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ABSTRACT

The aim of this thesis is to investigate long range dependent processes and

their applications.

The first chapter of the thesis gives an introduction to long range dependent
processes. In particular, we give a brief introduction to fractional Brownian mo-
tion which has been proposed as a model for the long range dependence observed

in a variety of hydrological and geophysical time series.

In Chapter 2 we study the robustness of asymptotic normality of estimation
using smoothed periodogram methodology in circumstances where long range
dependence appears. We also study the robustness of some estimators of the

Hurst index H which characterizes certain models of long range dependence.

Modern statistical theory is notable for attempts at relaxing the assumption
of independent structure of processes under consideration. In Chapter 3 we inves-
tigate asymptotic properties, such as the law of large numbers, the central limit
theorem and the uniformity of convergence, of sample mean, sample covariance
and some quadratic forms involving data from long range dependent processes.
Moreover, we develop a method for hypothesis testing of the mean of time series

perturbed from stationarity by a deterministic trend.

In Chapters 4 and 5, we are concerned with the applications of long range
dependence to mathematical finance. It is of practical and theoretical impor-
tance to take into account possible long range dependence in research on the
behaviour of stock price movement. We propose and study a stochastic model
— fractional Black-Scholes model — a stochastic differential equation driven by
fractional Brownian motion. The fractional Black-Scholes model includes the
standard Black-Scholes model as a special case and is able to account for long

range dependence in financial markets. In Chapter 4, we develop stochastic inte-



gration with respect to fractional Brownian motion which is not a semimartingale.
In Chapter 5, we establish the It6 formula for fractional Brownian motion. Then
we use [td’s formula to prove the existence and uniqueness of the solution to the

fractional Black-Scholes equation.
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Chapter 1

INTRODUCTION TO LONG RANGE
DEPENDENCE

1.1 Introduction to Long Range Dependence

A stationary second order process is said to have long range dependence (LRD) if
its covariance function at lag k decays, as k — oo, so slowly that the summation of
the covariance over the lags k =0, +1, +2, ... diverges. The slow decay of the
covariance function corresponds to a singularity at the origin in the spectrum.

To fix ideas, let us consider a second order stationary time series { X; : t =

1,2,...}. We write
e =cov ( Xy, Xegr) , k=0, £1, £2, ...
for the covariance function of { X; } at lag k& and

1 & .
flw) = 9 Yo meHY, —r<w<

k=—o0
for the spectral density of { X; } (if it exists). Then the dichotomy between short
range dependence (SRD) and LRD can be characterized by the criteria given in
Table 1.1 (see, for example, Heyde and Gay, 1992).



Table 1.1: SRD and LRD

SRD LRD
(1) 3 vk converges (1) 3= vk diverges
(ii) f(0) finite (ii) f(w) singular at w =0

Figure 1.1: Nile River minima (from Beran, 1992b, p. 405)
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As early as 1895 the astronomer Newcomb discussed the phenomenon of LRD
in astronomical data sets and called it “semi-systematic” errors. Pearson (1902)
observed slowly decaying correlations in simulated astronomical observations.
Due to the vast number of examples from hydrology and geophysics, LRD is recog-
nized by most hydrologists and geophysicists to be the rule rather than the excep-
tion. A typical data set where LRD is exhibited is the record of the Nile River min-
ima (Figure 1.1, taken from Beran, 1992b, p. 405). This data played a key role in



Figure 1.2: NBS precision measurements on the 1-kg check standard (from Beran,

1992b, p. 406)

-19.35

difference from 1kg [in mg]
-18.80

¥ £ ¥

0 50 100 150 200 250 300

.19.65

number of measurement

the discovery of LRD in hydrological data by the famous hydrologist Hurst (1951).
Nowadays the phenomenon of LRD has been observed in a wide range of areas of
statistical applications, such as hydrology (Hurst, 1951), geophysics (Lawrance
and Kotegoda, 1977), agriculture (Smith, 1938; Whittle, 1956, 1962), astronomy
(Pearson, 1902; Jeffreys, 1939), meteorology (Haslett and Raftery, 1989) and eco-
nomics (Robinson, 1994c; Peters, 1994). The phenomenon of LRD even occurs in
situations where every precaution was taken to prevent dependence between the
observations. A typical example of such high-quality data measured under ideal
circumstances are the measurements of the 1-kg check standard weight provided
by the U.S. National Bureau of Standards (NBS) Washington (Figure 1.2, taken
from Beran, 1992b, p. 406). The correlations of NBS precision measurements
seem to decay with a rate approximately proportional to |k|™® with a = 0.8. For
details of the analysis of the data sets of Nile River minima and NBS precision

measurements, see, for example, Beran (1992b).

Though most known examples of LRD are time series, LRD is not restricted



to this type of data. See, for example, Gay and Heyde (1990) for random fields
with LRD. Smith (1938) noticed LRD in a random field setting of agricultural
field trials.

In the research of stochastic processes with LRD, two paradigm models are

the fractional Gaussian noise and the fractional ARIMA model.

A fractional Gaussian noise (see, for example, Sinai, 1976) is the first order
difference of a fractional Brownian motion which was introduced analytically by
Mandelbrot and Van Ness (1968). We shall discuss fractional Brownian motion
in Section 1.2. A fractional Gaussian noise is a stationary Gaussian process { X; }

with covariance

2
v = cov ( Xy, Xegr ) = "7 (Ik+ 127 — 2067 4 k- 1) (1.1)

where 0% = Var(X;). The spectral density of { X; } is of the form

f(w) =2b(H,0?) (1 — cosw) Z |27 7 -}-(.‘)|_2H_1 , —Tt<w<m, (1.2)

j=—o0
where b(H,0?) = (2r) 'o?sin(rH)['(2H + 1), H € (0,1). The parameter H is
called the Hurst index. When H = 1/2, { X; } is the standard Gaussian noise.
When H € (1/2,1), f(w) has a pole of the form b |w|'~2# at zero and ¥ yx = oo.
When H € (0,1/2), f(0) =0 and 3% = 0, and in this case, { X; } is not long
range dependent (LRD).

Fractional ARIMA models were introduced by Granger and Joyeux (1980)
and Hosking (1981). (See also Adenstedt, 1974.) Fractional ARIMA models are
a natural generalization of standard ARIMA(p, d, ¢) models proposed by Box and
Jenkins (1970). For any —1/2 < d < 1/2, a fractional ARIMA process is defined
as

®(B) (1 — B)* = O(B)e;, (1.3)

where {¢; } are independent and identically distributed (i.i.d.) normal random

variables with mean zero, B denotes the backshift operator, ® and © are polyno-

4



mials of finite degree having no roots in or on the unit circle, ®(B) denotes the

autoregressive part and O(B) the moving average part of the process, and

© [ d
1-B)=3 (-B)*
k=0 k

is the fractional difference operator. The spectral density of the fractional ARIMA

model is given as

, —T<w<m. (1.4)

When d = 0, definition (1.3) gives the usual ARIMA model. When 0 < d < 1/2,
LRD appears.

The Hurst index H in (1.1) and the fractional difference index d in (1.3) are
connected through the formula d = H — 1/2.

In each of the above models, the spectral density has the form
f(w) ~ Ly(w) |w|™, asw =0, (1.5)
and the covariance function 7 at lag k behaves as
vk ~ La(k) |k]*!, as k = oo, (1.6)

where 0 < a < 1, Lj(w) is a slowly varying function at the origin while La(k)
slowly varying for |k| — oco. Here the symbol “~” means that the ratio of the

left- and right-hand sides tends to 1.

In general, a stationary second order process is said to exhibit LRD if its

spectral density satisfies (1.5), or, equivalently, if v satisfies (1.6).

The recognition of stationary random processes and random fields subject
to LRD is a problem of particular contemporary scientific importance. This is
because such processes typically exhibit apparent trends or periodicities which

appear persistent but are eventually ephemeral.

5



Slowly decaying covariances have, if ignored, disastrous effects on classical
statistical results of stationary processes. The usual methods of analysis of sta-
tionary processes assume exponential decay of the covariance function, which is
a typical case of SRD. A large number of limit theorems which, in the classical
approach were always studied under the assumption that the underlying random
variables were independent, continue to hold under certain SRD structures. How-
ever, as dependence becomes stronger, at a certain point, new phenomena arise.
For example, models with weak dependence (such as ARMA models and Markov
processes) are well known and often used in practice. Already for these models,
interval estimates and prediction intervals can differ considerably from the i.i.d.
case, though asymptotic rates of convergence remain the same. The asymptotic
standard deviation of the sample mean is typically of the form o/s/N, where N is
the sample size and o a certain constant. When the dependence becomes stronger
so that, for example, the covariance is not summable any more, the consequence of
the strong dependence for classical tests and confidence intervals can be calami-
tous. As an example, let us consider a case where the covariance of the data
decays as |k|™*, a € (0,1), then the standard deviation of the sample mean of
the data decays at a rate of N=°/2, If o = 0.4, one needs approximately 100,000
observations to achieve the same precision as from 100 independent observations
drawn from a population with the same variance. Another example is that slowly
decaying covariance can cause goodness-of-fit tests for a distribution to reject the

null hypothesis with probability tending to one with increasing sample size.

Stationary processes or random fields with LRD have drawn considerable in-
terest in statistical research. Although still in the beginning stages, progress in
the development of statistical methodology for LRD has been made along several
lines, including location and scale estimation, estimation of the Hurst index and
fractal dimension, spectral estimation and testing, tests for LRD, goodness of fit
tests, prediction and regression. For surveys of general areas of LRD, see, for

example, Beran (1992b), Peters (1994) and Robinson (1994c).



Many standard methods and results in classical SRD situations should be in-
vestigated under the possibility of LRD. The development of statistical method-

ology for LRD will certainly be a rewarding task for future research.

1.2 Fractional Brownian Motion

Fractional Brownian motion (FBM) is a generalization of Brownian motion.
Brownian motion is a good model if the process under study is unknown and
a large number of small contributing influences are involved. However, the incre-
ments of Brownian motion are independent. In reality independence is just an
extreme case. The restrictive assumption required for Brownian motion becomes
a special case. Fractional Brownian motion arises naturally from the exami-
nation of the conditions of the validity of limit theorems relating to Brownian
motion. Kolmogorov (1940) first introduced FBM to probability. Mandelbrot
and Van Ness (1968) gave an analytical definition of FBM. They proposed FBM
as a model for the LRD widely observed in hydrological and geophysical time

series.

A FBM (denoted as By for mathematical convenience) is a Gaussian process

with covariance
cov( Bu(t), Bu(s)) = %Var (Ba(1)) (£ 4 54 — |t — s

for any ¢, s > 0. Here H € (0, 1) is the so called Hurst index. When H = 1/2,
Bu(t) = B(t) is a Brownian motion. When 0 < H < 1/2, it has long been
thought that By is of less interest (Mandelbrot, 1982). Actually this is not so
because of the relationship between the Hurst index and the spectral exponent
of fractional noises (see, for example, Peters, 1994, Chapter 13). But we will not
pursue this matter in this thesis, for when 0 < H < 1/2, the summation of the

covariance of the increment process of By over lags £k =0, £1, £2, ... is zero,

7




which is not the case for LRD. When 1/2 < H < 1, the increment process of
FBM is LRD, which is the case with which this thesis is concerned.

For any arbitrarily fixed 7 > 0, let
X(t) = BH(t + ’T) - BH(t)

be the increment process of By, then { X(¢)} is a stationary and self-similar
process. In particular, the increment sequence { By (t+1)—Bg(t) : t=1,2, ...}

is the interesting fractional Gaussian noise (equation (1.1) or (1.2)).

A number of simulations of FBM series are shown in Figures 1.3, 1.4, 1.5 and
1.6 for different values of H. Panel (a)’s of Figures 1.3 — 1.6 show simulated series
(fractional Gaussian noises) with H = 0.25, 0.50, 0.75 and 0.90 respectively.
Here we can see that as H draws closer to 1, the series becomes less erratic and
has more consecutive observations with the same signs. Panel (b)’s of Figures 1.3
— 1.6 are plotted as cumulative time series (FBM). Again, as H increases, the

cumulative line becomes more smooth and less jagged.

The feature which most distinguishes FBM from Brownian motion is that
FBM is no longer a semimartingale, which makes the stochastic analysis of FBM

a challenge because the standard It6 calculus is no longer available.
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Figure 1.3: Simulated fractional Brownian motion: H=0.25

(a) Fractional Gaussian noise, H=0.25
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Figure 1.4: Simulated fractional Brownian motion: H=0.50 — Brownian motion

(a) Fractional Gaussian noise, H=0.5
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(b) Fractional Brownian motion, H=0.5
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Figure 1.5: Simulated fractional Brownian motion: H=0.75

(a) Fractional Gaussian noise, H=0.75
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Figure 1.6: Simulated fractional Brownian motion: H=0.90

(a) Fractional Gaussian noise, H=0.9
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1.3 Summary of Thesis

The development of a theory of stationary long range dependent processes has
become a very active field of research in the last decade. The importance of
statistical methods with LRD in virtually all areas of applications has now been

demonstrated by numerous examples.

The results in this thesis have been arrived at in the course of the investigation
of problems of statistical inference and stochastic analysis of stationary processes

in circumstances where LRD has been taken into account.

Many of the key asymptotic normality theorems have not been investigated
systematically for their sensitivity to disturbances of the sufficient conditions un-
der which they hold. In Chapter 2, we study the robustness, or sensitivity, of
asymptotic normality of estimates based on smoothed periodograms, when there
is possible LRD, with respect to small perturbations of the models under consid-
eration. Asymptotic normality is ubiquitous but in some cases the limits may be
very vulnerable to departures from standard conditions, such as stationarity or
independence. However, in reality, “minor” departures to these conditions can be
expected. Thus, what constitutes “minor” and whether such departures matter
are issues of concern. It is shown in Chapter 2 that a smoothed periodogram ap-
proach to model fitting and parameter estimation is highly robust to the presence
of a small trend if the underlying processes are short range dependent (SRD). If
the underlying processes are LRD, the robustness properties are still good but

deteriorate with increasing Hurst index.

Modern asymptotic theory has been characterized by attempts at relaxing
the “independent” part of the assumption of an i.i.d. underlying population. As
was noted previously, the independence is not a necessary condition for a great

number of limit theorems. However, as dependence structures of the underlying

13



population become stronger new phenomena arise.

The aim of Chapter 3 is to investigate some of the most important limit
theorems when the underlying processes are subjected to LRD. The partial sums,
the sample covariance functions and, more generally, some quadratic forms are the
issues of interest in Chapter 3. Here we assume the processes under consideration
are generalized linear processes of the form:

Y; = Z bt—ué.u .
The law of large numbers for the partial sums from {Y; } is given in Chapter 3

in the case where {Y; } is LRD.

There are theorems (see, for example, Ibragimov and Linnik, 1971) showing
that the ordinary central limit theorem (CLT) holds for the partial sums from
{Y; } when the weights { b, } decay to zero fast enough and the innovation process
{¢,} is i.i.d. or a martingale difference sequence. In Chapter 3 we give more

general conditions on the weights and the innovation under which the CLT holds

for {Y; } being LRD.

Many statistical inferences are based on quadratic forms of sample data, such

as the sample covariance function

T—t
Ar(t) = T7' 3 (Vs — BY,) (Yigs — EYiys)
s=1
where Y7, Y;, ..., Y7 is a sample of size T'. It has been shown that a strong lav;r

of large number holds for 4r(t). See, for example, Hannan (1970), Hannan and
Heyde (1972). It is of great importance for the 47(t)’s to converge to their true
values uniformly in ¢. Theorems relating the uniform convergence of 4r(t) have
been considered in the cases where {Y; } has SRD. In Chapter 3, we show that
under very general conditions the convergence of 4r(t) to the true value ¥(t),

uniformly in ¢, holds for {Y; } being LRD.

14



In reality we have cases where the processes concerned are perturbed from
stationarity. Often a non-stationary series { X; } can be distinguished as a series
having a trend in the mean:

Xi =Y +my,

where { Y; } is a stationary series with vanishing mean and { m, } is a deterministic
trend. In Chapter 3, we develop methodology for hypothesis testing of the mean
m;. We solve the problem in the case where {Y; } may exhibit LRD.

In Chapters 4 and 5 of the thesis we are concerned with the applications of
long range dependent processes to financial markets. In mathematical finance,
stochastic differential equations driven by Brownian motion are a powerful tool
used to describe the movement of stock prices. This is because Brownian motion
is a Gaussian process with the martingale property, or principle of fair games
of chance, upon which the traditional capital market theory has been based.
Brownian motion has independent increments and is therefore, a SRD process.
However, in recent years it has become increasingly obvious that LRD time series
are widespread in financial data. There does not seem to exist any model that
accurately explains the dynamics of the stock price movement in financial math-
ematics. It is of practical and theoretical importance to take into account LRD

in the research of the fluctuating behaviour of financial markets.

The aim of Chapters 4 and 5 is to propose and study a stochastic model — the
fractional Black-Scholes model which includes the famous Black-Scholes model as
a special case and is able to account for LRD in the stock price movement. A frac-
tional Black-Scholes model is a stochastic differential equation driven by FBM.
Because FBM is not a semimartingale, in order to define stochastic differential
equations driven by By, it is necessary to define the stochastic integral with

respect to By first. In Chapter 4 we achieve this goal.

As soon as we have defined stochastic integration with respect to By, we derive

15



the It6 formula for By, which is a very powerful tool for stochastic analysis of

By.

In the final part of Chapter 5 we prove the existence and uniqueness of the
solution of fractional Black-Scholes equation. An unrealized goal is to develop an

option pricing formula based on the fractional Black-Scholes model.
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Chapter 2

THE ROBUSTNESS TO SMALL TRENDS OF
ESTIMATORS WITH POSSIBLE LONG
RANGE DEPENDENCE

2.1 Introduction

Asymptotic normality is ubiquitous in probability and statistics to the extent
that it has assumed the role of expected behaviour, alternatives to which have
almost curiosity value. However, many of the key asymptotic normality theorems
have not been subjected to systematic investigation of their sensitivity to pertur-
bations of the sufficient conditions under which they hold. In some cases they
may be very vulnerable to departures from standard conditions such as those of
stationarity or independence etc. However, “minor” departures can be expected
in many applications. For example, many time series observed over long periods
may be perturbed from stationarity as a result of substantial events whose effect
diminishes over an extended period before eventually disappearing. The exam-
ples of such events we have in mind are the stock market crash of October 1987
and its influence on various economic time series or the eruption of Mt. Pinatubo
in the Philippines in June 1991 and its effect on some environmental series, such
as ozone levels. Thus, what constitutes “minor” and whether such departures

matter are issues of concern.
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In this chapter we assume that { X;,¢ = 1,2, ... } is a time series of the

form

where {Y; } is a (strictly) stationary time series with mean g, (in some circum-
stances, without loss of generality, we assume p = 0 for convenience), and spectral
density f(w, 0), where the parameter § € © C R?, p > 1, O being open and
the Hurst index H being one of the components of the vector parameter §. The
{h:} in (2.1) is a deterministic trend. We shall be concerned with circumstances
where any major trend, such as would be observed by plotting the sample mean

against the sample size, has been removed and all that remains are minor effects

for which 7' YL h, = 0, as T — oo.

The process { Y; } is what we believe (or hope) is being observed but in reality
the data are in the contaminated form { X:;}. Standard inferences, however,
are performed on the basis of the model for {Y;} and in this chapter we wish
to address the issue of whether the conclusions are robust against this kind of

departure from the model.

We shall be particularly concerned with this question for models which may be
subject to LRD. It is increasingly obvious that long range dependent phenomena
are widespread in nature and that the stationary noise in such circumstances is
characterized by apparent trends and cycles which may persist over substantial
periods. This makes the issue of whether a deterministic trend is or is not present
quite difficult to determine and it is clearly important to have methods which are

unaffected by small trends if possible.

For time series in which LRD may need to be taken into account, there are
approaches to analysis in both the time domain and the frequency domain. The
classical time domain approach is via R/S (rescaled adjusted range) analysis

which was introduced by Hurst and popularized by Mandelbrot. However, this
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approach, as described, for example, in Mandelbrot and Taqqu (1979), is rather
heuristic and provides no precise consistency results for H and no confidence
statement for H. Furthermore, it has been shown by Bhattacharya, Gupta and
Waymire (1983) that if, in (2.1), {Y;} is a SRD series and the trend h; satisfies
hi=C(M+t)%,C>0,0<d< -;-, then an R/S analysis produces an apparent
Hurst index of H = 1—§ . This effect throws into question the considerable work
that has been done using R/S analysis on time series in finance (see, for example
Peters, 1994), where external events, such as political decisions, not infrequently

cause departures from stationarity.

In this chapter we concentrate on the frequency domain methodology. The
main focus of this chapter is on the robustness of some statistical procedures that
are conducted on the basis that no contamination is believed present. We will
discuss the robustness of a class of estimators based on smoothed periodograms
in Section 2.2. It is shown that a smoothed periodogram approach to model
fitting and parameter estimation is highly robust to the presence of a small trend
if the underlying stationary process is SRD. If the underlying process is LRD, the
robustness properties are still good but now depend on the Hurst index of the

process and deteriorates with increasing Hurst index.
The proof of the main results will appear in Section 2.4.

As an application of the method we used to prove the main result of this
chapter, Theorem 2.1, we investigated the robustness of some estimators of the
Hurst index H. The relevant results are the contents of Section 2.3. In Section 2.3,

we are concerned with the case where the spectral density of {Y;} satisfies

CONDITION A. For some H € (0, 1), as w — 04
fw,0)~ Ly(1jw)w™® | (2.2)

where 0 < a < 1 and the Hurst index H is one of the components of the parameter

vector 6. Here Ly(w) is a slowly varying function at infinity. That is, Lg(w) is a
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positive, measurable function satisfying, as w — oo, for all t > 0,

Le(tw) _
w—+00 La(w) =1.

(See, for example, Feller, 1966, Volume II.)

Condition A asserts that f(-, 8) is regularly varying at w = 04 and is un-
bounded at w = 0. Apart from being integrable (due to covariance stationarity)
f(-, 0) is not even required to satisfy any smoothness assumptions and need not
to be in L, for any p > 1. (It would be in L,, p < 1/(2H — 1) if f(-, 6) were

smooth away from w = 0.)

Two examples of time series exhibiting property (2.2) are the fractional Gaus-

sian noise and fractional ARIMA models given by (1.2) and (1.4).

In Section 2.3 we will discuss two estimators for the Hurst index H, H and

A

Hp 4, given by Robinson (1994a, 1994b). We shall show that under some condi-

tions, H and I:Im,q are robust against certain small trends.

2.2 Robustness to Small Trends of Estimators

Based on Smoothed Periodograms

In this section we are concerned with the robustness of inferences, carried out
on a time series, LRD or SRD, contaminated by a small trend, with respect
to departures from stationarity. We shall concentrate on a frequency domain

approach to the analysis of time series using smoothed periodogram analysis.

Let {Y;} be a stationary time series with unknown parameter 6, where

0 ¢ © C R, p>1, O being open and the Hurst index H may be one of
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the components of §. A smoothed periodogram of {Y; } is defined as

Gry(8)= [ gw,0) {Iry(w) = E Iry(w)} do

-7

where R

/(27rT) (2.3)

is the periodogram of {Y; }, g(w,#) is in a suitably restricted class of smoothing

T
> Y exp(—itw)

t=1

IT,y(w) =

functions G. For details of the restriction to G, see, for example, Heyde and Gay

(1993).

Smoothed periodogram analysis is considerably more informative than the
direct use of the periodogram in discriminating between the SRD with mono-
tonic trends and the LRD, as has been advocated by Kiinsch (1986). Parameter
estimation based on smoothed periodogram analysis has a long history. The
idea derives from suggestive forms of Whittle’s estimation procedure, which has
formed the backbone of asymptotic estimation since its discovery (Whittle, 1951).
The general methodology has been developed by many statisticians, including
Whittle (1951, 1952, 1953, 1954), Hannan (1970, 1973), Dunsmuir and Hannan
(1976), Brillinger (1975), Dzhaparidze (1970, 1971, 1986), Kabaila (1980, 1983),
Kulpberger (1985), Fox and Taqqu (1986), Rosenblatt (1985), (see Heyde and
Gay, 1993), and amongst others.

Smoothed periodograms provide a class of estimating functions. Heyde and
Gay (1993) derived the asymptotic normality of G,y without Gaussian assump-
tions on the underlying processes. Therefore, the asymptotic quasi-likelihood
approach can be used to give the estimate of 6 and establish relative optimality
results. (See, for example, Heyde, 1995,‘ Chapter 5.) The procedure of parameter
estimation, for a sample {Y; : t = 1,2,...,T}, is to choose an asymptotic

quasi-score estimating function as

Gry @) = [ -‘3;; (@,0){ Iry () — E Iry(w) } dw, (2.4)
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where f(w, 0) is the spectral density, and an estimator for 4 is obtained by solving

the equation
},y(a) =0.
Strong consistency and asymptotic normality results are available for the estima-

tion of §. These come from an asymptotic study of the smoothed periodogram

form (2.4) obtained by minimizing

| Iy @)/ (0, 0) +1og f(,0) } do (2.5)

through differentiating under the integral sign in (2.5).

This procedure encompasses many random processes or random fields with
either SRD or LRD. A well developed inferential theory is now available for this

approach and, as we shall show, it is relatively robust against replacing { Y; } by

{X,} of (2.1).

In our analysis we shall use a general even smoothing function g(w,#) rather
than the specific form —(8/86) f~(w,#) which is suggested by the Whittle proce-
dure and also comes from an asymptotic quasi-score estimating function approach
(see Heyde and Gay, 1989) and hence is associated with minimum size asymptotic
confidence zones for § . The general estimator of 8 is obtained as a solution of
the estimating equation

/ o:o 9(w,0)(Iry(w) — f(w,0))dw =0 .

Our results focus on smoothed periodogram convergence results of the form
T} / " 9w, 0) (Ir.x(w) — f(w,0)) dw % MVN(0, V), (2.6)

where I x(w) is the periodogram of { X; }, MVN denotes the multivariate nor-
mal law with mean vector zero and covariance matrix V and 9 denotes the

convergence in distribution. The usual Taylor expansion methods based on (2.6)
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lead to estimators of § which are taken to encapsulate both model dimension
and its parameter values. We shall not pursue this matter here, however, as the
trends { h; } are not directly involved in this analysis. See, for example, Rosen-
blatt (1985) for a discussion of the Taylor series expansion asymptotics and Gay
and Heyde (1990) for discussion of a flexible family of spectral densities f(w,#)
which could be used in this setting. For example, if we take the minimum asymp-
totic variance choice of —(9/86)f~*(w, ) for our g(w, 8), results from Rosenblatt
(1985) such as Lemma 4, p.107 which gives consistency and Theorem 3, p.108
which gives asymptotic normality, continue to hold without change for estima-
tors calculated on the basis of the contaminated periodogram I7 x(w) rather that

It y(w) under the conditions of the following Theorem 2.1

In this section, we show that a trend of the form |k < Ct7?,t=1,2, ...,
where C' > 0 and 8 > 0 are constants, does not affect the analysis in the case of
a SRD* process {Y; } (where the star denotes absolute convergence of the lagged

covariance sum Y 5o, |vk| < o0, rather than the convergence of Y 72~k of the

SRD definition).

