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Abstract

Planning under uncertainty broadly involves finding a plan for an agent acting in
an uncertain environment. Conformant Planning (CP) and Probabilistic Confor-
mant Planning (PCP) are two specific and related planning problems that involve
uncertainty. In CP, an agent that is unable to observe the environment must find
a plan that achieves its goal under a qualitatively uncertain initial state. CP can
involve uncertainty either in the initial state alone or in both the initial state and
the action effects. PCP features quantitative uncertainty, extending CP by in-
troducing a probability distribution over the initial state alone or over both the
initial state and the action effects, and requiring the goal to be reached with at
least a given probability threshold. In this thesis, the CP and PCP problems in-
volve uncertainties in their initial states only, while action effects are assumed to

be deterministic.

A key milestone in the development of CP algorithms was by Grastien and Scala
(2020). Those authors proposed CPCES, a counter-example based approach to CP
with uncertain initial states only. CPCES starts with an empty candidate plan, and
then iteratively: (1) finds a counter-example — an initial state where the candidate
plan fails — and (2) re-plans to satisfy all previously discovered counter-examples.
This process continues until a valid plan is found or the problem is proven un-
solvable. The basis of planning in CPCES is to abstract a CP problem into a cor-
responding classical planning problem, which serves as a simplified deterministic

model for guiding the search.

This thesis first explores three methods to improve the runtime performance of the
CPCES algorithm. The first identifies certain facts, whose values remain known with
certainty during the plan execution. Certain facts are represented explicitly in the
classical abstraction. Our innovation, the merging of certain facts in the classical
abstraction, substantially reduces the size of that abstraction thereby lowering the
cost of reasoning about it. The second, warm-starting CPCES, identifies impor-
tant initial states before commencement of iterative refinement, enabling CPCES
to sometimes find a valid plan immediately, or converge in fewer iterations. The
third integrates the Fast Downward System (Helmert 2006) into CPCES, develop-

ing a bespoke stratified compilation approach for synthesizing successive classical
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abstractions. Experimental results show that all three methods significantly im-

prove baseline CPCES efficiency.

Moving our attention to quantitative uncertainty, we reimagine CPCES to develop
a counter-example driven algorithm to solve PCP. Like CPCES, our approach iter-
atively searches for candidate plans via a classical abstraction, and then counter-
examples for such plans. Instead of using a single initial state as a counter-example,
we introduce counter-tags, a concept that enables the algorithm to reason over suc-
cinct representations of sets of initial states. Our algorithm searches over counter-
tags, computing their probabilities efficiently by using Deterministic Decomposable
Negation Normal Form (d-DNNF') representation of discrete probability distribu-
tions. We call our algorithm p-CPCES. To address the challenge of disjunctive goals
posed by classical abstractions encountered using p-CPCES, we further develop
a hitting set approach to eliminate disjunctive goals from classical abstractions,
thereby removing the need for classical planners capable of handling such goals.
This enhanced version of the algorithm is called p-CPCES-hit. Experiments show
p-CPCES-hit outperforms the state-of-the-art PCP planner Probabilistic-FF
(Domshlak and Hoffmann 2006, 2007). The good performance of p-~CPCES-hit is
particularly pronounced on complex problems, where it is faster than the incum-

bent algorithms.

Work performed by p-CPCES is amenable to acceleration by exploiting parallel
computation. We introduce parallel-CPCES, a multi-core approach to solving
PCP. The p-CPCES-hit algorithm involves three sequential steps per iteration:
(1) computing counter-tags, (2) computing their probabilities, and (3) solving for
a candidate plan using a classical abstraction. Any step can become a bottleneck
if it takes too long and parallel execution mitigates this issue. We implement a
framework combining p-CPCES-hit, a database, and a file system, where results
from any stage are stored in a database, and subprocesses communicate efficiently
via the file system. Each stage is executed on multiple CPUs to improve system
walltime efficiency. Additionally, we introduce a new hitting set strategy highly
suited to our parallel setting to further enhance planning performance. Experimen-
tal results confirm that parallel-CPCES finds solutions faster than p-CPCES-hit,

with speed improving as more workers (i.e., CPUs) are added.
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Chapter 1

Introduction

Planning lies at the heart of artificial intelligence, enabling agents to generate se-
quences of actions that achieve goals (Russell and Norvig 2020). In many real-world
domains—such as autonomous driving, medical diagnosis, disaster response, and
human-robot collaboration—agents must act under incomplete information and
stochastic outcomes. While conformant planning, probabilistic conformant plan-
ning, and contingent planning have been proposed to address these challenges,
counter-example based approaches have so far been applied primarily to confor-
mant planning (Kurien et al. 2002; Nguyen et al. 2012), and their effectiveness
in other planning paradigms remains largely unexplored. Counter-example based
planning offers a promising alternative: instead of reasoning over the entire belief
space, it incrementally constructs plans by focusing only on sampled counter-
examples that refute candidate plans (or policies). This not only mitigates the
scalability bottleneck but also opens the possibility of integrating machine learn-
ing techniques to guide sampling and improve efficiency. Exploring this direction
is crucial, as it may yield more scalable and robust planning techniques with broad

impact across domains where uncertainty is inherent.

In this chapter, we first introduce three important planning paradigms: classical
planning, conformant planning, and probabilistic conformant planning. We then
present CPCES, a counter-example based conformant planner, and introduce the
hitting set strategy. Finally, we provide an overview of the thesis structure and

contributions.



2 Chapter 1. Introduction

1.1 Backgrounds

In this section, we provide the background knowledge required for understanding
this thesis. We begin by presenting the formal definitions of classical planning,
conformant planning, and probabilistic conformant planning. We then introduce
CPCES, a counter-example based conformant planner that forms the foundation of
the subsequent research. We finally introduce hitting set strategy that will be used

in our counter-example based PCP planner.

1.1.1 Classical Planning

(Classical planning is a fundamental area in artificial intelligence. It involves search-
ing for a plan (a sequence of actions) in a fully known environment, where executing
the plan enables an agent to transition from the initial state to the goal state. In
classical planning, there is a unique initial state and some goal states, and the
effects of each action are deterministic. Classical planning has been widely applied
across various industrial domains. For example, in transportation and supply chain
management, it facilitates the planning of efficient logistics and supply routes. In
robotics, classical planning is used to control robots, enabling them to complete
tasks.

Classical planning is a computationally complex problem. When the plan length is
not bounded, solving a classical planning problem is PSPACE-COMPLETE. This
is mainly because classical planning involves searching for an action sequence in
a discrete state space, which can be exponentially large: if there are n facts, the

size of the state space is 2.

1.1.2 Definition of Classical Planning

Definition 1. A classical planning problem can be represented by a tuple P =
(F, A, 1,G), where:

e I is a set of Boolean variables (also called propositions), each of which can
take values True or False. A state S is an assignment of truth values to all

variables in F'. Equivalently, a state can be represented as the set of variables
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that are assigned True under S.
o A is a set of actions. Each action o € A is a pair o = (pre(o), eff (0)), where:

— The precondition pre(o) C F specifies the set of variables that must be
True for the action o to be applicable;

— There are two kinds of effects. The first is deterministic effects eff (o),
which are typically divided into two disjoint subsets: the positive ef-
fects eff T(0) and the negative effects eff (o). Applying o to a state
adds all variables in eff T (o) (setting them to True) and removes all
variables in eff ~ (o) (setting them to False). The second is conditional
effects coneff(a) = (c,eff T, eff ), representing the condition and its
corresponding positive and negative effects. An action can have both

deterministic effects and conditional effects.

e [ C F is the initial state, representing the set of variables that are True
nitially;

e G C F' 1is the goal condition, which specifies the set of variables that must be
assigned True in a state for that state to satisfy the goal.

A plan for a classical planning problem is a sequence of actions © = ajy ... a, such
that, starting from the initial state I and applying the actions in sequence, the

resulting state satisfies the goal condition.

Example 1. We use a DISPOSE problem in Figure 1.1 to illustrate classical plan-
ning. In a 2 X 2 grid, a robot is initially positioned at (1,1). A can is located
at (2,1), and a trash bin is placed at (2,2). The robot can perform three actions:
move, pickup, and dispose. The goal state is to ensure that the can is disposed
of in the trash bin. A wvalid solution to this problem is: move(right), pickup(can),
move(up), dispose(can). In this example, the initial state is unique and the envi-

ronment s fully deterministic.

1.1.3 Conformant Planning

Conformant Planning (CP) involves finding a sequence of actions that can tran-
sition an agent from an initial state to a goal state, without the benefit of ob-

servations during plan execution. Unlike classical planning problems, where all
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=

1 2

Figure 1.1: A robot initially stands at position (1,1) in a 2 x 2 grid. There is a
can located at (2,1) that needs to be picked up and disposed of in a trash bin at
(2,2). The robot can perform three actions: move, pickup, and dispose. A valid
solution to this problem is: move(right), pickup(can), move(up), dispose(can).

information is deterministic and known, CP models uncertainties. CP can in-
volve uncertainty either in the initial state alone or in both the initial state and
the action effects. In this thesis, we focus specifically on CP problems where all

uncertainty is in regards to the initial state.

Classical planning typically assumes full certainty about the initial state, which
limits its applicability in real-world scenarios where uncertainty is prevalent. In
contrast, CP solutions are robust to such uncertainty, ensuring that the goal is
achieved regardless of unknown initial conditions. This is especially important in
situations where sensors are either expensive, unreliable, or unavailable, making it
impractical to continuously gather new information. CP addresses this challenge
by assuming the worst-case scenario and devising plans that account for all pos-

sible contingencies. For instance, in high-stakes exploration tasks such as space
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Figure 1.2: Graphical representation of a conformant planning problem. A robot
is standing in a 5 X 5 grid surrounded by walls. Its initial location is unknown.
The goal is to move the robot to “G”. One valid plan is GO_E X 4, GO_S X 4,
GO_N X 2, GO_.W X 2.

missions or underwater expeditions, where obtaining real-time feedback is costly
or impossible, CP enables agents to act confidently, knowing that their plans will

succeed despite the lack of detailed knowledge about the environment.

Example 2. To illustrate CP, we use a Grid World as an example (Figure 1.2),
and this thesis explains our method for CP through this scenario. A robot, which
lacks observations, is standing in a 5 X 5 grid, but its exact location is unknown.
The grid is bordered by walls that prevent the robot from moving outside the grid.
The robot has four actions: GO_S, GO_N, GO_E, and GO_W, representing move-
ments to the South, North, Fast, and West, respectively. If the robot is blocked by
a wall when acting to move in a direction, it will remain stationary. The objective
is to move the robot to the center of the grid (3,3), labeled as “G” in Figure 1.2,
no matter where the robot is initially. One valid solution for this example is GO_E
X 4, GO_S X 4, GON X 2, and GO_W X 2.
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1.1.4 Definition of Conformant Planning

In deterministic conformant planning, a state is defined as a subset of facts s C F,
where each fact in s is True. The set F' of facts is used to construct the set L(F'),

which comprises propositional formulas over F.

Definition 2. A deterministic conformant planning problem P = (F,N, A, I, G)

is defined as follows:

e [': This represents a finite set of facts.

N: This denotes a set of action names, also known as actions.

A: This function maps each action name in N to a triplet that consists of
a precondition pre(a), a set of conditional effects coneff (a). FEach element
in coneff(a) is a tuple coneff(a) = {(c,eff ", eff 7), with ¢ containing only
positive facts that must hold true for the effect to apply, eff * the set of facts
to be added, and eff the set of facts to be removed.

I: This is the initial condition, a propositional formula that defines the initial

state.

e GG: This is the goal condition, also a propositional formula representing the

goal state.

A state s is initial if it satisfies the initial condition, written as s | I, where
models denotes logical entailment — i.e., all facts specified by I hold True in
s. Similarly, it is deemed a goal state if it satisfies s = G. The application of
an action a in state s leads to positive effects eff " (s, a) which are determined by
aggregating the positive effects for all conditions ¢ in coneff(a) that are satisfied
in s.
eff T(s,a) = U eff t.
(e, eff T, eff ) € coneff (a)
skEc
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Negative effects are calculated similarly.

eff (s,a) = U eff .
(c.eff T, eff 7) € coneff (a)
skEc

The resulting state from applying action a in state s is represented as s|al,

where
sla] = s\ eff (s,a)Ueff"(s,a).
This operation is valid under two conditions:

1. state s must meet the precondition of the action:
s = pre(a);
2. There must be no conflict between the positive and negative effects:

eff T(s,a) Neff (s,a) = 0.

A plan consists of a series of actions 7 = aq,...,a,. Executing this sequence
starting in initial state sg results in a progression through states si, ..., sx, where
each state s; is derived from the previous state s;_; by applying the action a; :
s; = si—1[a;]. We denote the result state reached by this sequence as so[r]. A
plan is termed applicable in sq if each action a; can be successfully applied in
the corresponding state s; 1, and the final state s, meets the goal condition. A
solution, or a conformant plan, is considered valid for a deterministic conformant
planning problem if it holds across all initial states. The set of all valid conformant
plans for problem P is denoted by II(P) C N*, where N* denotes the Kleene
closure of the action set N, i.e., the set of all finite sequences (including the empty
sequence) composed of actions from N. A conformant planning problem is a

classical planning problem if there is only one initial state.

Example 3. Let’s refer to the example from Section 1.1.3. A state is represented
as a set of facts {x;,y;} where i € {1,...,5} and j € {1,...,5}. Here, z; corre-
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sponds to the column number labeled in the grid, and y; represents the row number.
There are a total of 25 possible initial states, and the goal state is {x3,ys}. There

are four actions, each without a precondition but with several conditional effects.

1.1.5 Probabilistic Conformant Planning

Compared with Conformant Planning, the uncertainty in Probabilistic Conformant
Planning (PCP) involves probability distributions. PCP is a planning problem
where the objective is to find a sequence of actions that transition an agent from
an initial state to a goal state, under conditions where either only the initial
state is uncertain and follows a probability distribution, or both the initial state
and the effects of actions are uncertain and governed by probabilities. The agent
lacks observational capabilities, and the plan must achieve the goal with a certain
probability guarantee. In this thesis, we focus specifically on PCP problems where
the initial state is uncertain. Under this assumption, CP can be regarded as a
special case of PCP, where the probability distribution for the initial state or
action effects is uniform, and the probability threshold for reaching the goal is 1.
The need to account for probability distributions during plan search makes PCP

significantly more challenging to be solved than CP.

PCP is both useful and applicable in real-world scenarios. First, by incorporating
probabilities into the planning process, PCP can optimize for the most likely suc-
cessful outcomes. This approach allows planners to account for the likelihood of
various scenarios and to select actions that maximize the probability of achieving
the goal. Second, in complex systems where actions have stochastic effects—such
as robotics, autonomous vehicles, or dynamic environments—PCP enables the
development of more sophisticated and effective plans. It helps these systems

navigate uncertainty and variability in their operational contexts.

Example 4. We continue using the Grid World erxample to illustrate PCP, but
with additional constraints. In this scenario (Figure 1.3), a robot without observa-
tion stands in a 3 X 3 grid and aims to move to the center of the grid (2,2) with
a probability guarantee of 0.75. The initial location of the robot is uncertain: the
probabilities of being at xq, T2, and x3 are 0.2, 0.7, and 0.1, respectively, and the

probabilities of being at y1, yo, and ys are 0.2, 0.7, and 0.1, respectively. The grid
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GO_N

Yo (.7) — G GO_W+GO_E

GO_S

Figure 1.3: Graphical representation of a probabilistic conformant planning prob-
lem. The bold lines represent walls that the robot cannot pass through. The robot
can only GO_E and GO_W when it is in the first row (y3) of the grid, as there are
vertical walls on y; and y, that block horizontal movement. The robot’s initial
location is uncertain, with its initial vertical and horizontal positions indicated by
the probabilities labeling the rows and columns, respectively (e.g., the probability
of starting at (z1,y2) is 0.2 x 0.7 = 0.14). The objective is for the robot to reach
the center location with a probability of at least 0.75.

is bordered by walls (bold lines) that prevent the robot from moving outside, and
if the robot encounters a wall, it will remain stationary. The robot can only move
FEast or West when it is in the top row (y3) of the grid. There are vertical walls on
y1 and ys that block horizontal movement. Notice that there are several differences
compared to Figure 1.2. First, in this example, the initial state is represented by
a probability distribution. Second, the grid size is 3 X 3, not 5 x 5 as in the CP
example. Third, in this example, the robot is only allowed to move horizontally
when positioned at ys (the precondition of GO_E and GO_W is —ys). This set-
ting s designed to demonstrate how to handle action preconditions during problem

projection.

A walid solution to this problem is GO_N, GO_W, GO_E, GO_S. This plan covers
four positions: (1,3), (1,2), (2,3), (2,2), resulting in a probability of reaching the
goal state of 0.04 + 0.14 + 0.14 + 0.49 = 0.81, which is greater than or equal to
the required 0.75.
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1.1.6 Definition of Probabilistic Conformant Planning

To better describe PCP algorithms in this thesis, we will use propositional formulas
(this is different from the way CP is defined) to represent some elements in a PCP
problem. Given a propositional formula ¢, we write vars(y) to denote the set
of propositional variables in ¢. Below, formulas are understood as a conjunction

® = N\ ¢i; they may consist of a single conjunct.

Definition 3. A probabilistic conformant planning problem P = (F, A, I, G, T) is
defined as follows:

o [': A finite set of facts, where a state is represented as a subset s C F', with

each fact in s being True. This state can be understood as a propositional
formula Ny, f A /\feF\S =f.

o A: A set of actions, where each action a € A is a tuple
(name(a), pre(a), coneff (a)), consisting of a precondition pre(a) and a set
of conditional effects coneff (a) = {{cony, eff{, eff1), ..., {cony, effy, effr)}
The precondition is a conjunction of facts over F and is True if trivial. In
each conditional effect (con,eff ¥, eff 7), con, called the condition, and two
sets of facts, eff * and eff ~, representing the positive and negative effects,
respectively. Action a is applicable in state s if s = pre(a). The positive
effects of a in s are Pos(a,s) = Uon.ef+ e~ e cone (a).skecon eff ¥, and the
negative effects Neg(a,s) are defined similarly. The resulting state s’ after

executing action a is s'[a] = s U Pos(a, s) \ Neg(a, s).

e I: The initial probability function I : 28 — [0,1]. If the only initial state is
i, it is represented as I = {i} rather than I = {i — 1} U{s — 0|s #i}. The

function I is extended to sets of states as I(S) = .o 1(5).

e G: The goal condition, expressed as a conjunction of facts. It represents the

goal the PCP algorithm aims to achieve.
e 7: The probability threshold, a rational number between 0 and 1.

A plan m = name(ay) ...name(ag) is a sequence of action names. Executing this
sequence starting from an initial state sy results in a progression through states
s1,..., Sk, Where each state s; is obtained by applying the action a; to the previous

state s;_1, i.e., s; = s;_1[a;].We generalize this notation by writing s[r] to denote
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the state resulting from executing the plan 7 starting from state s. A plan 7 is
valid for an initial state sg if each action a; can be successfully applied in the
corresponding state s;_;, and the final state s, satisfies the goal condition, i.e.,
sk = so[m] = G. We denote the set of states in which = is valid as [r]. A plan is
valid for the problem P, written 7= € II(P), if it holds for some initial states and
the probability of these initial states is no less than 7: I([x]) > 7.

Example 5. Let’s refer to the example from Section 1.1.5. This example includes
siz facts: {1, x2,T3,Y1,Y2,ys} and features a total of nine possible initial states,
each represented by a set of facts {x;,y;}, where 1 < i < 3,i € Z. The initial

probability function is given by:

{J]l,yl}f—).04 {Il,yg}'—>.14 {xl,yg}r—>.02
I = {$27y1}0—>.14 {l’g,yg}'—>.49 {132,y3}|—>.07

{3, y1}—.02 {z3,y2}—=.07 {x3,y3}—.01

and I(s) = 0 for any other states. The problem includes four actions: A =
{GO_E, GO_S,GO_N,GO_W}. The actions GO_E and GO_W have the precondition:
pre(GO_E) = y3 and pre(GO_W) = ys, indicating the agent can only move hori-
zontally when located in the top row. The goal is xo N\ yy and 7 = 0.75. When
T = 1, the problem asks for a plan that satisfies all possible initial states, which,
by definition, is a CP problem. When T = 1 and there is only one possible initial

state, by definition, it becomes a classical planning problem.

1.1.7 CPCES

A CP problem can be viewed as a path finding problem over a directed graph
(Bonet and Geffner 2000) where each vertex represents a “belief state”—possible
states the system could be in—and each edge represents the effects of an action.
Due to the uncertainty of the initial state, the number of belief states grows expo-
nentially, making the problem significantly challenging. In fact, CP is EXPSPACE-
COMPLETE (Haslum and Jonsson 2000; Bonet 2010). Given that it is infeasible
to consider all possible belief states during the search, Grastien and Scala (2020)
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Algorithm 1 The conformant planner CPCES.
1: input: conformant planning problem P
2: output: a conformant plan, or no plan

3: B:=10 > empty sample set
4: Ti=€ > empty plan
5: loop

6: q := generate_counter_example(P, )

7: if ¢ # L then

8: return m

9: B := BU{q}

10: 7 := produce_candidate_plan(P, B)
11: if 7= 1 then
12: return no plan

proposed an alternative approach using counter-examples to guide the search for

solutions to CP problems, naming their algorithm CPCES.

