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1. INTRODUCTION

The family of simple modular Lie algebras nowadays known as Hamiltonian
algebras was discovered in the fifties by A.A. Albert and M.S. Frank (see [1]) and
is named after them. By their very definition, they are graded over a non-cyclic
elementary abelianp-group. In his paper [13], A. Shalev noticed that they possess
a cyclic grading as well and they admit a non-singular derivation that cycles over
this grading. This property allowed him to build an infinite-dimensional loop
algebra starting from the original simple one: the new structure is of maximal
class,i.e. it is N-graded with all homogeneous components of dimension one
except the first one which has dimension two and generates the entire algebra.
These new algebras are known as Albert-Frank-Shalev (AFS, for short) algebras.

In the following years there has been a growing interest in these algebras:
A. Caranti, S. Mattarei and M.F. Newman developed new techniques to construct
more algebras (see [2]) and later Caranti and Newman achieved a classification
theorem for odd characteristic fields of definition in their paper [3]. The remarkable
result they reached shows that every infinite-dimensionalN-graded Lie algebras of
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maximal class generated by its first homogeneous component can be built starting
from anAFS-algebra.

To get the claim they need a theorem proved by C. Carrara in [4], [5], which states
that everyAFS algebra is uniquely determined by a suitable finite dimensional
quotient; she obtained this result as a corollary of a more general property she
discovered:AFS-algebras are finitely presented up to central and second central
elements.

A similar classification for characteristic two is still valid (see [9]), but in this
case another family of algebras is involved: they are called Bi-Zassenhaus loop
algebras (Bl for short). The loop construction process for them is exactly the same
as for Albert-Frank-Shalev algebras, but the simple finite-dimensional algebra at
the beginning is different: their definition is in [8].

Here we want to show that the property described above forAFS-algebras is
satisfied byBl-algebras, too; the fact thatBl-algebras are uniquely determined by
a suitable finite-dimensional quotient again follows as a corollary, although in [9]
we prove it directly.

In particular, the result we prove is the following

Theorem 1.1. For every Bi-Zassenhaus loop algebraBl(g; h), there exists a
finitely presented graded Lie algebraM(g; h) such that

M(g; h)=Z2(M(g; h)) �= Bl(g; h) :

The construction of the central extensionM by means of cohomological
arguments is shown in [8]. Note that, since the centre ofM is infinite-dimensional,
a group-theoretical result of B.H. Neumann [12, pp. 52-53] transferred to Lie
algebra shows that this implies thatBl itself isnot finitely presented.

Since the relations in the presentation of the algebraM are retrieved by ex-
panding several suitable generalized Jacobi identities, machine computations took
a main r̂ole throughout the work. These computations were performed by the
softwarep-Quotient Program [6] developed at the Australian National University
in Canberra. Nevertheless, all the proofs are independent from such calculations.

2. PRELIMINARIES AND NOTATION

We refer to the above cited papers for background on graded Lie algebras of
maximal class and the construction ofBl algebras. This section is meant to give
a brief survey of the main facts concerning the topics involved in the present
discussion.

A graded Lie algebra

L =

1M
i=1

Li ;
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defined over a field of positive characteristicp and generated byL1 is said to be
of maximal classif dim(L1) = 2 anddim(Li) � 1 for i > 1.

Its elements are written left-normed and in exponential form:

[uvn] = [[[u v]v] � � � v| {z }
n

] :

Thetwo-step centralizersCi ofL are defined as the one-dimensional subspaces
CL1

(Li) of L1 centralizing the homogeneous componentsLi wheni > 1, while
C1 = C2 is formally assumed. Following the classical notation, we define the
elementy by means ofC2 = Fy and we choose another elementx 2 L1 n Fy

such that the pairfx; yg is a set of generators forL1. When the class ofL is
large enough, all the two-step centralizers coincide withC2 apart from isolated
occurrences of different subspaces, so it is possible to define aconstituentof L as
a subsequence(Ci; : : : ; Cj) where all centralizers coincide withC2 but the last
one, and eitheri = 1 orCi�1 6= C2. Homogeneous elements lying in classi� 1

andj are respectively said to beat the beginningandat the endof the constituent
and they are not centralized byC2.

A graded Lie algebras of maximal class is determined by its sequence of two-
step centralizers, and, when only two of them are distinct, by its sequence of
constituent lengths. The first constituent of a large enough graded Lie algebra of
maximal class is always of length2q for some powerq = ph called itsparameter,
and all other constituents can only beshort (i.e. of length q) or long (2q) or
intermediate(2q � ps � 1, where0 � s � h� 1).

From now on, unless explicitly stated, we will assumep = 2. This allows us to
ignore signs safely so that the generalized Jacobi identity reads as follows in the
two equivalent forms:

[v[wu�]] =

�X
i=0

�
�

i

�
[vuiwu��i]

=

�X
i=0

�
�

i

�
[vu��iwui] ;

We will introduce the elementz = x + y to apply the above formula more
effectively: if 0 6= v 2 Li, for somei > 1, and if

Ci; Ci+1; : : : ; Ci+n�1 2 fFx;Fyg;

then for every non-zero commutator[vx1x2 : : : xn] with xi 2 fx; ygwe have that

[vx1x2 : : : xn] = [vzn] :
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Moreover, Lucas’ Theorem (see [11], [10]) will be used several times: if

a =

nX
i=0

ai � 2
i andb =

nX
i=0

bi � 2
i are the2-adic expansions of two integers, then

�
a

b

�
�

nY
i=0

�
ai

bi

�
(mod 2) :

Finally, the following identity will be useful

2a � 2b =

a�1X
i=b

2i 8 0 � b < a ;

note that, as a consequence of the two formulas above, we have that

�
2w � 1

i

�
� 1 (mod 2) 8 0 � i � 2w � 1 : (1)

The algebrasBl(g; h), defined when the characteristic of the underlying field is
two and(h; g� 1) 2 N�N, form a family of elementary objects among infinite-
dimensional graded Lie algebras of maximal class. If exponential notation is
employed in order to indicate consecutive occurrences of patterns, the sequence
of constituent lengths of the algebraBl(g; h) reads as

2q; 2q � 1;
�
(2q)��1; (2q � 1)2

�
1

; (2)

whereq = 2h and � = 2g � 1. Thus in aBl-algebra the only intermediate
constituents are those of maximal length2q�1 and there are no short constituents.

SupposeM =

1M
i=1

Mi is a graded Lie algebra such thatM=Z2(M) is a graded

Lie algebra of maximal class. We define aconstituentof M as a constituent of
M=Z2(M), ignoring the central or second central elements ofM .

In order to lighten notations, we introduce here some shorthands that will be
used in what follows. First of all, we define the elements

vn = [yx2q�1(yx2q�2(yx2q�1)��1yx2q�2)n] ;

which lie in the homogeneouscomponents of indices2q+dnwhered = 2g+h+1�

2 is just the dimension of the simple algebraB(g; h) andn ranges over the non-
negative integers. When the two parametersa; b lie in the intervals2 � a � h+1

andh + 2 � b � g + h, we can define the following elements (the notation is



PRESENTATION OFBl ALGEBRAS 5

consistent with the one in [8])

�1n = [vnx] (2q + 1 + dn)

�an = [vnyx
2q�2h+2�a

�1y] (4q � 2h+2�a + 1 + dn)

�bn = [vnyx
2q�2(yx2q�1)��2

g+h+1�b

yx2q�2y]

(2q(� + 3� 2g+h+1�b)� 1 + dn)

�!n = [�12n+1y] (2q + 2 + d(2n+ 1)) :

The number in parentheses is theweightof the element,i.e. the indexi of the
homogeneous componentMi in which it lies. Finally, we define the elements

�t = [yx2q�1yx2q�2(yx2q�1)tyx2q�2y] :

Note that���2g+h+1+b = �b0 whenh+ 2 � b � g + h.

3. THE FINITE PRESENTATION

Fix a particularBl algebraL and then consider a finite setR0 of homogeneous
relations such thatM 0 = hx; y : R0i is a presentation of a suitablem-dimensional
Lie algebra such thatM 0=Z2(M

0) is isomorphic to a graded quotient ofL and
remove the relations of degreem+ 1.

We will show that what we obtain is a finitely presented, infinite-dimensional
graded Lie algebraM such thatM=Z2(M) �= L. Adding toR0 the set of relations
used to annihilate the central and second central elements, we will obtain a graded
Lie algebra of maximal classM isomorphic toL and uniquely determined by a
suitable finite-dimensional quotientM 0.

