —uTn/2
) 7 -
V»n(%i_ e enUh/Van +~ 0 a.s.
Of course to prove these results for the SA schemes we would, in particular

have to weaken conditions A2 and B3,'to A2' and B3' respectively of Sacks
(1958, p. 380 and p. 386).

'So far as iultidimensional SA is concerned the results obtained will
hold under the natural multidimensional extensions of the conditions Al-Al,

B1-B5 as in Sacks (1958, Section 5). However in expressions such as
M(x) = B(x-8) + &§(x)

Sacks assumed B to be positive definite. We can relax this assumption by -
proceeding as follows. Let us first try to find a vector FVT beginning with

the special case

X, = (I-a Ajx + a p
where X,» p are vectors and the matrix A has an inverse. Defining
n
m, = ] (I—asﬁa

1

we see that
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Next, summing the expression for Xn+l we obtain
n
=T =
*ne1 T nad % Tor1%P ¥ Tpa™ %1
n
_ -1 -1lta-1 -1
T ontl g {ﬂs+l'ns ]A Pt X
-1 1 1
=A"p+ LR {xl-A p]
we will obtain
-1
X, > Ap
if we can ensure
= = - ->
W =mw= (I-aMw >0.

We can guess the condition required on A as follows. Introduce the time

‘ n : .
scale = and write dw =W - W to see
Tn § as ntl n+l n

dwn+l = —Adtn

it is clear we will need -A +to be a stability matrix, fhat is, to have all
its eigenvalues negative. Let K be a positive definite (p.d.) matrix to

be chosen, and consider the quadratic form

: y
”wn+l”K - wn+len+l

IA

Iw |l (l+Za2] — a W (AK+KA")w
n'K\ n nn n
where [ is the largest eigenvalue of
% -%
K =ATKAK = .
Now if we require -A to be a stability matrix, then according to the

celebrated Lyapunov stability theorem (Barmett, 1971, Chapter 4) we can
always find a K so that

AK + KA’

is strictly p.d. Thus we conclude that for some ¢ > Q

]

' 2
“wn+l”K = HwnhK(l—can+Zan}
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co

and X a, = & ensures ”wn”K -+ 0 3 so the simplest vector FVT is established.
1 v

Next, if we consider
X1 = (I—anA) X +ap,

where P, > p , then we can, by subtracting off the equation for Xn+l

reduce consideration to
Y n+‘l - (I_anA) Yy * anEn
where Bn + 0 : it is required to show Yy, > 0 . This follows upon
considering that |
Wl = 10, {10, 1262+ i
. n+l"K n"K non n''n'K

and applying the scalar FVT. Finally notice that we can replace A by a

sequence An +~ A since then

'yn+l ::(I—anA+an(A;Ah))yn M anpn

and

gl = Wyl 10 4762 + a I, 1

where
.; [ —;2’ 2 -~
P, = IA-A I IIKZI" ~ 0

once more the result follows by the scalar FVT; we have then, a vector FVT.

Now we can deduce the vector version of the CLT of Theorem 2 by showing

it for a'Un , for an arbitrary fixed vector @ and noting that provided

.-(B-AI/2) 1is a stability matrix then

(2 , |
K = (cn/an}E(UnUn) > K‘ |
where K. is the p.d. covariance matrix satisfying

(B-AI/2)K + K(B-AI/2)" =7

with 7 given as in Sacks (1958, Section 5) as

T = lim E(Z(X5Z’(X)}A.
x>0
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. - 1 -
To see this note that Vn = E(UnUn) obeys

2
V1= (I—anB)Vn(I—anB’] tam

so that after a little reorganisation

2 _ _ 2
cn+l/an+l Vn+l - Kn+l - O[an] * (1+on(1)]ann ,
+ K - a {(B-A 1/2) Kn+Kn(B-AnI/2) '}
where
A= a—l(GQ 24 a1 —l] > A .
n n{ntln nntl

Now introduce kn = vec[Kn] that is, the vector obtained by stacking
the columns of Kn one underneath another (see Neudecker, 1969 for an

expose of this 'vec' operator) then

kn+l = [I—anAn)kn + O(aZ] ta Vec(ﬂ)(l+on(l))

where ‘
- - e - r
A = (B-A1/2) @1+ 1o (B-A1/2)
where ® is the Kronecker product. Now if (for = large enough)
B - An1/2 is a stability matrix, so is An eince they have the same

eigenValues, thus
_ a1
kn‘+ vec(K) = A 7 vec(w) .

For the IP we need to know, that, uniformly in ¢ ,

Nk, ()
-%(B-AI/2)t
I;VT (1-a,(B-2,1/2)) - e %50

where the matrix exponential is defined by the obvious series expansion.
The proof follows much as before by using obvious properties of the matrix
exponential as defined in Gantmacher (1960, p. 113) provided we take s
large enough that all eigenvalues of as(B—lSI/Q) have modulus less than
unity.

For the SA results notice that an expression of the form (5.12) will
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hold with (Xn—G)Q replaced by [xn-e)'(xn-e) . Also we can investigate
the vector analogue of (5.14) successfully by considering ”Dn”K and using
the scalar FVT. Similar results to the above have been obtained for R-M

with a, = nil by Nevelson and Khasminskii (1973/1876) and also Walk (1976)

by rather less clear argument and under more restrictive conditions.
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CHAPTER 6

STOCHASTIC APPROXIMATION WITH DEPENDENT NOISE

6.1 Introduction

In Chapter 5 the usual limit laws for Stochastic Approximation (SA) -
Central Limit Theorem (CLT); Invariance Principle (IP), and Law of the
Iterated Logarithm were obtained by first showing consistency by usual’
arguments and then subtracting out the part of the scheme that obeys the
limit law and showing the remainder to be asymptotically negligible by a
time varying version of the Z-transform Final Value Theorem (FVT). The
point to be shown now is that this idea of subtracting out the part that
obeys the limit law can in fact be used to show convergence. Indeed the
error term is shown to approach zero by essentially deterministic arguments

so that, in essence no probability theory is used.

We begin by speéifying the noise model to bé considered. It ﬁill be
recalled that in classical SA the variance of the .observation error is
allowed to depend on’ the value of the SA scheme. Here we assume the
variance is independent of this level. This much stronger assumption is
used since the ‘author has had difficulty in specifying a suitable model that
would allow the statement of 'tidy' results. In particulaf this assumption
allows 'clean' formulae to be given for the asymptotic variance of the
normalised SA scheme. We begin as in the earlier work by investigating the

behaviour of the part of the SA scheme that obeys limit laws.

6.2 Limit Theory for a Stochastic Difference Equation Drivenrby
Stationary Noise

Suppose Uﬁ is the output of the difference equation

- -1 |
U=V 1-0a)+ac 2z ~ (6.1)

where o is a positive constant and a, , ¢, are sequences of positive

constants satisfying

(A) X a =
I n
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(this ensures the filtering operation in (6.1) is nondegenerate) and e, = 1

Vn or else ¢ =+ 0 and a e ? 0 .
n nn

The following further conditions will be of interest: some being

motivated by similar conditions in Chapter 5.

[l
(A') As for A plus ) aic-2 < oo

1 n
(B) Zn is a stationary process. Let Fn be the increasing

o-algebras generated by Zn and consider

u, = E‘(anFJ.) - E(.zanj_l)
so that
(s
= .+ F
z, g Uy it (Zn]F_m)

Now stationarity ensures we can write

o, = Vf'(uQ .]

J nyn-g

) 2 _ ' .
so put Uy g = Ej S with E[gn,n—j] = 1 . Assume now (as in Hannan,

1978b) that

E(z IF ) =0,

.OFV18
Q
A
8

This assumption implies immediately a Doob-like maximal inequality for Zn‘

that allows strong con&ergence to be established for partial sums (via the:
method of subsequences (Stout, 1974) as well as tightness for the IP (see
later)). v |

(B') As for B together with: Z, 1is mixing (Rosenblatt, 1974, p. 110)

that is for any F_ measurable events 4, B ,

1im P(4a 0 T7"B) = P(A)P(B) = O .

Y

This asymptotic independence assumption will allow establishment of a CLT
and IP.
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(c)
. -1 2 -2
- = <
lim an (Cn+lcn aa .\ l] A Qul s
lim ¢ c_l =1 = 1lim a a-l .
n n+tl 7 n+l

In connexion with an IP for Qn = cnUh/Van the following considerations

enter. Denote

kn(t) = sup{m : Tptm n <t} ,

Multiply through (6.1) and reorganise it to obtain

= % \
dQn+1 2Khand1n + dWh‘ , (6.2)
where dTn = Tn -T, 1@ and so on,
n
Mo = ) % stn i
1
K =2w -a_ wz—] - %a (w-JJQ
1 n “n e
with
w =e e Vaalt
n  ntln n n+l

so that by condition (C), Kh » K = Qal - A (ef. Chapter 5).  On D[O, 1]

the space of all right continuous functions on [0, 1] with left hand

limits take W(%) to be Wiener measure of variance

Define @(¢) to be the continuous Gaussian process on D[0, 1] with
E(@#)) =0, ost=1,

E(a()a(s)) = o2 HK(E9)

(ef. Chapter 5).

, 0<s=<t=<1, - (6.3)

- The following limit laws are then of interest: proofs are given after

the statement of the theorems.
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THEOREM 1. Under A, B, C, E(Uﬂ >0 and lim ciE[ /a <.

v
?’I.
THEOREM 2. Under A', B, C, U ~0 a.s. and ya Ui«» a.s.
o : 1

THEOREM 3. Under A, B', C,
Q =cUNa 2, v(o 02/1{1
n nn n 2 ;

where

and

THEOREM 4. Under A, B', C,

W - = W t)
n+kn(t)

THEOREM 5. UUnder A, B', C,
D (2) = A
n
defined in (6.3).

Before giving the proofé first note that since under B or B',
(o]

2 a, <, Zn has a bounded spectrum. Indeed
0

. ’ .2
f(w) - IE o eJ?x(JJ
o Y

Proof of Theorem 1. Summing (6.1) gives

n
U =) a etz a7 ln
n~ 4 %s s's 'n

(initial condition effects will not effect the asymptotic results) where

M= ﬂi(l_alas]'; Thus

o1
varfU ) =T z
. n l



where
Pe_t ~ E(Zszt)
T
- J Flw)e Tw(s- t)dw ]
~T
Thus
ﬂ n
var(y ) = J 12|} q ettt f(w)dw
n nlt "s’s s
~T 1
n
< un? ) a’en?
niss s

Denoting the right hand side (less the factor M ) by v,

02 = vz(l a.a \2 + a20_2
n+tl = “nlTT 1R nn

and the final Value Theorem FVT of Chapter 5 yields

lim v = lim a—la2@—2
n n

1 0 by C.