CPCES (summarized in Algorithm 1) is a conformant planner that has been proven
to be both sound and complete. It iteratively searches for candidate plans and
counter-examples until no counter-example remains, at which point the final can-
didate plan becomes the valid solution. A counter-example (also called a “sample”)
is an initial state for which the candidate plan is invalid. Specifically, CPCES begins
with an empty sample set B and an empty plan 7. The planner then enters an
iterative process, in which it generates a counter-example to the current candidate
plan (Line 6), adds it to the sample set B (Line 14), and produces a new candidate
plan (Line 15). This new candidate plan ensures that all initial states in B can
eventually reach the goal state, after which 7 is updated with the new candidate
plan. The details of CPCES will be introduced in Section 3.1.

CPCES cleverly avoids the traditional path-finding search method, which can po-
tentially involve a large number of belief states. Instead, it focuses on searching for
counter-examples and updating candidate plans. This approach not only signifi-
cantly reduces memory usage but also eliminates the need to consider all possible

initial states, making the search fast and efficient.

Example 6. We use the example in Figure 1.2 to illustrate how CPCES solves a

CP problem. The changes in variables at each step are summarized in Table 5.1.
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Table 1.1: Detailed process of how CPCES solves the problem illustrated in Figure

1.2.

[teration | Sample Sample Set Candidate Plan

0 - 0 £

1 )} GO_E,GO_N

2 (2,5) {(2,2),(2,5)} GO_N X 3,GO_E, GO_S X 2
3 (4,1) {(2,2),(2,5),(4,1)} GO_N X 4,GO_E X 3,
GO_W X 2,GO_S X 2

4 (L,1) |4{(2,2),(2,5),(4,1),(1,1)} GO_N X 4,GO_E X 4,
GO_W X 2,G0O_S X 2

The sample set B s initially empty, and the candidate plan is o = €.

Since the candidate plan is €, any initial state that differs from the goal
state can be a counter-example. Suppose CPCES selects (2,2) as the counter-
example and adds it to B. CPCES then updates the candidate plan to m =
GO_E, GO_N.

CPCES identifies a new counter-example to my at (2,5) and adds it to B. Since
next candidate plan must satisfy all counter-examples in B, CPCES updates

1t to My = GO_N X 3, GO_E, GO_S X 2.

CPCES finds a counter-example to my at (4,1) and adds it to B. The candidate
plan is then updated to m3 = GO_N X 4, GO_E X 3,GO_W X 2,GO_S X 2.

. CPCES detects a counter-example to w3 at (1,1) and adds it to B. The can-

didate plan is updated to m4y = GO_N X 4, GO_E X 4,GO_W X 2,GO_S X 2.

CPCES finds no counter-example exists to my, indicating that the final w4 is a

valid solution to the problem. CPCES returns w4y and the algorithm terminates.

1.1.8 Hitting Set

In this thesis, we use the hitting set to avoid the occurrence of disjunctions in the

goal states of classical planning problems translated from PCP, thereby enabling

the classical planner to solve them more efficiently.

The hitting set problem is a fundamental combinatorial optimization problem
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(Karp 2009). Let B be a set of elements and A = { By, ..., B,} so that each B; C
B. The goal of hitting set problem is to find a smallest subset H C B such that
H N B; # 0 for all B; € A. In other words, the hitting set must “hit” or intersect
every set in the collection. For example, given A = {{a,b,c},{a,d},{c,d,e}}, a

valid hitting set is H = {¢, d}, since it intersects each of the three subsets.

Computing hitting set is NP-coMPLETE (Karp 2009), even when restricted to
special cases such as 3-Hitting Set, where each subset has at most three elements
(Garey and Johnson 2002). A variety of methods has been created to compute
hitting sets, including branch-and-bound techniques (Blésius et al. 2022), enu-
meration algorithms (Gainer-Dewar and Vera-Licona 2017), Integer Linear Pro-
gramming formulations (Reiter 1987), and SAT-based approaches (Biere et al.
2009).

The hitting set problem has found use in numerous applications. For example,
in testing and diagnosis, hitting sets are used to minimize the number of test
cases or to identify minimal fault explanations in model-based diagnosis (Reiter
1987). In information retrieval and databases, hitting sets provide a foundation for
query optimization and minimal keyword selection (Kavvadias and Stavropoulos
2005).

1.2 Contributions

In 2020, Grastien and Scala introduced a pioneering approach to conformant plan-
ning based on counter-examples. Their method, CPCES, iteratively refines candi-
date plans by identifying counter-examples (initial states) for which the current
plan fails and incorporating this information into the planning process until a valid
plan is found. A key strength of this approach lies in its ability to avoid reasoning
over the entire set of possible initial states, thereby offering significant advantages

in efficiency over traditional conformant planners.

Despite the conceptual elegance and practical effectiveness of CPCES, our analysis
reveals several limitations that constrain its overall efficiency. First, we observe
that the number of predicates involved in the classical abstraction grows signif-

icantly as the number of refinement iterations increases. This, in turn, slows
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down the plan refinement phase and increases computational overhead. Second,
although certain initial states can rapidly guide CPCES toward a valid plan, the
algorithm lacks a mechanism for identifying and prioritizing such “helpful” initial
states, leading to inefficient exploration. Third, the use of the Fast Downward
System (Helmert 2006) as the classical planner within CPCES, while flexible, re-
sults in substantial computational delays in practice. To address these issues,
we propose three targeted enhancements to the original CPCES framework. The
first, merging certain facts, reduces the complexity of the classical abstraction by
identifying and combining known predicates during plan executions. The second,
warm-starting CPCES, introduces a mechanism to select “important initial states”
early in the search process. The third, incremental CPCES, improves the efficiency
of plan searching when using Fast Downward in CPCES, by incrementally generat-
ing SAS+ file. Empirical evaluations demonstrate that these enhancements yield

considerable improvements in planning efficiency.

Motivated by the success of CPCES in conformant planning, we hypothesize that
the counter-example based approach can be generalized to other forms of planning
under uncertainty. In this thesis, we focus on probabilistic conformant planning,
which extends the conformant planning by incorporating probabilistic distribution
in the initial states. Building on CPCES, we develop two novel algorithms: p—CPCES
and p-CPCES-hit. Experimental comparisons indicate that p~-CPCES-hit outper-
forms the state-of-the-art probabilistic conformant planner, Probabilistic-FF,

particularly when solving complex problems.

Nevertheless, a key limitation of the CPCES-based family of algorithms is that
they are inherently single-threaded, which makes them vulnerable to performance
bottlenecks in any of their computational components. To overcome this chal-
lenge, we hypothesize that parallelizing the planning process could significantly
improve overall efficiency. We develop a parallelized version of p-CPCES-hit by
decomposing the algorithm into three independent modules and executing each
module using multiple workers across available CPU cores. The resulting sys-
tem, parallel-CPCES, demonstrates substantial speedups over p-CPCES-hit and
probabilistic-FF. Furthermore, we observe that performance gains scale posi-

tively with the number of parallel workers, confirming the effectiveness of paral-
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lelization in mitigating bottlenecks.

1.3 Thesis Outline

This thesis is organized as follows. Chapter 1 provides the introduction, outlining
the research motivation and an overview of the work. Chapter 2 provides a review
of related work in the field. Chapter 3 presents three methods to improve the
efficiency of the CPCES algorithm. Chapter 4 proposes a counter-example based
approach for solving PCP problems. Chapter 5 introduces a parallel framework
that leverages multi-core CPUs to solve PCP problems. Finally, Chapter 6 presents

the conclusions of this thesis and discusses directions for future work.



Chapter 2

Literature Review

In this chapter, we begin by reviewing heuristic search methods that have signif-
icantly influenced the field of Al planning. We then introduce the fundamentals
of classical planning, followed by an overview of the Planning Domain Defini-
tion Language (PDDL), which has become the de facto standard for modeling
planning problems. Building on this foundation, we examine various extensions
beyond classical planning, including conformant planning and probabilistic con-
formant planning. Finally, we present the Counter-Example Guided Abstraction

Refinement (CEGAR) framework.

2.1 Heuristic Search Methods

In the field of Al planning, many mainstream planners, such as Fast Forward
(Hoffmann 2001), Fast Downward (Helmert 2006), Probabilistic-FF (Domshlak
and Hoffmann 2006, 2007), rely on search algorithms to find a valid plan that tran-
sitions the system from an initial state to one of the goal states. Search algorithms

can be broadly classified into non-heuristic search and heuristic search.

e Non-heuristic search explores the search space based solely on the prob-
lem’s structure and transition rules, without using any heuristic estimates
(future costs estimates) to prioritize which paths to explore. Examples of
non-heuristic search algorithms include Breadth-First Search (BFS), Depth-
First Search (DFS), Uniform Cost Search (UCS), and Iterative Deepening
Search (IDS) (Winston 1992). Figure 2.1 presents a simple example of BFS.

e Heuristic search, on the other hand, makes use of a heuristic function to

17
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estimate the desirability of a given state, guiding the search toward more
promising regions of the search space. Typical heuristic search algorithms
include Best-First Search, A*, and Weighted A* (Winston 1992).

Figure 2.1: The figure shows the BFS traversal starting from the initial state Sy,
expanding nodes level by level in the order: Sy — A, B,C — D,E, F,Sq, H, 1.
The goal state S is found after expanding node B’s children. No heuristic esti-
mates are used during the search.

A heuristic function provides an estimate of the cost from a given state to a
goal state. During a heuristic search process, the planner starts from the initial
state and expands reachable successor states, typically computing heuristic values
for each. Search strategies will prioritize expanding states based on an evaluation
that combines both the cost accumulated so far and the heuristic estimate, thereby
guiding the search toward more promising parts of the state space and aiming to

find a plan to the goal efficiently.

A* (Hart et al. 1968) combines the real cost g(s), which is the cost from the initial
state Sp to the current state s, and the estimated cost h(s), which is the estimated
cost from the current state to the goal (also known as the heuristic value). It uses
their sum f(s) = g(s) + h(s) as the evaluation function to guide its exploration of
the state space. During the search process, A* maintains two lists: an open list
that contains states that have been discovered (seen) but not yet fully expanded,
and a closed list that contains states that have already been fully expanded. This
mechanism prevents redundant exploration and enables efficient traversal of the
search space. For A* to guarantee finding an optimal plan, the heuristic function

h(s) must be admissible, meaning it never overestimates the true minimal cost
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from any state s to the goal. That is, for every node s, we must have h(s) < h*(s),

where h*(s) is the actual cost of the cheapest path from s to the goal.

h=2

h=1

Figure 2.2: An example of A* search applied to a simple planning problem. Each
node is annotated with a heuristic value h, representing the estimated cost to
reach the goal. The edge labels denote action costs between states. This figure
highlights how A* evaluates paths by balancing the actual cost so far with the
heuristic estimate, illustrating the algorithm’s preference for the path through
node A (total cost = 4) over node B (total cost = 5).

Example 7. Figure 2.2 illustrates the process of solving a planning problem using
A* search. In the figure, each node represents a state, where Sy denotes the initial
state and Sg denotes the goal state. The numbers on the edges represent the cost
between two states, and the h value on each node indicates the estimated cost from
that state to the goal state. A* search maintains two sets of nodes: an open list,
which stores states that have been discovered but not yet expanded, and a closed

last, which stores states that have already been expanded.
The A* search proceeds as follows:

1. Initially, the open list contains only the start state: open = {Sy}, and the
closed list is empty: closed = {}. The real cost g(Sy) = 0, the heuristic
value h(Sy) = 3, and therefore the evaluation function f(Sy) =0+ 3 = 3.

2. So has the smallest f wvalue in the open list, so it is expanded and moved to
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the closed list: open = {A, B}, closed = {Sy}. - For node A: g(A) = 2,
h(A) =2, so f(A) =4 - For node B: g(B) =2, h(B) =1, so f(B) =3

3. B has the smallest f wvalue, so it is expanded and moved to the closed
list: open = {4, Sg}, closed = {Sy, B}. - From B, the goal node Sg
is reached with g(S¢) =5, h(Sg) =0, so f(Sg) =5

4. A is now the node with the smallest f value, so it is expanded: open = {Sg},
closed = {Sy, B, A}. - From A, Sg is reached again with a new path cost
9(Se) =4, h(Se) =0, so f(Sg) = 4. Since this new path to S is cheaper
than the previously discovered one (f =4 < 5), the old entry in the open list

is replaced with the better one.

5. Now, the open list contains only Sq with f =4, so it is expanded and recog-
nized as the goal. The search terminates. Tracing back from Sg through its

parent nodes, the optimal path Sy — A — Sq is recovered.

Weighted A* (Pohl 1970) relaxes the requirement for optimality in order to speed
up the search. It modifies the evaluation function to f(s) = g(s) + wh(s), where
w > 1 is a weight that emphasizes the heuristic estimate. By inflating the es-
timated cost, Weighted A* tends to more aggressively pursue states that appear
closer to the goal, thereby reducing the overall search effort but possibly sacrificing
optimality. Since wh(z) may overestimate the true cost to the goal even if h(s)
itself is admissible, the resulting evaluation function is no longer admissible. Con-
sequently, Weighted A* does not guarantee finding the optimal solution. However,
in practice, it often finds solutions of reasonably high quality while significantly
reducing computation time. When the heuristic function is informative and ac-
curate, Weighted A* provides an effective trade-off between solution quality and

search efficiency.

Greedy Best-First Search (Pohl 1970) is another type of heuristic search algorithm.
It always expands the node that appears most promising based on the heuristic
function, using f(s) = h(s). Unlike A*, it completely ignores the cost from the
start state, g(s), which often leads to faster search but may result in suboptimal

solutions that are excessively long.

Hill Climbing (Pearl 1984) is a commonly used local search strategy in Al Planning
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and is considered a type of heuristic search method. The algorithm starts from
the current state and always selects the neighboring state with the lowest heuristic
value h(s). Unlike Greedy Best-First Search, which maintains an open list of all
discovered states and expands the one with the lowest h(s) globally, Hill Climbing
only considers the immediate neighbors of the current state. Its data structure
holds only the current state and its successors, making it faster but more prone
to getting stuck in local minima. If none of the neighbors has a better heuristic
value, the algorithm terminates or fails due to being trapped in a local optimum.
To overcome this limitation, Enforced Hill Climbing (EHC) was introduced by
Hoffmann as part of the Fast Forward planner (Hoffmann 2001). When no better
neighbor is available, EHC performs a BFS from the current state to find a state
with a strictly lower heuristic value and resumes the hill climbing from there.
Compared to pure Hill Climbing, EHC is more robust and, in many practical
planning domains, faster than A* — especially when optimality is not required.

However, EHC does not guarantee an optimal solution.

2.2 Classical Planning

Classical planning research dates back to 1961 with the development of the General
Problem Solver by Newell and Simon (1961), designed to mimic human think-
ing in solving simple formal problems. In 1971, Fikes and Nilsson introduced
STRIPS (Fikes and Nilsson 1971), a widely accepted method for defining classical
planning problems, which uses a fragment of first-order logic to represent states.
Propositional STRIPS planning is PSPACE-cOMPLETE (Bylander 1994a). In
theory, classical planning can be viewed as a search problem: starting from an
initial state, the planner systematically explores reachable states until a goal state
is found, thus discovering a plan (or it has been proved none exists); however,
brute-force search is highly inefficient. Consequently, researchers have developed
various search algorithms to improve planning efficiency. In 1997, Blum and Furst
significantly enhanced search efficiency with the Graphplan approach (Blum and
Furst 1997). Later, in 1999, Kautz and Selman translated classical planning prob-
lems into SAT problems and integrated the Graphplan approach to design the

Blackbox planning system, demonstrating remarkable solving efficiency (Kautz
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and Selman 1999). Many planners, such as Fast Forward (Hoffmann 2001) and
Fast Downward (Helmert 2006), adopt heuristic search methods to efficiently find

plans.

Fast Forward (FF), created by Hoffmann in 2001, is a heuristic forward state-
space planner that performs search from the initial state toward the goal state. Its
primary search strategy is Enforced Hill Climbing (EHC), which combines greedy
heuristic search with breadth-first search to escape local minima. If EHC fails to
find a solution, FF switches to a complete best-first search strategy using Weighted
A* (Pohl 1970) to guarantee completeness.

The heuristic used by FF, known as the FF heuristic, is based on delete-relaxation
(Bonet et al. 1997), in which all negative effects of actions are ignored. This
simplification transforms the original planning problem into a relaxed one, which
is easier to solve. To compute the heuristic value of a state, FF uses the Relaxed
Graphplan approach (Blum and Furst 1997) to expand forward from the initial
state until a relaxed plan is found. The length of this relaxed plan is used as the
heuristic value for the current state. In addition to estimating distance to the goal,
the FF heuristic also identifies a set of helpful actions for each search state S (we
are using the definition of CP from Definition 1). These are the actions that appear
in the first step of the relaxed plan — that is, the first set of actions considered
for execution, where each step corresponds to a single action — meaning they are
the most promising actions to move toward the goal. The set of helpful actions
H(S) for a state S is then defined as:

H(S) :={o| pre(o) C S, eff "(0) N G, # 0}

where (7 is the set of subgoals that appear at the first level of relaxed plan

extraction.

During EHC and breadth-first search, FF restricts the successors of any state S
to only those generated by the helpful actions of S, significantly reducing the
search space and improving planning efficiency. However, this approach is not
completeness-preserving. If EHC fails to find a solution, FF falls back to a complete
Weighted A* (Pohl 1970) search to ensure solution discovery.
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Fast Downward (FD), created by Helmert in 2006, is a heuristic search planner
composed of three main components: the translator, the knowledge compilation
module, and the search engine. Unlike other planners (e.g., FF), which directly
perform plan search using the facts defined in a PDDL file, FD first analyzes causal
relationships and identifies mutually exclusive facts, grouping them into mutex
groups. Each mutex group is treated as a multi-valued variable (Béckstrom and
Nebel 1995a) and is written into an SAS+ file. This transformation reduces the
branching factor in the state space during the search process. This step is han-
dled by the translator. Once the SAS+ representation is obtained, the knowledge
compilation module preprocesses the planning task and provides optimized data
structures for FD. Specifically, this module first constructs a Causal Graph (CG) to
analyze causal dependencies between state variables and builds Domain Transition
Graphs (DTGs) to describe how variables change through actions. Based on the
CG and DTGs, it computes the CG heuristic to improve search efficiency. Finally,
it generates successor generators to optimize state expansion and axiom evalua-
tors to compute derived variables. The search engine in FD is based on heuristic
search, primarily using Greedy Best-First Search (Pohl 1970) along with several

optimization techniques to improve efficiency. These optimizations include:

e Heuristic-guided search: FD primarily uses the causal graph heuristic and the

Fast Forward heuristic to guide the search process.

e Preferred operators: Similar to helpful actions in FF, FD identifies actions that
are more likely to lead to the goal and prioritizes their expansion, speeding

up the search.

e Deferred heuristic evaluation: In some planning tasks, state expansion can
lead to a large branching factor, making heuristic evaluation computationally
expensive. To mitigate this, FD delays heuristic evaluation, computing the
heuristic value of a successor state only when necessary, reducing unnecessary

computations.

e Alternative search strategies: FD also supports Multi-Heuristic Best-First
Search, which leverages multiple heuristics simultaneously, and Focused
[terative-Broadening Search, which controls search breadth to improve ef-

ficiency.
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These optimizations allow FD to efficiently handle large-scale planning tasks, mak-
ing it a competitive planner in the 4th International Planning Competition (IPC-4)
(Helmert 2006). Many state-based planners have been developed based on the FD
framework. One prominent example is LAMA, “Landmarks And Memory” (Richter
and Westphal 2010), which introduces the concept of landmarks—important sub-
goals that must be achieved in every valid plan. LAMA leverages these landmarks
to construct heuristic functions that guide the search more effectively. It has been

fully integrated into FD and can be directly used as a built-in configuration.

Madagascar (Rintanen 2012, 2014) differs from heuristic search planners like FF
and FD. Instead of heuristic search, it is a planning system based on SAT solving.
Its core idea is to transform a planning problem into a SAT problem and then use
a SAT solver to efficiently search the solution space. Moreover, it supports parallel
SAT solving (Rintanen et al. 2006, 2004), enhancing computational efficiency and
scalability to handle larger planning problems. Madagascar adopts a standard

SAT encoding to represent planning problems in the form:
e =INTO,1)ANT(1,2)---ANT({t—-1,t) NG

where [ represents the initial state, G represents the goal state, and T'(i,7 + 1)
encodes the state transitions, specifying possible actions between step ¢ and 7 + 1.
The satisfiability of ¢; indicates that a feasible plan exists within ¢ steps. There

are three core technologies used in Madagascar.

1. Implementation of 3-Step Encoding: Unlike traditional V-semantics used
in early SAT-based planning approaches, which enforce mutual exclusion
between all actions in the same time step, Madagascar’s 3-step encoding
(Rintanen et al. 2006) allows multiple conflicting actions to be planned at
each step, leading to more compact encodings. This approach also eliminates
unnecessary action exclusion constraints, significantly reducing the size of the
SAT formula.

2. Mutex Constraints: Madagascar uses 2-literal invariants to accelerate SAT
solving. These constraints help prune the search space by enforcing logical

relationships between state variables.
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3. Parallel SAT Solving and Scheduling Strategies: Traditional SAT-based plan-
ning methods solve satisfiability problems sequentially by incrementally in-
creasing the time horizon ¢ (Kautz and Selman 1999). Madagascar in-
troduces two parallel scheduling strategies. Strategy A (Rintanen et al.
2006) distributes computational resources evenly across a fixed set of plan
lengths, enabling parallel exploration of multiple horizons. Strategy B (Rin-
tanen et al. 2006) employs a parallelized search strategy that allocates re-
sources geometrically across different plan lengths. By interleaving the ex-
ploration—assigning more time to shorter horizons while still allocating re-
sources to longer ones—it avoids getting stuck on difficult unsatisfiable cases

and often identifies valid plans more efficiently.

