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Abstract

The rapidly reducing cost of high throughput sequencing allows for the acquisition

of genome-wide data for estimating nucleotide rates not only including mutation

rates within species, but including substitution rates between species from multiple

sequence alignments.

To address the problem of estimating nucleotide mutation rates within species, Vogl

[2014] has developed a general algorithm for the case of bi-allelic neutral evolution.

A necessary first step in generalising the Vogl estimator to the multi-allele case

is the generalisation of Wright’s stationary beta distribution to higher dimensions.

This involves finding a stationary solution to the multi-allelic forward Kolmogorov

equation. We present an approximate analytic solution to the neutrally evolving

multi-allelic forward Kolmogorov equation in the form of a set of line densities

defined on the edges of the solution simplex for the general case of K alleles. The

solution is obtained in terms of a parameterisation in which the rate matrix Q is

decomposed into the sum of a time-reversible part and a non-reversible ‘flux’ part.

The accuracy of the approximate solution with k = 3 and k = 4 alleles is illustrated

using simulation data. The result shows that the agreement between simulation

and theory is very close. Based on the approximate analytic solution, we address

the problem of estimating a mutation rate matrix from site frequency data. The

data is assumed to take the form of a multiple alignment of independent, neutrally
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evolving genomic sites sequenced from a moderate number of individuals chosen

independently from a large effective population. We have demonstrated that it is

possible, in principle, to estimate an evolutionary rate matrix from the site frequency

spectrum of an alignment of genomes sampled from a population, provided certain

conditions are met.

Nucleotide substitution rate matrices between species are generally used to calculate

the likelihood of phylogenetic trees. In phylogenetic reconstruction, the assumption

of heterogeneity in the substitution process across lineages is supported by evidence

of compositional heterogeneity between the sequences. However, the total number

of possible ways of reducing heterogeneity among lineages is enormous for even a

modest number of taxa [Jayaswal et al., 2011]. An efficient strategy for model se-

lection is required to identify an ‘optimal’ model for a data set. In this study, we

address these issues with a novel model selection algorithm we term the Inherited

Rate Matrix algorithm (hereafter IRM). This approach is based on the notion that

a species inherits the substitution tendencies of its ancestor. We further present the

non-stationary heterogeneous across lineages model (hereafter ns-HAL algorithm)

which extends the HAL algorithm of Jayaswal et al. [2014] to the general nucleotide

Markov process. The IRM algorithm substantially reduces the complexity of iden-

tifying a sufficient solution to the problem of time-heterogeneous substitution pro-

cesses across lineages. We also address the issue of reducing the computing time with

development of a constrained-optimisation approach for the IRM algorithm (fast-

IRM). From a simulation study based on 2nd codon position genome sequences of

yeast, we establish that IRM is significantly more accurate than both ns-HAL and

heterogeneity in the substitution process across lineages (hereafter HAL) for close

and dispersed sequences. IRM and fast-IRM are faster than ns-HAL. fast-IRM also

showed a marked speed improvement over a C++ implementation of HAL. Our
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comparison of the accuracy of IRM with fast-IRM showed no difference with iden-

tical inferences made for all data sets. These two algorithms greatly improve the

compute time for model selection of a non-stationary process, increasing the suite

of problems to which this important substitution model class can be applied.
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Chapter 1

Introduction

Multiple sequence alignments are completed where three or more protein, DNA

or RNA biological sequences are compared. DNA sequence alignments are usu-

ally used for comparative genomics analysis, estimation of evolutionary divergence

between sequences, and inferring the relationships among genes and species. The

rapidly reducing cost of high throughput sequencing now allows for the acquisition

of genome-wide data for estimating nucleotide rates not only including specific mu-

tation rates within species, but including substitution rates between species from

multiple sequence alignments.

Mutations are changes in the nucleotide sequence of the genome. Mutation rates are

the frequency of changes in a single gene or organism over time in DNA sequences

[Crow, 1997]. Mutation rates are different in different species and on different regions

of the same species. They are nucleotide rates within species, which are of extreme

importance in disease progression and in shaping genome evolution and architecture

[Nishant et al., 2009].

To estimate mutation rates within species, many methods have been put forward.

Counting the number of mutant individuals is a direct and simple mutation rate

estimation method [Fu and Huai, 2003]. However, this can lead to an underestimate

1



CHAPTER 1. INTRODUCTION 2

of mutation rates due to mutant individuals sharing the same mutations in the same

family [Fu and Huai, 2003].Therefore, many mathematical or statistical models have

been proposed, in which mutation rates can be measured either with respect to

time or with respect to per-generation of pedigree lineage [Xiong et al., 2009]. The

former is called the mutation rate in time and the latter is called the mutation

rate in replication. The original time method was the fluctuation analysis presented

by Luria and Delbruck [Luria and Delbruck, 1943] which was further developed by

Stewart et al. [1990] and Qi [2005]. Currently, the most widely used methods are

mutation rate in time. Therefore, exploring a method estimating mutation rate in

time is one of the primary objects of this thesis.

Generally, physical mutation rates are extremely slow and application to large scale

data focuses on small scaled mutation rates. Wright [1931] firstly used a bi-allele

model to derive the beta equilibrium distribution of the allelic proportion in a pop-

ulation for scaled mutation rates. The equilibrium distribution can be used for

inference of parameters including estimation of mutation rates from site frequency

spectra (SFS). Vogl [2014] developed an expectation–maximization (EM) algorithm

to obtain the maximum likelihood estimates of both the scaled mutation rate and the

mutation bias for the case of bi-allele neutral evolution. Vogl and Bergman [2015]

extended the method of Wright [1931] to add selection and analysis of the low mu-

tation rate limit. However, the above methods are all for the bi-allele model and

are adequate in certain contexts, but in general they are highly simplified represen-

tations of complex underlying systems [Zeng, 2010]. Zeng used a matrix-based ap-

proach to construct a multi-allele discrete Wright-Fisher model and has constructed

a likelihood-based method for inferring the selection and mutational parameters of

the model. Therefore, one object of this thesis is to infer small scaled mutation

parameters in neutral mutations by building a multi-allele model in which the rate

2
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matrix is decomposed into the reversible and non-reversible parts.

In a species’ genome, there are many sites with mutations with effectively zero

fitness effects, which are usually named neutral sites. Theoretically, those neutral

sites become fixed between different species at a precise mutation rate [Yi, 2013].

Fixed synonymous mutations are also synonymous substitutions, which change the

sequence of a gene but they do not change the protein encoded by that gene. They

are often used to estimate the mutation rate although some synonymous mutations

contain fitness effects. Therefore, for neutral mutations, the mutation rate can use

the substitution rate for estimation. Wielgoss et al. [2011] directly infer the point-

mutation rate from the accumulation of synonymous substitutions on 19 Escherichia

coli genomes. They compared their results with published genome sequence datasets

which are for other bacterial evolution experiments. The results showed that their

estimate was the most accurate measure available. This proves inferring mutation

rate from substitution rate is reasonable and feasible when some conditions are

satisfied. The solution for multi-allele neutral diffusion proposed in this thesis is

obtained in terms of a parameterisation in which the rate matrix is decomposed into

the sum of a general time-reversible part and a non-reversible ’flux’ part. Here, the

time-reversible part we used is the general time-reversible substitution rate matrix

GTR. The non-reversible part is calculated based on the reversible part.

Another important rates of nucleotide change are substitution rates between species.

Nucleotide substitutions are changes resulting in the replacement of a nucleotide in

DNA or RNA. Nucleotide substitution rates represent the rates of change between

two nucleotides. They are the basis of the evolutionary analysis at the molecular

level in phylogenetics.

Nucleotide substitution models describe the rates of change between two nucleotides.

3
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At present, stationary nucleotide substitution models are employed nearly exclu-

sively. These models have the advantage of being relatively simple with a small

number of parameters. However, they incorrectly assume that the composition of

nucleotides remains roughly the same across a tree [Felsenstein, 2003]. It has been

demonstrated that violation of this assumption results in phylogenetic errors (e.g.

Foster [2004]).Non-stationary nucleotide substitution models are able to represent

divergence in sequence composition. This class of models have been demonstrated

to fit sequence data extremely well in comparison to the widely employed stationary

substitution models [Kaehler et al., 2015]. Therefore, the nucleotide substitution

models used in this thesis are the non-stationary General Nucleotide (GN) model.

Compositional heterogeneity across sequences is very widespread which indicates

that stationary, reversible and homogeneous models can lead to bias in phylogenetic

estimates [Jayaswal et al., 2014]. Therefore, some models accounting for heterogene-

ity in the substitution process across lineages have been proposed. For example,

Jayaswal et al. [2005] assume a distinct rate matrix on each edge of the phylogenetic

tree. Yang and Roberts [1995] assign a distinct vector of equilibrium nucleotide

frequencies on each edge of the tree. The above two kinds of methods both possi-

bly overparameterize the data. In order to reduce model complexity, Foster [2004]

assigns the same rate matrix to two or more edges in which the number of distinct

rate matrices is specified a priori. Jayaswal et al. [2014] proposed a HAL algorithm

based on stationary GTR in which optimal models are decided by information crite-

ria from candidate models. However, that algorithm allows disjoint edges sharing the

same rate matrix. IRM and fast-IRM described in this thesis only allow joint edges

sharing the same rate matrix, which indicates that lineages inherent their mutation

tendencies (and thus substitution processes) from their immediate ancestor.

4
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For heterogeneity in substitution process across lineages, it is essential to imple-

ment a model complexity approach to identify optimal and near-optimal time-

heterogeneous models [Jayaswal et al., 2011]. One model complexity reducing ap-

proach is top-down algorithm which starts with the most general model (a distinct

rate matrix on every edge) and then gradually decreases the model complexity until

a stop condition is satisfied, producing a near-optimal model. Another model com-

plexity reducing approach is a bottom-up approach which starts with the simplest

model (one rate matrix) and gradually increase model complexity (number of rate

matrices) of the model until a stop condition is satisfied. For a tree with large taxa

number, bottom-up approaches should be faster than top-down approaches because

the latter start with the most complex (parameter rich) model. IRM, fast-IRM and

ns-HAL described in this thesis are all bottom-up approaches.

The structure of this thesis is as follows. Chapter 2 and chapter 3 address the prob-

lem of estimating nucleotide mutation rates within species. Chapter 2 describes an

approximate stationary solution for the neutrally evolving multi-allele forward Kol-

mogorov equation for slow mutation rates, which is a method estimating mutation

rates in time and inferring the rate from substitution rate. This work has been pub-

lished. Based on the above approximate solution, site frequency data from multiple

alignment is obtained and then maximum likelihood is used for estimating mutation

rate from the site frequency data, which is described in Chapter 3. This project

is also published. Chapter 4 addresses the problem of estimating nucleotide sub-

stitution rates between species. In this chapter, three bottom-up algorithms IRM,

fast-IRM and ns-HAL combined with non-stationary GN model, implementing het-

erogeneous substitution process across lineages, are developed and used for selection

of time-heterogeneous non-stationary models. In the process of model selection,

maximum likelihood is used to estimate the substitution rates of non-stationary

5
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models which are heterogeneous across lineages. The manuscript for publishing is

in preparation.
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9 2.1. INTRODUCTION

ABSTRACT We address the problem of determining the stationary distribution

of the multi-allelic, neutral-evolution Wright-Fisher model in the diffusion limit.

A full solution to this problem for an arbitrary K × K mutation rate matrix in-

volves solving for the stationary solution of a forward Kolmogorov equation over a

(K − 1)-dimensional simplex, and remains intractable. In most practical situations

mutations rates are slow on the scale of the diffusion limit and the solution is heavily

concentrated on the corners and edges of the simplex. In this paper we present a

practical approximate solution for slow mutation rates in the form of a set of line

densities along the edges of the simplex. The method of solution relies on parameter-

ising the general non-reversible rate matrix as the sum of a reversible part and a set

of (K− 1)(K− 2)/2 independent terms corresponding to fluxes of probability along

closed paths around faces of the simplex. The solution is potentially a first step in

estimating non-reversible evolutionary rate matrices from observed allele frequency

spectra.

2.1 Introduction

The rapidly reducing cost of high throughput sequencing now allows for the acquisi-

tion of genome-wide data for detecting nucleotide allele frequencies extracted from

multiple alignments within a population across large numbers of genomic sites [Pool

et al., 2010]. The existence of such data raises the possibility of estimating not only

specific mutation rates, but complete evolutionary rate matrices from the current

observed state of allele frequencies with the genome.

In a recent paper Vogl [2014] has developed a general algorithm and, in the limit

of slow scaled mutation rates, a maximum likelihood estimate, of the two parame-

ters defining the scaled instantaneous rate matrix for the case of bi-allelic neutral

9
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evolution. The estimator is similar in style to Watterson’s estimator for the infinite

allele case [Watterson, 1975], and assumes the data to consist of a site-frequency

spectrum (or allele-frequency spectrum) obtained from genotyping a finite number

of individuals at a relatively large number of independent sites whose evolution is

subject only to genetic drift and identical-rate mutations. It is derived by assuming

the data has a beta-binomial distribution as a result of being sampled from the well-

known beta-distribution solution to the diffusion limit of the neutral Wright-Fisher

model [Wright, 1931]. The method is extended to include selection and the analysis

of the low mutation rate limit developed further by Vogl and Bergman [2015].

A necessary first step in generalising the Vogl estimator to the multi-allele case, and

in particular to the 4-allele case relevant to genomic rate matrices, is the generali-

sation of Wright’s stationary beta distribution to higher dimensions. This involves

finding a stationary solution to the multi-allelic forward Kolmogorov equation (see

Eq. (2.3) in the next section). There is no known general solution to this partial

differential equation for an arbitrary instantaneous rate matrix.

However, physical mutation rates are extremely slow on the scale relevant to the

diffusion limit, and therefore we argue that for practical purposes it is not necessary

to solve the forward Kolmogorov equation in its entirety over the full volume of the

3-dimensional simplex on which its solution is defined. Consider for instance the

numerical stationary solution to the discrete Wright-Fisher defined by Eqs. (2.1) to

(2.2) below, shown in Fig. 2.1. For the purposes of illustration we have simulated

this solution using the popular Hasegawa-Kishino-Yano matrix (HKY85) [Hasegawa

et al., 1985] with a small population in order to render the simulation numerically

tractable, and mutation rates which are unrealistically high by at least two orders

of magnitude to enable the distribution to be visible over the entire simplex on the

10



11 2.1. INTRODUCTION

Figure 2.1: Stationary distribution of allele frequencies for the HKY85 model for a
haploid population of size N = 30 with parameters α = 0.2, β = 0.1, πA = πT = 0.2
and πC = πG = 0.3, using the parameterisation defined in Hasegawa et al. [1985].
The corners labelled A, C, G and T correspond to allele frequencies i = (N, 0, 0, 0),
(0, N, 0, 0), (0, 0, N, 0) and (0, 0, 0, N) respectively, and the volume of the sphere at
each coordinate point is proportional to the probability mass function.

scale of the plot.

The distribution is clearly dominated by the corners of the tetrahedron, indicating

that the majority of genomic sites are not polymorphisms (SNPs). This effect is

explained in Vogl and Bergman [2015] in the context of the 2-allele Moran model

as a strong dominance of genetic drift over mutations for polymorphic sites. Most

of the remaining support of the distribution lies on the edges of the tetrahedron,

which correspond to 2-allele SNPs. The interiors of the four faces, corresponding to

3-allele SNPs, and the interior volume of the tetrahedron, corresponding to 4-allele

SNPs, account for only a small fraction of the total probability. Consistent with

observation of the human genome [Hodgkinson and Eyre-Walker, 2010, Cao et al.,

11
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2015, Phillips et al., 2015], the multi-allele neutral Wright-Fisher model predicts that

3- and 4-allele SNPs are extremely rare when scaled mutation rates are low. In fact,

when tri-allelic SNPs are observed, the least frequent allele is generally observed

in only 1% or 2% of the population (see Table S1 of Hodgkinson and Eyre-Walker

[2010]), corresponding to points very close to an edge of the tetrahedron.

Zeng [2010] has demonstrated that it is feasible to estimate mutation rates and

selection parameters from site-frequency data via numerical solution of the multi-

allelic discrete Wright-Fisher model by assuming the stationary distribution to be

restricted to the corners and edges of the simplicial lattice. However an analytic

solution to the continuum diffusion limit would facilitate far more computation-

ally efficient maximum likelihood estimate of parameters, and also provide physical

insight into the dynamics of mutation.

Below we present an approximate analytic solution to the neutrally evolving multi-

allelic forward Kolmogorov equation in the form of a set of line densities defined

on the edges of the solution simplex for the general case of K alleles. The basis

of our solution is a novel parameterisation of the most general form of the instan-

taneous rate matrix Q. The parameterisation consists of writing Q as the sum

of a time-reversible part [Tavaré, 1986] plus a non-reversible part parametrised by

(K − 1)(K − 2)/2 ‘probability fluxes’ corresponding to a set of independent closed

triangular paths following edges of the solution simplex. Note that in this paper

the terms “reversible” and “non-reversible” are used in the sense of a continuous-

time Markov chain. A non-reversible rate matrix allows mutations among all states,

but the system is not in detailed balance, that is to say the mutation rate from

allele-1 to allele-2 need not balance the mutation rate from allele-2 to allele-1 at

equilibrium. The assumption that rate matrices are reversible is popular in the

12
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2.2. REVIEW OF THE MULTI-ALLELIC NEUTRAL WRIGHT-FISHER

MODEL

phylogenetics literature because the pulley principle [Felsenstein, 1981] simplifies

calculations. However there is no biochemical justification for this assumption. We

find that in the limit of low mutation rates, and if neutral evolution is assumed,

asymmetry in the allele frequency spectrum along edges of the solution simplex can

only be explained by the non-reversible part of Q. Equivalently, if Q is reversible,

the allele frequency spectrum is symmetric along each edge.

The structure of this paper is as follows. Section 2.2 contains a review of the

multi-allelic neutral Wright-Fisher model and sets out the statement of the problem.

Section 2.3 reviews the K = 2 solution to the forward Kolmogorov equation with

a focus on non-standard boundary conditions. Sections 2.4, 2.5 and 2.6 contain

our approximate solutions for the K = 3, 4 and arbitrary K cases respectively.

Section 2.7 discusses the strand-symmetric case. Conclusions are summarised in

Section 2.8. Appendix A is devoted to deriving the asymptotic behaviour of the

solution to Eq. (2.3) near the simplex boundary in the limit of low mutation rates.

Appendix B is devoted to technical details of obtaining marginal distributions of

the stationary K-allele solution in terms of effective 2-allele models.

2.2 Review of the multi-allelic neutral
Wright-Fisher model

We consider the neutral evolution Wright-Fisher model for K alleles, labelled A1

. . .AK (see, for example, Section 4.1 of Etheridge [2011]). Given a haploid popula-

tion of size N (or diploid population of size N/2), let the number of individuals of

type Aa at time step τ be Ya(τ) for discrete times τ = 0, 1, 2, . . .. Also, let uab be

the probability of an individual making a transition from Aa to Ab in a single time

step, where uab ≥ 0 and
∑K
b=1 uab = 1. Writing Y(τ) = (Y1(τ), . . . , YK(τ))), the

13
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multi-allele neutral Wright-Fisher model is defined by the transition matrix from

an allele frequency i = (i1, . . . , iK) to an allele frequency j = (j1, . . . , jK) in the

population given by the multinomial distribution

Prob (Y(τ + 1) = j|Y(τ) = i) =
N !∏K
a=1 ja!