The FVT also yields

. 2
lime v /a < « ,
nn' n

we see

120

Proof of Theorem 2. We appeal to a theorem of Hannan (1978a) which may

be restated as follows. If xs, JS are a nonstochastic sequence of

numbers and Zs obeys B then

(o]
Z x 4 fJ < o a.s.
7 88 s

if

T 2,2
2 :x:s/JS < o |
1 .

This theorem is of course well known if the Zs are a m.d.s. (Hannan's

proof uses the method of subsequences together with a Doob-like maximal

inequality for the Zg ]. If Js 4+ © then Kronecker's lemma implies
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..ln
J-YxZ +0 a.s.
S 8

n 1
_ -1 -1 -1
In the present case take x_=ac ™7 , dJ_ =T , then
s ‘8's 8 > s
$.2,2 S 2-2-22 T 2-2
Y x5/d° =) ale v m Y ale X <o by A
- "s'"s - 88 8 8 s’ s
1 1 1
so that
1 -1

[oe) o .

On the other hand X anUi <o if 2 anE[;z} < e« (Lukacs, 1975, p. 80) but
1 The. prodf of Thesrem 1 .

by the comment at the end ofASheanenui and by condition A' this holds.

Remark. By assuming the existence of higher moments Ljung (1978a) has

given other conditions under which Un - 0 a.s.

Proof of Theorem 3. Summing (6.2) yields, neglecting initial

conditions
N o |
QN - PN+1 § Pn+l @ ann ‘ v
N .
= Z yann/d(N)
i
where
n i
- 1_},7
Pn Wl(.:. 21{3618) s
Yy =V P_l Va w d(N) = P—ZZ/ .
Nn N+l "ptl m n? N+1
Notice
2 1 -2 | o .
po-P" =P ka (110 (1)) | (6.u)
so that, recalling w + 1, Kn + K , we see
bj
2 2
§ Yy /4 ) > K .

The result will follow from Hannan (1978b) (see also Hannan, 1973, where

regularity is imposed rather than mixing) if we show
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(1) d’wy » = ,

(ii) 1lim max
N 1=m=N
[In Hannan, 1973 condition (ii) is incorrectly stated and should be the one
given here: cf. Hannan, 1978b.)
N-n

_ | , o
(iii) 1im ) y /ANy =1, m=o0 .
e 1 Wt Wn+m ‘

For (i) we require P&l > ® op PN * 0 which follows from the theory of

infinite products (Bromwich, 1947) if

since Kﬁ > K +this follows from A.

For (ii) we have to investigate

max P P Va .
e BENG .

Let Mﬁ be the sequence such that

My My

max PNP‘lVa - p P Wa .
=nsy Yoo A

If {MN} is bounded (b) follows since Py~ 0. If &% ~ o then since Py

-1
i i . = - %
is a @ecreaSLng sequence [PNPN -1 1 % NaNJ

v
y LN MN

-1 -1 —
P, y Vay, < P, Prva, = Va, >0 .
y v
For (iii). It follows immediately from condition C and expression (6.4) that
(iii) holds.

Proof of Theorem 4. Recall

o \/E_F,n

n

or~ 8

=~ =

Y|
Wo=)Va Zuw = w .
N 7 nonn J-g n

Now wn + 1 and so 1 can replace it. Consider the truncated process
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A u N
v - % a,j Z \/a;z_gn,n—j
1
Define
) = Vo ey = W

Theorem 4 will follow via Theorem 4.2 of Billingsley (1968) if we show (Q),
8), (y).

(a) W%(t)” Wu(t) , Vu as N> o , Where Wutt) is‘Bro.wniabn

motion on D[O, 1] with

(B) W'(t) = W(t) as u > . This follows already from (o) since

u (o]
(X)ag.—»%aj{m.

(y) lim mP{ sup IW?V('I:)—WN(t)‘ > e} -0 , Ve .
uro o L0<t<1 .

Now (y) follows if

N+k ul2
1lim 1lim E{ max Z Van Zn } >0
ur® oo ﬁKkN(l) N
where
(o]
7] '
z, = Zi OLjgn =g
énd
Tk (1) w7
: N

However the expectation is




12y

&
1

Uu

Z 0 Z.a.E{ max (Nik Va_ & u]z}

sk (1 b T

5 Nik Ve 2
E{ max (f o, a & .] }
Nu lSkSkN(l) J ¥ n n.n-g

IA

N+k (1)
L))l 1 )

by Doob's maximal inequality (Stout, 1974).

IA
S
e

Thus

2 .
lim lim EN = 1im (E aj] =0 .

U>0 >0 u UFo

To demonstrate (0) we rewrite W%(t) as a sum of martingale difference

sequences and apply the triangular array IP of Scott (1973).

Hy(®) = n () gzvn Py T M (8) (6.5)
where
U m+J
M = g o nzm n gn,n—g
and
u
ENn N % O‘j aN+n+j EN+n+j,N+n_'

However proceeding as for (y) above

E{ sup W } = E{ max uz}
ost=<1  Atky(®) FpEn k(1) n

N+kN(l)+j

u
Y a. y a-
o ¢ Nk (1) n

IA
o~R
QR

9 N+kN(l)+uv

A
o~
Q
Q
$
e

c (6.6)
J N+ky (1)
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since
N+7<N(l)
Y oa, >
N
We have now to show
sup Eﬁn .o, | (6.7)
1<k<N o
g;n —2+-tc§ . ‘ ; (6.8)
nskN(t) .

Now (6.7 holds by the type of argument leading to (6.8). Furthermore, in
view of (6.5), (6.6) we see that (6.8) can be replaced by

Bek () a2
) a [Z} L o
N nyn u

: 2 v
We now follow Hannan (1978b). Put n(n) = (ZZ] - Gi and show

N+kl-]( t)

I anm) -Eso. - (6.9)
N :

Set v
n(m) = nI(Inm)| <H) , nyn) = nm)I{|nn)| > M) .
Then ni(n) - E(ni(n))-, =1, 2 , are stationary,.mixing. Now

N+k

() Wk, (5)
d

an(_né(n)—E[%(n)))‘ < z}t; anE'[nz(O)—E(n?(o))]

=
<

.
-

=

> tEInQ(O)—E(n2(O)]|

which can be made arbitrarily small by taking » large. Thus we need only

show (6.9) with n(n) replaced by nl(n) .

Let bj be a finite set of nondecreasing numbers with bj - bj <eg

+1
and set

h S
i

{wlbj =n,(0, w) < b .

J+l
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Then denoting the indicator function of Aj by xj(w) R

n.(n) - ¥ b.x.(TTw)| <€
N L b (T |
"and it is enough to show (6.9) with nl(n) replaced by ) ajxj(Trnw) and

so with xj(T-nw)

However
N+kl,{(t) : ., N+kN(t) )
E| a x. (T7"w)| = P(T—A.]—*tPA.
L oaq@ma) = ) arrtal - el

by B' and the Toeplitz lemma (Stout, 1974). Once more this may be made

arbitrarily small.

\

6.3 Stochastic Approximation

We turn now to the R-M, K-W schemes and take conditions Al, A2,
A3%/B2%, B3, B4 of Chapter 5. Also Bl of Chapter 5 is strengthened slightly
to Bl'. '

(B1') M 1is a Borel-measurable function with a unique maximum at

x =6 and Vto < tl < o

inf (2-6){M(x-€)-M(z+e)}e L > o .
tlslx—Gléw : ‘ :

<e<
0<e to

Also Vx  and some positive constants Dl’ D2 )

| (1) -M(2)| < D, + D, |z  .

First weak laws are discussed and then a.s. convergence.

THEOREM 6. For R-M under A2, A3% of Chapter 5, for K-W under B2%,
B3, B4 of Chapter 5, and with A, B, C, Xh -06~>0 m.s.
Proof. Recall the basic expression of Chapter 5 (5.11)

_ -1 A :
4l " 6 = Xﬁ -0 - ancn Mh - ancn Zn (6.10)

and subtract (6.1) from it to obtain
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Dn+l - Xn+l - 0 - Un+l
_ -1, ' ‘
= Dn - ancn Mn + alanUn . , (6.11)

Squaring yields

2
p° =D -actu + 02a°U% + 2.0 U |D -a c-lM}
n+l n nn n 1lnn lnnyn nn n
-1 2 222 12 2 1 2
< - M - -a.c_
[Dn ancn n] + cxlanUn + € oalanUn + san [Dn ancn Mn}

with € to be chosen. Now apply A2 for R-M or B3 for K-W to see

2

2 2 2 C 222 -1.2 2
<< - -
D =D (1 Klan) ( l+€an) + Kzan(Xn 8) (1+ean) + ozlanljn teTala U .
Now
(x 0)? =D+ )2<20’+20°; lL+ea <2.
n non n n n
So
2 _ .2 2 “1,2° .2
DS Dn[l_(Kl—a)an+uK2an] + 227 ala U .
Choose € = %Kl and take expectations to see
202 )| = &(p?) (15% o +ux 4?) ze‘laza-E(UQ]'  (6.12)
n+l) nj 1n " 27ny 1l mny :
~and it follows by the FVT (Chapter 5) that
. 2 ) _ (e, -1, -12 . 2
lim E[Dml} = (:le} 2¢""al lim E’(Un]

i

0 by Theorem 1.

Tous E(X -6)° = .2E[D721} + w[uﬂ >0 .

Remark. It is clear from the proof that A, B, C are required‘only to

[ 2

ensure ELUn}-+ 0 . In other words under the first two sets of conditions

E(x 8)% + 0 if E(Ufl] >0 .

THEOREM 7. For R-M under A2, A3* of Chapter 5, for K-W under B2%, B3,
B4 of Chapter 5, and conditions A, B, C,
LA D 2, :
(i) Q, = cn(Xn—e]/\/a;———» v(o, o“/K) ,
A

(it) Qn+7<n.(t) = Q(t) of Theorem 5.
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Proof. Now, by Theorem 1, A, B, C ensure
lim GQE[UQ] Ja_ < .
n\n n
Thus from (6.12), it follows, by the FVT (Chapter 5) that
-1im CQE(DQ]/a = const. lim E[UQKCQ/a <o
ninj'n n) n'n
thus
2 2 : o
. _ < ] ; )
lim ¢ E(X -8)°/a < (»6 13)
Now (i) will follow from Theorem 3 if we show
lim E[Dn!cn/\/an =0 . : (6.;4)

However given (6.13) this follows from (A3) exactly as in Chapter 5 (Proof -
of Theorem 3). v

Again, given (6.13), (iii) follows from (6.14) by the same argument as

in Chapter 5 (Proof of Theorem 3).

THEOREM 8. For R-M wnder Al, for K-W under Bl', and if

U, >0 as., . (6.15)
[+ ) ) A
Y a U’ <o a.s. ' : (6.16)
- “mn _ . v

=

Then Xh -0 ->0 a.s.

THEOREM 8'." For R-M wnder Al, for X-W under Bl', and conditions A",
B', C, then X - 6>0 a.s. ' '

Proof of Theorem 8'. This follows from Theorem 8 since (Theorem 2) Af,
B', C imply the validity of (6.15) and (6.16).