With these optimizations, Madagascar demonstrates high scalability in classical
planning, enabling it to handle larger and more complex planning problems while

surpassing the efficiency of many earlier SAT-based planning approaches.

Figure 2.3 illustrates the simplified workflow of Madagascar for solving a classical
planning problem. Initially, the user defines the initial step ¢ (the starting plan
length for the search) and the maximum step k£ (the upper bound on the plan
length considered). Then, the algorithm enters an iterative process. At each it-
eration, Madagascar encodes the classical planning problem into a CNF formula
corresponding to a plan of length 7, and solves the formula using a SAT solver. If
the SAT solver finds a satisfying assignment, a valid plan is extracted and the al-
gorithm terminates. If the SAT solver determines that the formula is unsatisfiable,
the value of 7 is incremented by one. If the updated i satisfies the bound i < k,
the process repeats with the new plan length. Otherwise, if ¢« > k, the algorithm
concludes that no plan of length at most k£ exists for the given planning problem,

and terminates.

2.3 Planning Domain Definition Language

The Planning Domain Definition Language (PDDL) has become the de facto stan-
dard language for specifying planning problems in Artificial Intelligence. It was

first introduced in 1998 to provide a declarative problem description language for
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Madagascar for solving classical planning

problems. Note that this is a simple representation of the ramp-up query strategy,
and that the makespan increment (1 above) is the setting we use in the sequel.



2.3. Planning Domain Definition Language 27

the 1st International Planning Competition (IPC-1). Since its inception PDDL has
undergone several significant extensions to model increasingly broad requirements
facing Al agents — e.g., epistemic and aleatoric uncertainty, durational actions,

continuous quantities, actions costs, axioms, etc.

The original PDDL1.0 (McDermott et al. 1998) was inspired by the STRIPS for-
malism and retained its core principles: planning problems are modeled using
logical predicates to represent world states, and actions are defined by their pre-
conditions and effects. PDDL1.0 facilitated the description of classical planning
problems, in which the environment is fully observable, deterministic, and fea-
tures no exogeneity during plan execution. This foundational version enabled re-
searchers to share benchmark domains and directly compare planning algorithms
in a standardized way. In 2003, PDDL2.1 was introduced by Fox and Long to
significantly extend the expressive power of PDDL1.0, allowing engineers to model
temporal and numeric domains. The main motivation behind this revision was
to bridge the gap between academic planning benchmarks and real-world applica-
tions that involve time constraints, resource consumption, and continuous world
dynamics. PDDL2.1 added several critical features, including : numerical flu-
ents to model resources, durative actions to model continuous time and action
concurrency, and metrics to model a broad range of planning objectives. Follow-
ing these enhancements, to support the 4th International Planning Competition
(IPC-4) in 2004, Edelkamp and Hoffmann proposed PDDL2.2, which introduced
two notable features: derived predicates (a.k.a. axioms), and timed initial liter-
als to model deadlines. Changes made to the language at this time maintained
backward compatibility with earlier specifications of PDDL. In 2005, Gerevini and
Long extended the language to PDDL3.0 to further support plan quality modeling.
The language extensions in this case enabled engineers to specify the desirability
of plans, and not just properties of plan feasibility and optimality. Users were
able to specify (in modal temporal logic) conditions a plan should satisfy, pref-
erences relating to the desirability of goal conditions, and numerical penalties for
constraint violation. In 2008, PDDL3.1 (Geffner 2000) introduced function sym-
bols, allowing fluents—function terms whose values vary across states—to return

objects rather than being limited to Boolean or numeric values, thereby enhancing
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the expressiveness of the language for modeling complex planning problems.

Listing 2.1: PDDL problem domain.

(define (domain simple-move)
(:requirements :strips :typing)

(:types robot location)

(:predicates
(at ?r - robot 7?1 - location)

(left-of 711 - location 712 - location)

(:action move-right
:parameters (7r - robot 711 - location 712 - location)
:precondition (and
(at 7r 711)
(left-of 711 712)
)
reffect (and
(not (at 7r 711))
(at 7r 712)

Listing 2.2: PDDL problem instance.

(define (problem move-two-locations)
(:domain simple-move)
(:objects
robotl - robot
locl loc2 - location
)
(:init
(at robotl locl)
(left-of locl loc2)
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)
(:goal
(at robotl loc2)

Listings 2.3 and 2.3 present a simple classical planning problem in PDDL. In
Listing 2.3, an action move-right is defined, while Listing 2.3 specifies the objects,
initial state, and goal state. In this problem, there is a robot (robot1) and two
locations (locl and loc2). The robot is only capable of performing one action:
move-right. The initial state specifies that the robot is located at loc1, and locl
is to the left of loc2. The goal state is for the robot to be located at 1loc2.

In parallel with the deterministic extensions, Younes and Littman (2004) devel-
oped PPDDL1.0, a probabilistic extension of PDDL2.1 used for the probabilistic
track of IPC-4. PPDDL enables the specification of planning problems featuring
quantitative uncertainty, where actions may have stochastic effects and the initial
state may be partially unknown. The semantics of PPDDL are formally defined
in terms of Markov Decision Processes (MDPs), making it suitable for decision-
theoretic planning. By supporting nested probabilistic and conditional effects,
PPDDL provides a highly expressive framework for modeling stochastic domains,

while remaining compatible with classical planning constructs.

In this thesis, the conformant planning problems are taken from the benchmarks
of the International Planning Competition 2008 (Geffner 2000). While the stan-
dard PDDL specifications (PDDL1.0 — PDDL3.1) do not provide constructs for
modeling uncertainty in the initial state, conformant planning systems such as
Conformant-FF introduced the non-standard oneof construct (Geffner 2000). This
extension allows representing disjunctive information in initial states. The proba-
bilistic conformant planning problems are adapted from these conformant planning

problems and are represented using the PPDDL (Younes and Littman 2004).
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2.4 Conformant Planning

Conformant Planning (CP) has attracted considerable research attention since
it was first defined by Smith and Weld in 1998 who applied the graph plan
method—developing separate plan graphs for each possible world—to solve CP
problems. Two years later, Bonet and Geffner (2000) adapted heuristic search
methods from path-finding algorithms to solve planning problems with incomplete
information. A belief state represents a set of possible world states consistent with
the agent’s knowledge. Due to the astronomical number of such belief states —
O(2%"), where n is the number of propositions — the path-finding approach is
not well-suited for CP. In fact, the complexity of CP is EXPSPACE-COMPLETE
(Haslum and Jonsson 2000; Bonet 2010). Compared to classical planning, which
can be solved using path-finding methods (Hoffmann 2001), CP is far more chal-
lenging and computationally expensive. As a result, researchers have sought al-
ternative methods that avoid expanding belief state nodes to search for solutions.

Three prominent approaches have emerged for solving CP.

The first approach involves compacting the representation of belief states. In the
path-finding method, belief states are combined into single nodes, significantly
reducing the number of nodes that need to be expanded, thereby increasing the
efficiency of solving CP problems. To et al. (2010) represented belief states us-
ing a specialized type of CNF formula and developed a technique called one-of
relaxation. Bertoli et al. 2001 used a tight integration of symbolic techniques,
combining BDD, “Binary Decision Diagrams”, (Bryant 1986) and heuristic search
to efficiently explore plans. Similarly, Darwiche and Marquis (2002a), Huang
and Darwiche (2007), Cimatti and Roveri (2000), and Cimatti et al. (2004) used
BDDs to compactly represent belief states, further enhancing the efficiency of CP.
A key challenge of these approaches is devising effective methods to target the
specific structure of the problem at hand. To address this limitation, some re-
searchers have proposed a more explicit exploration of belief states that directly
uses the power of heuristic search (Bonet and Geffner 2000). A notable contribu-
tion in this area comes from Hoffmann and Brafman (2006) , who developed the

Conformant-FF planner, an extension of FF (Hoffmann 2001). In Conformant-FF,



2.4. Conformant Planning 31

each search node in the search space is represented as a tuple:
S = (I, action_sequence_act)

where [ is the initial belief state, represented as a CNF formula, which defines all
possible initial world states, and action_sequence_act is the sequence of executed
actions, representing the actions applied from the initial state. Conformant-FF
does not explicitly store the complete belief state set (i.e., all possible worlds).
Instead, it only keeps the initial belief state and the executed action sequence.
This “lazy representation” avoids the need to store large belief state sets, signif-
icantly reducing memory overhead. However, as a consequence, Conformant-FF
must infer the current belief state through logical reasoning rather than direct state
enumeration. It employs SAT-based reasoning to determine which predicates are
known in the current belief state. In the search procedure, Conformant-FF per-
forms heuristic forward search in belief space, using the relaxed planning heuristic
from FF (Hoffmann 2001). When expanding a belief state, Conformant-FF con-
siders all applicable actions whose preconditions hold in all possible worlds. For
each action, it evaluates all conditional effects whose conditions are guaranteed
to be True in all possible initial states, and applies their effects to compute the
successor belief state. This process continues until a belief state satisfying the goal

is reached.

The second approach involves translating a CP problem into a classical planning
problem. One of the most well-known planners that applies this method was devel-
oped by Palacios and Geffner (2009). Their approach introduces mapped literals
K1 /t, where L represents (sub)goal literals, and ¢, called a tag, is a set of literals
encoding a partial assumption about the initial state. The expression K, /t denotes
that L is known to be True if the initial assumptions ¢ hold. In the simplest trans-
lation Ky(P), only the empty tag to is used, corresponding to knowledge that does
not rely on assumptions. The transformation process systematically eliminates un-
certainty through support and cancellation rules, ensuring that knowledge is cor-
rectly propagated and negative inferences are properly managed. This transforma-
tion converts a CP problem P into a classical planning problem Ky(P), which can

then be solved using off-the-shelf classical planners. The translation process con-
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sists of: (i) Fluents: new literals K/t representing conditions under which goals
hold True; and (ii) Actions: each CP action is mapped into a classical action with
effects conditioned on prior knowledge. To ensure correct knowledge propagation,
two types of rules are introduced: (i) Support Rules, which enforce that if a condi-
tion C is known to be True, then its effect L is also known (a : K¢/t — K /t); and
(ii) Cancellation Rules, which remove negative knowledge when uncertainty about
a precondition persists (a : =" K_¢/t — —=K_/t). Their method, implemented in
the To planner (Bonet et al. 2009), was the top-performing system in the 2006 Inter-
national Planning Competition (IPC-6) Conformant Track (Palacios and Geffner
2009), demonstrating superior scalability compared to belief-space search meth-
ods. This compilation-based approach has become a foundational technique in
CP research, as it effectively reduces the complexity of handling uncertainty while
maintaining soundness and completeness in problems with bounded conformant
width — The conformant width of a problem, analogous to the width in graphical
models (Dechter 2003), provides an upper bound on the time and space complex-
ity required to construct such translations: the construction is exponential in this
width, which is always less than or equal to the number of fluents, but often much

smaller in practice.

The third approach employs a sampling-based mechanism, similar to CPCES. An
example of this approach is the Fragment Planner (Kurien et al. 2002). The key
principle of this planner is that if a conformant plan exists for a set of initial states,
then a plan must exist for each individual state, which can be incrementally ex-
tended into a conformant plan. This approach first constructs a plan for a single
possible initial state and then progressively extends it to ensure it works across all
possible worlds. The planner supports various search strategies, including com-
plete and incomplete methods, as well as systematic and randomized approaches.
While these strategies do not impact the planner’s completeness, they significantly
influence efficiency. A key advantage of Fragment-Based Planning is its ability to
scale efficiently, even as the number of possible worlds grows. In 2012, a Generate-
And-Complete approach (Nguyen et al. 2012) was proposed as an alternative to
the Fragment Planner. While both approaches start by generating a potential plan

for a sub-problem, Generate-And-Complete differs by maintaining a single evolv-
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ing plan rather than constructing solutions from fragments. In this approach, an
initial plan is first generated for one possible initial state using a classical plan-
ner. Then, in a completion phase, the plan is progressively modified and extended
by inserting necessary actions to ensure its applicability to other possible initial
states. Once all sub-problems have been addressed, the final plan is checked for
validity as a conformant plan. If it fails, a new possible plan is generated for the

first sub-problem, and the process repeats.

2.5 Probabilistic Conformant Planning

The PCP problem was first defined by Kushmerick et al. (1995). Their planner,
Burdian, starts by computing an initial plan that satisfies some subgoals. The
plan is then modified and additional actions are inserted to ensure that it satisfies
more initial states, continuing this process until the desired probability threshold
is reached. Like CP problems, PCP problems can theoretically be solved using a
path-finding approach, expanding and tracking belief states until the probability
of reaching the goal state meets the required threshold. However, there are two
key challenges in solving PCP problems: (i) finding a plan, and (ii) calculating the
probability of success for that plan. Since the path-finding approach is inadequate
even for CP problems, it is even less suitable for PCP problems, as the addition
of probability distributions for initial states and a probability threshold for goal
states makes the problem significantly more complex. Some well-known methods

have been developed to tackle PCP problems.

Probapop (Onder et al. 2006) is a conformant probabilistic planner designed to
handle uncertain initial states and uncertain action effects. Its core strategy is to
implement the Buridan probabilistic planning algorithm (Kushmerick et al. 1995)
on top of Vhpop (Younes and Simmons 2003). The Buridan planning algorithm
is based on Partial-Order Planning (POP), supporting actions with probabilistic
effects and utilizing an incremental optimization strategy to improve the proba-
bility of success. Vhpop is a heuristic partial-order planner that incorporates Flaw
Selection Strategies and heuristic search, making it more efficient than traditional

POP planners for large-scale problems.



34 Chapter 2. Literature Review

Another approach involves translating a PCP problem into a classical planning
problem. Taig and Brafman (2012; 2013) proposed a translation-based method
inspired by the conformant planner developed by Palacios and Geffner (2009).
In 2012, Taig and Brafman proposed two compilation methods: Resource-
Constrained Classical Planning (RCCP) and Cost-Optimal Classical Planning
(COCP). In RCCP, a numeric resource variable is introduced to model the to-
tal probability mass of initial states that the planner is allowed to ignore. To
ensure that the resulting plan achieves the goal with a probability of at least 7,
the planner is permitted to ignore only those initial states whose combined prob-
ability does not exceed 1 — 7. This is operationalized through special “ignore
actions”, where each action corresponds to a tag — i.e., a subset of initial states
sharing similar uncertainty — and consumes an amount of the resource equal to
the probability mass of the corresponding states. The total resource is initial-
ized to 1 — 7, ensuring that ignored states cannot collectively exceed this bound.
Consequently, the planner must produce a conformant plan that succeeds for the
remaining, non-ignored initial states whose total probability is at least 7. Their

transformation process consists of five main steps:

1. Each possible initial state is assigned a tag, representing a particular com-
bination of uncertainty (e.g., truth values of certain fluents). These tags are

disjoint, complete, and deterministic.

2. The original PCP actions are transformed to operate over tag-indexed propo-
sitions p/t, where p/t indicates that p holds in all initial states covered by
tag t.

3. The planner can execute “ignore actions” to ignore low-probability tags.
Each “ignore action” consumes a portion of a limited numeric resource equal

to the probability of the tag. The sum of these costs must not exceed 1 — 7.

4. Once a tag t is dropped, the planner is allowed to introduce assumptions
about the truth value of any proposition under that tag. This is done via
“assume actions”, which add p/t to the current belief state, enabling further

reasoning even without evidence.

5. When a proposition p is known to be True under all remaining (i.e., non-

dropped) tags, a “merge action” is used to infer that p is globally True.
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Formally, a “merge action” has all relevant p/t as preconditions and adds p

as its effect.

After applying these five steps, the original PCP problem is transformed into a
classical planning problem. Experimental results show that RCCP is computa-
tionally efficient but may yield suboptimal plans (since it stops once a plan with
success probability 7 is found). In contrast to RCCP, the COCP compilation aims
not only to find a plan that achieves the goal with a success probability of at least
7, but to maximize the success probability by minimizing the total probability of
the ignored initial states. COCP uses a similar compilation structure as RCCP.
However, rather than enforcing a hard constraint on the total probability mass of
dropped tags (i.e., a resource limit of 1 —7), COCP treats this probability mass as
the cost to be minimized. Specifically, each “ignore action” is given a cost equal
to the probability of the tag. All other actions, including “merge actions” and
“assume actions”, are assigned zero cost. Experimental results show that COCP
produces plans with maximal probability of success but requires greater computa-
tion time. Building upon this work, in 2013, Taig and Brafman refined the Compi-
lation Approach by introducing Cost-Bounded Classical Planning (CBCP), which
improves the efficiency of solving PCP problems within a cost constraint (Taig and
Brafman 2013). CBCP retains the same five-step transformation process but in-
troduces cost-bounded planning as a key improvement. Instead of treating ignored
states as a constrained resource (like in RCCP), CBCP explicitly incorporates cost
bounds into the planning process. The cost function represents the total proba-
bility of ignored states, ensuring that the planner finds a feasible solution within
a predefined cost threshold. This approach offers greater flexibility and performs
better in some domains compared to RCCP and COCP.

The third planner, CPplan, converts a PCP problem into a CSP/SAT problem.
It was introduced by Hyafil and Bacchus in 2003 and further refined in 2004. In
CPplan (Hyafil and Bacchus 2003), each state is represented by multiple variables,
and state transitions are modeled using decision trees, which capture probabilistic
effects of actions. When encoding the problem as a CSP, each timestamp includes

three groups of variables:

e State variables: Represent the system’s state at that time step.



36 Chapter 2. Literature Review

e Action variables: Represent the action taken at that time step.
e Random variables: Represent the stochastic effects of the action.

CPplan uses a CSP solver to search for all possible action sequences and com-
pute their probability of achieving the goal. To improve efficiency, the authors
later introduced Algebraic Decision Diagrams (ADDs) to store and compute prob-
ability distributions during planning, replacing the earlier tabular representation
(Hyafil and Bacchus 2004). By compactly representing functions over state-plan
pairs, ADDs enable the reuse of identical computations across different states and
plan suffixes. This structural sharing significantly reduces redundant storage and
computation, thereby lowering memory usage and enhancing the algorithm’s scal-
ability.

The fourth approach, POND, was created by Bryce et al. in 2006b. In classical
planning, heuristic search is more effective than CSP/SAT-based methods. How-
ever, in probabilistic planning, existing approaches (such as CSP/SAT encodings)
struggle to scale to large problems, and the effectiveness of heuristic search is lim-
ited by the lack of efficient reachability heuristics. The authors proposed a new
approach that combines planning graph heuristics with Sequential Monte Carlo
(SMC) methods (Doucet et al. 2001) for PCP to approximate reachability heuris-
tics. The Monte Carlo Labeled Uncertainty Graph (McLUG) integrates Monte
Carlo sampling with the Labeled Uncertainty Graph (Bryce et al. 2006a) to com-
pactly represent possible worlds and compute relaxed plans as heuristic guidance
for search. Finally, the approach employs Weighted A* search, leveraging the
heuristic computed by McLUG, to efficiently find a valid plan. This significantly

improves search efficiency while maintaining reasonable plan quality.

The fifth method is Probabilistic-FF (P-FF), a heuristic forward search approach
that extends Conformant-FF to probabilistic planning (PCP) scenarios (Domsh-
lak and Hoffmann 2006, 2007). It can handle PCP problems with both initial
state uncertainty and action effect uncertainty. P-FF uses Time-Stamped Bayesian
Networks (TSBNs) to implicitly represent belief states and capture probabilistic

dependencies in state transitions.

Example 8. Figure 2./ illustrates an example of how to construct TSBNs. In this
example, the map consists of two rooms: Room1 (R1) and Room?2 (R2). Initially,
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R1 R1
R1@0 R101
0.9 0.18
R1 R2
Move(R1, R2) R1 | 02 | 038
R2 0 1
R2 R2
R20@0 R201
0.1 0.82

Figure 2.4: An example of Time-Stamped Bayesian Network associate with
Probabilistic-FF. In this example the network has state nodes (circles) and
action nodes (squares). The current state probability function is given by the ta-
bles adjacent each @0 state node. For example, there is 90% chance that the robot
is in R(oom)1. Here, @1 nodes describe the successor state. The state transition
probability information is given by the table adjacent the action nodes, here la-
beled “Move”. For example, the probability of a transition from location R1 to
R2 is 0.8.
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the robot is located in Room1, but there is some uncertainty: there is a 90% proba-
bility that it is in R1 and a 10% probability that it is in R2. The robot can perform
an action Move(R1, R2). If the robot is in Rooml, executing Move has an 80%
chance of succeeding (moving to R2) and a 20% chance of failing (remaining in
R1). If the robot is in Room2, executing Move(R1, R2) has no effect, and the robot
stays in R2. We construct the corresponding TSBNs based on this problem (show-
ing only one action execution). We can calculate the probability that the robot is
in R2 after executing Move(R1, R2) as follows:

e The robot initially starts in R1 and successfully moves to R2: 0.9x0.8 = 0.72.

e The robot initially starts in R2, and the Move action has no effect, so it

remains in R2: 0.1.

e Therefore, the total probability of being in R2 after the action is 0.72+40.1 =
0.82.

