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11.1 INTRODUCTION

Supervised learning is one of the most commonly considered data mining scenarios.
The supervised learning problem—which we will concentrate on in this chapter—is
to find a function that estimates a fixed but unknown functional or conditional depen-
dence between objects and one of their properties—given some exemplary objects
for which this property has been observed. The objects with observed property-are
called training instances and those for which the property has to be estimated are
test instances. In the most common setting, known. as induction, a good model of
the dependence has to be found without knowing the test instances. A less common
but nevertheless important problem is—given training and test instances—to find a
model that has good predictive performance on the test data. This setting is known
as transduction. In both cases, whenever the property takes one of a finite set of
possible values, we speak of classification; ‘whenever it takes real values, we speak
of regression. :
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254 KERNEL METHODS FOR GRAPHS

Traditionally, machine learning research has focused on data that can directly
be represented in a Euclidean space. Teday, such methods are frequently applied in
the analysis of business and scientific data. However, it has tumed out that more
and more of the collected data has a structure that hinders direct representation in a
Euclidean space. Two powerful languages that can be used to represent such data are
first- or higher-order logic [27] and graphs. Although graphs are special relational
siructures, for complexity reasons it is useful to consider them separately. In this
chapter, we focus on graphs as our representation language only.

Two of the most frequently occurring machine learning problems invelving
graph structures are classification of vertices in a graph and classification of graphs
in a graph database, that is, a set of disjoint graphs. A simple example of the first
problem is the classification of Web pages on the World Wide Web, given the links
between the pages. A simple example of the second problem is the classification
of chemical compounds, given their atom boend structure. Both of these learning
problems will be tackied in later parts of this chapter.

Qur approach is to adapt kernel methods [32], a class of well-established

" learning algorithms, to graphs, rather than developing a new learning algorithm
for graph-structured data from scratch. Today kemel methods are one of the most
widely—and most successfully—applied classes of learning algorithms. Interest-
ingly, one can lock at two parts of kernel methods almost independently: a kernel
function and a kernel-based learning algorithm. The kernel function is a positive
definite function on the instances and “isolates” the leaming algorithm from the
instances, that is, the learning algorithm does not need to access any particular
aspect of an instance-—it relies on kernels between instances only. Hence, kernel
methods can be applied to any data structure by defining a suitable kernel function.
The main purpose of this chapter is to review some recent advances in the rapidly
developing research area of kernel methods for graphs. This chapter is based on the
work previously reported in {11-14, 18, 19] and is organized as follows: Section
11.2 presents recent results on making the classification of graphs tractable. Section
11.3 presents recent work on making transductive multiclass classification of vertices
in a large graph tractable. Section 11.4 concludes. :

11.2 GRAPH CLASSIFICATION

In this section we consider the classification of instances that have a natural rep-
resentation as labeled graphs. That is, each instance is described by a graph g =
(V, E,«a, B), where the elements of V and E are labeled by the symbols of some
appropriately chosen alphabets Ly and Lp, respectively (ie., o:V — Ly and
B : E — Lg). Depending on the set E of edges, g is either directed (i.e., when
E C V¥V x V) or undirected (i.e., when E € {X €2 : |X| =2)). For a set G of
graphs, we assume without loss of generality that the elements of G are all defined
over the same vertex and edge alphabets, and that the graphs in G are either all
directed or all undirected. For further basic notions and notations on graphs, the
reader is referred to the introductory chapter of this book.
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To classify graph-structured instances with kernel methods, for example, support
vector machines [6], it suffices to define a valid (positive definite) kernel function
k: G x G — R, also referred to as graph kernel. In the design of practically use-
ful graph kernels, one would require them to be computable in polynomial time
in the size of the graphs and to distinguish between nonisomorphic graphs, that is,
the underlying embedding function ¢ : g — k(g, -) to be injective modulo isomor-
phism. Such graph kernels are called complete graph kernels. For the computation
of complete graph kernels, the following result holds [13].

Proposition 11.1  Computing any complete graph kemel is at least as hard as
deciding whether two graphs are isomorphic.

Since the graph isomorphism problem is believed to be not in P (and thus most
likely not efficiently solvable, even though it is also probably not NP-complete),
one has to resort to graph kernels where the underlying embedding functions may
map some nonisomorphic graphs to the same point. Although this may seem to be
a severe relaxation, empirical results indicate that several incomplete graph kernels
have excellent predictive performance on real-world datasets. In the subsequent
sections, for example, we also present some noncomplete graph kernels that have
good predictive performance on a large benchmark chemical graph dataset.
The design of most graph kernels is based on the following general idea:

1. Map each graph to some distinguished, not necessarily finite, {multi)set of
patterns occurring in the graph.

2. Define the graph kernel for each pair g, go of graphs as a kernel on the
(multi)sets assigned to g; and gs.

As an example of this approach, we mention the family of graph kernels based-

on mapping each graph to a certain set of subgraphs occurring frequently in the set
of graphs representing the instances. Encouraging empirical results have recently
been reported for this approach (see [8] and Chapter 7 of this book). Such frequent
pattern-based graph kernels, however, involve the problem of choosing a trade-
off between predictive power and runtime, as both these conflicting requirements
depend on the choice of the frequency threshold. As an alternative to graph kemels
based on frequent subgraphs, in this section we describe two graphs kernels, the
walk kernel (WK) [13] and the cyclic pattern kernel (CPK) [18, 19], which do not
depend on such a frequency threshold.

11.2.1 Walk-Based Graph Kernels

Following the general methodology sketched above, in this section we define two
kernels for labeled directed graphs. Both kernel definitions are based on mapping
graphs to multisets of label sequences corresponding to walks in the graphs. Such
graph kernels are called walk kernels.
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To go into the technical details, we need some basic definitions. Let G be
a set of labeled directed graphs (i.e., each graph in G is defined over the same
alphabets of vertex and edge labels) and let g = (V, E, @, ) be a graph in G. A
walk w in g is a sequence of vertices w = vy, va, ... vgyq such that Vi, V1) € E
for every i = 1,..., £. The length of the walk is equal to the number of edges in
this sequence, that is, £ in the above case. To compute walk kernels in a compact
way, we use the adjacency matrix M, of g, defined by

o 1 if (v, Uj) eE
[-Mg]” N {0 otherwise
for every v, v; € V.
Another central concept for the definition of walk kernels is the notion of prod-
ucts of labeled directed graphs. Let gy = (Wi, Eq, &y, By and gy = (W, Ep, 002, o)
. be directed graphs over the sarie alphabets £y and Lz of vertex and edge labels,
respectively. Then the direct product of g| and g, is the directed graph gy X g2 =
{V, E, o, B) over the alphabets Ly and L, where

V = {(v, ») € V1 x Vo @ ey (v1) = aa(wa)}
E={((u,u), (v, 1) e VxV:

(1, v1) € Ev, (42, v2) € Es, and Bi(u), v)) = Balia, 1))

and o (resp. §) maps each vertex (resp. each edge) to the common label of its
components.

The Direct Product Kernel. The walk kemel described first in this section is
based on defining one feature for every possible label sequence and then counting
how many walks in a graph match this label sequence. The inner product in this
feature space can be computed with the following closed form: Let G be a set of
Fiirected graphs and let gy = (V), Ey, ay, 1) and g2 = (Vo, Eq, g, B2) be graphs
in G. Let My, y,, and Vg1 xg, denote the adjacency matrix and the veriex set of
the direct product gy x go, respectively. With a sequence of weights Ao, Ay, ...
(Ar e B; Ay = 0 for all { € N) the direct product kernel is defined as

|“'yz,'|><.!.'2E o0
hana= | S|
ij

ij=t Lé&=0

if the limit exists. Note that every entry [M, X.S'z],‘j of the £th power of My, p,
is the number of walks of Iength ¢ from v; = (vi,1, vi2) to vy = (v)1, vj2) in the
product graph g, x gs. This is in turn equal to the number of all possible pairs of

walks of length £ from v;; to v ;.1 10 gp and from v; 3 to v ;2 in go with the same
label sequence.
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To compute this kernel function one can make use of polynomial time-compu-
table closed forms or resort to approximations by short walks on the graphs (see

[13] for further details).

