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Fractionally Integrated Generalized Autoregressive Conditional Heteroskedasticity (FIGARCH) models have
enjoyed considerable popularity over the past decade because of their ability to capture the features of volatility
clustering and long-memory persistence. However, in the presence of structural changes, it is well known that
the estimate of long memory will be spurious. Consequently, two modeling approaches are developed to incor-
porate structural changes into the FIGARCH framework. One approach is tomodel the intercept in the conditional
variance equation via a certain function of time. Based on this approach, the Adaptive-FIGARCH (A-FIGARCH) and
Time-Varying FIGARCH (TV-FIGARCH) models are proposed. The second approach is to model the time-series in
separate stages. In the first stage, a certain algorithm is applied to detect the change points. The FIGARCH model
is fitted to the time-series in the next stage, with the intercept (and other parameters) being allowed to vary be-
tween change points. An example of a recently developed algorithm for detecting change points is the Nonpara-
metric Change Point Model (NPCPM), which can be readily applied to the standard FIGARCH framework
(NPCPM-FIGARCH). In this paper, we adopt the second approach but use the Markov Regime-Switching (MRS)
model to detect the change points and identify three economic states depending on the scale of volatility. This
new 2-stage Three-State FIGARCH (3S-FIGARCH) framework is compared with other FIGARCH-type models via
Monte-Carlo simulations and high-frequency datasets. From the comparison, we find that the 3S-FIGARCH
model can largely improve the fit and potentially lead to amore reliable estimator of the long-memory parameter.

© 2015 Elsevier B.V. All rights reserved.
1. Introduction

Persistence of a time series describes how fast the effect of current
shock will die away. It has been extensively observed and studied in
various fields of economics and finance in the past few decades
(Aggarwal et al., 1999; Fan et al., 2008; Granger and Hyung, 2004;
Jensen, 2000; Narayan and Narayan, 2007; Narayan and Narayan,
2011). The analysis of persistence can help researchers understand
how the time series evolves and improve the forecasting quality
(Franses and van Dijk, 1996; Ho et al., 2013; Liu, 2000; Narayan and
Sharma, 2014; Westerlund and Narayan, 2012). In particular, the
long-memory persistence describes the property that the effects of
shocks last far longer than the usual autoregressive moving average
(ARMA) process (Baillie and Morana, 2009; Baillie et al., 1996;
Belkhouja and Boutahary, 2011; Bollerslev and Mikkelsen, 1996;
Diebold and Inoue, 2001). A widely accepted definition of longmemory

is var(ST) = O(T2d + 1), where ST ¼ ∑
T

t¼1
yt , {yt} is a sequence of financial

series and T is the number of observations (Diebold and Inoue, 2001).
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Then d is the long-memory parameter, and a positive value suggests
the existence of long memory. Among recent finance studies, there is
growing evidence suggesting that the long-memory persistence signif-
icantly exists in the volatility of financial return series (Barunk and
Dvoráková, 2015; Caporale and Gil-Alana, 2013; Li, 2012).

In particular, the time-varying volatility of financial returns has been
a considerable field of research since the introduction of the GARCH
model. To incorporate long-memory persistencewithin this framework,
the Fractional Integrated GARCH (FIGARCH) model is then proposed
(Baillie et al., 1996; Bollerslev and Mikkelsen, 1996). The FIGARCH
model has thus received considerable interest because of its ability to
capture the long-memory persistence in the volatility (Baillie and
Morana, 2009; Belkhouja and Boutahary, 2011; Ho et al., 2013). Despite
this ability, it has the samemainweakness of the original GARCHmodel,
which is the assumption that the conditional volatility has only one re-
gime over the entire period. However, many studies demonstrate that
structural changes are common in financial datasets (Beltratti and
Morana, 2006; Engle and Rangel, 2008). Further, Diebold and Inoue
(2001) argue that the existence of structural changes or stochastic re-
gime switching is not only related to long memory but also easily con-
fused with it. This finding is supported by many empirical studies,
where spurious long-memory is found when structural changes are
present (Granger and Hyung, 2004; Mikosch and Starica, 2004;
Yalama and Celik, 2013). As a result, many researchers have suggested
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1 Although the FIGARCHmodel is originally based onGaussian distribution (Baillie et al.,
1996), significant evidence suggests that the financial return series is rarely Gaussian but
typically leptokurtic and exhibits heavy-tail behavior (Bollerslev, 1987; Ho et al., 2013; Lin
and Fei, 2013; Susmel and Engle, 1994). Student's t-distribution and GED are two widely
used alternatives in finance study (Chkili et al., 2012; Fan et al., 2008; Ho et al., 2013;
Zhu and Galbraith, 2011) and are employed in this paper to be compared with the Gauss-
ian distribution.
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that structural changes should be incorporated into long-memory
models to properly fit financial return volatility (Baillie and Morana,
2009; Beine et al., 2001; Belkhouja and Boutahary, 2011; Martens
et al., 2004; Morana and Beltratti, 2004). For instance, the Adaptive
FIGARCH (A-FIGARCH) model developed by Baillie and Morana (2009)
and the Time-Varying FIGARCH (TV-FIGARCH) model developed by
Belkhouja and Boutahary (2011) allow the intercept in the conditional
variance equation to be time-varying. Essentially, this is achieved by
modeling the intercept via parametric functions.

Among the existing literature, another approach to incorporate the
structural changes in the GARCH-type framework is to fit the model in
stages (Aggarwal et al., 1999; Malik et al., 2005; Ross, 2013). First, the
return series is fitted by a certain algorithm to detect the abrupt change
points. The intercept (and other parameters) in the conditional variance
equation is then allowed to be different for each period between the
change points. In the first stage, the most widely employed method is
the Iterated Cumulative Sum of Squares (ICSS) algorithm proposed by
Inclan and Tiao (1994). However, as pointed out by Ross (2013), the
original ICSS only works for Gaussian distribution. To overcome this
problem, Ross (2013) develops the Nonparametric Change Point
Model (NPCPM) algorithm, which employs the Mood test Mood
(1954) to detect the change points. The NPCPM-GARCH model is then
proposed, which can effectively work for both Gaussian and non-
Gaussian data. This approach can be straightforwardly extended to the
FIGARCH framework. A potential problem of the NPCPM algorithm is
that it identifies the change points without considering the economic
states. For example, sample periods with different structures are detect-
ed based on the change points only, but they will not be combined and
studied subsequently according to their economic similarity. This may
lead to a model that lacks parsimony because economic similarity is
neglected. Besides, instead of assuming that the volatility series will
switch back and forth between different regimeswith some probability,
the NPCPM algorithm assumes that the switch to a different regime is
permanent. In addition, as NPCPM requires the return series to be inde-
pendent, Ross (2013) suggests that it should be applied to the standard-
ized residuals from the (FI)GARCH model. This might cause some
problems such as the lack of economic interpretation of the detected
change points and loss of information.

In this paper, we propose a two-stage Three-State FIGARCH (3S-
FIGARCH) model, which also incorporates the structural changes by
modeling the FIGARCH process in stages. In the first stage, the MRS
framework proposed by Hamilton (1989) is employed to detect change
points directly. The MRS model assumes that there are two economic
states (low- and high-volatility states) in the financial return series.
Also, the series can switch between the states over time, and the state
process is a stationary, irreducible Markov process. We further use the
three-state classification proposed by Wilfling and Maennig (2001)
and Wilfling (2009) to classify the underlying state process: calm (ex-
tremely low volatility), turbulent (extremely high volatility) and inter-
mediate (others). In the second stage, parameters of the FIGARCH
process are allowed to be different for each state. As there are only
three possible values for eachparameter, ourmodel should bemore par-
simonious than the NPCPM-FIGARCH framework. Moreover, the MRS
model does not require the financial return series to be originally inde-
pendent, so that the detected states (change points) are more reliable.
Finally, the MRS model takes the economic information (low and high
volatility) of the return series into consideration, and the detected states
can have meaningful economic interpretation. To demonstrate the use-
fulness of the model, we firstly conduct a series of simulation studies. It
is shown that the 3S-FIGARCH model outperforms the other structure-
changing specifications (A-, TV- and NPCPM-FIGARCH) in all cases.

