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CONVERGENCE RATE ESTIMATES FOR ALEKSANDROV'S
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Abstract. In this paper, we establish convergence rate estimates for convex solutions to the
Dirichlet problem of the Monge--Amp\`ere equation detD2u = f in \Omega , where f is a positive and
continuous function and \Omega is a bounded convex domain in the Euclidean space \BbbR n. We approximate
the solution u by a sequence of convex polyhedra vh, which are generalized solutions to the Monge--
Amp\`ere equation in the sense of Aleksandrov, and the associated Monge--Amp\`ere measures \nu h are
supported on a properly chosen grid in \Omega . We will derive the convergence rate estimates for the cases
when f is smooth, H\"older continuous, and merely continuous.
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1. Introduction. In this paper we consider the Dirichlet problem for the Monge--
Amp\`ere equation

(1.1)
detD2u = f(x) in \Omega ,

u = \varphi on \partial \Omega .

We assume that \Omega is a bounded, uniformly convex domain in the Euclidean space \BbbR n
with C3 smooth boundary \partial \Omega , f is a positive function in \Omega satisfying \lambda \leq f \leq \Lambda for
two positive constants \Lambda \geq \lambda > 0, and \varphi \in C3(\Omega ) is a convex function.

The Monge--Amp\`ere equation has been extensively studied in the last few decades.
It is a fundamental equation in geometry and optimal transportation, and a compre-
hensive existence and regularity theory has been established [18, 37]. In recent years
it has found a range of new applications in seismology, image processing, and machine
learning [13, 19, 38]. As a result, the stability and convergence of numerical solutions
has drawn increasing attention. A number of algorithms have been tested for the
equation and the convergence of the iterations is verified if the initial data is prop-
erly chosen. However, for arbitrary initial data, the scenario can be different. The
Monge--Amp\`ere equation (1.1) is elliptic only when the solution is convex or concave.
If the iteration does not preserve the convexity of the solution, the convergence of the
algorithm usually fails.

A natural candidate for the numerical solution which preserves the convexity
is the notion of the generalized solution of Aleksandrov. Aleksandrov's generalized
solution is equivalent to the viscosity solution when f is continuous, and is defined as
follows [18, 33, 37]. For a bounded convex function w in \Omega , its subdifferential \partial w is
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174 HAODI CHEN, GENGGENG HUANG, AND XU-JIA WANG

defined by

\partial w(x0) = \{ a \in \BbbR n | w(x) \geq a \cdot (x - x0) + w(x0) \forall x \in \Omega \} ,

\partial w(E) =
\bigcup 

x\in E
\partial w(x),

where E is any measurable subset of \Omega . The subdifferential of w is a multivalued
mapping from \Omega to \BbbR n. But if w \in C1, then \partial w(x0) = Dw(x0) is a single point. By
the subdifferential one can introduce a measure, called the Monge--Amp\`ere measure
of w, by

\mu w(E) = | \partial w(E)| .

We say that w is a generalized solution to (1.1) if w = \varphi on \partial \Omega and \mu w = fdx in \Omega .
The Monge--Amp\`ere measure is well defined for any locally bounded convex func-

tion, including piecewise linear convex functions. Given a convex piecewise linear
convex function w, whose graph is a convex polyhedron, the Monge--Amp\`ere measure
\mu w by definition is supported on the vertices of the polyhedron. Therefore, to find a
numerical solution to the Monge--Amp\`ere equation, one can study the existence of a
generalized solution of which the Monge--Amp\`ere measure is supported on a given set
of grid points.

In this paper we will consider the standard grid only, namely the grid points are
given by pI = (hi1, . . . , hin), where h > 0 is any given small constant, I = (i1, . . . in),
and i1, . . . in \in \BbbZ are integers. We denote by Ph,\Omega the set of grid pI which falls in
\Omega . We would like to point out that the argument in this paper applies to other grids
which are invariant under translation of coordinates. To study the Dirichlet problem,
we need to choose a set of boundary points on which the boundary value is prescribed.
The choice of this set is quite flexible. For convenience in this paper we introduce the
set Ph,\partial \Omega which consists of all boundary points lying on grid lines, namely Ph,\partial \Omega is
the intersection of \partial \Omega with all the grid lines.

Let \Omega h be the convex hull of Ph,\partial \Omega , which is a convex polyhedron in \BbbR n. By the
convexity of \Omega , we have \Omega h \subset \Omega . Let

\varphi h(x) = sup\{ \ell (x) : \ell is linear and \ell \leq \varphi on Ph,\partial \Omega \} \forall x \in \Omega h.

Then \varphi h is a piecewise linear convex function in \Omega h, of which the Monge--Amp\`ere
measure \mu \varphi h

= 0 in \Omega h [37].
The discrete version of the Dirichlet problem (1.1) is then to find a piecewise

linear convex function vh, with vertices on Ph,\Omega such that

(1.2)
\mu vh = \nu h in \Omega h,

vh = \varphi h on \partial \Omega h,

where \nu h is a measure in \Omega h, given by

(1.3) \nu h =
\sum 

y\in Ph,\Omega 

hnf(y)\delta y.

The existence and uniqueness of generalized solutions to (1.2) is well known [18,
37]. It can be dated back to Aleksandrov and can be found in [32]. The solution
can be obtained by constructing a monotone increasing sequence of piecewise linear
convex functions with vertices on Ph,\Omega [31]. This result is now well-known and it
is based on the comparison principle for generalized solutions to the Monge--Amp\`ere
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CONVERGENCE RATE FOR MONGE--AMP\`ERE EQUATION 175

equations [32, 33]. Namely, if \varphi and \psi are two convex functions in \Omega and if \mu \varphi \geq \mu \psi 
in \Omega and \varphi \leq \psi on \partial \Omega , then \varphi \leq \psi in \Omega .

The purpose of this paper is to establish the error estimate sup\Omega h
| u - vh| . In the

last two decades, the convergence of numerical solutions for fully nonlinear, uniformly
elliptic equations has been studied by a number of authors [4, 26, 27, 28], and error es-
timates have been obtained in [2, 3, 11, 23, 24, 25]. However, the ideas in these papers
do not apply to the Monge--Amp\`ere equation. In recent years numerical solutions to
the Monge--Amp\`ere equation have also been extensively studied, different algorithms
have been introduced for both smooth and viscosity solutions to the Monge--Amp\`ere
equation [5, 6, 7, 12, 14, 15, 16, 17, 21, 30]. Some of the algorithms can be extended
to the k-Hessian equation [1]. But the convergence rate estimate has not been seen
until in the very recent papers [8, 29, 34]. In [34] the error estimate (1.4) below was
established for the vanishing boundary condition, namely when \varphi = 0. In this paper
we will establish the following error estimates.

Theorem 1.1. Let u and vh be the solutions to (1.1) and (1.2), respectively.
Assume that f, \varphi , and \Omega satisfy the conditions stated after (1.1).