The Noncontiguous Sequence Kernel. A variant of the above kernel function
that can be used whenever the label sequences are unlikely to match exactly is
the Tollowing kernel. Let gy and g, be the graphs as defined above and let gy o g5
be their direct product when ignoring the labels in g; and g,. With a sequence of
weights g, Ay, ... (4 € Ry A; = O for all i € N) and a factor 0 < ¢ < 1 penalizing
gaps, the noncontiguous sequence kernel is defined as

Werxgal [ oo ¢
kg1, g2) = Z [Z Ae (1 — )My g, + 1 Mpyog, ) ]
i

ij=1 £=0

if the limit exists.

This kernel is very similar to the direct product kernel. The only difference
is that instead of My, ., , the matrix (1 — p}My, xg, + Mg oq, is used. The rela-
tionship can be seen by adding—parallel to each edge—a new edge labeled # with
weight ,/ft in both factor graphs.

11.2.2 Cycle-Based Graph Kernels

In this section we present another graph kemel, called the cyclic pattern kernel
(CPK), which is based on mapping graphs into a distinguished set of cycles and
trees. Using the labels of vertices and edges, these cycles and trees are then mapped
to sirings called cyclic and tree patterns. For two graphs, CPK is defined as the
cardinality of the intersection of their cyclic and tree patterns. Although below we
define CPK for undirected graphs, we note that the approach can easily be adapied
to directed graphs as well.

To simplify the description, we first define a function that will be used many
times in what follows. Let {7 be a set and kn, @ 2Y x 2V — R be the function defined
by

kn (51, S2) = |51 1 05s] (1L1)

for every S|, 82 € U. The proof of the next proposition follows directly from the
definition.

Proposition 11.2  kn is a kernel.

In order to define CPK, we recall some basic notions related to graphs. Let
g=(V,E,«a, ) be an undirected graph. Two vertices of g are adjacent if they
are connected by an edge. The degree of a vertex v € V is the number of vertices
adjacent to v. A graph g' = (V', E', o/, ') is a subgraph of g, if V' C V, E' C E,
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o'(v) = a(v) for every v € V', and 8'(e) = Ble) for every e € E'. A walk of g is
a sequence w == vy, vy, ..., ty4) of vertices of g such that v, v;.,} € E for every
i=1,..., L If there is a walk between any pair of its vertices, g is connected. A
connected component of g is a maximal subgraph of g that is connected. A vertex
v eV is an articulation vertex if its removal increases the number of connected
components of g. If it contains no articulation.vertex, g is biconnected. A bicon-
nected component of g is a maximal subgraph that is biconnected. A subgraph ¢ of
g forms a simple cycle if it is connected and each of its vertices has degree 2. We
denote by S(g) the set of simple cycles of g. We note that the number of simple
cycles can grow faster than 2!V1,

Tt holds that the biconnected components of a graph g are pairwise edge disjoint
and thus form a partition on the set of edges of g. This partition, in turn, corresponds
to the following equivalence relation on the set of edges: Two edges are equivalent
if and only if they belong to a common simple cycle. This property of biconnected
components implies that an edge of a graph belongs to a simple cycle if and only
if its biconnected component contains more than one edge. Edges not belonging to
simple cycles are called bridges. The subgraph of a graph g formed by its bridges is

denoted by Bg. Clearly, each bridge of a graph is a singleton biconnected component,

and B(g) is a forest.

11.2.2.1 CPK Defined by the Set of All Simple Cycles. Let G be a set of
undirected graphs over the vertex and edge alphabets Ly and I, £, Iéspectively., We
assume without loss of generality that Ly and Lg are disjoint. Let %X = Ly U L,

" be an alphabet, and let = be a mapping from the set of simple cycles and trees
labeled by ¥ to I'* such that

(1) = is injective modulo isomorph_ism on the set of cycles and trees,
(ii} m can be computed in polynomial time.

" We note that such a 7 always exists and can easily be constructed (see, e. g.,[19, 391,
Using m, the set of cyclic and tree patterns of a graph g € G is defined by

Clg) = (m(C): C € S(z)} (11.2)
T(g) = {=(T) : T is a connected component of B(g)} (11.3)

respectively. The cyelic pattern kernel for G is then defined by
ks(g1, g2) = kn(Clg1), Clga)) + kn(Tlg1), Tga)) (11.4)

for every g), g2 € G. Since the sets C(g) and T(g) are disjoint for every g € G, kg
is a kernel by Proposition 11.2.

As mentioned previously, kernels can often be computed efficiently using some
closed form, that is, without explicitly performing the embedding into the feature
space. Unfortunately, unless P = NP, kg cannot be computed in polynomial time.
In fact, one can show the following stronger negative result.
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Algorithm 11.1 Computing CPK

Require: labeled undirected graphs g, and g
Ensure: kgo(g, g2) .

1: for i =1,2 do begin

2 compute B(g)

3 compute T(g) from Big)
4y conpute S(g)

5 compute C{g) from Sig;)
6: end

7

: veturn [C(g) N Clea) + [Tlg) N Kea)l

THEOREM 11.1 Computing kg is at least as hard as counting simple cycles of
length & in a graph.

This problem is, however, unlikely to be fixed-parameter tractable [10}. That is, for
any graph with n vertices, most likely there is no algorithm counting simple cycles
of length k in time f(k)-n, where f : N — N is some computable function and
¢ is some constant.

Based on the above mnegative complexity result, one can consider
Algorithm ]1.1, which calculates CPK by explicitly performing the embedding of
graphs into the feature space. Since the biconnected components of a graph can
be computed efficiently [34] and their number is bounded by the size (i.e., num-
ber of vertices) of the graph, steps 2 and 3 of Algorithm 11.1 can be computed
in polynomial time. Since the set of simple cycles of a graph can be enumerated
with polynomial delay {29], steps 4 and 5 can be performed in time polynomial in
the sizes of g and go, and in their number of simple cycles, which in turn can be
exponential in the size of these graphs. Thus Algorithm 11.1 provides an efficient
way of computing ks for well-behaved graph databases, that is, for sets of disjoint
graphs containing graphs with a small number of simple cycles.

The restriction to such well-behaved graph databases is necessary as while S(g)
can be listed in time polynomial in [S(g)| [29], for the ennmeration of the set C(g)
of cyclic patterns the following negaiive result holds [19].

Proposition 11.3  If P # NP, the set of cyclic patterns of a fabeled undirected
graph cannot be enumerated in output-polynomial time,

Hence, although ks depends only on cyclic pasterns defined in (11.2), in steps 3
and 4 of Algorithm 11.1 we compute the set of all simple cycles. Algorithm 11.1 is
thus polynomial in |S(g;)j and |S(go)| rather than in |C(g)| and |C(g2)}.
Restricting CPK to well-behaved graph databases is a theoretically rather severe
restriction because graphs containing exponentially many simple cycles may only
have polynomially or even constantly many cyclic patterns. As an example, let g
be the biconnected graph defined in Figure 11.1 such that g’s vertices and edges
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3n41

3n~1

Figure 11.1. Graph of order 3n 1 such that edges and vertices are labeled by the same
symbol (not shown in the figure). It contains 2 + n simple cycles but only 2 cyclic patterns,

are labeled by the same symbol. Also g is made up of 3n + 1 vertices and containg
2" +n simple cycles, which in turn form, however, only two different cyclic pat-
terns. Despite the worst-case exponential number of simple cycles, it turns out in
practice that there are large-scale real-world graph databases that are well-behaved,
for example, the NCI-HIV dataset consisting of more than 42,000 molecules, that
we will use to evaluate our graph kernels.