When all the homogeneous relations that define the algebraL up to central
and second central elements up to classm = 2q(� + 2) are added toR, then the
resulting algebraM starts as a graded Lie algebra of maximal class with initial
segment of constituent lengths

2q; 2q � 1; 2q��1; 2q � 1

andCi 2 fFx;Fyg for every1 � i � m.
We will show that most of them � 2 relations that in every class2 � i � m

set the two-step centralizerCi are redundant: a suitable set ofq + h+ � of them
is actually enough, and we now explain which are the chosen relations and what
they mean in terms of the classification of graded Lie algebra of maximal class in
characteristic two.

The first set ofq relations defines the parameterq = 2h:

[yx2j+1y] for 0 � j � q � 2 ; [yx2q+1] :

This makes all homogeneous components have the same two-step centralizer up
to weight2q. Moreover, they force all further constituents to be short, long or
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intermediate. The next relation

[yx2q�1yxq�1yx]

states that the second constituent is not short: in particular, this implies that no
more short constituents or two-step centralizers other than the first two will be
involved. A standard argument shows that the second constituent cannot be long,
so it can be only intermediate. The followingh� 1 relations

[yx2q�1yx2q�2
s
�1yx] for 1 � s � h� 1

establish its length as the maximal possible2q�1. So the algebra is not inflated and
starts moving on the branch of the limit algebraAFS(h; h+1;1; 2): furthermore,
we know that from now on its sequence of constituent lengths will contain only
long and maximal intermediate constituents. The remaining� relations determine
the algebra: again by the classification we know that this may happen only when
the number of long constituents before two intermediate ones is a power of two
minus one or minus two. These relations enable recognition of the latter case (the
Bl pattern) rather than the former one (theAFS one):

[yx2q�1yx2q�2(yx2q�1)tyx2q�2y(x)] for 0 � t � � � 2 ;

[yx2q�1yx2q�2(yx2q�1)��1yx2q�1yx] ;

where the(x) appears only when�� t is a two-power. Rewriting the entire setR
of relations in terms of the above defined shorthands, it reads

[yx2j+1y]; 0 � j � q � 2 ;

[�t0x]; 1 � t � g + h; ! ;

�t; 0 � t � � � 2 and� � t 6= 2�, for 1 � � � g � 1 :

We will prove that the sequence of constituent lengths of(M;R) andL are the
same and that the two algebras differ only in central or second central elements;
in particular, we claim that the elements�tn are the only central and second central
elements that may occur: the construction shown in [8] completes the picture.

4. THE PROOF: THE STRUCTURE

For clearness’ sake, the expansion of the following Jacobi identities which are
not immediate is carried out in the next section.

4.1. Using the first group of relations
The first homogeneous component is obviously two-dimensional:

M1 = hx; yi :
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The first group of relations written above shows the structure ofM up to class
2q + 1:

Mi = h[yxi�1]i for 2 � i � 2q ; M2q+1 = h[yx2q�1y]; [yx2q] = �10i :

In fact, whenj ranges between0 and2q � 2, the element

[yxjy]

vanishes, by the relations above in the casej odd and by the following inductive
argument whenj is even:

0 = [[yx
j

2 ][yx
j

2 ]] =

� j

2
j

2

�
[yxjy] :

Finally, the relation in class2q + 2

[yx2q+1] = [�10x] = 0

and the expansions

0 = [yx2q�2[yxy]] = [yx2q�1yy] ;

0 = [[yxq ][yxq ]] =

�
q

q � 1

�
[yx2q�1yx] +

�
q

q

�
[yx2qy] = [�10y]

show that the first constituent ofM has length2q, thatC2q = Fx and that�10 is
central:

M2q+2 = h[yx2q�1yx]i :

4.2. The constituent lengths
By the relations just obtained, the standard result [2, Proposition 5.6] can be

proved: for a (large enough) algebra of parameterq,

the only possible constituent lengths are2q and2q � 2s; 0 � s � h . (CL)

When central and second central elements occur, the proof of (CL) needs a small
refinement, already pointed out in [5]; following the convention on two-step
centralizers, whenCi = Fy in M andw 2 Mi we can only say that[wyzz]
vanishes, which is sufficient to prove that

0 = [w[yxy]] = [wxyy] + [wyyx] = [wxyy] ;

this lets the proposition work in this new context, too.
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The above property implies that, ifv is not centralized byy, then

[vnyx
ky] = 0 ;

whenk 6= 2q � 2s � 1 for 0 � s � h. By using this property, it is not difficult to
show that the second constituent ofM is of maximal intermediate length2q � 1,
that its last element is centralized byx and that the elements�a0 are central, for
2 � a � h+ 1:

M2q+i =

8>>><
>>>:

h[yx2q�1yxi�1] ;

[yx2q�1yxi�2y] = �a0 i

for 3 � i � 2q � 1 ;

i = 2q � 2h+2�a + 1 ;

2 � a � h+ 1 ;

h[yx2q�1yxi�1]i otherwise;

M4q = h[yx2q�1yx2q�2y]i :

Since two consecutive values ofi cannot be both of the type2q� 2h+2�a� 1, the
claim is given by the fact that every element

[yx2q�1yxjy]

vanishes by the property (CL) when0 � j � 2q � 3 andj 6= 2q � 2s � 1 for
1 � s � h and otherwise, by the relation

[yx2q�1yxjyx] = [�h+2�s0 x]

and the expansions

0 = [yx2q�1yxj�1[yxy]] = [yx2q�1yxjyy] = [�h+2�s0 y] ;

0 = [[yx2q�1][yx2q�1]] =

�
2q � 1

0

�
[yx2q�1yx2q�1] : (3)

4.3. The number of long constituents
Now we deal with the remaining structure ofM up to classm = 2q(�+2), by

showing that wheni runs between zero and�� 1 andk between zero and2q� 1,
with k 6= 2q � 1 for i = � � 1, we have that

M4q+2qi+k =

8>>><
>>>:

h[yx2q�1yx2q�2(yx2q�1)iyx2q�1] ;

[yx2q�1yx2q�2(yx2q�1)iyx2q�2y]

= �b0i

for k = 2q � 1 ,
i = � � 2g+h+1�b ,
h+ 2 � b � g + h ,

h[yx2q�1yx2q�2(yx2q�1)iyxk]i otherwise:

To prove the above result, we consider separately some cases:
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� whenk = 0,

– andi = 0, then the claim is just equation (3);

– andi > 0, first of all we have the relation[�10x]:

0 = [yx2q�1yx2q�2(yx2q�1)i�1yx2q�2[�10x]]

= [yx2q�1yx2q�2(yx2q�1)i�1yx2q�2[yx2q+1]] (4)

=

�
2q + 1

1

�
[yx2q�1yx2q�2(yx2q�1)iyx2q�1x] ;

– in particular, ifi = ��2g+h+1�b, forh+2 � b � g+h, then the previous
homogeneous component has�b0 as a generator, too; to show that this element is
central, we can use the relation

[�b0x] = 0

and the standard expansion

0 = [yx2q�1yx2q�2(yx2q�1)i�1yx2q�3[yxy]] = [�b0y] ;

� whenk = 2q � 2s, for 1 � s � h,

– andi = 0, we can use the following Jacobi expansion:

0 = [[yx2q�1yxq�2
s�1

�1][yx2q�1yxq�2
s�1

�1]] (5)

= [yx2q�1yx2q�2yxk�1y] ;

– andi > 0, by using the relation[�s+10 x] in the following identity, which is
the casen = 0 of the most general one (16):

0 = [�0[�
s+1
0 x]] (6)

= [yx2q�1yx2q�2(yx2q�1)iyxk�1y] ;

where we have defined

�0 =

�
[yx2q�1yx2q�3] for i = 1

[yx2q�1yx2q�2(yx2q�1)i�2yx2q�2] otherwise;

� whenk = 2q � 1 andi � � � 2, the claim is explicitly stated by the relation
�i, wheni 6= � � 2g+h+1�b, while otherwise there is nothing to prove since the
homogeneous component is two-dimensional.
� by proposition (CL) in the remaining cases.
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So we have proved thatM has the same structure ofL up to classm, apart from
some central elements.

4.4. From the factor algebra to the whole algebra
Now we have to prove that the finite-dimensional factor we built determinesM

as aBl-algebra, apart from the central and second central elements�tn, for any
integern � 1.