In the case of LRD the corresponding robustness properties are still good but
not quite so striking. Under some minor regularity conditions we have that a
trend of the form |h;] < Ct™#, C >0, >0, t=1,2,... does not affect the
analysis provided § > min(1/4, H—1/2). (Note that the SRD* result corresponds
to the case H = 1 .)

THEOREM 2.1.  Suppose that {Y; } is a stationary mean zero process and
g(w)(= g(w, 0)) is a real, even, integrable function for w € [—m, n]. Let { X, }
be given by (2.1). Write

1 g :
a=5f glw) e dw, (2.7)

Y(t) = EY, Yoy,
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2

1 T
ITX — 2_ ZX —ttw )
2
ITy(w ZYe_ttw

We assume further that g; satisfy
lge| = o(|t|™), ast — 0.
If the trend { h; } is such that
lhtl Solt_ﬁ ;t=1327
for constant Cy > 0, 1 < B <1, then as T — oo,
2
E 'Ta 9(w) (Irx(@) = Iry(@)) dw| —s0

provided that
(A) {Y:} is short range dependent*, or

(B) {Y:} is long range dependent with covariance function

|y | < Colt|™™, t=1, 2,...

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

for C3> 0,0 < a< 1, where a + 28 > 1 and the Fourier coefficients g; in (2.7)

satisfy
lge| < Ca|t]™"

forsomen>%—a>1.

(2.14)

Remark on Theorem 2.1. The parameter « in (2.13) is typically related to

the Hurst index H through o = 2(1 — H). The discussion of Section 2.1 uses this

formulation.

The proof of Theorem 2.1 will be given in Section 2.4.
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THEOREM 2.2 Suppose { X; }, {Y:}, {h:} and g(w, 0) are as in Theorem 2.1.
Assume further that

T /_ " 9(w,8) (Iry(w) = f(w,8)) dw 5 MVN(0, V) (2.15)

as T — oo, where f(w,0) is the spectral density of {Y; }, and MVN(0,V) is a
multivariate normal vector with mean zero and covariance matriz V. Then under

the conditions of Theorem 2.1,

T4 /_ : 9(w,0) (Irx(w) = f(w,0)) dw ~ MVN(0, V). (2.16)

Remark on Theorem 2.2. The convergence result (2.15) holds under broad
circumstances of SRD or LRD. For detailed conditions see, for example, Giraitis
and Surgailis (1990) and Heyde and Gay (1993). In particular the results apply
to fractional Gaussian noise and fractional ARIMA processes in the case of the
Whittle estimation procedure (i.e. g(w,8) = (9/30)f (w,8)). That the condi-
tion (2.14) is a consequence of standard LRD assumptions (Fox and Taqqu, 1986,
Section 2; Giraitis and Surgailis, 1990, Section 1) can be seen from, for example,
the considerations of Lemma 5 of Fox and Taqqu (1986). Typically n = 2 — a.

One sufficient condition for (2.14) is that g is absolutely continuous.
Proof of Theorem 2.2. Note that
T4 [ g(w,0) (Irx (@) = f(w,0)) dw = T# [ 4(,0) (Irx(w) = Iry(w)) dw
+7% [ 9(,0) (Iry (@) — f(0,0)) do

Therefore Theorem 2.2 follows immediately from Theorem 2.1.

As an application of Theorem 2.1 and Theorem 2.2, we consider a case studied

by Fox and Taqqu (1986).

In their 1986 paper, Fox and Taqqu investigated an approximate maximum

likelihood procedure to estimate 6. They adapted the approach of Whittle (1953),
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introduced for weakly dependent random variables. Consider a quadratic form
I _
S%,Y(H) ==/ (f(w, 0))7! Iny(w)dw . (2.17)

We assume the compactness of the closure ©, where O is the parameter set of .

Let GAT,y be a value of 6 which minimizes S%y (6)
7y = arg min{ i (f(w, 0) ' Iry(w)dw: 6 € @} . (2.18)

When {Y; } is a stationary Gaussian sequence, Theorem 1 and Theorem 2 of Fox

and Taqqu (1986) show that, with probability 1,
i Oy = 6o

and éT,y is asymptotically normal with rate of convergence T=/2

. Subsequently,
Dahlhaus (1989) has proved that éT,y is not only asymptotically normal but also
asymptotically efficient in the sense of Fisher. Dahlhaus (1989) also derived an
exact maximum likelihood estimator and its consistency and asymptotic normal-

ity.
Now, if we put
brx = arg min{/” (F(w,0))  Irx(w)dw : 0 € @} (2.19)

then, by our Theorem 2.1 and Theorem 2.2, we have éT, X — éT,y —0asT — o0
and /T (éT, x — o) is asymptotically normal. In fact we have the following more

general results.

THEOREM 2.3 Let{X;},{Y:} and { h: } be given by (2.1). The parameter 6
of the spectral density f(w, 0) is in @ C RP?, p > 1 and the closure © is compact.
We shall call 6 the true value of the parameter. For a smoothing function g(w, 0)
let

O = {96@ : /" g(w, 0) f(w, b)) dw is not a constant } .
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Assume g(w, 0), {Y:} and { h: } satisfy the conditions in Theorem 2.2, and that

lim [ 9w, 0)Iry(w)dw = /7; 9(w, 0)f(w, bp)dw (2.20)

T—oo Jop -

untformly in 0 € © and Oy N O is not empty. Write

éT,y(g) = arg min{ /r 9w, ) ry(w)dw : 0 € @} , (2.21)

-7

éT,x(g) = arg min{ /« 9w, NIrx(w)dw : 0 € @} . (2.22)
If
br.y(g) = 0o, (2.23)
then
Or,x(g) — o . (2.24)

Remark on Theorem 2.3. Condition (2.20) will be discussed for the case
where g(w, ) = f~'(w, 0) in Theorem 3.11 of Chapter 3. Condition (2.23)
is a natural requirement for parameter estimation. Again, by the property of
smoothed periodograms, the Gaussianity of the underlying process is not neces-

sary here.

We shall give the proof of Theorem 2.3 in Section 2.4.

2.3 Robustness of Estimators of H

In this section, as an application of the method we use for deriving Theorem 2.1,
we study the robustness of various estimators for the Hurst index H. We are

concerned with the case where the underlying series satisfies
| = |cov( Y, Yigr )| ~ const |[k|*#~2 | as |k| = oo .

and (2.2)
F(, 0) ~ Lo(1/)|l® a5 w =5 0.,
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where 0 < o) = 2H — 1 < 1 and Lg(w) varies slowly at infinity and H is one of

the components of the vector parameter 6.

The reason for this is that it has been noticed recently (Robinson, 1994b)
that when the parametric form of f(w,) is misspecified, some highly desirable
properties, such as T''/?-consistency and asymptotic normality, of estimators will,
in general, fail. In particular, misspecification of f(w, ) at high frequencies can

lead to an inconsistent estimate of H, which characterizes low frequency behaviour

(Robinson, 1994a).

To overcome such criticisms attention has recently been given to stationary
processes whose spectral densities satisfy (2.2). For some purposes, Lg(w) in (2.2)

can be of unknown form, for others, we require
Ly(w) = GM(w) (2.25)

where G > 0 is one component of § and M(w) is a known function. Because (2.2)
and (2.25) make no parametric assumption about f outside a neighbourhood of

the origin, the models satisfying (2.2) or (2.25) are called semiparametric models.

Semiparametric estimators of H in (2.2) or (2.25) have been proposed which
can be justified as consistent in the absence of full parametric or other global
assumptions on f(w, ). For example Geweke and Porter-Hudak (1983) have de-
fined a semiparametric estimate for H. Robinson (1992) has established desirable

asymptotic properties of modified and more efficient versions of this estimate.

Robinson (1994a) suggested an estimator for H, which, unlike the estimators
of Geweke and Porter-Hudak (1983), is not defined in closed form, but dominates
these estimators in several respects. It is asymptotically more efficient. Much
weaker assumptions than Gaussianity are imposed. The estimator had been sug-

gested earlier by Kiinsch (1987), and can be described as follows:
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Consider the objective function (see Kiinsch, 1987)

2H-1

i { log (G 2H 1) + ""jG Ity (w; )} , (2.26)

J:

Qry(G,H) =

1
m

[

where Iry is defined by (2.3), G is given by (2.25) and
L i=1,2,...,m, (2.27)

where m = m(T") will be described shortly. The estimator (GT,y , ﬁT,y) is defined
by minimizing (2.26)

(Gry , Hry) = argmin{Qry(G, H) : (G,H) €0}, (2.28)

where © = (0, c0) X [d, 2], 81 and §; are numbers chosen such that 0 < §; <
d, < 1. We can choose §; and &, arbitrarily close to 0 and 1 respectively, or
we can choose them to reflect weak knowledge about Hy, for example, §; = % if
we are confident that f(w, ) -0 as w — 0. We shall show in Theorem 2.4
that (Gry , Hry) is robust against a small trend { k; } satisfying (2.11) for some
0<p<l.

THEOREM 2.4 Let { X;}, {Y:} and {h: } be given by (2.1) and the spectral
density f(w, 0) satisfy (2.25). Assume further that

| he| < const |t|7#, ﬁ+H>%. (2.29)
Write
1 (4)2'H_1
Orx(@ 1) = =5~ Liog (Guy) + S Inxten) |, 230
i=1
1™ ng_l
Q@ 1) = =5 {log(Gu) + Syl |, (231
=1
where m = [log T'], [-] denote integer part. Then,
E|T% (Qrx(G, H) — Qry(G, H)) |2 —0,asT — 0. (2.32)
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Remark on Theorem 2.4. If we use m(7T") = T to replace m(T) = [logT'] in
(2.30) and (2.31) then for suitably chosen 7, (2.32) still holds.

The proof of Theorem 2.4 will be given in Section 2.4.

Another statistic to deal with inference on H in the case of (2.2) or (2.25) is
based on the discretely averaged periodogram, where the averaging is done over a
neighbourhood of the origin which slowly degenerates to zero as the sample size
T increases (see Robinson, 1994b). A suitable normalized version of the averaged
periodogram is well known to converge in probability to the spectrum at the origin

under weak dependence conditions (see, for example, Brillinger, 1975, Chapter 6).

The procedure for estimating H from a sample {Y; : ¢t =1, 2, ..., T} is as
follows:
Write
A
FO\) = / Flw, 8) dw, (2.33)
0
and
) o [TA/(27)]
FT,y(A) = —7—1- Z IT,y(wj) . (2.34)
7=1

Then FT,y()\) is the discretely averaged periodogram and is a special case of the

general class of weighted periodogram spectrum estimates. That is, under some

conditions, X
Fry(Am) p
FOu) — 1, a8 T - 0,
where A\, = 2’{,,—’", P denotes the convergence in probability and m satisfies
1 m
CONDITION B. -—-+T—->O,asT—>oo.
m

The estimator of H suggested by Robinson (1994b) is

log{ Fry (gm)/ Fry(Am)}

Hyo=1-
4 2log g

(2.35)

for any g > 0, where m satisfies Condition B. Because Iflm,q = I?[mq,l/q, we can

restrict ¢ to the interval (0, 1). H, ,q nearly always lies in the stationary region
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(—o0, 1); it cannot exceed 1 and it equals 1 only if FT,y(qz\m) = FT,y()\m). I:Im,q
is scale and location invariant due to the ratio in the numerator of (2.35) and the
invariance of F' to location. We shall show in Theorem 2.6 that ﬂm,q is robust

against the small trend { A, }.

Theorem 2.6 is based on Robinson’s Theorem 1 (Robinson, 1994b). We give

Robinson’s result and relevant conditions first.

CONDITION A. For some H € (0, 1), as w — 0,
flw) ~ L(1jw) w7,

|v(t)] ~ const |t|*H2.

CONDITION B. %Jr%l--m,as:r—mo.
CONDITION B'. m(T) = [log T] .

CONDITION C. Y; has the representation

Yi=p+) aje;, Y ai< oo, (2.36)
j=0

i=0
where
Cl. E(ewcs) =0, t#s;

oct,if r=s>t=u,

C2. E(erescien)=
0, fr=s>t>u,orr>s=t>u,orr>s8s>t>u;

C3. there exists a nonnegative random variable € such that, for all > 0 and
some K > 0,

E(e*) < oo, P(les] >n) < KP(e>n);

Ca. LT E(e2le?, s <t) 2 o%, as T — oo.

Condition C is satisfied if { ; } is an i.i.d. sequence with finite variance, or, more
generally, if the &; forms a stationary square integrable martingale difference

sequence.
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THEOREM 2.5 (Robinson, 1994b) Let Conditions A, B and C hold. Then,

Fry(Am) p
FOw) — 1, asT — . (2.37)

Our main result on the robustness of I:Im,q is the following theorem:

THEOREM 2.6 Let{ X}, {Y:} and { h: } be given by (2.1). Assume the spec-
tral density f(w, 0) satisfies (2.25), where M(w) is bounded in a neighbourhood
of zero, and { hy } satisfies

|hi| < const |t , B+ H>1. (2.38)
Write
) o [TM(@0)]
Frx(\) =7 2. Irx(w) (2.39)
=1

and FA’T,y(/\) is defined by (2.34). Then, under Conditions A, B' and C, for any

q € (0, 1) we have

Prx(m) P, (2.40)
Fry(Am)

and

Frx(ghm
Frx(adn) o, (2.41)
Fry(gin)

Remark on Theorem 2.6. We can change m(T') in Condition B’ to Condition
B”:

CONDITION B”.

m = T
with
'{>1+22§:11 A , 0<H<!;
_ >R BB B
T = 9 {<1+,§H:11 , H+p8<1 Lol
| <1+ 5L, H4p>1 T
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H H+p<1 H+p>1

T >1+11_"22f1 T>1—L—1:2If{

~—
()
-

N =
——

(3 1) | r<l+i5g 7'<1_1—_2)1LLII

Condition B” can be put in the following table:

Due to Theorem 2.4 and Theorem 2.6 we get robustness of (Gry , Hry) and

A

H,, 4 as follows:

COROLLARY 2.7 Assume that { X}, {Y:} and { h:} satisfy the conditions
of Theorem 2.4. Let (CA;T,X, ﬁT,X) be defined by (2.28) with { X:} replacing
{Y;}. If, as T — oo,

(Gry , Hry) = (Go, Hy), (2.42)
then,
(Grx , Hrx) == (Go, Ho) . (2.43)

For the detailed conditions under which (2.42) holds see Robinson (1994a). We
shall give the proof of Corollary 2.7 in Section 2.4.

COROLLARY 2.8 Assume that { X:}, {Y:} and { h: } satisfy the conditions
of Theorem 2.6. Then under conditions of A, B' and C, or, A, B" and C we have

| Hig(X) = g (Y)| 20, as T — o0 (2.44)
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The proof of Corollary 2.8 follows immediately from Theorem 2.6.

2.4 Proofs

2.4.1 Proof of Theorem 2.1

We shall establish Theorem 2.1 by showing that as N — oo,

1 [T 2
Elr_pa / 9(w,0) (I x(w) = Iry(w)) dw| — 0. (2.45)
We have
2
ITX(W) _ ITY( { —itw e—ztw }
t=1
- 2 T 2
_ —-ztw _ —ttw
= o= { t; (Y; + hy) ;YZe }
T
= 57 2 2 (Yeha o Yohy o+ hohy)e 07
27T s=1t=1
and

T T
E Z(Y;‘hs + Y;ht + hsht)gt—s

s=1 t=1

'/;:.g(wae) (It x(w) — ITy(w -1

the g:’s being the Fourier coeflicients of g(w,8).

In order to complete the proof of (2.45), it is sufficient to show that as N — oo,

2

T T
E|T72 33 Yihogios| — 0, (2.46)

and

T T
T=5 3% hohigis — 0. (2.47)

To deal with (2.46) we write

T t-1

T T
Zznhsgt -8 ZY;thO'*'ZZY; sgt—- +Z Z Y; st—s -

s=1t=1 t=2 s=1 t=1 s=it+1
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Using the inequality |a + b|?> < 2(|a|? + [b}?), we have

T T 2
1 1
E (T—§ E E Y}hsgt_s) T (29 Sl + 4(52 + 53)) (248)
s=1t=1

where

t—1

T 2 T 2 T-1 T 2
51=E(zmt) , 32=E(zzmsgt_s) , 53=E(z > Ythsgt-s)
t=1 t=2

=2 s=1 t=1 s=it+1

and (2.46) holds if T1S; - 0as T — o0, i =1, 2, 3.

Now
T T t-1

T
ZZE Y,Y)hsh, = ’Yozh2+2ZZ’)’t shohy
s=1

t=1 t=2 s=1
and T'S°F  h? 5 0 as T — oo since § > 0 . In the case of SRD*,
T t-1 T oo
T | Yemshshe | ST R | (2C1) | 7s]) — O,
t=2 s=1 t=1 s=1
while if Condition (B) is satisfied,

t— T t-1

T
T3S [imshohe | < C2C, T3 (¢ — )t Ps™F
t=2

1
=2 s=1 t=2 s=1

and as T — oo,
t—1
S (t—s)"s™ ~/ —agBds m 1 PB(1 — 1= B),  (2.49)

(B denoting the beta function) so that, since a + 26 > 1,
T t-1

hmT IZZ|%_hht|—O

t=1 s=1

also holds and thus 7715, -+ 0as T — oo .

Next, writing
=Y hsgis, (2.50)
s=1

we have

T 2 T T
=E (ZYM) =D moscsc
=2

t=2 s=2
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and, in the rest of this section, using C' to denote a constant which may be
different in different equations,

t—1 t—-1
lee] D 1hegies | SC Y s7P(t—s)" <C’Zs (t—s)"* (2.51)

s=1 s=1

for any 0 < § < 1 so chosen that 8+ & > 1, 20 + a + 26 > 3, and, as in (2.49),

t—-1
S5t —s)P ~ 7 PB(1-4,1-P) (2.52)
s=1
as t = oo. Thus, if
T T
T3S s |02 427578 — 0, (2.53)

t=1 s=1

we have T71S; -2 0as T — o0 .

In the case of SRD*, (2.53) holds since S+ 6 > 1 and

(2

T )
Do 1re-s 18P <23 s | < o0
s=1

s=0

On the other hand, if (B) is satisfied we use

Zzl,yt_slsl —5— ﬁtl —6— ﬁ_,), ZtZ(l —6— ﬁ)+2ZZI7t sltl 6——ﬁ 1-56—-p8

s=1t=1 t=2 s=1
and T~ 2T | #2(1-6-8) _, ( while
T t-1
T—IEZI,Yt sltl 5ﬁ1 6ﬁ<02T—12t1 JBE aSl—S—ﬁ
t=2 s=1

T
<OTY 2B

t=1

as T' — oo since 2(8 + d) + o > 3 and hence (2.53) holds and 7715, — 0 as

T = .

Finally, writing

T
= Y. hygi-s, (2.54)
s=t+1
we have
T-1 2 11741
ngE(ZY;dt) :Z Ve-s ds dy
t=1 t=1 s=1
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and

T T
[de| < D |hogres | SC D> s7P(s =)< CtPlogT (2.55)

s=t+1 s=t+1
so that T~1S3 — 0 provided

T T
logT)*D D s |sPtP — 0 (2.56)
t=1 s=1

as T — oo.

In the case of SRD*, (2.56) holds since

EI% s|s” ﬂ<22|7s|<oo

s=0
and YL t7% ~ (1 = B)'T* P as T — oo . Also, if (B) is satisfied we use
t-1

T T T
Z I'Yt—s IS—ﬁ t—ﬁ =% Zt—zﬂ + 2 Z Z l'Yt-—s l's_ﬁt—ﬁ

1s=1 t=1 t=2 s=1

T t—1 T
C {Tl—” + It (- s)-as—ﬁ} <C {THﬁ +3 tl‘“‘”}

t=1 s=1 t=1
< C T2—a—2ﬁ

M=

INA

in view of (2.49) and hence (2.56) holds since e + 28 > 1 . This completes the
proof of (2.46).

We now proceed to establish (2.47). We have

T T
T-3 Z Ehs higi—s = T—%(gosl; + S5 + Se)

s=1t=1

where
T T-1 T T t-1
S4=Zh3> 55=Z Z thsgi-s SG—Zthh Gt—s
t=1 t=1 s=t t=2 s=1

and (2.47) holds if T=25; = 0, j=4,5,6, as T — .
Since : <8< 1,as T — o0,
T
S, <C / =24t = QT2
1
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and T—3S; — 0. Also, using (2.54) and (2.55),

T-1
<CY h|tPlogT <CT *logT

| Ss| =

T-1
> hudy
t=1

and 7785 — 0 . Finally, using (2.50) and (2.52) where & is now chosen so that
0<é<land28+é6>2%,

~

t15ﬂ<CT2 —28-6

M'ﬂ

| Se | =

2 e

t=2

t=2

and T—25¢ — 0 . This completes the proof of (2.47) and hence of Theorem 2.1.

2.4.2 Proof of Theorem 2.3

If éT,X does not converge to 0y there is a subsequence converging to §; € 0,

0, # 0. Call this subsequence O(X), where {M} is a subsequence of { N =

1, 2,, ..., }. Then by the definition of @M(X), (2.20) and Theorem 2.2 we have
lim inf / (X)) Ing.x (w) dw < hmmf/ (w, 0)Ins x(w) dw
= Jm [ " g(w, 0) Iy (w) dw = /_ 9w, 0)f(w, 0o) do (2.57)

for any 8 € ©. On the other hand,

l}&ri)io%f . g(w, O (X)) I x(w) dw > liNIILi;}f . g(w, ON(X))IN x(w) dw

= [ 9w, 02)f(w, o) dw.

-7

Since ©p N O is not empty we can choose 8; € Og N O such that

I 9, 05, to)do < [ gle, 02)f(e, o)

- -7

which contradicts (2.57). This proves Theorem 2.3.
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2.4.3 Proof of Theorem 2.4

By (2.30) and (2.31) we have

T%(Qrx(G, H) - Qry(G, H)) %i D7 () — Irv(e)
= Tlﬂiwﬂf I—I—XT: (ReYs + hoYy + hihy) €7 (70 <

h Gm T 2 ! !
i 2 ZT:(hY+hY;+ht wa i (=9 us

2rGm 2 r

When m = [logT'] and 8+ H > 3/2 we have

T1/2 Z htY Zwl’H 1 —z (t—s) wj

t,s=1

= 2 hth Z w2H 1y H“l Z EYu )/vei(t—u)wj—i(s—v)wk

2
Tm t,5=1 k=1 wu=1

hIwalleMu—v

t s=1 Jk=1 u,v=1

C oo [ <
TmZT ( —

A 2H-2
= T —u)u*"~
> (7) S
O mAH-21-26+2-4H+2H

IN

= C(logT)*H 2132026 0, as T — o0,

and

Z |hth |Zw2H 1

t,s=1

T1/2

T1/2 Z hth Zw2H 1 —z (t—s) wj

t,s=1

1 2-25 M H

2H-15/2-26~2H
T1/2 m T2H-1

=m —0,asT — 0.

This finishes the proof of Theorem 2.4.
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2.4.4 Proof of Theorem 2.6

We notice first that for any A € (0, 27),

. 1 [Txf2n] T . .
FT,X(/\) — ﬁ z Z Xthel(t—s))\J

j=1 t,s=1
1 (Tx/2n] T ' )
= 75 2 2 (Yt h)(Ye+hy) eV

j=1 t,s=1
1 [T)\/27r] n .
- T2 Z Z {YiY, + hiYs + h,Y: + hihs} eit=9)X;

=1 t,s=1

Fry(A) + I(N) + II(\) + ITI()),

say, in an obvious notation. Thus

ﬁ;T, x(N) _, N I+ 1IN + 11I(2)

A

FT, Y(/\) Fn, Y()‘)

So in order to establish Theorem 2.6 it is sufficient to show that as T — oo,

0w 0w [0
< . = a —
Fry(Am) Fry(Am) Fry(Am)

We consider I(An)/Fry(Am) first. Since as T' — oo, from Theorem 2.5 (2.37),

—0 . (2.58)

Fry(Am) p
———F()\m) -1,

[(N)m  1(Am) F(Am)
Fry(Om)  FOm) Fry(Am)

If we can show that

A T .
I(Am) 1 > Y, et=9% B ¢
1t¢, s=1

F(Am)  T2F(\m) 2

J=
then the first term in (2.58) goes to zero in probability. Under Condition A and
(2.25) and we have

F(An) = /OA"‘ f(w)dw ~ CAZ2H

o et

40



T
I) = T2Z S Y, et

7=1t, s=1
1 T

= TzEYé(ZZhe'“ s’*) ,

t=1 j=1

and
T m
E|IOn) 1 = = Z v(u —v) (Z hyeit=u) )(Zzhse-i(s-u)xk>
T u, v=1 t=1j=1 s=1 k=1
T m
< | Ay (ZZlhtlm)
U, v=1 t=1j=l
~ CTT 7228 i y(u—v) |~ Cm LM ope- 2,82 y2H-2
u, v=1

C'm? T2-28 o T24+2H-2 _ (7 2 2H =252
T4 )

Thus under Condition B,

I(w) |°

2m2H-23-2
FOu) Cm'T (T

~ C(logT)*H-2T6H=6-26 _,0 asT — 0.

2(2H-2)

So the first term in (2.58) goes to zero in probability. By the same argument, the
second term in (2.58) goes to zero in probability as T — co. To deal with the
third term in (2.58) we notice that

III(\) 2H-2
- hih, i(t—s)A; ( )
Fr,y(}) T t,zszl t Z ’ r

C T 2H-2
< Tzzlhht'M(T)

s,t=1
= Cm 2H- 1T2—2H

% _50,asT — o0
by (2.38) and Condition B’. This finishes the proof of Theorem 2.6.
If Conditions A, B’ and C of Theorem 2.6 are replaced by Conditions A,

B” and C it can be shown by the same argument used here that the results of

Theorem 2.6 still hold.
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2.4.5 Proof of Corollary 2.7

Clearly we can write

Hry = arg min Rry(H),

where
N 1 ™
Rry(H) = log Gry(H) - (2H — DE Zlog wj
». 12
GT,y(H) = — ijIT,y(wj) .
mi5
Since

Grx(H) — Gry(H) = ;};i P (I x(wi) — Iny (wi)

2

IGTX(H) Gry(H ’

m T
z 2 (heYy +h,Y;+ hihy)et -2 i
j=1 2 T; t=1

It is easy to see that, under condition (2.29), as T" — oo,

2
1 & one1 o i(t-s)w; 1 & on v
ngwj Z h:hse < mT;wj Z'htl

s,t=1 t=1

1 2H

~ — TTn;H—l T2-28 — 0 T2-2H-28 __,

and
2

E

1 iw2H—1 1 ZT: h.Y.e i(t—s)w;j
mi4 d 2n T 5=, e

1
. mZ T J»%:l

1 2H
™~ m2 T2 T2(H-1)

Hence, Grx(H) — Gry(H) 5 0. Therefore, as log z is a monotonic and contin-

2
w2H 1, 2H 1(2”%) Z |v(u — )|

uv_

3

T2 2ﬁT2H Cm4H 2T2 —2H-2p3 —50.

uous function,
FIT'X — fIT,y L
Thus by (2.42)
(Grx , Hrx L4 (Go, Hy) .