Proof of Theorem 8. We deal first with the XK-W scheme and then with
the R-M scheme. »

(i) K-W. We argue realisation-wise. Given 0 < p < 1 ,
r 14
3 no(w) > ¥n > no(w)

lUn(m)] <p since U >0 a.s.

vAlso
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3 NO > Vn > NO S <P

so take no(w) = max(No, né(w)) and let n > no(w) .

If IXﬁ(m)—6| < 2p then |Dn(w)| < 3p so that, by Bl',

-1 ’
e, Mﬁ < Ap + B for some constants 4, B .

Thus, from the basic expression (6.11),

(w)] = 3p + a (4p+B) + a

2., @ - (8.17)

1

f

30 + B(p)an ,

B(p)

(le + Ap + B .

if th(w)—B[ > 2p rewrite (6.11) as

_ ‘ v -1 e | '
Dn+l(w) = Dn(w) + an(Xh(w)—G]cn Mh(m)/[Xh(m)—e} + ulanUﬁ(w)
-1 ’
+ anUn(w)[ul+cn M%(w)}/(Xﬁ(m)—G) . (8.11a)

Now denote

~ -1
Y(p) = inf {M(”'Ei;ﬁiﬁfg)}e .
20<|2-6] <= . |

0<e<p

This is positive by B1l'.

We find, on squaring (6.1la) and using Bl (which implies

2 ‘ .
c;th(w)/(Xﬁ(w)—e) < ¢(p) for some continuous function c(*)») that

2
nt+l

(w)

IA

1
+ QanIUﬁ(w)l]Dn(w)[(l—y(p)an)(al+c(p))

Di(w)(l—y(p)an)2 + aiUi(w)[2a2+2c2(p)}

IA

Di(w)(l—%Y(p)an) + aiUi(w)[Qai+2c2(p)}
+ a U o re(e)) (o)

However in the present case we must have IDn(w)l > p so that

2 -2 2 2
Dn+l(w) < Dn(w) - %p Y(p)an + D(p)anUn(w) (6.18) .

for some continuous function D(p)
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Now square (6.17) and combine it with (6.18) ‘as

szﬂ(“’) = maX[992+GDB(p)an+B2(p)a5, Di(w)—%DQY(p)anW(p)anUi(w)] .

J
oo [oo] 2
Finally, since 7 a = ., a >0, z a U <o a.s. and since p 1is
in n ] nn

arbitrary we conclude
->
Dn(w) 0

by Lemma 2 of Derman and Sacks (1958).
(ii) R-M. If we notice that Al is equivalent to

{M(z)-M(8)} |

inf (2-0)

. 0
e<|x-6] <o

then the proof follows almost exactly as for (i).

6.4 Relation with Other Recent Work

It seems appropriate here to comment on recent work of Ljung (1978a5
and Kushner (1977, 1978a, 1978b) who have emphasized the relation of the
behaviour of SA schemes to the behaviour of differential egquations and have
also presented analyses dealing with dependent noise. We begin by sketching
the conclusions of these works in_terms of the present approach and then

discuss their approaches.
Return to the basic expression (6.4) and recall for the R-M scheme
M o=MX)-a | - (6.19)
while for the K-W scheme

M, = H(E ) - Hxse,) . | | (6.20)

Let, for example, condition B1l' be strengthened by supposing M(x) to
be differentiable and M'(x) to obey a Lipschitz condition; then with
(6.20) in mind '

e (M- M) U () | = Ko

for some suitable constant K3 . Now (6.4) can be written



X =X -acty v ae iz
n+l n nn n nn n

1t

X -a [c;lM M (x \] _aM(x) tactz
n n\n n n n nn n

X - anf(Xh) taf +a etz

- nn n
where
flx) = U (x) ,
_ 1 ")
B, =c M, -1(x)

so that IBnl = K3cn .

A vector version of (6.21) is the basic scheme considered by Kushner

(1é77) and Lijung (1978a). Let Xn, (), Zn,

to obey a Lipschitz condition with constant L .

We introduce the following conditions.

B, be p-vectors and f(-)
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(6.21) -

Cl. There exists a twice differentiable function V(X) >0 , X # 0 ,

with 0'(x)f(x) > 0 where V(X) = dV/dX outside a set

p, = x|Vre0fx) = 0} .

Also for some constant K ,

sup V() s k < |
- X

Wool? < xrx) , vx .
This condition might be compared with B1' with Ds = {0} , V(x) = m2-;
cf. also Elum>(1954, conditions A2-As).

C2. There exist constants Kl, K2 5 KlX'X = x'"f(x) = Kéx’x .

Now define a p-vector seguence U ,

- 1 _
Un+l._ Un anBUn tac, Zn s UO =0,
where B = df/dx'lxzo .
Now it follows from the discussion at the end of Chapter 5 +that if
has all its eigenvalues positive we can certaiﬁly show Un P, 0 asin

Theorem 1. To conclude Un + (0 a.s. as in Theodrem 2 we need a vector
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Kronecker's Lemma which states

y ag c Z <®© g,s.=>T

n
) 7t aciT >0
1

s+l s 8 &

n ‘
where T = ] [I-asB) . To see this holds (when B is a stability matrix)
1 .
put

4 1 R 1
gn = 2 ascs Zs T 9= 2 ascs Zs
1 1
and consider
o 1
™ =
n+1 § ﬂs+lascs 8 ﬂn+l § “s+l[gs+l 3]
n
_ -1 -1
= Sy T § ﬂn+1{“s+1_ns }gs,
n .
- - -1
= S “n+l § ws+lasgs
~g-9g=0

by the vector FVT established at the end of Chapter 5.

Subtract the Un equation from the vector version of (6.21) to obtain

Xn+1 = Xn+l —‘Un+l
= Xn - anf(Xn) + aan.+ anU; - (6.22)

where
s =BU + F(X ) - F(X) .
Notice that the Lipschitz condition ensures
= (IBll+x, ) I |
for Some constant K, : thus U; +0 .
Now as pointed out in Chapter 1 the "smoothness" of the samble paths of

U; allows (6.22) to be treated naturally, more or less deterministically,

that is realisation-wise (as has indeed been done in Theorem 8). Thus, once

n
more introducing the shrinking time scale T, = z a, we may write (6.22) as
1
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(6.22a)

with dTn =T and so on. It seems reasonable then to expect the

- T
n n-1

convergence behaviour of Xn to be related to the asymptotic stability

properties of the ordinary differential equation (o.d.e.)
ax(ty/dr = -f(R() (6.23)

when perturbed by decaying forcing functions B(t) >0 or U(t) >0 . Such
stability is often analysed by means of a Lyapunov function V(X) > 0 ,
X # 0 as follows. Now

av(X(v)) 7dr = dv_sdv = -av/dRcHf(XD) .

Suppose the right hand side vanishes at X = 0 and is otherwise

negative then V& is a strictly decreasing function and so converges to

zero: thus X(T) + 0 . However it is usually difficult to find such a
V(x) ; it is more usual to be able to find a V(X) satisfying Cl (often
obtained from investigating an approximation to the o.d.e. of interesf).
The conclusion under Cl is that %(T) * M , the largest invariant set
contained in Ds (see Hahn, 1967, p. 108). An invariant set I is one
such that if X(0) € I then X(T) € I » VT . It may then be possible, by
geometric argument to show M = {0} (La Salle and Lefschetz, 1962).

With this in mind we obtain a result similar to Theorem 6 as follows:

Under conditions A,vB,VC, c2, Xn P, 0. condition C2 is close to the

23
requirement that (6.3) be uniformly asymptotically stable. The above result

may be compared with that of Kushner (13877) who demonstrates convergence in
probability to an invariant set of the o.d.e. (6.23). However Kushner's
point of view is rather different since his results are obtained under the
assumption
sup HXnH < ® a.s. (6.24)
on

The point of this assumption consists in the interesting observation that,

for schemes with dependent noise, it allows the result

Xn+kn(t) - Xn = X(2)

where X(Z) 1is the solution to the equation
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ot
X(t) = - f f(X(s))ds .
0 v

However Kushner gives no conditions under which (6.24) might hold. It could

be made to hold if the SA scheme were monitored though no analysis of such a

monitored scheme is given.

So far as a.s. convergence is concerned we can obtain an analogue of

Theorem 8 as: Under conditions A', B, C, Cl and E ané;z <o Xn > M

a.s. The proof is similar to that of Theorem 8 if we note the following

three points.

(i) Instead of the inequalities between Dn+l and Dn we use the

Taylor series

Var1 = V(X n+l] (X + ( n+l—&n) 'V(’)Zn‘ * %(A n+l n' ( \( n+ n\

N '. A 2
V- a (UnF(R)) IR ) 4 O[an

IA

n

where U; has been redefined as U; + B

(ii) We define vY(p) by

Y(p) = inf  FrOOVx)/mvx)
' X3d(X,M)>p .

where

d(x, M) = inf ||x-8]
ey

(iii) Finally we observe that
. N , —l N
a UU(X) = a UtrUx(sv(e)/K) ™" + v(p)a, V(X )

This result should be compared with that of Ljung (1978a) who similarly

proceeds with an observation that the assumption lim “Xn“ < ®© allows a.s.

convergence to be proved for schemes with dependent noise. However Ljung

goes on to give conditions under which this assumption is satisfied. His
. .
conditions are similar to Ckabove though IIV(X)II2 < KV(X) is not required.

However Ljung stresses the fact that his method of proof handles more
complex cases; especially schemes where the statistics of the noise

sequence depends on the history of the X, process. The present approach

k
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depends on having the noise sequence statistics not dependent in such a
fashion and it is not clear to what extent the present approach may be

modified to handle such situations.
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CHAPTER 7

SECOND ORDER ASYMPTOTIC PROPERTIES OF RML,

7.1. General

This chapter is concerned with proving a Central Limit Theorem (CLT)
and Invariance Principle (IP) for the RML2 pecursionof Soderstrom et al.
(1974) (defined below). In Section 2 we review thekconvergence behaviour
of this algorithm based on the work of Ljung (1977b) and Hannan (1978c).
Section 3 contains the CLT for RML: which is seen to be aéymptotically
efficient. The approach in Section 3 is to subtract off the part that obeys
the CLT and show the remainder is asymptotically negligible; however the
ensuing argument though straightforward is by no means as simple as for the
SA of Chapters 5 and 6.  Finally iﬁ Section 4 we derive.also an IP where
again the argument is rather more subtle than for SA. In the remainder of

this section we define RML: and introduce some assumptions.

