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1. INTRODUCTION

The family of simple modular Lie algebras nowadays known as Hamiltonian
algebras was discovered in the fifties by A.A. Albert and M.S. Frank (see [1]) and
is named after them. By their very definition, they are graded over a non-cyclic
elementary abeliap-group. In his paper [13], A. Shalev noticed that they possess
a cyclic grading as well and they admit a non-singular derivation that cycles over
this grading. This property allowed him to build an infinite-dimensional loop
algebra starting from the original simple one: the new structure is of maximal
class,i.e. it is N-graded with all homogeneous components of dimension one
except the first one which has dimension two and generates the entire algebra.
These new algebras are known as Albert-Frank-Shal$( for short) algebras.

In the following years there has been a growing interest in these algebras:
A. Caranti, S. Mattarei and M.F. Newman developed new techniques to construct
more algebras (see [2]) and later Caranti and Newman achieved a classification
theorem for odd characteristic fields of definition in their paper [3]. The remarkable
resultthey reached shows that every infinite-dimensibihgtaded Lie algebras of
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the doctoral dissertation [7] this work is based on. The author is also grateful to M.F. Newman for
making useful suggestions and reading various versions of this paper.
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maximal class generated by its first homogeneous component can be built starting
from anAFS-algebra.

To getthe claim they need atheorem proved by C. Carrarain [4], [5], which states
that everyAFS algebra is uniquely determined by a suitable finite dimensional
guotient; she obtained this result as a corollary of a more general property she
discovered:AFS-algebras are finitely presented up to central and second central
elements.

A similar classification for characteristic two is still valid (see [9]), but in this
case another family of algebras is involved: they are called Bi-Zassenhaus loop
algebrasB; for short). The loop construction process for them is exactly the same
as for Albert-Frank-Shalev algebras, but the simple finite-dimensional algebra at
the beginning is different: their definition is in [8].

Here we want to show that the property described abova kff-algebras is
satisfied byB;-algebras, too; the fact th#-algebras are uniquely determined by
a suitable finite-dimensional quotient again follows as a corollary, although in [9]
we prove it directly.

In particular, the result we prove is the following

THEOREM 1.1. Forevery Bi-Zassenhaus loop algetBa(g, 1), there exists a
finitely presented graded Lie algebid (g, h) such that

The construction of the central extensidh by means of cohomological
argumentsis shown in [8]. Note that, since the centid @ infinite-dimensional,
a group-theoretical result of B.H. Neumann [12, pp. 52-53] transferred to Lie
algebra shows that this implies tHait itself is not finitely presented.

Since the relations in the presentation of the algelirare retrieved by ex-
panding several suitable generalized Jacobi identities, machine computations took
a main ble throughout the work. These computations were performed by the
softwarep-Quotient Program [6] developed at the Australian National University
in Canberra. Nevertheless, all the proofs are independent from such calculations.

2. PRELIMINARIES AND NOTATION

We refer to the above cited papers for background on graded Lie algebras of
maximal class and the constructionI®f algebras. This section is meant to give
a brief survey of the main facts concerning the topics involved in the present
discussion.

A graded Lie algebra

L:éLi,
=1
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defined over a field of positive characterigtiand generated bj is said to be
of maximal classf dim(L;) = 2 anddim(L;) < 1fori > 1.
Its elements are written left-normed and in exponential form:

Thetwo-step centralizer§'; of L are defined as the one-dimensional subspaces
Cr, (L;) of Ly centralizing the homogeneous compondntsvhen: > 1, while
C, = Cs is formally assumed. Following the classical notation, we define the
elementy by means ofC; = Fy and we choose another element L; \ Fy
such that the paifz,y} is a set of generators fdt;. When the class oL is
large enough, all the two-step centralizers coincide Withapart from isolated
occurrences of different subspaces, so it is possible to deiopstituenof L as
a subsequend@’;, . .., C;) where all centralizers coincide witfl, but the last
one, and eithei = 1 or C;_; # C,. Homogeneous elements lying in cladss 1
andj are respectively said to lz& the beginningndat the endbf the constituent
and they are not centralized B%.

A graded Lie algebras of maximal class is determined by its sequence of two-
step centralizers, and, when only two of them are distinct, by its sequence of
constituent lengths. The first constituent of a large enough graded Lie algebra of
maximal class is always of lengfty for some powey = p” called itsparametey
and all other constituents can only bhort (i.e. of lengthq) or long (2¢) or
intermediatg2qg — p®* — 1, where0 < s < h —1).

From now on, unless explicitly stated, we will assupne 2. This allows us to
ignore signs safely so that the generalized Jacobi identity reads as follows in the
two equivalent forms;

< ) vutwut ]

M
()

We will introduce the element = z + y to apply the above formula more
effectively: if0 # v € L;, for somei > 1, and if

[v[wu]]

A
> ’
=0

A
Z vutwu] ;
=0
Ci, Ci+1, ey Ci+n71 € {F.Z’, Fy},

then for every non-zero commutafot:; z5 . . . z,,] with z; € {z, y} we have that

[vriZe ... 2n) = [027] .
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Moreover Lucas’ Theorem (see [11], [10]) will be used several times: if

a= Z a; - 2" andb = Z b; - 2" are the2-adic expansions of two integers, then
=0 =0

(Z) Eilj) (Z) (mod 2) .

Finally, the following identity will be useful

a—1
20 —2'=)"2" V0<b<a;
i=b

note that, as a consequence of the two formulas above, we have that

(2 ;1)51 (mod2) V0<i<2¥—1. 1)

The algebraB,; (g, h), defined when the characteristic of the underlying field is
two and(h, g — 1) € N x N, form a family of elementary objects among infinite-
dimensional graded Lie algebras of maximal class. If exponential notation is
employed in order to indicate consecutive occurrences of patterns, the sequence
of constituent lengths of the algetBa(g, ») reads as

2¢,2¢—1,((29)""", (2 - 1)*)~ )

whereq = 2" andn = 29 — 1. Thus in aB;-algebra the only intermediate
constituents are those of maximal lengih- 1 and there are no short constituents.

Supposel = @ M; is a graded Lie algebra such thet/Z, (M) is a graded

Lie algebra of mza;imal class. We defineanstituentof M as a constituent of
M /Z5(M), ignoring the central or second central elementa/of

In order to lighten notations, we introduce here some shorthands that will be
used in what follows. First of all, we define the elements

vy = [yz? T (y2? 12 (ya? )Ty

which lie in the homogeneous components of indizgsdn whered = 29h+1 —

2 is just the dimension of the simple algeli3&y, 1) andn ranges over the non-
negative integers. When the two parametgidie in the interval? < a < h+1
andh + 2 < b < g + h, we can define the following elements (the notation is
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consistent with the one in [8])

0l = [v,7] (2¢+ 1+ dn)
0% = [»Unyx2q—2h+2—a_1y] . (4q — Qh+2—a 4 1 4 dn)
0, = [oaya® = (ya?r= )12 a2ty

(2¢(n + 3 — 29T"H1=0) — 1 4 dn)
0 = [03n419] (2¢+2+d(2n+1)).