This ends the proof of Corollary 2.7
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Chapter 3

SOME ASYMPTOTIC PROPERTIES OF THE
SAMPLE MEAN AND SAMPLE
COVARIANCE OF LONG RANGE
DEPENDENT SERIES

3.1 Introduction

A stationary Gaussian time series is described completely by its mean and covari-
ance function. If the series is not Gaussian these quantities are also of importance
although they will generally not determine the process uniquely. In this chap-
ter we study the properties of estimators of these quantities. We are concerned
with the limits of the sample mean, sample covariance and the problem of testing
the mean of a class of time series which is characterized by the behaviour of its

spectral density near the origin of the form
flw) ~ LA/w)|w|*2H Jasw = 0. (3.1)

Here, as in Chapter 2, L(w) is a slowly varying function at infinity, while the
Hurst index H satisfies 0 < H < 1. When 1/2 < H < 1, the series exhibits LRD.

Modern analysis of time series has been characterized by attempts to relax the

“independent” part of the i.i.d. assumption. It is well known that a great number
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of limit theorems, which in the classical approach were always studied under
the assumption that the underlying random variables were independent, continue
to hold under certain dependence structures. Independence is not necessary.
On the other hand, as dependence becomes stronger, at a certain point new
phenomena arise. One is then led to ask: how much dependence, qualitatively
and quantitatively, is allowed for the classical limit results to hold, and what are
the results when dependence becomes stronger. It is the aim of this chapter to
extend the limiting theorems for the sample mean (Section 3.2), sample covariance

(Section 3.3) and some quadratic forms (Section 3.4) to LRD series.

When the spectral density of a time series satisfies (3.1), we make use of
the well known fact that a stationary (in the wide sense) process is a process of
moving averages if and only if its spectral distribution is absolutely continuous,
(see, for example, Doob, 1953, p. 499), and we assume the series we are interested

in is a linear process

Y;: i bt—uEu (32)

V=00

where

> bti<oo, E& =0, B6E. =6, . (3.3)

j=—o0

Here 6, is the Kronecker symbol. The Wold Decomposition Theorem suggests

the generality of such a formulation.

If the innovations in non-explosive AR, MA or ARMA models form i.i.d. se-
quences the asymptotic normality of parametric or non-parametric estimators can
be proved. Also, when the innovations in (3.2) are i.i.d. or martingale differences,
the series allows the central limit theorem (CLT) to be established with the same
rate of convergence as in the case of i.i.d. data, if the weights in (3.2) decay fast
enough (see Moran, 1943, with many subsequent citations). In such schemes the
innovations need not actually be strictly stationary. So both aspects of the i.i.d.
assumption are relaxed. Many alternative general schemes of characterizing serial

dependence are available. We will discuss them in more detail in Section 3.2.
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In Section 3.2 we are concerned with the laws of large numbers and the CLT
for the partial sums of {Y; } satisfying (3.2) and (3.3) in the presence of LRD.
The ordinary CLT holds under modest conditions for the partial sums when the
summands are weakly dependent. There is weak dependence when the summands
satisfy a suitable mixing condition, a martingale type condition, are moving aver-
ages with adequately chosen weights or satisfy various special dependence struc-
tures. When the weights decay to zero but not fast enough to allow the covariance
sequence of the series to be summable the dependence of the series becomes too
strong for the usual CLT to hold for general orthogonal innovations. We will give
conditions on the weights and the innovations under which the CLT holds for the

partial sums.

A great deal of time series analysis is based upon quadratic functions of the
data. In particular, many inferential results relate to theorems concerning the
sample covariance 47(t) = T~ LI X(Y; — EY;) (Yot — EYayt), Vi, ..., Y7 being
a sample of T' consecutive observations on some process {Y;}. Much of the
statistical literature on stationary time series has been concerned with studying
the asymptotic behaviour of 4r(¢). It is well known that, under certain classical
conditions on process {Y; }, a strong law of large numbers holds for 47(t) (see,
for example, Hannan, 1970, Chapter IV). It has been shown that, using limit
theorems for martingales, the scope of the classical inferential theory can be

appreciably widened in a natural way (see, for example, Hannan and Heyde,

1972).

It is of great importance for 47 (t)’s to converge to their true values uniformly
in ¢, because many statistics are concerned with the use of the covariance matrix
of the underlying process. Theorems relating the almost sure uniform conver-
gence of the sample covariance function to its true value have been considered
in the circumstances of SRD (see, for example, Hannan, 1974; An, Chen and

Hannan, 1982). In Section 3.3 we will prove that under very general conditions,
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the convergence of 47(t) to (¢), uniformly in ¢, holds for linear processes with

LRD.

Often a non-stationary time series { X;} can be distinguished as a series

having trend in the mean
Xt=Y2+mt,t=0,1,..., (3.4)

where {Y; } is a stationary process with mean zero and {m;} is a determinis-
tic trend. Then {m; } is the mean function of { X;}. Various parametric and
non-parametric tests have been suggested by various authors for testing different
hypotheses regarding { m: } (m: = m for all ¢, or m; is a monotonic function of ¢
etc.), see, for example, Grenander and Rosenblatt (1957), Parthasarathy (1961),
Sen (1965) and Subba Rao (1968).

In Section 3.4 we are concerned with the testing of mean of a series of form
(3.4), where {Y; } satisfies (3.2) and (3.3). The problem of testing the mean

function

H(): mt:0,t=0,1,... (35)

has been formally solved by Grenander and Rosenblatt (1957) in the case when
the process { Y; } is Gaussian and a simple hypothesis (3.5) is being tested against
a simple alternative. When {Y;} is of the form of (3.2) and (3.3), where {¢, }
is an i.i.d. sequence and {Y; } is a short range dependent series, in other words,

o2 oo |bj| < 00, Parthasarathy (1961) has formally solved the problem of testing
the null hypothesis (3.5) against all alternatives which satisfy certain conditions.
This will be discussed in more detail in Section 3.4 where we deal with the same

testing problem in the more general case where {Y; } may exhibit LRD.
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3.2 Asymptotic Distribution of Partial Sums
from Linear Processes with Long Range

Dependence

In this section we discuss the asymptotic properties of large sample inference for
means in certain models in the presence of LRD. The focus is on the asymptotic
distribution of the sample mean. Let { X; } be a stationary time series with mean
EX; = m and the spectral density of { X; } exists. Then { X; } can be described

as

where {Y; } is given by (3.2) and (3.3):

Yi= Y bib, 3 bi<oo, EE, =0, BEE =6, .

v=-—00 j=—00

We assume further that

Iv(®)] = |E(X, — m)(Xopt — m)| ~ const |t ast — oo . (3.7)
For the observations { X, ..., X1} let the sample mean of the observations be
defined as
1T
ThT == T—ZXt . (3.8)
t=1

When Y22 |b;| < oo, therefore 322 |y(t)| < oo, rar usually has very nice
properties. For example, under various regularity conditions /T (mr — m) is
asymptotically normal with mean zero and variance }v(¢). When Y |b;| = oo,
{ X; } is LRD, ry is still a good estimator for m. First of all, in spite of the slowly
decaying covariance function: |y(t)] ~ const [t|?#~2, ir does not lose much
efficiency compared to the best linear unbiased estimator (BLUE). (To calculate
the BLUE one would have to know or estimate all covariances.) An explicit

formula for the asymptotic efficiency (given by the ratio of the two asymptotic
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variances) was derived by Adenstedt (1974)

m(2H — 1)H
3/2—H, 3/2—H)smn(H—1/2) '

eff(rr , mpLuE) = B

Numerically this is above 0.98 for H € [1/2,1]. (Beran and Kinsch, 1985;
Samarov and Taqqu, 1988.) For most practical purposes, an efficiency loss of 2%
does not matter so that the sample mean is not only much easier to calculate but

also a sufficiently accurate estimator of m.

Because of the properties mentioned above, mr is widely used for inference on
m. It is of importance to investigate the asymptotic properties of it , particularly
the asymptotic normality of mr. In Theorems 3.1 and 3.3 we summarize the
well known large sample results of 7. For completeness we give the proof of
these results in this thesis although they have been mentioned in a great deal of

literature without proof.

THEOREM 3.1 For a stationary series { X; } given by (3.6) and (8.7),

Emr = m, (3.9)
Var(tag) ~ const T*H~2  asT — o . (3.10)

Therefore, i is an unbiased asymptotically consistent estimator for m.

Proof of Theorem 3.1. In the following we use C to denote a generic constant,

which may differ in different equations.

Since { X; } is stationary, we immediately have the following equations:

1 T
Etag = TZEthm.

t=1

T 2 T
Var(rir) = E (—%,— > (X — m)) = %5 YAt —s)

s,t=1
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This finishes the proof of Theorem 3.1.

From Theorem 3.1 we know that the law of large numbers holds for mr, i.e.
r > m as T — 0o. We have further that the strong law of large numbers for
mr holds for certain series with LRD. Before we state the strong law of large

numbers for 7 we need the following

LEMMA 3.2 Let {Y;} be a stationary series with EY; =0. Then
Yr = T-'SL, Y, converges with probability one to zero if there are constants
K >0, a >0, such that

VarYr < K T~ . (3.11)

The proof of Lemma 3.2 can be found in Hannan (1970), page 206.

THEOREM 3.3 Let { X;} be as in Theorem 3.1, where 0 < H < 1. Then with
probability one,

mr—m,asT — oo . (3.12)

Proof of Theorem 3.3. Theorem 3.3 follows immediately from Theorem 3.1

and Lemma 3.2.

For the CLT for my, without loss of generality we need only to consider the
CLT for the partial sums of a random sequence { X; } with mean zero. Many
papers have been concerned with the partial sums, after appropriate norming
and centering, of a random sequence { X; }. For example, Bernstein and Lévy

(1935) discussed what was later referred to as the martingale condition
EXe | X;: j<k—-1)=0 (3.13)

in this context. Doob (1953) and many others have developed an extensive set of

theoretical results based on martingale conditions. When a condition like (3.13)
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is not satisfied a strong version of mixing conditions (stronger than those typi-
cally employed in ergodic theory) has been introduced as sufficient conditions for
asymptotic normality. Kolmogorov and Rozanov (1960) showed that a sufficient
condition for a stationary Gaussian process to be strong mixing is that it have
an absolutely continuous spectrum with a positive continuous spectral density

function.

A variation of this type of result given by Sun (1963, 1965) leads towards the
literature on limit theory for functions of strongly dependent Gaussian processes.
Sun (1965) assumed

X, = H(u) , (3.14).

where H(u) is a possibly non-linear function such that EH(u;) = 0, EH (u;)? <
0o, and { u; } is a zero mean, unit variance stationary Gaussian process such that

v(j) = E(usueq;) satisfies the condition

T-1
> y()? < oo, lim 1 > (T = [t])7(¢) exists and is finite. (3.15)
3 Tooo T fmmT 41

Then TY/?#r is asymptotically normal with mean zero and finite variance. Breuer

and Major (1983) replaced (3.15) by the condition
2 0G)F < oo (3.16)
i

when H(u) admits the Hermite expansion

H(w) = 3 <1 Hi(w) , C; = EH(u)Hj(w)

=07
where H;(u) is the jth Hermite polynomial with leading coefficient one and k =
inf{j : C; # 0}. Ho and Sun (1987) extended Breuer and Major’s (1983) work

to the non-instantaneous filter
Xt = H(ut_i.tl g ey ut+td) . (3.17)

Such results indicate that even if the underlying process { u; } has strong auto-

correlation, some non-linear function (3.14) or (3.17) may satisfy the CLT with
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T-'/2? norming. However, linear functions of u, or non-linear ones with k£ = 1, do
not satisfy conditions (3.15) or (3.16), and moreover, nor do non-linear functions
with & > 1 if the autocorrelation is strong enough. An early counter exam-
ple to the CLT was provided by Rosenblatt (1961), in the case X; = u? — 1
with cov(X; , X14;) ~ const |j|?#~2, where H is the Hurst index and satisfies

3/4 < H < 1; here T**# 1 has a non-normal limit distribution.

Taqqu (1975) considerably generalized Rosenblatt’s result, and indicated how
limiting normality, as well as non-normality, can hold when the usual CLT does

not.

A natural generalization of Hermite polynomials to non-normal distributions
is provided by the Appell polynomials A;(z). The Appell polynomials have been
used by Giraitis and Surgailis (1986) in developing limit theory not only for
non-linear functions of linear processes but also for more general processes, and
for multivariate situations. This theory tends towards a generalization of the
results described above. Invariance principles for the case of non-stationary as
well as stationary X; generated by linear and mixing processes have been given

by Akonom and Gourieroux (1987), Silveira (1991).

An alternative line of research extends the usual CLT with 7~/2 norming in
case X; = Y;, where V; is given by (3.2) and (3.3), but not necessarily being a
Gaussian process. The CLT has been given for the case when {¢, } is an i.i.d.
sequence, or a sequence of stationary and non-stationary martingale differences

{ &, } with the restriction that

2v(t) =323 bibjak < oo (3.18)

However, strong autocorrelation in Y; entails a relaxation of (3.18). Ibragimov
and Linnik (1971) established the CLT for the generalized linear processes with

the restriction that the innovations are 1.i.d. sequences. In detail, write
St = +Yo+---+Yr, (3.19)
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0% = Var(Yi+ Yo +---+Yy), (3.20)
and assume that {{, } in (3.2) is an i.i.d sequence, and as T' — oo,
0% = Var(St) = Z(bj_l + o+ bj7)? — o0, (3.21)
J
where the rate of increase can be arbitrarily slow. Then

o7'Sr -2 N(0, 1) . (3.22)

Existing extensions of Ibragimov and Linnik’s (1971) result have been in sev-
eral directions. Davydov (1970) and Gorodetskii (1977) established invariance
principles in Ibragimov and Linnik’s (1971) setting. Surgailis (1981, 1983) inves-
tigated a sliding average process

k
Xpe= > be—jéj , k=0, %1, £2,---. (3.23)
j=—o00
Here {£, } is an i.i.d. sequence of random variable with mean zero and variance
one and finite moments of any order. For a function H(u) being possibly non-
linear such that FH(Xy) = 0, E(H(X)?) < oo, under certain conditions the
partial sums of H(X}) satisfy an invariance principle in that, suitably normalized

and centred, the partial sums of { H(X}) } converge to a self-similar process.

In the following, we are concerned with the asymptotic distribution of o7'Sr
for a generalized linear process {Y; } in the case where the innovation {¢, } is
not assumed to be an i.i.d. sequence, and the weights of (3.2) are not summable,

so the process {Y; } may be LRD. The idea of our result follows.
When { ¢, } satisfies E¢,€, = 6,,,, we have

o3 = Z (bg—1 + b2+ -+ + bk—T)2 = Z bz,T
k=—oc0

k=—o00

where

bt =bg—1+ -+ br—1 . (3.24)
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Writing

and assuming

(3.25)

CONDITION A. Let a positive constant sequence {€; } and an integer N = N(T)

be chosen such that, as 7 — oo, e; - 04 and

Z GZ,T<5T,T=1,2,...
|k[>N

leads to the following theorem

THEOREM 3.4 Let {Y;} satisfy (3.2) and (3.3), and {¢;} and N =

satisfy Condition A. Assume further that
1. {&, } satisfies

EEE = BEES
for some § > 0, max E|¢,|7 < oo

—o0o<Y<< o0

B(é, | & : p<v)=0.

2. {axr} satisfies
N(T)

lim a’.,. < oo.
T—co kX—:l kT

3. {or} satisfies

lim 0% = 00 .
T—o0

Then, as T — oo,
ort (Vi + Yo+ -+ + Yr) - N(0, 0?)

for some o > 0.

93

N(T)

(3.26)
(3.27)
(3.28)

(3.29)



Remarks on Theorem 3.4.

1. Since 32 _, air = 07’ Cie_oo b = 07°0% = 1, Condition A and Condi-

tion 2 of Theorem 3.4 are reasonable.

2. If {£&} is an i.i.d. sequence and E|{,|**® < oo, then (3.26) and (3.28) are
fulfilled. Condition (3.28) implies that E{,€, = 0, v # p.

3. If
[v(t)] = |EY:Yoys| ~ const [t} 2 Jast —00,0< H< 1,

then ’
03 =Y yt—s)=0(T"™) — 00 ,as T = 0,

s,t=1

therefore Condition 3 holds. Thus the conditions of Theorem 3.4 are very general
for linear processes. In particular, the result of Theorem 3.4 can be used in the

case where the linear processes are LRD.

We will give the proof of Theorem 3.4 in Section 3.5. From Theorem 3.4 we

have the following corollaries:

COROLLARY 3.5 Let {Y;} be a long range dependent stationary series sat-
isfying (3.2)and (3.3), and let the covariance function v(t) of {Y: } satisfy

1
t)| ~ const |t/ 2 ast 00, =< H<1. 3.30
7 2

If the innovation { &} of {Y: } satisfies the conditions of Theorem 3.4, then

1

TH(Y1+“'+YT)

is asymptotically normally distributed.

COROLLARY 3.6 Let
Xt =m-+ Y;
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where {Y; } is a long range dependent stationary series satisfying the conditions
of Corollary 3.5, and write
1 T

mT='T-§:Xt .

Then, as T — oo,

for some o} > 0.

3.3 Asymptotics of Sample Covariance of Linear

Processes with Long Range Dependence

Given the observations {Y; : ¢t = 1,2, ,...,T} one can define the sample

covariance function:

LTt (Y —p) (Yigs—p) , 0<t<T—1,
0 T<t, (3.31)

Ar(t) = ,
yr(—t) , t<o0,

if the mean p of the process is known. If g is unknown an analogue may be
defined by replacing p with the sample mean: fir = T-' Y 1_, Y, in (3.31). For a
series { Y; } given by (3.2) and (3.3) there is a substantial literature concerning the
asymptotic behaviour of 47(t). Much of this has employed the i.i.d. assumption
of the innovations { ¢, } in (3.2) and the convergence of ¥ |b;|. (See, for example,
Anderson, 1958; Hannan, 1970; Davis and Resnick, 1985a, 1985b, 1986. Note that
in Davis and Resnick’s papers, £,’s have infinite variance.) It is well known that
a strong law of large numbers and a central limit theorem hold for 47(¢) under
the conditions mentioned above (see, for example, Hannan, 1970, Chapters 4 and
6), or certain naturally widened conditions on the innovations { ¢, }, such as the
martingale condition, which relaxes the restriction of i.i.d. assumption on {¢, },

or on the process {Y; }, typically an ergodic condition, and the convergence of
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> b?, which corresponds to the case of LRD when 37, b; diverges. (See Hannan
and Heyde, 1972.) In their 1972 paper, Hannan and Heyde derived a strong law of
large numbers for 47 (¢) and a central limit theorem for the sample autocorrelation
pr(t) = 4r(t)/37(0) under the conditions that { ¥; } is ergodic and the innovations
{&,} of {Y;} are such that, for all v, the following hold almost surely

E(fylfy_l) = 0, (332)
E(&|F,-1) = 1. (3.33)

Here F, is the o-field generated by €,, u < v.

Many statistics are concerned with the covariance matrix Xr = (y(j — k)),
1 < j, k < T. Therefore it is of importance to have uniform convergence of 4r(t)

to y(t). If the process {Y; } is ergodic it has been shown that

lim sup |[Ar(¢) —~(t)| =0, as.
t<oo

T—00 —oo<
as T — co. (See, for example, Hannan, 1974.) In this section we shall obtain
a strong law of large numbers for 47(¢) under different conditions on {¢, } and
we do not assume that {Y;} is ergodic. In Theorem 3.7 we are concerned with
relaxing the i.i.d. assumption of {¢, } and we are interested in the case where
LRD may occur. We shall show that 47(t) converges to v(t), uniformly in ¢, in

the mean square sense and with probability one.

THEOREM 3.7 Let {Y;} be given by (3.2) and (3.3), therefore, p = 0 in
(3.31). Assume further that the covariance function v(t) and the fourth moments
of { &} satisfy the following conditions respectively

lv(t)| ~ const [t|* %, as T — oo , where 0 < H < 1, (3.34)

mlfzmx{Eﬁl‘f} < oo, (3.35)
E& u=v=s8=t,

Et&6 = EEEE , u=v>s=t, (3.36)
0, u=v>s>toru>v=s>toru>v>s>t.
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Then
Eyr(t) —v@t))? — 0, as T — oo (3.37)
uniformly in t. If, furthermore, the fourth moments of {Y:} are such that
max ElY,|* < o0, (3.38)
then, as T — oo,
Ar(t) — v(t) — 0 with probability one, (3.39)

uniformly in t.

We give the proof of Theorem 3.7 in Section 3.5

By Theorem 3.7 we can often use 4r(t) to replace y(t) for any fixed ¢ and T

large enough when ~(¢) is unknown.

As an application of Theorem 3.7 let us consider the statistic:

1 T . 1 T-1 .
I — .Y, i(t-s)w _ 2 —itw .
o) = o X VN = o 3 n(0e (3.40)
and form
Br(r) = / " Ir(w)em T (w)dw . (3.41)

Here ¢(w) is a continuous weight function reflecting the relative importance of
the various frequencies. The optimal choice of ¢(w) will depend on the nature of

the spectrum of {Y; }. Write

R(t) = /_1; fw)e " ™ d(w)dw (3.42)

where f(w) is the spectral density of { Y; }. Precisely as in Theorem 2 of Hannan
(1974), it may be shown that

THEOREM 3.8 Under the conditions of Theorem 3.7,
Zli—I)Eo S |RT(T) - R(T)| =0 (3.43)

with probability one and in probability.
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3.4 Testing the Mean of Linear Processes with

Long Range Dependence

In this section we are concerned with the problem of testing the mean function

of a time series. Consider a time series { X; } of the form
Xe=Yi+m,t=1,2, ..., (3.44)

where { Y, } is a stationary process with mean zero and { m, } is the mean function
of { X;}. As a prelude to any times series analysis it would be prudent to first
test the null hypothesis

Hp : m=0, t=1,2,... (3.45)

against all alternatives.

The problem of testing the mean function has been solved in a formal sense by
Grenander and Rosenblatt (1957) in the case when the process {Y; } is Gaussian
and a simple hypothesis (3.45) is being tested against a simple alternative. In
detail, given the observations of a Gaussian process with a sample size N, a like-
lihood ratio test will lead to a test statistic X'S"'X where X' = (X;, ..., Xn),
Y =(v(—k)),1<yj, k<N, and large values of the statistic are significant.
Under Hy, X’S7!X has a x% distribution and it can easily be seen that a test

based on this statistic is consistent against all alternatives for which

lim N7V/?2m'S™'m = oo (3.46)
N—oo
where m’ = (my , ,... , my). (See, for example, Parthasarathy,1961.) Of course

we are assuming here that ¥ is known.

In his 1961 paper, Parthasarathy formally solved the problem of testing the
null hypothesis (3.45) against all the alternatives which satisfy condition (3.46)

when the process { Y; } is a linear process

(e ]

Yi= Z at—-ufu .

V=—00
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Here and in the rest of this section we use a, to replace b, in order for the notation

to be consistent with that of Parthasarathy’s. The proposed test statistic based

on the observations { X;, X3, ..., Xy } is defined as:
1 o~ X
Ty = — / 1S Xee ™2/ f(w)dw (3.47)
47T2 -7 =1

where f(w) is the spectral density of {Y;}. Parthasarathy (1961) derived the
asymptotic normality of v/N(Tn/N — 1) under the conditions that {£,} is an
i.i.d. random sequence and a, = O(v™P), as v — oo, with 8 > 3/2; therefore
> la,| < oo, in other words, {Y; } is SRD. Under the asymptotic normality of
V'N(Tn/N — 1) the test for the null hypothesis of (3.45) is as follows: reject Ho
if and only if

o 'WN (Ty/N =1) > K, , (3.48)

where K, is the a percent point of the standard normal distribution, o is the

variance of the limiting distribution of v/N(Tx/N — 1).

Parthasarathy also proved that when { ¢, } are normally distributed the test

given by the critical region
oY (N)E(Ty/N = 1) > K, (3.49)

is consistent against all alternatives {m; : ¢ =0, 1, 2, ... } which satisfy con-

dition (3.46).

In this section we first show, in Theorem 3.9, that if m; > C ¢~ for some
constant C' > 0 and 0 < a < 1, then (3.46) holds if @ < % in the case of SRD
and a < 2 — H in the case of LRD (which is relevant only when H < 2). Then
we consider the same testing problem (3.45) for the process {Y; } given by (3.2)
and (3.3). In Theorem 3.10 we show the consistency of the test based on (3.49)
against all alternatives satisfying a version of condition (3.46), in which we use

matrix By, defined by (3.50) below, instead of ¥
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The main result of this section is Theorem 3.11. We have seen that the test for
(3.45) and its consistency are based on the asymptotic normality of v/N(Tn/N —
1). In Theorem 3.11 we assume that {£,} is an i.i.d. random sequence with
finite fourth moment, and, instead of the SRD of {Y;}, we assume that the
spectral density of {Y; } satisfies certain conditions, which allow the presence of
both SRD and LRD, therefore relaxing the restrictions given in Parthasarathy’s

(1961) paper. Under our general conditions we will prove that the CLT holds for
Tn.

THEOREM 3.9 Assume that the mean function {m;} in (3.44) satisfies
me>Ct P, t=1,2,...

for some constant C, and 0 < B < 1. Then, (i) in the case of SRD, (3.46)
holds if B < 1. (ii) in the case of LRD, where y(t) ~ const 772, as |t| — oo,
1<H<1, (846) holds if B < 2 — H and H < 2.

The proof of Theorem 3.9 will be given in Section 3.5.

