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Abstract

Morse homology were developed during the first half of the twentieth century. The
underlying idea and various infinite dimensional versions, such as Floer homology,
continue to be of interest to researchers in mathematics and theoretical physics
today.

In the first chapter of this thesis, we briefly describe the finite dimensional
Morse theory and its cellular singular homology . Our main focuses are sta-
ble/unstable manifolds, the associated CW-complex. Suppose M is a smooth
compact finite dimensional Riemannian manifold and f is a real valued function
defined on M with all critical points nondegenerate. We consider the gradient
flow line, that is, a smooth curve v : R — M satisfying the following differential

equation:

T | 56 =0
Using these graident flow lines, we can decompose M into cells and construct a
CW-complex associated to f.

In chapter two, we introduce Morse homology, whose chain complex is gen-
erated by critical points of f and the boundary operators is defined by counting
certain gradient flow lines connecting two critical points of relative index one. In
order to check that this boundary is well-defined, We need to study the analysis
of moduli spaces of gradient flow lines. These moduli spaces can be identified as
zero sets of some Fredholm operators between infinite dimensional Banach man-
ifolds. Since the moduli spaces may fail to be compact, we will discuss about
the compactification of the moduli space. Then we obtain the fact that there
are finitely many flow lines between critical points with relative index 1. After
defining an coherent orientation on moduli spaces, we can construct boundary op-
erator of Morse complex by counting flow lines with sign. This approach is very
useful in studying a generalization of Morse theory on certain infinite-dimensional
manifolds.

In chapter 3, we show that the two kinds of homology we construct in the
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previous two chapters are isomorphic. In fact, we show that two chain complexes
are identical.
In the final chapter, we give an overview of Floer theory and very briefly

introduce Lagragian-Floer theory and instanton Floer theory.
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Chapter 1

Cellular Homology

1.1 Brief review of Morse theory

The main goal of Morse theory is to show how to construct a CW-complex that
is homotopy equivalent to a smooth manifold M using “Morse function”. More
precisely, we can uncover the information about the topology of M by discussing
the critical point of Morse function. Morse theory plays an important role in
classifying smooth manifolds. Floer in 1980s developed an infinite dimensional
version of Morse theory and our understanding of low dimensional manifolds and
symplectic topology. This will be introduced briefly in chapter 4.

We first introduce some definitions.

Definition 1.1. Let M be a smooth compact finite dimensional manifold and

f:M—R
is a smooth map. Then a point p is called a critical point if the following differ-
ential map
dfp : TpM — Tf(p)R =R
is zero.

If p is a critical point of f, we can define a symmetric bilinear form Hess),f
on T,,M ,which is called the Hessian of f at p.

Hess,f : T,M x T,M — R

In terms of local coordinate chart {1, 2o, ..., x,} near p, Hess,f is the familiar
matrix of second partial derivatives
0*f
(p))
6xi8x]~

Hess,f = (

1
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A critical point p is called non-degenerate if Hess,f is nonsingular. It is easy
to check that the non-degeneracy does not depend on the coordinate system. A
function with all its critical point nondegenerate is called Morse function. We

can now talk about the index of f at p.

Definition 1.2. The index of a critical point p, denoted as A(p), is the maximal

dimension of a subspace of T,,M on which Hess,f is negative definite.

From linear algebra, it is obvious that the index of a critical point p is ex-
actly the number of the negative eigenvalue of the Hessian matrix at p. Now
we introduce the Morse lemma, which shows that the behaviour of f near p can

completely described by the index.

Lemma 1.3. (Morse lemma) Suppose p is a non-degenerate critical point of

f, then 3 local coordinate chart (xy1, s, ...,x,) near p s.t. x;(p) = o for all i and
f=fp)—a?— . a2 +a3, +.. +4a2
where X\ = X(p),n = dimM.

Then we have the following theorem describing the CW-complex associated

to a Morse function.

Theorem 1.4. If f € C°(M,R) is a Morse function and M is compact smooth
and finite dimensional. Then M has the homotopy type of a CW-complez, with

M)

one cell of dimension X for each critical point of index \,i.e., M =~ UIEkaf ex

We denote the set of all points whose function value is less or equal to a
by M*, ie., M* = {z : f(z) < a}.The key observation which finally proved this
theorem is the change of the homotopy type of M* when a crosses a critical value.
The proof of this theorem and Morse lemma is given in Milnor’s “Morse theory”.
As a concequence, if we denote the Betti number and numbers of critical points
of index k by:

bk:dimHk(M,]R) kzO,l,...,n:dimM

cp = ferityf critef ={x € critf : Mz) =k}

Then the following “Morse inequalities” hold:
Cp—Cp1+...xco>by—bp_1+...£bg k=0,...n—1

X(M)=c,—cp1+ ... £
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1.2 The CW complex associated to a Morse-

Smale function

Morse theory has described how a compact finite dimensional manifold M is
homotopy equivalent to a CW complex. It would be nice if we could describe the
manifold as a CW complex directly, instead of homotopy equivalence. We will
see that only Morse function is not enough to accomplish this, and we also need
a transversality condition which is called Morse-Smale condition. To do this, we

first show how the cells of the CW complex come from.

1.2.1 The unstable manifold theorem

Suppose M is a finite dimensional compact Riemannian manifold and f is a Morse
function defined on M and z € M. Let ~,(f) be a flow line through z, i.e., it

satisfies the following differential equation:

%(7) =—-vfv)

Y2(0) =z

Then for any critical point p, we can have the stable and unstable manifolds

defined by:
Wip) ={z € M lim 7.(f) = p}

W p)={r e M: tiigrloo Y:(t) = p}

In other words, the stable manifold is the set of points in M that flow down
to p, and the unstable manifold is the set of points that flow up to p. We now

state a theorem that explains the term “manifold” in these two definitions.

Theorem 1.5. Let f be a Morse function and (M, g) be a compact smooth and
n-dimensional Riemannian manifold. Then for any critical point p € M of f
with A\(p) = A\, we have

T,M =T;MEPTiM

where the Hessian is positive definite on TS M and negative definite on T3 M.
Moreover, W*(p) and W"(p) are smoothly embedded open disks of dimension

equal ton — X and \ respectively.

The proof of theorem 1.5 is given in chapter4 of [1].

We now introduce the following proposition of unstable manifold.
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Proposition 1.6. If (M, g) is a compact Riemannian manifold, and f is a Morse
function on M, then
M= | ] W)
pecrit(f)
Proof. For any x € M, consider the flow line 7, (The existence and uniqueness of
v, come from the result of Lemma 2.4 in Milnor’s “Morse theory”). Then f o,
is a function from R to R.

By the fundamental theorem of caculus,

(For)0) = (Fo)a) = [ S(F o)t

f o7, is bounded since M is compact, so the left-hand side of the fomula is

bounded. For right-hand side, we have

GFom) = <Vl >
= <V(fomw),—-v({for)>

= —|v(for) ’2
< 0 (1.1)
Therefore,
) d
Jim £ (for.)(1) = 0
So,

lim — | v/f(1.(t) [’=0

t—=+o0
Since M is compact, M — Up@m( f U, is compact, where U, is a small neigh-
bourhood of p. So | f |* has its minimum on M — [, () Up, Which is
f Up,. We have proved that
the limit of | \/f(7.(t)) |? is zero, so when the absolute value of ¢ is sufficiently
large, 72(t) € U, ecrins) Up-
The limits of v, (t) are critical points since we can make U, arbitrary small.

positive since there is no critical point on M — Up@m(

As a concequence,
M= |J W)
pEerit(f)

W (p) W*(q) = 0 when p # g comes from the uniqueness of ~,. O

The structures of the unstable manifold have shown how the cells of CW-
complex come from. Unfortunately, the immediate cell decomposition is not
enough to represent a CW-complex. We need a transversality condition, which
defined by Smale in the 50’s.
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1.2.2 Morse-Smale condition

Definition 1.7. Suppose (M, g) is a finite dimensional smooth Riemannian man-
ifold, and f : M — R is a Morse function. f is called a Morse-Smale function if
for all p,q € crit(f)

W*(p) h W*(q).

Given Morse-Smale condition, we can see how unstable and stable manifolds

of different critical points intersect. For any two critical points p, ¢, we will denote

W (p) (YW*(q) = W(p,q)

W (p, q) is the space of points that flow from p to ¢. Then we have the following

proposition.

Proposition 1.8. Suppose (M, g) is an n-dimensional compact smooth mani-
fold, and f is a Morse-Smale function defined on M. Then ¥p,q € crit(f), if
Wi(p,q) #0,W(p,q) is a submanifold of M of dimension A(p) — \(q).

Lemma 1.9. The intersection of two transversal submanifolds of Y, say X and

Z, 1s again a submanifold. Moreover,
codim(X N Z) = codim(X) + codim(Z)
The proof of lemma 1.9 can be found in section 1.5 of [3].

Proof. (of propositon 1.8) From theorem 1.5 we know W*"%(p) and W*(q) are
smooth embedded submanifold of dimension A(p) and n — A(g). Since W*(p)
W"(q), by lemma 1.9, we know W (p, ¢) is a submanifold and

codim(W (p, q)) = codim(W*"(p)) + codim(W?(q))
= dim(W(p,q)) = A(p) — A\(q)

]

If W(p,q) # 0, then it contains at least one flowline from p to ¢, which means
that W (p,q) can not be zero-dimensional. Thus, we can immediatly have the

following corollary.

Corollary 1.10. Suppose M, f, p, q are defined the same as above, then W (p, q) #
0 implies that M\(p) > \(q).
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We refer to the number A(p) — A(q) as the relative index of p and q.

In 1963, Kupka and Smale proved that Morse-Smale gradient vector fieds are
generic. We now state the theorem but the proof of this theorem will be shown
later in chapter 2 after we construct the flow line space by Fredholm system.
Once we have this propoty of Morse-Smale condition, we can change a Morse

function to a Morse-Smale function by perturb the metric a little bit.

Theorem 1.11. Suppose M is a smooth compact finite-dimensional manifold and
f is a Morse function defined on M, then for a generic C*-smooth metric g on
M, the submanifold W"(p) and W*(q) intersect transversally, i.e.,

W(p) h W#(q)  Vp,q € crit(f)

1.2.3 The attaching map

We have seen that W"(a) is A(a)-cell of M for each critical point a, while to
define the attaching map, it is convinient to treat a little neighbourhood of a in
W*(a) as the A(a)-cell rather than the whole unstable submanifold. To see this,

we derive the following theorem.

Theorem 1.12. Suppose (M, g) is a Riemannian manifold and f: M — R is a
Morse function. Let a be a critical point of f with index \ and f : Wh(a) - R
be the restriction of f on W"(a). Then

i) a is the unique critical point of f and f(a) is the absolute mazimum.
i) f‘l((f(a) — €, f(a))) is diffemorphic to a \-disk for some small €.

iii) Of M ((f(a) — € f(a))) = fH(f(a) — ) = S
Proof. Yx € W*(a)\{a}, we have

lim =a
t——o0

Then from (1.1) we know that

d
S(for) == V(for) <0

Since x # a, the image of 7, does not contain critical points of f, so the derivative
can not be zero. Thus f(~,(t)) is strictly decreasing. By the continuity of f, we
have

lim f(72(t)) = f(a)

t——o00
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Therefore, f(a) > f(z), i.e., a is the absolute maximum of f.