The number in parentheses is theightof the elementj.e. the index: of the
homogeneous componeit; in which it lies. Finally, we define the elements

Xe = [zt ya® 12 (ya? ) Y2 T?y)

Note thatxn,29+h+1+b = 98 whenh +2 <b<g+h.

3. THE FINITE PRESENTATION

Fix a particulaB,; algebral. and then consider a finite sBt of homogeneous
relations such thal’ = (z,y : R') is a presentation of a suitabie-dimensional
Lie algebra such that!’/Z,(M') is isomorphic to a graded quotient &fand
remove the relations of degree+ 1.

We will show that what we obtain is a finitely presented, infinite-dimensional
graded Lie algebra/ suchthatM /Z»(M) = L. Adding toR' the set of relations
used to annihilate the central and second central elements, we will obtain a graded
Lie algebra of maximal clasd/ isomorphic toL and uniquely determined by a
suitable finite-dimensional quotieff’.

When all the homogeneous relations that define the algelup to central
and second central elements up to class: 2¢(n + 2) are added td, then the
resulting algebra/ starts as a graded Lie algebra of maximal class with initial
segment of constituent lengths

2¢,2¢ — 1,2¢""",2g — 1

andC; € {Fz,Fy} foreveryl <i < m.

We will show that most of then — 2 relations that in every class< i < m
set the two-step centraliz€l; are redundant: a suitable setqf h + 1 of them
is actually enough, and we now explain which are the chosen relations and what
they mean in terms of the classification of graded Lie algebra of maximal class in
characteristic two.

The first set of; relations defines the parametes 2":
2j+1

[yz®tly] for0<j<q-2,  [yz®7™].

This makes all homogeneous components have the same two-step centralizer up
to weight2¢. Moreover, they force all further constituents to be short, long or



6 JURMAN

intermediate. The next relation
[yt~ yz '™ ya]

states that the second constituent is not short: in particular, this implies that no
more short constituents or two-step centralizers other than the first two will be
involved. A standard argument shows that the second constituent cannot be long,
so it can be only intermediate. The followihg- 1 relations

[yquflyqufffl

yr] forl<s<h-1

establish its length as the maximal possihije 1. So the algebra is notinflated and
starts moving on the branch of the limit algeBrBS (h, h+ 1, oo, 2): furthermore,

we know that from now on its sequence of constituent lengths will contain only
long and maximal intermediate constituents. The remainireations determine

the algebra: again by the classification we know that this may happen only when
the number of long constituents before two intermediate ones is a power of two
minus one or minus two. These relations enable recognition of the latter case (the
B; pattern) rather than the former one (th€S one):

[ya?a~tyz® =2 (yx>1 1)y 2y (z)]  for0 <t <n-2,
[yquflym2q72(yqufl)nflyquflyx] ,

where thgz) appears only when — ¢ is a two-power. Rewriting the entire sBt
of relations in terms of the above defined shorthands, it reads

[yz>*ty], 0<j<qg-2,
[052], 1<t<g+h, w,
Xt 0<t<n—2andp—t#£2%fori<a<g-1.

We will prove that the sequence of constituent lengthS\éf R) andL are the
same and that the two algebras differ only in central or second central elements;
in particular, we claim that the elememifsare the only central and second central
elements that may occur: the construction shown in [8] completes the picture.

4. THE PROOF: THE STRUCTURE

For clearness’ sake, the expansion of the following Jacobi identities which are
not immediate is carried out in the next section.

4.1. Using the first group of relations
The first homogeneous component is obviously two-dimensional:

Ml = <.’L’,y> .
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The first group of relations written above shows the structur&/ofip to class
2+ 1:

M= (lyz" ")) for2<i<2q, Moy = ([yz*" 'y], [y2*!] = ;) .
In fact, whenj ranges betweeand2q — 2, the element
[ya'y]

vanishes, by the relations above in the caseld and by the following inductive
argument wher is even:

s,

0= eyt = (7).

TS

Finally, the relation in clas8q + 2

[ya® '] = [Ba] = 0
and the expansions
2q72[

yry]] = [y=** yy],

(e = (Yol + () ) = 03

0 = [yz
0

show that the first constituent af has lengti2g, thatC», = Fz and that} is
central:

Msqio = ([yz*? ' ya]) .

4.2. The constituent lengths

By the relations just obtained, the standard result [2, Proposition 5.6] can be
proved: for a (large enough) algebra of parameter

the only possible constituent lengths &gand2q — 2%, 0<s < h.(CL)
When central and second central elements occur, the pro6i)frieeds a small
refinement, already pointed out in [5]; following the convention on two-step

centralizers, whei’; = Fy in M andw € M; we can only say thauwyzz]
vanishes, which is sufficient to prove that

0 = [wyzy]] = [wryy] + [wyyz] = [wryy],

this lets the proposition work in this new context, too.
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The above property implies that,fis not centralized by, then
[vayzFy] =0,

whenk # 2q — 2% — 1 for 0 < s < h. By using this property, it is not difficult to
show that the second constituentidfis of maximal intermediate lengtty — 1,
that its last element is centralized byand that the element are central, for
2<a<h+1:

(lyz>r ya'='], for3 <i<2¢-1,

lya?t~tyx Pyl =65)  i=2q- 2" 41,
Magti = 2<a<h+1l,

([yz*1=tyz'=1]) otherwise,

Myq = (lyz**~'yz?%y)) .

Since two consecutive valuesitannot be both of the tygly — 2k+2-¢ — 1, the
claim is given by the fact that every element

[yz*? yaly]

vanishes by the propertg £) when0 < j < 2¢ — 3 andj # 2q — 2° — 1 for
1 < s < h and otherwise, by the relation

[ya®~tyayz] =[5 a]

and the expansions

050y,

0= [y 'ya’ yay]] = [y2®" yalyy] = |
2g—1

0= [y = (%1

> [yz*1~ yz®17 1] 3)
4.3. The number of long constituents
Now we deal with the remaining structure &f up to classn = 2¢(n + 2), by
showing that whei runs between zero ang— 1 andk between zero anziy — 1,
with k& # 2¢ — 1 fori = n — 1, we have that

[yt a1~ (e yiga? ] | fork=2g—1,
[nyq—lnyq—Q(nyq—l)inyq—Qy] i = n— 2g+h+1—b ,
Mygi2givr = =0%) h+2<b<g+h,

([yz?a—tyx?a=2 (yx2a-1)iyzk]) otherwise

To prove the above result, we consider separately some cases:
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e whenk = 0,
— andi = 0, then the claim is just equation (3);

— andi > 0, first of all we have the relatiof#} z]:

0 = [ya'  ya? 2 (ya® ™) ya® 2 [fga]]

= [ya®~tya® 72 (ya® ) Ty a2 [ya ] 4)

2 1 .
( q:— >[nyq—1y£2q—2(yl_Qq—l)zyl_Qq—ll_] :