We now introduce some notation. Let {Y; } satisfy (3.2) and (3.3), that is

Y = i ai-€ f: a§<oo , B¢ =0, ELE =6, .
v=—oo j=—oo
Write
N 2 : N Bt
Inx(w) = 5— ;Xteitw o Ivy(w) =55 ;Ytem ;
1) = [ i@, b= [ e,
By = (7(t = 8))te=1,N » By = (b(t — 9))t,s=1,N - (3.50)

Note that Ry and By are N by N Toeplitz matrices with entries y(¢ — s) and

b(t — s) respectively.

Consider the process (3.44), the null hypothesis (3.45) and the test statistic

(3.47). We have a consistency result given by:
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THEOREM 3.10 If the limiting distributions of

W(i Ivw(@) g, 1) (3.51)

2 Jon f(w)
and
N
exist as N — oo, and if
Jim, =l ma] Bl ] = oo, (3.53)

then the test given by the critical region
o' VN (Tx/N = 1) > K, , (3.54)

where K, is the upper a percent point of the limit distribution for (3.51), is

consistent against all alternatives {m; : t =1, ,...} satisfying condition (3.53).

Remarks on Theorem 3.10.
1. The conditions under which (3.51) holds will be given by Theorem 3.11.

2. Regarding condition (3.53), we notice that By is a Toeplitz matrix with the
entries uniformly bounded. Therefore if the trend { m; } is very small, condition

(3.53) may not hold. For example, assume
t]=#, t#0,
my =
0, t=0,

where 2 < 8 < 1, then,

\/J_V—tz mymsb(t — s) | <

~ const N3/*=F — 0
as N — oo. If 1/2 < B <3/4 and f(w) is such that
m< fHw) <M
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for any real w , where m and M are two constants, then by the results of Grenan-
der and Szegd (1958, p. 64, (b)) we know that 0 < > mmb(t —s) — 0 as
N — oco. Thus for a trend {m;} satisfying m; ~ const |t|™® as t — oo, if
B > 3/4,orif 1/2 < B < 3/4 and f~!(w) is bounded on R?!, condition (3.53)
does not hold. If 8 < 1/2, ¥, m? = oo, in this case, we cannot use the result
of Grenander and Szegd (1958) and it is very difficult to estimate the quadratic

Yotsmemsb(t — s). So for 0 < B < 1/2, Condition (3.53 ) is unclear for general
spectral density f(w).

Proof of Theorem 3.10. In order to prove Theorem 3.10, it is sufficient to
show that P(reject Hy | {mt}> —1as N — oo.

Since

P (reject Ho | {m}) = P {@ (% - 1) > K,

_ 4 |Et 1X‘3m”|2
- P{ o (471'2N/ f(w) dw )

and we notice that,

m} |

N
IZX eztwl2 E X Xtez(t w _ Z (Y; + ms) (Y; + mt) ez(t—s)w

8, t=1 s,t=1

Il
"ﬁ*Mz

(Y,Y: + m,Ys + miY, + mymy) =9

1

N
= 2rNIny(w) + Y (mY; + miY, + mym,) €20

s,t=1

then,

. _o[VYN Ivy(w),
P (reject Hol{mt})—P{ ~ (27r @) ) 1

Zm}’}b(t—s)—{- 12N Y mYb(t — )

s,t=1 s,t=1

1
+ 2N s; msmb(t — s)) > Ky | {m:} }
=1

1
4mIN

+
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by (3.51), (3.52) and (3.53), which proves Theorem 3.10.

Now we consider the asymptotic distribution of the test statistic 7. For
the case where {Y; } in (3.44) is a linear process, Parthasarathy (1961) derived
the asymptotic normality of Ty, after suitably norming and centring, under the
conditions that a, = O(v™?), where 8 > 3/2, the spectral density f(w) of {Y;}
satisfies [T (f(w))tezp{itw}dw = O(¢t1), and {§ } is an i.i.d. random se-
quence. Here, the summability of { a, } was of essential importance for the proof
of Parthasarathy’s results. When ¥, |a,| < 0o, {Y; } is SRD. In our case we are
concerned with the situation where {Y; } is LRD. In other words, the summabil-
ity of a,’s is not necessary. The aim of Theorem 3.11 is to show that the CLT

holds for Ty under more general conditions on the moving average coefficients a,

and the spectral density of {Y; }.

THEOREM 3.11 Suppose {Y; } in (8.44) satisfy (3.2) and (3.3) and the spec-
tral density f(w) and the covariance function ¥(t) of {Y: } satisfy

fw) ~ L)|w'™ , asw =0, () ~const *#7% ast — o (3.55)

respectively, where L(w) is slowly varying at w =0, 0 < H < 1 and the innova-
tions { £, } are an i.i.d. random sequence with E€; < oo. Assume further that

one of the two conditions (C1), (C2) is fulfilled

(Cl1) :<H<?E,

4

(C2) fY(w) is absolutely continuous and that the derivative Df~1(w) is equal

almost everywhere to an absolutely continuous function.

Then under the null hypothesis (3.45)
TN d 2
VN (—N— - 1) 25 N(0,0?) (3.56)
as N — oo, where 0 = EE5+1. The proposed test of (3.45) is as follows: Reject
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Hy if and only if
o"'WN (TNJY- - 1) > K,

where K, is the upper a percent point of the normal distribution with mean zero

and variance one.

Remarks on Theorem 3.11.

1. If the moving average coefficients of {Y;} satisfy a, = O(v=?) , the Hurst
index H and the exponential index 3 are related by H = % — . Thus, when
3/4 < f<1,1/2 < H < 3/4. By Theorem 3.11 (under condition C1), the
CLT holds for Tx. Together with Parthasarathy’s results, we conclude that the
asymptotic normality of T holds when either 3/4 < # < 1 or 3/2 < 8. When
1< pB<3/2 wehave 0 < H <1/2. Then {Y;} is a SRD process. If further the

spectral density f(w) satisfies f(w) ~ const |w|'~2H

, as w — 0, or more generally,
if the spectral density of a stationary linear process satisfies f(w) ~ L(w)|w|*~2H,
as w — 0, where L(w) is a slowly varying function at the origin, then f~!(w) ~
LY (w)|w|?®~1. Therefore it is reasonable to assume that f~!(w) is subject to
Dirichlet’s Conditions, (see, for example, Carslaw, 1930, pp. 226 and 269), thus
7 f Y w)ezp{itw}dw = O(t7!), which is one of the assumptions made by
Parthasarathy (1961). If, furthermore, the derivative D f~!(w) satisfies condition

(C2) of Theorem 3.11, the CLT holds for Ti.

2. In reality, it is not unusual that we have a sequence of observations
{X1, X3, ..., Xn } from a stochastic process whose spectral density is unknown.

In this case we try to replace T in (3.47) by

A N rm A
Iy = 5-7;/_" Inx(w) far (w) dw

where Iy x is the periodogram of observation { X1, X;, ... ,Xn }, M is an inte-
ger such that as N — oo,

1 + M —0

M N ’
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and far(w) is an estimator of f(w), such as a Truncated estimator, Bartlett es-
timator, Tukey-Hanning estimator or similar other. When { X;} is SRD, the
asymptotics of fM(w) are well known. See, for example, Hannan (1970, pp. 273
— 281). It may be reasonable to use T to replace Ty for the hypothesis testing
problem (3.45). When { X; } is LRD, we have been investigating the asymptotics
of far(w). We hope that

()

is asymptotically normally distributed. If this is so, we can certainly use T to

replace Ty for the hypothesis testing problem (3.45)

3.5 Proofs

3.5.1 Proof of Theorem 3.4

Let

(ra= >, artlk » (1= a-N4jo2,1€-Nyj—2 , J=2,...,2N+2, (3.57)
k>N

where N = N(T') is given by Condition A. Let

2k+2

Str = Y {(r;
=2
= a_NTEN+ a-Ny1,7E-N+1 + -+ a-N2kE-N42k (3.58)
fork=0,1, ..., N(T); then
o7'Sr= Y. arrék = (11 + SN -
k=-o00

Theorem 3.4 can be established by showing that, as T — oo,

(r1 =0, (3.59)
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and

ST.N(T) 44N, 0% ,as T = 0. (3.60)

To deal with(3.59) we notice that by Condition A,

El(rq|* = E| Z arré|* = Z aZ,T <er—0
[k|>N |k|>N

as T'— oo. Then

(r1 —0 .

Before we start to prove (3.60) we need the following lemmas

LEMMA 3.12

] . 1/2 - 1/2
larr| < a7 = — {4 ( > bf) or +4 Y bf} : (3.61)
T j=—00 j=—00

We shall give the proof of Lemma 3.12 after the proof of Theorem 3.4.

LEMMA 3.13 Let {Spi, Fni, 1 <1 < k,,n > 1} be a zero mean square
integrable martingale array with differences X,;, and let n* be an a.s finite random

variable. Suppose that

max | Xp| P50 , (3.62)
ZX,";' 5 n’ (3.63)
E(max XZ,) is bounded in n (3.64)

and the o-fields F,; are nested
Fri CFnp1i for1 <i<k,,n>1. (3.65)
Then Suk, = ;i Xni 4,7z (stably), where the random variable Z has character-

istic function E exp{ —3n**}.
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Lemma 3.13 is Theorem 3.2 of Hall and Heyde (1980, p. 58).

To deal with (3.60) let
Fri=oc{énay, &nmrs > Enmyu },1=1,2, ..., N(T).
Obviously Fr; is nested. From (3.57) and (3.58) EStx = 0. For k > [, by (3.28)
E(StixlFry) = E(a-nré-n+- -+ a-ni2k1é N2k | Fr))
= a-N1€-N+ "+ a-ntarl-Ntua = ST, .

So {Stx, Frx : k=1,..., N(T)} is a zero mean square integrable mar-
tingale array. Now we show that conditions (3.62) — (3.65) are fulfilled by our
martingale array with n? in (3.63) being a constant; then (3.60) follows from
Lemma 3.13. Put

X1, = 5T — ST,j~1 = a-N+2;,Té-N+2j + A-N+2j-1,TE~N+2j-1 -
Then by (3.27) and Lemma 3.12, for any € > 0,

P ( max {|Xr;|} > e) = P( ?f_q)lXT,;‘ > e)

1<j<N(T)
N(T) N(T)E|X _|2+5
T,
< D P(Xril2¢) < o
7=1 i=1
1 N
= 24 121 E|a_Ny2;,7E-N42; + a-N42j-1, 7 N2i— 1|
Y 145 246 2+
< am JZ E {2 (la-ns2irénanil™ + la-nsaj-1,06-N12i-1[*F) }
21+5 246 N(@) 246
e s {EI&1*} >=: (la—vs2ir** + la-yszjm1,2*)
91+ +6 ) N(T)
+6
= €2+6 -oo<]<oo {EKJ' } ; ( @—N+2i,T +a—N+2J IT)
22+8 246
< Y oo<]<oo{El§'7| }aT—->0 as T'— oo

by (3.61) and Condition 3 of Theorem 3.4. So { Xr,; } is uniformly negligible.
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To deal with (3.63) we notice that, by (3.26), (3.61) and Condition 3 of the
theorem,
N(T)

> Xii= > (acni2;,1E-Nt2; + a_Ny2j-1TE-Ny2j-1)°
Jj=1 J

2 2
= Z (a_N+2j,TE_N+2j + 2a—N+2j,T§-N+2jG—N+2j—1,Tf—N+2j—1
J

2 2
+a—N+2j-1,Tf_N+2j-1) .

Now
N(T) , , 2
E Z a-N+2j,T(§_N+2j —-1)
i=1
N(T)
_ 2 2 2 2
= Y @ Nyt Nk rE(E Ny — DE Ny — 1)
Jik=1
N(T)
_ 2 2 2 2
= Z 02 N42; TO-N 42,7 E (f_N+2j§_N+2k - 1)
Jik=1
N(T) ) \
= 3 yiaiaE (v —1)
=1
N(T)
4 2 2
i=1
and
N(T) 2
E|Y a-ni2iré-N+2ia-N+2j-1,7E—N+2j-1
i=1
N(T)
= Z A_N42; TA-N42j-1,TA-N4+2k,TC-N+2k-1,T
Jk=1
E&_Ny2€-Nt2j-1€-Nt2k€—N42k—-1
sy 2 2 2 2
= Z a—N+2j,Ta—N+2j-1,TE§_N+2j§_N+2j—1
i=1
, N(T)
_ 2 2 2
= (Efc)) Y NN T
J=1
2\%2 2 D 2 2\2 2
< (Efo) ar Z aZNyo5,r S (Eﬁo) ap — 0,
i=1
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as T' — oo. Hence

N(T) N(T) N(T) .
2 2 2

Z XT,j - Z G_N42;,T — Z A _N42j-1,T — 0, as T — .

J=1 Jj=1 7=1

By Condition 2 of the theorem we have

N, (N N i
> X7, — Am Zl @t 21 ajr =0 .
= =

i=1

Finally, by (3.61),

1<<N(T) 1<i<N(T)

E ( max X%,j) =E ( max {(G—N+2j,T§—N+2j + a—N+2j—1,T€—N+2j—1)2})

2 2 2 2
< 4F max a—N+21',T§—N+2j+a—N+2j—1,T§-N+2j—1}

1<j<N(T)
N(T) N(T)
E max al 2t < 8E el a3 <8,
-N(T)s:’gN(T){ jatl} < (J-:_XN:(T) 18 ) = j=§m e

and therefore (3.64) holds. Thus by Lemma 3.13
Sty —— N(0, o?)
as T — co. Therefore, as T' — oo, we have
o7 St = (11 + Stvry) — N(0, 0?) .

This ends the proof of Theorem 3.4

Proof of Lemma 3.12. By the definition of b;r we have

b?,T = (bj_1 + -+ bj_1)?
= (bjo1 +bjmia 4+ b))’
= (bj—l,T + (bj—1 = bj—1-1) >2
= bi_y 7 +2(bj—1 —bj_1-7)bj_11 + (bjmy — bj_1-1)* .

Summingover j =k -1, k—1l+1, ...,k gives

k

k
bi—l,T = blzc—l—l,T + 2 Z (bjor —bjoi—7 ) bjrr + E (bj—1 — bj_1-T )2
=k—

j=k—1 J i
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k

k
<biiir + 2 D0 (bimi—bjmior )bz + 2 D (B + b _p)
=k—
k

j=k—I j=k—1

<bi_yag +2 Y (bisi—bjir)biir+4 Y, b

7=k-1 j=—o00
\ 120 1/2 -
<bi_iir + 2{ > (bjo1 —bji7 )2} { > bJZ‘—l,T} + 4 ) b
=kl Plapall =0

- 20 1/2 -
SbZ—I-LT + 2{4 > b?} { > b12‘—1,T} + 4 ) ng

j=—00 j=—00 j=—o00

J=—00 j=—-00

be, T

or UT j=—00 j=—o00

9 1/2
1 [o.¢] o0
g—f{bz_,_m+4(26§) aT+4Zb§}

for any [. Let | = 0o, we have

. - 1/2 - 1/2
5——{4(21»?) aT+4Zb§} :

or j==—00 J=—00

bk,
ar

This completes the proof of Lemma 3.12

3.5.2 Proof of Theorem 3.7

We prove (3.37) first. Since for |¢| > T,
[47(t) — ()| = |7(t) ]| ~ const |t|* 2 < const T* =2 — 0

as T — oo, we need only to consider the case where 0 < |[¢| < T — 1. Now

. 1 oo T-t 1 00
Jr@) =y =7 20 bibed {biborrr —n} — 7 D0 bibedipe.

Jyk=—o00 s=1 Jrk=—o00
Since

lv(t)| = ij bjyt | ~ const |t[*H2

J
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L I
T
T?H=2 40 (3.66)

bekjkt =

j,k——OO

bt |¥(t) | ~ const

’ﬂl

< const

as T' — o0, in order to prove Theorem 3.7 it is sufficient to show that

Z b ka{fs-J €s+t k— J,k t}

]vk——oo

——>0,asT—)oo, (3.67)

uniformly in ¢. We have

2

Z b ka{§s—J §s+t k= ],k t}

],k——oo s=1

1 00 T-1

T2 Z E E bjl bkl bjzbsz {(gsx—h £sl+t—k1 - 5]'1,k1—t) X
jlykl =—00 jg,kg:—oo 31,32=1
(682—.7'2 652+t—k2 - sz,kz—t)}
1

oo 00 T—t
=TE{ Z bjl bk1 Z bjz bkz Z E'f-?l—jl €s1+t—k1 fsz—j2632+t—k2

Juki=—cok1#Fn+t  j2,ka=—o00,ke#ja+t s1,82=1

00 T-t
+ ) Z bJ1+t Z sz b12+t E . E {( s1—71 ) ( 32-:52 - 1)} }
J1=—00 J2=—00 S1,82=

1
= {I+1}.

We consider 7 first. By (3.35) and (3.36),

Z bJ1 bJ1+t Z sz sz-H Z E{( s1—j1 ) ( Zz—h - 1)}

Ji=—o00 J2=—00 s1,52=1

) 0o T-t 2

2
Do bibiire D bjy biyue > E ( si—i1 1)
ji=—o00 Jo=—o00 s1=1,s2=s81~j1+J2
o0 o0
2
<constT > bjbjse D bjbjpe = const Ty(t)?.
j1=—co ja=—oo

Since 7(t) is uniformly bounded in ¢, we have

t2
—l—II _ const ¥(t)

T2 T —0,asT — o0 (3.68)

uniformly in ¢. Now we estimate [ as follows. By (3.3) and (3.36),

0o 00 T—t
I = Z bjx bkl Z bjz bk2 E Eé.sl -1 £81+t—k1 652—j2682+t—k2
J1,k1=—00,k1#51+t J2,ke=—co,ko#ja+t 51,52=1
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0 o0 T-t

= Z bjl bkl Z bjz bkz Z 631—j1 82— J2 581—1\71 ,82—k2

J1,k1=—00,k1 #j1+t J2,k2=—00,ka Fj2+t 51,82=1
00 T—~t
+ Z bjz bkz Z 531—.1'1 ,82+t—k2581+t—k1,82-.7'2
J2,ke=—00,ky#j2+1 51,82=1
=+ 1V. (3.69)
Now
0o oo T~t
1 = E bjl bkl Z bjz bke Z 581—j1 ,82-j2581-k1,82—k2
J1,k1=—00,k1 #j1+t J2.k2=—00,ka#j2+t 51,52=1
T-t 0 0

= z Z bjl b32_31+]’1 E bkl b32—31+k1

s1,52=1 j1—00 ky=—o00,k1 #j1+t

T—t o) o) T-t )

~ E E bj 632—81+j (Z bk b52—sl+k) = Z (’7(82 — 31) )

81,52=1 j k 81,52=1
= Y (T—t—Is])(vs2—s1))’

|s|<T -t

T—~t
~ 22 —t—|s|)(7(s2 = 81))* ~ const D (T —t —|s|)s*#~*
s=1
f4H —3>0,
T—~t

ST —t—s)s*™* ~ const (t —t)***H3"1B (2, 4H — 3) < const T*#~2 |

s=1
where B(p , q) is the Beta function. If 4H —3 < 0, we can choose 0 < & < 3 such
that 4H —a > 0 and 4H — a — 1 < 0, so then we have

T—t T—t
Z(T—t—S)S4H_4 — Z(T__t_s)sr;H—-a—lsa—s
s=1 s=1

< Z(T —t—3s) ==l const (T - t)2+4H_°‘_1 < const T+l

Thus
_III < c?t;thlH—Z, % < H <1 ,
T? - cc[)l':;stT4H+1—a’ 0< H < %’
const T4H-4 | %<H<1,

= (3.70)

const TH#H-2-1 = 0 < H < % ,
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and, as T — oo, T"2III — 0, uniformly in ¢. Finally, we evaluate IV in (3.69):

o T—t
IV = Z bjz bkz Z 531—j1,82+t—k2 551+t—k1,82 —~J2
J2,ke=—00,k2 #j2+1 81,82=1
T—t o oo
= Z Z bj b32"31 +t4j Z by, bsl—sz +t+k
51,52=1 j=—o00 k=-—o00
T—t
= > A(sa—si+t)y(s1—s2+1)
81,82=1
= 2 (T—t—|s])y(s +t)y(=s+1)
|sj<T—~t
T-t
~ const (T —t—s)|s+t]*2s — t|H-2 4 T(2t)7(0)
5=0,s#t

T
= const Y. (T —u)u® 7 ?u—2¢27-% 4+ T~(2t)%(0)

u=t,uF2t
~ const T*H + T ~(2t)~(0) .

Thus, as T — o0,

TiiIV ~ const T*=% £ T714(2t) 4(0) < const (T* 24+ T71) — 0, (3.71)

uniformly in .
Now we prove (3.39). From the proof of (3.37) we know that there are con-
stants K > 0 and a > 0 such that
E|4z(t) =) P < KT™*;

see (3.66), (3.68), (3.70) and (3.71). We choose B > 1 such that Sa > 1. Let
T(M) be the smallest integer not smaller that M*, i.e.

MP <T(M)< MP +1. (3.72)
Then,
Z P ( 7(t)|26) <Ke?Y M™f<oo. (3.73)
M=1

Thus, by the Borel-Cantelli lemma, only finitely many of the events occur, whose

probabilities are summed on the left hand side of (3.73). Therefore,
l’yT(M) — (1) | < ¢ with probability one
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for M large enough, uniformly in . Since € is arbitrary, 47r) — v(t) converges

to zero with probability one, uniformly in ¢. Now, for any fixed ¢ we write
i%s = Y:s }/t+.s .

For
TIM)<TL<T(M+1), (3.74)

we have

T 3=T(M)—t+1

1 T T - T(M)
- }/S —_— 7
S T00 g O T

1 TeLn- T(M +1) — T(M)
SWKTZ |Ysl+|’)’(t)| T(M) .
}

(M)—t+1
9 T(M+1)-t  \? , ,
< man” { (S=T(§)_t+l|m }) + 2 (T(M +1) = T(M))* § . (3.75)

Then,

2 = 2) = 22 (ran(t) ~1(2))

{ max
T(M)<T<T(M+1)

Since, by (3.38),

1/2

B[ =B |24, < (Bv)" (BYA)" < oo,

T(M+1)-t 2
E ( > l Y, ’) < const (T(M + 1) — T(M))? , uniformly in ¢.
s=T(M)-t+1

Therefore, the expression (3.75) in bounded by

(T(M+1) - T(M))* < const
T%(M) - M2

const uniformly in ¢,
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for

TM+1)-T(M)  (M+1)*+1-M*° o const

<

T(M) M? - M
Applying Chebyshev’s inequality and the Borel-Cantelli lemma we have that, as
T — oo,
. T(M) , .
32 = 1() — 2 (32(1) = 9(1))

converges to zero with probability one uniformly in ¢ for T satisfying (3.74). Thus,
for T'(M) satisfying (3.72),

T(M)grgrlg(MH) I Ar(8) = Ar@n () l

converges to zero with probability one, uniformly in ¢ (because, for T(M) < T <
T(M +1), T(M)/T — 1). This ends the proof of Theorem 3.7.

3.5.3 Proof of Theorem 3.9

We have
N 2 N 5\2
m'Y'm = max £21thmt) > ](Vlem;té)
bis 31 2oy bsbeys—e T 21 2oy S°t0Ys—t
for some ¢ yet to be specified, and under the assumptions on {m; },

N2 cN2+=B) - 5> 31
()= S, o
1

C(logN)z, b=p-1,

(3.76)

for some ¢ > 0 and all N > 1. In the case of SRD we have convergence of 3 1°v;
and hence, taking § = 0 in (3.76),

N N o

NY Y= X (=N s 3 %

i=1 j=1 lil<N-1 i=—c0
which is finite. Thus, the right hand side of the inequality (3.76) tends to infinity
as N — o0 if 2(1 — 8) > 2, i.e. 8 < , which gives (i). In the case of LRD when
e~ CkM -2 2 < H<1,as k— oo we take § = 8 — 1. Then

N N N

N t-1
STy = g 367D 4 23 T, 68 8

s=1t=1 t=1 t=2 s=1
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and
o 0]

Z t2(:3"1) < 00

t=1
forﬁﬁ%—H,%<H<%. Also,

t—1 1—¢t—1

t-1 ¢
St - 8)2H-—2sﬁ—1N/ (t — )?H-20-14s — t2H—2+ﬁ/ (1 — )21y
1

-1
s=1 t

~ BHHIBH ~1,0),

as t = 0o, B denoting the beta function. Consequently,

T t-1 N
Z Z ’yt_ssﬁ‘ltﬁ‘l ~ CZ (2HEB)-3 , o2(H+B-1)
t=2 s=1 $=2

as N — oo for some C' > 0 and the right hand side of (3.76) with § = 3—1 tends
to infinity as N—+ooif2(H+ﬂ)—%<0, ie. B < %—HwhenH< %. This

gives (ii) and completes the proof of Theorem 3.9.

3.5.4 Proof of Theorem 3.11

Under the null hypothesis,

Tn 1 |, Xee™|?
‘/N(—J\T'l)Z‘W(WN/_,r N do =1

f(w)
- «/N(%T _:I—“;%)w—)dw— 1) - \/N(%r- _7; I]}’z;(,;))dw—l)
= I () = 1)) ) s
- g _’; (IN,Y(w) — Elyy(w) + Elyy(w) — f(w)) FHw) dw .

In order to establish Theorem 3.11 it is sufficient to show that, as N — oo,

IN ™ () = Ely) 74 (0) o =5 N(O o)
and
N ™ (B ) - F)) £ () o — 0.

We put this in the following lemmas
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LEMMA 3.14 (Giraitis and Surgailis, 1990, Theorem 2.) Let I;(w) be a real,
even, integrable function on [—m, 7] and b(t) = [7, exp{itw }b(w) dw. Let Qn =

N=1 b(t—s)Y,Y,, where { Y, } is given by (3.2) and { £, } in (3.2) is now assumed
to be an i.i.d. random sequence with mean zero, variance one and finite fourth

moment. Let Ry and By be defined by (3.50). If

Tr(RyBy)*/N —s (273 / i

-

(F(@)bw))’ dw < oo, (3.77)

then the distribution of (Qn—EQn)/V/'N tends to a normal distribution N(0 , o?)
with

a2=167r3/

-7

(J)b)" do + (B8 1) (27 [ f@)b)do) . (378)

Remarks on Lemma 3.14. In Theorem 2 of Giraitis and Surgailis (1990),
instead of E¢{ — 1 in formula (3.78), the fourth order semiinvariant of £, x4 =
E¢t —3,is used. According to our calculation, x4 should be replaced by E¢; —1.
This can be seen by checking the proof of formula (3.2) in their paper.

LEMMA 3.15 Under the conditions of Theorem 3.11,

%‘7]_:7‘ _: <IN,Y(W) - EIN,y(w)) Y w) dw N N (0, o?) (3.79)
as N — oo.

LEMMA 3.16 Under the conditions of Theorem 3.11,
VN [" (EIN,y(w) - f(w)) o w) dw £5 0 (3.80)

as N — oo.