For all t € R, 7,(t) € W*(a), so 7,(0) € T,W"(a). Since f(7y.(t)) is strictly
decreasing, 7.(0) # 0, so Vof # 0. Therefore z ¢ crit(f), i.e., a is the only
critical point of f.

Now, we want to show f is a Morse function. Choose a coordinate chart of
M near a such that z,;1 = ... =z, = 0 on W"(a). Since Hess(f) is negative

((? (9 )

is negative definite on T, W*"(a). Since z)y1 = ... = x, = O,then for i, 7 < A, the

Hessian matrix of f is the same as

9% f
<8$ia$j>ij

So Hess( f ) is negative definite. We can now conclude that f is a Morse function.

Apply Morse lemma on f, there exists a neighbourhood U C W*(a) near a

and a coordinate chart (xy,...,z)) such that

f(0) = fla) = 2%(b) — ... = 23(b)
zr1(a) =...=z\(a) =0
Let ¢ > 0 be small enouph so that D*(e) = {(z1,..x)) | 23 + ... + 23 <
e} C U. It is clear that D*(e) C f’l((f(a) — €, f(a))) Now we want to show
P ((Fa) — e, Fa)) € Do)
If 2 € W%a), and © ¢ D?*(e), since a € D*(e) and lim;, o 7.(t) = a,
v.(t) € D*(e) for some t < 0. Then 7,(T) € dD*(¢) for some T < 0(By the

Jordan-Brouwer separation theorem). Since

f(@) = f(1:00)) < f(7(T)) = fla) — ¢

then
v ¢ [7H((fla) = ¢ f(a))
So f~1((f(a) — ¢, f(a))) C D*(e). This shows ii) and iii). O
For each critical point, the corresponding stable manifold has similar propoties.
Then we denote W*(a) (" f~*((f(a), f(a)+e)) as AN and We(a) () £ ((f(a)—
¢, f(a))) as ea' | which is the A(a)-cell of the CW-complex we are constructing.

Now we introduce a theorem which is crucial for defining the attaching map.
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Theorem 1.13. Let (M,g) be a smooth compact n-dimensional Riemannian
manifold and f : M — R be a Morse-Smale function. p,q € crit(f) and
Ap)=k+1, Xq) =k, W(p,q) #0, i.e., Iy : R — M such that

lim ~v(t) =p lim y(t) =¢

t——o0 t——+o0

Denote v(R) ﬂ@e’;“ as o. Then there exists a neighbourhood O) of a in 86’;“,

i.e., a € O) C 8€§+1 and a homeomorphism
7 0) = ek
g01!77q ' p q
To prove this theorem, we first introduce a lemma.

Lemma 1.14. Let (M, g),p,q be defined the same as those in theorem 1.13, then
there exists a neighbourhood U of q and a coordinate chart x = (x4, ...,x,) such

that x(U) = D¥*(e) x D" *(¢) and
T e :e’é—)Dkx{O}
x |d21—k tde — {0} x D"7*
are diffeomorphisms.

Proof. By Morse lemma, we know that there exists a neighbourhood V' of ¢ and

a coordinate chart (z1,...,x,) on V such that

f(p):f(CZ)—xf—...—xi—l—xiﬂ—i—...—l—xi

Let ¢ > 0 be small enough such that
D*(e) x D" ™H(e) CV
Let U = 2~ (D¥(e) x D"%(c)), then
2 (DHex {0})) = {peU|zp)=(x1,..0%0,..,0) 22+ .. +22<c}
= W@ () ((fl@) — e f(@)
=

Similarly,
271 ({0} x D" F(e)) = dg_k
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Proof. (of theorem 1.13) We construct ¢) , by two steps: first, we define a map
from the plague O) > « diffeomorphically to a plague Og > f (readers can see
what (3 is intuitively in the figure 1.1, we will define § rigorously in the following

proof); Second, we define a map from Og to e'; :

Figure 1.1

Since 7 is a flow line from p to ¢, then y(R) (d; ™" # 0. Let 5 € yv(R) N d~".

Step 1: Choose a little plague O} of o in def™. Since deft' = S*  then
O7 = D*. Since a, 8 € ¥(R), B = 7a(T) for some T > 0. Then we define ¢; on
O by

pu(r) = 7(T)

Then ¢ is a diffeomorphism(Since 7,(t) is generated by a smooth vector field
v f). Thus O} = ,(0}) is diffeomorphic to D¥.

Step 2: Choose a neighbourhood 77,y of ([T, 00]) such that

i) Ty, € U, where U is defined in lemma 1.14.

ii) There exists an diffeomorphism ¢ : Ty(ra0) — [0,1] X D" 7*71(e) x D*(e)
such that for all ¢t > T

b(v(t) = (#,O,O)E[O,l]xD”k1(e)><Dk(e)

¥(03) = {0} x {0} x D
v(ek) = {1} x {0} x D"
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Then we define s : Og — e'; by the following diagram

Y

o)A £ {0} {0} x D*
(0,0,%)

" !

¢(1,0,*)

& Y {(1)x{0}xD*

This diagram commutes, and it is obvious that ¢, is a diffeomorphism. O

Suppose criti(f) = {q, ..., ¢s}, then we define the attaching map

S
. 9k+1 U k
p:0e,7 = ey,
i=1

@) (1) 1€ OF for some v that flows from p to ¢;

p(r) = ,
* otherwise

1.3 Cellular homology of M

Denote the k-skeleton by X*, then
Xk = |_| e; / ~
peerit; (f),i<k
where the equivalence relationship comes from the attaching map. Then we define

the boundary map by

i) When k = 1, the boundary map ¢ : H; (X!, X°) — Hy(X?) is the same as

the simplicial boundary map.

ii) When £ > 1,
81?(6112) = Z deg(apq)ef;_l

gecrity_1(f)



1.3. CELLULAR HOMOLOGY OF M 11

where o, is the map
dey — XM — Skt

that is, the composition of the attaching map of e’; with the quotient map

collapsing X*~"\ef~! to a point.

Now we have the cellular chain complex:

Co= P Z<ek>09

pecrity(f)
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Chapter 2

Morse Homology

2.1 The space of gradient flow line ., ,

In the previous chapter, we have introduced the dynamical system given by the
negative gradient flow of a Morse-Smale function. Now we continue to study more
about the gradient flow line space, which is needed for the definition of Morse

homology.

Definition 2.1. Let M be an n-dimensional compact manifold, f : M — R a
Morse-Smale function. Then we define the gradient flow line space as follow

oy = {7 € C¥(R, M) | lim (1) =, lim (1) = y.7/(t) =~ v /()}

t——+o0

lzy can be seen as the space of zeros of a section of a fredholm system. To

see this, we first define the Banach space and Banach bundle.

Definition 2.2. Let E be a smooth, finite-dimensional vector bundle over R(the
compatification of R) and let ¢ : E — R x R" be a smooth trivialization. Then

¢, is the induced one-to-one map between the associated vector space, i.e.
¢, : T(R, E) — C°(R,R")

Then we define
HY(E) = ¢, '(H(R,R"))

Since the Sobolev space H'?(R,R") is a Banach space, ¢, induces a Banach
space topology on the vector space H“?(E). The following proposition shows
that this topology is independent of the choice of the trivialization ¢, for the
change of trivialization from ¢ to ¢ can be represented by some A = ¢ o ¢ €

CY(R,GL(n,R)).

13
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Proposition 2.3. VA € C'(R,GL(n,R)),3c > 0 s.t.
H As HLQS C H S HLQ Vs € Hl’Q(R,Rn)
where (As)(t) = A(t) - s(t),t € R.

Proof. Tt is sufficient to show A;; and Aj; are bounded.
Vf € CYHR,R), f is obviously bounded. Define h: R — [—1,1] by h(t) = \/f—ﬁ
then foh ! e C*(][-1,1],R). Then

o(f) = sup [ (foh ') [< o0
L1

Since
<<h*1>’ o h)(t) = (1+1%)>
(foh™) =f oh™ (b7

Le. | f/(t) |< 1jr(f))3 , which implies f’is bouned. [J

then c(f) =] f'(t) | (1+¢%)2,
We now give a brief definition of the Banach manifold in the Fredholm sys-
tem we have previously mentioned. We start with the exponential map on the
complete Riemannian manifold M.
Let D be an open convex neighbourhood in the zero section of T'M. Then
Vh € C*(R, M), h*D stands for the induce open convex neighbourhood of the

zero section in the pull-back bundle h*T'M. By the Sobolev embedding, we define
1,2 __ 0/ 1,277 % 0O (T
P, ={erpos e C*(R,M)|se€ H=(h*D),h € C7, (R, M)}

where exp o s(t) = expns(t). Then P}7 is equipped with a Banach manifold
structure via the atlas {H'?(h* D), expn}necee, ,ar)- For more details of the fact,
see Appendix A of [7].

Similarly, we can define
L*(E) = ¢ (L*(R,R"))

which is also a Banach space since L?(R,R") is a Banach space. This leads to
the Banach bundle over P,

L*(P"TM) = | ] L*(s"TM)
sePz,y

Then the following theorem shows that the flow line space we are studying can

be seen as the zeros of a section in the Banach bundle that we defined above.



2.1. THE SPACE OF GRADIENT FLOW LINE pxy 15

Theorem 2.4. Given a section
. pl2 2/ p1,2%
F:Py — L (Pw TM)
s = S$+vfos
Then F~1(0) = g,

Proof. We prove pi,.,, € F~1(0) first. By assumption, elements of F~(0) are con-
tinuous curves with x, y as its end points whose weak derivative can be expressed

as
§=—V/fos
It follows that p,, C F~1(0).

To see F~(0) C py,, we introdce the following lemma:

Lemma 2.5. (Ezponential decay to critical points)There exists an € > 0 such
that Vs € F~1(0),3c > 0 and to > 0 satisfying

d(s(t),y) < ce™ ™ Vt>tg d(s(t),z) < ce™ WVt < —tg

Proof. (of lemma) By Morse lemma, we can find a neighbourhood U of y and

equip a Morse chart on it. Without loss of generality, assume f(y) = 0, then

k n
f(z):sz— Z 2 VzeU
i=1

i=k+1

and accordingly:

V()= (221, ..., 22k, =22k 41, -, —225)

| 7f () IP=4_ = 2 4] f(2) = f() |

Since lim s(t) =y, z;(0) = 0 for i = k + 1,...,n, it is clear that for such an s,

t—+o00
it must exponentially decay to 0 as ¢ — 400 since 822t> = — v f(s(t)), i.e. for
t>0
(1) =—2z(t) i=1,...,k
ot
azgt) —24(t) i=k+1,..n
The proof of the result of z is similar. n

From lemma 2.5, we conclude that each derivative of s exponentially decrease

to zero and s is infinitely differentiable (i.e. smooth). O
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Now, we have managed to represent the flow line space as a zero set of a
smooth section of a Banach bundle over a Banach manifold. To proceed to the
manifold property of u(z,y), we need to develop the Fredholm property of a
certain linear first order differential operator F,, which is defined in the following

section.