We also compare their performance via empirical studies on four
world stock indexes. They are hourly data collected from 1 January
2001 to 31 December 2012, including: (1) the NASDAQ, which consists
of over 3000 stocks listed on the NASDAQ stock market; (2) the DAX,
which consists of 30 large Germany companies; (3) the Nikkei, which
consists of 225 Japanese companies; and (4) the ASX, which consists
of 50 large Australian companies. Assumptions of Gaussian, Student's t
and General Error (GED) distributions are modeled individually for
each model and stock index.1 The results suggest that models with
non-Gaussian distribution assumptions outperformmodelswith Gauss-
ian distribution assumptions. More importantly, the 3S-FIGARCH speci-
fication generally gives a better fit to the data when measured using
standard model selection criteria. It also provides a potentially more re-
liable estimate of the long-memory parameter. Thus, our 3S-FIGARCH
framework could be a widely useful tool for modeling the long-
memory persistence of high-frequency financial volatility in other
contexts.

The remainder of this paper proceeds as follows. Section 2 describes
the existing and structure-changing FIGARCH models, including
FIGARCH, A-FIGARCH, TV-FIGARCH and NPCPM-FIGARCH, as well as
the likelihood functions for Gaussian, Student's t and GED distribution
assumptions. Section 3 explains the 3S-FIGARCH model proposed in
this paper and compares its performance with other FIGARCH-type
models via a series of simulation studies. We discuss the empirical
results in Section 4. Section 5 concludes the paper.

2. The original and existing structure-changing FIGARCHmodels

2.1. The original FIGARCH model

The FIGARCH model proposed by Baillie et al. (1996) is extended
from the family of GARCHmodels. In addition to the features of incorpo-
rating volatility clustering and providing good in-sample estimates
(Franses and vanDijk, 1996; French et al., 1987), FIGARCH is particularly
designed to model the long-memory persistence of financial volatility.

The original FIGARCH(1, d,1) model is specified as follows:

rt ¼ μ þ εt and εt ¼ ηt
ffiffiffiffiffi
ht

p
b Lð Þht ¼ ω þ b Lð Þ−ϕ Lð Þ 1−Lð Þd

h i
ε2t

b Lð Þ ¼ 1−b1L and ϕ Lð Þ ¼ 1−ϕ1L

ð1Þ

where εt is the error at time t, ht is the conditional volatility of εt at time t,
ηt is an identical and independent sequence following a specific distri-
bution, L is the lag operator, (1− L)d is the fractional differencing oper-
ator as defined byHosking (1981) and d is the long-memory parameter.
We have a stationary long-memory process for volatilitywhen 0 b d b 1.
If d= 1, the process has a unit root and thus a permanent shock effect,
which is equivalent to the IGARCH model. If d= 0, the process reduces
to an ordinary GARCH process without long-memory persistence
(Baillie et al., 1996).

2.2. A-FIGARCH model

To control for the effects of structural changes, Baillie and Morana
(2009) suggest that the intercept of the conditional variance equation
should be time dependent. Based on Andersen and Bollerslev's (1997)
flexible functional form, Baillie and Morana (2009) propose the A-
FIGARCH model, and its conditional variance equation is shown below:

b Lð Þht ¼ ω þ b Lð Þ−ϕ Lð Þ 1−Lð Þd
h i

ε2t þωt

and ωt ¼
Xk
j¼1

γ j sin 2π jt=Tð Þ þ δ j cos 2π jt=Tð Þ
h i ð2Þ
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where T is the number of observations. Moreover, they argue that
adequate approximations can be achieved with very parsimonious
specifications of k = 1 or 2.

2.3. TV-FIGARCH model

Belkhouja and Boutahary (2011) provide an alternative way to
model the variation in the intercept and propose the TV-FIGARCH
model.2

The conditional variance equation of their model is constructed
as:

b Lð Þht ¼ ω þ b Lð Þ−ϕ Lð Þ 1−Lð Þd
h i

ε2t þ
XR
r¼1

ωr Fr st ;γr; crð Þ

where st ¼ t=T and Fr st ;γr ; crð Þ ¼ 1þ exp −γr st−crð Þf gð Þ−1:

ð3Þ

In addition, γr controls the degree of smoothness and must be
positive, while cr is the threshold parameter with the constraint
c1 ≤ c2 ≤ … ≤ cR. st = t/T is the transition variable. When γr → ∞,
the switch from one state to another is abrupt; that is, a smooth
change approaches a structural change at the threshold parameter
cr.

2.4. NPCPM-FIGARCH model

Another approach to incorporate the structural changes is to fit the
GARCH family models in stages (Aggarwal et al., 1999; Malik et al.,
2005; Ross, 2013). First, the return series is fitted by a certain algorithm
to detect the abrupt change points in volatility. Then, the intercept (and
other parameters) in the conditional variance equation is allowed to be
different for each period between the change points. Based on this idea,
Ross (2013) develops the NPCPM algorithm,3 which employs the Mood
test (Mood, 1954) to detect the change points, and thereby proposes
the NPCPM-GARCH model. Compared with the widely employed ICSS-
GARCH, this model can effectively work for both Gaussian and non-
Gaussian data.

We extend this approach to the FIGARCH framework, and the
conditional equation of the NPCPM-FIGARCH model is:

b Lð Þht ¼ ωt þ b Lð Þ−ϕ Lð Þ 1−Lð Þd
h i

ε2t ð4Þ

where ωt is equal to some constant k0 until the first change point,
then switches to k1 until the next change point, and so on.4

2.5. Distributions of innovation and parameter estimation

Originally, the FIGARCH model is developed with the assumption
that ηt in Eq. (1) follows a Gaussian distribution. Since financial data
are rarely Gaussian, using alternatives to the Gaussian distribution
may lead to more efficient estimations. To compare the performance
of models with different distributions, we further employ two widely
2 Since the unconditional variance is not defined for the FIGARCH process (Conrad and
Haag, 2006), the approach adopted by Amado and Teräsvirta (2014) to model the uncon-
ditional variance ofGARCHmodel cannot be directly employed.However, TV-FIGARCHes-
sentially uses the same transition function as inAmado and Teräsvirta (2014) tomodel the
intercept of the FIGARCH process, so it could lead to similar result.

3 For details of the NPCPM algorithm, see Section 3 of Ross (2013).
4 We consider the case that also allows b and ϕ in the conditional variance equation to

be time-varying. The results are robust in the simulation and empirical studies. They are
not reported here due to space constraints but are available from the authors upon
request.
used alternative distributions, the Student's t and GED. Their specific
density functions are listed below:

Normal : f εt jθ;Ωt−1ð Þ ¼ 1ffiffiffiffiffiffiffiffiffiffi
2πht

p e−ε2t = 2htð Þ

Student−t : f εt jθ;Ωt−1ð Þ ¼ Γ vþ 1ð Þ=2½ �
Γ v=2ð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π v−2ð Þht

p 1þ ε2t
v−2ð Þht

� � vþ1ð Þ=2

GED : f εt jθ;Ωt−1ð Þ ¼ ve−1=2 εt= λ
ffiffiffiffi
ht

p� ��� ��v
λ2 vþ1ð Þ=vΓ 1=vð Þ

and λ ¼ 2 −2=vð ÞΓ 1=vð Þ
Γ 3=vð Þ

" #1=2

ð5Þ

where Ωt − 1 is the information set at time t − 1, θ is the vector of pa-
rameters, εt and ht are from the FIGARCH models in Sections 2.1–2.4,
and v is the degree of freedom for Student's t or GED distributions.
Finally, the log-likelihood function corresponding to Eq. (5) is:

L θjεð Þ ¼
XT
t¼2

In f εt jθ;Ωt−1ð Þwhere ε ¼ ε1; ε2;…; εTð Þ0; ð6Þ

and the Maximum Likelihood Estimator (MLE) θ̂ is obtained by maxi-
mizing Eq. (6).

