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Abstract— This paper presents a new approach for smoothing long
time series of position estimates of ground GNSS (global navigation
satellite system) receivers. The fractional Brownian motion (fBm)
model is employed to describe the position coordinate estimates that
have long-range dependencies. A new and low-complexity method is
proposed to estimate the Hurst parameter and the simulation results
show that the new method achieves good accuracy and low
complexity. A modified leaky least mean squares (ML-LMS)
estimator is proposed to filter the long time series of the position
coordinate estimates, which uses the Hurst parameter estimates to
update the filter tap weights. Simulation results demonstrate that this
ML-LMS estimator outperforms the classic LMS estimator
considerably in terms of both accuracy and convergence.

Keywords-GNSS positioning; fractional Browinian motion
model; Hurst parameter estimation; modified leaky LMS estimator

I. INTRODUCTION

The Brownian motion is a well-known model originally used
to describe the movement of a particle in a liquid [1]. Due to
its stochastic properties, the model has been used in many
research fields such as in finance and engineering [2, 3]. The
fractional Brownian motion (fBm) based on the Hurst (H)
parameter was developed to model long-run non-periodic
statistical dependences of time series [4]. This fBm model has
been successfully applied in chemistry with the time series of
the turbulences of the pressure signal of an airlift reactor [5]
and in telecommunications for the study of specific networks
[3]. In reality long time series of many processes cannot
simply be modeled either as Brownian motion or as Gaussian.
Thus, the fBm model gives some degree of freedom to
characterize the process noise or measurement errors of the
time series thanks to the H parameter which was introduced in
[6] for studying the long-run non-periodic statistical
dependences of time series in hydrology. This parameter is
defined in the interval [0, 1]. If H < 0.5 the increments of the
process are negatively correlated and the statistics of the
process noise are more Gaussian, whereas if H > 0.5 the
increments are positively correlated and the statistics of the
process noise are more Brownian. The fBm becomes the
standard Brownian motion when H = 0.5. Note that the fBm
process exhibits long-range dependence when H > 0.5.
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This paper investigates methods for improving the positional
accuracy of ground receivers which are based on the global
navigation satellite system (GNSS). The fBm model is utilized
to model the long time series of position coordinate estimates
of the GNSS receiver. For simplicity, only one-dimensional
coordinate data are employed in this work for the development
of the theory. The degree of fitting of the fBm model to the
time series of the receiver coordinate estimates will be studied
through choosing the appropriate values of the H parameter.
Knowledge about the H parameter is important and a number
of different methods can be used to estimate this parameter. In
this paper, an alternative technique for estimating the H
parameter is proposed, by windowing the data set and using
the self-similarity property of the time series. Although it is
similar to the aggregated variance method developed in [7],
we reformulate the solution in block matrices. In addition, we
show that the proposed H-parameter algorithm reaches the
minimum variance unbiased (MVU) estimator when using the
Gauss-Markov model to describe the fluctuations of the H
parameter. The MVU estimator was previously underlined in
the application of the fBm model to network security
management [8].

The LMS algorithm has found wide application in many
areas of adaptive signal processing and control. It is a fact that
the classic LMS filter is optimum when the measurement
noise/error is Gaussian as explained in [9]. Recently the leaky-
LMS (L-LMS) algorithms have been proposed to improve the
performance of the LMS algorithm especially regarding the
stability and convergence [10]. In this paper, we exploit the L-
LMS algorithm to smooth the GNSS position coordinate
estimates. In particular, the fBm model and the H parameter
estimation are combined with the L-LMS algorithm to form a
modified L-LMS (ML-LMS). The use of the fBm model to
adaptive filtering is relatively new since there is only one
relevant reference in the literature [11], where a modified
variable step-size LMS is proposed for adaptive channel
equalization. Note that another approach for GNSS positional
data smoothing is the Kalman filter [12], which is not
considered in this work, but it is worth further investigation in
further work. The remainder of the paper is organized as
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follows. The following section describes the fBm model and
the H parameter estimation. Section III develops the proposed
ML-LMS algorithm. Section IV shows simulation results
based on field measurements, and Section V concludes the

paper.
II.  FRACTIONAL BROWNIAN MOTION MODEL AND HURST
PARAMETER ESTIMATION

A. Fractional Brownian Motion Model

As mentioned previously, the fractional Brownian motion
has been studied for more than a number of decades. The fBm
model is defined as:

Bu(t, @) = By(0,0) = F(H-il/z) {f_ooo[(t — )71z —

(=5)#71/21dB(s, w) + [, [(t — $)""/2dB(s, )} (1)

where ¢ denotes time, w denotes the set of all the values of a
random function, H is the H parameter, By (0, w) is the starting
value and B(t, w) is the ordinary Brownian motion. Note that ¢
has to be positive in the general expression of the fBm. A nice
overview of empirical studies to calculate the H parameter can
be seen in [7]. Early works were based on the regression of the
time series and the property of self-similarities was employed
to compute the H parameter (e.g. [6], [13]), but this estimation
method has a high standard deviation. By windowing the time
series, [7] and [14] developed the auto-regressive moving
average (ARMA) and fractional auto-regressive integrated
moving average (FARIMA) methods to compute the H. All
these methods mentioned above are generally referred to as
aggregated variance method. More recently wavelet theory has
been applied to this engineering problem such as in [15].

