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(iv)

INTRODUCTION

These notes grew out of lectures given by the author at the Institut
fur Angewandte Mathematik, Heidelberg University, and at the Centre for

Mathematical Analysis, Australian National University.

A central aim was to give the basic ideas of Geometric Measure Theory
in a style readily accessible to analysts. I have tried to keep the notes
as brief as possible, subject to the constraint of covering the really
important and central ideas. There have of course been omissions; in an
expanded version of these notes (which I hope to write in the near future),
topics which would obviously have a high priority for inclusion are the
theory of flat chains, further applications of G.M.T. to geometric wvariational

problems, P.D.E. aspects of the theory, and boundary regularity theory.

I am indebted to many mathematicians for helpful conversations concerning
these notes. 1In particular C. Gerhardt for his invitation to lecture on this
material at Heidelberg, K. Ecker (who read thoroughly an earlier draft of the
first few chapters), R. Hardt for many helpful conversations over a number
of years. Most especially I want to thank J. Hutchinson for numerous

constructive and enlightening conversations.

As far as content of these notes is concerned, I have drawn heavily
from the standard references Federer [FH1] and Allard [AW1l], although the
reader will see that the presentation and point of view often differs from

these references.

An outline of the notes is as follows. Chapter 1 consists of basic

measure theory (from the Caratheodory viewpoint of outer measure). Most of
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the results are by now quite classical. For a more extensive treatment of
some of the topics covered, and for some bibliographical remarks, the reader
is referred to Chapter 2 of Federer's book [FH1], which was in any case the

basic source used for most of the material of Chapter 1.

Chapter 2 develops further basic preliminaries from analysis. In
preparing the discussion of the area and co-area formulae we found Hardt's
Melbourne notes [HR1] particularly useful. There is only a short section
on BV functions, but it comfortably suffices for all the later applications.
We found Giusti's Canberra notes [G] useful iﬁ preparing this material
(especially in relation to the later material on sets of locally finite

perimeter) .

Chapter 3 is the first §pecialized chapter, and gives a concise treatment
of the most important aspects of countably n-rectifiable sets. There are
much more general results in Federer's book [FH1], but hopefully the reader
will find the discussion here suitable for most applications, and a good

starting point for any extensions which might occasionally be needed.

In Chapters 4, 5 we develop the basic theory of rectifiable varifolds
and prove Allard's regularity theorem. ([AW1l].) Our treatment here is
formally much more concrete than Allard's; in fact the entire argument is
given in the concrete setting of rectifiable varifolds, considered as
countably n-rectifiable sets equipped with a locally Hn—integrable multiplicity
function. Hopefully this will make it easier for the reader to see the
important ideas involved in the regularity theorem (and in the preliminary

theory involving monotonicity formulae etc.).

Chapter 6 contains the basic theory of currents, including integer

multiplicity rectifiable currents, but not including a discussion of flat
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chains. The basic references for this chapter are the original paper of
Federer and Fleming [FF] and Pederer's book [FH1], although in a number of

respects our treatment is a little different from these references.

In Chapter 7 there is a discussion of the basic theory of minimizing
currents. The theorem 36.4, the proof of which is more or less standard,
does not seem to appear elsewhere in the literature. In the last section
we develop the regularity theory for codimension 1 minimizing currents.

A feature of this section is that we treat the case when the currents in
question are actually codimensionyl in some smooth submanifold. (This was
of course generally known, but does not explicitly appear elsewhere in the

literature.)

Finally in Chapter 8 we describe Allard's theory of general varifolds,
which originally appeared in [AWl]. (Important aspects of the theory of

varifolds had earlier been developed by Almgren [A3].)

In conclusion I want to express my sincere gratitude to Dorothy Nash,
who did such a superb job in typing these lectures from a manuscript that

was often messy and which frequently had to be corrected.
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NOTATION

The following notation is frequently used without explanation in the

text.

A = closure of a subset A (usually in a Euclidean space)
B~a = {x€B:x ¢ A}

XA = characteristic function of A

1 = identity map A - A

" = Lebesgue measure in r"

Bp(x) = open(*) ball with centre x radius p

B (x) = closed ball ;.

(If we wish to emphasize that these balls are in the balls in EP , wWe write

BE(X) , éi(x) )

w

n
N L" (8, (0))

P P
H -+ R
nx,h =

(for A>0 , x € R') is defined by W = A y-x)
'

-1
thus 1 is translation y & y-x , and o is homothety y = A “y)
’

x,1

W CcC U (U an open subset of RP)
shall always mean that W is open and W is a compact subset of U .

Ck(U,V) (U,V open subsets of finite dimensional vector spaces) denotes the

space of Ck maps from U into V .

CE(U,V) = {¢¢ Ck(U,V): ¢ has compact support} .

(*) In Chapter 1 Bp(x) denotes the closed ball.



ERRATA Please send further corrections/comments to:
Leon Simon
Centre for Mathematical Analysis
Australian National University, GPO Box 4,
Canberra ACT 2601 AUSTRALIA.

pl7 line 13 H is a finite dimensional Hilbert space

p21 line 9 [RH] should be [Roy]

p33 line 11 nk converges uniformly to zero on bounded subsets of A .
p51 1line -1 "if 9.3 holds" should be "if JM diva = 0"

p65 line -1 §/2 should be §/4

p70 line -9 "ordered by inclusion" should be "ordered by the relation

R<S = RcsS and H (S~R) > 0"

P

p87 Note that the Remark 17.9(1) refers to the case H ¢ Lloc(p), p>n .
p96 line -5 Chapter 10 should be Chapter 8
pl27 line 8 63/4 in place of 51/2
line 10 61/2 in place of 61/4
line -5 61/4 in place of 61/8 .
. i o P
pl30 line -7 25.1 should be dx”(f) = ej-f , £€C (U;R ) .
. -n -P
pl40 line -8 o should be 0© .

pl43 In Remark 26.28 we must justify that 90 is bounded in Ll(B) for

k
each ball B <C U . Indeed by 6.4 and MB(BT)<:m ; there are
constants Sy such that 60 - is bounded in Ll(B) , and hence
k
T - ckﬂBﬂ has bounded mass in B . But TO -~ T and hence

O k

{ck} is bounded.
pl49 line 9 P = n+l should be P =n .
14 - = ; .
pl71 line -6 (BT)p (3T) L Lk_l(a 0)
pl76 In (31), Q should be (3Q) in both terms on right side.
p215 line 13 (*) should be T = 3[£]

k-2

pl69 line 1 # 1line 2 wunless k= 2. But with L=1L (aF), dist(y,L)/dist(x,pgl(L))
fy—a]/lx—a| by similarity, and p;I(L)(:Lk_l(a), so |5¢(y)]

A

c|x-al/dist (x,L (a)) as required.

k-1
pl91 In line -2, replace T by Tj' where {j'}c {3} and p>0 are chosen so that

(i) n ,—*e(x)ﬂfrxm]] (0.K. by (10) and the fact that ’I‘j-*T), and so

T.
%, 5%
that (ii) lines -4, -5 remain valid with Tj' in place of T (0.K. by

28.5(1) and a selection argument as in 10.7(2)).



CHAPTER 1
PRELIMINARY MEASURE THEORY

In this chapter we briefly review the basic theory of outer measure
(with Caratheodory's definition of measurability). Hausdorff measure is
discussed, including the main results concerning n-dimensional densities
and the way in which they relate more general measures to Hausdorff
measures. The final section of the chapter gives the basic theory of
Radon measures (including the Riesz representation theorem and the

differentiation theory) .

Throughout the chapter X will denote a metric space with metric
d . In the last section X satisfies the additional requirements of

being locally compact and separable.

§1. BASIC NOTIONS

Recall that an outer measure (henceforth simply called a measure)
on X is a monotone subadditive function | : e [0,°] with p(¢py=0.

Thus M(¢) =0 and

oo

u(a.,) whenever A c U A,
1 J =1 J

u(a) =

Tews 8

J

with & , Al , A any countable collection of subsets of X . Of course

g T

this in particular implies U(A) = u(B) whenever A C B.
We adopt Caratheodory's notion of measurability

A subset A C X is said to be JU-measurable if



L{S) = p(s~a) + u(sna)

for each subset S ¢ X . Of course by subadditivity of U we only actually

have to check that
1.1 p(s) = u(s~a) + u(sna)

for each subset S C X with u(sS) < ® . One readily checks (see for
example [M] or [FH1]) that the collection S of all measurable subsets

forms a O-algebra; that is

(1) ¢, x¢€8

(2) If A ,A

1

oo
greee € Sthen U A, and N A, €S

=1
(3) If A€ S then X~A €S .

Furthermore all sets of U-measure zero are trivially u-measurable (because

1.1 holds trivially in case W(A) =0 ). If Ay, A are pairwise

PRAREE
fee) feel
disjoint J-measurable subsets of X , then u(,U1 Aj) = '21 u(Aj) . If
. i= =
<«
A, CA_ C .... are J-measurable then lim Uy(A.) = pu( U A.,) and if
1 2 . i j=1 1
i 1=
foed
Al 2 A2 > .... are U=measurable then 1lim u(Ai) = u( N A,) provided
. =1 i
<
H(A) © .

A measure U on X is said to be regular if for each subset A C X
there is a | -measurable subset B > A with u(B) = U(A) . One readily
[ee]
checks that for a regular measure | the relation 1lim u(Ai) = u( U Ai)
. i=

100

is valid provided A; € A Vi, even if the A, are not assumed to be

i+l
u-measurable.
A measure X is said to be Borel-regular if all Borel sets are

U-measurable and if for each subset A C X there is a Borel set B D A such

that u(B) = H(A). (Notice that this does not imply UW(B~A) = 0 unless A



is JU-measurable and U(a) < ®.)

Given any subset A C X and any measure | on X , we can define a

new measure pLA on X by
(uL a)(z) = u(nanz) , 2 c x .

One readily checks that all y-measurable subsets are also (pL A)-measurable
(even if A is not U-measurable). It is also easy to check that pLa is

Borel regular whenever | 1is, provided A is |-measurable.

The following theorem, due to Caratheodory, is particularly useful.

In the statement we use the notation

d(a,B) = dist(A,B) = inf{d(a,b) : a€ A , b€ B} .

1.2 THEOREM (caratheodory's Criterion) If U 18 a measure on X such

that
u(auB) = p(@a) + u(B)

whenever A, B are subsets of X with d(A,B) > 0, then all Borel sets

are u-measurable.

Proof Since the measurable sets form a O-algebra, it is enough to prove
that all closed sets are H-measurable, so that by 1.1 we have only to check

that
(1) u(s) = u(s~C) + u(snc)
whenever U(S) <« and C is closed.
Let Cj = {x€ X : dist(x,C) < 1/3} . Then d(S~Cj,SﬂC) > 0 , hence

u(s) = u((S~Cj) U (sficy) = U(S“Cj) + u(she)



and we will have (1) if we can show 1lim p(S~C.) = U(S~C) . To check this,
j—)oo 3
note that since C is closed we can write
(o]

s~C= (s~C.) U (U )
UL

where R, = {x€es : E%i < dist(x,C) =< %} . But then by subadditivity of U

we have

0

H(S~C3) = U(SSC) = H(S~Cy) + Z‘ u(Ry)

k=3

and hence we will have 1lim u(S~Cj) = H(S~C) as required, provided only that
oo J—)Oo

I URY <@ .
k=1 "

To check this we note that d(Ri,Rj) >0 if j = i+ 2 , and hence by
the hypothesis of the theorem and induction on N we have for each integer
N =1

g N
W(R, ) =u(U R ) =S u(s) <«
o1 2k k=1 2k

and

N

N
D uW@®R, ) =u(U R, ) Su(s) <«.
k=1 2k-1 X=1 2k-1

The following regularity properties of Borel-regular measures are of

basic importance.

1.3 THEOREM Suppose u <is a Borel-regular measure on X and X = U V., ,

where u(vj) <o agnd Vj is open for each 3 = 1,2,... . Then

(1) U(A) = inf (U)

U open,UDAu

for each subset A c X, and



(2) H(a) u{c)

= SUPe closed,Cca

for each u-measurable subset A C X .

1.4 REMARK 1In case the metric space X 1is locally compact and separable,

<0

the condition X = U V., with Vj open and U(Vj) <« is automatically
=1 ' ‘

satisfied provided U(K) < o for each compact K . Furthermore in this

case we have from 1.3(2) that

W (K)

uia) = supK compact, KCA

for each |~measurable subset A C X with U(A) < © , because under the above
(o]

conditions on X any closed set C «can be written C = U Ki , compact.
i=1

Proof of Theorem 1.3 First note that 1.3(2) follows quite easily from 1.3(1).
To prove 1.3(1), we assume first that u(X) < « . By Borel regularity of
-the measure | , it is enough to prove (1) in case A 1is a Borel set. Then

let
A = {Borel sets A : 1.3(1) holds} .

Trivially A contains all open sets and one readily checks that A is

closed under both countable unions and intersections; in particular A must
also contain the closed sets, because any closed set in X can be written

as a countable intersection of open sets. Thus if we let A ={ncA : xacA)
then ; is a O-algebra containing all thé closed sets, and hence K contains
all the Borel sets. Thus A contains all the Borel sets and 1.3(l) is proved

in case W(X) < ® |

In the general case (U(X) < ®) it still suffices to prove 1.3(1) when
A is a Borel set. For each j = 1,2,... apply the previous case to the

" measure 11Lig ;, 3=1,2,... . Then for each € > 0 we can select an open



Uj > A such that

j
UUV.'\'A'V, <g/2 ¢

so that
WUV~ A) < e/27 ,

and hence (summing over 3j )

o
p( U (u.Nv,) ~a) <eg.
=1
©o
Since 8] (ujﬂvj) is open and contains A , this completes the proof.
j=1

§2. HAUSDORFF MEASURE

If m is a non-negative real number, we define m—-dimensional Hausdorff
measure by
2.1 H%a) = lim H“(;(A) , AcX,
S+¥0

where for each § > 0 , H?(A) is defined by

. o diam C_\ ™
2.2 Hg(®) = inf j£1 Wy [——12 ]

(wm = volume of unit ball in W™ in case m is a positive integer; w, any
convenient constant > 0 otherwise), where the inf is taken over all countable

collections C1 , C
(o]

PAREE of subsets of X such that diam cj < 8§ and

Ac U cC. .
=1 7

Notice that the limit in 2.1 always exists (although it may be + ®)

because H?(A) is a decreasing function of ¢ ; thus H™a) = sup H?(A) .
0<§



2.3 REMARKS

(1) sSince diam Cj = diam Ej we can add the additional requirement

in definition 2.2 that the Cj be closed without changing the value of
H™ (a) ; indeed since for any € > 0 we can find an open set Uj > C,

J

with diam Uj < diam Cj + /29, we could also take the ¢y to be open ,

except in case m = 0 .

(2) Evidently H?(A) <o Ym=0, &§>0 in case A is a totally

bounded subset of X .
One easily checks from the definition of H? that
Hg(ale) = Hia) + Hi@®) if a@,B) > 28 ,
hence
H™(aUB) = H™(a) + H™(B) whenever d(a,B) > 0 ,

and therefore all Borel sets are H'-measurable by the Caratheodory criterion 1.2.
It follows from this and Remark 2.3(1) that each of the measures H" 4is

Borel-regular.

Note: It is not true in general that the Borel sets are Hg—measurable
for § > 0 ; for instance if n 2 2 then one easily checks that the half-

space {x= (xl,...,xn) em” : x > 0} is not Hé—measurable.

We will later show that for each integer n > 1 H® agrees with the

usual definition of n-dimensional volume measure on an n-dimensional C1
. n+k . n

submanifold of IR , k=0 . As a first step we want to prove that #

and LM (n-dimensional Lebesgue measure) agree on R™ . First recall one

of the standard definitions of L% :



If K denotes the collection of all "n-dimensional cubes"” I of the
form I = (al,al+2) X (az,a2+£)X ceo X (an,an+%) , where aié R and
2 >0, and if |I| = volume of I = 2", then
2.4 L"(a) = inf Z|1j]
3

where the inf 1is taken over all countable (or finite) collections

{11,1

2,...} c K with AcU Ij . One easily checks that L" is uniquely

J
characterized among measures on R" by the properties

L™(1) = |1] VieK , L"@) = inf %) va cm” .

A
U open
We can now show
(*) Hya) = LM(@) V8 > o0
as follows. Let € > 0 and choose 11,12,... € K so that A c U Ik and

k

2lrl = ") + e .
k

Now for each bounded open set U c®R" and each § > 0 we can select a pair-
oo

wise disjoint family of closed balls Bl’Bz"" with U B, ¢ U, diam

o J=1
Bj < §, and Ln(U ~ U Bj) = 0 . (To see this first decompose U as a
=1
foed
union U C. of closed cubes Cj of diameter <¢§ and with pairwise
=1

disjoint interiors, and for each j = 1 select a ball Bj C interior Cj

with diam Bj > 2 edge-length of Cj . Then Ln(Bj) > 8n Ln(Cj) ,

2
o0 N
n . n n n
Gn = wn/4 , and it follows [ (U ~ U Bj) < (1-8,)L°(u) . Thus L“(u~U Bj)
=1 =
. 3J N =1
< (1-6,) L (U) for suitable %}E (0,1) . Since U~ U Bj is open, we can
=1

repeat the argument inductively to obtain the required collection of balls.)

Then take U = I and such a collection of balls {Bj} . Since

Ln(Z) =0 = Hg(z) = 0 for each subset Z ¢ X (by definitions 2.2, 2.4) we



then have (writing pj = radius Bj)
Ha(z,) = Hi( U B < ] wop
§' "k 8 =1 3 =1 n"j
= n-=n :n =
= 1 ey =17 U By =10 = 5],
j=1 j=1

and hence

A

Hym) s HgU L) <) H§<11;> < [™@) +¢ .
K K

Thus 2.5 is established.
To prove the reverse inequality
(%%) ") = Hg(A) ¥V§ >0, acm®,

we are going to need the inequality

n diam A" n
2.5 L") =w [-——-———} Ya cm .
n 2
This is called the <sodiametric inequality ; it asserts that among all sets

A cR® with a given diameter p , the ball with diameter p has the largest
" measure. It is proved by Steiner symmetrization (see [HR] or [FH1] for

the details).

Now suppose 6 >0 , A c®r? , and let C_,C

1 be any countable

20T

collection with A < U Cj and diam Cj < § . Then
]

A

@) < Mw cy) = ! Ln(cj)
J ]

diam C O
§“’n[“"2_l] (by 2.5) .

IA

Taking the inf over all such collections {Cj} we have (*¥%).
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Thus we have proved:

2.6 THEOREM

"a) = H*(a) = Hg(a) for every A c®R'and & >0 .

§3. DENSITIES

Next we want to introduce the notion of n-dimensional density of a
measure U on X . For any measure | on X , any subset A C X , and
any point x € X , we define the n-dimensional upper and lower densities

*n n
] (W,A,x) , @*(UIArx) by
U(AﬂBp(x))

*D
© (4,A,x) = lim sup

p¥0 wnp

n

u(AﬂBp(x))

e*“(g,A,x) = lim inf ~

p¥0 w P

(where Bp(x) denotes the closed ball). In case A = X we simply write
*n . .
© (u,x) and @f(u,x) to denote these quantities, so that

%*
e wax =0 wlax , ofuax = oMulax .

3.1 REMARK one readily checks that if all Borel sets are J-measurable
then u(AﬂBp(X)) > 1lim sup u(AﬂBp(y)) for each fixed p > 0 , so that
u(AﬂBp(xi) is a Borezj;easurable function of x for each fixed p > 0 .
Hence e*n(u,A,x) and e:&u,A,x) are both Borel measurable (and hence

u-measurable) functions of x € X . Notice that it is not necessary that

A Dbe H-measurable.

*n
If © (4,A,x) = O;Ru,A,x) then the common value will be denoted

0™ (u,a,x) .



11

Appropriate information about the upper density gives connections

between U and H . Specifically we have
3.2 THEOREM Let u be a Borel-regular measure on X and t = 0 .

n
(vy If A CA,CX and @* (H/B,,x) 2 ¢t for all =x € A s then

£ H“(Al) <u@,) .

(2) If Acx and O*n(u,A,x) =t forall x € A, then

p@ < 2% H'a) .

An important case of (1) is when A, = A

1 5 - Notice that we do not

assume A , A, , A2 are -measurable.

1

Of the two propositions-above, (2) 1is the more elementary and we could
prove it immediately. (1) requires a covering lemma, so we defer both

proofs until we have discussed this.

In the following covering theorem and its proof, we use the notation that

if B is a ball Bp(x) c X, then B = Bsp(x) .

3.3 THEOREM If B <s any family of closed balls in X with

R = sup{diam B : B€ B} < @ , then there is a pairwise disjoint subcollection

B* ¢ B such that

U Bc U B ;
BEB BEB!

in fact we can arrange the stronger property

(%) BE€B = Is€B with SNB#¢ and S OB .

Proof For 3j = 1,2,... let Bj = {B€¢ B : R/27 < diam Bf;R/ZJ—l} , so that
oo

B= U B. . Proceed to define B! c B. as follows:
=1 3 J J
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(i) Let Bi be any maximal pairwise disjoint subcollection of Bl .

(ii) Assuming j = 2 and that Bi P : are defined, let

j-1
B% be a maximal pairwise disjoint subcollection of {BE€ Bj : BNB' = ¢
j=1
whenever B' € U Bv}.
. i
i=1
Then evidently if j = 1 and B € Bj we must have
]
BNB'# ¢ for some B' € U B!
i=1
(otherwise we contradict maximality of 83) , and for such a pair B, B' we
have diam B < R/29} = 2r/27 < 2 diam B' , so that B C B' .
. [ee]
Thus we may take B' = U Bi .
i=1
In the following corollary we use the terminology that a subset A C X

is covered finely by a collection B of balls, meaning that for each x € A

and each € > 0 , there is a ball B € B with x € B and diam B < € .

3.4 COROLLARY If B s as in 3.3, i1f A <ig a subset of X covered finely

by B, and if B' ¢ B 1s as in 3.3, then

w >

1 A BEB'~{B ,...,B}

for each finite subcollection {Bl,...,B } < B .

N
N N
Proof 1f x€ A~ U B., since B covers A finely and since X ~ U Bj
j=1 N j=1
is open, we can then find B € B with BN (UB.,) =¢ and x € B, and

.)
=1 7
(by (%)) find s € B' with SNB# ¢ and S OB . Evidently then

s # Bj ¥§=1,...,N, and hence x € U § .
seB'~{B1, .. .,BN}

Proof of (1) of Theorem 3.2 We can assume u(Az) <o and t > 0, otherwise

the result is trivial. We can also assume the strict inequality
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O*n(p,A2,x) >t for x € A,

(because to obtain the conclusion of (1) for t equal to a given t1 >0,

it clearly suffices to prove it for each t < tl) .

.

For § > 0, let B (depending on. §) be the collection
{closed balls Bp(x) : X€ Al 0<p<é8/2 , u(AzﬂBp(x)) >t wnpn} . Evidently
B covers Al finely and hence there is a disjoint subcollection B' ¢ B

so that 3.3 (*) holds. Since u(A2 i B) > 0. for each B € B and since

u(Az) < ® it follows that B' is a countable collection {Bl,Bz,...} and
hence 3.4 implies
N o
A~ U B.c U B, VN > 1
=1 7 =1 I
N o0
Thus Al c (UB.)U ( U B.) and hence by the definition 2.2 of Hg we
3=1 J=N+1
have
n N a n o 0 diam B,
Hoea) = ) wp. + 5 ) wp.[p‘= ]
601 T oy M j=Ne1 03U 2
Since Bj € B, we have
o 1 [ee) _ [o's]
- -1
Jowpeist ] oummmy =t ] owla)e)
j=1 ] j=1 J j=1
[ee]
-1 -1
=t (MLA)(U B.) =t u@a,)) <o,
2 j=1 3 2

and hence letting' N =+ ®© we deduce
n -1
HSS(Al) =t U(Az)

Letting &6 ¥ 0 , we then have the required result.
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Proof of (2) of Theorem 3.2 We may assume that
0*™(u,A,x) <t for all x € A

because to prove the conclusion of (2) for a given t = tl >0, it is

clearly enough to prove it for each t > t, . Thus if

1

Ak = {x€Aa : u(AﬂBp(x) < twnpn Y0 < p < 1/k}

o]
then A = U Ak and Ak+1 > Ak , k=1,2,... . The Ak are not necessarily
n=1

0

H-measurable, but we still have 1lim u(Ak) =u{ U Ak) by virtue of the
koo k=1

regularity of | . Thus we will be finished if we can prove

na) s 2ntHn(Ak) Vk = 1 .

Let & € (0,1/2k) and let Cl,c ;... Dbe any countable cover for Ak with

2
diam Cj < § and Cj n a 7 ¢ Yj . For each j we can find an xj € AL
diam Cj

so that B j(xj) 2C5 pj = —

2p
definition of Ak that

. Then since 2pj < 1/k we have by

n n
M%)suw (%n:52W£j.

20.
©5
Hence

diam C_\"

n
@) =2t jgl wn[ 5

Taking inf over all such covers {Cj} we then have (by definition of
Hg) that u(Ak) < 2™t Hg(Ak) . Thus we have the required inequality by

letting § ¥ 0 .
As a corollary to Theorem 3.2 (1) we can easily prove the following.

3.5 THEOREM If wu  <s Borel regular, if A is a u-measurable subset of

X and if U(A) < », then
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O*n(u,A,x) =0 for H —ae. x€ X ~n .

REMARK  Of course p = H" is an important case.

Proof For t>0 let C_= {x€x~a: 0*™(u,a,x) = t} and if Hn(ct) >0

we can (by Theorem 1.3(2)) find a closed set E Cc A such that
(1) H(AE) < € H(C)) .

Since X ~ E 1is open and Ct C X~A C X~E we have
O*n(u,Aﬂ(XwE),x) = @*n(u,A,x) >t for x € Ce - Thus we can apply Theorem
3.2(1) with pbLa,c

, X~E in place of u,, A A to give

t 1772
t Hn(Ct) < W{A~E) , thus contradicting (1). Thus we conclude that

[es]
Hn(ct) =0 Yt >0 . In particular H (U c = 0 . Thus O*n(u,A,x) =0

)
=1 K

for H" - a.e. x € X~A .

We conclude this section with two important bounds for densities with

respect to Hausdorff measure.
3.6 THEOREM  Suppose A is any subset of X .
(1) I HY2) < , then o*MH ,a,x) <1 for H® — a.e. x € & .

(2) If Hg(A) < » for each 6§ > 0 (note this is automatic 1f A <is
a totally bounded subset of X ), then @*n(HZ,A,x) > 2" for H" - a.e.
x € B .

3.7 REMARK gince H" = Hg > Hz (by definitions 2.1, 2.2) this theorem

implies
2 < " H N a,x) =1 for H® - a.e. x €A

it HMa) <o .
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%
Proof of 3.6 To prove (1), let &, >0, let A = {x€A : 0O TR, a,%) = t}
and (using Theorem 1.3(1) with u = H®L A) choose an open set U D At such

that
Hhuna) < Hay) + e .

Since U is open and since Ay € U we have @*(Hn,AﬂU,x) > t for each
x € A, . Hence Theorem 3.2(1) (with Hnl.A,At,AﬂU in place of 1A ,A))

implies that
t @) s H@ano s H'@) + e .

We thus have Hn(At) =0 for each t > 1 . Since

fe)
{x: e a,x) > 1} = U At for any strictly decreasing sequence {tj}
. =1 =35
. . n #0,, 0 .
with 1lim tj =1, we thus have H {x : ©" (H ,A,x) > 1} = 0 , as required.
To prove (2), suppose for contradiction that @*n(Hgl.A,x)< 2™ for
each x in a set BO C A with Hn(BO) > 0 . Then for each x € BO (by
. &
definition) we can select 6x € (0,1) such that
n 1-6 n
Hoo(AﬂBp(x)) < wpe, 0<p< cSX .
(ee]
Therefore, since B, = U {x¢€ By : § > 1/3} and since
j=1

Hg(AIWBO(x)) = Hg(Af1Bp(x)) for any p < §/2 (by definition 2.2), we can

select 6 > 0 and B c B. with H™B) > 0 and

0
n 1-§ n
(1) H6(AnB(x))5——wp ;s 0<p<§/2, x€B.
o PUI
o
Now using 2.2 again, we can choose sets Cl’c2’°" with Bc U ¢C. ,
=1

CjﬂBaéinj. and

n 1 ,n .
(2) g W, (py/2)7 < TT5 Hg(B) , p, = diamcy .
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oo

Now take x4 € Cj NB, sothat Bcann (U Bp (Xj)) , and we conclude from
j=1 "3

(1), (2) that Hg(B) =0, hence H™@®) =0, contradicting our choice of

B .

§4. RADON MEASURES

In this section X is assumed to be locally compact and separable. On
such a space we say that U is a Radonm measure if | is Borel regular
and if u is finite on compact subsets of X . Notice that (by 1.3, 1.4)

such a measure | automatically has the properties

H(a) = infUDA ww A C X arbitrary
U open
and
u) = SUPe u(K) , A C X u-measurable.

K compact

The finiteness of Radon measures |I on compact subsets enables us to
integrate continuous functions with compact support. Indeed if H is a
Hilbert space with inner product (,) and if Kx,n) denotes
the space of continuous functions X > H with ccmpact
support, then associated with each Radon measure | and each u—measuraEIe
H-valued function Vv : X + H satisfying Ivl= l,u-a.e. , we have the

linear functional L : K(X,H) *IR defined by
L(f) = J (£,v)du .
X

The following Riessz representation theorem shows that - every linear

functional I : K(X,H) IR is obtained as above, provided
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(%) sup {L(f) : £€K(X,H) , |f] =1, spt £ cK} <o

for each compact K C X .

4.1 THEOREM ILet L be any linear functional on K(X,H) satisfying (x)
above. Then there is a Radon measure u on X and a u-measurable function

Vs X+ H such that |v(x)| =1 for p-a.e. x € X and

L(f) = J (£,V)du VE € K(x,H) .
X

4.2 REMARK nNotice that (as one readily checks by using Lusin's theorem to

exhaust p-almost all of X by an increasing sequence of compact sets on

which V 1is continuous), we have
sup{L(f) : £ € K(X,H) , || =1, spt £ cv}l=uw

for every open V C X , assuming U , V are as in the theorem. For this
reason the measure | is called the total variation measure associated

with the functional L .

Proof of 4.1 First define (V) on open sets V according to the

identity of 4.2 above, and then for an arbitrary subset A C X let

(1) u(a) = ian nv) .

Vv
V open

(0f course these definitions are not contradictory when A itself is open.)
To check that u is a Radon measure we proceed as follows. First, if

00
are open sets in X with v c U Vv, , and if w is any

j=1
element. of K(X,H) with supx|w| <1 and support w < V , then, by using

V,Vl,V2 P
the definition of U and a partition of unity of support ® subordinate to

to the sets V.r. we have
{ J}3=1,2,... ’
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lLw | s ] V)

=1
. (o]
Taking sup over all such w we thus get u(V) < Z u(vj) . Then by (1)
=1
we see that
B oo
u@ = ) ou@)
=1 7
fee]
whenever A, Al, A2,... are subsets of X with A c U Aj . Thus uy is a
j=1
measure on X . It is also clear from the definition of | that

U(VlLJVZ) = U(Vl) + U(Vz)

whenever V., , V

1 5 are open subsets of X with d(Vl,V2) > 0 . Then by (1)

we see that | satisfies the Caratheodory criterion, and hence all Borel
sets are measurable by Theorem 1.2. Thus we can conclude that Y is a Borel
regular measure and since it is evidently finite on compact sets (by (*)) it

is then a Radon measure.

Next let K(X)

K(XarR) and I<+(x) = {feK(x) : £ =0} .

Define

A(E) SUP| | < || . £eK x) .

weK (X, H)

Then by definition of U we have

supfeK+(x) A(f) = WU) V open U C X .

support f£cU
We in fact claim
(2) AE) = J fau , £ ¢ K+(X) .

To see this we first note that A(cf) = ¢ A(f) , c constant = 0 , £¢€ K+(X) .

Further we claim that A(f+g) = A(f) + A{g) V£,g¢€ K+(X) . Indeed the inequality
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A(f+g) = A(f) + A(g) is obvious, and we prove the reverse inequality as

follows. Let w € K(X,H) with |w| < f+g , and define w, , w, by

1
£ uif g0 2y if f+g >0
f+g - f+g

1 0 if f+g = 0 2 0  if f+g= 0

One easily checks that then w, , w, € K(X,H) . Then since W= w, + W and

1 1 2

|w1| =f, lw2| =g, we have IL(w)l < A£) + A(g) . Taking sup over
all such w we then have A(f+g) = A(f) + A(g) . To complete the proof that
(2) holds we let € > 0 and choose to = 0 < t1 < ... < tN B tN> sup £ , such

that ti -t < g and u(f'.l(tj)) =0 ¥V4=1,...,N . (This is of course

i-1
possible, because {ter : u(f_l(t)) >0} is clearly countable.) Write

.= s b, <E<t, ] = e .
U {xex £, <f tj}, 3= 1,...,N

Now, by definition of u , for each € > 0 we can choose hj € K+(X)

with support hj C Uj ; h. =1,

J
(3) A(hj) > u(Uj? - /N
and
(4) p(Uj~{x : hj(x) = 1}) < g/N .

Evidently (4) together with the definitions of A, yu implies

N N
ME-f ] h,) < sup|f|ulx : [ U,~{x : h (x)=1}}
=1 7 =1 * J
= sup|f| € 4
and it readily follows that
N N N
) ti_qH(UL) - 2€ sup|£| SA(f )} h,) SA(£)< A(E )} h,) +e sup|f]
521 3 3 551 3 58 3
N

= 'z]_ tju(Uj) + € suplf] .
=
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Since
) )
t., _u(U,) = J fdu = t. u(Uu.)
5=1 13 =1 I3
we then have Ik(f) - J fdul < 2€ suplfl , and hence (2).
To complete the proof of the theorem, let e € H with le[ =1, and

consider the linear functional Ae on K(X) defined by Ae(f) = T(fe) .

Evidently by (2) ,

@] = flfldu VE € K(X)
and hence Ae extends uniquely to a linear functional on Ll(u) . By the
Riesz Representation Theorem for Ll(u) functions (see e.g. [RH] for

details - the proof is based on the Radon-Nikodym theorem) we have a bounded

U-measurable (in fact Borel-measurable) function ve on X such that
L(fe) = J £ Vo dau VE € K(x) .

Taking el, cee s @) to be an orthonormal basis for H , and defining
n . .
v= J Ve, , vtz V_ s one then easily checks that L(g) = f(g,vyau for
j=1 J i
each g € K(X,H) , as required. Furthermore (Cf. Remark 4.2) for each open
U € X we have
(5) sup{L(g) : g€ K(x,H) , ]g}i 1, spt gCcuU} = f |v[du .
U
On the other hand the left side of (5) is u(U) Dby definition of | . Hence

(from the arbitraryness of U) we conclude {v] =1 u-a.e. This completes

the proof of Theorem 4.1.

4.3 REMARK Note that in case H =IR , Theorem 4.2 asserts that the linear

functional L can be represented
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L(f) = J £V du YF € K(X,R) ,
X

where Vv(x) = 1 for p-a.e. x € X . In the special case when L 1is
non-negative, i.e. L(f) 2 0 if £ = 0 , then one easily checks that
vV = +1 , so that the theorem gives

L(f)=J £ Ay
X

in this case., Thus we can identify the Radon measures on X with the non-

negative linear functionals on K(X,R). (Note (*) isautomatic if L is non-negative.)

Now for U C X with U open and U compact, let L; denote the set
of bounded (real-valued) linear functionals on KU(X) = {continuous functions
£ : X+R with spt £ C U} which are non-negative on K;(X)= {fEKU(X): £=0} .
The Banach-Alaoglu theorem (see e.g. [Royl) tells us that {A¢€ L;: Al =1}  is
weak* compact. That is, given a sequence {Ak} c L; with supkleAkH < o,
we can find a subsequence {Xk,} and A € L; such that lim Xk,(f) = A(£)
for each fixed £ ¢ K;(X) . Using the above Riesz Representation Theorem (and
in particular Remark 4.3) together with an exhaustion of X by an increasing
sequence {Ui} of open sets with ﬁi compact Yi , this evidently implies

the following assertion concerning sequences of Radon measures on X .

4.4 THEOREM  Suppose {uk} 18 a sequence of Radon measures on X with
sup, _; W (V) < for each open U C X with U compact. Then there is a
subsequence {uk,} which converges to a Radon measure u on X 1in the

sense that
lim uk,(f) = u(f) for each £ € K(x) ,

where K(x)-= {f : £ <8 a real-valued continuous function with compact .

support on X} . Here we used the notation

u(f) = J £ au .
X
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Now let U be any Radon measure on X . We say that X has the
symmetric Vitali property relative to u if for every collection B of
balls which covers its set of centres A = {x : Bp(x) € B for some p > 0O}
finely (i.e. for each x € A we have inf {p : Bp(x) € B} = 0), there is

a countable pairwise disjoint subcollection B' ¢ B covering u-almost all

of A , provided u(a) < » ,

4.5 REMARKS

(1) It is easy to see (from Corollary 3.4) that the locally compact
separable metric space X has this property with respect to U , provided
u(Bsp(x)) =c u(Bp(x)) whenever Bp(x) C X, where c¢ is a fixed constant

independent of x and p .

(2) Most importantly, in the special case when X =]Rn ;, we have the

symmetric Vitali property with respect to U for any Radon measure | .

To justify this last remark we need first to recall the following

Besicoviteh covering lemma (see [FH1] or [HR] for a proof).

4.6 LEMMA  Suppose B is a collection of closed balls in ®R" , Llet A
be the set of centres, and suppose the set of all radii of balls in B <s a

B. ¢ B (N=N(n)) such

bounded set. Then there are sub-collections Bl’ -e- 0 By

N
that each Bj is a patrwise disjoint (or empty) collection, and U Bj
N j=1
still covers A : A2 c U (U B) .
j=1 BEBj

We emphasize that N is a certain fixed constant depending only on n .

Using this lemma we can easily justify Remark 4.5(2) : For a given Radon
measure U in ®" and for a given collection of balls B covering its own

set of centres A finely, we first choose (from the set {B€ B: radius B=<1})
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pairwise disjoint collections B BN < B such that

N
ceey B. .
17 'E 3 covers A

j=1
Then for at least cne j € {1,...,N} we get

pa~ U  B) = (1-1/N)u(a)

BEB,
J
and hence taking a suitable finite subcollection {Bl, ces s BQ} c Bj .
Q
u@a~ U By = (1-1/20)u(a) .
k=1
Q
Since B covers A finely, and since U Bk is closed, the collection
k=1 ~
Q 0
B=1{BeB :BN (U B, ) = ¢} covers A~ B, finely. Thus we can repeat
k=1 k=1 0
the argument with B in place of B and A~ U B, in place of A in
~ k=1
order to select new balls BQ+1' oo By € B such that

P 1 Q
wa ~ 21 B) = (1 -0 w@a~ 21 B,)

1A

1.2
(1 - Eﬁﬁ u(ay .

Continuing (inductively) in this way, we conclude that if u(A) < © there is

a pairwise disjoint sequence B of balls in B such that

17 By -ee
oe

H(a ~ U Bk) =0 .

k=1

Thus Remark 4.5(2) is established.

4.7 THEOREM Suppose Uy s W, are Radon measures on X , where X has

the symmetric Vitali property with respect to My - Then

My (B ()
D, U, (X) = lim —————
e SPSTHENEY

exists ul-almost everywhere and is ul—measurable. Furthermore for any

Borel set A C X
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(1) u,(a) = J (Du Ho)dd, + ui(a)
A 1
where
UE = Uz Lz,
where 2 1s a Borel set of W, -measure zero (z independent of A ).
In case X also has the symmetric Vitali property with respect to U,

then Du M, also exists uz—almost everywhere and
1

*

(2). H,

i

u, L {x : Duluz(x) = 4o}

(i.e. we may take 2 = {x : DU Hy(x) = +0 } in this case.)
1

4.8 REMARKS

(1) Of course by Remark 4.5(2), we always have 4.7(2) if X =]Rn .

(2) ur

5 is called the singular part of uz with respect to ul . One

readily checks that u; = 0 if and only if all sets of ul—measure Zero
also have uz—measure zero. In this case we say that uz is absolutely

continuous with respect to My - 4.7(1) then simply says

(*) UZ(A) = J (Du uz)dul , ACX , A a Borel set.
A 1

Proof wWe can of course assume Wj(X) <« , U, (X) <« since u, , W, are

Radon measures and X is locally compact and separable.

First consider the case when all sets of Y, -measure zero also have
H,-measure zero. In this case we want to prove (*) , and we have that X

also has the symmetric Vitali property relative to 5 .

Let X=X - {x : M (B (x)) = 0 for some 0 > 0} . Evidently X is

closed and (by separability) ul(X~§) =0, Wy = ul L X . Let QU u2 and
1
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D W, be defined on X by

1
b L) = lim ne 20
“Hy 2 040 ul(Bp(X))
- U, (B, (x))
D up(x) = lim sup —=—r——r
Ky 040 ul(Bp(X))

and define D ;, D =z on X ~ § . Notice that D and D
wHa v By Ho u M2 20
1 1 1 1
are Borel measurable.

Hy

We first prove that if o € (0,®) then for any Borel set A C X ,

(1) ac{xeX: 9u1“2(x) <ol = u,A) =a @)

(2) A c {x€ex : Duluz(x) >a} = H,(a) z o (a) .

To prove (1) we simply note that if A c {x€X : QU u2(x)> o} , then
: 1
for any open V > A the collection B = {Bp(x) : X€A, Bp(x)c:v ,

pz(Bp(x)) < a ul(Bp(x))} covers A finely, so there is a countable disjoint

subcollection {BI'B ... }cB which covers u,-almost all of A (and

21

hence uz—almost all of A ).

Then
oo (o] o«
) su,( U BY) = } op, B sa } u (Bl
2 2 =1 3j 5=1 2 =1 173
[os]
=au, (U By sau .
=1

Taking inf over all such V , by (1.31) we have (1) as required.

The proof of (2) is almost identical and is left to the reader.

Notice particularly that if we let o + © in (1) and use
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ul(x~§) = 0 , then we deduce

(3) ul{xé X : BU by(x) = +0} =0 .
1

Now let a <b and A= {x€X : D U.(x) <a<b<DbD W (x)} . Then
-ul2 “12
by (1), (2) above we have

Hy(B) = a ul(A) and also b ul(A) = “2(A) ’

which implies that ul(A) = UZ(A) = 0 . Thus, by (3) together with the fact

X s <D =
that {x€X : D uluz(x) DMlUZ(X)}
U {x ¢ § : DU uz(x) <a<b<]3u uz(x)} , we have that
a,b rational,a<b 1 1

Dy Hy(®¥) =D U (x) (=D

) ”1 uz(x)) < o for Ul almost all x € X .

My

Next, to establish (*) we proceed as follows. For any Borel set

A CX let
v(a) = J (D H,)dau
a M2t
and for any subset A ¢ X let v(a) = infBDA V(B) .
B Borel
Then Vv is evidently a Radon measure and
t, U, (A ) = @ ) =t u (A )
171 tl't2 tl,t2 271 tl,t2
I = : < <
for any 0 < £ = t2 , Atl,t2 {xen tl Duluz(x) t2} , A any Borel
set. By then by (1), (2) we have
t t2
— u,(a ) 2 v(a ) = u,a )
t2 2 tl,t2 tllt2 1 tl't2

and it readily follows that v = uz . Thus (*) is established.

In the general case (when it may be that uz(A) > 0 when ul(A) = 0)
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select a Borel set B from the collection A = {AcX : A is Borel, ul(X~A) = 0}
<o
such that u.,(B) = inf u.{a) . (rake B = [} A, , where A, € A,
2 2 j=1 * i
‘llm uz(Ai) = lanEA uZ(A).) Now if A <€ B with ul(A) = 0 then we must

A€A

have u2(A) = 0 alsc, otherwise we contradict the minimality of uZ(B). Then

we can apply the previous argument to the measure ﬂz = u2 L B, thus giving

uz(AﬂB) = JA (Duluz)du1 V Borel set A C X .

Thus 4.7(2) holds with u; =, L (x~B) .

Finally, in case X also has the symmetric Vitali property with respect

to Wy s the first part of the argument above establishes that Du H, exists
1
u2—almost everywhere (as well as ul—almost everywhere) in X and (1)

o]
shows that if A c {x€X : D U (x) <=} (= U {x€X:D_ u_(x)<n}) and if
M2 n=1 My 2
ul(A) = 0 , then also uz(A) = 0 . We can therefore apply the above argument
to ﬁz =pu. L {x€X : D p.(x) < ©}. Since we trivially have D H_(x) =
2 H1 2 Ul
for W,-a.e. x € X ~X , we then deduce 4.7(1) with u; as in 4.7(2).

2



CHAPTER 2
SOME FURTHER PRELIMINARIES FROM ANALYSIS

Here we develop the necessary further analytical background material
needed for later developments. In particular we prove some basic results
about Lipschitz and BV functions, and we also present the basic facts
concerning Ck submanifolds of Euclidean space. There is also a brief
treatment of the area and co-area formula and a discussion of first and
second variation formulae for C2 submanifolds of Euclidean space. These

latter topics will be discussed in a much more general context later.

§5. LIPSCHITZ FUNCTIONS

Recall that a function £ : X + IR is said to be Lipschitz if there is

I, < ® such that (if d is the metric on X)
[£(x) - £(y)] =L dx,y) YV x,v€X.
Lip f denotes the least such constant L .
First we have the following trivial extension theorem.

5.1 THEOREM If A c X and £ : A >R 1is Lipschitz, then 3 f : X R with

Lip £ = Lip £ , and f = E|a .
Proof simply define
Fx) = inf ) (£(v) +1 d(x,y)) , L =TLip £ .

Since f(y) + L d(x,y) = f(z) - L d(x,z) Y x€X , y,z€ A , we see that F
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is real-valued and f(x) = f(x) for x € A . Furthermore

Bxp) - E(xp) supy a ianfA (f(y) +Ld(x ,y)) - £(y) - Ld(x,,y,))

A

suPy2€A (L d(Xlryz) - L d(leyz))

=L d(xl,xz) Y X 0%, € X .

Next we need the theorem of Rademacher concerning differentiability of

Lipschitz functions on an . (The proof given here is due to C.B. Morrey.)

5.2 THEOREM If £ <s Lipschitz on R, then £ is differentiable

L"-qlmost everywhere; that is, grad f(x) = (le(x) P oeees an(x)) exists and
1im f(y) ~f (x)~grad f(x)-°(y-x) o
o |y-x|
for "-~a.e. x €er"
Proof Let v € Sn”1 , and whenever it exists let va(x) denote the
directional derivative % f(x+tv) . Since va (x) exists precisely
t=0
when the Borel-measurable functions 1lim sup Llxttv) -£(x) and

>0 €

f(x+tv)-f (%)
t

lim inf
t—>0n
is L -measurable. However ¢(t) = f£(x+tv) is an absolutely continuous

coincide, the set Av on which va fails to exist

function of t € IR for any fixed 'x and v , and hence is differentiable

for almost all +t . Thus AV intersects every line L which is parallel

to v in a set of Hl measure zero. Thus for each v € Sn_1

(1) D f(x) exists Lf‘-a.e. x € R" .