The last equation in the previous section shows that

M2q+d = hv1i ;

by induction the homogeneous component in class2q + dn is one-dimensional
too, generated by the element

M2q+dn = hvni :

In what follows we describe the structure of the nextd homogeneous components
of M , i.e. of an entire period of the algebra. We will use the notationw�c for an
element such that

[w�cxc] = w :

The homogeneous component in class2q + 1 + dn is two-dimensional:

M2q+1+dn = h[vnx] = �1n; [vny]i ;

where�1n can be central or second central, since in the next class

M2q+2+dn =

8<
:
h[vnyx]i whenn is even;

h[vnyx]; [vnxy] = �!n�1
2

i whenn is odd:

In fact, in addition to the standard identities

0 = [v�1n [yxy]] = [vnyy]

and

0 = [vn�1yx
2q�2(yx2q�1)��2yx2q�2[�10x]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�2[yx2q+1]]

=

�
2q + 1

1

�
[vn�1yx

2q�2(yx2q�1)��1yx2q ] (7)

= [�1nx]

= [vnxx] ;
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whenn = 2s is even we have the equation

[vnxy] = [�1ny] = 0 ;

given by the expansion

[[v�(q�1)s ][v�(q�1)s ]] = 0 ; (8)

that together with the (7) shows�11 to be central in those cases.
Now we consider class2q+3+ dn: if n � 1 is odd, first we have the equation

0 = [vn[yxy]] = [�!n�1
2

y] = [vnxyy] ;

then , ifn = 1 we have the relation

0 = [�!0 x] = [vnxyx] ;

otherwise we can use the expansion

0 = [vn�2yx
2q�2(yx2q�1)��2yx2q�2[�!0 x]] = [�!n�1

2

x] = [vnxyx] ; (9)

to show that the element�!n�1
2

is central. Finally, ifq = 2 the element[vnyxy] is

just�2n, while whenq > 2 the relation[yxxxy] = 0 holds, so we can expand

0 = [v�2n [yxxxy]] =

�
3

2

�
[vnyxy] = [vnyxy] :

Summarizing, we have

M2q+3+dn =

8<
:
h[vnyxx]; [vnyxy] = �2ni whenq = 2 ;

h[vnyxx]i otherwise:

Now we focus the attention on the homogeneous components up to class4q+dn.
If q > 2, then2q + 3 + dn < 4q � 1 + dn so we can study what happens in

classes2q + 1 + k + dn, where3 � k � 2q � 3. We claim that

M2q+1+k+dn =

8><
>:
h[vnyx

k]; [vnyx
k�1y] = �ani whenk = 2q � 2h+2�a ,

for some2 � a � h+ 1 ,

h[vnyx
k]i otherwise:

If k = 2q � 2h+2�a for some2 � a � h + 1, by hypothesisM2q+1+k+dn is
generated by both[vnyxk] and[vnyxk�1y]: sinceh+2�a > 0 the numberk+1
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cannot be of the form2q � 2h+2�a
0

for any2 � a0 � h+ 1, so[vnyxky] = 0 by
(CL); moreover, the following equation (10)

0 = [vn�1yx
2q�2(yx2q�1)��2yx2q�2[�a0x]] = [�anx] ; (10)

and the immediate one (11)

0 = [vnyx
2q�2h+2�a

�2[yxy]] = [�any] (11)

show that the element[vnyxk�1y] = �an is central.
The remaining case is covered by the proposition (CL).
Now look at the class4q�1+dn, which in the caseq = 2 (i.e. h = 1) coincide

with the class2q + 3 + dn:

M4q�1+dn = h[vnyx
2q�2]; [vnyx

2q�3y] = �h+1n i :

The two equations above (10) and (11) show the centrality of the element�h+1n ;
moreover, if we define the element

� =

8<
:

vs for n = 2s ;

[vsyx
2q�2(yx2q�1)

��1
2 ] for n = 2s+ 1 ;

then the expansion

0 = [��] = [vnyx
2q�1] (12)

shows that

M4q+dn = h[vnyx
2q�2y]i = h[vnyx

2q�2y]i : (13)

Finally, the last homogeneous components are generated as follows, wherei

runs between zero and�� 1 andk between zero and2q� 1, with k 6= 2q� 2 for
i = � � 1:

M4q+2qi+k+dn =

8>>><
>>>:

h[vnyx
2q�2(yx2q�1)iyx2q�1] ;

[vnyx
2q�2(yx2q�1)iyx2q�2y]

= �bni

for k = 2q � 1 ,
i = � � 2g+h+1�b ,
h+ 2 � b � g + h ,

h[vnyx
2q�2(yx2q�1)iyxk]i otherwise:

To prove this result, we distinguish some cases.

� whenk = 0,
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– andi = 0, then the claim is just (13);

– and1 � i � � � 1, then first we have the generalization of (4):

0 = [vnyx
2q�2(yx2q�1)i�10 ]

= [vnyx
2q�2(yx2q�1)i[yx2q ]]

=

�
2q

0

�
[vnyx

2q�2(yx2q�1)iyx2q�1x] ;

in particular, in the casei = � � 2g+h+1�b for some integerh+ 2 � b � g + h,
two more identities are required, sinceM4q+2qi+dn�1 is two-dimensional: the
former reads as

0 = [vnyx
2q�2(yx2q�1)iyx2q�3[yxy]]

= [vnyx
2q�2(yx2q�1)iyx2q�2yy]

= [�bny] ;

while the latter uses the relation[�b0x]:

0 = [vn�1yx
2q�2(yx2q�1)��2yx2q�2[�b0x]]

= [vnyx
2q�2(yx2q�1)iyx2q�2yx] (14)

= [�bnx] ;

� whenk = 2q � 2s for 1 � s � h,

– andi = 0, then the relation�0 can be used:

0 = [vn�1yx
2q�2(yx2q�1)��2yx2q�2

s
�1�0] (15)

= [vnyx
2q�2yxk�1y] ;

– andi � 1, we can use the relation[�s+10 x]:

0 = [�n[�
s+1
0 x]] (16)

= [vnyx
2q�2(yx2q�1)iyxk�1y] ;

where

�n =

�
[vnyx

2q�3] for i = 1

[vnyx
2q�2(yx2q�1)i�2yx2q�2] otherwise;

� whenk = 2q � 1,

– andi = ��2g+h+1�b for someh+2 � b � g+h, thenM4q+2qi+2q�1+dn

is two dimensional;
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– andi is not one of the above values, then define� as the exponent of the
higher power of two dividingi+ 1 and use the relation�i+2��1 as follows:

0 = [vn�1yx
2q�2(yx2q�1)��1�2

�

yx2q�2�i+2��1] (17)

= [vnyx
2q�2(yx2q�1)iyx2q�2y] ;

� whenk is not one of the above values, then proposition (CL) proves the claim.

Now to conclude look at the homogeneous component occurring fork = 2q � 2

andi = � � 1:

M4q+2q(��1)+2q�2+dn =M2q+d(n+1) = h[vnyx
2q�2(yx2q�1)��1yx2q�2]i

= h[vn+1]i :

5. THE PROOF: THE EXPANSIONS

The first equation we deal with is (5), whose expansion gives

0 = [[yx2q�1yxq�2
s�1

�1][yx2q�1yxq�2
s�1

�1]]

= [[yx2q�1yxq�2
s�1

�1][yz3q�2
s�1

�1]]

= [yx2q�1yxq�2
s�1

�1z3q�2
s�1

�1y]

+[yx2q�1yxq�2
s�1

�1z3q�2
s�1

] �

�
3q � 2s�1 � 1

q + 2s�1 � 1

�

= [yx2q�1yxq�2
s�1

�1z3q�2
s�1

�1y]

= [yx2q�1yx2q�2yxky] ;

since the binomial coefficient is equivalent to

�
3q � 2s�1 � 1

q + 2s�1 � 1

�
�

�
2

1

��
q � 2s�1 � 1

2s�1 � 1

�
� 0

modulo two.
The next expansion we show is related to both equation (6) and (16), respectively

in the casen = 0 andn > 0, where1 � s � h:

0 = [�n[�
s+1
0 x]]]

= [�n[yx
2q�1yx2q�2

h+2�(s+1)

x]]

= [�n[yz
4q�2h+1�s

x]]
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= [�n[yz
4q�2h+1�s

]x] +

+[�nx[yz
4q�2h+1�s

]]

= [�nz
4q�2h+1�s+1x]