Consider then, an ARMAX model for a scalar time series with stationary

exogenous sequence or input sequence, un and output or measured sequence

Y, Following Ljung (1976) (ef. also Chapters 1, 2) the model is defined -

by a formula for its innovations or prediction error sequence as

e, (8) = (1+v(L)]‘l((lm(L))yn—y(L)un) R  (7.1)
where
n
Y o2
(L) = § v;L

and so on, and L is the lag or backwards operator; also

8 = (a’, V', ¥yD' with o= (al cee O )' and so on, while 6 € R a
compact subset of the open set

5 = {6]|1+a(L), 1+v(L) have all zeroes strictly

outside the unit circle in the complex L plane}

[The above notation differs a little from that used in Chapters 1, 2, thus
o(L) 1is used here rather than A(L) . 'This is so as to make it comparable
with that in Hannan (1978c): this last reference will be referred to

repeatedly and will be denoted by (H) .]



137

It is assumed there is a true value 90 €RD en(eo) , denoted €, > is a

martingale difference sequence w.r.t. Fn the increasing sequence of

O-algebras, generated by En : En is also then called a nonlinear

innovations process so that the best least squares predictor of Y, from

its own past is a linear predictor. This is a minimal assumption if the

linear model is to make sense: e¢f. Hannan and Heyde (1872). Denote en(eo]
by En and assume that
2 ]‘_' 2 ' ‘
E[Eann_l) =0" . | (7.2)

Assume also 3 a small & > 0 with

sup E[lenlu/(l_ss)] <K<, (7;3a)
7 .
n J

where u, is taken to be a stationary ergodic stochastic process.

' Recalling the view of the construction of recursions expressed in
Chapter 1, namely by sequential minimisation of an approximate likelihood

such as
N
-1 2
N % en(e)

we can understand the RMLz recursion as a Prediction Error Recursion (PER)

that utilises the gradient vector

1

an(e)' -de, (8)/d6

-1
-(1v(D)) e, (8) .
This gradient has three components

(~y,,_,(8) ... -yn_na(e)en_l(e) .- e”~nv(e)uﬂ

(8 B (0)

that obey

(149(2))F,(9)

il
<

(1+v(2))e (8)

1"
®
=
~
D
N
)
~
=
&
A
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- - (1+v(L))ﬁn(e) =u (7.4¢)

L
Notice that '
(l+aO(L))gn(60) =e ¥ YO(L)ﬁn(eo) : _ | (7.4d)

We will need to know that stationarity and ergodicity [which we assume for

en ) ensure that the limit

R = limn P 1(6.) = lim n™% ? s (6 )’ () | (7.5)
- n “ 0/ " i P50l P5 Y0 Lo

exists w.p.l.

The recursion will be then

6,6  +Pgoe , ' o (7.8)
e o
e, =Y, - ¢éen-l (7.8)
where
Pp ("yn—l Te "yn-naen—l Tt en—nvun—l e un—nw) | (7'9)

while $n has components gn, e , ﬁn that obey

n
(l+\)n-—l(_L)]yn =Y, | - | (7.10a)
(v, ((D)E =e , (7.10b)
[l+vn_l(L)]un =u (7.10¢)
n
v b .
[w1th vn_l{L) = § vn~l,iL and so on].

With (7.4d) in mind, and for an ARMA model [un absent] (7.10a) is

replaced in (H) by
7 = '
[l+an_l(L))yn e, - (7.10a)'

Actually (H) only explicitly derives results for an ARMA case but it is
pointed out there that the same results will go through for the ARMAX case.

(with an equivalent of (7.4d) replacing (7.10a) once more).
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7.2 A Review of the Convergence Behaviour of RML2

The RML2 recursion as given may not converge and musf be monitored.
Two schemes have been suggested, one used in (H) and the other in Ljung
(1977b). This latter scheme is similar to that used by Albert and Gardner
(1967) and also Nevel'son and Khasminskii (1973/1976; Chapter 7). Only the

first scheme is discussed here.
~ The region of stability is separated into an inner region .R2 and an

outer region Rl with
c cR.
R2 Rl R
Here Rl is such that V0O G.Rl , 1+ a(l), 1 + B(L) have no zeroes for

iL] =1+n, n>0. Also any pair‘of zeroes one from 1 + a(L) , one
from 1 + B(L) are at least n apart in the complex L plane. R2 is
described in a moment.

~

Denote the output of the modified recursion by Gn .

Let O be a fixed value inside R2 . Define an auxiliary sequence 6

~

which is én until Gn first exits from Rl and is ©® wuntil it returns

to R2 when Gn = én again and so on. R2 will be chosen to ensure the

event {én remains outside R, indefinitely long} has zero probability.

The recursion is now

en = en_l + innen , A - (7.11a)
“‘l - ‘l ~ ‘~'
Pn = Pn—l o9, (7.11b)
- o a'p . (
e, =Y, ¢nen_l ‘. , (7.11c)

However eﬁ in (7.9), (7.10) is replaced by

- N
e?’l yn (pn n-1

(L) in (7.10) is v _ _(L) and so on.

and vn~l el

Subtract 60 from (7.11la), multiply through by P;l and sum up to

obtain
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= R
6, -6, = Pn tps(es-(ps(63~l—e ])

[y N

If we notice the Taylor series
- ~ N7 -
e, (8) =e +§ (0)'(6-8)

then it is intuitively clear that we can expect ultimately to be dealing

with an expression like

Pn Psts

[y e

and so expect convergence and asymptotic efficiency. In any case, by
repeated use of the martingale convergence theorem (in the form presented by

Neveu (197¢, p. 150) ecf. also Chapter 4, Lemma 3') Hannan (1976) is able to

evaluate en as

Bn = Bn + On(l) a.s. (7.12)

where
7

~ _ _l _l S

6 =n"K %a(es_l] - (7.13)
Where

_l.n —
K =n )l: G[‘es_l) | : | (7.14)

with

G(8) = E(¢,(8)5(8))

(in (H) this is denoted by K(6) ) and

a(e) = E(g (8) (e, ()-5(8)8)) (7.15)

(cf. expression (2.14) of (H) where this is written in a different form;

recall also that from (7.1la)

We reorganise these expressions as follows. Write
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a(g) = f(8) -~ G(6)0
with

f(8) = £(§,(8)e, (0))

Now we may write (7.13) as

~ 3 ~ _l _l S — ~
6,="06, ,+n K=(a(8 ,)+6(F, )6, )
Once it is known that the recursion converges so that én = G; + on(l) then

this expression may be evaluated to on(l) a.s. as

~ -~ ~ —l —l » ) ) »
6,=0 , +n K f[Gh_l} - | (7.16)

Also (7.14) may be reorganised as

- (s » '
K, - K, =n"(6(6_,)-K ). - (7.17) -
no_q _ .
Now setting T, = X s and making the notational transformation
1 .

‘ Bn <+ 0(T) we are led to considér the behaviour of the ordinary

differential equations

ds(ty/dt = R Lnf(e(n)

dR(t)/de

G(e(t)) - R(T) ,

which are, of course, the pair presented by Ljung (1977b): see also
Soderstrom et al. (1974).

The monitoring of the recursion enables the following conclusion to be

drawn

PROPOSITION 1 (P1). limn P >0 a.s.

~

Now we can see how the region RQ is defined. Suppose en remains

outside of RQ indefinitely long then clearly

~ /\— -1, = —
Bn + 0 = G (8)a(e)

6H(B)F(E) + 6 .

Recall




f(0) = E(¢, (e, (8)) .

142

Straightforward manipulation shows the 'pseudo' Taylor series

e, (8) =€ -¢'(6,0)(6-0)

(7.18)

where
0 (6, 6,) = (1, (1)) T (8) .
Thus
f(e) = -L(e, 6,)(6-0,)
where
;(e, 8o) = E(5,(0)0, (0, 6,))
so that

~ '— -1, ~ — _
6 -8, = [I-G ()L (T, eo)}(e_eo)

(cjﬁ(H) expression (2.16); also expression (2.4)
present one are easily seen to be idehtical].

Now R2 is defined so as to ensure

<1

-1, = =
”I—G (®L(e, 8,)
so that
18-8,1l = -8,
which is a contradiction.

The following result is obtained.

~

P2. 6 ~-06_->0 a.s..
n 0

Actually in (H) a stronger result is proved.

en(eo] be a martingale difference sequence, only

process. Then (ef. Chapter 2) 60 is defined as
E[ez(e)) or else satisfies E(@n(e)en(e)) =0 .

For the CLT/IP a stronger éonvergence result

for L(6, 8,) and the

It is not required that

that Y, be a stationary

a value which minimises

is needed namely (Theorem 2
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of (H)) when sup E(EZ] < © then,
: n

1~
PS.  #F%(8 6) >0 as. W' >o.

In particular we will take &’ = § of (7.3a). The result is _
intuitively clear for the following reason. Consider the quadratic form

[G(T)—GO)'R(T)(G(T)—BO) (equivalent to v, = [6n—60)’Kﬂ(§n—60) )} then
it follows from the differential equations below (7.16) and (7.17), that
@y /dv = -V, - 2(6(1)-8 ) 'F(8(T)) + (8(1)-8) "G (6()) (B(T)-0,))
Recalling (7.18) we see
v /dr = -V, - (6(1)-8 ) {Lerty-G(e(m) (6¢T)-8 )
with

LT (e(T) )

Now if O(T) ~» 60 a.s. then LT -> G[SO) and we may expect thé second term
to be negative for T large enough: we are left with

dv_jsdr = -V
T T

or

v, sV, (1-1/n)

. L _
- It clearly follows that = 8 v, > 0 for any §’" >0 .

It will be naturally necessary in the ensuing discussion to dispose of

~ ~

the difference Bn - éﬁ . It follows from the definition of Sn and P2 that

P4, There exists a random varichble 4 with n0'< © aq.s. and
8 =8 Vn>n_ .
7 n 0

We will also need

. -t - - = . -.
P5. 1im n(P -P (8,)) = 0 a.s. on Lmw' (B - P, ©)) =0 a5

Recall from (7.5), lim n’lP;l(eo) = R . The proof of this intuitively_

reasonable proposition is postponed.
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The following rate of convergence result is also needed subsequently.

P6. Under condition (7.3a),

n%+6(§ﬁ-5£_l) >0 a.s.

Proof. Now

In view of P4, P5 and expression (7.9) it is enough to show

58 -1~

-%5+8~
n° n ¢n(y ‘

¢ e =n

~H+8~
n n 2

%+~
€ t+n ° S

nn q’n

n éen-l) % n

e -¢ -+ 0 a.s.
(e,-¢,) .

5

In Appendix 7A ((i), (ii)) it is shown that for some A <1

n
— s %
le, -, | =1 Azt Sq%s 6 (1)
1

where ¢_ = ”@s” . Now the second term above has modulus (én = H&nn]

~  —H+§ =
o n Ien—en .

‘Next the fact that sup Eﬂpi/(l~35)} < « (Appendix7A (iii)) -ensures
: J
n

by the Bienamé-Chebyshev inequality and then the Borel-Cantelli LemmaT that

190
%
0,1 #+8/2 0 a.s. : - (7.38)

Next the discrete L'Hospital rule (Bromwich 1847, p. HO4) implies
.= v -%+8 1 .
1lim len_en‘ = lim ¢ 7 on(l)/(l»,) =0 a.s.