3. The 3S-FIGARCHmodel

3.1. Step 1: MRS model with Student's t-innovation (MRS-t)

As discussed in the introduction, a potential problem of existing al-
gorithms for detecting change points (such as ICSS and NPCPM) is that
they fail to take economic information into consideration. Therefore,
we propose a new approach that employs the MRS model to identify
the economic states of financial return series.

TheMRSmodel is proposed byHamilton (1989). Let {st} be a station-
ary, irreducibleMarkov processwith discrete state space {1, 2} and tran-
sition matrix P= [pjk], where pjk = P(st + 1 = k|st = j) is the transition
probability ofmoving from state j to state k (j, k∈ {1, 2}). Then, anMRS-t
model is specified as follows:

rt ¼ μ þ εst ;t and εst ;t ¼ σ stηt where ηt �iid t 0;1; vð Þ: ð7Þ

εst ;t is the error at time t in state st. ηt follows a Student's t-
distribution, with 0 mean, unit standard deviation and v degrees of
freedom.5 σ st is the standard deviation of εst ;t at time t in state st. In
this paper, we impose the constraint that σ1 b σ2 so that states 1 and
2 will indicate the low-volatility and high-volatility economic states,
respectively, for the financial return series.

We estimate the parameters of the MRS-t model using the maxi-
mum likelihood estimation (MLE). The conditional density of εst ;t is
given as:

Ωt−1 ¼ εst−1 ;t−1; εst−2 ;t−2;…; εs1 ;1
� 	

θ ¼ μ;p11; p22; v;σ1;σ2ð Þ0

f εst ;t jst ¼ j; θ;Ωt−1
� � ¼ Γ vþ 1ð Þ=2½ �

Γ v=2ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
π v−2ð Þσ2

j

q 1þ ε2j;t
v−2ð Þσ2

j

" #vþ1
2 ð8Þ

where Γ(⋅) is the Gamma function and f ðεst ;t jθ;Ωt−1Þ is the conditional
density of εst ;t . This stems from the fact that at time t, εst ;t follows a
5 We assume that the innovations follow the Student's t-distribution rather than the
Gaussian distribution because the former can accommodate the feature of excess kurtosis
(Bollerslev, 1987). In addition, as noted byKlaassen (2002), Ardia (2009) andHaas (2009),
if regimes are not Gaussian but leptokurtic, the use of within-regime normality can seri-
ously affect the identification of the regime process. The reason can be found in Haas
and Paolella (2012), who further argue that the Quasi MLE (QMLE) based on Gaussian
components does not provide a consistent estimator of the MRS model.



7 If ω1 = ω2 = ω3, 3S-FIGARCH reduces to the original FIGARCH case.
8 For example, since both models depend on the same pre-estimated ŝt, 3S-V-

FIGARCH(1,d,1) reduces to the 3S-FIGARCH(1,d,1) if ϕ1 = ϕ2 = ϕ3 and b1 = b2 = b3. Su-
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Student's t-distribution with mean 0, variance σ st and degrees of free-
dom v given time t − 1.

Plugging the filtered probability in state j at time t − 1, ρj,t − 1 =
P(st − 1 = j|θ,Ωt − 1), into Eq. (8) and integrating out the state variable
st − 1, the density function in Eq. (8) becomes:

f εst ;t jθ;Ωt−1
� � ¼ X2

j¼1

X2
k¼1

pjkρ j;t−1 f εst ;t jst ¼ j; θ;Ωt−1
� �
 �

: ð9Þ

ρj,t− 1 can be obtained by an integrative algorithmgiven inHamilton
(1989). The log-likelihood function corresponding to Eq. (9) is shown
below.

L θjεð Þ ¼
XT
t¼2

ln f εst ;t jθ;Ωt−1
� �

where ε ¼ εst ;1; εst ;2;…; εst ;T
� �0

: ð10Þ

The MLE θ̂ can be obtained by maximizing Eq. (10).
To identify which economic state the financial return series lies in at

time t, we extract the smoothing probability of the low-volatility state
as follows (Hamilton, 1989):

P st ¼ 1jθ;ΩTð Þ ¼ ρ1;t
p11P stþ1 ¼ 1jθ;ΩTð Þ
P stþ1 ¼ 1jθ;Ωtð Þ þ p12P stþ1 ¼ 2jθ;ΩTð Þ

P stþ1 ¼ 2jθ;Ωtð Þ
� �

: ð11Þ

Using the fact that P(sT = 1|θ,ΩT) = ρ1,T, the smoothing probability
series P(st = 1|θ, ΩT) can be generated by iterating Eq. (11) backwards
from T to 1.

As suggested by Hamilton (1989), a widely recognized rule is that if
P(st = 1|θ, ΩT) is less than 0.5, rt is assumed to lie in the high-volatility
state; otherwise, rt lies in the low-volatility state. In addition, as argued
by Wilfling and Maennig (2001) and Wilfling (2009), rt lies in an ex-
tremely high volatility state when P(st = 1|θ,ΩT) is close to 0, in an ex-
tremely low volatility state when P(st = 1|θ, ΩT) is close to 1 and in an
intermediate state otherwise. Following this idea, we further redefine
three economic states. If P(st = 1|θ, ΩT) b P1, rt lies in the turbulent
state. If P(st = 1|θ, ΩT) N P2, rt lies in the calm state. Otherwise, rt lies
in the intermediate state.

3.2. Step 2: FIGARCH process modeling

After identifying the three economic states, we can fit the 3S-
FIGARCH model with a conditional variance equation:

b Lð Þht ¼ ωst þ b Lð Þ−ϕ Lð Þ 1−Lð Þd
h i

ε2t ð12Þ

whereωst is the intercept at time t in state st. As there are only three eco-
nomic states in this framework,ωst will have three possible values that
satisfy the conditionω1 bω2 bω3 (1, 2 and 3 indicate the calm, interme-
diate and turbulent states, respectively). Further, to make the model
more flexible, we can allow ϕ and b in Eq. (12) to vary with time6:

bst Lð Þht ¼ ωst þ bst Lð Þ−ϕst Lð Þ 1−Lð Þd
h i

ε2t : ð13Þ

The model with the conditional variance equation described in
Eq. (12) will be called the 3S-FIGARCH model. The one with the condi-
tional variance equation described in Eq. (13) will be indicated as a
Three-State-Varying FIGARCH (3S-V-FIGARCH) model. Both models
can be estimated via MLE for different distributions of innovations as
described in Section 2.5.

Since FIGARCH model belongs to the family of ARCH(∞), its asymp-
totic properties can be derived under standard conditions (Baillie and
Morana, 2009). In particular, our 3S-(V-)FIGARCH model has a two-
6 Since longmemory is a long-term characteristic, d shouldnot change for finite-sample
data. Otherwise, it could lead to problematic interpretation.
stage framework, and its second stage is essentially a FIGARCH model
with time-varying intercept (and short memory terms) in the condi-
tional variance equation. Also, the break points of the time-varying co-
efficients are completely determined by the estimated smoothing
probability series at thefirst stage. Hence, the 3S-(V-)FIGARCH, together
with A-FIGARCH, TV-FIGARCH and NPCPM-FIGARCH, belongs to the
class of ARCH(∞) processes with time-varying coefficients. The asymp-
totic properties ofMLE for this class of processes have been comprehen-
sively studied inDahlhaus et al. (2006). Further, as pointed out byBaillie
andMorana (2009), although a FIGARCHmodelwith time-varying coef-
ficients is non-strictly stationary and non-ergodic, the results of
Dahlhaus et al. (2006) still hold in this non-standard framework. There-
fore, just like related structure-changing FIGARCH models such as A-
FIGARCH and TV-FIGARCH, under fairly general conditions, the asymp-
totic distribution of MLE of the 3S-(V-)FIGARCH model is

ffiffiffi
T

p
θ̂−θ0


 �
�A N 0;B θ0ð Þ−1


 �
ð14Þ

where θ̂ is the MLE vector, θ0 is the true parameter vector, A stands for
asymptotic convergence and B(θ0) is the Hessian matrix.