2.2 Fredholm property
Suppose s is a vector field along v € C’gf’y(]@, M), and s(t) € T, M, we define
E,: H2R,v*TM) — L*R,v*TM)
s = Vis+ VsV f(7)
where ¥/ is the covariant derivative.
Theorem 2.6. F, is a Fredholm operator and
ind(F,) = ind(z) — ind(y)
The proof of this theorem requires the following observation:

Lemma 2.7. Let X,Y,Z be Banach spaces, suppose ' € L(X,Y) and K €
L(Y,Z). If 3¢ > 0,s.t.Vx € X

[z llx<ell Fzlly + | Kz 2)
then dimkerF' < co and the tmage of F is closed.

Proof. The proof consists of two parts:

i) We first show that dimkerF < oo.

By Riesz’s lemma, it suffices to show that the unit ball in the kernel of F' is
compact.

Let {x,}52, be a sequence in the unit ball of kerF' i.e.
|z ||x<1 F(z,)=0 VneN
then the hypothesis becomes:
[z |x<el Kz |z

By the compactness of K, the image of the unit ball under K is precompact. Then

we may assume with out loss of generality that { Kz, } converges in Z (since Z is
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complete). Then {z,} is Cauchy and hence converges in X and therefore in the
unit ball. This proves the compactness of the unit ball in kerF'.
ii) We now show that Im(F) is closed in Y.

Let {z,}>°, be a sequence in X s.t. lim,_,o, F(z,) =y € Y, we want to show
that y € Y.

If {x,}5°, is bounded, then {K=x,}°, remains in a compact subset of Y.

Along with L(x,) — y and the inequality
[z lx<c(l Fzlly + || Kz 2)

it follows that {z,}>°, has a Cauchy subsequence, hence converges and the limit
x satisfies y = F'(z). Soy € Im(F).

If {x,}22, is unbounded. Since kerF is finite-dimensional, we can find a

closed subspace £ C X s.t. kerFF & E = X. Consider the sequence u,, = H;—:”,
without loss of generality, we can assume
{u,} CFE | Fu, |ly—0 as n— o0
Since {u,} is bounded, there exists u such that
U, = u  Jull=1 Fu=0
So u € kerF'N E = {0}, which contradicts || u ||= 1. O

Equipped with the lemma, we can now prove theorem 2.6.
Proof. 1) We first prove that dimkerF, < oco.
Let X = HY*(R,v*TM),Y = Z = L*(R,y*TM), F = F,, K : s — s - 0r,

where
1 te[-T,T)

0 t¢|[-T1,T]
Then X,Y, Z, F, K satisfy lemma 2.7. So it is sufficient to show that d¢,T > 0
s.t.

>
S
|

T
[aspeiospar<e| 1PsPas [ s 2.1)
R R -T

We first trivialize the bundles X, Y, Z. Let e1(t), e2(?), ..., e,(t) be an orthonomal
basis of T, M for all ¢ € R which satisfies that 7e;(t) = 0 for i = 1,...,n. Let
(81, ..., $n) € R™ be the coordinates of s with respect to this basis. Then

F.(s) = F’yzsiei
= Y v, TS
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Let a;(t) = (ei, Ve, V f(7)) and A = (aij)nxn, then A is a symmetric matrix.
We denote F, by
triv ., 1,2 n 2 n
Frv: H(R,R") — L[*(R,R")

ds
s = (81, 8n) %—i—Auségo

Note that Ay = lim;_,+., A(t) represents the Hessian of f at y and x respectively.

Then A, and A_ are nonsingular for f is a Morse function. Consider the maps

, ds
Féfj:v IS %+Ai8ég0i

By Fourier transformation,

. 1 ot
S(iw) = —= [ e“'s(t)dt
() = <= [ 's(t)
then
.y 1 ot 1 / s
w) = —— | e“'s(t)dt = — | e“"(— + ALs)dt
Spi( ) \/%/R () \/% " (dt + )
= (wl+ Ay)s(iw)
Since A, are nonsingular, 3¢ € R s.t.
(L4 [w [*) [ 3(iw) P< ¢ | pa(iw) [

So || s [312< ¢ || ¢+ ||32. This property holds for sufficiently small perturbation
of FIriv.
For sufficiently large T, if s satisfies that s(t) = 0 for all ¢t € [T, T, we then

have the following estimate
I's [Fn2<cll¢ Iz
On [-T—-1,T +1],

e ™+ ds ds
S — P 42(—, A As |?)dt
[ el = [ G E G a1 asp)

71
T+11 ds

> — | == As |P)dt

> [ GIGE-14sP)

Since detA(t) is bounded on [T — 1,7 + 1], we obtain the following estimate for
large enough c that:

T+1 ) ds ) T+1 ) )
[P par<e [ (s P e P

-T-1 -T—-1
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Now, let 5 be a cut-off function:

1 [t|<T
plt) =
0 [t|=T+1

and choose ¢ large enough so that | 5’ |< ¢, then

s llmne <l Bs gz + | (1= B)s |2
< ol Bs e + I F7™(Bs) Iz + | B ((1 = B)s) [l22)

Since
riv d<58)
dﬂ TV
we have:

d , .
s e < el B llos +2 | s o+ | BEE(5) e+ 1) (1 = B)EE(5) 1)
< 3| s e + 1| ) Jre)

This proves (2.1).

ii) It remains to show that £, has finite condimension and indF., = ind(z) —
ind(y).

To see this, we compute the dimension of kerF directly and dimcokerF, via
the adjoint operator of F, relying on the result from part one that F, has closed

range.

Consider
FI' s /s + As
(FI™)* i s s — As

Since F'(X,Y) is an open subset of L(X,Y’) and the index is a locally constant
function on F(X,Y’), we can perturbe th”” a little without changing its index.

Define

P:L*R,R") — L*R,R")

s— P-s
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where
(A(t) — A, t € [T, +00)
(t—T)A®l) — Ay) te[T—1,T]
P=<0 te[-T+1,T—1]
(=T —t)(A(t) —A_) te[-T,-T+1]
(A(t) — A t € (o0, —T]

The norm of P can be arbitrarily small by making 7" large enough. Thus, we can
find aT > 0 s.t.
indF!"™" = ind(F!"™ + P)

Since A_, A, are the Hessian of f at x,y respectively, then there exists

Cy,C_ € GL(n,R) and a curve C' € C®(R, GL(n,R)) s.t.

det(C’i) >0
CiALC' = diag( A, ..., AE) where sgnXi > A5,
for some T >0,C(t)=C, when t>T and C_ when t < —-T

Define C': s — C'- s, then
C(Fy"+P)C™" = C(vi+A+P)C™
= Vi +C(vCT) +C(A+ P)CT!

Since C,C~! are invertible, the maps C,C~! are isomorphisms and we have
indC(F"" 4+ P)C™" = indF,

For any initial value sg, the ODE
(C(F;”” +P)C)s=0
s(0) = s

has unique solution on [T, T].

On (—o0, —T") and (T, +00), the equation becomes

Vis = —diag( A\, .., \)s e s = —diag( Al ., A

’'n
respectively. Thus, s satisfies

ce Nt t< T

die’)‘jt t>T
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fori=1,..n. So s € kerC(F!"™+ P)C~" if and only if A < 0 and A" > 0. Since
we have ordered the sign of eigenvalues and the number of negative eigenvalue of

AT are the index of y, x respectively, we can compute
dimkerF, = #{i € {1,...,n} | \] <0,\] >0}
= max{ind(z) —ind(y),0}
Similarly,
dimcokerF, = t{i € {l,..,n} |\ >0,\ <0}
= max{ind(y) —ind(x),0}

Therefore, indF, = ind(z) — ind(y).

2.3 Transversality theorem

In this section we show that p,, is a finite-dimensional manifold using the Fred-
holm property we discussed in last section. However this property is true only
for a generic set of metrics. Also, Morse function turns out to be Morse-Smale

function for a generic set of metric.

Theorem 2.8. Suppose G is the metric set on M, then there exists a generic
subset ¥ C G s.t. for all g € X, the section

Fy: P22 — L*(PyTM)
s = s+\/fos

is transversal to its zero section and Fg’l(()) 15 a closed submanifold of dimension
ind(z) —ind(y).

Theorem 1.11 follows from theorem 2.8.
Proof. We extend Fj to a section
:Gx P2 — L*Py)TM)
(9.8) = (9,8 Fy(s))

Then from the previous discussion, F, = ®(g,-) is a Fredholm map with index
ind(z) —ind(y) for all g € G.
i) We first prove the manifold property of F, '(0)( i.e. fizy).

To do this, we need the following two lemmas.
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Lemma 2.9. 0 is a reqular value of ®.
Proof. We want that V(g,s) € ®71(0), the vertical differential
D®(g,s) : Ty (G x B) — Ej
(n,6) = Di®(g,s)-n+ Dx®(g,5)- &

is surjective, where B = P12 E, = L*(s*TM).

l’?y ’

Since Dy®(g,s) = DFy(s) is a Fredholm operator, the image of D®(g,s) is
closed in L? with finite codimension.
Suppose h € L?(s*T'M) is orthogonal to the image of D®(g,s), i.e.

/R (DB(g, 5)(1,€), B)dt =0 Y(5,€) € Tp(G x B)

Then it is sufficient to show that h = 0.
Let n =0, we get

/(DFg ERdt=0 VEET.B
R

Then h can be expressed as the solution of some linear differential equation

If h # 0, due to the uniqueness of solution of the ODE, h(t) # 0 for all t. So,
letting £ = 0, we have

/(D1<I>(g,s) ‘n,hydt=0 heC™ Vnel,G (2.2)
R

Fix ¢ty € R, choose £ s.t. D1®(g,s) - n = h(to), then (D1®(g,s) -n,h) > 0 at .
By the smoothness of h, (2.2) can not be zero, which leads to a contradiction. [

Lemma 2.10. Let 7 : ®1(0) — G be the projection map, then w is a Fredholm
map of index ind(zx) — ind(y).