K∏
a=1

 K∑
b=1

ib
N
uba

ja . (2.1)

This transition matrix defines a finite state Markov chain with a state space of

dimension
(N+K−1

K−1

)
.

The usual diffusion limit is obtained by defining random variables Xa(t) = Ya(τ)/N

equal to the relative proportion of type-Aa alleles within the population at continu-

ous time t = τ/N . The limit N →∞ and uab → 0 for a 6= b is taken in such a way

that the K ×K instantaneous rate matrix Q, whose elements are defined by

Qab = N(uab − δab), (2.2)

remains finite. Here δab is the Kronecker delta, equal to 1 if a = b and 0 otherwise.

This limit gives the forward Kolmogorov equation

∂f

∂t
= −

K−1∑
a=1

∂

∂xa

K∑
b=1

xbQbaf +
1

2

K−1∑
a,b=1

∂2

∂xa∂xb
{(δabxa − xaxb)f} , (2.3)

for the density function f(x1, . . . , xK−1; t) of the vector of continuous random vari-

ables X1(t), . . . , XK−1(t). The function f is defined over the simplex

(x1, . . . , xK−1) : x1, . . . , xK−1 ≥ 0,
K−1∑
a=1

xa ≤ 1

 . (2.4)
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For notational convenience, we have defined xK = 1 −
∑K−1
a=1 xa in Eq. (2.3). For

details of the derivation of Eq. (2.3) see Lemma 4.2 of Etheridge [2011] or Eq. (5.125)

of Ewens [2004].

The stationary distribution f(x1, . . . , xK−1) to the forward Kolmogorov equation

is obtained by setting ∂f/∂t to zero. The general solution to this problem for an

arbitrary rate matrix Q is unknown. However, it is known for the special case in

which the elements of the rate matrix take the form Qab = Qb (independent of a),

in which case the solution is a Dirichlet distribution [Wright, 1969, Tier and Keller,

1978, Griffiths, 1979]. Rate matrices of this form are termed ‘parent independent’

and constitute a subset of the set of general time-reversible rate matrices.

Our aim is to explore the stationary solution in the limit of slow but otherwise

arbitrary mutation rates, that is for rate matrices Q constrained only by the re-

quirements that 0 ≤ Qab << 1 for a 6= b and
∑K
b=1Qab = 0. Our analysis is based

on two observations. First, in the limit Qab → 0, the probability distribution f is

concentrated along the edges of the simplex, and therefore the solution to Eq. (2.3)

can be represented accurately as a set of line densities defined along the edges of

the simplex, as demonstrated in Appendix A. Second, we assume that marginal dis-

tributions of the stationary distribution to Eq. (2.3) corresponding to partitioning

the set of alleles into two distinct subsets (as described in Appendix B) are Wright’s

well-known beta function solutions to the K = 2 case.

2.3 K = 2 case

The solution to the K = 2 case is of course well known (see for example Section 5.6 of

Ewens [2004]). However we summarise the solution in order to establish notation and

15
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to draw attention to properties associated with non-standard boundary conditions.

Set x equal to the proportion of A1 alleles and (1 − x) equal to the proportion of

A2 alleles present in a population. Setting K = 2 in Eq.(2.3) and integrating once

yields

{Q12x−Q21(1− x)}f(x) +
1

2

d

dx
{x(1− x)f(x)} = Φ, (2.5)

where the constant of integration Φ represents a flux of probability per unit time

across any point in the interval [0, 1]. This flux is generally set equal to zero since,

when only 2 alleles are present, probability cannot flow across the boundary points

at x = 0 and 1.However it will be necessary in subsequent sections to consider the

solution to Eq. (2.5) when Φ is non-zero.

The most general solution can be written in a form which is symmetric with respect

to the two alleles A1 and A2 as

f(x;C,Φ) = [C + {B(x; 1− 2Q21, 1− 2Q12)

−B(1− x; 1− 2Q12, 1− 2Q21)}Φ]x2Q21−1(1− x)2Q12−1,

(2.6)

where C is a constant of integration and B(x;α, β) =
∫ x

0 ξα−1(1 − ξ)β−1dξ is the

incomplete beta function, defined for any two parameters α and β. The usual

solution, first quoted by Wright [1931], is obtained by setting Φ = 0 and C =

1/B(2Q21, 2Q12), where B(α, β) = B(1;α, β) is the complete beta function.

Equation (2.6) takes a particularly simple form in the limit 0 ≤ Q12, Q21 < ε << 1

provided x is not close to the boundaries 0 or 1. In this case we have

16



17 2.3. K = 2 CASE

x2Q21−1(1− x)2Q12−1 =
1

x(1− x)
{1 +O(ε |log x+ log(1− x)|)}, (2.7)

as ε→ 0. Furthermore

B(x; 1− 2Q21, 1− 2Q12) =

∫ x

0
ξ−2Q21(1− ξ)−2Q12dξ

=

∫ x

0
ξ−2Q21dξ{1 +O(ε)}

= x1−2Q21{1 +O(ε)}

= x{1 +O(ε(1 + |log x|)}, (2.8)

and similarly

B(1− x; 1− 2Q12, 1− 2Q21) = (1− x){1 +O(ε(1 + |log(1− x)|)}. (2.9)

Thus

f(x;C,Φ) ≈ C

x(1− x)
− Φ

(
1

x
− 1

1− x

)
, (2.10)

provided max(Q12, Q21) × |log x+ log(1− x)| << 1. Note that the constant C

depends on the 2×2 rate matrix Q, but the flux Φ arises as a constant of integration

and is independent of Q, which is necessarily reversible when K = 2. Note also that

the first term in Eq. (2.10) is encapsulated within the boundary-selection-mutation

model of Vogl and Bergman [2015]. In this model the distribution is accounted for

by only genetic drift and selection in the region x ∈ [1/N, 1 − 1/N ] and the local

effects of mutation are safely ignored.

17
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2.4 K = 3 case

Consider the most general form of a 3 × 3 instantaneous rate matrix Q, the only

restrictions on its elements being that Qab ≥ 0 for a 6= b and
∑3
b=1Qab = 0. It will

prove convenient in what follows to parameterise Q as

Q =


−(α12π2 + α13π3) α12π2 α13π3

α21π1 −(α21π1 + α23π3) α23π3

α31π1 α32π2 −(α31π1 + α32π2)



+
Φ

2


0 1/π1 −1/π1

−1/π2 0 1/π2

1/π3 −1/π3 0



= QGTR +Qflux,

(2.11)

subject to the constraints αab = αba ≥ 0, πa ≥ 0 and
∑3
a=1 πa = 1. The re-

quirement that the off-diagonal elements of Q are non-negative implies the further

constraint that

|Φ| ≤ min
1≤a<b≤3

(2αabπaπb). (2.12)

The first term, QGTR, is the general time-reversible rate matrix [Lanave et al.,

1984, Tavaré, 1986], with stationary distribution πT = (π1, π2, π3) satisfying πTQ =

πTQGTR = 0. The defining property of a time-reversible rate matrix, namely that

its elements QGTR
ab satisfy

πaQ
GTR
ab = πbQ

GTR
ba , a, b = 1, 2, 3 (2.13)
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19 2.4. K = 3 CASE

implies that, for a Markov chain in its stationary state, transitions from allele Aa to

allele Ab occur with the same frequency as transitions from allele Ab to allele Aa.

The second term, Qflux, represents a net rate Φ of transitions around the closed loop

A1 → A2 → A3 → A1. The factor of 1/2 ensures that, when the stationary state is

achieved, the number of transitions from Aa to Ab minus the number of transitions

from Ab to Aa per unit time, namely πaQab − πbQba, is Φ. As required for a 3× 3

rate matrix the total number of independent parameters is six: α12, α13 and α23,

any two of π1, π2 and π3, and Φ.

Now assume that max(α12, α13, α23, |Φ|) << 1, so that the off-diagonal elements of

Q are small and the solution f(x1, x2) to Eq. (2.3) is concentrated on the boundary

of the 2-simplex illustrated in Fig. 2.2. For K = 3, we demonstrate in Appendix

A that the stationary solution to the full forward Kolmogorov equation, Eq. (2.3),

is well approximated by a line density of the form Eq. (2.10) along each edge of

the 2-simplex. Thus we define line densities f12(x), f23(x) and f31(x) of the site

frequency spectrum as shown, where the argument x refers to the proportion of A1,

A2 and A3-type alleles respectively at a given genomic site, and hence (1−x) is the

proportion of A2, A3 and A1-type alleles respectively.

The form of the rate matrix Q entails that there is a net flux Φ of probability

circulating clockwise around the boundary of the simplex. Thus the line density

along each edge takes the form of the approximate K = 2-allele solution Eq (2.10),

fab(x) = f(x;Cab,Φ), 1 ≤ a 6= b ≤ 3, (2.14)

where the normalisation constants C12, C23 and C31 are yet to be determined.

In order to determine the unknown constants we partition the three alleles into two
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A1 

A3 A2 

f12(x) 

x = 0 

x = 1 

f23(x) 

f31(x) 
f12(x) 

x = 1 

x = 1 

x = 0 

x = 0 

A1 

A23 

f1,23(x) 

x = 0 

x = 1 

Figure 2.2: The left-hand diagram is the 2-simplex over which the solution to the
forward Kolmogorov equation for K = 3 alleles is defined. The vertices labelled
A1, A2 and A3 correspond to the states in which the entire population has allele
A1, A2 or A3 respectively at the genomic site in question. The functions f12, f23
and f31 are line densities approximating the stationary distribution to Eq. (2.3) on
the edges indicated for a rate matrix with transition rates << 1. The right-hand
diagram is the 1-simplex supporting the effective 2-allele model corresponding to
the allele partitioning (1)(23).

subsets and relabel all alleles within a given subset as an effective single allele as

described in Appendix B. For instance, the partitioning (1)(23) illustrated in Fig. 2.2

yields a K = 2-state Markov model with transition matrix

Q(1)(23) =

 −Q1,23 Q1,23

Q23,1 −Q23,1

 , (2.15)

where (see Eq. (B.3))

Q1,23 = Q12 +Q13, Q23,1 =
π2Q21 + π3Q31

π2 + π3
. (2.16)
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The stationary state of this matrix is (π1, π2 +π3). As pointed out in the discussion

following Eq. (B.2), an effective 2-allele partitioning of the original 3-allele model is

not Markovian and therefore does not have a time-dependent behaviour equivalent to

that of the Markov chain defined by Eqs. (2.15) and (2.16). However its stationary

distribution is equivalent to that of the 2-allele Markov chain in the sense that

transitions between effective states occur with the same frequency in both models

once the stationary state is achieved.

The effective 2-allele model leads to a stationary distribution

f1,23(x) =
1

B(2Q23,1, 2Q1,23)
x2Q23,1−1(1− x)2Q1,23−1

≈
2Q1,23Q1,23

Q1,23 +Q1,23
× 1

x(1− x)
. (2.17)

The approximation is valid away from the end points of the interval 0 ≤ x ≤ 1, and

relies on the approximation

1

B(ε, η)
=

εη

ε+ η
(1 +O(ε) +O(η)) , ε, η → 0+ . (2.18)

No Φ term is present because no flux can cross the boundary points at x = 0, 1 of

the 2-allele model. In fact this distribution depends only on QGTR and is indepen-

dent of Qflux. As suggested by Fig. 2.2 we identify this density with the marginal

distribution of the 3-allele site frequency spectrum, and thus

f1,23(x) ≈ f12(x) + f31(1− x),

≈ C12 + C31

x(1− x)
, (2.19)
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where we have used Eqs. (2.10) and (2.14).

Equating coefficients of Eq. (2.17) and (2.19) gives

C12 + C31 =
2Q1,23Q1,23

Q1,23 +Q1,23
. (2.20)

The other two possible partitionings, namely (2)(13) and (3)(12), give similar equa-

tions with the indices cycliclly permuted, giving a total of three equations in the

three unknowns C12, C23 and C31. Using Eqs. (2.11), (2.16) and the symbolic ma-

nipulation package Mathematica [Wolfram Research Inc., 2015] we have solved these

three equations to obtain the lowest order approximate normalisations

Cab = 2αabπaπb. (2.21)

To summarise, given any general rate matrix with off-diagonal elements Qab << 1

and left eigenvector πa, the stationary distribution to the neutral Wright-Fisher

model can be represented as a line density

fab(x) ≈ (Cab − Φ)
1

x
+ (Cab + Φ)

1

1− x
, (2.22)

along each edge a-b, where x is the relative proportion of Aa alleles. The coefficients

are obtained via Eq. (2.11) and (2.21) as

Cab = πaQab + πbQba, Φ = πaQab − πbQba. (2.23)

The properties of Q ensure that this final formula for Φ is independent of which

22
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edge a-b is chosen. The restriction Eq. (2.12) on Φ ensures that the approximate

form of the line density on each edge is non-negative.

To test the accuracy of the analytic solution we have performed a simulation of

the neutral Wright-Fisher model with K = 3 alleles and a full 3 × 3 mutation rate

matrix. In this simulation the population size is N = 30, and mutation rates from

allele a to allele b for a 6= b are Qab/N , where Qab are elements of a rate matrix of

the form Eq. (2.11) with parameters α12 = 1/1000, α13 = 2/1000, α23 = 5/1000,

(π1, π2, π3) = (0.5, 0.3, 0.2) and Φ = 0.2/1000. Results are shown in Fig. 2.3. It

is clear from the figure that the stationary distribution is almost completely con-

centrated on the boundary of the simplex and particularly heavily weighted at the

corners, as expected. The theoretical line densities f12, f23 and f31 using the approx-

imation Eq. (2.22) are plotted together with the numerically determined stationary

distribution, suitably normalised for comparison. In general, by experimenting with

a range of parameter values, we have found agreement between simulation and the-

ory to be very good provided the elements of the rate matrix Q are less than 10−2.

Note that the line densities f12, f23 and f31 are not suitable for evaluating the

stationary distribution close to the corners of the simplex. The probability that a

genomic site is a non-segregating site with allele of type A1, say, can be calculated

instead by integrating the effective 2-allele distribution Eq. (2.17) from 1− 1/N to

1, where N is the population size. This gives
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Figure 2.3: Simulation of the neutral Wright-Fisher model with K = 3 alleles
and a haploid population size N = 30. The triangular pattern is the numeri-
cally determined stationary site frequency spectrum of a 3-allele neutral Wright-
Fisher with mutations. Parameter values are (α12, α13, α23) = (1, 2, 5)/1000,
(π1, π2, π3) = (0.5, 0.3, 0.2) and φ = 0.2/1000. The full distribution over all
(N + 1)(N + 2)/2 points is calculated, though points in the interior of the tri-
angle are too small to be easily visible. The remaining three plots are the site
frequency spectra on the boundary. Blue crosses are the numerically determined
stationary distribution multiplied by N . The red curves are the analytic solutions
from Eq. (2.22) and the red plus signs are N times the theoretical probabilities that
a site is non-segregating, Eq. (2.24) and cyclic permutations.(For interpretation of
the references to colour in this figure legend, the reader is referred to the web version
of this article.)
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P (A1) = Prob (site is non-segregating of type A1)

=

∫ 1

1−1/N
f1,23(x) dx

≈ 1

2Q1,23N
2Q1,23B(2Q23,1, 2Q1,23)

≈ π1N
−2(α12π2+α13π3),

≈ π1 − (C12 + C31) logN, (2.24)

where we have used the approximation Eq.(2.18) to the beta-function together with

Eqs. (2.11) and (2.16) in the second last line and Eq. (2.21) in the last line. The

probability that a site is non-segregating of type A2 or A3 is found in a similar

manner by cycliclly permuting the indices. These probabilities are also plotted in

Fig. 2.3, and agree very well with the numerical simulation.

To complete the K = 3 case we check the normalisation of the approximate first

order solution. The total probability of the stationary distribution is

∑
1≤a<b≤3

∫ 1−1/N

1/N
fab(x) dx+

3∑
a=1

P (Aa). (2.25)

From Eq. (2.22), the first term is

∑
1≤a<b≤3

∫ 1−1/N

1/N
fab(x) dx ≈ 2(C12 + C23 + C31) logN, (2.26)

while the second term is, from Eq. (2.24),
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3∑
a=1

P (Aa) ≈ π1 − (C12 + C31) logN + cyclic permutations

= 1− 2(C12 + C23 + C31) logN.

(2.27)

The two terms sum to 1, as required.

2.5 K = 4 case

The K = 4 case is relevant to the DNA alphabet {A,C,G, T} and therefore to

analysis of genomic site frequency spectra. As for the K = 3 case, we consider

the most general rate matrix, the only restrictions being that off diagonal elements

are non-negative and rows sum to zero. Any such rate matrix is specified by 12

independent parameters can be split into a reversible part and a ‘flux’ part:

Q = QGTR +Qflux. (2.28)

The reversible part has 9 independent parameters and can be written as Tavaré

[1986]

QGTR =



• α12π2 α13π3 α14π4

α21π1 • α23π3 α24π4

α31π1 α32π2 • α34π4

α41π1 α42π2 α43π3 •


(2.29)

where αab = αba for a, b = 1, . . . , 4, a 6= b, and the diagonal elements are set

by ensuring the rows sum to 0. The row vector (π1, π2, π3, π4) is the stationary
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27 2.5. K = 4 CASE

distribution of the continuous time Markov model, normalised so that
∑4
i=1 πi = 1.

The flux part has 3 parameters and takes the form:

Qflux =
1

2

3∑
i=1

ΦiF
(i) (2.30)

where

F (1) =



0 0 0 0

0 0 1/π2 −1/π2

0 −1/π3 0 1/π3

0 1/π4 −1/π4 0


, F (2) =



0 0 −1/π1 1/π1

0 0 0 0

1/π3 0 0 −1/π3

−1/π4 0 1/π4 0


,

(2.31)

F (3) =



0 1/π1 0 −1/π1

−1/π2 0 0 1/π2

0 0 0 0

1/π4 −1/π4 0 0


.

The parameters Φi represent a net rate of transitions around each of three indepen-

dent triangular paths along edges of the 4-allele simplex over which the solution of

the forward Kolmogorov equation is defined (see Fig. 2.4). The path around the

fourth triangular face, namely A1 → A2 → A3 → A1, can be written as a sum of

paths around the other three faces. The requirement that the off-diagonal elements

of Q be positive implies that the following constraints must also hold:
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x = 0 
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f12(x) 

A4 
φ3 

φ1 

φ2 

Figure 2.4: The simplex over which the stationary solution to the K = 4 forward
Kolmogorov equation is defined. The solution is represented as a set of line densities
fab(x) along the edges, with f12(x) shown as an example. Φ1, Φ2 and Φ3 are the
net probability fluxes around three triangular paths shown.

|Φ1| ≤ 2α23π2π3

|Φ2| ≤ 2α13π1π3

|Φ3| ≤ 2α12π1π2

|Φ1 − Φ2| ≤ 2α34π3π4

|Φ3 − Φ1| ≤ 2α24π2π4

|Φ2 − Φ3| ≤ 2α14π1π4

(2.32)

Under the assumption that max(αab, |Φa|) << 1, we can again approximate solution

of the forward Kolmogorov equation as a set of line densities on the edges of the

simplex defined by Eq. (2.4), where the line density on each edge has the form of

the function f(x;Cab,Φab) defined by Eq. (2.10). Consider, for instance, the A1-
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29 2.5. K = 4 CASE

A2 edge of the simplex. By first partitioning the alleles into 3 effective alleles A1,

A2, and A34 = {A3, A4}, we can first construct an effective 3-allele model using

arguments analogous to those in Appendix B. Then, following the logic of Appendix

A we see that the effective 3-allele model has a stationary distribution which can be

approximated along the A1-A2 boundary by a line density of the appropriate form.