In the next sections we present two approaches relaxing the above computational
limitation of CPK, :

11.2.2.2 CPK for Graphs with Bounded Treewidth. The proof of Proposi-
tion 11.3 is based on a polynomial-time reduction from the NP-complete Hami]tq-

with graphs become, however, polynomially solvable when tesiricted to graphs with
bounded treewidh (see, e.g., [3] for an overview). Treewidth [31] is a measure of
tree-likeness of graphs. More precisely, let g = (V, E, «, B) be a graph. A free
decomposition of g is a pair (T, V), where T = (J, F)is atree and Y = (Vicv:
i €1} is a family of subsets of V such that

@ Uiy Vi=V,
(i1} For every {u, v} € E there isani € such that u, v}V

(iii) For every i, J:k € I it holds that if J is on the path from i to & in T, then
Vinv, c Vj.

The width of a tree decomposition (T, V) of & is max;ey |V;] — 1, and the treewidth
of g is the width of a tree decomposition of g with the smallest width. Clearly, the
treewidth of a tree is 1, and the treewidth of a simple cycle is 2.

The class of bounded treewidth graphs includes many practically relevant graph -

classes (see, e.g., [4] for an overview). We also note that graphs with smail treewidth
may have exponentially many simple cycles, As an example, consider again the
graph given in Figure 11.1. This graph has treewidth 2 for every n > (} and one of
its tree decompositions with minimum treewidth is shown in Figure 11.2.

Using the positive result on the regular-language-constrained simpie path prob-
lem for bounded treewidth graphs given in [1], the following positive result can be
shown.
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{14,330+ 1)
{1,2,4) {1,3,4}

{4.7,3n+ 1}
{4,5,7} 4,6, 7}

{37 — 5,31 —2,3n - 1}
{37 —5,3r—3,3n -2}

{3 —2,3n 41}
{3n—2,3n,3n 4+ 1)

{3n—5,3n—4,3n—2}

{(3r - 2,31 — 1,3n + 1}

Figure 11.2, Tree decomposition of width 2 for the graph given in Figure 1%.1,

C Br

Figure 11.3. Chemical compound CzH;B19Bra from the NCI-HIV dataset (NSC Id: 676529).

THEOREM 11.1 {118y Fori=1,2, let 8= (Vi, E;, a0, Bi) be graphs wi!h cpn—
stant bounded treewidih. Then ks(g1, g2) can be computed in time polynomial in

max{| V1], [Val, IC(g1), 1C(g2)])
We omit the proof of this theorem and refer the reader to [18] for further details.

11.2.2.3 CPK Based on Relevant Cycles. Consider the chemical structure graph
depicted in Figure 11.3. This graph has a single biconnected component with 12
vertices, containing 12,878 simple cycles. To avoid the compttation of such a big
set of simple cycles, in this section we empirically investigate whether another,
possibly smaller set of cyclic structures can be employed without significant loss of
predictive performance. For that we consider cyclic patterns based on the relevans
cycles [28] of a graph. For instance, the molecular graph in Figure 11.3 has only
19 relevant cvcles. each with lensth 2 (Nate that thic moode woogs o 202 VR
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To recall the definition of relevant cycles, we start by some basic notions from
algebraic graph theory. Let g = (V, E, «, #) be a biconnected graph. A subgraph ¢
of g is a cycle if each vertex of ¢ has even degree. Note that simple cycles are a
special case of cycles. Bach eycle ¢ = (V’, E’, o', 8’} of g can be represented by the
incidence vector ¢ of its edges. That is, the components of ¢ are indexed by E, and
forevery e € E, ¢, = | if e € E' and it is O otherwise. The vectors corresponding
to cycles in g form a vector space-over the binary field GF(2), called the cycle space
(or cyele vector space). Addition in GF(2) is defined by 0 0=0,0& 1 = 1, and
1@ 1 = 0. Maultiplication is given by 0®0=0,0® 1 =0, and 1® 1 = 1. Thus,
vector addition in the cycle space corresponds to the symmetric difference of the
sets of edges of the cycles represented by the vectors. The dimension of the cycle
space of g is its cyclomatic number v(g) = |E| — {V]+1 (g consists of a single
connected component). To represent the cycle space of g, one can consider any
of its bases with minimum length, where the length of a basis is the sum of the
number of edges of the cycles represented by the vectors belonging o the basis,
Since the minimum basis of a graph’s cycle space is not necessarily™unique, the
cyclic structure of a graph is described by the union of all minimum bases of its
cycle space [28]. This canonical set of cycles is called the set of relevant cycles. In
{37}, it is shown that relevant cycles can be enumerated with polynomial delay and
counted in time polynomial in the order of G. Although the set of relevant cycles
of a graph can be exponential in the number # of its vertices in the worst case, its
cardinality is typically only cubic in » [15].

To measure the predictive performance of CPK based on relevant cycles, in
our experiments we used monotone increasing subsets of simple cycles that can be
generated by relevant cycles. More precisely, for a graph g and integer &k = 1, let
Ri(g) denote the set

set of relevant cycles of g _ ifk=1

i) = l{c D e8(g):ceRi_1(g)and ¢ € Ry{g)} otherwise
Since R1(g) € S(g), it holds that R;(g) € Ra(g) € -+« & Rug)(g) = S(g). We
note that the set of relevant cycles of a graph is the union of the relevant cycles of its
biconnected components. Since biconnected components of a graph are enumerable
in linear time [34], and relevant cycles of a biconnected graph are enumerable with
polynomial delay [37], R.(g) can be computed in time polynomial in {Ry{g)i for
any arbitrary graph g.

For a graph database G and integer k > 1, the CPK based on Ry(g), denoted
kr,, is then defined by

kr, (g1, 82) = kn(Pr (g1}, Pr,(g2)) + kn(T(g1), T{g2))

for every gl', g2 € G, where P, (g) = {7(c) : ¢ € Ry(g)} and T(g) is defined by
{11.3) for every g € G. The remarks above along with Proposition 11.2 imply that
kg, is a kernel that can be computed in time polynomial in max(ny, [Relg1)!, 2,
| Rz (g2)]}, where 1 and n3 denote the number of vertices of g1 and g3, respectively.
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11.2.3 Empirical Evaluation

In this section, we evaluate the predictive power of walk-based and cyclic pattern
kemels on the NCI-HIV dataset! of chemical compounds that has frequently been
used in the empirical evaluation of graph mining approaches (see, e.g., [5, 7, 8, 25]).
Each compound in this dataset is described by its chemical structure and classified
into one of three categories based on its capability to inhibit the HIV virus: confirmed
inactive (CI), moderately active (CM), or active (CA). The dataset contains 42,689
molecules, 423 of which are active, 1081 are moderately active, and 41,185 are
inactive. Since more than 99% of the corresponding 42,689 chemical graphs contain
less than 1000 cycles, the cyclic and tree patterns for the whole dataset can be
computed in about 10 min.

Practical Considerations for the Walk Kernel. For molecule classification the
number of vertex labels is limited by the number of elements occurring in natural
compounds. Tt is therefore reasonable to not just use the element of the atom as its
Iabel. Instead, we use the pair consisting of the atom’s element and the multiset of
all neighbors’ elements as the label.? In the HIV dataset this increases the number
of different labels from 62 to 1391.

The size of this dataset, in particular the size of the graphs in this dataset, hinders
the computation of walk-based graph kernels by means of eigendecompositions on
the product graphs, The largest graph contains 214 atoms (not counting hydrogen
atoms). If all had the. same label, the product graph would have 43,796 vertices.
As different clements occur in this molecule, the product graph has less vertices.
However, it turns out that the largest product graph (without the vertex coloring step)
still has 34,645 vertices. The vertex coloring above changes the number of vertices
with the same label, thus the product graph is reduced to 12,293 vertices. For each
kernel computation, either eigendecomposition or inversion of the adjacency matrix
of a product graph has to be performed. With cubic time complexity, such operations
on matrices of this size are not feasible.