(i) Assume that f \in C\alpha (\Omega ) for some \alpha \in (0, 1). Then we have the estimate

(1.4) \| u - vh\| L\infty (\Omega h) \leq Ch\alpha .

(ii) If \partial \Omega \in C3,\alpha , \varphi \in C3,\alpha (\Omega ), and f \in C1,\alpha (\Omega ) for some \alpha \in (0, 1), then we
have the estimate

(1.5) \| u - vh\| L\infty (\Omega h) \leq Ch1+\alpha .

(iii) If, furthermore, \partial \Omega \in C4,\alpha , \varphi \in C4,\alpha (\Omega ), and f \in C2,\alpha (\Omega ) for some \alpha \in 
(0, 1), then we have the estimate

(1.6) \| u - vh\| L\infty (\Omega h) \leq Ch2.

In the above estimates, the constant C depends on n, \alpha ,\Omega , \varphi , f .

The estimates in Theorem 1.1 rely on the regularity of solutions to the Monge--
Amp\`ere equation (1.1) and using the comparison principle. For the estimate (1.4)
(which was known to the authors several years ago), we need the global C2,\alpha estimate
for u, which was established in [9] in the interior and in [35, 36] at the boundary. The
conditions \partial \Omega \in C3, \varphi \in C3(\Omega ), f \in C\alpha (\Omega ) are optimal for the global C2,\alpha estimate,
they cannot be weakened to \partial \Omega \in C2,1 or \varphi \in C2,1(\Omega ) [40]. When \partial \Omega \in C\infty ,
\varphi \in C\infty (\Omega ), the global C\infty regularity was first established in [10, 22]. We also point
out that the conditions \lambda \leq f \leq \Lambda and f \in C0(\Omega ) are not sufficient for the second
derivative estimates for the solution [39]. In order that u \in C1,1 it is necessary to
assume f is Dini continuous [20].

However, an error estimate in the case when f is discontinuous seems much more
difficult, due to the lack of the regularity. But when f is continuous, we have the
following result.

Theorem 1.2. Suppose u, vh solve (1.1) and (1.2). Assume that f, \varphi , and \Omega 
satisfy the conditions stated after (1.1). Assume that f \in C(\Omega ). Then we have the
estimate

(1.7) \| u - vh\| L\infty (\Omega h) \leq C\omega (\~\omega  - 1(h)),
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176 HAODI CHEN, GENGGENG HUANG, AND XU-JIA WANG

where \omega (r) denotes the modulus continuity of f , defined by

(1.8) \omega (r) = sup\{ | f(x) - f(y)| : x, y \in \Omega , | x - y| < r\} ,

\~\omega  - 1 is the inverse function of \~\omega (r) = r5n+1\omega (r). The constant C depends on n,\Omega , \varphi , f .

Theorem 1.2 will be proved by mollification of functions and using Calabi's tech-
nique for the third derivative estimate for the Monge--Amp\`ere equation. Calabi's
technique gives a more precise upper bound for the third derivatives. In Theorem
1.2, if f is H\"older continuous with exponent \alpha , then \omega (r) = r\alpha , \~\omega (r) = r5n+1+\alpha , and
the right-hand side of (1.7) is h

\alpha 
5n+1+\alpha , which is weaker than (1.4). But Theorem 1.2

gives an error estimate for f which does not satisfy the conditions in Theorem 1.1.
This paper is organized as follows. In section 2, we consider the case when f is

H\"older continuous or smooth, and prove Theorem 1.1. In section 3, we prove Theorem
1.2 by using the computation of Calabi.

2. Proof of Theorem 1.1. For a convex function u in \Omega , we introduce a piece-
wise linear function uh, given by

(2.1) uh(x) = sup\{ \ell (x) | \ell is linear and \ell (y) \leq u(y) \forall y \in Ph,\Omega \cup Ph,\partial \Omega \} .

The function uh, being the supreme of linear functions, is convex. At any point x \in \Omega ,
the tangent plane of u at x is a linear function satisfying the conditions in (2.1). Hence
we also have uh \geq u in \Omega . The graph of uh is a convex polyhedron, with vertices
(p, u(p)) for p \in Ph,\Omega , namely

uh = u on Ph,\Omega .

If u is the convex solution to (1.1), by the boundary condition u = \varphi on \partial \Omega , it is easy
to see that

(2.2) uh = \varphi h on Ph,\partial \Omega .

For any given point p \in Ph,\Omega , there exists a convex cone with vertex (p, u(p)),
which coincides with the graph of uh near p. In other words, there exists a unique
convex, piecewise linear function \zeta = \zeta p such that its graph is a convex cone with
vertex (p, u(p)), and \zeta = uh in a neighborhood of p. Let \ell 1, . . . , \ell m be the linear
functions defining the faces of \zeta . Then \zeta can be expressed as

(2.3) \zeta (x) = sup\{ \ell i(x) | \ell i are linear functions with \ell i(p) = u(p), i = 1, . . . ,m\} .

The subdifferential \partial uh(p) = \partial \zeta (p) is a convex polyhedron with vertices q1, . . . , qm,
where qi = D\ell i is the gradient of the linear function \ell i. Denote

(2.4) \BbbC p = \{ x \in \Omega h | uh(x) = \zeta p(x)\} .

Then \BbbC p is a polyhedron with p as an interior point. We first derive a property of \BbbC p
for quadratic polynomials in \BbbR n.

Lemma 2.1. Let u =
\sum 
aijxixj be a quadratic function in \BbbR n, where \{ aij\} is a

positive definite matrix. Let uh be the convex piecewise linear function defined in (2.1)
with \Omega = \BbbR n. Then for any two points p, q \in Ph,\BbbR n , \BbbC p is congruent to \BbbC q, namely
\BbbC p = \BbbC q up to a translation.
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Proof. There is no loss of generality in assuming that p = 0. Let \ell q be the tangent

plane of u at q. Let \~u(x) = u(x+q) - \ell q(x+q) and \widetilde \BbbC 0 = \BbbC q - q. Since u is a quadratic

function, we have \~u \equiv u. By the definition of uh, we have \~uh \equiv uh and so \widetilde \BbbC 0 = \BbbC 0.
This proves that \BbbC 0 is congruent to \BbbC q.

Corollary 2.2. Let u and uh be as in Lemma 2.1 and \Omega = \BbbR n. Then

(2.5) | \partial uh(p)| = 2nhn det(aij) \forall p \in Ph,\BbbR n ,

where \partial uh(p) is the subdifferential of uh at p.

Proof. By Lemma 2.1, | \partial uh(p)| is a constant independent of p for all p \in Ph,\BbbR n . As
the Monge--Amp\`ere operator is invariant under linear transformations, by a dilation of
the coordinates, one sees that | \partial uh(0)| = hn| \partial u1(0)| , namely | \partial u1(0)| = h - n| \partial uh(0)| ,
where u1 = uh | h=1.