Thus we have a set of six functions

fab(x) = f(x;Cab,Φab), 1 ≤ a < b ≤ 4 (2.33)

defined using the convention that along the edge (ab), x is the relative proportion of

type-a alleles and 1− x is the relative proportion of type-b alleles, as illustrated in

Fig. 2.4 for the edge (ab) = (12). From the diagram we read off the flux parameters

Φ12 = Φ3, Φ13 = −Φ2, Φ14 = Φ2 − Φ3,

Φ23 = Φ1, Φ24 = Φ3 − Φ1, Φ34 = Φ1 − Φ2.

(2.34)

Following the procedure used for the K = 3 case, the normalisations Cab are deter-

mined by partitioning the alleles into two distinct subsets and equating the corre-

sponding marginal distributions with the stationary distribution of the equivalent

2-allele model, as defined in Appendix B. There are 7 possible partitionings, namely

4 of the from (a)(bcd) and 3 of the form (ab)(cd), leading to 7 equations for the six

unknowns Cab. We have determined using Mathematica [Wolfram Research Inc.,

2015] that, provided one uses the same lowest order approximations as those em-

ployed for the K = 3 case, the set of equations is not overdetermined, but yields the

solution
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Cab = 2αabπaπb, (2.35)

irrespective of which subset of six equations is used. Note that the Cab depend only

on parameters defining QGTR, and not on Qflux.

The solutions P (Aa) at the corners of the simplex corresponding to the probabilities

that a site is non-segregating and of allele type Aa in a population of size N are

found by analogy with Eq. (2.24) to be

P (Aa) ≈ πaN
−2
∑
b6=a αabπb

≈ πa −
∑
b 6=a

Cab logN. (2.36)

The accuracy of the approximate solution is illustrated in Figs. 2.5 and 2.6. These

plots show simulations of the stationary distribution of the 4-allele neutral Wright-

Fisher model defined by Eq. (2.1) for a population of N = 30. The mutation

rates uab in Eqs. (2.1) and (2.2) correspond to an instantaneous rate matrix Q

with parameters (α12, α13, α14, α23, α24, α34) = (1, 2, 3, 4, 5, 6)×θ, (π1, π2, π3, π4) =

(0.1, 0.2, 0.3, 0.4) and (Φ1,Φ2,Φ3) = (0.4, 0.1,−0.03)×θ where θ = 0.001 in Fig. 2.5

and 0.01 in Fig. 2.6. Superimposed in red are the approximate theoretical line

densities, Eq. (2.10) with coefficients on the edge (ab) given by Eqs. (2.35) and

(2.34), and the probabilities at the simplex corners, Eq. (2.36). As a rule of thumb

we find that for these parameters and for a range of other parameter values that we

have tried, the agreement between simulation and theory is very close provided the

off-diagonal elements of Q are less than 10−2, as in Fig. 2.5, but fails to be close for

higher mutation rates, as in Fig. 2.6. More specifically, in Fig. 2.6 one sees that the

theoretical solution under-estimates slightly at the corners as it fails to account for

non-zero probability in the interior of the simplex near each corner, corresponding
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to rare 3- or 4-allele SNPs. The normalisation of the complete distribution to unity

then causes the approximate line densities to be correspondingly overestimated.

2.6 Arbitrary K

The analogous procedure can in principle be followed for a general K × K rate

matrix Q with K(K−1) parameters for any value of K ≥ 3 by parameterising Q as

a sum of a reversible part and a flux part, as in Eq. (2.28). For the reversible part

an appropriate parameterisation for the elements of QGTR is [Tavaré, 1986]

QGTR
ab =


αabπb, if a 6= b,

−
∑
c6=a αacπc if a = b,

(2.37)

for parameters πb and αab, a 6= b = 1, . . . , K, subject to the constraints αab = αba ≥

0, πb ≥ 0, and
∑K
b=1 πb = 1. The number of independent parameters required to

define QGTR is

1
2K(K − 1) + (K − 1) = 1

2(K − 1)(K + 2). (2.38)

For the flux part, an appropriate parameterisation is

Qflux =
1

2

∑
1≤i<j≤K−1

ΦijF
(ij), (2.39)

where the F (ij) are a set of K ×K matrices whose elements are
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Figure 2.5: Simulation of the neutral Wright-Fisher model with K = 4 alleles and a
population size N = 30. Blue crosses are the numerically determined stationary dis-
tribution along each edge of the simplex over which the site frequency distribution
is defined. For any 2 alleles, Aa and Ab, the parameter x is the relative proportion
of Aa alleles and 1 − x is the relative proportion of Ab alleles. Superimposed in
red are the theoretical line densities fab(x), Eq. (2.10) with coefficients on the edge
(ab) given by Eqs. (2.35) and (2.34), plotted on a logarithmic scale. The red circles
are the theoretical probabilities at the simplex corners, Eq. (2.36). Parameter val-
ues of the rate matrix Q are (α12, α13, α14, α23, α24, α34) = 0.001 × (1, 2, 3, 4, 5, 6),
(π1, π2, π3, π4) = (0.1, 0.2, 0.3, 0.4) and (Φ1,Φ2,Φ3) = 0.001× (0.4, 0.1,−0.03). (For
interpretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)
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Figure 2.6: The same as Fig. 2.5, but with rate matrix parame-
ters (α12, α13, α14, α23, α24, α34) = 0.01 × (1, 2, 3, 4, 5, 6), (π1, π2, π3, π4) =
(0.1, 0.2, 0.3, 0.4) and (Φ1,Φ2,Φ3) = 0.01 × (0.4, 0.1,−0.03). (For interpretation
of the references to colour in this figure legend, the reader is referred to the web
version of this article.)
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F
(ij)
ab = {(δiaδjb − δibδja) + δaK(δib − δjb) + δbK(δja − δia)}/πa, (2.40)

for 1 ≤ i < j ≤ K − 1 and a, b = 1, . . . , K. In the limit of small mutation rates

Φij represents a net flux of probability around the closed path K → i → j → K

along the edges of the simplex over which the solution to Eq. (2.1) is defined. A

flux around any other closed path i → j → k → i of length 3 can be written as a

sum of these fluxes. The number of independent fluxes is (K − 1)(K − 2)/2, which,

together with Eq. (2.38) implies the total number of parameters defining Q is

1
2(K − 1)(K + 2) + 1

2(K − 1)(K − 2) = K(K − 1),

as required for a general rate matrix. It is easy to check that πTQGTR = πTQflux =

0 and hence that (π1 . . . πK) is the stationary distribution of Q.

The notation for the flux part of the rate matrix can be reconciled with the notation

used in Section 2.5 for the K = 4 case using the relationships

F (ij) =
3∑

k=1

εijkF
(k), Φij =

3∑
k=1

εijkΦk, (2.41)

where εijk is the Levi-Civita symbol.

In the limit that the off-diagonal elements of Q are << 1, the approximate stationary

distribution of the neutral Wright-Fisher model is given as a line density fab(x) along

each edge (ab) of the simplex as

fab(x) = (Cab − Φab)
1

x
+ (Cab + Φab)

1

1− x
, (2.42)
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where x is the relative proportion of Aa alleles, 1 − x is the relative proportion of

Ab alleles, and

Cab = 2αabπaπb = πaQab + πbQba,

Φab = 2πaQ
flux
ab = πaQab − πbQba,

(2.43)

where Qflux
ab are the elements of the matrix Qflux. A necessary requirement for the

approximate line density to be accurate is that

max
a6=b

Qab × |log x+ log(1− x)| << 1, (2.44)

where Qab are the elements of the rate matrix Q. At the corners of the simplex,

the probability that a site is non-segregating and of allele type Aa in a population

of size N is

P (Aa) ≈ πa

1− 2
∑
b6=a

αabπb logN

 = πa −
∑
b 6=a

Cab logN. (2.45)

2.7 Strand symmetry

Most genomic sequences, when examined on a sufficiently large scale, are observed

to be strand symmetric, that is, symmetric under simultaneous interchange of nu-

cleotides A with T and C with G. This symmetry appears to result from a spectrum

of causes, not only mutation rates [Baisnée et al., 2002]. Nevertheless it is interesting

to explore the effect of a strand symmetric mutation rate matrix on the symmetries

of the neutral-evolution site frequency spectrum.
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The most general strand-symmetric rate matrix has 6 independent parameters and

takes a form in which the third and fourth rows are permutations of the second and

first rows respectively:

QSS =



• QAC QAG QAT

QCA • QCG QCT

QCT QCG • QCA

QAT QAG QAC •


, (2.46)

where each diagonal element is minus the sum of the other three elements in its

row. It is easy to check that stationary distribution of the continuous-time Markov

model generated by this rate matrix is

πT = 1
2(η, 1− η, 1− η, η), (2.47)

where

η =
QCA +QCT

QCA +QCT +QAC +QAG
. (2.48)

For the three fluxes ΦAC , ΦCG and ΦGA defined by Eq. (2.41), substitution into

Eq. (2.43) gives

ΦAC = ΦGA =
QCTQAC −QAGQCA

2(QCA +QCT +QAC +QAG)
, ΦCG = 0. (2.49)

Thus a non-reversible strand-symmetric rate matrix has only one independent flux

corresponding to the closed path A → C → T → G → A along the edges of the
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tetrahedron in Fig. 2.1. It follows that, in a neutrally-evolving strand-symmetric

Wright-Fisher model, the site-frequency spectrum is expected to be symmetric along

the AT and CG edges, but may be asymmetric along the remaining edges if the rate

matrix is non-reversible.

2.8 Discussion and conclusions

We have obtained approximate solutions for the diffusion limit of the stationary

distribution of the K-allele neutral Wright-Fisher model in the realistic limit of

small scaled mutation rates for arbitrary values of K. The solution is obtained in

terms of a parameterisation in which the rate matrix Q is decomposed into the sum

of a general time-reversible part QGTR and a non-reversible ‘flux’ part Qflux. The

solutions consist of the line densities Eq. (2.42) defined on the edges of the simplex

over which the stationary distribution is defined, Eq. (2.4). The approximate line

densities lose accuracy, and are not integrable, as the corners of the solution are

approached. To overcome this, cutoffs can be imposed at both ends of the edge so

that the density is defined on the interval [1/N, 1 − 1/N ], where N is an effective

population size, and the solution can be represented as the point masses Eq. (2.45)

at the corners of the simplex.

The ultimate aim of this work is to estimate rate matrices from allele frequency spec-

tra obtained by genotyping moderate sized samples of a large population. Similar

estimates of mutation and selection rate parameters have been obtained for an ef-

fective 2-allele model by Vogl and Bergman [2015] using as little as 10 haploid whole

genome Drosophila simulans sequences. Note that in any genotyping data set the

sample size is not the population size parameter N used in the above calculations.

The parameter N should be regarded as essentially infinite in the diffusion limit
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despite the fact that the high dimensionality of the state space has restricted our

numerical simulations to small population sizes, and that, nevertheless, the diffusion

limit was observed to be approached very rapidly in N . (For instance, Figs. 2.3 and

2.5 show that the finite population simulation for N = 30 is almost indistinguishable

from the diffusion limit.)

In the case of K = 2 alleles, Vogl [2014] has solved the problem of estimating both

parameters of the 2 × 2 rate matrix from an empirical allele frequency spectrum

obtained from a finite sample of M haplotypes, where M << N . For higher values of

K, his solution can be applied directly to each member of the set of effective 2-allele

models defined by partitioning the alleles into distinct complementary subsets as

described in Appendix B. This procedure is followed in Vogl and Bergman [2015] for

the 4-letter genomic alphabet and the partitioning (AT )(CG). From these estimates

of effective 2 × 2 rate-matrix parameters an estimate of the reversible part QGTR

of the full K × K can be constructed by considering all partitionings of the full

set of K alleles into two exhaustive non-overlapping subsets to form two effective

alleles. The non-reversible part Qflux cannot be estimated from the this method, or,

for that matter, from simple proportions of segregating and non-segregating sites.

From the line-densities plotted in Figs. 2.3, 2.5 and 2.6 it is clear that information

about Qflux is contained instead in the asymmetries of the spectrum across the

intermediate range of frequencies along each edge of the simplex on which the allele-

frequency spectrum is defined. Development of estimators of the parameters of Qflux

following this line of attack is the subject of the authors’ ongoing work [Burden and

Tang, 2017].
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Software

The R programs used to produce Figures 2.3, 2.5 and 2.6 and the Mathematica

programs used to derive Eqs. (2.21) and (2.35) are available at

https://github.com/cjb105/SimulateNeutralWF.
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ABSTRACT A procedure is described for estimating evolutionary rate matrices

from observed site frequency data. The procedure assumes (1) that the data are

obtained from a constant size population evolving according to a stationary Wright-

Fisher or decoupled Moran model; (2) that the data consist of a multiple alignment

of a moderate number of sequenced genomes drawn randomly from the population;

and (3) that within the genome a large number of independent, neutral sites evolving

with a common mutation rate matrix can be identified. No restrictions are imposed

on the scaled rate matrix other than that the off-diagonal elements are positive, their

sum is << 1, and that the rows of the matrix sum to zero. In particular the rate

matrix is not assumed to be reversible. The key to the method is an approximate

stationary solution to the diffusion limit, forward Kolmogorov equation for neutral

evolution in the limit of low mutation rates.

3.1 Introduction

This paper is a continuation of previous work [Burden and Tang, 2016] in which an

approximate solution to the forward Kolmogorov equation to the multi-allelic neutral

Wright-Fisher or decoupled Moran model is derived for the biologically relevant case

of low mutation rates. Herein we address the problem of estimating a mutation

rate matrix from site frequency data. The data is assumed to take the form of

a multiple alignment of independent, neutrally evolving genomic sites sequenced

from a moderate number of individuals chosen independently from a large effective

population.

For an alphabet of size K alleles the general mutation rate matrix Q has K(K −

1) free parameters, which equates to 12 free parameters for the genomic alphabet

{A,C,G, T}. Classical estimates of mutation rates [Watterson, 1975, Ewens, 1974],
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and more recent treatments of the problem (see RoyChoudhury and Wakeley [2010]

and references therein) have been concerned primarily with estimating an overall

mutation rate, generally denoted by θ, whereas the current paper aims to estimate

all parameters of the rate matrix Q. The equivalent estimation problem for K = 2

alleles has been solved by Vogl [2014] for neutral sites and Vogl and Bergman [2015]

when selection is included.

Zeng [2010] has demonstrated that it is feasible to estimate all parameters of an evo-

lutionary rate matrix from site-frequency data via numerical solution of the multi-

allelic discrete Wright-Fisher model by assuming the stationary distribution to be

restricted to the corners and edges of a simplicial lattice. Our approach is simi-

lar, but differs in that we take advantage of our previously determined approximate

analytic solution to the forward Kolmogorov equation. Zeng’s approach has the

advantage the he is able to estimate selection parameters as well as mutation rates.

On the other hand, the approach presented here has the following two main ad-

vantages. Firstly, the likelihood function takes a relatively simple analytic form

entailing very little in the way of numerical calculation for a given observed site-

frequency dataset. Secondly, one gains physical insight into the role of the reversible

and non-reversible parts of the rate matrix, and hence a simple statistical test of

the hypothesis, commonly assumed in phylogenetic analyses, that the rate matrix

is reversible.

A 2 × 2 rate matrix has a total of 2 free parameters to estimate and is necessarily

reversible, which simplifies the problem considerably. The innovation which allows

us to deal with the K > 2 cases is an interpretation of the non-reversible part of the

rate matrix as a set of fluxes of probability around closed paths in the solution-space

simplex of the forward Kolmogorov equation [Burden and Tang, 2016]. Section 3.2
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sets out a convention for parametrising the general K × K mutation rate matrix

Q which exploits this interpretation. When K = 4, for instance, we arrive at 3

independent probabilities defining the stationary Markov state, 6 parameters speci-

fying the remaining degrees of freedom in the reversible part of Q, and 3 probability

fluxes specifying the non-reversible part, which sums to the required 12 parameters.

Section 3.3 summarises our previously reported approximate stationary solution to

the diffusion limit, forward Kolmogorov equation for multi-allelic neutral evolution

[Burden and Tang, 2016]. Because only low mutation rates are considered the solu-

tion can be specified as a set of line densities on the edges and point masses at the

corners of the (K − 1)-dimensional simplex over which the stationary distribution

is defined.

The procedure for estimating the parameters of Q from site frequency data is de-

scribed in Section 3.4. Maximum likelihood estimates are obtained assuming the

data to consist of counts of allele frequencies observed in a finite sample of indi-

viduals assumed to be chosen at random from the population. Interestingly, Roy-

Choudhury and Wakeley [2010] come close to providing the equivalent estimate for

the restricted case of a parent-independent rate matrix, but only specify the overall

scale θ and not the complete rate matrix, which, for their restricted case, has K pa-

rameters and is reversible. Our estimates are tested using synthetic data for K = 3

and K = 4 rate matrices in Section 3.5. Conclusions are summarised in Section 3.6.

3.2 Parametrisation of the rate matrix Q

Suppose we are given any K ×K rate matrix Q whose elements Qab, where a, b =

1, . . . , K, must satisfy
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Qab ≥ 0, for a 6= b, and
K∑
b=1

Qab = 0. (3.1)

These constraints imply that K(K − 1) parameters are necessary to specify Q.

Inspired by the results of Burden and Tang [2016] we begin our analysis by con-

structing a parametrisation consistent with the decomposition of Q into a reversible

part [Lanave et al., 1984, Tavaré, 1986] and a flux part, that is,

Q = QGTR +Qflux. (3.2)

The flux part represents a set of fluxes of probability around closed paths between

subsets of 3 alleles once the Markovian process has settled into its stationary state.

Let us assume that Q has a unique stationary state πT = (π1 . . . πK) satisfying

πa ≥ 0,
K∑
a=1

πa = 1,
K∑
a=1

πaQab = πb. (3.3)

A sufficient condition for a unique πT to exist is that Qab > 0 for all a 6= b.

One would expect this to include any biologically realistic model. For an evolving

population in its stationary state, the rate of mutations from allele-a to allele-b at

any genomic site is πaQab.

Define parameters Cab and Φab by

Cab = πaQab + πbQba, Φab = πaQab − πbQba. (3.4)

It is easy to check that
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Qab = 1
2(Cab + Φab)/πa. (3.5)

Hence Q can be decomposed according to Eq. (3.2) where

QGTR
ab = 1

2Cab/πa, (3.6)

satsifies the time-reversible condition πaQ
GTR
ab = πbQ

GTR
ba , and

Qflux
ab = 1

2Φab/πa. (3.7)

It is clear from Eq. (3.4) that Φab is the net flux of probability per unit time from

allele-a to allele-b.