Proof. All we need to show is that V(g,s) € ®71(0), the following map
Dn(g,s) : T(y0® '(0) = T,G
(n,§) = 7

is a Fredholm operator with index ind(x) —ind(y). We get this result by showing
that the kernel and cokernel of D7 (g, s) are isomorphic to the kernel and cokernel

of Dy®(g, s) respectively.
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The isomorphism of kernels is shown by

ker(Dm(g,s)) = {(0,¢) e T,G xT,B|(0,¢) € T(g75)<1>_1(0)7@'.e.DQCI>(g, s)-& =0}
{5 € TsB ‘ DQ(I)(ga 3) ' 5 = O}
= kerDy®(g, s)

12

For the cokernel part, consider the homomorphism induced by D;®(g, s)

Dy coker(Dn(g,s)) = TgG/Im(Dﬂ(g, s)) — coker(Dy®(g,s)) = Es/Im(DQCI)(g, s))
[l = [D1%(g,s) -]

Claim 1: 15;&) is a surjective.
For all v € Eg, by the surjectivity of D®(g,s) from lemma 2.9, there is
(n,€) € Ty.5)G x B, such that D1®(g,s) - n+ Dy®(g,s) - £ =v. Then

Dy®([n]) = [D1®(g, 5) - n] = [D1®(g, 5) - 1 + Da®(g,5) - €] = [0]

Claim 2: BTC/I) is an injective.

Suppose v € Im(Dy®(g,s)), then v = Dy®(g,s) - £ for some £ € T,B. If
n € T,G satisfies D1®(g,s) - n = v, we have D1®(g,s) - n = Da®(g,s) - &, ie.
(7, =€) € T(g,5®7'(0).

Son = Dw(/g\,/s)(n, —&) € Im(Dmn(g,s)).

Therefore D® is an isomorphism. O

Now we continue the proof of theorem 2.8.

Finally, by the Sard-Smale theorem, we can conclude that there is a generic
set 2 € GG being regular values of 7.

ii) We now show the transversal property.

Let g € X, assume there exists s € B such that ®(g, s) = 0(for otherwise, 0 is
trivially a regular value of ®,). We want to show that D,®(g, s) is onto.

For all v € E;, since 0 is a regular value of ®, 3(n, =) € T{,,5(G x B) s.t

v=D19(g,5) - n+ D2®(g,5) - & (2.3)

Since g is regular value of 7, there exists (1/,£') € T(y5®*(0) such that n =
Dmn(g,s)(n',&). Thus n =1/, therefore (n,¢’) € ker D®(g, s), i.e.

D1®(g,s) -+ Da®(g,s) - £ =0 (2.4)

(2.3) and (2.4) together imply that v = Dy®(g, s)(€ — &).
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Now, we have shown that W (z,y) and p,, are both manifolds with the same

dimension. We can now show that these two space are equivalent.
Proposition 2.11. W(z,y) = jy,.
Proof. Consider the following map

®: P> — M
v = 7(0)
This map is smooth because D® : £ — &(0) is continuously linear. We claim

® |4yt Hay = M is an embedding. Because ® is an injective and so is the

differential:

D® |: Typoy — TyoM
& = €0
To see this, we can consider £ as the solutions of ODE with initial values £(0).If
€ € kerD® |, i.e. £(0) = 0. Then the uniqueness of the solution implies £ = 0.

Therefore the differential is an injective. As a consequence, ® is an diffeomor-

phism between pi,, and ®(u,,) = W(z,y). O

2.4 Moduli space of p,,

Suppose Y1, Y2 € [y, and there is a t € R such that v;(t) = 72(0), then for all
s € R, v1(t + s) = 72(s). That is to say, 71(R) = 72(R). Then from geometrical
viewpoint, v; and v, are the same. In fact, the following proposition properly

addresses this observation.

Proposition 2.12. For different critical points z,y, (R, +) acts smoothly, freely
and properly on pi,, by

ViR X fpy — [y
(577) = \I]s(7> = 7(8 + )

Proof. Define

O:RxW(z,y) — W(zy)
(5,p) = Os(p) = 7p(s)
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where v, € i, and 7,(0) = p. Then Uy = &' 0 O, o ®, where P is defined
in proposition 2.11. So it is sufficient to show that R acts smoothly, freely and
properly on W (z,y) by ©.

© is obviously smooth and since there is no critical point in W(x,y), the
action is free. It remains to show that the action is proper.

Let {p,} € W(x,y), {sn} € R such that p, — p and ~,,(s,) — ¢, then it is
sufficient to show that {s,} has a convergent subsequence.

Suppose not, then {s,} is unbounded. Without loss of generality, assume

Sp — 00 as n — 00. Then lim, o Yy, (Sn) = y # ¢. It is a contradiction. O

Now we define the moduli space fi,, = ps,/R. Choose a € (f(y), f(x))
and a is not a critical point, let uf , = {y € pzy | 7(0) = a}. Then g is a
ind(x) — ind(y) — 1 dimensional submanifold of y,,. In order to describe the

differential structure of fi,,, we have the following proposition.

Proposition 2.13. Restricting V¥ (defined in proposition 2.12) to R x ug . we

have
PR X pgy, = ey
(s,7) = V(y)=(s+")
This is an R-equivariant diffeomorphism.

Proof. 1t is obvious that U*(s; + s2,7) = Y(s1 + s2 + ) = Uy, o Uy, (y). So it
remains to show W is a diffeomorphism.

The bijectivity is trivial. Thus it is sufficient to show

DW(s,7) : R x Typugy, = Tw )

Ha,y

is an isomorphism.

For all (v,&) € kerDW(0,~), DU*(0,7)(v,&) =+ -v+& =0. We get £(0) =0
since the initial value of flow lines in pg , is constantly a. Then v-+'(0) = 0, which
implies v = 0. So D¥*(0,~) is injective.

The surjectivity follows from the equality of the dimension of the domain and
range. Finally, the fact that Wy is a diffecomorphism and ¥*(s,~v) = ¥4 0 ¥(0, )
finishes the proof. O

From this observation we have
floy = Hay/R = Mg,y

S0 fis,, is a manifold with dimension equals to ind(x) — ind(y) — 1.
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2.5 Compatification of /i, ,

Given the definition and differential structure of fi,,, we now study the com-
pactness of the moduli space. Unfortunately, fi,, is not always compact. As a

counterexample, suppose there is a sequence {a,} C fi,, sketched in Figure 2.1.

X

ui

Figure 2.1
Then {a,} does not have a subsequence that is convergent in /i, , (Consider
the example of M being a tilted torus and f being the height function). To solve
this problem, we add some elements called broken flow line to fi,, to compatify

the moduli space.

Definition 2.14. A sequence {t,} C fi,, converges to (01, ..., 0;) € flgy, X fly; yo X

coo X fly, , o if for any lift u, of i, and v; of ¥;, there are shifts 7, ; such that

COO
Up " Tnj —= v, Vie{l,..,i—1}

where ¥, ..., y;_1 are critical points of f.

Let
ﬁ%y = /296711 |_|< U :ax,yl X :&yhyz XX ﬂyz‘fhy)

Y1,---Yi—1

then we have the following proposition.

Proposition 2.15. fi,, is compact with the definition 2.1/.
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Lemma 2.16. Suppose {un} C pay, then there exists a subsequence {uy,} s.t.

[eS)
loc

C
Up, —> U

J

where v is also a gradient flow line.

Proof. We first show {u,,} is equicontinuous in C°(R, M). For all t;,t, € R with
th < 1o

/ () |2 dt = / i, — 7 fou)dt < f(x) — ()

t1 t1
then

Autn(tr), () < / " in(t) |

to
< \/(t2 - tl)/ | 4,(t) |2 dt (Holder inequality)

t1

< Vit —t)(f(@) - fy)

which implies the equicontinuity.
The compactness of M implies that u, are uniformly bounded. By Arzela-
Ascoli theorem, there is a subsequence {uy,} and v € C°(R, M) such that

CO([-R.R))

u(t) = jli—>11<30 un, (t) (Vt €R) Up; ||-r,R—— v |—rr (VR >0)
Since 1, = — V f o u, and the gradient vector field of f is smooth, we have the
C*-convergence

U, |[,R,R]M> vlrr (VR>0) with v=-—fov
iteratively for all k € N. O
oo

loc

Lemma 2.17. Suppose {u,} C piyy, v € iy, and u, —= v, then
Pyl

Uy — U

Proof. First we prove u,, converge uniformly to x and y, i.e. for any neighbour-
hood U,,U, of x and y, 37" > 0 s.t. Vn € N

un(t) €U, (Vt<-T)  un(t) €U, (Vt>T)

We only show the latter fomula and the proof of the former is similar.
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Suppose not, i.e. there exists U, 3 vy, t, — +oo such that u,(t,) ¢ U,.
Consider the Morse coordinate near y. Without loss of generality, assume U, is a
ball centered at y with radius e. Then for all p € W (z,y), if p is in the local chart
of y, x(p) = (0,...,0,2x11, ..., ), then f(p)— f(y) = a3 4 +...+22 <e & pe U,
If p is out of the local chart of y, then f(p) — f(y) > €. Therefore

un(tn) gé U, = f(un(tn)) - f(y) > €

Suppose f(v(t,)) = 5+ f(y), then by making n large enough ¢, > ¢y, we have

flun(to)) = f(y) = flun(tn)) — fy) = €

which contradicts w,(to) — v(to).

Having the uniform convergence of u,, along with the exponential decay we
have shown in lemma 2.5, we can say that there are ¢, C,T" > 0 such that for all
n €N

d(un(t),z) < Ce (Vt<-T)
dua(t),y) < Ce™®  (Vt>T)

On (—oo, —T] and [T, +00), the exponential convergence implies H'?*-convergence.
On the comact set [T, T], convergence in C{2 implies H!?-convergence. ]

Proof. (of proposition 2.15)
COC

loc

For {u,} C pzy, lemma 2.16 tells us there is a subsequence u,,, —= v, where
v is a gradient flow line. However the problem is v may not lie in p,,. Suppose
U € fary, then f(v(R)) C [f(y), f(x)] implies that f(y) < f(y) < f(2) < f(2).
Now we discuss different cases of 2’ and ¥/'.
Case 1: © = 2/, y = ¢/, then lemma 2.17 gives us H'?-convergent subsequence
directly.
Case 2: z =a', y # 1. Choose a € (f(y), f(¢')) and a is a regular value of f and
a sequence of shifting {7;} such that

f(unj (Tj)) =a
Denote i; = up, - 7;. Apply lemma 2.16 to {i;}, we have a subsequence such that

iy, = i and f(y) < f(0(+00)) < F(B(—00)) < F(¥).

Iterating these procedures finitely many times leads to the limit. O]

We are immediately led to the conclusion:

Corollary 2.18. Ifind(z) —ind(y) =1, i, is a finite set.
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2.6 Gluing

We have shown that the space of flow lines /i, , is compact and fi, , is a manifold
of dimension ind(z) — ind(y) — 1. Now we study what happened in the neigh-
bourhood of the broken flow lines. This is described in the following so-called

gluing theorem.

Theorem 2.19. Let x,y, z be critical points with ind(x) > ind(y) > ind(z), given

a compact set K C pig, X -, there is a lower bound py > 0 and a smooth map
§: K X [po, +00) = fa,
such that

1. # induces a smooth embedding

& : [A( X [/70,4‘00) — /l:v,z

=)
loc

2. As p — +00, §(i1, D, p) =% (i1, D)

3. If {l,} C fiz » converges to (u,v), then l, are in the range of & for suffi-

ciently large n.