As h \rightarrow 0, the number of points p \in Ph,\BbbR n \cap Q is approximately equal to h - n,
where Q = \{ 0 \leq xi \leq 1 : i = 1, . . . , n\} . Hence

h - n| \partial uh(0)| = | \partial uh(Q)| + o(1).

By the weak convergence of the Monge--Amp\`ere measure,

| \partial uh(Q)| \rightarrow | \partial u(Q)| as h\rightarrow 0.

As u =
\sum 
aijxixj is a quadratic polynomial,

| \partial u(Q)| =
\int 
Q

detD2u = 2n det(aij).

Hence we obtain | \partial u1(0)| = 2n det(aij), namely | \partial uh(0)| = 2nhn det(aij).

For a smooth and uniformly convex function u, we denote by \lambda min, \lambda max, respec-
tively, the smallest and greatest eigenvalues of D2u over \=\Omega , \Theta = \lambda max/\lambda min, and

(2.6) U\pm 
p (x) =

1

2

\sum 
i,j

Diju(p)xixj \pm \omega D2u

\bigl( \surd 
n\Theta h

\bigr) 
| x| 2,

where \omega D2u(\cdot ) is the modulus of the continuity of D2u, i.e.,

\omega D2u(r) = inf\{ c| D2u(x) \leq D2u(y) + cI \forall x, y \in \=\Omega , | x - y| < r\} .

For brevity we will drop the subscript p in the functions U\pm 
p . We have the following

estimates for \BbbC p and uh.

Lemma 2.3. Let u \in C2(\=\Omega ) be a uniformly convex function. Then for h \in (0, h0),
the following estimates hold:

(i) uh  - u \leq n

2
\lambda maxh

2 in \Omega h,

(ii) diam(\BbbC p) \leq 8h
\surd 
n\Theta \forall p \in Ph,\Omega ,

(iii) \partial U - 
h (p) \subset \partial uh(p) \subset \partial U+

h (p) \forall p \in Ph,\Omega ,

(2.7)

where U\pm 
h are defined as in (2.1), and h0 > 0 satisfies

(2.8) \omega D2u

\Bigl( 
4h0

\surd 
n\Theta 

\Bigr) 
\leq 1

4
\lambda min.
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Proof. For any x \in \Omega h, by definition, we can find p1, . . . , pn+1 \in Ph,\Omega \cup Ph,\partial \Omega 
such that

x =

n+1\sum 
i=1

tipi, 0 \leq ti \leq 1,

n+1\sum 
i=1

ti = 1, d(x, pi) \leq 
\surd 
nh.

By the convexity of uh and using Taylor's expansion, we have

uh(x) \leq 
n+1\sum 
i=1

tiuh(pi) =

n+1\sum 
i=1

tiu(pi)

=

n+1\sum 
i=1

ti

\biggl[ 
u(x) +Du(x) \cdot (pi  - x) +

1

2
(pi  - x)TD2u(\theta ix+ (1 - \theta i)pi)(pi  - x)

\biggr] 
\leq u(x) + n

2
\lambda maxh

2 for some \theta i \in (0, 1), i = 1, . . . , n.

In the last inequality, we have used the relation
\sum 
tipi = x to cancel the first order

derivative Du(x). This proves the first part of (2.7).
To prove the second part of (2.7), we may assume p = 0 and u(0) = | Du| (0) = 0.

Let x \in \Omega \cap \BbbC 0 such that | x| =Mh for some large M and uh is linear in the segment
0x. By the first part of (2.7) and the definition of uh, we have

(2.9)
1

2
u(x) \leq 1

2
uh(x) = uh

\Bigl( x
2

\Bigr) 
\leq u

\Bigl( x
2

\Bigr) 
+

1

2
n\lambda maxh

2.

By Taylor's expansion,

u(x) =u(0) +Du(0) \cdot x+
1

2
xTD2u(\theta x)x, \theta \in (0, 1)

=

\biggl( 
1

2
xTD2u(\theta x)x - 1

2
xTD2u(0)x

\biggr) 
+

1

2
xTD2u(0)x.

From the definition of \omega D2u(\cdot ), this implies

(2.10)

\bigm| \bigm| \bigm| \bigm| u(x) - 1

2
xTD2u(0)x

\bigm| \bigm| \bigm| \bigm| \leq 1

2
\omega D2u(Mh)M2h2.

Similarly, one has

(2.11)

\bigm| \bigm| \bigm| \bigm| u\Bigl( x2\Bigr)  - 1

2
(x/2)TD2u(0)(x/2)

\bigm| \bigm| \bigm| \bigm| \leq 1

8
\omega D2u(Mh)M2h2.

Inserting (2.10) and (2.11) into (2.9), we obtain

\lambda min| x| 2 \leq 4n\lambda maxh
2 + 3\omega D2u(Mh)M2h2.

Choose h0 such that \omega D2u(Mh0) =
1
4\lambda min. Then for h \leq h0, one has

M \leq 4
\surd 
n\Theta .

Finally, we prove the third part of (2.7). We first prove \partial uh(0) \subset \partial U+
h (0). By

the definition of U+(x), one has

u(x) \leq U+(x) \forall x \in B\Theta h(0).
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For any q \in \partial uh(0), l = \{ (x, xn+1) | xn+1 = q \cdot x\} is a supporting plane of uh at 0.
By the definition of uh, one has

q \cdot x \leq u(x) \forall x \in Ph,\Omega .

Taking x = \pm hei, by the above inequality, one knows

| qi| \leq 
1

2
\lambda maxh, i = 1, . . . , n.

Here \{ e1, . . . , en\} is the standard orthonormal basis of \BbbR n. Now for x /\in B\surd 
n\Theta h(0),

one has

U+(x) \geq 1

2

\sum 
i,j

Diju(0)xixj \geq 
\lambda min

2
| x| 2

\geq 
\surd 
n

2
\lambda maxh| x| \geq q \cdot x.

For x \in B\surd 
n\Theta h(0), by the definition of U+(x), one has

q \cdot x \leq u(x) \leq U+(x) \forall x \in Ph,\Omega \cap B\surd 
n\Theta h(0).

This proves q \in \partial U+
h (0). As q is arbitrary, one has \partial uh(0) \subset \partial U+

h (0). A similar
argument also yields \partial U - 

h (0) \subset \partial uh(0). This proves the third part of (2.7).

Remark 2.4. The explicit dependence of the estimates (2.7) on the ratio \Theta is
needed in section 3, where we will use the mollification of functions and deal with
nonuniformly elliptic Monge--Amp\`ere equations.

Lemma 2.5. Let u be the solution to (1.1), where \Omega , \varphi , and f satisfy the conditions
stated after (1.1). Let uh be the function given in (2.1), and let \mu = \mu uh

be the Monge--
Amp\`ere measure of uh.

(i) Assume f \in C\alpha (\=\Omega ) with \alpha \in (0, 1). Then we have

\mu (p) = hnf(p)
\bigl[ 
1 +O(h\alpha )

\bigr] 
.