Note that there are certain dependencies between the parameters πa, Cab and Φab.

Firstly, the normalisation in Eq. (3.3) implies that only K− 1 components of πa are

independent, i.e.

πK = 1−
K−1∑
i=1

πi. (3.8)

Secondly, Cab = Cba, and it follows from the properties of Q that
∑K
b=1Cab = 0.

Thus Cab is a symmetric matrix whose diagonal elements are given in terms of its

off-diagonal elements via

Caa = −
∑
b 6=a

Cab, a, b = 1, . . . , K. (3.9)

Thirdly, Φab = −Φba, and it follows from the properties of Q that
∑K
b=1 Φab = 0.

Thus Φab is an antisymmetric matrix whose rows sum to zero, that is, the final row
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and column of Φab are given in terms of the remaining elements via

ΦiK = −ΦKi = −
∑
j 6=i

Φij , i, j = 1, . . . , K − 1. (3.10)

Equation (3.10) is at statement that, in the steady state, the net flux of probability

from any allele is zero. For K = 3 alleles there is only one independent flux, Φ12,

and the elements of Q are

Q =
1

2



−C12 − C13

π1

C12 + Φ12

π1

C13 − Φ12

π1

C12 − Φ12

π2

−C12 − C23

π2

C23 + Φ12

π2

C13 + Φ12

1− π1 − π2

C23 − Φ12

1− π1 − π2

−C13 − C23

1− π1 − π2


. (3.11)

For K = 4 alleles here are three independent fluxes Φ12, Φ23 and Φ31 as illustrated

in Fig. 3.1.

To summarise, the general rate matrix Q can be parametrised via Eqs. (3.2), (3.6)

and (3.7) using the following minimal set of parameters:

πi, i = 1, . . . , K − 1 : K − 1 parameters;

Cab = Cba, 1 ≤ a < b ≤ K : 1
2K(K − 1) parameters;

Φij = −Φji, 1 ≤ i < j ≤ K − 1 : 1
2(K − 1)(K − 2) parameters,

(3.12)

with the remaining, unspecified parameters given by Eqs. (3.8), (3.9) and (3.10).

The total number of independent parameters listed in Eq. (3.12) is K(K − 1), as

required. The requirement that the off-diagonal elements of Q be positive implies
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A2 

A3 A1 

x = 1 

x = 0 

f12(x) 

A4 
Φ12 

Φ31 

Φ23 

(b) (a) 

x1 

x2 

x3 

A1 

A2 

A3 

Φ12 
f12(x) 

x = 0 

x = 1 

Figure 3.1: The simplex on which the solution to the forward Kolmogorov equation
for the multi-allele Wright-Fisher model is defined for (a) K = 3 alleles and (b) K =
4 alleles. The corners labelled A1, A2, etc. indicate the co-ordinates corresponding
to non-segregating sites at which the allele specified is prevalent throughout the
population. The probability fluxes Φab and line densities fab(x) are explained in the
text.

the further constraints on the parameter space that

πa ≥ 0, Cab ≥ 0, |Φab| ≤ Cab, 1 ≤ a < b ≤ K. (3.13)

The remainder of this paper is concerned with estimating the K(K−1) parameters of

a genomic evolutionary rate matrix from site frequency data assuming a population

whose genome includes a large number of independent sites that have evolved to

stationarity according to a neutral evolution Wright-Fisher model.

3.3 Approximate solution to multi-allelic
neutral diffusion

We consider the neutral evolution Wright-Fisher model for K alleles, labelled A1,. . . ,

AK (see, for example, Section 4.1 of ref. Etheridge [2011]). Given a haploid popula-
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tion of size N (or monoecious diploid population of size N/2), let the number of indi-

viduals of type Aa at time step τ be Za(τ) for discrete times τ = 0, 1, 2, . . .. Also, let

uab be the probability of an individual making a transition from Aa to Ab in a single

time step, where uab ≥ 0 and
∑K
b=1 uab = 1. Writing Z(τ) = (Z1(τ), . . . , ZK(τ)),

the multi-allele neutral Wright-Fisher model is defined by the transition matrix

from an allele frequency i = (i1, . . . , iK) to an allele frequency j = (j1, . . . , jK) in

the population given by

Prob (Z(τ + 1) = j|Z(τ) = i) =
N !∏K
a=1 ja!

K∏
a=1

ψ(i, a)ja , (3.14)

where
∑K
a=1 ia =

∑K
a=1 ja = N , and

ψ(i, a) =
ia
N

1−
∑
b6=a

uab

+
∑
b6=a

ib
N
uba =

K∑
b=1

ib
N
uba. (3.15)

The usual diffusion limit is obtained by defining random variables Xa(t) = Za(τ)/N

equal to the relative proportion of type-Aa alleles within the population at continu-

ous time t = τ/N . The limit N →∞ and uab → 0 for a 6= b is taken in such a way

that the K ×K instantaneous rate matrix Q, whose elements are defined by

Qab = N(uab − δab), (3.16)

remains finite. This limit leads to the forward Kolmogorov equation

∂f

∂t
= −

K−1∑
a=1

∂

∂xa

K∑
b=1

xbQbaf +
1

2

K−1∑
a,b=1

∂2

∂xa∂xb
{(δabxa − xaxb)f} , (3.17)
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for the density function fX(x1, . . . , xK−1; t) of the vector of continuous random

variables X1(t), . . . , XK−1(t). The function fX is defined over the simplex (see

Fig. 3.1)

S =

(x1, . . . , xK) : x1, . . . , xK ≥ 0,
K∑
a=1

xa = 1

 . (3.18)

For notational convenience, we have defined xK = 1−
∑K−1
a=1 xa in Eq. (3.17).

Equation (3.17) can also be obtained from the multi-allelic decoupled Moran model

[Baake and Bialowons, 2008, Etheridge and Griffiths, 2009] defined by the transition

matrix whose off-diagonal elements are

Prob (Z(τ + 1) = j|Z(τ) = i) =



iaib
N2

+
uabia
N

if j = i− ea + eb where a 6= b,

0 otherwise,

(3.19)

where ea is the K-dimensional vector with 1 in the ath position and zeroes else-

where. For this model the continuous time must be defined as t = τ/N2 and the

instantaneous rate matrix defined as Qab = 2N(uab − δab) to obtain the same form

for Equation (3.17).

Solution of the forward Kolmogorov equation for an arbitrary rate matrix Q and

K ≥ 3 alleles, even for the stationary distribution when ∂fX/∂t is set to zero,

remains an unsolved problem. However, in Burden and Tang [2016] we derive an

approximate stationary distribution in the biologically realistic limit of slow but

otherwise arbitrary mutation rates. More specifically, we define an overall mutation
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rate θ by

Qab = θqab, where
∑
a6=b

qab = 1. (3.20)

Then in the limit θ → 0 the stationary probability distribution is concentrated close

to the edges of the simplex S and can be represented accurately as a set of line

densities defined along those edges. Suppose we label the corners of S by the allele

prevalent within the population at that corner, so the corner A1 corresponds to the

co-ordinate (x1, . . . , xK) = (1, 0, . . . , 0), and so on, as illustrated in Fig. 3.1. On

the edge joining corner Aa to corner Ab define a line density fab(x) for each pair of

indices a and b. We will adopt the convention that the argument x is the relative

proportion of type-a alleles, and 1 − x is the relative proportion of type-b alleles.

The relative proportion of the remaining K − 2 alleles along this edge is zero.

The line densities are given in terms of the parametrisation introduced in Section 3.2

as (see Eq. (53) of Burden and Tang [2016])

fab(x) = Cab

(
1

x
+

1

1− x

)
− Φab

(
1

x
− 1

1− x

)
. (3.21)

Note that fab(x) = fba(1 − x). A necessary condition for the line density to be an

accurate representation of the exact solution is that

θ |log(x) + log(1− x)| << 1. (3.22)

Thus the approximation loses accuracy as x approaches 0 or 1, that is, in the vicinity
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of the corners of S. However, for a population of size N , the value of the stationary

distribution at the corners of the simplex corresponding to the discrete problem

defined by Eq. (3.14) is, to a good approximation, (see Eq. (56) of Burden and Tang

[2016])

P (Aa) = Prob (Za = N,Zb = 0 for b 6= a) = πa −
∑
b 6=a

Cab logN. (3.23)

As a rule of thumb, we have observed in numerical simulations that Eqs. (3.21) and

(3.23) provide a very good approximation to the stationary state of the discrete

model provided the off-diagonal elements of Q are less than 10−2. The approximate

solution is normalised in the sense that, provided N >> 1 and θ logN << 1,

∑
1≤a<b≤K

∫ 1−1/N

1/N
fab(x) dx+

K∑
a=1

P (Aa) ≈ 1. (3.24)

Below we give an outline of the derivation of the approximate solution presented

above.

3.3.1 Outline of the derivation

Suppose we partition the set of allelle indices into n distinct nonoverlapping subsets

{1, . . . , K} =
n⋃

A=1

SA, SA ∩ SB = ∅, 1 ≤ A,B,≤ n. (3.25)

We postulate that the stationary distribution of the multiallele diffusion equation
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0 1 
x 

y 

Δ 1−Δ 

Λ 

A1   

A2    

Figure 3.2: The region defined by Eq. (3.27) (shaded) and its relation to the simplex
in Fig. 3.1(a)

corresponding to the partitioned instantaneous rate matrix

Q̃AB =

∑
B∈SB ,A∈SA πaQab∑

A∈SA πa
, (3.26)

is the corresponding marginal distribution of the stationary distribution of the mul-

tiallele diffusion equation corresponding to the full rate matrix Q. This assumption

is discussed in detail in Appendix B of Burden and Tang [2016] and can be con-

firmed for instance for the case of parent-independent mutations, but as far as we

are aware it has not been rigorously proven in general. If we accept this postulate,

then to derive the line density Eq. (3.21), it is sufficient to consider, without loss of

generality, the edge (ab) = (12), partition the set of alleles into three effective alleles

A1, A2 and {A3, . . . , K}, and derive the result for f12(x) in the 3-allele case. The

derivation of the above approximate solution for K = 3 is given in Appendix A of

Burden and Tang [2016]. Following is a summary.

We will adapt Frobenius method to the full diffusion equation, Eq. (3.17) in the

region shown in Fig. 3.2,

∆ ≤ x ≤ 1−∆, 0 ≤ y ≤ Λ, (3.27)
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where new coordinates (x, y) are defined by

(x1, x2, x3) = (x− 1
2y, 1− x−

1
2y, y). (3.28)

The cutoffs Λ and ∆ will be discussed below. On the assumption that the behaviour

of the stationary solution f(x, y) is analytic with the shaded region except for a

power-law singularity as y → 0, the most general form of the solution can be written

as

f(x, y) = θ2s(x)yθs(x)−1
∞∑
k=o

gk(x)yk, (3.29)

where s(x) and the gk(x) are analytic functions. We will see that the overall muta-

tion rate θ has been included in such a way that s(x) and gk(x) remain finite in the

limit θ → 0. In Appendix A of Burden and Tang [2016] it is shown, by considering

the leading order in y term of Eq. (3.17), that

s(x) = 2(q13(x) + q23(x)), (3.30)

where qab are defined by Eq. (3.20).

Now define f12(x) dx to be the probability contained in the region [x, x+dx]× [0,Λ].

Then
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f12(x) =

∫ Λ

0
f(x, y) dy

= θg0(x)Λθs(x) + θ2
∞∑
k=1

Λθs(x)+k

θs(x) + k

= θg0(x) +O(θ2), as θ → 0. (3.31)

Importantly, we see that f12(x) is independent of Λ in the absolute limit θ → 0, and

that for practical purposes the approximation to a line density is accurate to leading

order in θ provided θ |log Λ| << 1, or equivalently, Λ >> e−1/θ. Furthermore, by

solving the differential equation satisfied by g0(x), we find that g0(x) takes the form

g0(x) =
c

x(1− x)
− φ

(
1

x
− 1

1− x

)
, (3.32)

and that the flux of probability across a line joining (x, 0) to (x,Λ) in the x-y plane

for any ∆ ≤ x ≤ 1 − ∆ is θφ + O(θ2). Equating this flux with the known flux

from the exact K = 2 solution (see Section 3 of Burden and Tang [2016]), we obtain

θφ = Φ12 in the limit θ → 0.

To determine the scale c, we again appeal to the conjecture that the set of alleles

can be partitioned into non-overlapping subsets to obtain the marginal distribution

of the stationary distribution. Thus the K = 3 model can be partitioned in three

different ways to give a K = 2 model, for which the exact solution is known. This

gives three equations for the normalisations c on each of the three edges of the

simplex, which can be solved to obtain θcab = Cab on the (ab) edge of the simplex,

provided θ log ∆ << 1. Details are given in Section 4 of Burden and Tang [2016].

Finally, substituting Eq. (3.32) with these normalisation back into Eq. (3.31) gives

Eq. (3.21).
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To obtain Eq. (3.23), the partitioning {Aa}∩{A1, . . . , Aa−1, Aa+1, . . . , AK} is used

to give an effective 2-allele model. Integrating the known exact stationary distri-

bution for the K = 2 model over the interval 1 − 1/N < xa < 1 and assuming

θ logN << 1 gives the required result. See Eq. (24) of Burden and Tang [2016] for

details.

3.4 Parameter estimation

Assume we have a data set in the form of a site frequency spectrum (SFS) obtained

by sampling L independent neutrally evolving sites within the genomes of M in-

dividuals from a population of size N >> M . Typically L might be at least 103,

M in the range 10 to 100, and N is ideally essentially infinite in the sense that

the diffusion limit forward-Kolmogorov equation is appropriate. L, M and N are

known fixed parameters. At each genomic site l, define a vector of non-negative

integer valued random variables

Y(l) = Y
(l)
1 , . . . , Y

(l)
K , l = 1, . . . L, (3.33)

where Y
(l)
a equal to the number of times allele type-a occurs within the sampled

individuals. Clearly
∑K
a=1 Y

(l)
a = M , so the data at any given genomic site can be

specified as a point in a (K − 1)-dimensional simplex lattice.

Given an observed data set (y(1), . . . ,y(L)), the log-likelihood is

L(π,C,Φ|y(1), . . . ,y(L)) =
L∑
l=1

log Prob (Y(l) = y(l) | π,C,Φ), (3.34)
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where the triplet (π,C,Φ) represents the K(K − 1) parameters of Eq. (3.12). The

probabilities occurring in this sum are calculated under the assumption that the data

is sampled randomly from a population with genomic sites distributed according

to the approximate stationary solution of Section 3.3. Below we show that these

probabilities are given by

Prob (Y(l) = y | π,C,Φ) =

πa −HM
∑
b 6=aCab, if ya = M and all other

components of y are zero,

Cab

(
1
y + 1

M−y

)
− Φab

(
1
y −

1
M−y

)
if ya = y, yb = M − y and all

other components of y are zero,

0 otherwise,

(3.35)

where

HM =
M−1∑
y=1

1

y
. (3.36)

This distribution generalises the corresponding K = 2 distribution found previously

by Vogl, namely Eq. (13) of Vogl [2014], for which Vogl and Bergman [2015] propose

the name “generalised RoyChoudhury-Wakeley distribution”. There is no Φab con-

tribution for K = 2 as any 2×2 rate matrix is automatically reversible. Furthermore

RoyChoudhury and Wakeley’s distribution, namely Eq. (10) of RoyChoudhury and

Wakeley [2010], is actually the restriction of the second part of Eq. (3.35) to the
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case of a K-allele parent-independent rate matrix, Qab = θπb/(K − 1), for a 6= b,

arbitrary K ≥ 2 and overall scaling parameter θ << 1 (see Eq. (3.20)). In terms of

our parametrisation Eq. (3.12) this corresponds to setting Cab = 2θπaπb/(K − 1)

and Φij = 0. The parent-independent rate matrix is also reversible, and includes

the most general 2 × 2 rate matrix when K = 2. We therefore propose that the

name generalised RoyChoudhury-Wakeley-Vogl-Bergman distribution could be ap-

propriately applied to Eq. (3.35). A proof of Eq. (3.35) follows.

Proof. Consider the three cases in turn.

Case I: Sites for which exactly 1 component of y(l) is non-zero. Suppose site-l is

non-segregating with allele Aa occurring in all individuals within the sample. In

this case one can reduce the continuum diffusion limit to an effective 2-allele model

in which all alleles except Aa are combined into a single allele, Aā. As described in

Eqs. (A.4) and (A.5) of Appendix A of Burden and Tang [2016], the effective 2-allele

model has a rate matrix

Q̃ =

 1− Q̃aā Q̃aā

Q̃āa 1− Q̃āa

 , (3.37)

with,

Q̃aā =

∑
b 6=a πaQab
πa

=

∑
b 6=aCab
2πa

,

Q̃āa =

∑
b6=a πbQba
1− πa

=

∑
b6=aCab

2(1− πa)

(3.38)

where we have used Eq. (3.5) and the fact that Φab is an anti-symmetric matrix

whose rows sum to zero. In Section 4 of Vogl [2014] he provides an analysis of the

2-allele model in the small mutation rate limit. Vogl parametrises the 2 × 2 rate
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matrix in terms of two parameters, ϑ and α, which are related to our parameters by

Q̃aā = ϑ/(2α), Q̃āa = ϑ/[2(1− α)], or equivalently,

ϑ =
∑
b6=a

Cab, α = πa. (3.39)

From Eq. (29) of Vogl [2014], using the above identification we can immediately read

off the required probability

Prob
{

Y(l) = (0, . . . , Y
(l)
a = M, . . . , 0)

}
= πa −HM

∑
b6=a

Cab. (3.40)

Case II: Sites for which exactly 2 components of y(l) are non-zero. Suppose site l

is biallelic with alleles Aa and Ab occurring y
(l)
a = y times and y

(l)
b = M − y times

respectively within the sample. Then, from Eq. (3.21),

Prob
{

Y(l) = (0, . . . , y, . . . ,M − y, . . . , 0)
}

=

∫ 1−1/N

1/N
fab(x)

(
M

y

)
xy(1− x)M−ydx

=

(
M

y

)[
(Cab − Φab)

∫ 1−1/N

1/N
xy−1(1− x)M−ydx

+(Cab + Φab)

∫ 1−1/N

1/N
xy(1− x)M−y−1dx

]

=

(
M

y

)
[(Cab − Φab)B(y,M − y + 1)

+(Cab + Φab)B(y + 1,M − y)] +O

(
1

N

)
, (3.41)

where B(m,n) = Γ(m)Γ(n)/Γ(m + n) is the beta function. For positive integer
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arguments Γ(n) = (n− 1)!, which reduces the last line to

Prob
{

Y(l) = (0, . . . , y, . . . ,M − y, . . . , 0)
}

≈ Cab

(
1

y
+

1

M − y

)
− Φab

(
1

y
− 1

M − y

)
, (3.42)

up to order 1/N .

Case III: Sites for which 3 or more components of y(l) are non-zero. The assumption

that the solution to the forward Kolmogorov equation can be represented by a set

of line densities on the edges plus point masses at the vertices implies that, in the

entire the population, no more than two alleles can be represented at any given

genomic site. In other words, the assumed model entails that this case will occur

with probability zero.