(o)
Now take any CO(Rn) function ¢ and note that for any h > 0
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£(x) dL™(x)

j f(x+hzz—f(x) ;(x)dLn(x) - J ;(x)—ﬁ(x-hv)
n

R ="

(by the change of variable 2z = x+hv in the first part of the integral on

the left). Using the dominated convergence theorem and (1) we then get

J va T - J £ Dv T = - J f vegrad ¢

n . n .
—ZVJJfD.C=+ZVJJCD.f
j:l J j=l J

J T vegrad £ ,

where all integrals are with respect to Lebesgue measure on B{I, and where
we have used Fubini's theorem and the absolute continuity of £ on lines

to justify the integration by parts. Since ¢ is arbitrary we thus have

(2) va(x) = vegrad £(x) , [P-a.e. x €R" .

Now let vl, v2, ... be a countable dense subset of Sn—l , and let

A = {x : grad f(x), D, £(x) exist and D £(x) = v -grad £(x)} . Then

w x k
with a = N A we have by (2) that
k=1
(3) L"(®"a)=o0, D, £(x) = v, *grad £(x) Vx€n,k=1,2,c0. .
x

Using this, we are now going to prove that £ is differentiable at
each point x of A . To see this, for any x € A , v € Sn_1 and h >0

define

£ (x+hv) -f (x)

Q(lelh) = h

- vegrad f(x) .

Evidently for any x € A , vv,v' ¢ sn—l r h >0,

(4) |@(x,v,h) = Q(x,v',h)| = (n+1)L |v-v'| , L = Lip £ .

Now let ¢ > O be given and select P large enough so that
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n-1 €
(5) v Es = |v-v | < ST [or some k€ {1,....2} .
Since lim Q(x,vl,h) =0, V2=1,2,...,x€A , (by (2)), we see that
h{0 :
for a given g € A we can choose 6 > 0 so that
(6) |Q(xo,vk,h)l < €/2 whenever 0<h<d§ and k € {1,...,P} .

Since ]Q(xo,v,h)I = ]Q(xo,vk,h)l + |Q(x0,v,h) - Q(xo,vk,h)] for each

k € {1,...,P} , we then have (by (4), (5), (6)) that

}Q(xo,v,h)] < % + % =g

1

whenever v € S° © and 0 < h < § . Thus the theorem is proved.

Finally we shall need the following consequence of the Whitney Extension

Theorem.

5.3 THEOREM Suppose f : R" +1R is Lipschitz. Then for each € > 0

there is a Cl(JR) function g with
Ln({x: f(x) # g(x)} U {x:grad £(x) # grad g(x)}) < € .
Proof First recall whitney's extension theorem for ¢! functions:

If A c R" is closed and if h : A >TR and V : A »RR" are continuous,

and if
(*) lim R(x,y) = 0 v X, €A,
x»xo,y+x0
X, V€A, XFy
where -
h -h(x)-v(x) - (y-x
(%) R(’_‘,'Y) _ h(y)-h(x)-V(x) * (y-X) ,

|x-v|
then there is a Cl function g : R"+ R such that g=h and grad g =V
on A . (For the proof see for example I[SE] or [FH1]; for the case n=1,

see Remark 5.4 (3) below.)
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Now by Rademacher's Theorem £ is differentiable on a set B c®rR" with
Ln(I{L~B) = 0 . By Lusin's theorem (which apélies to sets of infinite measure
for L™) there is a closed set C C B such that grad f|C is continuous
and Ln(IJ&vC) < 6/2 . On C we define h(x) = £(x) , V(x)=grad £(x) and

R(x,y) for x,y € C is as defined in (**). Evidently (since C C B) we have

lim R(x,y) = O Y x € C, but not necessarily (¥). We therefore proceed
yrx

yeC

as follows. For each k = 1,2,... let

n, (x) = sup{|R(x,y) |:y€cC N (Bl(X)~{x})} .
k

Then N ¥ 0 pointwise in C , and hence by Egoroff's Theorem there is
a closed set A C C such that Ln(C~A) < g/2 and nk converges uniformly
to zero on A . One now reaaily checks that (*) holds. Hence we can apply

the Whitney Theorem.

5.4 REMARKS

(1) The reader will see that without any significant change the above
proof establishes the following: If U CIR® 48 open and i1f £ : U~>IR <8
differentiable L"-a.e. in U, then for each € > 0 there is a closed
set AcU and g ct function g : RN+~ such that L["(u~a) < e and

f(x) = g(x) , grad £(x) = grad g(x) for each x € A .

(2) The hypothesis (*) above cannot be weakened to the requirement

that 1lim R(x,y) = 0 YV ¥ € A . For instance we have the example (for
yrx
yE€A

/2

n=1) when A = {O}U{%:k=l,2,...} and h(0) =0, h(%)=(41)k/k3 ,V=0.

Evidently in this case we have lim R(x,y) = 0 V x-€ A, but there is no

yrx
yEA
1 1
. o Ing -neg
C extension because —-—E———E———*——--+w as k »® |

(

=5

X k+1
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{3) In the case n =1, the Whitney Extension Theorem used above has

a simple proof. Namely in this case define

RGxy) = BZREL v

and note that the hypothesis (*) guaraﬁtees that for each compact subset C

of A we have a function SC with €C(t) v+ 0 as t 4+ 0, and
(i) IR,y | s e (lx-y]) Vxyec.
Notice in particular this implies

(ii) Ve -vin | s 2etlx-y)) Yxyec. :

Also IR ~ A 1is a countable disjoint union of open intervals 11,12,... R

1f Ij = (@a,b) , we then select gj € Cl([a,b]) as follows:
(iii) gj(a) = h(a) , gj(b) = h(b) , gé(a) = v(a) , gé(b) = V(b)
and

(iv) sup . |g;](x) -vi(a)| s3e,-a) , C= [a-1,b+l] N A .
3

This is possible by (i), (ii), with (x,y) = (a,h) . One
now defines g¢g(x) = gj(x) Y x € Ij , 3 =1,2,... , and g(x) = h(x) VY x€n,.

It is then easy to check g € Cl(nu and g' =V on A by virtue of (i) - (iv).

§6. BV FUNCTIONS

In this section we gather together the basic facts about locally BV

functions which will be needed later.

First recall that if U is open in Rp and if u € LiOC(U) , then u
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is said to be in Bvloc(U) if for each W cC U there is a constant c(W)<®

such that

J u divg dL” < c(w)sup|g]|
W

for all vector functions g = (gl,...,gn) , g€ CZ(W) . Notice that

this means that the functional j u divg extends uniquely to give a (real-
v n 1

valued) linear functional on K(U,R ) = {continuous g = (g ,...,gn): U%ﬁRn,

support |g| compact} which is bounded on KW(U,IfﬁE {ge K, rY: spt|g| c w}

for every W cC U . Then, by the Riesz representation theorem 4.1, there is

a Radon measure Y on U and a J-measurable function v = (vl,..,vn) ’

|vl = 1 a.e. , such that

6.1 J u div g daL® = J gev au .
U U

Thus, in the language of distribution theory, the generalized derivatives
Dju of u are represented by the signed measures vj du , j=1l,...,n .

For this reason we often denote the total variation measure U (see 4.2) by

IDu! . (In fact if u¢€ Wiéi(U) we evidently do have du = IDu| al™ and
2 ol
—— if Du| # O

v, = IDuI

) )
0o if |pul =0 .

Thus for u € BV, (U) , |Du| will denote the Radon measure on U which

loc

is uniquely characterized by

lDuI(W) = sup|g! J u div g ar® , Wopen C U .

fl,spt[g|cw
g smooth

The left side here is more usually denoted j lDu[ . Indeed if f is any
w
non-negative Borel measurable function function on U , then J £ dIDu[ is

more usually denoted simply by j f|Dul (= J leuI al™ in case u¢ Wiéé(U)) .
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We shall henceforth adopt this notation.

There are a number of important results about BV functions which can
be obtained by mollification. We let ¢G(x) = O_n¢(%) , where ¢ 1is a

symmetric mollifier (so that ¢ € d:(Rn), ¢ =0, sptodc Bl(O) ’
(o)

¢_ %= u be

j r1¢ =1, and ¢(x) = ¢(-x)) , and for u € L1 (U) let u 5
R

loc

the mollified functions, where we set uU=u on Uy u=0 outside Uy

qg= {x€u: dist(x,BU)>0}. A key result concerningmollification isthen.asfollowé:

6.2 LEWMA If ue€ BV, (), then WO sy i Ll () and

]Du(o)[ + |pu| in the sense of Radon measures in U (see 4.4) as O ¥ O .

Proof The convergence of u(O) to u in Lioc(u) is standard. Thus it
remains to prove
(1) limJ £lou'??| = J £|Dul
o¥0
for each £ ¢ CS(U) , £ 20 . In fact by definition of |pu| it is rather

easy to prove that

J £|pu| < lim inf J leu(G)l ’
o¥y0
so we only have to check
(2) ’ lim sup J f]Du(G)| = J leu|
o+0

for each £ € CS(U) , £ =0 .

This is achieved as follows: First note that

() j leu(O)! B suplglff,gsnmoth.j grgrad u(O) a® .

On the other hand for fixed g with g smooth and lgl < f , and for
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0 < dist(spt £,0U) , we have

J g ° grad wl@ - J uDaiv g aL®
= Jd)c*udlvgdL
= J u(¢ *div g)dL
= J u dlv(¢ *g)dL .
On the other hand by definition of ]Dgl , the right side here is

5J (£+£(0)) |Du|
\J
(o

where €(0) ¥+ 0, where W = spt f , W, = {x€ U : dist(x,W) <0} , Dbecause

Iq)c* gl I (¢O*gll~-"¢c*gn)|

¢G* Igl = d)c*f

IA

and because ¢0 « £ > f uniformly in W0 as 0 ¥ 0, where 00 <dist(W,3U) .
[¢]
Thus (2) follows from (3).

6.3 THEOREM  (Compactness Theorem for BV function)

If {uk} is a sequence of BV, (U) functions satisfying

loc

Supkzl[”‘ﬁ"lLl(W) * Jw'Dukl] <

for each W cc U, then there is a subsequence {uk,} c {uk} and a
. . 1
BV, (@ function u  such that w, >u in Ly (V) and
j [pu| = lim inf J lDuk,I Y Wccu.
W \

Proof By virtue of the previous lemma, in order to prove W, Tu in
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Lioc(U) for some subsequence {uk,} , it is enough to prove that the sets

{uE G)) :J (|ul+[Dul)dLn§c(W)}, Wccu ,
w

. 1
(for given constants c(W) <®) are precompact in L

loc(U) . For the simple

proof of this (involving mollification and Arzela's theorem) see for example

[GT, Theorem 7.22].

Finally the fact that j' [Du‘ < lim inf J ‘Duk,l is a direct consequence
W

W
of the definition of |[Du| , [Du,]| .

Next we have the Poincaré inequality for BV functions.

6.4 LEMMA  Suppose U <s bounded, open and convex, u € Bvloc(:Rn) with

spt u c U . Then for any 6 € (0,1) and any B € R with
(%) mj_n{Ln{XE U:u(x)= B},Ln{x€ U:u(x) <B}} =0 Ln(U) .

we have

J u-g| dLnScJ Ibu| .
U U

where c = c(9,U) .

Proof Let B, 0 be as in (*) and choose convex W € U such that
(1) |pul (3w) = 0, j lu-g| aL™ = %J lu-gaL®
W U

and such that (%) holds with W in place of U and 6/2 in place of

6 . (For example we may take W = {x€ U: dist(x,0U) >n} with 71 small.)

(o)

Letting u denote the mollified functions corresponding to u ,

(0)

note that for sufficiently small O we must then have (*) with u in place

3(0)

of u, 6/4 in place of 6, + B in place of B, and W in place of U . Hence by
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the usual Poincaré inequality for smooth functions (see e.g. [GT]) we have

J [0(@_g (@ a® < CJ Ioa @ | a®,
1 w

¢ =c(n,0,W) , for all sufficiently small 0O . The required inequality now

follows by letting 0 ¥ O and using (1) above together with 6.2.

6.5 LEMMA  Suppose U <s bounded, open and convex, u € Bvloc(]Rn) with

spt u c U . Then

where c = c(U) .

6.6 REMARK Note that by combining this with the Poincaré inequality 6.4,

we conclude
[D(u-Bx.)| = ¢ J |pu]| ,
J:Rn v U
c =c(B,U) , whenever B is as in (x) of 6.4.

Proof of 6.5 Let Us = {x€ U : dist(x,0U) >8} and (for § small) let

¢6 be a C:(]Rn) function satisfying

1 in UG
(1 ¢6 = n
0 in R ~ 06/2
(2) 0s¢ss1 in r",
and (for a given point a € U)
(3) |Dgg () | = - c(x-a) *Dos(x) , x €U,

where ¢ = c(U,a) is independent of § . (One easily checks that such ¢6
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exist, for sufficiently small J , because of the convexity of U .)

Now by definition of |Dw| for BVloc(Rn) functions w , we have

(4) fRn{D(¢§nl < jRn‘D¢6i‘ul aL® + jRn¢6|mﬂ

and by (3)

A

-1
(5) ¢ jRn Ipgsl lul al™ _J (x-a) * Dig || aL®

n

i

-J (lu] aiv((x-a)¢g) + nlu|gs) dL

c[ LJ Io]al] + }Rnlu! dﬁﬂ

IA

(by definition of |D|u|])

IA

C[L 1mi+JﬁJu]&ﬂ

(because IDIuH = IDul by virtue of 6.2 and the fact that

Iplul| = Lim inf |p]u(®|])

ov0

Finally, to complete the proof of 6.5, we note that (using the definition
of lDwi for the BVloc(Rn) functions w = u, ¢6u ;, together with the fact

that ¢6u—>u in Ll(Rn))

|pu| = lim inf f Do) | .
JRn st0 ‘®m" s

Then 6.5 follows from (4), (5).

7. SUBMANIFOLDS OF =™
: . x . n+k
Let M denote an n-dimensional C  submanifold of R , 0=k , rz1l.

By this we mean that for each y € M there are open sets U, V C ]Rn+k with
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y €U, 0€V anda c* diffeomorphism ¢ : U >~V such that ¢(y) =0

and
éMNU) =w=vnrwr".

(Here and subsequently we identify R” with the subspace of Rn+k consisting

+k
of all points x = (xl,...,xn ) such that x:J =0, j=ntl,...,n+tk .)

In particular we have local representations

n+k
Y : W~ R ;, YW) =MNV, Y(O) =y
such that —a—% (0) , .. —a% (0) are linearly independent vectors in Rn+k .
9x ox

(For example we can take y = ¢_1|W .) The tangent space TyM of M at vy

. + s
is the subspace of r" k consisting of those T € Rn+k such that

T = Y.(O) for some Cl curve Yy : (-1,1) =+ :Rn+k, Y(-1,1)cM, Y(0) =y .

One readily checks that T M has a basis —zﬁ% (0) , «oo ﬂ); (0) for a
Y ox 9x
local representation P as above.

A function f : M+ R (N21) is said to be CY (f<r) on M if f

is the restriction to M of a C'Q function f : U + RN , where U 1is an

. +
open set in r" k such that M C U .

Given T € TyM the directional derivative D’Ef € ]RN is defined by

—c%; £(y (1)) for any C' curve y : (-1,1) + M with y(0) =y , y(0) = T.
=0

Of course it is easy to see that this definition is independent of the
particular curve Yy we use to represent T . The induced linear map
df  : T .M - ]RN is defined by df (1) =D f , T € T M . (Evidently af
Y Y Y T Y y
is exactly characterized by being the "best linear approximation" to £ at

y in the obvious sense.)
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In case f is real-valued (i.e. N=1) then we define the gradient

e of £ by

n
Ve = ] @ BT, yenM,
=1 J
Tl,...,Tn any orthonormal basis for TyM . If we let V?f = ej= VMf
(ej = j-th standard basis vector in Rn+k s 3=1,...,n+k) then
n+k
M
ey = § Vieme, .

1f f is the restriction to M of a Cl(U) function f , where U is

+ L.
an open subset of Rn k containing M , then

Wey) = (graa _ FonT, yem,
R

k — -

= . n+ .
where gradnp+k.f is the usual R gradient (le,---,Dn+kf) on U,
T . . n+k
and ‘where ( ) means orthogonal projection of R onto TyM .
+ +
Now given a vector function ("vector field") X = (Xl,...,xn k) H M*‘Rn k

with x3 € ctM) , j=1,...,n+k , we define

on M . (Notice that we do not require Xy € TyM ) Then, at y € M, we

have
n+k .
dgiv, X = J e (V9

M . ]
=1
n+k n 5

- Lo (e

j=1 i=1 3j

‘n+k

so that (since X = ) xle. )
1

n
divy X = ] (D X) T, ,
=1 i



43

where Tl""’Tn is any orthonormal basis for TyM .

The divergence theorem states that if the closure M of M is a

smooth compact manifold with boundary oM = M ~ M , and if Xy € TyM VyeMm,

then
7.1 j aiv, x af” = - J xen aH™t

M oM
where 1 is the inward pointing unit co-normal of oM ; that is, |n| =1,
N is normal to oM , tangent to M ,  and points into M at each point of
oM .
7.2 REMARKS

(1) M need not be orientable here.

(2) 1In general the closure M of M will not be a nice manifold with

boundary; indeed it can certainly happen that Hn(ﬁ~'M) > 0 . (For example
©o

consider the case when M = U {(x,y)E.R2 Yy = xz/k}N'{O} . M is a C
k=1

l1-dimensional submanifold of R2 YV r in the sense of the above definitions,

r

but M ~ M is the whole =x-coordinate axis.) Nevertheless in the general case

we still have (in place of 7.1)

provided support X N M <8 a compact subset of M and xy € TyM VyewM.

In case M is at least C° we define the second fundamental form of

M at y to be the bilinear form
1
B :TMXTM-~> (T M)
y y y y

such that

k
7.3 B (T,M) = - )

a, o
(mep VOV, TmETH,
o=1 Y ¥
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where vl,...,vk are (locally defined, near y) vector fields with

; 4L
V&(z). VB(z) = daB and va(z) € (TZM) for every =z in some neighbourhood
of y . The geometric significance of B is as follows: If T € TyM with
ntk | 2 ,
[t] =1 and vy : (-1,1) > R is a C° curve with v(O)=y , v(-1,1)cM ,

and y(0) = T , then
o 1
’ = 0 7
By(T T) (y (0))

which is just the normal component (relative to M) of the curvature of
. . . R nt+k
Y at 0, vy being considered as an ordinary space-curve in R . (Thus

By(T,T) measures the "normal curvature" of M in the direction T .) To

check this, simply note that va(y(t)) . ?(t) =0, ]t[ < 1, because

&(t) € TY(t)M and va(y(t)) € (TY(t)M) . Differentiating this rela;ion
with respect to t , we get
(after setting t=0)

Vi) - ¥ = - v -1

and hence (multiplying by va(y) and summing over o ) we have

- L k o, O
(Y(0) T == J (1-D_v)IVv (y)
T
=1
= By(T,T)
as required. (Note that the parameter t here need not be arc-length
for vy ; it suffices that &(0) =T, ]T|= 1.) More generally, by a similar
. . ntk 2 .

argument, if T , n € TyM and if ¢ : U > R isa C mapping of a

neighbourhood U of 0 in R2 such that ¢(U) <M, ¢(0) =y,

2 0,0 =1, 24 (0,00 =, then
2 L
BY(TIT\) = [—a—i— (010)} -

Bxlax2
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In particular By(r,n) = By(n,T) ; that is BY is a symmetric bilinear

1
form with values in (TyM) .

We define the mean curvature vector H of M at y to be trace By ;

thus
a 1
7.4 H(y) = '21 B, (TyiTy) € (T M),
where Tl’ ey Tn is any orthonormal basis for TyM . Notice that then
(if vl,....,vk are as above)
k n o o
Hy) = - ) ] (13D vIHv (y)
o=1 i=1 i
so that
k
7.5 H= - Z (div. vH)v*
= M
o=1
near y .

. . = . 2 .
Returning for a moment to 7.1 (in case M is a compact C manifold
with smooth (n-1)-dimensional boundary /M = M~M) it is interesting to
compute j divM X in case the condition Xy € TyM is dropped. To compute
M

this, we decompose X into its tangent and normal parts:
L
X=X +X ,

where (at least locally, in the notation introduced above)

1

X = z (va-X)va .
=1
Then we have (near vy)
1 k o o
divy X = Zl (vrex)div v* ,

so that by 7.5
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7.5 div, X = - X*H

at each point of M . On the other hand J divM XT = - J Xen by 7.1.
M oM

. . . T . L .
Hence, since dJ.vM X = cil:.vM X + leM X" , we obtain

7.6 J divMXdHn=-J X-HdHn—J xeon @™t .
M M oM

§8. THE AREA FORMULA

Recall that if A is a linear map R+ ®" and A ¢ ®®, then
Ln n R n N
(A(a)) = |d@et A| L"(A) . More generally if A : R + R, N = n , then

)\(:Rn) C F where F is a n-dimensional subspace of RN , and hence choosing

an orthcgonal transformation g of IRN such that gq(F) = r" , we see that
go X : R'+ R" and hence ["(qA(a)) = |det(q)|L"(a) for a c R®. one
readily checks, since g is orthogonal, that [det(q)\)i = YdetA*oA , where

A* : BV > RD is the adjoint of A . Since H™(q(B)) = H™(B) (by definition
of H™) we have by Theorem 2.8 that L"(gA(a)) = H(qr(a)) = H™(A(a)) , and

hence we obtain the area formula

8.1 HR(A(A)) = Vdetr*er H"(a) , a c R",

whenever A 1is a linear map R - RN , n =N .

More generally given a 1:1 Cl map £ : M > JRN (M an n-dimensional
1 . nt+k . . .
C submanifold of R ) we have, by an approximation argument based on

the linear case 8.1 (see [HR] or [FH1l] for details) that

8.2 HY (£(n)) = J Jf at™ ¥ H" -measurable set A C M R
A
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where Jf is the Jacobian of f (or area magnification factor of £ )

defined by

8.3 £{y) = Jdet(df )* o (df
Jf{y) et y) ( y)

Here dfy : TyM - FN is the induced linear map described in §7, and

(dfy)* : BN > TyM denotes the adjoint transformation.

If £ is not 1:1 we have the general area formula (which actually

follows quite easily from 8.2)

8.4 J Ho(f_l(y) na)yaH (y) = I Jf aH™ , ¥ H'-measurable A C M ,
N

R A

o . . . . .
where H is O-dimensional Hausdorff measure i.e. "counting measure".

(Thus HO(B) = 0 if B=g¢, HO(B) = the number of elements of the
set B if B is a finite non-empty set, and HO(B) = oo if B is not
finite). More generally still, if g 1is a non-negative H"-measurable

function on M , then

8.5 f f g aH® aH(y) = J (3F) g aH" .
RN f_l(y) M

This follows directly from 8.4 if we approximate g by simple functions.

8.6 EXAMPLES

(1) Space curves. Using the above area formula we first check that

1 . 1 . n
H -measure agrees with the usual arc-length measure for C~ curves in R .

In fact if vy : [a,b] - R” is a 1:1 Cl map then the Jacobian is just

/ % 2 ]Q] , so that 8.2 gives

HE (v (a)) =J Iy| at
A
as regquired.
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. + . . . .
(2) Submanifolds of B 1 oM s any n-dimensional ¢! manifold
n+k n . . .
of R , we want to check that H agrees with the usual n-dimensional
volume measure on M . It is enough to check this in a region where a local

coodinate representation as in §7 applies. If

vew Y, ym) = unu

is a local representation for M as in §7 then the usual definition of the

n-dimensional volume of a Borel set A C MNU is
u(a) = L /g a®,
A

where A = w-l(A) and g = det(gi.) B g,. = —t= jﬂ@ , i,3=1,...,n .

] - ox* ax7
However one easily checks that then /5 is precisely Jy , the Jacobian of

+.
Yo W + R k ; defined as above. Hence we have by the area formula 8.2

that J,,/‘S aL™ = H*w(@)) = H%(a) , so that u(a) = H(a) .
A

, . , +
(3) n-dimensional graphs in R 1. 1f 0 is a domain in R® and if

M = graph u , where u € Cl(Q) , then M is globally represented by the

det(jm; '-gwﬂ
3%t 3x7

Hi

map P : x P (x,u(x)) ; in this case JY(x)

/<:1et(6,,+_D.uD,u)=‘/1+ |oul? ,
ij i3

so H') = j /i+ |pul? ax  (by (2) above).
9)

§9. FIRST AND SECOND VARIATION FORMULAE

Suppose that M 1is an n-dimensional Cl submanifold of .Rn+k and let
n+k n
U be an open subset of R such that UMM # @ and H (KM) <® for each
compact KCU . Also, let {¢t} be a l-parameter family of diffeo-

0=st=l
morphisms U -+ U such that
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(1) $(E,x) (2 ¢, (x) isa c? map:(-1,1) x U > U

9.1 (2) ¢O(x) =x, X €U

(3) ¢t(x) X Vte (-1,1) , x € U~K , where K CU

is a compact subset of U .

Also, let X , Z denote the initial velocity and acceleration vectors
2
for ¢t : thus X = 8 (;;x) Pz = 9 (;,x) .
t=0 ot t=0

Then

t2 3
9.2 cbt(x) = x + txx+72x+o(t )
and X , Z have supports which are compact subsets of U . Let

Mt = ¢t(MflK) (K as in 9.1 (3)); thus Mt is a l-parameter family of
manifolds such that My = MNK and Mt agrees with M outside some compact

2
d d
subset of U . We want to compute € Hn(Mt) and — Hn(Mt)
t=0 dt t=0
(i.e. the "first and second variation" of M ). The area formula is

particularly useful here because it gives (with K as in 9.1 (3))
(9, (K)) = J a, aH" Y = ¢ unu ,
MNK

and hence to compute the first and second variation we can differentiate
under the integral. Thus the computation reduces to calculation of

2
3 3
= 3y and 2= 3y .
ot t £=0 Btz t £=0

To calculate we first want to get a manageable expression for Jwt .

First note that (for fixed t)

Db, (T€T M)

dwt[X(T) T

t2 3
—_— . [e]
T+ t DT X + > DT Z + 0(t™) (by 2.2) .
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Hence, relative to the bases Tl,...,Tn for TxM and el""’en+k for
+ .
r" k , the map dwtl : T M > Rn+k , has matrix
X
2
a,, = T% + tD x‘Q + r D Zl + o(t3)
21 i T 2 T

for i=1,...,n, 2£=1,...,ntk . Then (dwti ) * o(dwtl ) has matrix
X X

n+k

{ akialj} = (bij) , where

=1 i,51,...,n

]

- R e Lo
i3 613 t(Tl Dzj+T:l DTiX)

2
+ t (&(Ti'DT.Z+Tj‘DT.Z) + (DT.X) . (DT.X))
J 1 1 J

+ 0(td) ,
so that (by the general formula det(I+tA+t2B) = 1+ t trace A +

t2(trace B + 3%(trace A)2 - 3 trace (A2)) + O(t3)) we have

2 2 & 2
(FY ) =1+ 2t div, X + t°(div.z + | |p_ x|
t M M . T.
=1 i
2 1 % 2 3
+2(divx)° - 5 Z (T;*Dy X+ T,°Dp X)°+ 0(t”)
i,j=1 Jj i
5 n 1 2
= 1+ 2t divy, X+ t7aivgz + ] o 07|
i=1 i
n
. 2 3
+ 2(div,X)° - ] (T.°D_ X)(T.°D_ X)) + 0(t>),
M LB iT, j T,
i, =1 J i
1 n
where (D_ X)~ (= normal part of D_X) = D_ X - Z (T.°D_ X)T. .
T. T. T. . 3 T, J
i i i j=1 i
. 1 1.2 3
Using V1+x = 1 + 3 X - 3 X7 + 0(x”) , we thus get
t2 5 n 1 2
JP = 1+t divy X + 5 (divyZ+ (@ivX)° + i—Zl l(DTiX) |

n

- Z (T.*D_ X) (T.*D 0 t3 .
3,5-1 & 15 3 TiX)) + 0(t7)
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Thus the area formula immediately yields the first and second variation

formulae:
9.3 T =J div. x aH™
’ dat t l M
t=0 M
and
= oy | 2, F o, ot - ]
9.4 —— H (M,) =J (div_2Z+(div %)+ (D_ X) - (T.°D_ X)(T.*D_ X)) .
at? Y0 /v M M =1 4 i3=1 Y Ty 1Yy

We shall use the terminology that M s stationary in U if H (MNK) <

for each compact K C U and if 4 Hn(M ) = 0 whenever M_= ¢_(MNK) , K, ¢
at 3 £ "t t
as in 9.1. Thus in view of 9.3 we see that M is stationary in U <if and
only if J divM X dH" = 0 whenever X is Cl on U with support X a
M .

compact subset of U .
In view of 7.6 we also have the following

9.5 LEMMA

k

(1) If M is a C% submanifold of B and B odsa c? submanifold

with smooth (n-1)-dimensional boundary M =M ~M , then M is stationary

in U if and only if H=0 om MNU and M NU=§ .

k

(2) Generally, if M <is an arbitrary c? submanifold of B and
Y

U NM is a compact subset of M , then M 1is stationary in U <if and

only if H=0 on MNU.

(In both parts (1), (2) above H denotes the mean curvature vector of M .)

For later reference we also want to mention an important modification

. ) . +
of the idea that M be stationary in U , U open in r" k. Namely, suppose

N is a 02 (n+k1)—dimensional submanifold of Rn+k, 0 = k1 <k , and

suppose U 1is an open subset of N and M € N . Then we say that M 1is

stationary itn U if 9.3 holds whenever Xy € T, N Yy €M. This is
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. . d .
evidently equivalent to the requirement that T H? ((pt(Mﬂ X)) =0 whenever
t=0

¢t satisfies the conditions 9.1 (bearing in mind that U is required now

+
to be an open subset of N rather than an open subset of Rﬁ k as before) .
If we let vl,...,vk be an orthonormal family (defined locally near a point
k
y € M) of vector fields normal to M , such that vl,...,v 1 are tangent
kl+1
to N and Vv P are noxrmal to N , then for any vector field X
on M we can write X = X(l) + X(2) , where X(l) € TzN and
n . .
(2) _ i 3 _ - . .
X = Z {(V7eX)V (= part of X normal to N). Then if Tl,...,Tn is
3=kl+l
any orthonormal basis for TyM ; we have
n . .
giv, x = aiv, xY + T (vlex)aiv vl
M M . M
J=kq+1

(1)

i

+ZXB(T,T),

div, X
M
i=1

where Ey is the second fundamental form of N at vy ,

Thus we conclude

9.6 LEMMA IFf N s an (n+kl)-dimensional submanifold of ®rE s, 1f

M cN and if U is an open subset of N such that H'MNK) < » whenever

K 18 a compact subset of U , then M is stationary in U if and only if

JMdiva=~JM£1M-x

1

for each c~ vector field x with compact support comtained in U ; here

HM! Z B (T, s ) , YE€EM , where éy denotes the second fundamental

form of N at y and 1t peeea Ty is any orthonormal basis of TyM .

1

Finally, we shall need later the following important fact about second

variation formula 9.4.
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K vith

9.7 LEMMA IFf M <is C2, stationary in U , U open in R
M~M)NU=90, and if X as in 9.4 has compact support in U with

X_Y € (TyM)l Yyé€eM, then 9.4 says

2 n n
d n 12 2 n
— # (Mt)] = J { ) ](DT |- ) (X*B(T.,T,)) aH .
dt +=0 M i=1 i i,3=1
9.8 REMARK 1n case k=1 and M is orientable, with continuous unit
normal VvV , then X = VvV for some scalar function { with compact support
on M , and the above identity has the simple form

&

2

| = j (7z]? - 22| e,
dt t=0 M

where [ B

Hi
=]

n ' 5
= Z ]B(Ti'Tj)[

I\)-B(Ti,T.) ]2 . This is clear, because
i,3=1 1,31 ’

1
(b, (vg))” = Vv D T by virtue of the fact that D_ v‘ € T M Yyeéem.
i i ily

Proof of Lemma 9.7 First we note that J divy, Z aH™ = 0 by virtue of the
M

fact that M is stationary in U , and second we note that divM X=-X*H=0
by virtue of 7.5' and 9.5(2) and the fact that X is normal to M . The
proof is completed by noting that Ti . DT X = X- B(Ti,Tj) by virtue of 7.3

b
and the fact that X is normal to M .

§10. CO-AREA FORMULA

As in our discussion of the area formula, we begin by loocking at linear
maps A : :Rn+ RN , but here we assume N < n . Let us first look at the

special case when A 1is the orthogonal projection p of R" onto ]RN .

N

(As before, we identify R~ with the subspace of r" consisting of all points
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(xl,...,xn) with xJ =0 , j = n-N+1,...,n .) The orthogonal projection
p has the property that, for each y € RN ' p-l(y) is an (N-n)-dimensional
affine space; each of these spaces is a translate of the (N-n)-dimensional

subspace p—l(O) . Thus the inverse images p—l(y) decompose all of r"

into parallel *(n-N)-dimensional slices" and by Fubini's Theorem
n=N,6 =1
10.1 [ H™ N 07 (y) Nayay = H (&)
]RN
whenever A is an Ln—measurable subset of R" .
This formula (which, we emphasize again, is just Fubini's Theorem) is

a special case of a more general formula known as the co-area formula. We

first derive this in case of an arbitrary linear map A : R > RN with

rank A = N .
-1 N -1 . . .
Let F= )X "(0) . (Then forreach y € R , A "(y) is an (n-N)-dimensional
affine space which is a translate of F ; the sets A_l(y) thus decompose all

of R" into parallel (n-N)-dimensional slices.)

Take an orthogonal transformation g = R" > R such that q Fl = ]RN ’
qF = Rn—N . Then ) can be represented in the form A = 0opPoq , where p

is the orthogonal projection R" onto ]RN and ¢ 1is a non-singular trans-
formation of RV . (This is easily checked by considering the action of A

on suitable basis vectors.) By 10.1 above, for any Hn—measura.ble Ac R v

1M@) = [Ma@) J H N qmnp tyna @
N

R

=j V¥ ang e tonay .
IRN

making the change of variable z = o(y) (dy = |det0|_1dz) , we thus get
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|geto|L" (a) = J M ana e o e at ez
N
R

Hi

J P Nanate@na e .
RN

Also, since g*g = 1 n and pp* = 1 N’ e have Ao A* = 0o 0% : RN-* RN,
R Rr

so that |det0| = ydet AoA¥* .

Thus finally

10.2 Jaet ror* L™(a) =J P Nana ez ae .
N
R

This is the co-area formula for linear maps. (Note that it is trivially valid,

with both sides zero, in case rank A < N .)

Generally, given a Cl map £ : M > FN , where M is an n-dimensional

+
C1 submanifold of Rn k , we can define

J*f(x) = /det(dfx) o (dfx)* ,

where, as usual, dfx : TXM - FN denotes the induced linear map. Then for

any Borel set A C M

N

10.3 J J*f aH” = j( H N an f‘l(y)) alNy) .
A
R

This is the general co-area formula. Its proof uses an approximation argument

based on the linear case 10.2. (See [HR1l] or [FH1l] for the details.)

An important consequence of 10.3 is that if C = {xeM : J*f(x) = 0} ,

HNene ) =0 for N-ae. ye B .

then (by using 10.3 with A = C)
Since J*f(x) # O precisely when dfX has rank N , it is clear from the

implicit function theorem that x € f_l(y) ~ C =3 a neighbourhood V of x
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such that V N f-l(y) is an (n-N)-dimensional C1 submanifold. In summary

we thus have the following important result.

1

10.4 THEOREM  (C™ Sard-type theorem.)

Suppose £ : M > B , N<n, s ct . Then for Noale. y € £(M) ,
f—l(y) decomposes into an (n-N)-dimensional ct submanifold and a closed

- o e
set of H N measure zero. Specifically,

Ty = Tt m~o U oo

-N

C={xeM : J*f(x)=0} (= {x€M : rank(dfx)<N}) , H' (f_l(y)ﬂc)=0 ,

-a.e. y , and f—l(y) ~C %8 an (n-N)-dimensional Acl submanifold.

10.5 REMARK If f and M are of class Cn_N+1 , then Sard's Theorem

asserts the stronger result that in fact fql(y)[1c =@ for LN-a.e. y € I@q,
so that f_l(y) is an (n-N)-dimensional Cn_N+l submanifold for LN-a.e.
y € BN .

A useful generalization of 10.3 is as follows: If g is a non-negative
H'-measurable function on M , then

n-N

10.6 j (3*f)g aH" = J j g at™™ oMy .
M N -1

(v)
10.7 REMARKS
(1) Notice that the above formulae enable us to bound the Hn-N measure
of the "slices" f—l(y) for a good set of y . Specifically if !fl < R and

g 1is as in 10.6 (g=1 1is an important case), then there must be a set

5 ¢ BL(0) (c®), s=s(M , with N = % LN(BR(O)) and with

f g af*™™ s 2 J g g% aH"
-1 L (BR(O)) M
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for each y € S . For otherwise there would be a set T C BR(O) with

N 1 ,N
L (T) > 5 L (BR(O)) and

J g a™ ™ = —ﬁ——g—-—— J g a*f g™, yerT,
-1 L (Bx (0)) M

so that, integrating over T we obtdin a contradiction to 10.6 if

J g J*€ @™ > 0 . on the other hand, if J g J*f dH™ = 0 then the reqﬁired
M M
result is a trivial consequence of 10.6.

. : . +
(2) The above has an important extension to the case whenwe have f: ZIRn k—> JRn

and sequences {Mj}, {gj} satisfying the conditions of M, g above. In this

1

case there is a set § C BR(O) with LN(S) z 3

LN(BR(O)) such that for each

y € S there is a subsequence {j'} (depending on y) with

J 9., aH" ™ < -Eg—-%~“—— f g., g+ aH"
-1 J L™ (B, (0)) Ju_,

S0
. . . N 1 ,N
Indeed otherwise there is a set T with L (T) > bl L (BR(O)) so that for

each y € T there is £&(y) such that

- 2
(*) J 9 g™ N > oo J g, 9% an®
- B_ (0
Mjﬂf l(y) ( R( )) M

for each j > &(y) . But T = U Tj , T.={y€T : 2(y) =3} , and hence
j=1

[t

there must exist j so that LN(Tj) > %-LN(BR(O)) . Then, integrating (*)

over y € Tj . we obtain a contradiction to 10.6 as before.



CHAPTER 3
COUNTABLY n-RECTIFIABLE SETS

The countably n-rectifiable sets, the theory of which we develop in
this chapter, provide the appropriate notion of "generalized surface”; they

are the sets on which rectifiable currents and varifolds live (see later).

In the first section of this chapter we give some basic definitions,
and prove the important result that countably n-rectifiable sets are
essentially characterized by the property of having a suitable "approximate

tangent space" almost everywhere.

In later sections we show that the area and co-area formula (see §8§8,10
of Chapter 2) extend naturally to the case when M is merely countably
n-rectifiable rather than a Cl submanifold, we make a brief discussion
of Federer's structure theorem (for the proof we refer to [FH1] or [RM]), and
finally we discuss sets of finite perimeter, which play an important role in

later developments.

§11. BASIC NOTIONS, TANGENT PROPERTIES

. 1+ . . ses .
Firstly, a set M C r" k is said to be countably n-rectifiable if

oo

M oC M, ucu Fj(Rn)), where Hn(MO) = 0 and Fj .’ rRVK are Lipschitz
=1

. . * . . :
functions for j = 1,2,... . Notice that by the extension theorem 5.1 this
is equivalent to saying

M=M U ( U F.(&.)
Y =1 3

* Notice that this differs slightly from the terminology of [FH1] in that

we allow the set M0 of HP-measure zero.
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where Hn(MO) =0 , Fj : Aj - IRm.k Lipschitz, Aj c R". More importantly,
we have the following lemma.

©
11.1 LEMMA M <s countably n-rectifiable +if and only if M C 'B Nj B
where Hn(No) = 0 and where each Nj , =21, s an n—dimensig;gl embedded

ct submanifold of Rp+k.

Proof The "if" part is essentially trivial and is left to the reader. The
Yonly if" part is an easy consequence of Theorem 5.3 as follows. By Theorem 5.3
(3) g éj),

we can choose Cl functions 9,7 ... such that, if Fj are Lipschitz

functions as in the above definition of countably n-rectifiable, then

PR B U (U g ®mYyy, §=1,2...

i=1 t
where Hn(Ej) = 0 . Then we let
” )
J
N =( U E)HDUC U 9g.77(Cc,)) .
° = T

(

i

(3)

where Cij = {x¢€ ®: g g 3 (x) = 0} and J gi denotes the Jacobian of

. © .

gij) as in §8. By the area formula (see §8) we have Hn( V] gij) (Cij))= 0
i, =1

and hence Hn(NO) =0 .

Now for each x € R Ncij we let Uij(x) be an open subset of R~ Cij
containing x and such that gSlJ)IUij (x) is 1:1 . such Uij (x) exists

by the inverse function theorem (since J gij) (x) >0=4d gj(.J)

(3) -
5 (Uij(X)) = Nij(x) '

(x) has rank n) ,

and the inverse function theorem also guarantees that g

+
say, is an n-dimensional Cl submanifold of Rn k in the sense of §7. We

can evidently choose a countable collection Xq0% of points of R~ cij
n o (3) ,_n
such that U U,.(x,.) =R ~C.., hence U N,.(x) Dg.J (R~C..) , so
k=1 I k ij k=1 13 k i ij

[oe]

PYERE

(oo}

we have F,(Rn) ~N_. C U N. .(xk) for each j . The required result now
3 O k=1 P
k=

evidently follows.
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We now want to give an important characterization of countably
n-rectifiable sets in terms of approximate tangent spaces, which we first

define.

+
11.2 DEFINITION 1f M is an H"-measurable subset of R K with
H*MNK) < ® VY compact K , then we say that an n-dimensional subspace P
of Rn+k is the approximate tangent space for M at x (x a given point

in ®®) if

Lim f £a H'(y) = f fwa iy ¥ feco @™
A0 nx,X(M) P
(Recall n_ . : B E o R i¢ defined by N ) = A lyx), xye RT%, A5 0.)

11.3 REMARK  Of course P is unique if it exists; we shall denote it by TxM .

It is often convenient to be able to relax the condition Hn(M(1K) <
Y compact K in 11.2; we can in fact define TXM in case we merely assume
the existence of a positive locally Hn-integrable function 6 on M (the
existence of such a 6 is evidently equivalent to the requirement that M
can be expressed as the countable union of Hn—measurable sets with locally

. n
finite H -measure).

k

11.4 DEFINITION 1If M is an H"-measurable subset of R " and 6 is a

positive locally Hn—integrable function on M , then we say that a given

n-~dimensional subspace P of Rn+k is the approximate tangent space for M
at x with respect to 6 if
i H? = V n 0, _nt+k
lim E(y) 8(x+Ay)dff (y) = 0(x) f(y)aH ' (y) VY fec (R ) .
A0 M P ¢

M, A

(By change of variable =z = )y+x , this is equivalent to
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nmxﬂlj ﬂxﬂxpxnemnmnu)=<ﬂx)J £(y)aH™ (y) VfEC&RMk).
M

AY0 P

11.5 REMARK  Notice that if p = HPL 6 and if Moo= {xe€M : 6(x)>n} , then
Hn(MnﬂK) < o for each compact K and @*n(u,M~Mn,x) = 0 for ’Hn—a.e.

x € Mn (by 3.5). Hence for H-a.e. x ¢ Mﬂ the approximate tangent space
for M with respect to 0 coincideé with Tan (as defined in 11.2) if

the latter exists. It follows that the approximate tangent spaces of M with
respect to two different positive Hn—integra.ble functions 6, 8 coincide
H®-a.e. in M . For this reason we often still denote the approximate

tangent space defined in 11.4 by ’I‘XM (without indicating the dependence on 0 ).

The following theorem gives the important characterization of countably

n-rectifiable sets in terms of existence of approximate tangent spaces.

11.6 THEOREM  Suppose M is H'-measurable. Then M is countably
n-rectifiable if and only if there is a positive locally H'-integrable
function 6 on M with respect to which the approximate tangent space

T_M exists for H'-a.e. x € M .

11.7 REMARK 1f M is H"-measurable, countable n-rectifiable, then we can

[oe)
write M as the disjoint union U M. , where Hn(MO) =0, M. is
j=0 ’
H"-measurable, and Mj c Nj , J =1, with Nj an embedded n-dimensional
1 . n+k . . . . . .
C submanifold of R . (To achieve this, just define the Mj inductively
-1
by M. = M0 Nj ~ U Mi r J =21, where Nj are Cl submanifolds with
3 i=0 .
(o]
Mo =M~ U N.  having H?-measure zero; such Nj exist by 11.1.) We shall
=1

show below (in the proof of the "only if" part of Theorem 11.6) that then

n
% = -
(*) . T, M TxNj , H -—a.e. x ¢ Mj .

This is a very useful fact.
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Proof of "only if" part of Theorem 11.6 As described in 11.7 above, we may
y

0
write M as the disjoint union .U M. , where Hn(MO) =0, Mj<:Nj, iz i,
Nj embedded C! submanifolds ofjggmension n , and Mj Hn—measurable.
Let u = H"L 6, where 6 is any positive locally Hn-integrable function on M
(e.g. put 6= 1/2j on Mj , assuming, without loss of generality, that

H“(Nj) <o ¥ 3.

Now, by 3.5,

(1) @*“(u,m~mj,x) =0, H'-a.e. x¢ M
Also, since N. is C1 , we have (by the differentiation theorem 4.7)
U(Bp(X)ﬂMj) n
(2) On(u,M.,x) = lim — = b(x) , H -a.e. x € Mj
e 24 H (BpﬂNj)

From (1), (2) and the fact that Nj is C1 ;, it now easily follows that
the approximate tangent space for M with respect to 0 exists for

H-a.e. x € Mj , and agrees with TxNj .

Rather than just proving the "if" part of Theorem 11.6, we prove the
following slightly more general result. (The "if" part of Theorem 11.6

corresponds to the case U = H*L 6 in this more general result - see Remark

11.9 below.)
11.8 THEOREM  Suppose u <Zs a Radon measure on Rn+k, and for x € Rp+k,
A >0 let LY be the measure given by Hey 2= APU(x+AA) . Suppose

that for yu-a.e. x there is 6(x) € (0,=) and an n-dimensional subspace

P c Rn+k with

(*) nmj £(y)du, 5 (¥) = 6(x) j £(y)aH (y) .
AY0 ' P
(P is called the approximate tangent space for U at x , and 0(x) is

called the multiplicity.) Let M= {x : (*) holds for some P and some
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6(x) € (0,0)} , and set 6(x) =0, x¢ R o .

Then M is countably n-rectifiable, 6 is H -measurable on ®, and
u=H'1l9 .
11.9 REMARK Notice that in case U = H?L® , where 6 is a non-negative

. . +k
locally Hn—Lntegrable function on Rn , then

J £au = f £(2) 8 (x+Ay) & (v)
X, A
n, (M)

where M = {x : 0(x) >0} , so the approximate tangent space for U at x
is just the approximate tangent space TXM with respect to 6 (in the sense

of 11.4). Thus we get the "if" part of Theorem 11.6 in this special case.

Proof of Theorem 11.8 Replacing U by ul;BR(O) (R chosen so that

u(BBR(O)) = 0) , we may assume that u(Rn+k)< ®© _  First note that (by (*))
we have
H(B_(x))
(1) 0(x) = lin —2—— (= 0%(,x)) p-a.e. x € BTF,
pYo wnp

and hence, by Remark 3.1,
(2) 8 is H"-measurable.

+
Given any k-dimensional subspace T C Rn K and any O € (0,1) let
. . +
pTT denote the orthogonal projection of ZRn k onto T and Xa(ﬂ,x) denote

the cone

k

Xu(ﬂ'x) = {yGIRn+ : lpﬂ(y—x)l fd aly—xl} .