(ii) If \partial \Omega \in C3,\alpha , \varphi \in C3,\alpha (\Omega ), and f \in C1,\alpha (\Omega ) for some \alpha \in (0, 1), then we
have the estimate

\mu (p) = hnf(p)
\bigl[ 
1 +O(h1+\alpha )

\bigr] 
.

(iii) If, furthermore, \partial \Omega \in C4,\alpha , \varphi \in C4,\alpha (\Omega ), and f \in C2,\alpha (\Omega ) for some \alpha \in 
(0, 1), then we have the estimate

\mu (p) = hnf(p)
\bigl[ 
1 +O(h2)

\bigr] 
.

In the above three estimates, p is any point in Ph,\Omega with the distance dist(p, \partial \Omega ) > C2h,

where C2 = 4
\sqrt{} 
C1(n)\Theta .

Proof. There is no loss of generality in assuming that p = 0 is the origin. By
subtracting a linear function we may assume that u(0) = 0 and u \geq 0 in \Omega .

Under the conditions in Lemma 2.5, we have the global regularity u \in C2,\alpha (\Omega )
in case (i), u \in C3,\alpha (\Omega ) in case (ii), and u \in C4,\alpha (\Omega ) in case (iii) [10, 22, 35, 36].
Moreover, we can extend u to \Omega \delta = \{ x \in \BbbR n | dist(x,\Omega ) < \delta \} , a neighborhood of \Omega ,
such that

\| \~u\| C2,\alpha (\Omega \delta ) \leq C\| u\| C2,\alpha (\=\Omega ) in case (i),

\| \~u\| C3,\alpha (\Omega \delta ) \leq C\| u\| C3,\alpha (\=\Omega ) in case (ii),

\| \~u\| C4,\alpha (\Omega \delta ) \leq C\| u\| C4,\alpha (\=\Omega ) in case (iii),
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180 HAODI CHEN, GENGGENG HUANG, AND XU-JIA WANG

where C is a constant depending only on n, \alpha , and \partial \Omega . We can indeed extend u to
the whole space \BbbR n so \delta can be any given positive constant. In the following we will
assume directly that u is a uniformly convex function defined in \Omega \delta , which is C2,\alpha in
case (i), C3,\alpha in case (ii), and C4,\alpha in case (iii).

Case (i). Let 0 \in Ph,\Omega be a grid point. By Taylor's expansion,

u(x) = aijxixj +O(| x| 2+\alpha ) x \in B\delta (0),

where the matrix \{ aij\} = 1
2\{ uxixj (0)\} is positive definite. From the above Taylor's

expansion, one can take the modulus of continuity \omega D2u(\cdot ) as \omega D2u(r) = cr\alpha . As in
(2.6), we define

U\pm (x) = aijxixj \pm Ch\alpha | x| 2.

Then Lemma 2.3 tells us that

\partial U - 
h (0) \subset \partial uh(0) \subset \partial U+

h (0).

By Corollary 2.2 and Lemma 2.3, we know

\mu U\pm 
h
(0) = 2nhn det(aij \pm Ch\alpha \delta ij) = hnf(0)(1\pm O(h\alpha )).

This implies

\mu uh
(0) = hnf(0)

\bigl[ 
1 +O(h\alpha )

\bigr] 
.

Cases (ii) and (iii). Case (iii) can be regarded as a special case of (ii) with \alpha = 1,
hence cases (ii) and (iii) can be proved in the same way.

Let 0 \in Ph,\Omega be a grid point. We have the Taylor expansion of u at 0,

u(x) = aijxixj + bijkxixjxk +O(| x| 3+\alpha ), x \in B\delta (0).

Denote u0 = aijxixj to be the quadratic part of u.
We make the rescaling

(2.12) uh(x) =
1

h2
u(hx) = aijxixj + hbijkxixjxk + h1+\alpha O(| x| 3+\alpha ).

Obviously, uh(x) converges to u0(x) locally uniformly up to the third derivatives,
namely for any R > 0, supBR(0)

\bigl( 
| uh - u0| + | D3(uh - u0)| 

\bigr) 
\rightarrow 0 as h\rightarrow 0. Hence (uh)1

converges to (u0)1 locally uniformly in \BbbR n, namely for any R > 0, supBR(0) | (uh)1  - 
(u0)1| \rightarrow 0 as h \rightarrow 0, where (uh)1 = (uh)h\prime | h\prime =1 and (u0)1 = (u0)h\prime | h\prime =1, and for a
convex function u, uh is defined in (2.1).

Let \BbbC h0 and \BbbC 0 be, respectively, the polyhedra corresponding to (uh)1, (u
0)1, as

defined in (2.4). By Lemma 2.3, \BbbC h0 and \BbbC 0 are contained in BC2(0). Hence the
vertices of \BbbC h0 and \BbbC 0 are contained in \BbbZ n \cap BC2

(0). Note that there are at most
(2C2 + 1)n points in \BbbZ n \cap BC2

(0), by the local uniform convergence of uh to u0 and
the uniformly convexity of uh and u0, one sees that there exists h0 > 0 such that

(2.13) \BbbC h0 = \BbbC 0 \forall 0 < h < h0.

By the origin symmetry of u0, if p is a vertex in \BbbC 0, so is  - p. Hence we have
\BbbC 0 = conv\{ p1, p2, . . . , p2k\} with pi =  - pk+i, where pi \in \BbbZ n for all i = 1, . . . , k, and
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conv\{ p1, . . . , p2k\} denotes the convex hull of p1, . . . , p2k. As discussed in (2.3) and
(2.4), there exist piecewise linear functions \zeta 0 and \zeta , given by

\zeta 0(x) = sup\{ \ell 0j (x) | j = 1, . . . , 2m\} ,
\zeta (x) = sup\{ \ell j(x) | j = 1, . . . , 2m\} ,

such that the graphs of \zeta 0 and \zeta are convex cones coinciding with that of (u0)1
and (uh)1 in \BbbC 0. Moreover, the subdifferentials \partial \zeta 0(0) = \partial (u0)1(0) and \partial \zeta (0) =
\partial (uh)1(0) are convex polyhedra with vertices \{ q01 , . . . , q02m\} and \{ q1, . . . , q2m\} , respec-
tively, where q0i = D\ell 0i and qi = D\ell i, i = 1, . . . , 2m. By the origin symmetry of u0,
we may assume \ell 0m+i =  - \ell 0i and q0m+i =  - q0i for i = 1, . . . ,m.

For simplicity let us denote Q0 = \partial (u0)1(0) and Q = \partial (uh)1(0). By Corollary
2.2, we have

(2.14) | Q0| = 2n det(aij) = f(0).

By (2.14) it is easy to show that | Q| = | Q0| + O(h); see (2.16) below. However, we
claim a stronger estimate, namely

(2.15) | Q| = | Q0| +O(h1+\alpha ).