The only chance to compute graph kernels in this application is to approximate
them. There are two choices. First we consider counting the number of walks in the
product graph up to a certain depth. In our experiments it turmed out that counting
walks with 13 or less vertices is still feasible. An alternative is to explicitly construct
the image of each graph in the feature space. In the original dataset 62 different
labels occur and after the vertex coloring 1391 different labels occur. The size of the
feature space of label sequences of length 13 is then 62'° = 102 for the original
dataset and 13911% = 10% with the vertex coloring. We would also have to take
into account walks with less than 13 vertices, but at the same time not all walks
will occur in at least one graph. The size of this feature space hinders explicit
computation. We thus resorted to counting walks with 13 or less vertices in the
product graph.

Thttp:/fcactus. nci.nih.gov/ncidb/download.html.

ZWe note that more saphisticated vertex coloring algorithms are frequently employed in isomorphism
tests,
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Experimental Methodology and Results. We compare our approach to the
results presented in [7] and [8]. The classification problems considered there wege:
(1) distinguish CA from CM, (2} distinguish CA and CM from CI, and (3) distinguish
CA from CI. Additionally, we will consider (4) distinguish CA from CM and CL
For each problem, the area under the ROC curve (AUC), averaged over a five-fold
cross validation, is given for different misclassification cost settings.

To cheose the parameters of the walk-based graph kernel (to be precise, we use
the direct product kernel) we proceeded as follows. We split the smallest problem
(1) into 10% for parameter tuning and 90% for evaluation. First we tried different
parameters for the exponential weight (1072, 1072, 10}, 1, 10) in a single nearest—
neighbor algorithm (leading to an average AUC of 66, 66, 67.4, 75.9, and 33.8%)
and decided to use 1 from now. Next we needed to choose the complexity (regular-
ization) parameter of the SVM. Here we (ried different parameters (10~3, 102, 10!
leading to an average AUC of 69.4, 71.6, and 70.8%) and found the parameter 102
to work best. Evaluating with an SVM and these parameters on the remaining 90%
of the data, we achieved an average AUC of 82.0% and standard deviation 0.024.

For cyclic pattern kernels, only the complexity constant of the support vector
machine has to be chosen. Here, the heuristic as implemented in SVM light [20] is
used. Also, we did not use any vertex coloring with cyclic pattern kernels.

To compare our results to those achieved in previous work, we fixed these
parameters and reran the experiments on the full data of all four problems. Table 11.1
summarizes these results and the results with FSG reported in {7]. In [8] the authors
of [7] describe improved results (FSG*). There, the authors report results obtained
with an optimized threshold on the frequency of patterns.® Clearly, the graph kernels
proposed here outperform FSG and FSG* over all problems and misclassification
cost settings.

To evaluate the significance of our results we proceeded as follows: As we did
not know the variance of the area under the ROC curve for FSG, we assumed the
same variance as obtained with graph kernels. Thus, to test the hypothesis that graph
kernels significantly ouiperform FSG, we used a pooled sample variance equal to
the variance exhibited by graph kernels. As FSG and graph kernels were applied in
a five-fold cross validation, the estimated standard error of the average difference is

the pooled sample variance times \/g . The test statistic is then the average difference
divided by its estimated standard error. This statistic follows a ¢ distribution. The
null hypothesis—graph kernels perform no better than FSG—can be rejected at the
significance level & if the test statistic is greater than the comresponding percentile
of the ¢ distribution.

Table 11.1 shows the defailed results of this comparison. Walk-based graph
kernels perform always better or at least not significantly worse than any other
kemel. Cyclic pattern kernels are sometimes outperformed by walk-based graph
kernels but ¢an be computed much more efficiently. For example, in the classification

3n [8] also including a description of the three-dimensional shape of each molecule is considered. We do
not corpare our results to those obtained using the three-dimensional information. We are considering
to also include three-dimensional information in our future work and expect similar improvements.

11.2 GRAPH CLASSIFICATION 265
TABLE 11.1  Area under the ROC Curve (AUC) in Percentage for Different Costs and
problems? :
Walk-Based Cyclic Pattern

Kernels Kernels FSG FSG*
Task Cost (AUC in %) (AUC in %) (AUC in %) (AUC in %)
n 1.0 81.8(F2.4) 81.3(£1.4) T7.4 €y &, 81.0
® 2.5 82.5(+3.2) 82.7(1.3) 782 <y e 792 <, e
(2) 1.0 81.5(%1.5) TIS5(L1T)y <, T4.2 &) e T6.5 &y
2 35.0 79.9(1.1) 80.1(£1.7) 778 & <e 79.4
3 1.0 94.2(+1.5) 91.9(+1.1) <y 86.8 <y <o 83.9 <u e
3) 100.0 94.4(£1.5) 92.9(+1.0) <y 91.4 <y < 90.8 <y Ko
@ 1.0 92.6(x1.5) 90.8(£2.4) <, — —
(4) 100.0 92.8(+1.3) 92.1(£2.6) — —

3., significant loss against walk-based kemels at 10%; <, significant foss against w_a]k-base.d kernels
at 1%; <, significant loss against cyclic pattern kernels at 10%; <, significant loss against cyclic pattern

. kernels at 1%.

TABLE 11.2  Area under the ROC Curve {AUC) in Percentage for Different Costs and

Problems [3x {resp. >x) Significant Win at 5% (resp. 10%}) Level wrt k, ]

le k’Rz k-rﬁ k-;gw = k,s

Task Cost (AUCin%)  (AUCin %) (AUC in % (AUC in %)
m 10 80.1(+45)  815(3.1) 3y 81.4(£32) 81.3(+3.3)

%) 25 82.1(46)  83.0(x4l1) > 82.9(x3.9) 82.7(+4.2)

@ 10 754(£22)  7TUE23) 1 TTRELE) > TT8(E19) 3
) 350 79.5(:2.8)  80.O(E2.T) 80.4(£2.4) > B0.5(£2.5) 32
(3) 1.0 9LI(E34) 925293 925(X2T) i 926(F2.8) >
{3) 100.0  93.7(+2.4)  93.9(xL9) 93.6(£1.8) 93.4(-£2.0)

(4) 10 89.2(:43.2)  907(£25) 3  908(F2.7) 3 90B(E2ZT) 3
@ 1000 929(26)  929(432) oo 926(29) Do 922(3.0)

problem (4) fivefold cross validation with walk-based graph kernels finished in about
8 h while cyclic pattern kernels needed only 20 min.

Empirical Evaluation of kg, . To evaluate CPK based on relevant cycles, we
looked at the predictive performance of kg, kr,.k%,, and k5. We used the above-
described dataset and compared the different kernels with a paired 7 test on the
same folds.* The results are given in Table 11.2. They indicate that &z, can be used
in most of the cases without a significant loss of predictive performance wrt (with
respect to) ks and that kx, was never outperformed by kg. Hence, the aliernative
definition of CPK allows one to apply it to graph databases containing graphs even
with exponentially many simple cycles.

'4However, note that the folds were different from the ones used in the above experiments,
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11.3 VERTEX CLASSIFICATION

In this section we consider the classification vertices in a graph. That is, the ver.
tices represent the instances of the learning problem, and we want to make Use
of our knowledge about common properties or relations between instances. While
kernel functions between graphs (Section 11.2) can be nsed pretty directly with
most available kernel methods, kernels for vertices raise somewhat different com-
putational challenges. In this section we first give an overview of several kernelg
for vertices that have been defined in the literature. It turns out that for some of
these more efficient learning is possible in a transductive setting. We thus develop an

algorithm for transductive Gaussian processes classification of vertices that exploits

this and perform an empirical evaluation on several datasets.