For k-dimensional subspaces T , T' we define the distance between T , T' ,

denoted dist(mw,T') , by

aist(mm') = sup |p 0-p )] .
|=|=1
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+
Choose 60 > 0 and a Borel-measurable subset ¥ C Fp k such that

(3) pE"n = 2 u@E™

and such that for each x € F , |y has an approximate tangent space Px at
®x  with multiplicity ©6(x) = 60 . Thus in particular for x € F (by (1) and
(*))

H(B_ (x))

(4) lim £ - o
p¥0 wnp

v
D

and

(X, (m_,x)NB_(x))
(5) lim i x £ = 0,

n
o0 wnp

where 7m_ = (P.) .
X X

For k=1,2,... and x ¢ F , define

U(Bp(x))
£ {x) = inf e
k 1 n
0<p<§ WP
and
WX, (m_,x)NB_(x))
qk(x) = sup 1 iox P .
0<p<= w "
k n
Then
(6) lim fk(x) > 90 land 1lim qk(x) =0 VxerF,

and hence by Egoroff's Theorem we can choose a l-measurable E C F with

(7 U(F~E) < -‘1; w(RE)

and with (6) holding wuniformly for x € E . Thus for each € > 0 there

isa 6 > 0 such that
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H(B (x)) WX, (m_,x)NB (x))
(8) —L -5 -¢, pxT o < ¢
n 0 ® n
w.e P
Xx€E, 0<p<§.
Now choose k-dimensional subspaces ﬂl,...,ﬂN of Rn+k (N=N(n,k)) such

+
that for each k-dimensional subspace T of R k , there is a je€ {1,...,N}

such that d(ﬁ,ﬂj) < %Z , and let El,...,EN be the subsets of E defined

by
E.= {x€E:a(m,m)<—=1} .
3 3%’ T 16

N
Then E= U
j=1
such that (8) holds, then

Ej and we claim that if we take ¢ = 60/16n and let § > 0 be

= {x} , VxGEj ;3 =1,...,N .

(9) X (Wj,X)flEj n BG/Z(X)

3
4

Indeed otherwise we could find a point x € Ej and a y € X3

4

(nj,x)rlEjrlaBp(X)

for some O < p = &/2 . But since x € E and 20 =§ , we have (by (8))

(10) M0y (m ) By () < € w_(20)"

2

and (since B (y) c X§(nj,x) nBs p(x)) we have also {(again by (8))

p/8 2

u(X%(ﬂx,x)r1sz(x)) > U(B (y))

p/8
n
z 9, wn(p/8) '
which contradicts (8), since € = 60/16n . We have therefore proved (9).

Now for any fixed Xg € Ej it is easy to check that (9), taken together

with the extension theorem 2.1, implies

Ej n 55/2(X0) c g(graph f)
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. -+ R
where g 1is an orthogonal transformation of ZRn k with q(ﬂj) = Igﬂ, and

where £ = (fl,...,fk) is Lipschitz.

Since 3 € {1,...,N} and xo € Ej are arbitrary, we can then evidently

select Lipschitz functions £_,...,f_ rY > EF and orthogonal transformations

1 Q
(= P | of 2Rn+k such that
1 Q
Q
Ec U g.{graph £.) .
=1 3 3
Thus by (3}, (7) we have
n+k Q 1 n+k
W(R ~ U q.(graph £,)) = F w(®R ) .
=1 7 3

Since we can now repeat the same argument, starting with
n+k 9 R
pL (R ~ U qj(graph fj)) in place of | , we thus deduce that there are
=1
countably many Lipschitz graphs Fj = graph fj B fj H Rp-+ Ek , and that

(o]

. fee]
U(Rn+k~/ U rFr.) =0. By (1) and 3.2(1) we then deduce Hn(M ~ U Fj)= 0,

3=1 ] =1

so that (by definition) M is countably n-rectifiable. Thus by 11.1 (see in

0

particular Remark 11.7) we can write M as the disjoint union U M.,

j=0
where Hn(MO) =0 , Mj C Nj B Nj being n-dimensional C1 submanifolds
n+k u(By(x))
of R . Then (1) evidently implies that lim — = 0(x) ,
Y0 H (B (x)MN.
p ( o ) 3)
H® a.e. x € Mj ; then by the differentiation theorem 4.7 we have u = H' Lo

as required.

§12. GRADIENTS, JACOBIANS, AREA, CO-AREA

Throughout this section M 1is supposed to be Hn-measurable and countably

n-rectifiable, so that we can express M as the disjoint union

I 8

M. (as in
J

=0
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11.7), where Hn(Mo) =0, Mj is Hn-measurable, Mj C Nj , 3 =1, where

k

1 submanifolds of Rn+ .

Nj are embedded n-dimensional C

Let f be a locally Lipschitz function on U , where U 1is an open set
. nt+k P . . M
in IR containing M . Then we can define the gradient of £ , V f ,

n .
H -a.e. on M according to :

12.1 DEFINITION
N.
Me(x) = v I£(x)

whenever x € Mj and f[Nj is differentiable (which is true H' -a.e. x¢€ My

by virtue of Rademacher's Theorem 5.2 together with the fact that Nj is C7 ).

12.2 REMARK  Note that (by 11.7) Vig(x) € T M for H'-a.e. x €M, and
is, up to a set of H'-measure zero in M ; independent of the particular

fee]

decomposition U M. used in the definition. (i.e. VMf is well-defined
as an L funcizgn on subsets of M with finite Hn—measure). Indeed we can
easily check that, at all points x where f[Nj is differentiable, we have
fIL is differentiable o; the affine space L = x + TxNj at the point x ,
and gradient f|L (x) = V jf(x) . Since TxNj =T,M for HP-a.e. x ¢ My

(see 11.7), and since TXM is independent of the particular decomposition
[ee]

U M. , we thus deduce that VMf is also independent of the decomposition
j=0
up to a set of measure zero, as required.
. . VM . . M
Having defined £ , we can now define the linear map d fx : TxM + R

induced by f Dby setting

M —
d'f (1) =< T, VEE >, Te M

at all points where TXM and VMf(x) exist., If f = (fl,...,fN) takes
values in FN (fJ still locally Lipschitz on U, j=1,...,N) , we define

N
dex:TxM—)-R by
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N .
12.3 & (= § <, >e, .

With such an £ , in case N =2 n , we define the Jacobian

Jyf (x)  for H'-a.e. x € M by

= Me
3,f(x) = /aerd'e ) . (g,

(CE. the smooth case 8.3), where (dex)* : B - T M denotes the adjoint
of dex . Then we have the general area formula
12.4 f 3,f ai” = J #Homane iy a iy
A ]RN
for any H'-measurable set A ¢ M . The proof of this is as follows: We may

suppose (decomposing H®-almost all Mj as a countable union if necessary and

using the C1 approximation theorem 5.3) that fle = gj Mj ;, where gj is

¢t oon B, 5321

By virtue of the definition 12.1, 12.3, we then have

— n_
JMf(x) =J gj(x) , H -a.e. x € M. .

N,
J

Thus JMf is Hn-measurable, and by the smooth case 8.4 of the area formula

(with Nj in place of M, AN Mj in place of A and gj in place of f£f ),

we have

j 3, f aH' = j HO(AnMjnf'l(yH aH' .

AﬂMj PF
We now conclude 12.4 by summing over 'j > 1 and using the (easily checked)
fact that if Y : U ~» }9‘ is locally Lipschitz and B has H-measure zero,

then HM(Y(B)) = 0 .
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We note also that if g 1is any non-negative Hn-measurable function on
M , then, by approximation of g by simple functions, 12.4 implies the more

general formula

j g 3, & = J {j g dHO} N (y) .

M N -1

R £ {y)
In case f is 1:1 on M , this becomes
12.5 J g a,f a" = j got L @ |
M N
R

There is also a version of the co-area formula in case M is merely
Hn—measurable, countably n-rectifiable and f : U =+ Iy is locally Lipschitz

with N <n . (U open, M C U as before) .

In fact we can define (Cf. the smooth case described in §10)

g% £(x) = V det(d"E) o (dE ) ¥

with deX as in 12.3 and (dex)* = adjoint of deX . Then, for any

H™-measurable set A C M ,

12.6 J g% £ a® = J N ans vy atMy) .
A RN

This follows from the Cl case (see 810) by using the decomposition
<o

M= U M. and the approximation theorem 5.3 in a similar manner to the
=0 - ,

procedure used for the discussion of the area formula above.

As for the smooth case, approximating a given non-negative H™-measurable

function g by simple functions, we deduce from 12.6 the more general formula
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n-N

12.7 j g I aH" = J J g &N aNy .
A

B ey

12.8 REMARKS

(1) Note that the remarks 10.7 carry over without change to this setting.

(2) The "slices" M N f_l(y) are countably {n-N)-rectifiable subsets

of .‘Rn+k for LN- a.e. y € RN . This follows directly from the decomposition
o)
M= U Mj ; ‘together with the C1 Sard-type theorem 10.4 and the approxima~.
=0
tion theorem 5.3.
§13 THE STRUCTURE THEOREM
. . n+k . .
Notice that an arbitrary subset A of R which can be written as
oo
the countable union U Aj of sets of finite measure, is always decomposible
=1
into a disjoint union
13.1 A=RUP,

where R is countably n-rectifiable and P is purely n-unrectifiable;

. . e - n
that is P contains no countably n-rectifiable subsets of positive H -measure.

To prove 13.1, we simply let R be a maximal element of the collection
of all countably n-rectifiable subsets of A (ordered by inclusion); such R

exists by the Hausdorff maximal principal.

A very non-trivial theorem (the Structure Theorem) due to Besicovitch [B]

in case n =k =1 and Federer [FH2] in general, says that the purely

unrectifiable sets Q of Rp+k which (like the subset P in 13.1) can be

written as the countable union of sets of finite Hn-measure, are characterized
by the fact that they have H -nu11 projection via almost all orthogonal

. . . , +k .
projections onto n-dimensional subspaces of Rn . More precisely:
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13.2 THEOREM  Suppose ¢Q 1is a purely n-unrzctifiable subset of rK

with = U Q. ,
=1
p € O(n+k,n) . Here o is Haar measure for O(n+k,n) , the orthogonal

, , +
K onto n-dimensional subspaces of S

Hn(Qj) < Vi ., Then Hn(p(Q)) =0 for og-almost all

. . +
projections of R
For the proof of this theorem see [FH1] or [RM]..

13.3 REMARK  0of course only the purely n-unrectifiable subsets could possibly
have the null projection property described in 13.2. Indeed (by 11.1) if Q
were not purely n-unrectifiable then there would be an n-dimensional Cl
submanifold M of Rn+k such that Hn(M(1Q) > 0 . It is then an easy matter
to check that if we select any x € M with O*n(Hn,MF1Q,x) > 0 , then

n . . n+k
H (pMNQ)) > 0 for all orthogonal projections p of R onto an

n-dimensional subspace S which is not orthogonal to TXM .

Notice that, by combining 13.1 and 13.2, we get the following useful

rectifiability theorem:

13.4 THEOREM If A <s an arbitrary subset of P?+k which can be written
as a countable union 'Ul Aj with Hn(Aj) <o Y5, and if every subset
J=

B ¢ A with positive HP-measure has the property that H"(p(B)) > 0 for a

set of p € O(ntk,n) with O-measure > 0, then A <1s countably n-rectifiable.

§14 SETS OF LOCALLY FINITE PERIMETER

An important class of countably n-rectifiable sets in Rp+1 comes from
the sets of locally finite perimeter. (Or Caccipoli sets - see De Giorgi [DGI,

Giusti [G].) First we need some definitions.

n+l | , . +
If UCR is open and if E is an L" 1—measurable subset of Rn+1,

we say that E has locally finite perimeter in U if the characteristic
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function Xg of E is in Bvloc(U) . (See §6.)

Thus E has locally finite perimeter in U if there is a Radon measure

Ye (= IDXE] in the notation of §6) on U and a uE—measurable function
v o= (Vl,,,.,vn+1) with Iv[ = 1 uE-a.e. in U , such that
14.1 J div g aL™*t - - j g°v dug

ENU 3}

1

for each g = (gl,...,gn+ )  with gJ € Ci(U) ;, 3=1,...,n+l . Notice that

if E is open and OE N U is an n-dimensional embedded Cl submanifold of
Rn+1 , then the divergence theorem tells us that 14.1 holds with

UE = HPL(3ENU) and with V = the inward pointing unit normal to OE . Thus
in general we interpret uE as a "generalized boundary measure" and VvV as a
"generalized inward unit noxmal”. It turns out (see Theorem 14.3 below)

that in fact this interpretation is quite generally correct in a rather precise

(and concrete) sense.

We now want to define the reduced boundary Jd*E of a set E of finite

perimeter by

fB (x)vduE
14.2 9*E = 4x€ U : lim —————— exists and has length 1} .
Mo (B (X))
p¥0 E " p
Since [vl =1 uE-a.e. in U , by virtue of the differentiation theorem

4.7 we have pE(U~«3*E) =0, sothat u,= M L 3*E . We in fact claim

much more :

14.3 THEOREM (De Giorgi) Suppose .E has locally finite perimeter in U .
Then J*E 18 countably n-rectifiable and Mg = H'Lo*E . In fact at each

point x € J*E the approximate tangent space T, of . exists, has

E
multiplicity 1, and is given by
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1

n+ _
(1) T, = {yvemr : y'\)E(x)—O} .

f B {x) \)duE
where V_ (x)=lim —H———
E Q‘l’O UE (BD {x))

(so that [\)E (x)|=1 by 14.2). Furthermore at

any such point x € J*E we have that Vj(x) is the “imward pointing unit

normal for E " in the sense that

(2) E = D\_l(y—x) : y€E} + {ye¢ L, yevg (x) > o}

1
in the L. (R )}  sense.
loc

Proof By 11.6 and 3.5, the first part of the theorem follows from (1),

which we now establish. (2) will also appear as a "by product" of the proof

of (1). Assume without loss of generality \)E\)E on OJ*E .

Take any y € 0*E . For convenience of notation we suppose that y = 0

and V({0) = (0,...,0,1) . Then we have

pr (0) Yn+1Mg
(1) lim —————————— = 1
040 UE(Bp(O))
and hence (since [\)[ =1 UE—a.e.)
Vi |d
pr(o)l ilaug
(2) lim —m———— =0, 1i=1,...,n .
ot0 Mg (B OD)

Further if [ € Cé(U) has support in Bp-(O) C U, then by 14.1

- _ n+l
(3) JU Vo1 & Wy = JU Xg Ppe1 © al

IA

j Iog| a™?
E

Now (taking Bp(O) to be the closed ball) replace [ by a decreasing
sequence {§k} converging pointwise to the characteristic function of

and satisfying

Bp(O)
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. =_£1_ n+l
(4) lim JE |ng| TS L (ENB(0)) .

ko0

(Notice that this can be done whenever the right side exists, which is

Ll—a.e. p .) Then (3) gives

au E_@_Lrﬁl

(5) Vot1 e =3 (EﬂBp(O))

J’B (0)
P
for Ll-a.e. o€ (O,QO) ¢ Py = dist(0,9U) . Then by (1) we have, for

suitable oy € (0,04)
d _

n+1 - n
(6) uE(Bp(O)) s 2 a0 L (EﬂBp(O)) =2 H (EﬂBBp(O))

n

=2 (n+l)(.un+ P

1

for L'-a.e. p € (O,Dl) .

Then by the compactness theorem 6.3, it follows that we can select a

sequence pk ¥ 0 so that ¥ -1 > XF in Lioc(]Rm'l) , where F is a set

pk E
of locally finite perimeter in :Rn+1 . Hence in particular for any non-negative
e Cl(:Rn+l)

0
+

7 limj p, ¢ al™t = J b, ¢ a™?t .

i i

ko -1E F
Px

Now write C.k(x) = C(p)-;lx) and change variable x - pkx ; then

n+l -  =-n

ntl _  -n = _
= e JE Dy g dbT E oy ju o Vi g

j_l DigdL
P E

+1
(by 14.1), so that J Di z at™ s o by (2) for i=1,...,n. Thus (7) gives

-1

P E
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n+1

J b, cal™ =0 Vcecg(mnﬂ), i=1,...,n,
F

and it follows that F = R X H for some Ll—measurable subset H of R.

On the other hand by 14.1 with g = Ck en+1 and by (1) we have, for

k sufficiently large and [ = 0 ,

-T1 . _
0 =0 [U %k Vnr1 ¥ T J 1 D1 ©

P E

= ag ] 1
M J Phrr & 7 j (I 9x N T
F n*’H

as k +® , so that Xy is non-decreasing on R, hence

n+1l
= : . <
(8) F={x ¢R X 1 Y
for some A . We have next to show that A = 0 . To check this we use
the Sobolev inequality (see e.g. [GT]) +to deduce that, if =20 , spt § € U
and O < dist(spt [,dU) , then

n
n+l —
e 1 1 1
[ JU (€ g *xg) P al™ ] Mlse jU (2 g =) |aL™

n+l

=c [j ¢ [D(o*xg) [al™ T + J ¢0*xEch[dLn+1} .
U U

Then by 6.2 it follows that

n
n+l —

n+l \
{ j g " dLml} < cU - T f ]Dz;ldLMlJ ,
E u E

and replacing ¢ by a sequence Ck as in (4) , we get for a.e. 0 € (O,pl)
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n
n+l nHl _ 4 ,n+l
[L (EﬂBp(O))] =< C[UE(BD(O)) + a5 L (EﬂBp(O))} ’
which by (6) gives
o ‘
n+l n+l d ,n+l
[L (EﬂBp(O))] < c Er L (EﬂBp(O)) a.e. p € (0,p)) .

Ln+1

Integration (using the fact that (EﬂBp(O)) is non-decreasing) then

implies

Ln+l n+1l

(9) (EﬂBp(O)) Zcp

for all sufficiently small p . Repeating the same argument with U ~ E in
place of E , we also deduce

Ln+1 n+l

(10) (Bp(O)“'E) zZcp

for all sufficiently small p . (9) and (10) evidently tell us that A =0

in (8).

Now given any sequence pk ¥+ 0 , the argument above guarantees we can

select a subseguence pk, such that ¥ 1 > X ntl in
: <
0 E {x¢Rr X1 o}
1 n+1 .
(R ) . Hence X > X and (2) of the theorem is
toc g {xer™ ! x <0}
e T Tn+l
established. Then by 14.1, (1) and (2) we have U > U = HL
-1 n+1
0 E {x€R" “:x_ <0}
n+1l
{xe Rn+1: X =0} as p ¥+ 0 and the proof is complete.

n+1l



CHAPTER 4
THEORY OF RECTIFIABLE n-VARIFOLDS

k

v

Let M be a countably n-rectifiable, H"-measurable subset of 1Rn+
and let 6 be a positive locally Hn—integrable function on M . Corresponding
to such a pair (M, 0) we define the rectifiable n-varifold g(M,G) to be ‘
simply the equivalence class of all pairs (M,6) , where M is countably
n-rectifiable with H"((M~M) U (M~M)) = 0 and where 8 =6 H'-a.e. on
MNM .* 8 is called the multiplicity function of viM,8) . v(M,0) is

called an integer multiplicity rectifiable n-varifold (more briefly, an

integer n-varifold) if the multiplicity function is integer-valued H' - a.e.

In this chapter and in Chapter 5 we develop the theory of general
n-rectifiable varifolds, particularly concentrating on stationary (see §16)
rectifiable n-varifolds, which generalize the notion of classical minimal
submanifolds of Fp+k . The key section is 8§17, in which we obtain the

monotonicity formulae; much of the subseguent theory is based on these and

closely related formulae.

§15. BASIC DEFINITIONS AND PROPERTIES

Associated to a rectifiable n-varifold V = g(M,G) {as described above)

there is a Radon measure |, (called the weight measure of V) defined by

15.1 ; uv=H"Le,

* We shall see later that this is essentially equivalent to Allard's ([AW1])
notion of n-dimensional rectifiable varifold. In case MCU , U opéen in
ROPK and 6 is locally HPB-integrable in U , we say V = Z(M,e) (as
defined above) is a rectifiable n-varifold in U .
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. _ +
where we adopt the convention that 6 = 0 on r" k. M . Thus for

HP-measurable A ,

Wy () =J o aH” ,
AMM

The mass (or weight) of V , M(V) , is defined by

nt+k
15.2 M(V) = U (R .

Notice that, by virtue of Theorem 11.8, an abstract Radon measure U is
actually Wy for some rectifiable varifold V if and only if 1 has an
approximate tangent space TX with multiplicity 6(x) € (0,%) for

k

+
U~-a.e. x € R (See the statement of Theorem 11.8 for the terminology.)

In this case V = y(M,6) , where M= {x : o*™(u,x) > 0} .

Given a rectifiable n-varifold V = X(M,S) ;, we define the tangent
space TXV to be the approximate tangent space of uv (as defined in the

statement of Theorem 11.8) whenever this exists. Thus

15.3 Tv=TM H'-a.e. x€M
X X

where TXM is the approximate tangent space of M with respect to the

multiplicity © . (See 11.4, 11.5.)
We also define, for V = g(M,G) ,
15.4 spt V = spt Wy

k

.
and for any H'-measurable subset A C R , vLA is the rectifiable

n-varifold defined by
15.5 via=ym0aelmnNa)) .

Given V = v(M,0) and a sequence Vk = X(Mk,ek) of rectifiable
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n-varifolds, we say that V., +V provided uv e 1&] in the usual sense of Radon

k
measures. {(Notice that this is not varifold convergence in the sense of Chapter 8.)

k

Next we want to discuss the notion of mapping a rectifiable n-varifold

relative to a Lipschitz map. Suppose V = X(M,G) B M cU, U open in 1Rn+k,
n+k

W open in R and suppose f :sppvf1U -+ W 1is proper*, Lipschitz and 1:1.

Then we define the image varifold £,V by

15.6 £,V = v(EM) 8071 |

We leave it to the reader to check using 12.5 that £(M) is countably
n-rectifiable and that 0. £ © is locally Hn—integrable in W, and therefore
that 15.6 does define a rectifiable n-varifold in W . Moregenerally if £

satisfies the conditions above, except that £ is not necessarily 1:1 , then

we define f#V by
£,V = y(£m,0) ,
where § is defined on £ (M) by Z 0(x) |= 8 aH®| . Notice

x€f “(y)NmM f-l(y) ™

that 8 is locall Hn—inte rable in W by virtue of the area formula (see
Y g

§12), and in fact

15.7 M(£,V) = j 8 an”
£ (M)

( n
Jg £ 6 aH" ,

where JMf is the Jacobian of £ relative to M as defined in §12; that is

3£ =/aet(ds yv. d'
M ; x x

. -1 ‘ . ;
L i.e. £ "(K) N spt V is compact whenever K is a compact subset of W.
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n+k
where deX : TXM -+ R 1 is the linear map induced by £ as described

in §12.

§16. FIRST VARIATION

Suppose {9, }

> i - ily of Qiff i
£ —e<e<e (e>0) is a l-parameter family of diffeomorphisms

-+ .
of an open set U of Rn k satisfying

. 3 compact KCU such that ¢t[U~K=_1:U~K YV t€ (-g,€)

16.1

(ii) (x,t) > ¢t(x) is a smooth map UX (-€,€) = U .

Then if V = y(M,G) is a rectifiable n-varifold and if K € U is compact

as in (i) above, we have, according to 15.7 above,

M(d (VLK>>=j I 6.6 i,
=" Tt# MK M "t

and we can compute the first variation é%»g(¢t#(vl_K)) exactly as in §9.
t=0
We thus deduce

s

a .
16.2 < Mo (va))| =J div X du., ,
= M \Y%
dt t# =0 M
where XIX = g% d(t,x) is the initial velocity vector for the family
=0
{¢t} and where divyX is as in §7:;

ivx=Myize . 3
divx = T, x0(= e, Mxdyy .

(VMXJ as in §12) we can therefore make the following definition.

16.3 DEFINITION v = v(M,0) is stationary in U if I divMX duv = 0 for

any Cl vector field X on U having compact support in U .
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More generally if N is an (n+k1)—dimensional submanifold of Rn+k

(k,<k) , if U 1is an open subset of N , 1f M c N , and if the famil
1 34
{¢t} is as in 16.1, then by Lemma 9.6 it is reasonable to make the following

definition (in which B is the second fundamental form of N) .

16.4 DEFINITION If UCN is open and M C N is as above, then we say

V=yv(M,0) is stationary in U if

div X du =-J X H o du
JU M v g M

whenever X is a C1 vector field in U with compact support in U ;

n
here EM = izl BX(Ti,Ti) ’ Tl,...,Tn any orthonormal basis for the
approximate tangent space TxM of M at ¥ . (Notice that by 16.2, which
remains valid when U C N , this is equivalent to é% g(¢t#(vl.K)) =0

t=0

whenever {¢t} are as in 16.1 with U C N .)

It will be convenient to generalize these notions of stationarity in

the following way:

16.5 DEFINITION  suppose H is a locally ’uv—integrable function on M N U

+ .
with values in B°% . we say that V(= v(M,0)) has generalized mean

. + .
curvature H in U (U open in ®" k) if

div. X du., = - [ X+ H du
JU M v - v

1

whenever X is a C vector field on U with compact support in U .

16.6 REMARKS
(1) Notice that in case M is smooth with (M~M)NU = § , and when

6 = 1, the generalized mean curvature of V is exactly the ordinary mean
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curvature of M as described in §7 (see in particular 7.6).

. . X . n+k .
(2) V 'is stationary in U (U open in R ) in the sense of 16.3

precisely when it has zero generalized mean curvature in U , and V is
stationary in U (U open in N) in the sense of 16.4 precisely when it has

generalized mean curvature EM .

§17. MONOTONICITY FORMULAE AND BASIC CONSEQUENCES

. . . . +
In this section we assume that U is open in Rn k , V = x=7(M,6) has

generalized mean curvature H in U (see 16.5), and we write U for

L. (=H"L O as in 15.1).

v

Our aim is to obtain information about V by making appropriate choices

of X in the formula (see 16.5)

17.1 J div X & = - J XeH U, X € C(l:(U;JRnH{) .

First we choose X = y(r)(x-f) , where £ € U is fixed, r = |x-g] , ana

Y is a Cl(R) function with

Y'(t) =0 Yt, vy =1 for t<p/2, y) =0 for t>p0 .,

where O > O is such that §p(€) C U . (Here and subsequently Bp (€) denotes

the open ball in :Rn+k with centre & and radius p .)

For any £ € Cl(U) and any X € M such that TXM exists (see 11.4-11.6)
n+k ’
i
we have (by 12.1) VMf(x) = z e f(x)e. , where D,f denotes the
. 2 3 2
i, =1
partial derivative _B_g of f taken in U and where (eji) is the matrix
9x
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. X + cas
of the orthogonal projection of :Rn k onto TxM . Thus, writing

V? = ej-VM (as in §16), with the above choice of X we deduce
n+k . ntk .. n+k j -3 L 2 .
dgivx = ) W=y eI+ ryr(o y (x"-€7) (x-€) 3%
M . J . . r r
=1 =1 i, =1
0 n+tk ..
Since (eJ ) represents orthogonal projection onto TxM we have Z e33= n
21
n+k TR 9 9 J
J_73 - .
and Z (x"-£7) (x -£) ejg =1 - ]Dlr|2 , where Dlr denotes the

j. =1 r r

orthogonal projection of Dr (which is a vector of length = 1) onto (TXM)l.

The formula 17.1 thus yields

| 2au

: 1
(*) n J Y(xr)dy + J ry'(r)du = - J He (x-§) y(r)au + J rY'(r)l(Dr)
provided ﬁp(a) C U . Now take ¢ such that ¢(t) = 1 for t < 1/2,
¢(t) = 0 for t =1 and ¢'(t) =0 for all t . Then we can use (*)

with 7vY(r) = ¢(r/p) . Since rYy'(x) = rp_1¢'(r/p) = -p g% [¢p(x/p)] this

gives
nI(p)-pI'(p) = J'(p) - L(p)

vwhere

I(p) = j d(x/p)au , L(p) = J ¢ (x/p) (x=§) -H au

1,2

J(p) = J ¢ (x/p) | (Dr)” | “au .
Thus, multiply by p-n_l and rearranging we have
17.2 -(% PPl =™ 3 + 0 e .

Thus letting ¢ increase to the characteristic function of the interval

(-~,1) , we obtain, in the distribution sense,



d -1 d
17.3 - {p TU(B_(£))) = — J
d d
P P ° s (&)
p
This is the fundamental monotonicity
o'e 2
D r . , )
j -——5—-— are 1necreasing in P
B (&) x

for a.e. p > 0 such that Ep(g) cu.

tells us that the ratio p'nu(sp(g))

by integrating with respect to p in

17.4 o™ ue(8) = p uB, (€)

for all 0 < 0 <p with Eo(g) cu,

iDlr‘Z
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a+ p J (x-E)°H .

Bp(E)

n
r

identity; since ﬂ(Bp(g)) and
it also holds in the classical sense

Notice that if E’E 0 then 17.3

is non-decreasing in 0 . Generally,

17.3 we get the identity

1 L2
B J Ip'r| au
B, (E)~B(E) &
*%f O e T
B_(E) S
9] g

where r_ = max{r,0} , so that if

H =0 we have the particularly interesting identity

17.5 o H(BL(E)) =

-n ,
p u(Bp(E)) J

L2
ID il au .
BD(£)~BG(E) r

We now want to examine the important question of what 17.3 tells us in

case we assume boundedness and LP

17.6 THEOREM 0<a=1

If t£cu,

conditions on H .

, Ah=0, andif

-1 -
(*y o J lalan = Ao/m)® . u(Bp(g)) for all p € (O,R) ,
B _(£)
D

_ ARl~u (o
where BR(g) cuU, then & p

of p € (0,R) , and in fact

eARl'aoa AR

(1) B (E) s e

1-0 o

p_nu(Bp(i)) 18 a non-decreasing function

P iDlrl2 a

=N
o (B _(8)) - J
e B, (E)~B () o
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whenever 0 <0 < p <R . Also,

- -0
_AptOg0 1-0 o

(2) e o Mu(B,(E) = IR

Ipte]? a

b ¢
p B (&) - J L
9] n
B (E~B(E) ¥

whenever 0 < 0 < p <R .

Proof 1o get (1) we simply multiply the identity 17.3 by the integrating

1-0 O

factor e Ar P , whereupon, after using (*), we obtain

1-0 O i12

A -
=l e R P o) nu(B Enl = iL l2~£L— dy , in the sense of distributions.
dp o] dp “n
B (&) «
P
(2) is proved similarly except that this time we multiply through in 17.3
. N _ARl-upa

by the integrating factor e .

|5|® au

i/p .
17.7 THEQOREM 1f £ e u, and { } =T , where BR(S) cu

jBR(E)
and » > n , then

-n i/p ., -n vp I 1-n/p_1-n/p
(o U(BG(E))) = (p u(Bp(E))) + oon (p g )

whenever 0 < o0 < p =R .
Proof Using the Holder inequality, we obtain from 17.2 that

4a ~-n . _ ,n 1-1/p
b (p "I(p)) = p "T(z(p))

for troa.e. p € (0,R) . Hence

< (0™ (o))

/p
dap -

-p o ™P T

Thus, integrating over (0,0) and letting ¢ increase to the characteristic

function of (-%,1) as before, we deduce the required inequality.
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17.8 COROLLARY If H ¢ Lﬁoc(u) in U for some p > n , then the density
N (B _(x)) N
O (U,x) = lim exists at every point x € U, and © (U,*) s an

n
p¥0 wnp

upper-semi-continuous function in U :

0™ (u,x) = lim sup On(u,y) ¥Yx€u.
y > X
Proof The inequality 17.7 tells us that (p"“u(Bp(E))l/p + 5%; PP o
a non-decreasing function of p ; hence 1lim p—nu(Bp(E)) exists (and is
V0
the same as lim P nu(ﬁp(i))) . We also deduce that

A

(0 (1N Y < (0 uE NP+ o ot

-n 1/p 1-n/p
(p U(Bp+€(x))) +cp

IA

whenever 0 < p , € >0, Bp+€(x) €U and |y-x| < e . Letting o ¥ 0

we thus have

LN TP are/p) P 4 TR

n Vp _ -1 -n
©" (1,¥)) = (W " (p+e) u(Bp+

Now let § > O be given and choose € << p < § so that

W L ore) Pue 0 YPves/0)™P < (@ @ YP v s .
n o+e
Then the above inequality gives
@,y P < @,z YR 4 ¢ ptT/P

(c depends on x but is independent of &, €) provided [y—x[ < g . Thus

the required upper-semi-continuity is proved.
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17.9 REMARKS

(1) If 9= 1 Y-~a.e. in U, then O"(u,x) > 1 at each point of
spt 4 N U, and hence we can write VL U= v(M,,6,) where
M, =spt u NU, B8,(x)=0"(x), x€U. Thus VL U is represented in
terms of a relatively closed countébly n-rectifiable set with wpper-semi-

continuous multiplicity function.

- 1i/p
(2) 1f £e€¢vuUu, @“(u,a) > 1, and (wnlj [Elpdu} <:I(1-n/p), where

B (€)

§R(£) CU and p > n , then both inequalities 17.6(1), (2) hold

with A = 2T ﬁn/p and o = 1l-n/p , provided T pl_n/P £1/2 . To

see this, just use Holder's inequality to give

() f lElas = T ENTYP o1 ue @) we @)n VP .
Bp(g) P P p

On the other hand, letting ¢ ¥ 0 in 17.7 we have

1-
(B (E) 2 wp(1-T o n/pye

so that u(Bp(é::)) > %pwnpn for T pl‘n/P 5% , and (*) gives

J [Eldu =27 u(BD(E))Q_n/P . Thus the hypotheses of 17.6 hold
B (&)
p

with A= 2T r™P
(3) Notice that either 17.6(1) oxr 17.7 give bounds of the form
u(BO(i)) <=g", 0<0 <R for suitable constant B . Such an inequality
implies
- -1 a
j 1x-g]a ®au < nBa 1
B (&)
o €

for any p¢€ (0,R) and O0<&<n . This is proved by using the following general

fact with f(t) = t-l B to= p—l , and with n-0 in place of o .
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17.10 LEMMA If X <8 an abstract space, | 1s a measure on X , & > 0,

fettay , £20, andif a_ = {x€x: £ >t}, then

(o]

J to"lu(At)dt =at j £ an .
0 a,

More generally

“ 1 1 o Lo

j £ W(B)dE = o j (£t au
t a
0 tO

for each ty = 0.

This is proved simply by applying Fubini's theorem on the product
X > .
space Ato [tO,W) for to 0

The observation of the following lemma is important.

17.11 LEMMA  Suppose € =1 u-a.e. in U, HE€ILD (W in U for
some p > n . If the approwimate tangent space TV (see §15) exists at a
given point x € U, then TV is a "classical” tangent plane for spt u

in the sense that

lim (sup{p_ldist(y,TXV) : vE sptuf}Bp(x)}) =0 .

o244}

Proof For sufficiently small R (with BZR(X) cu), 17.7, 17.8 (with o ¥+ 0 )

evidently imply

(1) ‘*’r—;l T (B,(£) 21/2, 0<p <R, £€&sptul Bplx) .

Using this we are going to prove that if a € (0,1/2) and p € (O,R) then

L

(2) u(Bp(x)~{y : dist(y,T V) <ep}) < -illoanp“ =

sptu N Bp/z(x) c{y: dist(y,TxV)< (e+a)pl} .
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Indeed if & € {y : dist(y,TXV) > (e+a)p}NB then

p/2(><) ’
Bap(g) C Bp(X) ~ {y : dist(y,TXV)<<Ep} and hence the hypothesis of (2)

wnunpn . On the other hand (1) implies

Y=

implies u(Bap(g)) <

so we have a contradiction. Thus (2) is proved,

1 n n
U(Bap(g)) z5wop

and (2) evidently leads immediately to the required result.

§18. POINCARE AND SOBOLEV INEQUALITIES

In this section we continue to assume that V = v(M,0) has generalized
mean curvature H in U, and we again write u  for Uy - We shall also

assume O = 1 Y -a.e. x € U (so that (by 17.9) On(u,x) > 1 everywhere

p

in sptu N U if H € Lo

() for some p >n ).

We begin by considering‘the possibility of repeating the argument of
the previous section, but with XX = h(x)Y(r) (x~§) (rather than xx = y(r) (x=£)
as before), where h 1is a non-negative function in Cl(U) . In computing
diVMX we will get the additional term 7Y (r) (x-§) ° VMh , and other terms
will be as before with an additional factor h(x) everywhere. Thus in place

of 17.2 we get

=N

2 -n~ ) 1,2
18.1 35 (P "T(p)) = p %J | (Or)™|“h ¢(x/p)au
+ o7t j (x=€) » (V"'a + Hhl¢(x/p)du

where now TI{p) = j o(x/p)h du .

Thus
3% "1 = ot j (x=E) + (V'h+ Bh) ¢ (x/p) du

= R say .

(*) The results of this section are not needed in the sequel.
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We can estimate the right-side R here in two ways: if |§l = A we have
(*) Rz -p "t J |V ¢(x/pran - (ho)p ™ T(p)
Alternatively, without any assumption on H we can clearly estimate
(%%) R > -p Pt J r(lVMh] +hlE) o(x/p)an .

If we use (*) in 18.1 and integrate (making use of 17.10) we obtain (after

letting ¢ increase to the characteristic function of (-*,1) as before)

fB h du f h du

(&) B (&)

18.2 _L‘S__SQAD__ei_,+_1_J _l‘Z‘_"ih_l_E
wnon wnpn oy Bp(?,) |x-g|®"

provided BQ(E) CU and 0<0<p .

If instead we use (**) then we similarly get

/ haw f h au
B, (&) . Bp(i)

p
— < - + w;l J -t J r(]VMh]+-h|§|)dudT.
B_(&)

w_ o W
n np 9 T

and hence (by 17.10 again)

s @@ Jo gn .
18.3 <P + () j

n n
w_ o w p
n n

(|v*n| +nlm)

B, (&) |x-g |22

provided Bp(i) cU and 0<0<p .

If we let 0o ¥+ 0 in 18.2 then we get (since O(u,&) =1 for & € sptu)

fB h du
(&) 74
hg e 2o, L vl ,E€sptyu, B (E)cU .
n nw n-1 o]
w P n Bp(g) {x—gi
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We now state our Poincaré-type inequality.

18.4 THEOREM Suppose h € cl(v) , nh=o0 , BZD(E) cu, [H=A,021u-a.e.

in U and

Ao =l+a

(i) u{x€B_(€) : h(x) >0} < (1w p" , e
for some o € (0,1) . Suppose also that

.. n
(ii) u(sz(E))SFp , T >0 .

Then there are constants B = B(n,a,I') € (0,1/2) and ¢ = c(n,a,T) > 0 such

that

Proof To begin we take f to be an arbitrary parameter in (0,1/2) and

apply 18.2 with 1n € B, (£) N sptuy in place of & . This gives
Bp

(f h au
ra-yp| Ba-g)p™ 1 [v"% |
(L) h(n) = e = o 3 du
w_ ((1-8)p) n By g (8 [xn|
f h du
_ ‘B (&)
= eAp (1-8) n ——9———;——— + ;%— j _iyfﬁéji du
w P n /B (§) |x-n|
n p
Now let Y be a fixed C1 non-decreasing function on R with Y(t) =0

for t =0 and 7Y(t) =1 everywhere, and apply (1) with vY(h-t) in place

of h, where t >0 is fixed. Then by (1)

y(h(m-t) s 2 y'(h-t) V"]

n
. nwn JBQ(E) ‘x_nln—l

au + (1-0?) (1-py ™" .
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Selecting B small enough so that (l—B)“n(l—az) = 1—a2/2 . we thus get

2
ot _ 1+o
2 T nw

v (h-t) | V"]

(2) J —
n Bp(g) ‘x—nln b

au

for any n € BBO(E) N spty such that y(h(n)-t) 21 . Now let € > 0 and

choose Yy such that +vy(t) =1 for t = 1+¢ . Then (2) implies

X' (h-t |V . ne BBp(g) 0 A,

(3) 1 < ¢ J L
B, (€) |x-n| "7t

7

€

where A= {ye sptu : h(y)>T} . Integrating over A ne

tte Bp(g) we

thus get (after interchanging the order of integration on the right)

(B, By (£)) = J Y‘(h(x)—t)lVMh(x)l[ j — I ) [ x)
£ -
Bp(g) BBp(b) Ix n}
< clp j Y'(h-t)]VMhl du
Bp(i)
by hypothesis (ii) and Remark 17.9(3). Since vy'(h(x)-t) = - g% Y (h(x)-~t)

we can now integrate over t ¢ (0,®) to obtain (from 17.10) that

(h-g) = cTp J |9"n] au .

AEOBBp(g) Bp(i)

Letting € ¥+ 0 , we have the required inequality.

18.5 REMARK  If we drop the assumption that 6 = 1 , then the above argument

still yields

hdu < cp J ]VMhl au .

B (&)

{x:@(x)zl}ﬂBBp(E) o
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We can also prove a Sobolev inequality as follows.

18.6 THEOREM Suppose h € Cé(U) , h=20, and 6 =1 pu-a.e. in U .

Then
n-1
n n-:

_— n
f nt au =< cJ al+njgha . = c)

Note: ¢ does not depend on k .

Proof 1In the proof we shall need the following simple calculus lemma.
18.7 LEMMA  Suppose £ , g are bounded and non-decreasing on (0,%) and

- - 6
(1) 1 =0 nf(o) <=p nf(p) + J T ng(T)dT ;, 0<0<p <™,
6]

/D (g ) = 1lim £(p)) such that

then 3 p with 0<p < py = 2(£()*
phe

(2) £50) = 5 S%, 90

Proof of Lemma Suppose (2) is false for each p € (O,po) . Then (1) =

-n pO
-n -n 2.5 -n
1= sup 0 £(0) =p  £lpg)+ =——— J p £(5p)dp
0<a<p,, Po Jo
-n 2 500 -n
oy Elpg) + 353 Jo P Tf(p)dp

"

Py

5p
-n 2 -n 0
Po flog) + 355 { Jo p f(p)dp + J

p—nf<o)d0}
Po

-n 2 -n 2 -n
Spp E® 4 g S%P0cp<p, Elo) *+ 5Ty P £ -

Thus

o PE(0) < 2p5nf(W) = 2", which is a

1_ 1
2 2 P0<o<pO

contradiction.
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Continuation of the proof of Theorem 18.6

First note that because h has compact support in U , the formula
18.3 is actually valid here for all 0 < 0 < p < ® ., Hence we can apply

the above lemma with the choices

-1

hdu ,
-
B, (£)

£(p) = w

g(p) = wglj (|#n| + nlg)) au ,
B_(

&
provided that & € sptu and h(§) = 1 .

Thus for each £ € {x¢€ spti : h(x) = 1} we have p < Z(w;1 J h du)l/n
M
such that
1 j haws st J n oy /® J (|| +nlg)) au .
Bsp(i) M BQ(E)

Using the covering Lemma (Theorem 3.3) we can select disjoint balls

Bpl(gl) , sz(gz) e gi € {€€ spty :h(§) =1} such that

{€eM : ni&)yz1} c U B (Ej) . Then applying (1) and summing over Jj we
=

1 Py

have

nf{ -1 /n M
j hat < 5 (m Jh du] J (|v"n| + nlag]) au .
{x€sptu:h(x) =1} noy M -

Next let Y be a non-decreasing Cl(IU function such that 7vYy(t) = 1 for
t>¢€ and Y(t) =0 for t <0, and use this with vYy(h=-t) , £t =0, in

place of h . This gives

um,, ) s st

1
M,e (@ (u01)) /n IM (v* (h=t) |[V"n] + v (h-t) B @y,

where

M = {xé€M : hix)>a} , a=0.
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1
Multiplying this inequality by (t+€)n_l and using the trivial inequality
1 1
n-1 n-1 .
(t+e) u(Mt) = (h+e) du  on the right, we then get

Me

(t+€) HM_ ) =

L
n-1 e w-l/n j
t+e n

Now integrate of t € (0,®) and use 17.10. This then gives

n n ' ny1l/n

j hn—l__en—l au < Sn+lw—1/n J (h+€)n—l
M M

- JM (|"n[+n|B)) au .

€

n+1w—l/n
n

The theorem (with ¢ = 5 ) now follows by letting € ¥ O .
18.8 REMARK  Note that the inequality of Theorem 18.6 is valid without any

boundedness hypothesis on H : it suffices that H is merely in L1

loc(U) :

§19. MISCELLANEOUS ADDITIONAL CONSEQUENCES OF THE MONOTONICITY FORMULAE

RPN . . + .
Here V = g(M,S) is a rectifiable n-varifold in Rn k and we continue

. . n+k
to assume V has an Lioc(uv) mean curvature g in U, U open in R .

We first want to derive convex hull properties for V in case H is
bounded.
L
ntk = -1
19.1 LEMMA  Suppose U= R ~B.(§) and n ) e (x-€) | <1 -a.e. x€U,

and suppose spt V 1is compact. Then

spt V ¢ §R(E) .

(i.e. VLU=0.)
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Proof Since spt V 1is compact it is easily checked that the formulae

(see §17)
n J Yrydy, + J rY‘(r)(l-lDlrlz)duv = - | B(x) (=) Y(r)du, (x)

(where r = {x-@[) actually holds for any non-negative non-decreasing
c'(®m) function Yy with y(t) = 0 for t <R+e . (e>0 arbitrary.) We

see this as in §17, by substituting X(x) = ¥{(x) v(x) (x-E) , where Y =

1]
i

1
in a neighbourhood of spt V . Since 1 = !D r[z > 0 and fg-(x~§)}<

=]

Hy—a.e. , we thus deduce J Y(r)duv = 0 for any such Y . Since we may
select Y so that Y(t) >0 for t > R+¢€ , we thus conclude

spt V (= spt pv) c B (€) . Because € > 0 was arbitrary, this proves the

R+€

lemma.

19.2 THEOREM (Convex hull property for stationary varifolds)

. : : . n+k
Suppose spt V18 compact and V is stationary in R ~K, K

compact. Then
spt V C convex hull of K .

Proof The convex hull of K can be written as the intersection of all balls

BR(i) with K C'BR(E) . Hence the result follows immediately from 19.1.

Next we want to derive a rather important fact concerning existence of
"tangent cones" for V in U . We will actually derive much more general
theorems of this type later (in Chapter 10); the present simple result suffices

for our applications to minimizing currents in Chapter 7.

The main idea here is to consider the possibility of getting a cone (or
a plane) as the limit when we take a sequence of enlargements near a given

point & € U . Specifically, we use the transformation T X P k_l(x-E) ,

L3\
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and we consider the sequence Vj = ng ALl V (see 15.6 for notation) of
P AL
J

"enlargements" of V centred at § for a sequence Xj v 0 .

N uv(ﬁp(a))
19.3 THEOREM  Suppose £ € u, O (uv,E) = lim ———— exists, and, with
o+0 w_p
n
V. =1 V as above, suppose . = U. 1in the sense of Radon measures in
J E,Aj# v W
Rn+k, where W 1is a rectifiable n-varifold which is stationary in all of
Rn+k . Then W <s a cone, 1in the sense that W = v(c,y) , where C 1is a

countably n-rectifiable set invariant under all homotheties x N S
A>0, and Y is a positive locally Hn—integrable function on C with

Vx) SV Ix) for x€c , A>0.

19.4 REMARK We do not need to assume V has a generalized mean curvature

here. However note that (by 17.8) generalized mean curvature in Lﬁoc(uv) B
p > n , guarantees the hypothesis that Gn(u,x) exists. Furthermore, in

later applications the fact that the limit varifold W is stationary will
often be a consequence of the fact that V has a generalized mean curvature

which satisfies suitable restrictions near § .

Proof of 19.3  whenever UW(BBO(O)) = 0 (which is true except possibly for

countably many ¢ ) we have

]

(1) 0y (B (0)) = Lim o™, (B (0)

J7® J

]

. -n = s
¥1m (kjc) uV(BX.O(g)) (by definition of Vj)
e J

]

n
(J.)ne (UVI g) 12
independent of 0o .