�

��
4q � 2h+1�s

1

�
+

�
4q � 2h+1�s

2q + 1

��

+[�nxz
4q�2h+1�s

y]

+[�nxz
4q�2h+1�s+1]

�

��
4q � 2h+1�s

0

�
+

�
4q � 2h+1�s

2q

��
;

via Lucas’ Theorem the involved binomial coefficients can be evaluated as follows,
where�; � 2 f0; 1g

�
4q � 2h+1�s

2q�+ �

�
�

�
1

�

��
2q � 2h+1�s

�

�
� (1� �) (mod 2)

and thus the above expansion reduces to

0 = [�n[�
s+1
0 x]] = [�nxz

4q�2h+1�s

y] = [vnyx
2q�2(yx2q�1)iyxk�1y] :

Then we have the equation (9), needed to prove the centrality of�!n�1
2

: note that,

in this case, the relation has to be written pointing out the two last occurrences of
the generators,

[�!0 x] = [yx2q�1yx2q�2(yx2q�1)��1yx2q�1yx] = [yz2q(�+1)+2q�2yx] ;

since the element[yz2q(�+1)+2q�3yxx] is non zero. The expansion begins as:

0 = [vn�2yx
2q�2(yx2q�1)��2yx2q�2[�!0 x]]]

= [vn�2yx
2q�2(yx2q�1)��2yx2q�2[yx2q�1yx2q�2(yx2q�1)��1yx2q�1yx]]

= [[vn�2yx
2q�2(yx2q�1)��2yx2q�2[yz2q(�+1)+2q�2yx]]

= [vn�2yx
2q�2(yx2q�1)��2yx2q�2[yz2q(�+1)+2q�2y]x]

+[vn�2yx
2q�2(yx2q�1)��2yx2q�2x[yz2q(�+1)+2q�2y]]

= [vn�2yx
2q�2(yx2q�1)��2yx2q�2[yz2q(�+1)+2q�2]yx]

+[vn�2yx
2q�2(yx2q�1)��2yx2q�2x[yz2q(�+1)+2q�2]y]

+[vn�2yx
2q�2(yx2q�1)��2yx2q�2xy[yz2q(�+1)+2q�2]] ;

the resulting right-hand side reads as follows:

[vn�2yx
2q�2(yx2q�1)��2yx2q�2z2q(�+1)+2q�1yx]
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 �
2q(� + 1) + 2q � 2

1

�
+

�
2q(� + 1) + 2q � 2

2q

�

+

�
2q(� + 1) + 2q � 2

2q + 2q � 1

�
+

��1X
i=1

�
2q(� + 1) + 2q � 2

2q(i+ 1) + 2q � 1

�!

+[vn�2yx
2q�2(yx2q�1)��2yx2q�2xz2q(�+1)+2q�1y] �

2q(� + 1) + 2q � 2

0

�
+

�
2q(� + 1) + 2q � 2

2q � 1

�

+

�
2q(� + 1) + 2q � 2

2q + 2q � 2

�
+

��1X
i=1

�
2q(� + 1) + 2q � 2

2q(i+ 1) + 2q � 2

�!

+[vn�2yx
2q�2(yx2q�1)��2yx2q�2xyz2q(�+1)+2q�2y]

+[vn�2yx
2q�2(yx2q�1)��2yx2q�2xyz2q(�+1)+2q�4yxz] �

2q(� + 1) + 2q � 2

2q � 2

�
+

�
2q(� + 1) + 2q � 2

2q + 2q � 3

�

+

��1X
i=1

�
2q(� + 1) + 2q � 2

2q(i+ 1) + 2q � 3

�
+

�
2q(� + 1) + 2q � 2

2q(� + 1) + 2q � 4

�!

+[vn�2yx
2q�2(yx2q�1)��2yx2q�2xyz2q(�+1)+2q�4xyz] �

2q(� + 1) + 2q � 2

2q � 2

�
+

�
2q(� + 1) + 2q � 2

2q + 2q � 3

�

+

��1X
i=1

�
2q(� + 1) + 2q � 2

2q(i+ 1) + 2q � 3

�
+

�
2q(� + 1) + 2q � 2

2q(� + 1) + 2q � 3

�!
;

by applying Lucas’ Theorem to the above binomial coefficients we get, for
0 � a � � + 1 and1 � b � 2q:�
2q(� + 1) + 2q � 2

2qa+ 2q � b

�
�

�
� + 1

a

��
2q � 2

2q � b

�
(mod 2)

�

�
2g

a

��
2q � 2

2q � b

�
� 1 (mod 2) () a = 0; � + 1 andb = 2; 4; 2q ;

so that the above equation turns out to be

0 = [vn�2yx
2q�2(yx2q�1)��2yx2q�2[�!0 x]]

= [vn�2yx
2q�2(yx2q�1)��2yx2q�2xz2q(�+1)+2q�1y]
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+[vn�2yx
2q�2(yx2q�1)��2yx2q�2xyz2q(�+1)+2q�2y]

+[vn�2yx
2q�2(yx2q�1)��2yx2q�2xyz2q(�+1)+2q�4xyz]

= [vn�2yx
2q�2(yx2q�1)��2yx2q�2xyz2q(�+1)+2q�4xyx]

= [�!n�1
2

x] :

To prove equation (10), leta = h+ 2� s, for 1 � s � h and expand as follows:

0 = [vn�1yx
2q�2(yx2q�1)��2yx2q�2[�h+2�s0 x]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�2[yx2q�1yx2q�2

s
�1yx]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�2[yz4q�2

s

x]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�2[yz4q�2

s

]x]

+[vn�1yx
2q�2(yx2q�1)��2yx2q�2x[yz4q�2

s

]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�2z4q�2

s

yx]

�

��
4q � 2s

1

�
+

�
4q � 2s

2q

�
+

�
4q � 2s

2q + 2q � 2s

��
+[vn�1yx

2q�2(yx2q�1)��2yx2q�2x[yz4q�2
s

]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�2z4q�2

s

xx]

�

��
4q � 2s

1

�
+

�
4q � 2s

2q

��
+[vn�1yx

2q�2(yx2q�1)��1yz4q�2
s
�1yx]

�

��
4q � 2s

0

�
+

�
4q � 2s

2q � 1

�
+

�
4q � 2s

2q + 2q � 2s � 1

��
+[vn�1yx

2q�2(yx2q�1)��1yz4q�2
s
�1xx]

�

��
4q � 2s

0

�
+

�
4q � 2s

2q � 1

��
;

the non-trivial binomial coefficients above can be evaluated as elements of the
underlying field by means of Lucas’ Theorem as follows:

�
4q � 2s

2q

�
�

�
4q � 2s

2q + 2q � 2s

�
� 1 (mod 2) ;�

4q � 2s

2q � 1

�
�

�
4q � 2s

2q + 2q � 2s � 1

�
� 0 (mod 2) ;

and then the equation reads as

0 = [vn�1yx
2q�2(yx2q�1)��2yx2q�2[�h+2�s0 x]]

= [vnyx
2q�2s�1xx]
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+[vnyx
2q�2s�1yx]

+[vnyx
2q�2s�1xx]

= [vnyx
2q�2s�1yx]

= [�h+2�s1 x] :

Then we proceed with (14), wherei = � � 2g+h+1�b:

0 = [vn�1yx
2q�2(yx2q�1)��2yx2q�2[�b0x]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�2[yx2q�1yx2q�2(yx2q�1)iyx2q�2yx]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�2[yz2q�2+2q(i+2)x]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�2[yz2q�2+2q(i+2)]x]

+[vn�1yx
2q�2(yx2q�1)��2yx2q�2x[yz2q�2+2q(i+2)]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�2z2q�3+2q(i+2)yx]

�

��
2q(i+ 2) + 2q � 2

1

�
+

�
2q(i+ 2) + 2q � 2

2q

�

+

�
2q(i+ 2) + 2q � 2

2q + 2q � 1

�
+

iX
j=1

�
2q(i+ 2) + 2q � 2

2q(j + 1) + 2q � 1

�

+

�
2q(i+ 2) + 2q � 2

2q(i+ 2) + 2q � 2

��
+[vn�1yx

2q�2(yx2q�1)��1z2q�2+2q(i+2)y]

+[vn�1yx
2q�2(yx2q�1)��1z2q�1+2q(i+2)]