Finally, we discuss the parameter constancy of the 3S-(V-)FIGARCH
model. As mentioned above, the time-varying coefficients of the 3S-(V-
)FIGARCHmodel are completely decided by a pre-estimated state series
ŝt. Thus, the 3S-FIGARCH nests the original FIGARCH model, given the
same distributional assumption about the innovations.7 Hence, the con-
stancy of ω can be tested via the Likelihood Ratio Test (LRT). More spe-
cifically, the test statistic 2(L3S − LF) follows a chi-square distribution
with 2 degrees of freedom, where LF (L3S) is the log likelihood of the
(3S-)FIGARCH model. A significant rejection indicates that ω of the
FIGARCH model is time-varying. Similarly, since 3S-V-FIGARCH nests
the 3S-FIGARCH model given the same distributional assumption
about the innovations,8 the constancy ofϕ(L) and b(L) can also be tested
via the LRT. For the (1,d,1) specification, 2(L3SV − L3S) follows a chi-
square distributionwith 4 degrees of freedom,where L3SV is the log like-
lihood of the 3S-V-FIGARCHmodel. A significant rejection indicates that
ϕ1 and/or b1 of the 3S-FIGARCH is/are time-varying.

3.3. Comparison with existing structure-changing FIGARCH models

In this section, we perform a series of simulation studies to compare
the 3S-(V-)FIGARCH model with the A-FIGARCH, TV-FIGARCH and
NPCPM-FIGARCH models.

Following the design of simulation conducted by Belkhouja and
Boutahary (2011), we choose three sets of FIGARCH(1,d,1) parameters:
d=0.25, ϕ1 = 0.60 and b1 = 0.20; d=0.50, ϕ1 = 0.30 and b1 = 0.30;
and d = 0.75, ϕ1 = 0.20 and b1 = 0.60. For each set, 3000, 4000 and
5000 simulated observations are generated, respectively. Thus, there
are 9 combinations of different sets of parameters and different sample
sizes. 300 replicates of the FIGARCH process with 2 change points are
simulated for each combination. That is, in Eq. (1) we let ω = ωt,
where ωt =0.1, 1 and 1 for 0 ≤ t ≤ T/3, T/3 b t b 2T/3 and 2T/3 ≤ t ≤ T, re-
spectively. Further, since financial return series is rarely Gaussian, the
innovation of this simulated FIGARCH process is assumed to follow a
Student's t-distribution with 3 degrees of freedom. 9

To avoid the starting bias, 10,000 observations are generated for
each simulation, and then only the last 3000, 4000 or 5000 observations
are used. Moreover, to avoid simulation bias, 500 such replicates are
produced for each combination, while the first 200 are discarded.
1 1 1 1 1 1

perscripts 1, 2 and 3 stand for the parameters of state 1, 2 and 3, respectively.
9 We also conduct the simulation studieswithGEDassumptionwhich lead to consistent

results. They are not reported here but are available upon request.
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Each simulation is fitted into the original FIGARCH and structure-
changing FIGARCH models, including A-FIGARCH, TV-FIGARCH,
NPCPM-FIGARCH, 3S-FIGARCH and 3S-V-FIGARCH. The Student's t-
distribution is used in all models. As to the value of K in the A-
FIGARCH model, there is no suggested selection criteria provided by
Baillie and Morana (2009), so we set it to be 3, which is the number of
unique values in the ωt. In terms of the R in the TV-FIGARCH model, as
done by Belkhouja and Boutahary (2011), we test the following null
hypotheses:

H05 : ω5 ¼ 0
H04 : ω4 ¼ 0jω5 ¼ 0
H03 : ω3 ¼ 0jω4 ¼ ω5 ¼ 0
H04 : ω2 ¼ 0jω3 ¼ ω4 ¼ ω5 ¼ 0
H05 : ω1 ¼ 0jω2 ¼ ω3 ¼ ω4 ¼ ω5 ¼ 0

and the selected R corresponds to the lowest p-value among all the p-
values of the rejected null hypotheses.

All models are fitted with a (1,d,1) specification. To compare the
model evaluations, we generate the logarithm of likelihood, Akaike In-
formation Criterion (AIC) and Bayesian Information Criterion (BIC) for
each estimation. We then differentiate the logarithm of likelihood, AIC
and BIC of the FIGARCH model from those of each structure-changing
FIGARCH model, respectively. The results for these different models
are summarized in Table 1.

In Table 1, all structure-changing FIGARCHmodels can generally im-
prove the logarithm of likelihood. For AIC and BIC, it appears that the A-
FIGARCHmodel is not always better than the FIGARCHmodel, while the
NPCPM-FIGARCH model can lead to consistent improvements which
are greater than those of TV-FIGARCH. Compared with the three
Table 1
Simulations of structure-changing FIGARCH models.

d ϕ1 b1 T MeanA SEA MeanTV SETV

Panel A: Improved Log Lik.
.25 0.60 0.20 3000 40.9586 10.7460 20.6337 11.7315
.50 0.30 0.30 29.1742 8.2127 17.3762 10.3008
.75 0.20 0.60 26.9632 8.0193 14.5317 8.4341
.25 0.60 0.20 4000 35.6871 10.8743 16.6189 9.0436
.50 0.30 0.30 25.7710 9.5372 15.7058 8.9374
.75 0.20 0.60 20.6948 7.9211 12.6904 6.6800
.25 0.60 0.20 5000 28.1230 10.9813 16.1330 10.5166
.50 0.30 0.30 19.3635 9.6293 13.6800 8.3819
.75 0.20 0.60 14.6471 6.8343 12.8009 6.4939

Panel B: Improved AIC
.25 0.60 0.20 3000 −69.9173 21.4919 −35.2673 23.4631
.50 0.30 0.30 −46.3484 16.4254 −28.7523 20.6017
.75 0.20 0.60 −41.9264 16.0387 −23.0633 16.8682
.25 0.60 0.20 4000 −59.3741 21.7486 −27.2378 18.0873
.50 0.30 0.30 −39.5420 19.0745 −25.4115 17.8748
.75 0.20 0.60 −29.3895 15.8422 −19.3807 13.3600
.25 0.60 0.20 5000 −44.2459 21.9627 −26.2660 21.0332
.50 0.30 0.30 −26.7271 19.2585 −21.3600 16.7638
.75 0.20 0.60 −17.2943 13.6687 −19.6018 12.9879

Panel C: Improved BIC
.25 0.60 0.20 3000 −33.8791 21.4919 −17.2482 23.4631
.50 0.30 0.30 −10.3102 16.4254 −10.7332 20.6017
.75 0.20 0.60 −5.8882 16.0387 −5.0442 16.8682
.25 0.60 0.20 4000 −21.6099 21.7486 −8.3557 18.0873
.50 0.30 0.30 −1.7777 19.0745 −6.5294 17.8748
.75 0.20 0.60 8.3748 15.8422 −0.4986 13.3600
.25 0.60 0.20 5000 −5.1428 21.9627 −6.7144 21.0332
.50 0.30 0.30 12.3761 19.2585 −1.8085 16.7638
.75 0.20 0.60 21.8089 13.6687 −0.0502 12.9879

Note: this table presents the model evaluations of simulations fitted into A-FIGARCH, TV-FIGAR
likelihood. AIC and BIC are Akaike Information Criterion and Bayesian Information Criterion, resp
the A-FIGARCH, TV-FIGARCH, NPCPM-FIGARCH, 3S-FIGARCH and 3S-V-FIGARCHmodels, respe
ation statistics of FIGARCH model and those of the corresponding structure-changing FIGARCH
existing structure-changing FIGARCH models, our 3S-FIGARCH model
can generate the greatest overall improvement in all cases. In addition,
compared with the 3S-FIGARCH model, the 3S-V-FIGARCH model fur-
ther increases the logarithm of likelihood and decreases AIC in all
cases. However, in relation to BIC, which favors parsimony more than
AIC, the 3S-FIGARCH model generally outperforms the 3S-V-FIGARCH
model.