Regarding Case III, since 3-allelic and 4-allelic sites are rare in genomes [Cao et al.,

2015, Phillips et al., 2015], we argue that removing such sites from the data will not

do serious damage to a maximum likelihood estimator of the parameters. Alterna-

tively, one could reassign such data points to the nearest point on an edge of the

simplex lattice.

Now define the following variables:

La =
L∑
i=1

I
(
Y

(l)
a = M,Y

(l)
b = 0 for b 6= a

)
, a = 1, . . . , K,

Lab(y) =
L∑
i=1

I
(
Y

(l)
a = y, Y

(l)
b = M − y, Y (l)

c = 0 for c 6= a, b
)
,

1 ≤ a < b ≤ K; y = 1, . . . ,M − 1,

Lab =
M−1∑
y=1

Lab(y),

(3.43)
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where I(·) is the indicator random variable for the event specified. That is, La is a

count of the number of non-segregating sites of allele type Aa, Lab(y) is a count of

the number of biallelic polymorphisms with y occurrences of allele Aa and M − y

occurrences of allele Ab, and Lab is the total number of biallelic polymorphisms

of type Aa-Ab. We will assume the data is such that all sites observed are either

non-segregating or biallelic, i.e.,
∑
a La +

∑
a<b Lab = L. Then

Prob (La = la, Lab(y) = lab(y) |π, c,Φ) =

L!

(
∏K
a=1 la!)(

∏
a<b

∏M−1
y=1 lab(y)!)

 K∏
a=1

πa −HM∑
b6=a

Cab

la
×

∏
a<b

M−1∏
y=1

(
Cab

{
1

y
+

1

M − y

}
− Φab

{
1

y
− 1

M − y

})lab(y)
 ,

(3.44)

and

Prob (La = la, Lab = lab | π, c,Φ) =

L!

(
∏K
a=1 la!)(

∏
a<b lab!)

 K∏
a=1

πa −HM∑
b 6=a

Cab

la

∏
a<b

(2HMCab)
lab

 .
(3.45)

Since Eq. (3.45) does not depend on Φ, the observations La and Lab are sufficient

statistics for estimating πi and Cab [Ewens, 1974, RoyChoudhury and Wakeley,

2010]. Moreover, for any index a = 1, . . . , K, one can again define an effective

2-allele model by partitioning the set of alleles into Aa and an effective allele Aā

consisting of the remaining K − 1 alleles, and then use Vogl’s unbiased maximum-
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likelihood estimator for α̂ (see Eq. (37) of Vogl [2014]) together with Eq. (3.39) to

obtain the estimators

π̂a =
1

L

La +
1

2

∑
b6=a

Lab

 . (3.46)

Similarly, one can consider a broader set of partitionings of alleles into two exhaustive

disjoint subsets and the corresponding effective 2-allele models, together with Vogl’s

unbiased maximum-likelihood estimator for ϑ̂ (see Eq. (36) of Vogl [2014]) to obtain

the estimators

Ĉab =
Lab

2LHM
. (3.47)

It is a straightforward exercise to confirm using Eqs.(3.35) and (3.43) that these are

unbiased estimators.

It remains to estimate the flux parameters Φij . In the following we carry out a

numerical maximisation of the log-likelihood formed from Eq. (3.44) by plugging in

the above estimates of Ĉab. Up to an additive constant this gives

L(Φij |la, lab(1), . . . , lab(M − 1))

=
∑
a<b

M−1∑
y=1

lab(y) log

(
Ĉab

{
1

y
+

1

M − y

}
− Φab

{
1

y
− 1

M − y

})
. (3.48)

The right hand side of this formula is a function of 1
2(K−1)(K− 2) parameters Φij

for 1 ≤ i < j ≤ K − 1, with Eq. (3.10) used to interpret the terms in the sum for

which b = K.
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3.5 Results

We have constructed a number of synthetic datasets to test the efficacy of the above

theory. Since the exact solution of the Forward Kolmogorov equation is unknown,

starting from an assumed scaled rate matrix Q we first generate numerically a sta-

tionary site frequency spectrum from the neutral Wright-Fisher model for as large a

population N as is practicable. For this step the full transition matrix, Eq. (3.14),

of size
(N+K−1

K−1

)
×
(N+K−1

K−1

)
is used. Each dataset is then created corresponding

to a multiple alignment at a large number of L independent genomic sites of the

genomes of M individuals sampled randomly from the population. Here we have

aimed to satisfy the ideal limit M << N within the constraints of the simulation.

Each genomic site is assumed to be the result of the Markov process of the full

transition matrix evolving to its stationary state. The sampling process is described

in detail below. Finally the parameters of Q for each of 1000 such independently

generated datasets are estimated using the theory of Section 3.4, and the results

presented as histograms.

3.5.1 Synthetic data: K = 3 alleles

For K = 3 alleles, and for each rate matrix tested, a numerical stationary solution

to the neutral Wright-Fisher model with transition matrix Eq. (3.14) was first cre-

ated for a population size N = 100. Three rate matrices were considered. Each

matrix had the same reversible part, QGTR, corresponding to the parameters (see

Eq. (3.11))

(π1, π2) = (0.5, 0.3), (C12, C23, C13) = (0.0003, 0.0006, 0.0004). (3.49)
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For the single flux parameter which determines Qflux, namely Φ ≡ Φ12, three cases

were considered:

Φ = 0, Φ = 0.0001, and Φ = 0.0002. (3.50)

For each value of Φ total of 1000 synthetic datasets were constructed, each assuming

a sample of M = 10 individuals sequenced at L = 105 independent genomic sites.

At each site l ∈ {1, . . . , L} and within each dataset the stationary distribution

was sampled to establish the relative frequencies of the 3 alleles in the population

at that site. These relative frequencies were used as parameters of a multinomial

distribution from which we sampled the observed counts y
(l)
a ∈ {0, . . . ,M} of the

number of times allele Aa was observed at site l. Any genomic site displaying

more than 2 alleles in the sample was discarded, though generally this amounted

to no more than 1 or 2 tri-allelic SNPs observed per dataset. Maximum likelihood

estimates π̂a, Ĉab and Φ̂ of the parameters defining Q were obtained for each dataset

using the theory developed in Section 3.4 (see Eqs. (3.46) to (3.48)).

Histograms of the estimates π̂a and Ĉab are shown in Fig. 3.3. The estimates π̂a are

centred about their true values, while the estimates Ĉab tend to be slightly low, per-

haps because of the approximate nature of the solution to the forward Kolmogorov

equation. The distributions of these parameters are independent of Φ, as expected.

Histograms of the estimates Φ̂ are shown in Fig. 3.4. These estimates are well

centred about their true values. Under the null hypothesis that Φ = 0 the likelihood
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Figure 3.3: Histograms of estimates π̂a and Ĉab of the parameters defining the re-
versible part QGTR of the rate matrix for K = 3 alleles. True values of the param-
eters are (π1, π2, π3) = (0.5, 0.3, 0.2) and (C12, C23, C13) = (0.0003, 0.0006, 0.0004).
1000 independent datasets were generated for each of 3 values of the flux parameter,
Φ = 0, 0.0001 and 0.0002.

ratio test statistic

−2
[
L(0|la, lab(1), . . . , lab(M − 1))− L(Φ̂ij |la, lab(1), . . . , lab(M − 1))

]
, (3.51)

where L(·) is given by Eq. (3.48), should have a chi-squared distribution with 1

degree of freedom. For each true value of Φ and each dataset a one-sided p-value

was calculated from this statistic using the upper tail of the chi-squared distribution.

Shown in the right-hand panel of Fig. 3.4 for each Φ-value are ordered p-values from

the 1000 datasets, plotted against quantiles of a uniform distribution. For the Φ = 0
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Figure 3.4: (a) Histograms of estimates Φ̂ of the flux parameter contributing to the
non-reversible part Qflux of the rate matrix for K = 3 alleles. True values of the
parameters are as in the caption to Fig. 3.3. (b) Ordered 1-sided p-values calculated
from the likelihood ratio test statistic Eq. (3.51) plotted against uniform quantiles.
For each true value of Φ p-values are calculated from 1000 synthetic datasets.

datasets the p-values have a uniform distribution as required, while the p-values for

the remaining two values of Φ are suitably small.

3.5.2 Synthetic data: K = 4 alleles

A numerical stationary solution to the neutral Wright-Fisher model with transition

matrix Eq. (3.14) was created for a population size N = 30 for each of the following

4 rate matrices, defined by the parameters in Table 3.1:

GTR. The 4×4 general time reversible matrix has 9 independent parameters, which

can be specified as the πi and Cab defined in Eq. (3.12). The first 9 parameters in

the first column of Table 3.1 are chosen to reproduce very approximately the time-

reversible matrix in Table 5 of Lanave et al. [1984] estimated from the rat-mouse
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phylogeny. The resulting scaled GTR matrix is

QGTR =



−5.375 1.875 2.000 1.5000

2.500 −17.500 0.333 14.667

16.000 2.000 −21.000 3.000

2.400 17.600 0.600 −20.600


× 10−4. (3.52)

Note that Lavane et al’s rate matrix is a per-generation rate and differs from our

scaled matrix by a factor of 105, which, by Eq. (3.16), corresponds to assuming the

effective population size of Lanave et al’s data set to be 105.

GRM. The most general 4× 4 rate matrix has 12 parameters, which can be spec-

ified as the parameters πi, Cab and Φij defined in Eq. (3.12). The general rate

matrix QGRM in our simulations uses the same reversible part as QGTR, plus a

non-reversible part using the Φij specified in the first column of Table 3.1, which

are chosen arbitrarily subject to the constraint that they should lie within the al-

lowable range specified by Eq. (3.13). This gives

QGRM =



−5.375 3.125 2.125 0.1250

0.833 −17.500 0.583 16.083

15.000 0.500 −21.000 5.500

4.600 15.900 0.100 −20.600


× 10−4. (3.53)

SS. A strand-symmetric rate matrix is one which is symmetric under simultaneous

interchange of nucleotides A with T and C with G. Strand symmetry imposes

certain constraints on the parameters listed in Eq. (3.12), namely,
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πC = πG = 0.5− πA,

CAC = CGT , CAG = CCT ,

ΦAC = ΦGA, ΦCG = 0,

(3.54)

which reduces the number of independent parameters to six, as required of a strand-

symmetric matrix [Sueoka, 1995]. Most genomic sequences, when examined on a

sufficiently large scale are observed to be strand-symmetric. The parameter choices

πa and Cab in the right-hand column of Table 3.1 are obtained by averaging pairs

of parameters constrained to be equal by Eq. (3.54). The one independent flux was

then chosen arbitrarily within the range allowed by the constraint Eq. (3.13). The

resulting rate matrix is

QSS =



−11.231 2.154 7.231 1.846

1.143 −18.000 0.571 16.286

16.286 0.571 −18.000 1.143

1.846 7.231 2.154 −11.231


× 10−4. (3.55)

SSR. If the one remaining flux, namely ΦAC = ΦGA which corresponds to a closed

path A→ C → T → G→ A in Fig. 3.1(b), is constrained to be zero, the resulting

rate matrix is strand-symmetric and reversible. Such a matrix has five free param-

eters. Setting ΦAC = ΦGA = 0 while retaining the remaining parameters in the

second column of Table 3.1 yields the strand-symmetric, reversible matrix

QSSR =



−11.231 1.385 8.000 1.846

2.571 −18.000 0.571 14.857

14.857 0.571 −18.000 2.571

1.846 8.000 1.385 −11.231


× 10−4. (3.56)
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Table 3.1: Rate matrix parameters used in K = 4 numerical simulations. The
conventions of Eq. (3.12) are used with the indices 1 to 4 representing the nucleotides
A, C, G and T respectively. The values of Φij in the table refer to the non-reversible

matrices QGRM and QSS only. For the reversible matrices QGTR and QSSR all Φij
are zero.

GRM and GTR SS and SSR

πA 0.400 0.325
πC 0.300 0.175
πG 0.050 0.175

CAC 1.5× 10−4 0.9× 10−4

CAG 1.6× 10−4 5.2× 10−4

CAT 1.2× 10−4 1.2× 10−4

CCG 0.2× 10−4 0.2× 10−4

CCT 8.8× 10−4 5.2× 10−4

CGT 0.3× 10−4 0.9× 10−4

ΦCG 0.15× 10−4 0
ΦGA −0.10× 10−4 0.50× 10−4

ΦAC 1.00× 10−4 0.50× 10−4

For each of the above four rate matrices a total of 1000 synthetic datasets each

sampled at 105 independent genomic sites were constructed using the procedure

outlined for the K = 3 case in the previous section, except that the numerical

experiment was carried out assuming a sample of M = 8 individuals. Maximum

likelihood estimates of the parameters in the rate matrices QGRM and QGTR were

calculated for each dataset using the theory of Section 3.4. Maximum likelihood

estimates of the parameters of the rate matrices QSS and QSSR were calculated

using analogous likelihood functions constrained by Eqs. (3.54). Histograms of the

estimated parameters are plotted in Figs. 3.5 and 3.6.

In common with the K = 3 case, estimates of the parameters πi and Cab defining

the reversible part are independent of Φij , as expected. Also in common with the

K = 3 case we observe that the π̂i estimates are centred about their true value,
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Figure 3.5: Histograms of estimates of the parameters πi, Cab and Φij defining the

rate matrices QGTR (black histograms) and QGRM (green histograms) for K = 4
alleles. True values of the parameters are given in the first column of Table 3.1 and
are indicated by the thick vertical lines. 1000 independent datasets were generated
for each rate matrix assuming the data to be sampled from M = 8 independently
chosen individuals from a defining population of N = 30 individuals. (For interpre-
tation of the references to colour in this figure legend, the reader is referred to the
web version of this article.)
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Figure 3.6: Histograms of estimates of the parameters πA, CAC , CAG, CAT , CCG
and ΦAC defining the strand-symmetric rate matrices QSSR (black histograms) and
QSS (green histograms) for K = 4 alleles. True values of the parameters are given
in the second column of Table 3.1 and are indicated by the thick vertical lines. 1000
independent datasets were generated for each rate matrix assuming the data to be
sampled from M = 8 independently chosen individuals from a defining population
of N = 30 individuals. (For interpretation of the references to colour in this figure
legend, the reader is referred to the web version of this article.)

but the estimates Ĉab tend to be low. A similar pattern was observed by Vogl and

Bergman for K = 2 simulations with selection (see Fig. 3 of Vogl and Bergman

[2015]). Estimates φ̂ij of the parameters determining the extent of non-reversibility

are centred about their true values, or slightly skewed towards zero. Figure 3.7 shows

qq-plots of 1-sided p-values calculated from likelihood ratio test statistics analogous

to Eq. (3.51) against a uniform distribution, assuming the null hypothesis Φij = 0.

For the otherwise unconstrained reversible and non-reversible rate matrices QGTR

and QGRM, the p-values were calculated assuming a chi-squared distribution with

3 degrees of freedom for the likelihood ratio test statistic. For the strand-symmetric

rate matrices QSSR and QSS a chi-squared distribution with 1 degree of freedom
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Figure 3.7: QQ plots of 1-sided p-values calculated from the likelihood ratio statis-
tic assuming a null hypothesis Φij = 0. (a) For the matrices QGTR and QGRM

likelihoods are maximised without constraints on any parameters, and p-values are
calculated from the likelihood ratio statistic assuming a chi-squared distribution
with 3 degrees of freedom. (b) For the matrices QSSR and QSS likelihoods are max-
imised under the constraints of Eq. (3.54) and p-values are calculated assuming a
chi-squared distribution with 1 degree of freedom. The p-values are expected to have
a uniform distribution for the reversible matrices QGTR and QSSR, which satisfy
the null hypothesis, but not for the non-reversible matrices QGRM and QSS.

was assumed. For the reversible matrices the p-values have a uniform distribution

as required, while the p-values for the non-reversible rate matrices are suitably small.

Finally, in order to illustrate the limits of applicability of the method, Fig. 3.8 shows

parameter estimates for a rate matrix corresponding to mutation rates 10 times that

of Fig. 3.6. These parameters correspond to a total mutation rate θ =
∑
a6=bQab ≈

0.06. We see that mutation rates are underestimated as the approximated fails

to deal properly with tri-allelic sites, but is still able to distinguish between the

reversible and non-reversible cases.
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Figure 3.8: The same as Fig. 3.6, except that the rate matrix parameter values Cab
and Φab are 10 times those listed in the right hand column of Table 3.1, while the
πa remain unchanged.

3.6 Discussion and conclusions

We have demonstrated that it is possible, in principle, to estimate an evolutionary

rate matrix from the site frequency spectrum of an alignment of genomes sampled

from a population, provided certain conditions are met. The procedure consists of a

maximum likelihood estimate of all 12 parameters of the 4× 4 nucleotide mutation

rate matrix based on the distribution of observed single nucleotide polymorphisms at

neutral sites in a multiple alignment. Given the site frequency spectrum constructed

from the alignment of a large number of neutral sites obtained from sequencing a

moderate number of individuals, the calculation is computationally straightforward

and also provides a likelihood ratio test of the significance of the non-reversible part

of the rate matrix.
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We feel it is important to visit in turn each of the conditions required of our procedure

to highlight the remaining challenges inherent in the approach.

Firstly we have assumed the population to have a constant size and to evolve ac-

cording to the dynamics of a model whose diffusion limit is Eq. (3.17), for instance a

Wright-Fisher or decoupled Moran model. Except in papers specifically addressing

the point, this assumption is almost universally made implicitly throughout both

the population dynamics and phylogenetics literature. In practice, though, the as-

sumption is often violated for real datasets. It is important to recognise that a

non-constant population size can alter the dynamics of genetic drift in ways which

can effect the site frequency spectrum. For instance the recent explosive growth

in the human population is believed to have skewed the site frequency spectrum

towards rare numbers of derived alleles [Keinan and Clark, 2012]. On the other

hand, if a rapidly growing population is modelled with Galton-Watson branching

process, alleles present in the population at the beginning of the growth period can

remain endemic in the population indefinitely without dissipating through genetic

drift, even in the absence of new mutations at the spectrum boundary [Burden and

Simon, 2016]. We therefore caution that, as a general principle, a constant popula-

tion model may be inappropriate for estimating mutation rates from populations of

rapidly varying size.

Secondly we have assumed that a large number L of sites within a genome can be

identified which have evolved independently and neutrally. Promising candidates

are short intron sites [Parsch et al., 2010] and 4-fold degenerate sites within codons,

which are assumed to be relatively free of selective pressures. Vogl and Bergman

[2015] have estimated selection effects in datasets consisting the short intron sites

and 4-fold degenerate sites of a multiple alignment of 10 whole genome Drosophila
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simulans genomes. By partitioning the set of nucleotides into two effective alleles,

{A, T} and {C,G}, they are able to reduce the problem of estimating the parameters

of a K = 2 Wright-Fisher model with both mutation and selection included, and

find clear evidence of directional selection favouring the {C,G} state. Therefore our

analysis is not suitable for this particular D. simulans dataset, for instance. For

consistency, any analysis of a real dataset to determine the full set of 12 parameters

of a 4 × 4 mutation matrix would first have to pass Vogl and Bergman’s test of

neutrality.