�

��
2q(i+ 2) + 2q � 2

0

�
+

�
2q(i+ 2) + 2q � 2

2q � 1

�

+

�
2q(i+ 2) + 2q � 2

2q + 2q � 2

�
+

iX
j=1

�
2q(i+ 2) + 2q � 2

2q(j + 1) + 2q � 2

�

+

�
2q(i+ 1) + 2q � 2

2q(i+ 2) + 2q � 3

��
:

Since the binomial coefficients whose denominator is odd vanish, the non-zero
and non-trivial binomial coefficients above result

�
2q(i+ 2) + 2q � 2

2q

�
�

�
i+ 2

1

�
= � � 2g+h+1�b + 2 � 1 (mod 2) ;�

2q(i+ 2) + 2q � 2

2q(j + 1) + 2q � 2

�
�

�
i+ 2

j + 1

�
(mod 2) ;
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remembering the property

�X
j=0

�
�

j

�
= (1 + 1)� � 0 (mod 2) ;

the above identity reads

0 = [vn�1yx
2q�2(yx2q�1)��2yx2q�2[�b0x]]

= [vn�1yx
2q�2(yx2q�1)��1z2q�2+2q(i+2)y]

+[vn�1yx
2q�2(yx2q�1)��1z2q�1+2q(i+2)]

= [vn�1yx
2q�2(yx2q�1)��1z2q�3+2q(i+2)yx]

= [�bnx] :

The next two expansions involve the relations�t. The former is related to
equation (15):

0 = [vn�1yx
2q�2(yx2q�1)��2yx2q�1�2

s

�0]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�1�2

s

[yx2q�1yx2q�2yx2q�2y]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�1�2

s

[yz6q�3y]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�1�2

s

[yz6q�3]y]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�1�2

s

z6q�2y]��
6q � 3

2s

�
+

�
6q � 3

2q + 2s � 1

�
+

�
6q � 3

4q + 2s � 2

��
;

the evaluation of the binomial coefficients can be done as usual by Lucas’ Theorem
first �

6q � 3

2s

�
�

�
4q

0

��
2q � 3

2s

�
�

�
2q � 3

2s

�
(mod 2) ;�

6q � 3

2q + 2s � 1

�
�

�
4q

0

��
0

2q

��
2q � 3

2s � 1

�
� 1 � 0 �

�
2q � 3

2s � 1

�
� 0 (mod 2) ;�

6q � 3

4q + 2s � 2

�
�

�
4q

4q

��
2q � 3

2s � 2

�
�

�
2q � 3

2s � 2

�
(mod 2) ;

and then using their elementary properties, the characteristic of the field and the
observation (1):�

2q � 3

2s

�
+

�
2q � 3

2s � 2

�
�

�
2q � 3

2s

�
+ 2

�
2q � 3

2s � 1

�
+

�
2q � 3

2s � 2

�
(mod 2)

=

��
2q � 3

2s

�
+

�
2q � 3

2s � 1

��
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+

��
2q � 3

2s � 1

�
+

�
2q � 3

2s � 2

��

=

�
2q � 2

2s

�
+

�
2q � 2

2s � 1

�

=

�
2q � 1

2s

�
� 1 (mod 2) ;

thus the expansion itself reads as

0 = [vn�1yx
2q�2(yx2q�1)��2yx2q�1�2

s

�0]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�1�2

s

[yx2q�1yx2q�2yx2q�2y]]

= [vn�1yx
2q�2(yx2q�1)��2yx2q�1yx2q�2yx2q�2yx2q�2

s
�1y]

= [vnyx
2q�2yxk�1y] :

The latter equation (17) deserves more attention: consider the index0 � i � ��3

and let� be the exponent of the higher power of two dividingi + 1, hence
i + 1 = 2� � r where� � 0 (with equality wheni is even) andr is positiveodd
integer. Due to the bounds oni, we have

r �

�
2g � 2

2�

�
� 2g�� � 1;

where the first becomes an equality if and only ifi = � � 2g+h+1�b for some
h+ 2 � b � g + h, or, equivalently,i = 2g � 2
 � 1 for some1 � 
 � g � 1 so
that� = 
. When we are not in the above case, then

i+2�� 1 = 2� � (r+1)� 2 < 2� � (2g��� 1+1)� 2 � 2g � 2�� 2 � �� 2 :

Moreover, ifi is even, then� = 0 and theni+2� � 1 is even, too; otherwise, ifi
is odd, then� � 1, and theni+ 2� � 1 is still even. But� � 2� is always even,
for 1 � � � g� 1, hence� � (i+2� � 1) is never2�, for 1 � � � g� 1. Then
�i+2��1 = 0 and we can expand the Jacobi identity

0 = [vn�1yx
2q�2(yx2q�1)��1�2

�

yx2q�2�i+2��1]

= [vn�1yx
2q�2(yx2q�1)��1�2

�

yx2q�2[yz2q(i+1+2
�)+2q�3y]]

= [vn�1yx
2q�2(yx2q�1)��1�2

�

yx2q�2[yz2q(i+1+2
�)+2q�3]y]

= [vn�1yx
2q�2(yx2q�1)��1�2

�

yx2q�2z2q(i+1+2
�)+2q�3y]

�

0
@2��1X

j=0

�
2q(i+ 1 + 2�) + 2q � 3

2qj + 1

�
+

�
2q(i+ 1 + 2�) + 2q � 3

2q � 2�

�
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+

iX
j=0

�
2q(i+ 1 + 2�) + 2q � 3

2q(2� + j) + 2q � 1

�1A ;

As usual, the terms in the last sum vanish since2q � 1 > 2q � 3, while the
remaining terms can be rewritten together as follows:

2
�X

j=0

�
2q(i+ 1 + 2�)

2qj

�
�

2
�X

j=0

�
2� � r + 2�

j

�
(mod 2)

� 1 +

2��1X
j=1

�
2� � (r + 1)

j

�
+

�
r + 1

1

�
(mod 2)

� 1 + 0 + r + 1 (mod 2)

� 1 (mod 2) ;

sincer is odd. Then the above expansion reads as

0 = [vn�1yx
2q�2(yx2q�1)��1�2

�

yx2q�2[yz2q�3+2q(i+1+2
�
)y]]

= [vnyx
2q�2(yx2q�1)iyx2q�2y] ;

so thatM4q+2qi+2q�2+dn is one-dimensional. Nothing can be said wheni is one
of the excluded values, and in those cases that homogeneous component has two
generators.

We are left to prove the Jacobi identities (8) and (12): they need a different
approach, already employed in [5]. First of all, for any indexi � 1 define the
element


i = [vi�1yx
2q�2(yx2q�1)��2yx2q�2] = [yzd�1] :

Its weight is an integer multipledi of the period of the algebraM and then it
satisfies the identity

[vnz
�
i] = [vn+iz

�] :

Furthermore, if the relation[vnx] = 0 holds for the elementv, then the relation
[v
ix] = 0 holds, too. As a consequence, if[wxy] = [wyx] = 0 for some element
w, then

[w
ixy] = [wx
iy] = [wy
ix] = [wyx
i] = 0 ;

and thus[w[
ixy]] = 0. Now we apply the above property to the expansion of the
three identities we have to prove.

The identity (8) is the easiest to expand in terms of the elements
i:

0 = [[v�(q�1)s ][v�(q�1)s ]]
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= [[v�(q�1)s ][
sxyx
q�1]]

=

q�1X
i=0

�
q � 1

i

�
[v�(q�1�i)s [
sxy]x

q�1�i] (18)

=

�
q � 1

q � 1

�
[vs[
sxy]] +

�
q � 1

q � 2

�
[(vs)

�1[
sxy]x]

= [vs[
sx]y] + [vsy[
sx]] + [v�1s [
sx]yx] :

The expansion (12) forn even is straightforward, too:

0 = [��]

= [vsvs]

= [vs[
sxyx
2q�2]] (19)

=

2q�2X
i=0

�
2q � 2

i

�
[vsx

i[
sxy]x
2q�2�i]

= [vs[
sxy]x
2q�2]

= [vs[
sx]yx
2q�2] + [vsy[
sx]x

2q�2] :

Finally, the equation (12) forn odd requires a slightly more careful treatment; let

� = 2q

�
� + 1

2

�
+ 2q � 3 and expand:

0 = [��]

= [[vsyx
2q�2(yx2q�1)

��1
2 ][vsyx

2q�2(yx2q�1)
��1
2 ]]

= [[vsyx
2q�2(yx2q�1)

��1

2 ][
sxyx
2q�2yx2q�2(yx2q�1)

��1

2 ]] (20)