On the other hand since W is stationary in If”k we know by 17.5 that

(with r = |x|)
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7

12

-n, -1 ]D rl

o U (B (0O))y=p0 U_(B (0))—J = dy
weo We B )~ 0 £ "

so that from (1) we deduce

(2) inlrlz =0 y,-a.e.

. R . +k
But recall that (letting grad denote gradient taken in :Rn )

Dlr(x} = qx(grad r{x)) (= r—qu(x)) 5 UW-a‘e, X

. . +
where qy denotes the orthogonal projection of Rn k onto (TXW)’L B
TxW the tangent space of W at x (see §15). Therefore (2) implies
Q. (®) =0, W-a.e x;

in other words
(3) x € wa uw-a.e. X

+
Next note that if h is a Cl(Rn k~{O}) homogeneous function of degree

X

zero, so that h(x) = h(TzT) , then xegrad h(x) =0, x # 0, and so, for
such a function h , (3) implies
(4) x +Vn=o0
W.
(V'h(x) (grad h(x))) .

= Pry
X

Thus for any homogeneous degree zero function h we see from (2), (4)

and 18.1 that

(5) p " J h dy, = const. (independent of p ).
Bp(O)

(Notice the fact that it is valid to substitute h in 18.1, even though h

is not C at 0 , is a consequence of a simple approximation argument,
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using the fact that o u(Bg(O)) is constant.)

It is easy to check that (5) (for arbitrary non-negative Cl (Rn+k~ {o}hH

homogeneous degree zero functions} implies that uw is invariant under

homotheties in the sense that A © uw()\A) = uW(A) for any subset A C Rn+k

Thus the theorem is proved by taking

c = {x: @n(uw,x)>0} ,

Voo = @n(uw,x) .

Finally we wish to prove a technical lemma concerning densities which

we shall need in the next chapter.

19.5 LEMMA  Suppose 0< 2,8 <1, R>0, ﬁR(O)CU,P>n,

- 1/p -
(*) [w t j | 1| Pau ] < (-n/p)T , TRT™P <172
n = v
B_(0)
R
and suppose y,z € BBR(O) with ]y—z[ > BrR/4, G)n(uv,y) ’ G)n(uv,z) >1, and
|a(y-2z)| = &|y-z| , where q <is the orthogonal projection of & onto
Rk. Then

1

0%y oy) + 07y m) = (1re(28) TRYYE) (1-8) TR (8, (0))

+ cug) IR J lle-pllau -
B, (0)

where c¢ = c(n,k,p) . p

]
s}

¢+ Py =P

(=P H_a.e. X) .
r Txv TxM v

19.6 REMARK By (*) and Remark 17.9(2) we can use the monotonicity formulae

17.6 with A = ZFR_H/P , o&=1-n/p, and. £ =y or =z . Notice that in

1-0_0 1-n/p

fact the quantity AR P is then just 2Ip and, since et < 1+2t for
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t <1, we have by 17.6(1) that
-1 - 1~ -1 -
(*%) wnlr nu(BT(g)) < (1+4TC n/P)mnlc ! (B (E))

whenever BO(E) c BR(O) , 0<T1T<0, and On(u,i) > 1 , where we write

u  for uv .

Proof of 19.5 First note that by 18.3 we have
-n -n o -n f M.
g J hdp =op J hdu+JT (|v'n| + |g|myau at
B,(E) B, (£) o B (®)

for any non-negative Cl(an+k) function h , provided 0<o<p< (1-B)R and

E=y or z . We make a special choice of h such that h = f(iq(x—g)!) B

where £ is CY(R) with:

£(£) 21 for |t|<BR/16,£(t) =0 for |t|>LBR/8, |£'(t)]=3(BR)™Y and

O=f(t)=1 Vt.

A

i

Then, since IVb;(q(x—«i))l < |peal = [ -p)ea| = |p -p| = vo¥k |p -pll for

ej-VM as in §12), we deduce, with

it

j=1,...,ntk (where \7";I

[of

1A

2BR/2 , p = (1-B)R

~1 -n 1

(1 w0 u(BO<E))5wn

oM (B (8) N {x: |q(x-E)| = 2BR/8})

reo™ugm o [ bl a
B (&)

+co o J lg| au .
BQ(E)

Now (see 17.9(2)) from (*) we have

(2) J lg| au = 2Tp” (B (E))
B_(£)
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Taking alternately & =y , £ = z and adding the resultant inequalities in
(1), (2) and 19.6 (**), we deduce the required result (upon letting T ¥+ O

in 19.6 (**) and taking 0 = BR/8 and p = (1-B)R in all inequalities).



CHAPTER 5
THE ALLARD REGULARITY THEOREM

Here we discuss Allard's ([AW1l]) regularity theorem, which says roughly

that if the generalized mean curvature of a rectifiable n-varifold V = v(M,0)

L P . . o . .
is in Lloc(uv) in U, p>n, if 6= 1 M a.e. in U, if £ € spt VNI U ,

and if w;l p—n uv(Bp(E)) is sufficiently close to 1 for some sufficiently

small* o, then V is regular near V in the sense that spt V is a
1,1-n/p

C n-dimensional submanifold near §& .
A key idea of the proof is to show that V is well-approximated by the
graph of a harmonic function near & . The background results needed for this

are given in 8§20 (where it is shown that it is possible to approximate spt V
by the graph of a Lipschitz function) and in §21 (which gives the relevant
results about approximation by harmonic functions). The actual harmonic
approximation is made as a key step in proving the central "tilt-excess decay”

theorem in §22.

The idea of approximating by harmonic functions (in roughly the sense
used here) goes back to De Giorgib[DG] who proved a special case of the above
theorem (when k=1 and when V corresponds to the reduced boundary of a
set of least perimeter - see the previous discussion in 8§14 and the discussion
in §37 below. Almgren used analogous approximations in his work [Al] for
arbitrary k = 1 . Reifenberg [R1l, R2] used approximation by harmonic
functions in a rather different way in his work or regularity of minimal

surfaces.

*  Depending on [IH]|
L® (1)
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§20 LIPSCHITZ APPROXIMATION

In this section V = v(M,0) is a rectifiable n-varifold with generalized

mean curvature H in U (see 16.5), and we assume p > n , and
0 € spt Hy v BR(O) cu

20.1

A

< (1-n/p)T , TR

/

N 1/p
B, (0)

-1 _=-n _
6 =1, W, R uV(BR(O)) = 2(1-0) ,

where o € (0,1) . We also subsequently write u for uv , and
-n 2 1-n/p 2
eem [ e eplas [V
Bk(o)

(=p U-a.e. Xx) . Notice that then the first

where p =p , P. = D T M
X

\Y%
Rn X TX
term in the definition of E measures the "mean-square deviation" of TXV

away from R" over BR(O) . (This is called the "tilt-excess" of V over

BR(O) - see §22).

20.2 THEOREM Assuming 20.1, there is a constant Y = Y(n,a,k,p) € (0,1/2)

such that <f & € (0,11 then there is a Lipschitz function

_ 1 ky . n k .
£= (£7,...,£9 BYR(O) +~ R with
1
Lip £ = 2, supifl <c E2n+2 R
and
H™ (((graph £~ spt V) U (spt V~ graph £)) N BYR(O)) <2 g

where c¢ = c(n,a,k,p) .
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20.3 REMARK Notice that this is trivial (by setting £ = 0 and taking

-2n-
r12E

suitable ¢) wunless £ is small. 1In particular we may assume

+
E < 522n 2 , which § is as small as we please, so long as our eventual

choice of § depends only on n,k,a,p .
Proof of 20.2 By virtue of the above remark we can assume
(1) E=d

60 to be chosen depending only on n,k, 0, p . Set
1

- (872 2n+2
20—~(50 gl <1,

and take any two points X,y € BBR(O) 1 spt V with lq(x-y)l = !Loix—y] ’

!x-yl > BR/4 , where B€ (0,1/2) is for the moment arbitrary. By Lemma 19.5 we have

a

O () + By = (L+e® TRYE) (1-8) Pu R e, (0))

+c(2y® TR lp,pllan .

BR(O)

. . . o _2
Using Cauchy inequality ab = z2 +
1

b2 in the last term, together with

Q|

the assumption (in 20.1) that w; R U(BR(O)) < 2(1-a) , this gives

0" (u,x) + 0% (u,y) = 2(1+c(206)‘“/§)(1—6)'n(1—a)

o C -2n=-2
+ > + 5 (QOB) E .
. 2n+ -
Since %n2=6fﬁ and 0"(u,&) =1 V£ € spt VAU (by 17.8 and the
assumption that 6 =2 1 u=~-a.e.) this gives
P =T
2 < 2\l+060)(1—8) (1-0)
1 -2n-2

(x —
+-2—+c0L GOB
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which is clearly impossible if we take B = B(n,k,p,0) and 60 = 5O(n,k,B,P,d)

small enough. Thus for such a choice of B , 60 we have

1

E2n+2

(2) lax=n)| = ¢ R, %,y € spt WNBg (0) , |x-y|z Br/4,

where c¢ = c(n,k,p,2) , B = B(n,k,p,8) . (Formally we derived this subject

to assumption (1), but if (1) fails then (2) is trivial with c= 681;) Noting

the arbitrariness of x,y in (2) and noting also that 0€ spt Y and that

spt LN 9B (0) # @ (which follows for example by selecting suitable ¢ in 17.2),

Br/2
we conclude {after replacing B by B/4)
1
3) lae | =c 822 g, %€ By () Nspt V , B = B(n,k,p,) € (0,1) .

Next let 6,2 € (0,11 be arbitrary and assume
1-n/p 2 2n+2
(4) I'r =2 8

(which we can do by Remark 20.3, provided we eventually choose & = &§(n,k,qa,p)) .
set Ey(d,E) = O'HJ Ip_-pll°du(x) for any £ € sptV , B _(£) < B_(0) ,
B () % a R
g

and define

2n+2

G = {E€ spt VNB : Ey(0,8) =6% Y o€ (0,R/2)} .

gr/2%)

Notice that if & € spt V(]BBR(O) then by (4) and the monotonicity formula

17.6(1) (see Remark 17.9(2) to justify the application of 17.6(1))

<t o B E) = (e (1-B1R) u(B

(5)

(S

(I_B)R(E))

1

IA

-n - -1
(1+c8) (1-B) w "R U(BR(O))

2(1+c8) (1-8) " (1-a)

1A

1A

2(1-a/2) ,

for 6,8 small enough (depending on n,k,p,0) .
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Now let %,y € G . In view of (4), (5) we may now apply the previous

argument with o/2 , 6-1 x«y]/Z , ¥ in place of 0, R, 0 in order to deduce

from (3) that

1/ (2n+2
gt/ (2n )lx-yl, x,y€G , c=c(nk,p,a)

(6) lq(x—y)i = cl

n/on2 2 -
(because Eo(o,x)+-(rol DR 050 %F2 | 5 = g7l x-y|/2 , by virtue of (4)

and the fact that = € G )

1/ (2n+2)

Choosing & so that 26 (1+c) (n+k) <1 (cas in (6)), we thus

deduce

latx-y) | = gyfjgy |x-y| , =,y € ¢ , c¢=cink,p,o) .
since |x-y| = |a(x-y)| + |p(x-y)| , this implies

) 2
%) lae) -aw | = 57 e -pw)]
and so (by the extension theorem 5.1)
G < graph f ,

where £ 1is a Lipschitz function B (0) - Pk with Lip £ = £ . By virtue
1

BR/2

of (3) we can assume (by truncating £ if necessary) that suplfl < cE

2n+2R R

Next we note that (by definition of G ) £for each

g € (BBR/2(0)~'G ) N spt V we have 0(&) € (0,R/10) such that

2
22255 ()" < J pr-pHZdu(x)

BO(E)(E)

and by (5) we therefore have
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- -2n-2.-1 2
WEgy g, ©) = ot %7 | I, =2l 2a o

Bg(g)(i)

By definition the collection of balls {B (&)}

G (&) E€B (0)~G

BR/2

is

a cover

for BBR/Z(O) ~ G , and hence by the covering Theorem 3.3 we can select

points ‘51’52"" € BBR/z(O) ~ G spch that {BO.(EJ.)} is a disjoint

b
collection (cj=o(gj)) and {135

g
J
Then setting & = Ej and summing over Jj , we conclude
-2n=2,.-1 J 2
(8) M(Bgp /(@) ~G) = ¢ L S I, ~pll~du (x)

B (0)

Since @n(u,g) >1 for &€ spt VN U we have
If]((spt H~graph £) N B

(by Theorem 3.2(1)) and it thus remains only to prove

(9) H*((graph £~spt u) N B _Zn'zER" .

or/2(©) Scg

(Then the theorem will be established with vy = g/2.)

To check this, take any n € (graph £~ spt u) N BBR/4(O)

E =
g (0,BR/2) be such that Bg/z(n) N spt u ¢ and B30/4

(Such 0 exists because 0 € spt y .) Then the monotonicity formula 17.6(2)

(See Remark 17.9(2)) implies

,(Ej)} still covers BBR/Z(O)

BR/Z(O)) = U(BBR/Z(O)“'graph £)

~ G

and let

2
n -n K=
H(B M) sco jB yn (n)]x—nl p(TM)l[IX”IH ay
[0) ag/2
X-T 2
5°f |P Ml(_o—)l a
B, (T 0
X=T 2 2
ECU ‘p nl(T)l du+f Iy P
Bc(n) (R) BG(n) X R

(M) N sptu # 6 .
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2
du + u(BO(n)~F)

=c lp (E:Il)
Uch)ﬂF ®H©

2
+ I “P - P “ du] ?
Bo(n) TxM Rn

where F = graph £ , and where we used p ((x} = x-Pn {(x) for any subspace
pd

+k

3 K=
T c RC . Since |p 4

(——H <cl for =,y € ¥ Bc(n) (because

(Rn)l g

Lip £ = &) , this implies

B M) = c(mmo(m) + UB_(M~F) + [ e, ,-p uzau} :

B, (M) M Ry

Since we can take ¢ £ = 1/2 (notice again the validity of the theorem in

this case automatically implies its validity for larger values of £ € (0,1]) ,

we thus get

(10) HB,M) S cluB (N~F) + J( ey P J? du} g
B, "x R

where F = graph £ . Now since spt u N B (n) # # , the monotonicity (5)

30/4
implies p(Bg(n)) > % o , and hence (10) gives

(11) tscrT,

where T is the expression on the right of (10). Thus, writing n' = p n(n) .
r

we get

1A

L"Eg (') seT

A

Q) ~F)

n, ., xk
c[u((BG(n ) X R )ﬂBBR/2

+ j e .-p H2 du}
: . k T M :
(Bg M"IxXR )ﬂBBR/z(@) X Rn

Since we have this for each 1 € (graph £~spt y) N B (0)y , it follows

Br/4

from the Covering Theorem 3.3 in the usual way that
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n
L (pRn((graphfrvspt u)f]BSR/4(O)) <c u(BBR/2(0)~F)
+c I ey P I}Iz dau
BBR/Z(O) X R
sc PR by (8) .

Since Lip £ <1 , this gives (9) with B/4 in place of [ . Thus the

theorem is established for suitable Yy depending only on n,k,a,p .

§21. APPROXIMATION BY HARMONIC FUNCTIONS

The main result we shall need is given in the following lemma, which

is an almost trivial consequence of Rellich's theorem:

21.1 LEMMA  Given any € > 0 there is a constant § = §(n,e) > O such that

1,2

if £€w’'"(®) , BEZ Bl(O) = open unit ball in R", satisfies

A
-

J |grad f|2 =
B

A

[ J grad £ ¢ grad ¢ dLnl [ suplgrad g|
B

or any T € Cm(B) , then there is a harmonic funetion u on B such that
y (o]
J Igrad u]z =1
B

and

Proof Suppose the lemma is false. Then we can find € > 0 and a sequence

1,2

{fk} € W'°(B) such that
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(1) | J grad fk- grad [ dLnI < k—lsuplgrad z]
B

for each [ € C:(B) , and
2
(2) J |grad glo=1.
B
but so that

2
(3) IB [£,-ul® > e

. . . . 2
whenever u is a harmonic function on B with j lgrad u| =1.
B

Let Xk = w;1 J fk dLn . Then by the Poincaré inequality (see e.g. [GT])
B
we have
2 2
(4) JB ]fk—xk[ <c jB | grad fk| sc,

and hence, by Rellich's theorem (see [GT]), we have a subsequence {k'} c {k}

such that fk,—)\k,—*w in L2(B) , where w € Wl’Z(B) with J( |grad w[zsl.

B
Also by (1) we evidently have
n
j grad wegrad ¢ dL” = 0
for each ¢ € C:(B) . Thus w is harmonic in B and J [fk,-w— Ak|12 + 0.

B

Since w + Kk' is harmonic, this contradicts (3).

We also recall the following standard estimates for harmonic functions
(which follow directly from the mean-value property - see e.g. [GT]): If u

is harmonic on B = Bl(O) , then

oY@ | = elull |

sup,
B%(O) L™ (B)

for each integer g = 1 , where c¢ = c(g,n) . 1Indeed applying this with

Du in place of u we get
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21.2 SUPL (0 [unl < cl|py|| ; (= c'|lpul} 5 )
3 L™ (B) L7 (B)

for g = 2 . Using an order 2 Taylor series expansion for u , we see that
this implies
21.3 sup [u-2]| = cnzllDuH

B_(0) - 2

n L7 (B)
for each mn € (0,1/2] , where c¢ = c(n) is independent of 1N and where £

is the affine function given by L(x) = u(0) + x e grad u(0)

§22. THE TILT-EXCESS DECAY LEMMA

We define tilt-excess E(£,p,T) (relative to the rectifiable n-varifold

V = v(M,0)) by

1 - 2
E(E,p/T)=3p nj IPT M-pTI aug *
Bp(E) X

+ . . +
whenever p > 0 , § € :Rn k and T is an n-dimensional subspace of r" k .

Thus E measures the mean-square deviation of the approximate tangent space

TXM away from the given subspace T . Notice that if we have T = R then
k .
: +
P . ~P is just 22 IVMxn 312 , so that in this case
T M n .
X R j=1
-n k nt+j2
22.1 E(£,0,T) = p J v dHy

B j=1
p(i) b

(VM = gradient operator on M as defined in §12.)

* IPT M“Plz denotes the inner product norm trace —p)2 ; this differs
X

(PT
x

from ”PT M-p]]2 by at most a constant factor depending on n+k.
x
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In this section we continue to assume V has generalized mean curvature

1 . s
HE Lloc(uv) in U, and we write u for uv .

We shall need the following simple lemma relating tilt-excess and height;

note that we do not need 6 = 1 for this.

22.2 LEMMA  Suppose Bp(g) c U . Then for any n-dimensional subspace

n+k
T C R we have

. 2
E(E,p/2,T) = c[p—n J M] a + 2™ j |1]? du:l )

[ :
Bp(i) Bp(E)

22.3 REMARK Note that in case p—nu(B (£)) = ¢, we can use the Holder

. . X 2 s
inequality to estimate the term |H| du , giving

JBp(«z) -

2
- 1 -
0? nJ IgIZdUSC[U lglpdu] /et n/p:] , p>2. Thus 22.2 gives
Bp(g) Bp(g)

. 2 1/p 2
s/ ol [ (SRS e ([ e o) ]
B (&)
P

[
Bp(E)

Proof of 22.2 It evidently suffices to prove the result with £ = 0 and
T =R". The proof simply involves making a suitable choice of X in the

formula of 16.5. In fact we take
p— 2 L | R—
XX—C (X)X s X = (0,x pese X )
+
for x = (xl,...,xn k) € U, where ( € Cz(U) will be chosen.
By the definition of divM (see §12) we have
n+k L.
ii

diva'= e , M-a.e. X €M,
i=n+1
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where (el]) is the matrix of the projection Prow (relative to the usual
be

+

orthonormal basis for Rn k) . Thus by the definition 16.5 of H we have

5 n+k ntk 14 5
(1) Jcc; du=J[—2C ) I xt e b+ xreplan

i=n+l =1 J

with

n+k . n+k

- i 1 i3 ij, 2 1 2

(2) o= et =3 1 e =5 p, 2 7

i=n+1l i, ¥=1 X R
where (Elj) = matrix of p n and where we used (elj)2 = (elJ) and

R

trace(elj) =n . We thus have for ¢ = 0

Jo 2 au = J(z/ﬂx'ngad clz+ x| |5]z;2)au ,

and hence (using abS-;'— a2+%b2)

JO 2;2 du = 4 J(|X'|2|grad C|2+ |x'! lg]gz)du y

The lemma now follows by choosing 7 = 1 in Bp/Z(O) , T = 0 outside Bp(O) ’
and [grad C.] = 3/p , and then noting that |x'] |g| = (p_1|x'l) (|§|p) =

1 =2 2.1 2

3o = [T+5 Ele” .

We are now ready to discuss the following tilt-excess decay theorem,
which is the main result concerning tilt-excess needed for the regularity
theorem of the next section. (The Lipschitz approximation result of the

previous section will play an important rdle in the proof.)

In order to state this result in a convenient manner, we let

€,0 € (0,1) , >0, p>n, and T , an n-dimensional subspace of JRMk ’

be fixed, and we shall consider the hypotheses
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1 =0 =2 1+ H-a.e. in U
u(B_(&))
22.4 { Ee€sptu,B (E)cUu, = 2(1-a) ,
p W pn
n

E, (£&,0,T) =€,

- 2/p
1 P -n/p
ere E*(g'p'T) = “‘ax{E(EIplT) r E [J |=H| du] 02(1 / )} B

B
p(E)

22.5 THEOREM For any o € (0,1) , p > n there are constants n,e € (0,1/2),

depending only on n, k, o, p , such that if hypotheses 22.4 hold, then

2(1-n/p)

E, (E.,np,8) =1 E,(E,0,T)

. . n+k
for some n-dimensional subspace S C R

22.6 REMARK  Notice that any such S automatically satisfies
) lp.-p,|° = c(ME, (€, 0,T)

s Tt = AR
Indeed we trivially have

n "E(E.0,T)

1A

- 2
(np) ™ JB (g)[pTgM-pTI au
ne

while by 22.5 we have

|%au = B, (5, 0T) ,

-n
(me) JB (g)[pTXM—pS

ne
and hence by adding these inequalities and using the fact that u(Bnp(g)) > cpn

(see 19.6) we get (*) as required.

Proof of Theorem 22.5 Throughout the proof, c¢ = c(n,k,0,p) . We can suppose
E=0, T= r" . By the Lipschitz approximation theorem 20.2 there is a
B = B(n,k,a,p) >0 and a Lipschitz function £ : ng(O) -> Rk with
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1 1
(1) Lip £ =1, supl|f| = ¢ Efn+2 < c EE;:E
and
(2) H™(((sptu ~ graph £) U (graph £~ spt u)) N ng(o)) < ¢ E*p? )
where B, = B, (0,0, %) [E max{p_n J E N AT
BQKO) ¥ R

- 2/P 5(1-
€ 1( f Ig[pdu] pz(l n/p)}] . Furthermore by the height estimate (3) in
B _(0) -

the proof of 20.2 we have

1 1
3j 2n+2 2n+2
(3) supy (0)Nspty [ I = C E, =c¢€ ‘
Bp
j=n+l,...,n+k . Let us agree that
_1
(4) c ™2 < gy (c as in (3)) .
Then (3) implies
3
(5) SUP5 (o) Nsptu |x7| < Bosa ,
Bp
so that
(6) B xB?  _(0)Nspt uNdB, (0) =9 .
Bp/2 Bp

Our aim now is to prove that each component of the approximating function

f is well-approximated by a harmonic function. Preparatory to this, note

that the defining identity for i (see 16.5), with X =T en+j , implies
M du=-|e . HCa ¢ ct)

M n+j C U = A n+j = C SO E_» 0 I
§ = Mo RV M= n+jy oM
j=1,...,k , where Vn+j en+j \ PTXM(en+j) VM (VMx )y oV
(VM = gradient operator for M as in §12) . Thus we can write

e
(7) J (VMxn 3y .M z dy = - J e .°H T du
: M m IS
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Since xn+J = EJ(X) on Ml = MN graph £ (where Ej is defined on 2Rn+k by

Ej(xl,...,xn+k) = fj(xl,...,xn) for x = (xl,...,xn+k) € Rn+k), we have by

the definition of V"' (see §12) that

(8) Mt 2 v Flix) poae. x € M, = MNgraph £ .

Hence (7) can be written

(

(VMEj)vagdu=~J (VMxn+j)-VMCdu—J e .cHL AU,
JMl MM m I =

and hence by (2), together with the fact that (by 22.4)

1/p i )
” I gl = U IEIPdU} (e, €N Pz eetalo™
By (8) B, (€)
we obtain
o o J (P8 « Pz an < oo™ sup|g|sup|gracc|e'E]
M .
1

c sup]gradc]s%Ei ’

A

for any smooth ¢ with spt ¢ < B, (0) .

Bp

Furthermore by (8), 22.1, we evidently have

(11) 0 |VM%j]2du <E, .

-n J
‘er]BBp(o)

Now suppose that Cl is an arbitrary C (B (0)) function, and note

Bp/2
that (by (6)) there is a function T € CC(BBD(O)) such that ¢ = Zl in some

n+k

neighbourhood of B (O)><I£ﬂ]spt urWBBp(O) where g;(xl,..,x = gl(xl,...xn).

Bp/2
Hence (10) holds with Ql in place of ¢ . Also, since p ngrad El= grad El
. . R
and p ngrad £ = grad £3 , we have
R
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(12) |VM'1:I3 o VME]_ - grad f:| ° grad 2;1|

o tgraa £ p  (gradaz))|

(TXM) (T M)

i

. RN
[lp o p (gradfj)] . {p op _(gradz.)||
(TXM)l r" (TXM)l ®" 1 J

. , g .
op |“|grad £°] |grad z.|
(TXM)'L =" 1

IA

|p

tA

2y oox3 >
IPT M- P n’ |grad £ ! [grad C1|
X R

H=a.e. on spt u N BBD(O) ;, and hence (10) implies

(13) Ip_n 4( grad £ grad El du | = c E%Ei suplgrad C,1| .
M : .

1

Also since (12) is valid with z;l = %J , we conclude from (11) that

(14) p‘n L\ |grad Ej[z du = cE, .
1B go

From (13), (14) and the area formula 8.5 we then have (using also (1),(2))

(15) [o™" J N grad £3. grad g, BoF J(F) aL™|
BBO(O)

= c E%Ei sup]grad Cll

and
(16) p-n j N |grad f:'|2 BoF J(F) al™ < ¢ E, ,
B (0
go ‘¥
where F : R"+ R'TF is defined by F(x) = (x,£(x)) , %€ B‘B‘D(O) , and where
J(F) is the Jaccbian (det((de)*o de))l/2 as in §8 . Since

1 =J(F) =1+ c[grad f[2 on ng(O) , as one checks by directly computing

. . +k. .
the matrix of dFX (relative to the usual orthonormal bases for :Rn B ]Rn ) in

terms of the partial derivatives of £, and since 1=6<1+€ , we conclude
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(17) ]p_n J n grad £, grad T, dLnl
Pgo %

< c(‘E%Ej‘:+ ep ™ J

|grad ijdLn sup|grad ;1l
(0

Bn
Bp/2

1A

c E%Ei suplgrad gll

by (16), because by (16) (and the fact that 6 =2 1 , J(F) = 1) we have

(18) p_n J n ) Igrad f3|2 a™ = ¢ E, -
B
Bp
Now (17), (18) and the harmonic approximation lemma 21.1 (with E;J‘;f:I

in place of £ ) we know that for any given & > 0 there is €9= €o(n,k,6)

such that, if the hypotheses 22.1 hold with ¢

. 1 k
functions u,...,u on

1A

EO , there are harmonic

B 0 such that
gp/2?
-n jr2 n
(19) [ 0 |grad u-]|“ al” < ¢ E,
B _(0)
19
and
(20) oTn2 j N |£9-uI|? at® < s &, ,
B _(0).
ag
where 0O = Bp/2 .
Using 21.3 we then conclude that
(21) (no) 72 J |£9-97]2 a® = ™2 5 g, +
B) (0)
no
+ cnzqwn J |grad uJ[2 aL™

n
B, (0)

-n- 2
= ™2 sk, +conE, (by (19) ,
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1

2n+2
E

where £7(x) = ul(0) + x-grad u?(0) . Notice that, since sup|f]| < ¢ -

(19), (20) in particular imply (using 21.3 again)
1 1

2n+2 2n+2
. sce

ko
(22) I 1@ scE
3=1

k
Now let & = (ll,...,l ) e IJ‘+»R# and let S be the n-dimensional

subspace graph (£4-2(0)). In view of (1), (2), (3)and (22) it is clear that

(21) implies

~-n-2 R 2 -
(23) (no) dist(x-T,8)."du =< cn n ZﬁE* + cn2 E, »
Bn0/2(r)
1
X 2n+2
where T = (0,2(0)) , provided ce <n/2 . Then by 22.3 we get

-n-2
E(T,n0/2,8) <cn " 28E, + cn’ E, .

If we in fact require
1

(24) (14c)e?P*2 < ¢ (c as in (22))

then B (0) c

no/4 ) (by (22)) and this gives

BﬂG/Z(T

-n-2
(25) B(0,n0/4,8) = cn "% E, + on’ E, .

The proof of the theorem is now completed as follows:

First select 1 so that cn2 =< %(nB/B)

2(1-n/p)

2(l—n/p) (with ¢ as in (25)),

then select § so that cn—n_26 < %KHB/S)

(c again as in (25)).
Then, provided the hypotheses 22.4 hold with € satisfying the conditions

required during the above argument (in particular (4), (24) must hold, and

e = Eo(n,k,é) ’ Eo(n,k,ﬁ) as in the discussion leading to (19)) we get

£(0,7p,5) = n2(1/Plg

%

12
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where a = nB/8 . Since we trivially have

1
(J l§lpdu] /P(ﬁp)l_n/p < ﬁl'n/P[j
Bﬁp (0)

we thus conclude that

- ~2 (]~
E,(0,7p,8) = 72 T™/Pg (0,0,7)

as required.

This completes the proof of 22.5 (with 71 in place of 7 ).

§23. MAIN REGULARITY THEOREM: FIRST VERSION

We here show that one useful form of Allard's theorem follows very directly

from the tilt-excess decay theorem 22.5 of the previous section.

23.1 THEOREM  Suppose o € (0,1) and p > n are given. There are constants

€ = €(n,k,0,p) , Y = Y(n,k,0,p) € (0,1) such that if hypotheses 22.4 hold

with T = R" and £ =0, then there 1s a Cl'lbn/p function

u = (ul,...,uk) : E?p(O) - Igg such that a(0) = 0 ,

(1) spt vV N BYD(O) = graph u N BYQ(O) ,
and
(2) p—lsuplu[ + sup]Du] + pl—n/Psup n ]x-y1_(1~n/p)|Du(x)—Du(y)[
,VE€B 0 '
X,y Yp( )
x#y

( i/p . _ 3
< CLE%(O,D,IJH + {J |§[Pd“} pl n/PJ

B (0
p( )
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Before giving the proof we make a couple of important remarks concerning

*

removability of the hypothesis 6 =< 14+€ in 22.4:

23.2 REMARKS

(1) The monotonicity formula in 17.6(1), together with Remark 17.9(1),

-1 p i-n/ 1
evidently implies that if {wn j .lgtde] o Poec 5 then, for
B. (&)
0<o<T< (1-B)p
(%) w o TB () = (tee)o T (B (D))
n [ - n T

_ ) 2 -1 _ -n

< (1+ce) w ((1-8)p) U(B(l_B)D(C))

< (1tee)’ (- ot 0 ue_ (@)

n P

provided C€ spt V N BBp(g) . Then the hypothesis w;lp—nu(Bp(E)) < 2(1-0)

(in 22.4) gives

1 -n

(%%) w "0 W(BL(Z)) = 2(1-0/2) , 0<G<p/2, TEspt VIl Bg,y (€)
provided R = B(n,k,qa,p) is sufficiently small. Thus letting 0 ¥+ 0 we

have

6(7) = 2(1-0/2) U-a.e. C € BBQ(E) .

If 6 is integer-valued (i.e. if V is an integer multiplicity n-varifold)
then this evidently implies 6 = 1 M-a.e. in BBp(g) . Thus, with B0 in
place of p , the hypothesis € £ 1+€ in 22.4 is automatically satisfied,
hence the conclusion of Theorem 23.1 holds with Rp in place of p , even

without the hypothesis 0 < 1+t

* J. Duggan in his Ph.D. thesis [DJ] has shown that in any case the hypothesis
< 1+e can be dropped entirely.
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(2) Quite generally, even if © is not necessarily integer-valued, we
note that if we make the stronger hypothesis w;l p_n u(Bp(g)) < 1+€ (instead

of m;ll o W(B,(E)) = 2(1-0)) , then (¥) above gives (taking B=e)

wr—llo‘nu(BO(C)) <l+ce , 0<0<p/2 , L€ Bep(é’;)ﬂsptv .

Thus again we can drop the restriction 6 =<1+€ in 22.4, provided we make the
assumption w;1 O—n u(Bp(g)) < 1+€ ; then Theorem 23.1 holds with €p in

place of p

Proof of 23.1 Throughout the proof c¢ = c(n,k,a,p) >0 . We are assuming
(1) 1<0<1+e U~-a.e. in B&OH}@tV

(€ to be chosen) and by Remark 23.2(1) (**) we can select e=¢(n,k,0,p)

and B = B(n,k,a,p) such that

(2) w:llo'nu(sc,(c)) <2(1-0/2) , 0<0<p/2, CEB 0 N spt v .

B

By (1), (2) and the tilt excess decay theorem 22.5 (with O in place of p ,
o/2 in place of o , ¢ in place of £ ) we then know that there are

€e=¢(n,k,a,p) , n = nink,a,p) so that, for o<p/2 , [€ spt B p(O)r]spt v,

8

2(1-n/p)

(3) E,(£,0,8) <€ = E.(g,n0,5)) <n E, (2,0,5,)

for suitable Sl . Notice that this can be repeated; by induction we prove

that if 7€ spt V[1B8p(0) , 0 < p/2 , and E*(C,G,SO) < ¢ , then there is

a sequence Sl's of n-dimensional subspaces such that

PR

-1

2(l_n/P)E*(C,nj O,Sj_

(4) E*w,,njo,sj) =n D =PRI (6,5 )

for each j Z 1, and (by Remark 22.6)
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n2 (1-n/p)J

(5) p. -p < ce, (c,n lo,s, ) =c E, (00,5, .

Next we note that E,(g,p/2,R") < 2" E (0,0, RY)
for ¢ ¢ Bp/Z(O) , and hence the above discussion shows that if 22.4 holds

with £=0, T==R and 2 ¢ in place of € (€ as above) then (4), (5)

hold with SO = ®r" and o = p/2 . Thus

2(1-n/p)j n2(1—n/p)j

(6) E(c,njp/z,sj) <n E,(C,0/2, R = ¢ E, (0,0, R%)

and

cn2 (1-n/p)j

(7) lp E,(0,p,RY)

for each j =2 1 (with S, = Rn) . Notice that (7) gives

2 2(1-n/p) j
12 = en? /P g (0,0, 87

for £ > 3= 0 . It evidently follows from (8) that there is S(f) such
that

2(1- .
(9) |2 (1-n/p)j

‘PS(c)”Ps‘ sen E,(0,p,R") .
J

In particular (setting 3j=0)

(10) ¢ E,(0,0,R) .

2
R

Now if r € (0,p) is arbitrary we can choose j = 0 such that

n p<r=np . Then (6) and (9) evidently imply

2(1-n/p)

(11) E, (2, %,S(3)) < c(r/p) E, (0.0, R")

for each [ €¢B p(O) I spt V and each O<r=<p . Notice also that (10), (11)

B
and (2), with o=r , imply

(12) . E,(5,r, RN = ¢ B (0,0, R)(s cg) .
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Hence for sufficiently small € we have from (12) that if G is as in the
1

proof of Theorem 20.2 (with £=¢2"3) then u(B

Bp'vG) =0 (B=RBin,k,a,p) ,

€ = g(n,k,0,p) sufficiently small). That is

(13) spt V() BBp(O) C graph £

for € = e(n,k,a,p) and B = B(n,k,0,p) sufficiently small, where £ is a

Lipschitz function BEO(O) -+ Rk with
1 1
(14) Lip £ = €2n+3 . sup[fi = c €2n+2 .

Now we claim that in fact

0) =
(15) spt V N BSQ( ) = graph £ BBQ(O)
Indeed otherwise by (13) we could choose [ € BED/Z(O) and 0<0<Bp/2
such that
(B2(2) x R)NB, (0) N spt v = ¢
¢ 9
(16)

) x Bns L(0) NspE v £ .

B

Then taking £, € (ﬁg(c) X :Rk)ﬂBBD(O) Nspt V and using (1), (13), (14), (16)
we would evidently have @n(u,g*)< 1 (if ¢ 1is sufficiently small). This

contradicts the fact that @n(u,c)z 1 Y € spt V(]Bp(O) .

Having established (15) we can now easily check (using the area formulae)
1 k n k
that for any linear subspace S = graph £ , where £ = (L7,...,L7): R > R

is linear and |grad 23[5 1 for each j , we have

k . ‘
(17) o ™ J . J |orad £7(x) - graa 2I1% al®x) = ¢ E(Z,0,9)
BO/Z(pRn(C)) =1

for ¢ € (0,Bp/2) (again provided € in (14) is sufficiently small). Using
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(17) and (11) we conclude that for each [ € BBO/Z(O) N spt V there is a

linear function Qg = (E,é, ...,SZ,IZ) : RO+ :Rk such that
n K j i) 2
(18) «r J . } |graa £7(x) - graa 22[ aL® (x)
Br(P n(C)) =1
R
< c(x/p) 2P 5 0,0, 8"

for 0<r<Bp/4 . It evidently follows from this, by letting r ¥ 0 in (18),

that grad fj (pRn(Z;)) = grad 22 for U-a.e. T € spt VﬂBBp/4(O) . Hence
using (18) again, we easily conclude Igrad £7 (xl) = 'grad £J (xz)l =

ce/0) Y £ 0,0, 8" for x /%, €B7(0) , and so
. . [, -x | 1-n/p
(19) lgraa £7(x)) - graa £l(x,)]| = c(—lp—3~} E*(o,p,Rn)é
n n . . . . .
for L -a.e. X%, € BBO/B(O) . Since f is Lipschitz it follows from
this that fect ' ™P Lith (19) holding for every x %, € ng/S(O) . The

theorem now follows with £ =u and Y = B/8 .

§24. MAIN REGULARITY THEOREM: SECOND VERSION

In this section we continue to assume V = g(M,e) is a rectifiable
n-varifold with generalized mean curvature H in U . With §€ (0,1/2) a

constant to be specified below, we consider the hypotheses:

1 <906 u-a.e. , 0¢€ sptvVv, Bp(O)cU

- /e ;.
w o TuB_(0)) = 146, U Igipdu] oI P < s
n ‘ P Bp(O)
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24.2 THEOREM If p > n <s arbitrary, then there are § = §(n,k,p) ,
Y = v(n,k,p) € (0,1) such that the hypotheses 24.1 <mply the existence of
a linear isometry q of B anda u = (ul, RN clri-n/p (ﬁf{lp(o) RS

with 0y =0, B = h B o) ,
with a(0) spt VN Yp(O) g(graph u) N YD( ) and

1—n/pSu 61/4n,

p lx=y |~ Y™} | pux)puty) | = e

o sup|u| + sup|pul+p )
XIYEBYQ(O)

x#y

¢ = cin,k,p)

Before giving the proof of 24.2, we shall need the following lemma.

24.3 LEMMA  Suppose 6 € (0,1/2) and that 24.1 holds. Then there is

B = B(n,k,p,8) € (0,1/2) such that

R ]
(1+c8) <wnlo (B (2)) < 1+e§ , 0<0=Bp , CE spt VN By, (0)

and such that, for any ¢ € spt VﬂBBp(O) , G€ (0,Bp) there s an

n-dimensional subspace T = T(L,0) with

O_lsup{dist(x,T) : x€ spt Vf]BO(C)} =< c61/4n .

Proof First note that by the monotonicity formulae of §17 (see in particular

23.2(1)(*)) we have, subject to 24.1, that

(1) (148 7t < w;lo'nu(acm) = 1+cd , 0<o<p/2,

C€ spt VﬂBBp(O) ; B = B8(nk,p,8) € (0,1/4) , so the first part of the lemma

is proved.

Now take any fixed ¢ ¢ (0,Bp) and suppose for convenience of notation

(by changing scale and translating the origin) that ©=1/2 and =0 . Then

by (1) and 17.6(1) (see in particular Remark 17.9(1)) we have



127

2 2 -n-
(2) f le | == fj o -0 ]? et " Pan = o8
31/2(0) T, Bl(E) T
. 1 1
for ¢ € sptv B1/2(0) , where Tx = (TXM) . Next note that we can select
: -1/4
N points Cl,...,gNE spt Vlel/z(O) B51/4n(0) , N =cf , such that
) N
(3) spt Vf\Bl/z(O) ~ B§1/4n(0) c jgl B61/4n(cj)

(To achieve this, just take a maximal disjoint collection of balls of radius

61/4n

/4 centred in spt Vf1Bl (0) 0) .) Then by using (2) with

~ B (
/2 6l/4n

C = Cj we have

N
f ' I olp [t %aw = cén =62,
B T J

172000 =T,

so that for any given R =2 1 we have

N
(4) olp xto]®srét
=1 T J

/4
x

R4

except possibly for a set of x € Bl/Z(O) N spt V of u-measure =< c

/4

Taking R = R(n,k) sufficiently large and noting u(B 1/4n(0)) = cél (by
' §

(1)), we can therefore find XO ¢ spt VN B (0) such that

gl/4n
1/8 .
Ip l(XO_;j)I < csY/ ;3= 1,..0,N .
TX
0
Since lxol < gl/4n . we then have
1/4 .
(5) lp 1 C,[ = cé /4n ;3= 1l,...,N .
T J
X
0

s C are in the 061/4n neighbourhood of the

That is, all points C N

AR

subspace TX , and the required result now follows from (3).
0
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Proof of Theorem 24.2 Theorem 24.2 in fact now follows directly from
Theorem 23.1, because by combining Lemma 22.2 and the above lemma we see

2
that for any € > 0 there is 6=c€n(

c=c(n,k,p)) such that the
hypotheses 24.1 imply 22.4 with & = 0, 0 replaced by 8p and with

suitable T



CHAPTER 6
CURRENTS

This chapter provides an introduction to the basic theory of currents, with
particular emphasis on integer multiplicity rectifiable n-currents (brieflycalled
integer multiplicity currents), which are essentially just integer n-varifolds
equipped with an orientation.* The concept of such currents was introduced in
the historic paper [FF] of Federer and Fleming; their advantage is that they
are at once able to be represented as "generalized surfaces" (in terms of a
countably n-rectifiable set with an integer multiplicity) and at the same time

have nice compactness properties (see 27.3 below).

§25. PRELIMINARIES: VECTORS, CO-VECTORS, AND FORMS

. P 1
el,...,eP denote the standard orthonormal basis for R and ,...,wP

P

the dual basis for the dual space Al(F?) of R . An(mp),An(RP) denote

the spaces of n-vectors and n-covectors respectively. Thus v € An(RP) can

be represented

v = Z a, ;8 Aeeehey
1<i_ <...<i <P 1°"""n 1 n
1 n

3 " (O] ] 3 3 : = . s n: . 5 .
using "multi-index"™ notation in which o (ll’f"’ln) € Z+ = {(]l,...,jn) B

. . s . _ o . n
each Jg is a positive integer} and In = {o= (11,...,1n)€ Z+ :

P

1= i1<...<infEP} . Similarly any w € AD(R?) can be represented as

* These are precisely the currents called Llocally rectifiable in the
literature (see [FFl], [FH1]); we have adopted the present terminology
both because it seems more natural and also because it is consistent
with the varifold terminology of Allard (see Chapter 4, Chapter 8).
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where W =W A ... AW if o= (i ..,in) € In Such a v (respectively

10 P -
w) is called simple if it can be expressed v A ...AV ~ with vy ¢ B®

(respectively w, A cee AW with wj € /\l(RP)) . We assume An(RP) ’

1

An(RP) are equipped with the inner products < , > naturally induced from

=° (making {e_} , 1™} orthonormal bases) . Thus
o o€I a€I
n,P n,p
ko d P> T 4t
P P P
and
o a
océg "o v OLG% ba ? > ) OLGE "o boc ’
,P n,P n,P
For open U C RP R En(U) denotes the set of smooth n-forms
- i i
w= ] a, &" where a €cC (V) and ax’ = ax Ya...onax D if
Q€T . :
n,p
a = (il, ...,in) € In - dx?  as usual denotes the 1-form given by
] o
25.1 ade) = 2L £ e P
9x

I1f we make the usual identifications of Tx RP and Al(’I‘XRP) with RP and
1 _P , n o n_PpP
A (R ), we are able to interpret w € E (U) as an element of C (U;A R ) ;

we shall do this frequently in the sequel.

+
The exterior derivative En(U) hd En l(U) is defined as usual by

P Baa . o
25.2 aw= ) 7 — ax? A ax
=1 ocEIn,P 8{(
, 3%, 2%,
if w = Z aa dx . By direct computation (using T il " -
afI ax* 9x] 3x7 ax”



131

and dxlA axJ = - deA dxl) one checks that
2 n
25.3 dw = 0 YVweéeE (U .
. a n Q
Given w= Z aa(y)dy € E(W), VSR open, and a smooth
a€L
n,Q

map £ : U+>V , we define the "pulled back” form f#w € En(U) by

25.4 £y = ) a of af Taoonas ™,
u=(11,...,1n)€In’Q
) 3 )
where dfJ is éé_i axt , 9 =1,...,0 .
i=1 23x

Notice that the exterior derivative commutes with pulling back:
25.5 at” = £'a .

We let Dn(U) denote the set of W = Z a@dxa € En(U) such that each aa

o€l
n,pP

has compact support. We topologize Dn(U) with the usual locally convex

o
topology, characterized by the assertion that wk= Z a&k)dx he
Q€T
n,p
o, . . (k)
w = Z ay dx if there is a fixed compact K € U such that spt a, c K
o€l

n,p
YV a€1 , k=1, and if lim DBa(k) = DBa Voaecr and every multi-

n,P o o n,P

index B . For any w € D™(U) , we define

25.6 lw| = sup, <w(x) w(x) >t

Notice that if £ : U » V is smooth (U,V open in RP, PQ) and if £ 1is
proper ({(i.e. f—l(K) is a compact subset of U whenever K is a compact

subset of V) then f#w el n(U) whenever ® € Dn(V) .



132

§26. GENERAL CURRENTS
Throughout this section U is an open subset of R? .

26.1 DEFINITION aAn n-dimensional current (briefly called an n-current) in
U is a continuous linear functional on Dn(U) . The set of such n~currents

will be denoted Dn(U)

Note that in case n=0 the n-currents in U are just the Schwartz
distributions on U . More importantly though, the n-currents, n=1 , can
be interpreted as a generalization of the n-dimensional oriented submanifolds
M - having locally finite Hn-measure in U . Indeed given such an M C U
with orientation & (thus £ (x) is continuous on M with £ (x)= =% TlA ces A Tn

V x€ M, where Tl,...,Tn is an orthonormal basis for TXM)* ; then there

is a corresponding n-current [M] € Dn(U) defined by

26.2 [m] (w) =J <w(x),Ex>dH"(x) , weD W ,
M

where <, > denotes the dual pairing for An(RP) , An(RP) . (That is,

the n-current [M] is obtained by integration of n-forms over M in the

usual sense of differential geometry: [MJ(w) = J w in the usual notation of
M

differential geometry.)