Proof of Lemma 3.15. We have
VN 7

27 -

(IN,Y () — EIN,Y) £ (w)dw
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N
Z (}/ty;ei(t—s)w _ El/t}/sei(t—s)w) f—l(UJ) dw dw

VE [
2m J-r 2N 2
1 al s (t-3) 1 (t—s)
— YY; - T )W do— E Y. Y. i s)w 4
42/ N g::l* e stzl t /f (@)e “
1 N N
= Yt —s)— E Y, b(t—
471-2\/N 321 t ( 3) 321 t ( 3)
1
= m(QN—EQN)~ (3.81)

Now we can use the result of Theorem 2 of Giraitis and Surgailis (1990) to estab-
lish Lemma 3.15. That is we need to check that formula (3.77) in Lemma 3.14

holds in our case. Indeed,

oo > /W (f(w) f'l(w))2 dw

- ((3 2 o) (5 Ebs>e"w))2

T t=-co s=—00
1 T . N ' 2
~ 1674 /_1, ]\}1_1,’;0 Z v(t)e Hm SZ:N b(s) e dw. (3.82)
Since g(w) = 1 is continuous on [—m, w] and g(—7) = g(r) so g(w) is the

summation of a uniformly convergent Fourier series, so (3.82) can be rewritten as

2
1 t S)w
e N_m _,,( Z 7 (t43) ) dw

t,s==N
1 3 ( (t4s—u—v)
Rt P DEICLOMIOLC) [ do
1 N
t,+,8 ,= U + v
1 N
T S IR OLORIOLD
t,+,3 ?: u + v
- 83 N—)oo N t,s,],k-_-lfy -7 _7 "‘/ S
1 1 \
= g dm 577 ((BvBy)*)



Then by using Lemma 3.14 to (3.81) we have

ﬁ (@n - E@x) - N, o})

where of = 16m*(E£} + 1), so

g _: (IN,Y(w) - EIN,Y(W)) fH(w) dw
1 d 4
ST B

This finishes the proof of Lemma 3.15.

Proof of Lemma 3.16. Now
2

1 : 1 :
Elyy(w) =g F Tl = 3 (N =)yt e,
27 2N <N -1
— __1__ i ")’(t) e——itw — _1_ Z 7(t —ztw Z 7 —1tw
2T % 27 <N -1 T ieN
1 —ttw —z w
Elvy(W) = fw)=—5— 3 [ty()e™™ — - Z y(t) e
[tIKN-1 T 1t>N

VN [* i (EINy(w) - f(w)) F (W) dw
_ ‘2/; @ (XAt 1 T e d

T [t|>N [(|I<N -1
= M;N’Y( b(t) — 2_‘/_—ItI<ZN: 1|1t|’7( )b(t) -

Note that under condition (C1) of Theorem 3.11, |b(t)| < const |t|™!, as t — co.

Since H < 2, as N — 0o we have
’

‘\/_ v(¢) b(¢ )’ < const VN 3 #2271 const VNN?H-2

|t[>N t>N

= const Nz(H") — 0,

< const Z A+2H=2-1 , o0 o N2H-3) 4 o .

1
= > )] <
‘ N y<n-1 N ocicn-1

Under condition (C2) of Theorem 3.11, |b(t)| < const |t|72, as t — oco. So as

N — o0,

I\/— )()lsconSt\/—NthH_2‘2_>0,
t>N

t>N
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and

const Z A+2H-2-1 _ € Z 2H=3 __, 0

1
‘Tm.g@.l t19(¢) b0t)| < 7 =z, TR 2

This finishes the proof of Lemma 3.16 and hence of Theorem 3.11.
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Chapter 4

FRACTIONAL BROWNIAN MOTION AND
ITS STOCHASTIC INTEGRAL

4.1 Introduction to Chapters 4 and 5

In the rest of this thesis we are concerned with the applications of long range
dependent processes to other disciplines, such as financial markets. We are in-
terested in taking into account the LRD when modelling stock price movements.
One of such models we have in mind is the so called Black-Scholes model, of

which more details will be given in Chapter 5.

In mathematical finance, stochastic calculus is a powerful tool for describing
the stock price behaviour because of the apparent random fluctuations of the
stock price. Stochastic differential equations driven by semimartingales are tra-
ditionally used to model the dynamics of stock prices. In particular, those driven
by Brownian motion are widely used, because Brownian motion has desirable
mathematical characteristics. For example, Brownian motion is a continuous
semimartingale with independent increments therefore analytical solutions can
often be obtained for systems driven by Brownian motion due to the knowl-
edge of the stochastic analysis of semimartingale. The independent increments

of Brownian motion means that Brownian motion is a SRD process.
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However, there has been a lot of empirical evidence from actual stock price
data suggesting stochastic models which are not covered by the setting of stochas-
tic differential equations driven by SRD processes. Various analyses of data from
financial markets have provided enough evidence of the existence of LRD in eco-
nomic data. For example, the periodograms (Figure 4.1, (c) and (d) ) of the
exchange rate between Australian and US Dollars (Figure 4.1, (a) and (b)) have

very sharp peaks near the origin.

The presence of LRD, or the Joseph Effect (see, Mandelbrot, 1971), is well
documented in many economic time series. See, for example, Booth and Kaen
(1979) for gold prices; Booth, Kaen and Koveos (1982) for foreign exchange rates;
Helms, Kaen and Rosenman (1984) for future contracts; Mandelbrot (1971) for
asset returns; Fama and French (1988), Greene and Fielitz (1977) and Poterba
and Summers (1988) for stock returns. For a formal definition of the returns see,
for example, Hull (1993). Here we give a rough description of the stock returns.
Write St for the stock price at a future time T and S; are the current time ¢.

Then the stock return between ¢t and 7' is given by
1 St
U — log 5

However until now there seems not to exist any model that accurately explains
the dynamics of fluctuating behaviour of financial markets, such as the prices of
contingent claims, interest rates and exchange rates. Generally speaking, statisti-
cal analysis has been based on assuming the normality of underlying distribution.
However, it is well known that a lot of data from financial markets are not nor-
mally distributed, most of them have heavy tails, much heavier than the normal.
For example, Figure 4.2 (c) and (d) show that the densities of the return of the
exchange rates between Australian dollars and US dollars have heavy tails. Fig-
ure 4.2 (e) and (f) show that the returns are not normally distributed. (Panel

(a) of Figure 4.1 depicts a real data set representing the value of the Australian

Dollar versus the US Dollar recorded during 16 — 28 August 1993 by the Bankers
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Figure 4.1: Long range dependence of the data from exchange rates
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Trust Australia Ltd. Panel (b) of Figure 4.1 is the plot of the raw data of the
first week.)

There is also various literature about analysis of stable processes, which are
typical processes with fat tailed distributions. See, for example, Samorodnitsky
and Taqqu (1994) and Janicki and Weron (1994) and references therein. Some

finance data may be well modelled by such processes.

Another reason for the inaccurate modelling of financial markets is that a lot
of statistical approaches used to deal with financial data are based on implicit
or explicit assumptions of SRD in the structure of the data, which may not be
satisfied by most of the cases in reality. On the contrary, LRD appears extensively
in financial data. The assumption of SRD turns out to be a special case. In this
sense the well known Black-Scholes model is an extreme case for it results in
a degenerate autocorrelation function. In other words, the single-period stock

prices are uncorrelated, hence, SRD.

It is undisputed (see, for example, Mandelbrot, 1971) that the presence of LRD
would have important practical and theoretical implications for many problems
in modern financial economics, for example, the pricing of derivative securities
using martingale methods. Some authors (see, for example, Greene and Fielitz,
1977; Kunitomo, 1993) have shown that the Black-Scholes model would not be
an adequate process for stock price but should be replaced by a model which uses

fractional Brownian motion as the driving process for stock returns.

The aim of Chapters 4 and 5 is to propose and study a “revised” Black-
Scholes model which includes the ordinary Black-Scholes model as a special case
and is able to account for LRD in the stock market price movement. We call
the resulting model a fractional Black-Scholes model for it is obtained through
replacing Brownian motion as a driving process in the Black-Scholes model by

fractional Brownian motion with the Hurst index H € [1/2, 1).
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In order to define a stochastic differential equation driven by fractional Brow-
nian motion which is not a semimartingale, it is necessary to define the stochastic
integral with respect to fractional Brownian motion first. Chapter 4 is devoted

to this task.

Having established stochastic integrals with respect to fractional Brownian
motion in Chapter 4, we propose a parametric model — the fractional Black-
Scholes model in Chapter 5. There we also study the stochastic calculus with
respect to fractional Brownian motion. We derive It6’s formula for fractional

Brownian motion, which is a powerful tool for stochastic analysis.

4.2 Introduction to Fractional Brownian

Motion and its Stochastic Integrals

Fractional Brownian motion arises naturally from an examination of the condi-
tions of validity of the central limit theorem. As is well known, the theory of the
central limit theorem began with the study of sequences of independent random
variables and Markov processes. However, the classical conditions required for the
validity of the central limit theorem are most likely not satisfied in many cases,
a fact that raises difficult and interesting problems of practical and theoretical
character. Strong dependence is often found and needs to be taken into account.
One task suggested by finding evidence of strong dependence is to single out and
study in detail some specific families of random functions that could, in some
way, be expected to be typical of what happens in the absence of asymptotic
independence. Fractional Brownian motion has been proposed as a model for the
LRD postulated to occur in a variety of hydrological and geophysical time series.

See, for example, Hurst (1951, 1956) and Mandelbrot and Van Ness (1968).
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Since Mandelbrot and Van Ness (1968) gave an analytical definition of frac-
tional Brownian motion, it has been widely accepted for mathematical modelling
in science and engineering. In the most widely applied models for stationary
LRD processes, attention has recently been given to models in which the spec-
tral densities are proportional to w™, 0 < r < 1, for w near the origin or,
equivalently, that the asymptotic decay of the covariance functions at lag ¢ is
proportional to ¢"~!. Fractional Brownian motion is a standard example for the
processes with spectral densities having the properties mentioned above. For a
discussion of the spectrum of fractional Brownian motion see, for example, Flan-
drin (1989). Fractional Brownian motion is also a typical process for parametric
models obtained as the increments of self-similar processes. Many results have
been established on statistical inference for stationary increments of self-similar
processes and other long range dependent processes. See, for example, Vervaat
(1987), Beran (1992a), Heyde and Gay (1989, 1993) and Robinson (1994b, 1994c)
and relevant references given there. However, the stochastic analytical aspects of
fractional Brownian motion has not born rich fruit yet due to the absence of the

semimartingale property.

The theory of stochastic analysis was initiated and developed by 1té (1942).
This theory was first applied to Kolmogorov’s problem (Kolmogorov, 1931) of
determining Markov processes. Today 1t6’s theory is applied not only to Markov
processes but also to a large class of stochastic processes where the framework
provides us with a powerful tool for description and analysis. The class of stochas-
tic processes to which It6’s theory can be applied is now extended to a class of
stochastic processes called semimartingales. Such processes appear to be the
most general for which a regular theory of stochastic integral with natural prop-
erties such as linearity and having properties of the type of the Lebesgue theorem
about dominated convergence for the Lebesgue integrals is available. It is now a
well known fact of the stochastic calculus that a “reasonable” stochastic integral

is possible only with respect to semimartingale integrators, (see, for example,
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Dellacherie and Meyer, 1982, Theorem VIIL.80), and semimartingales can even

be characterised by this feature.

We write Bp(t) for fractional Brownian motion, where 1/2 < H < 1 is the
Hurst index. Although Bp(t) is not a semimartingale, this does not imply that
integrating with respect to it is out of the question. It just means that the integral
must be interpreted with care. In the rest of this chapter, we are concerned with

the establishment of stochastic integrals with respect to By (t).

The problem of defining stochastic integrals with respect to Bg(t) is being
investigated by a number of authors. We understand that Terrin has proposed to
define the stochastic integral f; By(t) dBg(t) by extending the idea of Chan and
Wei (1988), but no details are available. When we were preparing our research
report on this chapter, we got to know that Lin (1996) has defined stochastic
integrals with respect to Bg(t). In Lin’s paper, the integrals with respect to
By (t) are defined for those integrands ¢’s such that ¢ is a deterministic bounded

Borel function. In details, if ¢ : R — R is a bounded Borel function, then

By (t)

/0 " #( Bu(s) ) dBu(s) = /0 (s)ds , (4.1)

1
/ #(s)dBg(s) = “lim of Riemann-Stieltjes sum” . (4.2)
0

First, for definition (4.1), the boundedness of ¢ on (—o0,00) is important for
the right-hand side of (4.1) being well defined since the range of sample paths
of Bg(t) is in (—00,00). Secondly, definition (4.1) is defined only for integrands

being deterministic functions, so the stochastic differential equation
dX:=a(t,X;) dt +b(t, X;) dBu(t) (4.3)

is not covered by Lin’s framework. Neither unbounded but Riemann-Stieltjes
integrable deterministic functions are included as integrands in his work. We
understand that our Definition 4.9 includes Lin’s definition (4.1) as a special

case while Lin’s definition (4.2) is a special case of our Definition 4.8 where we
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define integral ) f(t) dBg(t) for f being a Lo-integrable function in [0,1]. In our
framework, we can define stochastic differential equation (4.3) involving stochastic

process X; in the integrals through function b(t, ).

Towards the end of writing this thesis, we had information that Gripenberg
and Norros (1994) had done work on establishing stochastic integrals with respect
to By(t). They have defined the integrals for three kinds of integrands. First,
for the integrands of simple stochastic processes:

k
Y= JX_; Xit(r;-1,m)(2) 5
where X;’s and T}’s are random variables and 1p is the indicator function, they

define
[ YidBu(t) = X X; (B (T;) - Bu (Tj-1) - (44

Secondly, if the integrands are stochastic processes {Y;} with bounded variation,

they define
b b
/ Y: dBy(t) = Ys Bu(b) — YaBr(a) — / By(t)dY; . (4.5)

Thirdly, they have commented on defining stochastic integrals with respect to
By (t) for more general integrands. If the integrands are deterministic then the
integrals can be defined by using L,-limits. And another possible method of defin-
ing stochastic integrals with respect to By(t) is to use the integral representation
(4.6) of By(t). But they have given no more details about the latter two cases.

No stochastic differential equations driven by By(t) are discussed.

The scope of our setting covers much more general type of integrands. Com-
paring our work with that of Lin (1996) and Gripenberg and Norros (1994), we see
that the main advantage of our framework is that we can define general stochas-
tic integrals with respect to By, therefore, we can establish 1t6’s formula with

respect to By, which is very important for stochastic calculus.
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In this chapter we establish stochastic integrals of the form [ X (t)dBx(t).
When H = 1/2, it is well known that By(t) = B(t) and integration with respect
to Brownian motion has been defined. Thus, in the rest of this chapter, we are
concerned with the case where 1/2 < H < 1. The method we use is different from
those mentioned above. In order to explain our idea of constructing stochastic
integrals with respect to Bg(t), let us recall the method used in constructing It6’s
stochastic integrals. Let X (t) be a measurable and square integrable process. The
classical It theory deals with the stochastic integral f} X (¢)dB(t). Although the
sample functions of B(t) are not of bounded variation, so that f; X (t)dB(t) can
not be defined as an ordinary Riemann-Stieltjes integral in the individual sample
functions, the integral in question is, however, a generalised Riemann-Stieltjes
integral. The procedure for the construction of f; X(¢)dB(t) is reminiscent of
the definition of the Riemann-Stieltjes integral. The key points here are: first,
the Gaussian property of B(t), secondly, that the sample functions of B(t) have
moduli of continuity 1/2, that is E|B(t;)— B(ts)| ~ const [t —t2|/? as |t; —t,| —
0, and finally, the orthogonality of the increments of B(¢). (For the concept of
moduli of continuity of a function, see, for example, Courant and John, 1953.)
Looking in detail at the sample functions of Bp(t), we notice that the sample
functions of By(t) have moduli of continuity equal to H. That is, F|Bg(t1) —
Br(t2)| ~ const |t; — to|f as |ty —t2] — 0, where 1/2 < H < 1. We will
see this from Corollary 4.1 of Section 4.3.1. Furthermore, By(t) is a Gaussian
process. These facts are the basis for our construction of the stochastic integral
with integrator dBg(t). The procedure for defining the integral [ X (t)dBy(t) is
analogous to that of fj X (¢)dB(t). We use the fact that the modulus of continuity
of the sample functions of By(t) is greater than 1/2 to circumvent the shortcoming

of the lack of semimartingale property for Bg(t).

The organization of this chapter is as follows. In Section 4.3 of this chapter
we give the definition of By and its basic properties. In Section 4.4, we establish

the stochastic integral with respect to By. In Subsection 4.4.1 we establish the
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stochastic integral
1
1) = [ ft)dBy

for f € C(D). In Subsection 4.4.2 we define I(f) for f € Ly(D). The meaning
of the notation C(D) and L2(D) will be given at the beginning of Section 4.4. In
Subsection 4.4.3 we define the stochastic integral

|| #Ba(e) B0

for those ¢’s satisfying a Lipschitz condition. In Subsection 4.4.4 we define the

stochastic integral
1
/ X(t,w)dBy(t, w)
0

for stochastic processes X(t,w) satisfying certain conditions. In each of these
subsections, we also discuss the basic properties of the corresponding integrals.

In Subsection 4.4.5 we define the stochastic processes

(IO = [ £(6)dBuls,w) 120},
(@) = [ $(Bals,w)iBu(s,w) : t2 0},

and

{I(X)(t) = /OtX(s,w)dBH(s,w) . 120},

Then we study some sample properties of these processes. The proofs of our main

results appear in Section 4.5.
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4.3 Definition and Basic Properties of Fractional

Brownian Motion

4.3.1 Definition

There are several definitions of fractional Brownian motion. The following was

given by Mandelbrot and Van Ness (1968).

DEFINITION 4.1 Let H be such that 0 < H < 1 and let by be an arbitrary
real number. Let B(t,w) be a Brownian motion. We call the following random
function Bp(t,w) fractional Brownian motion with parameter H and starting

value by

BH(O, (.U) = bo
and

Bp(t,w) — Ba(0,w) = m {/_ooo [t — s)F=1/% — (=s)H=/2] dB(s, w)

+ ‘(= s)H 124 B(s, Db, @)

where we can take the integration in the pointwise sense (as well as the mean

square sense) by using the usual methods involving integration by parts.

From Definition 4.1 it follows that By is a centred Gaussian process with
Br(0) = bg. The parameter H in Definition 4.1 is the so called Hurst index.
When H = 1/2, By/2(t) = B(t) is standard Brownian motion. Now let us con-
sider an increment process { By (-+7)—Bg(-) } of By, where 7 > 0 is an arbitrary
fixed constant. It can be seen from Corollary 4.1 that the increment process is a
stationary and not a long range dependent process when 0 < H < 1/2, but long
range dependent if 1/2 < H < 1. The following corollary summarizes some well

known facts about By (see, for example, Mandelbrot and Van Ness, 1968).
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COROLLARY 4.1 For any T > 0,

E[Bu(t)] = bo , (4.7)
VarlBa(] = 0(H + )12 { [ [(6= 9™ = (=" ds 4 22} (49)
By writing
Vi = Var (Bg(1)) , (4.9)
we have
E (By(t)) = t*#Vy + b2 . (4.10)

Furthermore, we have the T law for By as follows: for anyt and 7 > 0,

E (Bu(t+7)— Bg(t))? = Vg . (4.11)

For anyt and s > 0
cov( Bu(t), Bu(s)) = %VH (62 4 2t — sPH) (4.12)
E(Bu(8)Br(s)) = B + -;—VH (£ 4 577 — |t — sf2H) . (4.13)

The proof of Corollary 4.1 follows from Definition 4.1, the martingale property

of Brownian motion and the knowledge of Wiener-It6 integration.

4.3.2 Self-similarity properties

In this subsection, we list some interesting and important results of fractional
Brownian motion. More details can be found in, for example, Mandelbrot and

Van Ness (1968).

One of the most distinguishing properties of fractional Brownian motion is the
so called self-similar property. For a general reference to self-similar processes,

see, for example, articles in the Collection of Eberlein and Taqqu (1986).
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DEFINITION 4.2 The increment of a random process { X(t) : —oo <t < oo}
is said to be self-similar with parameter H (H > 0) if for any h > 0 and any to

{X(t+1t0) — X(to) } L { A H[X(ht +to) — X(to0)] } , (4.14)

where the notation {X(t)} < {Y(t)} means that processes X(t) and Y (t) have

the same state space and finite joint distribution functions.

DEFINITION 4.3 A process X(t) is said to have stationary increments if all

finite dimensional vectors of the form
[X(t1+T)—'X(to-I-T),X(t2+T)—X(t1+T), ey X(tn+T)'—X(tn_1+T)]

have distributions independent of T.

THEOREM 4.2 The increments of By(t) are stationary and self-similar with

parameter H.

The stationary sequence By(n + 1) — By (n) (often called fractional Gaussian
noise) is ergodic by the general result that any stationary Gaussian sequence

with continuous spectral measure is ergodic and weakly mixing (see, for example,

Cornfeld, Fomin and Sinai, 1982).

Theorem 4.2 provides the motivation for the introduction of fractional Brow-

nian motion. An interesting fact about By is that, in some sense, the inverse of

Theorem 4.2 holds. Namely

PROPOSITION 4.3 If X(t) has self-similar and stationary increments and is

mean square continuous, then 0 < H < 1.

The proofs of Theorem 4.2 and Proposition 4.3 can be found in, for example,

Mandelbrot and Van Ness (1968).
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PROPOSITION 4.4 If X(t) is a non-constant Gaussian process satisfying the

conditions of Proposition 4.3, then it must be a fractional Brownian motion.

The proof of Proposition 4.4 follows from the fact that a Gaussian process is

determined by its mean and covariance functions.

4.3.3 Continuity and differentiation of sample functions

From (4.11) we know that By(t) is a mean square continuous process. Further-

more, its sample function is continuous.

PROPOSITION 4.5 For 0 < H < 1, By(t) has a continuous sample function

with probability one, where t is in any compact set.
In order to prove Proposition 4.5, we need the following

LEMMA 4.6 (Kolmogorov) Let { X(t) : t € [a, b] } be a separable process such
that for somer >0, >0 and C >0 and allt, t + 4 € [a, b] with § sufficiently

small,
E|X(t+6) - X@®)" < Clé]'"*,

then X (t) is a.s. sample continuous.

For a proof of Lemma 4.6, see, for example, Loeve (1978, Vol. II, p. 185, Corol-
lary).

Proof of Proposition 4.5. If H > 1/2, the statement follows immediately from
(4.11) and Lemma 4.6. In any case we can choose k such that 0 < & < H and let
C(s)=1ifs <0, =0if s > 0. Then,

T(H + 1/2)Y*E|By(t + 7) — Bu(t)|"/* = T(H + 1/2)*E|By(r) — Bu(0)|"/*

95



= B|[_[ir— s = o(a) (s ap(s)|

= |rlE| / 8112 — C(s5)(—s)"2] dB(s)

1/k

This finishes the proof of Proposition 4.5 by Lemma 4.6.

Like Brownian motion, fractional Brownian motion is not mean square differ-
entiable and it almost surely does not have a differentiable sample function. For

simplicity we take By (0) = 0 from now on.

PROPOSITION 4.7 Bpy(t) is almost surely not differentiable. In fact,

By (t) — Bu(to)| _
t —to

lim

t—ig

(4.15)

with probability one.

For the proof of Proposition 4.7, see, for example, Mandelbrot and Van Ness
(1968).

Proposition 4.7 implies a very important feature of fractional Brownian motion

which makes the application of 1t6’s calculus impossible:

THEOREM 4.8 When 1/2 < H < 1, fractional Brownian motion By(t) is not

a semimartingale.

For a proof of Theorem 4.8, see, for example, Lin (1996).

Because By (t), 1/2 < H < 1, is not a semimartingale, we spend the rest of

this chapter on establishing stochastic integrals with integrator d By (t).
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4.3.4 Equivalent definitions

To end this section, we give a number of equivalent definitions of fractional Brow-
nian motion. The equivalence of these definitions follows from the fact that a

Gaussian process is determined by its mean and covariance functions.

DEFINITION 4.4 A centred Gaussian process {X(t)} with Xo = 0 is a frac-

tional Brownian motion if
Var (X: — X,) = [t — s|*H Var(X;)
for any t, s > 0.

DEFINITION 4.5 A centred Gaussian process {X(t)} with Xo = 0 is a frac-

tional Brownian motion if
1
CO‘U(XS 3 Xt ) = 5 Vaf‘(Xl)(tzH + 82H - |t - S|2H)
for anyt, s > 0.

DEFINITION 4.6 A centred Gaussian process {X(t)} with Xo = 0 is a frac-

tional Brownian motion if

1. For any ty, ta, 1, S2 and h > 0,
(Xe, = Xty > KXoy — Xoy) = (Xoyah — Xsah > Xogrh — Xorsn) -
2. There is an H € (0, 1) such that
Xopr — Xo 2 B (Xppnr — Xo)

for allt, v and h > 0.
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4.4 Definition of Stochastic Integral with

respect to Fractional Brownian Motion

The classical stochastic integral f} X (#)dB(t) is defined first for integrands which
are adapted stochastic processes and whose sample functions are step functions.
For more general integrands, satisfying certain conditions, the integrals are ob-
tained through a routine limiting procedure. The validity of the procedure is
guaranteed by the orthogonality of the increments of B(¢). The orthogonality
of a stochastic process means certain continuity of the second moments, or the
covariance functions of the process. It has been shown that similar stochas-
tic integrals can be established with integrators from a large class of Gaussian
processes with covariance functions satisfying certain continuity and smoothness
conditions, which includes Brownian motion as an example. See, for example,
Yeh (1975). The framework of Yeh is based on some relatively strong conditions
on the covariance function of the Gaussian integrators. In some sense, the second
partial derivative of the covariance function must be bounded, which is not true

in the case of fractional Brownian motion.

Although fractional Brownian motion does not meet either conditions needed
by Ité’s setting or Yeh’s, we can use the ideas of both to construct the stochastic

integrals with respect to fractional Brownian motion.
To begin our task, we introduce some notation first.

Let D = [0,1] C R. Let Ly(D) be the collection of real valued Lebesgue
measurable functions which are square integrable over D and write £o(D) for the
Hilbert space of equivalence classes of functions in Ly(D) modulo a.e. equality
on D. Let (2, B, P) be a probability space. We distinguish likewise between
L2(R) and £5(Q). Let C(D) be the collection of real valued continuous functions
on D and C(D) be the collection of those elements of L;(D) each of which has a
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version in C(D). We shall write (-, -) and || - || for inner product and norm in

both £5(D) and L2(f2) since there will be no ambiguity from the context.