Similarly, the probability that the robot remains in R1 after executing Move(R1,
R2) is 0.18.

It then converts states, actions, and transition rules into weighted CNF formu-
las and utilizes Weighted Model Counting (WMC) to compute the probability of
reaching the target state, thereby avoiding the computational overhead of explic-
itly enumerating all possible paths. During the search process, P-FF applies an
extended heuristic forward search to generate a planning solution while ensuring
that the probability of achieving the goal state meets the predefined threshold 7.
Experimental results show that P-FF is an order of magnitude faster than POND in
most test domains. However, in some complex problems (such as the LOGISTICS
domain), neither method scales well, highlighting unresolved challenges, such as
how to better determine the number of times probabilistic actions should be exe-

cuted to achieve a sufficiently high goal probability.

In 2006, Huang introduced a novel approach that combines knowledge compilation
and search to solve PCP problems. This method encodes the PCP problem into a
propositional formula, where chance variables represent uncertainty in the initial
state and action effects. The formula is then compiled into a Deterministic Decom-

posable Negation Normal Form (d-DNNF), which enables efficient computation of



2.6. Counter-Example Guided Abstraction Refinemen 39

the probability that a plan will succeed. During the search process, the algorithm
applies a depth-first branch-and-bound search and computes upper bounds on the
success probability of partial plans at each node in the search tree. These bounds
are obtained through efficient evaluation of the d-DNNF representation, allowing
the algorithm to prune unpromising branches early and focus on finding an optimal

plan efficiently.

2.6 Counter-Example Guided Abstraction Re-

finemen

CPCES was characterized as an implementation of CEGAR, “Counter-Example
Guided Abstraction Refinement” (Grastien and Scala 2020; Clarke et al. 2000).
Here, we discuss the differences and similarities between CPCES and CEGAR.

Model checking is an automated verification technique used to check whether a
finite-state system satisfies a given logical specification (Clarke 1997). It is widely
applied in hardware verification (Clarke et al. 2009; Edwards et al. 2001; Finkbeiner
et al. 2015), software verification (Holzmann and Joshi 2004; Bérard et al. 2013;
Jhala and Majumdar 2009), and protocol analysis (Armando and Compagna 2008;
Basin et al. 2018; Lowe 1999), mainly addressing the question of whether a sys-
tem’s design conforms to its specifications. There are two important notions in
Model Checking, which are state explosion problem and abstraction. The number
of states of a system grows exponentially with the size of the system. This leads
to computational intractability, making verification infeasible in practice. This is
known as the “state explosion problem”. Abstraction is a widely used technique to
mitigate the state explosion problem by removing irrelevant details and preserving
only the information relevant to the properties being verified. While early abstrac-
tion methods often relied on manual construction and domain expertise, significant
progress has been made in developing automated abstraction techniques. CEGAR
can be understood as a way to find proper abstractions, and thereby executions,

automatically.

In Model Checking common abstraction techniques include existential abstraction
(Clarke et al. 1994), predicate abstraction (Ball et al. 2001), and data abstrac-
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tion (Derrick and Wehrheim 2007). Existential abstraction constructs a simplified
model by grouping multiple concrete states into a single abstract state, ensuring
(i) If the abstract model satisfies a given property, the original system also satisfies
it (Soundness); (ii) If the abstract model violates a property, the original system
may still satisfy it, as abstraction may introduce nonexistent behaviors (Possible
Spurious Counter-Examples). Predicate abstraction represents the system using
Boolean predicates rather than its original variables. Each Boolean predicate rep-
resents a logical condition and maps the original state to a combination of values
of these predicates. Data abstraction is applied when a system contains numerical

variables, replacing exact values with coarse-grained categories.

Example 9. Suppose we want to verify the property that the traffic light system
never shows green lights in both directions (North-South and Fast-West) simulta-

neously, to ensure safe intersection control.
Consider a traffic light control model with the following variables:
e Light state for each direction (Red, Yellow, Green)
e Timer (0-10 seconds for each light cycle)
e Pedestrian request button (True/False)
e Traffic congestion (Low, Medium, High)

Since this verification query only concerns the mutual exclusion between light states
in different directions, variables such as timer values, pedestrian requests, and con-
gestion levels do not directly affect the property. Therefore, existential abstraction
can be applied to simplify the model by removing these irrelevant variables, yielding

a reduced model where only the light transitions are retained:
Red — Green — Yellow — Red

By reducing the number of variables, the abstract model becomes significantly
smaller, which improves the efficiency of model checking. This example is illustra-

tive and not drawn from a specific paper.

CEGAR is an iterative refinement process that starts with an initial abstract

model and refines it — i.e., incrementally adds detail to the model to eliminate
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Algorithm 2 The algorithm of CEGAR.

1: input: A concrete model P

2: output: A refined abstract model or an execution

3: P':=initial abstraction(P)

4: loop

5 q := model_checking(P’)

6: if there is no such ¢ then
7: return P’
8
9

s := check_spurious(P, q)
if s = True then

10: P’ :=refine abstraction(F’)
11: else
12: return ¢

spurious implementations (implementations that appear possible in the abstract
model but are not actually possible in the concrete model) — based on counter-
examples (executions that violate a desired property in the abstract model), until
a precise and sufficient abstraction is found. The CEGAR algorithm is presented
in Algorithm 2. Given a concrete model P, CEGAR aims to compute a refined
abstraction while ensuring that the property under verification holds. The process
begins with a trivial abstraction to derive an abstract model P’ (Line 3). CEGAR
then enters an iterative refinement loop. In each iteration, model checking is
performed on P’ (Line 5) to determine whether a counter-example ¢ exists. If
no counter-example is found, P’ satisfies the property, and CEGAR terminates,
returning P’ as the verified abstraction (Line 7). On the contrary, if a counter-

example is found, CEGAR checks whether it is spurious.

e If the counter-example is real (s = False in Line 8), it indicates a genuine

system bug, and the process returns this execution.

e If the counter-example is spurious (an execution that violates a property in
original model but works in abstract model) (s = True in Line 8), it suggests
that the abstraction is too coarse, allowing behaviors that do not exist in the
original model. In this case, CEGAR refines the abstraction by introducing

additional distinctions, eliminating the spurious design (Line 10).

In addition to CPCES, Seipp and Helmert introduced the CEGAR framework into
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classical planning and proposed a novel method for computing admissible heuristic
functions (Seipp and Helmert 2018). The key idea is to iteratively refine an ab-
straction of the planning problem based on spurious counter-examples, so that the
resulting heuristic values become increasingly accurate over time. The method be-
gins with a trivial abstraction, typically a single abstract state that distinguishes
only the initial and goal conditions without encoding any variable or operator
details. In this abstraction, an abstract plan is computed — a shortest path
from the initial to the goal state — which provides an estimated cost (i.e., the
heuristic value). This abstract plan is then checked against the concrete planning

model:

e If it corresponds to a valid plan in the original problem (i.e., all precondi-
tions are satisfied), the heuristic value is considered admissible and can be

returned.

e If not, the plan is classified as a flaw (a plan that is valid in an abstract model,
but cannot be executed in the original planning problem due to missing or
violated conditions), and a counter-example is extracted to explain why the

plan fails.

The abstraction is then refined to eliminate this spurious behavior, typically by
adding distinctions in state variables or introducing new abstract dimensions. This
process is repeated iteratively, and in each iteration, the heuristic becomes more
precise. Since all abstract models are over-approximations of the concrete planning
problem, the computed heuristic remains admissible throughout. The process can

be stopped at any time, making it suitable for anytime search strategies.
We identify five similarities between CPCES and CEGAR:

1. When a counter-example is found, both algorithms analyze its cause and
refine the model (or plan) to ensure that the same counter-example does not

appear in subsequent iterations.

2. Both methods iteratively refine their respective representations: CEGAR
refines an abstract model in model checking, while CPCES refines classical

planning PDDL file by adding initial states and modifying goal states.

3. Both methods may find a plan. In CEGAR, the returned trace exhibiting
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the bug is analogous to a plan; while in CPCES, if the problem is solvable, it
returns a valid conformant plan. If there is no plan in the abstract model
(classical planning PDDL file), then there is no plan in the concrete model

(conformant planning PDDL file).

4. In both methods, the abstract model (CEGAR) or candidate plan (CPCES)
serves as over-approximations: in CEGAR, if a safety property holds in the
abstract model, it is guaranteed to hold in the concrete system; similarly, in
CPCES, if there is no plan for an abstract model (classical planning PDDL
file), it is guaranteed that there is no plan in the concrete model (conformant
planning PDDL file).

5. In CEGAR, finding the coarsest refinement is NP-hard (Clarke et al. 2000),
while in CPCES, finding counter-examples is NP-hard (Grastien and Scala
2020).

We also conclude two important differences between CPCES and CEGAR:

1. In CEGAR, the abstraction for a program is an abstracted model, but in
CPCES, the abstraction leads to a completely different class of problems: a

conformant planning problem is abstracted into a classical planning problem.

2. In CEGAR, the counter-example to an abstracted model is an execution,

while in CPCES, the counter-example is an initial state.

2.7 Conclusion

In this chapter, we conducted a systematic review of related work in Al planning.
We began with an overview of heuristic search methods, with particular attention
to A* and Weighted A*, which form the foundation of many planning systems.
We then reviewed classical planning, outlining both its theoretical basis and repre-
sentative planners. In particular, we introduced FF, FD, and Madagascar, as these

planners are used in our algorithms developed in this thesis.

Next, we reviewed PDDL, which has become the standard for problem specifi-
cation in Al planning, and then we traced its evolution across different versions.

Next, we turned to conformant planning (CP), presented key approaches such
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as compacting belief state representations, translating CP into classical planning,
and sampling-based methods. Building on this, we discussed probabilistic confor-
mant planning (PCP), highlighting methods including translations into classical
or SAT/CSP problems, combinations of planning graph heuristics with statistical

model checking, and heuristic forward search.

Finally, we presented the Counter-Example Guided Abstraction Refinement (CE-
GAR) framework, which is closely related to CPCES. We compared CEGAR
and CPCES, clarifying both their methodological similarities and their differ-

€1nces.



Chapter 3

Accelerating CPCES

This chapter presents the three improvements we have made to CPCES. The con-
tributions discussed in this chapter have been published in the proceedings of
SoCS-23 (Zhang and Grastien 2023). Additionally, this chapter briefly introduces
another improvement to CPCES, referred to as SUPERB, which we developed previ-
ously. The work on SUPERB has been published in the proceedings of AAAI-2020
(Zhang et al. 2020). We will use the definition of CP from Definition 2. We will
use the example from Chapter 1 Section 1.1.3 as the running example throughout

this chapter.

3.1 CPCES and SUPERB Algorithms

The basic structure of CPCES has been discussed in Section 1.1.7. Here, we will
take a deeper look. In CPCES and SUPERB, a counter-example is an initial state
that the candidate plan does not satisfy; it is also called a sample. The CPCES
system consists of two core components: the candidate plan searching part and
the counter-example searching part. We will introduce these two parts in the

following subsections.

3.1.1 Computing Candidate Plans

In the candidate plan searching part, CPCES reduces CP to classical planning by in-
troducing interpretation numbers into PDDL files. Specifically, each interpretation
number corresponds to a sample from the set B (a set that stores counter-examples

identified in previous iterations, defined in Line 3 of Algorithm 1). For each fact

45
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f € F, aset of cloned facts {(fintl),(fint2),...,(fintn)} is introduced, where
each cloned fact (finti) represents the value of fact f, assuming the initial state
is the sample s;. The definitions of actions, the initial condition, and the goal con-
dition are updated accordingly. This reduction yields a classical planning problem

that can be solved using any classical planner.

Example 10. Let us use the running example to explain. If sample set B con-
tains two samples {s1,s2} where sy = {x4,ys} and so = {x3,ys}, then in the
classical planning problem, two interpretations intl and int2 are introduced, each
corresponding to a sample. For instance, the two clones of x1 are (zyintl) and

(z1int2). In the classical planning problem, the initial state is defined as

{(z4intl), (y5 intl), (x5 int2), (y5 int2)},

while the goal state is
{(z3intl), (ysintl), (x5 int2), (y3int2)}.

Simultaneously, in the domain file, all facts in the action definitions are extended
with an int parameter, and forall is used to ensure that the definition applies
to all clones. For example, the conditional effect of action GO_E, which originally

states that the robot executing the action at xy results in the effect:
(when (z1) (and (z2) (not (x1))))
is modified to:
(forall (?int — inter) (when (z1 7int) (and (x4 7int) (not (xq 7int)))))

If 7 is a candidate plan that satisfies two samples in B, then by applying w to both
robots (i.e. one agent for each sample in the PDDL), they will execute the same
actions in parallel and ultimately both of them will reach the goal state {3, ys}.
The classical planner used in CPCES (Grastien and Scala 2020) was Fast Forward
(Hoffmann 2001).
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3.1.2 Computing Counter-Examples

A counter-example is an initial state gg such that, when the plan 7 = ay...a; is
executed (yielding a sequence of states ¢, . . ., gx), the execution either fails at some
step (i.e., one of the action preconditions is not satisfied) or reaches a final state
that does not satisfy the goal. To detect such counter-examples, we encode the
planning problem into logic: we introduce propositional variables representing the
states ¢;, constraints describing how these states evolve under the actions a;, and a
final constraint that enforces the failure condition above. A satisfying assignment

to this encoding corresponds exactly to a counter-example.

We follow the method from Grastien and Scala (2020, Section 8.2) to compute
counter-examples. The only difference is representational: Grastien and Scala use
multi-valued variables to encode states, whereas we use sets of propositional facts

(Boolean variables). The two encodings are isomorphic by interpreting each fact
f with domain {0, 1}.

SMT variables:

e f@i: for each fact f € F and each time step i € {0,...,k}, indicating
whether f holds at step .

e Add(f)@i and Del(f)@i: Boolean formulas describing when f is added or
deleted by the ith action.

e Ve Boolean formula stating that the plan fails.

Constraints: The overall encoding is
k
Op, = I[FQ0] A (/\(I)[F@(z’ . 1),F@z]) A Ui
i=1

e [nitial-state constraint: I1[FQQ] encodes the initial condition with oneof

groups (mutually exclusive facts) interpreted as exactly-one constraints.

o Transition constraints: for each f € Fandi=1,... k,
o(f,7):  fQi« (Add(f)@Q(i — 1) V (f@Q(: — 1) A = Del(f)@Q(i — 1))),

and B[FQ(i — 1), FQi] = A ;. 6/, 4).
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o Fuilure constraint:

k

Wy = ( \/ - pre(a,)[Fa(i - 1)]) V = G[Fak].

i=1

If ®p, is satisfiable, the SMT solver returns a model. Restricting this model to
the variables at time 0 (the facts F@0) yields a counter-example. If unsatisfiable,

then no counter-example exists and 7 is a valid plan.

3.1.3 SUPERB Algorithm

CPCES uses counter-examples to search for candidate plans, and we observe that the
number of iterations required to find a valid plan heavily depends on the quality
of the counter-examples found. For instance, in the running example, there are
25 locations (initial states). In the worst-case scenario, CPCES could potentially
require 9 iterations—one for each column/row and one for last verifying—before
finding a valid plan. However, in most cases, when CPCES selects counter-examples
randomly, it will take more than 9 iterations. Therefore, the strategy for selecting
counter-examples becomes crucial in improving the efficiency and keep robust of
CPCES by minimizing the number of iterations. In (Zhang et al. 2020), we addressed
this challenge by leveraging the concepts of context and tag from (Palacios and
Geffner 2009) developing a method called SUPERB.

Definition 4. A subgoal is a conjunct of the goal condition or of the precondition

of some actions.

Example 11. In our running example, the goal condition is x3 A ys. Therefore,
there are two subgoals in the goal state: xs and y3. In this example, the precondi-
tions of the actions are all set to True, so no subgoal arises from the preconditions.
However, if we consider the example from Figure 1.3, action GO_E and GO_W has
precondition ys. If the robot wants to move from (1,3) to (2,3) by executing action
GO_E, the subgoal for this state transition is y3. In a more complex situation, for
example, if the precondition of an action is f1 V (fa A f3), there are two subgoals

when applying this action: fi and (fa A f3).

Definition 5. A fact f depends on another fact f' if there exists a conditional
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effect coneff (a) = {c, eff T, eff ) such that f' € c and f € eff T U eff .

In this thesis, the notion of “depend on” is analogous the concept of “causal
relevance” as defined by Bonet and Geffner (2014). In their framework, conformant
planning problems are represented using a multi-valued encoding (Béckstrom and
Nebel 1995b), where each state variable can take one of several mutually exclusive
values, and exactly one value must hold in any given state. In this setting, if the
truth value of a fact f depends on another fact g, then g is considered causally
relevant to f. This is analogous to our definition of “depend on”, although our
formalization is expressed in PDDL. Furthermore, Bonet and Geffner construct
a “causal graph” by connecting causally relevant variables with directed edges.
Conceptually, this plays the same role as our “dependency graph”, which makes

explicit the network of causal dependencies among facts.

Definition 6. The context ctx(¢) associated with a subgoal ¢ comprises a set of

facts and includes all the facts upon which they depend, extending transitively.

Example 12. Referring to the running example on computing contexts: In this
scenario, as discussed in Example 11, there are two subgoals: x3 and y3. Con-
sider the action GO_E: it has a conditional effect ({xo},{x3},{x2}), indicat-
ing that upon moving Fast, the robot transitions from standing at xs to xs.
This effect informs us of the dependency of On(xs,xs). Then we can further
find the dependency of On(xy,x3), On(xs,x4), On(zg,x1). These form a con-
text ctx(xs) = {1, 29,23, T4, 25}. Another context identified in this problem is

ctz(ys) = {y1, Y2, Y3, Ya, Ys } -

Definition 7. Given a context ¢ (a simplified notation for ctz) and an initial state
s, the tag t.(s) of s with respect to c is defined as the intersection of s and c, i.e.,
te(s) =snNe.

Example 13. In Ezample 12, we identified two contexts ctx(xs) and ctz(ys), which
are related to x and y respectively. Given an initial state s = {x2,y2}, the tag of s
for ctx(xs3) is {x2} and the tag of s for ctx(ys) is {y2}. Thus, we say s contains two

tags. Indeed, in this problem, every state contains two tags (one for each context).

SUPERB strategically selects optimal counter-examples that contain as many new

tags as possible. The rationale behind SUPERB is that each new tag provides
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Algorithm 3 SUPERB version of CPCES.
1: input: conformant planning problem P
2: output: a conformant plan, or no plan

3: B:=10 > empty sample set
4: Ti=€ > empty plan
5: loop

6: q := generate_counter_example(P, )

7: if ¢ # L then

8: return m

9: loop

10: ¢ := improve_counter_example(B,q)

11: if ¢ = 1 then > could not improve ¢ any more
12: break

13: qg:=q

14: B := BU{q}

15: 7 := produce_candidate_plan(P, B)
16: if 7= 1 then

17: return no plan

additional information about the context it belongs to, and the more new tags
a counter-example contains, the more information CPCES can gather. SUPERB is
particularly effective when there are at least two contexts in a problem, as with only
one context, any counter-example would include only one new tag. This selection
process is designed to offer more informative insights, enabling the identification of
better candidate plans and ultimately reducing the number of iterations required
by CPCES.

The SUPERB version of CPCES is presented in Algorithm 3. It is an improvement
based on Algorithm 1, with the primary modifications occurring in Lines 9 to 13 of
Algorithm 3. In each outer iteration (Line 5), SUPERB version of CPCES generates a
random counter-example ¢ (Line 6). The algorithm then enters an inner loop (Line
9) to improve this counter-example, refining it into ¢’ (Line 10). The goal of this
refinement is to ensure that the new counter-example ¢’ (also called “new sample”)
contains more new tags compared to the original counter-example ¢q. This process

continues until no further new tags can be added (Line 11).

Here we explain how to improve counter-example (Line 10). Let B be the set of
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previously found counter-examples (samples), C the set of contexts of P, let ¢ be
the counter-example generated at the current outer iteration (Line 6), let B’ be the
set of improved counter-examples (Line 10) collected at current iteration. We ex-
tend the same SMT encoding used for counter-examples by adding a improvement

constraint.
SMT variables:

e f@i: for each fact f € F' and time step i € {0, ..., k}, representing whether
f holds at step .

e Add(f)@i, Del(f)@i: Boolean formulas indicating whether the ith action
adds or deletes fact f.

e Ug,;: formula expressing that the plan fails (as in Section 3.1.2).

o Oinorove(B, q,C): new constraint enforcing novelty with respect to previously

seen counter-examples.

Constraints: The base encoding is the same as for counter-examples:
k
Op, = [[FQ0] A (/\@[F@(z - 1),F@z]) A Ui

i=1

We now augment it with a constraint that requires at least one context to realize

a new tag unseen so far.

For each context ¢ € C, the tag of a state s is t.(s) = s N ¢ (Definition 7). We

collect all previously seen tags in that context as
Tags, e (¢) = {tc(ce) | ce € BU{q}UB"}.

To ensure novelty, we require at least one context ¢ to realise a tag not in this set.
For any T C ¢, let

TagEq.(T) = (/\ f@O) A < /\ —|f@0>,

fer fec\T
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and define the improvement constraint:

Pimpore(B,0.0) = \/ N\ ~TegEau(1)).

c€C  TeTags,e(c)

The final SMT problem is
CDIIQTLEB@ =®pr A q)improve(BaqaC)-

We use an SMT solver to check satisfiability; any model restricted to FQO yields

an improved counter-example.