— in particular, ifi = n—29Th+1=t forh+2 < b < g+ h, thenthe previous
homogeneous component l#sas a generator, too; to show that this element is
central, we can use the relation

[Bbx] =0
and the standard expansion
0 = [yz* = ya?1=> (ya® 1) "y " yay]] = [05y] ;
e whenk = 2¢q — 2%, for1 < s < h,

— and: = 0, we can use the following Jacobi expansion:

— _9s—1_ _ _o9s—1__
0 = [yz* 'ya?™> “Nya®yxt™? 7] (5)

= [yz®? lyz®? Pyzh 1y

— andi > 0, by using the relatiofg; "' z] in the following identity, which is
the casen = 0 of the most general one (16):

0 = [uolf5""x]] (6)
= [ya®""lya® 7 (ya® )yt Thy)
where we have defined
| [yx?rlyz?e3] fori =1
Mo = [yz29—lyz29—2 (yz2a-1)i~2y229-2] otherwise,

e whenk = 2¢ — 1 andi < n — 2, the claim is explicitly stated by the relation
Xi, Wheni # 5 — 29th+1=b ‘while otherwise there is nothing to prove since the
homogeneous component is two-dimensional.

e by proposition  £) in the remaining cases.
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So we have proved thatl has the same structure bfup to classn, apart from
some central elements.

4.4. From the factor algebra to the whole algebra

Now we have to prove that the finite-dimensional factor we built deterniihes
as aB,-algebra, apart from the central and second central elenignfer any
integern > 1.

The last equation in the previous section shows that

Magia = (v1) ;

by induction the homogeneous component in clags- dn is one-dimensional
too, generated by the element

Msgydn = (vn) .

In what follows we describe the structure of the nékiomogeneous components
of M, i.e. of an entire period of the algebra. We will use the notatiorf for an
element such that

[w ezl =w.
The homogeneous component in clags+ 1 + dn is two-dimensional:
Magi14dan = ([vnz] = 9111: [vny])
wheref! can be central or second central, since in the next class

([vnyz]) whenn is even,

M2q+2+dn = .
([vnyz], [vnzy] = 64%_,) whenn is odd.

In fact, in addition to the standard identities
0 = [v, ' [yzy]] = [vnyy]
and

0 = [vno1ya® 2(ya® )" 2ya®" ?[0)a]]

[Vn—1ya®?2 (ya= 1)1~ 2y 2?12 [yz? 1]

<2q1+ 1) [Un 1y =2 (y2*1~ 1)1~ ya?d] ()
= [0,4]

= [v,zz],
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whenn = 2s is even we have the equation
[nzy] = [0,y] =0,
given by the expansion
o Vv, @D =0, ®)

that together with the (7) showi$ to be central in those cases.
Now we consider clas®; + 3 + dn: if n > 1is odd, first we have the equation

0= [valyzy]] = [021y] = [vnzyy];
then , ifn = 1 we have the relation
0= [05z] = [vnzya],
otherwise we can use the expansion
0 = [vnoya™ *(ya® 1) Pya® 2[65 ] = (05 2] = [vnzya] ,  (9)

to show that the elemeft._, is central. Finally, ify = 2 the elementv, yzy] is
2
just#?, while wheng > 2 the relationyzzxy] = 0 holds, so we can expand

_ 3
0 = lo7lyazy]] = () Bawes] = onn].
Summarizing, we have

([vnyzz], [Vayzy] = 02) Wheng =2,

M2q+3+dn -
([vnyzz]) otherwise.

Now we focus the attention on the homogeneous components up tdglags.
If ¢ > 2, then2q + 3 + dn < 4¢ — 1 + dn so we can study what happens in
classeq + 1 + k + dn, where3 < k < 2¢ — 3. We claim that

<[vny$k], [vnymkily] = 02) whenk = 2q — 2h+2-a )

M _ forsome2<a<h+1,
2q+1+k+dn —

([vnyz*]) otherwise.

If & = 2¢ — 2"+22 for some2 < a < h + 1, by hypothesisMy ;14 k+an IS
generated by botj,,yz*] and[v,yxz*~1y]: sinceh+2—a > 0the numbek + 1
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cannot be of the forrlg — 2"+2-¢' forany2 < a’ < h + 1, so[v,yz*y] = 0 by
(CL); moreover, the following equation (10)

0= [vn_1yx®? 2 (yz®? 1)1 2y 205 x]] = [0%x], (20)
and the immediate one (11)
0= [oaya® """ 2 yay]] = [B3y] (12)
show that the elemefi,, yz*~1y] = 62 is central.
The remaining case is covered by the propositibf)(
Now look at the clasdq — 1+ dn, which in the case = 2 (i.e. h = 1) coincide
with the clasq + 3 + dn:

M4q71+dn = <[Unyl“2q72]; [Unyquf?)y] = 0Z+1> .

The two equations above (10) and (11) show the centrality of the eleffieht
moreover, if we define the element

Vg forn =2s,

[1]

n—

[vsyz27—2(y22~1) 5] forn =2s+1,
then the expansion
= [EZ] = [vpyx®T 1] (12)
shows that

Magian = ([vaya®2y]) = ([vayz®y]) . (13)

Finally, the last homogeneous components are generated as follows, iwhere

runs between zero and— 1 andk between zero angly — 1, with k& # 2¢ — 2 for
1=n—1:

(lonya®?=2 (ya?e= 1) iyz2a=1] fork=2¢—1,

[,Unyx2!1—2(nyq—l)inyq—2y] i = n— 2g+h+1—b ,
M4q+2qi+k+dn = = 9%> h + 2 S b S g + h ’

([vnya®1=2 (yx?a~ 1) iyzk]) otherwise

To prove this result, we distinguish some cases.

e whenk =0,
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— andi = 0, then the claim is just (13);
—andl < i < g — 1, then first we have the generalization of (4):

0 = [onaya® 2 (yz®1~")"Gg)

= [vaya® 2 (ya® ") ya®]]

2 .
e

0

in particular, in the case= n — 29t"*1=b for some integeh + 2 < b < g + h,
two more identities are required, sindé,,;24i+4n—1 iS two-dimensional: the
former reads as

0 = [vnyz™ ?(y2® ") yz®?*[yay]]
= [opya®? 2 (ya®i 1)y Pyy]
[0y,

while the latter uses the relatidff z]:

0 = [vp_1y2®? 2 (ya® 1) 2y2?72[0}2]]

= [vayz®? 2 (ya®7 1) ya?t Pyal (14)

= [02];
e whenk =2¢q — 25 for1 < s <h,

— and:i = 0, then the relatiory, can be used:

0 = [,Un_lnyq—Q(meq—l)n—Qmeq—Qs—IXO] (15)

[vayz® T 2yz* 1y ;

—andi > 1, we can use the relatiddy ™ z]:

0 = [ual6; "] (16)

= [ouya® = (ya* ) yat 1y

where

_ [ [oayz®®?) fori =1
Hrn = [vpyaa=2(ya2e—)i—2y224—2] otherwise

e whenk = 2¢ — 1,

—andi = n—29th*1-tforsomeh+2 < b < g+h, thenMy, 4 24i+20—1+dn
is two dimensional;
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— ands is not one of the above values, then definas the exponent of the
higher power of two dividing + 1 and use the relatiog;, »» _; as follows:

A
0 = [n—1yz® (2”2 g 2y 0n ] (17)

— [,UnyqufZ (yqufl)iyx2q72y] :

¢ whenk is not one of the above values, then proposit@g)(proves the claim.