Thirdly we have assumed that the genomic sites considered evolve with a common

rate matrix. There is clear evidence however that biochemical effects can render

mutation rates context dependent [Zhao and Boerwinkle, 2002, Siepel and Haus-

sler, 2004, Hwang and Green, 2004], that is, rates may depend on the identity of

neighbouring nucleotides. A strong example of this is the effect on C → T transi-

tions of the CpG context. Assuming the context of a neutral site to be subject to

selection pressures and therefore relatively stable, one could possibly accommodate

context dependence by restricting the dataset, and hence the estimated rate matrix,

to genomic sites with a particular context.

Finally we mention the caveat that the estimation procedure relies on an approxi-

mate solution to the forward Kolmogorov equation valid in the limit of small scaled

mutation rates, by which we essentially mean the Ewen-Watterson ‘θ-parameter’

of order uabN , where N is the population size and uab the per-generation muta-

tion rate from allele Aa to allele Ab. As a rule of thumb, the approximate solution

agrees well with numerical simulations of the neutral Wright-Fisher model provided

θ < O(10−2) [Burden and Tang, 2016].
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ABSTRACT In phylogenetic reconstruction, substitution models that assume nu-

cleotide frequencies do not change through time are in very widespread use. DNA

sequences can exhibit marked compositional difference. Such compositional het-

erogeneity implies sequence divergence has arisen from substitution processes that

differ between the lineages. Accordingly, there has been considerable interest in

exploring the non-stationary model class, which is capable of generating divergent

sequence composition. These models are typically parameter rich and this richness

is further compounded by the use of time-heterogeneous variants in order to capture

compositional heterogeneity. This illuminates two barriers limiting the widespread

application of the non-stationary model class: both the compute-time required to

fit a model and the risk of model over-fitting increase with the number of param-

eters and the extent of time-heterogeneity. In this study, we address these issues

with a novel model selection algorithm we term the Inherited Rate Matrix algorithm

(hereafter IRM). This approach is based on the notion that a species inherits the

substitution tendencies of its ancestor. We further present the non-stationary het-

erogeneous across lineages model (hereafter ns-HAL algorithm) which extends the

HAL algorithm of [Jayaswal et al., 2014] to the general nucleotide Markov process.

The IRM algorithm substantially reduces the complexity of identifying a sufficient

solution to the problem of time-heterogeneous substitution processes across lineages.

We also address the issue of reducing the computing time with development of a

constrained-optimisation approach for the IRM algorithm (fast-IRM). Our algo-

rithms are implemented in Python 3. From a simulation study based on 2nd codon

position genome sequences of yeast, we establish that IRM is significantly more

accurate than both ns-HAL and heterogeneity in the substitution process across

lineages (hereafter HAL) for close and dispersed sequences. IRM is up to 70-times

faster than ns-HAL while fast-IRM is around 140× faster. fast-IRM also showed a
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marked speed improvement over a C++ implementation of HAL. Our comparison

of the accuracy of IRM with fast-IRM showed no difference with identical inferences

made for all data sets. These two algorithms greatly improve the compute time

for model selection of a non-stationary process, increasing the suite of problems to

which this important substitution model class can be applied.

4.1 Introduction

Phylogenetic reconstruction methods are widely employed and the results are widely

debated. A multitude of studies have shown that the results are sensitive to the

taxa included [e.g. Rokas et al., 2003b,a, Reddy et al., 2017, Pisani et al., 2015] and

that the tendency to generate conflicting trees is affected by choice of substitution

model [e.g. Huttley, 2009]. Such discrepant results are likely to arise from model

misspecification (incongruence between the assumptions made by the methods and

the properties of the biological data to which they are applied). Biological sequence

data arises by complex processes that act on species at the molecular and population

level. The methodological component responsible for capturing that complexity is

the substitution model and thus choice of suitable substitution model is crucial to

the robustness of phylogenetic inference. Non-stationary substitution models are

able to represent divergence in sequence composition. This class of models have

been demonstrated to fit sequence data extremely well in comparison to the widely

employed time-reversible substitution models [Kaehler et al., 2015]. The superior

ability to describe the data of non-stationary models may cause over-fitting. Kaehler

et al. [2015] implemented bootstrap tests to efficiently identify over-fitting. In this

work, we develop a new method aimed at reducing the risk of over-fitting.

At present, stationary substitution models are employed nearly exclusively. These
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models have the advantage of being relatively simple with a small number of pa-

rameters. However, they incorrectly assume that the composition of nucleotides, or

amino acids, remains roughly the same across a tree [Felsenstein, 2003]. It has been

demonstrated that violation of this assumption results in phylogenetic errors [e.g.

Foster, 2004].

It has been known for decades that homologous DNA sequences can exhibit marked

compositional difference in the relative abundance of the four nucleotides [Macaya

et al., 1976, Jukes and Bhushan, 1986, Karlin and Mrázek, 1997]. Such observations

indicate that the evolutionary process producing these sequences is not stationary;

the sequence composition changes over time. This property has been the motivation

for development of substitution models that can accommodate this non-stationarity.

The mechanistic basis of this divergence in sequence composition can include con-

tributions from both natural selection and changes in mutagenesis. For the sake

of simplifying the arguments here, we consider only the influence of changes in

mutation. It has been demonstrated that these models can give a markedly bet-

ter description of sequence evolution than stationary ones [Kaehler et al., 2015].

However, a disadvantage of non-stationary models is they are very parameter rich

compared to their time reversible counterparts.

Increasing the number of parameters can improve model fit. However, such increases

in the number of parameters also makes a model prone to over-fitting [Burnham and

Anderson, 2002] where the extra parameters fit noise in the data, inflating bias and

causing errors in inference. In phylogenetic reconstruction, the assumption of het-

erogeneity in the substitution process across lineages is supported by evidence of

compositional heterogeneity between the sequences [Jayaswal et al., 2014]. But an

unrestricted accommodation of heterogeneity across lineages may contribute to over-
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parameterising the model [Jayaswal et al., 2014]. A sensible reduction in parameter

number can be achieved by restricting the number of rate matrices. However, the

total number of possible ways of reducing heterogeneity among lineages is enormous

for even a modest number of taxa [Jayaswal et al., 2011]. Therefore, an efficient

strategy for model selection is required to identify an “optimal” time-heterogeneous

model for a data set.

Multiple approaches for representing time-heterogeneous processes have been pro-

posed. The most extreme possible choice is the most general model which allows a

distinct non-stationary process for each edge of a phylogenetic tree [Jayaswal et al.,

2011, Zou et al., 2012]. Another strategy is a distinct vector of equilibrium nu-

cleotide frequencies on each edge of the tree [Yang and Roberts, 1995, Foster, 2004,

Zou et al., 2012]. The former naturally represents non-stationary models but is

more prone to over-fitting due to the larger number of free parameters. The latter

is a composite of a time-reversible parameterisations with explicitly imposed shifts

in the stationary distribution nodes of the tree, producing a non-stationary model

(hereafter we term such models as pseudo non-stationary models). These models

will also be susceptible to over-fitting.

One model complexity reducing approach employs a top-down algorithm to identify

optimal and near-optimal time-heterogeneous models [Jayaswal et al., 2011]. The

algorithm starts with the most general model (a distinct rate matrix on every edge)

and then gradually decreases the model complexity until a stop condition is satisfied,

producing a near-optimal model. This approach is only suitable for a small number

of taxa. Subsequently, a bottom-up algorithm accounting for heterogeneous across

lineages model (HAL) was developed [Jayaswal et al., 2014]. This algorithm starts

with the simplest model and sequentially increases the model complexity until a
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stop condition is satisfied. In their approach, Jayaswal et al. [2014] employed a non-

stationary model based on General Time Reversible rate matrices [Lanave et al.,

1984]. While the algorithm is comprehensive in terms of model reduction, it still

has a massive solution space that makes its application impractical.

One notable attribute of the HAL algorithm is that disjoint edges can share the

same rate matrix, which is distinct from the rate matrices operating on the inter-

vening edges. This corresponds to a biological case of convergent evolution, whereby

mutation and natural selection operate identically on edges that are not adjacent on

the phylogenetic tree. While convergent evolution is plausible, it is a “special case”

and not representative of the general tendencies of divergence between biological

lineages.

Based on the limitations of the above approaches, it is apparent that new model

selection strategies are required in order for non-stationary Markov processes to be-

come a practical addition to the molecular evolutionary and phylogenetic toolkits.

Systematic changes to mutation are important drivers for sequence substitution pro-

cesses and changes to sequence composition [e.g. Karlin and Burge, 1995, Knight

et al., 2001]. Mutation tendencies are determined, to a substantial degree, by DNA

modification and repair systems which are transmitted from parent to offspring.

Accordingly, it seems reasonable to conjecture that lineages inherent their muta-

tion tendencies (and thus substitution processes) from their immediate ancestor.

Thus, lineages whose immediate ancestor is the same are most likely to exhibit the

same substitution process. For instance, gene loss(es) in some lineages have led

to complete absence of the hypermutable base 5-methyl-cytosine [Albalat et al.,

2012]. Descendants of those lineages thus exhibit a significant shift in the rela-

tive abundance of the different point mutations. Motivated by this conjecture, we
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propose a bottom-up Inherited Rate Matrix (IRM) algorithm for selection of time-

heterogeneous non-stationary models.

Here we report our evaluation of the question of whether a model selection strat-

egy based on inheritance of rate matrices can prove sufficient in model selection

of non-stationary models. IRM algorithm coupled with an efficient tree traversal

mechanism are described. We further present a non-stationary HAL algorithm (ns-

HAL) based on the non-stationary general Markov nucleotide substitution model

[Kaehler et al., 2015]. We show via simulation that IRM is fast and less prone to

model misspecification than ns-HAL. The source codes of the methods presented in

this paper are made available at http://doi.org/10.5281/zenodo.3754681. The

raw data, results and scripts used for analyses are available at http://doi.org/

10.5281/zenodo.4361748.

4.2 Materials and methods

4.2.1 Data used in this study

We used the same data set as that employed by Jayaswal et al. [2014]. This data

set consists of the concatenation of second codon positions from 106 multiple se-

quence alignments of orthologs from eight yeast species. The resulting concatenated

alignment is 42,337bp long. The species, and their corresponding abbreviation are:

Saccharomyces cerevisiae (Scer), Saccharomyces paradoxus (Spar), Saccharomyces

mikatae (Smik), Saccharomyces kudriavzevii (Skud), Saccharomyces castellii (Scas),

Saccharomyces kluyveri (Sklu), Saccharomyces bayanus (Sbay), and Candida albi-

cans (Calb). A phylogenetic tree for these species reported by Rokas et al. [2003b]

83

http://doi.org/10.5281/zenodo.3754681
http://doi.org/10.5281/zenodo.4361748
http://doi.org/10.5281/zenodo.4361748


CHAPTER 4. THE INHERITED RATE MATRIX ALGORITHM FOR
PHYLOGENETIC MODEL SELECTION FOR NON-STATIONARY MARKOV
PROCESSES 84

is shown in Figure 4.1. The alignment, a concatenation of alignments of one-to-one

orthologs were determined by Rokas et al. [2003b], was employed by Jayaswal et al.

[2014] in development of the HAL algorithm.

In order to decrease running time of ns-HAL, we selected two 5-species subsets from

the data. The “5-close” subset consists of the five most closely related lineages

Scer, Spar, Smik, Skud and Sbay. The “5-dispersed” subset consists of five more

dispersed lineages Scer, Skud, Scas, Sklu, Calb. The topologies of 5-close data set

and 5-dispersed data set are subgraphs from the topology of Figure 4.1. We expected

that the extent of divergence between a collection of taxa would influence power to

resolve different levels of time-heterogeneity. The 5-close and 5-dispersed subsets

were chosen to facilitate the examination of this hypothesis. How this was done is

explained in the section on statistical evaluation.

To assess the scalability of IRM and fast-IRM for real data we applied both to

mitochondrial DNA sequences from 50 anthozoans. The mitochondrial genomes of

Anthozoa have an extremely slow rate of evolution [Kitahara et al., 2014, Huang

et al., 2008]. The data set was chosen due to evidence that these species differ in

the level of mitochondrial DNA repair, attributable in part due to the presence of

the MutS gene in the octocorals [Pont-Kingdon et al., 1995, Culligan et al., 2000]

and inference of reduced DNA repair in the scleractinia [Kitahara et al., 2014].

The 50 taxon included 31 scleractinia, 12 corallimorpharia, 2 sea anemones, single

antipatharia and zoanthid species, and 3 octocorals. We use a tree reported by

Kitahara et al. [2014] that built using codonphyml [Gil et al., 2013, Yap et al.,

2010]. Here we analysed the second codon position of the mitochondrial protein

coding DNA sequences as a concatenated alignment with 3934 sites.
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Figure 4.1: The phylogeny of the 8 Yeast species from Rokas et al. [2003b]. The
eight species are S. cerevisiae (Scer), S. paradoxus (Spar), S. mikatae (Smik), S.
kudriavzevii (Skud), S. castellii (Scas), S. kluyveri (Sklu), S. bayanus (Sbay), and
C. albicans (Calb). Membership of the 5-close species subset {Scer, Spar, Smik,
Skud, Sbay} and 5-dispersed species subset {Scer, Skud, Scas, Sklu, Calb} are
shown in the corresponding columns using the ‘+’ symbol.

4.2.2 General Markov nucleotide substitution mo-

del

The first non-stationary general Markov nucleotide substitution model to be studied

was that of Barry and Hartigan [1987] (hereafter referred to as the BH model). This

is a discrete-time, non-stationary Markov process for nucleotides that has 12 differ-

ent parameters. The most general continuous-time Markov process on nucleotides

[hereafter GN Kaehler et al., 2015] is equivalent to BH if the Markov process is

embeddable [Verbyla et al., 2013]. In GN, all possible exchanges receive their own
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rate parameter, thus there are 12. In PyCogent3 [Huttley, 2019], the rate matrix is

calibrated such that −ΣiπiQii = 1. For a stationary process, this is the expected

number of substitutions in a unit time interval and, as a result, the scalars applied

per branch are exactly the expected number of substitutions per site for that branch.

For a non-stationary process, π changes through time and thus that relationship no

longer holds. This choice of calibration is a convenience for the purpose of most

model fitting and the correct expected number of substitutions for each branch can

be derived by post fitting [Kaehler et al., 2015]. For GN model developed by Kaehler

et al. [2015], the substitution number, genetic distance and ENS distance are the

same. Therefore, the above three terms described in this paper are the same.

Sufficient conditions under which the BH model is identifiable were established by

Chang [1996] and we refer the reader to that article for a complete exposition of

these properties. One sufficient condition is that rate matrices exhibit the property

of diagonal largest in column (hereafter DLC). Identifiability of the continuous-

time general Markov nucleotide counterpart to BH [Kaehler et al., 2015] requires

in addition that there is a unique mapping between P (t) = expQt [Kaehler et al.,

2015]. Hence, we employed two identifiability checks: (i) the estimated processes

exhibit DLC, and (ii) a unique mapping exists [Kaehler et al., 2015]. Solutions from

numerical optimisation that failed these checks were discarded.

4.2.3 Identifying the direction of “time”

As shown by Chang [1996], the general Markov process cannot identify the direction

of time. Stated another way, such a process is not identifiable for an unrooted tree

of three taxa. This makes it problematic to identify descendants from an edge, a

key prerequisite for IRM and ns-HAL. Of the possible approaches to solve this, we
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used the midpoint method as it is computationally efficient (needs to be done only

once) and was an existing PyCogent3 tree capability. In essence, we orient the tree

such that the “root” node is as close to being the chronological root as possible.

Once this is done, the assumption that children of a node are its actual descendants

seems reasonable.

4.2.4 ns-HAL: HAL algorithm for non-stationary

Markov processes

In our ns-HAL algorithm, we made the following modifications to the HAL algorithm

of Jayaswal et al. [2014]:

• Use the GN model Jayaswal et al. [2014] employed a non-stationary model

based on the time-reversible GTR process. It achieved non-stationarity by

associating distinct GTR matrices with different stationary frequency vectors

(π). We do not need to do this as the general Markov nucleotide (GN) process

is naturally non-stationary [Kaehler et al., 2015].

• Use an unrooted tree Jayaswal et al. [2014] specified HAL for a strictly binary

tree, hence its root node has two branches. As a GN model with a rooted tree

is not identifiable, we used an unrooted tree.

• Decrease model complexity using Frobenius norm [Golub and Van Loan, 2013,

p. 70] In order to avoid overparameterization, Jayaswal et al. [2014] applied

a method of decreasing model complexity [the CORE algorithm, Jayaswal

et al., 2011] to determine whether the first model in set S produced by HAL

is overparameterized. In their method, clustering of π was used to guide
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model complexity reduction. As GN does not require distinct π for a time-

heterogeneous non-stationary process, we used the Frobenius norm between

the two closest rate matrices, combining them into one rate matrix so that a

simpler model is obtained.

• Different model selection criteria Jayaswal et al. [2014] used Akaike informa-

tion criteria (AIC) and Bayesian information criterion (BIC) for selecting

models. In addition to the above two information criteria, we also evaluated

using AIC correction (AICc) for model selection as it has a stronger penalty

for the number of parameters than AIC.

• Different iteration stop condition In Jayaswal et al. [2014], the iteration stop

condition is controlled by the size of a set S. In each iteration, a fixed number

of candidate models are put into this set. In ns-HAL, candidate models can

be selected through two methods: (i) use a fixed number of candidate models

as done by Jayaswal et al. [2014], (ii) choose candidate models according to

AICc difference.

• Identifiability check Tests of the two identifiability conditions, DLC and Unique

mapping [Kaehler et al., 2015] are performed to check if the rate matrix is iden-

tifiable. Jayaswal et al. [2014] do not perform this step.

4.2.5 IRM: Inherited Rate Matrix algorithm for

non-stationary Markov processes

Motivated by the greater likelihood of lineages to inherent the substitution properties

of their immediate ancestor, we impose the restriction that only adjacent edges can

share a rate matrix. A phylogenetic tree is an acyclic connected graph in which any
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two nodes are connected by exactly one path constituted by some joint edges. In

order to guarantee that all edge set partitions consist of adjacent edges, we adapted

a graph cut algorithm.

In graph cut theory, a cut is a partition of the nodes (vertices) of a graph into two

disjoint subsets. An important and relevant partition algorithm is that of “minimum

cut”. The minimum cut algorithm partitions nodes of graph into two sets according

to the weight of edges, choosing the edge with the smallest weight. Our application

here is different, as we seek to obtain a partition of the edges of a graph instead of

a partition of the nodes. Therefore, we need to cut edges into two groups from one

node (we denote this node as the cutting node). The notion of a weight is used to

determine the order of cutting nodes.

We developed a variant algorithm of minimum cut, which is illustrated in Figure

4.2. In it, we choose cutting nodes according to weights of branches and then

partition edges into two groups. We define the weight as Wij = 1
dij

, where dij is

the genetic distance from the node i to the node j. We choose the cutting node

by a genetic distance based weight for the following reasons. The genetic distance

is a quantity derived explicitly from the rate matrix. It is related to the amount

of information in the data regarding a specific edge. Finally, the probability of a

change in substitution process, and hence the rate matrix, increases with increasing

chronological time. Our choice of edge weight should therefore identify the edge

that is most likely to have evolved in a manner described by a distinct rate matrix.