The entire proof is rather complicated so we first give a brief outline of the

proof. The construction of the gluing map is carried out in three steps:

(1) Establishing a “pre-gluing map” 7, which glue broken flow lines (u,v) and
end up with a smooth curve in P,>?. This curve is an approximate solution
of the negative gradient flow from z to z in the following sense: (uf)v)(R)

differs from w(R) Uv(R) by a sufficiently small amount and the convergence
0 Cloooc A A
(u,v) —= (4, 0)
is provided as p — +o0.

(2) Forming a procedure of associating nearby flow lines from 4, . to those pre-
glued curves in a unique way for large p. We will construct a map, which

is denoted by:
expy, ((7(u, v, p)))

for some v € H'?(wsTM) = T,, P, where w, = ufjv. We will show it is a

real gradient flow line.

(3) Verifying the embedding property of £.
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2.6.1 Pre-gluing

Throughout the whole section we choose two cut-off functions % € C*(R, [0, 1])
such that

1 t<-1 0 t<0
p(t) = R} and  f*(t) = N
0 t>0 1 t>1

which is shown schematically in the figure 2.2.

B B+
1 1
1 0 0 1
Figure 2.2
We define the pre-gluing map by
up(t) t< -1
(uyv)(t) = § expy (B~ eap, (up) + Brexp, (v-y)) [t]<1
v_,() t>1

where u, = u(- + p), v_, = v(- — p). Note that this formula makes sense only for
| t|< 1, u, and v_, are in the image of exponential. Fortunately, these conditions
are true for p large enough since lim w(t) =y = lm v(?).

t—+o00 t——o00

w,(= ufffv) has the following properties:

(1) w, € Cr.

(2) w,(0) = .

(3) Fort < p—1, wy(t—p) = u(t). And likewise, if t > 1 — p, w,(t + p) = v(2).
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(4) £° is smooth.

(5) lim,yoo wy(t) = y.

Figure 2.3 sketches what happens:

Figure 2.3

We will also need the linearized version. First, we collect some background
material. Let 7 : TM — M denote the projection map, K : TT'M — TM be
the Levi-Civita connection map defined by the Riemannian metric g and exp :
O CTM — M be the corresponding exponential map. As a consequence, K and
Dt : TTM — TM yield a decomposition of TT'M into a horizontal bundle and
a vertical bundle: Tg,(T'M) = ker(D7(§)), Ten(TM) = ker(K), £ € TM. We
then obtain two isomorphisms:

viexp(€) = Deap(€) o (DT |r,cran) ™" : Toi)M = Togpiey M

Vaeap(€) = Dexp(€) o (K |1, ycran) ™"+ Toe) M = Toupie) M
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We are able to define the linear version of the pre-gluing operation: Let £ € T, P,
and n € T,P,?

gﬂ(t) t< -1
() (t) =  Vaeap(B~ Vo exp (&) + B o expH(n_,))(t) |t|<1
n-p(t) t>1

In the process of construction of the gluing map, we deduce the linearisation
of the gluing map from the linear version of pre-gluing. By the linearisation of
the actual gluing map we mean a projection onto the tangent bundle of j, . as a
subbundle of H'2.

Definition 2.20. Since D, = DF, and D, = DF, are surjective Fredholm
operators,
(ker)? = U kerD, x kerD, C (H"?)?
(u,v,p)
is a subbundle with constant and finite dimension. Then we can define

Lt ) ={v, € Hl’z(w;TM) | (Up,fﬁlpn>o,2 =0 for all (& n) € kerD, x kerD,}

(u,0,p

The importance of L(Luv ») lies in the following sense: one would like to glue

the flow lines v and v in such a way to get a flow line from z to z. Now the result

,2
2

perturbing w, with a small correction term v € L

but fail to be a flow line. However, by

1
(u,v,p)

w, of the pre-gluing operation lies in P}
one does obtain a flow
line.

Since w, € Py2, we can consider the local representation:

F,, = VQexp;pl oFoexp,, : O, C Hl’Q(w;TM) — LZ(w;TM)

We also have the identity: [, (0) = F(w,)(One can see [7,P74] for details of this
result).

The following results holds:
Proposition 2.21. ([7,Proposition 2.50]) If pg is large enough, for any p > po,
. 1,20, = 2/, %
DF,,(0) : H>*(w,TM) — L*(w,TM)
18 surjective and the map

Proj, o Ijlp kerDF, x kerDF, — kerDF,, (0)

is bijective, where Proj, is the L*-orthogonal projection onto kerDF, (0).
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Then from proposition 2.21,
kerD= | )  kerDF,,(0)
(u»v)eKvaPO
is a vector bundle on K X [pg, c0) with dimension ind(z) — ind(z) and
L_ L
= U L
(U’U)GKWZPO

is finite-codimensional bundle such that

kerDF,,(0) & L, , = H"*(w;TM)
Hence
DF, (0) |+ ; Loy = L(w;TM)

(u,v,p

is bijective and we denote the inverse map by

G,, = (DF,,(0) [+

(uw,v,p)

)7t LA(wiTM) N

(w,v,p)

2.6.2 The construction of gluing map f

Given the pre-gluing map #°, which is an approximate version of the gluing op-
eration, we now try to find a correction term for ° using the normal bundle L+
constructed above. In other words, we want to find a section v of H"?(P}2*T M)

over K X [pg, 00) so that

V(p) = expy,((v(u,v, p)))

is a real gradient flow line. Therefore we need the section
v : K % [py,00) = H(PyZTM)

satisfies F' oy = 0. Besides, we want exp,, ((7(u,v,p))) converge to the broken
flow lines (u,v) as p tends to infinity. From the previous section we can see that
the convergence property holds for pre-gluing map, so the correction term should
converges to zero, i.e. y(u,v,p) — 0 as p — oo.

Now we introduce a basic analytic machinery of this section.

Lemma 2.22. Let X and Y be two Banach spaces and f : X — Y be a smooth
map of the form
f(@) = f(0)+ Df(0) z+ N(z)

with dimkerD f(0) < co. And we assume G : Y — X satisfies
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(1) Df(0)oG = Id.

(2) There exists a constant C' > 0 such that the contraction property
| GN(z) =GN [<Clz [+ 1y l) lz—yll

holds for all x, y in B.(0), where ¢ = .

(3) 1 GFO) 1< 5.

Then there exists a unique o € Im(G) N B.(0) such that f(a) = 0. Moreover,
e f|<2 [ GF0) .

Proof. We prove this lemma using the contraction mapping principle. Define
¢ : X — X by setting

¢(z) = G(Df(0)z — f(x)) = —G(f(0) + N(x))
We first show that  is a zero point of f if and only if ¢(z) = z. Note that
Df(0)¢(z) = DF(0)G(Df(0)x — f(x)) = Df(0)x — f(z)
Hence ¢(z) = « implies f(z) = 0. Conversely, if f(z) =0 and 2 = G(y), then
¢(z) = GDf(0)(z) = GDf(0)G(y) = G(y) = =

We will therefor show that ¢ has a unique fixed point in B.(0).
First, ¢ sends B.(0) to itself: If || z ||[< ¢, then

| o@@) [|=| G(f(0)+ N(x)) | < [GFO) [+ || GN(z) |
< §+c || (sinceN(0) = 0)
< frod=S1S<e

2 2 5
Next, if x and y are two points of B.(0), then

Io(x) = o(y) I=[ GN(z) =GN || < CU =l +1yl)Iz-yl
2
< Welz—yll=zlz-yl

By the contraction mapping theorem, there is a unique a € B(0) satisfying

ola) = a.
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It remains to show the inequality stated in the lemma.
We have

2 1
Fall =1 ¢(0) <] ¢(e) =@ (O) i< Z [l f< 5 [ e |

It follows that
[al<2] ¢0) =2 Gf0O) ]| .

We are going to apply lemma 2.22 on
F,, = vaeap,) o Foexp,, : HY*(w;TM) = L*(w;TM)
which can be express explicitly as
F,,(x) = Vi + O(2) - w, + Vaeap,, oV f o expy,

where ©(z) = (Vaexp(x))™ o yiexp(x) : TrM =N TryM. Consider the ex-
pansion of F,, as the form of the formula of lemma 2.22:

F, (z)=F,(0)+DF, ) -z + N,,(0,x)
Compute the difference of the nonlinear term at two different points:

pr(a:)—pr(y) = pr(a:)—pr(y)—Dpr(0)~(:1:—y)
= DF,,(y)(x —y)+ No,(y,x —y) — DF,,(0) - (z — )
= (Dpr(y)—Dpr(O))-(x—y)+pr(y,:c—y)

Since K is compact, we have the following estimate for some constant C"
I Nooy (2) = Noo, (9) Nlo2< Ol 2 iz + 1w l12) |2 =y [z (2.5)
To get the required estimate in lemma 2.22, we need the following lemma.

Lemma 2.23. ([7,lemma 2.51]) If po is large enough, there exists a constant
C > 0 such that the isomorphism G,,, satisfies

I Gup€ lh2< C N € lloz Vp € [po,00), & € L*(w,TM)

Then (2.5) together with lemma 2.23 implies that there exists a constant
C > 0 such that

| Gu,No, (1) = G, Noo, (y) 12 < Ol 2 iz + 1y ll2) Iz —y L2
| Gu, Fo,(0) e = [ Go,F(w,) 125 C ] F(w,) lloz
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for all (u,v,p) € K x [pg, 00).
Now, in order to apply lemma 2.22, it remains to show that || F'(w,) ||o,2 tends

to zero as p goes to infinity. This result follows from the next lemma.

Lemma 2.24. There are constants ¢, > 0 such that
| F(wp) lloa< ce™®
for all (u,v, p) € K X [pg,00).
Proof. By the definition of #°, we have the identity:
F(w,)(t)=0 for |t|>1
So, without loss of generality,

u(t) = expt) t<—-p-—1
v(t) = expm(t) t=p+1

Consider the local coordinates near y, F = & + X : H"*(R,R") — L*(R,R"),
where X : R — R™ and DX (0) is the Hessian of f at y. Then we have

wy =B &+ B,
Hence
| Fwp) Iz = || Flwp) [[r2—1,1)< const || wp [ 21,1
< const(|| & a1y + | n—p [l12¢0,17))
Since ¢ and 7 satisfy exponential decay at the critical point 0:
| £(t) |< const e and | n(—t) |< const e for t>0

The constant 0 depends only on the Hessian of f at y, and we can make ¢

independent of £ and n by compactness of K. Since

1 €o lr22-1.0n < S[uFO}ﬂ E(t+p) [} < const ™
te[-1,

Similarly, || -, ||m2(1) < const e=°7. These complete the proof. O

Up to now, we have F,,, : H"?(wiTM) — L*(w3TM) and G, : L*(wiTM) 5

Lt C H"?(w;TM) satisfy the assumptions of lemma 2.22, therefore we can

(u,v,p)
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€L

conclude that there exists a unique correction term ~(u,v,p) € Be(0) N L, ,,

such that
F,,(v(u,v,p)) =0

and

IN

2 || G s, (0) 12
20 || F, (0) Jlooa= 2C || F(w) lloz2

|| 7(“7 v, p) ||172

N

Hence

| v(u,v,p) ||172< 2cCe™ %

which verifies the assertion we made at the beginning of the section(v(u, v, p) — 0
as p — 00). And the smoothness of v follows from the implicit function together
with the smoothness of F'.