Motivated by the classical Stokes' theorem ( fMd»= faMw if M is a
compact smooth manifold with smooth boundary) we are led (by 26.2) to guite

generally define the boundary JT of an n-current T € Un(U) by

26.3 3T (w) = T(dw) , w€ D™ (W)

*  Thus &(x) € An(TXM) ; notice this differs from the usual convention of

differential geometry where we would take £ (x) € An(TXM) .
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(and 3T = 0 if n = 0) ; thus 0T € Dn- (U) if T € Dn(U) . Here and

1

subsequently we define Dn_l(U) =0 in case n=0 .
Notice that 82T = 0 by 25.3

Again motivated by the special example T = [M] as in 26.2 we define

the mass of T , M(T) , for T ¢ Dn(U) by

26.4 M(T) T(w)

= SR =1, 0eD™ ()

(so that M(T) = H™(M) in case T = [M] as in 26.2). More generally for

any open W C U we define

26.5 B T (w)

SUP | <1, weD™ (u)
Sptwcw

26.6 REMARK  Notice that there is some flexibility in the definition of M ;

we would still get the "correct" value Hn(M) for the case T = [M] if we

ere to make the definition M(T) = su T(w)
” © A S B
weD™ (v)
provided only that || | is a norm for An(RP) with the properties:
(1) <w,£> =|w|| |E] whenever £ € An(JRP) is simple
and
(2) for each fixed simple & ¢ An(IgH , equality holds in (1) for some w #O0.
(Evidently || || = | | is one such norm.) Notice that the smallest possible

norm for An(RP) having these properties is defined by

”(U” = SuPEEAn(RP) Il£l=l<w,<§ >
£ simple

(I I is called the co-mass norm for An(RP).) There is a good argument to

say that one should adopt this norm in the definition of Q(T) (and indeed
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this is usually done - see e.g. [FF], [FH1l]) since, by virtue of the consequent
maximality of M(T) it is more likely to yield equality in the general
inequality M(T) < lim inf g(ﬁMjﬂ) , if {Mj} is a sequence of ct
submanifolds with weak limit T (see 26.12 below). Nevertheless we will here
stick to the definition 26.4, because it has certain advantages (e.g. the
application of the Riesz representation theorem - see below - is cleaner, and

26.4 does yield the "correct" value in the most important case when T is

an integer multiplicity current as in §27.)

Notice that by the Riesz Representation Theorem 4.1 we have that if

T € Un(U) satisfies =MW(T) < YV Wcc U, then there is a Radon measure
> P >
uT on U and uT—measurable function T with values in An(R Y. IT[ = 1
UT—a.e. , such that
-

26.7 T = | <0E),TX)>d,(x) .
UT (the total variation measure associated with T) is characterized by
26.8 UT(W) = SupwEDn(U),lwlil T (w) (:%(T))

SptwC W
for any open W C U . In particular

HT(U) = M(T) .

Notice that for such a T we can define, for any uT—measurable subset
A of U (and in particular for any Borel set A ¢ U) , a new current

T LAac¢ Dn(U) by
26.9 (TL &) (W) =J <w,T> any -
A

More generally, if ¢ is any locally uT—integrable function on U then we

can define TL ¢ € Dn(U) by
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26.10 (TL ¢) (w) = J¢< w, &> a,, -

Given T € Dn(U) we define the support spt T of T to be the

relatively closed subset of U defined by
26.11 spt T = U~Uw

where the union is over all open sets W such that T(w) = 0 whenever
w € D"(U) with spt w ¢ W . Notice that if M (T) < for each WCCU
and if UT is the corresponding total variation measure (as in 26.7, 26.8)
then

spt T = spt UT
where spt uT is the support of PT in the usual sense of Radon measures

in U .

Given a sequence {Tq} c Dn(U) , we write Tq ~ T in U (TE€ Dn(U)) if

{Tq} converges weakly to T 1in the usual sense of distributions:
26.12 Ty~ T > Lin T = Tw) Y we M) .
Notice that mass is trivially lower semi-continuous with respect to

weak convergence: if Tq -~ T in U then

26.13 gW(T) < lim inf Mw(Tq) Y open WCU.
q—yoo

Notice also that by applying the standard Banach-Alaoglu theorem [Roy]

(in the Banach spaces Mn(w) = {r¢ Dn(w): QW(T)<ZW} , W CcC U) we deduce

26.14 LEMMA 17 {Tq} c Dn(U) and Sup ) gw(Tq) <o for eaqch Wcc U,

then there is a subsequence {Tq,} and a T € D_(U) such that Tqr T in U

The following terminology will be used frequently:



136

26.15 TERMINOLOGY  Given T, € Dn(Ul) P T, € Dn(UZ) and an open W C U, n U,

we say Tl =T in W if Tl(w) = Tz(w) whenever W 1is a smooth n-form

2

+
in Rn k with spt w ¢ W .

Next we want to describe the cartesian product of currents TlE Dr(Ul) ’
Py Py
T2€ Ds(U2) ’ Ul c IR P U2C R open. We are motivated by the case when

T, = HMlﬂ and T, = [Mzﬂ (Cf£. 26.2) where M,, M, are oriented submanifolds

of dimension r, s respectively. We want to define T ><T2€ Dr+s(U

« .
1 U2) in

1

such a way that for this special case (when Tj = [Mjﬂ) we get

ﬂMlﬂ X ﬂMzﬂ = HMIXMZH . We are thus inevitably led to the following

26.16 DEFINITION 1f w € vr“smlxuz) is written in the form

w = z aag(x,y)dflA dyB (using multi-index notation as in §26)
< .
(Q'B)elr‘,Pl Is‘,P

r'+s'=r+s

2

then we define

Bl . a
T, % T, (w) = Tl[.«gl TZ[BZ aqg (¥r¥) Ay ]dx ] .

. . . . . _ . r'
(Notice in particular this gives T, XT, (W Aw,) =0 if w, € D w)

w, € DS‘(UZ) with r'+s'=r+s but (r',s') # (r,s).)

One readily checks, using this definition and the definition of 9 (in
26.3) that

X
26.17 8(T1><¢2) = (3T) x T, + (-1) T, X 3T, .

(Notice this is valid also in case r or s=0 if we interpret the appropriate

terms as zero; e.g. if r=0 then B(Tlez) = Tlx 3T2 o)

An important special case of 26.17 occurs when we take T € Dn(U) ’
Ucr® , and we let [(0,1)] be the l-current defined as in 26.3 with

M= (0,1) ¢ R ((04) having its usual orientation). Then 26.17 gives
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26.18 ([0, 1I*T) ({1}-{oh) xT - [(0,1)] x oT

I

{1}xT - {o}x - [(0,1)]x oT .

Here and subsequently {p} , for a point p € U , means the

O-current € DO(U) defined by

26.19 Pt = wm , wed’@ (=cm) .

Next we want to discuss the notion of "pushing forward" a current T
. p ) . C s
via a smooth map £ : U»>V, UCR , VCR open. The main restriction
needed is that f|spt T is proper; that is f_l(K) | spt T is a compact
subset of U whenever K is a compact subset of V . Assuming this, we

can define
26.20 £,T (W) = 1 (z£tw) Vowe DMy ,

o0
where ¢ is any function ¢€ CC(U) such that C = 1 in a neighbourhood of
spt T N spt f#w . One easily checks that the definition of f#T in 26.20

is independent of ¢ . (Of course such { exist and §f#w € Un(U) because

flspt T 1is proper and spt W 1is a compact subset of V .)

26.21 REMARKS

(1) Notice that Bf#T = f#BT whenever £, T are as in 26.20.

(2) 1I1f MW(T) < o for each W CZ U, so that T has a representation
as in 26.7, then it is straightforward to check that f#T is given explicitly
by
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<f# +>
f#T (w) w,T duT

*

J< W (E (%)) ,dfx#¥(x) > auy (%)

Notice that we can thus make sense of f#T in case f is merely C1 (with

f|spt T proper).

(3) 1If T = [M] as in 26.2, then the above remark (2) tells us that
if £] (MNU) is proper,

n
(*) f#T(w) = JM< w(x),dfx#g(x)> aH (x)

where £ is the orientation for M . Notice that this makes sense if f is
only Lipschitz (by virtue of Radeﬁacher's Theorem 5.2). If f is 1:1 and if
Jf is the Jacobian of f as in 8.3, then the area formula evidently tells us
that (since dfx#g(x) = JE(x)T(f(x)) , where T is the orientation for

£mM) , M= {x€M: Jf(x) > 0}, induced by £ )

£,T(w) = <wly), T(y) > &™) .

o -
£(u,)

(Which confirms that our definition of f#T is "correct".)

By using the above notions we can derive the important homotopy formula

for currents as follows:

If £f,9 : U+ V are smooth (VC RQ) and h : [0,1]1 XU >V is smooth

*  For a linear map % : R + R° and for v = ) ae, € An(R?) we define
€T
n,P
Q - -
Lyv€ A (R®) by z#v-ueg a fye = i ) L a fie, )/\.../\,Q,(ein) .
n,P o ll,...,ln) In,P 1 ¥

Then <w,%,v>= <0, v> ,we A (89)

#
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with h(0,x) = £(x) , h(l,x) = g(x) , if T € Dn(U), and if h] [0,1] X spt T
is proper, then (by the above discussion) h#( [to, 1)l x™ is well defined

(€ Dn+l(v)) and

I

Bh#( [co,Ixm h#B([[(O,l)ﬂ X )

h#({l} xT-{0}xT~- [(0,1)] x 1)

Hi

9T - f#T - h#([[(o,l)]]x aT)

Thus we obtain the homotopy formula

26.22 g,T - £,T = Bh#(ﬂ(o,l)]!XT) + h#(ﬂ(O,l)]] X 9T)

Notice that an important case of the above is given by
(*) h(t,x) = tg(x) + (I-t)f(x) = £(x) + t(g(x) - £(x))

(i.e. h is an "affine homotopy" from £ to g ). In this case we note that

by using the integral representation 26.7 and Remark 26.21(2) above that

26.23 M, 0, D] xm) = SUP_ ¢ lf—g[-suprSptT(lde]+|ng|)nza(T)

—_—

(Indeed [(0, )] xT =e; AT and Uy ypuq

Hy

= LlXuT , so by Remark 26.21(2)

we have

h#(H(O,l)]] xT) (w) = J (wh(t,x)),daf e A%(x)> i, (x)dt

(,x)# 1

>
= J <w(h(t,x) ) (g(X)-£(x)) A (tdfx+(l—t)dfx) #T(X)>
duT(x)dt

and 26.23 follows immediately.)
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We now give a couple of important applications of the above homotopy

formula.

26.24 LEMMA If T ¢ Dn(U) P ML(T) QW(BT) <o Ywccu and if £,g:U>V
are c' with £] spt T=g| spt T proper , then f#T = g,T . (Note that
f#T B g#T ‘are well-defined by 26.21(2).)

Proof By the homotopy formula 26.22 we have, with h(t,x)= tg(x) + (1-t)£(x) ,

9,TW) - £,7(w) Sh#ﬂw,hﬂXT)W)+h¢ﬂﬂhDHXBN(M

h#([[(O,l)]lX T)(dw)'*-h#([[(oll)]lx aT) (W)

so that, by 26.23,

[fgum—ggwn[chwudq+gwm|M)m%&@ﬂJﬂﬂ

=0, since £f=g on sptT.

The homotopy formula also enables us to define f#T in case f is merely

Lipschitz, provided f]spt T is proper and gw(T) , QW(BT) <o VY wccu.

In the following lemma we let £(0) = £ by by 00 = o0y, with ¢

a mollifier as in §6.

26.25 LEMA  If T € D (0 , M (T) , M (OT) < VWccuU, andif

£ : U=V 1is Lipschitz with £ | spt T proper, then lim f;O)T(w) exists
o¥0

for each w € vy f#T(w) is defined to be this limit; then

spt £ [og])"u 1

(W) £ 7w

(T) YVWcovVv .

#

Tc f(spt T) and gw(f#T) < (ess sup 1
£

Proof If o, T are sufficiently small (depending on w ) then the homotopy

formula gives
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£yT W) - £, T(w) = h#(l{(o,l)]]xm (dw) + h#([[(o,l)]] X 9T) (w)

where h : [0,1]1 XU + VvV is defined by h(t,x) = t fo(x) + (l~t)fT(x) .

Then by 26.23, for sufficiently small 0, T , we have

£ ,T(w) - £_,T(w)] = c sup £ ~£ | evip £,
o# T# £ 1(K)ﬂsptT
where K 1is a compact subset of V with spt w C interior (K) . Since
fc + £ uniformly on compact subsets of U , the result now clearly follows.

Next we want to define the notion of the cone over a given current
T € Dn(U) . We want to define this in such a way that if T = [M] where M
. . P-1 P . .
is a submanifold of S ¢ R then the cone over T is Jjust HCMH '
Cy = {Ax: x€ M,0<\A<1} . We are thus led generally to make the definition that

the cone over T , denoted 0 X T, is defined by
26.26 0X T =nh,([(,1]xT)

whenever T € Dn(U) with U star-shaped relative to 0 and spt T compact,
where h : R XIJ)+ Ig) is defined by h(t,x) = tx . Thus O X T € Dn+l(U)

and (by the homotopy formula)
30XT = T -0XOT .
The following Constancy Theorem is very useful:

26.27 THEOREM If U <s open in R'(i.e.P =n), if U 18 connected, 1if
T € Dn(U) and dT=0 , then there is a constant c such that T = c[[u]
(using the notation of 26.2 in the special case n=P, M=U; U s of

course equipped with the standard orientation ejh.eahe) .

Proof We are given

(1) T(dw) = 0 whenever w € Un_l(U) .
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Let ¢ (x) = o™ ¢(5'x) , with ¢ a mollifier as in 56, and define

T by
T (W) = T * w)

if  dist(spt w,00) >0 . (¢ *® means (¢, % a) ax A L. n @™ if
1 n o . n -
w=ada& A...Adx , a€C(U); since P=n, any w € D (U) has this

form.)

Now if W cCc U and 0 < dist(W,9U) , we claim there is a constant

c = ¢(T,W,0) such that
(2) Iz ] = cj |w]al™ .
U

Indeed this follows directly from the fact that for fixed 0, W the set

S = {¢0*(u: we D (W , spt WC W, j lwIdLnE 1} is compact in D™ (u) , relative
U

to ‘the nonmj l . By the Riesz Representation Theorem 4.1, we see that (1)
implies
3) To(w)=Ja60 al™, w=aar...nax",
e Leed
a CC(W) .

On the other hand if spt WCW , wWE Dn—l(U) , then

T (W) = T(b x dw) = T(AP  *w) = IT(Y *w) = O

j+1

by (1) . In particular, taking w = a dxlA oo A dxj_lA dx A oo ax® ; SO

that dw =#a/dx7axl .. A ax® , and using (3) we have

JDja 85 at*=0, 3=1,...,n,

for a ¢ C:(U) with spt ac W . This evidently implies that 90 = constant
(depending on 0) on each component of W . The required result now follows

from (3) by letting ¢ ¥ 0 and W 1t U .
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26.28 REMARK  Notice that if we merely have M(3T) < ® then the cbvious
modifications of the above argument (note that (3) still holds) give first

that
| j D,a 6 al™| < ¢ suplal M (9T)

(o]
with ¢ independent of ¢ , for a € CC (U) such that dist(spt a, 9U) > 0.

Thus (see §6 and in particular Theorem 6.3) we deduce that 60 +~ 0 in
k
1 .
Lloc(U) (for some sequence Ok v 0), with 6 ¢ Bvloc (Uy , and (from (3))

(*) Tw=Ja8dLn, w=a dxiA ... A& e D)

Using the definition of E(BT) , we easily then check that _EIW(ST) = [D6| (W)

for each open W C U (and __N_lw(T) = J lel dLn) . Indeed in the present case
n-1 w 2 ‘ 1 -1

n="P,any w¢€?7D (U) can be written w = Z (-1) Jajdx A...ndx? A

=1

1 =)
A L nax™  for suitable aj € C_() , and & = diva axtA LA ax®

ol

for such w (3 = (al,...,an)) . Therefore by (*) above we have

OT(w) = T(dw) = j diva 0 aL”

and the assertion l*=dw(8‘1‘) = |DB| (W) then follows directly from the definition

of M_(3T) and [D8| (in §6).

In the following lemma, for o = (ij,...,i) € zZ" with
1= il< i2< RS in =P, we let pa denote the orthogonal projection of
RP onto R" given by

i i
(xl,..-,xP) P (x l,...,x .

26.29 LEMMA  Suppose E is a closed subset of U , U open in = , with

n _ .- = (3 . < . .
L (P (E)) =0 for each multi-index o (Agr-eeri)) 1< i< dy<e.a<d =

P.

Then T L E =0 whenever T € Dn(U) with I*=4w(T) , gW(BT) <o forevery W CC U .
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i
(@]

26.30 REMARK  The hypothesis Ln(pu(E)) is trivially satisfied if

HYE) = 0, so in particular we deduce T L E 0 if T € Dr(U) with
1

Mo (T, M (T) <@ ¥V wccu and HYE) =0 .

Proof of 26.29 Let w € D"(U) . Then we can write w= | o d ,

fe~)
W€
ma 3 CC(U) , so that

]

Tw =] T,a®) = ] (rle) @™
o4

Qa

#
L (TLo)p] dy
o

(dy = dylA ceu A dyn B yl,...,yn the standard coordinate functions in R" )

Thus
1) T(w) = g Pa#(TL w,) (ay)

{(which makes sense because spt TL wa < spt wu = compact subset of U ).

On the other hand

=
>
e}
3=
=]
—
&
It
=

(P, 3 (TLw )

1A

H(TLo)) <=,

{because for any T € ﬁn_l(U) ’

]

S(TL.wu)(T) (Tl.ma)(df)

T{w_dar)
Q&

i

T(d(w T)) - T(dw AT

= BT(waT) - T(dﬁxﬂ )

thus in fact
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M B (TLw)) = gw(aT)]ma|
+ M) [aw | )

Therefore by Remark 26.28 we have Ga € BV(pOL(U)) such that pd#(TL wa) (1) =

n
< =
J Tregheein en> eadi_ , and hence Poc#(TL wa) L pa(E) 0 because
p(U)
o
Ln(pcx (E)) = 0 . Then, assuming without loss of generality that E 1is closed
< n~
(2) Mip y(TLw))) = Mlp  (TLw)) L (R~p (E)))

= Moy, ((TLw) L (R~p 'p ()

A

P -1
Mrbw)) L (R ~ P, P,E))

=M (rL (R~ p&lpaE)) . monl

=M (Tl (B~ E)) wa]
for any W such that spt WCW C U .
Combining (1) and (2) we then have

M (T) = c Mo (TL (R~ E))

so that in particular
(3) M (TLE) =c M (TL (R~ E)) .
Letting K be an arbitrary compact subset of E , we can choose {Wq} so that
Wy CCU L W CW qoﬁl W, =K using (3) with W=T¥_ then gives
M(TLK) = 0 . Thus 1*__4(TL E) = 0 as required.
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§27. INTEGER MULTIPLICITY RECTIFIABLE CURRENTS

In this section we want to develop the theory of integer multiplicity
currents T € Dn(U) ;, which, roughly speaking are those currents obtained
by assigning (in a H™-measurable fashion) an orientation to the tangent spaces

TXV of an integer multiplicity varifold V . (See Chapter 4 for terminology.)

These currents are precisely those called locally rectifiable by

Federer and Fleming [FF], [FH1].

Throughout this section n =2 1, k =2 1 are integers and U is an open

subset of Rn+k.

27.1 DEFINITION 1f T ¢ Dn(U) we say fhat T is an integer multiplicity

rectifiable n-current (briefly an integer multiplicity current) if it can be

expressed

(*) T (w) =J <w(x),E(x)> 8x)#H (x) , we€ DU ,
M «

where M is an Hn—measurable countably n-rectifiable subset of U , 0 is

a locally H"-integrable positive integer-valued function, and & :M-*An(Rn+k)
is a H'-measurable fupction such that for H"-a.e. point x € M, £E(x) can
be expressed in the form TlA oo A Tn , where Tl,...,Tn form an orthonormal
basis for the approximate tangent space T.M . (See Chapter 3,4.) Thus &£(= %)

orients the approximate tangent spaces of M in an H"-measurable way. The
function © in (*) is called the multiplicity and & is called the
orientation for T . If T is as in (*) we shall often write T= ;(M,@,S).
Notice that there is associated with any such T the integer multiplicity

varifold V = X(M,e) in U -
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27 .2 REMARKS

(1) If T1' T € Dn(U) are integer multiplicity, then so is

2

pT, + P, T, v By P, €&

(2) 1If

3

- - Q
= ;(Ml,el,gl) € Dr(U) , T, o= ;(MZ,GZ,EZ) € Ds(v) (VC R* open) ,

1 2

then T, X T_ €7D
2 r

1 s(U><V) is also integer multiplicity, and in fact

+

T XT =;(M1XM2,6162,£1A£2) .

(3 1If f£:U >V is Lipschitz, T = 1(M,0,§) € Dn(U) (McU) and

f| spt T is proper, then we can define £,T € Dn(V) by

#
M n
(*) f#T(w) =J <w(f(x)),df #E(X)>6(X) aH™ (%)
M x
Since ]deX# E(x)l = JMf(x) (as in §12) by the area formula this can be
written
M
d fx#g(x) n
(*%) £,T(w) = wly) ) 0x) ———— S (v)
# £(M) -1 | e
x€f (y)ﬂM+ xX#
where M _ = {xem: JMf(x)> 0} . Furthermore at points y where the approximate

tangent space Ty(f(M)) exists (which is H' - a.e. y by virtue of the fact
that £(M) is countably n-rectifiable) and where TXM y deX exist

-1 ; . . n M_ - .
VYV x € £ " (y) (which is again for H -a.e. y because TxM , d fx exist

for H%-a.e. x¢ M+), we have

M
d fx#g(x)
(*%%) ._EZ——~————— = TlA e A Tn r
[d°f, £ () |
where Tl,...,Tn is an orthonormal basis for Ty(f(M)) . Hence (**) gives

£, T () = J <wly) , n(y) >N(y) & (y)
£ (M)
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where n(y) is a suitable orientation for the approximate tangent space

Ty(f(M)) and N(y) is a non-negative integer. N, 1 in fact satisfy
M
d fX#E (x)

) B(x) ———— =N(y) n(y) ,
xef_l(y)ﬂM+ la fx#g(x)l

so that for H%-a.e. y € £(M) we have

N(y) = ) B (x)
xef'l(y)ﬂM+

and

th

s 6(x) (mod 2) .
x€£ 1 (y) M,

N(y)

Notice that, in case f is C1 B f#T agrees with the previous
definition in 26.20 (see also 26.21(2)). Notice also that if f : U+ W
is Lipschitz and if V = X(M,G) is the varifold associated with

T = ;(Mlelg) , then

(in the sense of measures) with equality if and only if, for HY - a.e.
y € £(M) , the sign in (***) above remains constant as X varies over

f—l(y) n M+ . In particular we have uf T = uf v in case f is 1:1 .

# #
A fact of central importance concerning integer multiplicity currents

is the following compactness theorem, first proved by Federer and Fleming [FF].

27.3 THEOREM If {Tj} c D (0 1is a sequence of integer multiplicity currents

with
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supjzl(gw(Tj) + gw(aTj)) <o Ywccu,

then there is an integer multiplicity T € Dn(U) and a subsequence {Tj'}

such that Tj, ~T in U.

We shall give the proof of this in Chapter 8. Notice that the existence
of a T € Dn(U) and a subsequence {Tj,} with Tj' -~ T 1is a consequence of
the elementary lemma 26.14; only the fact that T is an integer multiplicity

current is non-trivial.

27 .4 REMARK Note that the proof of 27.3 in the codimension 1 case (when
P=n+l) is a direct consequence of the Remark 26.28 and the compactness

theorem 6.3 for BV functions.

In contrast to the difficulty in proving 27.3, it is quite straight-
forward to prove that if Tj converges to T in the strong sense that
lim Mw(Tj—T) =0 Y wccu, and if Tj are integer multiplicity Vj ,

then T is integer multiplicity. Indeed we have the following lemma.

27.5 LEMMA  The set of integer multiplicity currents in Dn(U) 18 complete

} of semi-norms.

with respect to the topology given by the family {gw Weey

Proof ©rLet {qg} be a sequence of integer multiplicity currents in Dn(U) ,
and {TQ} is Cauchy with respect to the semi-norms EW , W CC U . Suppose

T =1M_,0_, 6 ositive integer-valued on M M countabl
0 Il 0% EQ) ( o P g b My y

n-rectifiable, Hn(MQﬂW) < o for each W cC U.) Then
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- n
(1) M (To=Tp) = jw |9PgP—ngQ|dH < g, Q)

YV P=2Q, where ew(Q) ¥+ 0 as Q » « and where we adopt the convention

£P= 0, GP= 0 on U~ MP . In particular, since ]EPI =1 on MP , we get
(2) J leP-eQ!dHn < g, (@ Vepz2oq,
W

and hence GP converges in Ll(Hn) locally in U to an integer-valued

function 6 . Of course (2) implies
n
(3) HECC, ~ M) U (M~ M) W) < e ()
where M _ = {x€u:0(x)>0} . (1), (2) also imply
D
(4) Jw eP\gP—ngdH = 26,(Q) Yep=9,

and hence by (3) &P converges in Ll(Hn) locally in U to a function §

with values in An(Rn+k) with l£l= 1 and £ simple on M.

Now & (x) € An(T M), H'-a.e. x €M_, and (by (3)) TM =TM

Q xQ Q X Q
except for a set of measure = ew(Q) in M+f1w . It follows that

n
E(x) € An(T M+) for H -a.e. x € M+ and we have shown that gw(TP—T) -0,

x
where T = I(M+,6,E) is an integer n-current in U .

Finally, we shall need the following useful decomposition theorem

for codimension 1 integer multiplicity currents.
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27 .6 THEOREM  Suppose P = n+l (i.e. U 1is open in ") and R is an
integer multiplicity current in Dn+1(U) with M (OR) < YVweccu. Then
T = 3R 18 integer multiplicity, and in fact we can find a decreasing

of locally finite perimeter in

[ee]
sequence of L®* peqsurable sets {Uj}j=~w

U such that (in U )

o 0 '
R= ) [u.0 -} [v.], v.=u~u,, j<O,
jm1 ) oo 3 b j
= )  9fu.l,
L 3j
5=
and
b= ) M ;
T :
in particular
= . Y .
M (T) . gw(aﬂujll) Wccu

j=-

27.7 REMARK  Let * : C:(U;Rn+l) + D™ (u) be defined by

n+1 . . .
sg= § (-1 g axta cooaaxd A add A Lo @™, so that

=1 J

+
d*g = div g dxlA A ax™ 1 . Then for any Ln+1-measurable A C U we have
ala] (*g) = [a] (d*g)
= J Xa div g d ntl ’
18)

and hence by definition of |DXAI (in §6) and M(T) (in §26) we see that
(*) A has locally finite perimeter in U < MW(BHAH)<IW VWwccu,

and in this case
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(**) Mo laD = J DX, | Vwecu
\
> )
ofa] = *\)A , |DXA| a.e. in U .
Here \)A is the inward unit normal function for A (defined on the reduced
boundary 9*A as in 14.3).
Proof of 27.6 R must have the form
R = l(v’e E)

+
where V is an " l—measurable subset of U and &£(x) = te A ... A e,

1 +1

for each x € V . Thus letting

0(x) when x€V and E&(x)

+e. A ...Ne
1

n+1
B(x) =1 -8(x) when x€V and £(x) = —eA...Ae
0 when x¢ v,
we have
(1) R(w) = j ab a™t,
v
w=adca.ondadt e "Ny and  (cf. 26.28)
(2) (R) = 18] at™t , m (m) = | |bd] Vwecou
S W L W

(and 6 € BVlOC(U))

Define

(xeu:0(x)z3}, j€=

(=
]

<
It

{xeU: 6(x)<-1-4}, jz 0

"

c
14

(=}
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Then one checks directly that

fee) (oo}
(3) b= Z Xy, ~ .Z Xy
(XA = characteristic function of A , A c U ) , and hence by (1)

(4)

o
1]

o~ 8

I [od -

[Vjﬂ in U .
j=1 j

0 -

Since T(w) = dR(w) = R(dw) , € D™(U) , we then have

(5) T=3r= ) o3lu.l - } slv.]
1 2 320
= jg_m alus] .

so we have the required decomposition, and it remains only to prove that
each Uj has locally finite perimeter in U and that the corresponding

measures add.
To check this, take wj € Cl(IU with

wj(t) =0 for t = j-1+€ , wj(t) =1, t=z j-¢

o=V, =<1, sup|V!] s 1+43¢ ,
J J
foe] + 1 [ee)
where € € (0,%) . Then if a € C_(U) and g = (gl,...,gn L, gle c () ,
with Ig] = a , we have (since XU = wj o 8 V¥ j) that for any M = N
J
N N
+ x +

(6) J divg ) X, dU‘1=J divg )} ¥, o 8 a®?

U =M j U =M 3

N -
= lim J divg ) . o 6@ gntl
o¥0 ‘U j=M

= -lim J gograad Py g @yan*?
avo ‘u J

1A

(1+3€) lim J a| graan (@ | a ™t
U

ovo
= (1+3¢) { a|pB| = (1+3¢) J ady,,
U U
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by Lemma 6.2 and (2). (Here é(c) are the mollified functions corresponding

to 6 as in 6.2.)

Then, taking M = N , we deduce that each Uj has locally finite
perimeter in U . On the other hand taking M = -N and defining

’E

ﬂVjB we see that (with g as in 27.7) (6) implies
j=0

Ig
= [[U-II"
- L

|RN(d*g)| < (1+3g) JU adu,, ,

and hence, with TN = BRN P

(7) j ady < J ady YN=z21,
U TN U -T
a>0, ac¢t C:(U) . On the other hand by 14.1 we have
N
(8) R (d*q) = ) j aiv g x.. al™*?
N . U.
j=-N ‘U 3
N n
= ‘.Z J « V39 aH™
j=-N ‘9 Uj

where vj is the inward unit normal for Uj and 3*Uj is the reduced

boundary for Uj (see 814 and in particular Lemma 14.3). By virtue of the

fact that U. C U. we see from 14.3(2) that V. = Vv on o*y. N 3*vu
j+1 3 j k 3 k

Y j,k . Hence (8) can be written

T (+g) = -JU veg h aH" ,

N oo
. . *
where hN = .Z Xy #y . and where Vv 1is defined on .E 9 Uj by Vv = Vj
J=-N J © j=-o
on 9*y. . since |V|E1 on U 3*u. this evidently gives
J j=..oo
la & = a dHn
H Py
N
N
= Z J a aH”
j==N < 3*U.
J J
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Letting N = © we thus have (by (7))
b,z Jow .
T . ofu.
o Moluy ]

Since the reverse inequality follows directly from (5), the proof is complete.

27.8 COROLLARY  Iet R be integer multiplicity € D (0) , UC R, Pz nl,
and suppose there is an  (nt+l)-~dimensional ct submanifold N of B with
spt RCNNU . Suppose further that T = 3R and M (T) < Vwccu.

Then T (€ Dn(U)) 18 integer multiplicity and for each point y € NONU  there

is wy ccu,vE€ wy , and HYY easurable subsets {Uj} with

j=_oo

Uj+l c Uj c NNU , gwy(aﬁujﬂ) < Vi, and with the following identities

holding in wy :

o
il

lo.] -
jzlj 3

)

. HU~U~jH

o

) 8ﬂUjB

j=_oo

L]
1]

o

wp = 1 ”aﬂujﬂ :

Jj=—-

Proof The proof is an easy consequence of 27.6 using local coordinate

representations for N .

§28. SLICING

We first want to define the notion of slice for integer multiplicity

currents. Preparatory to this we have the following lemma:
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28.1 LEMMA If M is H'-measurable, countably n-rectifiable, £ <is Lipschitz
on R and M = {xem: [VMf(x) | >0} , then for Ll-glmost all teR the

following statements hold:

(1) M = £ Ny is countably H Y pectifiable

(2) For H ' _ae. xc¢ M_, TM and TM both exist, T.M_ 1S an

(n-1) ~dimensional subspace of M, and in fact

- M .
(*) TxM = {y+AV £(x) : y€ TxMt' AERI.

Furthermore for any non-negative H -measurable function g on M we
have
w 1
J ( J g a* Hyat = j |W™Me| g aH™ .
e Mt M
Proof  In fact (1) is just a restatement of Remark 12.8(2), and (2) follows

from 11.6 together with the facts that for Ll -a.e. t € R and Hn_l—a.e.

x €M
(1) ) € T M (by definition of V'f in §12)
and

(2) <Mex),™> = 0 Ve M .

(This last follows for example from the definition 12.1 of VMf (x) .)

The last part of the lemma is just a restatement of the appropriate version

of the co-area formula (discussed in §12).

28.2 REMARK Note that by replacing g (in 28.1 above) by g X characteristic

function of {x: f(x) <t} we get the identity
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t
|| g aH® = J J g a" tas
-0 JM

S

JMﬂ{f (x)<t}

so that the left side as an absolutely continuous function of t and

d ( [VMf]g aH™ = J' g dHn—l , a.e. £t € R.

9 Jun{s (x) <t} M,

Now let T = L(M,G,E) be an integer multiplicity current in U
. n+k . . . .
(U open in R MCU) , let £ be Lipschitz in U and let 6+ be defined

HM-a.e. in M by

[o ir Ve =o0

0 (x) =
* o e e #0 .

For the (Ll—almost all) t € R such that TXM ; TxMt exist for
Hn—l—a.e. x € M and such that (*) of 28.1 holds, we have

M . . _
28.3 £ L We)/|Ve@)| i simple € A (T M) cA (T M)

and has unit length (for e, xe M) . Here we use the notation

that if v € A (T M) and wé€ T M, then v L w¢éA (T_ M) is defined by
n'ox b4 n-1""x

<vbLw,a> = <v,waa>, a € A (T M) .
n-1"x

Using this notation we can now define the notion of a slice of T by

£ ; we continue to assume T € Dr\(U) is given by T = ;(M,G,E) as above.

28.4 DEFINITION For the (L'-almost all) t ¢ R since that TM , T,
exist and 28.1{(*) holds Hnnl-a.e. X € M, with the notation introduced

above (and bearing in mind 28.3) we define the integer multiplicity current

<Lr,£,t> €D {(U) by

n-1
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where

£ () = £(0) L M /| e ] 6, =0, |m, .

So defined, <T,f,t> is called the slice of T by £ at t .

The main facts concerning the slices <T,f,t> are given in the following

lemma:

28.5 LEMMA
(1) For each open W C U

M n
M _(<T,£,t>)dt =J |Mg|0aH™ < (ess sup . |VE|)mM () .
J.: = MOW MOw S

(2) If %(BT) <o VY wccu, then for Ll—a.e. t € R

<p,f,£ = 3Tl {£<t}] - (dT) L {£<t} .
(3) If 93T <s integer multiplicity in Dn—l(U) , then for 1-a.e. ter
<dT,f,t2> = -<T,£,> .
Proof (1) is a direct consequence of the last part of Lemma 28.1 (with g= G+ ).

To prove (2) we first recall that, since M is countably n-rectifiable,
we can write (see Remark 11.7)

o0
(1) M= U M.,
=0
_ . . n - . . )
where MiﬂMj-—Q YVid#jg, H(MO) 0, and MjCNj =21, with N]
an embedded C1 submanifold of Rn+k . By virtue of this decomposition and
the definition of VM (in §12) it easily follows that if h is Lipschitz

n+k (0)

on R and if h are the mollified functions (as in 8§6) then, as

gy 0,
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{ M
(2) vath‘g) + vV h {weak convergence in LZ(UT))

. - N n . . n+ki
for anyv fixed bounded H -measurable v with values in R . (Indeed to

check this, we have merely to check that (2) holds with Ni in place of Mﬁ

.. R n+k . . .
and with v wvanishing on = ~ Mﬁ ; since Nj is Cl this follows

fairly easily by approximating v by smooth functions and using the fact

(o)

that h converges to h uniformly.)

Next let € > 0 and let vy be the Lipschitz function on R defined

by
1 ; s<t-g
v(s) = linear , t-g<sst
4] A s>t

and apply the above to h = Yof . Then letting w € Un(U) we have

(O)m

3y = ramPuw))

) (o

T(dh(c )dw) i

Aw) + T(h

Then using the integral representations of the form 26.7 for 3T we see that

(3) (3TL h) (W) = Llim 7(an'®

o+0

Aw) + (TL h)(dw) .

Since &£(x) orients T,M , we have

)

(4) <Ex),an' A = <ty (@9 )T A >

O T w>

]

<E(x), (dn

(where ( )T denotes the orthogonal projection of Aq(}gﬁk) onto Aq(TxM)) .
Thus

(o) A }

T (dh W) = J <Ex), (@' ()T A w0 aH®
M

<) LR (x>0 aH”
M
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so that by (2)

(5) lim T(an‘? A w) = J <E(x) L Vh(x), > 8 aH™ .
fep 0] M

By definition 12.1 of VMh and by the chain rule for the composition of

Lipschitz functions we have
M. ' M n
(6) Vh=vy(E)VE H - a.e. on M

(where we set 7Y'(f) = 0 when f takes the "bad" values t or t-¢£ ;
M M n .
note that V h(x) = V £(x) = 0 for H -a.e. in {xeéM: f(x)=c} ,

¢ any given constant).

Using (5), (6) in (3), we thus deduce

(3TL h) () = -~ <L e,w> 8 @

]
M {t-e<f<t}

+ (TL h) (dw) .

Finally we let € ¢ O and we use Remark 28.2 with g = 0 <gL V"'&/|Wg|,w>
in order to complete the proof of (2); by considering a countable dense set
of w € Dn(U) one can of course show that 28.2 is applicable with

M VM R . 1
g=06<LV f/{ f]mu> except for a set F of t having L -measure zero,

with F independent of w .

Finally to prove part (3)‘of the theorem, we first apply part (2) with

9T in place of T . Since 82T = 0 , this gives

<3T,£,£> = 3[(3T) L {£<t}1 .

On the other hand, applying 3 to each side of the original identity

(for T) of (2), we get
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30T L {£<t}1 = -8<T,£,t>

and hence (3) is established.

Motivated by the above discussion we are led to define slices for an
arbitrary current € Dn(U) which, together with its boundary, has locally
finite mass in U . Specifically, suppose gW(T) + EW(BT) < YVWccu.

Then we define "slices"

28.6 < £, > = 9(T L{f<t}) - (1) L{f<t}
and
28.7 <T,f,t,> = =T L{f>th) + QDL (>t} .

Of course <T,f,t+> = <7,f,t_> (and the common value is denoted <T,f,t>)
for all but the countably many values of t such that M(T L{f=th

+ M((dT) L{f=t}) > 0 .

The important properties of the above slices are that if £ is Lipschitz

on U (and if we continue to assume gw(T) + gw(BT) < ¥ W ccU) , then
28.8 spt <T,£,t,> c spt T N {x: f(x)=t}
and, Y open W c U,

M (<T,£,t.>) < ess sup [Df| lim inf nt M (T L{t<f<t+h})
B ht0 -
28.9

gw(<T,f,t_>) < ess supW[Df[ lim inf h-1

= Mo (T L{t-h<f<e]) .
hi{o

Notice that gW(T L{f<t}) is increasing in t , hence is differentiable
for Ll~ a.e t € R and fb 4 (T L{f<that < (7 L{a<f<b}) Thus
T a dt l\=’1W ’ - gw .

28.9 gives
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*b
28.10 I M, (<T,£,£,>) dt < ess Supwlnf! r=4W(TL {a<£<b})
A +

for every open W C U .
1

To prove 28.8 and 28.9 we consider first the case when £ is C and

take any smooth increasing function Y : R +]R+ and note that

(*) I(TL yof) (W) = ((AT) L yof) (w)

(TLoyef) (aw) - ((3T)L yo£) (w)

T(yefdw) - T(d(Yofw))

- T(y'"(£)df Aw) .
Now let € > 0 be arbitrary and choose Y such that
1+€
Y(t)=0 for t<a , Y(t)=1 for t>b , OSY'(t)S-];_; for a<t<b .

Then the left side of (*) converges to <T,f,a+> if we let b ¥ a , and
hence 28.8 follows because spt y' C [a,b] . Furthermore the right side R

of (*) evidently satisfies

1+€
|r| = (SqulDfl)(E) Mo (TL {a<f<p})|w|  (spt waw)
and so we also conclude the first part of 28.9 for f ¢ C:l . We similarly
establish the second part for £ € Cl . To handle general Lipschitz f we

simply use f(o) in place of £ in 28.6, 28.7 and in the above proof, then

let o0 ¥ 0 where appropriate.

§29. THE DEFORMATION THEOREM

The deformation theorem, given below in Theorem 29.1 and Corollary 29.3
is a central result in the theory of currents, and was first proved by

Federer and Fleming [FF].
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The special notation for this section is as follows:

C= [0,11 X ...% [0,1] (Standard unit cube in R F)

+ + j
an= {z=(zl,...,zn k) i 20 € Z} (CIRn+k)
Lj = j-skeleton of the decomposition 8] (z+C)
ze%n+k
of Rn+k.
Lj = collection of j-faces in Lj

+k . .
{z+F:z¢ %n , F is a closed j-~face of c}

]

L. = : FEL.} , >0
50 {pF : F j} p >

(N= (n+k) = [n+k)) denote the

SqpreeerB n+1 k-1

N

+ .
(n+1) ~dimensional subspaces of ]Rn Kk which contain an {n+1)-face of the

standard cube C .

. . +! .
Pj denotes the orthogonal projection of an k onto Sj , J=1,...,n.

29.1 THEOREM (Deformation Theorem, unscaled version)

+k k

Suppose T 1is an n-current in r" (i.e. TE€ Dn(JRth ))  with

M(T) + M(3T) < o . Then we can write
T -P=23R +8 ,

where P, R, S satisfy

with
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n=
=
A

= cM(T) ,

[1}=4

(3P) = cM(3T)

=
z
A

= cM(T) , M(S) < cM(3T)
(c=c(n,k)) , and

spt P U spt R ¢ {x : dist(x,sptT) <2v/n+k}

spt P U spt S ¢ {x : dist(x,sptdT)<2/n+k} .

In case T <8 an integer multiplicity current, then P, R can be

chosen to be integer multiplicity currents (and the B_ appearing in the

F
definition of P are integers). If in addition 3T <s integer

multiplicity*, then S can be chosen to be integer multiplicity.

29.2 REMARKS
(1) Note that this is slightly sharper than the corresponding theorem
in [FF], [FH1], because there is no term involving M(9T) in the bound for

M(P) .

(2) It follows automatically from the other conclusions of the theorem

that M(9S) = cM(9T) . Also, it follows from the inequalities\

=2

(BP),Q(S) < cg(BT) that S =0 and 3P =0 when 3T = 0 .

The following "scaled version" of 29.1 is obtained from the above by
first changing scale x = p—lx , then applying 29.1, then changing scale

back by x =+ px .

* Actually dT automatically is integer multiplicity if T is integer

multiplicity and Q(ST) < © , see Theorem 30.3.



165

29.3 CORCLLARY (Deformation Theorem, scaled version)

Suppose T, dT are as in 29.1, and p > 0 . Then
T~-P=23R+ 38,
where P, R, S satisfy

p= L  B[F] (€ R)
FeLj(p) F F

=
I
"

CM(T) , M(P) = cM(3T)

Iz
z
A

S coM(T) , M(S)

A

comM(3T)

and

spt P U spt R ¢ {x : dist(x,spt T)< 2/n+k p}
spt 0P U spt S ¢ {x : dist(x,sptdT)< 2/n+k p} .

As in 29.1, in case T <is integer multiplicity, so are P, R ; Lf

3T 1s integer multiplicity then so is S .

The main step in the proof of the deformation theorem will involve "pushing"
T onto the n-skeleton Ln via a certain retraction map Y . We first have
to establish the existence of a suitable class of retraction maps. This is

done in the following lemma, in which we use the notation:

centre point of C = (},%,...,%) ,

Q
I

1, (a) = a + Lk—l (a a given point in B%(q)) '

[

n+k . , <
L, (aip) {x¢ R : dist(x,L__ (@) o} (pe (0,3)) .

Note that dist(Lk_l(a), Ln) > % for any point a € B%(q) .
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29.4 LEMMA  For every a € B*(q) there is a locally Lipschita map

v ]Rn+k~ I"k-l(a) N Rn+k~ Lk_l(a)

such that

ve~n _ @) =cnL ., 1p|ann =1 o

Dy(x)| <e/p, Ln+k—a.e. X€C ~ L (a;p) , p€ (0,%) ,
k-1

(c=c(n,k)) , and such that

D(z4x) = z4P(x) , x€ ROTE~ L, (@, z ¢ z™tk

Proof We first construct a locally Lipschitz retraction wo : C~L (a)

k-1

onto the n-faces of C . This is done as follows:

Firstly for each j~face F of C,j =2 ntl , let ag € F denote the
orthogonal projection of a onto F , and let \PF denote the retraction of
F~ {aF} onto OF which takes a point x € F ~ v{aF} to the point vy € 3F

such that x € {aF+ A(y—aF) : A€ (0,11} . (Thus ¢ is the "radial

retraction” of F with a, as origin.) Of course lpF|Z)F = ABF . Notice
also that for any Jj-face F of C , j = n+l , the line segment aaF is
contained in Lk_l(a) ; in fact if JF denotes the set of { such that SQ

(see notation prior to 29.1) is parallel to an (n+l)-face of F , then

(because aaF is orthogonal to F , hence orthogonal to each S,Q, , 2 EJF )
we have
(1) @, < N p e, )
F L L !
JZ,EJF

and this is contained in Lk_l(a) ; because (by definition)

2) L@ = U U (e @) .

2=1 z€Zn+k
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Next, for each j = n+l , define

w‘j’ : U{F_‘~{aF} : F is a j-face of C}
+ U{G:G6 is a (j-1)-face of cC}
by setting
P Fata ) =y,

(Notice that then w(J) is locally Lipschitz on its domain by virtue of the

fact that each WF is the identity on 0oF , F any j-face of C.)

Then the composite w(nfl)o w(n+2)° cee © w(n+k) makes sense on
C ~ Lk_l(a) (by (1)), so we can set
_ g (ntl) o {n+2) o g (ntk)
wo = U} e Y | C Lk_l(a) .

Notice that wo has the additional property that if

z€ Zn+k and x, z+x€ C , then wo(z+x) = z+wo(x) .

(Indeed x, z+x€ C means that either x, z+x are in Ln (where wo is the

identity) or else lie in the interior of parallel j-faces Fl, F2 = z+F1

(jzn+l) of C with =z orthogonal to Fl and aF = z+aF o) It follows
2 1

that we can then define a retraction ¢ of all of C~»Lk_l(a) onto Ln

by setting

Viztx) = 24y (x) , x€C~L _ (a) , z€ z

We now claim that
nt+k

(3) sup|Dw] <c/p on R ~ Lk_l(a,p) , ¢=c(n,k) .

(This will evidently complete the proof of the lemma.)
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We can prove (3) by induction on k as follows. First note that (3)
is evident from construction in case k=1. Hence assume k = 2 and assume
(3) holds in case k-1 replaces k in the above construction. Let x be
any point of interior (C) ~ I _(a;p) , let y = PR @™ is the

radial retraction of C ~ {a} onto 9C) , and let F be any closed

(ntk-1)~-face of C which contains y .