Let By be a fractional Brownian motion on D with long range dependence,
starting from zero. In other words, By (0) = 0 almost surely, and the Hurst index

satisfies 1/2 < H < 1. Let
['(s,t) = EBg(s)Bu(t) = K;{(szH + 27 — |s — ¢|*H) (4.16)

be the covariance function of By(t). The basic properties of I'(s , t) are summa-
rized in the following two lemmas, which are prerequisite for the validity of the

definition of the integral f X (¢)dBg(t).
LEMMA 4.9 For any (t, s)€ D x D,

1. T s continuous on D X D.

2. Let

7(t) = lim [(s,t)—T(t,t) . Is,t)=T(, 1)
stt s—1 st s —t

Then for anyt € [0, 1], v(t) = 0.
0T (s, t) 0*T'(s, t)
s ™ o5

Ty are two open triangles

3.

exist and are continuous on Ty U Ty, where Ty and

Ti={(s,t)eDxD; se€(0,t), te(0,1)},

and

To={(s,t)eDxD; se(t,1), te(0,1)}.

LEMMA 4.10 For any partition 8 of [0, 1]

B O=a<a<---<a,=1,
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let Fk,l = F(ak , al) and AFkJ = Fk,z — Fk,l—l — L1y + Fk—l,l-—l . Then for any
k#1,

o'r

ATy — g0z (ak—1, ai-1)(ar — ak—1)(a; — ai—1)

< Clager — a1 |77 %(ag = ap—1)(ar — a1-1) [ (ax — ax_1)® + (a1 — a1-1)°]

to((ar — ak-1)(a — ai-1)) , (4.17)

where C' is a nonnegative constant, and « ts a positive constant such that —1 <

2H -2 —a < 0.

The proofs of Lemmas 4.9 and 4.10 and other results obtained in this section are

given in Section 4.5.

In the following three subsections we give details of stochastic integrals with
respect to By step by step. In the last subsection of this section, we define

stochastic integral processes with respect to By.

4.4.1 Stochastic Integral [} f(s)dBg(s,w) for f € C(D)

In this subsection we give the definition of integral fJ f(¢)dBp(t) through Theo-
rem 4.11, where f € C(D). Then we discuss some properties of 3 f(t)dBg(t).

THEOREM 4.11 Let * be a partition of D given by

g 0=0n0<an1 < <lngm =1

forn=1,2,... and lim, |f"]| =0, where |§"| is the mazimum of the lengths
of the subintervals of partition f*. Corresponding to f* and a collection of q(n)

real numbers

o" ={ank € [Ang-1, k], k=1,2,...,49(n)},
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let the Riemann-Stieltjes sum of f € C(D) with respect to By be defined by
q(n)
S(f 3 ﬂn ’ a” )(w) = Z f(anyk){BH(an,k ) w) - BH(an,k—l ) w)}
k=1

forwe Q. Then{S(f,f,a"),n=1,2,...} is a Cauchy sequence in Lo(2).
Furthermore the element in L4(2) to which this Cauchy sequence converges is
determined by f independently of the sequences {f* ,n=1,2, ...} and {a™, n =
1,2,...}

DEFINITION 4.7 For f € C(D) we define the stochastic integral

1) = [ 7(t)aBa(t

to be the element in Lo(Q) to which the sequence { S(f, f*,a"), n=1,2,...}

in Theorem 4.11 converges.

THEOREM 4.12 For f, g € C(D) and a, B € R! the stochastic integral I
satisfies the following

P~

I(af + Bg) = al(f) + B1(9),

2. E[I(f)) =

(I(f), 1(9)) = fpxp f(S)g(t)azggg ) mr(d(s,t)), where my, denotes the

Lebesgue measure on R?,

o

2

P = foe F(5)1(8) s (s, Oyma(d(s, 1),

. I(f) is distributed as N(0, |[I(f)||?),

e

(3

Rl

{I(f), f€ LD)} is a Gaussian system of random variables.
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4.4.2 Stochastic Integral [y f(s)dBy(s,w) for f € Ly(D)

LEMMA 413 If { fn : n =1,2,...} C C(D) satisfies, as n, m — oo,
Jo |fa(8) = fm(s)|*ds = 0, then { I(fn) : n =1,2,...} satisfies E|I(f,) —

I(fm)]* — 0 asn, m — oo.

LEMMA 4.14 For f € Ly(D), let { fn : n =1,2,...} C C(D) be such
that lim, o ||fo — fll = 0. Then by Lemma 413, { I(f,) : n=1,2,...} is
a Cauchy sequence in Lo(Q) . Furthermore the element in Lo(Q) to which our

Cauchy sequence converges is independent of the sequence { f, : n=1,2,...}.

DEFINITION 4.8 For f € Ly(D) , we define the stochastic integral

1) = [ F6)dBa()

to be the element in L2() to which the sequence { I(f,) : n=1,2,...} in

Lemma 4.14 converges .

THEOREM 4.15 The stochastic integral fy f(t)dBy(t), f € Ly(D) , satisfies
(1)—(6) of Theorem 4.12.

4.4.3 Stochastic Integral fol ¢(Bu(t))dBg(t)

THEOREM 4.16 Let ¢ be a real function on R! and satisfy the Lipschitz

condition
() = ¢(s)| < C [t = sff (4.18)
almost everywhere on R in Lebesgue measure, where C is a constant independent

of t and s, and 3 > 0 satisfies H(1 + ) > 1. For any partition
B 0=a<a < -<a;=1 (4.19)
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and q real numbers

a={a; €(aj-1,a;]:7=1,2,...,q}, (4.20)

let the Riemann-Stieltjes sum of ¢(By) with respect to By be defined by
(9.8, @) = > é(Bulos)){ Ba(ax) = Ba(ary)},
then S(¢, 8, a) € L3(Q), that is
E|S(4, 8, @)’ <oco.
Let {f* : n=1,2,...} be a sequence of partitions given by
£ O0=ano<an1 < <apgm =1

forn=1,2,..., andlim, |§"| = 0, where |§*| is the mazimum of the lengths

of the subintervals of partition f* and

aﬂ:{anvke[anrk"l’anrk],kzl’z’"‘,q(n)}

be the corresponding collections of q(n) real numbers. Then { S(¢, §*, a™) :

n=1,2,...} is a Cauchy sequence in L,(2). Furthermore, the element in

L2(R) to which this Cauchy sequence converges is independent of the sequences

{f:n=1,2,...}and{a” : n=1,2,... }.

DEFINITION 4.9 For the fractional Brownian motion By, and a determinis-

tic function ¢ satisfying (4.18) we define the stochastic integral

I(6(Br) = [ #(Bu(2))dBu(t)

to be the element in L2(§)) to which the sequence {S(¢, f*, ") :n=1, 2,

in Theorem 4.16 converges.
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THEOREM 4.17 For any real numbers a and b, and any real functions ¢, ¢,
on R! satisfying
|f1(t) — ¢1(s)| < const |t — s|”*  a.e—my
and
|pa(t) — b2(s)| < const |t —s|”  a.e—my,

where a.e.- m; means almost everywhere on R! in Lebesgue measure, while H and
B1, B2 satisfy: H(1+ 1) > 1, H(1 + B2) > 1, the stochastic integral I(¢(Bm))
defined by Definition 4.9 satisfies

I(a¢1(Br) + bpa(Br)) = al(¢1(Br)) + bl(¢2(Bx)) - (4.21)

If @ is an absolutely continuous function on R! and for almost everyt € (—oo0,00),

®' = ¢ exists and satisfies
|6(t) — ¢(s)| < const |t — s|]P a.e. —my (4.22)
with H(1 4+ 3) > 1, then

®(Br(1)) ~ ®(Bu(0)) = [ $(Bu(s))dBu(s) (4.23)

4.4.4 Stochastic Integral [} X (¢,w)dBg(t,w)

In this subsection we are concerned with extending stochastic integrals with re-
spect to By(t) from deterministic integrands f(¢) and some specified stochastic

processes ¢(By(t)) to more general ones. First of all, for a simple process

k
X(t w ZEA] 1(TJ h;](t)
j=1

where Aj(w) and T are random variables, j = 1,2, ..., k, and 1p(¢) denotes
the indicator function, we define the integral as

o0 k
/ X,dBy(s) =" A; ( — Bu(T;- )) . (4.24)

J=1
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Secondly, if { X(t)} is a process with locally bounded variation, it is always
possible to define the integral by the formula of integration by parts as

/0 ' X, dBu(s) = X1 Bu(1) — Xo Bu(0) — fo 'Bu(s)dX,.  (4.25)

Finally, for general stochastic process { X(¢) }, we consider some integrands sat-
isfying the conditions given in the following theorem. We give the definition of

the integrals for these integrands in Definition 4.10.

THEOREM 4.18 Let { X(t) : —o0o <t < 00} be a real valued stochastic

process, such that for any t € (—oo, oo) and any real valued random variables

§(w) and n(w),

EIX@®)|* < oo, (4.26)
E|X(£w), w) = X(n(w) , w)[* < const E|§(w) —nw)|*,  (4.27)

where H + 3 > 1 and the constant in the right hand side of (4.27) is independent

of € and 1. For any partition 8 of [0, 1] given by (4.19) and q real numbers a
given by (4.20), let the Riemann-Stieltjes sum of X with respect to By be defined

as

S(X, 8, a)= éX(an[BH(ak) ~ Ba(ar1)].

Then S(X, 8, a) € Lo(R). Let {f* :n=1,2,...} and{a” :n=1,2,...}
be as given in Theorem 4.16; then {S (X, f*,a"”) : n=1,2,...} is a Cauchy
sequence in Lo(§)). Furthermore, the element in Lo(§)) to which this Cauchy

sequence converges is independent of the sequences { f* : n =1,2,...} and

{a" :n=1,2,...}.
DEFINITION 4.10 For the fractional Brownian motion By and a stochastic
process X satisfying (4.26) and (4.27), we define the stochastic integral
1
I(X) = / X(s,w)dBr(s,w)
0
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to be the element in L4(§2) to which the sequence {S (X, f*,a") :n=1,2,...}

in Theorem 4.18 converges.

THEOREM 4.19 For any real numbers a and b, nonnegative real numbers
B1, Ba such that H+ (3 > 1 and H + 3 > 1, and real valued stochastic processes
{Xi(t) : —co<t<oo} and {X5(t) : —00 <t < o0} satisfying (4.26) and for

any real valued random variables ¢ and 7,
E|Xy(€) = Xi(n)[* < const E|¢ —n|* (4.28)
E|X,(€) — Xa(n)|* < const E|¢ —n|** (4.29)

where the constants in the right hand sides of (4.28) and (4.29) are independent
of € and 1. Then the stochastic integral I(X) defined by Definition 4.10 satisfies

I(aXy +bXz) = al(Xy) + bI(Xs) . (4.30)

If the stochastic process { X(t, w) : —oc0o <t < o0, w € N} is such that
%)t(—(t ,w)=z(t, w)
exists almost everywhere on R' and z(t) satisfies (4.26) and (4.27) then the

stochastic integral

fo " 2(Bu(s), w) dBu(s) = /0 ' 66—): (Bu(s), w) dBu(s)
exists, and
19X
X(Ba(1), &)~ X(Ba(0), &) = [ 2X (By(e), ) dBu(s).  (43)

4.4.5 Stochastic Integral Processes {I(f)(t) : t > 0},
{I(¢)(t) : =20} and {I(X)(t) : t20}

It is now easy to extend the definition of integral operator I from I : L£([0, 1])
— L) to I = La([a, d]) = L2(N) by the same idea as presented in Sec-
tion 4.4.2, where a and b are any real numbers. Indeed for any f € Ly([a, b]),
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we define I(f) = [’ f(s)dBy(s), then I is a linear operator from Ly([a , b]) to
L,(2) and Theorem 4.12 still holds. Thus for any f € £3(R') we define a stochas-
tic process { I(f)(t) : t >0} as

t
1()(t) = [ f(s)dBals). (4:32)
By the same argument, we define stochastic processes { I(¢)(t) : t > 0} and

{(I(X)(t) : t>0} as

16)(t) = [ #(Bu(s))dBu(s) (4.33)
and
1)) = | " X(s)dBu(s) (430

respectively so long as ¢ and X satisfy the conditions of Theorem 4.16 and The-

orem 4.18 respectively.

THEOREM 4.20 For any constants —oo < a < b < oo, the sample functions
of (I a<t<bh I : a<t<b}and {I(X)() : a <t<b)
are uniformly continuous on [a , b] with probability one, hence for almost every
w € Q the sample functions { I(f)(t) : t >0}, {I(#)(t) : ¢t > 0} and
{I(X)(t) : t >0} are continuous functions on [0, co) with probability one.

THEOREM 4.21 Let I(f)(t), I($)(t) and 1(X)(t) be defined by (4.32), (4.93)
and (4.84). Then we have the following

1. Foranyt >0,

E[I(H®) < oo, (4.35)
E[I($®)) < oo, (4.36)
E[I(X)®)] < oo . (4.37)

2. The deterministic functions E [I(f)(-)]* , E[I(#)(-)]* and E[I(X)(:)]* are

continuous on [0, co).
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3. For any 0 < a < b,

/ " BI(@) O dt < o0 (4.38)

/ " BUX)@P dt < oo (4.39)
b ) 0T

LEUUWHﬁs@—@ﬁwmﬂmﬂﬂwﬁﬁjmwww<m»%%)

4.5 Proofs

In this section, we use C to denote a constant, which may differ in different

expressions.

4.5.1 Proofs of Lemmas 4.9 and 4.10

Proof of Lemma 4.9.
1 Since H> 0, from (4.16), I'(s, t) is continuous on D x D.

2 Let

(s, t)—I(t, t)
s—1

(s, t)—T(t, )

s—1 ’

() = lim  n(t) = lip

then, v,(¢) = Vg Ht?#~1 = 4,(t) and y(t) = 71(t) — y2(t) = 0 for any ¢ in [0, 1].

3
(s, t) | HVa(s" 1+ (t=s)7Y) (s,t)eTh,
os HVy (s — (s —t)271) (s,1) €Ty,
0°T(s, t) .
510 (2H — 1)H Vylt — s|* 2 [ (s, t) e LU Ty,
2
o I‘a(;, ) _ (2H — DV H Vig(s™ — |t — sPP-1) | (s, 8) € TLU T, .

So 8I'(s , t)/0tds and 0°T(s , t)/0s? are continuous on T; U Ts.
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Proof of Lemma 4.10. By the definitions of ['y; and AT'x; we have

Vi
ATy, = ——25 {lar — @i = |ax = @11 " — oy — @™ + |axy — aia |}

Vi
= ——2£ {g(ak ’ (11) - g(a‘k-—l ) a‘) - g(ak ’ (11_1) + g(ak—l ) al—l)}’ (441)

where g(z , y) = |z — y|**. If ax — ar_y < a; — a;_1, therefore,

Vi 0 9?2 a2
ATy = —TH{ a_i(ak—l , ar)(ag — ar-1) + gw—g(ak—l , az)-(%#
2 Og
+o((ar — ak-1)*) — a—x(ak—1 y a—1)(ak — ag—1)
d%g (ax — ax—1)?

_—a-m—g(ak—l ; al—l)__z'—_' + o((ax — ax-1)?) }

Vi 0?
= —TH { [Byégw (ak-l ) a1_1)(a1 — 01—1) + O(GZ - al—l)} (ak - ak—l)

e

-— 2
¥ 8?!3332(%'1’ ai-1)(a — aj-1) + o(a; — az_l)] (k ~ ap-1)”

2

+o((ax — ag-1)?) }

or
= { Byax(ak_l ’ (11—1)(ak - ak—l)(al - 01—1)

Vg &° —an_1)?
ks rma)(an = o)L

+o((ar — ak-1)(ar — ai-1)) }

(The last equation follows from (—V 2)(0%g/0ydz) = 3*I' /0ydz.) Then

Al — 82—F(a ai—1)(ax — ak-1)(a; — aj_1)
k| By0z k-1, @1-1)(ax k—1)la -1
Vu 0% (ak — ak-1)?

< + o((ax — ag-1)(ar — ai—1))

'2—%%5(%—1, al-1)(a1 - (11—1) 2

= C |ag—1 — @11 3(a1 — ai_1)(ar — ap-1)? + o((ar — ap-1)(a; — a1-1)) -
Since —1 < 2H — 2 < 0 we can choose o > 0 such that -1 < 2H -2 —a < 0. If
ar — agp-1 < a; —aj_; and k <[ then,

G — Qk-1 <1
Ial—1 - ak—ll
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and we have

lak—1 — ai1 2773 (a1 — ai_1)(ag — ax—1)?

|2H—2—a(

l-a
_ A — Qg—1
= lag-1 — a1-1

ar — ai—1)(ar — ag—1)(ar — ax—1)* (-————-
Iak—1 — a1—1|
<ag—1 — a1 |77 (a1 — ary) (ax — ag—1)(ar — ax_1)*

|2H—2—a

< ak—1 — a1 (a1 — ai—1)(ax — ak—1) [(ax — ak—1)* + (@1 — a1—1)°] .

If ap, —ax—y <a;— a1 and k > l,

lak_y — a1 |73 (a1 — aiy)(ar — ax_1)?

< age1 — aim1 2773 (a1 — ai1)?(ar — ap_1)

l1-o
o a;— aj_
= |ag-1 — @a1-1 "7 (a) — a1-1)(ax — a-1)(@1 — a1-1)* (—-L-—L)
Iak-l - al—ll

< ag-1 — a1 P72 %@ — armr)(ak — ax-1)(ar — ai-1)®

< ag—1 — a1 |27 %(a) — 1) (ak — ak-1) [(ax — ar—1)* + (a1 — a1-1)%] .

Thus when a; — ax—; < a; — a;—; we have

ol
ATl — 3y3x(ak_1’ ai—1)(ak — ak—1)(a1 — aj-1)

< C lag-1 = a7 (@ — ar-1)(ak = ap-1) [(ar = ax-1)® + (a1 = a11)°]
+o((ar — ag-1)(ar — ar-1)) .
If ax — ax—1 > a; — aj—1 , since g(z , y) = g(y , z),
ATws =~ {g(ar, o) = glar, ar-r) = glais, a8) +glars , 1)} -

Then by the same argument used above and noticing that
d%g d?%g -2 9T
6ya$($’y) = 8ya$(y’ .’IJ) = T/;ayax(m ’ y) )

we have
or
OyOzx

< Clag-r — a—1 2727 %(ar — ar=1)(ar — ag-1) [(ar — ax—1)* + (a1 — a1-1)°]

Al —

(ak-1, ai—1)(ax — ag—1)(ar — a1-1)

+o((ar — ak—1)(ar — ai-1)) .

This establishes (4.17).
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4.5.2 Proof of the results of Section 4.4.1

Proof of Theorem 4.11. We first prove that for any partition
8 0=a<a1< - <a;=1
and ¢ real numbers
a={aj€la-1,0;]:5=1,2,...,q9},

S(f,8,a)€ Ly(Q). Indeed, since f € L5(2), we can choose a version of f in
L2(Q) and still denote this version as f, such that at the finite points { a;, j =
17 27 AR ) q} f(aJ) <w7j= ]'7 27 e and maw{lf(aj)l : j= 1’ 2, AR | q} =
C' < oo. Then, by Lemma 4.10,

E|IS(f,B,a)]*= E{Zf(aj)[BH(aj) - BH(aj—l)]}

=2 f(e;) f(ar)E{[Bu(a;) — Bu(a;-1)][ Bu(ar) — Bu(ar-1)]}

Jy

0°T
- . < Ll < — :
3 f(@)f(@x)ALie < CYIAL;| £ O /[0,11x{0.1] 5r5s (@ ¥)|dedy < oo
Then we prove that {S(f,8", ") : n=1, ,...}is a Cauchy sequence in

£2 (w)

For any € > 0, since f is continuous on [0, 1], there is a § > 0 such that
If(t) — f(t")| < efor any t', t" € [0, 1] and |t' —t"| < . Let m and n be so
large that |8™| < §/2 and |8"| < §/2. Let

gmm) 0=ao<a << agmim) = 1
be the partition of D obtained by superposition of 8" and 8™. Then,
S(f,8™,a™)=S(f,8",a")

=2 flamy) Balam,;) ~ Br(am,i-1)] = 2 f(ons)[Ba(ank-1) — Br(ani-1)]
J k

= ; C [BH(GI) - BH(al—l)] ’
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where C/’s are of the form C) = f(amy,)— f(an,y,) forsomew; € {1,2, ..., g(n)}
and vy € {1,2,...,¢9(m)},and |G| <eforl=1,2,..., g(n+m). So,

EIS(fa Bm’ am)_S(f, Bn’ an)|2

q(n,m)
= Z CkCI Cov (BH(a,k) - BH(ak_l) y BH(GZ) -— BH(al—l))
k,=1
g(n,m) q
= z CkCIAFk,I = CZAFk,k + Z CkClAFk,l .
k,l=1 k=1 k<l

Since ATk x = Vir|ar — ap—1]*, we have

q

q q
3" CRATki < C Y (ak — ax-1)* = C Y (ar — ar—1)(ak — ar—y)*7
k=1

k=1 k=1

q
S CmaX{an|2H_l , Iﬁmle—-l}Z(ak _ ak—l)

k=1
= C max{|B"|*!, |B™*1} — 0,

as n, m — co. By Lemma 4.10,

o
|ATy, | < ayaw(ak—l , ai—1)(ak — ak—1)(a1 — ai-1)
+C |ag-1 — a1 |77 X
{(ar = )@~ ) (0 — ) + a1 — a1-2)°]
+o((ax — ak-1)(ar — az-1))} ,
> CrCiAT x| < Y |CkCIAT k| < €Y |AT|
k<l k<l k<l
or
<é | (ak=1, ai-1)(ar — ak—1)(ar — ai-1)|
{kzg:l Oyoz
+3" Clak-1 — ai=1 [*7727%(ax — ax-1)(ar — ar-1) x
k<l

[(ax — ag-1)* + (a1 — a1-1)°]

+Zo((ak — ak-1)(a; — al_l))} < €2C .

k<l

Now we have proved that
E|S(f,B™, a™) = S(f, 8", ")  — 0,
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as n, m — oco. This implies that { S(f,8",e") : n=1,2, ...} is a Cauchy

sequence in L(2).

To show that the element in £2(2) to which this Cauchy sequence converges
is independent of the sequences { 8" } and { o™ } with 8] — 0 as n — oo, let
{D"} and {B"} be another pair of such sequences. Then since the sequence |8,

|D, |8%], |D?|, ... converges to 0, the sequence
S(f, 8, oY), S(f, D', BY), S(f, 8%, ), S(f, D*, B, ...

is a Cauchy sequence in £2(f2) and the two subsequences { S(f, 8", a") : n =
1,2,...}and {S(f, D", 8") : n=1,2, ...} converge to the same element
in £,(€). This finishes the proof of Theorem 4.11.

Proof of Theorem 4.12. Let {8" } and { @" } be given in Theorem 4.11. Then

(1) follows immediately since

S(af +pBg, 8", a")=aS(f, 8", a")+BS5(g, 8", o).
Also, (2) follows from

E[S(f,8",a")]= ijf(ak)E [ Ba(ar) — Br(ak-1)] =0

and

E[I(f)] = lim E[S(f, 8%, a")]=0.
To prove (3), we note that, from the definitions of I(f) and I(g), we have
(I(£), I(9)) = EI(f) I(9) = lim ES(f, 8", a")S(g, 8", ") .

Let 8" be 0 = ap < a1 < -+ < @ = 1 and " be such that oy = ar, k =

1,2,..., q,then

S(f,8", a")=2k:f(ak)[BH(ak—ak_1)] :

S(g,8",a") = Zk:g(ak)[BH(ak —a-1)] -
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Since E [BH(ak - ak_l)] [BH(G,I - al_l)] = AFk,l it follows that

ES(f,B",a")S(g, B", a" Zf (ar)g(ak) AFkk—l-Zf (ar)g(a)ATk, .
i (4.42)

Since f and g are continuous on [0, 1], |f(ax)g(a;)| < C for some constant C

and any k and [ , and when n — oo, ¥°7_, |Al% x| — 0 as shown in the proof of

Theorem 4.11, 3°1_, f(ax)g(ax)ATkr — 0. Now let us consider the second term

in the right hand side of (4.42):

3 fl@) (@)l = T flor)a(a) | gpa-ons, ars)(os = onoi)n — o)

k£l k£l

+o((ar — ak-1)(ar — aj-1)) ]

= [ 1)) () dedy + ol1)
T)UT, Oydz "’ ’

so (3) follows. Now (4) is a particular case of (3). (6) holds since { I(f),

f € C(D) } is a subspace of the closure of the collection of all linear combi-

nations of members of the Gaussian system in £2(f2). Then (5) holds in view of

(2) and (4).

4.5.3 Proof of the results of Section 4.4.2

Proof of Lemma 4.13. From (1) and (4) of Theorem 4.12 we have
E1I(fa) = I(fm) P = E|I(fa = )
= [ () = Fule) (lt) = Fin) om (s, ma(d(s, 1)
= C [ (fals) = fn(5) (falt) = fn(®))Is = P2 mi(d(s, )
= / [(fa(s) = Fnls))ls = t171]
[(fa(8) = Fn(@)ls = 1T mu(d(s,1))] - (4.43)
Notice that

L (as) = Fm())Pls = P2 mu(d(s, )
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= lim [/ (fa(s) = fm(s))?|s — t|* 2 ds dt

€1,62-0
+ () = e ls e s
where
D, = {(s,t): 0<s<1l—¢,s+6<t<1},
D, = {(s,t): €<s8<1,0<t<s—e},

and

J, n(s) = fmls)ls = 272 ds di
= [T [ () = Sl ls 4P ds
= O [T (fule) = Sl [(1 - 1 - @] ds
< [T ~ fnls)) ds S C |l fa = fn P< 00
(for 1 <H<1,2H~1>0, (1-3s)2H-! — H#-1 <1). By a similar argument,
L, Unls) = Fn(o))? s = P72 dsdt < C [ fo = i IP< oo

Thus (fn(s) = fm(s))|s — |7t € Ly(D x D). From (4.43) we have

N

B = TGP S C{ [ (als) = fmls))? s =t 2 mo(d(s, ) } x
{ Un®) = Sm(@)? s = P2 ma(d(s, 1)) |
= C [ (fals) = fn()ls =t mu(d(s, )
= C lim { /D () = Fn())? s — e ds

€1 , €20

O

b G0 = (s =i s
S C" fn_fm ”2 .