= [[vsyx
2q�2(yx2q�1)

��1
2 ][
sxyz

�]]

=

�X
i=0

�
�

i

�
[vsyx

2q�2(yx2q�1)
��1
2 zi[
sxy]z

��i] :

The only non-vanishing elements in the above sum are, together with their
coefficients: �

�

0

�
[vsyx

2q�2(yx2q�1)
��1

2 [
sxy]z
�]

��3

2X
j=0

�
�

2qj + 2q � 1

�
[vsyx

2q�2(yx2q�1)
��1

2
+jyx2q�2[
sxy]z

��(2qj+2q�1)]

��3
2X

j=0

�
�

2q(j + 1)

�
[vsyx

2q�2(yx2q�1)
��1
2

+(j+1)[
sxy]z
��2q(j+1)]
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�
�

2q ��1
2

+ 2q � 2

�
[vsyx

2q�2(yx2q�1)��1yx2q�3[
sxy]z
��(2q

��1
2

+2q�2)]�
�

2q ��1
2

+ 2q � 1

�
[vsyx

2q�2(yx2q�1)��1yx2q�2[
sxy]z
��(2q

��1
2

+2q�1)]�
�

�

�
[vsyx

2q�2(yx2q�1)��1yx2q�2yx2q�3[
sxy]] ;

but all the involved binomial coefficients other the first and the last ones vanish,

given the bounds1 � j + 1 �
� � 1

2
= 2g�1 � 1 and the obvious inequalities

2q � 1; 2q � 2 > 2q � 3: in fact,

�
�

2qj + 2q � 1

�
�

��+1

2

j

��
2q � 3

2q � 1

�
� 0 (mod 2) ;

�
�

2q(j + 1)

�
�

� �+1

2

j + 1

��
2q � 3

0

�
�

�
2g�1

j + 1

�
� 0 (mod 2) ;

�
�

2q ��1
2

+ 2q � 2

�
�

� �+1

2
��1

2

��
2q � 3

2q � 2

�
� 0 (mod 2) ;

�
�

2q ��1
2

+ 2q � 1

�
�

� �+1

2
��1

2

��
2q � 3

2q � 1

�
� 0 (mod 2) ;

and thus the expansion (20) eventually reduces to the terms

0 = [��]

= [vsyx
2q�2(yx2q�1)

��1

2 [
sxy]z
�]

+[vsyx
2q�2(yx2q�1)��1yx2q�2yx2q�3[
sxy]] (21)

= [vsyx
2q�2(yx2q�1)

��1

2 [
sx]yz
�]

+[vsyx
2q�2(yx2q�1)

��1
2 y[
sx]z

�]

+[vsyx
2q�2(yx2q�1)��1yx2q�2yx2q�3[
sx]y] :

Now, to complete the three expansions (18), (19) and (21) we use the following
six equations (a)-(f) which show in a more broad sense the behaviour of the
elements involved in the last step of the previous expansions. All the equations
we state will be proven by induction and by using the following identity, which in
some sense can be viewed as the key one:

[
ix
1] = [vi�1yx
2q�2(yx2q�1)��2yx2q�2x[yzd�1]]

= [vi�1yx
2q�2(yx2q�1)��1zd�1y]
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+[vi�1yx
2q�2(yx2q�1)��1zd] �

 �
d� 1

0

�
+

�
d� 1

2q � 1

�

+

�
d� 1

4q � 2

�
+

��2X
j=0

�
d� 1

2q(j + 2)� 2

�1A
= [vi�1yx

2q�2(yx2q�1)��1zd�1y]

+[vi�1yx
2q�2(yx2q�1)��1zd] (22)

= [vi�1yx
2q�2(yx2q�1)��1zd�1x]

= [vi�1yx
2q�2(yx2q�1)��1yx2q�2yx2q�2(yx2q�1)��1]

= [viyx
2q�2(yx2q�1)��2yx2q�2x]

= [
i+1x] ;

sinced� 1 = 2q � 3 + 2q� and2q � 1; 2q � 2 > 2q � 3.
The first identity is the following:

[v�1i [
jx]] = [vi+j ] : (a)

First of all we must compute two preliminary expansions. The former one reads
as:

[v�1i 
1] = [v�1i [yzd�1]]

= [v�1i zd�1y]

+[v�1i zd] �

0
@�d� 1

1

�
+

�
d� 1

2q

�
+

��1X
j=1

�
d� 1

2q(j + 1)

�1A :

The evaluation of the binomial coefficients as�
d� 1

1

�
�

�
2q � 3

1

��
�

0

�
(mod 2) ;�

d� 1

2q

�
�

�
2q � 3

0

��
�

1

�
(mod 2) ;�

d� 1

2q(j + 1)

�
�

�
2q � 3

0

��
�

j + 1

�
(mod 2)

shows that all the terms can be evaluated together as

�X
j=0

�
�

j

�
= (1 + 1)� � 0 (mod 2) ;
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and so the entire equation reduces to

[v�1i 
1] = [v�1i zd�1y]

= [viyx
2q�2(yx2q�1)��1yx2q�4y]

= 0 :

The latter expansion is similar to the previous one

[vi
1] = [vi[yz
d�1]]

= [viz
d�1y]

+[viz
d] �

0
@�d� 1

0

�
+

�
d� 1

2q � 1

�
+

��1X
j=1

�
d� 1

2qj + 2q � 1

�1A ;

but now, since2q � 1 > 2q � 3, only the first binomial coefficient is different
from zero, so that we get

[vi
1] = [viz
d�1y]

+[viz
d]

= [viz
d�1x]

= [viyx
2q�2(yx2q�1)��1yx2q�2]

= [vi+1] :

These two equations give (a), forj = 1:

[v�1i [
1x]] = [(vi)
�1
1x] + [vi
1]

= 0 + [vi+1] :

To complete the claim, we have to prove the inductive step: so suppose (a) holds
for j and use again the two previous expansions, together with (22):

[v�1i [
j+1x]] = [v�1i [
jx
1]]

= [v�1i [
jx]
1] + [v�1i 
1[
jx]]

= [vi+j
1] + 0

= [vi+j+1] :

The second identity we need to prove is the following:

[vi[
jx]] = �1i+j : (b)

To get this one, we use the relation[
jxx] = 0

0 = [v�1i [
jxx]]

= [v�1i [
jx]x] + [vi[
jx]] ;
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and the equation (a)

[vi[
jx]] = [v�1i [
jx]x]

= [vi+jx]

= �1i+j :

For the third identity (and for the following three ones, too)

[viy[
jx]] = [vi+jyx] (c)

the proof proceeds like it did in the first case, so first we have to expand two
intermediate identities. The former is

[viy
1] = [viy[yz
d�1]]

= [viyz
d�1y]

+[viyz
d] �

0
@��1X

j=0

�
d� 1

2qj + 2q � 2

�1A
= [viyz

d�1y]

= [vi+1y] ;

since2q � 2 > 2q � 1 and then the involved binomial coefficients vanish. The
latter is

[viyx
1] = [viyx[yz
d�1]]

= [viyxz
d�1y]

+[viyxz
d] �

0
@��1X

j=0

�
d� 1

2qj + 2q � 3

�
+

�
d� 1

2q� + 2q � 4

�1A ;

Lucas’ Theorem evaluates the coefficients:

��1X
j=0

�
d� 1

2qj + 2q � 3

�
�

��1X
j=0

�
�

j

��
2q � 3

2q � 3

�
(mod 2)

�

��1X
j=0

�
�

j

�
(mod 2)

� (1 + 1)� �

�
�

�

�
(mod 2)

� 1 (mod 2) ;
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and �
d� 1

2q� + 2q � 4

�
=

�
d� 1

d� 1� (2q � 4 + 2q�)

�

=

�
d� 1

1

�
= d� 1

� 1 (mod 2);

and thus we have the identity

[viyx
1] = [viyxz
d�1y]

= [vi+1yy]

= 0 :

Again, the two equations above give the basis for the induction process

[viy[
1x]] = [viy
1x] + [viyx
1]

= [vi+1yx] + 0 ;

and the identities needed to prove the inductive step, where we suppose the
formula holds forj:

[viy[
j+1x]] = [viy[
jx
1]]

= [viy[
jx]
1] + [viy
1[
jx]]

= [vi+jyx
1] + [vi+1y[
jx]]

= 0 + [vi+1+jyx] :

The next three identities deal with the elements involved in the expansion (21).
The fourth equation is

[viyx
2q�2(yx2q�1)