B. Estimation of the Hurst Parameter

First, let us recall the definition of self-similarities between
two functions from [4].

Definition: The increments of a random function { X(¢, o0);
+00 > ¢ > -00 } will be said to be self-similar with parameter H
(H = 0) if for any 4 > 0 and any ¢,

{X(tot+ h T, w) - X(tg, w)} 2{h™ [X(ty + 7, )
- X(to, w) 1} @

This definition relates directly to the fBm and the increments
By (t, w) are stationary and self-similar with parameter H. As
mentioned earlier, the long-run non-periodic statistical
dependences of the time series are related to the H parameter.
Thus, the approach taken in this work to model the single point
positioning times series of the coordinates is directly based on
(2) and the self-similarity of the fBm. Thus, the H parameter
can be extracted from (2), producing

-1 log( IX(t+ ) — X(0)] ) 3)

H(h,7) = log(h) X(t+ hT) - X(D)|

where X(7) is the measurement data at time ¢, T is an arbitrary
value, 4 is a variable which varies during the data fitting
process. Clearly, H is a function of the parameters /# and t
which are selected by the user. In the event that for a given t

the variable / takes different values so that it can be expressed

in vector form as:
h= [hla hZa h37'--7 hL]Ta h'i < hi+1 (4)

Then, (3) can be rewritten in matrix form as:

H=D(ath)) xU(h) x 1 (5)
where 1 is the column vector of all ones with length M and
H=[H, H, H,1
D(a(h)) = diag{o(hy), o(hy), -, o(hy)}
a(h;) = (log(h;))™ (6)
“(hpl) u(hlsz) “(hpM)
U(h) = u(h:z, ] u(hf, 2) u(hzz, M)
u(hLal) u(hLaz) u(hL:M)
u(hi, l) — log |X(1+T)_X(l)|

| X(1+h7)-X(D) |

where the initial time instant ¢ is set to one for simplicity.
Moreover, the definition of u(h;, 1) requires that 7 is defined in
z¥ whereas h in z. U then contains the time series of X with
different window lengths, and (3) may be seen as an auto-
regressive-moving-average (ARMA) model (see [9]). Thus, the
H parameter can be estimated by:

H=—%H, (7)

Property 1: If H~N(D(a(h)) X U(h) X 1,02I), then H

given by (7) is the minimum variance unbiased estimate of the
2

. . (o)
Hurst parameter with a variance equal to -

Proof: We assume the Gauss-Markov model of the Hurst
parameter H. Then, (4) becomes

H=D(a(h)) x U(h) x 1 +W 8)

where W is the error vector due to the approximation of the
Hurst parameter and it is assumed to have a Gaussian
distribution with a zero mean and a covariance matrix equal to
0%l . From the parameter estimation theory [16], the
performance of the minimum variance unbiased (MVU)
estimator with this linear model approaches the Cramer-Rao
Lower Bound. Thus, the MVU estimate of the Hurst parameter
2

is given by (7) with a variance equal to GT ]

III. MODIFIED LEAKY LMS ALGORITHM FOR SMOOTHING
POSITION ESTIMATES

A. Statistical models for the adaptive filtering

In this paper the time series of interest is the coordinates of a
ground receiver (in WGS 84) triangulated with GPS
pseudoranges in single point positioning. For a fixed receiver,
it is interesting to model the long-term and short-term
correlation structure of these time series data [14] when
recording the rover's position during hours or days of
observation. The choice of this model is to give some degree



of freedom instead of using the classic Gaussian model which
is generally used in satellite-based positioning theory [17].

One way to constrain the variance of the receiver position
estimates is generally to use a Kalman filter in backward
filtering. Here, we intend to develop a simpler approach by
using a LMS filter as the case study is limited to a static
receiver. The research community has already investigated the
application of the adaptive filters to constrain the error of
time-of-arrival measurements in sensor localization [18]. The
authors in [19] developed a LMS filter to reduce the recurrent
multipath error due to satellite geometry on the double
difference observations for a static rover. As a result, the
double difference residuals have smaller variances and the
rover's coordinate estimates are steadier.