Thus { I(f,) : n =1,2,...} is a Cauchy sequence in L2(f2) so long as
{fa: n=1,2,...}is a Cauchy sequence in L,(D).
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Proof of Lemma 4.14. Since lim, oo || fo—fr |=0,{fn : n=1,2, ...} C
C(D) is a Cauchy sequence in £2(D). By Lemma 4.13, {I(f,) : n=1,2,...}
is a Cauchy sequence in £,(£2). So there is an element in £5(2) to which {I(f,) :
n=1,2,...} converges. To show that this element does not depend on the
choice of the sequence { f, : n =1 ,2,...} C C(D) converging to f in
Lo(D), let {g, : n=1,2,...} C C(D) be another such sequence. Then
{fi,a, fa, g2, ...} is a sequence from C(D) which converges to f in Ly(D).
Then { I(f1), I(g1), I(f2), I(g2), ...} is a Cauchy sequence in L£,(€2) and its
subsequences { I(f,) : n=1,2,...}and {I(g.) : n=1,2, ...} converge

to the same element in £,().

4.5.4 Proof of the results of Section 4.4.3

Proof of Theorem 4.16. In order to prove Theorem 4.16, we need the following
lemma,
LEMMA 4.22 For anyr > 0, s and t we have

E|By(s) — By(t)|" < const |t —s|"H . (4.44)

The proof of Lemma 4.22 follows from the Holder inequality and (4.11).

To deal with Theorem 4.16, we first prove that, for any partition 8 and cor-
responding collection of real numbers « given by (4.19) and (4.20) respectively,

E|S(¢, 8, a)]? < co. To this end, we notice that from (4.18) it follows that

[6(Br(t)] < |46(Br(t) — ¢(0)] + [4(0)] < C|Ba(t)l” +14(0)] .

Thus,

J

E|S(¢,8,a)|?=E {Z¢(BH(C¥J'))[BH(%') —BH(aj—l)]}
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= Xk: E ¢( Bu(;)) ¢( Bu(ak)) [ Br(a;) — Bu(aj-1)][Br(ax) — Br(ak-1)]
i
SCYE {[1Bu(;)I® + 1¢(0)| 1[I Br(cx)® + |4(0)| ]
i
[1Ba(a;) — Ba(a;-1)|1[1Ba(ar) — Bu(ar-1)|] }
<o,
for By(t) — Bu(s) and Bg(u) are normal random variables for any t, s and u,
and ¢(0) can be chosen to be finite by (4.18).
Now we prove that {S(¢, 8", a™)} is a Cauchy sequence in £2(Q2). For any
partitions 8" and 8™ and corresponding real numbers o™ and o™, let
glnm) . 0=ao<ay... < agmnm) =1
be the partition obtained by superposition of 8" and 8™, and
o™ ={ o €lay, a], k=1,2,...,qn,m)}
be the corresponding collection of g(n,m) real numbers. Since
S(¢, 8", o) =3 ¢(Bnulan;))[Brlan;) — Bulani-1)],
S(¢, 8™, ™) =3 ¢(Bu(am,;))[Bu(an;) — Bu(am,;-1)] ,
then
S(¢, 8" a")=-5(¢,8", a™)= ;&[BH(%‘) — Bu(a;-1)],
where &’s are of the form
& =¢(Bulanw)) — ¢(Br(amu))
for some w € {1,2,...,q(n)}and v, € {1,2, ..., ¢(m)}. Therefore
E|S(¢, 8", a")=S (4, 8™, a™)
= Z; E{¢& [ Bn(a;) — Bu(a;-1)][Bu(a:) — Bu(ai-1)]}
i
= E¢[Bu(a;) — Bu(aj-1)|*
;

+Y E&i& [ Bu(a;) — Bu(aj—1) ][ Bu(a) — Bu(ai-1)].  (4.45)
il
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For the first term of (4.45), by (4.18) and (4.44), we have
2 E { & Br(as) = Bu(os-)]' }
<X (Eff)m { EBu(q;) - Bu(aj-1)]"}
j
SCX (Eﬁ}l)m(aa‘ — a1 )M
i
Since &; = ¢ ( Bu(any,)) — ¢ ( Bul{am,y,) ), by (4.18) we have
E ¢} < C E|Br(ony) — Br(amuy) [*? < Clony — any[*PT < O,

S0,

1/2 " _ m _

5 (E&) (a5 = a0 < Cmax{ |8 77, 87 PF 3 3 2(a; — ajoa)

J 7
=Cmax{|Bn|2H—1,Iﬁm|2H_l}—)0

as |8”] and |8™| — 0, for 2H —1 > 0.

Now let us consider the second term in (4.45). By (4.44) we have

> E&;&[Bu(a;) — Bu(aj-1)][Bu(a) — Br(ai-1)]

J#l
<> (864 )" {E (|Bu(e;) - Bulaj—1)] [ Bu(ar) — Ba(a_)]) }'
< SEE ) (B { B[ Ba(a;) — Bu(a;-) 1} x
J#l
{ E[Bu(a) - Ba(a) ' }"* . (4.46)

Since
E£} < Clanu; — amy, "7,
(EE)Y* < Clanu, — tmu; [P < C lanu, — ama, |,

where r = 1,if BH > 1; or r = S H, if 3 H < 1. Therefore, the right hand side
of (4.46) is

S C Z Ian,uj - am,‘uJ' |r ‘an,ul - am,vllr ( a; — Gj-1 )H ( ap — aj-y )H
J#l
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< CY(aj—ajo1) (ar—am1) (aj —aj1) (@ — @y )H
il
= > (a5 —a;)" (@ —aa )
2l
S C max{ IBH |r'+H—1 IBmm |r+H—1} —50

asn, m —+ oo, forr+H=1+H >1,orr+ H=H(1+) > 1. Hence
E|S(¢,8",a") — S(¢,8™,a™)] — 0 as n, m = oo. In other words,
{S(¢,8",a"),n=1,2,...}is a Cauchy sequence in Lo(Q).

To show that the element in £2(2) to which this Cauchy sequence converges
is independent of the sequences { 8” } and { o™ } with |8"| — 0 as n — oo, let
{ D" } and { 8" } be another pair of such sequences. Then since the sequence

|8, | D, |8], | D?|, ... converges to 0, the sequence

S(¢,8,a'),S(e, D" '), 5(4,8,0%),5(¢, D, ), ...

is a Cauchy sequence in £2(f2) and the two subsequences {S (¢, 8", a") : n=
1,2,...}and {S(¢, D", ") : n=1,2, ...} converge to the same element
in £,(Q). This finishes the proof of Theorem 4.16.

Proof of Theorem 4.17. For any partition

B O0=a<a; <+ <a;=1 (4.47)
and ¢ real numbers

a={e;€laj-1,a]: 7=1,2,...,q},
since
S(a¢1+b¢27 B) a):aS(¢11 Ba a)+bS(¢2a Ba O_’) ’
(4.21) follows immediately. To deal with (4.23) we choose the partition as that
in (4.47) and the q real numbers as follows
a={aj-1: j=1,2,...,q}.

119



By Theorem 4.16, the Newton-Leibniz Formula and (4.22) we have

2

B| @(Br(1)) - 8(Bu(0) - [ (Bu(s))dBa(s)
= E|®(By(1)) — ®(By(0)) — |il3i1r—r>105(¢’ B, a)

= lim E|®(By(1)) — ®(Bu(0)) — S(¢, B, o) |2

(Bj—o
= |%3i|§10E ®(Br(1)) — 2(Bu(0)) — i:lqﬁ(BH(aj—l))[BH(aj) — Bu(a;j1)]

= lim F| Z{@ By(a;)) — ®(Br(a;-1))

Blso =1

~&(Bu(a;-1)) [ Bu(a;) — Bu(aj-1)]}

- jm B z{ L ) da - (BH(aJ-_I»[BH(aj)—BH<aj-1)1}

2

By (aj-1)

2
B (aj)

= 1im B [ [9(s) - (Bu(aj-1))] ds

IBI—}O ]:]_ H(a’] 1)

= m 3 B[ 156) - sButas- s

1Bl=0 ;' k=1 By(aj-1)

[ /BBH(%) [#(s) — ¢(Br(ar_y))] ds] }

H(akr-1)

K Bp(aj-1)vVBpy(aj)
< lim E/ 8) — ¢(Brla;—1))lds x
m > {B,,(a,-_ms,,(m 16(5) — $(Bar(az-1))|
Jore Y o(e) = (-1l ds
S} — a;— S
BH(ak_l)/\BH(ak) H J 1
q Br(a;—1)VBa(a;)
< lmC Y E{/ s — By(a;-1))P dsx
1

Bl=o %= By (a;j—1)ABg(a;)
5.k

/BH(ak—l)VBH(ak)

BH(ak 1)/\BH(ak)

|s — BH(ak_1)|ﬁ ds}

= (C lim Zq: E [|BH(aJ~) — BH(aj-1)I1+ﬁ|BH(ak) — BH(ak_l)IHﬁ]

= 0. (4.48)

Note that (4.48) follows from the same argument as that used for the proof of
Theorem 4.16. This ends the proof of Theorem 4.17.
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4.5.5 Proof of the results of Section 4.4.4

Proof of Theorem 4.18. In order to prove that S (X , 8, o) € £L,(f), it is suf-
ficient to prove that E|S (X, 8, a)|* < co. Indeed by the Schwarz inequality
and (4.26) we have

E|S(X,8,a) =E{EX(%)[BH(%)—BH(aj-l)]}

= Zk: EX(e;)X(ax)[Bu(a;) — Bu(aj-1)]|[Bu(ar) — Br(ar-1)]

S Xk: {E[X(O‘J')X(ak)r}% {E[BH(aj) - BH(aj—1)]2[BH(ak) _ BH(ak_l)]z}%

< zk; {EX4(aj)EX4(ak)}%{E[BH(a,—) — By(aj-1))*[Bu(ax) — BH(ak_l)P}%

J
< 0.

Next we prove that { S(X , 8", a") : n=1,2, ...} is a Cauchy sequence in
L2(€Q). We notice that

E|S(X,8", a")— 85X, 8™, a™)|?

2
=E {Z (i [Bu(a;) — Bu(a;-1)] } ; (4.49)
j
where (;’s are of the form (; = X (anu; ) — X (@my; ) for some an., €
{1,2,...,q(n) } and omy; € {1,2,...,4q(m)}. Then by (4.27) and the

same argument used in the proof of Theorem 4.16 we have that (4.49) equals

ij E{(iC [ Bu(aj) — Bu(aj-1)] [ Bu(ax) — Bu(ar-1)]}
= Zk:( B (B { E|Bu(aj) — Bu(a;-1) I* }1/4 X
{ E|Bx(ax) — Bu(ar-1)|* }1/4

< C Z( a; —aj;-1 )H+ﬁ ( ap — Ag—1 )H+ﬁ — 0,
3k

as n, m — oo. Therefore, {S(X,8",a") : n=1,2,...} is a Cauchy

sequence in L,().
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It is obvious now that the element in £5(2) to which our Cauchy sequence
converges is independent of the sequences {8" : n=1,2, ...} and {a" : n=

1,2, ...}. This finishes the proof of Theorem 4.18.

Proof of Theorem 4.19. We prove the existence of [} z ( Bg(s))dBg(s) first.
We put this in the following lemma

LEMMA 4.23 Assume z (t) satisfies (4.26) and ({.27). For any partition f3
and corresponding q real numbers a given by (4.19) and (4.20), let

S(z(Bu), B, a) =) z(Bu(a;)) [ Bu(a;) — Bu(a;1] .

i

Then S(z(Bu), B, a) € L(Q). Let {f* : n=1,2,...}y and {a" : n =
1,2,...} be as given in Theorem 4.18. Then { S(z(Bu),f*,a") : n =
1,2,...} is a Cauchy sequence in Lo(). Furthermore, the element in Lo(Q)
to which this Cauchy sequence converges is independent of the sequences { ff* :
n=1,2,...}yand {a" : n=1,2,...}. So we can define the stochastic
integral [y « ( Bg(s))dBu(s) to be the element in Lo(Q) to which the sequence
{S(z(Bu),f*,a") : n=1,2,...} converges.

Proof of Lemma 4.23. Since z(t) satisfies (4.26) and(4.27),

2

E|S(=(Bn),8, )" = E |} «(Bu(a;))[ Ba(e;) — Bu(ax)]

J

2

= E |} _[2(Bu(ey)) — 2(Br(0)) + 2(Bu(0)) ][ Bu(a;) — Bu(ax)]

J

<o0.

Thus S (z(By), 8, a)) € L2(2). Now we show that { S(z(By), 8, )) : n =

1,2, ...} is a Cauchy sequence in £,(2). Using the same notation and argument
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as in the proof of Theorem 4.18 we have

E|S(z(Bn), 8", ")) = S(z(Bn), 8™, ™)) |* = ElZCJ [ Bu(a;)— Br(aj-1) %

(4.50)
where (;’s are of the form (; = z(Bu(anw;) — z(Bu(amy,) for some an.; €
{1,2,,...,q(n) } and amo; € {1,2,,...,¢q(m)}. Then by (4.26) we have

that equation (4.50) equals

= Z/; E ;¢ | Ba(a;) — Ba(aj-1) ][ Bu(ax) — Br(ak-1)]

> (ECf)l/4 (EC§)1/4 (E[Bn(a;) - BH(aj—l)]4)l/4 X

Jk

IN

(E [ B(ak) — Br(ag-1) ]4) i

< C Z(aj —aj_y)Htr (ax — a1 —0,
Jk

as m, m — oo, for H +r > 1, where r is such chosen that r = 1,if 8 > 1; r = (3,
if B < 1. We have proved that { S(z(Bg), 8", ") } is a Cauchy sequence in
L2(2), and hence it is easy to see that the rest of Lemma 4.23 is true.

We move now to prove Theorem 4.19. Since for any real numbers a and b,
any processes X; and X, satisfying (4.28) and ( 4.29), and any partition 8 and

corresponding «,
S((IX1+bX2, B, a) ZG,S(Xl N B, a)+bS(X2, B, a) 3

so (4.30) follows immediately.

To deal with (4.31) we notice that

X (Bu(1),w)— X (Bu(0) Z[X(BH 4;), w) = X (Bu(ej-1), w)]
= > _[=(a;) — 2(Bu(a;)) + fv(BH(aj)] [ Bu(a;) — Br(a;-1)]
= i[w(aj) — z(Bu(a;)) ][ Bnu(aj) — Bu(aj-1)]

+Z By(a;) ) [ Bu(a;) — Bu(aj-1)], (4.51)
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where aj = aj(w) is a random variable with values between By(a;—;) and By(a;),
j=1,2,...,q. Since z(t) satisfies (4.27), by the same argument used in the

proof of Theorem 4.18, we have

12 { >_le(ay) — =(Bu(a;)) ] [ Bu(a;) — Bu(aj-1)] }
= Xk: E[z(a;) — z(Bu(a;)) ] [z(ew) — 2(Br(ax))] ¥
[ Bu(a;) — Br(aj-1)][ Bu(ax) — Br(ax-1)]

< C Y (aj — aj—)™ (ar — ar—) T — 0,
ik
as |B| — 0, for some r such that H 4+ r > 1. Hence from (4.51) we have

X (Bu(1),w) =X (Bu(0),w) = Ijlsilr_r)lozx(BH(aj))[BH(aj)—BH(aj—l)]

- /01 z(By(s))dBau(s) .

This finishes the proof of Theorem 4.19.

4.5.6 Proof of the results of Section 4.4.5

Proof of Theorem 4.20. For any process { {(t) : —oo < t < oo } and any
numbers —0co < a < b < oo, if the sample function { £(t) : a <t < b}
is continuous on [a, b] with probability one, then the sample function { £(¢) :
—00 < t < 0o } is continuous on R! with probability one. So in order to prove
Theorem 4.20 it is sufficient to show that the sample functions of { I(f)(¢) : 0 <
t<1},{I(¢)(¢) : 0<t<1}and {[(X)(t) : 0 <t <1} are continuous
functions on [0, 1] with probability one. To deal with this, we need the following

lemma

LEMMA 4.24 Let {£(t) : ¢t € [0, T]} be a separable process satisfying the

following conditions: there exists a non-negative monotonically non-decreasing
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function g(h) and a function g(c, h), h >0, such that

P {|¢(t+h) - &) > cg(h) } < q(c, k) (4.52)
and
G= Zg 27"T) < o0, Q(c)—ZQ” 27"T) < o0, (4.53)

then £(t) is continuous with probability one.

For the proof of Lemma 4.24, see, for example, Gihman and Skorohod (1971,
pp- 190-191, Lemma 1 and Theorem 6).

To establish Theorem 4.20, it is now sufficient to check that the conditions
(4.52) and (4.53) of Lemma 4.24 hold for { I(f)(¢) : 0<¢ <1}, {I(¢)(t): 0<
t<l}and {I(X)(t) : 0<t<1}. Let

g(h)=h%, qlc, k)= Ch2H== (4.54)

where C is a constant independent of A and « and which may be different in
different expressions, « satisfies 2H — a — 1 > 0. We are going to show that,
for such chosen g and ¢, (4.52) and (4.53) hold for { I(¢)(t) : 0 <t <1},
{I(X)(#) : 0<t<1l}and {I(f)(¢) : 0 <t <1} From (4.54), notice that
T=1,2H —a—1>0, we have

G=>g92"T)=> 2" <00,
n=0 n=0

and

Q(c) = Z 2"q(¢,27"T) = Z gng—(2H-a)n _ Z 9-(2H=o=1)n o

n=0 n=0 n=0
so (4.53) holds for g and g given by (4.54). Now let us consider (4.52) for I(¢)(t).
We have

P{I1(¢)(t +h)— L$)(D] > h?} < LE@)t+h) - I@OF . (4.59)
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For any t € R! let
t
o(t) = fo é(s)ds . (4.56)
Since ¢ satisfies the conditions of Theorem 4.16, (4.56) is well defined. By The-

orem 4.17,

B(Bu(t+ ) ~ #(Bu(t)) = [ H(Bu(s))dBu(s)

Thus,

2

DU+ ) = 1P = | [ oBn(e)aBuo
= BI0(Bu(t + 1)) ~ ®(Bu (1)
= El6(Ba(0) Ba(t + ) - Ba(O)]F (4.5)

where By (0) is between By (t) and By(t + h), therefore
|Bu(0) — Bu(t)| < [Bu(t + h) — Bu(t)] - (4.58)
By condition (4.18) of Theorem 4.16 and (4.58) we have

E|¢(Bu(0))[Bu(t + h) — Bu(t)]|*
< E{(|$(Bu(0)) — $(Bu(t)| + |¢(Bu(t))|Bu(t + h) — Bu(t)[}’
< E{[C|Br(8) — Ba(t)° +|6(Bu(t)) — $((Bu(0))| + |6(Bu(0))]] x

(
|Bu(t + h) — Bu(t)|}*
< B{[C1Bu(t-+ )~ Ba(0)? +1¢(Ba(t) ~ ABa(0)| +14(Ba(0)] x
|Br(t + h) — Bu(t)|}’
< CE{[IBu(t+h) = Ba() + |Ba(t) — Bu(0)° +|4(0)]] x
|Bu(t + k) — Bu(t)|}’

IA

C{E [!BH(t‘f‘ h) — BH(t)|ﬁ 4+ |BH(t) _ BH(O)Iﬁ n |¢(O)I]4}l/2 y
{E[Bu(t+h) - Ba®)]*}"”
C{h4ﬁH+t4ﬁH+¢(0)4ﬁ}l/2

C hH (4.59)

h2H

IN A
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The second last inequality follows from (4.44). From (4.55), (4.57) and (4.59),
{I(¢)(t) : 0 <t <1} is continuous with probability one.

Next we show that (4.52) holds for {I(X)(¢) : 0 <t¢ < 1}. Note that
P {|I(X)(t+h) = I(X)(t)| > h%} <A™ E|I(X)(t+ k) — I(X)®)]* .  (4.60)
Let
Y(t,w)= /0 X(s, w)dBu(s) .

It is obvious that Y(¢) is well defined and satisfies the conditions of Theorem 4.19.

Using the same argument used above we have

2

B+ )~ ICOOF = B| [ X(Bu(s))dBa(s)
= BY(Bu(t+h) - Y(Ba()) = E1X(Bu(®)[Bu(t + ) - Bu(O)f
< Ch*¥H . (4.61)

From (4.60) and (4.61) we have
P {|I(X)(t+h) - I(X)(t)] > h3} < CR? .

By Lemma 4.24, {I(X)(t) : 0 < ¢t < 1} is continuous with probability one.
Finally we are going to prove that (4.52) holds for {I(f)(t): 0 <t < 1}. To this

end, we need the following well known fact

LEMMA 4.25 Let g(z) be a Lebesgue integrable function on [a, b], then for
almost every zo € [a, b],

.1 [ooth
lim — lg(z) — g(zo)|dz =0 (4.62)

h—0 zo—hy

where hy > 0, ho > 0 and hy + hya =h .

Let

Dy={(u,v) : t<u<t+h—y,ut+y<v<t+h}, (4.63)

Th={(u,v) : t<u<t+h,u<v<t+h}.
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Since
P (0) g, ) = )W) ag(o, ).

by Theorem 4.12 (4), we have

BB = INOF = [ f0)0) gl v dudo
o’r
= 2 " f(u)f(v)—éu—av(u,v) dudv . (4.64)

It is easy to see that f?(u)9?T'/0udv(u, v) is Lebesgue integrable on Tj. Then
by the Schwarz inequality

/ f(u)f (u v) du dv

- Th{f(u) e )]l}{ﬂ ) g v)]%}dudv

{/T,,f2 82F (u,v) dudv} {/ FA(v) 82F o(u v)dudv}
= [ P

For h2H there exists a v > 0 such that

N

IA

2F (u v)dudv . (4.65)

0T o’r
/Th i (u )a 5 (u, v)dudv < ./1)7 fz(u)auav(u , v)dudv + h*H (4.66)

where D, is given by (4.63). Then,

o*r t+h—y 0 t+h L,
/D7 f2(u)a o (u,v)dudv ._./t f (u)/; (v — w)?H~2dy du

+y

t+h—vy 1 _ _
= [ g [ h - w? -y

<

<

<

F(u) du . (4.67)

Since f(u) € L2(R'), we can assume that f2(t) < co. Then from Lemma 4.25,

we have
[7 Pwdes [T170) - PO PO d= POR o) . (469)
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Thus from (4.64), (4.65), (4.66), (4.67) and (4.68) we have
E|I(f)(t+h) - [()®)* < CFAHRH (4.69)
where C is a constant independent of ¢ and h. Therefore
P {|I(f)(t+h) - I(f)(t)| > h?}
< RTB|I(f)(t+h) = I(HOIP < CFRH < CF R .

Thus (4.52) holds for {I(f)(¢t) : 0 <t < 1}. This finishes the proof of Theo-
rem 4.20.

Proof of Theorem 4.21.

(a) From the definitions of I(f)(¢), I(¢)(t) and I(X)(t) we know that (4.35),
(4.36) and (4.37) are obvious.

(b) From (4.69) we have

[E[(HO) - ELA )] = |B{I(H@) - &P
IE{[I(f)() ()(s)][()() I(f)( I}
(BU@) + 1Y {EUG® - 1)
< {BUN@ +INEPY -0t s — 0,

IA

ast—s —0.

From the proof of Theorem 4.20, particularly, from (4.57) and(4.59), we have
|EI($))] - E[I($)(s)]]
< {BU@)@)+ 1(#)6)] } {EI@)O - 1@}
< {EI(¢ BEPY Cle— s —0,
as |t — s| = 0. From (4.62) we have
[EX)OF - EUX)P| < {BUX)® + X)) Ot - s
— 0,
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as |t — s| — 0. This establishes (2) of Theorem 4.21.

(c) Now (4.38) and (4.39) are obvious. We need only to show (4.40). For any
a<t<b,let

Bt . a=a(t)<at1<~~-<a;(t)=t

be a partition of [a, ],

o' "'{0( e[ a;_ 17a"t7 :j=1327"'7q(t)}

be q(t) real numbers,
By a=ag<al{<---<ag(b)=b
be a partition of [a, b], such that ¢(t) < ¢(b) and o} = a% when 1 < j < ¢(t).
Let
Cl '_'{a E[ J l’ab'] : ]21,2,,Q(b)}

be g(b) real numbers such that of = of when 1 < j < g(t). Let
B : a=ay<a <---<a;=>b

be any partition of [a, b], and

a:{aje[aj_l,aj]: j=1,2,...,q}

be a corresponding collection of ¢ real numbers. From Lemma 4.10 we have
b 2
| BUMD@ d
a(t) 2
- [ imE > f(e}) [Bu(al) — Bu(al_,)| ¢ dt

a |B.]—0 =1
b q(t)
= [ lim > f(a$)f(o)E [Bu(a)) - Bu(ai_y)] [Bala) - Bulal_,)] at

B0 jk=1
Q(b)
< / liminf Y |f(e?)f(al)E [Ba(a®) — Ba(al_,)] [Br(al) — Ba(a}_,)]|dt

1Bol—0 Jk 1

< / lim inf Z |f(e;)f(car)E [Bu(aj) — Bu(aj-1)] [Bu(ax) — Bu(ax-1)]| dt

’|_)0]k1
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= (- aylimint > { f(05)f(0) B [Bu(as) - Ba(az-1)] x

[B]=0 k=1

(Ba(ax) — Bu(ai-) }

T
} f(aj)f(ak);zjm(aj-h ak-1)(a; — aj-1)(ar — ag-1)

+o(1)}

= (b o°r dz d
= G- [ @) g (e)dedy.

This ends the proof of (4.40) and hence the proof of Theorem 4.21.
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Chapter 5

STOCHASTIC DIFFERENTIAL EQUATIONS
DRIVEN BY FRACTIONAL BROWNIAN
MOTION AND THEIR APPLICATIONS TO
ECONOMICS

5.1 Introduction

Stochastic differential equations were developed out of the need to assign meaning
to ordinary differential equations involving continuous stochastic processes. They
have become a fundamental part of modern probability theory and found vast
applications since their establishment. A great deal of literature about stochastic

differential equations is now available. See, for example, Ikeda and Watanabe

(1981), Karatzas and Shreve (1988) and Protter (1990).