To compare the estimates, the generated d of all models is sum-
marized in Table 2. Considering the FIGARCH model, the estimated
d is positively biased when the true value is 0.25, which is consistent
with Diebold and Inoue (2001). Further, the bias is considerably
small and becomes negative when d = 0.50 and 0.75, respectively.
Also, with the increase of T, the biases are reduced in most cases. De-
spite the fact that A-FIGARCH is preferred to FIGARCH by various
model evaluation criteria, the biases of the A-FIGARCH are mostly
worse than those of the FIGARCH. TV-FIGARCH can lead to reduced
biases when d = 0.25, but it fails to reduce them when d = 0.75.
NPCPM-FIGARCH model can further reduce the biases when d =
0.25 and 0.75. On the other hand, 3S-FIGARCH model produces the
smallest biases in all cases when d = 0.25 and 0.75. Those results
are robust when the 3S-V-FIGARCH model is employed. When d =
0.50, the biases of the original FIGARCH are quite small, and all the
other models except A-FIGARCH lead to similar results. Finally,
with the increase of T, the SEs in the 3S- and 3S-V-FIGARCH models
all consistently decrease. This further supports the asymptotic prop-
erties discussed in Section 3.2.

In conclusion, our proposed 3S-FIGARCH framework outperforms
the existing A-FIGARCH, TV-FIGARCH and NPCPM-FIGARCH models
with respect to various model evaluation criteria and long-memory pa-
rameter estimates. Additionally, with the existence of structural breaks,
MeanNP SENP Mean3S SE3S Mean3SV SE3SV

38.8496 18.5423 47.8546 10.6417 50.9873 10.8228
21.2690 15.8411 48.1731 10.1790 51.7079 10.5719
16.6577 15.9594 47.2837 9.4596 70.2853 14.1332
44.9559 16.7244 51.9440 11.4659 55.1612 11.6439
26.6204 16.2615 56.2669 11.9454 60.1811 11.8929
21.3041 16.1237 55.7406 11.5111 87.5747 16.6881
48.4087 16.2421 52.6061 12.4222 55.8955 13.8080
30.4816 14.2754 62.0995 13.8854 66.2810 13.9548
24.8629 15.1396 62.2889 12.5842 100.4606 18.0951

−73.6658 36.2628 −91.7092 21.2834 −89.9746 21.6456
−39.3779 30.4466 −92.3462 20.3579 −91.4157 21.1439
−30.5153 30.4028 −90.5674 18.9192 −128.5706 28.2664
−85.4718 32.8383 −99.8880 22.9318 −98.3223 23.2878
−49.6208 31.2863 −108.5337 23.8907 −108.3622 23.7858
−39.3149 30.6458 −107.4812 23.0223 −163.1494 33.3762
−92.1974 31.9694 −101.2121 24.8445 −99.7911 27.6160
−56.8299 27.5056 −120.1990 27.7709 −120.5620 27.9096
−45.7390 28.9090 −120.5777 25.1684 −188.9212 36.1902

−61.5530 34.0471 −79.6964 21.2834 −53.9364 21.6456
−29.8879 27.0257 −80.3334 20.3579 −55.3775 21.1439
−22.1064 26.2763 −78.5547 18.9192 −92.5324 28.2664
−71.4990 31.2924 −87.2999 22.9318 −60.5580 23.2878
−38.2285 27.7487 −95.9456 23.8907 −70.5979 23.7858
−28.9507 26.0672 −94.8931 23.0223 −125.3851 33.3762
−77.1426 30.7970 −88.1778 24.8445 −60.6879 27.6160
−43.3610 24.6439 −107.1646 27.7709 −81.4588 27.9096
−32.7481 25.1911 −107.5433 25.1684 −149.8180 36.1902

CH, NPCPM-FIGARCH, 3S-FIGARCH and 3S-V-FIGARCHmodels. LogLik. is the logarithm of
ectively. SE is the standard error. Subscripts A, TV, NP, 3S and 3SV stand for the statistic for
ctively. All the figures presented in this table are the difference between the model evalu-
model. There are 300 replicates for each set of simulations.



Table 2
Parameter estimates of FIGARCH-type models.

d ϕ1 b1 T BiasF SEF BiasA SEA BiasTV SETV BiasNP SENP Bias3S SE3S Bias3SV SE3SV

0.25 0.60 0.20 3000 0.1233 0.0934 0.1805 0.1727 0.1085 0.1002 0.0647 0.1472 0.0345 0.1954 0.0382 0.1988
.50 0.30 0.30 0.0448 0.1129 0.1281 0.1338 0.0271 0.1145 0.0371 0.1177 0.0366 0.1930 0.0418 0.2075
.75 0.20 0.60 −0.0636 0.0996 0.0758 0.1093 −0.0751 0.1006 −0.0388 0.1109 0.0277 0.1108 0.0242 0.1301
.25 0.60 0.20 4000 0.0928 0.0770 0.1317 0.1408 0.0767 0.0707 0.0311 0.1241 0.0297 0.1925 0.0231 0.1936
.50 0.30 0.30 0.0189 0.1062 0.0836 0.1221 0.0036 0.0937 0.0221 0.1082 0.0118 0.2064 0.0233 0.2202
.75 0.20 0.60 −0.0652 0.0854 0.0243 0.0928 −0.0701 0.0844 −0.0331 0.0913 0.0159 0.0869 0.0069 0.1091
.25 0.60 0.20 5000 0.0818 0.0728 0.1172 0.0952 0.0647 0.0529 0.0273 0.1068 0.0232 0.1685 0.0234 0.1758
.50 0.30 0.30 −0.0003 0.0931 0.0456 0.0998 −0.0111 0.0831 0.0166 0.0935 0.0069 0.1697 0.0155 0.1806
.75 0.20 0.60 −0.0718 0.0808 −0.0107 0.0903 −0.0744 0.0800 −0.0270 0.0849 0.0054 0.0807 −0.0115 0.1048

Note: this table presents the estimated d of simulationsfitted into the FIGARCH, A-FIGARCH, TV-FIGARCH, NPCPM-FIGARCH, 3S-FIGARCHand 3S-V-FIGARCHmodels. Subscript F stands for
the statistic of the FIGARCH model. Bias is the difference between the estimated d and the true value. For explanations of other variables, please see Table 1.
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our simulation study suggests that positive (negative) bias of d is gener-
atedwhen the true value is smaller (greater) than 0.50.When d=0.50,
the bias is basically negligible.
4. Empirical results

We apply all the FIGARCH-type models to four world stock indexes.
They are: (1) the NASDAQ, which consists of over 3000 stocks listed on
the NASDAQ stock market; (2) the DAX, which consists of 30 large
Germany companies; (3) the Nikkei, which consists of 225 Japanese
companies; and (4) the ASX, which consists of 50 large Australian com-
panies. The hourly closing prices for each index over the period 1 Janu-
ary 2001 to 31 December 2012 are obtained from Thomson Reuters Tick
History (TRTH) database, which contains microsecond-time-stamped
tick data dating back to January 1996. The database covers 35 million
over-the-counter (OTC) and exchange-traded instruments worldwide
that are provided by the Securities Industry Research Center of Austral-
asia (SIRCA). The four series are plotted in Fig. 1.

For each index, the return in the percentage series is defined as the
logarithm of the hourly closing price differences times 100; that is,
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Fig. 1. Hourly closing prices for the stock indexes. Note: this figure presents the hourly closing
rt = 100 × log(St/St − 1), where St is the hourly closing price at time t.
A group of summary statistics for each index is presented in Table 3. It
can be seen that all indexes have a mean close to 0. The standard devi-
ations of NASDAQ, DAX and Nikkei are quite similar and slightly over
0.5. ASX has a smaller standard deviation at around 0.4. NASDAQ is pos-
itively skewed, while the others are negatively skewed. For kurtosis, it is
clear that none are close to 0, indicating a non-Gaussian distribution. For
further confirmation, p-values from both the Kolmogorov–Smirnov and
Jarque–Bera normality tests are close to 0, suggesting the rejection of
the null hypothesis that return is normally distributed. Finally, the
Ljung–Box test indicates that all stock indexes have significant autocor-
relation in the squared return, suggesting a time-varying volatility.
4.1. Structural change test

To fit the structure-changing FIGARCHmodels, we need to firstly ex-
amine if there is any structural change in the volatility. If structural
change exists, the locations of where changes (change points) occur
need to be detected for the NPCPM- and 3S-(V-)FIGARCH models.
Hence, we can use the Mood test to verify the existence of structural
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prices for the stock indexes NASDAQ, DAX, Nikkei and ASX from 1/1/2001 to 31/12/2012.