(For future reference we note in passing that clearly 1im(1n n)lZ%-snl 0

a.s.) Thus we have to show

48 ' 19qb

lim ¢ 7 o= 0 a.s. _ (7;&%?
and
%46~
n g le | > Q a.s.

This sequence of argument will be used repeatedly and denoted 302 .
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This second will follow from

- n—%+6/2 N

¢, 0 a.s., (7.20)
Ienln‘%+6/2 >0 a.s. (7.21)
Now (7.21) follows from sup E|€n|4y(l—36) < © and 302 .
n
Consider one component of &n say én with
(1+$n_‘l(L))én =e . N . | (7.10b)

Recalling the definition of §% (that is such as to ensure
“F(Gh_lJH < A where F(V) , XA are defined in Appendix 7A) it follows

exactly as in Appendix 7A (ii) that

~ n-ky— {
Ienl = A e .

1R

Now the discrete L'Hospital rule implies

%48 /2 -%+8/2

1A

limlénln limlgkln J(1-)\)

n

0 a.s.
Y'Y, |
in view of (7.%5), (7.%) and the remarks following (7.11). Collecting these

results together (including case (7.10a)') we conclude (7.20)

lim 5 n_%+6/2

n =0 a.s.

The proof of P5 is now given.\ The norm of the difference in P5 is bounded

by

N i v 2 N % g

- ~ - -] ~ - -

2[»715:@25”-?1\7125552{1\7'2[(pg)ﬁliﬁi] sty 82
1t 1" 1\ 1 - 1

where
~0 .-.. : ~ ~-
6, = I8, (6 )11, 6, =18,-5.(6 )1l -

If we show 1lim 6n = 0 then, by the discrete L'Hospital rule we can conclude

N
lim Nﬁl y 55 = 0 . Consider one component of 'Gn say én with

1
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"
]

(l+vn_l(L)]en
also

(l+vO(L))én(60]

"
m

Thus

(l+;£—l(L))(én_én(eo)) ) Zﬁ T &t (vo(L)—Gk—l(L))én(eO} .

Once more following Appendix 7A (ii) and P3,

~ ~

1 n
with
" on-s- +§
8, = § Ve (e ) 8T 0 (1)
n
5, =) N8z ¢ |
2n 1 s

Now by the discrete L'Hospital rule

%+

: 13 N
lim Gln = llmlen(eo)ln On(l) =0

which holds via éup Elén(90)|4/(l_36) <o and BC? .

A similar argument
n .

disposes of the term 62n . For future reference we note in passing that

ﬁn Inn* 0 . The argument is easily repeated for the other components of

$n including case (7.10a)’.

7.3 A Central Limit Theorem for RML2

The following proof is straightforward though tedious. We begin by

summing the recursion to obtain

" N
6, - e0 = Pn § ws(es+¢é(es-l_eo))

Thus
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with
n ‘ o
'Q =VnP )ge. . : - (7.22)
1 .
It will do to show (a), (b):
D =
(a) Q, — N(0, R7)

where R was defined in equation (7.5). In view of P5 this may be replaced

by

; n
(a") i) '¢ €y RN (o, A'RN)
1 , ,
: M6ecLT ( Seolt, 197¢) .
where A is an arbitrary fixed vector. This 3(;)“"'" éa ‘ ( &
Onece more by P5 we require
ER ~
-2
(b) n §¢S(e -€, (es 1781 >0 as.
‘From P4 this may be replaced by
o L
' : ~r{g _
(®) g ( s s+¢s[ s-1 80)) >0 as
We deal firstly with (b)'. From Appendix 7A (i), v
(v (D) (e,-c,) = 0! (8, 18 - (7.23)
Further more it is shown in Appendix 7B that _
(v, (L))( 26, ,-8,)) = o (8 n_l—eo) +d (7.23a)
where _
(Heﬂ L8]



148

It follows then that
%Y ~'— - _— :— - -_
[1+vn_l(L))(¢n(én_l 60]+en e ) [vn_l(L) vO(L))(en en} +d . (7.23p)
Now in view of P6 and (7.21),
%-6~

4,0 = 0%,

Also it follows as in Appendix 7A (ii) that -
~y (= — " n-s T ones - ‘-%+6
£, =18,(8, -6}t € | = § A+ g X e e lo (1)s

We have to show

The idea is to show

o E2
¥ ésfés_z < a.s,
1

so that the result will follow from Kronecker's lemma.

Now recalling the notation 52 =.H5n[60]ﬂ we have to show
[+ <) : '
-0, -% -%
Lo fgs <@, [8 fs <w.
] 7s’s [ &'s

We have already shown Gs + 0 so we have to show

or 1 ; thus sup E(Cu) < ® , Now consider
J
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Vel N . 8 .
-% ~ s-t ~ ,-%-§
Yo fs?=Ycs %) A% Yo, (1)3,t
] S8 ] s ] t t
I ;. 8
-5 - —_—
+ V287 ) A g, e, o, (1) . (7.2u)
s t Tt
1 1 :
The first term may be rewritten as
N b/ ’ N . ‘N
", H - ~  =1- -
2 Ot(l)@tt 5-8 X Csfgzks t < Z Ot(l)¢tt 1-8 X CSAS t
1 t+l , 1 T+l
b ' _
=Y o, (15,710, (7.25)
1 t 17 t
where -
s

[ee]
by = 1 By
1
Now the Cauchy-Schwarz inequality implies

2 1% s.(2 )
su E[w ) = sup (1-A) A E[C ]
tp ty tp ?]:_ X S'H‘J}

(l—)y)—2 const.

A

Also

éup E[w:] = (l‘—)\)_2 sup ) ASE[Cu ]
.t t 1

IA

(1-0)73 const. (7.26)

Now from (7.25) we need only show

v S
y (‘f)'t'b—-l_ wt < ©
1

that is
I
Lot 0 <o
1

and

that is
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These both follow by the lemma in Lukacs (1975, p. 80) if
~0
sup EG,) 5 E(y,) <=,

which they are by Cauchy-Schwarz and (7.26).

The second term in (7.24) can similarly be bounded by an expression

such as

ol :

§ 0 (Ve e 6,6 "y, _ (7.27)
so that we need to show

b 146 |

; let—€t|$tt wt < é (7.273)
that is

[ee]

— -1+8

Llegeglege ™0, <o

1
with

~0
Et =9, or 1.
Recall from Appendix 7A that

- ' s -%+6
Iet-etl < os(l)wss z

=i~
>
N

Now apply the same argument as led to (7.25) to see (7.27) is bounded by

L=3/2+8 -
§ 0, (1)t vy

where

.—(X) s
by = § StrsVies?

Now
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1A

Sup E(w;)z (l—)\)—l sup ) \°E 2 }
T t 1

1A

(l—k)— s

(l—)\)_2 const.

A

and the resuit follows as before .

7.4 An Invariance Principle for RML2

n .
We turn now to the IP. Denote Tn = X s_l and define
= 4 - <
kn(t) sup{m : i Ty = t} .

Now (7.22) may be reorganised as

dQn = {(%+o(n })I-R l@‘@é}Q drt. + W

n-1 n n
Qhere
_ln
W =R ) ¢S€S/V5-,
1
R"l::nP cand dt. =T - T and so on. The idea‘is first fo show
7 n n n n-1

Q’”kn(t) = Q&) o  . . (7.28)

where for arbitrary fixed vector A , Q(%) = A)Q(t) is the continuous:

Gaussian process on D[0, 1] with
_L Lt '
Q) = e g0 + J o) )

(ef. equation (5.10)) and

. 2
R(0) "JIV(O, o )
and where W(t) is the Wiener process on D[0, 1] with variance
o? = A'RIA . Define 6n = v%'(én-eo) . Once (7.28) is established the

conclusion



152

Q = Q%)
n+kn(t)

follows provided

A i'_._PL}
Ozigl ”Qn+kn(t)—Qn+kn(t)” 0.

This will hold if ”anan” £, 0 which is, however, a consequence of the
proof of the CLT (that is, of Coﬁdition (b) of Section 7.3).
We begin now, as in Chapter 5 by showing

Wn+kn(t) - Wﬁ = W(t)

where

n .
Vo= AW = ARy §e V.
n - n n 1 S 8

Since Rn + R we can replace an here by R . Further recalling the
~remark at the end of Section 7.2 that 1n n”@n—én(ﬂo)ﬂ + 0 we see that én

may be replaced by @n[eo)
Consider the triangular array

v = A’R—l$ (e )€n+s/Vn+s

ns n+s

with associated increasing o-fields Fn s © Fn%s . We have to show (Scott,
>

1973)

max .{A'R—l$k(60)] /k £5 0
nsk=n+k (1) /

and this follows from

2
-1~
AR5, (8)] kB o
[ptaceg) e
which holds trivialiy since $k[60) has finite variance. Also we need
ntk (t)
n

2
) '[A’R_lés[eo)} /s B AR e
n
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This will follow from
ntk (t)
4 “1~ 2 -1
) ~_[§'R ¢S[60]}‘—A'R. i}/s L5090 . (7.29a)

which we now establish using a truncation argument similar to that used in

Chapter 6: c¢f. Hannan (1973).

Define

2
-1~ o-1
n(n) :'[A'R @n(eo)], - A'R7A

so that n(n) is a zero mean stationary ergodic stochastic process. Set

1

n, () n(m(in(m| = 4) ,

ny(n) nI(|n| > 4)

SO nl(n) ~‘E(nl(n)) is stationary ergodic. Now

n+k (t) ©ontk (t) ntk (E)
n 2 n n 1 -1
B ) Inl(S)—E(nl(S))l/s} = ) Y sk le(k-s)
- n : n n o

where e¢(s) is the lag s autocovariance of 'nl(s) - E(nl(s)} .  The

above expression is

ntk (t) ntk (t)-s o n+k (t)
n n -1 ‘ n -1 2
Y el Yo (2e)) Tt = max ic<s>|[ Y s > 0
n l=n+s n585n+kn(t) Lo

since stationarify and ergodicity ensure lc(n)l > 0 while
n+kn(t)

2 S_l >t . Next,
. v

n+kw(t) : n+kn(t)
E Y Inz(s)—E(nQ(s))l/s! < 3 s‘lE!nQ(o)-E(nz(O))l

n . . n
. A ) ]
tE|n,(0)-E(n,(0)} |

which may be made arbitrarily small by taking 4 large.