The implementation of our variant minimum algorithm includes two steps. First,

with the edges ranked in ascending order by their weight (For example edge ID 1

and 2 are ranked as the first and second ones respectively), an iterative process is

then applied. Parent node of the edges having the smallest weight is then chosen
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as the cutting node. The cutting node defines two sets of edges. Edges within a

set share the same rate matrix. (Note that all edges retain an independent scalar

parameter that is monotonic to genetic distance [Kaehler et al., 2015].) In cases

where there are ties in weight, all edges with the equivalent weight are evaluated.

Second, an iteration stop condition is evaluated for every new choice of cutting

node. An information theoretic measure, such as AIC, is employed. Simplified

Python implementations of the core IRM algorithm and associated utility functions

are presented in Algorithms S1-S3 of Supporting Information.

4.2.6 fast-IRM: IRM with constrained optimisa-

tion

The computational speed of algorithms for model selection depends on whether

full numerical optimisation is used for evaluating each candidate model. In a full

numerical optimisation, all free parameters are subject to modification during the

optimisation. For a general nucleotide Markov model, this corresponds to 11 free

parameters per rate matrix and a unique branch scalar for each edge that is mono-

tonic to the expected number of substitutions [Kaehler et al., 2015]. In both the

IRM and ns-HAL cases, maximum likelihood estimates from the parent (simpler)

model were used as initial values for each derived model. Here, a derived model was

generated from a parent model according to the model selection algorithms. In order

to further speed the algorithm, we developed a constrained-optimisation variant of

IRM that we denote fast-IRM.

In fast-IRM reduces compute time by decreasing the number of parameters opti-

mised at each step. When a clade is split into two at the cutting node, the two

resulting clades are represented by 2 rate matrices. In IRM, the entire model is

90



91 4.2. MATERIALS AND METHODS

numerically optimised. Hence, the number of free parameters to be numerically op-

timised increases with each iteration. In fast-IRM, only parameters relating to the

2 new rate matrices are optimised whilst all other parameters are fixed as constant

at the parent model optimised values. For instance, the cutting node that defines

Model 3 in Figure 4.2 splits the blue (dot) clade of Model 2. The black (dash) edges

in Model 3 lie outside of this and thus their parameters are fixed constant at the

values from the red clade of Model 2 (black edges in Figure 4.2). The number of

free parameters at each iteration of fast-IRM is therefore fixed as 2× the number

per rate matrix plus the total number of edges in the clade being split (6 in Model

3, Figure 4.2).

For the GN model, where each additional rate matrix introduces 11 new rate terms,

the numerical optimisation performed at each iteration through fast-IRM is limited

to 22 rate terms plus a branch scalar per edge within the clade. Thus, for Model 3 in

Figure 4.2, there are 28 free parameters. The fast-IRM algorithm is an approximate

likelihood method and thus the convergence property of maximum likelihood is not

guaranteed.

4.2.7 Size of the solution space

We contrast the solution space size (number of possible models) for 5-taxa for ns-

HAL, IRM and the theoretical maximum. For the two algorithms, we determined

the maximum number by exhaustive evaluation using the implemented algorithms.

The theoretical maximum is a Bell number [Jayaswal et al., 2014]. The solution

space size for differing values of k is shown in Table 4.1. A k = 1 corresponds to

a model in which there is a single rate matrix for which there is only one possible

model. When k = 7, every edge has a separate rate matrix for which there is
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Figure 4.2: An example of the IRM and fast-IRM algorithms. Model 1 is the parent
model of Model 2 which is the parent of Model 3. In each panel, edges with the same
colour share a rate matrix. There is one rate matrix for Model 1, 2 rate matrices for
Model 2 and 3 rate matrices for Model 3. The algorithm compares the fit of Model
2 to that of Model 1 using a nominated statistic like AICc. It accepts a model if
that fit exceeds a minimum threshold and proceeds to consider the next model. fast-
IRM is distinguished from IRM by making the parameters from the parent model
constant to reduce numerical optimisation time. For instance, in Model 3, the edges
coloured black (dash) are constrained to be constant at the estimated values of the
parent (Model 2). All other parameters are free to be optimised.

only one possible model. In these two extreme cases, all algorithms have the same

solution space size. For k ∈ {2, · · · , 6} the number of possible solutions for ns-HAL

grows substantially due to possible ways of combining edges. In contrast, because

the IRM algorithm uses mincut only a single additional edge can be considered at

each iteration through possible values of k. The exception occurs if there are tied

branch length values, in which case the solution space for IRM will equal the number

of tied values.
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k Maximum ns-HAL IRM

1 1 1 1
2 63 9 1
3 301 38 1
4 350 75 1
5 140 50 1
6 21 13 1
7 1 1 1

Table 4.1: Comparison of the number of possible models to be evaluated for a 5-
taxa tree. k is the number of rate matrices, Maximum is the maximum size of
the solution space (a Bell number) for k, numbers under the IRM and ns-HAL
columns correspond to the solution size determined by exhaustive search using our
implementation of the algorithms.

4.2.8 Statistical evaluation of IRM, ns-HAL and

HAL

We calculated the accuracy with which the IRM, ns-HAL and HAL algorithms

correctly identified the generating model. We indicate the model used to generate the

simulated alignments as the true model. Specifically, the true model is characterised

by the set of k distinct rate matrices and the k edge sets, denoted Ek, to which they

map. The model with n rate matrices and the edges to which they map (i.e. En)

identified by an algorithm on a simulated alignment is referred to as the inferred

model, or estimated model. We consider an inferred model correct when Ek = En.

In words, the inferred model was “correct” if it found the same partition of the tree

into edge sets as that used to simulate the alignment. The relative performance of

each algorithm was established by comparing the total count, obtained across all

model conditions, of correctly inferred models.

Simulated alignments were generated based on a fit of the GN model to the yeast

data. The specification of time-heterogeneity was done in a manner consistent with

the assumption of rate matrix inheritance. The model with a single rate matrix is
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the first fitted model. Then the second fitted model was generated where the edges

descending from one edge with the biggest genetic distance has one rate matrix

where all the other edges have a different rate matrix. The process, choosing an

edge according to genetic distance order and a distinct rate matrix is assigned to

the edges descending to the chosen edge, continue until the last model with the

maximum number rate matrices (k) was generated. A 5-species tree has 7 edges so

the maximum number of k is 7. For each value of k, all possible time-heterogeneous

models consistent with IRM were fit to both the 5-close and 5-dispersed yeast data

sets. From each such fitted model, 10 simulated alignments with the same length

with fitted model were generated. The IRM, ns-HAL and HAL algorithms were

then applied to each generated model.

As each algorithm was applied to the same simulated alignments, we have a paired

study design. We illustrate how algorithms were compared using IRM and ns-

HAL. The paired design allows producing a 2 × 2 contingency table with columns

corresponding to whether the IRM algorithm correctly recovered the generating

model, or not. The rows correspond to the equivalent outcome for the ns-HAL

algorithm.

4.2.9 Software implementation

The algorithms described above were implemented in Python 3.7 or greater and

Numpy 1.18.1. Core functions for likelihood calculation and numerical optimisation

are provided by PyCogent3. Implementation accuracy was validated using unit

tests and these tests covered ∼86% of the code [Batchelder, 2019]. Version 1.09

of HAS-HAL, written in C++ [Jayaswal et al., 2014, Wong, 2017] was used. The

source codes of the methods presented in this paper are made available at http:

//doi.org/10.5281/zenodo.3754681. The raw data, results and scripts used for
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analyses are available at http://doi.org/10.5281/zenodo.4361748.

4.3 Results

We briefly reiterate the experimental design here. We denote the number of rate

matrices in a phylogenetic model as k. For a phylogenetic tree of 5 taxa, and 7

edges, k can be at minimum 1, and at maximum 7. We generated synthetic data for

each possible value of k for the 5-close and 5-dispersed yeast data sets. These data

were used to contrast the accuracy of the algorithms, their computational speed and

the consistency between the IRM and fast-IRM variants.

4.3.1 IRM is more accurate than ns-HAL and HAL

For a specific simulated alignment, we considered an algorithm accurate if it correctly

recovered the configuration of rate matrices corresponding to the generating model

(i.e. Ek = En). For assessing the accuracy calculation of HAL, we used AIC

information criteria based on the same simulated alignments used by ns-HAL and

IRM. Table 4.2 indicates the accuracy on the 5-close and 5-dispersed species data,

respectively. The accuracy of HAL is is better than ns-HAL when k = 2, k = 5

and k = 6 for 5-close. However, the accuracy of ns-HAL is better than HAL when

k = 1 and k = 3. In total, ns-HAL has nearly same accuracy with HAL for 5-close.

For 5-dispersed, ns-HAL is better than HAL for all the k. IRM exhibited higher

accuracy than both HAL and ns-HAL when k is 1, 2, 3, 4 and 7 on 5-close species.

For k values from 5 to 6, IRM was at least as good as ns-HAL. The three algorithms

had low accuracy for k vales from 4 to 7 for 5-close. There was a tendency on the

5-close data set (which has more closely related sequences) for the algorithms to
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identify optimal models with few rate matrices. For 5-dispersed species, IRM had

systematically higher accuracy than both HAL and ns-HAL.

5-close 5-dispersed
k HAL ns-HAL IRM HAL ns-HAL IRM

1 6 8 9 8 10 10
2 6 5 9 5 8 10
3 2 3 7 7 10 10
4 0 0 1 8 10 10
5 2 0 0 5 9 10
6 2 0 0 3 8 10
7 0 0 1 1 4 10

Table 4.2: Accuracy comparison between the IRM, ns-HAL and HAL algorithms.
5-close and 5-dispersed are the different data sets. k is the number of rate matrices
used to generate the 10 replicate data sets. Numbers correspond to the counts of
when the inferred models returned respectively by IRM, ns-HAL and HAL were
correct.

In order to verify if IRM is significantly different to ns-HAL, we applied the con-

tinuity corrected version of the McNemar test. Two 2 × 2 contingency tables were

generated on the 5-close data set and 5-dispersed data set (Table 4.3). These con-

trast the ability of the two algorithms to recover the correct model. For both the

5-close and 5-dispersed data sets, we rejected the null hypothesis that the two al-

gorithms were equivalent with p-values of 0.0026 and 0.0026 respectively. Given its

systematically higher accuracy (Table 4.2), we conclude that IRM is significantly

more accurate than ns-HAL. Our comparison of ns-HAL and HAL (Table 4.4) in-

dicated that ns-HAL is as accurate as HAL for 5-close and is significantly more

accurate than HAL for 5-dispersed.

We evaluated the potential contribution of differing statistical power to the difference

of accuracy between 5-close and 5-dispersed. The relationship among the 5-close

taxa indicates there will be less genetic distance separating these sequences. As the

model is being fit to substitution events, a smaller number of events may impact
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IRM
True False Total

ns-
HAL

True 16 0 16
False 11 43 54
Total 27 43 70

(a) 5-close

IRM
True False Total

ns-
HAL

True 59 0 59
False 11 0 11
Total 70 0 70

(b) 5-dispersed

Table 4.3: Comparison of algorithm accuracy for IRM and ns-HAL. As each algo-
rithm was applied to exactly the same simulated data we have a paired study design.
From the 70 simulated alignments we record in the 2× 2 table how often the algo-
rithms were in agreement. Here, “True” means the algorithm recovered the correct
model, “False” indicates it did not. Using the McNemar test with correction, we
reject the null hypothesis of no difference between the algorithms. The p-values for
both 5-close and 5-dispersed were ∼ 0.0026.

ns-HAL
True False Total

HAL
True 12 6 18
False 4 48 52
Total 16 54 70

(a) 5-close

ns-HAL
True False Total

HAL
True 36 1 37
False 23 10 33
Total 59 11 70

(b) 5-dispersed

Table 4.4: Comparison of algorithm accuracy for ns-HAL and HAL. As each al-
gorithm was applied to exactly the same simulated data we have a paired study
design. From the 70 simulated alignments we record in the 2 × 2 table how often
the algorithms were in agreement. Here, “True” means the algorithm recovered the
correct model, “False” indicates it did not. Using the McNemar test with correction,
we reject the null hypothesis of no difference between the algorithms. p-values were
∼ 0.75 and ∼ 1.81e− 05 for 5-close and 5-dispersed, respectively.

on resolution. We determined the difference between the two data sets for the

two algorithms in the estimated total genetic distance. As shown in Table C.2 of

Supporting Information, there is roughly an order of magnitude more events in the

5-dispersed data compared with 5-close. The likely impact of such a difference on

statistical power seems the most plausible explanation for the difference accuracy

between the data sets.
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4.3.2 Accuracy of fast-IRM

In order to assess the efficacy of the fast-IRM constrained-optimisation approach we

contrasted its accuracy with that of IRM. In our implementation, it is in fact full

optimisation when k is 1 and 2. Therefore, we only compared the accuracy when

k ∈ {3, 4, . . . 7}. Table 4.5 shows that constrained-optimisation and full-optimisation

have the same accuracy for both 5-close and 5-dispersed species when k ranges from 3

to 7. In our tests, the constrained-optimisation did not changed the overall accuracy.

The 2× 2 contingency tables (Table 4.6) from the 5-close data set and 5-dispersed

data set, revealed the algorithms recovered identical edge sets on each alignment.

5-close 5-dispersed
k IRM fast-IRM IRM fast-IRM

3 7 7 10 10
4 1 1 10 10
5 0 0 10 10
6 0 1 10 10
7 1 1 10 10

Table 4.5: Accuracy comparison between algorithm IRM and algorithm fast-IRM.
Here, k is the rate matrix number. The numbers of the column “IRM” and the
column “fast-IRM” are correct number of inferred models returned respectively by
IRM and fast-IRM based on 10 simulated alignments.

fast-IRM
True False Total

IRM
True 9 0 9
False 1 41 41
Total 10 40 50

(a) 5-close

fast-IRM
True False Total

IRM
True 50 0 50
False 0 0 0
Total 50 0 50

(b) 5-dispersed

Table 4.6: Inferences from IRM and fast-IRM were perfectly congruent. From the
50 simulated alignments where k ∈ {3, 4, . . . 7}, we record in the 2 × 2 table how
often the algorithms were in agreement.

We assessed whether the fast-IRM algorithm resulted in log-likelihoods that were

different to those from IRM. The differences in log-likelihood for each value of k
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are presented in Figure 4.3. The absolute difference in the log-likelihood is tiny

when k ∈ {3, 4, . . . 7} for 5-close species. While there were some outlier points,

the absolute value of those difference was big for k = 6. For 5-dispersed species,

however, the differences were larger with an Interquartile Range (IQR) ranges of

around 4. As k increased, the difference increased also. Despite these discrepancies,

the choice of optimal model was perfectly congruent between the two algorithms.

0

10

20

2 4 6
0

2

4

k

5-close

5-dispersed

Figure 4.3: Consistency in log-likelihood between the IRM and fast-IRM algorithms.
The y-axis is | Λ | = | logL(IRM)− logL(fast-IRM) |. The x-axis is k, which is
the number of distinct rate matrices.

4.3.3 Computational performance

We compared computational time required to identify the optimal model between

ns-HAL, IRM and fast-IRM. The comparison was fair in so much as performance

was measured from evaluation of the same simulated data sets as those used for
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assessing statistical performance. The three algorithms were run on a shared high-

performance computing environment. Each simulated alignment of each k was as-

signed to one compute node of this environment. Each node had 2× 8 core Intel

Xeon E5-2670 (Sandy Bridge) 2.6GHz. Then the median and quartiles of running

times from 10 simulated alignments for each k are displayed (Figure 4.4).

Our results established that both variants of IRM were markedly faster than ns-

HAL. The compute time of ns-HAL ranged from ∼ 8× (k = 1) to ∼ 30× (k = 2)

slower than IRM for 5-close species. For the 5-dispersed data set, the relative speed

ranged from ∼ 5× (k = 1) to ∼ 75× (k = 2) slower than IRM. The speed relative to

fast-IRM was considerably worse, with ns-HAL speeds slower by as much as ∼ 200×

(k = 2). The slowdown from using IRM compared to fast-IRM ranged from ∼ 1.6×

(k = 1, 5-close) to ∼ 3.4× (k = 7, 5-dispersed). fast-IRM was systematically faster

than HAL for both 5-close and 5-dispersed data sets (with the exception of k = 1).

The speed of IRM was faster than HAL except for k = 1 and k = 7 for 5-close and

except k = 1 for 5-dispersed.

4.3.4 Consistency between IRM and fast-IRM

On 50-taxon coral data with the second codon sites, on NCI, we compared the

optimal models obtained by IRM and fast-IRM and their running time shown in

the Table 4.7. We found that their optimal models are exactly same and their rate

matrix number is 4.

IRM fast-IRM

k 4 4
t(sec) 175.0903 80.7143

Table 4.7: Optimal model number and running time on naked coral data. k is the
number of rate matrices and t is the running time

100



101 4.4. DISCUSSION

2 4 6

5

10

2

5

100

2

5

1000

2

2 4 6

IRM
ns-HAL
fast-IRM
HAL

k k

Ti
m

e 
(s

ec
on

ds
)

5-close 5-dispersed

Figure 4.4: Median running time (log10-scale) of HAL, ns-HAL, IRM and fast-IRM.
The data set is indicated by the subplot title. Rate matrix number, k, is shown on
the x-axis. The y-axis is the median of log10(seconds) across the 10 replicates and
the error bars being the lower and upper quartiles.

4.4 Discussion

We developed two algorithms, IRM and ns-HAL, for selection of the optimal non-

stationary model for a given tree topology. In essence, both algorithms are bottom-

up approaches; they start with the simplest model (one rate matrix) and gradually

increase model complexity (number of rate matrices) of the model until a stop

condition is satisfied. For a tree with large taxa number, bottom-up approaches

should be faster than top-down approaches because the latter start with the most

complex (parameter rich) model. When the number of taxa is large, the total

solution space dramatically increases. Our results indicated that IRM or fast-IRM

should be preferred over ns-HAL or HAL because of greater accuracy and markedly

less compute-time.

Our comparison of algorithm accuracy established IRM was better than ns-HAL (Ta-
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ble 4.2). For 5-close species, IRM had high accuracy for k ∈ {1, 2, 3} but ns-HAL

had high accuracy only for k = 1. In contrast, both algorithms showed systemati-

cally greater accuracy for 5-dispersed species compared to their 5-close results. IRM

produced perfect accuracy for all values of k while ns-HAL showed a sharp reduc-

tion in accuracy for larger k on 5-dispersed data and it generated same or higher

accuracy for each k than ns-HAL on 5-close (Table 4.2). The differences between

the two data sets likely derives from differences in statistical power. The total num-

ber of substitutions in the two data sets differed by almost an order of magnitude

(Table C.2). Support for a rate matrix depends on genetic distance in the edge set.

Better accuracy was associated with greater genetic distance. The lower accuracy of

all algorithms on the 5-close data set for larger k is a plausible consequence of this

effect. At the same time, the greater accuracy of IRM shows that it is better suited

for optimal models selection than either HAL or ns-HAL. This lower accuracy of

the HAL algorithms is expected given they are considering a larger possible solution

space and thus has a greater chance for false positives.