+k-1 +
Suppose now new coordinates are selected so that F C R x {0} ¢ R" k,

n+k-1

and also let Ek_2(a) =1 (&) N mw x {0}) . By virtue of (1) we have

k-1

aF € Lk—l(a) , hence

(4) |y-aF[ z dist(y,L,_; (@) .

+k -

Let Py be the orthogonal projection of Rr" onto Rp+k e {o} (=om ,
. . -1

so that ap = pF(a) . Evidently lpF(x)-aFlz dlst(x,pF (pF(a))) and hence

by (2) we deduce

(5) lpp o) —ap| = dist(x,L,_ (a)) .

Furthermore by definition of y we know that y-a =

hence, applying P+ we have

_ ly-al

T xa| Pp(x-a) .
Hence since |y-a| = 3/4 , we have
(6) ly-a,| = (3/4) |p,(x-a) |/ |x-a]
Now let @ be the retraction of F ~ ik_z(a) onto the n-faces of F
(@ defined as for Y but with (k-~1) in place of k , ag in place of a ,
&L i place of ®™F and ik-z(a) = L,_,(ay) in place of I (a)) .

By the inductive hypothesis, together with (4), (5), (6) we have
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(7 By ] = = , {5&;(y)] = lim sup ’y(z>—y(y)lj
dist(y,L,_,(a)) oy z-y|

—C  (a/3) c.___!.x_’f‘l___
lv-ag| |pF(x—a)[

|x-a|
dist(x,I, (a))

1A

(4/3)¢c

+
Also, by the definition of l[)n k we have that

. ~ n+k itk
@) By x| = T§§5T 5™ 0| = Lim sup LY (T;_i[ el
yrx
Since Y(x) = J)o \pn+k(x) , we have by (7), (8) and the chain rule that

n+k c |x-a]
(x)| = [x-a] dist(x,L,_,(a))

[Bye)| = D v | By

1A

c
dist(x,Lk_l(a))

Proof of Deformation Theorem

We use the subspaces S_,...,S

g N and projections PiseeesPy introdu

at the beginning of the section. Let Fj =CNn Sj (so that Fj is a clo

(n+1)-dimensional face of C ), let xj be the central point of Fj ,

for each j=1,...,N define a "good" subset Gj C Fj n Bl(xj) by
4

g€ Gj = g€ anBi(Xj) and

(T L U p (B (g+z))) = "t
n+k J P
z€Z ﬂSj

(1)

=
=

(T) Ype€ (0,%)

(B to be chosen, Gj = Gj B

ced

sed

and
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We now claim that the "bad" set Bj = Fj(WB (xj) ~ G. in fact has

3 ]

Ln+1-measure (taken in Sj) small; in fact we claim

Ln+1 n+l —lw n+1l Ln+1

(2) (Bj) =20 7B (1) (w .= (B,(0))

n+1 n+l

-

which is indeed small if we choose large [ . To see (2), we argue as follows.

For each b € Bj there is (by definition) a pb€ (0,4) such that

-1 n+l
(3) M(Tk u pj (Bp (btz))) = pr M(T) ,

z€Zn+kﬂSj b

and by the covering theorem 3.3 there is a pairwise disjoint subcollection

{sz(bg)}zﬂlz.“(pz=pbﬂ) of the collection {pr(b)}bEBj such that

(4) B.cUB (b,) .

But then, setting b = b in (3) and summing, we get

2
n+1 n+1 -1 )
B(Z pp' ") M(T) < M(T) (i.e. ] p," =B ),
2 2
(using the fact that {p.'B_ (b +2)} _ is a pairwise disjoint
3 pl 2 2=1,2,...
ZEZn+kﬂsj

collection for fixed j) . Thus by (4) we conclude

n+1 -1 _n+1
L (Bj)sB 55w g

which after trivial re-arrangement gives (2) as required. Thus we have

n+l n+l -1 n+1
L (Gj) > (1-20 B )wnﬂ(%) '

and it follows that

n+k

€3] '

[1 _ gm'-l 20+ 11

n+k, -1
(5) L (pj. (Gj)ﬂBi(q)) > o }wm—k

where g is the centre point (},...,3) of C . (so pj(q)= xj.)

(*) We of course assume T#O0.
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n+1l ~1
i +]
Then selecting f large enough so that 20 wn+1NB < mn+k/(n k) . we
N
see from (5) that we can choose a point a € (1 pj (Gj) n B%(q) . Next let
=1

k

(a)=a+L, . L (a;p) = {xe R™: dist(x,L, . (a)) <p} (as in the proof

Lz
of 29.4) and note that in fact

_ -1
L,_q(aip) = U Py (Bp(pj(a)+z)) .

Then since pj(a) € Gj we have (by definition of Gj)

(6) M(rlrn _, (a;p)) = NB pn+1§(T) Vpe€ (0,3 .

1

Indeed let us suppose that we take B such that 20™" w4 N B_l < wn+k/2(n+k) .

N
Then more than half the ball B%(q) is in the set n pjl(Gj) and hence,
j=1

repeating the whole argument above with 0T in place of T , we can actually

select a so that, in addition to (6), we also have

n+l

(7) M@TL L, (a;0)) = NBp" "M(3T) Vpe (0,%) .
. n+k . .
Now let Y be the retraction of R ~ Lk—l(a) onto L = given in

Lemma 29.4, and let

(8) T TLL j(@ip) » ), = TLL _,(a:p)

so that by (6), (7)

n+l n+l
(9) g(Tp) scp TM(T) ., g((BT)p) = cp  "M(IT) .

Furthermore by 28.10 we know that for each p € (0,%) we can find

p* € (p/2,p) such that

A

(10) M(<T,d,0™>) 55 (T cpM(T) ,

p_Tp/Z) =
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where d is the (Lipschitz) distance function to Lk_i(a)

(d(x) = dist(x,Lk;l(a)), Lip(d)=1) and <T,d,0*> is the slice of T by
d at p* . (Notice that we can choose p* such that (10) holds and such
that <T,d,p*> is integer multiplicity in case T is integer multiplicity

see Lemma 28.5 and the following discussion.)

We now want to apply the homotopy formula 26.22 to the case when

h(x,t) = xbt(P(x)-x) , x € BTH~ L,_,(2i0) , 0>0 . Notice that h is only

Lipschitz on Rn+k<~ Lk_l(a;o) , so we define h# . w# as in Lemma 26.25.

(We shall apply h# ’ w# only to currents supported away from [0,1] X Lk—l

and Lk_l(a) respectively.)

Keeping this in mind we note that by 29.4, (6) and (7) we have

1
(11) MW, -7 ) << o™ = comm
=""#""p "p/2 pn = =
and
[¢] n+1
(12) l‘__'_i(w#((BT)p - (BT)p/z)) = 1 P "M(3T) = cpM(3T) .

Similarly by the homotopy formula 26.22, together with 26.23 and (6), (7)

above, we have

(13) M(hy, ([(0,1)] X (T =T, .))) < cpM(T)
and
(14) g(h#(ﬂ(o,l)ﬂ X ((BT)p - (BT)p/z)) = cpg(BT) .

Notice also that by (6), (10) and 26.23 we have

(15) M(V,<T,d,0*>) < coM(T)

and
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(16) g(h#([[(o,l)]]x <T,d,p*>)) = cpM(T)
Next note that by iteration (11), (12) imply

M@, (Tp—Tp/z\)) ) = 2cpM(T)
(17)

g(w#((BT)p-(BT) V}) = 2cpM(3T)

p/2

for each integer Vv =2 1 , where c¢ is as in (11), (12) (c independent of
V ). Selecting p = 4 and using the arbitrariness of Vv , it follows that
et <
MY, (T-T ) = cM(T)

(18)
B, (3T-(3T) ) = cU(3T)

for each 0 € (0,1) (with ¢ independent of o0 ) .

Now select p = p = 2™V ana ol 1277127V such that (10), (15),

(16) hold with p\*) in place of p* ; then by (15), (16), (17), (18) we

have that

T-T ), h,([(0,1)]x (T-T .
Uy ps) # S 1 p3))

w#(aT—ans) , h#([[O,l)]] x B(T_TQG))

are Cauchy sequences relative to M, and §(<T,d,p3>) + g(w#<T,d,pc )y -0 .

+
Hence there are currents Q, sl € Dn(JRn k) and R1 € Dn+1(Rn+k) such that

( lim M(Q=Yy (T-T ) = 0

o
(19) Lim M(s,-h, ([(0,1)] x3(T-T ,))) = 0

V

lim r__d(Rl—h#([I(o,l)]] X(T_Tp\*))) =0 .

Furthermore by the homotopy formula and 26.23 we have for each Vv
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(20) T-T - U, (T-T )
p¥ # Py

=2 (h#(l[(O, nJ x (T-Tps))

- h#(II(O,l)]] X B(T—Tp\,;)) .

Since BTp* = (BT)p* - <T,d,p3> (by the definition 28.6, 28.7 of slice) we
v v
thus get that

(21) T-Q = 3R1+Sl .
(Notice that @, R1 are integer multiplicity by (19), 28.4, 28.5 and 27.5
in case T 1is integer multiplicity; similarly S1 is integer multiplicity

if 9T is.)

+
Using the fact that Y retracts Rn k. Lk—l(a) onto Ln we know

(by 26.23) that spt w#(T—T ) € Ln , and hence

o3
(22) spt Q C Ln .
k

We also have (since Y(z+C) C z+C ¥z e 2z ) that

spt R, Uspt 9 € {x: dist(x,spt T) < V/n+k }
(23)

spt S, {x : dist(x,spt 9T) < Vn+k }

and, by (18), (19), we have
M(Q) = cM(T) , M(R;) = cM(T)
(24)

M(S;) = cM(3T) .

Also by (18) and the semi-continuity of M under weak convergence, we have
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(25) M(3Q) = Lim inf M(3Y, (T-T )
\Y

lim inf M(y,0 (T_Tp*))
v

IA

cg(BT) .

Now let F be a given face of Ln(i.e. F€ Ln) and let ﬁ = interior of
‘ n n+k
F . Assume for the moment that F c R®"x{0} (c® } , and let p be the
orthogonal projection onto RD'X{O} . By construction of Y we know that

peY = Y in a neighbourhood of any point y¢€ F . We therefore have (since

Q is given by (18)) that
(26) : p#(QLi’*) =olLF .

It then follows, by the obvious modifications of the arguments in the proof

of the constancy theorem (Theorem 26.27) and in Remark 26.28, that

o _ n
(27) QL) (w) = Jo< el A e en,w(x)>-6F(x)dL (x)
F

(IJ“ function SF , and

YV we Dn(Rn+k), for some BV
_ loc

[l
S
=l
D

ol

(28) M(QLF) = J lo lal™ , M((3Q) L #)
F F

Furthermore, since

(QL F-B[F]D (w) = j (6,-B) < e A ... A en,u)(x)>dLn(x)
F

(by (27)), we have (again using the reasoning of 26.28)

ML #- B[F]) = J [eF-B|dL“
(29) P
M@ (QL F - BIF]) =f Ip(x, (0 =81 &
n F
R

where X = characteristic function of F .
F
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Thus taking B = BF such that

(30) min{L™{x¢ F: 6_z g}, L {x€ F: 0 (x) <6} 2

N

{(which we can do because Ln(%) = 1 ; notice that we can take BF € % if

GF is integer-valued), we have by 6.4, 6.6, (28) and (29) that

g@Lﬁ-BpmScJ hﬁﬂ=c§@Lﬁ

(31) F

M3 QL F-B[E])

1A

cj [po | =cttoL #)
#

We also have by 26.30

(32) gLaar=0.
Then summing over F € Ln andusing (31), (32) wehave, with P = z BFHFH ’
Fel
n
that
M

(Q-P) = cM(3Q)
(33) ‘
M(3Q-3P) = cM(3Q)

Actually by (30) we have

(34) |8l =<2 j T
P

and hence (using again the first part of (28)), since M(P) = Z !BFl R
F

(35) M(P) < cM(Q)

Notice that the second part of (33) gives

(36) M(3P) < cM(3Q) .
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Finally we note that (21) can be written
(37) T-P = BRl + (Sl+(Q—P)) .

Setting R = R s =8, + (Q-P) , the theorem now follows immediately from

1’ 1
(23), (24), (25) and (33), (35), (36), (37); the fact that P, R are integer
multiplicity if T is should be evident from the remarks during the course

of the above proof, as should be the fact that S is integer multiplicity

if T, 9T are.

§30. APPLICATIONS OF THE DEFORMATION THEOREM

We here establish a couple of simple (but very important) applications
of the deformation theorem, namely the isoperimetric theorem and the weak
polyhedral approximation theorem. This latter theorem, when combined with
the compactness theorem 27.3 implies the important "boundary rectifiability
theorem" (30.3 below), which asserts that if T is an integer multiplicity
current in Un(U) and if §W(3T) <o Y Wccu, then 03T(€ Dn—l(U)) is
integer mutiplicity. (Notice that in the case k=0 , this has already

been established in 27.6.)

30.1 THEOREM (Isoperimetric Theorem)

n+k

Suppose T € Dn_l(Iz ) 18 integer multiplicity, n = 2 , spt T <& compact
and 08T=0 . Then there is an integer multiplicity current R € Dn(Rn+k)
with spt R compact, OR =T , and
n-1
MR T s cM(T)

where c¢ = c(n,k) .
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Proof The case T = 0 is trivial, so assume T # 0 . Let P, R, S be

integer multiplicity currents as in 29.3, where for the moment p > 0 is

arbitrary, and note that S=0 because 3T=0 . Evidently {since
" ey = o™ vre F__,() we have

-1
(*) M(e) = N(p)p"

for some non-negative integer N{p) . But since M(P) = c M(T) (from 29.3)
- - 1
. L . -1
we see that necessarily N(p) = 0 in (*) if we choose p= (ZCQ(T)) .  Then
P =0, and 29.3 gives T = oR for some integer multiplicity current R
1

with spt R compact and M(R) = cpM(T) = c‘(g(T))n'l.

30.2 THEOREM (Weak polyhedral approximation theorem)
Given any integer multiplicity T € Dn(U) with ¥ (0T) < VWweccu,

there is a sequence {Pk} of currents of the form

(%%) P, = z Bék)ﬂF] ’ (Bék)e z)y Py ¥ 0,
F€ Fn<pk)

such that P, ~ T (and hence also aPk ~93T) in U (in the sense of 26.12).

k
. . +.
Proof First consider the case U =.Rn k and M(T) , M(dT) < e ., 1In this
case we simply use the deformation theorem: for any sequence pk ¥y 0,

the scaled version of the deformation theorem (with p= pk) gives Pk as

in {**) such that
(1) T - P, = 0R,_ + S

for some Rk ’ Sk such that

N

cpkg(T) > 0
(2)

=
©w
T
A

< cp, M(3T) > 0

and
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) = cM(T) , M(3P) = cM(dT)

Evidently {1), (2) give Pk(w) +~Tk(w) YV w € Dn(RF+k), and apk =0

if 9T = 0 , so the theorem is proved in case U = Rn+k and T, T are
of finite mass.
In the general case we take any Lipschitz function ¢ on Rn+k such

that ¢ >0 in U, ¢=0 in RV

~U and such that {x=¢(x)>A} cc U
¥A>0. For L'-a.e. A>0, 28.5 implies that T, 2T L {x: ¢x) >0
is such that Q(BTA) < © , Since spt TA CC U , we can apply the argument

above to approximate T for any such A . Taking a suitable sequence

A

Aj ¥ 0 , the required approximation then immediately follows.

30.3 THEOREM (Boundary rectifiability theorem)
Suppose T 1is an integer multiplicity current in Dn(U) with
M (9T) <@ Ywccu. Then 09T(¢ Dn—l(U)) is an integer multiplicity

current.
Proof A direct consequence of 30.2 above and the compactness theorem 27.3.

30.4 REMARK Notice that only the case BTj= 0 Vi of 27.3 is needed in

the above proof.

§31. THE FLAT METRIC'™ TOPOLOGY

The main result to be proved here is the equivalence of weak convergence

and "flat metric" convergence (see below for terminology) for a sequence of

(¥} DNote that the word "flat" here has #no physical or geometric significance,
but relates rather to Whitney's use of the symbol b (the "flat" symbol
in musical notation) in his work. We mention this because it is often a
source of cenfusion.
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integer multiplicity currents {Tj} c Dn(U) such that
) H M . < © YWccu.
supjzl(gw(Tj) QW(BTJ))

n+k
We let U denote (as usual) an arbitrary open subset of R ,

I ={T¢ Dn(U) : T is integer multiplicity and
M, (T) <@ Y W cc ul},
and
I, =1{T€l : spt TCW, M(T) +M(T) = M}

for any M > 0 and WcCCU .

on I we define a family of pseudometrics {dw}wCCu by

31.1 dw(Tl,T2) = inf{réw(s) +1;1W(R) : T, -T, = dR+ S ,

where R¢ Un+l(U) , S€ Dn(u) are integer multiplicity}

We henceforth assume ] is equipped with the topology given (in the

usual way) by the family {dw} of pseudometrics. This topology is

WccUu
called the "flat metric topology"™ for [ : there is a countable base of

neighbourhoods at each point, and Tj - T in this topology if and only if

dw(Tj,T) + 0 VWccouU.

31.2 THEOREM  Let T, {Tj} c D (U) be integer multiplicity with
1 1 o 7 -~ J 7 »
SLszl{ﬁw(Tj)-fgw(aTj), < VWcCU . Then T, ~ T (in the sense of

26.12) 1if and only +f dw(Tj,T) + 0 for each W cc U .

31.3 REMARK  Notice that no use is made of the compactness thecrem 27.3 in
this theorem; however if we combine the compactness theorem with it, then we

get the statement that for any family of positive (finite) constants



181

{c(W)-}WCCU the set {T€¢ I F MM + M (3T) S c@) VW ce Ul is sequentially

compact when equipped with the flat metric topology.

Proof of 31.2 First note that the "if" part of the theorem is trivial
(indeed for a given W <C U , the statement dW(Tj,T) + 0 evidently implies

(T,-T) @) > 0 for any fixed w ¢ DM (U)  with spt wCwW) ..

For the "only if" part of the theorem, the main difficulty is to

establish the appropriate “total boundedness” property; specifically we show

that for any given € > 0 and W CC Wcc U , we can find N==N(€,W,W,M) and
integer multiplicity currents Pl""’PN € Dn(U) such that

N

c ~(P.

(1) IM,W .Z Be 5Py -

j=1
where, for any P € I , B€ ﬁ(P) = {sel: dW(S,P)< €} . This is an easy

¢

consequence of the deformation theorem: in fact for any o > 0 , 29.3

guarantees that for T € IM we can find integer multiplicity P, R, S

W
such that
(2) T-P = 3R+ S
(3) p= 7 BIF] , B, € =
FeF_(p) F ¥
n
(4) spt P C {x: dist(x,spt T) < 2/n+k p}
(5) M(P) (= z ]BF|pn) < cM(T) < oM
FEFn(p) :
spt R U spt S ¢ {x: dist(x,spt T) < 2/n+k p}
(6)
M(R) + M(S) = cpM(T) = cpM .
Then for p small enough to ensure 2/nt+k p < dist(W,aﬁ) , we see from (2),

(6) that



182

dﬁ(T,P) < cpM .

Hence, since there are only finitely many Pl,...,PN currents P as in

(3), (4), (5) (N depends only on M,W,n,k,p) , we have (1) as required.

Next note that (by 28.5 (1), (2) and an argument as in 10.7(2)) we

can find a subseguence {Tj,} c {Tj} and a sequence {Wi} ) W CCW, L cCcU,

1
o
191 W, =U, such that supj,zlg(B(Tj,L.Wi)) < © ¥i . Thus from now on

we can assume without loss of generality that W CC U and
(7) spt T © W vy .

Then take any W such that W <C § <€ U and apply (1) with

e=1,%,% etc. to extract a subsequence (T.

} from {T.} such
Jr r=1,2,... J

that
detr. r.) <2
r+l Jr
and hence
(8) T. -T. =93R_+ S
Jr+1 ]r o o

where Rr ’ Sr are integer multiplicity,

cw
spt R U spt S, CW

L

g(Rr) + Q(Sr) =7 -
2
Therefore by 27.5 we can define integer multiplicity R(l) ’ S(Q) by the
M - absolutely convergent series
w _ 3 w _ 7
R = Yy R ,877 =7 s _;
r r
r=4, r=4,

then
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uE®) L ue®) <A

and (from (8))

p-r, =™ +sg®

I

Thus we have a subsequence {Tj } of {T.} such that dW(T'Tj ) »~ 0 .

J
2 2
Ssince we can thus extract a subsequence converging relative to dﬁ from
any given subsequence of {Tj} , we then have dW(T'Tj) + Q ; since this
can be repeated with W = Wi ; W= Wi+l Vi (Wi as above), the required

result evidently follows.

§32. RECTIFIABILITY THEOREM, AND PROOF OF THE COMPACTNESS THEOREM.

Here we prove the important rectifiability theorem for currents T
which, together with 0T , have locally finite mass and which have the
additional property that O*n(pT,x) > 0 for uT-a.e. X . The main tool
of the proof is the structure theorem 13.2. Having established the
rectifiability theorem, we show (in 32.2, 32.3) that it is then straight-
forward to establish the compactness theorem 27.3. Although this proof of
compactness theorem has the advantage of being conceptually straightforward,
it is rather lengthy if one takes into account the effort needed to prove
the structure theorem. Recently B. Solomon [SB] showed that it is possible
to prove the compactness theorem (and to develop the whole theory of integer

multiplicity currents) without use of the structure theorm.

32.1 THEOREM (Rectifiability Theorem)
Suppose T € D_(U) is such that Mo (T) + Mo(3T) < @ Ywccu, and

G*n(uT,x) > 0 for Up-a.e. X €U . Then T is rectifiable ; that is
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T=1m0,8 )

where M is countably n-rectifiable, H -measurable, 6 is a positive
locally H"-integrable function on M , and E(x) orients the approximate

tangent space T.M of M for H'-a.e.x € M.
Proof First note that (by Theorem 3.2(1))

(1) HMxew: 0 0>k} s Km0
for W cc U, and hence

(2) HMx€euU: O*n(uT,x)='w} =0 .

Notice that the same argument applies with 9T in place of T in order to

give

(3) H™Mxeu: @*“(uaT,x>=°°} =0.

(Notice we could also conclude Hd{xé U: O*d(uaT,x)=(n} =0 for any 4 >0

by 3.2(1).)

Next notice that, because gW(T)i-gw(ST) < VWccUu, we know

from 26.29 (see in particular Remark 26.30) that (by (2))

(4) ulx€u: e*“(uT,x) =w} =0,

and (by (3))

(5) up{xeus e*“(uaT,}n =w} =0 .

(*) The notation here is as for integer multiplicity rectifiable currents (§27):

IM,0,8) (W) = J <g,w>8 af”
M

although of course 6O is not assumed to be integer-valued here.
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Now let
M= {x€uU;: @*n(uT,x) > 0}

and note by (1) that M is the countable union of sets of finite Hn-measure.
Furthermore by 26.29 we know that uT(P) = 0 for each purely unrectifiable

subset of M , and hence
(6) Hn(P) =0 Y purely unrectifiable P c M

*
by virtue of 3.2(1) and the fact that © n(uT,x) >0 for every x € M (by

definition of M). Then by the structure theorem 13.2 we deduce that
(7) M s countably n-rectifiable.

Furthermore (since O*n(uT,x) > 0 for uT-a.e. X € U Dby assumption), we

have
(8) T=TLM.
Next we note that HT is absolutely continuous with respect to H™
{by (4) and 3.2(2)) , and hence by the differentiation theorem 4.7 we have
up=H L@

where 6 is a positive locally Hn—integrable function on M and 6 = 0

on U ~M . Then by the Riesz representation theorem 4.1 we have
n
(9) T(w) = J <E,w>6 aH" ,
U
n n+k .
for some H -measurable, AnCR )-valued function § , |g| =1 .

It thus remains only to prove that §&(x) orients TxM for H"- a.e. xXeEM.

(i.e. E(X)=FT_A ...A Tn for H"-a.e. X€M , where Tl,...,Tn is any

1

orthonormal basis for the approximate tangent space TXM of M.) To see
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fos]
this, write M= U M. , M. pairwise disjoint, Hn(MO)
=0 3 j
k

-+ .
a c' submanifold of B, j =1 . Now, by 3.5, if 3

0O, M. CN., N,
J J J

v

1 we have, for

H' - a.e. x € Mj ’

*I

(10) 0" (u, U M .x)=0.
r#]
- +
Hence, writing as usual nx }\(y) = A 1(y—x) , we have for any w € Dn (Rn k)
’

that, for all x € M:.| such that (10) holds, and for A small enough to

ensure that spt w C N (o

X, A

_ #
nx,}\#T (W) =T (”x,)\‘*’)

]

J <gm<%>ew“+em),
N. ! -
J

where €(A) - 0 as A ¥+ O . (e()A) depending on x and ® .) That is

T(w) = J <E(x+Az) ;0 (2)>0 (x+Az) H (2) + £ ()
”x,x<Nj)

Nk, A

for all x ¢ Mj such that (10) holds. Since Nj is C1 ’ ;his gives

(11) lim

T = 8(x) j <E(x) . w(z)> aH" (2)
AY0 ! P

for Hn—a.e. x € Mj (independent of w ) , where P is the tangent space
TxNj of Nj at x . Thus (by definition of TxM - see §12) we have (11)

with P = TxM for Hn— a.e. x € Mj . On the other hand by (5) we have

T (w)

o) = aT(n, fu)

My, rt Ny, A#

o (A) as A+ 0

for Hn—a.e. % € Mj (independent of ) . Thus for such x
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(12) lim(3n. .,T) (@) = 0.
o XM

+
On the other hand for UT-— a.e. x € U, for any W cc ]Rn k , we have by (4)
that

(13) lim sup D=4W (nx

T) < o .

Thus (by (11), (12), (13))., for Hn—a.e. x€M , we can find a sequence

)\}Z ¥ 0 such that

T~ 8 , 0s_ =0,

nx,)\ # X X

2
n+k . .
where s _ € Dn (R ) is defined by

(14) s, (@) = 8(x) J <Ex) , wz)> dH ()
P

w € Dn(Rn+k) , P = TxM . We now claim that (14), taken together with the

fact that E)sx = 0 , implies that £&(x) orients P . To see this, assume

(without loss of generality) that P = ]RnX {0} ¢ ]Rn+k and select
. . i i
- + —
w € Dn 1(:IRn k) so that w(y) = yjcb(y)dy l/\ ... N dy n-1 ;, where
1 n+k . . .
V= (Y seeesy Y , 3 = ntl , {11,...,1n_1}C{l,...,n+k} , and
n+k

o € C:(JR } . Then since Yy =0 on R" x{0} we deduce, from (14) and

the fact that BSX =0,

. i i
-1
0 = asx(w) = sx(dw) = 0 (x) j ¢(y)<€(x),dy]/\dy l/\ ...Ady nmts
P
=GM)j PWEM (eghe; A...ne, ) (¥)
P 1 : n-1
. . o n+k . .
That is, since ¢ € CC(IR ) is arbitrary, we deduce that
E(x)e(e.Ne, AN...Ae, ) = 0 whenever Jj = n+l and
114 th-1
{il,...,in_l} c {1,...,n+tk} . Thus we must have (since IE(X)I =1) ,

E(x) = ¢ e A...Ae as required.
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We can now give the proof of the compactness theorem 27.3.

convenience we first re-state the theorem in a slightly weaker form.

For

(See

the remark (2) following the statement for the proof that the previous version

27.3 follows.)

32.2 THEOREM  Suppose {7,} < D_(u) ,

multiplicity for each 3 ,
(*)

and suppose Tj =~ T € Dn(U) Then T

32.3 REMARKS
(1) Note that the general case of

case when U = RP and spt Tj c K for
Tj are as in the theorem and if & € U
argument like that in Remark 10.7(2) we
8(Tj,L Br(E)) are integer multiplicity

place of Tj for some subsequence

(2)

theorem follows by using 30.3.

supjzl(gw(Tj)+~§W(3Tj)) <

{3} < {3}

suppose Tj’ aTj are integer

YVWwccu,

is an integer multiplicity current.

the theorem follows from the special
some fixed compact K ; in fact if
, then by 28.5 (1), (2) and an

know that, for Ll—-a.e. r>0,

and (*) holds with Tj,L Br(g) in

(depending on r) .

The previous (formally slightly stronger) version 27.3 of the above

(Note that the proof of 30.3 needed only the

weaker version of the compactness theorem given above in 32.2; indeed, as

mentioned in Remark 30.4,

Proof of 32.2

independent of n) .

Then assume n = 1 and suppose the theorem is true with n-1

it used only the case

We shall use induction on n with U C RP

BTj =0 of 27.3.

(u,p fixed

First note that the theorem is trivial in case n=0 .

in place of n.

By the above remark (1) we shall assume without loss of generality that

spt Tj C K for some fixed compact K ,

and that U = RP .  Furthermore, by



189

remark (1) in combination with the inductive hypothesis, for each £ ¢ RP

we have

(1) (Tl Br(i)) 18 an integer multiplicity current

(in D (®)) for L'-a.e. r>0.

From the above assumptions U =.RP , spt Tj C K we know that 0 X 9T -7
zero boundary and is the weak limit of 0 ¥ STj- Tj ; since O X 0T is
integer multiplicity (by the inductive hypothesis) we thus see that the
general case of the theorem follows from the special case when 9T = 0 . We

shall therefore henceforth also assume 0T = 0 .
Next, define (for §& € Ig) fixed)
£(r) = M(rLB (£)) , £ >0 .
By virtue of 28.9 we have (since JT= 0)
(2) MG LB (£) £ () , L'-a.e. r>0.

(Notice that £f'(r) exists a.e. r > 0 Dbecause £f(r) is increasing.)

On the other hand if O*n(uT,E) <n (n >0 a given constant), then

lim sup f(p; < n, and hence for each § > 0 we can arrange
pYo wnp
a 1/n 1/n
(3) ar (f (r)) = an n

for a set of r € (0,8) of positive Ll—measure. (Because

= B(ry)dr < 6 6) = w’™n for all sufficiently small &>0.)

§
571 J d (fl/ < 5L gl/n 1/
o dr n

Now by (1) and the isoperimetric theorem, we can find an integer

multiplicity S_ € Dn(mp) such that 3s_ = 3(rLB_(£)) and
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n-1

(4) Ms) " seM@(Tle (8)

n-1

n

scnM(TL B_(£)) (by (2),(3))

for a set of r of positive Ll—measure in (0,68) .* since & was arbitrary
we then have both (1), (4) for a sequence of r + 0 . But then (since we
can repeat this for any £ such that @*n (UT,E) <nn) if C 1is any compact
subset of {x¢ r: @*n(uT,x) <n} , by Remark 4.5(2) we get for each given

0 > 0 a pairwise disjoint family B:.| = ﬁr (gj) of closed balls covering

j
uT—almost all of C , with
(5) U Bj c {x:dist(x,C) < p}
j
and with
) ue?) s el sy

for some integer multiplicity S]Fp) with

(P)

3s." = Le.) .
(7) sJ 9 (T BJ)

(P)

Now because of (7) we have Sj - Tl Bj = 3({5].} X (S:.(ip) - 7L Bj)) , and

hence (by 26.23, 26.26) we have for w € D" (]RP)

) ()

Py _ -
(8) | Ch Tl Bj) @) | = COH (S TL By) | dw]

< coM(TL Bj)[dwl (by (6)).

(p)

Therefore we have Z(Sj

-TLBj)-*O as p ¥ 0, and hence
3

(9) T+ Z(Sj(p) -TlBy) ~T

J

as p ¥ 0 . However since the series I Sgp) and I TLB. are M-absolutely

J J }
convergent (by (6) and the fact that the B:.| are disjoint), we deduce that

the left side in (9) can be written T L (RP~U B.) + % Sgp) and hence
3 ]

* In case n=1, (1), (2), (3) (for n< %) imply 3 (TL Br(g)) = 0, hence we get, in
place of (4), M(s,) sl‘g(TLBr(E)) trivially by taking s, = 0.
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(using (6) again, together with the lower-semicontinuity of gw(w open)

under weak convergence)
uT({x: dist(x,C) <ph) = uT({x : dist(x,C) < pl~C) +

cnuT({x: dist(x,C) < pl) .

N

Choosing 1n such that c¢cn = , this gives

uT({x: dist(x,C) <p) = zuT({x: dist(x,C) <p} ~cC} .
Letting p ¥ 0 , we get UT(C) =0 .

Thus we have shown that G*n(uT,x) > 0 for uT-a.e. X € Ig). We
can therefore apply 32.1 in order to conclude that T = 1(M,8,£) as in 32.1.
It thus remains only to prove that 6 is integer-valued. This is achieved

as follows:

First note that for Ln-a.e. x € M we have (cf. the argument leading

to (11) in the proof of 32.1)

(10) T -~ e(x)[TXM] as A Y 0,

N, A

where ﬂTxMB is oriented by £&(x) . Assuming without loss of generality
that T M = R"x {0} ¢ R and setting d(y) = dist(y,R™x {0}) ,
by 28.5(1) we can find a sequence Xj + 0 and a p > 0 such that

<nx A.#T,d,p> is integer multiplicity with
"3
< > i i
QQ( nx,Aj#T'd'p ) = c¢ (independent of j )

where 0 = BT (0) x R c B . Then by 28.5(2) we have

P._
Sj = (nx A #T) L {y:da(y)<p} is such that, writing @ = Bi(O) X R n C R?,
AL
J

(11) sup (D;IQ(SJ-) + gQ(BSj)) < ® o,

j=1
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Now let p denote the restriction to ! of the orthogonal projection
of ]RP onto :Rn; and let §j be the current in Dn(Q) obtained by
setting §j(w) = sj(&)) , weD@ , ®¢D™®) such that & = in
Q and W = 0 on ]RPN Q2 . Then we have p#gj € Un(Bi(O)) , and hence, by

26.28 and (11) above,

p#gj(w) = J aejdLn , W= adxl/\ L..Aax", a ¢ C:(]Rn) ’
n
B, (0)

for some integer-valued Bvloc(Brll(o)) function Gj with

~ _ n
M (pySy) = J |8]aL
B (@ 8" (0)
(12) 1
M (3p,S.) =J Do, | .
=Bn(0) Py 3j a I Jl
1 B, (0)
1
Then by (11), (12) we deduce J N [Dej[ + j |ej|dl_“ <c,
B, () B} (0)

¢ independent of j , and hence by the compactness theorem 6.3 we know ©
converges strongly in Ll in B;‘(O) to an integer-valued BV function 8
Oon the other hand Sj ~ 8(x)[R™ {0}] by (10), and hence

pyS; ~ 0GR, IR" x {0}] = 80IR"] in B, (0) . We thus deduce that

&l

% 0(x) in Bx]:‘(O) ; thus 6(x) € Z as required.



CHAPTER 7
AREA MINIMIZING CURRENTS

This chapter provides an introduction to the theory of area minimizing
currents. In the first section (§33) .of the chapter we derive some basic
preliminary properties, and in particular we discuss the fact that the
integer multiplicity varifold corresponding to a minimizing current is
stable (and indeed minimizing in a certain sense). In §34 there are some
existence and compactness results, including the important theorem that if
{Tj} is a sequence of minimizing currents in U with supjzl(gw(Tj)4~§W(3Tj))
< YWccu, andif Tj ~ T € Dn(U) , then T is also minimizing in
U and the corresponding varifclds converge in the measure theoretic sense
of §15. This enables us to discuss tangent cones and densities in 8§35, and
in particular make some regularity statements for minimizing currents in §36.
Finally, in 837 we develop the standard codimension 1 regularity theory, due
originally to De Giorgi [DG], Fleming [FW], Almgren [A4], J. Simons [SJ] and

Federer [FH2].

§33. BASIC CONCEPTS

. +k R +k
Suppose A is any subset of Ifl A CU, U open in Igl , and

T € Dn(U) an integer multiplicity current.

33.1 DEFINITION we say that T is minimizing in A if

r;iw(T) < b;iw(s)

whenever W cc U, 3S = 3T (in U) and spt(S-T) is a compact subset of

ANwW.
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There are two especially important cases of this definition:

(1) when A

1]
(=}

(2) when A =NNU,N an (n+k1)-dimensional embedded submanifold of

+
R™™* (in the sense of §7).

As a matter of fact, these are the only cases we are interested in here.

Corresponding to the current T = ;(M,S,E) € Dn(U) we have the integer
multiplicity varifold V = g(M,G) . As one would expect, V is stationary

in U if T is minimizing in U and 3T=0 ; indeed we show more:

33.2 LEMMA  Suppose T <is minimizing in N N U , where N <is an
(n+kl)-dimensﬂonal c2 submanifold of Rn+k(k15k) and suppose 3T = 0 1in
U. Then V <s stationary in N N U <in the sense of 16.4, so that in

particular V has locally bounded generalized mean curvature in U (in

the sense of 16.5).

In fact vV is minimizing in N N U in the sense that

(*) t;lw(V) 5§w(¢#V) ’

whenever W cc U and ¢ <is a diffeomorphism of U such that ¢(NNU) < NNU

and ¢$|u~K = Lok for some compact X ¢ W N N.

Note: Of course N = U (when kl= k) is an important special case; then V

is stationary and in fact stable in U .

33.3 REMARK  In view of 33.2 (together with the fact that 6=1) we can
apply the theory of chapters 4 and 5 to V ; in particular we can represent
T=1IM,,0,,8) where M, is a relatively closed countably n-rectifiable
subset of U, and 6, is an upper semi-continuous function on M, with

8,21 everywhere on M, (and 6, integer-valued H -a.e. on M) .
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Proof of 33.2 Evidently (in view of the discussion of §16) the first claim
in 33.2 follows from (*) (by taking ¢= ¢t in (¥*) , ¢t is in 16.1 with

UNN in place of U) .

To prove (*) we first note that, for any W, ¢ as in the statement of

the theorem,

(1) gw(¢#V) = §W(¢#T)

by Remark 27.2(3). Also, since 0T = 0 (in U) , we have

(2) 3¢#T = ¢#3T =0 .
Finally,
(3) spt(T—¢#T) CKCW .

By virtue of (2), (3) we are able to use the inequality of 33.1 with

S = ¢#T . This gives (*) as required by virtue of (1).
We conclude this section with the following useful decomposition lemma:

33.4 LEMMA  Suppose T, ,T, € Dn(U) are integer multiplicity and suppose

T, + T, is minimizing in A , A C U, and

Mg (7T = Mo (T)) + M (T)

for each w cc u . Then T, , T, are both minimizing in A .

Proof 1et X ¢ Dn(U) be integer multiplicity with spt X ¢c K, X a
compact subset of A N W , and with 09X = 0 . Because Tl + T2 is minimizing

in A we have (by Definition 33.1)

gW(Tl+T2+X) = gw(Tl+T2) .
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However since M _(T_+T, ) = M (T.) + M (T,)) , and M (T +T_+X) < M _ (T +X) +
By (Ty¥Tp) = By (Tp) + My (T By (T1%T5 % Ty

§W(T2) , this gives

gw(Tl) = gw(Tl+X) .

In view of the arbitrariness of X , this establishes that Tl is minimizing

in A N W (in accordance with Definition 33.1). Interchanging T_ , T in

the above argument, we likewise deduce that T2 is minimizing in AN W .

§34. EXISTENCE AND COMPACTNESS RESULTS

We begin with a result which establishes the rich abundance of area

minimizing currents in Euclidean space.
n+k . e .
(R ) be integer multiplicity with spt S compact

and 3s = 0 . Then there is an integer multiplicity current T € Dn(RF+k)

34.1 LEMMA  Let s €D
n-1

such that spt T <s compact and M(T) < M(R) for each integer multiplicity

R € Dn(Rn+k) with spt R compact and R = S .

34.2 REMARKS

L. . +] . C s
(1) Of course T is minimizing in .Rn k in the sense of Definition 33.1.

(2) By virtue of 33.2 and the convex hull property 19.2 we have auto-

matically that spt T C convex hull of spt § .
n-1

3) M@m s cM(s)

by virtue of the isoperimetric theorem 30.1.

Proof of 34.1 rLet

+k
IS = {R¢€ Dn(mn ) : R is integer multiplicity, spt R compact, dR=S} .
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Evidently IS #0 . (e.g. 0Xs € IS' ) Take any sequence {Rq} c Is with
(1) lim M(R_ ) = inf M(R) ,
= R =
q eIs
X n+k
let BR(O) be any ball in R such that spt § C BR(O) , and let
£ Rn+k-+ gR(O) be the nearest point (radial) retract of Rp+k onto
ﬁR(O) . Then Lip f =1 and hence
2 M(f, R = M(R .
(2) M( " q) M( q)
on the other hand Bf#Rq = f#BRq = f#s =S , because ijR(O) = ;BR(O) and
spt S C BR(O) . Thus f#Rq C IS and by (1), (2) we have
(3) lim M(£,R ) = inf M(R) .
g #q REIS =

Now by the compactness theorem 27.3 there is a subsequence {q'} ¢ {gq} and an

+
integer multiplicity current T € DnCRn k) such that f#Rq,

and lower semi~continuity of mass with respect to weak convergence)

=~ T and (by (3)

(4) M(T) < inf; M(R) .

S
However spt T C §;(O) and 9T = lim Bf#Rq| = lim f#aRq, =S , so that
T € IS , and the lemma is established (by (4)) .

The proof of the following lemma is similar to that of 34.1 (and again

based on 27.3), and its proof is left to the reader.

34.3 LEMMA  Suppose N is an (n+kl)—dimensional compact ct submanifold

embedded in R®E and suppose R, € DnLRn+k) 18 given such that OR,; =0,

spt R; ¢ N and
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_ n+k . _ -
IRl = {R¢ Dn(R ) : R-R; = 35S

for some integer multiplicity S € Dn+1(Rn+k) with spt S C N} # @ .

Then there is T € IR such that
1

B = infper  Mwm)

34.4 REMARKS

(1) R-Rl = 3S with S integer multiplicity and spt S € N means

that R, R represent homologous cycles in the n-th singular homology class

1

(with integer coefficients) of N . (See [FH1l] or [FF] for discussion.)

(2) It is gquite easy to see that T 1is locally minimizing in N ;
thus for each & € spt T there is a neighbourhood U of £ such that T

is minimizing in N 1 U .

We conclude this section with the following important compactness

theorem for minimizing currents:

34.5 THEOREM  Suppose {Tj} is a sequence of minimizing currents in U

with supjzl(gw(Tj)-+§W(8Tj)) < ® for each W cc U, and suppose

Tj ~ T € Dn(U) . Then T is minimizing in U and My 7 Mo (in the usual
J

sense of Radon measures in U) .

34.6 REMARKS

(1) Note that UT +-UT means the corresponding sequence of varifolds
B

converge in the measure theoretic sense of §15 to the varifold associated

with T . (T 4is automatically integer multiplicity by 27.3.)

(2) If the hypotheses are as in the theorem, except that spt TjC NjC U

and Tj is minimizing in N,

j {Nj} a sequence of C1 embedded

+
(n+k1)—dimensional submanifolds of Rn k converging in the Cl sense to
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(*)
N , N cU an embedded (n+k1)—dimensional Cl submanifold of :Rn+k , then

T minimizes in N (and we still have uT ks UT in the sense of Radon
]
measures in U) . We leave this modification of 34.5 to the reader. (It

is easily checked by using suitable local representations for the Nj and

by obvious modifications of the proof of 34.5 given below.)

Proof of 34.5 ©ILet K c U be an arbitrary compact set and choose a smooth
¢ : U+ [0,1] such that ¢ = 1 in some neighbourhocd of K , and
spt ¢ € {x€ U : dist(x,K)<e} , where 0<e<dist(K,3U) is arbitrary.

For O0<A<1, let

W, = {x€uU:d(x)>A} .

Then

(1) KCW, ccu

for each A, 0=sA<1.

By virtue of 31.2 we know that dw(Tj,T) + 0 for each W cc U ,

hence in particular we have

- T, =0R,+S., , M_ (R.)+ S. 0
(2) T TJ 3R3+ 5 =w(3) bzdwo( ])-»

0

W, = {x€u: dp(x) >0} .

By the slicing theory (and in particular by 28.5) we can choose
0<a<1 and a subsequence {j'} ¢ {j} (subsequently denoted simply by

{3}) such that
(3) B(RjLWOL) = (BRj) Lwa + Pj

where spt Pj C awa B Pj is integer multiplicity, and

(*) Thus 3 wj: uru, wj[Nj in a diffeomorphism onto N, and Wj - iU locally

in U with respect to the Cl metric.
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(4) b;l(Pj) -0 .
We can also of course choose o to be such that

(5) g(TjL ow,) =0 Vi and M(TLOwW) =0 .

Thus, combining (2), (3), (4) we have

6 TLWw =T.LW_ + 8R, + S,

(6) o 5L ¥y BR] s3
with R, , §. integer multiplicity ®R.=R.Lw ,S. =s.Lw + P.) with

J J 3 J ) J J o4 J

(7)

=

(Ry) +M@Ey >0 .

Now let X € Dn(U) be any integer multiplicity current with 93X = 0
and spt X € K . We want to prove

=W

(8) M (T) < M (T+X) .
[ o

(In view of the arbitrariness of K, X this will evidently establish the

fact that T is minimizing in U. )

By (o), we have

(9) gwa(T+x) = gwa(Tj+x+aRj+sj)

v

T +X+3R.) - M(S.) .
1‘='Iwoc( §HEHORy) = M(Sy)

Now since Tj is minimizing and 3(x+3§j) = 0 with spt(x+8§j) C ﬁa ’
we have
10 T.4X+3R,) = M (T.
(10) QWA(J J) =WA(J)
for A > a . But by (3) we have n=4(af<jL BW,) = M(P)) >0, and by (5)

Q(TjL awa) =0, g(TL Bwa) = 0 . Hence letting A ¥+ o in (10) we get
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D;LWOL(T].+X+3RJ.) z l\éwOL<Tj) - b:i(Pj) '

and therefore from (9) we obtain
(11) gwu(T+X) z gwu(Tj) - Ej ' €. v 0 .

In particular, setting X = 0 , we have
12 (T) = T.) - €. €. ¥+ 0.
(12) By By By Sy E

Using the lower semi-continuity of mass with respect to weak convergence

in (11), we then have (8) as regquired.

It thus remains only to prove that - U in the sense of Radon

T T

3
measures in U . First note that by (12) we have

1i . ,
im sup D;lwa (TJ) < b;lwa (T)

so that (since K ¢ Wu c {x: dist(x,K)<e} by construction)

lim sup Mo (K) =

3 g{x:dist(x,K)<8}(T)

Hence, letting e + O

(13) lim sup e K) = p(®) .
]

(We actually only proved this for some subsequence, but we can repeat the
argument for a subsequence of any given subsequence, hence it holds for the

original sequence {Tj} )

By the lower semi-continuity of mass with respect to weak convergence,

we have

(14) uT(W) < lim inf U (W) Y open W cc U .
J
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Since (13), (14) hold for arbitrary compact K and open W C U , it
now easily follows (by a standard approximation argument) that

ffduT d ffduT for each continuous £ with compact support in U , as
3

required.

§35. TANGENT CONES AND DENSITIES

In this section we prove the basic results concerning tangent cones and
densities of area minimizing currents. All results depend on the fact that
(by virtue of 33.2) the varifold associated with a minimizing current is
stationary. This enables us to bring into play the important monotonicity

results of Chapter 4.

Subsequently we take N to be a smooth (at least C2) embedded

+
(n+k1)-dimensional submanifold of ]Rn k (klsk) , U open in ]Rn+k and

(ﬁ~N) NU=@ . Notice that an important case is when N = U (when kl=k) .