Now to conclude look at the homogeneous component occurring fo2q — 2
andi =n — 1:

M4q+2q(7771)+2q72+dn = M2q+d(n+1) = <['Unyx2q72(yquil)nilyquizp

([vns1]) -

5. THE PROOF: THE EXPANSIONS

The first equation we deal with is (5), whose expansion gives

0 = [[yz® tyat 2 Yya?lyzt 2T )

lya® =yt Ty )

3¢—2°"1_1

— — 3_17
[yz*? tyzt> ! y]

s—1
2¢—1, q—2°"'—1_3¢—2°""7 . 3q—2 -1
+|:y1' yxr Z ] <q + 25—1 — 1

z

1_ _o9s—1__
1,3q-2 1

= [y2? " yz?™? Y]

= [yz®? lyz®? Pyaty],

since the binomial coefficient is equivalent to
3g—2"1 -1\ _ [2\[q—-2°"" -1 _o
g+2s1-1) 1 2571 -1 )~
modulo two.

The next expansion we show is related to both equation (6) and (16), respectively
in the casen = 0 andn > 0, wherel < s < h:

0 = [ualf3" 2]]]
= [pnlyz?*!
= [unlyz

y1.2q72h+2—(s+1)1.]]

 ohtl-s
R
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[nlyz*2"" 7 1a] +
q72h+1—s]]

+pnzlyz*

= [unz* 2" e

4(] _ 2h+1—s N 4q _ 2h+1—s
1 2¢+1

Hlnaz a7y

a0

4(] _ 2h+lfs N 4(] _ 2h+1fs .
0 2q ’

via Lucas’ Theorem the involved binomial coefficients can be evaluated as follows,
wherea, 8 € {0,1}

<4q2;0¢21+;s> = (;) <2q B QthS) =(1-p) (mod2)

and thus the above expansion reduces to

4q—2hti=s

0= [un[68+1w]] = [unz2 y] = [vnymz’Fz(ymzq*l)iymkfly] )

Then we have the equation (9), needed to prove the centrality_of note that,

in this case, the relation has to be written pointing out the two fast occurrences of
the generators,

2] = [y~ ya® = (ya®1 1)1~ yat~ ya] = [yz2 1Ty
since the elemerjyz29(1+1)+24=3y22] is non zero. The expansion begins as:

Un—2ya® 2 (y2® )12y 2 g5 2]
,Un_Qmeq—Q (meq—l)n—Qmeq—Q [nyq—lnyq—Q (nyq—l)n—lnyq—lym]]
2q—2 (yl’2q_1)n_2yl’2q_2 [yZQq(n+1)+2q_2yl']]

2q(n+1)+2q—2

0 =

I
=
i
M
<
8

Un72y1.2q72(yl.Zq*l)nfzyqufz[yz y]x]
[on_ oy~ (a4 )12y 202 [y 20 D202
= [vp_oya?T™ 2 (ya21~ )12y g 202 [y 20 (1 1) +20-2]y o]
+[’Un,2yx2q72 (yqufl)7772yx2q72x[yZZq(nJrl)Jrzq,g]y]

+[1)n72ya;2(;72 (yqufl)7772yx2q72xy[yZZq(nJrl)JqufZ]] :

the resulting right-hand side reads as follows:

[Un72y1,2q72 (yqufl)n72y1,2q72z2q(77+1)+2q71yl,]
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<<2q(n + 1)1+ 2q — 2) . <2q(n + 12)q+ 2 — 2)

L (2a(n+1) +2g =2 +’§ 2(n + 1) + 2q — 2
2g+2q—1 P 2q(i+1)+2¢-1
+[,Un_2yx2q—2(nyq—l)n—2ym2q—2mz2q(n+1)+2q—1y]

( <2q(17 + 1)0 +2¢— 2) . (2(](77 +2;)_+12q - 2)

+<2q(n+1)+2q—2> +"§ <2q(n+1)+2q—2>
2q +2q — 2 — 2q(i+ 1) + 2q — 2
2q(n+1)+2¢—2

2q(n+1)+2q—4

Y]
yzz]

2q(n+1) +2q—2 N 2q(n+1)+2q—2
2 — 2 2 +2¢— 3

+"Zl<2q(n+1)+2q—2> . <2q(77+1)+2q—2>
P 2q(i+1)+29—3 2q(n+1)+2q—4

2q(n+1)+2¢—4

+[vn72yar2q_2 (yl’2q—1)n_2y1‘24_21‘y2

+[vn,2ya:2q’2 (ym2q71)7772y1,2q721,yz

Honoya® = (ya®t= )1 ya >y zy]

2q(n+1) +2q —2 N 2q(n+1) + 2q — 2
2 — 2 2+ 2 — 3

S G )

by applying Lucas’ Theorem to the above binomial coefficients we get, for
0<a<n+1landl <b<2¢g:

(i s ) = () ) ot

= () God)

1 (mod2) < a=0,n+1andb=24,2q,

so that the above equation turns out to be

0 = [Unooya®?2(ya®™ )" 2yz’ 12 (05 a]]

— [Un72y1,2q72 (yx2q71)7772y1,2q 21,Z2q(77+1)+2q71y]
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2q(n+1)+2q72y]

xyz]

v oyaT 2 (Y221 )12y 2 2y
+{Un72y32q72(y$2¢4)"72ya@q*2xyz2ﬂn+lﬂaq74

= [Up_oya®?™ 2 (ya? 1)1 2y 202 gy 20 D+ 204
[

TYZ xyx]

To prove equation (10), let= h + 2 — s, for 1 < s < h and expand as follows:

2q—2 2q—1

0 = 2q20h+2s]

Un_1YZT " 2yx
Un—1YT
Un—1YT
Up_1YT
Hop—1ya?? 2 (ya?t )" 2y:r2q 2xly2"]

— [,Un_lmeq—Q (meq—l)77—2meq—QZAq—QS y.’I}]

g — 25 g — 25 Aq — 2%
[ (% L (4 L 4
1 2% 2 + 2 — 2°
Hon_1yz® 2 (ya?1 )1 2y 2yt

= [on- 1yw2q_2(9524_1)n_2yw24_2z44—25w$]

() 4@—?»