11.3.1 Kernels for Vertices

To apply Bayesian and other kernel methods to instances represented as vertices iy
a graph, we (only) need to define a covariance kernel on these instances. Hence,
in this section we describe kernels that are based on knowledge about common
properties of instances or relations between instances. We begin with a review of
several kernels defined in the literature and discuss some efficiency issues later.

Kernel Definitions. The best known kernel in this class is the diffusion kernel {24].
The motivation behind this and similar kernel functions is that it is often easier to
describe the local neighborhood of an instance than to describe the structure of the
whole instance space. For example, the neighborhood of an instance could be all
instances that differ from this one only by the presence or absence of one property.
When working with molecules such properties might be bonds, functional groups, or
particular chemical properties. The neighborhood relation obviously induces global
information about the make up of the instance space. The approach taken in the
kernels described in this section is to try to capture this global information in a kernel
function merely based on the neighborhood description. To model the structure of
instance spaces, undirected graphs or hypergraphs can be used. While the use of
hypergraphs is less common in the literature, it appears more natural.

A hypergraph is defined by a set of vertices V—the instances—and a set of
edges E, where each edge is a subset of vertices. Each edge of the hypergraph can
be interpreted as some property that all vertices of the edge have in common. For
documents, for example, the edges could correspond to words or citations that they
have in common; in a metric space the hyperedge could include all vertices with
distance less than a given threshold from some point. By a walk in a hypergraph
we understand a sequence of vertices and edges vy, e, v, . . - Vg1 where vy, 054 €
cgeEforalll =i <.

For a hypergraph we define the |V| x |E| matrix B by B;; =1 if and only
if v; €e; and Bj; =0, otherwise. Let then the |V| x |V| matrix D be defined
by Dii =32;[BTB],, = 3_;[BT B],,. The matrices BTB and L = D — B' B are
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positive definite by construction. The matrix L is known as the graph Laplacian.

Often the normalized Laplacian is used. . '
Conceptually, kernel matrices are then defined as the limits of matrix power

geries of the form

o<}

=5 "% (B7BY) K==ODM(—LY
KZ()OI’ ;

i=0

with suitable parameters ;. These power series can be int_erpreted as measuring_ thf:
qumber of walks of different lengths between given vertices. Sometimes the limit
i roximated by a finite sum.

® aprimits of sucgpower series can be computed by means of an eiggnvalue decom-
position of BVE or —L, and a “recomposition” with modiﬁf:d' mgenvaluejs. The
moedification of the eigenvalues is usually such t.h.at the order of eigenvalues is kept,
while all eigenvalues are forced to become positive.

Examples for such kernel functions are the diffusion kernel [24)

oo ﬁi X
K=Y E(—L)
i=0
the von Neumann kernel [23]
: - |
K=Y y" ' (B"B)
=1
and the regularized Laplacian kernel [33]
. b s -
K=Y y(-Ly
=1

For exponential power series like the diffusion kemel, the limit can be cqm?utf:d
by exponentiating the eigenvalues, while for geomt_:trlcal power series, EhTe limit can
be computed by the formula 1/(1 — ye), where e is an elgenvz?luc of B° B or —L,
respectively. Instead of computing K by manipulatmg' the en_genva}ucs, one can
alternatively compute kernels like the regularized Laplacian by inverting T.he matrix
1+ ¥ L (1 denotes the identity matrix). A general framework and analysis of these
kernels can be found in [33].

Efficiency Issues. While kernel functions between graphs (Section 11.2) can .be
used pretty directly with most available kernel methods, kernels fc?r VF[’UCGS raise
somewhat different computational challenges. If the instance space is big, the com-
putation of the kernels as defined above might be too expensive.. Most kernel
methods rely on computing Kv for some vector v several times in the course
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of the algorithm. Obtaining K by matrix inversion or eigenvalue decomposition is
expensive and even if L is sparse, X hardly is, making Kv expensive as well.
However, there is another issue: Assume that we are given the inverse kerne]
matrix K~ on training and test set and we wish to perform induction only. In this
case we need to compute the kernel matrix (or its inverse) restricted to the training

set. Let
A B
-1
K _[BT C]

Then the upper left-hand corner (representing the training set part only} of X is
given by the Schur complement (A — BTC“B)_I. Computing the latter is costly
as it involves the inversion of C and we usually assume a very large amount of
unlabeled data. Moreover, neither the Schur complement nor its inverse are typically
sparse. '

Here we have a nice connection between graphical models and graph kernels.
Assume that the target property ¢ is a normal random variable with conditional inde-
pendence properties. In this case the inverse covariance matrix has nonzero entries
only for variables with a direct dependency structure, This follows directly from
an application of the Clifford-Hammersley theorem to Gaussian random variables
{26]. In other words, if we are given a graphical model of normal random variables,
their conditional independence structure is reflected by K.

In the same way as in graphical models marginalization may induce depen-
dencies, computing the kernel matrix on the training set only may lead to dense
matrices, even when the inverse kernel on training and test data combined is sparse.
The bottom line is there are cases where it is computationally cheaper to take both
training and test set into account and optimize over a larger set of variables rather
than dealing with a smaller dense matrix (which is expensive to obtain).

Later in this chapter we develop a transductive algorithm that can use the
inverse kernel matrix instead of the kernel matrix—thus avoiding expensive matrix
inversion or eigenvalue decompositions with graph kernels—and exploit the sparsity
of the graph.

11.3.2 Bayesian Kernel Methods

Before we describe our transductive Gaussian processes classifier in detail, in this
section we give a brief introduction to Bayesian kernel methods.

Exponential Family Distributions. We begin with a brief review of exponential
family distributions. For the purpose of learning algorithms we are usually inter-
ested in the joint density p(x, y|#) or the conditional density p(y|@, x) of random
variables x, y with parameters 6. A density p(x, y|9) with (x, y) € X x Y is in the
exponential family whenever it can be expressed as ‘

plx, y|8) = exp [(p(x, y), 6} — g(0)]

11.3 VERTEX CLASSIFICATION 269

where .
' g(8) = logf exp[(¢(x,7),8)] dxdy
A=Y

is called the log-partition function, ¢{(x,y) are sufficient statistics of (x,y), and
{-,-} denotes the inner product. It holds then that

3
3—93(9) = Epgryio [¢(x, )]

2 ) i
Lg(Q) =B,y [0 6. )] = Epeyiey [9(x, N Epes.yioy [6(x, 3)']

a6 a8t
= CoVye,ym [@ (x, 1]

and it can directly be seen that p(x, ¥|#) is convex in 8. ‘ N
From the joint expenential densities above, we can derive the conditional expoe-

nential densities as

p(ylx,8) = exp[{(x, ), 0) — g(81x)]

where

8@10) =log [ exp(9(x,).0) d
Y
is the conditional log-partition function. It holds then that

g
B_Bg(alx) = Ep(ylx,ﬂ) [¢ (x, }’)]

2

a
30 agrg(BIx) = Covpiyixe [¢ 0, 9]

and it can directly be seen that p(y|x, #) is convex in 6.
Bayesian Parameter Estimation. To estimate the label y of a new test point x

from data (X, Y) = {(x1. %1}, .- ., (%135, A1)} under the assumption of a parame-
terized family of disiributions, like the exponential, we need to compute

p(ylx, X, ¥) = f p(ylx, O)p@IX. ¥) dé
To avoid the integral over ¢, we can alternatively use
p(ylx, 6%)
where

g% = arg méax pBX,Y)
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The quE}ntilfy p(01X, ¥) is known as the posterior of the parameters and is related
to the likelihood of the parameters p(X, Y|0) as follows:

p(®)
p{X, ¥)
As p(X,Y) is independent of ¢, we can maximize the posterior p{#]X, ¥)

by_ 1jna?<imjzing the likelihood p(X, Y16) times the prior p(#) or—equivalently—
minimize the negative log-posterior:

p@|X,Y) = p(X, ¥16)

—log p(B1X,Y) = —log] Jexp [(d(x:, y), 6) — g@Ix)] —log p(®) + ¢
i—=i

i=1 i=l

n n
=D 8Ol = 3 (b, 3. 6) —log p(6) +¢
where ¢’ = log p(lf(,.Y) —log(X|9) = log p(X, Y) — log(X) = p(Y !X} is indepen-
dent of 8. Hence, itis a qonstant in the optimization problem and can be ignored.