Changing from uh back to u, we obtain Lemma 2.5 from (2.15) immediately.
To prove (2.15), note that the function uh, given in (2.12), is a perturbation of

u0. Hence Q is a perturbation of Q0, and so the measure

(2.16) | Q| = | Q0| + a1h+O(h1+\alpha ).

A key observation is that the origin symmetry of u0 implies that the coefficient a1 = 0,
and so we obtain (2.15).

To see the above observation, note that Q is a perturbation of Q0, we can mark
the vertices q1, . . . , q2m of Q in the same order as those of Q0, such that | qi - q0i | \leq Ch
for all i = 1, . . . , 2m. Hence by (2.12), we have

(2.17) qi  - q0i = bih+ b\prime i, | b\prime i| = O(h1+\alpha ).

Note that the limit limh\rightarrow 0
1
h (u

h(x) - u0(x)), being a cubic polynomial of x by (2.12),
is antisymmetric about the origin, so is the limit limh\rightarrow 0

1
h ((u

h)1(x) - (u0)1(x)). Hence
the limit limh\rightarrow 0

1
h (qi  - q0i ) is symmetric with respect to the origin. Therefore, at the

opposite point q0m+i, we have

(2.18) bm+i = bi \forall i = 1, . . . ,m.

By reordering the vertices, let us assume that conv\{ q01 , . . . , q0n\} is a face in the bound-
ary \partial Q0. Then conv\{ q1, . . . , qn\} is a face in the boundary \partial Q. Moreover, conv\{ q0m+1,
. . . , q0m+n\} and conv\{ qm+1, . . . , qm+n\} are faces in \partial Q0 and \partial Q, respectively. We re-
mark that if a face of \partial Q0 has more than n vertices, we can divide it into finitely
many disjoint pieces such that each one has n vertices and is the convex hull of its
vertices.

For a face conv\{ qi1 , . . . , qin\} , there is a corresponding simplex conv\{ 0, qi1 , . . . , qin\} 
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182 HAODI CHEN, GENGGENG HUANG, AND XU-JIA WANG

in \BbbR n. We compute the volume of the simplex conv\{ 0, qm+1, . . . , qm+n\} ,

Vol(conv\{ 0, qm+1, . . . , qm+n\} )
=Vol(conv\{ 0, q0m+1 + bm+1h, . . . , q

0
m+n + bm+nh) +O(h1+\alpha \} )

=Vol(conv\{ 0, - q01 + bm+1h, . . . , - q0n + bm+nh) +O(h1+\alpha \} )
=Vol(conv\{ 0, q01  - bm+1h, . . . , q

0
n  - bm+nh) +O(h1+\alpha \} )

=Vol(conv\{ 0, q01  - b1h, . . . , q
0
n  - bnh\} +O(h1+\alpha )),

where (2.17) and (2.18) are used. Hence

(2.19)
Vol(conv\{ 0, q1, . . . , qn\} ) + Vol(conv\{ 0, qm+1, . . . , qm+n\} )

=Vol(conv\{ 0, q01 , . . . , q0n\} ) + Vol(conv\{ 0, q0m+1, . . . , q
0
m+n\} ) +O(h1+\alpha ).

Note that if conv\{ 0, qi1 , . . . , qin\} is a simplex in Q, there is an opposite one in Q.
Moreover, we can divide Q into finitely many disjoint simplexes with vertices in the
set \{ 0, q1, . . . , q2m\} . Adding up the volume of all these simplexes of Q, by (2.19) we
obtain (2.15). This finishes the proof of Lemma 2.5.

With the above preparation, we are in position to prove Theorem 1.1.

Proof of Theorem 1.1. Under the conditions in Theorem 1.1, we have the global
regularity u \in C2,\alpha (\Omega ) in case (i), u \in C3,\alpha (\Omega ) in case (ii), and u \in C4,\alpha (\Omega ) in
case (iii), and we can extend u to \Omega \delta , the \delta -neighborhood of \Omega , as in the proof of
Lemma 2.5.

Let vh be the solution of (1.2) in \Omega h, and let uh be given in (2.1) (with \Omega replaced
by \Omega \delta h). First, we consider case (i). By Lemma 2.5, we have

(2.20) (1 - Ch\alpha )\mu uh
\leq \mu vh \leq (1 + Ch\alpha )\mu uh

.

Since vh = u on Ph,\partial \Omega and vh is piecewise linear in \Omega h, by Taylor's expansion we have
\| u - vh\| L\infty (\partial \Omega h) \leq Ch2. By Lemma 2.3 we also have \| u - uh\| L\infty (\Omega \delta ) \leq Ch2. Hence
uh + Ch\alpha (uh  - sup\partial \Omega h

uh) is a subsolution to (1.2), and uh  - Ch\alpha (uh  - sup\partial \Omega h
uh)

is a supersolution to (1.2). Note that uh and vh are generalized solutions to the
Monge--Amp\`ere equation with Monge--Amp\`ere measure \mu uh

and \mu vh . Applying the
comparison principle to uh \pm Ch\alpha (uh  - sup\partial \Omega h

uh) and vh, we obtain supx\in \Omega h
| uh  - 

vh| \leq Ch\alpha . Recall that supx\in \Omega | u - uh| \leq Ch2. Hence we obtain supx\in \Omega h
| u - vh| \leq 

Ch\alpha , and so case (i) of Theorem 1.1 is proved.
Cases (ii) and (iii) can be proved in the same way. It suffices to replace h\alpha by

h1+\alpha in case (ii), and by h2 in case (iii), respectively.

3. Proof of Theorem 1.2. Without loss of generality, we assume that f \in 
C(\BbbR n) and

| f(x) - f(y)| \leq \omega (r) \forall x, y \in \BbbR n, | x - y| \leq r,

where \omega (r) is the modulus of continuity of f , given in (1.8). By definition, \omega (\cdot ) is an
increasing function satisfying \omega (r) \rightarrow 0 as r \rightarrow 0+. Let \chi be a mollifier, namely it
is a function defined in \BbbR n, satisfying \chi \in C\infty (\BbbR n), supp\chi \subset B1(0),

\int 
B1
\chi = 1, and

0 \leq \chi \leq 1. Denote

fr(x) =

\int 
\BbbR n

f(y)\chi r(x - y)dy

to be the mollification of f , where \chi r(x) =
1
rn\chi (

x
r ). It is easy to see that

| fr(x) - f(x)| =
\bigm| \bigm| \bigm| \bigm| \int 

\BbbR n

(f(y) - f(x))\chi r(x - y)dy

\bigm| \bigm| \bigm| \bigm| \leq \omega (r).
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We also have
inf
\BbbR n
fr \geq inf

\BbbR n
f =: \lambda ,

sup
\BbbR n

fr \leq sup
\BbbR n

f =: \Lambda ,

| Dkfr(x)| \leq Ckr
 - k.

Let ur be the unique solution of

detD2ur = fr in \Omega ,

ur = \varphi on \partial \Omega ,

and let vr,h be the unique solution of

\mu vr,h = \nu r,h in \Omega h,

vr,h = \varphi h on \partial \Omega h,

where
\nu r,h =

\sum 
p\in Ph,\Omega 

hnfr(p)\delta p.