+['Un lyqu 2( 29— 1)77 4q 25 ym]
4q-— 2° 4q-— 2 4q — 2°
2q — 2q+2q—25 -1
+[on1yz®I- 2( 2a-1yn- 1yz 2 a)
4q — 2° 4 - 2¢
(4 4 (% :
0 2¢—1
the non-trivial binomial coefficients above can be evaluated as elements of the
underlying field by means of Lucas’ Theorem as follows:

4q — 2° 4q — 2°
= =1 d?2
( 2q > <2q+2q—2s> (med 2),
4q — 2° 4q — 2°
! = / =0 (mod 2),
2q—1 2q+2q—25 -1

and then the equation reads as

yr
yr

( ) [

2q—2( 2q—1)n—2 qu 2[ 2q—25—1

211 -2 g2y ]
( ) [

yz||

2q—2 yl,qul

[
[
[
[

7772 2q 2 yz4q 2° ]:L’]

0 = [Un—1y372q_2 (nyq—l)n—nyQq—Q [98+27S$]]

= [vpyz?T % "aa]
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2q—23—1yw]
zx]

y]

+opyz

+opyx
2¢q—2°—1

2¢—2°—1

[vnyz
= [9h+2 “q] .

Then we proceed with (14), wheie= n — 29+h+1-5:

29=2 () 241 71—2 224279

2]

yx 2q— lyl,Qq—2(yl_2q 1) yl'
Yz 29— 2+2qu+2)mﬂ

Vn—_1YT
Un-1YT
Un-1YT
Vn—_1YT
Hon—1ya?? 2 (ya )1 2yw2q 2 [yz2a-22a(i42)))

[\3
1\3

292y 29— 10— q—2 o

yz|]

2q—2 77*2 2q 2

[
[
[
[

~ A~ o~ o~
S

) 06
) [
x2q71)n72 29— 2[
) [v2

27! 29— 2+2q(z+2)] ]

= [Unflym2q72(yqufl)n72ym2q722,2q73+2q(i+2)yl_]
2(i+2) +2q -2 2¢(i +2) +2q — 2
. . i ,

2q(i +2) + 2g — 2 L9004+ 2) 4+ 20 — 2
+<q(’ ) +2 >+Z<q(f ) +2q )
20+20 -1 < \2q(j +1) +2¢ - 1

N 2q(i+2) +2¢—2
2q(i +2) + 2q — 2
+[U"*1y1'2q72(yl‘2q71)n71z2q72+2q(i+2)y]

+[Un71y1.2q72 (yl.2q71)n71Z2q71+2q(i+2)]

. ((Qq(i + 2)0+ 2q — 2) N <2q(i +2z) _+12q = 2)

2q(i +2) +2¢ — 2 e /9a(i 4 9) 4 20 — 2
+<q(l+ ) +2q >+Z<Q(Z'+)+q >
+<2Q(i+1)+2q—2>>

2q(i+2)+2¢-3)) "

Since the binomial coefficients whose denominator is odd vanish, the non-zero
and non-trivial binomial coefficients above result

2q(i + 2 2q — 2 i+ 2
(ﬂ” ) ) = (Zﬁ ):n—2g+h+1b+zzl (mod 2),
q

(28 202) = (112) G,
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remembering the property

i(O‘) —(1+1)°=0 (mod?2),

j=o
the above identity reads
0 = [on-1ya®™ > (ya*t )72y Bho]
= [Un—1y$2q_2(meq_l)"_1224—2+24(i+2)y]
+[Un—1y.7:2q_2(yg;2q—1)"_132‘1_1+24(i+2)]
= [vn,lygﬂq—z(yxzqfl)n7122q73+2q(i+2)yx]
= [9,”133]

The next two expansions involve the relatiops The former is related to
equation (15):

0 = [Un_lyx2q72(yx2q71)7772yw2q71723X0]
— [’l)n_lyw2q—2(yw2q—1)n_2y$2q_1_2s [ya:2q—1yw2q_2ya:2q_2y]]
= [ono1ya™ 7 (g2 )1 ya T 28Ry )
= [on1ya® 2 (g2t )T R ya T 80y
— [,Un_lyqufZ(yx2q71)7772yx2q71723 Z6q72y]

6g — 3 6g — 3 6g — 3 .
(( 2 ) " <2q+2s—1> i (4q+2s—2>> |
the evaluation of the binomial coefficients can be done as usual by Lucas’ Theorem
first
6g—3\ _ [4q\ [(2q—3\ _ (2¢—3
(557 = ()05 = (457 o
6g — 3 4q 0 2qg—3 2qg —3
= =1:-0- = 2
otz 1) = (0) ) G 0) =0 (75 =0 o,
6g — 3 4q\ (29 — 3 2qg—3
= = 2
(te’s) = () (272) = (073) w2,

and then using their elementary properties, the characteristic of the field and the
observation (1):

()= (22) = () 2D +(220) o
- (%) (2)
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(GG
EQ )+ ()

2qg—1
25
(mod 2) ,

thus the expansion itself reads as

0 = [Un 1y352q 2( 2q—1)n—2yx2q_1_2sxo]
= [on-aya®® 2 (ya®t ) yatt Y eyt ety
= [vn_1ya® 2 (ya? 1)1 2yt y gyt 2y ]
= ['U walI 2y k— y] ]

The latter equation (17) deserves more attention: consider theindex< n—3

and let\ be the exponent of the higher power of two dividing- 1, hence
i+1=2".rwhere) > 0 (with equality wheni is even) and- is positiveodd
integer. Due to the bounds eywe have

29 — 2
= { 2 ] <2,
where the first becomes an equality if and only i 5 — 29th+1-t for some
h+2<b<g+ h,or,equivalently; = 29 — 27 — 1 forsomel <y < g—1s0
thatA = v. When we are not in the above case, then

2 —1=2(r+1)—2< 2} (2971 —141)—2<29 22 —2< -2,

Moreover, ifi is even, therh = 0 and then + 2* — 1 is even, too; otherwise, if
is odd, themx > 1, and then + 2* — 1 is still even. Buty — 2° is always even,
forl <a<g-—1,hence)— (i +2* —1)is never®, for1 < a < g— 1. Then
Xi+2» 1 = 0 and we can expand the Jacobi identity

2g—1\n—1-2*

0 = Yo X o 1]

)
ymzq 1)77 )‘ym2q72[yZZq(i+1+2)‘)+2q73y]]
)77 )‘ym2q72[yZZq(i+1+2)‘)+2q73]y]

2q—1\n—1—-2>_ 2¢—2 _2q(i+14+2*)+2¢—3
yxz2a—1yn ya? »24( )+2q Y]

A
Z 2q(i+1+2))+2¢-3 N 2q(i+1+2")+2¢—3
2¢j + 1 2q - 22



PRESENTATION OFB; ALGEBRAS 21
2q(i +1+2*) +2¢—3
P () )
= 2q(2*+j)+2q—1

As usual, the terms in the last sum vanish sifige- 1 > 2¢ — 3, while the
remaining terms can be rewritten together as follows:

i <2q(i F1+ 2A)> i (2* 4 2*) mod 2)

= 2qj i J
22 (4 1) r+1
El+;< i >+<1> (mod 2)
=14+0+7r+1 (mod2)
=1 (mod?2),

sincer is odd. Then the above expansion reads as

0 — [vn,lymzqﬂ (ymzqq)anz* ymzqu [y22q73+2q(i+1+2k)y]]

= [onyz® 2 (y2® )y Y],

S0 thatM 4g424i+24—2-+4n IS ONE-dimensional. Nothing can be said whésone

of the excluded values, and in those cases that homogeneous component has two
generators.