Baye_'sian Kernel Methods. It turns out that under certain—rather general—
conditions on the prior of the above minimization problem, it can be shown that
the optimal parameiers lie in the span of the sufficient statistics of the training data
This observation is known as the representer theorem. Thus we can replace & by '

9 = Z[otjygb(xj,y) dy
i Y '
and minimize
n n
LTRSS fy a6 xt, 30, (x5, 1)) dy — log p(®)
F==] ij=1
Assuming, for example, an uncorrelated Gaussian prior p(8) ~ A0, o21) imp-

lies a Gaussian process on the random variable ¢ (x, y) := {¢(x, y), @) with covari-
ance kernel &

o2k((x, ¥), (', ) i= a2 (B (5, ), (', ¥)) = Cov[e(x, 3, 12’ ¥)| (11.5)

We thus obtain the minimization problem

Eg(9|xl) - Z Lajyk((xiayf): (xjﬂy)) dy
i=l

i,j=1

-2 fy y“e‘yﬂf‘yk (i ¥, (x5, 3)) dy dy'

ij=1vY*
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with
g(ﬁlx)=10gfye><p Z[yajyk (i, ¥, (xj, ¥)) dy | &Y

j

It remains to define a suitable joint covariance ketnel & : (X x V) x (X x )) —

- R. Usually this problem is simplified to the problem of defining the covariance

of the instances ky : X' x X — R based on the domain and the problem of defin-
ing the covariance of the Jabels based on the learning task ky : Y x ¥ — R. For
regression often ky(y, y) = yy is used; for classification often ky(y, y') = 8y is
used. The joint covariance kernel is then simply the product k((x, ¥), ', ¥) =
ky(x, x"Yey(y, ). In the remainder of this section we will focus on kx(-, ) =
{px(-)s () and vsually refer to it as k and ¢.

11.3.3 Multiclass Tra\nsduction

A common problem of many transductive approaches is that they scale badly with
the amount of unlabeled data, which prohibits the use of massive sets of unlabeled
data. In this section, we thus present a transductive Gaussian process classifier for
multiclass estimation problems. It performs particularly effective on graphs and
other data structures for which the kernel matrix or its inverse have special numer-
ical properties that allow fast matrix vector multiplication. An empirical evaluation
of this algorithm shows improved predictive performance compared to both stan-
dard Gaussian process classification as well as transductive algorithms. We perform
classification on a ‘dataset consisting of a massive digraph with 75,888 vertices
and 508,960 edges. To the best of our knowledge it has so far not been possible
to perform transduction on graphs of this size in reasonable time (with standard
hardware). On standard data our method shows competitive or better performance.

11.3.3.1 Gaussian Processes. We begin with a brief overview over Gaussian
process multiclass classification [38] recast in terms of exponential families. Denote
by Xx Y with Y=1{1,..., |V} the domain of observations and labels. Moreover
let X == {x..--, X} and ¥ = {y1seees y4} be the set of observaiions. It is our
goal to estimate ylx via ‘

pylx, 6y = exp ({(x, ¥), ) — g(01x))
where

g(61x) = log Y exp (($(x, ), 6))
ye¥

$(x, y) are the joint sufficient statistics of x and y and g(#ix) is the conditional
Jog-partition function that takes care of the normalization. We impose a normal prior
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on 8, leading to the following negative joint likelihood in 8 and ¥:

1¥]
Pi=—logp0,YIX) =Y [2@Ix:) — (& (xi, y). 6)] +

i=1

1 2

for some constant ¢ independent of @ and ¥. For tra i
! . nsductio
will prove more useful than p(8|Y, X). " pusposes: p@. Y1X)

Parametric Optimization Problem. In the following we assume isotropy® among
the class labels, that is, (¢ (x, ¥), ¢ (x', ¥)) = 8, {$ (x), $(x)) where & is the Kro-

necker 8. This allows us to decompose @ into 6, .., By such that
(Y]
{$(x, 3),6) = {b(x),8,) and JO)2 = Y |19, (11.7)
y=1

Applying the representer theorem in conjunction with (11.7) gives

o]
6y =D ety (x:) (11.8)
i=1

where o € RN, .
[¥3¢ . . , )
Let w e R wih pij=1 if y =7 and p; =0 otherwise, and

K e RN with K;; = (p(x; joi ikeli
7 = (@ (x;), ¢ (x;)). The joint log-likelihood
be expressed in terms of ¢ and K, yié:lt):ling ; 00 (HL0) can then

| [y
_ 1
Pi=) logy exp([Koly) ~tru” Ko+ oz we' Kate (11.9)

i=l1 y=1
where tr denotes the trace. Equivalently we could expand (11.6) in terms of # := Ko

|41 X
_ N 1
log pOIX, ¥) = log » exp([rlyy) — trp "t + ZT—ztraTK-‘rJrc (11.10)
i=1 y=1

ThlS. is commoni_y done in Gaussian process literature, and we will use both
fomlulattons-, depend.mg on the problem we need to solve: If Ka can be com-
puied effectively, as is the case with string kernels, we use the o parameterization.

Conversely, if £ ~'o is chea i
, p, as, for example, with graph ker
parameterization. ’ i el we use the ¢

.
This is not a necessary requirement for the eificlency of our algorithm, however
gorLt - 5 X greatly Smel:ﬁes
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DERIVATIVES. Second-order methods such as conjugate gradient reciuire the com-
putation of derivatives of —log p(#, ¥|X) with respect to & in terms of « or #. Using
the shorthand w & BR™*" with m;; == ply = jlxi,0) we have

3, P=Km—pt+o ) (11.11a)
aP=m—p+o K (11.11b)

To avoid spelling out tensors of fourth order for the second derivatives (since o €

RWX';*), we siate the action of the lateer as bilinear forms on vectors B, v, u, v €
RIM x} . ’

82PLB, 1 = w(Ky) (v % (KB)) — trlm. = Ky) T (. + (KB))
o~luy K (11.12a)

B,Z’P[u, vl = wu (w. & v) — tr(m. = u)T(Ir. * ) +cr_2truTK—lv.‘ (11.12b})

We used the Matlab notation of . to denote element-wise multiplication of matrices.

Let L - |} be the computation time required to compute Ko and K¢, respec-
tively. One may check that L = O¢|X]) implies that each conjugate gradient (CG)
descent step can be perforied in O(|A]) time. Combining this with rates of conver-
gence for Newton-type or nonlinear CG solver strategies yields overall time costs in
the order of O(}A]log|A]) to O (X)) worst case, a significant improvement over
conventional O (|X¥3) methods.