We divide \| u - vh\| L\infty (\Omega h) into three parts,

(3.1) \| u - vh\| L\infty (\Omega h) \leq \| u - ur\| L\infty (\Omega ) + \| vh  - vr,h\| L\infty (\Omega h) + \| ur  - vr,h\| L\infty (\Omega h).

Let \~ur = (1 + C1\omega (r))ur  - C2\omega (r). We can verify that

detD2\~ur = (1 + C1w(r))
nfr \geq f = detD2u in \Omega ,

\~ur \leq ur = u on \partial \Omega ,

for a suitable choice of C1, C2. Hence \~ur is a subsolution and we obtain that \~ur \leq u
in \Omega by maximum principle. Similarly, (1  - \~C1\omega (r))ur + \~C2\omega (r) is a supersolution
and we obtain

(1 + C1\omega (r))ur  - C2\omega (r) \leq u \leq (1 - \~C1\omega (r))ur + \~C2\omega (r),

which implies that \| u - ur\| L\infty (\Omega ) \leq \~C\omega (r).
Next, notice that

\nu r,h =
\sum 

p\in Ph,\Omega 

hnfr(p)\delta p =
\sum 

p\in Ph,\Omega 

hnf(p)(1 +O(\omega (r)))\delta p = (1\pm C\omega (r))\nu h

and that vh = vr,h on \partial \Omega h. We obtain, similarly, \| vh  - vr,h\| L\infty (\Omega h) \leq C\omega (r).
It remains to estimate the last term \| ur  - vr,h\| L\infty (\Omega h) in (3.1). Extend the

boundary value function \varphi to \BbbR n such that \varphi \in C3(\BbbR n). Let wr be the solution to

(3.2)
detD2wr = fr(x) in \Omega r,

wr = \varphi on \partial \Omega r,

where \Omega r = \{ x \in \BbbR n | dist(x,\Omega ) < r\} is a neighborhood of \Omega . By the C3 smoothness
and uniform convexity of \partial \Omega , \partial \Omega r is also C3 smooth and uniformly convex. Let \psi 
and \Psi be the solutions to the Dirichlet problem

(3.3)
detD2\psi = \lambda /2 in \Omega r, \psi = \varphi on \partial \Omega r,

detD2\Psi = 2\Lambda in \Omega r, \Psi = \varphi on \partial \Omega r,
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respectively. By the comparison principle,

\Psi \leq wr \leq \psi in \Omega r.

By the convexity, we also have

\| Dwr\| L\infty (\Omega r) \leq max\{ \| D\psi \| L\infty (\Omega r), \| D\Psi \| L\infty (\Omega r)\} \leq C

for a constant C independent of r. It follows that \| wr  - ur\| L\infty (\partial \Omega ) \leq Cr, and hence
we obtain

\| ur  - vr,h\| L\infty (\Omega h) \leq \| wr  - vr,h\| L\infty (\Omega h) + \| wr  - ur\| L\infty (\Omega )

\leq Cr + \| wr  - vr,h\| L\infty (\Omega h).

We remark that the purpose of introducing the function wr is such that for all grid
points p \in Ph,\Omega , the polygon \BbbC p is contained in \Omega r.

In the following, we will use the idea in section 2 to deal with the smooth function
wr in the domain \Omega r. For this purpose we establish the second and third derivative
estimates for wr. Let us first derive an estimate of Pogorelov type [33] for the second
derivative.

Lemma 3.1. Let wr be the solution to (3.2). Assume that the boundary \partial \Omega r \in C3

and boundary data \varphi \in C3. Then we have the estimate

(3.4) \| D2wr\| L\infty (\Omega r/2) \leq Cr - 2,

where C depends only on n, f, \varphi ,\Omega .

Proof. For simplicity, we omit the subscript r of wr in the following proof. Let

g = (\psi  - w)\eta 

\biggl( 
1

2
| Dw| 2

\biggr) 
w\xi \xi ,

where \psi is the solution to the Dirichlet problem (3.3),

\eta (t) =

\biggl( 
1 - t

2M + 1

\biggr)  - 1
8

,

and M = sup\Omega r
| Dw| 2. Suppose g attains its maximum at x0 in the direction \xi = e1.

We may also assume that wij(x0) = 0 for i \not = j, after a rotation of the coordinates.
We compute at the point x0:

(3.5)

0 =(log g)i =
(\psi  - w)i
\psi  - w

+
\eta i
\eta 

+
w11i

w11
;

0 \geq (log g)ii =
(\psi  - w)ii
\psi  - w

 - (\psi  - w)2i
(\psi  - w)2

+
\eta ii
\eta 

 - \eta 2i
\eta 2

+
w11ii

w11
 - w2

11i

w2
11

.

Let \{ wij\} be the inverse matrix of D2w. Then we have
(3.6)

0 \geq 
\sum 

i
wii(log g)ii =

\sum 
i
wii

\biggl( 
(\psi  - w)ii
\psi  - w

 - (\psi  - w)2i
(\psi  - w)2

+
\eta ii
\eta 

 - \eta 2i
\eta 2

+
w11ii

w11
 - w2

11i

w2
11

\biggr) 
.

Since \psi is convex, we have \sum 
i
wii

(\psi  - w)ii
\psi  - w

\geq  - n

\psi  - w
.
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Therefore,

(3.7)
n

| \psi  - w| 
\geq 

\sum 
i
wii

\biggl( 
 - (\psi  - w)2i
(\psi  - w)2

+
\eta ii
\eta 

 - \eta 2i
\eta 2

+
w11ii

w11
 - w2

11i

w2
11

\biggr) 
.

By the first formula of (3.5) we have, for i \geq 2,

(\psi  - w)2i
(\psi  - w)2

=

\biggl( 
\eta i
\eta 

+
w11i

w11

\biggr) 2

=
\eta 2i
\eta 2

+
w2

11i

w2
11

 - 2
\eta i
\eta 

\biggl( 
\eta i
\eta 

+
(\psi  - w)i
(\psi  - w)

\biggr) 
=
w2

11i

w2
11

 - \eta 2i
\eta 2

 - 2
\eta i
\eta 

(\psi  - w)i
(\psi  - w)

.

We also have \bigm| \bigm| \bigm| \bigm| 2wii\eta i(\psi  - w)i
\eta (\psi  - w)

\bigm| \bigm| \bigm| \bigm| = \bigm| \bigm| \bigm| \bigm| 2wii(\psi  - w)i\eta 
\prime wikwk

\eta (\psi  - w)

\bigm| \bigm| \bigm| \bigm| 
=

\bigm| \bigm| \bigm| \bigm| 2(\psi  - w)i\eta 
\prime wi

\eta (\psi  - w)

\bigm| \bigm| \bigm| \bigm| \leq C

| \psi  - w| 
.