We are left to prove the Jacobi identities (8) and (12): they need a different
approach, already employed in [5]. First of all, for any index 1 define the
element
2q72(

2‘1*1)77*2 2q72]

i = [vim1yz® 2 (yz ya®17?] = [yz? 7.
Its weight is an integer multipldi of the period of the algebra/ and then it
satisfies the identity
[0n 2] = [Unts2*] .
Furthermore, if the relatiofv,,z] = 0 holds for the element, then the relation
[vv;z] = 0 holds, too. As a consequenceuifry] = [wyx] = 0 for some element
w, then
[wyizy] = [wayiy] = [wyyiz] = [wyzy] =0,

and thugwlv;zy]] = 0. Now we apply the above property to the expansion of the
three identities we have to prove.
The identity (8) is the easiest to expand in terms of the elemgnts

0 = [fo; Vo, V)
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= [[os @ Vllysayat ]

Z (q ~ 1) [y T [yaylat ] (18)

i=

; > vs[vsmy]] + (Z - ;) [(ve) ™ [sy)a]

(i-

[os[vs2]y] + [vsy[ysa]] + [v7 [slya] -

The expansion (12) fat even is straightforward, too:

= [vsv4]

= [vs[yszya® 2] (19)
2q—2

_ Z (2qi— 2) [USCUi[’YsCUy]CUQQ_2_i]
=0

= [vs[yszy)a®??]
= [os[rszlyz® %] + [vsy[ysa)a® %] .
Finally, the equation (12) fat odd requires a slightly more careful treatment; let

1
a=2q (%) + 2¢ — 3 and expand:

[0syz?1 2 (ya? 1) T |[o,yat 2 (y2?1 ) )]
T lyemya® Cyat 2y H)*T]) (20)
n—1

| [yszy2?|

I
e
<

8

[~
)
(V)
—~
<
8
[~
)
—
~—

= <a> [0ayz® 2 (ya®® 1) T 2 yary]® ).

=0 v
The only non-vanishing elements in the above sum are, together with their
coefficients:

(g) [vsy227= 2 (y221~ ) T [y, 2y]2?]

n—3

<2qj +a2q—1> [0aya®I™2 (ya?0™" ) T Hya2072 [y ay] 2~ (20720 1)]

.
gt
o

n—3

oy

(2 +1> [Usyx24—2(y1-24 1) R +(]+1)[’}/sl‘y]z°‘_2Q(j+1)]
q(j
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Qa B L B o (200= 9
<2q"71+2q—2> [vsya®® 2 (ya?? )1 L ya?t By ay]p® - 20T 2]

a _ _ _ _ a—(2g1=1 —
<2qn_1+2q—1> syt (ya®0 ™)1y gyl B0 2]
2

o — — — — —
<a> [,Uswaq 2(yw2q 1)17 lwaq 2yw2q 3[75333/]],

but all the involved binomial coefiicients other the first and the last ones vanish,
given the boundd < j+1 < % = 2971 — 1 and the obvious inequalities
2q —1,2q — 2 > 2q — 3: infact,

<2qj +a2q - 1) <”7“> (;Z _ ?) =0 (mod2),
n+1 =
<2q(ja+ 1)) = <j?1> <2q0— 3) = <J2+ 1) =0 (mod2),
(2(1”2—1 i 2q — 2) = <:zi> @Z : Z) =0 (mod?2),

a 2N 12g -3
= = d?2
<2q7721 + 2q _ 1) <n;1> <2q _ 1) 0 (mO ) )

and thus the expansion (20) eventually reduces to the terms

0 = [25)

= [vsya®? 2 (y2®" 1) 7 [yeay]2®]
Hosyz® 2 (ya® )" ya? Py
—1
[vsyz?1 2 (ya211) "= [y,2]y2®]
-1
sy (ya 1) T y[y,a)2”]

Hosya®? 2 (ya®? 1)1 ya? Y2t P yealy]

7 [y ay]] (21)

Now, to complete the three expansions (18), (19) and (21) we use the following
six equations (a)-(f) which show in a more broad sense the behaviour of the
elements involved in the last step of the previous expansions. All the equations
we state will be proven by induction and by using the following identity, which in
some sense can be viewed as the key one:

[izm] = [viciya® 2 (yz® )1 ya® ey ]
— [vi,lym2q72(ymzq*l)nflzdfly]
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d—1 d—1
. 2q—2 2¢g—1\n—1_dj .
+vi1yz (yx )Tz (( 0 > + <2q— 1)

(0 )

= [oi_1yz®? 2 (ya =) Ty
Hoimya® 2 (ya? 7)1 2 (22)
['Uz 1:U:L,Zq Z(yqufl)nflzdflx]

['Uz 1:U:L,Zq 2(yqufl)nflyx2q72yx2q72(yqufl)nfl]

= [

= [

2q—2

viya® 12 (ya )1y 2?1 g

71+1x]

sinced — 1 =2q — 3+ 2qn and2q — 1,2g — 2 > 2¢q — 3.
The first identity is the following:

w7 [yl = [vigs] - (@

First of all we must compute two preliminary expansions. The former one reads
as:

'] = [v; ' yz"]
= [v7 2"yl

et () (5) 2 )

The evaluation of the binomial coefficients as

<dI 1> <2q1— 3) <g> mod 2).
<d2—q 1> _ <2q0— 3> <1l7> (mod 2),
<2q(zj_+l1)> = <2q0_ 3) (jL) (mod 2)

shows that all the terms can be evaluated together as

Xn:<7>:(1+1)"zo (mod 2) ,

i=o M
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and so the entire equation reduces to

wi'm] = [v; 2%ty

= [oiya® 2 (ya* ) Ly
= 0.