A stochastic differential equation can typically be written symbolically as
dXt=a(t,Xt)dt+b(t,Xt)d§t, (5.1)

where {¢;: } is a semimartingale, a(¢,z) and b(t,z) satisfy certain conditions to
ensure the existence of a unique solution of (5.1). The symbolic differential (5.1)

is interpreted as the stochastic integral equation
t t
Xt(w)zXo(w)—i—/ a(s,Xs)dt—i-/ b(s, Xs)dEs (5.2)
0 0
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where Xo(w) is a random variable. When a and b are constants and ¢ = B(t) is

a Brownian motion, a unique solution of (5.2) is

Xt=X0exp{(a—%bZ) t+bB(t)} . (5.3)

There has been diverse applications of stochastic differential equations in other
disciplines. For example, given the apparent random fluctuations of share prices
on the stock exchange, it has seemed natural to use stochastic differential equa-
tions in models of share price dynamics or, more generally, in models of investment
finance. One of the first to do this was Merton(1971, 1973), whose simple model
contains the basic ideas that have been used in recent, more sophisticated mod-
els. Merton considered an investor who chooses between two different types of
investment, one risky and the other safe. The investor must implement a strat-
egy which will maximize some utility function, such as his net wealth or cash
flow, while avoiding bankruptcy. At each instant of time the investor must select
the fraction f of his wealth that he will put into the risky investment, with the
remaining fraction 1 — f going into the safe one. If his current consumption rate

is C > 0, then his wealth X; satisfies the stochastic differential equation

where a, b and f are positive constants with ¢ < b. Equation (5.4) can be

rewritten as the It stochastic differential equation

dX, = ({(1— fla+fb} X; — C)dt + f B X;dB(2) . (5.5)

In the early 1970s, Black and Scholes (1973) made a major breakthrough by
deriving a differential equation that must be satisfied by the price of any derivative
security dependent on a non-dividend-paying stock. They used the equation to
obtain values for European call and put options on the stock. A European call

option with strike price C gives the right to buy the stock at time 7" at the fixed
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price C. The resulting payoff is then given by

X, -C, Xr>C,
f(Xr)=(Xr—C)yr={ " ! (5.6)
0, Xr<C.

The stock price of any derivative security is a stochastic process. We use S;
to denote the stock price at time ¢. The expected rate of return per unit time
from the stock is u. The volatility of the stock price is 0. Both x and o are
assumed to be constants. Let AS be the change in the stock price. Then the
proportional return provided by the stock in a short period of time At is AS/S.
The Black-Scholes model describes AS/S as

as _
5 _

The term g At in (5.7) is the expected value of the return from the stock, while

pAt+oeVAL. (5.7)

the term o e v/ At is the stochastic component of the return, where € is a normally

distributed random variable. A continuous time version of (5.7) is
dS; = p Sydt + 0 S dB(t) (5.8)

where p and o are constants, B(t) is a standard Brownian motion.

Equation (5.8) is the classical Black-Scholes model. In their pathbreaking pa-
per (Black and Scholes, 1973), Black and Sholes succeeded in using equation (5.8)
to obtain exact formulas for the price of European call and put options. For the
details of the Black and Scholes formulas see, for example, Kloeden and Platen,
1992. Nowadays, the Black-Scholes model has been widely used for studying
stock price behaviour. There has been vast literature about Black-Scholes analy-
sis. See, for example, Merton (1973), Cox and Ross (1976), Cox and Rubinstein
(1984), Harrison and Kreps (1979), Harrison and Pliska (1981), Karatzas (1989)
and Hull (1993).

In the framework of Black-Scholes, the driving process of the dynamic sys-

tem is a Brownian motion which is a short range dependent process. However,
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during the last few decades, researchers have noticed the existence of long range
dependent phenomena occurring in data from financial markets. For details, see
Section 4.1. Nowadays, the presence of LRD (or the Joseph Effect) has been

increasingly accepted in mathematical financial literature.

Since there has been various evidence for the existence of LRD in financial
data, in this chapter, we use the results obtained in Chapter 4 to take the LRD
into account in the Black-Scholes model through the use of By(t). In this chapter,

a plausible counterpart to the now-classical Black-Scholes model is suggested as
dS; = pu S¢dt + 0 S;dBy(t), (5.9)

where Bp(t) is a normalized standard fractional Brownian motion, that is, the
Gaussian process with E( Bg(t) — Bg(s)) = 0 and E(Bg(t) — Bu(s))? =
|t—s|?H. We are interested in the case where 1/2 < H < 1. The interpretation of
(5.9) will be given in Section 5.2 where we give a definition of a general stochastic

differential equation driven by fractional Brownian motion:
In Section 5.4, we derive a solution of (5.9).

We recall that 1t0’s formula is a powerful tool for studying stochastic differen-
tial equations given by (5.1). To deal with (5.10), we need a corresponding version
of Itd’s formula in which fractional Brownian motion replaces the semimartingale.

We come to this in Section 5.3.
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5.2 Definition of Stochastic Differential Equa-
tions Driven by Fractional Brownian Mo-

tion

In this section, we are concerned with taking long range dependence into account
in financial markets. We achieve this by introducing a “fractional” Black-Scholes
model

Equation (5.11) is a symbolic form. The interpretation of it is given through Def-
inition 5.1 in which we consider general forms of stochastic differential equations

driven by fractional Brownian motion.

In the rest of this chapter we suppose that (2, F, P) is a complete prob-
ability space associated with a standard normalized fractional Brownian motion

By (t) on a finite interval [0, T']. We further assume that 1/2 < H < 1.

DEFINITION 5.1 Leta(t,w) andb(t,w) : [0, T]xQ — R be two stochas-
tic processes. We say that a stochastic process {X(t) : t € [0,T]} has a

stochastic differential with respect to fractional Brownian motion By(t)
dX;=a(t)dt+b(t)dBu(t), (5.12)
if for any (t,w) € [0, T] x Q, the following holds
X(t,w)=Xo(w)+/0ta(s,w)ds+/0tb(s,w)dBH(s,w), (5.13)
where Xo is a random variable. The stochastic integral [ja(s,w)ds is an or-

dinary Riemann-Stieltjes integral for each w € Q while f{b(s,w)dBy(s,w) is
defined as in Chapter 4.

Remarks on Definition 5.1. Generally speaking, the integral [f a (s, w)ds ex-

ists under standard conditions on a (s, w). The integral [fb(s, w)dBu(s, w)
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exists only under the conditions given in Chapter 4 for defining stochastic in-
tegrals with respect to Bg(t). We will discuss equation(5.12) in more detail in

Section 5.3.

DEFINITION 5.2 (fractional Black-Scholes model.) The stochastic differen-
tial equation

is called a fractional Black-Scholes model, where u and o are constants and the

Hurst indez satisfies 1/2 < H < 1.

Remarks on Definition 5.2. When H = 1/2, (5.14) is the well known Black-
Scholes model. Since the Black-Scholes model has been studied thoroughly, we
concentrate here on the case where 1/2 < H < 1. We discuss equation(5.14) in

Section 5.4.

5.3 Itdé’s Formula with respect to Fractional

Brownian Motion

When we consider stochastic differential equations driven by Brownian motion
dtha(t,Xt)dt+b(t,Xt)dB(t), (5.15)

Ité’s formula is a powerful tool for dealing with their calculus. When we are
concerned with stochastic differential equations driven by fractional Brownian

motion

dX; =a(t, X.)dt +b(t, X;)dBgu(t), (5.16)

we have noticed that a version of [t6’s formula plays the same role in dealing with

equation(5.16). The aim of this section is the following theorem
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THEOREM 5.1 (Ité’s formula with respect to fractional Brownian mo-
tion) Let (2, F, P) be a complete probability space. Let By(7) be a fractional
Brownian motion on [0, T'] such that 1/2 < H < 1 and By(0) = 0 a.e. (therefore
EBy(t) =0 for any 7 € [0, T']). Assume stochastic processes a(t , w), b(T , w)
and X (7, w) are such that for any [to,t] C [0, T'],

1. a(r, w) is Riemann-Stieltjes integrable on [to, t] for each w € Q;
2. [; b(t) dBy(7) exists in the sense described in Chapter {;
3. FEither of the following holds

3.1 for any 0 < s < t) <y, t3 <ty <T,{b(r) : 0 <7 <T}
and { By(r) : 0 <7 < T} are such that

)
{( (t1) — b(s) )( (ta) — b(s) )(BH(tz) BH(t1)>(BH(t4)—BH(t3)>}

(5.17)

B{(b(t2) — 4(s) ) (blta) ~ b(s) )} {(Batts) - Bu(t)(Ba(ts) - Ba(t))},

or,

3.2 the second derivative d? b(t)/dt? exists, and for any 0 < s < t; <
ta,t3 < tyg < T, {bl('r) =db(r)fdT : s<T Smax{tl,tg}} and
(Bu(t1), Bu(t2), Bu(ts), Bu(ts)) are such that for any random vari-
ables ¢ and n such that € and n are measurable with respect to
a{b’(r) :s<T Smax{tl,tg}} and E|¢]* < oo, En|* < oo, the
following holds

E{(t'(s)(tr =) +€)) (b(s)(ts = 5) +m)) x
(BH(t2) - BH(tl)) (BH(t4 BH(t3)>}
= E{(b(s)(ts = 8) +£)) (t'(s)(ts — 5) +m)) } (5.18)
E { (BH(tz) - BH(tl)) (BH(t4) - BH(t3)>} ,

furthermore,
db 4 d%b 4
E ¢ - (5.19
o Bl (Bw)| <o sup Blgs (10| <0 (319)

138



t i
X, - X, = /to a(r, w)dr +/to b(r , w) dBr(r), (5.20)

where the first integral in (5.20) is an ordinary Riemann-Stieltjes integral
for each w € Q, while the second is an Ito integral defined in Chapter 4.

Assume that a two variable function U (t,z) : [0, T] x R — R has uniformly
continuous partial derivatives U/t , OU[dzx and 8?°U[/dz?. Assume further that

sup E|U(t, X;)|* < o0, (5.21)
0<t<T

2
sup F a—U<t,Xt> < o0, (5.22)
o<i<T | Ot

2
sup F a—U(t,Xt> < o0, (5.23)
0<t<T Oz

o°U ’

sup F ——-——2—(t,Xt+0L2(l)> < o0, (5.24)
0<i<T Oz
sup E |a(t)]’ < o0, (5.25)
0<t<T
sup E |b(t)]|* < o0, (5.26)
0<t<T
E |b(t)—b(s)|<const|t—s|?, B3>0, (5.27)

where Or,(1) means a term such that E|Op,(1)|* < co. Let Y; = U (t, Xt ). If,
forany0 <t <T,

/tb(T w)a—U-(T X )dB (1)

0 e T "

exists in the sense described in Chapter 4, then the following holds
t[oU ou
Y; - Y, —/to {—a—t—('r, XT) +a(r, w)—a—x(r, XT>} dr +
i
/b(T,w)?E-<T,XT>dBH(T), (5.28)
to 8:1:
or, equivalently,

dY, = {%—Itf(t, Xt) +a(t,w)g—g(t, Xt) } dt+b(t, w)%g—(t, Xt)dBH(t).
(5.29)

Remarks on Theorem 5.1.
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1. Since E(Bg(t + A) — By(t))? = |A]*H, where 2H > 1, there is no term

1 o*U
51)2(7,(.0)—0—:8—5'(7', Xt)dT

in (5.28), in contrast to that of the usual It6 formula with respect to Brow-

nian motion.

2. The requirements on a(7), b(7), X(7) and U(r, X;), such as Conditions 1,
2 and 4 of the theorem, and the moment conditions (5.21) — (5.26) are

standard.

3. Conditions 3.1 and 3.2 are important for It6’s formula to be true in the case
of fractional Brownian motion. Many stochastic processes can be chosen as

b(7). For example,

b(r) = Ayt + A,

where A; and A, are two random variable with E A? < co and A, is inde-

pendent of { By(7) }.

The proof of Theorem 5.1 will be given in Subsection 5.5.1.

5.4 Applications of Stochastic Calculus of Frac-

tional Brownian Motion

5.4.1 Summary of some other results on stochastic calcu-

lus of By (t)

A number of authors have been interested in the stochastic analysis of By(t).
For example, Lin (1996) defined the stochastic integral with respect to Bg(t) in

the case where the integrands are either deterministic bounded functions or the

140



compositions of deterministic bounded functions and By(t). He also investigated

stochastic differential equations of the form
dX; = f(t,X¢)dt + g(t) dBg(t) . (5.30)

In this subsection we summarize some of his results.

DEFINITION 5.3 Let g(t) : R — R be a bounded Borel function. Define

t By (t)
/0 9(Bu(r)) dBy(r) = /0 g(r)dr (5.31)
/OBHa)g(T) dr = u}ylgoz g(tr) (Bu (t7) = Bu (t2y)) ,  (5.32)

where the sequence of partition of [0, t] is given as the same as that in Chapter 4.

Remarks on Definition 5.3. As discussed in Section 4.2, Definition 5.31 is a
special case of our Definition 4.9, while (5.32) is a special case of Definition 4.8.
Lin studied the existence and uniqueness of equation 5.30. He found the following

result

THEOREM 5.2 (Lin, 1996) Let f (s, z) and g(s) be Borel functions such
that

1. g : [0,00) = R is bounded,
2. |f(s,z)| < K|z|+ K,
3.1 f(s,z)=f(s,y)|<K|z—yl

Here K is a positive constant. Then the stochastic differential equation

{ dX, = f(t, X;)dt+g(s)dBu(t)

(5.33)
Xo=A(w)

has a unique solution, whose paths are continuous. Here A(w) € Ly(Q).

For the proof of Theorem 5.2, see Lin (1996).
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5.4.2 The existence and uniqueness of the solution of the

fractional Black-Scholes equation

In this subsection we are interested in solving a stochastic differential equation
— the fractional Black-Scholes model defined in Section 5.2. We will use It6’s
formula (5.29) and Theorem 5.2 to prove the uniqueness of the solution of the
fractional Black-Scholes equation (5.14). In detail, we have the following theo-

rems:

THEOREM 5.3 The stochastic differential equation

dS; = u Sy dt S; dBg(t
t = uSydt + o S; dBu(t) (5.34)
Sio = A(w)
has a solution
Sy = A exp {u (t - t,) + o ( Bu(t) — Bu(to) )} , (5.35)

where A(w) is a positive random variable, such that E|A(w)|* < oo, p and o

are constants.

THEOREM 5.4 The solution of (5.34) is unique.

Remarks on Theorems 5.3 and 5.4. We derived a solution of (5.34) before
we read the work of Lin. Subsequently, we have used his result (Theorem 5.2) to
prove the uniqueness of (5.34). The original method we used to prove Theorem 5.3
is given in Subsection 5.5.2. Here we use the result of Lin to show the existence

and uniqueness through Theorems 5.3 and 5.4.

Proof of Theorems 5.3 and 5.4. Let us consider a stochastic equation

{ dX, = pdt + o dBu(t), (5,36

Xto = ].Og A,
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where p, o and A are as given in Theorem 5.3. Then it is easy to see that
Xe =Xy, +p(t—to) + 0 (Bu(t)— Bu(to))

is a solution of (5.36) and furthermore, from Theorem 5.2, it is the unique solution.

Now let
St =exp{X:},
then by It6’s formula (5.29) we have
dS; = pexp{Xi}dt+oexp{X:}dBu(t)
= pSidt+0S;dBg(t),

therefore,
S; = A exp {p(t—to)-}-a(BH(t) - BH(to))}

is the unique solution of equation (5.34).

5.5 Proofs

5.5.1 Proof of Theorem 5.1

In order to prove Theorem 5.1, we need the following lemma, the proof of which

will be given after the proof of Theorem 5.1.

LEMMA 5.5 Assume stochastic processes a(r) and b(T) satisfy the conditions
of Theorem 5.1. Then, for any t, s € [0, T'] such that |t — s| — 0, we have

/sta(r)dT-}-/stb(T)dBH(T)
—a(s)(t—s)+b(s) (BH(t)—BH(s)) +os, (lt—s|) . (5.37)
where or, (|t — s|) means a term such that

(=

oL2<|t—s|>\2)ll2=o(|t—s|>.
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Proof of Theorem 5.1. For any interval [¢o, t] C [0, T'] and any sequence of

partitions
g to=t"M <t <. <t =

g(n) —

with |B(™ | = 0 as n — oo, write

A = ) — N)Aﬂ”=&%—&w,
st = (1) - (47).
s = (8553~ (19,0
forj=0,1,...,q9(n)—1,n=1,2,.... Then we have
q(n)
Y, — Y =U(t, Xe) = Ul(to, Xip) = lim 3" AU (5.38)
=0

From a knowledge of calculus we have
AU}H) =U (ty_:_)l , Xi(‘n) ) (t( ") X(n) )

_U<]+1,X(n)>_ <t(n) X(;.))

+U (i§ ),Xt(n) )— (t( ) X(n))

%(t] (t(") +0,A87 x o )Atg."> ‘;U (t(") X o ) Ax™
U ( (n n n
-~ (t§. ), X+ 8,007 ) (AxP)" (5.39)

where 6, = 0, (w) and 6, = &, (w ) are random variables such that 0 < 4, , §, <
1 and lim, o On = limy 00 6, = 0 in the Ly(Q) sense. Since U0z is uniformly
continuous and the stochastic process X; is continuous in the sense of Ly(Q) (as
well as with probability one, see Theorem 4.20, Chapter 4), we have

1) o7 t QU
Z (n) Aty A+ — X
A, ot (tf AL, tﬁ»’l’l) t ‘/to Bt(T’ T)‘“' (5.40)

From Lemma 5.5 and (5.20) we have
(n) 51)1
AX™ = X — Xm = / a(rydr + [+ b(r) dBy(r)

tit i

o (£09) A 45 (49) ABS) + on, (A7)
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where or, ( Atgn) ) means a term such that

(E ‘OL2 (Atgn)) |2)
Therefore, by (5.23),

1)1 o7
() ()
> 5 (17, X ) AXE

i=0

1/2

—o(a) |

J

(@) laU ( e th) a (t5) ALY + 6 (7)) AB) + o1, (A7) }
0

X(n)> a( ¢ ))At(“)+b(t(n)) AB(n)

z—): oL, (At("))

= 2; 5 (t( ) X(n)) {a(£) At +5(£7) ABS } +01,(1),
J=
where or,(1) means a term such that lim,e E |or,(1)|* = 0. Hence
QU
i (n) (n)
iz Z 5 (87, X ) AX]
t 9U
(%) {atr) + () B} (5.41)

to

From Lemma 5.5, (5.25), (5.26) and equation (4.11) of Chapter 4, we have

+( +()

(ax) = (X, - t<n))2={ /(,’J‘ a(r)dr + ’“b(r)dBH( )}2

) ti+1
{a (1) (A8) +5 () ABY) + o, (Atgw) 5
& (£7) (AP 482 (1) (ABE) +or, (A1)

= or, (&) .

Then, by (5.24),

ot ( ), X + 6 AX‘”)) (Ax) = o1, (a4?)

6$2 J

and hence

QU () (n) (n) \2
im Y o (t X0 + 8.0 )(AX]- )=0. (542

§=0
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Now, from (5.38), (5.39), (5.40), (5.41) and (5.42) we have

g(n)-1

t:%i{(T X, >d7'+ t: ZZ(T X, ){a('r)dr-l-b(r)dBH(T)}

- {aag(  X,) +%g(r,x,)a(r)} dr

+/tt gg(T X, ) b(r) dB(r)

0

This finishes the proof of Theorem 5.1. Next we move to establish Lemma 5.5.

Proof of Lemma 5.5. Sincea (¢, w) is Riemann-Stieltjes integrable, as [t—s| —

0, from Lemma 4.25 of Chapter 4 we have

Lta(r)drza(s)(t—s)+oL2(|t—s|).

Hence, in order to finish the proof of Lemma 5.5, we need only to show that

/ “b(r) dBy(r) = b(s) (BH(t) - BH(S)) ton(lt—s]).  (5.43)

s

Without loss of generality, we assume s < ¢. Let a sequence of partitions of s, ¢]

be given as
g™ s=1" <t <. <t =t
then

2

E I / "b(r) dBy(r) — b(s) (Bu(t) - Bu(s))

2

= | [ ()~ b(s) ) dBu(r)
= lim E i( (#) _b(s)) ( w (1) - B () ) 2 . (5.44)

Now we consider the term on the right hand side of (5.44) without taking the
limit yet. We have

2
n

Z((t(n)) ())(BH(tg_n)) BH((”)))

=1

E
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e (562 -0 () - )
i#k
(10 (4 - B 62) ) (0 6) - 2 (42
= A, + B, , say. (5.45)

If Condition 3.1 of Theorem 5.1 holds then, by (5.27),

A, =

<

<

3 B(b(2) ) (B (47) B (42) )’

3B (b(0) ~#0) )" B (B (4) ~ B (42 )

1=1

const i I tg—n) —s )ﬁ (t;n) - tg-") )2H
i=1

const |t — 3|ﬁ+2H‘1 Z (tg,") _ tg‘n) )
i=1

const |t — s|PYH = o(|t — s|). (5.46)

To deal with B, in (5.45) under Condition 3.1 of Theorem 5.1, we use the notation

[k, Al and a appearing in Lemma 4.10 of Chapter 4. Since |0°T /Qydz| is
integrable in {(z,y) : s <z #y <t}, by Lemma 4.10, (5.27) and the Cauchy-

Schwarz inequality, we have

B, = S{E (5 () ~b)) (b (42

)
J ( ]
> {B(6(t2) —b6s) ) (b(82) - 5() ) } AT
< ]% { E (b (1)) - b(s)) (b () - b(s)) } X




1 43— o (8- 42) (49 42))
(8- 42) (- 42)) }

< const Y ‘t(n)l -3 |ﬁ/2|t§c"_)1 —s |ﬁ/2 X

J#k
{20 (2 ) (49 - 42) (49 2,
0 10, 0[P o (49 - 40 (69 -2

o (47 -42) (7 -4)) |

const |t _ Slﬁ E { _82_F (t(n) (n) ) (t_gn) _ tg"i)l) (tgcn) _ tgcn—)l)

IN

aya Jl’tkl
(- 2) (- 2)

ro (47— 2) () —42)) }

2
— constlt—s|ﬁ//[] a—F<w,y>}dydm
s5,t)?

Oy Oz
= const|t —s|PT?H = o(|t — s|). (5.47)

So, in the case of Condition 3.1, from (5.45), (5.46) and (5.47), Lemma 5.5 holds.
Finally, we consider the case of Condition 3.2. Following (5.45) and using the

inequalitis of Condition 3.2, we have
t = B { (50 (=) 4on, (- 9))’
(B (49) - 20 (1) )}
{5 (56 () vor (2 -9))'}
{E (BH ~ B (1) ) }1/2

IN

q(n)
< > {const (t; " - ( t M - )} t(")
i=1
2 ) m\2
< const(t—s)? Y (67 —t7) 7 =o(t—s). (5.48)
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By the same argument, under Condition 3.2, we have
B = 5 ({500 (62 - ) o, (62— ) 510 (42 =)o, (62, — )

T () - (5@))( ()0 ()
5 (510 42 -4) o (620 ) (60 (62

i#k
+on, (6 — 5) )} .

{ (B (4) - 3 (42) ) (3 () - 20 (42) )}

< const|t —s|* Y |AT 4| = const |t — s|**2H = o(t - s). (5.49)
i#k

Thus, in the case of Condition 3.2, from (5.45), (5.48) and (5.49), Lemma 5.5
holds. This completes the proof of Lemma 5.5, and hence Theorem 5.1.

5.5.2 Another proof of Theorem 5.3

In this subsection we give our original proof of Theorem 5.3. In order to do so, we

first give Lemma 5.6, whose proof will be given after the proof of Theorem 5.3.

LEMMA 5.6 For anyt and §, we have

exp { Bu(t+5) = Bu(t)} = 1+ (Bu(t+8) - Bu(t)) +oa(18]), (5.50)
By(t+6) — Bu(t) = Or,(15]") (5.51)

where or,(|8]) means a term satisfying

(Eloz.(18D12) " = o(l8]),

while Or,(|6|7) means

(105, (517))"* = o(1817) .

149



We now establish Theorem 5.3. For any t € [to, T'] and w € Q, let

Su(w@) = A(w) exp {5 (t 1) + 0 (Bu(t, @) = Balto, w)) | ;
then we have
Siea —Si= A exp{,u(t — b+ A) + o (Bu(t+A) - BH(to))}
_Aexp { u(t =) + o (Bu(t) — Balto) )}
= A exp { w(t —to) + o (Bu(t) — Ba(to) )} x
(exp {#A 4+ o (Ba(t + A) — Bx(t) )} - 1) . (5.52)
From Lemma 5.6 we have
exp {iA+ o (Bu(t+4) - Bult) )}
= exp {u A} exp {a (Bu(t + A) — Bu(?) )}
= (14p8+0a)) (140 (Bu(t+A) - Bu(t)) +ona(1A]))
=1+,uA+a(BH(t+A)—BH(t))+oL2(|A|). (5.53)
Therefore,
Seva = Se=Si{uA+ 0 (Bult+A) - Bu(t)) | + Sion,(A)).

In other words,

dStZHStdt+0'StdBH,

so S; is a solution of the fractional Black-Scholes equation.
Proof of Lemma 5.6. By the Taylor expansion we have

exp {BH(t + A) - BH(t)} =14 (Bu(t+A)— Bu(t))

bar(Bute+ ) =Bu®) 4 oy (Bu+8) = Bu)) 4o (550

n!

For n > 2, let
11 1 "
Yo=o gt-(BH(t—{-A)—BH(t))+"°+J(BH(t+A)—BH(t)) :
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Then, for any integers n > 2 and p > 1,

(E Yo - Yal)* = — (Bt +4) - Bu(t) Wd))}

{E (g (e ) - ut) ™ )>}

n
= i( ! !{E<BH(t+A) 4(n+’ 2)}
{

T
T N——
&

LY
NN
~~

S
4+ | =
<
N

IA
(]

7=1 n+])
1
= | A4 +i= 2)(4 n+j—2 —1) }
;(nﬂ) ( )
=y A 2){(4(n+j—2)—1>!!}%
7=1 (n+])°
where “!!” means a two step factorial, that is,
2n — 1! = 1.3.5.--(2n — 1),
2n)l! = 2-4.6---2n
Let

-

B |A|H(n—2) i
= e {(4(n _9y— 1)1!} :
and observe that

An41 _(|A|H(n+1—2){[4(n +1-2) - 1][!}%) /(IAIH(n-z){[4(n —9)— 1]!!}%)

an (n+ 1)! n!
1

- (|A|H{(4n - 5)1!}%) /((n + 1){(4n - 9)!!}3)

|A|H{(4n — 5)(4n — 7)}%
D

as n — co. Thus }2° , a, < 00, and for any p > 1, as n — oo, we have

S ans; =iw{<4(n+j—2)— 1)!!}% 0.
i=1 j=1 (n+-7)

— 0,

Therefore, for any p > 1 , we have

4%
{EYn+p—Yn} —0.
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That is lim,—ye0 Yn exists in L4(Q) sense. Hence

2

B 121!(Bg(t+A)—BH(t)>2+-~-%(Bg(t+A)—BH(t)>n+~--

E (BH(t+A) - BH(t)>4{§1T +"'E1I(BH(t+A) _BH(t))n—2 +---}2

- ‘(BH(HA)—BH()) (Jim Y)

< (e (one -0 )" (o ()

= const (E (hm Y, ) ) INLS (5.55)

Notice that lim,00 Y, € L4(2) and 1/2 < H < 1, by (5.54) and (5.55) we see
that (5.50) of Lemma 5.6 holds. Equation(5.51) of Lemma 5.6 is obvious. This
ends the proof of Lemma 5.6.
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