Table 3.1: Detailed process of how SUPERB version of CPCES solves the problem
illustrated in Section 1.1.3.

Iteration | Sample | New Sample Sample Set Candidate Plan

0 - - 0 5

1 (2,2) (2,2) {(2,2)} GO_E, GO_N

2 (2,5) (5,5) {(2,2),(5,5)} GO_N X 3,GO_E X 3,
GO_W X 2,GO_S X 2

3 (1,2) (1,1) {(2,2),(5,5),(1,1)} | GCON x 4,GO_E x 4,
GO_W X 2,GO_S X 2

4 i}

Example 14. Let us use our running example to explain how SUPERB works.
0. CPCES starts with an empty sample set B = () and an empty plan ™ = €.

1. CPCES finds a counter-example (2,2). This counter-ezample contains two
tags: {x2} and {y2}. Since these tags have never appeared before, this is
considered a good counter-example. CPCES then finds a candidate plan: m =

GO_E, GO_N.

2. Based on my, CPCES finds a counter-example (2,5), which contains the tags
{z2} and {ys}. Since {x2} has appeared before, this is not a good counter-
example. The counter-example is then improved to (5,5), where both tags
{z5} and {ys} are new. CPCES then finds a new candidate plan: w9 = GO_N *
3,GO_E * 3,GO_W * 2, GO_S * 2.
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3. CPCES finds a counter-example (1,2). Since the tag {y=} has appeared before,
this is not a good counter-ezample. The counter-example is improved to (1,1).
CPCES then finds a new candidate plan: w3 = GO_N % 4,GO_E * 4, GO_W
2,GO_S *x 2.

4. CPCES cannot find any new counter-examples. Therefore, 73 is the solution,

and the algorithm terminates.

SUPERB has demonstrated remarkable performance in experimental results, par-
ticularly for problems with multiple contexts. It significantly reduces the number
of iterations required to search for a plan, thereby decreasing the overall running
time. However, for problems with a single context, SUPERB does not provide any
advantage. The underlying reason for this phenomenon is that in problems with
multiple contexts, the counter-example generated in each iteration can be continu-
ously refined until it accumulates as many new tags as possible, eventually yielding
an “optimal counter-example”. In contrast, when a problem has only a single con-

text, the counter-example in each iteration cannot be further improved.

In our regular use of CPCES, we observed that despite having the SUPERB ver-
sion, there are still several areas that can be optimized to further enhance the
search efficiency of CPCES. Thereby, we developed three additional improvements
to CPCES. In the following sections, we will introduce each of these enhancements

in detail.

3.2 Merging Certain-Facts in CPCES

A certain-fact is a fact whose value is always known during plan execution. Our
first improvement to CPCES leverages the concept of certain-facts. As discussed
in Section 3.1, during the candidate search part of CPCES, when translating a CP
problem into a classical planning problem, all facts are cloned into a set of facts
with interpretation numbers. However, since certain-facts retain the same value
across all interpretations, their clones are redundant and do not provide additional
information. Therefore, we can merge these facts, eliminating redundancy and
reducing the total number of facts in the new PDDL files, which improves the
efficiency of CPCES.
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Definition 8. A fact f € F is a certain-fact if for any plan © applicable in all
initial states and for any pair (s,s') of initial states, the property f € s[n] & f €
s'[m] holds.

Determining whether a fact qualifies as a certain-fact is a PSPACE-COMPLETE
problem, as this determination hinges on whether two initially distinct states can
be driven, under the same sequence of actions, to yield different truth values of the
fact in question.! Consequently, we use an approximation method that relies on

the conceptual framework of context from Palacios and Geffner (2009) and Bonet

and Geffner (2014).

Definition 9. The dependency graph is a directed graph whose vertices are the
facts F' and an edge from f to [’ indicates that f depends on f'

Algorithmically, computing dependency graph uses the same transitive-closure pro-
cedure as for computing a context. The only difference is that computing a de-
pendency graph returns the full digraph, while computing a context returns just

the set of nodes (facts) in that graph.

Whether a fact is a certain-fact or not can be easily identified from a dependency

graph.

Example 15. Figure 3.1 illustrates the process of identifying certain-facts from
a dependency graph. The shaded nodes (a and e) represent facts that are initially
unknown, while all other nodes (b, ¢, d, f, and g) are initially known. The directed
edges indicate dependencies between the facts. There are four certain-facts: ¢, d,
f, and g. The reason b is not a certain-fact is that it depends on e, which is not

a certain-fact.

Given a plan 7, the belief is defined as the set of potential states the system might

! According to Definition 3.2, deciding that a fact f is not a certain-fact means there exist
initial states s and s’ and an applicable plan 7 such that f € s[x] and f ¢ s'[x]. This can
be checked by nondeterministically guessing such a pair (s,s’) and invoking a classical planner
to test whether a plan 7 exists that leads to a violating pair. Since each planning instance is
solvable within polynomial space (Bylander 1994b), and guessing and simulating pairs of states
also requires only polynomial space, deciding “f is a certain-fact” lies in PSPACE. For hardness,
note that the problem subsumes classical planning: deciding whether there exists a plan that
achieves a goal fact from an initial state is a special case of testing whether two executions
(one with the goal fact True and one False) can diverge, hence the problem is PSPACE-hard.
Therefore, determining certain-facts is PSPACE-COMPLETE.
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Figure 3.1: Illustration of certain-facts. Edges represent dependencies, and shaded
nodes (a and e) denote facts that are initially unknown. Facts ¢, d, f, and g are
identified as certain-facts.

be in, formally represented as B = {s[n] | s = I}. A fact is considered known in
the initial belief if it is satisfied in all initial states: V(s,s"), (s = I) A (s EI) =
(fese fed).

Lemma 1. Let f be a fact such that all the facts it depends on (including itself)

are known in the initial belief. Then f is a certain-fact.

Proof of Lemma 1. Let F’ be the set of facts that f depends on. We note that
if f'is a fact from F’, then all facts that f’ depends on are in F’. We prove
Lemma 1 by showing, through induction over the plans, that all facts in F’ are

certain-facts.

e Base Case (7 = ¢): This is the assumption of the lemma, that all facts in F”

are known in the initial belief.

e Step Case: Assume all facts F” are known in the belief B; reached by applying

™=40a1,...,0a;.

Are all facts of F’ known in the belief B;.; reached by applying
ap,...,a;, a;+1? By contradiction, assume that there is a fact f' € F’ that
is not known at step ¢ + 1. Then, there are two states s; and sy from B,
where ' € s; and [’ & ss.

Let s} and s}, be the two states from B; such that s; = s}[a;11] and s =
shla;y1]. Since f”is known in B; (induction hypothesis), f’ is either in both

s and s, or in neither. Without loss of generality, assume f' € | Ns,. Since
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(certain-facts int1)

certain-facts
(uncertain-facts intl) d

(certain-facts int2)

(uncertain-facts int2) || — (uncertain-facts int1)

(uncertain-facts int2)

(certain-facts intn)

(uncertain-facts intn) (uncertain-facts intn)

Figure 3.2: Certain-facts in the interpretation PDDL file can be merged and shared
across all the interpretations.

f is not in ss, a conditional effect (c, eff 7, eff 7) of a;;1 must have triggered
from state s,. However, we note that condition ¢ only involves facts from
F', which are all known in B;. Therefore, the conditional effect also applies

to s}, and f’ should not be found in s;, which contradicts the assumption.

This concludes the inductive step and, hence, the lemma. O

As discussed in Section 3.1, CPCES translates a CP problem into a classical prob-
lem by incorporating interpretation numbers into PDDL files, with each interpre-
tation number representing a subproblem, as shown on the left side of Figure 3.2.
We recognize that a certain-fact f is logically equivalent across all subproblems
{(fintl),---,(fintn)}, making it sufficient to maintain only one instance of these
facts across all interpretations, as illustrated on the right side of Figure 3.2. This
can be achieved by modifying the definitions of initial states, goals, and actions. As
a result, the PDDL file becomes more compact, leading to improved planner per-
formance. For instance, heuristic-search planners are expected to achieve greater

accuracy in their heuristic estimates.

Example 16. Let us consider Figure 1.3 in Section 1.1.5 (not our running ex-
ample), which offers a more complex example. If we set the robot to stand on the
top row ys of the grid (where x is unknown), then all the facts in {y1,y2,ys} are
certain-facts, and there is no need to clone them in each iteration. However, if we
set the robot to stand on the leftmost column xq of the grid (where y is unknown),

x must still be cloned in each iteration because GO_E and GO_W has preconditions.
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For instance, applying GO_E from s = {x1,y3} leads to {x2,ys} while applying
GO_E from s = {x1,y2} leads to {x1,y2}. In other words, although s and s’ have

the same x value, s[GO_E] and s|GO_E| do not.

Our method for merging certain-facts removes per-interpretation clones for facts
that remain known across all interpretations during plan execution — i.e., we keep
a single shared instance of such facts in the compiled task. In contrast, the TO
planner (Palacios and Geffner 2009) uses tagged knowledge literals (facts) KL/t

and avoids tag-conditioned copies ex ante:

e TO does not create K L/t when the tag closure t* contains no literal relevant
to L, replacing every occurrence of KL/t by KL since KL C KL/t;

e TO skips support /cancellation rules conditioned on non-empty tags when they

cannot contribute to any merge that covers a precondition/goal literal;

e When there is no initial uncertainty about L given ¢, the TO translation
groups the support and cancellation rules as KC/t — KL/t N ~K-L/t,
hence KL/t (or K—L/t) holds as an invariant in the compiled task.

Thus, both mechanisms reduce the compiled task by eliminating redundant con-

ditioned copies.

3.3 Warm-Starting CPCES

As mentioned in Section 3.1, the number of iterations required to find a valid plan
heavily depends on the quality of the counter-examples generated. To address
this, we developed SUPERB to ensure that CPCES finds an optimal counter-example
in each iteration, thereby decreasing the number of iterations needed. Although
SUPERB is highly powerful, it still cannot minimize the number of iterations required
to find a valid plan. In our running example, SUPERB takes up to five iterations
(in each iteration, updating both z and y in the counter-example) to find a plan.
We observed that some initial states are more critical than others. For instance,
if CPCES selects {z1,y1} and {zs5,y5} as the first two counter-examples, a valid
plan can be found immediately, reducing the number of iterations to two. In fact,

to solve this problem within two iterations, we can compute a set of counter-



58 Chapter 3. Accelerating CPCES

Y1 Y2 Ys Ya Ys
d=4 d=3 d=2 d=3 d=4

Figure 3.3: Two dependency graphs with the scores of the facts in the running
example from Section 1.1.3. Here, z and y are two facts refer to the abscissa and
the ordinate of the robot, and d is the score.

examples that cover all tags in the CP. However, this set of counter-examples may
still be unnecessarily large. Therefore, our goal is to identify a minimal set that
is still good. In our running example, four initial states can be considered best:
combinations of x1, x5, and y1, y5 (e. g., {z1, v1}, {x1, ys}, {=s5, v1}, {75, ys}).
Why are these better than other initial states? Upon closer observation, you will
notice they are all located at the corners of the grid. When the distance between
two locations (counter-examples) is maximized, it forces the agent to consider the
possible locations between them, leading to the quickest speed of finding a valid

plan. Inspired by this insight, we developed the warm-starting CPCES.

Warm-starting CPCES is built on the concept of the dependency graph, as defined
in Definition 9. Recall that if a fact f depends on another fact f’, there must exists
an action @ = (c, eff ¥, eff 7) such that f € eff T Ueff and f € c. This implies
that the greater the distance between two facts in a dependency graph, the more
actions are required to transition from one fact to the other. Therefore, if these
two facts are included in counter-examples, more initial conditions will be covered

by the candidate plan.

Definition 10. The distance from fact f to fact [’ is the minimal number of
steps from [ to [’ in the dependency graph. If there is no such path, the distance
is assumed to be zero. The score of a fact f is the largest distance from this fact

to any other fact.

Example 17. We can construct two dependency graphs, as shown in Figure 3.3,
for our running example. In the first dependency graph, x1 directly depends on xo

but indirectly depends on other facts. The largest distance from xq to any other is
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4, which s from x1 to x5. Thus, we assign a score of 5 to x1. The scores for other

facts are computed in a similar way.

Definition 11. An uncertain-fact is called an important fact if it mazimises the
score within some dependency graphs. If all uncertain-facts of an initial state are

important, this state is important.

Warm-starting CPCES begins by initializing the sample set with important samples,
and we require the size of sample set be smallest: each important fact appears only
once. The warm-starting process is described in Algorithm 4. First, we calculate
the score for each fact to identify the important facts (Line 4). Then, using an SMT
solver, we iteratively search for initial states that contain previously unconsidered
important facts (Line 7). This process continues until no new important states are
found. Since no two initial states share the same important fact, this procedure

eventually terminates.

To compute important samples, we extend the same SMT encoding used for

counter-examples by adding a covering constraint.

SMT variables:
e f@j for each fact f € F and ¢ € {0,...,k}, representing state variables.
e Add(f)@i and Del(f)Qi, capturing addition and deletion of facts.
e Wc., indicating plan failure.

Constraints: The base encoding is

k
Op, = I[FQO] A (/\ o[Fa(i — 1),F@¢]) A Tpan,
i=1
Let M be the set of important facts, C the set of contexts of P, and M’ C M the
subset already used. We require that each context with unused important facts

contributes at least one such fact at time 0:

(I)cover(Ma C, M/) - /\ \/ f@()

ctxeC e(Mnctx)\M'
Mﬂctz;ﬁ@f ( N



60 Chapter 3. Accelerating CPCES

Algorithm 4 Generating important samples.
1: input: conformant planning problem P
2: output: a set of important samples
3: S := compute_scores(P)

F := pickup_important_facts(P,S)

: B:=10

: loop

q ‘= generate_important _sample(B, F)

if ¢ # 1 then

return B
10:  B:=BU{q}

© P> T

Final SMT problem:
(I)\]lg\{fr == (I)P,Tr /\ (I)cover(M7C7M/>'

Any satisfying assignment, restricted to the variables at time 0 (F@Q0), yields an

important sample.

3.4 Integrating Fast Downward Into CPCES

FF system (Domshlak and Hoffmann 2007) is used in CPCES to find candidate
plans. In fact, all classical planners can be used in CPCES, and this includes FD
system (Helmert 2006). FD is regarded as a versatile planner due to its wide array
of heuristics and planning techniques. However, preliminary tests reveal that FD is
significantly slower than FF as a classical sub-planner in our setting. This perfor-
mance disparity is shown in Table 2, where the NMF (FF) and FD (FD) columns
are compared. Except for one case, the FF implementation consistently surpasses
FD, often by several orders of magnitude. We tried many different configurations of
FD, including the LAMA-2011 configuration (Richter et al. 2011), but the results

were very similar.

We identified that the poor performance of FD in CPCES is due to the slow trans-
lation of PDDL files into SAS+ files during each iteration of CPCES. Specifically,

there are two issues. First, as the number of iterations increases, the size of the
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Table 3.2: Number of variables in the SAS+ problem with and without forall.

Domain Instance With Without
BLOCKWORLD p02 115 42
BOMB p20-5 625 117
COINS plb 903 432
DISPOSE p4-2 641 33
LOOK-GRAB  p4-2-2 442 14
ONEDISPOSE p3-2 500 76
RAOSKEYS p2 39 18

PDDL (forall construction is included) files grows, making it increasingly chal-
lenging for FD to perform the translation into SAS+ files. This is illustrated in
Table 3.2. In this experiment, we replace forall with an explicit enumeration of
the interpretations in the PDDL file. We find the version without forall requires
much fewer variables in SAS+. The current representation limits the FD search
engine’s ability to fully exploit its capabilities. Second, each iteration of CPCES
involves translating from PDDL to SAS+, which incurs a significant cost. To mit-
igate these issues, we decided to incrementally construct the SAS+ file. To clarify

this process, we first introduce the concept of SAS+.

3.4.1 SAS+

Instead of using facts as basic elements, like PDDL, SAS+ uses multi-valued en-
coding to represent a planning problem (Béckstrom and Nebel 1995b; Helmert
2009). In this encoding, the basic element is the state variable. Each state vari-
able v has a domain D,. A state is defined as a complete assignment of the state
variables. An atomic effect (v = v), which assigns the value v to the variable v,
corresponds to a positive effect (v = v) and a list of negative effects (v = ') for

all other values v/ € D, \ v.

Translating a PDDL representation to a SAS+ representation generally involves
identifying subsets of pairwise mutually exclusive facts, denoted as F’ (Helmert
2006). For each such subset, a variable v is created with the domain D, = F'U{L}.
In a SAS+ state, variable v is assigned to f € F” if and only if the fact f appears in
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the equivalent PDDL state, represented as sNF’ = {f}. The symbol L represents

a situation in which none of the facts from F’ are present in the state, denoted as
sNF' =40.

One advantage of multi-valued encoding is that it offers a more compact state
representation (Béckstrom and Nebel 1995b). Additionally, it enables the devel-
opment of richer heuristic functions (Geffner 2007; Richter et al. 2008; Richter and
Westphal 2010).

3.4.2 Incremental SAS+

Definition 12. Two planning problems Py and P,, where P, = (F;, N;, A;, I;, G;)
fori € {1,2}, are independent if their sets of action names are identical and their
sets of facts are disjoint: (N3 = No) A (F1 N Fy = 0).

We also introduce the definition of merge, which combines two problems that share

the same set of action names.

Definition 13. Let P, and P, be two planning problems where P; =
(Fi, Ny, Ay, I, Gy) for i € {1,2}. The merge of Py and P,, denoted P, B Py, is
a problem P = (F,N, A, I,G) defined by:

OF:F1UF2,' ]:]1/\12,' G:Gl/\GQ;
e N =N; =Ny, and

o A is such that A(a) = (pre,(a) A prey(a), coneff,(a) U coneff,(a)) for all
a€N.

Definition 13 naturally extends to the SAS+ notation, and we therefore use the
operator H for SAS+ problems as well. We denote this as P B Pa, where Pa
represents an increment to the original problem P. An increment of a problem
refines an existing planning problem by defining new facts relevant to the task
and specifying the interactions of actions with these new facts. Additionally, the

increment has the characteristic of not directly affecting existing facts.

The concepts of merge and increment offer significant advantages by facilitat-

ing a straightforward translation to SAS+ when a translation for the original
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problem has already been established. This can be encapsulated in the following

lemma:

Lemma 2. Let P be a PDDL planning problem, and let Pn be an increment to
P. Let S and Sx be SAS+ representations of P and Pa respectively such that

o II(S) = II(P),
o II(SA) =II(Pa); and
e the sets of variables of S and Sa are disjoint.
Then SHBSA is a SAS+ representation of PBPA such that II(SBSA) = II(PEPA).

Proof of Lemma 2. The proof is based on the principle that when two indepen-
dent planning problems, whether represented in PDDL or SAS+, are merged, the
valid solutions for the combined problem consist of the intersection of the solutions

from the original problems. Hence,

H(S 25, SA) = H(S) N H(SA)
(P) NII(Pa)
(PH Pa).

IT
IT

Based on Lemma 2, we have developed a method for efficiently generating SAS+
representations of the classical planning problems formulated by CPCES. In each
iteration, the combined classical planning problem P _; is constructed by merging
P, ;1 with P;, incorporating all classical planning problems from P; to P; which
correspond to the ¢ interpretations or counter-examples generated up to that point
in the process. The SAS+ representation of P;_; is achieved by merging the
SAS+ representation from the previous CPCES iteration of P;_,;_; with the SAS+
representation of P;. This process is depicted in Figure 3.4, where the vertical
operation that converts P;_; to Si.; involves decomposing and then merging each

segment, depicted on the right and left side of the figure, respectively.

Our approach is detailed in  Algorithm 5,  which  implements
produce_candidate plan method (Line 15) from CPCES (Algorithm 1). In
this algorithm, a dictionary is used to track the SAS+ translation for each state
considered in the belief. When the algorithm finds a new state (Line 9), it will
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Figure 3.4: Graphical representation of the decomposition proposed in this paper:
the classical planning problem P, _; that CPCES(FF) needs solved at the ith itera-
tion can be decomposed into ¢ planning problems P je(i..5. Each of these problems
can be translated into its own SAS+ representation, S;, and these representations
merged into a SAS+ representation S;._; equivalent to P;_;.

compute the SAS+, i.e., S(q), for this state (Line 10), and then merge each state’s
individual SAS+ (Line 11).

There are several benefits to this approach. First, it is very fast to generate SAS+.
In CPCES, if we use FD to compute candidate plan, SAS+ is generated from P;..;
which takes a long time. However, in each iteration, this approach only needs
to translate a small PDDL P; into a small SAS+ S;, which is much faster than
translating a large PDDL P,..; into a large SAS+ S;..;. Second, this approach
avoids using the forall construct, which presents a significant challenge for FD
when computing candidate plans. Third, since each P; problem is relatively small,
we can allocate additional resources to optimize the SAS+ encoding. This is

something that would be riskier to attempt for the complete problem P;...;.

Inspired by the concept of merging facts in PDDL, merging variables in SAS+
proves to be equally effective. By leveraging the method of identifying certain-
facts in PDDL, we can identify variables that contain facts that are initially known
and have no impact on uncertain-facts. In SAS+, certain-facts within variables

maintain a fixed Boolean value from the initial state to the goal state. When all
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Algorithm 5 Incremental generation of candidate plan.