24y

The latter expansion is similar to the previous one

wim] = [vilyz* "]

= [viz? 1y

d—1 d—1\ 2/ d-1
.d.
=] < 0 >+<2q—1>+;<2q3’+2q—1> ’

but now, since&q — 1 > 2¢q — 3, only the first binomial coefficient is different
from zero, so that we get

dfly]

[vim] = [viz
+[vl d]
~la)

[viz
— [’U yx2q72 (ym2q71)n71y$2q72]
[

'Uerl]

These two equations give (a), fpe= 1:
[o; 'Iyell = [(vi) ™ ma] + [vim]
=0+ [Ui+1] .
To complete the claim, we have to prove the inductive step: so suppose (a) holds
for j and use again the two previous expansions, together with (22):

v el

[o7 ' [zl = [
o7 el + [v7 i bysal]
[
[

Vitj 'Yl] +0

”z+1+1]

The second identity we need to prove is the following:
[vily;]] = 0y - (b)
To get this one, we use the relatipyjzz] = 0

0 = [ [ea]
= [oi *Pyada] + [vilysal]
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and the equation (a)

[vilvje]] = [v7 " [y;2]a]
= [vigja]

_ 1
- 92+J :

For the third identity (and for the following three ones, too)

[viylyiz]] = [vitjyz] (©

the proof proceeds like it did in the first case, so first we have to expand two
intermediate identities. The former is

wiyn] = [viylyz*"]]
= [viyz*"y]

=) (:Xé <2qJ +2¢ - 2))

d—1

= [viyz""y]

[UH—I y] s

since2q — 2 > 2¢ — 1 and then the involved binomial coefficients vanish. The
latter is

wiyzm] = [viyalyz*']]
= [vyzz*"y

n—1
d—1 d—1
. d . .
o] (; <2qj +2q - 3) " <2qn +2q - 4)) ’

Lucas’ Theorem evaluates the coefficients:

n— 1( ) n—
— 2q]+2q— ‘

Jj=

1l
(=}
T
S S
N———

=)

o

<9

™

N

I

—~

[a—

_|_

—_

~

3

|
N
=S 3
N——

B

@]

o

[\

~



PRESENTATION OFB; ALGEBRAS 27

and

< d—1 ) _ < d—1 )
2qn +29—4)  \d—1—(2q — 4+ 2qn)

- ()

=d-1
= 1 (mod 2),
and thus we have the identity
[viyey] = [viyez"""y]
= [vi+1yy]
=0.

Again, the two equations above give the basis for the induction process

[viynz]] = [viynz] + [viyeyn]
= [Ui+1y1'] +0 )

and the identities needed to prove the inductive step, where we suppose the
formula holds forj:

wylyizml]

wylvelm] + viym [vie]]
Vit jyzy1] + [viy1yly;e]]
= 0+ [it1+jy7] .

iylyjriz]] = [
= |
[

v
(%

The next three identities deal with the elements involved in the expansion (21).
The fourth equation is

n—1

[iyz® 2 (yz?? 1) = [y2]] = 0. (d)

The only auxiliary identity required to prove the claim is the following:

1 —1
[iya® 2 (y2* ™) = ] = (o (a7 [y
= Joiya® 2 (yar) T 20y

2q71) %Zd]

+[viy:n2q72(y:v

n—1

> <d2;j1> " <2q ("2—?)_+12q - 1)

=0
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1
+Z<2q ”“+J)+2q—2> ’

since2q — 2 > 2q — 3 only the binomial coefficients in the very first sum are not
zero: anyway, the sum itself yields
20 —
(77 ( ‘ ) mod 2)
J 0

0
=

(%)%

0

29 —1
= > (mod 2)
=0 J
29711
= > 1 (mod?2)
j=0
= 297!
=0 (mod?2),
so the identity reduces to
iy 2 (ya® ) T ] = Joiya®l 2 (ya? )T 20y
= [viprya® 2 (ya?t )T a2y
=0.
The above relation together with the fact
iy~ (y2*1=1) T 2] = 0
give the casg = 1 of the claim
iya® =2y =) yral] = [viya®2(ya® ") T al
=0,
and the inductive step follows immediately:
iy2?1 2 (ya® ) T ypaa]] = oy 2 (ya )T ]

= [viya®1 2 (ya?r )T [%w]%]

+oiya? 2 (ya? ) = 71[% 1l
=0.
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The fifth identity deals with elements one class deeper than the previous ones:

iyt (ya*1 =) " ylysal] = oigya® 2 (ya® ) T ya] . (e)
This time the auxiliary expansions needed are two. The former is
2 (gt y[yz il
d— 1y]

iy 2 (yz> ) T yy] = [viye
— [viymzqﬂ(ymzq 1) 2 yz

Foa® =2 (ya? ) Ty

n—3
(a0 24-1)
2q7 +2q—1
+< d-1 >
2q (%5F) +2¢q — 2

n—3
<= d—1
+]Z%<2q("zi+j)+2q—3> ’

now the only non vanishing binomial coefficients are those in the last sum, that
becomes

<.
I MN
[e=]

n—3
= 1 e n 29— 3
= d2
Z<2q ”“+J)+2q—3> ; (”z—l+j><2q—3> (mod 2)
7=0
29-1_2
29 — 1
= (291 > (mod 2)
=0 +J
29-1_2
= > 1 (mod?)
j=0
29t _q
=1 (mod 2),
and then we have
[0iya® 2 (yz® )T yy] = [viga® > (ya® )T yz 'y

Hoya? 2 (ya?T ) Ty 2

[iyz?T 2 (yz?1 1) = yzd 'a]

= [vz+1yw24‘2(yw24 N ]
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The latter identity is similar to the previous one:

[oiya®=> (ya*0~") T yaly2"""]]

) ety

“

iy ™2 (y2* =) T yan]

= [viyz® " (yz

Hoiya* 2 (ya? ) Ty

§:<2qy+2q—2>
aatasy v

2; <2q L+ J)1+ 2q - 4)

The addenda of the first sum are zero sigge- 2 > 2¢ — 3; the other binomial
coefficients involved can be evaluated as

S AT e
1 (mod 2),

n—1 n—1

2 d—1 2 n ><2q—3>
) = ) mod 2
0<2q(”2i+,7)+2q—4> ]Z%(’%lﬂ 2-1) )

<.

1l
(V)
Q
e
[
iR
VS
[N}
)
| «
T
+ ~
.
N—
8
o
ol
[\
N’

I
—_
—~~
B
Qo
o
=

and the whole expression turns out to be

—1

[oiya = (ya?e") T ymz Y]

iy =2 (ya1~1) T yay]
o2 (y2* ) T Y]

= Joya® 2 (ya® )T ywzd ]

= [vis1ya® 2 (ya® )T ya] .
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Now we can deduce the basis for the induction
[iya® 2 (y2® ) T ylna]] = [viga® 2 (ya® )T y%w]
Hoiyz? =2 (ya?~ ) T y:m]
= [visya® 2 (ya> )T ya]

and the inductive step follows:

iy =2 (y2 ™) T ylyjpaal] = [viya® " (g T ylyanl]
= [viga® P (ya® )T y[%w]%]
Hiya™? (ya?t )T y%[% 1l
= [vigy2” > (ya® )T yw%]
= [igje1y22 2 (ya®Y) T ya] |
The sixth identity is the last one needed to complete expansion (21):

2q73[

[wiyz® 2 [y;z]] = [vigyz®T 7.