35.1 THEOREM  Suppose T ¢ Dn(U) i¢ minimizing in UNN, spt TC UNN ,

and 3T =0 in U . Then

(1) @n(uT,x) exists everywhere in U and @n(uT,-) is upper semi-

continuous in U ;

(2) For each x € spt T and each sequence {kj} ¥ 0, there is a

k k

N , n+ , n+
X:)\j '#T C in R , where C € Dn (R )
k

is integer multiplicity and minimizing in R,

subsequence {)\j,} such that n
nol}\#c=c Y A>0, and
n n

0 (uc,O) =0 (uT,x) .

35.2 REMARKS

If C is as in (2) above, we say that C is a tangent cone for T
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at x . If spt C is an n-dimensional subspace P (notice that since C
is integer multiplicity and 9C = 0 , it then follows from 26.27 that
Cc = ml[p] for some m € %, assuming P has constant orientation) then

we call C a tangent plane for T at x .

(2) Notice that is not clear whether or not there is a unique
tangent cone for T at x ; thus it is an open question whether or not C
depends on the particular sequence {Aj} or subsequence {Kj,} used in its
definition. Recently it has been shown ([SL3]) that if C is a tangent cone
of T at x such that On(uc,x) =1 for all x € spt c~{0} , then C is
the unique tangent cone for T at x , and hence nx,X#T ~C as A Y O
Also B. White [WB ] has shown in case n = 2 that C is always unique

(with spt C consisting of a union of 2-planes meeting transversely at 0) .

Proof of 35.1 By virtue of Lemma 33.2 we can apply the monotonicity formula
of 17.6 (with o = 1) and Corollary 17.8 in order to deduce that @n(uT,x)
exists for every x € U and is an upper semi-continuous function of x in

U

Similarly the existence of C as in part (2) of 35.1 follows directly
(*)
from Theorem 19.3 and the compactness theorem 34.5 (more particularly from

Remark 34.6 with Nj = ) . Notice that Remark 34.6 establishes first

nx,)\.#N
J
that C is minimizing only in the (n+kg)-dimensional subspace TyN C Rn+k.

. . . n+k .
However since orthogonal projection of R onto TXN does not increase

area, and since spt C C TxN , it then follows that C 1is area minimizing

+
in Rn k.

(*) Actually 19.3 gives no A#VC=:VC for the varifold VC associated with

C , but then x A C(x)=0 and hence C=C by 26.22 with

No, A#
ht,x) = tAx+ (1-t)x .
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35.3 THEOREM™ Suppose T € Dn(U) 18 mintmizging in UNN, spt TCUNN,

and 3T =0 (in U). Then

(1) On(uT,x) € z for all X € U~E , where Hn_3+ugE) =0 Ya>o ;

n—2+a(F) -0

(2) There is a set F CE (E as in (1)) with H
Vo >0 and such that for each x € spt T ~F there is a tangent plane ({see

35.2(1) above for terminology) for T at x .
Note: We do not claim E , F are closed.

The proof of both parts is based on the abstract dimension reducing
argument of Appendix A. 1In order to apply this in the context of currents

we need the observation of the following remark.

35.4 REMARK Given an integer multiplicity current § € Dn(Rn+k) , there

+ +
is an associated function ¢S = (¢g,¢;,...,¢g) :ZRn k-+ RN L ; where

N =

3 » such that (writing Ss(x) = O*n(uslx))
021x) = B_1x) , 02(x) = 6_(E (%) , G=1,....n
Pg 1% s Pl s s S 7 ] Foee e v

j -
where gg(x) is the jth component of the orientation §S(x) relative to the

usual orthonormal basis e, A ...Ae, , 1=i <i_ <...<i = n+k for
i, i 1 2 n
+ +
An(Rn k) (ordered in any convenient manner). Evidently, for any x EiRn k,
bgety) =0y Ly € B,
%, A\#

. n+k
and, given a sequence {Si} c Dn(I+R ) of such integer multiplicity

currents, we trivially have

I ayn J oo .
aH aH" ¥ 5¢ vees = ~
¢Si > 9 je{1,...n} s, ~s

* Cf. Almgren [a2]
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and

>
S. H
i

4] n 0 n
¢SidH - cbs aH H s

(where lpidHn + paH® means J'fwidHn + [epaH™ v £ € CC(RnH{)) _

We shall also need the following simple lemma, the proof of which is

left to the reader.

35.5 LEMMA  Swppose S is mimimizing in R4, 3s = 0 , and

n S =8 Y x € B x {0} c &%

k

., . . +.
for some positive integer m < n . (Recall Ny 1Y "™ y-x, y € r" ) Then
’

s = [R']x s, .

. N . n+k-
where 3sg = 0 and S, ts minimizing in R kem

Furthermore 1f S 18 a cone (i.e. 1N
0, \#
so is S,

Proof of 35.3(1) For each positive integer m and B € (0,3) let

U

n
0B = {x€u:0 (uT,x) < m-B} .

Now T is minimizing in U (1 N , so by the monotonicity formula of 17.6

is

(which can be applied by virtue of 33.2) we have, firstly, that Um B
14

open, and secondly that for each x € Um g there is some ball sz(x)C:Um
14

such that

Un (B (y))
(1) ———n———sm-B/Z Yo<p, y€B (x).
w0 ?

s=s for each A>0) , then

B
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We ultimately want to prove

Hn-3+d[ ®

U {xe¢u
m

s m=1+8< 0% (u_,x) < m—B}} =0
T
m=1

B

for each sufficiently small o, B>0 , and, in view of (1), by a rescaling

and translation it will evidently suffice to assume

g (B ()
(2) B,() =U, ——— =m-B Vo<1l,y€B (0,
w o
Il
and then prove
(3) H* 3% e B (0) - 0% (uy %) = m-148} = 0 .

We consider the set T of weak limit points of sequences Si= nx A #T
i’7i
where |x,|<1-A, , 0<A,<1, with lim x, € B_(0) and lim A,=A20 both
i i i i 1 i

existing. For any such sequence si we have (by (2))
. <
lim sup gw(si)

for each W cc nx A(U) in case A >0, and for each W cc Rp+k in case
’
A =0 . Hence we can apply the compactness theorem 34.5 to conclude that

each element S of T is integer multiplicity and

s . . - 14
(4) S minimizes in nx,AU N nx,AN in case S im nx.,k,#T

with 1lim X, =X and lim ki =)X>0, and

+
(5) S minimizes in all of R"™ in case S = lim n,

1

A 4T
1

with lim X, =x and lim Ai = 0 . (Cf. the discussion in the proof of

35.1(2).)
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For convenience we define

n U in case 1lim >\i> 0 (as in (4))

X, A

Rn+k in case 1lim Ai=0 (as in (5)) .

so that § € Dn(Us) for each S € T .

Now by definition one readily checks that

(7 ‘ N gl =T 0<A<1, [x] <1-n,
and, by (2),

n
(8) @(Us,y)fm—B VyEUS,SeT.

Furthermore by using 34.5 together with the monotonicity formula 17.6, one
readily checks that if Si -~ S (Si,Sé T)Y and if y,yi € Bl(O) with
lim yi = vy , then
(9) 0™ (u.,y) = lim sup 0" (u_ ,v.)
s’ - si’ i’
It now follows from (7), (8), (92) and 34.5 that all the hypotheses of

Theorem A.4 (of Appendix A) are satisfied with (using notation of Remark 35.4)
F = {CPS :S5€T}
and with sing defined by
. n
sing ¢g = {x¢ Ug: 0 (ug,®) =2 m-1+8}

for s € T . We claim that in this case the additional hypothesis is
satisfied with d = n~3. Indeed suppose d= n-2; then there is S€7T and n X#S= S
Yo
. , . +k
Yy €L, A>0 with L an (n-2)-dimensional subspace of ®rYT, L C sing qbs . Since we

k

. + . . . . . n-
can make a rotation of R" to bring L into coincidence with R 2 {0} ,

we assume that L = ]Rn_zx {0} . Then by Lemma 35.4 we have
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s = [R"?] x So v

where SO € Dz(n33 , N = 24k , with S0 a 2-dimensional area minimizing
q

is contained in a finite union U P, of
i=1

2-planes, with P, n Pj = {0} ¥i # j . (For a formal proof of this

cone in ng. Then spt S0
characterization of 2 dimensional area minimizing cones, see for example [WB ].)
In particular, since @n(ps,-) is constant on Pi ~ {0} (by the constancy

+
theorem 26.27), we have that @n(us,y) € Z for every vy € Rp k ;, and by

+
(8) it follows that @n(ps,y) < m-1 Yy r" k . That is, sing ¢s =@, a

contradiction, hence we can take 4 = n-3 as claimed. We have thus established

(3) as required.

Proof of 35.3(2) The proof goes similarly to 35.3(1). This time we assume

(again without loss of generality) that
(1) U= B2(0) ’
and we prove that T has a tangent plane at all points of spt T N Bl(O)

except for a set F c spt T N Bl(O) with

-2+
(2) %% F) =0 Va>o.

T 1is as described in the proof of 35.3(1), and for any S € T and
B >0 we let

RB(S) = {x€ sptS : Bp(x) ¢ Uy and

h(spt SILIQIX) < Bp for some 0] >0

n+k}

and some n-dimensional subspace L of R B

where Us is as in the proof of 35.3(1) (so that S € Dn(US)), and where we

define
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h(sptS,L,p,x) = sup lay=-x)]|

yésptSﬂBp(x)

. . +k
with g the orthogonal projection of r" onto L .

Now notice that (Cf. the proof of 35.3(1))

(2) Mgl =7 v Oo<A<1, || <1-a ,
and
(3) N, R (8) = Rg(M 148) s €T .

Furthermore if S. ~S , S.,S € T , then by the monotonicity formula
17.6 it is quite easy to check that if vy € RB(S) and if yj € spt Sj with
yj +y , then yj € RB(Sj) for all sufficiently large Jj . Because of this,

and because of (2), (3) above, it is now straightforward to check that the

hypotheses of Theorem A.4 hold with (again in notation of Remark 35.4)

F = {¢S: seT}
and

sing ¢S = spt Gn(us,') n Us ~ RB(S)

(Notice that RB(S) is completely determined by ®n(us,°) , and hence this
makes sense.) In this case we claim that d < n-2. Indeed if d > n-2

(i.e. d=n-1) then 3 S € T such that

= > i
nx,A#S IS VxernL, A 0 , and LcC sing ¢S

where L 1is an (n-l)-dimensional subspace. Then, supposing without loss of

generality that L = mp'lx {0} , we have by Lemma 35.5 that

(3) ' s = IR M= sy,
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. . . R . k+1 - R
where S0 is a l-dimensional minimizing cone in R . However it is easy

to check that such a l-dimensional minimizing cone necessarily has the form

SO =mfe] ,

+ .
where m € Z and £ is a l-dimensional subspace of Rk 1. Thus (3) gives

that S = m[L] where L is an n-dimensional subspace and hence

sing ¢s = @ , a contradiction, so d = n-2 as claimed.

We therefore conclude from Theorem A.4 that for each s € T

H“'2+°‘(sptS~RB(S) NB () =0 Va>o0.

If Bj ¥ 0 we thus conclude in particular that

(sptT~ N R, (T) N Bl(O)) =0 Ya>o0.
=1 P5

(4) Hn—2+a

However by (1) we see that

0
x € 0N RB (T) = T has a tangent plane at x ,
=1 73

and therefore (4) gives (2) as required.

§36. SOME REGULARITY RESULTS (Arbitrary Codimension)

In this section, for T € Dn(U) any integer multiplicity current, we

define a relatively closed subset sing T of U by
36.1 sing T = spt T ~ reg T ,

where reg T denotes the set of points & € spt T such that for some p > 0

there 'is an m € Z and an embedded n-dimensional oriented C1 submanifold

M of Rn+k with T = m{M] in Bp(g) .
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Recently F.J. Almgren [A2] has proved the very important theorem that

-2+0, . . . e
H® (sing T) =0 VYo > 0 in case spt TCN, oT=0 and T is minimizing
in N , where N is a smooth embedded (n+k1)—dimensional submanifold of

+ . .

Rn k . The proof is very non-trivial and requires development of a whole

new range of results for minimizing currents. We here restrict ourselves

to more elementary results.

Firstly, the following theorem is an immediate conseqguence of Theorem

24,4 and Lemma 33.2.

36.2 THEOREM  Suppose T € Dn(U) is integer multiplicity and minimizing in
U NN for some embedded c? (n+k1)—dimensional submanifold N of Rn+k,
(N~N) NU =g, and suppose spt T < UNN , OT =0 (in U) . Then reg T

18 dense in spt T .

(Note that by definition reg T 1is relatively open in spt T. ).

The following is a useful fact; however its applicability is limited

by the hypothesis that GD(UT,Y) =1.

36.3 THEOREM  Suppose {Ti} c Dn(U) , T € Dn(U) are integer multiplicity
currents with T, minimizing in U N Ny, T minimizing tn UNN , N, N,
embedded (n+k1)-dimensional c? submanifolds , and spt T, C N, , spt TCN,
BTi =03T =0 (in U) . Suppose also that N, converges to N in the c?
sense in U , Tj ~T in Dn(U) , and suppose y € NNU with @n(uT,y) =1,
y = lim Yy where Y 18 a sequence such that Yy € spt Tj Yy . Then

y € reg T and Y5 € reg Tj for all sufficiently large 3 .

Proof By virtue of the monotonicity formula 17.6(1) (which is applicable

by 33.2) it is easily checked that
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lim sup % (4, +v.) <O (W ,y) =1,
T. “3 T
J
hence (since On(uT ,yj) > 1 by 17.8) we conclude @n(uT ,yj) - Gn(uT,y)= 1.
j J
Hence by Allard's theorem 24.2 we have y € reg T and Yj € reg ‘I‘j for all

sufficiently large j . (33.2 justifies the use of 24.2.)
Next we have the following consequence of Theorem A.4 of Appendix A.

36.4 THEOREM  Suppose T <s as in 36.2, and in addition suppose §& € spt T

18 such that @n(uT,E) < 2. Then there is a p > 0 such that

HR=2%% (ging TNB () = 0 Va>o.

Proof 1Let a = %(Z—On(uT,g)) and let Bp(g) be such that sz(g) c U and

K, (B_(2))
(1) -2 — < 20-0/2)
wnO

YV zé€sptTN BQ(E) , 0<0<p . (Notice that such p exists by virtue of

the monotonicity formula 17.6(1), which can be applied by 33.2.) Assume
without loss of generality that £ =0, p=1 and U= B2(0) , and
define T to be the set of weak limits S of sequences {Si} of the

form S,

= - <A< d i
i nxi’Ai#T , Ixii < (1 ki) , 0 Xi 1, where 1lim X, and

lim Ai = A are assumed to exist. Notice that
. <
lim sup gw(si)

+
for each W ccC nx A(U) in case A > 0 and for each W cC R k in case
1
A = 0 . Hence by the compactness theorem 34.5 any such S is integer

multiplicity in US

+
(Us=nX }\U in case A>0, US=:1Rn kJ'.n case A=0 )
’

and (Cf. the proof of 35.1(2))
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. . . S
(2) S minimizes in nx,XU N nX,AN in case A 0
+
(3) S minimizes in ®" k in case A =0
One readily checks that, by definition of T ,

(4) n T,0<t<1, |y] < 1-1

T

Furthermore we note that (by (1))

(5) @n(us,x) =1, Hg —a.e. x € Ug -

and by Allard's theorem 24.2 there is § > 0 such that
. n
(6) sing s = {x¢€ Ug: 0 (Hg,x) 2 1+8} , s €T .

Now in view of (2), (3), (4), (5), (6) and the upper semi-continuity
of On as in (9) of £he proof of 35.3(1), all the hypotheses of Theorem A.4
of Appendix A are satisfied with F = {¢S: SET} (notétion as in Remérk 35.4)
and with sing ¢S = {x¢€ US: Gn(us,x) > 1+8} (= sing s by (6)). 1In fact we
claim that in this case we may take d=n-2, because if d=n-1 3 s € T and

nx A#s=:s Vx€L , >0 , where LCsing S is an (n-1)dimensional subspace of
14

Rn+k , then (Cf. the last part of the proof of 35.3(2)) we have S = m[Q]

for some n-dimensional subspace Q . Hence sing S = @, & contradiction.

The following lemma is often useful:

36.5 THEOREM  Suppose cC ¢ Dn(mn+k) is minimizing in Rn+k, 3c = 0 , and
C s a cone: Ny € =€ Y A >0 . Suppose further that spt C c H where
+k

H <s an open 3%-space of R with 0 € 9H. Then sptC c 3H .

36.6 REMARK The reader will see that the theorem here is actually valid
with any stationary rectifiable varifold V in :Rn+k satisfying no A#V =V
’

in place of C .
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Proof of 36.5 since the varifold V associated with C is stationary (by
. n+k . 1 .
33.2) in R we have by 18.1 (since (Dr) = 0 Dby virtue of the fact that

C is a cone),

d 6 -n _ =n-1 . (vC
(1) Eﬁp J Mkmuvmwa—p fn&x<Vthvmwc

R R

for each p > 0, where r = |x[ and ¢ 1is a non-negative C1 function
. . . 1 n+k .
on R with compact support, and h is an arbitrary C~ (R ) function.

(Vch(x) denotes the orthogonal projection of grad n+kh(x) onto the tangent
R

space TxV of V at x.)

Now suppose without loss of generality that H = {x= (xl,...,xn+k): x1> 0}
and select h(x) = x1 . Then x'Vch = ef*x = el-xT = rel-VCr , where vT

denotes orthogonal projection of v onto TXV . Thus the term on the right

side of (1) can be written - J n+k(el'Vcr)(rcb(r/p))dpC , which in turn can
R
{eo]

be written -Vcwpduc , where wp(x1 = J

- e
JRn+k 1 . o ]xa
has compact support in R . ) But el-V wa divv(wpel)" and hence the

rp (z/p)dr . (Thus wp

term on the right of (1) actually vanishes by virtue of the fact that V 1is

stationary. Thus (1) gives

-n
b LRm'k x,¢(r/p)du, = const., 0<p<e® .

In view of the arbitrariness cf ¢ , this implies

p_n J xldpC = const.
B _(0)

However trivially we have lim p-n

J x.du, = 0 , and hence we deduce
pY¥0 Bp (0)

17cC

p ™ J x du, = 0 Vep>o0.
Bp(O)
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Thus since Xz 0 on spt C (cH , we conclude spt C C 9H

(=1{x: x1=0}) .

The following corollary of 36.5 follows directly by combining 36.5 and

35.1(2).

36.6 COROLLARY If T 4s as in 36.2, if E€ sptT, if Q isa cv
hypersurface in R such that £E€Q and if spt T is locally on one
side of Q mnear & , then all tangent cones C of T at & satisfy

spt C € T,0 N T,N .
S

g

§37. CODIMENSION 1 MINIMIZING CURRENTS

We begin by looking at those integer multiplicity currents T € Dn(U)

with spt TCNNU, N an (n+l)-dimensional oriented embedded submanifold

n+k

of R with (N~N)NU =@ and such that
(*) oT = [E]
(in U), where E is an Hn+1-measurable subset of N . (We know by 27.8, 33.4

that all minimizing currents T € Dn(U) with OT=0 and spt T in N can be

locally decomposed into minimizing currents of this special form.)

37.1 REMARK The fact that T has the form (*) and T is integer multiplicity
evidently is equivalent to the requirement that if V C U is open, and if ¢

+
is a C2 diffeomorphism of V onto an open subset of r" k such that

. +1 L .
¢(VAN) = G, G open in R, then ¢ (E) has locally finite perimeter
in G . This is an easy consequence of Remark 26.28, and in fact we see from

this and Theorem 14.3 that any T of the form (*) with gW(T) <

VW cc U is automatically integer multiplicity with
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(*%) % (r,x) =1, u.-a.e. x €U .

T

We shall here develop the theory of minimizing currents of the form (*) ;
indeed we show this is naturally done using only the more elementary facts
about currents. In particular we shall not in this section have any need
for the compactness theorem 27.3 (instead we use only the elementary‘compactness
theorem 6.3 for BV functions), nor shall we need the deformation theorem and

the subsequent material of Chapter 6.

The following theorem could be derived from the general compactness

theorem 34.5, but here (as we mentioned above) we can give a more elementary

. +k
treatment. In this theorem, and subsequently, we take U C IJI to be open,

and ( will denote the collection of (n+l)~dimensional oriented embedded
2 . n+k . =
C“ submanifolds N of R with (N~N) N U=#¢, NNU#® . A seguence

{Nj} c 0 is said to converge to N € 0 in the c? sense in U if there

are orientation preserving C2 embeddings wj : NN U ~» Nj with wj -+ lNﬂU
locally relative to the C2 metric in NN U . In particular if x € N
then N, AN converges to TXN in the C2 sense in W as A ¥ 0, for

14

+
each W CC Rn k.

In the following theorem p is a proper C2 map U~ NN U such that,

in some neighbourhood V ¢ U of NNU , p coincides with the nearest point

projection of V onto N . (Since the nearest point projection is C2 in

some neighbourhood of NN U it is clear that such p exists.)

37.2 THEOREM (Compactness theorem for minimizing T as in (*))

n+1

Suppose T €D @ . T, = aﬂEjﬂ(in U) , E. H ~T-measurable subsets of

J
erlU . Ny €0, Ny >N € 0 inthe c? sense described above, and suppose

T, ts integer multiplicity and minimizing in U N N. .
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Then there is a subsequence {Tj,} with Ty, T tn D (U) , T integer

in Ll (Hn+l

multiplicity, T = 9[E] (in U) , XP(Ej.) T Xg 1oc

A0) BT

(in the usual sense of Radon measures) in U, and T <8 minimizing in

NNu.

37.3 REMARKS
(1) Recall (from Remark 37.1) that the hypothesis that Tj is integer

multiplicity is automatic if we assume merely that Mw(Tj) < Vwcecu.

(2) We make no a-priori assumptions on local boundedness of the mass
of the Tj (we see in the proof that this is automatic for minimizing

currents as in (*)).

(3)y Let hi{x,t) = x+t(p(xX)-xX) , X€U , 0st=<1 . Using the homotopy
formula 26.22 (and in particular the inequality 26.23) together with the
fact that Nj +N in the C2 sense in U , it is straightforward to check

that

Tj-T = aRj ’ Rj = h#(ﬂ(orlm X Tj) + P#EEjﬂ - [E]

with
¥W(Rj') -+ 0 VWcu,

rovided that

> Xg as claimed in the theorem. Thus once we establish

)
Xp(E ) - XE for some E , then we can use the argument of 34.5 (with Sj= 0)
EN
J

in order to conclude

(1) T 4is minimizing in U
., - uT in U .
J

(Notice we have not had to use the deformation theorem here.)
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In the following proof we therefore concentrate on proving Xp(E ) - XE
j'

. 1 n+1 .

in LloC(H ,NNU) for some subsequence {j'} and some E such that

3[E] has locally finite mass in U . (T is then automatically integer

multiplicity by Remark 37.1.)
Proof of 37.2 We first establish a local mass bound for the Tj in

Us: if & €N and Bp () c U, then
0

1 ,n 1
(1) g(TjL Bp(i)) =3 H (3Bp(€)le) , L7 ale. pe (O.DO) .
This is proved by simple area comparison as follows:

With r(x) = |x—£] , by the elementary slicing theory of 28.5(1), (2)
we have that, for tt-ae. o € (O,po) , the slice <|[Ej],r,p> (i.e. the

slice of |IEj]] by aBp(g)) is integer multiplicity, and (using Tj=31[Ej]]) .
E.B = T.LB + E.|l,x, .
aujn p@ﬂ JL p@) <[ ﬂ r,p>
Hence (applying 9 to this identity)
e 1.. ‘
a(TjLBp(F,)) = a<[[Ej]],r,p>, L"-a.e. pe (0,pg) -
But by definition 33.1 of minimizing we then have
1
L}(TJLBQ(E)) = I='4< ﬂEj]]rrrp>r L™ -a.e. pE€ (pro) .
Similarly, since —Tj is also minimizing in NN U ,
~ 1
M LB €) = M<[ESL xp>, [T -ace. p€ (0ipg)
where Ej =NNU~ Ej . Thus
(2) uer LB, (8) = minlu[eylx 0>, ¥<IE; L r,0>}

for Ll- a.e. p € (O,po) . Now of course ﬂﬁjﬂ + ﬂEjH = [NNU] , so that
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(for a.e. p€ (O,DO))
<[Ej]],r,p>+<|[Ej]1,r,p>=<N,r,p>

and hence (2) gives (1) as required (because M(N,x,0>) = Hn(NﬂE)Bp(g))

by virtue of the fact that |Dr| =1 , hence ]VNr] =1) .

Now by virtue of (1) and Remark 37.1 we deduce from the BV compactness
theor 6.3 that ubsequence of converges i
orem at some s q {XP(Ej.)} {XP(Ej)} verg in

1 ( Hn+1

+
Toc ,NNU) to Xg where ECN is H""l-measurable and such that

3[E] is integer multiplicity (in U) . The remainder of the theorem now

follows as described in Remark 37.3(3).

37.4 THEOREM (Existence of tangent cones)
Suppose T = d[E] € D_(u) <is integer multiplicity, with ECNNU ,
NE€EO, and T <s minimiging in UNN . Then for each x € spt T and each

sequence D\j} V¥ 0 there is a subsequence {Aj,} and an integer multiplicity

k +k

+ . e .
C € Dn(JRn ) with C minimizing in r" , 0€ sptcCcc TN,

On(uc,O) = @n(uT,x) , c=0lrl, F an H*'measurable subset of TN,

k . 1 Hn+l

. n+
Y tn R , me L ©) > Xp T Lloc( ’TxN) ,
"3

where p 1is the orthogonal projection of rME onto TN, and

(2) ”o,x#c =C, no'AF =F YA>0.

37.5 REMARK  The proof given here is independent of the general tangent

cone existence theorem 35.1.

Proof of Theorem 37.4 As we remarked prior to Theorem 37.2, N,y N
AL
J

. . +k
converges to TXN in the 02 sense in W for each WccC Rn . By the
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compactness theorem 37.2 we then have a subsequénce Aj' such that all the
required conclusions, except possibly for 37.4(2) and the fact that 0¢€ spt C,
hold. To check that O0€ spt C and that 37.4(2) is valid, we first note by
33.2 that the varifold V associated with T is stationary in NN U (and

that V therefore has locally bounded generalized mean curvature H in

NN U) . Therefore by the monotonicity formula 17.6(1), and by 17.8, we have
(1) On(uv,x) exists and is = 1 .
Since U -+ U, , we then have @n(u ,0) = @n(u ,x)21 , so 0O€sptcC,
n T C C T
X,Xj#

and by 19.3 we deduce that the varifold VC associated with C is a cone.
s . - - n+k .
Then in particular x A C(x) = 0 for uc-a.e. x € R and hence, if we
let h be the homotopy h(t,x) = tx+ (1-t)Ax , we have h#(ﬂ(O,l)BX Cy=0,
and then by the homotopy formula 26.22 (since 3C=0 ) we have no A#C==C
14
as required. Finally since spt C has locally finite Hn—measure (indeed

by 17.8 spt C is the closed set {yGIRn+k: @n(uc,y)z 1}), we have

el = [F1 ,

n+1 Hn+1

where F is the (open) set {y¢€ T N~ spt C: €] ( /TN, Y) = 1} . Evidently

no A(%) = F (because no >\(spt C) = spt.C) . Hence the required result is
1 I

established with F in place of F .

37.6 COROLLARY" Suppose T is as in 37.4 and in addition suppose there is

an n-dimensional submanifold I embedded in rYE

with x € L ¢ NNU for
some x € spt T , and suppose spt T ~ I lies locally, near x , on one
stde of L . Then x € reg T . (reg T is as in 36.1.)

Proof 1et c = 3[r] (FCT N) be any tangent cone for T at x . By

assumption, sptl[F] ¢ B, where H is an open %-space in TN with

0 € 3H . Then, by 36.5, spt C ¢ 3H and hence by the constancy theorem 26.27,

* Cf. Miranda [MM1]
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since C is integer multiplicity rectifiable, it follows that ¢ = #3[ul .

However spt[F] ¢ H, hence C = +3[H] . Then @Q(uc,y) =1 for v € 9H ,

and in particular On(uC,O) (= @n(uT,x)) =1, so that x € reg T (by

Allard's theorem 24.2) as required.

We next want to prove the main reqgularity theorem for codimension 1

currents. We continue to define sing T , reg T as in 36.1.

37.7 THEOREM  Suppose T = 3[E] ¢ Dn(U) is integer multiplicity, with

E

n

Y

C

<

e}

NNUu, N€O0, and T minimizing in NN U . Then singT =0 for
. . .. . n-7+0 , .
6, sing T is locally finmite in U for n=7, and H (sing T) =0

>0 in case n > 7.

Proof We are going to use the abstract dimension reducing argument of

Appendix A (Cf. the proof of Theorem 36.4).

To begin we note that it is enough (by re-scaling, translation, and

restriction) to assume that

(1)

U= B2(0)

and to prove that

(2)

sing T N B, (0) = ¢ if n<6 , sing T N B, (0) discrete if n=7 ,

K74 (ging T NB (0)=0 Vo>0 if n>7

Let T be the set of currents as defined in the proof of 36.4f and for

n+k

+
each S € T let ¢S be the function : R - RY 1 associated with S as

in Remark 35.4. Also, let

F = {¢S: seT}

and define

*

We still have On(us,x)= 1 for Ug-a.e. x € Ug + this time by 37.2and 37.1 (*%*).
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sing ¢s = sing S .

(sing S as defined in 36.1.)

By Theorem A.4 we then have either sing S = @ for all s € T (and

hence sing T=@) or
(3) dim Bl(O)ﬂ sing s =4 ,
where d € [0,n-1] is the integer such that

dim Bl(O) Nsing s =d for all s €T

and such that there is S € T and a d-dimensional subspace L of ZRn+k
such that
= >
nx,K#S S Yxe€e€L, A>0
and
(4) sing 8 = L .

Ssupposing without loss of generality that L = I#EX{O} , we then (by Lemma

35.5) have
(5) s=|[Rd]}xso

. NI . n+k=-1 X X
where BSO =0, S0 is minimizing in R , and sing SO = {0} . (With
S as in (5), sing S = {0} = (4).) Also, by definition of T , spt S c some
(n+1) ~-dimensional subspace of :Rn+k , hence without loss of generality we

. . . S e . n-d+1 .

have that S is an (n-d)~-dimensional minimizing cone in R with

0

sing s, = {0} . Then by the result of J.Simons (see Appendix B) we have

n-d > 6 ; i.e. d < n-7 . Notice that this contradicts d = 0 in case n<7.
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Thus for n < 7 we must have sing T = § as required. If n=7 , sing T

is discrete by the last part of Theorem A.4.

37.8 COROLLARY If T s as in 37.7, and 2f T, € Dn(U) is obtained by

1
equipping a component of reg T with multiplicity 1 and with the orientation

of T , then BTl =0 (Zn U) and T, <s minimizing in U N N .

1
37.9 REMARK wNotice that this means we can write

(*) T= ) T,,

where each Tj is obtained by equipping a component Mj of reg T with

multiplicity 1 and with the orientation of T ; then Mi n Mj =0

Vi # 3, BTj =0, and Tj is minimizing in U Vj . Furthermore (since
n

uT (Bp(x)) > cp for Bp(x) C U and x € spt Tj by virtue of 33.2 and the

J

monotonicity formula 17.6(1)) only finitely many Tj can have support

intersecting a given compact subset of U .
Proof of 37.8 The main point is to prove

(1) aTl =0 in U .

The fact that T1 is minimizing in U will then follow from 33.4 and the

fact that gw(Tl) + ﬁW(T—Tl) = gW(T) VYVWccuU.

To check (1) let w € Dn—l(U) be arbitrary and note that if ¢ = 0 in

some neighbourhood of spt T ~ M1
(2) Tl(d(Cw)) = T(d(Cw)) = 9T(Cw) = 0 .

Now corresponding to any € > O we construct 7 as follows: since
-1, . . . .
Hn (sing T) = 0 (by 37.7) and since sing T () spt w is compact, we can

find a finite collection B ).
on { p.(gj)}]=l,

of balls with ij € sing TN spt w
J

-
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P
and. Z n-1 K

Py <e . Foreach j=1,...,p let ¢, ¢ c°c°(1R“ ) be such that
j=1

= n+k
. =1 on B . . =0 on R ~ B . and 0=¢.=<1 everywhere.
o 055 1 b 20,55 ¢ o, ry

P
Now choose = 1 ¢j
j=1 P P .
neighbourhood of spt T~ spt Tl . Then dr= 2 II ¢jd¢i on spt Tl , and hence
i=1 j#i

© in a neighbourhood of spt 'I‘l and so that =0 in a

P
la(zw) - caw| = clw| } prjl-l < celw| on sptT, .
5=1

Then letting € ¥ 0 in (2), and noting that zdw - dw H' - a.e. in spt Tl n
N N spt w (and using |C| <1) , we conclude Tl(dw) = 0 . That is

aTl =0 in U as required.

Finally we have the following lemma.

37.10 LEMMA  IFf T. = ofe;1 , T, = 93[E,] € Dn(U) , U bounded,

1

4 .
E;,E, CUNN, N of class ¢ ,N€0 , T , T minimizing in UNN ,

1 2

reg T, , reg T, are connected, and Elﬂv c Ezﬂv for some neighbourhood
V of 99U, then spt [[El]] c sptIIEz]] and either I[El]] = [[Ez]] or

spt Tl 1 spt T, C sing Tl 1 sing T

2 2"

Proof Since Hn+1(spt Tj) = 0 (in fact spt Tj has locally finite

H'-measure in U by virtue of the fact that @n(uT ,X) = 1 Y x € spt Tj) .
]

we may assume that E, and E, are open with U N Z)Ej

UNJE. = spt T.
3 pE Ly

9=1,2 .
Let S1 R 82 € Dn(U) be the currents defined by
s, = BI[ElﬂEZ]] P8, = a[[E1UE2]l .

Using the hypothesis concerning V we have

(1) ) sj L vnu) =Tj L (vnu , j=1,2 .
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On the other hand we trivially have

[e,ne,] + [E UE,] = [E] +[£,],
so (applying 9 ) we get
(2) S, +8, =T, +T, .

Furthermore ElﬂE c E1U E, + S0

2

3) M (Sq) + M (S)) = M(S,45,)

M (T +T))  (by (2))

IA

M (T)) M (T )

Y W cc U . On the other hand, choosing an open VO so that 29U C V0 ccv ,

and using (1) together with the fact that T is minimizing, we have

1

b=IIW(S:L) 2%(1‘1) s W= U"'VO ’

and hence (combining this with (3))

%(32) = l'=4w(T2)

for W=1U~ \70 . Thus (using (1) with j=2) S, is minimizing in U .

Likewise Sl is minimizing in U .

We next want to prove that either Tl = T2 or reg Tl N reg ‘I‘2= g .
Suppose reg Tlﬂ reg T2 # @ . If the tangent spaces of reg Tl and reg T2
coincide at every point of their intersection, then using suitable local

coordinates (x,z) € Rnx R for N near a point £ € reg Tl N reg T2 ,  we

can write

Teg Tj = graph uj , Jj=1,2 ,
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where Du, = Du2 at each point where u, = u, and where both u

u

1 1 1772

are (weak) Cl solutions of the equation

3 oF oF

= | 3p. (x,u,Du)] - 32 (x,u,Du) = 0 ,
i i

where F = F(x,2,p) , (x,2,p) € R x RX I{l, is the area functional for
graphs =z = u(x) relative to the local coordinates x, z for N . Since
N is C4 we then deduce (from standard quasilinear elliptic theory - see
e.g. [GT]) that u u are C3’a . Now the difference u,-u of the

1 %2 1”72

solutions evidently satisfies an equation of the general form

D.(a..D.u) + b.D.u+cu=20,
jooiji iTi

2,0 X . .
where aij'bi’c are C°’7 . By standard unique continuation results (see

e.g. [PM]) we then see that Du1 = Du2 at each point where u1 =u, is

impossible if wu, -u

1 5 changes sign. On the other hand the Harnack inequality

i = - > i -
([GT]) tells us that either u1 u2 or [ul u2| 0 in case u1 u, does

not change sign. Thus we deduce that either T. =T or reg Tl Nl reg T

1 2 =9

2
or there is a point § € reg 'I'1 N reg T2 such that reg Tl and reg T2

intersect transversely at & . But then we would have Hn—l(sing BﬂElr1E2ﬂ) >0,
which by virtue of 37.7 contradicts the fact (established above) that

BHEIFIEZE is minimizing in U .

Thus either T, =T or reg T1 Nreg T, =@, and it follows in

1 2 2

either case that El C E2 . On the other hand we then have

sing Tlf]reg T2 = @ and sing Tzr]reg ’I‘1 = @ by virtue of Corollary 37.6.

Thus we conclude that E, CE, and spt Tlflspt T,C sing T, Nl sing T, as

required.



CHAPTER 8
THEORY OF GENERAL VARIFOLDS

Here we describe the theory of general varifolds, essentially following

W.K. Allard [awl].

. . . + .

General varifolds in U (U open in Rp k) are simply Radon measures
. . . n+k

on Gn(U) = {(x,8) : x€U and S is an n-dimensional subspace of R }.

One basic motivating point for our interest in such objects is described as

follows:

Suppose {Tj} is a sequence of integer multiplicity currents (see §27)
such that the corresponding integer multiplicity varifolds (as in Chapter 4)
are stationary in U (U open in :Rn+k), and suppose BTj= 0 and there is a
mass bound Supjzlgw(Tj) <o YW ccu . By the compactness theorem 27.3 we
can assert that Tj' ~ T for some integer multiplicity T . However it is
not <clear that T is stationary; the chief difficulty is that it is not
genefally true that the corresponding sequence of measures | converge

Tj,

to uT . Indeed if uT" converges to UT (as they would by 34.5 in case
the Tj are minimizingjin U) then it is not hard to prove that T is
stationary in U . This leads one to consider measure theoretic convergence
rather than weak convergence of the currents. However if we take a limit
(in the sense of Radon measures) of some sub-sequence {“T-.} of the {UT.}
then we get merely an abstract Radon measure on U , and %irst variation gf

this does not make sense.

To resolve these difficulties, we associate with each Tj a Radon
measure Vj on the Grassmaniann Gn(U) (Gn(U) is naturally equipped with a

suitable metric - see below); Vj is in fact defined by
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Vj(A) = uTj (1rj @a)) .

where nj(A) denotes {x€U: (x,<%j(x)>)€ A} for any subset A of Gn(U).
(<%j(x)> denotes the n-dimensional subspace determined by Ej(x). ) One
then uses the compactness theorem 4.4 to give Vjl + V for some subsequence
{3'} and some Radon measure V on G () . It turns out to be possible
to define a notion of stationarity for such Radon measures (i.e. varifolds)
V on Gn(U) and, for example, in the circumstances above V turns out to
correspond to a stationary rectifiable varifold (in the sense of Chapter 4).
The reader will see that these claims follow easily from the rectifiability

and compactness theorems of §42.

§38. BASICS, FIRST RECTIFIABILITY THEOREM

We let G(n+k,n) denote the collection of all n-dimensional subspaces

ik n+k 15 i4 2 ¥
of R , equipped with the metric p(S,T) = lps-pTl = [ z (psj—p;J) } ’
i,3i=1
where ps ’ PT denote the orthogonal projections of .Rn+k onto S, T

, ij o_ o, ij _ .. i
respectively, and pS e, ps(ej) ’ pT ei pT(ej) are the corresponding

matrices with reéespect to the standard orthonormal basis for

eprerere
+
Rn k

°

+
For a subset A C‘Rn k we define

Gn(A) = AX G(n+k,n) ,

equipped with the product metric. Of course then Gn(K) is compact for

+k

+ ' . .
each compact K C R Gn(]Rn k) is locally homeomorphic to a Euclidean

space of dimension n+k + nk .
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., , +
By an n-varifold we mean simply any Radon measure V on Gn(IRn k).

+
By an n=varifold on U (U open in ZRn k) we mean any Radon measure V
on Gp(U) . Given such an n-varifold V on U , there corresponds a Radon
measure [ =1}, on U (called the weight of V ) defined by
-1
w(@a)y =v(mr "(&)) , ACU,
where, here and subsequently, 7 is the projection (x%,S) » x of Gn(U)

onto U . The mass M(V) oi V is defined by
MV) = 1 (U) (=v(e () .

For any Borel subset A C U we use the usual terminology V L Gp(a)

to denote the restriction of V to Gp(A) ; thus
(L G, () (B) = V(BNG (a)) , BCG (U) .

Given an n-rectifiable varifold X(M,G) on U (in the sense of Chapter
4) there is a coresponding n-varifold V (also denoted by g(M,G), or simply

v(M) in case 6 =1 on M), defined by
V(A) = u(m(IMNA)) , A C Gn(U) ’

where W =H'L® and ™ = {(x,T M) :x€M,} , with M, the set of x€M
such that M has an approximate tangent space TxM with respect to 0 at

x in the sense of 11.4. Evidently V , so defined, has weight measure

The question of when a general n-varifold actually corresponds to an
n-rectifiable varifold in this way is satisfactorily answered in the next

theorem. Before stating this we need a definition:
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38.1 DEFINITION Given T € G(n+k,n) , x€U , and 6€ (0,9 , we say
that an n-varifold V on U has tangent space T with multiplicity ©
at x if

(*) lim V
AY0

%, A = eg(T) v

e s . n+k
where the limit is in the usual sense of Radon measures on Gn(ZR ). In

(*) we use the notation that Vx 2 is the n-varifold defined by

Vi y @) = A o ({ (\y+x,8) : (y,S) €A} N G, ()

for AcC G & .

38.2 REMARK  Note that 38.1(*) implies that the weight measure J; has
approximate tangent space T with multiplicity 6 at x in the sense of

11.8.

38.3 THEOREM (First Rectifiability Theorem)

Suppose V is an n-varifold on U which has a tangent space T, with
multiplicity 6(x) € (0,)  for U, - a.e. x€U .‘ Then V <is n-rectifiable:
in fact M = {x€U: TX,G(x) exist} is H"-measurable, countably n-rectifiable,

6 is locally H'-integrable on M , and V = v (M, 0)

In the proof of 38.3 (and also subsequently) we shall need the following

technical lemma:

38.4 LEMMA  Let V be any n-varifold on U . Then for W, -a.e. x€U

(x)

there 18 a Radon measure Ny

on G(n+k,n) such that, for any continuous

B on G(n+k,n) ,

J B(S)av (v,S)
G (B (x))
B(S)dn‘ﬁx) (S) = lim —2 2P

JG (n+k,n) [e2 28] uv (Bp (x))
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Furthermore for any Borel set A C U,

B(S)aV (x,5) = JJ Bs ant™ (syan (0
A/G(n+k,n)

G, a)

provided B = 0 .

Proof The proof is a simple consequence of the differentiation theory for
Radon measures and the separability of K(X,R) (notation as in §4) for
compact separable metric spaces X . Specifically, write K = K(G(n+k,n) ,R),
K+ _ 1 + . +

= {BeK:B=0} , and let 81,82,... € K be dense in K . By the

differentiation theorem 4.7 we know that (since there is a Radon measure

Yj on Rn+k characterized by Yj (B) =J Bj (8Yav(y,s) for Borel sets

n+k Gn(B)
BCR )

J B.(s)av(y,s)
) G (B (x))
@ e(x,3) = lim —2F
pYo UV(Bp (x))
. n+k . .

exists for each X € IR ~ Zj ;, Where Zj is a Borel set with uv(Zj) =0,

and e(x,3j) is a uv-measurable function of x , with

(2) j e(x,3)dy, (x) =J B.(s)av(y,s)
A v G () -
n
for any Borel set A C Rn+k .
Now let € >0, B € K+ , X € Rn+k~ [U Z.] , and choose Bj such
j=1 '

that sup|{3—8j[ < g . Then for any p > 0

J B(s)av(y,s) J' B.(s)av(y.,s)

G (B _(x)) G (B_(x))
(3) n_p _ n' p

UV(Bp(X)) UV(Bp(X))

V(G (B (x}))
< e ——F -

Uy (Bp (x))

’
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and hence by (1) we conclude that

J B(S)av (y,S)
G (B (%))
At @ = 1im 2P
p¥o UV(Bp(X))
exists for all R € k¥ and all =x € Rn+k'~ [ U Z.] . Of course, since

j=1
Iﬁéx)(ﬁ)l < sup|B]| v gekt , by the Riesz representation theorem 4.1 we

have ﬁéx)(B) = J B(s)dnéx)(s) , where néx) is the total variation
G(n+k,n)
(x)

measure associated with ﬁV

Finally the last part of the lemma follows directly from (2), (3) if

~ (x)

we keep in mind that e(%,3j) in (1) is exactly nv (X)

(B.) = Bj(S)dﬂv (s) -

J JG(n+k,n)

We are now able to give the proof of Theorem 38.3.

Proof of Theorem 38.3 As mentioned in Remark 38.2, has approximate

Hy
tangent space Tx with multiplicity 6(x) in the sense of 11.8 for
Uy-a.e. x € U . Hence by Theorem 11.8 we have that M is Hn—measurable

countably n-rectifiable, 0 is locally an-integrable on M and in fact

Uy = H'L 6 in U (if we set 6=Z0 in U~M) .

Now if x € M 1is one of the uv—almost all points such that néx)

exists, and if B 1is a non-negative continuous function on ‘- G(n+k,n) , then
we evidently have néx)(B) = 6(x)B(Ty) and hence by the second part of 38.4

we have

B(syav(z,s) = B(Tx)duv(x)

JG () JMﬂA
n

for any Borel set A C U . From the arbitrariness of A and B it then

easily follows that
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J f(x,8)dv (x,8) = J f(x,Tx)duv(x)
G_(U) M
n
for any non-negative f € CC(Gn(U)) ;, and hence we have shown V = g(M,e)

as required (because uv = HnL 0 as mentioned above) .

§39. FIRST VARIATION

We can make sense of first variation for a general varifold V on U .
We first need to discuss mapping of such a general n-varifold. Suppose

k

U, U open c B and £:u-+0U is ¢ with f[sptuvr]U proper. Then we

define the image varifold f#V on U by

39.1 £v@) = J JgE(x)av (x,8) , A Borel, A C G (@ .
-1 .

(a)
where F: GZ(U) > Gn(ﬁ) is defined by F(x,S) = (f(x),dfx(s)) and where

3
I E(x) = (det((df_|s)* o (af [s)))

. (x,8) € Gn(U)
+
G, (V) = {(x,8) ¢ G (W) = I E(x) # o} .

(Notice that this agrees with our previous definition given in §15 in case

Vo= v, .)

Now given any n-varifold V on U we define the first variation &V,

' +
which is a linear functional on K(U,]Rn k) (notation as in §4) by

SV (X) =%x§ VLG (K) .

(¢
t# £=0

where is any l-parameter family as in 9.1 (and KX is as in

{¢t}—l<t<l

9.1(3)). Of course we can compute OV (X) explicitly by differentiation

under the integral in 39.1. This gives (by exactly the computations of §9)
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39.2 SV(X) = div_X(x)av(x,S) .,

I, o @
Gn(U)

where, for any S € G(n+k,n) ,

n+k .
) Vi’ x"
i=1

div_X

n

Y <t..D_X>,

. i T,

i=1 i

where Tl,...,Tn is an orthonormal basis for S and V? = ei°VS , with

is the orthogonal projection

S _ 1
VE(x) = Pg (graan+kf(x)) o EECTU . (pg

of Rn+k onto S.)