The IRM was motivated by empirical evidence that tendencies for mutation are

heritable. Such evidence manifests within a species where, for example, defects

in mismatch DNA repair genes are associated with familial cases of colon cancer

[Peltomäki, 2001]. This heritability of mutation tendencies also manifest between

species. For instance, numerous species are known to have lost completely, or sub-

stantially, the capacity to methylate their DNA and these properties are shared

among closely related lineages [Capuano et al., 2014]. IRM explicitly captures this

tendency. The mincut algorithm improves the efficiency of tree traversal by evalu-

ating longer edges first. If, as seems plausible, the likelihood of evolving distinctive

mutation processes is proportional to chronological time then this approach should

prove efficient. While it remains a possibility that lineages may independently evolve
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the exact same mutation tendencies, a prospect captured by HAL and not IRM, such

convergent evolution seems less likely. Therefore, IRM is very important and very

valuable as a null for examining whether lineages exhibiting comparable gene loss

exhibit comparable substitution matrices. For example gene loss affecting 5mC and

skeleton loss.

Given its consistency with biological drivers underpinning mutation, we suggest fast-

IRM is well suited as a model selection strategy for non-stationary process models.

On 50-taxon naked coral alignments with the second codon sites, we found that

IRM and fast-IRM are consistent. In terms of compute speed, both fast-IRM and

IRM were superior to ns-HAL for all values of k. The ∼ 2× speed-up of fast-

IRM over IRM along with the identical inferences (Table 4.6) shows fast-IRM is to

be preferred. We expect this performance difference will increase with increasing

number of taxa.

Supporting Information

Algorithms and tables are described in more detail in the Appendix C.

103



CHAPTER 4. THE INHERITED RATE MATRIX ALGORITHM FOR
PHYLOGENETIC MODEL SELECTION FOR NON-STATIONARY MARKOV
PROCESSES 104

104



Chapter 5

Conclusion

In this thesis, we have addressed the methods of estimating nucleotide mutation

and substitution rates. The results chapters of this thesis are composed of three

projects about mutation rates and substitution rates. Chapter 2 obtained approx-

imate solutions for the diffusion limit of the stationary distribution of the K-allele

neutral Wright-Fisher model in the realistic limit of small scaled mutation rates for

arbitrary values of K. The performance of this approximate solution was demon-

strated by simulation study for 3-alleles and 4-alleles. In this chapter, a stationary

solution with an arbitrary mutation rate matrix has been obtained to first order in

θ. Chapter 3 is an application of the approximate distribution developed in Chapter

2. In chapter 3, we applied the approximate solution developed in Chapter 2 and

maximum likelihood to estimate mutation rate matrix of site frequency data from

multiple alignments. A number of synthetic datasets were constructed to test the

efficiency of our methods. The likelihood function takes a relatively simple analytic

form entailing very little in the way of numerical calculation for a given observed

site-frequency dataset. At the same time, one gained physical insight into the role

of the reversible and non-reversible parts of the rate matrix. In this chapter, the

corresponding sampling distribution has been determined.
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Chapter 4 studied heterogeneity in nucleotide substitution rate matrices across lin-

eages. We developed algorithms IRM, fast-IRM and ns-HAL to select the opti-

mal non-stationary model for a given tree topology. The three algorithms were

all developed based on non-stationary GN model. IRM or fast-IRM are preferred

over ns-HAL or HAL because of greater accuracy and markedly less compute-time.

These two algorithms greatly improved the compute time for model selection of a

non-stationary process, increasing the suite of problems to which this important

substitution model class can be applied. In this study, we did not consider hetero-

geneity in the substitution process across sites which assume that different sites on

the sequences have different rate matrices. However, compute time problem should

be the first consideration for the implementation of site-heterogeneity.

In conclusion, the approximate solutions found for the stationary distribution and

corresponding sampling distribution of a neutral multi-allele Wright-Fisher model

are accurate for small scaled mutation rates. We have demonstrated that it is

possible, in principle, to estimate a rate matrix from the site frequency spectrum of

an alignment of genomes sampled from a population, provided certain conditions are

met. IRM, fast-IRM and ns-HAL algorithms are very important and very valuable

optimal model selection methods which can be effectively applied to the problem of

estimating substitute rates which are heterogeneous across lineages.
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Appendix A

Stationary solution to the K = 3
forward Kolmogorov equation
near the simplex boundary

In this Appendix we consider the asymptotic behaviour of the stationary solution

to the full forward Kolmogorov equation in the vicinity of an edge of the simplex

in Fig. 2.2, but not immediately close to the corners. For K = 3 the stationary

solution satisfies, from Eq. (2.3),

0 =
1

2

∂2

∂x1
2

[x1(1− x1)f ]− ∂2

∂x1∂x2
(x1x2f) +

1

2

∂2

∂x2
2

[x2(1− x2)f ]

− ∂

∂x1

(
3∑
b=1

xbQb1f

)
− ∂

∂x2

(
3∑
b=1

xbQb2f

)
.

(A.1)

Since we are interested in slow mutation rates, we introduce an overall mutation

rate θ << 1 defined by

Qab = θqab,
∑
a6=b

qab = 1. (A.2)
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Without loss of generality, consider the A1-A2 edge of the simplex. Define new

coordinates (x, y) via

(x1, x2, x3) = (x− 1
2y, 1− x−

1
2y, y). (A.3)

We are interested in determining the form of the stationary solution in a region

|log x+ log(1− x)| << θ−1, 0 < y ≤ Λ, (A.4)

which is close to the A1-A2 edge, but sufficiently far from the corners that we can

expect to be able to recover the line density Eq.(2.10). The cutoff Λ is not necessarily

small. In the new coordinates the gradient operators are

∂

∂x1
=

1

2

∂

∂x
− ∂

∂y
,

∂

∂x2
= − 1

2

∂

∂x
− ∂

∂y
. (A.5)

A straightforward but lengthy calculation gives Eq. (A.1) in terms of the new coor-

dinates:
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0 = 1
2
∂2

∂x2
[x(1− x)f ]

+ 1
2
∂2

∂y2
[y(1− y)f ]

− 1
8
∂2

∂x2
[yf ]

+ 1
2
∂

∂x

∂

∂y
[(1− 2x)yf ]

+ θ
∂

∂x

{[
(q12 + 1

2q13)x− (q21 + 1
2q23)(1− x)

]
f
}

+ 1
2θ

∂

∂x

{
(− q12 + q21 − 1

2q13 + 1
2q23 − q31 + q32)yf

}
− θ ∂

∂y
{[q13x+ q23(1− x)] f}

+ θ
∂

∂y

{
(1

2q13 + 1
2q23 + q31 + q32)yf

}
= Term 1 + Term 2 + . . .+ Term 8. (A.6)

Guided by the form of the Dirichlet solution relevant to the special ‘parent-independent’

case [Wright, 1969, Tier and Keller, 1978, Griffiths, 1979], consider the Ansatz

f(x, y) = θ2s(x)yθs(x)−1
∞∑
k=0

gk(x)yk. (A.7)

Here s(x) and each gk(x) are finite, analytic functions in the region defined by

Eq. (A.4). The reason for the normalising factor θ2 will become apparent later.

For fixed x and θ the asymptotic behaviour of each term in Eq. (A.6) as y → 0 is as

listed in the first column of Table A.1. The dominant terms are Term 2 and Term 7.

Keeping only the dominant O(yθs(x)−2) parts of these two terms, Eq. (A.6) entails

that
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Table A.1: Asymptotic behaviour of each term in Eq. (A.6).

limy→0(Term i) limθ→0

∫ Λ
0 (Term i)dy

Term 1: O(yθs(x)−1(log y)2) 1
2θ

d2

dx2
[x(1− x)g0(x)] +O(θ2)

Term 2: O(yθs(x)−2) divergent

Term 3: O(yθs(x)(log y)2) O(θ2)

Term 4: O(yθs(x)−1 log y) O(θ2)

Term 5: O(yθs(x)−1 log y) O(θ2)

Term 6: O(yθs(x) log y) O(θ3)

Term 7: O(yθs(x)−2) divergent

Term 8: O(yθs(x)−1) O(θ3)

Term 2 + Term 7: O(θ2)

0 = 1
2s(x)

∂2

∂y2

[
yθs(x)

]
− θ ∂

∂y

[
(q13x+ q23(1− x))yθs(x)−1

]
=

∂

∂y

{
1
2θ [s(x)− 2(q13x+ q23(1− x))] yθs(x)−1

}
. (A.8)

The term inside the curly brackets is the flux of probability across the edge y = 0

at a point x. This flux must be zero, so

s(x) = 2(q13x+ q23(1− x)). (A.9)

Now define f12(x) dx to be the probability contained in the region [x, x+dx]× [0,Λ].

Then
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f12(x) =

∫ Λ

0
f(x, y) dy

= θ2s(x)
∞∑
k=0

gk(x)

∫ Λ

0
yθs(x)−1+kdy

= θg0(x)Λθs(x) + θ2
∞∑
k=1

Λθs(x)+k

θs(x) + k

= θg0(x) +O(θ2), as θ → 0. (A.10)

Similarly we have that

∫ Λ

0
yf(x, y) dy = O(θ2),

∫ Λ

0
∂y[yf(x, y)] dy = O(θ2), as θ → 0. (A.11)

Thus the asymptotic behaviour of the integral of each term in Eq. (A.6) is as listed

in the second column of Table A.1. Note that, while the integrals of Term 2 and

Term 7 are separately divergent, Eq. (A.9) ensures that there is no g0 contribution to

the sum of these terms, which, by a similar calculation to that leading to Eq. (A.11),

integrates to a contribution of order θ2. Integrating Eq. (A.6) term-by-term, dividing

by θ, and taking the limit θ → 0 then gives

d2

dx2
[x(1− x)g0(x)] = 0, (A.12)
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whose general solution is

g0(x) =
c

x(1− x)
− φ

(
1

x
− 1

1− x

)
, (A.13)

where c and φ are arbitrary constants. Finally, Eq. (A.10) implies that f12(x) takes

the form of Eq. (2.10) with constants

C = θc, Φ = θφ. (A.14)

In Section 2.4, C is identified by matching the sum of solutions along neighbouring

edges with the normalisation of the effective 2-allele problem corresponding to par-

titioning of alleles, as in Appendix B, and Φ is identified as the flux across a line

running from (x, 0) to (x,Λ). Note from Eq. (A.10) that f12(x) is independent of Λ

provided θ |log Λ| << 1, or equivalently, Λ >> e−(1/θ). Note also from Eq. (2.22)

that C and Φ are proportional to the rate matrix elements, and therefore of order

θ. This justifies the normalisation factor θ2 in our Ansatz Eq. (A.7).

Figure A.1 is a comparison between the asymptotic analytic solution f(x, y) and

a numerical simulation of the stationary distribution of the discrete Wright-Fisher

model for a population size N = 100. The population size is chosen to be large

enough to demonstrate the comparison over the first few lattice spacings away from

the A1-A2 edge of the simplicial lattice.
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Figure A.1: Comparison between the Ansatz f(x, y) and numerical simulation. The
solid lines are the function f(x, y) defined by Eqs. (A.7), (A.9), (A.13), (A.14) and
(2.23) corresponding to the same rate matrix as Fig. 2.3. The circles and crosses are a
numerical determination of the stationary distribution of the corresponding discrete
Wright-Fisher model, Eq. (2.1), for a population size N = 100. Probabilities of the
discrete distribution have been multiplied by N2 for comparison with the continuum
probability density. Circles are simplicial lattice points corresponding to continuum
coordinates (x, y), crosses correspond to continuum coordinates (x± (2N)−1, y).
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Appendix B

Equivalent 2-allele model

Suppose we divide the set of allele indices I = {1, . . . , K} into two distinct comple-

mentary subsets S1 and S2, such that

S1 ∪ S2 = I, S1 ∩ S2 = ∅. (B.1)

Given an instantaneous K×K rate matrix Q, we wish to construct an effective 2×2

rate matrix Q̃ which is equivalent in the sense that it defines a 2-state Markov chain

whose stationary state is the corresponding marginal distribution of the stationary

state of Q. More to the point, the transition frequencies between the two states of

the effective Markov chain should match the transition frequencies between the two

subsets of I in the original Markov chain.

Suppose Q has elements Qab for a, b ∈ I; Q̃ has elements Q̃AB , for A,B ∈ {1, 2};

and L(t) is a random variable taking values in I representing the index of the allele

occupied by the original Markov chain at time t. Then the probability of a transition
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from state A at time t to state B at time t+ δt is

δAB + Q̃ABδt = Prob (L(t+ δt) ∈ SB |L(t) ∈ SA)

=

∑
b∈SB ,a∈SA Prob {L(t+ δt) = b, L(t) = a}∑

a∈SA Prob {L(t) = a}

=

∑
b∈SB ,a∈SA(δab +Qabδt)Prob {L(t) = a}∑

a∈SA Prob {L(t) = a}
.

= δAB +

∑
b∈SB ,a∈SA QabProb {L(t) = a}∑

a∈SA Prob {L(t) = a}
δt. (B.2)

It is clear that there can be no dynamically equivalent 2-state Markov chain in gen-

eral as the right hand side depends on t. However, as we are only interested in equiv-

alence of the stationary behaviour, we can set t = ∞ and replace Prob {L(t) = a}

with the stationary distribution πa. We can then immediately read off the elements

of the equivalent 2-state Markov chain:

Q̃AB =

∑
b∈SB ,a∈SA πaQab∑

a∈SA πa
. (B.3)

The corresponding stationary distribution is

π̃A =
∑
a∈SA

πa. (B.4)

In this paper we have assumed that the marginal distributions of the stationary

solution to the forward Kolmogorov equation for a K-allele neutral Wright-Fisher
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model corresponding to partitionings of alleles are equal to solutions to the equiv-

alent 2-allele model with a rate matrix Q̃ whose elements are given by Eq. (B.3).

Note, however, the subtle point that we have not actually derived a rigorous proof

of this claim, which, nevertheless is used implicitly in a number of papers including

the current paper.

However, there are certain situations in which the right hand side of Eq. (B.2) is time-

independent, and therefore the partitioned 2-state system is genuinely Markovian

and the required result follows. For instance, if Qab = Qa′b whenever alleles a and

a′ belong to the same partitioning subset, then Q̃AB =
∑
b∈Sb Qab, where a is any

element of SA. An example of this is the partitioning {A, T}, {C,G} within the

context of a strand-symmetric model [Vogl and Bergman, 2015]. Another example is

the parent-independent model with Qab = Qb, whose full stationary distribution is

known to be a Dirichlet distribution [Wright, 1969, Tier and Keller, 1978, Griffiths,

1979]. One can confirm using the aggregation property of the Dirichlet distribution

[Frigyik et al., 2010] that in this case the marginal distribution of the full K-allele

model is indeed a beta distribution with the correct parameters.
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Appendix C

Supporting information for
Chapter 4

We present implementations of the core algorithms central to IRM below. These

are presented as Python3 code. The code is not exactly identical to that in the dis-

tributed source code due to simplifications made for readability. Table C.1 identifies

the counterpart in phylotree.irm.

Below phylotree.irm

variant min cut() variant min cut()

get edges() part of get edgeset()

cut cluster graph() part of generate cluster graph() and cut off child()

cut model graphv generate cluster graph()

is cuttable() is cuttable()

Table C.1: Mapping between functions below and the implementation in
phylotree.irm
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Algorithm S1 variant minimum cut algorithm

# mincut IRM model space generator

def variant_min_cut(tree):

# Sort in descending order of edge/branch ENS distance

ordered_edges = get_edges(tree, sort=True)

num_edges = len(ordered_edges)

# Graph stores all the parent models

# Only a graph from the whole tree initially

graphs = [[tree.deepcopy()]]

start = 0

while start < num_edges:

# next_generation_graphs stores new cluster graphs

# (all the children models) in the current

# generation

next_generation_graphs = []

stop = start + 1

start_edge = ordered_edges[start]

# Finding nodes with the same edge/branch length

# as one of start edge

for i in range(stop, num_edges):

if start_edge.length != ordered_edges[i].length:

break

stop = i + 1

# Cut each graph to generate a new graph with

# more subgraphs

for cluster_graph in graphs:

# The corresponding 2-dimension edge set of

# parent model

parent_model_edge_set = \

get_model_edgeset(cluster_graph)

# The corresponding 3-dimension edge set of

# children models generated by parent model

children_models_edge_set = []

for cut_id in range(start, stop):

# Find the subgraph with cutting edge and cut

# it into two smaller subgraphs to generate a

# new model

new_model_graph = cut_model_graph( \

cluster_graph, ordered_edges[cut_id].name)
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if new_model_graph:

new_edges = \

get_model_edgeset(new_model_graph)

children_models_edge_set.append(new_edges)

next_generation_graphs. \

append(new_model_graph)

if children_models_edge_set:

yield parent_model_edge_set, \

children_models_edge_set

else: # Not cut, pass to next generation

next_generation_graphs.append(cluster_graph)

graphs = next_generation_graphs

start = start + 1

Algorithm S2 Edge and graph selection utility functions

# Construct edge array from a tree

def get_edges(tree, sort=True):

edges = [(node.length, node) for node in tree.preorder()

if not node.is_root()]

if sort: # Make descending by edge/branch length

edges.sort(reverse=True)

return [e for _, e in edges]

# Construct model edgeset (a 2-dimension array)

def get_model_edgeset(cluster_graph, sort=True):

edge_names_set = []

for subgraph in cluster_graph: # Traverse subgraph

edges = get_edges(subgraph)

edge_names = [edge.name for edge in edges]

if not subgraph.is_root():

edge_names.append(subgraph.name)

if sort:

edge_names.sort() # alphabetical sort

edge_names_set.append(edge_names)

if sort:

edge_names_set.sort() # alphabetical sort

return edge_names_set
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Algorithm S3 Graph and model cutting utility functions

def is_cuttable(node):

if node.is_root():

return False

parent = node.parent

return not parent.is_root() or len(parent.children) > 1

# graph is modified, so user must make sure they copy it

def cut_cluster_graph(graph, node_name):

node = graph.get_node_matching_name(node_name)

detached_child = node.parent.pop(node.index_in_parent())

node.parent = None

return node, graph

# cut a model graph

def cut_model_graph(model_graph, node_name):

new_model_graph = []

for subgraph in model_graph:

new_subgraph = None

# Check whether the subgraph includes the node

# If yes, split the matched source subgraph into 2

for node in subgraph.preorder():

if node.name == node_name:

if not is_cuttable(node):

return None # Unnecessary to cut

# Construct a subgraph from the parent node

copied = subgraph.copy_topology()

new_subgraph, cut_subgraph = \

cut_cluster_graph(copied, node_name)

# Add new subgraph at the beginning

new_model_graph.insert(0, new_subgraph)

# Add source subgraph which is cut

new_model_graph.append(cut_subgraph)

break

if new_subgraph is None:

new_model_graph.append(subgraph)

return new_model_graph
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5-close 5-dispersed
k ns-HAL IRM ns-HAL IRM

1 2081 2081 17923 17923
2 2099 2099 17840 17840
3 2091 2091 17780 17780
4 2091 2091 17700 17700
5 2081 2081 17784 17783
6 2079 2079 17751 17751
7 2097 2098 17750 17749

Table C.2: Substitution number comparison between algorithm ns-HAL and algo-
rithm IRM on 5-close and 5-dispersed species. Here, the values in table are round
number of average ENS of 10 simulated alignments
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