Now we have finished the definition of the gluing map

1K x [p0>oo) — Mgz
(w,v,p) = expy,y(u,v,p)

The following two propositions that states the embedding property and the

last two assertions in theorem 2.19 help us finish the proof of theorem 2.19.
Proposition 2.25. If py is large enough, the unparametrized gluing map

ﬂ K x (po, 00)
(u,0,p)

~
Mz 2

ug,0
15 a smooth embedding.

Proposition 2.26. Suppose (,0) € fiyy X fly., and {p,} is an increasing se-

quence tends to infinity. then

oo

. C
ut,, 0 —% (11, 0)

And the converse is also true, that is, any sequence of unparametrized flow line

converging to (4, 0) finally lies in the range ofﬂ.

One can see the proof of these two propositions in [7,proposition 2.56] and

[7,proposition 2.57].
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2.6.3 Conclusion

We have stated and proved the gluing theorem under general condition, in fact,
we only need to consider broken flow lines with one break and the relative Morse
index ind(z) — ind(z) = 2, which is sufficient to construct the Morse complex.
Since the space of broken flow lines appears as a compatification of the space
of flow lines, the space of flow lines ﬁm is compact and fi, . is a manifold of
dimension 1. After study about what happens in the neighbourhood of broken

flow lines, we have the following theorem.

Theorem 2.27. Let x and z be two critical points with relative index equals to

2, then fi,.. is a compact manifold of dimension 1 with boundary and

8/?%,2 - U /:L$,y X ﬂy,z
ind(z)=ind(y)+1

Hence we are able to classify the component of /i, , by two types: one is
diffeomorphic to S and the other one is diffeomorphic to an open interval. For

the latter type, there are exactly two different broken flow lines as its boundary.

2.7 Orientation

In section 2.5 we have shown that i, , is consist of finitely many unparametrised
flow lines when the relative index of x and y is one. The definition of the boundary
operator 0 in Morse-Smale complex requires us to count the elements in /i, , with
sign. These signs are determined by the orientation of the fi,, and @ € fi,,. The
orientation of @ is the canonical orientation of the flow line. So we need to define

a coherent orientation for the moduli space.

2.7.1 The determinant line bundle

Consider two finite dimensional real vector spaces E, F. We define a one-

dimensional vector space by
Det(E,F) = ("™ E) (Q(A™F)"
where A™@2F = AMMEE and A°F = R for any E.
Lemma 2.28. Given an exact sequence of finite-dimensional real vector spaces

d d di—
0> E S5 ES% . 25 E >0
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There exists a canonical isomorphism
o @ ) S @ ("
i even odd

Proof. Suppose eqq, ..., €1,, is a basis of E;. By the exactness of the sequence, d;
is injective, so we can extend the linear independent vectors dy(e11), ..., d1(€1n, )
to a basis of Es, suppose is di(€11), ..., d1(€1n,), €21, .., €2n, -

Claim: dy(e21), ..., da(€2n,) are linearly independent in Fj.

Suppose not, then xidy(es) + ... + xp,da(e2,,) = 0 for some xq,...,2,, € R
with 27 - ... - 2, # 0. Hence

T1€91 + ... + Tp,€on, € ker(dy) = Im(dy)
= Ti1€21 + ... + Tp,Con, = y1d1<€11) + ...+ ymdl(elm)
= xlz_'_:xHQZylz.“:ynlzo

It is a contradiction.

Then we can extend dy(es), ..., da(e2,,) to a basis of E3, say, da(e1), ..., da(€2n,), €31, .-

Similarly, for each 1 <7 < k — 1, we can find a basis of E;,; of the form

di(eﬂ), ---,di(emi), €it1 1y -+ Citl myqq
where nj, = 0 since d}, is surjective. Then we define ¢ by

(dl(ell) N A dl(elm) A €921... VAN €2ny X )
— (611/\.../\61n1 ®d2(621)/\.../\dg(egnz)/\...)

This map is independent of the choice of the bases of the vector spaces, since
any change of bases operates by multiplication with same determinant of the

transformation on both sides of ¢. m
Suppose now X is a topological space and
f X — F(H(),Hl)

be a continuous map, where Hy, H; are Banach spaces. We define the determinant

of a Fredholm operator F' as
Det(F) := Det(kerF, cokerF)

Besides, we define

Det(f) := | J{x} x Det(f(x))

zeX

) 63713 .
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If dim(ker(f(z))) is locally constant, since Fredholm index is locally constant,
so is dim(coker(f(x))). Then ker(f) := U,cx{z} x kerf(x) and coker(f) :=
U.ex{z} x coker f(x) can be seen as sub-bundles of X x Hy and X x H; respec-
tively over X. Therefore we have Det(f) = A" ker(f)® (A" coker(f))*, which
implies that Det(f) is a real line bundle. However, without the assumption, we

still have the property.
Proposition 2.29. Det(f) = U,cx{z} x Det(f(x)) = X is a real line bundle.

Proof. The proof follows from [4, Appendix].
Let v : R® — H; be a linear map such that f¢(x) is a surjective Fredhom

operator for some x € X, where f¢ is defined as

fo: X — L(R™x Hy, Hy)

z o= ((h k) = ¢(h) + f(2)k)

Then we can find an open neighbourhood U(z) 3 x such that f,(y) is surjective
for all y € U(z) and the Fredholm index of f,(y) constantly equals to ind( fw(a:))
on U(x). Hence we define fy(y) for y € U(z) as follows:

fw(Q) :R™ x HO — R" x Hl
Therefore dim(ker f,(y)) and dim(coker fy(y)) are constant on U(z). Thus, we

have a determinant bundle
Det(fy) = Ul(x)

as long as (z,v, U(x)) satisfies conditions described above.

Consider the exact sequence for y € U(x):
0 — kerf(y) a, ker fy(y) NS RN cokerf(y) — 0
defined by

di(k) =(0,k)
do(h, k) =h
ds(h) = [V(M)]rsw)

According to lemma 2.28, we have a canonical isomorphism

Gy A" ker(f(y) @ AR = A" ker(fuly)) @ A" (coker f(y))
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Tensor both side of ¢, by (A™**R")* ® (A" (coker f(y))*). Since for all finite-
dimensional real vector space E, (A" E)® (A" E)* = R via the map £ @ n* —

n*(£). We obtain an isomorphism:

Det(f(y)) = N"“ker(fu(y)) @ (\""R")" = Det(fy(y))

The equality comes from the identity coker fy(y) = (Hy x R™)/Hy x {0} = R™.
Then we have isomorphisms on fibres of Det(fy) and Det(f) |u():

o)

Det(fy) — Det(f) lu)
Wl /
Ulz)
It remains to show that for two admissible triples (z, ¢, U(x)) and (', ¢', U(2")),

the transition map
transition
Det(fy) lv——— Det(fy) |v

is a vector bundle isomorphism, where V = U(z) N U(2').
Assume ¢ : R" — H;, we define

vy R"xRY — H;
(h k) = p(h) + (k)
Then for y € V', we have an exact sequence
0 — kerfu(y) = ker fyap (y) — R™ = coker fu(y) — 0

By similar calculation as before, we obtain an isomorphism

Det(f4(y)) = Det(foew (1))

Then it is obvious that Det(fy) = Det( fyey) is a vector bundle isomorphism
over V. We have the same result for Det(fyay). And we can easily induce
a vector bundle isomorphism Det(fyay — Det(fyay) from the vector bun-
dle isomophisms between kernel and cokernel bundles of the type (hy, he, k) —

(ha, hi, k). Then the results follows from the commutative diagram:

Det(fd,) transitionDet(fw/>

- iw

Det(fyey —= Det(fyay)
L]

Definition 2.30. An orientation of a family of Fredholm operators f : X —
F(Hy, Hy) is given by a non-vanishing section of the determinant bundle Det(f).
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2.7.2 Orientation on glued Fredholm operators

Let A be an element in C(R, End(R")) such that A* = A(+o0) € GL(n,R) are
nondegenerate self-adjoint operators on R™. Then we define a set of special class

of Fredholm operators:
O(A~,AT) = {% + A | AcCR,End(R")), A* = A(+o00)}

Elements in ©(A~, AT) are Fredholm operators defined from H»?(R, R") to L*(R, R").

And we also have the following index property:
ind(F) = #{negative eigenvalue of A~} —t{negative eigenvalue of A*} (2.6)
We also have the following property for ©(A~, A™):

Proposition 2.31. ([7, lemma 2,15])
O(A~, A") is contractible in X2 = |JO(My, Ms), where My, My are nondegen-

erate self-adjoint operators on R™.

Suppose K =4 + A€ O(A~,A") and L = 4 + B € ©(B~, B") are asymp-

totically constant operators, i.e.

At t>T Bt t>T

Definition 2.32. The gluing operation for asymptotically constant operators
K, L with AT = B~ is defined by

AmL:i+Ce@mﬂBﬂ

dt
where
At + t<0
o) = (t+p)
B(t—p) t>0
forall p>1T.

From (2.6), we have the following fomula
ind(K4,L) = ind(K) + ind(L)

Now, the crucial question is whether there is a concept of orientation of Kf,L

associate to orientations of K and L in a canonical way.

4
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Proposition 2.33. Let K, L be Fredholm operators defined as above, then there

exists an isomorphism
DetK @ Detl, = Det(K#,L)

for p large enough.

Proof. In the following proof we denote H?(R,R") and L*(R,R") as H'? and
L? respectively.
Choose a linear map v : R¥ — L? such that the maps

RF x g — L?
Koo (a,u) = ¢a)+ K(u)
Ly:  (a,u)  +—1(a)+ L(u)
are surjective. Then we define
RF x HY? — R" x L?
Ky (a,u) (0, Ky(a,u))
Ly:  (a,u) (0, Ly(a,u))

Then from the proof of 2.29, we have

DetK, = DetK  and  DetLy = Detl

With out loss of generality, assume for all a € R¥, (a) is compact supported,
i.e., there exists R > 0, Va, supp(v(a)) C [—R, R], because

Lpgy — Ly in L(HY, L?) as R — oo

(Br is a cut-off function with support in [—R, R]) and the set of surjective Fred-
holm operators is open in L(H"?, L?).