11.3.3.2 Transductive Inference by Variational Methods. As we are inter-
ested in transduction, the labels ¥ {and analogously the data X) decompose as
¥ = ¥imin U Yiewt. To directly estimate p(Yiest| X, Yimin) we would need to integrate
out @, which is usually intractable. Instead, we now aim at estimating the mode
of p{(8!X, Yyain) by variational means. With the KL divergence D and an arbitrary
distribution g the well-known bound (see, e.g., [22])

— log pO1X, Yain) < —1l0g pOIX, Yicsin) + D(G(Fies)l P (Yiest| X, Yinia, 6)

(11.13)
= — Z (108 p(Yiest: B1X, Yirain) — 102 7 Yrest)) 4 (Fiest)
YIES[
(11.14)

holds. This bound (11.14) can be minimized with respect to ¢ and g in an iterative
fashion. The key trick is that while using a factorizing approximation for ¢ we
restrict the latter to distributions that satisfy balancing constraints. That is, we require
them to yield marginals on the unlabeled data, which are comparable with the labeled
observations.
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" DECOMPOSING THE VARIATIONAL BOUND. To simplify (11.14) observe that
P(Yiew, 01X, Yirain) = P{Yirains Yeest QIX)/p(Ytrainlx) (11.15)

In other words, the first term in (11.14) equals (11.9) up to a constant independent
of @ or Yieq. With gij = g (¥ = j), we define Hijlg) = gi; Tor all i > }Aiwin| and
rijlg) =1if y; =1 and 0 otherwise for all ; =< | Migainl. In other words, we ue

taking the expectation in s over all unobserved labels Yot with respect to the
distribution g(¥pe}. We have

|1 [
Z g (¥iest) 1og p(Yiest, X, Yigain) = Z log Z exp ([Kel;))

Yiese i=1 j=1

1
T

which we can of course also expand in f = Ko as in (11.10). The second term in
(11.14) is the entropy of g. Since g factorizes, we have '

14
Z q(Yeest) log g (Yieat) = Z gy log i (11.17)
'Yte“ I.=]"'1-)n'ain|+1

For fixed ¢ the optimization over 6 proceeds as in the previous section for fully
observed models. We now discuss optimization over q.

MARGINAL. CONSTRAINTS ON g. It is unreasonable to assume that g may be
chosen freely from all factorizing disirtbutions (the latter would lead (o a straightfor-
ward EM algorithm for transductive inference): If we observe a certain distribution
of labels on the training set, for example, for binary classification we see 45% pos-
itive and 55% negative labels, then it is very unlikely that the label distribution on
the test set deviates significantly. Hence we should make use of this information.

If |21 > | Xiial, 2 naive application of the variational bound can lead to cases
where g is concentrated on one class—the increase in likelihood for a resulting very
simple classifier completely outweighs any balancing constraints implicit in the data.
This is-confirmed by experimental results. It is, incidentally, also the reason why
SVM transduction optimization codes [21] impose a balancing constraint on the
assignment of test labels. We impose the foilowing conditions:

i
Ty = Z gij <rf forall jey
i:l‘;t'lminl'l‘l
and
1M
Zq:'j =1 forallie{lA],,..., |1}
i=1
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ints r; = = ) —¢ and rT = pemp(y = J) + € ate chosen
re the constraints r; = pepp(y = j) — € and r; crmp . _
gi;h as to correspond {o confidence intervals gnien by ﬁmFe sample size tail b_ounclsci
In other words we set Pemp(y = ) = [Abpuin| " 1{E ¢ 1 <i = | Xl A yi = J} any
¢ such as to satisfy

1Xigain Itieat
Pr ) (1Kl ™ D &~ el ™ Y &) e <0 (11.18)
i=1 .

i=1

ii i ; ! with mean p. This is a standard ghost-
iid {0, 1} random variables & and & wit dar
z(;nple {inequality. 1t follows directly from [17, Eq. (2.7)] after application of a
unicn bound over the class labels that

€ = /log2|VI/8)1A1/ (24 Xuainl | Atest]) (11.19)

11.3.3.3 Optimization. Optimization ina andt: P1s convex in o (and in ¢ sl.ilnce
t : K o). This means that Newton-conjugate gradient (_NCG) and Newtoln_Rap son
(NR) can be used for optimization. We use the following procedure [9]:

~1 )
« Compute updates o <— o — 3P 8,P via . S
« Solve the linear system approximately by conjugate-gradient iterations.
» Find optimal 5 by line search,
« Repeat until the norm of the gradient is sufficiently small.
Key is the fact that the arising linear system is only solved approximately, which

can be done using very few CG iterations. Since each of .them is_ 0(X1) for fast
kernel-vector computations the overall cost is a subquadratic function of {&].

OPTIMIZATION IN ¢. Is somewhat less straightforward: We neetc: _tot ﬁg;ln{tﬂz
i i i onstraint.
optimal ¢ in terms of KL divergence subject to the marginal ¢

Arest] <1V i
by 7 the part of K« pertaining to test data, or more formally 7 € Rl with
% = [Kal g X We have

Minimize trg 7+ Y 4i;1084;; (11.202)
4q ] ) .
Subjectto g7 < ¥ gy <q} forall je¥ (11.20b)
i
3 gy =1forallie{l,...,|A) and g; 2 0 (11.20c)

7

Using Lagrange multipliers, one can show that ¢ needs to satisfy g;; = exp(—7j)
- My
bic; where b;, c; > 0. Solving for ZL gij = 1 yields

exp(—Ti;)c;

W= Z}i"l exp(—zi)c
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This means that instead of an optimization problem in | Atesel > [V} variables, wa

need to optimize over | variables subject to 2 : . .l only
it is ] |V| constraints. Using y; = Jog .
FIE exp{y; — ;) N
Minimize J J
. |- log e)(p(y‘, - ) 1L
’ o7 Lk exp(n — ) E il (11.21a)
Sukict 007 = 3B LT < gf (121h)

i Z}ﬂ exp(yy — ) .

This problem now only depends on | V| variables. It can be solved by standard
second-order methods. As initialization we choose y; such that the per class averages
match the marginal constraint while ignoring the per sample balance. After that

small number of Newton steps suffices for optimization. )

11.3.4 Related Work

String Kernels:. Efficient computation of string kernels using suffix trees wag

described in [36). In particular, it was observed that expansions of the form Z'.‘Hl :
i

a,-ic(-xi, x) can be evaluated in linear time in the fength of x, provided some prepn—)-
cessing for the coefficients o and observations x; is performed. This preprocessing is

independent of x and can be computed in G}, |x;|) time. The efficient computation
scheme covers all kernels of type

ko, x) =3 "t (ot () - (11.22)

for arbltr‘ary Ws > 0. Here, #,(x) denotes the number of occurrences of s in x and
the sum is carried out over all subsirings of x. This means that computation time
for evaluating Ko is again O (3, |x;|) as we need to evalyate the kemel expansion

for ali x € X. Since the average strin is i is yi
g length is independent of m, th
O{m) algorithm for K. b 7, s yields an

VECTORS. If.k(x,x’) =¢(x)Tp(x") and ¢(x) € RY for d < |A], it is possible
to carry out matrix vector multiplications in O(|Xd) time. This is useful for cases

where we have a sparse matrix with a small number of low-rank upd
= 1 [
low-rank dense fill-ins), prtes (¢, from

EXISTING TRANSDUCTIVE APPROACHES. For SVMs use nonlinear programming
[2] or EM-style iterations for binary classification [217. Moreover, on graphs various
me?hods for unsupervised learning have been proposed [40, 41], all of which are
mainly concerned with computing the kernel matrix on fraining and test set jointly.
OFher formulations impose that the label assignment on the test set be consistent
with thf: -assumption--of confident classification {35]. Others again exploit the fact
that training and test set have sirmilar marginal distributions [21].
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The approach described in this chapter takes advantage of all three properties,
Qur formulation is particularly efficient whenever Ko or K ~la can be computed in
linear time, where K is the kernel matrix and & is a coefficient vector. We approach
the problem as follows: :

» We require consistency of training and test marginals. This avoids problems
with overly large majority classes and small training sets.

» Kernels (or their inverses) are computed on training and test set simultane-
ously. On graphs this can lead to considerable computational savings.

« Self-consistency of the estimates is achieved by a variational approach. This
allows us to make use of Gaussian process multiclass formulations.