Now rewrite the expression for dQn as

Q, = (I-1,/2n-E )Q ) + dW

n
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where
1= 2‘R;1R-I (gw(n‘l])) >1
E =R Y3.6/R) /n .

n n nn

Now recalling the derivation of an IP in Section 5.2 and its extemsion to

Multidimensional SA at the end of Chapter 5 we need only show

n+kn(t)
sup T [I—IS/QS—E )—e—It/2 £, 0.
=t<1 n g .
Now below it will be shown that
lE Nl >0 aus., o (7.29b)
YIEI© < a.s. (7.29¢)
1 n o
'so that
n+kn(t) ,
) HE J|I© =+ 0 a.s.
s
n

uniformly in '¢. It then follows that

n+kn(t)
exp -E. [;og(I—Is/Qs;Es)+Is/23+ES]} -~ 1 a.s.

uniformly in ¢ , so that C

nik (£) - nik (£)
sup .Fxp{ ) log(Iéls/Qs-ES]}—exp{ ) - IS/QS—ES}\‘+‘0 a.s.

S

o=t=1l n n
However we have already shown (7.29a)
n+kn(t) ,
y E.-E0
n

8 - i

uniformly in ¢ so the result now follows. We have then to show (7.291D),

(7:29.c). Now (7.29¢) will clearly follow if we show

~

-~ 2
¢é n/n < ® a.s.

o1 8



However

o1 8

since n—lp;l +~ R while as pointed out in Chapter 4,

always. Finally

oy~
n
¢,/

”En“ -+ 0 a.s.

follows from Kronecker's lemma since

N

lim }: @p @ (1)

) m
oo l 7 n ~-1"n-1 ’

IA

IA

n nn
if we show ¢ /n > O a.s. But this
L G5, ) |
Lim ) (¢ /n - ) & /(7= 1) +Y ¢ ¢ _/nn-1).
oo 1 n-1n b n-1"n-1

1im ¢NPN¢N[tr P /N] + X ~r';n/n2
l . .

N>

WR+25§M#<w
1
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E <p'P2~ <® 3.s.

since QNPVQN <
APPENDIX 7A
SOME USEFUL RELATIONS AND BOUNDS
- (i) Consider that equations (1) and (8) imply
(1+Un_l(L)]‘e’n = (e By, - ¥, (D) u,
(1v ()e, = (o (D))y, - v (D,
Thus ‘
(1o (D)) (e -¢,) = (o, _;(B)-a o BNy, - (v, By (D)), - anl(L)‘YO(L)Jun
- —¢ n- 1—60)

(ii)

We can write

with
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c=(10. 0)
and
= Vv 4 —
xn F( O)Xn-l Cwn(en—l 60)
with
[ )
Vl 10. 0
| —V2 0 | .. O
F(v) = .
1
-V 0 ... 0

\ m
It follows that for some A < 1 ,

gl s Al eI -8

SO

(1)k—%+6

= T n-k
Ien~en| 5.§ N, 00

. ' - H8 \ . .
(since by P3, P4, 18,8 ]l = 0, (1)n TP Y with o = llogll -

Notice in this last expression initial condition effects have been left
out; in this and all subsequent similar expression they decay exponentially

and so may bé omitted.

(iii) Since 52 which is used to construct ¢, lies inside ‘Rl then

¢, is formed by stable filtering operations on Yy U Thus we must have

n "

for some A < 1 ,

0y = ol = €] e, I+l D)

so that sup E(¢:/(l—36)} <o
n .
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APPENDIX 7B

DERIVATION OF RELATION (7.23)

The argument is tedious but simple and is therefore illustrated for a

MA(2) model only. Now
(145, 0) 6,6, ,-00) = (149, 249, , 7] 6 (—l )

](enfa

14V, -\
* { 2.n-1 v,))

l,n—

Now the first term is

117D TV 18- A 2™V Y, n—len—-2(-\)l o™V ,

] +V

e (v,

v.} + v

( 1,-17Y 1,n- l n- l( 1,n -1 1Y ,n-lén—2cai,n-l;v1)

)+,

v n—len—l( 1,n-2"V1,n-1 2,n- 18,20 1,n—3"\’1,n-1)

— 2} - gy
5, ) [[m 9, 058, |+ olie, s, 16,5, 1)

(‘l po17V1e, + 08,118 -8 1)

i

in view of (7.10b) and the fact that §£ is ‘a.s. bounded.
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CHAPTER 8

LIMIT LAWS FOR RML]

8.1 introduction»

This chapter is devoted to a consideration of the convergence and CLT
for the RML; recursion in two forms (discussed below). We begin once more

with the ARMAX model

en(B) = (l+v(L)]_l((l+a(L))yn—Y(L)un] | 1 (8.1)
where
n
Y
W) = ) v.L
: 1

and so on, with I the lag or backwards operétor; also 0 = (a’, V', y"

with o = (al . un )' and so on, while 0O € R a compact subset of the

open set

S = {0 | 1+a(L), 1+v(L) have all zeroes strictly

outside the unit circle in the complex L plane} .
It is assumed there is a true value BOVE R > enfeo) 5 denoted gn , 1s a

stationary ergodic martingale difference sequence or nonlinear innovations

sequence w.r.t. the increasing sequence of @g-algebras Fﬁ generated by

e . We assume further
n .

: 2
E[EQ‘F ) =g (an a.s. constant)
nt' n-1 :

we then have by the ergodicity assumption

The U sequence may be deterministic or stationary ergodic stochastic
(independent of the €, sequence) and is assumed to have finite non zero

power, that is
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timm ) ul = o° .
Before stating the final condition we notice that (8.1) may be written
as a pseudo regression ‘
e ) = -’ |
A0 =y - ol(8)e (8.2)
where

(8) ... e (8)u ce. U
n n

¢n(e) - (—yn—l T _yn—naen—l n-

We assume that the limit
-1 N ,
Lim 87 ) @, (8 )0, (0,) " = R
l.

exists and is positive definite.

With the expression (8.2) in mind the definition of the first RML,

recursion for - 6 is immediate from Plackett's algorithm as

en = en—l + innen" ‘ (8.33a)
-1 _ -1, o, ‘ ,
P, =P L toe (8.3b)
or
_ _ ' ’
Pn - Pn—l Pn-lwnwnpn—l/(l+¢npn—lwn) ?
- - H
€ T Yn ?nan—l ?
with
o = (-y, . - -y e ... e w . oeou ). (8.3c)
n n-1 n-ng n-1 n-n, n-1 n nY

The second form of the RML; recursion is obtained by replacing the

pradiction errors in the regression vector ®, by the residuals. The

resulting recursion is

en = en_l + innen . ' (8.4a)

_‘l _ "l r

Pn = Pn—l + wnwn ) (8.u4b)
- 14 ’

e, =Y, - wnen_l : - (8.5a)
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where
wn = (ﬁyn—l ... —yn-nanﬁ-l . nn_nvun_l .. un_nY)
and
_ ’
N, =Y, - wnen
- ! -’
=Y, 1pnen—l wnpnwnen
_ ! ‘
- en(l wnpnwn) : : (8.50)

This recursion was presented as one of the examples in the recent article by

Moore and Ledwich (1978). We will refer to this recursion as RML;.

" Turning to consider the convergence of these recursions, we find Ljung
(1977a) and Hannan (1976) have provided analyses of RMLl by requiring the
recursions be monitored (with this requirement both analyses would clearly
extend to RML]). However Hannan (1876) also pointed out that for a MA(1)
model, RML) converges without the need of monitoring. In a first draft of
this chapter the author had tried to find a general proof of convergence of
RML1 without monitoring by means of a Stochastic Lyapunov function approach,
but had succeeded only in repeating Hannan's result: that work is the
subject of Section 8.3. Subsequently the author became aware of the
(earlier) work of Moore and Ledwich (1978) in which, Znter alia, RML{ ié
considered also by a Stochastic Lyapunov function approachj; they were ‘
however unable to complete the proof of convergence providing instead two
conditions whose establishment would complete the proof. In any case it
immediately became clear that the proof couid be completed using the
techniques developed to tackle RML;. With this in mind the analysis of
RML] which is, in any case easier to follow, has been presented first.
Finally in Section 8.4 we discuss briefly the unusual second order behaviour

of RML;: the status of the CLT for RML; is uncertain.

Before leaving this section we recall some consequences (and present
some new ones) of the Matrix Inversion Lemma (MIL), that will be basic to

the ensuing argument. Suppose we have a sequence of p-dimensional vectors

xk and denote

-1
— 4 !
Mn = @L xkxk] .

The MIL states
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\/ _ - _ -7 .I

Mn Mn—l Mn—lxnngn—l/(lenMn—an)
so that

—_ f 1
Mx = Mn_lxn/[l+ngn_lxn)
and
! — 14 13

XM x = ngn_lxn/(l+ngn_lxn) <1.

Also
H 1
) XM x =) XM M X
p
] g-tr(Mn-l_Mn) e

Suppose 1lim tr M;l/n < © then
x'x > :
n n/n 0

X'"Mx >0,
nnn

m .
1 ~‘ﬂ.<°°

) x'M X/ ,

p

s 2

Y x'x /n° < o .

i nn

p

To see these results consider that

T oury 2 AN S |
g /% /" = (ngan/ﬂ)(LP M /n)

IA

S~ 8 o~ 8

X "M2x } tr MY/ ]2 < o |
nnmn T B :

Next XéMan > 0 follows by Kronecker's lemma since

o " | ’ _oo ) —_l
X [nxér%xn-(nﬂl)xé—l”n~an—l)/ﬂ - g {XéMnxn (l n )xé—an—lxn-l)

<

[ee]

1+) xéMnxn/n < .,

A

Finally



X'X /n < x'M x (tr M'l/n] + 0
nn 7’1717’1-‘ n

The above results will be used repeatedly and referred to-as MIL.

8.2 The Convergence of RML{

Let us begin by noticing that we can rewrite (8.4a) as

en - 6n—l * Pn—lwnnn

This follows from (8.5b) and the fact that MIL implies
innen' n—lqJ é /( n n- llp )
= l
P e (9P y) .

nnmn

Next reorganise (8.6) as

Pt (e, -8, =P *

n-1Vn-1 "0 1(en‘eo) ~ Uy

; - _ rp—1 a .
Now denotlpg T = (Bn 003 Pn (Bn 60) we can find

i} , 2 . > 2
Ty = 10 - [wn(en—eo)) - an(en-eo]n wﬂ 7~ lwnnn
and, noting, from MIL,
vépn lw - wépnwn/(l ll’r'Ll)71w7’L)
we rewrite this as
L Tn—l ( )[mn( n 0) (nn~€n)]
+ QEn(w’(B _l~60)+w'P v, (e € )+wéinnen)

- P (1- éinn){ie -€ ] +2¢ (en—en]+e§1

Next consider that, by definition

(l+vn(L))nn (—yn_l .o _yn—na?n—l e n~n']'8n ,

(l+v0(L))€n

1
<

with
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(8.6)

(8.7)
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and so on,

y
_ 7
v, (D) = ¥ Vool
1
Thus
(1+v,(D)) (n - ) = n(en 8,) - o (8.8)
Now denote
o '
Uy = —q)n(en"eo)
~ [ ’
Yp =Ny ~ Ep F ’;ﬂpn(en BO} .

Thus neglecting initial conditions

5 f(lwom)‘l—%]ﬁn .