We define the glued operator
Kyt Ly : RF xRF x HY?2 — [2
(a,b,u) = (Ko L)u+¢(a)(- + p) + ¢ (0)(- — p)
for p > R+ 1+ T. Then we introduce the following lemma.
Lemma 2.34. There exists pg > R+ 1+ T such that

¢, : kerKy x kerLy, = ker(Kyf,Ly)
((CL, U), <b> U)) = Pﬂ(av b? Up, _UP>
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is an isomorphism, where P, is the orthogonal projection in RF x R* x L? onto
ker(KytpLy).

The proof of this lemma can be found in [4], Proposition 9.
Define

Kyt,Ly: REXREx HY? — RF x RF x 12
(CL, bu u) = (07 07 Kd)ﬁpf/lb(a’ ba u))

Then Kyf,Ly = (Kt,L)y,ey_,, from the proof of proposition 2.29 we have a
natural isomorphism:
Det(Ky#,Ly) = Det(K#,L)

By lemma 2.34, we have an isomorphism
(AN"kerKy) @ (A" kerLy) = A" ker Kyt Ly
Therefore, if p is large enough,
Det(K,) ® Det(Ly) = Det(Kut,Ly)
Finally, we have
DetK ® DetL = DetKy @ DetL,, = Det(Kyf8,Ly) = Det(Kf,L)

]

It follows from proposition 2.31 that Det(©(A~, AT)) is trivial, so O(A~, AT)
is orientable. A choice of orientation for ©(A~, AT) will be denoted by o(A~, A™).

At the end of this section we introduce the following theorem.

Theorem 2.35. Suppose AT = B~, then a choice of orientations of ©(A~, AT)
and ©(B~, BT), sayo(A~, AT), o(B~, BY), determines an orientation o(A~, A™)to(B~, BT)
on O(A~, Bt). Moreover, if Bt = C~, the associativity rule is fulfilled:

(0(A™, AM)go(B™, BT))4o(C™,CT) = o(A™, AT)§(o(B~, B )1o(C™,CT))

This theorem follows immediately from proposition 2.33. More precisely,
o(A™, A") and o(B~, B") induce orientations o( K') and o( L) respectively for K €
O(A~,A"),L € ©(B~,B"). Then by proposition 2.33, we have an orientation
o(Kt,L) which determines the desired glued orientation o(A~, A*)to(B~, B*) on
©(A~,BT).
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2.7.3 Coherent orientation on ., ,

Recall that for each pair of critical points z, y, p,, = F~(0)(by theorem 2.4).
For u € pi,, we have
Tuptey = ker(DF(u))

Since DF(u) is surjective for generic metric g, we also have
A" ker(DF(u)) = Det(DF (u))

Given u € p,, we have a trivialization ¢, : v“T'M — R x R" such that un-
der this trivialization DF(u) = % + A, where A=, A" are Hessian of [ at z,y
respectively. So we can consider DF'(u) as an element of ©(A~, A™). Then an
orientation o(A~, AT) together with the trivialization ¢, determines an orienta-
tion for T}, 41, ,. From this, we can induce an orientation on u. Next, we want to
orient iy .

Since ¢, : uw*T'M — R x R™ is an isomorphism, we can deduce from ¢, the

following two isomorphisms between Hilbert spaces
H" (R, u*TM) — H"*(R,R") and L*(R,u*TM) — L*(R,R")

which are again denoted by ¢,. Therefore, ¢, 0 DF(u) o ¢, ' = 4 4 A.

For all v € pg,, there exists a trivialization ¢, : v*T'M — R x R" such that
¢» 0 DF(u) o ¢! = 4 + B, where B(+o0) = A(£00) and ¢, o DF(u) o ¢, and
¢, 0 DF(u) o ¢, are homotopic in O(A~, A"), which is denoted by ¢, o DF(u) o
¢, ~ ¢y, 0 DF(u) o ¢;'. Then ¢, determine orientation for the tangent space
Totha,y-

Now we introduce the following proposition:

Proposition 2.36. ([{,lemma 15]) For all u,v € py,, let Det(DF(u)) and
Det(DF(v)) be oriented by 01,05. Then ¢y, ¢, induce orientations ¢, (01), ¢,(02)
on Det(p, 0 DF(u)o ¢, ') and Det(¢, o0 DF(v)o ¢, t) respectively. Suppose ¢, ¢,
are two trivializations such that

¢uo DF(u)od," ~ ¢,0DF(u)od," and ¢,oDF(u)od," ~ ¢,0 DF(u)o(d),)™"

v

then ¢,(01) and ¢,(09) are related by continuation in O(A~, AT) if and only if
du(01) and ¢l (02) are related by continuation in O(A~, A1),

Proposition 2.36 gives a tool to orient fi,,,. If we fix a trivialization ¢, for some

U € gy, then an orientation o(A~, AT) of ©(A~, A") yields an orientation for
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each Typy,. For all v € p,,, we induce an orientation o(v) from the orientation
of Typigy-

For the collection of flow line spaces

U e

z,yeCrit(f)

We have a corresponding set

U e, 4,)

T,YEPz,y

where A, is the Hessian of f at x.

Definition 2.37. A collection of orientations o(A4,, A,) on ©(A,, A,) is called

coherent if it is compatible with the gluing operation, i.e.
o(Az, Ay)to(Ay, A,) = 0(As, As)
Theorem 2.38. Coherent orientations exist.

Proof. To show the existence, we construct one.
First, fix a critical point 2 and choose an orientation o(A,,, Az,) on O(A,,, A, ).
Second, for each critical point z, choose orientations o(A,,, A,) on O(A,,, Az).

The coherent condition determines the orientations of ©(A,, A;,) by
0(Asys Au)o(Az, Asy) = 0(Asg, Asy)
Third, the orientation of ©(A,, A,) is determined by
0(Azq, Az)fo(Ax, Ay)flo(Ay, Az ) = 0(Asy, Asy)

which is well-defined due to associativity. Moreover, associativity guarantees that

this construction provides a coherent orientation. O

2.7.4 Orientation on W(x,y)

We have discussed how to orient the flow line space p,,. Since p,, = W(z,y),
there is another way to orient s, ,, that is, define an orientation on W (x,y).
Theorem 1.5 tells us that W¥(z) = R™®) for all z € Crit(f). Hence the

unstable manifolds are orientable. We choose orientations o, for these unstable
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manifolds. Given that M is orientable and oriented, these orientations impose

positive orientations on T, W?*(z) for each = through the indentity
T,W*(z) @ T,W*(x) = T, M.

Thus, all the stable and unstable manifolds are oriented.
Next we want to define orientations on W (z,y) = W*(x) N W*(y). We will

make use of the following fact: Given a short exact sequence of vector bundles
0—-F—>F—-G—0

the orientation of E,(a fibre of E) followed by the orientations of F, and G,.
This fact follows trivially from lemma 2.28.

Suppose p € W(z,y) is a non-critical point, there is a short exact sequence

0= T,W(x,y) > T,W ) L T,W*y)—0

(U) — (U, é1, --~7€k71) — (61, ~--;€k71)

where ind(x) = k, ind(y) = k — 1 and wu is a flow line from x to y, thus (@) is a
basis of T,W (z, y)(since W (z,y) is a 1-dimensional manifold), and (i, ey, ..., ex_1)
is a complete positive basis for T,IW*(z). The exactness of the sequence follows
from the injectivity of ¢ and surjectivity of j.
Since
Tuptyy = ker(DF(u)) and DF(u)(u) =0
U spans T, ft5 ,.Now, we introduce the following mechanism for orienting 75,1 ,:
(@) is a positive basis if (e, ...,ex—1) is a positive basis of T,W"(y), (@) is a

negative basis if (eq, ..., ex_1) is a negative basis of T, W"(y).

2.8 Morse complex

We define the Morse complex (CM(f),0M) as follows. Let Crity(f) denote the
set of index k critical points of f. The chain element C} is the free Z-module
generated by Critg(f):

= @ zZ<z>

zeCrity(f)

The boundary map 0™ : Cy — Cy_; counts flow lines, that is for all € Crit,(f)

8M(:B) = Z #ﬂx,y "y

yeCrity_1(f)
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Note that fi,, is a 0-dimensional manifold consists with finite point, here #fi, ,,
denotes the number of points in i, ,, counted with signs given by the orientation
on fly 4.

We now show that (CM(f),0M) is a chain complex.

Theorem 2.39. (0M)? = 0.

Proof. From theorem 2.27, we know that if ind(z) = ind(z) +2, fi,.. is a compact

1-dimensional manifold and

aﬁlm,z = U ﬂx,y X ﬂy,z
ind(z)=ind(y)+1

Now we compute (9*)? explicitly,

@) (z) = OM( D Hiay-y)
yeCrity_1(f)

= Y (Fw Y #ine2)

yeCrity_1(f) 2€Crity_o(f)

= > > HlagHiye 2

z€CTrity_o(f) yeCritk_1(f)

So for every critical point z with index equals to ind(x) — 2, the coefficient of z
in (0M)%(z) is
D R R T
yeCTrite—1(f)
which is zero since the boundary of a compact oriented 1-dimensional manifold
has zero points counted with sign(1-manifold has two kinds of forms, one is S?
and the other is interval. S! has no boundary point and the two boundary points

of an interval has opposite sign). O]



Chapter 3

Morse complex agrees with

cellular complex

We have introduced two approaches to construct chain complex of (M, f) and
thus obtain two kinds of homology. In this chapter, we aim to show that Morse

complex agrees with cellular complex.

Theorem 3.1. Suppose
Culh)= P zZ<ei>0% and (CY(f)= P Z<z>0")
z€crity (f) z€Crity(f)

are the cellular chain complexr and Morse complex defined at the end of chapter

1 and chapter 2 respectively. Then the following diagram commutes.

Cr(f) == Ca(f)

(
gi lg

o M

O%(f) - Cl%l(f)
Here, the left vertical map maps €* to x and the right one is similar.

Proof. Since

of(el) = > deg(ag)ef™
yecrity_1(f)
and
M) = > Hlwy-y
yeCrity_1(f)

The commutativity of the diagram follows immediately from the identity
deg(axy) = #,&x,y-

49
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Now we begin to prove this identity.
First, we study the map defined in section 1.3:

1 q _
azy:aefzﬂXk 1—>S§ 1

where ¢ is the attaching map and ¢ is the quotient map collapsing X*~1 \ e*~!
to a point. Since there is a finite number of flow lines from x to y, def contains
finite points in W (x,y). According to the definition of ¢, ¢ (y) is a finite set
and ¢ is a local diffeomorphism at each p € ¢~ (y).
Since
deg(ovy) Z deg(agy, p
pEP~(y)

where deg(oyy,p) is the local degree of oy, at p. deg(ayy,p) is either 1 or -1

because ¢ is a local diffeomorphism at p. Moreover, we have

1 if dp(p) preserves orientation
deg(ogy,p) = ,
—1 otherwise

From the discussion of orientation on W(z,y) in section 2.7.4, we can give
an equivalent definition of the sign of flow lines from x to y. Consider the short

exact sequence

0= T,W(x,y) > T,W4z) L T,W"y)—0

(u) — (ﬂ,el, ...,ek_l) — (61, ...,ek_l)

the sign of u is positive if (e, ..., ex_1) is a positive basis of T,,W*(y) and negative
otherwise.