1: method: produce_candidate _plan(P, B)

2: input: conformant planning problem P = (F, N, A, I, G)
3: input: belief B

4: output: a candidate plan, or no plan

5: static: a map S : 2F — SAS_FILES

6: if B = () then

7 return ¢

8: for all ¢ € B do

9: if S(q) is undefined then

10: S(q) := generate_sas_plus((F, N, A, q,G))
11: SAS :=H,e5S(q)

12: return FD(SAS)

the facts within a variable are certain-facts, we refer to that variable as a certain-
variable. By applying the same merging process used for certain-facts in PDDL
to certain-variables in SAS+, FD can reduce the search space and significantly

improve search efficiency when generating a plan.

A similar idea can be found in the translation scheme K7 5 of Palacios and Geffner
(2009). In their framework, uncertainty in the initial situation is handled by in-
troducing tags t € T" and merge actions over these tags, while preconditions and
goals are expressed using literals of the form K L/t. In particular, the goal condi-
tions are represented by introducing copies of the relevant facts for each possible
initial assumption, thereby ensuring that a plan achieves the goal under all ini-
tial situations. This design makes incremental combination possible: since each
assumption carries its own copy of the goal fact, new assumptions can be incor-
porated and their constraints merged without invalidating the existing encoding.
Our incremental SAS+ formulation follows the same underlying principle — by
representing goals with assumption — specific copies of the facts, we enable an
iterative construction where additional counter-examples can be accommodated

incrementally rather than requiring a complete re-encoding from scratch.
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3.5 Experimental Results

The benchmarks used in our experiments are the same seven sets of benchmarks
(DISPOSE, ONEDISPOSE, BLOCKWORLD, LOOK-GRAB, RAOSKEYS, BOMB, and COINS)
previously employed in published CPCES studies (Zhang et al. 2020). These bench-
marks are originally taken from the benchmarks of the International Planning
Competition 2008. This consistency ensures that our experimental results are
more objective and comparable to prior work. These experiments were performed
on an Ubuntu virtual machine equipped with 8GB of RAM and a single processor
on an Apple M1 chip MacBook Pro. The time limit for each test was set to 1800
seconds. Given the non-deterministic nature of the CPCES process, each instance
was run 9 times, with the median result being reported. The CPCES used in this
chapter is the SUPERB version of CPCES.

In this subsection, we have assigned abbreviated names to each improved con-
formant planning algorithm. NMF is the CPCES (FF used); MF is the variant
with merging certain-facts (including constants); WS is warm-starting with merg-
ing certain facts (including constants); FD is CPCES (FD used); ICC is incremental
CPCES (FD used). The overall performance of runtimes of each method is presented

on Figure 3.5

3.5.1 Merging Certain-Facts

We first empirically evaluated the performance gains attributable to the merging
of certain-facts improvement to CPCES we described in Section 3.2. We are pri-

marily interested in contrasting planning time, with experimental results given in

Table 3.3.

For most problems MF is much faster than NMF. For example, in problem
LOOK-GRAB p8-3-1 MF is twice as fast as NMF. In problem DISPOSE p12-1, NMF
fails to find a plan within 30 minutes while MF quickly finds a solution in 478
seconds. Even in problems without certain-facts the improvement may still have
an impact, because constants are also exploited with this improvement. For in-
stance, in problem BOMB p100-100, which has no certain-facts, solving it with MF

is almost twice as fast as with NMF due to the occurrence of 99% of problem facts
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Figure 3.5: Number of problems solved by each algorithm.

as constant.

In our implementation, constants are subsumed under the definition of certain-facts
(Definition 3.2). Merging such constants has the effect of simplifying facts that
never change, thereby avoiding repeated encodings across iterations. If constants
were not considered during the merging process, the algorithm would remain sound
and complete, since the omission does not alter the semantics of the problem.
However, the encoding would become less compact, as many redundant predicates
would remain in the PDDL description, which in turn increases the runtime of the
underlying classical planner. This effect can be clearly observed in the BOMB p100-
100, where no explicit certain-facts are present but the exploitation of constants

still results in nearly a twofold speedup.

Experimentally we found no clear relationship between the speedup afforded by
the improvement in MF and the certain-facts ratio. For example, in DISPOSE

p8-1, p8-2, and p8&-3, the certain-facts ratios are 0.5, 0.33, and 0.25, respectively,
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but the MF runtimes are 44%, 70%, and 45%, respectively, of the NMF runtimes.
What complicates the relationship is that as the number of iterations to compute a
conformant plan increases the classical PDDL files become lengthier. The runtime
performance of the underlying classical planner degrades, typically superlinearly

with the length of the input problem description.

Table 3.3: Empirical performance of total time (seconds) of improved conformant
planning algorithms described in the paper along with the CPCES baseline results.

DM Instance ~ NMF MF WS FD ICC
BLOCKWORLD 01 0.04 0.04 0.05 0.12 0.09
BLOCKWORLD 02 0.18 0.18 0.15 0.48 0.29
BLOCKWORLD 03 1.62 1.86 1.39 - -
BLOCKWORLD 04 109.59 231.65 157.38 - -
BOMB 20-1 0.46 0.46 0.16 5.06 0.77
BOMB 20-5 0.57 0.54 0.18 7.76 -
BOMB 20-10 0.76 0.69 0.21 11.39 1.16
BOMB 20-20 1.11 1.08 0.36 24.07 2.00
BOMB 100-1 33.24 2294 1.05 - 21.19
BOMB 100-5 69.23  48.62 3.45 - 341.67
BOMB 100-10 116.08  72.57 5.15 - 898.75
BOMB 100-60 789.79 430.02  27.92 - -
BOMB 100-100  1636.60 899.29  91.96 - -
COINS 10 0.14 0.14 0.15 0.46 0.24
COINS 12 1.51 1.50 0.90 6.18 1.49
COINS 15 0.87 0.96 0.86 5.76 0.87
COINS 16 0.72 0.77 0.71 2.95 0.96
COINS 17 0.65 0.69 0.73 2.81 0.96
COINS 18 0.63 0.63 0.69 2.82 0.90
COINS 19 0.81 0.83 0.86 2.85 0.88
COINS 20 0.75 0.72 0.94 2.90 0.95
COINS 21 - - - - -

Continued on next page
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DM Instance ~ NMF MF WS FD ICC
DISPOSE 4-1 0.54 0.40 0.12 2.91 0.67
DISPOSE 4-2 1.06 0.88 0.14 3.56 1.16
DISPOSE 4-3 1.35 1.39 0.17 4.04 1.46
DISPOSE 8-1 37.45 16.31 1.14  711.99 15.74
DISPOSE 8-2 130.22  91.52 2.37  870.44 57.67
DISPOSE 8-3 431.88 195.67 7.54 1243.76 86.56
DISPOSE 12-1 - 478.08  11.06 - 514.97
DISPOSE 12-2 - - 124.35 - 1686.45
DISPOSE 12-3 - - - - -
DISPOSE 16-1 - - 156.57 - -
DISPOSE 16-2 - - - - -
RAOSKEYS 02 0.07 0.07 0.06 0.24 0.14
RAOSKEYS 03 0.71 0.57 0.57 64.42 13.88
LOOK-GRAB  4-1-1 0.29 0.25 0.21 3.10 2.38
LOOK-GRAB  4-1-2 0.07 0.08 0.15 36.86 26.90
LOOK-GRAB  4-1-3 0.05 0.06 0.15 21.33 29.93
LOOK-GRAB  4-2-1 0.21 0.25 0.23 2.86 2.88
LOOK-GRAB  4-2-2 0.12 0.14 0.24 74.08 48.42
LOOK-GRAB  4-2-3 0.11 0.11 0.25 43.10 54.18
LOOK-GRAB  4-3-1 0.31 0.36 0.31 6.26 15.98
LOOK-GRAB  4-3-2 0.20 0.20 0.34 111.54 53.30
LOOK-GRAB  4-3-3 0.18 0.19 0.36 65.19 83.62
LOOK-GRAB  8-1-1 7.68 5.03 4.04  355.60 162.93
LOOK-GRAB  8-1-2 2.31 1.57 3.29 - -
LOOK-GRAB  8-1-3 1.45 1.25 2.57 - -
LOOK-GRAB  8-2-1 34.65 14.14 11.70 503.33 -
LOOK-GRAB  §8-2-2 4.85 3.29 12.46 - -
LOOK-GRAB  8-2-3 2.45 2.07 7.81 - -
LOOK-GRAB  8-3-1 33.82 14.53  25.77  450.82 -

Continued on next page
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DM Instance ~ NMF MF WS FD ICC
LOOK-GRAB 8-3-2 5.54 5.04 22.35 - -
LOOK-GRAB  8-3-3 3.98 3.41 - - -
ONEDISPOSE 2-2 0.19 0.13 0.05 0.51 0.27
ONEDISPOSE 2-3 0.47 0.29 0.06 0.94 0.44
ONEDISPOSE 3-2 2.50 1.31 0.09 4.16 1.22
ONEDISPOSE 3-3 50.99 224.79 0.36 16.01 3.02
ONEDISPOSE 4-2 - 72.31 1.26 73.25 4.17
ONEDISPOSE 4-3 - - - - 441.88
ONEDISPOSE b5-2 - 454.77 178.50 - 42.19
ONEDISPOSE 5-3 - - - - -
ONEDISPOSE 6-2 - - - - 1367.08
ONEDISPOSE 6-3 - - - - -
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3.5.2 Warm-Starting CPCES

In Section 3.3 we described how CPCES can further be improved with warm starting.
The results of warm-starting CPCES are presented in Table 3.3 and 3.4, under the
WS column. That system is implemented based on MF, and thus has FF as the
classical base planner and implements merging of certain facts. Below we focus on

the runtime gains over MF we obtain with warm starting.

Under the most ideal circumstances, if enough critical samples are identified at
beginning (Line 4 in Algorithm 4) CPCES can find a valid solution in just two
iterations: the first iteration finds a candidate plan, and the second verifies that
no more counter-examples exist. Indeed, from Table 3.3 and 3.4 we observe that
most problems are solved by WS within two iterations. This indicates that our
warm-starting CPCES variant efficiently identifies sufficient important samples at
the outset, allowing it to find a valid plan immediately and significantly reducing
the plan search time. For example, in problem DISPOSE p8&-3, WS finds a plan
in 7.54s over 2 iterations, while MF takes 195.67s across 65 iterations. For some
problems, although they are not solved within just two iterations, the number
of iterations and runtime is significantly lower compared to MF. For instance,
in problem BOMB p100-100, WS takes 91.96s to find a plan within 4 iterations. In
contrast, MF spends 899.29s computing 100 iterations. In cases where more than 2
iterations are required by WS, we thus still can observe a speedup. Warm-starting
does not however work for all problems. For example, in the COINS domain there
is no noticeable reduction in iterations. In the LOOK-GRAB domain, although the
number of iterations is reduced to 2, the plan search time is actually worse than
with MF, with the warm-start impacting the relative difficulty of the underlying

classical problem.

3.5.3 Integrating FD Into CPCES

Finally we consider the empirical performance attributes of CPCES using the FD
base planner as described in Section 3.4. The results of integrating FD into CPCES
are presented in Table 3.3 and 3.4. The search engine used by our FD integration is

an eager best-first search algorithm with a best-first open list and the FF heuristic.
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We compared using FF in CPCES (column NMF), referred to as CPCES(FF), with
using FD in CPCES, referred to as CPCES(FD) (column FD). We further contrast the
performance of those two base systems with our FD based incremental version of
CPCES (FD), referred to as I-CPCES(FD).
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Figure 3.6: Comparison of plan length between ICC and NMF.

CPCES(FD) is not generally competitive with CPCES(FF) with the preprocessing
PDDL to a multi-valued state variable representation to be a key bottleneck.
I-CPCES(FD) shows great improvement compared to CPCES(FD). For instance,
I-CPCES(FD) requires 86.56s to solve DISPOSE p8&-3, not only significantly faster
than CPCES(FD) but also five times faster than CPCES (FF).

Although incrementality using the FD based planner can yield impressive perfor-
mance, overall we find that the FF base planner generally exhibits better run-
time performance. This is particularly noticeable in the challenging domains of
BLOCKWORLD, BOMB, LOOK-GRAB, and RAOSKEYS. For instance, problem BOMB p100-
10 takes I-CPCES(FD) 898.75s, while CPCES(FF) takes only 116.08s. To explain
this, we can compare the plan lengths generated by CPCES(FF) and I-CPCES(FD)
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(Figure 3.6) and found that FD consistently attempts to find shorter plans than
CPCES(FF) (e.g., 419 steps vs. 469 for DISPOSE p8-3 or 66 steps vs. 148 for
ONEDISPOSE p3-3). In contrast to the FF-based system, the FD-based planner is
obtaining shorter plans at a higher search cost which negatively impacts overall
runtime performance. We note that the overall performance of I-CPCES(FD) is
still worse than CPCES(FF) (Figure 3.5), especially in complex domains such as
BLOCKWORLD, BOMB, LOOK-GRAB, and RAOSKEYS.

Table 3.4: Empirical results on the number of iterations and plan lengths for
improved conformant planning algorithms, in comparison to the CPCES baseline.
The last column reports the ratio of certain-facts (RF) for each problem.

I[terations Plan Length RF

DM Instance
NMF MF WS FD ICC NMF ICC (%)
BLOCKWORLD 01 3 3 3 3 3 5 4 0
BLOCKWORLD (2 8 8 6 8 8 18 15 0
BLOCKWORLD 03 29 29 23 - - 70 - 0
BLOCKWORLD 04 94 8 82 - - 152 - 0
BOMB 20-1 21 21 3 21 21 40 40 0
BOMB 20-5 20 20 3 21 - 37 - 0
BOMB 20-10 20 20 3 20 20 37 37 0
BOMB 20-20 20 20 4 20 20 37 37 0
BOMB 100-1 100 100 2 - 100 197 197 0
BOMB 100-5 100 100 3 - 100 197 197 0
BOMB 100-10 100 100 3 - 100 197 197 0
BOMB 100-60 100 100 3 - - 197 - 0
BOMB 100-100 100 100 4 - - 197 - 0
COINS 10 6 6 6 6 6 29 38 0
COINS 12 22 23 16 22 22 67 76 0
COINS 15 14 16 15 21 13 80 78 0
COINS 16 10 10 9 11 10 93 113 0
COINS 17 9 9 9 11 11 96 98 0

Continued on next page
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[terations Plan Length RF

DM Instance
MF MF WS FD ICC NMF ICC (%)
COINS 18 9 9 9 11 10 103 101 0
COINS 19 10 11 10 11 10 110 107 0
COINS 20 10 9 10 10 10 100 109 0
COINS 21 - - - - - - - -
DISPOSE 4-1 17 17 2 17 17 61 55 -
DISPOSE 4-2 17 17 2 17 17 74 72 33
DISPOSE 4-3 17 17 2 17 17 84 89 25
DISPOSE 8-1 65 65 2 65 65 399 259 50
DISPOSE 8-2 65 65 2 65 65 482 354 33
DISPOSE 8-3 65 65 2 65 65 469 419 25
DISPOSE 12-1 - 145 2 - 145 - 697 50
DISPOSE 12-2 - - 2 - 145 - 912 33
DISPOSE 12-3 - - - - - - - -
DISPOSE 16-1 - - 2 - - - - 50
DISPOSE 16-2 - - - - - - - -
RAOSKEYS 02 5 5 4 5 5 16 17 14
RAOSKEYS 03 21 18 19 37 37 48 66 11
LOOK-GRAB  4-1-1 9 9 2 7 8 32 14 -
LOOK-GRAB  4-1-2 3 3 2 4 4 4 4 -
LOOK-GRAB  4-1-3 2 2 2 2 2 4 4 -
LOOK-GRAB  4-2-1 6 7 2 5 6 16 22 -
LOOK-GRAB  4-2-2 3 4 2 4 4 4 -
LOOK-GRAB  4-2-3 2 2 2 2 2 -
LOOK-GRAB  4-3-1 6 7 2 6 6 22 22 -
LOOK-GRAB  4-3-2 3 3 2 4 3 4 4 -
LOOK-GRAB  4-3-3 2 2 2 2 2 4 4 20
LOOK-GRAB  8-1-1 18 18 2 22 24 172 80 33
LOOK-GRAB  8-1-2 13 13 2 - - 80 - 33

Continued on next page
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[terations Plan Length RF

DM Instance
MF MF WS FD ICC NMF ICC (%)
LOOK-GRAB  8-1-3 10 11 2 - - 52 - 33
LOOK-GRAB  8-2-1 20 22 2 19 - 98 - 25
LOOK-GRAB  §8-2-2 11 2 - - 70 - 25
LOOK-GRAB  8-2-3 9 2 - - 50 - -
LOOK-GRAB  8-3-1 18 16 2 15 - 134 - 20
LOOK-GRAB  8-3-2 10 11 2 - - 60 - 20
LOOK-GRAB  8-3-3 8 - - - 40 - -
ONEDISPOSE 2-2 10 2 9 9 26 18 -
ONEDISPOSE 2-3 17 12 2 14 13 43 27 20
ONEDISPOSE 3-2 29 26 2 29 26 74 44 25
ONEDISPOSE 3-3 45 44 5 57 51 148 66 20
ONEDISPOSE 4-2 - 61 11 80 51 - 80 25
ONEDISPOSE 4-3 - - - - 112 - 115 20
ONEDISPOSE 5-2 - 141 81 - 173 - 146 25
ONEDISPOSE 5-3 - - - - - - - -
ONEDISPOSE 6-2 - - - - 247 - 228 -

ONEDISPOSE 6-3 - - - - - - - -
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3.6 Conclusions

In this chapter, we present three methods for improving the efficiency of the CPCES
algorithm. These enhancements aim to accelerate candidate plan generation and

integrate FD into CPCES, thereby improving overall planning performance.

The first method involves merging certain-facts to reduce the number of pred-
icates used in the classical abstractions. Experimental results demonstrate that
this approach significantly enhances the performance of CPCES. The second method
introduces a warm-starting mechanism, built upon merging certain-facts, to CPCES.
Before entering the main loop, the algorithm identifies a set of important initial
states. By exploring candidate plans from these selected states, CPCES is able to
discover valid plans with fewer iterations. Empirical evidence shows that, for most
benchmark problems, warm-starting enables CPCES to find a valid plan within just
two iterations (one to generate a candidate plan and one to validate it). For other
problems, relatively few iterations are required, resulting in a substantial reduction
in overall solving time. The third method integrates the FD planner into the CPCES
framework. To address the performance bottleneck caused by the inefficient gener-
ation of SAS+ representations in FD, we propose an incremental merging strategy
for small SAS+ instances. This approach allows the system to construct the final
SAS+ task representation more efficiently, avoiding the overhead associated with
generating large grounded representations all at once. Experimental results indi-
cate that our integrated method outperforms the baseline CPCES approach that
naively invokes FD, achieving faster solution times across a range of conformant

planning problems.



Chapter 4

Counter-Example PCP Planners

We have demonstrated that the counter-example based approach can be used to
solve CP. In this chapter, we present how this approach can be applied to solve
PCP. We named this approach as p-CPCES. p-CPCES is a PCP planner inspired
by the work of Grastien and Scala (2020) and Huang (2006). We will use the
definition of PCP from Definition 3 and use the example from Chapter 1 Section
1.1.3 as the running example throughout this chapter.

4.1 Challenges of Using the CPCES Approach

Simply copying CPCES to solve PCP is not complete. The reason is that, if the
procedure aims to iteratively find plans with a higher probability of success, each
call to the classical planner must result in a solvable classical problem. However,
if states from which the goal is unreachable are included in the starting states,
the resulting classical problem becomes unsolvable. Imagine some locations in
our running example as traps — once the agent moves there, it will never exit.
If one of these initial states is selected as a counter-example, no candidate plan
can be found. In this case, CPCES must restart the iteration and hope that none
of these problematic initial states are selected as counter-examples. Only when
no such states are chosen can a candidate plan be found. Some PCP problems
may be even more extreme — if specific combinations of initial states prevent
the agent from reaching the goal condition, CPCES will need to restart the entire
process, beginning with the first iteration. In our running example, there are 2% —1

combinations of initial states, meaning the counter-example based approach might

77
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need to go through 2% —1 iterations before finding a valid plan. To avoid exploring
all combinations, in this section, we introduce the concept of a “counter-tag” to

reduce the number of iterations.

Aside from the issue mentioned above, calculating the satisfaction probability of
a candidate plan presents another challenge. We use Deterministic Decomposable
Negation Normal Form (d-DNNF) as a data structure that makes this practical,
as the time complexity of computing probabilities using d-DNNF' is polynomial
(Darwiche and Marquis 2002b,a; Huang 2006).

4.2 Overview of p-CPCES

Since a tag is the intersection of a context and an initial state (Definition 7), a
single tag can correspond to multiple different initial states. In other words, a tag
can represent a set of initial states. For example, in our running example, we can
identify two contexts in this problem: {xy, z2, 3}, {y1, 2, y3}, and six tags: {z;},
{zo}, {x3}, {v1}, {92}, {y3}. Tag {x1} represents three initial states, which are
{z1,01}, {1,192}, and {x,y3}. While the number of combinations of initial states
is 22 — 1, the number of combinations of tags is only 26 — 1. This means that
focusing on tags rather than individual initial states can significantly reduce the
number of iterations. Therefore, our approach computes “counter-tags” instead
of counter-examples. Since all tags in our running example are singletons, from
now, we simplify the notation by omitting the brackets. For instance, we use tag

x1 rather than {x1} to represent a tag over context {1, xs,3}.