Table 3
Summary statistics for stock indexes.

NASDAQ DAX Nikkei ASX

Mean 0.0009 0.0006 −0.0014 0.0017
S.D. 0.5309 0.5253 0.5737 0.3988
Skew 0.2223 −0.3482 −0.6378 −0.2992
Kurt. 14.1575 20.8320 33.6778 27.4681
K.S. 0.0000 0.0000 0.0000 0.0000
J.B. 0.0000 0.0000 0.0000 0.0000
Q10
2 0.0000 0.0000 0.0000 0.0000

Note: this table presents the summary statistics for hourly NASDAQ, DAX, Nikkei and ASX
indexes ranging from 1/1/2001 to 31/12/2012. Mean is the mean, S.D. is the standard de-
viation, Skew is the skewness, Kurt. is the kurtosis, K.S. is the p-value of Kolmogorov–
Smirnov normality test, J.B. is the p-value of Jarque–Bera normality test and Q10

2 is the p-
value of the Ljung–Box test for rt2 at lags 10.
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change. As noted by Ross (2013), theMood test onlyworks for indepen-
dent series. Therefore, we firstly fit the original FIGARCH model for the
stock indexes to extract the conditional variance series ht. We then

apply the NPCPM algorithm to the standardized residuals εt=
ffiffiffiffiffi
ht

p
to de-

tect the change points, if any.10 If there are no change points, the Mood
test will suggest that there are no structural changes in the volatility.
Our results suggest that at least 1 change point is detected for each
index. Hence, it is significant evidence indicating that during our sample
period, all of the four indexes do have structural changes in their volatil-
ity. The discovered change points, along with the return series of each
index, are plotted in Fig. 2.

As described in Section 3.1, the MRS-t model is fitted for each index
to extract P(st =1|θ,ΩT) series. Without loss of generality, we firstly set
P1 = 1/3 and P2 = 2/3, so that the series will have the same probability
to lie in each of the three states. The smoothing probability series P(st=
1|θ, ΩT), along with threshold probabilities P1 and P2, are plotted in
Fig. 3. Generally, all indexes lie in the turbulent state during the 2008
Global Financial Crisis (GFC) period. From 2001 to 2003, NASDAQ and
Nikkei remained in the turbulent state, which could be due to the
burst of the information technology (IT) bubble at the beginning of
the twenty-first century. Apparently, the Australian stocks were not se-
riously affect by the burst of the bubble, and ASX remained in the calm
state during this period. Between 2003 and 2008, NASDAQ, DAX and
ASX tend to lie in the calm state, while the state of Nikkei is unstable.
After 2010 (the end of the 2008 GFC), all indexes appear to switch
back to, and remain in the calm state most of the time. In conclusion,
the identification of economic states from the MRS-t model for all in-
dexes is apparently consistent with major macroeconomic events.

4.2. Model performance comparison

After detecting the change points for all stock indexes, the NPCPM-
FIGARCH and 3S-FIGARCH models can be fitted, along with the original
FIGARCH, A-FIGARCH and TV-FIGARCH models. For the A-FIGARCH
model, K is set equal to the number of change points detected by the
NPCPM algorithm plus 1, indicating the number of subsamples with
shifted volatility. As for the TV-FIGARCH model, we perform the five
tests to select the order of R asmentioned in Section 3.3. It is interesting
to notice that the order of 1 is preferred in all the indexes. All models are
fitted with a (1,d,1) specification. The logarithm of likelihood, AIC and
BIC under different distributional assumptions are presented in
Table 4. In addition, as argued by Diebold and Inoue (2001), longmem-
ory can be related to structural changes and is easily confused with it.
Therefore, if structural changes are present and can be correctly
modeled, we expect that the estimate of the long-memory parameter
d will be smaller. As a result, estimates of d are also reported in
Table 4 for comparison.
10 Weuse the cpmpackage in R to apply theNPCPMalgorithm. In particular, tominimize
the false identification of change points, the ARL0 parameter in cpm is set to 50,000. We
thank Ross (2013) for making the package available.
For the original FIGARCHmodels, the AIC and BIC indicate thatmodels
with non-Gaussian innovation distributions outperform the Gaussian
models for all stock indexes. This result is consistent with the fact that
Gaussian distribution assumptions are rejected in all cases. More specifi-
cally, FIGARCH models with GED work best for NASDAQ and Nikkei,
while those using Student's t are preferred for DAX and ASX. Turning to
the long-memory parameter d, all estimates are significant, suggesting
that long-memory persistence exists in the conditional volatility of the
four stock indexes from 1 January 2001 to 31 December 2012.

In terms of the A-FIGARCH, TV-FIGARCH and NPCPM-FIGARCH
models, there are some common conclusions for all the indexes. First,
by comparing AIC and BIC, all three models generally outperform the
original FIGARCHmodel in most cases. This suggests that incorporating
the structural changes can lead to better model performance. Consider-
ing each distributional assumption, TV-FIGARCH models generally out-
perform A-FIGARCH models for NASDAQ, DAX and Nikkei, when BICs
are compared. For ASX, A-FIGARCH models have smaller AIC and BIC
than TV-FIGARCH models. More importantly, NPCPM-FIGARCH models
outperform both A-FIGARCH and TV-FIGARCH models in all cases. This
result indicates that allowing the intercept to vary according to the de-
tected change points has better performance thanmodeling it via time-
dependent functions. In relation to the estimates of d, A-FIGARCH, TV-
FIGARCH and NPCPM-FIGARCHmodels tend to generate similar results.
More specifically, estimates of the A-FIGARCH tend to be relatively
smaller, except for NASDAQ and ASX when the Student-t distribution
is adopted. However, compared with the estimates of d from the origi-
nal FIGARCH model, the differences are fairly small.

In contrast, the 3S-FIGARCHmodel achieves the smallest AIC and BIC
and leads to the smallest estimates of d. This is consistent across differ-
ent distributions and stock indexes. In terms of AIC and BIC, the im-
provements of 3S-FIGARCH models over NPCPM-FIGARCH models are
much greater than those of NPCPM-FIGARCH models over A-FIGARCH
or TV-FIGARCH models. For example, for NASDAQ with GED assump-
tion, the difference between the BIC of the 3S-FIGARCH and NPCPM-
FIGARCH models is more than 200. The difference between the BIC of
the NPCPM-FIGARCH models and the A-FIGARCH or TV-FIGARCH
models is less than 100. In addition, the 3S-FIGARCH framework (num-
ber of parameters is 8) is more parsimonious compared with the
NPCPM-FIGARCH framework (number of parameters is 16). As a result,
using the information of P(st = 1|θ, ΩT) to identify the economic states
can lead to a much better model performance. Additionally, it is worth
noticing that using log likelihoods of the 3S-FIGARCH and FIGARCH
models, the LRT suggests that ω is significantly time-varying in all in-
dexes with all distributional assumptions. This is consistent with the re-
sult of NPCPM that the structural changes exist in all cases. More
importantly, the 3S-FIGARCH model produces the smallest estimate of
d. Compared with the estimate from the original FIGARCH model, the
difference can be up to more than 50%. This further confirms that
using the information of P(st = 1|θ, ΩT) to identify the economic states
and estimate the long-memory parameter is potentially more effective
and reliable.