With this notation, and recognising for example that e, - €, is Fn 1

measurablg\take conditional expectations in (8.7) to obtain

+ 20 Y,,

E(TnLFn‘l) ) Tn—l ’5222§% t 20 qJr,zpn"br - wé nwn(l”wépnwn)2[}en—€n}2+0§]

2., L
T%_l ’/ﬁa%§% + 20 1)"npnlpn : » ' (8.9a)

Bearing in mind always that we are aiming to use MGCT* of Chapter 4 le*t

A

us now give a condition that will ensure

We require

h(L) =

o~ 8
Aﬂ
(o]
It
N
'—-I
+
<
™~
N
g
Uy

to be positive real, that is,

Re h(eiw) >0 .

Then, neglecting initial conditions
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N A N . S N
CN =2 51- usys B qusghs-tut
.1 i N o 2 .
- f 2 8 h(eiw)dw
s
- 1
T LT A W ‘
=T I Y ue Re ke )dw , - (8.10)
- 1 ’
=20 .

The positive real condition has been associated with RML, by Lijung
(1977a) and in another form by Hannan (1976). It was also used in the
analysis of a related deterministic recursion(Landau, 1976, 1978). Indeed

from this last point of view the above conclusion (¢, =2 0 can be obtained

by another argument that has appeared often in the Engineering literature
(Narendra and Kudva, 1974) in connexion with some deterministic recursions
related to RML;. This other, rather longer approach, via the positive-real
lemma is given for completeness, in Appendix 8A. The remainder of the

proof can be followed without perusing the appendix. Setting Té = Tn + C

we can reform (8.9a) as

A T R O

An inequality similar to (8.9b) was obtained by Moore and Ledwich (1978,

equation (3.7)) by a rather longer argument: an extension of the one used
in Landau,(1974; 1978). That argument, on the other hand, has an attpactive
physical interpretation since it shows how the recursion can be viewed as a

feedback system.

Moore and Ledwich (1978) point out that convergence will follow if we

can show (their conditions (iv), (v))

o
L n Y0P g < (a comstant) < e ,
o nnn

nYPn -~ 0 a.s. for some vy > 0 .

They are however unable to do this. We now complete the proof. Let us

divide through (8.9b) by »n to obtain

- -1 2 |
E(T)/n|F, ) ST [ /(n-1)n"T! [(n-1)+20°Y'P y /n . (8.9)
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n
. . . o - 2
We will now set about establishing 1lim n . 2 ns < o a,s. Recalling
1 .

that the diagonal elements of P;l are of the form

. 7 :
pry 2, vty A, vty ' (8.11)
17" 17 1" |
1

this will then imply 1lim N_l tr P. 7 < » but then MIL will imply

g @éinn/n < @ | T (8.12)

and we will be able to apply MGCT# to (8.9c). Réturn, then, to (8.4), form

e'P'len so that

nn
-1 = ’ -1 7 rv . 7 2
eéPn en eﬂ‘l n—len—l * (wnen-l] * Qannen—l * lp?'apnlprze11
_ar -1 2 B 2 ; ’
en—lpn—len—l M yn en(l lpnpnlpn)
Summing up yields
n n :
o-1 200 i} 2
QI "0, + § es(l wsPst) § Y, - (8.13a)
or, in view of (8.5b)
n n .
-1 2 : 2 :
! ! = .
0'P "0, + ; ns/(l SPst) % y, - _ (8.13b)

This is just the decomposition of total sum of squares into regression sum

of squares plus error sum Of squares. From (8.13b) we conclude
—_ 1% 2
lim n ; ns/(l—w;Psws) < o a.s.

so that

n

2 .
; ng/ (1 - Lim yPup) < . (8.14)

lim n_l

Now suppose

lim wﬁPNwN =1
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then we must have

but then, recalling the diagonal elements of P;l in (8.11) we conclude,
via MIL that wéinn -+ 0 which contradicts our supposition: thus

lim wﬁPva <1l . Now, however (8.1l4) ensures
n

lim n—l 2 n2 < o a.s.
78

Now via MIL we have established (8.12). Thus MGCT*® applied to (8.9c) yields

Té/n + T' a.s. a finite positive random variable and

n—l(TA_l/(n~l)] < o a.s;

o1 8

so that T' = 0 a.s. to avoid contradiction. Thus, by positivity we

conclude

T /n~>0 a.s.
n

=C /n~>0 a.s.
n

Now if we can establish

. -1 -
lim 5 Pnl >0 a.s.

we may conclude, from Tn/n -~ 0 a.s. that en - 66 >0 a.s. as requiréd.

First we show

I}
Z

‘7’1
lim ot ) n2 = ¢° a.s. (8.15a)
18 '
Now
N O R B 2 2
n ; Ng - ; [}ns_es) +2€s(ns¢€s)+€é] :

In a moment we show
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n

nt § (ns—es)2 -+ 0 a.s. ‘ (8.15b)

this dispenses with the first term. For the second term apply the Cauchy-

Schwarz inequality to see

n no,n %3
; es(ns—es)/n < [; £, § (n,-e,) ) /n > 0

n
since n-l Z E: > 02 . We have then only to show (8.15b).
1

We have already established

17 .. o : . o
n C =mn Z uy >0 a.s. , (8.16a)
I _ .

n . . .
_l A2 : .
n E u_ > 0, (8.16b)
s .
1 .
- ~AQ .
"ty gt 0. : (8.16c)
778

We can use standard methods to deduce these zero power conditions from
(8.16a).

To show these we have to strengthen the positive real condition to one

of strict positive realness; that is, for some small ¢’ > 0 ,
o
Re hie™) =z o' .
Then we obtain from (8.10)

I

N :
~ A ~2 .
! .
¥ Uy, > (a'/2m) ) u, (8.17)
1 1.
iy
so that (8.16b) follows from (8.16a). We now bound the energy 2 52 .
£

Define

x|
i

"~
u o, l<n<¥i,
n n o

0 otherwise.
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— n -
Y ~ % hn—gus
Now consider
192117
178 1 o1m
© _ 2
= 2 [2 h  u )
[ (] n-ss
-1 m oo P n . 2
= (2m) J Ye U in, _u|
- 1o 1 7
1 (" - isw— |2
= (2m) ) h e u |
4 10 0
i i 2
=b J ) e Swﬂ; dw
-m '0

where

and b < o since h(L) 1is rational and stable. Continuing

~2
Yg s

S

T ¥, : :
=bj)u.=»b) U, (8.18)
0 1
so that (8.16c) is established.
We may now conclude that all the diagohal elements of P—l , such as in
: n ,

(8.11) have finite positive limits. We will conclude

lim n—l P;l >0 a.s.

if w2 show to be positive definite the correlation matrix whose typical
elements are of the form

N

i o %
; n,n,_./ %z n, JXL n _m] ; (8.19)

N
2% 2 | -
§ ny, ./ ; n ; yn_m} > (8.19b)
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N NS0k
AR D I _m) , (8.19¢)
1 n-m (3 n3on ,
N (AP P :
Sy /7,27 ] , C (s.10d)
[ nnem (3 Yn 3 Tnem
N v 5 I 5 %5
3 / ) (8.19
% Yndn-m § In ) Yp-m) ° ( e)
N N 5 I o %
Yuw /N u Y u ) (8.19fF)
{ nuam (3 ny o n-
We show this correlation matrix converges to the limit that is obtained if
n, in (8.19) is replaced by e, thevresulting matrix is positive definite

by assumption. The results follow immediately for (8.19d), (8.1%e),
(8.19f). For (8.19b) consider

)

RS0 P ST/ S B
n 2
i g “nn-m {Z n Z y } )

Apply the Cauchy-Schwarz inequality to the first term to conclude via (8.15a)
and (8.15b) that it converges to zero. The s~cond term converges to the
required limit (zero in this case). Similar arguments apply to terms

(8.19a), (8.19c). The proof is complete.

Remark. Having thus established a.s. convergence we can in fact show
more. In (8.9c) the divisor » may be replaced by nS for any. § > 0

whereupon

2 WP /n® < (8.20)
: . . ~-1,-1
wlll ensure (81nce we already know 1lim n Pn >0 )
%-8
n* (6 -8, >0 a.s.

as well as

7
- ~AD .
n § Z u > 0 a.s.,
1 8
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nd Z y ~ 0 a.s.

n_a u Q -~ 0 a.s.

8”8

S

. . -1 . '
However since the smallest eigenvalue of Pn is .of order n , Lemma 1

of Section 4.3 implies

1-§
n7 oo
Z uninnn | <

whence
= - l
lim tr P " /n < =
n .
and
V'P Y /n = tr p~/m w’P2w
nnn n nnn

imply (8.20).

8.3 The Convergence of RML]

We turn now to consider RMLi using a very similar approach to that used
for RML}. However it will become clear that the proof cannot be completed
quite as easily as for RML; (except in the MA(1l) case). Since it is the
author's feeling that a proof can be found, the argument has been presented
. for interest. This section can however be skipped over quickly without

losing continuity.

Recall, then, the RML; recursion for an ARMAX model

Bn = 671_1 + Pn(pnen P ( 8 ‘. Qla )
= - ’ ' .
e, =Y, nen_l s (8.21b)
-1 -1 ,
Pn P?’L—l + (Pn(Pn ) (8.2lc)

with '¢n as in (8.3c). Now premultiply (8.21a) by P;l and use (8.2lc) to

see
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-1 -1 |
P (6,8 =P (6, 1-0) +o0(s l—eo) toe - (8.22)

) -1 . '
Next denote Tn-— (en-eo) ’Pn (en-eo} ;y 1t follows from (7.21a), (7.21c)

that

To=T L+ (eml—a O) ""n‘Pn(67{~1‘9 O) + z{en_l~a O) "o e, * cp?;Pncpn ”n

which we rewrite as
To=T L+ (Bn_l— o '@ [tpn( . l—BO)+2 e —sn)]
2 2
e, (030, 1709 (0,0 )0 P,0,) v 0P 0, e,e,) ]
Next consider that, by definition,

(lwn—l(L)]en “Y, T (yn—l yﬁ—naun—l un-nY) 'Bn—l >

(l+vO(L))en = yn‘— (yn—l v yn—naun_l .o un‘nY}'BO ,
with
n

_ _ v i

= (ay) : Vn-l(L)_ § (SN A
Thus (cf. (8.8))

(1+\)O(L))(en—en) = -cp?;(en_l—eo) - (8.23)

Now denote

a -

n -—wn(en—l 90) i
i = . - +>/J:' ! -
Yn en en zwn(en—l eO)
so that, neglecting initial conditions

= ) i,

The above expression for Tr may be written
12

Tn = Tn_1‘+ 22 ~un+mnPn @n[ n n)} - 2uy

’P Ot (en—e ]?wéPn¢n . (8.2k4)
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Before continuing we are going, once more, to state a condition that

AN
2 uy >0 a.s. Let us require

nn

ensures QN =

—o~1 8

noy = ) R = (b D)7t - %

8

o~ 8

to be strictly positive real, that is, for some o’ > 0 ,
L0
Re h(e™”) > o' .
Then, neglecting initial conditions we obtain as in (8.10),
uy. =o)u (8.25)
1

“ where ¢ = o'/1 .