By analogy with 16.3 we then say that V is stationary in U if

SV(X) = 0 vV x € K, B

More generally V is said to have locally bounded first variation in
U if for each W cc U there is a constant c¢ < o such that
[svixy| = ¢ supulxi Y X¢ K(UﬁRn+k) with spt|k[czw . Evidently, by the
general Riesz representation theorem 4.1, this is equivalent to the
requirement that there is a Radon measure ”GV” (the £otal variation measure

of &8V) on U characterized by

39.3 I8v|| (W) = sup [svix)| (<o)
xeK (u, B")
|x|s1,spt]x|cw
for any open W cc U . Notice that then by Theorem 4.1 we can write
§v(x) = J div X (x) AV (x,8) = - J vexd||sv| .
G, (U) U
where v is ||6V|-measurable with |[v| =1 |éVl|-a.e. in U . By the

differentiation theory of 4.7 we know furthermore that
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[18vl (B_(x))
SV z lim —B
Py N8V ro My B, 6)

exists Hy - a.e. and that (writing H(x) = DU 18V (x)Vv (%))

\
J vexd||sv] = J HeXdu, + J vexdo ,
U U U
with
o= |6vl|Lz , 2 = {x€u: DLl 18V]| (x) = +} . (W, (2)=0.)
\

Thus we can write

39.4 SV (X)

J diVSX(x)dV(x,S)
Gn(U)

= = J g-xduv - J Vexdo
u Z

for x € KU, B .

By analogy with the classical identity 7.6 we call H the generalized
mean curvature of V , 2 the generaliszed boundary of V , O the
generalized boundary measure of V , and v|z the generalized unit

co-normal of V .

§40. MONOTONICITY AND CONSEQUENCES

In this section we assume that V is an n-varifold in U with locally

bounded first variation in U (as in 39.3).

We first consider a point x € U such that there is 0 < po < dist(x,9U)

and A=0 with



40.1 l6vii (B, ) < M (B () 4 O<p<py

Subject to 40.1 we can choose (in 39.2) Xy = y(x) (y-x) , r= ]y—xl , Y€ U

as in §17 and note that (by essentially the same computation as in §17)

255 ST SO S I
div_X = ny(xr) + xry'(x) z ej——z— e
S i,3=1 S r r

7

.- . ' ¥
where (egj) is the matrix of the orthogonal projection ps of Rn k onto

the n-dimensional subspace S . We can then take Y (r) = ¢(r/p) (again as
n+k ;s xi_yi Xj_ 3

in §17) and, noting that Z 32 XYV g L lp (Y N
i,3=1 S r r J.
.=

conclude (Cf. 17.6(1) with o=1) that eAp p‘nuv(Bp(x)) is increasing

in p , O<p<p0, and, for 0<05p<p0,

n < Ao -1 -n
40.2 0% (uy,x) se w "o uv(B (x)) = e w p u (B (%))

-1
- W

—n-21
n P

r

J L =0 | %av (y,8)
Gn (Bp (x) NBG (x)) s

In fact if A = 0 (so that V is stationary in Bp (x)) we get the precise
0
identity

£ I | (y-x) | 2av (v,8) ,

n -1 ~-n 1
40.3 0 (W %) =w P uV(Bp (x)) ~w_ J
Gn(Bp(x)) s

for 0<p< po .

Using Xy = h(y)y(r) (y-x) (r= |y-x]) in 39.2 we also deduce the

following analogue of 18.1:

-

d -nx _ 4a _ 2 N
40.4 7y (p I(P)) =p i J lpsi(y x) /x| “d(x/p)h(y) AV (y,S)

+ p_n'l[év(x)a-J (y-X)-Vsh(y)¢(r/0)dV(Y'S)} ‘

where f(p) = J ¢(r/p)hduv .
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40.5 LEMMA  Suppose V has locally bounded first vartation in U . Then,
for By - a.e. x cu, on (pv,x) exists and is real-valued; in fact

o (uv,x) exists whenever there i1s a constant MA(x) <o  such that
*) lovil (2 () = AGaug B ), 0 < p < 2 aist (x,00)

(Such a constant A(x) exists for uv-a.e. x € U by virtue of the

differentiation theorem 4.7.)
Furthermore Qn(uv,x) 18 a uv~7neasurable function of x .

Proof The first part of the lemma follows directly from the monotonicity

formula 40.2. The -measurability of @n(uv,°) follows from the fact

Yy
- L - . n
that uv(Bp(x)) > ll$+;up uV(Bp(y)) , which guarantees that uv(Bp(x))/(wnp}
is Borel measurable and hence uv-measurable for each fixed o . Since
@n(u ,X) = lim (W pn)_lu (B (x)) for Y,-a.e. x € U, we then have
v 040 n VTP v
uv—measurability of On(uv,') as claimed.
40.6 THEOREM (Semi-continuity of 0" under varifold convergence. )
Suppose V, >V (as Radon measures in G (U)) and en(vi,y) > 1
except on a set B, €U with UV-(BiQW) + 0 for each W cc U, and suppose
1
that each v has locally bounded first variation in U with

lim inf ]jévin (W) < ® for each W cC U . Then |[SV[(W) < lim ian(‘SViH (W)

YVWccu and On(uv,y) zZ1 W, -ae. in U .

40.7 REMARKS
(1) The fact that [|§V|[(W) < lim inf”BViH(W) is a trivial consequence
of the definitions of ||&V|| , ”5Vi“ and the fact that V, ~V , so we have

only to prove the last conclusion that @n(uv,y) > 1 uv-a.e.

(2) The proof that On(uv,y) > 1 uv-a.e. to be given below is

slightly complicated; the reader should note that if |[|§V] < Ay, in U
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(i.e. if V has generalized boundary measure 0= 0 and bounded H- see 39.4),

then the result is a very easy consequence of the monotonicity formula 40.2.

Proof of Theorem 40.6 set M; =My, s M =Wy, and take any Wcc U and
1
poe (0,dist(W,9U)) . For 1i,j = 1 , consider the set Ai 5 consisting of
’

all points y¢ W«-Bi such that

(1) HSViH(Bp(Y)) = Jui(Bp(Y)) r 0<p<py v
and let B, ., = W~A, . . Then if x € B, . we have either x € B, N W or
i,] 1,] 1,] i
- -1 -
(2) ui(BO(x)) <3 ”évin(Bo(x)) for some o € (0,py) -

Let B be the collection of balls §O(x) with x€B, 5 g€ (0,pg)
’

and with (2) holding. By the Besicovitch covering lemma 4.6 there are families

N
Bl""'B cB with N=N(n+k) , with B. .~B. ¢ U ( U B] and with each
N 1,3 1
2=1 BGBZ
B2 a pairwise disjoint family. Hence if we sum in (2) over balls
N
B¢ U BR , we get
2=1

-1 ~

W= {x€ U: dist (x,W) < po}) , so

=1
(3) “i(Bi,j) scj T Hu AW,
with ¢ independent of 1i,j . In particular for each i,j =1
o oo
4) "u[interior {n B, ]] < lim inf u [interior [ n s, ]] <7t
g=i 3 g ! 9=i =7

since B NW) - 0 as - o
Uq( q ) q
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Now let j € {1,2,...} and consider the possibility that there is a

[oe]
point x € W such that x € W~ interior n B } for each i=1,2,... .
g=i ¥ -
Then we could select, for each i=1,2,... , v, € W~ 1 B . with
0 7
g=1

]yi-xl < 1/i . Thus there are sequences y; ~ x and q; > such that

. 7

yi$ qu,j for each i=1,2,... . Then v, € Aqu and hence (by (1))

eV _ || B (v.)) < du_ (B (¥))) » 0<p<p_,
qipl q p i 0

for all i=1,2,... . Then by the monotonicity formula 40.2 (with A=)

together with the fact that o" (uq (/¥;) 2 1 we have
i
= =3P n .
qu(Bp(yi)) > e J wnp ’ 0<p<po , 1=1,2,... ,

and hence

M B ) = e Pup™, o<p<p

0 I3

so that On(u,x) > 1 for such an x . Thus we have proved @n(u,x) > 1

e} 0
for each x with % € W ~ [ U interior [ n Bl .}} for some j€ {1,2,...} .
i=1 L=i 3
That is
o0 [oe} 0
(5) 0% qu,x) = 1 Vx€wW~ [ N U interior [ n s, _]] .
j=1 i=1 =i 7rd
However
[e+] [oe] (o) [ee) fee]
uin U interior[ n BQ ” < ].1{ U interior{ n BJL ” Vij=1
j=1 i=1 g=i '3 i=1 g=i ~73
o«
= lim u[interior[ n BSZ, ”
i g=i 3
<ot by @,
<o oo 0
so U N U interior[ n BQ ]” = 0 and the theorem is established (by (5)).
j=1 i=1 =i
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§41. THE CONSTANCY THEOREM

41.1 THEOREM (Constancy Theorem)
Suppose V 1s an n-varifold in U, V 1is stationary in U , and
U N spt M M, where M is a conmected n-dimensional C° submantfold
k

of R Then v = eQX(M) for some constant eo

41.2 REMARKS
(1) Notice in particular this implies M~M)NU =0 (if V # 0) ;

this is not a-priori obvious from the assumptions of the theorem.

(2) J. Duggan in his PhD thesis [DJ] has recently extended 41.1 to

the case when M is merely Lipschitz.

(3) The reader will see that, with only minor modifications to the
proof to be given below, the theorem continues to hold if N is an embedded

+
(n+kl)—dimensional C2 submanifold of ‘Rn Kk and if V is stationary in

+
U NN in the sense that &V(X) = O v x € KR with X, € TN
V x € N, provided we are given spt V ¢ {(x,S) : x€ N and s<:TXN} . (This
last is equivalent to spt Uy C N and p#V =V , where p:U~> UNN

coincides with the nearest point projection onto UNN in some neighbourhood

of UNN.)

Proof of 41.1 We first want to argue that V = v(M,8) for some positive

locally Hn—integrable function 6 on M .

To do this first take any £ € Ci(U) with M ¢ {x€U: f(x)=0} and

note that by 39.2

(1) 8V (f grad £) = J( g (grad )| av(x,s) ,

because (using notation as in 39.2)



241

divs(f grad f) = st-grad £+ £ divs grad £

!ps(grad f)]2 on M,
where we used f Z 0 on M . Since &V =0, we conclude from (1) that
(2) pS(grad f(x)) =0 for all (%x,8) € spt V .

Now let & € M be arbitrary. We can find an open W C U with & € W and

k
such that there are C§<U) functions fl""'fk with Mc N {x:f.(x)=0}
j=1 ’
and with (TXM)L being exactly the space spanned by grad fl(x),...,grad fk(x)
for each x € MOW . (One easily checks that such W and fl,...,fk exist.)
Then (2) implies that
L
(3) ps((TxM) y =0 for all (x,S) € Gn(W) N spt VvV .

But (3) says exactly that S = TxM for all (x,8) € Gn(W) l spt V , so that

(since & was an arbitrary point of M) , we have
(4) J f(x,8)av(x,8) = J f(x,TXM)de(x) , £¢ Cc(Gn(U)) .
MNU
On the other hand we know from monotonicity 40.2 that 0(x) = Gn(uv,x) exists

for all x € MNU, and hence (since On(HnL M,x) = 1 for each x € M , by
smoothness of M) , we can use the differentiation theorem 4.7 to conclude
from (4) that in fact

(

(5) J f(x,8)dv(x,8) = J
MNU

f(x,TxM)G(x)dHn(x) » E€C_(G (U)

(so that V = X(M,G) as required).

It thus remains only to prove that 6 = const. on MM U . Since M is
2 . n+k
C” we can take X€ K(U,R ) such that X erTM ¥V x¢ MN U . Then by

(5) and 39.2 O&V(X) = 0 is just the statement that f aivxeai™ = o , where
MNU
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div X is the classicalrdivergence of XlM in the usual sense of differential
geometry. Using local coordinates (in some neighbourhood Uc Rn) this tells

us that

where 6 is 8 expressed in terms of the local coordinates. In particular

J 3§ a=o Yzec(u , i=1,...,n
6 Bxi c

and it is then standard that O = constant in U . Hence (since M is

connected) 6 is constant in M .

§42. VARIFOLD TANGENTS AND RECTIFIABILITY THEOREM

Let V be an n-varifold in U and let x be any point of U such

that

42.1 On(uv,x) =06, € (0,®) and lim pl_nHGVH (B (x)) =0 .
p¥0 e

By definition of ¢V (in §39) and the compactness theorem 4.4 for Radon

measures, we can select a sequence Aj v 0 such that n converges

ALY
J

(in the sense of Radon measures) to a varifold C such that

C is stationary in Rn+k
and
W, (B_(x))
*) L2 =q Voo>o.
wnp

Since 6C = 0 we can use (*) together with the monotonicity formula 40.3

to conclude
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2
lp | 0]
J s — s =0 Vo>o,
Gn(Bp(O)) Ix|
n+k
so that p J_(x) =0 for C-a.e. (x,8) € Gn(I{ } , and hence p l(x) =0
S S
for all (x,S8) € spt C Dby continuity of p l(x) in (x,8) . Then by the
S

same argument as in the proof of 19.3, except that we use 40.4 in place of

18.1, we deduce that uc satisfies

~n n+k
42.2 A uc(nO,A(A)) =U.(@d , ACR s A >0
We would Ilike to prove the stronger result Ny A#C = C (which of course
14
implies 42.2), but we are only able to do this in case @n(uc,x) > 0 for
H,-a.e. % (see 42.6 below). Whether or not ”o >\#C = C without the
1

C

additional hypothesis on Gn(uc,') seems to be an open question.

42.3 DEFINITION Given V and x as in 42.1 we let Var Tan(V,x) ("the
varifold tangent of V at x") Dbe the collection of all C = lim nx A #V
v .
J

obtained as described above.

Notice that by the above discussion any C € Var Tan(V,x) is stationary

in Rp+k and satisfies 42.2.

The following rectifiability theorem is a central part of the theory

of n-varifolds with locally bounded first variation.

42.4 THEOREM  Suppose VvV has locally bounded first variation in U and
On(uv,x) > 0 for B, -a-e. x € U. Then V 1is an n-rectifiable varifold.
(Thus V = g(M,B) , with M an Hn-measurable countably n-rectifiable subset

of U and 6 a non-negative locally Hn—integrable function on U.)

42.5 REMARK We are going to use Theorem 38.3. In fact we show that V has

a tangent plane (in the sense of 38.1) at any point x where
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(i) Gn(uv,x) >0, (ii) néx) (as in Lemma 38.4) exists, (iii) en(uv,-)

is g-approximately continuous at x , and (iv) HSVH(Bp(x)) < A(x)uV(Bp(x))

for 0<p<p, = min{l,dist(x,9U)} . Since conditions (i)-(iv) all hold
uv-a.e. in U (notice that (iii) holds uv-a.e. by virtue of the
uv—measurability of Gn(uv,') proved in 40.5), the required rectifiability
of V will then follow from 38.3.

Before beginning the proof of 42.2 we give the following important

corollary.

42.6 COROLLARY  Suppose x € U, 42.1 holds, and

0 . If C € Var Tan(V,x) , then C

lim o u, ({y € B_(x) = 0% (g, y) < 1})
pYo v e v
18 rectifiable and

(*) no’x#c =C YA>0.

Proof . From the hypothesis p_nuv({y€ Bp(x): On(pv,y)< 1}) > 0 and the

R L n n+k
semi-continuity theorem 40.6, we have 0 (uc,y) > 1 for Ho-a.e. y € R .
Hence by Theorem 42.4 we have that C is n-rectifiable. On the other hand,
since On(uc,y) = On(uc,ky) ¥ A >0 (by 42.2), we can write
C =v(M,0) with Mo A(M) =M YA >0 and 6(Ay) = 6(y) Y>>0,

- v

kK | (Viz. simply set 60(y) = 0" (uery) and M = {ye R 6(y) > 0} L)

n+
y € R
It then trivially follows that vy € TyM whenever the approximate tangent

space TyM exists, and hence no A#C = C as required.
’

Proof of Theorem 42.2 Let x be as in 42.5(i)-(iv) and take

C € Var Tan(V,x) . (We know Var Tan(V,x) # § because 42.5(i), (iv) imply

42.1.) Then C 1is stationary in :Rn+k and
u. (B _(0))
_C__p—'_.__ = v =on
(1) R pn = 60 p >0 (90 S (lex)) .

n
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+
Also for any y € Rn k (using (1) and the monotonicity formula 40.2)

He (Bp (y)) Mo (BR(y))

A

. n n
() w R
n n

U (B (03)
__c__._R_*”Zln_ (1+|y]/R)n
wn(R+[y|)

I

60(l+ly|/R)n - 60 ~as R+ oo .

That is (again using the monotonicity formula 40.2),

u. (B (¥))
C +
2) Py s —2— < 8, Vye®E™,p>0.
w_ P
n
Now let vj = “x,x‘#v , where Aj ¥ 0 is such that 1lim nx,kj#v = C

J

and where we are still assuming X 1is as in 42.5(i)-(iv).
From 42.5(iii) we have (with €(p)+ 0 as p+ 0)

(3) 6"y, v) = 8, - €(p) . ¥ €GN B ()

where G € U is such that

(4) by (B )~ G) = e(@)p” , o sufficiently small.

Taking p = Aj we see that (3), (4) imply

(3)" en(uvj,y) < 8y-€5 + Y€ G NB(0)

with Gj such that

(4)° Uv_(Bl(O)Nij) = EL oo

i J

where Ej -0 as j *> %~ . Thus, using (3)', (4)' and the semicontinuity

result of 40.6, we obtain
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+k
(5) On(uc,y)z 6, for my-a.e. y¢€ r"

(and hence for every vy € spt He by 40.3) . Then by combining (2) and (5)

we have
B (B (V)
(6) 0" (ug ) = 0y = —L— Vyesptu,, p>0.
w P
n

Then by the monotonicity formula 40.3 (with V=C), we have

P (x-y) =0 for C-a.e. (x,5) € Gn(]Rn+k) .

S

Thus (using the continuity of p l(x—y) in (x,8)) we have
S

7 x-y € 8§ Y y € spt e and V(x,8) € spt C .
In particular, choosing T such that (0,T) € spt C (such T exists because

0 € spt Mo = mT(spt C)) , (7) implies y€ T VY v€ spt Mo - Thus spt e cT ,

and hence C = eoX(T) by the constancy theorem 41.1.

Thus we have shown that, for x € U such that 42.5(i), (iii), (iv) hold,

each element of Var Tan(V,x) has the form eoX(T) ;, where T is an

n-dimensional subspace of Rn+k. On the other hand, since we are assuming
(42.5(i1)) that n(s) exists, it follows that for continuous R on G(n+k,n)
J' R(s)Yav(y,s)
G (B _(x))
(8) lim —2—F = J B(S)dnéx) (s) .
p¥0 uV(Bp(x)) G(ntk,n)

Now let eog(T) be any such element of Var Tan(V,x) and select

Xj ¥ 0 so that 1lim nx,kj#v = 6oX(T) . Then in particular
f B(S)av, (v,8)
G, (B, (0))
lim = B(T) ?
jooo HV'(Bl(O))

J
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and hence (8) gives

B(T) = pEan™ ) ,

JG(n+k,n)

thus showing that Gog(T) is the wunique element of Var Tan(V,x) . Thus
lim n V =0 v(T) , so that T is the tangent space for V at x in
Mo KoM o= :
the sense of 38.1. This completes the proof.

The following compactness theorem for rectifiable varifolds is now a
direct consequence of the rectifiability theorem 42.4, the semi-continuity

theorem 40.6, and the compactness theorem 4.4 for Radon measures, and its

proof is left to the reader.

42.7 THEOREM  Suppose {Vj} 18 a sequence of rectifiable n-varifolds in

U which are locally of bounded first variation in U ,

sup (M, (W) + H5lel W)) < YwWccu,

=1 v,

J

and On(uv /%) 21 on U~Ry, where W, (ANW) >0 as o> VWwececu.
] j

Then there is a subsequence {Vj,} and a rectifiable varifold VvV of
locally bounded first variation in U , such that Vj' +~V (in the sense

of Radon measures on G (M) , @n(uv,x) = 1 for W, -a.e. x €U, and

ISV|| (W) = lim inf ||6V.||(W) for each W cc U .
joeo ]

42.8 REMARK  An important additional result (also due to Allard [AW1l]) is
the <integral compactness theorem, which asserts that if all the Vj in
the above theorem are integer multiplicity, then V is also integer
multiplicity. (Notice that in this case the hypothesis On(uv ,X) =21 on
U~ Aj is automatically satisfied with an Aj such that uvj%Aj)= 0.)
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Proof that V 1is integer multiplicity if the V1- are:

Let W cc U. We first assert that for uv— a.e. xX € W there exists c

(depending on x) such that
(1) lim infnavin (}Sp(x)) < cuv(ﬁp(x)) , p<min{1,dist(x,3U)} .

Indeed otherwise 31 a set A CW with uV(A) > 0 such that for each j=1

and each x€A there are p >0, i =1 such that Ep (x) ¢ W and
X

= -1 = C e
uV(Bpx(xn =3 eyl <Bpx(x)) pizd .

By the Besicovitch covering lemma 4.6 we then have

=1 A
b (a,) =c3 v llwy , & =1,

N

where Ai = {x€Aa: ix < i} . Thus

Hy (a;) SCj_1 lim sup ||V, || W) ,

N

o0
and hence since Ai + A as 1 4 o we have
Hy () = it
for some ¢ (<®) independent of 3j . That is, uV(A) = 0, a contradiction,

and hence (1) holds. Since On(uv,x) exists uv—a.e. X € U, we in fact

have from (1) that for pv- a.2. X € U there is a ¢ = c(x) such that

A

(2) lim inf [|6V | (B, () = cp® , 0<p<min{1,dist(x,3U)} .

Now since V = v(M,8) , it is also true that for U, - a-e. £ € spt uv

we have v > 66\;(?) as A ¥ 0, where P =TM and 60 = 0(£) . Then

g, 24 £
(because Vi - V , and hence ”g,x#vi - ”g,x#v for each fixed A > 0) ,

it follows that for Wy~ a.e. " £ € U we can select a sequence )\i ¥ 0 such

that, with W, = \
’ i ng,ki# i’
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(3) W, > B,u(@)
and (by (2)) for each R > 0
(4) lidw, |l (B (0)) ~ 0

We claim that 60 must be an integer for any such § ; in fact for

. e s . . +
an arbitrary sequence {Wi} of integer multiplicity varifolds in r" k

satisfying (3), (4), we claim that 60 always has to be an ineger.

To see this, take (without loss of generality) P = Iglx {0} , 1let ¢

1 . . .
be orthogonal projection onto (IJXX {oh , and note first that (3) implies

(5) b wle {xe & [qeo | <eh » oy @®"
R

for each fixed € > 0 . However by the mapping formula for varifolds (§15),

we know that (5) says
(5) VR, > 0w (R

where

1

(6) v, (%) (¥)

9,
vep d eon{zeR ™ q (@) [<e} *
R

( Gi = multiplicity function of Wi , so that wi has values in Z{x}) .

Notice that (5)' implies in particular that

n

(7 J £y, aL” - 0 J £4l VEe co®Y .
n

n
R
(i.e. measure-theoretic convergence of wi to 6..)

0

Now we claim that there are sets Ai C Bl(O) such that

n
(8) wi(x) < 60+-€i ¥ xe€ Bl(O)wAi . L (Ai) -0, €i+ 0 ;
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this will of course (when used in combination with (7)) imply that for any

integer N > 80, max{wi,N} converges in Ll(Bl(O)) to B and, since

0 '
max{wi,N} is integer-valued, it then follows that 60 is an integer.

On the other hand (8) evidently follows by setting W = Wi in the

following lemma, so the proof is complete.

. . +
In this lemma, p, g denote orthogonal projection of IRn k onto

; n+k
B x {0} ¢ R"* ana {0} x Rc ® respectively.

42.9 LEMMA  For each & € (0,1) , A= 1, there is € = €(8,A,n) € (0,62)

such that if W is an integer multiplicity varifold in B, (0) with

(*) uW<B3(0)):sA ' HSWH(B3(O))< e? J “ps—pHdW(y,S) <e?,
B4 (0)
then there is a set A C 52(0) such that L"@)<8 and , VYx ¢ Bl(O) ~ A,
e (B, (x))

¥ 0% (o) S (148) ———— + 3 .

-t w_2"
yep ~ (x) Nspty N{z: |q(2) [<el N

42.10 REMARK 1t suffices to prove that for each fixed N there is
8, = 8,M) € (0,1) such that if § € (0,8, then 3 € = e(n,A,N,8) € (0,6%
such that (¥) implies the existence of A C B?(O) with L™(a) < 8 and, for

X € B?(O) ~ A and distinct Yyrewer¥y € p_l(x)rlspt uwf]{zzlq(z)]< e} ,
¥ o

(*%) I 0Ty s (148) ——— + & .
j=1 ’

Because this firstly implies an q-priori bound, depending only on n, k, A ,
on the number N of possible points Yj , and hence the lemma, as originally
stated, then follows. (Notice that of course the validity of the lemma for

small § implies its validity for any larger &.)
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Proof of 42.9 By virtue of the above Remark, we need only prove (**). Let

W= Uy and consider the possibility that y € B1(0) satisfies

(1) | sw| (Bp(y)) < €u(Bp(Y)) ,0<p<1,

(2) Ipg - pllaw(z,8) =ep” , 0<p<1.

Bp (v)

Let

w
1]

{ye B, (0) N spt W: (1) fails for some p€ (0,1)}

=
I

= {y¢€ B,(0) Nspt W: (2) fails for some p€ (0,1)}.

Evidently if vy € spt 4N B (0) ~ A then by the monotonicity formula 40.2
W 2

1

we have

u(Bp ) c u(Bl(y))

(3) -—_n_SeTSC’O<D<I’
w P n

(c=c(A,n)) , while if y € A, ~ A, we have (using (3))

2 1
(4) f lpg-pllaw (z,s) = ep; z cen(s, (v))
B (y) 4
for some py € (0,1) . If vy € Al then
(5) LE () = e Howl B (v)
oy , o,

for some py € (0,1) .

Since then {B_ (9)}
py yEA1UA2

and the Besicovitch covering lemma 4.6 that

covers AlUA2 we deduce from (4), (5)
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(6) u (Al U A2)

A

- f
ce 1[ J Hpsrpﬂdw(a,s) + HGWM(B3(0))]
By (0)

A

ce
by the hypotheses on W .

Our aim now is to show (¥*) holds whenever x € B?(O) ~ p(AlLJAz) . In
view of (6) this will establish the reguired result (with A = p(AlU A2)).
So let x € B?(O) ~ p(AlLJAz) . In view of the monotonicity formula 40.2 it
evidently suffices (by translating and changing scale by a factor of 3/2 )
to assume that x = 0 € B?(O) ~ p(AlLJAz)) . We shall subsequently assume

this.

We first want to establish the two formulae, for vy € Bl(O) ~ (AltlAz)

and T > 0 :

27
a eg H U5 (1))
(7) O (u,y) s e — ceg/T , 0<o0<1,
wno

and

T 2T
MO w0 @)

w 0'n
n (an

(8} +cep/t, 0<ao<p<s1l,

where

U;(y) =B (y) N {z¢ rOE, la(z-y) | <1} .

Indeed these ‘two inequalities follow directly from 40.2 and 40.4. For

example to establish (7) we note first that 4012 gives (7) directly if 120 ,

er HB_(¥)

n
w_T
n

and then use 40.4 with h of the form h(z) = £(|q(z-y)|) ., £(t) =1 for

while if T < 0 then we first use 40.2 to give Gn(u,y) <e

£t < 1T and f£(t) =0 for t > 27T .
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Since [st(]q(z—y) [)I = £° (lq(z—y) !) lpS—pI (Cf. the computation

in 19.5) we then deduce (by integrating in 40.4 from T to ¢ and using (3))

2T
uwTWH umg(w>

< + ced/T .

n n
w_ T w o
n n

(8) is proved by simply integrating in 40.4 from 0 to p (and using (3)).

OQur aim now is to use (7) and (8) to establish

T
N u(u_(y.)) H(B,(0))
(9) ) —2 I < ares?) —E— & c6?
. n n
=1 w o w2
n n
. . 2 1 .
with ¢ = c¢(n,k,N,\) , provided 28%0 = T = 7 min IY-‘YQ[ ;

i#e
yj € spt 'uﬂp—l(()) n{z: lq(z)!<€} , 0 ¢ p(A1UA2) . (In view of (7) this

will prove the required result (**) for suitable 6O(N) 2)

We proceed by induction on N . N=1 trivially follows from (8) by
. 2T s 2T .
noting that Up (yl) C Bp (yl) (by definition of Up (yl)) and then using the
monotonicity 40.2 together with the fact that Iy1! < € . Thus assume

N =2 2 and that (9) has been established with any M < N in place of N

Let Yyree-o¥y be as in (9), and choose p € [0,1) such that

min [q(y.) - q(yl)l = min y.—yli] = 462p , and set T = 252p (= 2T) . Then
#e #e I
LU (y2) wwty.))
g J 9] J
o - o

U(U%(Y'))
s L v e @y @),

P
¢ =c(n,k,8) . Now since T = L nin laly.) -aly,)| we can select
2 540 J 2

{zl,...,zQ} c {yl""’yN} (0<N-1) and T < cf such that 7T > 362p and
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Nz e 7
u Up(yj) c U u 5 (zg) .
=1 =1 p(1+c8?)
~ 1 .
where ¢ = c(N) , and such that ‘tfzmmlzfz..
I

Since c52 < 1/2 for 6 < GO(N) (if 60(N) is chosen suitably) we then

have T = 2625 and

~

T T
N u(u_(y.)) Q  u(ux(z,))
z b3 < (1+c62) z R R ,
. n . n
j=1 p j=1 5

where 5 = (l+c§2)p and ¢ = c(N) . Since Q =< N-1 , the required result

then follows by induction (choosing € appropriately).
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APPENDIX A
A GENERAL REGULARITY THEOREM

We here prove a useful general regularity theorem, which is essentially
an abstraction of the "dimension reducing” argument of Federer [FH2]. There

are a number of important applications of this general theorem in the text.

Let P Zn =2 and let F be a collection of functions
- 1 Q, . P Q ne . : 3
¢ (07,ee.,0*) : R » R*(Q=1 is an important case) such that each ¢
is locally Hn-integrable on ]RP . For ¢ € F,yc¢ ]RP and A > 0 we let

¢ be defined by

viA

B P
¢y,A(x) = p(y+Ax) , x € R .

Also, for € F and a given sequence {¢.} ¢ F we write -~ if
k k

J ¢, £ at+ [ of aH™ (in ®?) for each given f € cg ®) .
We subsequently make the following 3 special assumptions concerning F :

A.1 (Closure under appropriate scaling and translation): If |y| =1-x,

0<A<1, and if ¢ € F, then ¢y>\€F.

A.2 (Existence of homogeneous degree zero "tangent functions"): If |y| <1,
if {Ak} Y 0 and if ¢ € F, then there is a subsequence {Ak,} and Y € F

such that ¢Yr>\k. -~y and wo,k =y for each X > 0,
A.3 ("Singular set" hypotheses): We asswme there is a map
sing : F > C ( = set of closed subsets of RP)

such that

(1) sing ¢ =g <f o0€F <is a constant multiple of the characteristic

, , , P
function of an n-dimensional subspace of R ,
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(2) if |yl =1-x, 0<A<1, then sing ¢y y = A_l(sing¢ey),

3y 2f ¢, ¢k € F with ¢k -~ ¢ , then for each € > 0 there is a

k(e) such that
Bl(O) N sing ¢k c {xe¢ Eg): dist(sing ¢,x) <€} Yk =k(e) .
We can now state the main result of this section:

A.4 THEOREM  Subject to the notation and assumptions BA.l, A.2, A.3 above,
we have
(*) dim B, (0) N sing ¢ < n-1 Yo eF.

. : . . -1+ )
(Here "dim" is Hausdorff dimension, so that (*) means Hn 1 OL(s;mg ¢) =0

Vo>0.)

In fact either sing ¢ N B (0) = @ for every ¢ € F or else there is

an integer 4 € [0,n-11 such that
dim sing ¢ N1 B, (0) =d VoeF
and such that there is some ¢ € F and a d-dimensional subspace L c R with

(**) v =y YVyeL, A>0

YrA

and
sing Y = L .
If d=0 then sing ¢ B, (0) is finite for each ¢ € F and each p<1.

A.5 REMARK one readily checks that if IL is an n-dimensional subspace of
RP and P € F satisfies (**), then Y is exactly a constant multiple of the
characteristic function of L (hence sing Y=0 by A.3(1)); otherwise we

would have P>n and U = const. # 0 on some (n+l)-dimensional half-space,
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thus contradicting the fact that ¥ is locally Hn—integrable on RP .

Proof of A.4 Assume sing ¢ N B, (0) # @ for some ¢ € F , and let
d = sup{dim L : I. is a d-dimensional subspace of R and there is ¢ € F
with sing ¢ # § and ¢y N o Yyé€ 1w, A>o0} . Then by Remark

7

A.5 we have d = n-1 .

For a given ¢ € F and vy € B,(0) we let T(¢,y) be the set of Y € F
i ! = > i i =
with VO,% Y YA >0 and with lim ¢Y/Ak Y for some sequence Xk v o.

(T(d,y) # @ by assumption 2A.2).

Let £ =2 0 and let

2 2, .

(1) F" = {oeF : H (51ng¢ﬂBl(0)-)>o} .
Our first task is to prove the implication
(2) ¢€FR'==31,D€T(¢,X)OFQ'
£ 2 .
or H"-a.e. x ¢ singpN B;(0) .

To see this, let H§ be the "size § approximation™ of HZ as
described in §2 and recall that HQ(A) >0 = Hi(A) > 0 , so that
FSL = {¢€F : Hi(singdpﬂ Bl(O)) >0} . Also note that (by 3.6(2)), for any

bounded subset A of RP ’
(3) Hi(A) > 0= O*n(HiL A,x) >0 for H'-a.e. xea .

Thus we see that if ¢ € Fl then for HQ— a.e. X¢€ sing¢(}Bl(0) we have

G*Q(HiL singd,x) >0 . For such x we thus have a sequence Ak + 0 such that
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Hi(sing¢f]Bx (%))
k

(4) ~ lim 7 >0,

ko0 )‘k

and by assumption A.2 there is a subsequence {Xk,} such that

%

could find open balls {Bp (xj)} such that

~ Y € T(p,x) . If now Hi(singW) =0 , then for any € > 0 we

]
(5) sing Y c q Bp.(xj)
3 J
and
N
(6) % mﬂgpj < €

(by definition of Hi) . Now (5) in particular implies that

K = 51(0) ~U B_ (x.) 1is a compact set with positive distance from sing { .

iP5

Hence by assumption A.3(3) we have

(7 sing ¢ n Bl(O) cUB_ (x.)
ey 5 Py 3

for all sufficiently laxrge k , and hence by (6)

L, .
Hm(51ng ¢x'kk' n Bl(O)) <g, k=k() .
Thus since X-l(sing ¢=-x%x) = sing ¢ (by A.3(2)) we have
k x,kk

-2 R, .
)\k, H. (sing qu)‘k'(X)) < e

for all sufficiently large k , thus a contradiction for

€ < lim K;l Hi(sing ¢r]BA (x)) . (Such & «can be chosen by (4).)
koo k
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We have therefore established the general implication (2). From now on
take £>d-1 so that Fz# @ (which is automatic for £=d by definition of 4).

By (2) there is ¢ € F2 with ¢ Y X >0 . Suppose also that there

0, =9
P
is a k-~dimensional subspace (k>=0) S of R such that ¢y y " ¢
14
Vyé€s, A>0. (Notice of course this is no additional restriction for
¢ in case k=0.) Now if k = d+1 ‘then, by definition of d , we can

assert sing ¢ = @ , thus contradicting the fact that ¢ € FR . Therefore

0<k<d, and if k =d-1 (<4%) , then Hl(s) = 0 and in particular
(8) i x¢ B, (0) N sing o ~8 .

But by A.2 we can choose Y € T($,x). Since P = lim ¢x A for some
PAL
J

sequence Aj ¥ 0 , we evidently have (since ¢y+x,k = ¢x,K Vyes,
A > 0)
(9) wy,l = lim ¢y+x,k. = lim ¢x,A. =y Yyes
. J J
and
(10) wa,l = lim ¢X+Xj8X,Xj =y VBER.

(All limits in the weak sense described at the beginning of the section.)
Thus wz,A =1y for each A > 0 and each =z in the (k+1)-dimensional
subspace T of B spanned by S and x . Sing Y#9 (by A.3(3)),

hence by induction on k we can take k =d-1 ; i.e. dim T =4 ,

and hence sing Yy > T by A.3(2). On the other hand if 3 % € sing y ~ T
then we can repeat the above argument (beginning at (8)) with T in place
of S and Y in place of ¢ . This would then give a (d+1)-dimensional
subspace T and a @ € F with sing & ST ;, thus contradicting the
definition of d . Therefore sing ¢ = T . Furthermore if ¢ > d then the
above induction works up to k=d and again therefore we would have a

contradiction. Thus dim(Bl(O)r]sing¢)§(i Yo €F .



260

Finally to prove the last claim of the theorem, we suppose that d=0.

Then we have alreddy established that
(11) H(sing $NBL(0)) =0 Y a >0, ¢ € F .

If sing ¢(]Bp(0) is not finite, then we select x € ﬁ;(O) such that

x = lim X for some sequence x,_ € sing ¢ By (0) ~ {x} . Then letting

k

Ak= 2]xk-x| we see from A.3(2) that there is a subsequence {Ak,} with

~YET(h,x) and (x,-x) / |xk,-x| > £ € 3B, (0) . Now by A.3(2), (3)

¢X’Ak'

we know that {¢/2} 1 {0} ¢ sing Y and, since wo y = Y , this (together with
1
A.3(2)) gives Li C sing Y where Lg is the ray determined by 0 and §& .

Then Hl(sing wriBl(O)) > 0 , thus contracting (11), because VY € F .
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APPENDIX B
NON-EXISTENCE OF STABLE MINIMAL CONES, 2=<n<6.

Here we describe J. Simons [SJ] result on non-existence of n-dimensional
stable minimal cones (previously established in case n= 2,3 by Fleming [F]
and Almgren [24] respectively). The proof here follows essentially Schoen-

Simon-Yau [SSY], and is slightly cleaner than the original proof in [SJ].

+
Suppose to begin that C € Dn(mp l) is a cone (no A#C=:C) and C is
I

integer multiplicity with 3C = 0 . If sing C ¢ {0} and if C is
n+l

minimizing in R then, writing M = spt C ~ {0} and taking M

2
as in §9, we have é% Hn(Mt) =0 and ng Hn(Mt) > 0 . (This is
t=0 dt =0

clear because in fact Hn(Mt) takes its minimum value at t=0 , by virtue
of our assumption that C is minimizing.) Notice that M is orientable,
with orientation induced from C , and hence in paxticular we can deduce

from 9.8 that

B.1 J (7z)? - 22]al%aH = o

M
for any T € ci(M) (notice O ¢ M , so such ¢ wvanish in a neighbourhood
of 0) . Here A is the second fundamental form of M and |A| is its

length, as described in §7 and in 9.8.
The main result we need is given in the following theorem.

B.2 THEOREM Suppose 2=n<=6 and M <s an n-dimensional cone embedded in
B with zero mean cwrvature (see §7) and with H~u = {0} , and suppose

that M <is stable in the sense that B.1. holds. Then M is a hyperplane.

(As explained above, the hypotheses are in particular satisfied if

. -+ e a s .
M = spt C~ {0}, with Cc€D, (®R" l) a minimizing cone with 3C=0 and singC c{0}.)
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B.3 REMARK rTheorem B.2 is false for n=7 ; J. Simons [SJ] was the first

1 8.8, ¢ i2_ 9 i
to point out that-the cone M={(x,...,x)€E€R : )} (xH° = ] xH°} is

i=1 i=5
a stable minimal cone. (Notice that M 1is the cone over the compact
manifold f;% 53) X (5% 83) C 57 C Re .) The fact that the mean curvature

of M is zero is checked by direct computation. The fact that M is
actually stable is checked as follows. First, by direct computation one

checks that the second fundamental form A of M satisfies ]Alz = 6/‘x|2 .

On the other hand for a stationary hypersurface M C Rn+1 the first

variation formula 9.3 says ! divMXdHn =0 if spt|X| is a compact subset
) 2,2 o . .
of M . Taking XX = (C/rT)yx , CE CC(M) , = |x| , and computing as in

§17, we get
(n-2) J /ety et = -2 J cr 2x e Pleat® .
M M

Using the Schwartz inequality on the right we get

A

2
(n:f) j 2/ e < J |VMC!2dHn )
M M

Thus we have stability for M (in the sense of B.l) whenever A satisfies

[x[?]a]? = m-2%4

For the example above we have n=7 and [x[2 iA[2= 6, so that this
inequality is satisfied, and the cone over S3X S3 is stable as claimed.
(Similarly the cone over qu Sq is stable for g = 3 ; i.e. when the

dimension of the cone is = 7.)

Before giving the proof of B.2 we need to derive the identity of J. Simons
for the Laplacian of the length of the second fundamental form of a hypersurface

(Lemma B.8 below) .
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The simple derivation here assumes the reader's familiarity with basic
Riemannian geometry. (A completely elementary derivation, assuming no

such background, is described in [G].)

. . +
For the moment let M be an arbitrary hypersurface in IRn 1 (M not

necessarily a cone, and not necessarily having zero mean curvature).

Let Tl,...,T be a locally defined family of smooth vector fields
n
which, together with the unit normal VvV of M , define an orthonormal

. -+ . . .
basis for R 1 at all points in some region of M .

The second fundamental form of M relative to the unit normal VvV is

the tensor A =h,.71.9T. , where h,. =<D_ Vv,7.> . (cf. §7.) Recall
ij 1 ] i T. i

J J
that we have
B.4 h,.=h.. ,
ij ji

+ .
and, since the Riemann tensor of ZRn 1 is zero, we have the Codazzti
equations
B.5 h =h ., i,3,k € {1,...,n} .

ij,k ik, 3

denotes the covariant derivative of A with respect to T, ;

Here hi. k

ik

that is, hij,k are such that VTkA = hij,kTi ® Tj .

We also have the Gauss curvature equations

B.6 Rijk% = hizhjk - hikhjm ,

where R = Rijk£ T ® Tj ® Ty ® T

and where we use the sign convention such that Rijji

is the Riemann curvature tensor of M ,
(i#j) are sectional

curvatures of M (=41 if M= Sn) .



From the properties of R (in fact essentially by definition of R )

we also have, for ‘any 2-tensor

= . + a, . . .
aij,kl aij,lk almRmJZk * aijmllk
(where aij,k£ means aij,k,l - i.e. the covariant derivative with respect
to "C’Q of the tensor aij,k Ti ¥ Tj ] Tk) . In particular
B-7 Byt T Pig,ek * Pinfugtk * PmgRmitk
= hij,SLk * hlm[ mQ jk hmkhjll - hmj[hilhmk ik m2]
by B.6.
B.8 LEMMA  In the notation above
2 2 4
A G[A[D) . Z his k- [a]® + hygH o HR R R
i, Jrk
where H = hkk = trace A .
f £ :
Proo We first compute hl],kk
Bijoac T Pak, g (B B3
Mg Gy
= Mkt P PP P 5!
- hmi[hkjhmk—hkkhmj] (by B.7)
2
= - h
Pki k3 {mik hmk}hlj * Py P
14

Now multiplying by h,.

o
P

L, "

we

Mk, i3 T

1]

- hijx )

i, 3,k

a,
1

.+ h_h .h
1]
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P .
J 1

J

kk mi mj (by B.5)

then get (since h,.h

1[2 2}
= = hi.
ij ij,.kk 2 I ij Kk
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2
%[ ) h.Z,J = 3 hi. .- [z hi] +h B .+ Hh b b
RS I SRS iby 8 3743 343,

which is the required identity.

We now want to examine carefully the term X hij k appearing in
i3k !
the identity of B.8 in case M 1is a cone with vertex at 0 (i.e. no >\M==M
?
. 2 . vM 2 .
YA > 0) . 1In particular we want to compare ) hij x with |7 |al| in
n i J.k !
2 -
this case. since |V'|a||® = ) |al th..h,. )2, we loock at the
k=1 ij ij.k
difference
n
_ 2 -2 2
(*) p= Y ni. - 7 |a]"m..h, )¢ .
.~ k 23
i3, i o1 i37i3

B.9 LEMMA If M Zs a cone (not necessarily minimal) the quantity D defined

in  (*) satisfies
px) = 2|x| a0 |? ., x€m .

Proof Let x € M and select the frame T ""Tn so that Tn is radial

ll

. +
(x/lxl) along the ray Rx through x , and so that (as vectors in Rn 1)

TyreearT are constant along £ . Then
1 n X

(1) hnj = hjn =0 along ZX , j=1,...,n ,

) -1
and (since hij(Ax) = A hij(x) , A>0)

. = -r h,, 1 .
(2) hij,n r hl] along Qx

Rearranging the expression for D , we have

n n

-2 5
kZl iljl§]s=l lAl (hrshij’k—hijhrsrk) !

w]
]
N

as one easily checks by expanding the square on the right. Now since
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n n-1
2 2
1 ( ) =z4a Y e,
i,j,r,s=1 i,j,r=
s=n
we thus have
n n-1
-2
D = 2|a] ) (h,.h_ )2
. ij rn,k
k=1 i,j,r=1
By the Codazzi equations B.5 and (2) this gives
n n-1
- -2
D = 2r %|a ) hzi. ik
k=1 i,j,r=1 *J
-2 -2 4
= 2r “|a|"%|a| (by (1))
= 2:7%|a) %,

as required.

Proof of B.2
(i.e. we have not used H(

computations, thus giving

(1) AM(HA]

for the minimal cone M .

n )
makes sense H in

a.e.

Our aim now is to use

B.1l to get a contradiction
Specifically, replace

jm C21A|4

(2)

IA

+

=0) .

= by

(by B.8, B.9)
2)+1A|4 >

(Notice that

M.)

Notice that so far we have not used the minimality of

We now do set H=0

2c72[al 2+ |72 |?

IAI is Lipschitz, and hence

M

in the above

1v]all

(1) in combination with the stability inequality

in case 2=n=<6
z by C]A] in B.1l. This gives
j (9] [a| 2+ [ 7]a]

2 J z|a|vg-v|a]
M
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Now

It

2 J z|alvgev|a| = 2 J vz (3 |al?)
M M

]

r
| Wz - vi|al?
M

- J 2, 3]al?

A

J: (al®c? - 207222 al? « 2viallD ey )
M

and hence (2) gives

- [
(3) 2 J £%2%|al? < J |a]?|vz|? Ve C(l:(M) .
M M

Now we claim that (3) is wvalid even if (¢ does not have compact support

on M , provided that ¢ is locally Lipschitz and
(4) J £ 22a)? < .
M .

(This is proved by applying (3) with CYE in place of ¢ , where YE is
such that Ye(x) =1 for [x| € (E,e_l) R iVYa(x)| < 3/[xl for all x ,
YE(X) = 0 for [xl < g/2 or ]x] >28-1 , and OE'YES 1 everywhere, then

letting € ¥+ 0 and using (4).)

Since M is a cone we can write

{ee]

(5) J ¢ (x) GH™ (x) = J Mt J ¢ (xw) aH™ T () ar
M 0 5

for any non-negative continuous ¢ on M , where I = Mﬂsn is a compact

r—2|A(x/|x])|2 , Wwe can now

(n-1) -dimensional submanifold. Since |A(x)|?

]

1+ 1-n/2-2¢
r

1 P max{1l,r} , is a valid choice

use (5) to check that ¢ =r
to ensure (4), hence we may use this choice in (3). This is easily seen to

give
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) 5 J rZeri—n—z}elAlz < ((n/2)-2+€) 2 J |A|2r2-n—2€
M MN{r>1}

b o(1te) 2 J ]A]zrz8

MN{xr<1}

For 2=n<6 we can choose € such that ((n/2)—2+€)2 < 2 and (1+€)2 < 2,

hence (6) gives IAlZ =0 on M as required.
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