As discussed in Section 3.3, short-memory persistence parameters b
and ϕ in the conditional variance equation can also be allowed to vary.
Thus, we fit the 3S-V-FIGARCHmodelswith three different distribution-
al assumptions for all stock indexes and present the results in Table 5.
Comparing the log likelihoods of the 3S-V-FIGARCH with those of the
3S-FIGARCH, the LRT suggests that the null hypothesis that b and ϕ
are constant is rejected in all indexes with different distributional as-
sumptions. Hence, in addition to the ω, short memory terms are also
time-varying. Overall, estimates of d are consistent with those of 3S-
FIGARCH models.

4.3. Further analysis and robustness check

As described in Section 3.1, we use threshold probabilities P1 and P2
to identify the economic state. Since the calm and turbulent states
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respectively indicate extremely low and high volatility states, we may
expect that the probability of lying in the extreme volatility state is
smaller than that of lying in the intermediate state. Therefore, we refit
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Fig. 3. Smoothing probability of calm state for the stock indexes. Note: thisfigure presents the sm
probability series are all generated fromMRS-tmodels. The horizontal red dash line indicates th
on smoothing probability using the 3S(-V)-FIGARCH models.
both the 3S-FIGARCH and 3S-V-FIGARCH models for all stock indexes
with three different sets of P1 and P2. The results are presented in
Table 6.
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Table 4
Summary output of various FIGARCH models for stock indexes.

Models NASDAQ DAX Nikkei ASX

d log. lik AIC BIC d log. lik AIC BIC d log. lik AIC BIC d log. lik AIC BIC

Panel A: Normal
FIGARCH 0.3841⁎ −13,823 27,657 27,697 0.3887⁎ −15,701 31,411 31,451 0.3088⁎ −14,609 29,228 29,268 0.3021⁎ −5969 11,948 11,988
A-FIGARCH 0.3363⁎ −13,776 27,594 27,763 0.3019⁎ −15,607 31,272 31,511 0.3034⁎ −14,552 29,137 29,272 0.2592⁎ −5870 11,759 11,830
TV-FIGARCH 0.3509⁎ −13,788 27,592 27,656 0.3751⁎ −15,684 31,384 31,447 0.2865⁎ −14,608 29,231 29,295 0.2848⁎ −5917 11,851 11,915
NP-FIGARCH 0.3545⁎ −13,777 27,578 27,674 0.3318⁎ −15,631 31,294 31,422 0.3081⁎ −14,557 29,134 29,214 0.2882⁎ −5938 11,888 11,936
S-FIGARCH 0.2162⁎ −13,623 27,259 27,315 0.2034⁎ −15,383 30,780 30,836 0.2512⁎ −14,426 28,866 28,921 0.1600⁎ −5662 11,338 11,394

Panel B: Student-t
FIGARCH 0.5374⁎ −11,456 22,924 22,971 0.4234⁎ −12,560 25,132 25,180 0.5582⁎ −9773 19,559 19,607 0.3695⁎ −880 1772 1819
A-FIGARCH 0.9081⁎ −11,337 22,717 22,895 0.4109⁎ −12,395 24,851 25,098 0.4103⁎ −9626 19,288 19,430 0.4173⁎ −818 1656 1735
TV-FIGARCH 0.5078⁎ −11,434 22,885 22,957 0.4236⁎ −12,525 25,068 25,140 0.5325⁎ −9703 19,424 19,495 0.3764⁎ −841 1701 1773
NP-FIGARCH 0.4581⁎ −11,387 22,800 22,903 0.3898⁎ −12,417 24,867 25,003 0.4974⁎ −9584 19,189 19,277 0.3701⁎ −842 1697 1753
S-FIGARCH 0.3458⁎ −11,257 22,529 22,593 0.2862⁎ −12,301 24,618 24,682 0.4822⁎ −9450 18,916 18,980 0.3361⁎ −753 1522 1586

Panel C: GED
FIGARCH 0.4405⁎ −10,861 21,733 21,781 0.3747⁎ −12,566 25,143 25,191 0.3162⁎ −9066 18,143 18,191 0.2415⁎ −1041 2095 2142
A-FIGARCH 0.3666⁎ −10,820 21,684 21,861 0.2799⁎ −12,488 25,036 25,283 0.2246⁎ −8989 18,015 18,157 0.2097⁎ −1022 2063 2143
TV-FIGARCH 0.4108⁎ −10,841 21,699 21,771 0.3594⁎ −12,549 25,117 25,188 0.2598⁎ −9017 18,052 18,123 0.2229⁎ −1027 2072 2143
NP-FIGARCH 0.3802⁎ −10,819 21,664 21,767 0.3034⁎ −12,492 25,018 25,153 0.2386⁎ −8983 17,988 18,075 0.2229⁎ −1026 2066 2121
S-FIGARCH 0.2126⁎ −10,743 21,503 21,566 0.2096⁎ −12,381 24,777 24,841 0.1623⁎ −8927 17,871 17,934 0.1459⁎ −966 1947 2011

Note: this table presents the summary output for FIGARCH, A-FIGARCH, TV-FIGARCH, NPCPM-FIGARCHand 3S-FIGARCHfittedwithNormal, Student's t andGEDdistributions. The data are
hourlyNASDAQ,DAX,Nikkei and ASX indexes ranging from1/1/2001 to 31/12/2012. For explanations of other variables, please see Table 1. 3S-FIGARCHmodel includes two stages. Firstly,
anMRS-t model is fitted for the index data. The estimated smooth probability P(St=1|T) is then collected. Secondly, we estimate a FIGARCHmodel with two thresholds probabilities 1/3
and 2/3, where the intercept is defined as ω0

1 when P(St|T) ≥ 2/3, ω0
2 when 1/3 b P(St|T) b 2/3 and ω0

3 when P(St|T) ≤ 1/3.
⁎ Denote significance at the 5% level.
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In terms of model performance, reducing the probability to lie in the
extreme volatility state generally leads to better results. This is consis-
tent across different distributions, models and stock indexes. For exam-
ple, for NASDAQ, 3S-FIGARCH models with GED produce BIC values of
21,555, 21,534 and 21,522 for the threshold probabilities P1 = 0.25
and P2 = 0.75, P1 = 0.15 and P2 = 0.85, and P1 = 0.05 and P2 = 0.95,
respectively. Recall that for P1 = 1/3 and P2 = 2/3, the corresponding
BIC value is 21,566. The similar pattern also roughly applies in the esti-
mates of d. For example, for NASDAQ, 3S-FIGARCH models with
Student's t generate estimates of d of 0.3390, 0.3212 and 0.3039 for
the three sets of threshold probabilities as described above. The corre-
sponding estimate of d is 0.3458 for P1 = 1/3 and P2 = 2/3.

In conclusion, for the 3S-FIGARCH and 3S-V-FIGARCH models,
changing the probability to lie in the extreme volatility state leads to
consistent model performance and estimates of d. More specifically,
by reducing that probability, model performance generally tends to be
better, while estimates of d are roughly inclined to be smaller.

5. Conclusion

This paper proposes a two-stage 3S-FIGARCH model as a new
approach to detect the structural changes and incorporate them into
Table 5
Summary output of 3S-V-FIGARCH models for stock indexes.

NASDAQ

d log. lik AIC BIC

Normal 0.2154⁎ −13,567 27,157 27,2
Student-t 0.3353⁎ −11,240 22,503 22,5
GED 0.1983⁎ −10,724 21,473 21,5

Nikkei

d log. lik AIC BIC

Normal 0.2454⁎ −14,388 28,798 28,8
Student-t 0.4776⁎ −9432 18,887 18,9
GED 0.1509⁎ −8913 17,849 17,9

Note: this table presents the summary output for the 3S-V-FIGARCHmodels fitted with Norma
and Table 4.
⁎ Denote significance at the 5% level.
the FIGARCH framework. By using simulation studies and the hourly
returns of four major stock indexes (NASDAQ, DAX, Nikkei and ASX)
from 1 January 2001 to 31 December 2012, we demonstrate that the
3S-FIGARCH model outperforms the original and existing structure-
changing FIGARCH frameworks including A-, TV- and NPCPM-
FIGARCH models. In addition, Diebold and Inoue (2001) argue that
longmemory can be related to structural changes and is easily confused
with it. As evidenced by our empirical studies, the estimated d from the
3S-FIGARCH framework is generally smaller than those from other
FIGARCH-type models. Therefore, this finding further suggests that
our proposed approach can lead to potentially more reliable estimate
of the long-memory parameter. Finally, we show that the above conclu-
sions also hold when short-memory parameters in the conditional var-
iance equations are allowed to be time-varying and when threshold
probabilities to identify the economic states are changed.