We may assume that w11(\psi  - w)(x0) \geq 1 (otherwise the estimate has been obtained).
Hence \sum 

i
wii

(\psi  - w)2i
(\psi  - w)2

\leq (\psi  - w)21
w11(\psi  - w)2

+
\sum 
i\geq 2

wii
\biggl( 
w2

11i

w2
11

 - \eta 2i
\eta 2

\biggr) 
+

C

| \psi  - w| 

\leq 
\sum 
i\geq 2

wii
\biggl( 
w2

11i

w2
11

 - \eta 2i
\eta 2

\biggr) 
+

C \prime 

| \psi  - w| 
.

(3.8)

Inserting (3.8) into (3.7), we obtain

(3.9)
C

| \psi  - w| 
\geq 

\sum 
i\geq 1

wii
\biggl( 
\eta ii
\eta 

+
w11ii

w11

\biggr) 
 - 2

\sum 
i\geq 2

wiiw2
11i

w2
11

 - w11w2
111

w2
11

 - w11\eta 21
\eta 2

.

Differentiating (3.2) yields

(3.10)

\sum 
i,j
wijwijk = (log fr)k,\sum 

i,j
wijwijkk = wiawabkw

bjwijk + (log fr)kk.

Here we use the well-known relation \partial 
\partial uab

uij =  - uibuaj . At x0, \{ wij\} is diagonal.
Hence \sum 

i
wiiwii11 \geq 2

\sum 
i\geq 2

w2
11i

w11wii
+
w2

111

w2
11

+ (log fr)11.

From (3.9), we therefore obtain

C

| \psi  - w| 
\geq 

\sum 
i\geq 2

wii
\eta ii
\eta 

+ w11

\biggl( 
\eta 11
\eta 

 - \eta 21
\eta 2

\biggr) 
+

(log fr)11
w11

\geq 
\sum 

i\geq 2
wii

\eta ii
\eta 

+ w11

\biggl( 
\eta 11
\eta 

 - \eta 21
\eta 2

\biggr) 
 - C

r2w11

=
\sum 

i\geq 1
wii

\biggl( \biggl[ 
\eta \prime \prime 

\eta 
 - \eta \prime 2

\eta 
\delta i1

\biggr] 
w2
iw

2
ii +

\eta \prime 

\eta 

\bigl[ 
w2
ii + wkwkii

\bigr] \biggr) 
 - C

r2w11
,
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where \delta i1 = 0, i \not = 1; \delta i1 = 1, i = 1. A simple computation shows that \eta \prime \prime 

\eta  - \eta \prime 2

\eta 2 \geq 0.

By (3.10),
\sum 
i w

iiwkii = (log f)k = O( 1r ). Hence we obtain

\eta \prime 

\eta 

\sum 
i
wii \leq 

C

| \psi  - w| 
+
C

r
+

C

r2w11
at x0.

Without loss of generality, we may assume w11(x0)r \geq 1, otherwise, we are through.
Therefore, the above inequality implies w11(\psi  - w) \leq C + C/r at x0. Hence

(3.11) g(x) \leq (\psi  - w)\eta 

\biggl( 
1

2
| Dw| 2

\biggr) 
w11(x0) \leq C + C/r \leq C \prime /r, r < 1.

Let \~\psi be the solution of

detD2 \~\psi = \lambda in \Omega r,

\~\psi = \varphi on \partial \Omega r.

Then \psi \geq \~\psi \geq w. By the regularity theory of the Monge--Amp\`ere equation, there
is a constant C > 0 independent of r such that \| \psi \| C2,\alpha (\=\Omega r) \leq C, \| \~\psi \| C2,\alpha (\=\Omega r) \leq C.

Moreover, \psi  - \~\psi satisfies the linearized Monge--Amp\`ere equation,

L[\psi  - \~\psi ] =:
\sum 

aij(x)(\psi  - \~\psi )xixj
=  - \lambda /2 in \Omega r,

\psi  - \~\psi = 0 on \partial \Omega r,

where L is the linearized Monge--Amp\`ere operator. By Hopf's lemma we have\bigm| \bigm| \bigm| \bigm| \bigm| \partial \psi \partial \nu  - \partial \~\psi 

\partial \nu 

\bigm| \bigm| \bigm| \bigm| \bigm| 
\partial \Omega r

\geq c0 > 0

for a constant c0 independent of r. Taking r small enough, we get

\psi (x) - w(x) \geq \psi (x) - \~\psi (x) \geq inf
\partial \Omega 

r
2

| \psi (x) - \~\psi (x)| \geq 1

2
c0r \forall x \in \Omega 

r
2 .

Estimate (3.4) now follows from (3.11).

From Lemma 3.1, we infer that

(3.12) C1r
2(n - 1)I \leq D2wr(x) \leq C2r

 - 2I for x \in \Omega r/2.

The proof of Lemma 3.1 is based on the interior second derivative estimate of
Pogorelov [33]. We can also use the global estimate of D2u in [10, 35, 36] but the proof
will be more complicated. With the second derivative estimate (3.12), the equation
becomes uniformly elliptic, and by Evans and Krylov's regularity theory, one has the
C2,\alpha estimate for the solution. However, the C2,\alpha norm depends exponentially on
sup\Omega | D2u| . In the following, we use Calabi's computation to establish an estimate
for the third derivatives, which depends on sup\Omega | D2u| polynomially.

Lemma 3.2. Let wr be the solution to (3.2). If \partial \Omega r \in C3, \varphi \in C3, then we have
the estimate

(3.13) \| D3wr\| L\infty (\Omega 
r
4 )

\leq C3r
 - n - 3,

where C3 depends only on n, f,\Omega , \varphi .
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Proof. As in the proof of Lemma 3.1, we omit the subscript r of wr. Denote

\sigma = wijwklwpqwikpwjlq.

By a rotation of coordinates, we may assume that \{ wij(x0)\} is diagonal at any given
point x0. By the calculation in [10], which is due to Calabi, we have

wij\sigma ij \geq 
1

2n
\sigma 2 +

2wkpi(log fr)kpi
wkkwppwii

 - 3wkpiwlpi(log fr)kl
wkkwppwiiwll

\geq 1

2n
\sigma 2  - 2

\sqrt{} 
wkkwppwiiw2

kpi

\sqrt{} 
wkkwppwii(log fr)2kpi

 - 3
\sqrt{} 
wkkwppwiiw2

kpi

\sqrt{} 
wllwppwiiw2

lpi

\sqrt{} 
wkkwll(log fr)2kl.

By (3.12), we then obtain

wij\sigma ij \geq 
1

2n
\sigma 2  - C

\surd 
\sigma r - 3n  - C\sigma r - 2n

\geq 1

4n
\sigma 2  - Cr - 4n.