Also we state for future reference the bound on input/output energy

ratios similar to (8.18),

i ) ., ' a
; (en—en) =b g Ug , ' - . (8’26)_

where this time

w
with
_ -1
g(r) = (L () .
Next set
N )
Cp = 2 % Ugdg ~ § (en—en] wéPnQn

then after taking conditional expectations in (8.24) we can find either

E(T /n+Clin | F )

= (Tn;l/(n—l)+0é~l/(n—l))(l - 1/n) + czwépnwn/n (8.27a)

or else, recalling ¢épn¢n <=1,
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E[Tn/n + Cn/n | Fn-l) < (Tn_l/(n—l)+0n_l/(n—l))(l - 1/n)
+ 02¢’P o /n + (e -€ )Q/n . (8.27b)
nnn n o n :
For reasons to be made clear suppose it can be shown that
lim @ninn <1l a.s. 7 (8.28)

(o]

Then it follows that Z ¢éinn/n < o a.s. To see this multiply (8.2la) by
1 , ‘

-1 -1 L .
P , form ©'P "8 and sum to obtain
0 nn n

2

i no, .
’ H =
8P O * g es(l_QsPsws) Ys (8.29)

N

which is of course expression (8.13b). Now we see thatb(8.28) implies

Recalling that the diagonal elements of P;l are of the form

7 n n -
-1 2 - -
n z-es , 't ) y§ , nt ) ug
1 1 ‘ 1
l [ee] . .
we conclude 1im tr[Pn /n) < © a,s. so that Z ¢éPn¢n/n < o follows by MIL.
1
Thére are'now two cases.
In case ) (eﬁ~sn) < o then MGCT* of Chapter % applied to (8.27b)
1 .
implies
T /n+ 0 a.s.
1z
and

so that, in view of (8.26),
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If we can show lim N_lp&l >0 a.s. then we may conclude a.s. convergence

of en to 60 . We postpone the proof but note that it will depend only on
knowing
N N
z:lZ(e-e] +0,N'l§u2+o, 1imzv“l§e2<oo. (8.30)
n n n . k
1 1 1
- N
2 . ,
In case 2 (e -€ ) + o , then rewrite (! as
1 n on N
L i2fos, § (0020 22
cr =) u |o-§ e € | /) u )
N 7on ny nmn 1 n
N D
> -
> ; un(o Enb)

in view.of (8.26) and where

o 2 n 9
& 7 § (es_gs) ¢sps¢s/§ (esngs) )

. E ' n : _
However recall that, by MIL, lim n . ) 62 < © ensures ¢'P_l¢ > 0 so

' _ T8 nn'n
that En can be made arbitrarily small, thus ultimately Cﬁ > 0 . MGCT*
applied to (8.27a) now enables the conclusion Tn/n + 0 a.s. as well as

(8.30).

We now show how (8.30) implies lim N_lP&l> 0 a.s. First notice that

each diagonal element of P&l ~say buii(ﬁ) satisfies
Iim v..(N)/N < o , lim v..(N)/V > 0 .
11 — 17
This second condition follows by considering that
N N : N ) N
=1 2 -1 2 : -
7= Ye =8"7 (e-¢) {l+2 Y e (e -e )/} (e ¢ )2} sty e?
17 TENECRRCE AR T i "

and Lemma 3' of Chapter 4 implies the second term in brackets converges if

oo N
§ (en_gn) < ®» or converges to 0 a.s. if § (en—en) e in either

case clearly
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N
. - . -1 2
Llim ¥ : ) e2 >1limV ~ ) e =0 .
—_— n n
1 1
The required result will now follow if we investigate the correlation matrix

whose typical terms are

i) N 5 N o %
Yee [|Ye }e J , (8.31)
§ e\ n  Tnem
Lepn/ L 2T,

ey /[ e ¥ } s (8.32a)
L n7n-m' (T Tnem ' | ;
i N, N 5, %
Yeu /Ye ) u ] R (8.32b)
P nem (f n ¢ Tnem : _
i b ,0 5, % :
:XL Y m [Z ¥, % ynﬂm) : (8.32¢)

and show these terms converge to the same ones that would be obtained were

e replaced everywhere by €, - The resulting correlation matrix is
n

positive definite by assumption. This follows immediately for (8.32c).

For (8.32a) consider

N ¥, 0, % N N BN B BN
; enyn—m/{E €, % yn—m) - ‘[Z ( n n]yn m F g Enynfm]/[g e Z yé-m) ,
n 5 N
<1 leyre) Ml en+ Teg, mlfk %
>0+ 0

by (8.30) and Lemma 3' of Chapter 4. A similar argument works for the other

terms.

It thus remains to show (8.28). At this point the proof collapses and

the author has only been able tc demonstrate (8.28) for the MA(1l) case.

To do this we proceed as.in Hannan (1976). We have

N v,
vy = ; en—lyn/§ e,
i v v v i v
) 2 2 2 2
- % en—lgn/g ¢, " Vo § (e n-1"%n- _1Je - 1/§ ¢, ¥ Vo % 8n—1/§ e,
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However by MGCT (Lemma 3' of Chapter 4) the first two terms vanish a.s. so
that »

I ful = Iy,

. n . :
which immediately implies lim vt ) e2 < o so that MIL = @'P ¢ -~ O
‘ : o nnn

which implies (8.28). The unfortunate aspect of finishing the pfoof in this
way is that it does not provide an argument that generalises to higher order

cases.

Remark. Having thus established a.s. convergence conditional on (8.28)
we can in fact show more. In (8.27) the divisor can be replaced by

78 (for any § > 0 ) whereupon

S |
Z ®'P o /n° < o | (8.33)

: R I L :
will ensure (since we already know 1lim nu anl >0 ) ne 6(en_eo) >0 a.s.

as well as

6 2 u -+~ 0 a.s.,
1° -

-5 2 .
- > 0 .S.
n (es Es a.s

el N

. . - 1.
However since the smallest eigenvalue of P . is of order n , Lemma 1

of Section 4.3 implies

R -1 '
whereupon lim tr Pn /n < o and

’ < -1 '
wnann/n < tP[Pn /n} ninn

implies (8.33).
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8.4 The Unusual Second Order Properties of RML]

We begin by investigating the CLT for RML, applied to a MA(1l) model.
The remark at the end of the last section will be referred to repeatedly.

consider then

o A I O (0 B S
y [l[’g (o, 1c ) 2}4? ek_l(el-(_l—ek_lj] :

Clearly when the second term is normed by Vx it still converges to zero:
the first term will yield an obvious CLT. For any other model however the

situation changes. Consider a MA(2) model. We need only deal with

o ’ o an .'
n Doglyeopvd T Logey v L oglog Vol ep) 19 -

The first term, when normed up by Vn will obey a CLT. We take each
~component of the second term separately. Demote v, = (aO’ bd) and

consider minus the second component

i n _ ' ' S AL .

n % ek-z(ao(ek_l"ek—l)+?o(ek~2’€k-2)) G g.[ek~2'€k~2)(ek—l—gk—l)ao
1R 2 G %

t7 § (e peg0) Dg ¥ 7 § e-2(8 178 )%0 + B ; (o2 k0 -

3ince we expect, according to the end of Section 8.3, that
n
-6 2
n 2 [e ~€ ) -+ 0
7 k "k

all the terms,réxcept the third one will vanish a.s. when normed up by Vi .

In fact this term cannot be expected to vanish. Now recall

(l+vo(L))(ek—ak) = ~¢é(ek_l-eo)
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SO

€1 T Fx-1

‘“o(ek-2'€k~2] - bO(ek—B_ek—s) B ek-2(ak-2"ao) B ek-s(bk-z‘bo)

minus the third term will reduce itself to (norming up)

- %
1

n Ek—Qek—Q(ak—Q_aO)

and so by MGCT to

which clearly cannot be expected to vanish though it might converge in
distribution.. In any case the author has been unable to find an argument to
prove such a result. In Chapter 2 an heuristic argument was given to
suggest a form for the CLT for a general recursion and indeed that argument

suggests a form for this CLT.

If we rewrite the recursion (B.Ba) as

. - = - + —
Bn 0o %%1 8o Pﬂ%ﬂenen)+'%ﬁn%1’

recall expression (8.23)

(l.+\)0(L)) (en__en) = “q)r;(f)n_l“eo)
and notice that, from (8.1),

~

-1
= = - l
¢,(8) denlgle (1+v(2)) T, (8)
‘then we are led, as in Chapter 2 to conjecture an Invariaﬁce Principle for
Qn = Ve (en—eo) :
as
st (2) = &y T U

where Q(¢t) is the solution to the stochastic differential equation
(Arnold, 1974)

dQ(t) = (H1-6H)QUe)dE + M(E)

with initial condition Q(0) ~ N(0, K) where

H = E(@ﬂ(eo)dén/deé)_,
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6 = 5o, (05)e;(0)

and W(t) is a Brownian motion with variance G'l : while K obeys the

Liapunov equation (Arnold, 1974)

(BI-67H)K + K(BI-67'H)7 =671 .

This result is only partially . confirmed by the simulations of

Chapter 3; in any case the author has been unable to find a proof for it.

APPENDIX 8A

THE POSITIVE REAL LEMMA

Let us rewrite x(r) as

ﬂvO(L)

w(z) 2'1;65(57'+ %

so that it is obvious that A(L) has a state Space nepresentation as

xn = Fd(n"‘l +bun“‘l 2 ‘

¥

S =t
= +
y'}’l h X?’Z "

where p is the vector of noise parameters; FO is in observable canonical

form, that is

s . - W
vy l1...0

v, .

Fo= :
1
-V o . 0

7 .

LV J

: 11
and h 1is the nv vector (1L 0 ... 0)' : A(L) = h'{L—lI—FO] b . Now it

it is known (the discrete positive real lemma, see Hitz and Anderson, 1969;
Anderson et al. 1974) that iff the above state space system is positive real

there exists a positive definite matrix P , a vector 1 , and scalar w
such that '

FIPF =P - 117,
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il

F6Pb h - Tw ,

1

w X +% - Db'Pb .

consider now the quadratic fOrm

- ! = r 1 'A 3 n
B = x/Px, (Xn~1Fo+b w _JP(Fx b )
2 ~ ~2
= —_ 14 ! !
E (xn_lﬂ + 2b7PFox qu o+ bPbu o
2 2~2
= - ! - !
E - )7 -2tk u w- v
7 N A NA ! A2
_ 2(%
+ 2(3/;1—1 %’un)un_l 208w
~ 2 ~
= - ! -2, .
E - (xr Jdil )5+ 20 o5
Thus we conclude
- ongl A A
0= EFE =
. % uy, + By

as required.
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