��1
2 [
jx]] = 0 : (d)

The only auxiliary identity required to prove the claim is the following:

[viyx
2q�2(yx2q�1)

��1
2 
1] = [viyx

2q�2(yx2q�1)
��1
2 [yzd�1]]

= [viyx
2q�2(yx2q�1)

��1

2 zd�1y]

+[viyx
2q�2(yx2q�1)

��1
2 zd]

�

0
@

��1
2X

j=0

�
d� 1

2qj

�
+

�
d� 1

2q
�
��1

2

�
+ 2q � 1

�
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+

��3

2X
j=0

�
d� 1

2q
�
�+1

2
+ j
�
+ 2q � 2

�1A ;

since2q� 2 > 2q� 3 only the binomial coefficients in the very first sum are not
zero: anyway, the sum itself yields

��1
2X

j=0

�
d� 1

2qj

�
�

��1
2X

j=0

�
�

j

��
2q � 3

0

�
(mod 2)

�

2g�1
�1X

j=0

�
2g � 1

j

�
(mod 2)

�

2g�1
�1X

j=0

1 (mod 2)

= 2g�1

� 0 (mod 2) ;

so the identity reduces to

[viyx
2q�2(yx2q�1)

��1
2 
1] = [viyx

2q�2(yx2q�1)
��1
2 zd�1y]

= [vi+1yx
2q�2(yx2q�1)

��3

2 yx2q�2y]

= 0 :

The above relation together with the fact

[viyx
2q�2(yx2q�1)

��1

2 x] = 0

give the casej = 1 of the claim

[viyx
2q�2(yx2q�1)

��1
2 [
1x]] = [viyx

2q�2(yx2q�1)
��1
2 
1x]

= 0 ;

and the inductive step follows immediately:

[viyx
2q�2(yx2q�1)

��1
2 [
j+1x]] = [viyx

2q�2(yx2q�1)
��1
2 [
jx
1]]

= [viyx
2q�2(yx2q�1)

��1

2 [
jx]
1]

+[viyx
2q�2(yx2q�1)

��1
2 
1[
jx]]

= 0 :
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The fifth identity deals with elements one class deeper than the previous ones:

[viyx
2q�2(yx2q�1)

��1
2 y[
jx]] = [vi+jyx

2q�2(yx2q�1)
��1
2 yx] : (e)

This time the auxiliary expansions needed are two. The former is

[viyx
2q�2(yx2q�1)

��1
2 y
1] = [viyx

2q�2(yx2q�1)
��1
2 y[yzd�1]]

= [viyx
2q�2(yx2q�1)

��1

2 yzd�1y]

+[viyx
2q�2(yx2q�1)

��1
2 yzd]

�

0
@

��3

2X
j=0

�
d� 1

2qj + 2q � 1

�

+

�
d� 1

2q
�
��1
2

�
+ 2q � 2

�

+

��3

2X
j=0

�
d� 1

2q
�
�+1
2

+ j
�
+ 2q � 3

�1A ;

now the only non vanishing binomial coefficients are those in the last sum, that
becomes

��3

2X
j=0

�
d� 1

2q
�
�+1

2
+ j
�
+ 2q � 3

�
�

��3

2X
j=0

�
�

�+1

2
+ j

��
2q � 3

2q � 3

�
(mod 2)

�

2g�1
�2X

j=0

�
2g � 1

2g�1 + j

�
(mod 2)

�

2g�1
�2X

j=0

1 (mod 2)

= 2g�1 � 1

� 1 (mod 2);

and then we have

[viyx
2q�2(yx2q�1)

��1

2 y
1] = [viyx
2q�2(yx2q�1)

��1

2 yzd�1y]

+[viyx
2q�2(yx2q�1)

��1
2 yzd]

= [viyx
2q�2(yx2q�1)

��1

2 yzd�1x]

= [vi+1yx
2q�2(yx2q�1)

��1
2 x]

= 0 :
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The latter identity is similar to the previous one:

[viyx
2q�2(yx2q�1)

��1

2 yx
1] = [viyx
2q�2(yx2q�1)

��1

2 yx[yzd�1]]

= [viyx
2q�2(yx2q�1)

��1
2 yxzd�1y]

+[viyx
2q�2(yx2q�1)

��1

2 yxzd]

�

0
@

��3

2X
j=0

�
d� 1

2qj + 2q � 2

�

+

�
d� 1

2q
�
��1

2

�
+ 2q � 3

�

+

��1
2X

j=0

�
d� 1

2q
�
�+1
2

+ j
�
+ 2q � 4

�1A :

The addenda of the first sum are zero since2q � 2 > 2q � 3; the other binomial
coefficients involved can be evaluated as�

d� 1

2q
�
��1

2

�
+ 2q � 3

�
�

�
�

��1

2

��
2q � 3

2q � 3

�
(mod 2)

� 1 (mod 2);
��1
2X

j=0

�
d� 1

2q
�
�+1

2
+ j
�
+ 2q � 4

�
�

��1
2X

j=0

�
�

�+1

2
+ j

��
2q � 3

2q � 4

�
(mod 2)

�

2g�1
�1X

j=0

�
2g � 1

2g�1 + j

�
(mod 2)

�

2g�1
�1X

j=0

1 (mod 2)

= 2g�1

� 0 (mod 2);

and the whole expression turns out to be

[viyx
2q�2(yx2q�1)

��1
2 yx
1] = [viyx

2q�2(yx2q�1)
��1
2 yxzd�1y]

+[viyx
2q�2(yx2q�1)

��1

2 yxzd]

= [viyx
2q�2(yx2q�1)

��1
2 yxzd�1x]

= [vi+1yx
2q�2(yx2q�1)

��1

2 yx] :
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Now we can deduce the basis for the induction

[viyx
2q�2(yx2q�1)

��1

2 y[
1x]] = [viyx
2q�2(yx2q�1)

��1

2 y
1x]

+[viyx
2q�2(yx2q�1)

��1

2 yx
1]

= [vi+1yx
2q�2(yx2q�1)

��1

2 yx] ;

and the inductive step follows:

[viyx
2q�2(yx2q�1)

��1
2 y[
j+1x]] = [viyx

2q�2(yx2q�1)
��1
2 y[
jx
1]]

= [viyx
2q�2(yx2q�1)

��1

2 y[
jx]
1]

+[viyx
2q�2(yx2q�1)

��1
2 y
1[
jx]]

= [vi+jyx
2q�2(yx2q�1)

��1

2 yx
1]

= [vi+j+1yx
2q�2(yx2q�1)

��1
2 yx] :

The sixth identity is the last one needed to complete expansion (21):

[viyx
2q�3[
jx]] = [vi+jyx

2q�2] : (f)

Again we first deal with two preliminary equations. The former is

[viyx
2q�3
1] = [viyx

2q�3[yzd�1]]

= [viyx
2q�3zd�1y]

+[viyx
2q�3zd]

�

0
@�d� 1

1

�
+

��1X
j=0

�
d� 1

2q(j + 1)

�1A ;

coefficient evaluations give�
d� 1

1

�
= d� 1

� 1 (mod 2) ;

��1X
j=0

�
d� 1

2q(j + 1)

�
�

�X
j=1

�
�

j

�
(mod 2)

� (1 + 1)� �

�
�

0

�
(mod 2)

� 1 (mod 2) ;

and thus

[viyx
2q�3
1] = [viyx

2q�3[yzd�1]]
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= [viyx
2q�3zd�1y]

= [vi+1yx
2q�4y]

= 0 :

When investigating what happens just one class deeper, we obtain

[viyx
2q�2
1] = [viyx

2q�2[yzd�1]]

= [viyx
2q�2zd�1y]

+[viyx
2q�2zd]

�

0
@�d� 1

0

�
+

��1X
j=0

�
d� 1

2qj + 2q � 1

�1A
= [viyx

2q�2zd�1y]

+[viyx
2q�2zd]

= [viyx
2q�2zd�1x]

= [vi+1yx
2q�2] ;

since only the first binomial coefficient gives a non-zero contribution, while the
remaining ones vanish since2q � 1 > 2q � 3.

Now the claim can be proved; first of all, the casej = 1:

[viyx
2q�3[
1x]] = [viyx

2q�3
1x] + [viyx
2q�2
1]

= 0 + [vi+1yx
2q�2] ;

then, the induction step:

[viyx
2q�3[
j+1x]] = [viyx

2q�3[
jx
1]]

= [viyx
2q�3[
jx]
1] + [viyx

2q�3
1[
jx]]

= [vi+jyx
2q�2
1] + 0

= [vi+j+1yx
2q�2] :

At this point, by using equations (a)-(f), we can complete the expansions (18),
(19) and (21).