A counter-tag for a plan 7 is a tag such that all initial states it represents are
counter-examples to 7. For instance, if 7 = GO_E, then z3 is a counter-tag because
all counter-examples corresponding to x3 (i.e., {x3,y1}, {r3,y2} and {z3,y3}) are
counter-examples to m. A counter-tag set (CTS) is a set of counter-tags that
covers the initial belief with a probability of at least (1 — 7). A candidate plan
for a CTS should satisfy one of counter-tags in the CTS, rather than needing to
satisfy all counter-tags in the CTS. This mechanism ensures that the candidate

plan addresses any initial state that is unreachable.

Let us use our running example to demonstrate how our approach works, as illus-
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Table 4.1: Example execution of p-CPCES for the running example with 7 = 0.75.

# it | Counter-tags CTS Probability | Candidate Plan

0 |- : : -

1 T1,23,Y1,Y3 {x1,23} | .3 GO_W

2 T1, T2, Y1, Y2, Y3 | {T2} 7 GO_W GO_E

3 T3, Y1, Y2, Y3 {y2} 7 GO_N GO_E GO_W GO_S
4 T1, {@1,mn} | .28 GO_N GO_W GO_E GO_S
5 3,1 None N/A -

trated in Table 4.1.
0. At the beginning, we set the candidate plan as an empty plan 7y = €.

1. Four tags are counter-tags to my, which are zq, x3, y;, and ys. It is unneces-
sary to consider all counter-tags in this iteration; instead, we only consider
x1 and x3, as the combined probability of these two counter-tags is 0.3, which
exceeds 1-0.75. Thus, we add x; and z3 into CTS;. A candidate plan for
CTS; is Go_w, which satisfies x5 in CTS;, and we update the candidate plan
to M = GO_W.

2. Five tags are now counter-tags to m;. As in the previous step, we select x5 as a
counter-tag for this iteration and add it to CTS,. From this iteration onward,
the candidate plan must satisfy at least one tag in the current iteration’s
CTS, as well as at least one tag in the CTS of each previous iteration. We
then update the candidate plan to my = GO_W, GO_E, which is consistent
with both z; (from CTS;) and x5 (from CTS,). Since CTS, contains only

one tag, future plans will ensure that x5 is no longer a counter-tag.

3. p-CPCES continues running, finding increasingly sophisticated candidate

plans.

4. In this round, the CTS is CTS; = {1,111} The probability of the initial
states represented by xy is 0.2, and for yy, it is 0.1. However, the combined
probability of both is not 0.2 + 0.1 = 0.3, because x; and y; share the
overlapping initial state {x1,y; }, which has a probability of 0.2 x 0.1 = 0.02.
Thus, the actual probability of CTS, is 0.3 - 0.02 = 0.28. The candidate
plan is updated to m4 = GO_N, GO_WGO_E, GO_S.



80 Chapter 4. Counter-Example PCP Planners

5. In the final iteration, even though two counter-tags x3 and y; remain, their
combined probability is 0.19, which is less than 1 — 7 = 0.25. Since there
are not enough counter-tags to w4, m4 must be a valid plan for this problem.

p-CPCES terminates and returns 7.

Algorithm 6 p-CPCES
1: Input: a PCP problem P
2: Output: a plan 7 for P, or UNSAT

3: B:=10 > a set of counter-tags
4: mi=¢ > candidate plan
5: loop

6: CTS := compute_CTS(P, ) > Section 4.3
7: if C'TS = 1 then

8: return 7

9: B :.=BU {CTS}

10: 7 := compute_candidate_plan(P, B) > Section 4.5
11: if 7 = 1 then

12: return no plan

p-CPCES is outlined in Algorithm 6. The set B collects the counter-tag sets that
have been computed so far, and the candidate plan 7 begins with an empty plan
£. p-CPCES generates a new counter-tag set; if none exists (all counter-tags are
identified but the total probability mass of initial states corresponding to these
counter-tags is less than 1—7), the current candidate plan is a solution. Otherwise,
the set is added to B. Following this, p~CPCES computes a candidate plan that
aligns with at least one tag from each counter-tag set in B. If no such plan
can be found, the planning problem has no solution. Otherwise, a new iteration

begins.

4.3 Computing Counter-Tags

The concept of counter-tags is derived from the idea of a projected planning prob-
lem. A projection limits the planning problem to a specific context and sets the
initial state to a tag. We define the projection in a bottom-up manner, starting

from simple elements and building up to more complex structures.
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Recall Definition 7, where a tag is defined as the intersection of an initial state s
and a context ¢, i.e., t.(s) = s Nec. Below, we represent a tag together with its

context as a pair ¢t = (c,t). The set of tags of P is denoted by Tags(P).
Definition 14. Let ct = (c,t) be a tag.

e The projection of a conjunction ¢ = /\je{l,...,k:} @, over ct is

Proj(e, ct) = A ;i

je{1,....k}.vars(p;)Cc

e The projection of a set of conditional effects coneff over ct is the subset of

conditional effects

{{con,cNeff T cNeff~) | (con, eff ¥, eff 7) € coneff A vars(con) C c}

e We overload the Proj notation and for the projection of action a over ¢t we

have

Proj(a, ct) = (name(a), Proj(pre(a), ct), Proj(coneff (a), ct))

e The projection of P = (F, A, I, G, T) over ct is the classical planning problem
Proj(P,ct) = Py defined as follows:

— F. = ctUcons(P), a set of facts relevant in the context ct, including
all facts appearing in the context ct, and all constant facts (cons(P)),
i.e., facts that do not appear in any context and thus are assumed to be

True or relevant in all contexts.

— Ay = {Proj(a,ct) | a € A}, a set of projected actions. Each action
Proj(a,ct) in Ay has the same name as its counterpart a in A, but its
conditional effects are projected based on the context ct. If an action has

no conditional effects, it is still included in Ay as a projected action.

— I = {t}, the initial state, represented as a set of facts given by the
tag t. That is, only the facts included in the tag t are considered True

nitially.
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— Gu = Proj(G,ct), the projected goal condition. It is a conjunction of

facts from the original goal G, projected onto the context ct.

Ys, 2 —
i .21‘2 .7333 1
) 402, (T, N e
\l/ \L \l/ y2 )
Gm Y1, 1 —

Figure 4.1: Two projected problems derived by projecting the PCP problem from
Section 1.1.5 onto different contexts. The left projected problem pertains to =
with sub-goal G, and the right one pertains to y with sub-goal G,,.

Example 18. In our running example, since all facts belong to a context there is
no constant fact in this problem. Because there are two contexts, we can derive two
projected problems. The first projected problem (left side of Figure 4.1) is related
to x with the sub-goal being o, while the second projected problem (right side of
Figure 4.1) is related to y, with the sub-goal being ys.

As you can see, after the problem is projected it is unnecessary to consider each
initial state individually. Instead, we can focus on tags since, in the original
problem, each initial state is a combination of several tags, whereas in the projected
problem, the initial state corresponds to a single tag. However, the projection of
the problem raises a new concern: the preconditions of each action may not be
valid in each projected problem. For instance, in the running example, actions
GO_E and GO_W have the precondition “when located at y3”. But in the first
projected problem (left in Figure 4.1), where there is only one row in the grid, it is
unclear when GO_E and GO_W can be applied. To address this issue, we introduce
the concept of “trivialization” of the planning problem (we also call them trivial
problems or sub-problems), where the preconditions of actions are moved into the

conditional effects of the corresponding action.

Definition 15. The trivialisation of PCP problem P is the planning problem
Triv(P) =P = (F', A", I',G') defined by

o ["=FU{(} where ( € F is a new fact;
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o A = {Triv(a) | a € A}, where Triv(a) = (name(a), True, coneff(a))
if pre(a) = True, and Triv(a) = (name(a), True, coneff(a) U
(—pre(a),D,{C})) otherwise;

e I'={(iU{C} = v) | (i 0) € I} U{(i s 0) | i C F);
e G'=GNC(.

In other words, the trivialization did two things: (i) it introduces a new fact, ¢
which value is set as True initially, into the problem, which acts as an additional
sub-goal that must be True after executing all actions of the plan; (ii) it removes
the precondition, pre, from the actions and adds a conditional effect to the same
action. This effect states that if pre is not satisfied, ( is assigned the value False,
which causes the goal to remain unsatisfiable. This mechanism preserves the func-
tion of the precondition while avoiding its direct use. We will introduce how to

use the trivialization combined with problem projection in Section 4.5.

Example 19. In our running example, we introduce a new fact, (valid), which
is in the initial condition. After trivialization, the action GO_E will no longer
have any preconditions but will include one additional conditional effect: “when
the agent is not located at y3, the fact (valid) becomes False”. The goal after
trivialization is (x2) A (y2) A (valid).

Lemma 3. Let P be a planning problem. The following holds: TI(P) =
I( Triv(P)).

Proof of Lemma 3. We write P’ = Triv(P). For this proof, we concentrate on
a single initial state i for P and the corresponding initial state i = ¢ U {(} for P’;

the result then generalizes to the initial state probability distribution.

It should be clear that, for any sequence of actions m = ay, ..., ay, the state ¢'[r]
equals ¢'[7r] \ {¢} (but note that this does not imply ¢ € i[n]) since the conditional

effects of these actions are similar except for (.

Consider a sequence of actions m = aq,...,a, that is a valid plan to P but not a
solution to P’. Let us prove that there is a conflict. Since all actions in P’ are
trivial, and since both the states i[r| and i'[r], and goals G and G’ differ only on

, we have 7'[7]. Furthermore, since ¢ € 4/, there must be an action, a;, that
J
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makes ( as a negative effect. This means that the condition ¢ that triggers this
negative effect is not satisfied; however, ¢ is the negation of the precondition of
a; in P. Therefore, since the states i[ay, ..., ax_1] and ¢'[aq, ..., ar_1] are identical

except for ¢, the action a; is not applicable in P and 7 is not valid from .

Consider a sequence of actions ™ = aq,...,a, that is a valid plan to P’. Let us
prove that 7 is a valid plan to P. Because 7 is valid to P’, ( is True in the final
state. This implies that none of the conditions that have { has a negative effect
trigger (there is an action that would make ¢ positive again), i.e., the negations of
these conditions are always True. These negations are exactly the preconditions
of the actions in P, and we know that the states ila,...,ax] and ¢'[ay, ..., ax] are

identical except for . Therefore, 7 is valid in P. O

Definition 16. A counter-tag to 7 is a tag ct € Tags(P) such that 7 ¢
II(Proj(P,ct)). The set of all counter-tags to m is CTags(m).

In other words, a counter-tag for a plan 7 is a tag where all the initial states it
represents are counter-examples to . A counter-tag can be identified by executing
the plan on a tag and checking if, at any step, the precondition of an action or
the goal becomes invalid. For a tag ct = (c,t), we write [ct] to denote the set of
initial states ¢ that satisfy this tag. Furthermore, given a set C' of tags, we write

[C] to represent the set of initial states that satisfy at least one of these tags:
[CT = Ueree [et]-

Theorem 1. The set of states in which candidate plan m is invalid is [CTags(r)].

Proof of Theorem 1. Part A: We prove if an initial state i € [CTags(m)],
then 7 is invalid for that initial state . Based on [CTags(m)] = U ecragsn [t

we can have i € ) let]. Since Vet € CTags(m), m & IL(Proj(P, ct)), we

cteCTags(m
get that 7 is invalid for 4.

Part B: We prove if 7 is invalid for an initial state i, then ¢ € [CTags(7)]. When
¢ is an initial state that is unsatisfied with 7, there must be a subgoal ¢ that is not
satisfied during the execution of the plan. Let ¢ be a context of this subgoal. By
definition of a tag, the satisfaction of the subgoal at any time of the execution is

defined entirely by the tag that was true in the initial state. Therefore, any other
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state that has the same tag will also fail the validity test. Hence, this tag is a
counter-tag, i.e., the state ¢ belongs to [CTags(m)]. O

Verifying whether a tag is a counter-tag in p-CPCES can be achieved by using
an SMT solver, which checks whether, by executing a plan, the tag satisfies all
action preconditions and meets the goal condition. However, verifying whether the
probability of a set of counter-tags exceeds the threshold 1 — 7 is more challenging.
Inspired from the approach by Huang (2006), we used d-DNNF to compute this
probability.

The computation of counter-tags in PCP mirrors that of counter-examples in CP
(Section 3.1.2). We first remove probabilistic aspects: each distribution in the
initial condition is treated as a oneof group, and the goal threshold 7 is ignored.
The resulting PCP problem has the same Boolean structure as a CP problem, so

we reuse the same encoding.
SMT encoding:
k

Op, = [[FQ0] A (/\@[F@(i . 1),F@i]) A W,

i=1
A tag is a set of facts t C F, represented at time 0 as

tfFao] = A fao.

fet

For each tag t, we check
<I>§>,7r = ®&p, A L[FQO].

If @}, is satisfiable, ¢ is a counter-tag.

Given a set of tags B, we test each t € B; when satisfiable, ¢ is added to the
counter-tag set C'T'S. We maintain the cumulative probability mass of C'T'S, and

stop once it exceeds 1 — 7.

All checks are performed by an SMT solver. Any satisfying model, restricted to
FQ@0, confirms that the plan 7 fails for tag t.
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4.4 Compute the Probability of a Set of Initial
States

In this section, we demonstrate how a set of states [C] can be compiled into a De-
terministic Decomposable Negation Normal Form (d-DNNF) (Darwiche and Mar-
quis 2002b; Darwiche 2001; Darwiche and Marquis 2002a; Huang 2006). Building

on this compilation, we will show how to compute the probability of these states
[T

If we use the traditional mathematical approach, the probability of each initial
state is obtained by multiplying the probabilities of its facts (for example, in
our running example, the probability of (z1,y;) is 0.1 x 0.2 = 0.02). However,
computing the probability of a set of states this way requires enumerating all
possible initial states, which is exponential in complexity. Specifically, with n
oneof distributions and m facts in each distribution, the number of possible initial
states is n'", leading to an exponential number of multiplications. This becomes
impractical for complex PCP problems. The situation is even worse in p—CPCES,
since at each iteration, whenever a new counter-tag is found, the probability of the
accumulated counter-tags needs to be recomputed. To overcome this limitation, we
rely on a d-DNNF compilation, which provides a compact factorization of the set
of states. Within this representation, adjusting the weights of the chance variables
ensures that the probabilities are assigned correctly while enabling polynomial-

time evaluation (Darwiche 2001).

A propositional formula is in d-DNNF if it (i) exclusively uses conjunction, dis-
junction, and negation, with negation appearing only next to variables, and (ii)
adheres to the principles of decomposability and determinism. Decomposability
means that the conjuncts in any conjunction must not share any variables, while
determinism requires that the disjuncts in any disjunction must be pairwise logi-
cally inconsistent. The advantage of compiling a set of initial states into a d-DNNF
and then compute the probability of that it provides an explicit and compact fac-
torization of the state set, which is provably small. This factorization allows for
efficient evaluation, enabling us to compute the required probability in polynomial

time relative to the size of the formula.
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Let us first see how to compute the probability of a single initial state using a
traditional mathematical method. Given an initial state ¢ (recall from Definition 3
that all facts f € 7 are considered True, so i = f; U---U f,), some subsets F; C i
are associated with oneof probability distribution M;. The probability of the initial
state 7 is the product of the probabilities of each subset in the corresponding oneof
probability distribution: P = (M; N FY) x --- x (M, N F)).

Example 20. In our running example, there are two oneof probability distribu-
tions, corresponding to x and y respectively. To compute the probability of the
initial state {x1,ys}, we use the product rule by multiplying 0.2 and 0.1, resulting
in 0.02, which is the probability of {z1,ys}.

{1} — 0.2 {pi} — 02
M, =S {z2} — 07 My=4q{y} — 07

The example above computes the probability of a single initial state. When com-
puting a large set of initial states, however, this method becomes very slow. Let’s

explore how to use d-DNNF to perform this computation more efficiently.

Probabilities associated with facts in oneof probability distributions are captured
by a specific set of propositional variables, referred to as chance variables. Con-
sider a oneof probability distribution M; over Fj, and let {iy,..., i} represent the
domain of M; (i.e., M;(i,) is defined for all p € {1,...,k}). Given a set of k chance
variables X; = {xj1,.-., Xk}, for each index p, we define a formula associating

X;,p With 7, as follows:

Pip = (Xj,p/\ /\ _‘Xj,q) - /\ A /\ -f

q<p fE’ip fEFj\ip

Finally, we express ¢; as:

Yj = /\ Pip

pe{lvvk}

In other words, for any Boolean assignment o of F'U X; that satisfies ¢;, if x;.¢
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is the chance variable with the smallest index (-index such that alx;.| is True,
then the state ¢ represented by « satisfies ¢ N F; = ;. Finally, we must assign the

correct probabilities to the chance variables, which are computed as follows:

Xp — M;(ip)/ <1 - Z Mj(iq)) .

q<p

Given a formula ¢ that represents a set of states (such as the set [C]), the prob-

ability that the initial state satisfies ¢ can be calculated as:

count(3F. ¢ A /\ ;)

je{l,...m}

Example 21. Let us now look how to compute and construct chance variables in
our running example. For the oneof probability distribution M,, there should be
three chance variables: Xz1, X2, and Xz3. The logic relationship between each fact

in M, and the corresponding chance variables is as follows:

T1—= Xzl
To—>Xaz2 N\ T Xzl
T3 Xa3 N TXa1 N TXa1

Accordingly, the value of each chance variable can be computed as:

Xx,1:0-2
Xz2=0.7/(1 —0.2) = 0.875
X:v,?):l

We apply the same procedure to compute the chance variables for M,:
yl'_>Xy1 Xy,120'2

Y= Xy2 N Xyt Xy,2=0.7/(1 —0.2) = 0.875
ySHXy?) A Xyl A Xyl Xy,3:1
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Once the Boolean value of each chance variable is determined, it corresponds to a
unique initial state. The probability of this initial state is the product of the values

of the chance variables that are assigned as True.

We propose a method that compiles a PCP problem into a logic formula ¢, in
which the probability of a single initial state can be obtained simply by assigning
values to the chance variables. To compute the probability of a large set of initial
states, it is unnecessary to calculate each one individually and sum them. Instead,
given a set of counter-tags C, the initial states associated with the chance variables

represented by C' can be expressed as:

gp/\\/c

ceC

This formula is then input into a d-DNNF compiler DSHARP (Muise et al. 2012).
Using Formula count, the probability of initial states represented by the counter-

tags can be easily computed.

Algorithm 7 Computing the Probability of Initial States.

Pr(p), if N is a leaf node p where p is a chance variable;
1 — Pr(p), if N is a leaf node —p where p is a chance variable;
[L,val(N;), if N=A,N;

Yo val(N;), if N=V\,N;.

val(N) =

Algorithm 17 provides the function for evaluating a node in the diagram, and
thereby illustrates how to compute the probability of initial states satisfying a d-
DNNF —i.e., by evaluating the root node of a diagram. After compiling the formula
© AV e ¢ into a d-DNNF, the result is a tree-like data structure where each leaf
node corresponds to either a chance variable p or a negated chance variable —p.
The internal nodes represent either conjunctions or disjunctions. To compute the
probability, we begin by assigning values to the leaf nodes: if a node corresponds
to a chance variable p, the node is assigned the probability of p: Pr(p); if it
corresponds to a negated chance variable —p, the node is assigned 1 — Pr(p). The

computation then proceeds recursively in a bottom-up manner. For a conjunctive
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node, its value is computed as the product of the values of its child nodes; for
a disjunctive node, its value is the sum of the values of its child nodes. This
recursive process continues until the value of the root node is computed. The
value of the root node represents the probability of initial states satisfying the

given formula.

4.5 Computing Candidate Plans

In section 4.2, we have used an example to show how to compute a candidate plan.
In this section, we will present the details of this progress (Line 10 in Algorithm 6).
The basic idea is that we first decompose the problem into sub-problems (we also
call them trivial problems) based on the contexts. This step has been introduced
in Section 4.3. In each iteration, depending on the counter-tags selected, we choose
certain trivial problems and merge them into a single problem (we call it composite
problem). The plan that is valid for this composite problem problem becomes the
candidate plan for that iteration. In the following paragraphs, we will explain how

to merge trivial problems to compute the candidate plans.

The following operations assume that the planning problems have disjoint sets
of facts. If this is not the case, we assume the facts are renamed to ensure this

condition is met.

Definition 17. Let P; and P, be two classical planning problems with Fy N Fy = ()
and {name(a) | a € A1} = {name(a) | a € As} (The conditions, preconditions
and conditional effects, of actions in Py and Po are identical except for the inter-
pretation number associated with predicates and propositional symbols. Py uses a
unique interpretation number, as does Ps). The conjunction of P; and Py is the

classical planning problem P = P; ® Py where
o F:F1UF2, i:i1Ui2, G:Gl/\GQ, and

e A={a1®ay | a1 € Ay Nay € As Aname(ay) = name(az)} where a = a3 ® as
15 defined by

— name(a) = name(ay),

— pre(a) = pre(ay) A pre(as), and
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— coneff (a) = coneff(ay) U coneff (az).
® is called “conjunction” because of the following result:

Lemma 4. Let P, and Py be two classical planning problems. The following holds:
II(P1 @ Py) = 1I(P1) NII(Po)

Proof of Lemma 4. Part A: We first need to prove II(P;) N II(P,) C II(P; ®
P2). We do that by picking a plan 7 that is valid for P; and P, and show that it
is valid for P; ® Ps.