Further, our findings can be extended to other contexts in economics
and finance, where long memory is the main focus. For instance, our
model can be used to enhance the accuracy of dynamic hedging strate-
gies and derivatives pricingmodels, as high-frequency asset volatility is
a key input in these strategies and models (Chronopoulou and Viens,
2012; Hyung et al., 2008; Stentoft, 2005). As noted by Hyung et al.
(2008), the FIGARCH specification dominates various short- and long-
DAX

d log. lik AIC BIC

44 0.2047⁎ −15,322 30,666 30,754
99 0.2861⁎ −12,282 24,588 24,684
68 0.2102⁎ −12,359 24,741 24,837

ASX

d log. lik AIC BIC

86 0.1705⁎ −5626 11,274 11,361
83 0.3469⁎ −749 1522 1618
45 0.1544⁎ −958 1939 2035

l, Student's t and GED distributions. For explanations of other variables, please see Table 1



Table 6
Summary output of 3S-FIGARCH and 3S-V-FIGARCH models for stock indexes.

NASDAQ DAX Nikkei ASX

Models d log. lik AIC BIC d log. lik AIC BIC d log. lik AIC BIC d log. lik AIC BIC

Panel A: P1 = 0.25 and P2 = 0.75
S-Normal 0.2125⁎ −13,616 27,246 27,302 0.1948⁎ −15,354 30,721 30,776 0.2487⁎ −14,410 28,835 28,890 0.1579⁎ −5664 11,342 11,398
S-Student-t 0.3390⁎ −11,248 22,513 22,576 0.2817⁎ −12,295 24,606 24,669 0.5639⁎ −9492 19,000 19,064 0.3303⁎ −743 1501 1565
S-GED 0.2056⁎ −10,738 21,492 21,555 0.2037⁎ −12,372 24,760 24,823 0.1571⁎ −8923 17,862 17,926 0.1411⁎ −960 1936 2000
S-V-Normal 0.2068⁎ −13,561 27,143 27,231 0.1939⁎ −15,292 30,606 30,693 0.2461⁎ −14,374 28,770 28,857 0.1680⁎ −5629 11,280 11,367
S-V-Student-t 0.3288⁎ −11,236 22,495 22,591 0.2832⁎ −12,277 24,579 24,674 0.5537⁎ −9469 18,961 19,056 0.3415⁎ −740 1503 1598
S-V-GED 0.1976⁎ −10,722 21,467 21,562 0.2047⁎ −12,350 24,724 24,819 0.1456⁎ −8908 17,841 17,936 0.1487⁎ −954 1931 2026

Panel B: P1 = 0.15 and P2 = 0.85
S-Normal 0.2023⁎ −13,600 27,214 27,270 0.1710⁎ −15,278 30,570 30,625 0.2361⁎ −14,391 28,796 28,851 0.1475⁎ −5644 11,302 11,358
S-Student-t 0.3212⁎ −11,232 22,481 22,544 0.2576⁎ −12,259 24,535 24,598 0.4519⁎ −9422 18,860 18,923 0.3231⁎ −734 1483 1547
S-GED 0.1904⁎ −10,727 21,471 21,534 0.1827⁎ −12,339 24,693 24,756 0.1439⁎ −8914 17,843 17,907 0.1333⁎ −953 1922 1986
S-V-Normal 0.2067⁎ −13,557 27,136 27,223 0.1653⁎ −15,210 30,441 30,528 0.2303⁎ −14,341 28,705 28,792 0.1577⁎ −5610 11,242 11,330
S-V-Student-t 0.2972⁎ −11,218 22,460 22,555 0.2544⁎ −12,242 24,509 24,604 0.4490⁎ −9390 18,804 18,899 0.3368⁎ −730 1484 1579
S-V-GED 0.1820⁎ −10,707 21,438 21,533 0.1804⁎ −12,315 24,654 24,749 0.1293⁎ −8894 17,811 17,906 0.1413⁎ −946 1916 2011

Panel C: P1 = 0.05 and P2 = 0.95
S-Normal 0.2046⁎ −13,600 27,214 27,270 0.1724⁎ −15,243 30,499 30,555 0.3010⁎ −14,382 28,778 28,834 0.1435⁎ −5501 11,016 11,071
S-Student-t 0.3039⁎ −11,225 22,466 22,529 0.2493⁎ −12,241 24,497 24,561 0.4375⁎ −9423 18,862 18,926 0.3128⁎ −710 1436 1500
S-GED 0.1879⁎ −10,721 21,459 21,522 0.1783⁎ −12,317 24,650 24,713 0.1382⁎ −8910 17,836 17,899 0.1293⁎ −922 1859 1923
S-V-Normal 0.1872⁎ −13,535 27,092 27,179 0.1677⁎ −15,166 30,353 30,441 0.2951⁎ −14,369 28,760 28,847 0.1439⁎ −5489 11,000 11,087
S-V-Student-t 0.2891⁎ −11,211 22,447 22,542 0.2466⁎ −12,220 24,465 24,560 0.4318⁎ −9393 18,811 18,906 0.3157⁎ −707 1438 1533
S-V-GED 0.1763⁎ −10,701 21,426 21,521 0.1761⁎ −12,290 24,603 24,698 0.1218⁎ −8891 17,805 17,900 0.1308⁎ −918 1861 1956

Note: this table presents the summary output for 3S-FIGARCH and 3S-V-FIGARCHmodels fittedwith Normal, Student's t and GED distributions. The threshold probabilities are set to P1=
0.25 and P2 = 0.75, P1 = 0.15 and P2 = 0.85, and P1 = 0.05 and P2 = 0.95, respectively. 3S-Normal, 3S-Student-t and 3S-GED are 3S-FIGARCHmodels with Normal, Student's t and GED
distributions, respectively. 3S-V-Normal, 3S-V-Student-t and 3S-V-GED are 3S-V-FIGARCHmodels with Normal, Student's t and GED distributions, respectively. For explanations of other
variables, please see Tables 1 and 4.
⁎ Denote significance at the 5% level.
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memory volatility models in terms of its out-of-sample forecasting per-
formance for forecast horizons of 10 days and beyond. The long-
memory characteristic has important implications for volatility fore-
casting and option pricing. Option pricing in a stochastic volatility set-
ting requires a risk premium for the unhedgeable volatility risk.
Fractionally integrated series lead to volatility forecasts that are larger
than those from short-memory models and these forecasts usually
translate into higher option prices. This finding could be an explanation
for the better pricing performance of the FIGARCH model (Ho et al.,
2013). Stentoft (2005) further notes that incorporating FIGARCH fea-
tures in option pricingmodels can potentially help explain some empir-
ically well-documented systematic pricing errors. In addition, out-of-
sample performance shows that FIGARCH effects are important when
pricing options on individual stocks and can lead to improvements
over the constant volatility model. Therefore, when structural changes
are likely to exist, applying our framework in place of the FIGARCH
model may potentially lead to more reliable estimates and conclusions.

As a future direction to extend this research, a suitable approach to
choose the threshold probabilities may further improve our model. To
the best of our knowledge, there is no well-accepted method of finding
the proper thresholds in theMarkov-Switching-typemodels. For a two-
state case, Hamilton (1989) suggests that 0.5 should be used as a rule of
thumb. This simple choice is then widely used in relevant empirical
studies in finance. Hence, a similar approach is adopted in this paper
for the three-state case. Future research should focus on how threshold
probabilities can be determined.
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