The first one becomes

0 = [[vs�1yx
2q�2(yx2q�1)��1yxq�1][vs�1yx

2q�2(yx2q�1)��1yxq�1]]

= [v�(q�1)s v�(q�1)s ]

= [vs[
sx]y] + [vsy[
sx]] + [v�1s [
sx]yx]

= [�12sy] + [v2syx] + [v2syx]

= [�1ny] ;
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the expansion (19) reduces to

0 = [��]

= [vsvs]

= [vs[
sx]yx
2q�2] + [vsy[
sx]x

2q�2]

= 0 + [v2syxx
2q�2]

= [vnyx
2q�1] ;

and, finally, identity (21) reads as follows:

0 = [��]

= [[vsyx
2q�2(yx2q�1)

��1

2 ][vsyx
2q�2(yx2q�1)

��1

2 ]]

= [vsyx
2q�2(yx2q�1)

��1

2 [
sx]yz
2q�3+2q( �+1

2 )]

+[vsyx
2q�2(yx2q�1)

��1
2 y[
sx]z

2q�3+2q( �+1

2 )]

+[vsyx
2q�2(yx2q�1)��1yx2q�2yx2q�3[
sx]y]

= 0 + [v2syx
2q�2(yx2q�1)

��1

2 yxz2q�3+2q(
�+1
2 )] + [v2s+1yx

2q�2y]

= [vnyx
2q�1] :

The expansions above prove the relations (8) and (12) and complete the proof of
the theorem.

6. SOME ODD EXPANSIONS

If we consider the three equations (18), (19) and (21) and we compare the result
obtained expanding them as we did before rather than applying the generalized
Jacobi identity straightforwardly, we can derive three identities involving binomial
coefficients overF2 otherwise hard to be proven directly.

First we deal with the identity (8), where we start expanding from the back:

0 = [[vs�1yx
2q�2(yx2q�1)��1yxq�1][vs�1yx

2q�2(yx2q�1)��1yxq�1]]

= [[vs�1yx
2q�2(yx2q�1)��1yxq�1][yzds+q]]

= [vs�1yx
2q�2(yx2q�1)��1yxq�1zds+qy]

+[vs�1yx
2q�2(yx2q�1)��1yxq�1zds+q+1] �

 
�X

i=1

�
ds+ q

2qi

�

+

�
ds+ q

2q(� + 1)� 1

�
+

s�2X
j=0

��
ds+ q

dj � 2 + 2q(� + 2)

�

+

��1X
i=1

�
(2g+h+1 � 2)s+ 2h

dj � 2 + 2q(� + 2 + i)

�
+

�
(2g+h+1 � 2)s+ 2h

dj � 3 + 2q(2� + 2)

�!!
:
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The second and the last term in the above coefficient are equivalent to zero
modulo two in view of Lucas’ Theorem, since their denominator is odd while the
numerator is even. The remaining terms can be rewritten in terms ofg andh as
follows: �

ds+ q

2qi

�
=

�
(2g+h+1 � 2)s+ 2h

2h+1i

�
�

ds+ q

dj � 2 + 2q(� + 2)

�
=

�
ds+ q

(2g+h+1 � 2)(j + 1) + 2h+1

�
�

ds+ q

dj � 2 + 2q(� + 2 + i)

�
=

�
(2g+h+1 � 2)s+ 2h

(2g+h+1 � 2)(j + 1) + 2h+1(i+ 1)

�
;

so they all can be arranged in the unique sum

s�1X
j=0

2g�1X
i=1

�
(2g+h+1 � 2)s+ 2h

(2g+h+1 � 2)j + 2h+1i

�
;

equivalent by Lucas’ Theorem to the following:

s�1X
j=0

2g�1X
i=1

�
(2g+h � 1)s+ 2h�1

(2g+h � 1)j + 2hi

�
(mod 2) :

Since the result must be[�1ny] by the expansion in the previous section, we get the
first binomial identity:

s�1X
j=0

2g�1X
i=1

�
(2g+h � 1)s+ 2h�1

(2g+h � 1)j + 2hi

�
� 0 (mod 2) :

Analogously we can expand completely the two equations (12),

0 = [��] = [vnyx
2q�1] :

First we expand then even one:

0 = [vsvs]

= [vs[yz
2q�1+ds]]

= [vsz
2q�1+dsy]

+[vsz
2q+ds] �

 
s�1X
l=0

��
2q � 1 + ds

dl

�
+

+

��1X
j=0

�
2q � 1 + ds

2q � 1 + 2qj + dl

�1A+

�
2q � 1 + ds

ds

�1A :



PRESENTATION OFBl ALGEBRAS 35

The involved binomial coefficients can be rewritten first as

�
2q � 1 + ds

0

�
+

sX
l=1

0
@�2q � 1 + ds

dl

�
+

��1X
j=0

�
2q � 1 + ds

2q � 1 + 2qj + d(l � 1)

�1A ;

and then, by using binomial properties, as

1 +

sX
l=1

0
@�2q � 1 + ds

dl

�
+

�
2q � 1 + ds

d(s� l + 1)

�
+

��1X
j=1

�
2q � 1 + ds

d(s� l + 1)� 2qj

�1A ;

but now,
sX

l=1

�
2q � 1 + ds

dl

�
=

sX
l=1

�
2q � 1 + ds

d(s� l + 1)

�
;

and so the remaining coefficient is just

1 +

sX
l=1

��1X
j=1

�
2q � 1 + ds

d(s� l + 1)� 2qj

�
= 1+

sX
l=1

��1X
j=1

�
2q � 1 + ds

dl � 2qj

�
:

Since the expansion (19) of the same formula eventually gives[vnyx
2q�1], this

means that the coefficient above must be odd,i.e.

sX
l=1

��1X
j=1

�
2q � 1 + ds

dl � 2qj

�
= 0 ;

which yields

sX
l=1

2g�2X
j=1

�
(2g+h+1 � 2)s+ 2h+1 � 1

(2g+h+1 � 2)l � 2h+1j

�
� 0 (mod 2) :

Finally, we completely expand equation (21):

0 = [[vsyx
2q�2(yx2q�1)

��1

2 ][vsyx
2q�2(yx2q�1)

��1

2 ]]

= [[vsyx
2q�2(yx2q�1)

��1
2 ][yz2q(

�+1

2 )+2q�2+ds]]

= [vsyx
2q�2(yx2q�1)

��1
2 z2q(

�+1

2 )+2q�2+dsy]

+[vsyx
2q�2(yx2q�1)

��1
2 z2q(

�+1

2 )+2q�1+ds] �

�

0
@

��1
2X

j=0

�
2q
�
�+1

2

�
+ 2q � 2 + ds

2qj

�
+

�
2q
�
�+1

2

�
+ 2q � 2 + ds

2q
�
��1

2

�
+ 2q � 1

�
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+

s�1X
l=0

0
@��1X

j=0

�
2q
�
�+1

2

�
+ 2q � 2 + ds

2q
�
�+1

2
+ j
�
+ 2q � 2 + dl

�

+

�
2q
�
�+1

2

�
+ 2q � 2 + ds

2q
�
�+1

2

�
+ d(l + 1)� 1

�!!
:

The second and the last binomial coefficients vanish since they have an even
numerator and an odd denominator, while the third ones can be rewritten as

�
2q
�
�+1

2

�
+ 2q � 2 + ds

2q
�
�+1

2
+ j
�
+ 2q � 2 + dl

�
=

�
2q
�
�+1

2

�
+ 2q � 2 + ds

d(s� l)� 2qj

�
:

Hence, since the alternative expansion in the previous section forces the total
coefficient of the terms ending inz to be one, we get the equivalence modulo two
of the two sums:

��1

2X
j=1

�
2q
�
�+1
2

�
+ 2q � 2 + ds

2qj

�
and

sX
l=1

��1X
j=0

�
2q
�
�+1
2

�
+ 2q � 2 + ds

dl � 2qj

�
;

and then the identity

sX
l=1

2g�2X
j=0

�
(2g+h+1 � 2)s+ 2g+h + 2h+1 � 2

(2g+h+1 � 2)l+ 2h+1((�1)1�sgn(l)j � 1 + �l;0)

�
� 0 (mod 2) :
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