. . ay a2 a
Let m = aq,...,a,. Assume 7 is valid for P;: s190 — 511 — -+ — 51, and also

L. ay asz a
valid in Ps: 82,0 —2 S2,1 —> " - — So.n.

For all j € {0,...,k}, let s; = 51; U sy;. We shall prove sy =5 51— -+ % 5,
Note that the corresponding actions a; in Py, P, and P; ® P, share the same
action name by definition. Moreover, their preconditions and conditional effects
involve predicates that have the same names but are associated with different

interpretation indices.
We need to prove the four following points:

1. Prove sq is the initial state ¢ of P; ® P,. Based on Definition 17, we can get

S0 = S1,0 U S20 = 1.

2. Prove Vk ay, is applicable in s;_;. The precondition of a; is the conjunction
of the preconditions from P; and P, which are independent (rely on different
facts). Since they are satisfied in s; 1 and s9 1, and these states rely on

different facts, the conjunction is satisfied in the union state.

3. Prove Vk ay[si_1] = sk. Again, the conditions of the conditional effects are
independent for the two sub-problems P; and P,, and their effects are inde-

pendent. The conditional effects of the action therefore act independently.

4. Prove s, is a goal state. Similar to Point 2 on preconditions, the goal condi-
tion is the conjunction of the goal conditions in either sub-problem, and the

union of the two independent sets s, U sg, satisfies the conjunction.

Part B: We then need to prove II(P; ® Py) C II(P;) N II(Py). Without loss of
generality, we proceed to prove noting the proof for II(P; ® Py) C II(P;) follows

analogously.
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Let 7 = [ay,...,a,] be a plan for P; ® Py, i.e., such that sy = 51 —> ... % 5,,.
For all j € {0,...,k}, let s1; = s; N Fy. We need to prove the four properties that
guarantee si g SN 51,1 NN 51, Again, the corresponding actions a; in Pj,
Py, and P; ® Po share the same action name by definition.
1. Prove 51,0 is the initial state il of Pl- S0 N F1 = (Z'L[) U igyg) N F1 = (7;170 N
Fl) U (2.270 N Fl) = (2.170 N Fl) = 8170.
2. Prove Vk ay, is applicable in s; ;. Since the precondition of a; in P; ® Ps
is the conjunction of the precondition of a; in P; with another formula, the
precondition of a; in Py is satisfied by s;_;. Furthermore, s;_; is identical

to s1,—1 except for some facts from F, which are irrelevant. Therefore, the

precondition is satisfied.

3. Prove Vk, ag[s1x-1] = s1x Again, we see that the conditional effects of ay
that modify the truth value of the facts in Fj are the same for both problems
P1® Py and P;. Therefore, the state reached after applying the effects is the

same: Sg_1lag] N Fy = (sx_1 N Fy)[ag].
4. Prove s;, is a goal state of P;. This is similar to Point 2 on precondition.

]

It is easy to extend Lemma 4 to multiple problems: II(P; ® --- ® P,,) = II(Py) N
- NII(P).

Definition 18. Let Py and P, be two trivial classical planning problems with
FiNFy, =0 and {name(a) | a € A1} = {name(a) | a € As}. The disjunction of
Py and Py is the classical planning problem P = Py @ Py = (F, A, I, G) where

o F:F1UF2,i:’i1Ui2,G:G1VG2, and

e A={a1®as | a; € Aj Nay € Ay Aname(ay) = name(az)} where a = a1 S as

15 defined by
— name(a) = name(ay), and
— eff (a) = eff (a1) U eff (az).

Unlike the conjunction, the disjunction requires an additional condition in order

to get the desired behavior.
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Lemma 5. Let Py and Py be two classical planning problems. If Py and Py are such
that their action preconditions are trivial (V5 € {1,2}. Va € A;. pre(a) = True),
then the following holds: TI(Py & P2) = II(P1) U IL(Py)

. . . a a

Proof of Lemma 5. Let 7 = ay,--- ,a, and 7 is valid in Py: s19 — s11 —
a . . . a a a .

“or = S1,. mis also valid in P so9 = S9.1 LN s2,. The corresponding

actions a; in Py, Ps, and Py @ P, share the same action name by definition.

The proof is very similar to that of Lemma 4. However, we need to make the

following changes.

We first assume that the plan is valid for one of the problems (but still assume
that the states s, ; are the result of applying the actions in the other problem even
when they are not applicable). One can easily check that the four conditions (Part
A in Proof 4.5) are satisfied.

We then assume the plan of P; & P; leads to a goal state, and we need to check that
the plan is valid for one of the problems P; and P,. Because the goal condition
is the disjunction G V G5 where GG; and G5 pertain to two different sets of facts
Fy and F3, it is immediate that s, N F), satisfies G, for some p. Wlog, we assume
p=1

Similar to Lemma 4, Conditions 1 and 3 are easy to verify. Condition 2 is trivial

because the preconditions are trivial. Condition 4 is satisfied by the choice of
D- O

It is easy to extend Lemma 5 to multiple projected problems: II(P; & ---®P)) =
I(Py) U---UIL(P,).

Given a set T of CTS, we demonstrate how to generate a new planning problem
(composite problem) such that all valid plans are exactly those that the counter-tag

sets do not serve as counter-examples to:
Pp=Pr® - ® Pr,
where B = {T},...,T,} and

Pr=P,® --&PF,,
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where Ty, = {c1,...,¢n} and P, is the trivialization of the projection of a PCP
problem P over a context c;. The composite problem is a classical planning prob-

lem used for computing candidate plans.

We now describe the implementation of the function compute_candidate_plan in
Line 10 of Algorithm 6. The function proceeds by iterating over each CTS in the set
B. For each counter-tag ¢; in a given CTS, we construct its corresponding trivial
planning problem P,,. These trivial problems are then combined using disjunction
to form a disjunctive problem for the CTS: Py, = P, &---® P,,,. After computing
the disjunctive problem for each CTS, we aggregate them using conjunction to
obtain the composite problem: Pp = Pp, ® --- ® Pp,. This composite problem
is a classical abstraction, and a classical planner is used to solve the abstracted
problem. If the classical planner finds a solution to Ppg, the resulting plan is

returned as the candidate plan. Otherwise, if Pg is unsolvable, the function returns
1.

Example 22. Let us use the example in Table 4.1 to explain the details of our
method.

1. In the first iteration, CTS has two counter-tags: 1 and x3, so the disjuncted

problem Py = Py @ P

e initial condition: [(z; intl) A (valid int1)] A [(xg int3) A (valid int3)]

e goal condition: [(xg intl) A (valid int1)] V [(z2 int3) A (valid int3)]
Since this is the first iteration, the conjuncted problem is Py itself: Pgy = P;.

2. In the second iteration, CTS is updated as {x3}, so the disjuncted problem
is Py = P,,, in which:

e initial condition: [(zg int2) A (valid int2)]
e goal condition: [(z2 int2) A (valid int2)]
The conjuncted problem is Pgy = Py ® P, in which
e initial condition: [(x; intl) A (valid int1)] A [(z2 int2) A (valid int2)] A
[(z3 int3) A (valid int3))
e goal condition: {[(xg intl) A (valid int1)] V [(ze int3) A (valid int3)]} A
{[(zg int2) A (valid int2)]}



4.6. Hitting Set Strategy 95

3. In the third iteration, C'T'S has one counter-tag ys, so in the disjuncted prob-
lem P3 = Pyg,

e initial condition: [(ye int5) A (valid int5)]
e goal condition: [(yz int5) A (valid int5)]
The conjuncted problem is updated to Pps = Py ® Py ® Pz, in which
e initial condition: [(x; intl) A (valid int1)] A [(z2 int2) A (valid int2)] A
(x5 int3) A (valid int3)] A [(ys int5) A (valid int5 )]
e goal condition: {[(xzg intl) A (valid int1)] V [(ze int3) A (valid int3)]} A
{[(zg int2) A (valid int2)]} A {[(ye int5) A (valid int5)]}

4. In the forth iteration, C'TS has two counter-tags x1 and y1, so the disjuncted
problem Py = Py © P, should be:

e initial condition: [(x; intl) A (valid int1)] A [(y; int4) A (valid int)]
e goal condition: [(zg intl) A (valid int1)] V [(ys int4) A (valid int] )]
Then the conjuncted problem is Pgy = Py ® Py, ® P3 ® Py in which
e initial condition: [(z; intl) A (valid int1)] A [(zg int2) A (valid int2)] A
[(z5 int3) N (valid int3)] A [(y;int4) N (valid int})] A [(ye int5) A
(valid int5)]
e goal condition: {[(xg intl) A (valid int1)] V [(zs int3) A (valid int3)]} A
{[(zg int2) A (valid int2)]} A {[(ye int5) A (valid int5)]} A {[(xg intl) A
(valid int1)] V [(yz int4) A (valid int] )]}
As you can see, in each conjunct, only one of the sub-goals needs to be achieved.
This mechanism effectively avoids initial states (or combinations of initial states)
that would have no solution. If a particular sub-goal (or a combination of sub-

goals) cannot be achieved, the classical planner can opt to pursue another sub-goal

(or a different combination of sub-goals), ensuring the problem remains solvable.

4.6 Hitting Set Strategy

After assembling the sub-problems, our general approach involves computing can-
didate plans from the set I1( Pr, )N- - -NII( Py, ) where II( Pr,) = (P, )U- - -UIL(P,,, ).
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Algorithm 8 p-CPCES-hit
1: Input: PCP problem P
2: Output: a plan 7 for P, or UNSAT

3: B:=1{) > a set of counter-tags
4: mi=¢ > candidate plan
5: loop

6: while 7 = | do

7 H := unique_hit(B)

8: if H= 1 then

9: return no plan

10: 7 := compute_candidate_plan(P, H)

11: CTS := compute_ CTS(P, 7)
12: if C'TS = 1 then

13: return w

14: B:=BU{CTS}

This ensures that the plan satisfies at least one of the counter-tags in each iteration.
However, classical planners often struggle with solving problems that have disjunc-
tive goal conditions. To address this, we shift the choice outside the planner: for
every counter-tag set, we pre-select one counter-tag in advance. The collection of
these selected counter-tags forms a hitting set H = {hy,...,h,}. The candidate
plan is then computed for the conjunctive problem II( Py ) = II( Py, )N - -NII( Py, )-
In this way, the disjunctive structure is eliminated, and the planner only needs to

solve a purely conjunctive goal condition, which greatly improves efficiency.

Any candidate plan will then belong to the set II(Py) = II(Pyp,) N -+ NI Py, ),
where for each j, h; € {1,...,k;}, meaning H = {hq,...,h,} forms a hitting set
(Slaney 2014) of the counter-tag sets B. If H were known in advance, finding the
plan would be faster, as it would involve only conjunctive goals. To leverage this,
we propose searching through the hitting sets of B as described in Algorithm 8.
We name this algorithm as p-CPCES-hit.

Compared with p—-CPCES, finding a candidate plan in p-~CPCES-hit involves an ad-
ditional loop (Line 6) to iterate through the hitting sets. The method unique hit
in Line 7 produces a different hitting set in each iteration. If none of the hit-

ting sets leads to a plan (as indicated in Line 7 when all hitting sets have been
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exhausted), then no valid plan exists. The function compute_candidate_plan in
Algorithm 8 is different from the one in Algorithm 6. In Algorithm 8, the relevant
counter-tags that need to be satisfied in the candidate plan have already been
identified via the hitting set H. We construct a trivial planning problem P}, for
each counter-tag h € H, and then assemble these trivial planning problems into
a composite problem via conjunction: Pp = Fj, ® --- ® P, . Then, a classical
planner is used to solve Pg. If the classical planner finds a solution to Pg, the re-
sulting plan is returned as the candidate plan. Otherwise, if Pg is unsolvable, the
function returns L. It is important to note that neither p—CPCES nor p-CPCES-hit

aim to find an optimal plan.

4.7 Experimental Results

We  evaluated our methods across four  probability  thresholds:
7€ {0.99,0.90,0.75,0.5}. The classical planners utilized in our implementa-
tion were FF (Hoffmann 2001) and Madagascar (Rintanen 2014)'. We explored
two hitting set strategies within p-~CPCES-hit: minimal hitting sets and ran-
dom hitting sets. Additionally, our implementations were compared against
P-FF (Domshlak and Hoffmann 2006, 2007). Our evaluation was conducted over
most of the domain and problem set used in ICAPS-24 (Zhang et al. 2020) (used
in Chapter 3, originally taken from IPC 2008), and we add some new domains and
problems. For each instance used in ICAPS-24, we assign probabilities to each set
of uncertain initial facts using a uniform probability distribution. For example,
when solving the problem of a robot with an uncertain initial position in a 3 x 4
grid and tasked with reaching a designated location, we assign a probability
of 0.3333 to each x-coordinate and 0.25 to each y-coordinate. The benchmark
suite includes seven domains: BOMB, COINS, DISPOSE, ONEDISPOSE, LOGISTICS,
LOOK-GRAB, and UTS. Since p-CPCES and p-CPCES-hit involve random selection
of counter-tags in each iteration, each instance was run nine times to mitigate
the impact of randomness, and the median results were reported. We also

compared our algorithm with the state-of-the-art PCP planner P-FF (Domshlak

'We ran algorithm C with R = 1.2, checking horizons from 0 to 50, using 3-step -semantics.
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and Hoffmann 2006, 2007). For each instance, P-FF was executed only once, as

there is no randomness in P-FF ’s searching process.

In our implementation, minimal hitting sets generated by Hitman Module
(pysat.examples.hitman) (Ignatiev et al. 2018) in Python with default settings.
We also experimented with a variant of our algorithm that uses an arbitrary, pos-
sibly non-minimal, hitting set. We call these “random” hitting sets, which are
computed by converting the hitting set problem to an equivalent SAT problem
that we solve using the Kissat algorithm (Biere et al. 2024). Each experiment was
limited to 1800 seconds. All experiments were conducted on a computing system
equipped with an AMD Ryzen Threadripper 3990X 64-Core Processor and 128GB
of RAM. All experimental results are listed from Table 1 to Table 6.

The following notations are used throughout:

e p-CPCES-hit-minimal: p-CPCES-hit using FF as classical planner with the

minimal hitting set strategy.

e p-CPCES-hit-random: p—-CPCES-hit using FF as classical planner with the
random hitting set strategy.

e FF-p-CPCES: FF planner used in p-CPCES.

e FF-Hit-Minimal: FF planner used in p-CPCES-hit-minimal.

e FF-Hit-Random: FF planner used in p-CPCES-hit-random.

e Mad-p-CPCES: Madagascar planner used in p—CPCES.

e Mad-Hit-Minimal: Madagascar planner used in p-~CPCES-hit-minimal.

e Mad-Hit-Random: Madagascar planner used in p-CPCES-hit-random.

4.7.1 p-CPCES vs. p-CPCES-hit-minimal

Both methods performed best when 7 = 0.99, as the counter-tag probability
threshold per iteration was only 0.01. This low threshold offered two major ad-

vantages:

e Only a small number of counter-tags are required, as the probability of the

initial states represented by these counter-tags is sufficient to meet the spec-
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ified criteria. This significantly reduces the computational time needed to

generate the counter-tags.

e Since the number of counter-tags in each iteration is small, the disjunctive
clauses in the goal state is short. This enables the classical planner to solve

the problem more efficiently.

For example, in domains like DISPOSE p8-1 and UTS p7, only one counter-tag
was required per iteration. This makes the goal condition be a conjunctive goal,
avoiding the disjunctive goals appear in the goal condition, significantly reducing

runtime.

However, performance deteriorated for both p-CPCES and p-CPCES-hit-minimal
while 7 decreasing. For instance, DISPOSE p4-2 solved in 9.48 seconds with 7 = 0.99
using FF-Hit-Minimal, took 368.75 seconds with 7 = 0.9, and failed to solve
within 1800 seconds when 7 < 0.75. This decline is attributed to the challenge of
building a description of counter-examples with sufficient probability mass, which
requires numerous counter-tags and results in lengthy goal descriptions. In prac-
tice, planning systems struggle with problems that involve long and disjunctive

goal conditions, making such formulations particularly difficult to handle.

With both FF and Madagascar planners, p—~CPCES-hit-minimal consistently out-
performed p-CPCES when 7 < 0.9. This advantage stemmed from the hitting
set method, which guided the classical planner by pre-selecting tags to be satis-
fied. For 7 = 0.99, this advantage diminished as most problems required only one

counter-tag per iteration, resulting in conjunctive goal conditions.

For high 7 values, FF-p-CPCES consistently outperformed Mad-p-CPCES (Figure
4.2a). However, for low 7, Madagascar proved superior (Figure 4.2c), solving
problems that FF could not within the 1800-second limit. We found that FF was the
fastest base planner in problems with short conjunctive goals, whereas Madagascar
was the fastest in case of lengthy goals with disjunctive conditions such as occur

for low values of 7.

Similar to the performance trends observed with FF-p-CPCES, FF-Hit-Minimal
significantly outperforms Mad-Hit-Minimal when 7 = 0.99 or 0.9 (Figure 4.3a
and Figure 4.3b). However, for lower probability thresholds, Mad-Hit-Minimal
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solves more problems compared to FF-Hit-Minimal. For instance, when 7 =
0.75, out of 73 problems, Mad-Hit-Minimal successfully solves 6 more problems,
primarily in LOGISTICS problems. Apart from these 6 problems, their performance
is nearly identical on the remaining problems. Despite this, when considering the
overall number of problems solved across all 7 values, FF-Hit-Minimal consistently
outperforms Mad-Hit-Minimal. This broader effectiveness is evident in Figure

4.3e, where FF-Hit-Minimal solves more problems in total.
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4.7.2 p-CPCES-hit-minimal vs. p—-CPCES-hit-random

As 7  decreased, p-CPCES-hit-minimal  struggled more, whereas
p-CPCES-hit-random had no clear dependence on 7. For example, FF-Hit-Random
solved BOMB p20-1 fastest with 7 = 0.5 but slowest with 7 = 0.9, while COINS p12
was fastest at 7 = 0.99 and slowest at 7 = 0.75. This variability results from the
random nature of hitting set generation, which occasionally produces large sets
meeting the probability threshold early. Overall we found p-CPCES-hit-random

consistently outperformed p-CPCES-hit-minimal, because:

e Generating random hitting sets was computationally cheaper than minimal

ones, particularly in later iterations.

e In our problem set using random hitting sets achieves a valid plans with fewer
iterations. This is especially the case for small 7, because larger hitting sets

increased the probability of success of the computed plan.

Figure 4.5 compare the number of iterations of FF-Hit-Random and
FF-Hit-Minimal for problems that both algorithms successfully solve. Notably,
across all domains except BOMB and LOOK-GRAB, FF-Hit-Random consistently re-
quires fewer iterations to find a valid plan. This highlights the advantage of
FF-Hit-Random’s random generation of hitting sets, which often produces suffi-
ciently large hitting sets early in the process. As a result, it achieves a valid
plan with fewer iterations compared to FF-Hit-Minimal. From Figure 4.4, we
can observe that there is no significant difference in the plan length between
FF-Hit-Random and FF-Hit-Minimal. Observations analogous to the above also
occur in the case of variants of our algorithm using Madagascar as a base plan-

ner.

We observed an interesting phenomenon in the BOMB domain with 100 bombs:
when 7 = 0.5, FF-Hit-Random was able to find a valid plan within the time limit,
but when 7 exceeded 0.5, it consistently failed to do so. Upon further analysis,
we found that at 7 = 0.5, FF-Hit-Random required only three iterations to find a
valid plan. However, when 7 was greater than 0.5, even after computing dozens
of iterations, valid plan has not been found yet. This behavior can be explained

by the feature of our SAT solver Kissat. At 7 = 0.5, the goal condition clauses
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contain many disjuncts, making the problem more complex. In such cases, Kissat
tends to generate unnecessarily long hitting sets. These long hitting sets are more
likely to cover a substantial portion of the initial states’ probabilities, allowing a

valid plan to be found in the early iterations.

4.7.3 P-FF vs. p-CPCES-hit

Previous studies indicate P-FF performs well for lower 7, with declining perfor-
mance as 7 increases (Domshlak and Hoffmann 2007). However, in our bench-
marks, this trend was not consistent across all domains. For instance, ONEDISPOSE
required 381 seconds with 7 = 0.99 but only 0.14 seconds with 7 = 0.5. Con-
versely, COINS pl6 became harder for P-FF as 7 decreased to 0.5. These exper-
imental results demonstrate that P-FF ’s performance is influenced not only by
the probability threshold 7 but also by the specific characteristics of the problem
(Figure 4.6).

When comparing FF-Hit-Random with P-FF (Figure 4.7), P-FF demonstrates bet-
ter performance for simpler problems that can be solved within 10 seconds. How-
ever, for more complex problems requiring over 10 seconds to solve, FF-Hit-Random
outperforms P-FF. Interestingly, at 7 = 0.5, P-FF surpasses FF-Hit-Random in
the number of problems it solves within 100 seconds (Figure 4.7d), unlike the
higher thresholds (7 = 0.99 — 0.75), where P-FF’s advantage is primarily ob-
served only within the 10-second range. These findings highlight the suitability
of p-CPCES-hit for addressing more complex problems effectively. For BOMB and
LOGISTICS domains, P-FF consistently outperformed p-CPCES-hit, regardless of 7.

This suggests P-FF’s heuristics are better suited to these domain structures.
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