Again we first deal with two preliminary equations. The former is

iy ] = [viya® Py

— [Uiy5624_32d_1y]

2q—3zd]

( >

("17) =

+viyx

L =1 (mod?2),
= <2qc(lj_+11)> = ; <7]7> (mod 2)
= (+1)7- (Z) (mod 2)
=1 (mod2),

and thus
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= [0y
= [vig1ya®i™*y]

=0.
When investigating what happens just one class deeper, we obtain
2q—2

yz" ]
2q72zd71y]

[viya® 7|

= [viyx

[viyz ™ 7]

+viyz®T 224
1

( >+;§%<2q3+2q—1>

= [oya®=20y)
+viyx
2q72zd71x]

2q—22d]
= [viyz
= [vip1ya®7?],

since only the first binomial coefficient gives a non-zero contribution, while the

remaining ones vanish sin@g — 1 > 2q — 3.
Now the claim can be proved; first of all, the cgse 1:

—2

wiyz® P yiz]] = [viye®? P ya] + [viyz®? ]

0+ [viy1yz®T %] ;

then, the induction step:

[wiyz® 3 [y;27]]

[viy2®® 2 [y;z]m] + [viye* vz
= [vlﬂyw =2y ]+ 0

[ a2

[wiyz® 2 [yj 2] =

Vitj+1YT

At this point, by using equations (a)-(f), we can complete the expansions (18),
(19) and (21).
The first one becomes

0 = [Us 1yx2q72(yqufl)nflqufl][,U571y1,2q72(yx2q71)n71y1,q71]]

v qlv(ql)]

S

zsy] + [v25y7] + [v25ya]

[
[
[va[ysz]y] + [vay[vsa]] + [v5  [ysa]ya]
[0
0] ;
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the expansion (19) reduces to

[1]

0 = [EE]
= [vsv]
= [”5['751']?/1'24_2] + [Usy[’ysm]x%_Q]
= 0+ [vsyza®??]

= [Uny$2q71] ;

<

and, finally, identity (21) reads as follows:

0 = [EE]
_ 2¢—2 2¢—1\ 25t 2¢—2 2¢—1\ 25+
= [losyz™ = (yz™ ") 2 J[vsyz™ " (yz™ ") = ]
= [oya® (g2 "T Praalyz? 00
vt 2q73+2q("2¢)]

+Hosya® 7 (ya* i) T ylyalz
Floaya® (21 ya 2ya? S al
41

=0+ [v25ya:2q72(y$2q71)%yx22q*3+2q("z

2q71] .

= [vpyz
The expansions above prove the relations (8) and (12) and complete the proof of
the theorem.

6. SOME ODD EXPANSIONS

If we consider the three equations (18), (19) and (21) and we compare the result
obtained expanding them as we did before rather than applying the generalized
Jacobi identity straightforwardly, we can derive three identities involving binomial
coefficients oveF'; otherwise hard to be proven directly.

First we deal with the identity (8), where we start expanding from the back:
0 = [fosmrya® ™ (yz®= ") ya '™ v, ya® 2 (ya® =) yat ]

= [[vs-1ya® 2 (ya?t )1yt Hyz 4t

= [oe1ya® 2 (ya®t )1 yat T 2y

n
_ —an— 1 ds ds +
v 1yz?0 72 (ya?d )Tyt T e (Z< 2qz‘q>

i=1

" <2q(:i+1)q— 1> " ]z_:z <<dj - 2d+s- ;q((]n + 2)>

n—1 (2g+h+1 _2)S+2h (2g+h+1 —2)S+2h
+ Y (, )+ (5 )))-
< \dj —2+2q(n+2+1) dj — 3+ 2q(2n + 2)
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The second and the last term in the above coefficient are equivalent to zero
modulo two in view of Lucas’ Theorem, since their denominator is odd while the
numerator is even. The remaining terms can be rewritten in termsntih as

follows:
ds+q\ _ (297" —2)s+ 2"
2 ) 2h+14

ds +q _ ds +q
dj —2+2q(n+2))  \(29Hh+1 —2)(j + 1) + 2h+1

ds +q B (20+h+1 _2)5 4 2k
G —2+2m+2+i)) — \(2FH —2)(G+1) #2041+ 1))
so they all can be arranged in the unique sum
s—129—-1 29+h+1—2)8+2h
equivalent by Lucas’ Theorem to the following:
355 <<2g+h ~Ds+2" ) (mod 2)
oo \ (20— 1))+ 2k .

Since the result must ! y] by the expansion in the previous section, we get the
first binomial identity:

s—129—1 +h h—1
=0 ; < 22gg+h__11)8 —:_22h > =0 (mod2).
Analogously we can expand completely the two equations (12),
0 = [EZ] = [v.yz®T 1] .
First we expand the even one:
0 = [vsvs]

[vsly=
— [’U52'2q_1+ds

2q—1+ds]]

y]

s—1
2¢—1+ds
2q+dsy |
+u, 22047 (12; (( i >+

n—1
2¢g—1+ds 2¢—1+ds
+J_§<2q—1+2qj+dl> +< ds )
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The involved binomial coefficients can be rewritten first as

2¢—-1+ds > 2q —1+ds i 2q —1+ds
( 0 >+; ( dl >+]z% 2q—1+4+2¢j+d(l—-1) ’

and then, by using binomial properties, as

1
q—l—l—ds 2¢—1+ds -— 2q—1+ds
1 .
+Z ( >+<d(s—l+1 +; d(s—1+1)—2qj ’
but now,

XS: 2q—1+d8> _XS: <2q—1+d8>
— ( dl — d(s—141)
and so the remaining coefficient is just
n—1
2¢q—1+ds 2¢q—1+ds
1 .
+ZZ( S—l+1—2q3> +;]1<dl—2q3>

=1 j=1

Since the expansion (19) of the same formula eventually divags27—!], this
means that the coefficient above must be agd,

2 —1+ds\
;;( dl - 2qj >_0’

which yields

s 29-2
(20FhH —2)s 4 20 — 1
> ( (20+h+1 — )] — 2h+1j | = 0 (mod 2).

=1 j=1

Finally, we completely expand equation (21):

-1
0 = [[’Usyaj?q—Q( 29— 1) ][U meq—2(ymgq_1)nT]]
= [[’[}swaQ*z( 2q— 1) ][ 2[1(77_"'1)+2q_2+ds]]
= [vyzt 2 (ya21 1) T p20(H ) 2024 ds
+[’Usygg2q72(waqfl)TZQq(T)-i-Qq_H_ds] )

[ agRl

<2q +2q—2+ds> < 2(%()+2q—2+ds>

= 2qj L) +2¢-1
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oLzl /o9 (M)+2q—2+d8
3| (oot )

2 (5= +j4) +2¢—2+dl
+<2q("2i)+2q—2+ds>
2 (B) +d(1+1) -1 '

The second and the last binomial coefficients vanish since they have an even
numerator and an odd denominator, while the third ones can be rewritten as

< 2q (L) +2¢—2+ds >

<2q("2l1)+2q—2+ds>_
2q (B +4) +2¢—2+dl

d(s —1) — 2qj

Hence, since the alternative expansion in the previous section forces the total
coefficient of the terms ending into be one, we get the equivalence modulo two
of the two sums:

n—1

= (20 (HL) +29 -2 +ds 2 (2g (L) + 20 — 2 + ds
Z( 2 and 2.2 I - 2qj ’

j=1 I=1 j=0
and then the identity

s

>y ( (2011 = 2)s 4+ 2700 4 P4 3
(

= 2).
== SR B
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