The LMS filter is an iterative algorithm which adapts a
stationary random process (v(n)) to a desired output (d(n))
with the same stochastic properties. Let us define the discrete-
time processes:

d, =g;—x, 9

where the time series of the receiver's coordinate estimates is
one dimensional, given by x, = [x(k),x(k +1),...,x(k +
M]T. X, Vi, 8, and d, are all in R, As v, is the time series
that we want to adapt to a desire time series d;,, it follows that
0% < of. In other words, it can be seen that d, is the time
series coordinate of the same rover, but filtered (e.g. moving
average) or coming from another sensor (e.g. Inertial
Measurement Unit — see [20]) with smaller variances. X, is the
true rover's coordinate. Due to multipath propagation, v, and
d; are not necessarily zero-mean Gaussian distributed, but
follow a fractional Brownian motion model as:

v, ~ fBm(H,, 00,1, d;~ Bm(H, 05,1, (10)

where H,, and H; are the Hurst parameters satisfying | H; —
H,| < & where &; is a small positive number. To guarantee
the convergence of the LMS filter and unbiased solution, it is
important to have a strong hypothesis on the means: | u, —
Ual < &, where &, is a very small number.

In the LMS algorithm described in [9] the filter output is
given by v, = w] v, where wyis the filter tap weight vector.
The error signal is defined as e, = dj, — yy so that the mean
square error is given by:

Ele1=E[d{]-2p" W, +W[Rw, (11)
where E[.] is the expectation operator, p £ E[d;v,] and
R 2 E[v]v,]. The LMS filter is an iterative algorithm which
updates the tap weight vector w;, according to:

Wi =Wy +24e,v, (12)
where u is a selectable parameter. It has been shown that in
the case of uncorrelated Gaussian data, w, converges to the
Wiener solution with 0 < p < 1/(3 tr(R)) (see [10]). Each of
the weight vector elements exponentially relaxes to its optimal
value with a time constant inversely proportional to the n-th
eigenvalue of R. Further, the eigenvalue spread, defined as the
ratio of the largest eigenvalue over the smallest one

Vi =X =X,

(Am‘“‘/ 1. ), plays a critical role in the convergence of the
mn
LMS filter.

B. Modified Leaky LMS Algorithm

Property 2: Let us consider two fBm processes with Hurst
parameters H, and H, constrained by H,<0.5 and H,>0.5, and
with covariance matrix R, and R, , respectively. Then, the
eigenvalue spreads of the two covariance matrices satisfy:

b
A _ A
@ <) (13)
//"min ﬂmin

where the superscripts are used to denote the corresponding
covariance matrices.

Proof : as shown in [11], the NXN auto-covariance matrix
R(n) of a discrete fBm can be decomposed to be R(n) =
Q(m)A(m)Q(n)T. Then, the auto-covariance matrix can be
approximated as R(n) = QA(n)QT for large n where Q is a
constant orthogonal matrix and A(n) =diag{l;, A,..., Ay(n)}.
Thus only the largest eigenvalue is time dependent for large n
and given by:

Ay (n, H) = L bey
IF'2H +1)|sinH | (14)
N-1
2Hn2H’1(N—1)N—£ > i(N—i)zH}
N izl
The eigenvalue spread is then given by
Amax _ Ay (n, H)
A’min ﬂ’l (H)
L,y (15)

N-1
2Nn*" + 2 Hn? ! (N—l)N—% > i(N—i)
i=l

A(H)(2H +1)|sinH |

It can be shown that the denominator in (15) basically varies
between 0.12 and 0.148 when the H parameter ranges from 0.1
to 0.9. Also, the value of the denominator when H<0.5 is
greater than that when H>0.5 in general. On the other hand, if
N>1 and n is large such as n> N, the value of the numerator
increases quickly with respect to the H parameter. Therefore,
the eigenvalue spread when H<0.5 is smaller than that when
H>05m

When the eigenvalue spread increases, the rate of
convergence of the LMS algorithm decreases [10]. In our case
study, the eigenvalue spread increases significantly as H is
close to 1 and thus it is necessary to improve the convergence
rate. Similarly to the cost function defined for the variable
leaky LMS algorithm in [10] , our cost function is defined as

J,=e +yHw,w, (16)

where clearly the H parameter is directly used to adjust the
cost function. Then, the tap weight vector is updated by:

W =(-2uyH)w, +2ue,v, 17)



Clearly, the cost function in (16) is devised to achieve a good
trade-off between the optimal LMS estimator when the noise
is Gaussian (H<0.5) and good convergence when the noise is
fBm (H>0.5). Note that no real data are used through this
study and a fBm noise function generates the receiver time
series.

IV. SIMULATION RESULTS

In this section, the novel approach to calculate the H
parameter is tested against other ones previously published in
the scientific literature. Also, the ML-LMS algorithm
developed in Section III is evaluated through simulations
using field measurements.