Given a point x0 \in \Omega r/4, denote

\xi (x) =

\Biggl\{ 
R2  - | x - x0| 2 if | x - x0| \leq R,

0 if | x - x0| \geq R,

where R \leq 1
4d(x0, \partial \Omega 

r/2). Without loss of generality, we may assume x0 = 0. Let
\tau = \xi 2\sigma . Then from the above calculation,

wij(\xi  - 2\tau )ij \geq 
1

4n
(\xi  - 2\tau )2  - Cr - 4n.

Hence
\tau 2

4n
\leq wij\xi 2\tau ij  - 4\xi wij\xi i\tau j + \xi 4\tau wij(\xi  - 2)ij + Cr - 4n\xi 4.

Since \tau \geq 0 in BR(0) and \tau = 0 on \partial BR(0), \tau attains its positive maximum at some
interior point y0 \in BR(0). Then \{ \tau ij\} \leq 0 and \tau j = 0 at y0. Hence we obtain

\tau 2 \leq C
\bigl[ 
\xi 4\tau wij(\xi  - 2)ij + r - 4n\xi 4

\bigr] 
at y0.

It implies that
\tau \leq C

\bigl[ 
\xi 4wij(\xi  - 2)ij + r - 2n\xi 2

\bigr] 
\leq C

\bigl[ 
wii(\xi | D2\xi | + | D\xi | 2) + r - 2n\xi 2

\bigr] 
\leq C

\bigl[ 
wiiR2 + r - 2nR4

\bigr] 
at y0.

By (3.12), it follows that

\tau (y0) \leq C(r2 - 2nR2 + r - 2nR4).

By choosing R = r
16 , hence, we obtain \tau (y0) \leq Cr4 - 2n, which implies that

\sigma (0) = R - 4\tau (0) \leq Cr - 4\tau (y0) \leq Cr - 2n.
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By the definition of \sigma and inequality (3.12), one has

\sigma (0) = wiiwjjwppw2
ijp \geq cr6

\sum 
i,j,p

w2
ijp.

This means
| wijp(0)| \leq Cr - n - 3, i, j, p = 1, . . . , n.

Since the origin is chosen arbitrarily in \Omega 
r
4 , one proves

\| D3wr\| L\infty (\Omega 
r
4 )

\leq Cr - n - 3.

From Lemmas 3.1 and 3.2, we can now prove Theorem 1.2.

Proof of Theorem 1.2. As before we define a piecewise linear function

wr,h = sup\{ \ell (x) | \ell is a linear function and \ell (y) \leq wr(y) \forall y \in Ph,\Omega r \cup Ph,\partial \Omega r\} .

By Lemma 3.1, one knows \lambda max \leq C2r
 - 2, \lambda min \geq C1r

2(n - 1), where \lambda max, \lambda min are
the greatest and least eigenvalues of the matrix (D2wr) over \Omega 

r
4 , respectively. Then

from Lemma 2.3, for any x0 \in \Omega , one has

wr(x0) \leq wr,h(x0) \leq wr(x0) + C1(n)\lambda maxh
2

\leq wr(x0) + \~Cr - 2h2.

This implies that

\| wr  - vr,h\| L\infty (\Omega h) \leq \| wr,h  - wr\| L\infty (\Omega ) + \| wr,h  - vr,h\| L\infty (\Omega h)

\leq \~Cr - 2h2 + \| wr,h  - vr,h\| L\infty (\Omega h).

Without loss of generality, we assume that wr(0) = Dwr(0) = 0 and 0 \in \Omega . By
Lemmas 3.1 and 3.2, we have

(3.14) wr(x) = aijxixj + bijk(x)xixjxk \forall x \in \Omega r/4,

where (aij) =
1
2 (Dijwr(0)) is a constant matrix, which satisfies C1r

2(n - 1)I \leq (aij) \leq 
C2r

 - 2I by (3.12). By Lemma 3.2, the coefficients

(3.15) | bijk(x)| \leq C3r
 - n - 3.

Note that the coefficients bijk depend on x, but they satisfy the uniform bound (3.15).
This implies that

(3.16) \omega D(s) = C3r
 - n - 3s (s > 0),

where \omega D(\cdot ) =: \omega D2wr
(\cdot ) denotes the modulus of the continuity of D2wr. Let

g(x) = aijxixj  - 
C2C3

2C1
r - 3n - 3h| x| 2,

G(x) = aijxixj +
C2C3

2C1
r - 3n - 3h| x| 2.

Here g,G correspond to U - , U+ in Lemma 2.3. By Lemma 2.3, one has

\partial gh(0) \subset \partial wr,h(0) \subset \partial Gh(0).

D
ow

nl
oa

de
d 

06
/1

6/
21

 to
 1

30
.5

6.
10

5.
71

. R
ed

is
tr

ib
ut

io
n 

su
bj

ec
t t

o 
SI

A
M

 li
ce

ns
e 

or
 c

op
yr

ig
ht

; s
ee

 h
ttp

s:
//e

pu
bs

.s
ia

m
.o

rg
/p

ag
e/

te
rm

s



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CONVERGENCE RATE FOR MONGE--AMP\`ERE EQUATION 189

Now we turn to estimate the Monge--Amp\`ere measure of gh, Gh. By Lemma 2.3,
we know

diam(\BbbC 0(gh)) \leq 8h
\surd 
n\Theta \leq Cr - nh \ll r

provided

\omega D

\Bigl( 
4h

\surd 
n\Theta 

\Bigr) 
\leq 1

8
\lambda min,

namely h \leq \~C1r
4n+1 by (3.12) and (3.16). From the above estimates, we can apply

Lemma 2.1 to g to get

| \partial gh(0)| = 2nhn det(aij  - Cr - 3n - 3h\delta ij)

= 2nhn
n\prod 
i=1

(\lambda i  - Cr - 3n - 3h)

= 2nhn
n\prod 
i=1

\lambda i(1 - O(r - 5n - 1h))

= fr(0)h
n(1 - O(r - 5n - 1h)),

where \lambda i, i = 1, . . . , n, are the eigenvalues of (aij). To guarantee the above estimate,
we need r - 5n - 1h\ll 1. Similarly, we have the estimate for | \partial Gh(0)| ,

| \partial Gh(0)| = fr(0)h
n(1 +O(r - 5n - 1h)).

Therefore, we obtain

(3.17) | \partial wr,h(0)| = fr(0)h
n(1 +O(r - 5n - 1h)) = (1 +O(r - 5n - 1h))\nu r,h(0).

By the boundary estimate \| wr,h - vr,h\| L\infty (\partial \Omega h) \leq Cr - 2h2 and the above estimate
of Monge--Amp\`ere measure for wr,h(x), we can apply maximum principle to wr,h - vr,h
to get

(1 - Cr - 5n - 1h)vr,h \leq wr,h \leq (1 + Cr - 5n - 1h)vr,h.

Combining the above estimates, we obtain

(3.18) \| u - vh\| L\infty (\Omega h) \leq C1r
 - 5n - 1h+ C2\omega (r).

Taking \omega (r) = r - 5n - 1h, we finish the proof of Theorem 1.2.
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