T,W"(x) can be written as T,W (x,y) & Tp0ek, also, Ty, Sy~ can be taken
as T,W"(y). Now, T,de} is attached to T, Sk~ via a. Choose (i, €1, ..., ex_1)
as a positive basis of T,W (x,y) @ T,0ek, then (de(p)(eq,...,ex—1)) is a basis of
To@)Sy~". Then it is obvious that (dg(p)(er, ..., ex—1)) is a positive basis if dip(p)
preserves orientation, and negative basis otherwise.

So the sign of u is positive if dp(p) preserves orientation, and negative other-
wise.

Figure 3.1 is a visualisation of the reasoning above.



o1

Figure 3.1

The left one is the case when dp(p) does not preserve orientation, and the
right one is the orientation preserving case.
Therefore, deg(cuy) = F#flzy O

From theorem 3.1, we can conclude:

Corollary 3.2. HM(f) =2 HY(X).
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Chapter 4
An overview of Floer theory

Floer theory attempts to build the equivalent of Morse complex in infinite dimen-
sions. The finite dimensional manifold M is replaced by an infinite dimensional
manifold and the Morse-Smale function f is replaced by some functional. Floer
homology is a useful tool to study many problems in various areas, such as sym-
plectic geometry, gauge theory and the low dimensional topology. There are

several Floer homology theories and we discuss two of them in this chapter.

4.1 Lagrangian-Floer theory

Andreas Floer introduced Floer homology in symplectic geometry in order to
solve the Arnold’s conjecture concerning the fixed points of a Hamiltonian diffeo-
morphism ¢ : M — M of a compact symplectic manifold (M, w).

The conjecture states that if all of the fixed points are nondegenerate, then

#fix(p) > Z rankHy(M).

A Lagrangian submanifold L of a symplectic manifold (M, w) is a submanifold
whose dimension equals to half of the dimension of M and satisfies that *w =
0, where i is the inclusion map. Suppose Lo, L; € (M,w) are two compact
Lagrangian submanifolds and Lg is transversal to L;. Floer homology, denoted

by HF(Lg, L), is a homology group of the chain complex that is given by

CF.(Lo, Ly) = Z Z[p).

peLoNLy

Floer defined HF(Ly, L) as the homology of the chain complex (C'F\, d) where

the boundary operator 0 is defined by counting the number of pseudo-holomorphic

53
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discs with half of its boundary lying on Ly and the other half lying on L; and
with its asymptotic limits given by p,q € Ly N L;. The main task is to prove
0 =0.

Consider the infinite dimensional manifold of smooth paths

M(Lo, L) = {1:[0,1] = M | 1(0) € Lo,I(1) € Ly }.

On this space we have the action one-form «

a(1)(€) = / W(E(t). D)t YE € TIM

Since Ly, L are Lagrangian submanifolds, this form is closed. Note that M(Lg, L)
is not necessarily connected but has countably many connected components. We
denote the component containing ly by M (Lo, L1,ly) and its Novikov covering
space by m : M(Lo, L1, lo) — M(Lq, L1, lo).
Given [ € M(Ly, L), there exists a smooth map I' : [0,1] x [0,1] — M such

that

u(s,t) = ls(t)

ls € M(Lo, L1)

u(l,t) =1(t)

We define the action functional
A: .//\_\/l_/(L(), tho) — R
(l,u) — / uw
[0,1]%[0,1]

,sthe differential of which is

(AL w)(€) = / W(E(t),i(0)dt Ve € TiM(Lo, L)

The critical points of A are constant maps. If [(0) = [(1) = p € LoN L4, thenlis a
constant map on intersection points of Ly and L;. Moreover, [ is non-degenerate
if and only if Ly and L; intersect transversally at p.

Suppose Jy and J; is a pair of compatible almost complex structures on (M, w)
and {J;}scp,1] is a path of compatible almost complex structures joining them.

Then we can define a metric on M(Lg, L1) by

1
<6 = / W(E (1), TiEa(t))dt
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The gradient equation of A becomes

du du
as g =0 (4.1)

u(s, ) = ls < M(LQ, Ll)

where u : R x [0,1] — M is a path s — [ in M(Lg, Ly).
Now we define the space of bounded solution of (4.1) by

(Lo, Ly) = {u | w satisfies (4.1) and / ww < oo}

Rx[0,1]

Then we have the following proposition.

Proposition 4.1. For all u € p(Lo, L), we have the following limit

dm s ) =ty fguls ) =l

where p,q € Lo N Ly and 1,1, are constant paths at p,q respectively.

Given this proposition, we can define

w(p,q) = {u € u(Lo, Ly) | lim wu(s,-) =1, lm u(s,-)= lq}

S——00 S§—00

for p,q € Lo N Ly. pu(p,q) is the space of connecting orbits. It plays the role of
gradient flow lines in the finite dimensional Morse homology.

Floer homology is defined by

( kero
HF(Ly, L) = 5

0 : CF(L(), Ll) — CF(L(), Ll)
CF(LQ, Ll) = @Z[lp] where pE L() N L1
Ny =3, < Olp,ly>1,

| < Oly, 1, >= #gradient lines of A joining [, and [,

Theorem 4.2. (Floer)
Suppose Lo = L and Ly = ¢(L) for L satisfying mo(M, L) =0 and ¢ : M — M
is a Hamiltonian diffeomorphism. Then O is well-defined and 0* = 0 and Floer

homology is invariant under the Hamiltonian diffeomorphisms, that is to say
HF.(Lo, L1) = HF.(¢oLo, p1L1)

where g, 1 are Hamiltonian diffeomorphisms.



56 CHAPTER 4. AN OVERVIEW OF FLOER THEORY

4.2 Instanton Floer theory

Another area where Floer homology has been very useful is low dimensional
topology. In instanton Floer theory, we study the space of connections on a
principal SU(2) bundle over a 3-manifold Y (modulo the gauge group). The role
of the Morse function in classical Morse theory is played by the Chern-Simons
function.

Let 7 : P — Y be a principal G-bundle where G = SU(2) and Y is a closed
3-manifold.Then there is a Hermitian C? bundle £ = P X g2) C*. Suppose g is
the Lie algebra of GG, then we denote the bundle P x4 g by adP.

A connection A on P is a covariant derivative
Va:C®Y, E)— C(Y;TY ® F)

satisfying \ya(fo) = fwva (0) +df ® 0. For the associated bundle ad P, we write
dy: C®(Y;adP) — C*(Y;T*Y ® adP), and we have the higher forms

dy: QF(Y;adP) — QMY adP).

Although vector bundles are locally trivializable, not every connection is lo-

cally trivial. We define the curvature 2-form on P, denoted by Fla.
1
Fa :dA+§[A/\A]

Note that Fy € C*(Y;A* ® adP) is 0 when A is trivial connection. The set
of connections on P, denoted by A, forms an affine space over Q'(Y;adP). A
connection A satisfying F4 = 0 is called a flat connection and we denote the set
of flat connections by flat(A).

A gauge transformation is a G-equivariant automorphism of P. The set of

gauge transformations is called the gauge group and denoted by G. We define
M=A/G

Now we discuss about the Chern-Simons function. Suppose X is an oriented
4-manifold with boundary Y, and extend the bundle P and connection A on X,
denoted as P and A respectively. Then the quantity

1
2 Xtr(FA A Fa) (mod 7Z)

depends only on the gauge equivalence class of A.



4.2. INSTANTON FLOER THEORY 57

For a connection A on P — Y, we define the Chern-Simons invariant C'S(A)
1
to be the residue of ﬁ/ tr(Fa A Fa)(mod Z). The freedom of choosing the
™ Jx

extension leads to an alternative construction. Let X =Y x [0,1] and A is a
connection on p over X, which is trivial product connection over Y x {0} and
agrees with A on Y x {1}. Then we have

1

82 Y x[0,1]

CS(A) tr(Fa A Fa)

On the other hand, in a trivialization of our bundle over X, we have
2
d(tr(A A dA + SANAN A)) =tr(Fa A Fa)

By Stokes’ theorem,

CS(A) = — tr(Fa A Fa)

812 Jy« [0,1]

= # Ytr(A/\dA—f—;A/\A/\A)
The function C'S : M — S! is called the Chern-Simons functional.

The critical points of C'S turns out to be flat connections. Let R C M
denote the space of gauge equivalence classes of the flat connections. The gradient
flow lines of the Chern-Simons functional are smooth maps R — A : ¢ — A(¢)
satisfying

dA(t)
Cdt
where * is the Hodge star operator.

+*xF4y =0

Now we consider the Hessian operator

Qa : kerdy, — kerd)

a +— *xda(a)

To understand more about the Hessian, we introduce another operator which is

equivalent to it. For any connection A on P, let

La: QY, adP) & Q\(Y, adP) — Q°(Y, adP) & Q'(Y, adP)

0 —dy
—dA *dA

be defined by the matrix
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The operator L, is self-adjoint, elliptic. To relate L4 with ()4, we decompose
the 1-form as
QN (Y, adP) = kerd’, © Imd,

Then if A is flat, Ly = Q4 & S, where Sy, is

0 —dy
—dy 0

Since the spectrum of L4 is real and discrete, we obtain the spectrum of Q)4
by discarding the spectrum of S4. For a pair of flat connections (Ao, A1), we
define the relative index ind(Ag, A1) by counting the net number of eigenvalues
crossing 0.

Assume that CS is a Morse function, we define the Floer chains to be

.= P z<[4>
A€ flat(A)

The definition of the boundary operator is similar to that in the Morse homology,
we want to count gradient flow lines between gauge equivalence classes of flat
connections that have relative index one. To do this, we introduce Yang-Mills
equation.

Consider the 4-dimensional manifold X = Y xR and let the bundle PxR — X
be a trivial extension of P — Y. A connection A on P — Y extends to a
connection A on P X R, where the R direction in R x P is horizontal. Then the

gradient flow equation takes the form
F A — — % F A

This is the anti-self-dual Yang-Mills equation.
Let a and f be flat connections, define M(«, 3) to be the set of connections

A quotient by Gx satisfying
(

FA = — FA
lim;,_o A ‘Yxt: Q

1imt—>+oo A |Y><t: 5

| [x tr(Fa A xFa) < oo (A has finite energy)

Note that shifting the ¢ variable defines an R action on M(«, 5). We define the
moduli space M(a, 8) = M(a, 5)/R.
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The boundary operator of the Floer chain complex is given by

oo = Z #M(Oé7ﬁ)ﬁ

Be flat(A),ind(a,8)=1

The choice of orientation is another subtle point. Besides, we also need the
condition that the moduli space consists of finite points when ind(«a, ) = 1. The
proof that the chain complex is well-defined follows the same basic scheme as in

Morse homology but is a lot more strenuous.
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