. 11.3.5 Empirical Evaluation

Unfortunately, we are not aware of other multiclass transductive learning algorithms,

" To still be able to compare cur approach to other transductive learning algorithms, we
. performed experiments on some benchmark datasets. To investigate the performance

of our algorithm in classifying vertices of a graph, we choose the WebKB dataset,

BENCHMARK DATASETS. Table 11.3 reports results on some benchmark datasets,
To be able to compare the error rates of the transductive multiclass Gaussian process
classifier proposed in this chapter, we also report error rates from [2] and compare
io a simple Gaussian process classifier. The reported error rates are for 10-fold cross
validations. Parameters were chosen on a single split inside each training fold.

GRrRaPH MINING. To illustrate the effectiveness of our approach on graphs we
performed experiments on the well-known WebKB dataset, This dataset consists of
8275 Web pages classified into 7 classes. Each Web page contains textual content
and/or links to other Web pages. As we are using this dataset to evaluate our graph
mining algorithm, we ignore the text on each Web page and consider the dataset
as a labeled directed graph. To have the data set as large as possible, in contrast to
most other work, we did not remove any Web pages.

Table 11.4 reports the results of our algorithm on different subsets of the WebKB
data as well as on the full data. We use the co-linkage graph and report results for
“inverse” 10-fold stratified cross validations, that is, we use 1 fold as training data
and 9 folds as test data. Parameters are the same for all reported experiments and
were found by experimenting with a few parameter sets on the “Cornell” subset
only. It terned out that the class membership probabilities are not well-calibrated
on this dataset. To overcome this, we predict on the test set as follows: For each
class the instances that are most likely to be in this class are picked (if they have
not been picked for a class with lower index) such that the fraction of instances
assigned to this class is the same on the training and test set. We will investigate
the reason for this in future work. s

The setting most similar to ours is probably the one described in [40]. Although a
directed graph approach outperforms an undirected approach, we resorted to kernels
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TABLE 11.3  Error Rates on Some Benchmark Datasets {(Mostly from UC)

‘ Transd. GP 3 :
Dataset #Inst. #Anr Ind. GP (%) (%) ) Y%gnp
(4
cancer 699 9 34+41 2
K . A4,
cancer {progn,) 569 30 6.1+3.7 6.0 g ; o
Eem (cleave.) 297 13 150456 13.0L 63 13;3
housing 506 13 70+1.0 6.8+0.9 1 o
ionosphere 351 34 8.6+63 6.1+3.4 13'1
pima 769 8 19.6 £8.1 17.6+ 8.0 22'3
; 208 60 10.545.1 8.6+3.4 219
glass 214 10 205+1.6 173 +4.5 _
‘me 178 13 194457 156+4.2
tictactoe 058 9 39+£07 33+ 0‘6 —
cmc 1473 10 325471 2 ] : _
. . 8.9
USPS 9298 256 59 4:§ 7 L—b
:The fast column is the error rates reported in [2].
In [2] only subsets of USPS were considered due to the size of this problem,
TAB |
LE 11.4  Results on WebKB for “inverse” 10-fold Cross Validation
Error
Dataset 4l |E| (%) Dataset | V) |E| Ezl;:nl;r
I(_l;ornell 267 1793 10 Misc 4113 4462 - 66
exas 27 1683 8 All 8275
‘ 14370
szsh.lng_ton 1205 2368 10 Universities 4162 9591 -‘15;
Wisconsin 1263 3678 15

f'or undirected graphs, as those are computationally more attractive. We will in
tigate computationally attractive digraph kernels in future work anél expect sin;" TS-
benefits as re_portcd by [40]. Though we are using more training data thlZm [40] we
are'also 'c0n51dering a more difficult learning problem (multiclass without remo;i‘:c
various instances). To investigate the behavior of our algorithm with less traini .
data, we performed a 20-fold inverse cross validation on the “wisconsin” sub -
observed an error rate of 17% there., 7 subsetand
fying‘(;h séhg': rt;l:zt the runtz'me performance of our algorithm is sufficient for classi-
ng s of massive graphs, we also performed initial experiments on the
Epinions dataset [30]. The dataset is a social network consisting of 75,888 people
connfctcd be 508,960 “trust” edges. Additionally the dataset comes w,ith aliistpof
185 “to prevw:wers” for 25 topic areas. We tried to predict these but only sot 12%
of the top reviewers correct. As we are not aware of any predictive resujl(tsg on this
task, we suppose this low accuracy is inherent to this task. However, the main point

is that the experiments ;
datasets. p prove that the algorithm can be run on very large graph
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4 CONCLUSIONS AND FUTURE WORK

this chapter we reviewed some recent advances in the area of kernel methods
o graphs. On the one hand we described kernels that can be used for graphs
+a graph database. On the other hand we reviewed kernels that can be used
or vertices in a single graph and introduced a transductive algorithm (hat allows
ficient classification of vertices in a graph.

1.4.1 Graph Classification

TThe obvious approach to define kernels on objects that have a natural representation
a graph is to map each graph to a set of subgraphs and measure the intersection of
je two sets. As mentioned above, such graph kernels cannot be computed efficiently
the mapping is required to be unique up to isomorphism.

In the literature different approaches have been tried to overcome this problem.
racpel [16] restricted the image of the graph to paths up to a given size, and 7]
nly considers the set of connected graphs that occur frequently as subgraphs in the
graph database.

In this work we presented two effectively computable kemnels for graphs.
Although the underlying decompositions are not unique up to isomorphism, our
xperiments on a large chemical dataset indicate that the above complexity limitation
oes not hinder successful classification of molecules.

Tn future work we consider investigating more specialized kernels for molecules:
Often more important than the chemical structure graph for the activity of a molecule
s the three-dimensional (3D) structure of the molecule. Depending on the energy
evel, graphs can take different conformations and thus different 3D structures.
Developing kernels that take 3D information into account might facilitate better
" predictive performance in such domains.

1142 Vertex Classification

.Current kernel methods for graphs do not scale very well with the available amount
t . of unlabeled data. It turned out that for ceriain graph kernels it is more efficient to
E perform transduction than induction. We presented a transductive Gaussian process
classifier for multiciass estimation problems. It performs particularly effectively on
graphs and other data structures for which the kernel matrix or its inverse has special
numerical properiies that allow fast matrix vector multiplication. That said, also on
E: standard dense problems we observed very large improvements (typically a 10%
E | reduction of the training error) over standard induction.

Structured Labels and Conditional Random Fields are a clear area where one
could extend the transductive setting. The key obstacle to overcome in this context
is to find a suitable marginal distribution: With increasing structire of the labels the
confidence bounds per subclass decrease dramatically. A promising strategy is to
use only partial marginals on maximal cliques and enforce them directly, similasly
to an unconditional Markov network.
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KERNELS AS LINK ANALYSIS
MEASURES

MASASHI SHIMBO AND TAKAHIKO TTO

Nara Institute of Science and Technology
Tkoma, Nara 630-0192, Japan

12.1 INTRODUCTION

Citations have been a major source of information for analyzing the relationship
between scientific papers, authors, and journals from the early days of bibliometric
studics. With the recent proliferation of hypertext documents on the Web, many
attempts have been made to apply the methods proposed in bibliometrics to the
structural analysis of the Web and also to develop new methods. Two notable meth-
ods, PageRank [5] and HITS (Hypertext-Induced Topic Search) [15], have emerged
from the research and are used extensively to evaluate the importance, or popularity,
of Web pages.

Another type of link analysis measure has been studied in bibliometrics, with
an intention to quantify the relatedness, or similarity, of two given documents.
Co-citation coupling [22] is one such classical measure of relatedness. This method
is still widely used, for example, by the well-known scientific literature search
system CiteSeer [4] to recommend related papers to users.

These two lines of link analysis measures, namely, importance and relatedness,
have been discussed independently in the literature. One of the objectives of this
chapter is to present a unified framework that accounts for both importance and
refatedness and to make it possible to define measures intermediate between the two.

Mining Graph Data, Edited by Diane J. Cook and Lawrence B, Holder
Copyright © 2007 Johr Wiley & Sons, Inc.