A. Test of the novel method to calculate the H parameter

The fBm time series are generated using the Matlab library
function wfbm (see Matlab 7.2) with the true H parameter as
input (first column of Table 1). Then, the H parameter is
estimated using our proposed method developed in Section II-
B and the results are denoted by subscript “p”. For
performance comparison, the results using two existing
methods, namely the wavelet method (wav) and the auto
regressive method (RS), are also listed. Note that the
estimation of the Hurst parameter with the wavelet and RS
methods is performed using the Matlab function wfbmesti.

The results are averaged on 1000 simulations and the mean
and standard deviation are extracted for each case. The results
in Table 1 clearly show that the proposed method slightly
outperforms the wavelet method, whereas the performance of
the RS method is the worst.

Table 1. Accuracy of the H parameter estimation.

- Statistics

My Hway Hgs std, | stdye, | Stdgs
01 | 0162 | 0171 | 0037 | 0042 | 0.041 | 0.069
02 | 0233 | 0238 | 0086 | 0042 | 0.042 | 0.066
03 | 0317 | 0323 | 0206 | 0.041 | 0.044 | 0.069
043 | 0432 | 0434 | 0355 | 004 | 004 | 0.070
052 | 0518 | 0517 | 0463 | 0039 | 0.045 | 0.068
06 | 0597 | 0596 | 0549 | 0.038 | 0.044 | 0.072
075 | 0746 | 0741 | 0709 | 0.041 | 0.048 | 0.073
081 | 0804 | 0804 | 0771 | 0.042 | 0.049 | 0.076
095 | 0918 | 0044 | 0888 | 0.041 | 0.049 | 0.069

B. Performances of the modified Leaky-LMSin static scenario

According to the model in (10), a zero-mean Gaussian noise
with standard deviation equal to o, =25m is added to the

input signal (v;) so that it has a higher standard deviation than
the reference signal (d,). The H parameters of the two time
series are set to be the same and p, and p, are equal to zero.
The fBm processes are generated using the Matlab library
function in the same way as in Section IV-A. Thus, the
variances ¢ and o7 are not a parameter chosen by the user.
The simulation testbed uses various H parameter values and

for each value the error mean and standard deviation are
averaged over 1000 simulation runs. The proposed leaky LMS
algorithm is compared against the standard LMS method and
the original Leaky LMS algorithm (L-LMS) as shown in
Tables 2 and 3. The results show that all the adaptive
algorithms perform well using this testbed. The proposed
leaky LMS (ML-LMS) and the LMS algorithm produce
similar performance for H<0.5 (in Gaussian noise), whereas if
H is close to 1 the performance of the proposed algorithm is
similar to that of the L-LMS. Thus the simulations confirm the
mathematics developed in the previous sections.

The convergence rate is evaluated through observing the
parameter ¢ defined in the cost functions of the adaptive

algorithms. It is equal to 0.1(tr(A))™' where A is the diagonal

matrix resulting from the decomposition of the covariance
matrix of the measurements (R). Fig. 1 and Fig. 2 show the
curves of the estimation errors with the two adaptive
algorithms (LMS and ML-LMS). The L-LMS is not shown
here as the performances are close to the ML-LMS as seen in
the previous Tables. The statistics of the adaptive filtering
error is improved when using the ML-LMS. The figures
confirm that the inclusion of the fBm model in the adaptive
filter helps to smooth the first and second moment order
statistics of a time series with a variable H parameter. Similar
results were also observed in [10].

I.  CONCLUSIONS

A new method was proposed to estimate the H parameter of
the fBm model that is used to describe the long time series of
the position coordinate estimates of GNSS receivers. The
method is directly derived from the self-similarity property of
the fBm. The results demonstrated that this method
significantly outperforms the RS method in terms of the
accuracy of the H parameter estimation. It also slightly
outperforms the wavelet method on average. Also, the
adaptive filter was employed for GNSS positioning and a ML-
LMS algorithm was developed to filter the long time series of
the estimates of GNSS receiver coordinates. The coast
function of the Leaky LMS is modified with the introduction
of the H parameter, resulting in the ML-LMS algorithm. The
results demonstrated that the proposed method outperforms
the LMS algorithm in terms of both accuracy and convergence
rate. Future work should be focused on the comparison with
the Kalman filter performances and on tracking moving
objects. In addition, ongoing work intends to develop better
techniques for the ML-LMS algorithm to achieve better
performance.

Table 2. Mean and standard deviation of the three algorithms
using a simulated reference series.

Time Series A Time Series B
0<H<0.5 0.5<H<1
Mean (m) STD (m) Mean (m) STD (m)
Original -0.01 0.352 -6.157 9.189
Ref -0.01 0.343 -6.157 9.180
LMS 0.085 0.055 1.500 1.434
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